e ‘ We also give a comparison of the two techniques for

error estimates in the. numerical solution of stiff ordinary -

s m -~

différﬁntial gquations: th§> embedded metgod -and the i -
Richardson extragolation scheme. The usual assumbtion that
the ﬁichardson'extrapolation\scheme is much worse than the
embedding techniéue is not true. Tﬁe basic metHod used to

‘compare the two teEhniques is the ROW method.
S S | A modified Riéhatdéon exé}apolagion.;cﬁemeuis éroposed

to reduce both the number of LU decamposftions and' the

. numbet of function evaluaiions by Lsing Y/Z‘insifad_gf vy in i _ f

a Rosenbrock method for -the step with 2h. The details of .

some faérly exhaustive numerical experiments are given.
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Chapter 1

Q;
Introduction

3 ¢

v

‘.1

It seems clear that many areas olk engineeging and

-

scientific analysis

require methods
- Al

fo; solving sets of |

. , -
initial .value ordinary differential equations (ODE's).. The .

advent of the computer has significantly increased our

equations,

. ability to carry out the numerical. solu%ion of

In the present thesis; we shall be concerned

sgph

[

with the approximate numerical integration of systems of

§

first order ordinary differential equations of the form

\
"(1.1)

dy
dg )

' .
= f£(y),

y(xo) = YO'

Most numerical mgthbds for solving such equations are known

as discrete

variables methods.

A ’‘sequence

of disgrete

'pointS' Xgr Xpr Xgeee is8 generated, possibly with variable

épacing, ho= X

iis approximated by Yo which -is computed

values. A discrete variable méthod which provides a

" for computing y

Yn-k+1

n+1

. At each point x_, the solution y(x )

from earlier
, ¢ {
rule

using k earlier values y , Y, s «ees

is " called a' k-step 'method. - If k=1, it 1is a

singlelstep-method (e.é. Runge-Kutta methods), and if. k>1, !

it is'a multisﬁep’method (e.g.

~

Adams methods) .

s

| 5
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1.10, Stiff Initéé%-Value Problems; Stiffness Ratio

‘Many fields' of application, notably chemical
enéineering and control theory, yield initial value ~

problems ipvolving, systems of ordinary differential

‘ o

R ‘ equations which exhibit a phenomenen which has come to be

’ known aé ‘stiffness’'. Genefally speaking, a‘ system' of ' !
differential -equations is safd' to be stiff if it has )

greatly differing time‘constants. 'Time qpnstant' fs a

term wused by ehgineers and physicists to refer to the éate

’

of decay. For example, the equation dy/dt = Xy has the i
‘ ] . >
solution y = ce*t, 1£, is negative, then y decays by a -

factor of 1/e in time T=1/A. T is called the time

constant. .o . C

" g ' .
The broblem of stiffness has been known for some time .

(13], but has in recent years attracted a great deal of
E .

»
- -

« ,attention, Recent surveys of methods for stiff problems.

produced by WAEts[40], Bui[5] and Bjurel[3] report on many

A

methods which have been proposed. L . ' \
\ ﬁ‘ - ~ h " t . . .
. s . 'Y

fo determine whether or not éninitial—value“problem‘}§

~

o : .
* -, stiff, consider the following example(Lambert(31]):

S .y oyt = Ay, y(0)=(1,0,-117
4 . . . IJ r i . 0

s where s .

L AT e e T T
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. A = 19 =21 20 .
: 40 -40 -40 o ) o
The solution is |
yl(g) = eTX ej40x(c0540x + sinébe
Y, (%) = e 2% e'40x(coé40x + sin4ox)
Y300 = -e 4% (cosa0x-sindox) . ,

The. graphs of y, (x), y,(x) and y;(x) are shown as
continuous 1lines in Fig 1.1. The Jaédbiqn af/a3y is the

constant matrix A whose eigenvalues A are -2 and -40%x40i.
. 5,

N k?. The solution Yir Y, and Y3 each has a rapidly decaying
¢ ' " component, corresponding to 1=-40140i. <?\er a brief
omp ‘

initial phase of ﬁhe solution, two of the on;nts 1
. %7 b *and Y, are practically'identical and vary quite slowfg):jth s
x, while the third component, y3}'is yirtually zero. We
@ :ould like to proceed in a numerical solution with a larger :

step 1length h. However, for a stable numerical sBluiion,

most methods require that IhxiL, i=1,2,3 Be bounhded by a

a

small number, typically of order 1 to 10. For exampfé, for

- Euler's method it is necessary that‘lhxi|<2, thus we must

s . | satisfy h<0:025. Although the ;igenvalues responsible for
this severe restriction on hlare 404401, their contribution

to tge théoretical solutions are of no‘practical interest.

- ‘ The criterion of absoclute stability forces wus to use an
extremely .smai} value of b ovér the entire range of"
integration. As a result, the Zomputation tim€ necessary
.;oq integrate such systems can become excessive. ‘This,

N “ N v s
- . °

. L e PT—————
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then; is the problem of stiff gquations.

\{

B 'y e e,

.Fig 1.1 . L y é

Definition 1.1 ( Lambert [31] )
The initial-value problem

st y'=£(y), y(a)=y, + xefla,b]

is said to be stiff in an interval I€[a,b] if,.for xXel

(1) Re(x;) < 0 - (i=1,2,.,.,8); and .

(2) S(x) = Max [Re(-r;)/Min|Re(=1;)| >>1
(=1 g _

i=1,s i=1,

, where the Ay are the eigenvalues of af/ay evaluaﬁéd on the

- N
v

solution y(x) at x.
- ~

" The ratfo S(x) may be° termed the (local) "Stiffness

- ’ ’
Ratio" of the pr m. Problems may be considered to be

f s(x) is 0(10), while*stiffness ;atios

) and higher' are not uncommon in S

&, )
’




o # ' .
I 'x -
1.20 Stability For Stiff Problems

\ &
"y

The' concept of absofute stabjlity of a numerical

- -~

. "~ L
method imposes the constraint that an error introduced at

\ o ¢

some . step not to be magnified over subsequent steps. Td

egamine absolute stability of a meihod, we consider the

‘~'T test egqguation yf=Ly7'WhFre x is a complex number whose real

) parf is negative. Then an absolutel stability region is
B defined as the set of pointé hy in the plane such that when‘
. the methipd is applied to this test equation, Iyn+rl $ Iynl.
Lo For the aSsolute stabjlity o§ the namerical solution to a

. stiff system, it is necessary to use a step size h such
that every oﬁe of the values z, := hay lies within the
region of‘agsolute stability of the numerical metQ?d. For
a - ‘method 'with~3 finite absolute sgability region the step
size is thus réstricted to the order of“magnitude of the
'~ smallest time'conﬁpant of the system. If a‘pfoblem is very

;o stiff, we a:g forced ifnto the highky undesTrable
computational situatioqoof ﬁaving t$ infegrate numerically
over a long range,‘using a steplength which 1is everywhere

Q

excessively small télative to the interval,

J /- o ‘ )
*, “ The ‘problem, then, is ;o develop methods that do not
. N :

restrict the step size for ‘stability reasons, i.e. Tethqu

.

e

.

that possess regions of-absolute stability that extend to
' , infinity in the half-plane Re(ha) < O. Several

b . ’definitions, whith call for the method to possess fome .

’ 1 . . ,

‘VfJ
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‘adequate' region of absolute stability,  have  been
proposed.

¢ .

Definition 1.2 (Dahlquist[14]) : A numerical method is said k\

Eg be A-stable if its region of absolute stability contains

the whole of the left-hand half-plane Re (hy) < O (Fig

4

;1.2‘)‘. | v | rJ -
BS/({U/T/:E// |

/ STABILITY; C hi-plane

"Fig 1.2 A-Stability ‘

If an A-stable method is applied to arﬁstiff syétem,\,then '(
the difficulties’deécribeq above will disappear. However, | |
A-stability is a severe requirement to ask of a ' numerical
method, as Dahléuist[l4] proved that an explicit linear =
multistep metﬁod can not be A-stable, and thgl the order of
an A-stable .implicit linear multistep. method could not
f ‘ exceed two, the iﬁplicit trapezoidal rule being the most
?Y, accurate. of ’suCh‘ dethods.f In view of Phis, geveral less

demanding stability definitions have been proposed.

LI
[} &
- v ' : ‘
. B
e

. R RO

- N . .
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Definition 1.3 (Widlund(41]) : A numerical method is said /)

to be A(g)-stable, ae(0,n/2), if its region of absolute

*

5{3\

stability contains the infinite wedge |arg(-})|<a (Fig

1.3y, A method is said to be A(0)-stable if {% is

. ‘ . i
A(a) -stable for some sufficiently small ac(0,x /2).

STABILITY

® - . " s
Fig 1.3 A(s)-Stability

The above deﬁinitions are concerned only with

'-stabi}ity, ‘Ghereas Gear[19] defines ha more complex.

/ . N

property, 1hvolving both stability and accuracy of

. fe o~
- T EAMENEON
.?'e‘ B N - .
- s

approxima%ions to the exponential eigensoclutions. ) - . ” ,%

. . . %

. Definition 1.4 , ?
0 ) A method is stiffly stable if in the region ., ™ '
RI(RéYh1)=<D) it is absoluéely stéBie, and  in i

R, (D<Re(ha)<a, |Im(hi)|<e) it is accurate. (Fig 1.4)-

¢

The rtbioné ?ﬁl .7pd R, 65 the cdmpléx hA -plane- are

[

¢
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shown in Fig 1.4. The reasoning behind this definition |is

as follows. ehk is the change in a comporent in one step

due to'ap eigenvalue A, If hai=u+iv, them the change in

o

magnitude is Qu. Those‘eigenva}ues which represent rapidly

decdying compgnents in the " transient- .solutions will

correspond to the values of hl in Riul We are not

interested in the accuracy of theé componenés that are very

4 L3

‘small, so, for some D, u<D<0, we are willing to ignore all

components in Rl.’ We: Jjust require that the “method be
' : . '\‘
absolutely stable. The remaining eigenvalues of the systenm
. . & - ' Y

represent terms in the solution which _wer would 1like to

represent accurately as well as stably; by suitable choice

of h, hAeR2 ensures an accurate approximation.

, Fig 1.4 Stiff gtability

- -

In some respects the A-stability properfy is~ not:

stringent enough, and studies of A-stable ‘one-step methods .
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have produced a:number of additional stability concepts.
Axelsson[2] has defined methods to be L-stable .(or
maximally damped at infinit95 if for the -equation y'=iy,
yn+l/yn -> 0 as Re(h}) -> -=. Such meéhodslwoulﬁ cause
rapidly decaying components to also decay rapidly in’ the
numerical approximation, so that it would not be necegsary,
to use sm%ll steps even‘when these components were still

presené - at least in linear systeﬁs.
- \

| re— —

L

A qQne-step numgrichlnmethéd is said to be L-stable if
ié is Ajstable and, in addition, when applied to’the scalar
test equation y'=Ay, A is a complex constant Qith Rex<0, it .
yields Yooy = Q) y . where |Q(hx)i~>o as Re(hx);>~7.

[
[y

e Mo a s BR80T by T
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. ' "Chapter/ 2,
2 , "
Semi-Implicit Runge-Kutta Methods

- . 3

{0
.
-
o

Runge-Kutta Methods

\
3 . ¢

, The general v-stage Runge-Kuttqﬁmeﬁhod with .Eonstant

coefficients for the numerical solution of the initial -

r
-

‘value problem‘{l.l) is given by Cy, J;~

»
% s [ ) ES

ki = f(y, + h { a

e

l ljkj )' i=l,...,\V.f \. . _'
, J= N “

A~

(2.1) o .

where a;; b, are real coefficient8, h denotes the 'step
. , . ! : Lep,
¥ size and ¥n * y(ihy, The matrdx \ ,“ e -

k
3

LI
'

n

“is called "the coefficient matrix for the method ahd the ~

' o . v

"Runge-Kutta method is called explicit if = = ~ -
(2.2) "ayy =0 for j 4. -
v - 0

. - If A is such that

- " (2.;3)' gy =0 fotj)fi_\ .
. SR SR e,

=
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- the method is called semi-implici; (or sémi-éxplicit). T
When (2.3) does not hold we have an .implicit method. There
o« L e have been - several - 1nvqstigations f1s}, - f12] of :
1 semi-implicit methods. sincé Butcher[9] proposed ﬁ%em in ° o
1964. But no systématic study was carried _out uﬁtil the
! N work of Norsett[33]. ' : . W
] * s
; ‘ . o
X ' . ‘gili Rosenbrock Procedures . ] - %
; £
i ) . ' N % i
v = , Rasenbrock(35] proposed an extension ®f - the s R
- . Runge-Kutta process by introdﬁcing~ the Jacobian directly “', |3
. . 'into the coefficients. The most general form is ’ %
. i-1 i<l .
- . 1 Y '
‘ki f‘(yn + hjilaijkj) + 'Y'f (‘yn +~i£lcijkj)k‘ iglt-olly a
{2.4) - > . ) .
=y + h.Ib.k, ’ ‘
Yne1 = Yp FOBGE DKy e : A .
* ) ) s , . ) :
They can be regarded either as.modificationsY6< explicit”
Runge-Kutta methods or asllinearizatiops of semi-implicit. j%
- e o . ' s s
Runge-Kutta methods. Whereas .a semi-implicit Runge-Kutta .
: method would call for the .solutian of v sets of' non-linear, ;%
o . ; | o o
: “e equatigsﬁ, thevmethgas,(2.4) call only for the solution of .. g
. v sets of linear equations. : ‘ o oo b2
2.12 Modified Rosenbrock Methods (ROW Methods) C -
\ bl (‘A-b ~ ' ‘ ’
2 . In order tq‘obtiin better stébiliéy-p;oﬁgnties of the - . E
. . ’ X _ ! ‘ . 3
~ 4 . . L4 .

+

- 4 :
. N .

A ’ » . . - -
v \ *
e it b e o bl e g b4 v Zan
. R - - e . T
. . R ~ ] i
. LA 2 e ———— b e . :
o

g - - PR Snan o o U N RN PSSR SRRSIRG . FR—-— -
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Rosehbroaf' methods, Wanner [38] and Wolfbrandt(42]
introduceé the coefficients vij'into (2.4) to obtain the

modified Rosenbrock methods ( Rosenbrock-Wanner methods, or
briétly_Row~methéds ). The v-stage ROW method' is deflned

-

by’ . :

4
-1 i :
= " . . b' » N
ki f(y + hjz alJ 3) T+ hjgly;Jf (yn)kJ 1=1,-.-nY
(2.5) - -
v ' .
Yn+1 = Yo * hiilbiki .
Lettin§ Yi{ = Yr. We can rewrite (2.5) as
' i-1 Ci-1, :
- ' = . pake
(I‘vh‘f (yn))ki hf(yn + jtzlaijk])mf (yp) J_zzlvi] j ,ﬂ
4 h ) ’ . , A '
(246)" ' o )
SO
. ,
| *Yngp = ¥p t 121.‘?1"1 .
For -j=0 the ROW methods reduce to the usual ‘Runge-Kutta *

(Rosenbrock) methods; Thereﬁofe : wa~metﬁodsl can be

v

consiqgred as generalized Runge-Kutta methods,'which can be

obtained - roughly speaking ~ by 1 Newton iteration .of Ehg

»

diagonally implxcit Runge-Kutta method.

t : . ]

e

Gl S b i imioh o S«




Example. Fig 2.1 gives all LT's up to order

2.20 Derivation g£ Order Conditions

In this section, we will give a short review of the

work done by Butcher (8] and Hairer and Wanner [23]),/ [24],
and then we will present the derivation of the order
~conditions.for ROW methods.

[
2.21 Monotonically Labelled Trees and Trees
Definition 2.1 ( Monotonically Labelled ( rooted /) Trees,

LT ) Let n be a nonnegative ingéger and t:{2,...,n} -=>
{l1,...,n} be a mapping which satisfies

4 t(iy < i for i = 2,...,N.
Then we cail t a %onotonically labelled tree

The order is denoted by pkt)."

. ty”
T og->{1}) {2}->{1,2}

'Fig’ 2.1 LT's

§2,31->{1,2,3) {2,3{-;11,2,3}

The node with label 1 is called the root.

Definition 2.2 ( Tree, T ). A tree is_an equivalence class

——p———— e
\

of LT's which represents the same gr pH but differ in .

B

o

Tr
o
.

Sy




3 . \ .
' | * {?) "'
P " . ) ¥
%’; i pllq’ v ;
tosu <==> 1) (%) = o(u) i 3
[ - .o ' . . 3
, . . - 2) There exists a permutation ¢ of {1,...,0(¢t)}
‘such ‘that o(1)=1 and the arcs of u are the ;
R - ' T, elements of {(9(t(i)),9(1)), i=2,...,0(t)}. ’ N
: . N . S, . i
Example. Fig 2.2 gives examples. of trees. The notatien g
t, t, is taken from Fig 2.1. ” :
l' l2 g \ - »
' »‘ ’ \Q’
7
‘ . ¥
+ 4 [
. " ~ o A
| ' 1 Tt Lt . ,
: Fig 2.2 Trees _
Definition 2.3 ( Recursive Representation of Trees ) Let ,
\ tyseeesty, ( m: 3 0 ) be monotonically labelled trees with
* . ‘°(ti),3 1. We define a new LT, ta[tl,...,tm] of order &
A 1 .+ o(tl)+.‘..+ oty ). With
i- .
. = I .
. ' sl Jalp(t])
define o -
’ ool ’ ‘ ' ' - N :
. . t(2+si) i= ] - for i.l,---,m . - P
. and
. [
t(1+si+3) 1=.1 + 5+ ti(J)
I A




“ ~N R -
. - ' . : :
> . CL ) ;
' . * 4 ©
¢
’

. .§
A . :
> ;ﬁ';
% P-15 j
. . 1 , . %
Example Fig 2.3 shows the simplicity of this construc‘tion. ) E
: i
v u Y
/2 ‘ 2\ \\ /
ty / Lomty = \/3 Lty ,t,,t,] ‘ i
L 1 - ’
« ;
‘ v /"A ! Ve
T ; T ) — , .
i j t; (3) S5 ‘ t‘?‘(%fsi)?l ‘4:'(l+si+3)=l+si+t1(3) //
. v S -y ) / .
- { 1] 2 1 0 §(2)=1 t(3)=2 '
; 2 1 | t(5)=4 |
2 3 1 2 t(4)=1 t(6)=4 i
\ 4 3 - _ t(7)=6 .
2 1 t(9)=8 . ‘ 53
33 1 6 t(8)=1 \ t(10)=8 | I
4 3 ' t(11)=10 o3
-
\ " Fig 2.3 Recursive Représentation of LT. é:
Similarly, trees, the'equivalencg class of LT's, can also .’
be represented recursively.
» ‘ “
. Definition 2.4 Every tree t with p(t) » 1 .can be decribed . \/3
i as t=;t1,...,tm] where m ;‘% and o(ti) > 1. The notation ‘ ,%
C - ' E:’ ['tl""'tl‘n ] " ,
' indicatges, _that ‘the trees tireearty remain after the root t
of t and the adjacent arcs have been removed (Fig 2.4). ‘

‘.’ . * A

-




r .
l -
’ v, 4 e t B A [t y T ] ;
ti 1’&?. 2 1 2
B
; B
‘ . | N Fig 2.4 , 5 ¢
! We denote the tree consisting of its rootionly ‘by T, fWé §
- X -~ \
; let T be the set °§ all trees and ST be the subset of all i
. : g
s “Special trees". i.e. the tkees 1, [t], [[T]],... which ¥
b T cR
L d B
have no ramifications. We call a node of a tree t, where A %

_EtST[ single-branched if theére is exactly one upward branch

leaving this node ( see Fig 2.5 ). ‘

- -~

Fig 2.5 ST : ¥

Y

Example. (Application of %iees) The diﬁferential operator.

.operating on y o L .7 |

; s . {

. "-g__ ‘.
(2.7) D .dy()f(y)




LT

' ‘ : pol?

4
can be interpreted by means of trees as follows.

A ‘
\ oy 'l £ .\
Dly=£'.(£) \\?\
Dlymen . (£,8)+E0 (£'.F) “~

°4Y'f(3’-(f'f.f)+f'-(f'~f'f)+£'-(!.f'.t)+f'.(t.£“.f)+t'(f'.(c,£)3+f'.(t;.(f'.t))

Here, for .(Ef.f,f) means that the bjlinear map

£ operates the vectors f'.f and-f. By representing

A

each £ by a node, each £' by a node with one branch, and

each f" by a node with two branches, and so on, we can

interpret this by
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Definition 2.5 A tree u is a subtree of the tree t, if .
, . + e
1) e(u) g o(t),
2) tL_{Z.-i-,p(t)} = U,
. ) . . ]
.+ Definition 2.6 A pair of tree uct'is a tree t together with
a subtree u of t. ) ‘ : - A
We denote the set of all pairs of trees by PT. 1In the i
geometric representation, a subtree- is distinguished by
" double lines and circle nodes ( Fig 2.7 ) . %
Example LA ' - §
| \ | 4
\Q |
"
’ -
. Fig 2.7 Pairs of Trees

i

Butcher Series

- . L~

, . - ' oy .
Definition 2.7 (Elementary Differentials)

Consider the stiéf system of first-order ordinary'

—

,differentiglieq tioﬁs (1.1), Qe’define for every Eef{ a
%%LS R, recursively by ‘ .o

funétion_?(t?y:

-

) F(H(y) =g (yy (

2
.. {(2.8) ‘ '
F(O)(y) = £5(y) o (FUE)) (9) 40, FCE ) ()




»
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§ . where y €R, t=[tl,‘...,t } and f(m) derfotes the m~th
S -0 m
derivative of f. We call the functian F(t) an elementary-
y
differéential..
4 ¢
. o ‘ ¢
! Example . - '
. ’ ' - ’,5&
. F{t).(y) = £(y) '
t . .
. F(ey)(y) = £'(y) .E(y) R ’
. t
S : | CE(ty) (y) = E"(y) L (E(y) LE(Y))
Vs (.'7“'. r . ' ) % ‘;: ;\
J TPl (y), = £ (Y) LEN(Y) LE(y) o ;
' > : . ‘A o
- ,where T, t., t, and t., are defined as in Fig 2.2. ' N
£ 1 2 3 . o
» h - : . . - L (\ g
. .o -‘ ) ? . . ) . . ?:S
’ Definitidn 2.8 If a : T -> R is a mapping, the series b
—— [ 4 . . :
(27‘:9) ~B(a,Yn) = t:Ta(t)F(t) (Y,) T1 (r=p(t), - . f?«:
' is called a' Butchet series, ‘ - &
“ . . ‘i?)
, Exampke. - ~he identity map ,B(o,yn)=);n is a Butcher series . 5‘,
, with ‘ ' E
¥ ’ + * - L] ! B
. - ( 1 b= ﬂ' * t) é%
N’ . . . . .‘-‘“
i | " . ‘ Q(t) = - 'f&
T ’ -~ 0 t £ g,
‘ - " JQ : ’ v s %
.+ Example hf(y) For an initial value problem _y'nf(y) is a B
Y -¥ i . 8
Butcher geries B¢b,y) with S .
," ‘ a ’ ﬁ- t = t' h 4

S N B(t) =




-~ r -

Example The solytion of the differential equggion y'=f(y)
, . h . .
L\/(x0+ h) = t%LTF(t)(YQ)?T" This '1$ a

can be written as

Butcher series B(p,yo) where
. .

p(t) = 1 for all t eT ¥

Example The solution y(x+kh) is a Butcheér series B(pk,yo)

with p, (t) = k(%)

Theorem 2.1 Let a : T -> R, b : T -> R and a(p) = 1. Then ¢ ?
the composition of the two corresponding Butcher series 4

(2.10)5 B(b,B(a,yn)) = B(ab'yn) i S

4
is again a Butcher series with . _/{

¥
’ S r o (uct) - '
(2.11) (ﬁb)xt) -UCECPT b(u)(l)j;Tgra(uct) ;

and '

auet) = 1 a(z), r=e(t), i=p(u) -
Zed(uct) ’

r

Here, as defined in [24],4§(tt and a(uct) .is the number of -,
pgssibilities of monotonic fgbellinq the nodes of t and uct
respeqtively, and d(uect) <is the tuple of tree; ;emainan
after temoving -the §ubtrée u. Examples and the Proof‘ of
Theorembz.i are given in [24].

»
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e 2.23 Derivation of Qrder Conditions for ROW methods
In A

this "section, we obtain the order conditions for

ROW metﬁods using the theories of trees and, Butcher series '

T Fe Lma® henr A NN R

' presented above. Anyone who has ever tried to obtain -the

equations of conditions for Runge-Kutta methods by Power

S~

series expansion will appreciate the fellowing ‘simple~

Sl

- procedures. : N ’ . %”
’ For the ROW meth&s defined in’ (2.5), we let %
. )
K i=1 . :
2.12 u, 3= + . L7ra ks . 3
( % Tn Tye1 133 4

. %
“We study the Power series of Yneyr kj and u; about h, these

LR q

R

turn out to be Butcher seriesf.

Theorem 2.2 The functEPns of ui, ki and Yn+1 of (2.5) are

-

- Butcher series defined by

| ug(h)=B(uy,y,)s Ky ()=B(k;,y, ), Vo1 (=B (o yy ¥y

;: where the cogfflci%nts u.(t), iigt) and y.., (t) for teT can

1

I
)

T be expressed recursively by

\ : izl o«
. (g)=1, (t)=1T%a. .k,
(2.132)  u; (@) =1 u; (t) j=1313kj

.
' . \

. -

3 ., .

(2.130) " k; ($)=0, ;k_i(r)=l‘ :

. ‘ o' 0 if t=(t,,.,.,t ], m>1
. — « . E—i(t)g.p(t)gi(tl).-‘Ei(tm?+ ' i
> ' o0 b e(e) k(e dE tage)]
(2.13c¢) (By=1, (t)= ¥ b kAT . '

X J Loy 1P)=00 I+t 1= \

e . , . //1/" . /

—~ .
” .
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Proof. (Z.fﬁa) and (2.13c) are directly obtained from
- N ‘

(2.5). and (2.12). AS we see in section 2.22 and proved in

(247, hf(ui)=B(Ei',y is a Butcher series with

n) . ’
‘coefficients gi'(t)=o(t)gi(tl)...gi(tm). This gives the

e
first term of (2.13b). Since £'(y )F(t;)(y,) =F({t;]1)(y )},
' hp(t) 4
. hf! k. = : ! : :
£ (y,) J(h) tELT Ej(t)hf (y) [ECEY (Y ) IGTEYT
“ p? (LE1)
' = iig °([t])£j(t)F([t})(Yn)‘KTTETjg_
- t2g <
which 1is a Butcher series with coefficients not equai_to
5‘ zero belonging to trees with a single-branched root. .This
o * . $ -
y X
o ' yields the second te¢m of (2.13b). \ ¥
% ' _ “;.-
i We can sipplify formulas (2.13) by putting .
E‘ Ny %
5 Cayg =0 for § 371 %‘
S = i i £
% ) rij 0 for 3 > i 1
» s
E:_ (2'14‘) B‘ij_ ‘1>3 ’,
and defining - . . a A e
[} . . ' ' ; : l ;
P(T):-l, r(t):sp(t)r(tl)--or(tm) for t’[tl'o;op"tm}c?
By subsitution, we obtain :
Theorem 2.3 For evgéy tree t €T and\t#¢ the coefficients of
. . . the But?her s?ries of y"*l are given by ] .

Yaer (8 = T(0 Foyvin.




where Y. (t) are defined recusively by

v ll . ,i(T) ==1' ‘ ! \

. . . (2-15) {j i jaijlol.aijm'jl(tl)o-'-,‘jm(tm)n - fOF tg[tl,--o’tm]
i lt. m . * '
'i(t)'— ) .
;B"\ij(tl)‘ for t=[t,] . X

Because of the recursive properties of Yift), they can be

easily obtained from the shHape of the tree. ' One has to

-

&

attach to each node of t a summation letter starting with

"i" at the root, then 'i is equal to the sum dver the

product contafning . “

» TN

B'jk - whenever a single-branched node "j" is directly °

.

%, ) v connected with an upper’'node "k"; :
v : ' ' \ . : -‘
% aij -~ whenever a multiple-branched node "j" is directly '
& connected with an upper node "k", )

i ( X

b Example Consider the tree in Fig 2.8 . '

EES 2N

'q’%‘- ” Fig 2'8

Then Yna ()

= 6.3.2 i bi!i(t)

where !i(t) =

z .a..a..a. B
’ | j:kfl,m,n aiJaJkajlalm mn

» = B »

: The expressioq for !i(t) can be simplified further‘ by the -

elimination of ‘the top nodes(k,l,n in this:example) by
. oo

v S
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g
putting’ o . ‘ \
(2.26) 8y a= T8ty By ix I By, ag == lajy . §
s J-, . ] J
. L4
. - 2 o
Then ‘i‘t) = jfn; aijaj aim?'mc
Table 2.1 gives the expreSsioné of ¥, (t) for all trees .,up
to order 3. . . . ‘ :
\1 Number t () f(t) Ib, ¥, *
. , z L3
1 1 1 bi
. ) c a . 4 t
2 / 2 - 2 . Ib; B* 4
171 : i
: 9 ~ i
. * 2 T
b
3 \V4 3 3 bya, !
{ -
4 ' > 3 6 Zb Bt 58"
Table 2.1

A4

As ' we see in section 2.2, the true solution ,.y(xn+h) of

the diffeﬂ%;tial' equation y'=£(y) 1s a Butcher series

B(p,y,) with coefficients‘p(t)al for all t eT. Thus we have ) R o
Corollarz 2 1 Method (2.5) is of order p 1£f ‘ .i
' : o %

. £

(2.17) r(t) I b,y (t) =1 ' ' %

. { i ! -ﬁ

: 1 - ' ' §

i.e. oy (t) = wEy for s(t) ¢ B , * i

and this equation is not true for at least one tree t of.

order p+l. A i "

The p;?ncipal truncation étrror e(t) is thus giyeﬁ by

(2.18) | e(t) = L !L__e(t)F(t) ly,)
. teLT,p (t) =p+l(p+1) |

where we call e(t) = 1 ~ xh+1(t) the error caoefficients.
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. , 2.24 simplifying Assumptions |
| ‘The equations of conditions given*in the last section ) %t
are nonlinear -equations i? the parameters a; and aij' N .f
i‘ However, they. can be simplified by the following two e .g
: processes ( Proposition 2.1 and 2.2 ). ) :
K ' ~ .
| Propasition 2.1 0 . %
Let Ujr Ugs Vye Vg and v, be trees as skoatched in Fig 2.9, , g
where the encircled parts are assumed to be identical. :
N - 33
Then the condition ' %
| . - 2 . N “\'e
(2.19)  Iacety = a %2 (i2,...,v) 4
SN - or faj 8 = aj(a;/2-v) »
‘ f _ implies that for y ., defined by (.2.130)., Ynaq (V) = ‘ /
& A L) 1 | :
/ ( - similarly, ;
’ . (2.205 ’i:bie"ik = b (1-3) : ’
or _ibisik = bk(lgak_y) (1 £ k § V) j ) -
w N
. implies/f:hat y_n+l(vl)=1 and*xn;'_i(v-z)sl implies ¥n+1(v3)'l' 3

.
£
- ¥
B ey
A
. - . i
r
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_ Proof. (direct verification) In the representation of uy |

&nd u, all ‘trees are equal with’ohe;exception. Bu® this :

can be written as

L 3 A
ul» (Epreeerty sty qreedt W with w=(T] .
U2 = [tl'...'tk't't'Fk"‘l(...'tm]
and a(u1¢=o(u2). If we apply equation (2.19) to uy and u, '
' ’ ’
- we obtain (2.15) if y . ,(u;)=y ., (u,). The second part of '

this proposition can be proved in the same way. : f

\Progosition 2.2
Let

S ‘ . B (
A Yig TV E BNy (L gigv):

e
Y gt

L

¥

L Te e ™

and move all terms that céntaiq Y to the right hand side of

S 2
S

X e
-

Xl

(2.17). This gives a, pelynomial Py (Y) in Y(k denotes the

tree numb?/y’ and the number of terms in Y, is cons&derably

RES

A o
-

reduced. Also we define oi(t) exactly as vy (t) in (2. 15)

’

ar . :
) except that i ij°

Further for t «T and a bositive integer j, we define

is replaced by B

Vi(t,]) = {E €T, s is obtained from t by removing j single ¥
branched nodes}.
If t has less than j single-branched roots, ihen Vit,j)=g, -
and we denote . e K
, ‘ # : ” ‘ ‘
~a N(t,s) = number of possibities to obtain s by removing ) N

. ) singlesbranched ﬁodes from t. ‘ / ‘ 5‘
‘ " ’ ' : -
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5
E]
h e R B e SN - T

g b, o, (t)= I (-v)7 N(t,s)/T(s
‘ 717177 530 3) '8 ) 3}
. . A
is_eguivalent to (M.17) for t. }
‘ 1
Proof. \If we replace Oi(t) by (2,?;), Bﬁj=(ﬁ'ij-yﬁij) and %
multiply\the powers of Y, we obtain :
th. ¢ (t)= L (=v]3 I N(t,s) Ib.Y(s) . Sy
, 111(’ jao( seV(t,j) (trs) 1byt{(e) .
If wé fiow replace ibi'i(s) by 1/T(s), Wwe obtain (2,21). . .
‘2.:‘ ! ’)/ ' ' o
. Example - ' $
i ‘ - ‘;’
L - g
%9_ |- ’ '3'?;_
A.s\ L4 &
o ' i
g - o
j 1 1 / 2 2 2 |3 |3 |#
L \ . / ,
Re, \
1@ 1Y YOI |Y ¢l ;
! / . ‘ f“
y . o
Nie,s) 2 2 1 1 |4 2712 |1 .
_j r(s) 6.5.;02 6.5.4-2 5.403 5:2‘02 504-2 403 402 3,
.. Thus the corrz:pqnding order condition is ‘ {
’ o ) . 1 ' 2 .»
) I K4 b . 1 - Y + Y N i
153,k,1,n "18583k2k181%nfn % TEEZZ S W0 F &

\,
\
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Table

up to order 6.

number

| c
)
5
hr5" |
7 ¢ e
\

10 .

=
MO

i
|
t
i
I

2.2

4
[

tree

CE N L AN

1

~

order : {

2 . -
A N .

4 xbiai3’- P

D thiajay by = Bg . B

e

v ' 2 :
4 IhiBiphy’ = By .

4 EbiBikBiriBy = Py

.

4 + .
5 « Zbiai ,’ Pe i

3 tbjas%a; 8k = B

Ibjajy B2y 8y = Py,

et e

b er AR s

P

Sy e S nIOE 2 g

h Y M

= ok

R P PE e T




3
.
. .
. N . - - - P
+ .
a
Pl

¥ | -
ﬁ; ' - R
, pP.29
12 K/ S ib.a;a. a 2 = P ?
‘ : 121213 = Py
g 13 : . ﬁ
| Z/ 5 Ibjaja 8 18) = P)gy
A w '
. . .
: 14 \*/ 5 tbys; a, > = Py
W _ ‘ )
. C‘ .
15
<{ ‘ 3 Ibifikakayify = Py .
16 ‘ 2
\é 3 zbiBipByya)” = P I |
. |
: 17 . ‘ : ’ Q
é R U TLITLIT L S
18 ¥ 6 bja;’ = P,
R F'4
7 “ ! ’\' '
3
19 <W 6, + bja;Ta; 8 = P4
7 ' ' 0 ’ % P« . r
j 2 . 6 TbjajajiBray; 8y = Py )
2 e Cibpagfayal =y
' 2r \)
. . 1
f . . 2 }
\() 6 : “’1‘13%‘11’1 = P23 3
) o . |
. p ’ ‘
v | 6 Ebja By d18 08y » Poy : l
\K/ 6 tbiaa; a3 = p |
. EPjagag,ay 25

e L



1(\;5}" ‘ - ' p'30
» . ]
i /
} 27 \Zif 6 tbjaza; 8, a,° = Py,
&
: :
I 28 Ei, 6 Ibyayay, 818 mPm = Pog
-:l . ‘/\ 1]
. ) 4 _ s
n\ c bl -
30 ' 6 Ib,8 2 - .
PP ik 2k = Ry
} ‘
L2 <Lr> 6 (Ejisfkaklslakmam" Py
2 . Y . -
, . ., .
32 \<§/ 6 « IbjBjapagia;” = Py,
w : o
.33 :tr’ 6 r s IbgBpapayBypby = Py
. % |
34 -6 Ib.8, Beald = P,
) 5 o if1xPr12) 34
. : \
35 6 © b
' PR ikPk121210Pm = P3s \
1 . ¢ _. ) -’
+ 36 ) .6 £b.,8, 8, B a2 = p
( : | 1#1kP k1P 12 = P3g .
| - <4 o
| S %; 6 ) . Ib8 8B 1nBantn = Py

The trees numbered 19, 20, 23, 24, 36, 29, 30, 31, 32, 43

Ry
L

‘and 35  can. - be ' eliminated by the simplying

Yy B

i
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Thus we have
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. 2.30 Numerical Example

b
we Iist the order conditions for a 2-stage ROW method -

A&

up to order 3.

\ numbe; tree order '
. &
1 1 b1 + b2 = 1
-, )

™ : / . 2 bygy = 1/2 = 7

. 5 ) )
3. \/ 3 b,a,? = 1/3

'Progosition _2_.2 . o

?

, There exist 'Row methods of order 2 with 2 stages and 2.
. function evaluations per step that satisfy in addition the
conditions of all <trees of order 3 except tree number 4.

’

Where vy and a, are free parameters.

“ . '-
‘ Proof
We obtain b’l and pz from the linear system of equations
4 B 2 j -
1 1 1‘31 1 N
2 =
0 azo b2 1/3 .
v and from tree number (2)
g ‘
¥ . ~ ‘
& ~ ; : A ;
i . : - a Po (Y E
L o . B2 'tz,( - o L ¢

5
N

The remaining. coefficients can now.be easily caléulated

+

¥ o
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Chqpté?’Three

. Error Estimqthn For Single-Step Methods

In this chapter, we deal with the techniques used for

’
‘ the .estimation of local truncation error for ‘single-step
2 . ,
methods. We also give a comparison, using RGW methods, of .
¢ - by ‘ the two gost comimonly used techniques : the Richardson -"
extrapoiation technique and the Embedding técﬁnique. .
~ | :
v . . .
3.10 Richardson Extrapalation )
. oL 2
e, ) e This has been the most pbpular methqg. Thé'pasic idea p
: of the technique is that each pasic step is done twice, é
% onceﬂaé two steps of size'h"to-compute.yn+1 and-oqce as one S
- v . » 4 -
5 .o *
’l‘ . N * - ., . ~ b1
d stgp of size 2@ to co@pgte Y a1’ from yn-l', , . ;
5 ' . : . =
. = g . - J , -
| For a single-step method of order p. Henrici[2S)
- ! ' ’ -
“sho@% that, assuming no previouserrors have been ma )
t . ) - L N " .
: . truncation efror is given by N -
' - R 2 o - A ;.
A . N + . R ~ ;:
. L(3.1) e = chP* 4 0P - . -
e : v : . . T ‘
.. A \ . . . - . e
~"  where ¢ (' as'suming essentially constant ), 6 is called the -
.I.' o » » . N ) * ~ 'M
error constant ( corresponds to N, (1) in [39] ). Then we - -
M : - * s e : N Q,.:*I
' have T . : | \ v S
. ‘ C o ‘ + : . T K
, . Y(Xp,1) = ¥oel ® 2chP*Re 0By =e o o
N N N - - - *
, (3.2) ' 4 M N
: A ' +1 .. + "
| Vi) = ¥ ey = c@mPY omPt)
. ' . . . ! » - - :'
- \ / (' ™ h ' - . .
-‘. d \ A 4 N
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which implies \
) *
(3.3) e - Yn+l = Yn+1 e
) n+l 2P_1 ) ’ ‘ N

Thus o -apply Richardson extrapolation we compute two
successiée steps using steplength h, and then retompute

. i \ . .
over ' the double step usjing steplength 2h.-. The difference

‘between the values for y so obtained, divided by 2P-1 s

then an estimate of the local truncation error.

’
b &‘ 'l\
. N
. r
”
.
A -
.
v
!
~ L3
"
.
dy
. o . .
1
N
¥
-
-t ~
- e . :
“
;
’
. I 4
N
.
M
.
<
.
- o d -
“}
4 ~
I i d
» 3]
1}
i 4
«
s
¥ .
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- both methodg. The different orders of the tw& methods lead

3.20 Embedding Methods

The Embedding’ method is a recent innovation due to
2

-

England(16] and Fehlberg[l8]. The basic idea is to perform

n
order method to get an estimate of the error in the pth

the step from x_ .to LY with a pth order and a (p+l}th

order integration, where the pth order method is obtained

as a by-product of the (p+l)th order ane. TQe coefficients

Yo aij' bi etc and therefore the values kg are the same for

to an estimate of the local truncation error of the‘pth

otder method, ' . .

-
'

kY

Ny
The algebra involved. in obtaining such-’ methods ,iis

formidable, but they have been obtained by England(16],

Fehlberg{l18] and Kaps—Rentrop-[29] for ROW methods.
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In<Lthis secti&h, we give a comparisen of the two
techniques for error estimates insthe numerical solution of
stiff ordinary differential equations. The metLod used to ~
test these two techniques is the ROW method. The usual

asgumption that Richardson extfapolation is much,horse,than

!
!

the embedding technique is not true as we will show. In
{Kaps-Rentrop) [29], embedded pairs of Row-methods afe

studied and algorithms are proposed based on a ROW method

K ~of order 4 which is wused for step continuation and an ‘ §
P C embedded one of order 3 which is used for step-size %
N : . 4
i control. R z
: 2 . .
#

For explicit Runge-Kutta methods, preliminary "

calculations of Wanner[38], who compared Fehlberg's
embedded order 4(5) formula RKF4 (hsing order 4 for step
R continuation and order 5 for error estimation) and a 4kth

order Runge-Kutta formula (using Richardson extrapolation),

Y

N | show that there is 1little difference between the :two
’ .techniques, ‘This contradicts the results published by

" Fehlberg[18].

NEg L.

)

For ROW methods, the situation seems to get worse for

Richardson extrapolation because one has to consider the

.

storage for the 'Jacobian and the solution of 1linear

1 ' Y

e AR - , - -
oy M d T PP AR e RO
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\

systems; For one “double step" (i.e. X, > Xpth => x +

" 2h), an embedded pair of ROW methods needs’ 2 Lu

decompositions, , 2 Jacobian evaluations and up to 2v
L}

function evaluations. However, the usual Richardson,

o e

extrapolation scheme needs 3 LU decompositions, 2 Jacobian

©
s S

evaluations and up, to 3v function evaluations.

For the comparison, however, Wé derived a ROW method -

.
Sk i AN

called ROWR4 - of order 4 with 4 stages and 4 tunction

evaluations having small truncation errors. ,This allows
larger stepsizes. fhe Richardson extrapolation yields a
fifth order error estimate instead of a third order
estimate as in ROW4A([21]. Therefore, for the same ;Lmber o
of LU;dééBmpositions, ROWR4 requires slightly: less total

computing «time than ROWA4A. ROW4A has 50% more Jacobian

-
:

calls than ROWR4, but fewer function evaluations, so t?at .
. the totai_ number of function evaluagqon§ is approximately

the same for bhoth, methods, since the gacobian was
calculated with difference approximations. L

) “ IS ' f
f
f

3.31 Stability Propérties

P s

To study the stability properties of ROW-methods, the

scalar test differential equation is used,
u ‘(3.4) ~ x' ‘= AY . y(xo) = yos 1. ‘ ) -«

i; ) , Since f'(y)=3, one obtains for a ROW-method (2. 6) the

i . - .
. o ik
™ e o P e Ty g ool RO
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.followigg expression:

- i + ‘

Using the following abbreviations

Z :=Ah 8 c= 4. .+ Yij ui = y0+§flai.k.

ij. ij j=1 133

we obtain:’

i)

i-‘l .
w k, =_% . oK.
i T=yz (YO +]§l aljk])'

or, written in matrix notation
" »

4=y, t+ Ak \yl=y0+nT.&
Tz
k =T=3z \yy + Bk)

where

&: (kl'ono:kv)T' *
) 0
21 0
B = P £y
s ez N
1=1,1,...,1) v
. A 'N' )
U= (Uyreeapuy)’ o
T ’
< b= (by,..s,b
-4 (1’ ‘.' V) ’ N
Since Bv-o,we{havé o . N
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[Yd
) p.b0
k = .z, (_&_)3pi-1y
= =1 &-YZ)
and therefore
) Vv oz 4 4L
ue C1+ i o ) Yy,
y, = ( 1+ Jz (25 0789y, -

For the "special 'trees"™ with j nodes, the equations of

. condition read as, follows :

bT837! = p.(y), where

J -
f' ] ,
PlfY) =1, -

pz(Y) = 1/2 - Y r

- *
.
Pily) =% - v 4%,
2 ”
Pal¥) ’E%’ 3+ 2%”_ ar

. o

- as given in section ?{24. bThps)h one obtains, for order

P2V ' o,

.

- -

o

r‘ , \ B v z j 1 ”
; y; = [L1+ jil(r:?z).fj(!) lgo = R(z)y, -

R(z) is ,called the stability function and depends on Y.
only. We note that R(zJ Is a rational function-

R(z) = g : ' wher;kp(z) -iY dizi and

. Q(z) =" (1-yz)V

T D W
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" (3.6) we obtain (3.5).

Proposi#jon 3.1

L 11} ' L.
T d 2t ..
‘ i=0. i zZ
Let R(z) = = be an approximation to e” of order
(1-vz) ‘
p 3 m. Then : ’ ~

(3.5) a5 (-nk, ™ k’()

4

where Lk(°)(x) is the generalized Laguerre polynomial

defined by(see Abramowiﬁz[l])-

v x9
(3.6) Ln@al(X) = jx (- l)J(n_j) , ‘a>—1.
, ! ) |

, . .
. Broof : Since we can write

v ol

7 R(z) = e% + 3}29*1) ,

» -
>

we have ' _ , . *
\ .
(3.1 el =3 ezt - eZ(1-vz)™ + 0(zP*)

3

But : . *
. ]
S L
j=0 J!
m
and (1-y2)" kéo(ﬂ)( v kzk
Therefore: .
z M *
e?(1-yz)" = -kl
Y 2o {k)( 7) I
) L]
308‘ l. ... - l-jl"‘-
( ) -120 z é (l §) (=v) 11

g

-8 5l i) Lyl
1B 21U vl (‘1) ‘1:51‘Y?j T

Using (3.7) and (3.8) and the definition of L (9)(xy 1n

-

. ):
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3.32 Error Estimate for The ‘Test Equation (3.4)

e

Here, we compare the error estimates for ROW-methods '
usind Richardson extrapolation and using embedding
techniques for the test equation (3.4). Let Rp(z) be the

stability func:ion_of order p in proposition‘3.1.

]
define its error constant c, as in (3.1) .:

Then, we

(3.9) e? = R, (2) = czP*l + 0(2P*2) |

s

-Let  Yy. Yy be the numerical solutions at X1 X, of (3.4)

obtained by a ROW method of order p with v stages, v ¢ p,

h)

* s
and stepsize h, and y 1 the soluticn with stepsize 2h:

’ *
vy = Rp(a), vy = RS2, ¥ = R22)

.

Let Ep(z) be the error after two steps obtained by

Richardson extrapolation. Then ;
E_(z) = e2%- (R_(z))2 = 2c2P*! + 0(zP*?) . §
P P : 3
z 2z z ' ‘ :é
i = + -R +R =2+ . B s
Since Ep(z) (e Rp(z))(e p(2)) and e p(z) 2+0(z) Y . ﬁ
&
eliminatin§ ¢ from the step using stepsize 2h, one ge&s #
f « ’ ) .
o yZ-y g
- 02%2 _ - 22 71 . ]
(3'10) Ep(Z) i e Yz 2p~1 . 'j;:
e ° ;i,‘;A
Thus Ep(z) and Rp(z) ’aepend dn;y on the coefficient v. n §
- . N N -
For embedded method, the eStimated error after one ‘
step with steplength h is given by , ‘ . ’

2




(3.11) E(z) = R4(z)'- Ry(2).

3.33 On The Choice g{ll For Rosenbrock. Methods

In (39], Wanner has published some graphs containing a
lot ofginformation on the dtability function. For R4(z) ’

he obtainé the graph,containiné‘

Y, = .105663 ;;g = .105744. err, = .8912
Y, = ,106055 T, = .217489 err, = .1494
2 T2 2

E N , . » i
vy = .203843 Ty = .553938 erry = .0762, .
v, = .250800 ) ’
Yo = -394339

where it Ls A(0) stable between ] and Yy and between Y3
and Ty It is A-stable for y greater than Yg o T, stands
for the "Cheébyshev" points, i.e, those y-values where the

maximal error

err = max- lR(x)~ex|
"(X‘O

is locally'minimized. From prop.(3.1).

~

' N wp (O)
iiTIRp(z)l ] Lsgy)t ,where Ls 1= Ls
If it is -equal. to zeré, one has strong stabi%&ty_at
intinity.

o

In (Kaps-Rentrop) [29}, the graphs of the Laguerre

polynomial& L3(%3 and L4f%) are plotted. 'The values of vy

for which L, () =0 are 0.106439, 0.220478, 0.572816 and an

. -
- e e P e b
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uninteresting one- at 3.100317. These values are close.to the

Chebyshev points Ty.
! r .

The qraphs in Appendix (Appendix A) show, for wvariable

values of T;

(a) For the Richardson extrapolation, we denote:

A S
«

o the’ stability function R, (2)

the estimated error E(2) — - — +~ — - — -

. 2z
- . the actual 9rrgr e

- (R (z))? L — +

(b) For Embedded methods, we include the following curves:

the stability function R4(z)

and R3(z) ---------

the actual errors e” - R4(z) + + +
and e? - R(z) cevennnnnnnn, . 4
the estiﬁated error E(2) ~— ~"—m -‘——‘-.——--‘ .
C e
The graph of R,(z) for ¥=0.106439 with r.4(%)=o shows .
that [R,(-x){>1 for -70<x<-25. A method with that values’
of y is not A(0)-stable. Since Ry(z) is unétable at Y =

0.1 (see Kaps-Rentrop(29]), we omit the correspondiﬁg

- .
points for embedded methods. It'is surprising that for the
values of Y with é small error constant (see Wanner([39]), . ;

J these are the smallest values of y within e;ch‘tegion of
A(Q)-stability) we may have lagger global errdrs. This
behaviod(” possibly explains why; it is good té use -

. - 4
° . Lf{a)-stable methods for very stiff problems, since the

Chebyshev points are close to zeros of L4(%) and for.tﬁesq
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problems, the accuracy for small z is not so important.
. .

-

R

In next section, we will derive and compare ROW

[

methods of different Y values.

~.

. . L
3.34 ROWR4 - ROW Methods Of Order 4 Using(Richardson

_Extrapolation

In this section, ROWR4, a ROW method of order“4 is - .
(S .
derived which wuses Richardson extrapolation for error
estimates, and then the method is compared w1th thé

A-stable ROW methods called ROW4A (see Gottwaldqwanner[Zl]) ‘ S

.

which uses the embedding technique for error estimate.

T
-

As we have more degrees of freedom for a Richardsen ., .

‘

> .
. -type ROW method, we try to make ‘the error terms of order 5 *
Ao .
as " small,.gs possible.  Therefore, we derive -in  the

\follcwing a'Row methqd of order 4 using 4 stages 'and 4 -
function evaluatxons. (There exists, however, a Row method R .
of order 4 using '3 stages and”3 function evaluations, due V

to Hafrer. This" method is callg\\yORoﬁ in Kaps'[28], 7
(29]). | . " _

', ' . 3 c P ‘o
’ I; the following tabfg, we list the order conditions .

for a 4—stage ROW imethod up to order 5 , which were deriVed

Lzl

in Chapter two.

-

s -
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T, =Py

ot

> b
: p.46 i
. " . y
;vtree order 2
e b : )
1 1+ byt by + by = P
/ 2 DB +byBtb, B, = Py ~ i
2 2 2 _.
(?V/ .3 _ P23y P35 +ba,l =Py ‘-
o b b, \ :
<: 30 P3BygBathyByyBytbyBa3sy = Py
) S 3 3 3 e .
\[/ 4 ‘ b2a2 +b3a3 +b4a4 = P5 E
’<</’ \| P323332B5%Pg3,3,585%P4243,38; = Pg
' 2, 2 L2 .
*7/ 4 byBysa,°+by8epa, " +by8 505" =0y
. \
’ f; 4’ byBs3f328, = Pg .
o 2 4 a ~
% . 5 bz‘a2 +b3a3 +}34a4 = Pg.
5 b.a.2a. Ba+b a.2a  B.+b.a, 22, 8. = P
- _ 38378398, +bga "a, 8 ¢b a,"a,485 = Py s
S 5 b, (a,,84)24b,{a,,8,)%+b,(a,8,)2 = P 3
~ - 5. 3(a358,) - +byla ,8,) " +b, (2,48, 11
. 5 ’ baa'a°2+b‘aa a.24b,a.a,.a.2 = p
, \ 39423222 *Pg24242%2 4242432 12
:z(’ -5 Padgafazfy = Py3 . ﬁ f
' -5 b.8 a3+bs a3+ba a3*~P”
o 3832827 *P48g2327 0484333 14-
_41, o5 PaPazPadpert Pis
5' . b,By.Brsa,2 = P | '
. bgBgab3ray 6 , S

~
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L) . ‘
o Proposition 3.2 : . - i
Ko ) ‘ N (Y- 4 ‘ ‘ . . . . - r‘ :
& # ' There exist ROW methods of order 4 with 4 stages a\\nd 4 L
K . b
[ l %
functiofi  evaluations that ~ satisfy in addition the . ‘ N
[ , : © . , :
? . . conditions for all trees of order 5, except 12 and 17. The X
M . PL . N ) * f ,
N , . COefficient@ Y, a3 and a, are, in general, free parameters, . o
. "Proof. C ' '
ey ) ; v ‘ - %
" ' _ . We replace the eqpations 6, 10, 11, 15.by the .
= ‘ ' g ‘ : 1
oL & sin}plifying as’s)umpt:ions (see section 2.,24)." - ‘
A sA2  a, = 27, S :
SA3 . ay8, = azlay/2em). v
L . 5" * 7 \ -‘-«‘/'-\’ . | 'y
| Srf\ ) a,,8y +. 3,48, = a4£a4/2-1). . . ’
1f_ thg" other ' equations 1-9 and 14 arqb\‘sgt\isfied, /§A2-—SA3
are equivalept to 6}“10,‘\ lhl, 15. From equatidns 1, j, . 5, !
'h% . - 1 . '
9, 'we obtain b; from the linear system of equations:
1. 1 1 1 by 1y ®
g By
2 2 2 wy ]
. 0 a, ajy a, b2 ) 1/3 ' . 3%
. ¥ 3 T3 3 = e h =
- 0 a,"  ajy” ay b‘3 4 [ _
: 4 4 4 'l
From the linear system ( equations 7 and 14 ) . T
. ! . i . ' -] Co.
T2 o2\ L . ‘ )
52 a3 xl _:: P-’ 4! ) - _I/. . :
o -2 3 v ' A (
: 22 23/ \*% Praf 1, N
Iwhere Xy :-"b3a§2 + ?4842 am? ,xZ = b4s4‘34 one. ged:'.
w - 8 = 2 - .
43 K .
'Equation® 16 ylelds - R S
' “‘. 4 1’
. <

KR a : . A’, . . o . ! . <
o . . N R



i
|
|
-
{
S
)
'
[
i
pu—

= Fa - R . .
, .
\ M « C ’
. i * N poL"8 T "
o 2
P B 3 P]-‘6 ‘ N : o \ ¢ ’
\ R 32 2 i : . ) ’
. : X585 . \ .
From equation 13 .it follows . 1
. F [
e 3,43 % D2, . -7 " 5
43 7 Dy b308, : ' 2}3
.and from the simplifying assumptions ) o ’ ‘.f
{
: i
4
332 A 33(33/2‘Y)/g2,- %
! < N / ’ é‘
842 = [a4(a4/2-v)-243831 /8y, . f 8
‘ ' N . %
. The remaining coefficients can now be easily calculated: IR

-

~

ﬂinf

r 821 T Qg 331 T 83 7 @330 34) T 34 7 3y 7 Y43,
821 = Byr B3y = B30 Bagr Bgy TiBg 7 84y T

T

Baar, -
o Yi/j "'" éij - aij (l)j) o
P with Pfopoéitiop“3.2 we calculated a ROWR4 as follows : We

€ V
choose y. Then, the parameters ay and a, were varied co

between 0<aikl in ordér to obtain the following conditions:
1) Smali'vqlues for non-vanishing error terms of order 5,

2) positivg.coefficients m, (see below)

J
3) coefficients a'ij_and c;j with small absolute value
. In order to .adapt ROW - methed (2.7) for numerical ’ e

computation, we transform the formula (2.7), by putting

i-1 - . .
| i3 ™ xdp Yik Oy Ok

)' 1-1 - .
a'ij :ik£1 aik(6kj-ckj) (1,3=1,004,v) ).
‘ . .o .
’_' mj - kztb‘a((akj’.ckj) | - ) LN

+into an equivalent formula

- s, >
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I 4

E=1 - ?hf‘(yo).

- . oo e s ) Tt s
Z: E‘gnéM“&aiW'(miﬁﬁgf‘kzw,v-“;«&im. .

“
"; . ' ' Ek “ i_l i"l .
: A (3.12) i = f(yg + hjgla'ijkj) +j£1 cijky (i=l,.004V),
— \ ~.v' -
Y1 =yo+ h Z,mikj v
.*As we have seen 1in- the last section; roughly speaking, = §
' smaller values of v give better error constants but ?
increase instability, thus there is no optimal cﬁbﬁce which ﬁ
. R R
gptimiz%s simultaneously error constant and stabilifty. A ﬁ_

. . . . %
: reasonabl® choice of the parameters is v=0.231, a5=0.83 and 1
; ¥
£ a,=0.40 for ROWR4. Thus we have: . .
% ‘ 'L\,. y= 0.231 "’ y
z : . .
o ‘ ' = \ = -
éﬁ . a 2{ .46?000000000000 a1 7602873560260317 A
;%‘ = ©a'y; = .647090786918081  c,; = 3.40797125852141
g a'y, = .510943600770895 ° ¢y, = -.569789627235356

i

H

a'4l .796361654523372 .c4l'= -4.09977765735509‘

'(3.13)',3'43 =-,158807672550906 C4z = 433701554349537

+

ST e

: - m) = 1.48733%76350210 -
/ ' 3 m, = 2.09384419897536
my.= 0.0836917542591757
g\ . M, = 0:649641577060932.

The detail results of the cémparison of ROWR4 and ROW4A are

given in Chapter 5 and (Poon-Kaps-Bui)[34].

i, .

3.35 ROWR4 Methods With Different Parameters .

3=

-J
14

. ROW4A is Implemented as BACK-STEP algorithm (see [21]

¢
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Gottwald-Wanner). i.e. for each single-step - of

A

{ i
integration, the algorithm is designed as

i) after a failure {E/fﬁe error test, nq} only thé current
step, but algo one previous’step is repeated with smaller

‘step-size; ‘ _ ,

ii) the final"resqlt for t=tend is only 'aqqepted when at
{;a t one more step beyond tend has been tested.

It '.is becéuse, for Rosenbrock-tybé method the computation

?

involves the calculation o§ the Jacobian of f(?) at  the
(local) 'initial point only and therefore approximate the
error of- the ;}evious step rather than the current . one,.

his can haVé bad consequences in regions where tﬂ&;
solutions change from a : smooth béhaviour to rapid
Mmovements, 50 that one accepted step with large local error
"falsifies the whole computation. An example js problem DS
of énright et al [17], where the error function increases
. rapidly at thg end of the integration interval and many

programs give incorrect results. ( see Fig 4.1 ). Thus

back-step algorithm increases the reliability of a program.

AN
y

SSumer. g0k (
1 and error est.

«ggyrect

r

1
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In ROWR4, however, each yn+}\\is oﬁtained by the

integration of two successive 'steps from Yp-1. After a
failure of the error tesg,'we repeat the integration from
anr¥ with smaller stepsize (i;e. repeat two steps).
Stettér(36] suggests that by putting one of the free
parameter aj; equdl to one in ROWR4, for a one step
integratiqn from y; to t=tend, we actually evaluate the
last point at t=tend. This 1s similar to the }dea of
back-step algorithm. Thus we have the following ' ROWR4

methods,

vy =0.231 a3 =1.00 a4 =0.68

'a'3 = 0.462000000000000
a'3) = 0.668995886482497 .
a'3z = 0.833498050984662
" a'y; = 0.975086972773952 o
a'4s = 0.976581368838382
a4y = -0.0886972448493171 X .

(3.14) cp; = -0.602873560260318
C31 "= 6.48993262908732
¢35 = 0.527391990745225
C41 =-3.72425321659562
C42 =-3.90639493869092
C43 =0.143013080533142 | »
m) = 1.02929062691478 |

, T3 = 1.60010560784412
m3 = 0.06065452676420888

m{ = 0.356511499634932 (”¥\
' v

-




A,
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¢
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4
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@

In order to

ﬁ"(‘

A

stifly the behaviour of ROWR4 on ¥,

we obtain the following ROWR4 ﬁefhoés with

Y=0.335(A-stable) , 7=0.572816(L-stable, See Bui[5]),

y=0.217489 (Chebyshev point), y=0.553938(Chebyshev point).

The detail results of the comparison of éuch methods

are given in Chapter 5.

Y.o'

395 a3 =2 0.97 a4 = 0.37

. a'577» 0,790000000000000
a'y) = 0.772970049618904

W' 2'3y = 0.0239827078467521
a'," = 0.196003759952297

a'yy = -0.124790834350893

a'y3 = 0.304932969741333

Cyy =
Cy) =
" C3p =
Cqp =
Cgg =
C43 =

7.21550058651026
4.94939557647087

-=0i245472256241477

-6.41238267605767
0.353500784152382 ' -
-1.12505900920242

mj = 0.310373472349139

m, = 0,185504231671458

My = 0.447358555466664

My = 0.576455119110363

.y = 0.553938 a3 = 0.29° a4 = 0.61

aly) = 1,10787600000000
a'j) = 0.4573086217%8682

PR PRPN
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C3)] = ~-0.779818723249710

¢

a'yy = -0.0467803557081104

a'y] = 0.803515205428698 o

242 = -0.0554562448022975

a'y3 = 0.04132241961552219

Cg1 = 2.57647177380644
X §

¢33 = -0.0289328010304023 \
C41 = ~1.28580104007137

G4 = -0.104101897863716
43 = -0.946929696920999

M) = 1.00324582150009 -
my %0, 136849203813239
My = 0.485989196455463

my =0,714779193084515

'y = 0.572816° a3 = 0,14 a4 = 0.52

3'71 = 1.14563200000000 -

a'y] = 0.235327766131218
‘a'yy = -0.0375637732112589

a',; = 0.724883222781744 |
a'yy = -0,0637558470789723
a'y3 = 0.0232376182044381 :

F

C21 = 2.45844400186398

C3] = -0.402370457549341
€32 = 0.0214682448956575
C41 = 0.174769430483443
"Cq2 = 0.00758440015727501




v L,

)
L

i

C43 = -2.56058902537767 e ~
m = 0.932932535704117
- m, = 0,114867738718394
L M3 = 0.325620288181542
%Q' . My = 1.05693766084662 .

‘“. Y = 0.217489 33 = 0‘80‘ a4‘ = 0.33
a’y; = 0.434978000000000

a'3) = 0.587637998919792

0.458976779271902
0.522868278105480

~ a'yy

S a4

a'ys
P a'y3 = -0.0718050398433548

0.334297%31997375

(3.18) ¢4y = -0.537314281090455
3.71324061307182

€31

C32 0.272903404031621

~-2.74313959118121

€41
-1.76756488805389

42 = -1
C43.= 0.197614036356602
my = 1.27316376962252
my = 1.48560183712702

My = 0.248886754860845

Mg = 1.34924870375566 s .
,’ ' . / ) e . ' <
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Chapter, Four
‘ A Modified Richardson Exttapolation‘Scheme For The
Error Estimate In Rosenbrock Methods

The Richardson extrapolation scheme described in
Chapter Three has been widely used fgr the estimation of
local truncation errors ;n single4§tep methods for the
numerical solutions of systemé of QDE's, This procedure
is fairly accur;te for steb-cont;ol Eufposes, but it
involves a considérable increase in computational effort.
In this chapter, we describe a simple modifiep,'Richards;n
extrapolation §cheme for estimating the local truncation
error in a Rosenbrock procedure for the numerical solution
of stiff differential equations. This apbroach was first
described by Cash[10] for a third order . A-stable process.
Howeyer, Cash's paper contains errors{3]. 'The aim of this 5

~. chapter is to present the correct version of an efficient

third order A-stable method. . ) {

4.10 Rosenbrock Procedures With Bhilt-gg Error Estimates

N

[;everal algorgthms of the general Rosenbrock procedure
of the form (2.4) have been proposed for the numerical.
integration of stiff sysééms of equation (1.1) but, apart N
from the algorithm due to Haines([22], aétedbs to obtain an
error estimate applicable to systems of equations which may

be used in a step control procedure are noticeable by their . 1}

absende. Moreover, (the error estimate used by Haines is




- - ey

by T A VRPTEIETLT T e v e eyt et sy ¥

p.56

strictly valid only for linear systems, which may perform:

badly and produce diastrous results on certain classes of

problems{11} (Ca;h—Lfem).

[y

Pbttiqg v=3 and cij'o in equation (2.6), we obtained

the order conditions for the method N
bl + b2 + b3.' 1

L cma s e

(4;1) b1321 +. b3(831 + 532) = E - v

T P oo o L " et s B i, o i, o

b

2

z 1
byayy” *+ bylay, + aj,) 3

2 1
bjayjay, = v = v +g
| .

i v .
Let us denote this third order process by
¢’ 13

.R3 = (bil \Yr aij' h)l‘

thenh =

- 4y c(3) L Boeew o Coereld)
 (4.2) y (x,,,) -R3+Q1A(q ' +Kf £ +Kff )

L

doyoa

37 b4

where

\A" 73

1 1 - 1
B = =2r+ 5~ b3aja,) (33, + a5, + ay)

1 1 3 1 3, -
C = 3 - Bay Py ~glag) *+ 33,)7b;

The second term in equation (4.2) is the principal term of °

R

’

the local truncation error. .
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The Richardson extrapolation scheme requires %o carry
out twice integration procéduré (bi’ Yr aij' h) and once

procedure'(bir Yr @i, éh). Each ki must be evaluated

i3
'" -twice : for steplength h and for step-length 2h. We note
that when Rosenbrock procedures are employed to solve stiff
sys£;ms of differential equations,. the solution of the
linéar systems qf algebraic‘equations, for obtai%ing the
ki' forms a large proportion of the total computation cost.

Thus §ichardson extrapolation”scheme would require about T

50% extra computation in order to obtain the solution with

step-length 2h. However, if we 1introduce three new

-

parame;ers bl’ ba, 53, so that §3,thch is defined by (Bi,
7/2; aij/z, Zh),dépof the same order sf accuracy of Ras

: then’k1 are t?é,same for both integration procedures and a .
negligible a¢éitiona1 amount of compﬁtation is required to '

calculate he solution with ‘step~-length 2h. For. the

hwamwg&wx e, s

forﬂ a:R3ft& be of third order, the coefficients must

satisfy :

}4.3) Pypaag + bylag; '+ az) =1 - v

K . .
.

'Al;o, we have

(4.4) y(xr"ﬂ() =Ryt 16nda(ee3) 4 %f'f' + -Erf"f.(?‘))
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where A, B, C, are obtained from A, B, C respectively by

substituting y and aij by v2 and a; ./2. Equations (4.1) -
and  (4.3) now contain 10 unknowns in 8 equations, we will
' choose these two free parameters so that expressions (4/2),

I
and (4.4) may be used to provide an estimate of the local

2 drin v

truncation error’. To this aim, we impose the conditign '

that:
.B- = —E- = 2 -—Q— z-a- =
56 trhat equations (4.2) and (4.4) becomg
. ¢ :
¥(Xpe1) = Ry + 2h%as ‘
- = R, + 16h%as
\ 3 \ .
v ! - o ‘
where
. "t
= £503)s qerem b o£2g(3) . 8
Therefore: g - ' - .
. . ‘ ‘ ‘!
- “ 4 - ) .
Ry - Ry = 24h ((QA-A) - A
The local truncation error is: T .
" . N 4

e, = 2h4Aa ."~ ;-~
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=

Equation (4.1) (4.3) and (4.5) give 10 unknowns in 10
o , - 1
{ s equations., By solving this set of .nen-linear algébraic

; e equations,’ the results ‘shown on formula (4.8) 'define a‘new

i ' third-order A-stable scheme with modified Richardson
. ) . J R i A
extrapolation for error estimate - called ROB3A.
P . - - . 1
y = 0.9712451501 J :
b, = #2.7478803512. b, = 9.4141605053 Tt
b, = 0.08170187961" b, = 0.3723461442 Fo

(4.8) by = 3.6661784716 ° b, = -8.7865066495

. . a,,.= =1.9372312845,
(a3; T -0.06583223722
a3, = =0.019534450510

.

- The algorithms {;re illustrated b? direct application

-.to test equations in Chépter Five. The detail ‘rebuits ,of

: , ' ] .
4 the * comparison of ROB3A with the origknal Cash's algorithm:
2 - : . A o e
% and other methods of 'the same .class are given in
b (71 (Bui-Poon). . ’
g‘ » . R . ' ' .
|3 o ?
3 = , , e :
b . , | ; ,
1 .o )
t / ’/
*
’ o
. .»‘-. o Y r
@ ) ‘ \‘ .
' r
: . g
- - ® - "'.
iy ' . . s
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+ Chapter Five |

Comparing Numefical Methods For Stiff Systems of ODE's

»

A comgar'ison of methods for solving non-stiff systens

¢

of ordlnary dlf‘ferentlal equations was described in (27] o
(Hull et aly. &A olompari'son of some traditional methods -

GEAR A(Séar'sﬁ variable-ordé¢r method based on ba‘ckwa.rd
differentiation multistep * formuias[goj), ' - SDBASIC
(variaple~ordor methdd based "or; secorrd derivative multistep’
formu’Ia\), GENRK (.a fourth-'-o'rder .gen"ét{alized Runge-K‘utta
method develc;ped by Lawson and’E;hle»[aZ]) ,'-TFAPEx'(fourth v
orcier; method Based. on .the trapezoidal rule with
extra-polati‘on), IMPRK ° (fourth-oz:der, two _étage, A—‘s\table : -3
implicit»R'unge—-‘Ku;ta me.thod‘) , for solving stiff systemsll of
_ODE's was givep in [}7] (Enright-Hull-Lindberg). In this
chapter we ‘comparé the methods proposed in Chapter \Three
angd . Chapter Four. The basis of a fair comparison is based
on t;he technique proposed by Enti;\‘nt et a1 [17). wé, begin .
in the next section w1th a discﬁssion of some important '
conceptual aspects of testing-, fgllowed by the: section
‘wh‘ich ’we' shall”’ discuss .the . comparison kéf‘itetial." The
foLI'Qwinofsection ‘then will give atbr'l'ef\‘descriptigrm“of the
methods for test':.ing.‘\ We summarize results obtained with

diffeuré‘nt methods in the last section.
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5.10 Conceptual Aspects

v . ~

f t
! -

| - In (171;quxght'et al), the comparison fof different

: | ‘?ethodérfor solving stiff OQFs were made fully automatic by ,
;if— . ' designing a prog?gg.§ZTEST to carry out the tests. One of %
L ) ‘Ehe major 'ptactical dgﬁficulties inw making a numefical
comparison of integration metﬂddsis¢ that of choo;iné.‘al
- . trél&‘ ,representative .class - of test problems. This ;

+difficulty has,hhoweéer; now been largely removed for small

-~} systems at least as a result of DETEST. There are ¥

= . .

en .

ém’: ey
e T .

twenty-five\'excellently SeléE?ed differential equation
LI . . « * .

4 sygtems (classified . as CLASS A to CLASS E ). 1In addition
% ? to khese 25 problems, we also include the five problems -
o0 ' . , .

iR called CLASS F, of somewhat haraer,complexity, described by
i ASS s &s

S

Gottwald-Wanner (211, in our tests. The CLASS F test

)

-

LRI
-~

A proSiems are shown ;h Appendix ,(Appendix-B).
W . v ‘- ‘ | ’ v, )
A — :Iﬁ i; ;bvioys thatnéor any algorithm reliability is of
’ majot.importanée.’ A program is reliabié if it obta}ns “the -‘\\“
4 solution. to . the r;questeq acgurdgy, wﬁénevif( this is
'( ® . possible. Equaily important ‘is’ a reasonable degree of\ .

i fefficiengy. Here, we will restrict our attention primarily ' :

‘ to measures of ost gnd reliability of different methods.
: i . L
In- (27), measures of cast ‘in.terms of total time and number

) A
of function calls were proposed. However, for numerical

methods for stiff .‘systens, thé punbei of Jacoblan

)

evaluations and thus the number of matrix . inversion . calls
.o - - , ¢ "

A
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are also very important factors in.measuring the costs.
the reliability statistics are measured in terms of the

maximal gobal truncation error for solving a problem.

P

)

.For the control of step-size, we adopt the strategy
des;ribed in [19](Gear) for Richardson extrapolation as
follows : The errors in each component at each .step are
computéd and dividgd by the numbers YMAX(I). These are set
initially Eo one, ‘and are updated to contain the maximum
value of Y(I):Ghat has been just computed. The valué& of ,g
for & the next step is computed- to make h as large as.
necessary to make the next QEaled error equal to TOL.

¥ = MAX(Y (I),YMAX(I))

» . ERRMAX = MAX (ERROR(I)/(TOL*YS)

B s I‘l,v L]
HNEW = 2.00%H  for ERRMAX=0 3
™ HNEW = H*ERRMAX**(-0.25)%0.99  for ERRMAX>0

3

The f?étor 0.99 seers‘to keep h slightly smallerv so that
ig the trhnéation érror én Ehg next step P% Eliqhtly.
lhrger, thé h recommended will be smail enough. 1f lthe
scale error is greatié than TOL, the step is rejecﬁed”andl

v

repeated With the newly recommended h. The algorithm keeps

«< -

the reldtive erroy approximately constant in the max-norm." |

/

B}

P

#,
4
!
]
A
¥

Fden .
L T R

Ak




5.20 Methods

We have basically included four methods in our tests.

ROW4A .. the(:%ourth order A-stable ROW method using

£avr B,

embedd ing technique for error | estimate
(Gottwald-Wanner (21]), ROWR4 : the fourth order A-stable

ROW method - wusing Richardson extrapolation for error

. . ’
A FYEA
s T 'y e LA e 1 e

estimate (formula (3.13)), ROB3A : third order A~stabie .
Rosenbrock methods with modified Richardson extrapolation .
technique for error estimate (formula (4.9)), GEA% : the
January 13, 197$ version of‘ﬂindmarsh's code for Gear;s

BDF-formulas(26). Besides, we also compare the ROWR4 of

.

‘different parametefs "2 Yy = 0.231 (fotmﬁla (3.14)), v
\ .

. 0.395 (formula (3.15)), Y= 0.553938 (formula (3.16)),, Y

0.572816 (formula (3.17)), and Y = 0.217489 (formula
'(3.18)). ' |

All the methods were coded in FORTRAN in single
. ptedision. Copies of these codes can’ be obtainéd‘from the

author. Each method requires a matrix inversion routine.\

L *

Of course, for efficiency in a production code,.this should

' T &%

be reélaced-with the equivalent L-U decomposition £ollowed

by back substitution where hecessary. Thus we choose the

A

subtoutines DEC and SOL designed by Molér[ZO] for solving

RRY

the linear systems in all methods.
a

LN
The Jacobian matrix at each step was calculated with .

° difference approximation.

t vy f - RS
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€a

Each integration subroutine has the fqllowiqg&'eiéven
s

paremeters : - ¢

iy \i‘ \ 4

(N,FCN,T,Y,TENP,TOL,HMAX,TIMEMX,H,IPAS,IREP)

The input parameters are

N ...,. Dimension of the system;

FCN ... External name of subroutine FCN(T,Y,F) to compute

p.64

N

the functions of the differential equation y'=f(y).

T «,... Initial value foé T;

~

Y ..... Vector of dimension at least N containing initial

‘

values of Y;

TEND 4. value of T for which solution is desiréd:

T ..» Relative error tolerance pex step;

HMAX .. Maximal stepsize;

TIMEMX Maximal computing time allowed before an error

return.

H..... Initlal guess for step size; the

-

—_

as l.e-2.

The output parameters are

program adjusts

¢ stepsize- then automatically; IF(H.EQ.0),

H is taken

!

T ve... T=TEND on normal return, otherwise point up to

which solution has been computed;

Y'..... Computed solution vector;

TIMEMX Used computing time on successful return; otherwise

°

something negative;

H ..... Successful size of step size in last'stéps; - -

IPAS .. Number of computed steps;
&
IREP .. Number of repeated steps.

-

w

' d

.

.
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Caw T 5.30 Comparison Criteria ¢

(=

A

The comparison criteria were chosen to reflect both

the cost ( or efficiency ) and the reliability of a method.

We dis;inguish five components of the total éost : the
total computing time to solve a problém, number of steps, . .
number of- function evaluations, number of Jacobian .
evalué;ions,\ and the number of matrix inversions, The ‘ .
measure of reliability of a method is based on the m;ximél
global truncation errors over the whole integfatioh ’
interval and all éomponents:' Each method was tested on the
30 test equations at three different tolerance (TOL)-iO'z,

3 -4

J " 107°,107%. The calculations were performed at the CDC

e X Y . et Pl A e e t—— e e e

\ Cyber 174 at Concordia University having approxipately 14

VAN !
digits accuracy (48 b}ts mantissa), at a cost of aBout -

PO

$500/hr. ‘ . B
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A ~ ' 5.40 Results And Discussion
e s » - N 3.
‘ TOL - tolerance \
/ - :
TIME - tota\ncomputing time \ . :,l
FCN CALLS - humber of function calls ) X
JAC CALLS - number of Jacobian evaluations - f :
INV CALL§ - number of matrix inversion calls
. ‘ N
TF - total number of functicn evaluations (includes
Jacobian with finite difference)
NO OF - number of total accepted steps ' .
STEPS (one double step in ROWR4 is counted 3
.as two steps) ' ¢ X
: \
A ~
»
. .
v
Y e TSN Ansenivt M —
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One can immediately see from the results of the
comparison of ROWR4 and ROW4A that there is 1ittle
difference between the g&o error estimation techniques.

This contradicts the wusual assumption that Richardson

e

extrapolation is much worse than embedded method. It seems

to be more efficient to derive schemes 'requiting as few

function or Jacobian evaluétionS' as possible and to use
them with an ‘Richardson extrapolation erfor estimate rather
than to’ derive methods using embedded ;ethod as error
estimates. Although ROW methods.are always slightly slower
than GEAR, from the K plots of the maximal global errgrs,
they give more reliable results than GEAR ﬁor‘all 30 test
equations. ROB3A is also comparable with GEAR, though it
is only a third~order method. From the comparison of ROW
metﬁods with different coefficiéﬁts,' the method . with
vy=0.395 seeerto be the best despite of the bad behaviour
ok the stability functien. It 1is  surprising that the
L-stable method(y=0.572816) does not show superior go other
methods. Very recently, Shampine[4§l‘ made a critica}
evaluation of‘the set of test problems. He claims that
most of the problems are not‘stiff enough for testing.
This may explain the results we obtained.\yﬂbwever, it is
still not clear at this time that a L-stable me;hbd is

better than other methods. Reécently, we have developed a

new L-stable ROWR4 wmethod. We plan to test it with some

7

more stiff problems. Hopefully, we. shall find out the

o

importance of L-stability.

N
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6. SUGGESTIONS FOR FUTURE WORK:

- e . -
L'd

The following suggestions could well form the basis

further work in connection with the numerical

integraticn of stiff "systems of ordinary differential

equations:

e

Attempt to develop and obtain the plots of the
: A

stability function R(z2) 'of ROW methods for tlé

nonlinear ~ case, in order to study the stability.

behaviour of'iRow methods with different coefficients
for nonlinear ODESs. ,
.
/
Attempt to reéuce both the number of LU~decomposition
and Jacobian evaluations in Ruﬁge:Kutta methods uging
a time~lagged Jacobian or an arbitrary matrix instead
of ,the egact Jacobian, énﬁuse the updating technique
which is ,|usually uséda.in determination - of the
eigenvalues of a real general matrix.
>
Attempt to ‘develop a new modifjed * Richardson
ex;rapolatien scheme which usés the two ki
coefficienté. calculated in two successive steps with
steplength h(instead .of one of them as described, in
Chapter Four) to estimate the k; for steplength 2h.
Attempt to coqpateball.nqwly;proposed techniques for

o

et amenm e

B a2

K
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stiff systems.' Many ﬁew techniques have been ptoposéd
recently, pﬁ: incluston of actual implementations of
such techniques in a software package ah&uld be
preceded by a gareful evaluation of their'expecﬁed
performance. Such a comparative study has not yet

. . [

been undertaken, . !

e
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SUMMARY  1.003 828 276 276 1644 254

: g 10%* -4 D1 .741 . 603 201 201 1205k\ 199 ...
D2 .318 249 83 . 83 498 81 : .
D3 .222 138 44 46 312 42
- D4 ‘ .104° 90 . 30 30 . 180 28
o D5 . .143 162 .54 . 54 270 38
' D6 .170 135 45 45 270 43

SUMMARY 1.698 1377 457 © 459 2736 431

CLASS E ROW4A

- - o Y o st e i e st e e v .

LY

FCN JAC INV " ., NO OF

TOL TIME® CALLS CALLS CALLS ' TF STEPS
B 10%%-2 Bl 071 36 - 12 12 .. 84 10 3
K “ ' E2 .043 51 17 17 85 15 2
% E3 .109 . 87 29 29 174 27 :
i E4 272 150 50 50 350 a4 ,
3 ES - .207 . 126 . 42 42 294 40
?' ‘ SUMMARY  ,702 450  .150 150 o 987 136
% 10#*-3  E1 . .074 39 13 13 et - 11
E2 .043 51 17 17 -~ 85 15
E3 151 123 40 ‘41 242 38
E4 .363 195" 63 65 445 59
ES . .203 126 42 42 294 40 3
3 : : . . ¢ F
Ao : SUMMARY  .834 534 175 178 1157 163 5
10%*-4  E1 ~  ,090 48 15 16 107 13 E
. : E2 .045 57 19 19 95 17 ;
. E3 .308 - 258 84 86 508 80 i
- " E4.. .514 285 91 . 95 . - 645 87 4
ES 1 +207 126 42 42 294 40 , g
. - SUMMARY 1,164 774 251 258 1649 237 i
. . \ ) A
CLASS.F. ROW4A , " o :
PR Y A }:f‘
A FCN JAC INV * NO OF g
TOL | TIME CALLS CALLS CALLS - TF STEPS = . :
10%*-2  Fl 095 117 38 39 192 28 ” ~
: .~ F2 .084 102 34 34 170 26
) -~ F3. - 1,872 1482 493 494 2960 ' 423
: . F4 .508 408 135 136 812 95
" FS .480 120 40 40 440 32
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© Pp.95
d . SUMMARY  3.03 2220 740 743 4574 604 SRk
10%**-3, " F1 T 140" 165 55 55 275 33 t
- F2 4123 . 144 48 48 240° . 38 %
© F3 2.034 1608 | /536 . .536 . 3216 ° 486
. * Fa -638 510 ° "170 170 10%0 * 138
“ F5 .657 162 54 54 _594 a4 :
. SUMMARY  3.592 2589 863 863 . 5345 739 . - s §
2 ] 10%%-4  F1 .170 "/ 198 66 66 330 44 g
o | © F2  © .170 204 68 68 340 58 ., .8
: ‘ F3 2.755 2226 741 . 742 4448 - 713 o :
: F4 912 1732 244 . 244 1464 228 , ¥
; Fs .749. 186 62. 62 - 682 . 50 * . - -
: e SUMMARY  4.756  3%46 118] 1182 . 7264 1093 - '
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CLASS A ROWR4 (FORMULA 3.M)
. : FCN  JAC  INV NO OF
TOL TIME © CALLS . CALLS CALLS TF  STEPS
- 10#%-2 - AL .099, 96 16 24 152 - 12
A2 413 132 22 33. - 319 18
A3 169 144 24 36 228 20
Al 618  168. . 28 2 434 24
SUMMARY 1,299 S40 90 135 1133 74
10%+-3 Al 120 120 . 20 30 190 16
‘ (A2 .485 156 26 39 377 22
- T Ay 244 216 36 .54 342 26
. o a4 .791 216 36 54 558 32
‘ ' SUMMARY 1,640  708- 118 ~ 177 1467 96
10%*%-4 Al .198 + 192 32 48 304. 24
: A2 J706 228 38 57 551 30
— - A3 .331 288 a8 72 456 36
A4 1.157 312 52 78 806 44
SUMMARY  2.392° 1020 170 255 2117 134
. x .
, CLASS B ROWR4(FORMULA 3,13) ;
i , TTTTTTTETmTeees eSS e—en—— ., | ' ' '
FCN  JAC  INV NO OF
g TOL TIME  CALLS CALLS CALLS TF  STEPS
10%%-2 Bl 477 © 408 68 102 646 4k
B2 .165 96 16 - 24 184 12
B3 .158 * . 96 16 24 184 12
1 B4 .212° 120 - 20 .30 230° 16
BS .402 228 - 38 57 437 34
SUMMARY 1.414 ' 948 158 237 1681 120
10%+-3 Bl .917  $40 . 140 210 1330 - ° 86
B2 .241 . 144 24 136 276 16
. B3 260 156 26 39 . 299 18
: i B4 .326 192 32 48 368- 24
; . BS .687 396 66 99 759 58
3 SUMMARY  2.431 1728 288 432. 3032 202
l i 10%%-4 Bl 1.646° 1512 252 , 378 2394 150
: - B2 ,313 180 - 30 45 345 24
] - B3 337 192 32 48 368 . ' 26
: B4 .460 264 44 ° 66 . 506 38
85 1.197 684 114 171 1311 98
. b B ) .
AP ) ' m—
’ -~ ——— i o £ TS~ el S50 A TN s




p.97
{
SUMMARY  3.953 2832 472 ' 708 4924 - 336
'CLASS C ' ROWR4(FORMULA 3.13)
—— i - — o —ia - s . o r-——»—ﬁ)— . ¥
FCN JAC- INV . NO OF
TOL TIME CALLS CALLS CALLS ’ TF -STEPS * ~
. A}
10%%-2 cl (140 120 20 30 190 16
" €2 .129 . 108 18 27 171 . 14
l c3 .126 108 18 27 171 14
' c4. .164 132 22 33 209 18,
: cs .166, 132 22 33 209 18
SUMMARY  .725 600  100. 150 950 g0 - e
e~ v ) Y]
> ‘ 10%%-3 c1 '.174 156 26 ., 39 247 . 20, .
- X c2 .178 144 _ 24 36 228 20
: c3 .170 144 24 36 228 20 :
_. . c4 - .218 180 30 45 - 285 25 -
3 cs .235 192 32 48 . 304 28, o
3 SUMMARY - _.975 816 136 204 1292 114 g?
- LO**-4 c1 .246 © 216 36 © 54 \\\ 342 30 - £: 4
L, c2 .249 216 36 54 342 . 28 : |
¢ c3 . .264 216 36 54 342 28
iy , , ca. .309 252 42 ' 63 399 38 e é
W ' cs .377 300 sa 75 475 46 : i
B , ‘ { . ~ X
‘ SUMMARY  1.445 1200 200 300 1900 170 ‘ ;
s, | - : | } i
CLASS D ROWR4 (FORMULA 3.13). i
i - : FCN  JAC - INV " NO OF 5
‘ TOL , TIME CALLS CALLS 'CALLg)//. TF STEPS L]
i - 4 . - .
" 10#%-2 D1 .170 204 34 - 51" 289 12 ~ ‘
;- D2 .~ .126 . 144 24 36 204 18
' ) D3 .164 144 24 . 36 228 20 | Y
, D4 .057- 72 12 '18 102 8 :
3 . D5 - .071 120 20 30 150 12. é
- - . D6. _  .068 - 84 14 21 119 . 10 :
' SUMMARY .656 768 128 192 1092 80 ‘L g
. * - ‘ " \
- 10%%-3 Dl <179 216 36 54 306 20 o
. , D2 . .163 192 32 48 272 22.
. . . .. D3 . .188 - 168 28. 42 266 24
oo : D4 © .057 72 12 18 . 1027 8
D5 .+ .062 108 18 27 135 - 12

D6 077 96 16 24 136 - 12




&

: Cooa. © 7 p.98
’ : SUMMARY  .726 852 142 213 1217 98 .
3 N . ~ * “
10**-4 DI .289 336 56 ‘h84 416 32 N
~ D2 . - .190 216, . 16 54 306 36
D3, . ,248° 216 36 54 342 32
D4 .077 . 96 . 16 24 136 10
i ‘ DS .122 204 34 51 255 18
N g . D§ .099 120,84 20 30 170 15
f'l‘ T . . SR i ,
‘ SUMMARY  1.025 1188 198 297 1685 138
| CLASS E ROWR4 (FORMULA 3.13) o
""""""""""""""" . v .
‘ FCN ' JAC  INV NO OF &
TOL -1 | TIME ° CALLS CALLS CALLS TF STEPS p
10%4-2°° El  .084 -, 60 10 15 95 6 g
o “E2 .026 48 8 12 60 4 .
R . E3 .109 132 22 337 . 187 16 :
" E4 .390 300 50 75 475 16 _ g
. ES .076 72 12 18 114 - 6 :
L : . L o ' v
¢ . SUMMARY  .685 612 102 153 . 931 - 68 .1
5 , 10%#-3 . El .097 72 12 18° 114 . 8 g -
i . ) E2 .061 108 18 27 135 - 6 ‘
§ . E3 - .118 144 24 36 204 20 "
’ - E4 .508 396 66 99 627 46
£ ES °  ..076 72 12 18 114 6 . o
. \ . o , ¢ ‘
ﬁ SUMMARY . .860 792 132 198 1194 - 86
. ' . % . .
10%%-4 El .115 84 14 21 133 10 . ;
. o E2 .062 ' 108 18 27 13% 8 ~
E3 .189 228 ' 38 57 323 30 . I
E4 . .721 564 94 141 - 893 62 {
Co : ES .092 84 14 21 133 . 8. :

SUMMARY  1.179° 1068 178 267 1617 118 -
* CLASS F ROWR4 (FORMULA 3.13)

s . o G s s . o e o S o e >

"FCN " JA¢  INV NO OF

TOL , - TIME CALLS CALLS CALLS . ~ TF STEPS
“10%*-2 F1 .113 192 ‘32 48 240 18
F2 .379 36 106 159 795 68"
F3 . 1.985 2256 _ 176 564 3196- 182
. * P4 .740 864 ' 144 216 122¢ 76
. F5 - 1.091 348 58 121 783 . 42
N A TN ’
4 ) \ w0




-

e P BT e

L N .

10%#%-3

10%%-4 -

SUMMARY

. Fl.
F2
F3
F4
F5

'SUMMARY

Fl
F2
F3
'F4
F5

SUMMRRX

4.308

.104
212
l1.018
- .628
.634

. 2.596

.210
.197
1.674
.829

.1.078

3.988

4296

180
360
1200
720
228

2688
360
336

1968

960
384

4008

T

<

716 °
30

‘200

120

448

60
56
328
160

668

Y

1108

. 45
90
300
180
57

- 672

90
492
240

96

1002

6238

225
450
"1700
1020
513

3908

« 450
420
2788
1360
864

5882

386

18
32
126
76 .
26

278
32
190
104
40

402




CLASS A GEAR

- ———— " — -

TOL " TIME
lo**‘z Al 0113
A2 . «264
A3 * . 143
Ad . 385
SUMMARY -905
10%%-3 Al .179
A2 . 376
A3 .222
.. Ad +632
) ¥a | SUMMARY  1.409
: 10%%-4 Al .252
{i I . ' ’ Ag .ggg
L) ) l A :
z? J 4 v A4 . '855
i ' \
- o . SUMMAR 2.021
§‘~ CLASS. B GEAR
1:‘ .
§"
4 . TOL TIME
N A
| 10%%-2 Bl .350
) B2 .127
- B3 - .139
B4 205
BS 6.616
SUMMARY * 7.437
10%#*-3 Bl .822
P 'Bz ';25
B3 .219
B4 «296
. BS 6.782
SUMMARY  8.344
. B2 '.280
- A B3 ’ 030‘
B4 1.411
‘BS 7.750

Vs

FCN

-

FCN

p.100
y
JAC . INV NO OF
CALLS CALLS CALLS TF STEPS
12 12 107 41
14 14 188 47
18 18 262 63
18 18 262 63
62 62 819 214
16 16 153 65
17 17 244 20
17 17 180 82
21 21 3316 101
7 71 913 318
16 16<?\w 188 1
23 23 346 108
21 21 238/ 122 wn
26 26 431 140
86 86 . 1203 461
r s
_JAC IRV NO OF
CALLS CALLS CALLS . PF STEPS
18 18 269 158
9 9 - 106 36
10 - . '10 115 38
* 13 . 13 . 155 56
121 - 121 3148 2356
“ 171 171 3793 2644
29 27 496 311
12 12 149 56
14 14 164 61
14 14 197 83
125 125 3219 2399
" 192 192 “a225 2910
29 29 600 376
14 14 187 . 17
14. 14 194 B3 °
34 34 705 405
134 134 3413

EENER

el

2311




\
s --

B
s
s

CLASS D GEpR . : :

- ——— s . ——— — - -

g - © p.ot”
, . : C
. SUMMARY 10.680 -\ 225 225 5099 3252 . :
’ CLASS C GEAR , %
FCN  JAC INV NO OF ° SR B
TOL TIME CALLS .CALLS CALLS » TF STEPS - :
10%%-2 cl .013 - 13 13 116 . 47 2
T c2 117 - 13 13 110 43. H
- c3 .124 s 13 13 114 45 i
4. .138 - 13 13 121 49 ;
Cc5 .130 - f2 12 117 - 44 3
. SUMMARY  .522 - 64 64 578 228 i
, : ]
- . 10%#-3  C1 .222 - 18 18 ™ 76 i
B - c2 211 - 15 15 155 - .71 - %
% c3 .218 - .15 15 157 2 . ¥
L4 c4 .216 - 17 17 177 . 17 ¢
E . cs’ 202 - 17 17 - 170 12 .
- ' s SUMMARY 1.069 - 82 82 834 368 i
-3
‘ Tolpww—q cl .293 - - 18 18 207 103 é
c2 .267 - - 18 18- 199 94 [
5 C3 0275 - 18 18 200 97 ]
1 c4 .284 - 19 19° 209 . 101 - :
i cs .297 - 18 18 218 108° . i
P SUMMARY  1.416 - 91° 91 1033 503 |
” ‘(
'g,

N s

> ; .~ FCN  JAC INV NO OF
TOL © TIME CALLS CALLS ‘CALLS "TF STEPS
©10%*-2 Dl . .084 - "10 10 114 29
\ D2 .088 - 10 10 84 4o~
B3 . .142 - 17 17 144 54
’ ...+ D4 .,034 - 5 5 30 - 14
' . D5 .041 - 9 9 47 - 22
. D6 .047 -7 7 48 21

- ]
Vo SUMMARY  ,436 58 58 467
11 134
/13 13 121 59
22" 22 193 84
5
15 - 15 ‘
7. 1 59 28

10%#*-3 . DI. .121
D2 .130
D3 -~ .214
D4 ©.039
DS .075
D6 .060

N
L}
[}
t e i |
H -
) -
T ) w
\
.
) oW
o7 \ N
. - L
. Ry FS
F X+, w
N +
I'd : . — A
™~
) , . ‘
m—.fmw“mimm - St -




[N

> A
' p.102
s
AY . N ' .(" ’ 'i‘ ) N
SUMMARY . .639 ‘- 73 73 633 264
10%#%-4 D1 170 ¢ - 12 12 186 66
‘ D2 .207 - 1% ° 19 186 94
. D3 .335 - 23 23 '260 128
D4 . <046 - 6 - 6 41 20 .
o DS .10z .- 17 17 143 51
D6 5085 - 8. 8 78 40
T . ‘ .
SUMMARY -946 - 85 85 894 _ 399
Y ‘
CLASS E GEAR - " . \
- - FCN - JAC INV ~ NO OF
TOL TIME CALLS CALL§ CALLS TF STEPS
10**-2  El 027 - 3 - 3 21 7
"LE2 .028 ' - 4 4 27 14,
E3 =~ .100 - 10 10 101 43
v E4 . .216 - 19 19 - 201 71,
&S .051 - 5 5 38 17
SUMMARY  .422 s 41 ° 41 388 ° 152
10#%*-3 El .074 - - 8 8 60 18
E2 . 041 - 6 6 . 45 22
. . €3 2135 - 1% 13, 124 57
- E4. . .360 - 25 25 276 120
, ES5« f .050 - 6 & da_- 18
. ' SUMMARY .660 . - 58 58 549 235
10%+=4  El .098 - 9 * 9. 84 27
~ E2 , -058" - 6 6 65 y 33
E3 204 - 16 .16 183 94
E4 ~ .504 @ - 32 32 357 171
ES .066 . - 5 5 52 23
SUMMARY  .930 - 68 68 Ya1': 348
cLASs F* GEAR . ‘ ’
-—-----:—---.ﬂ . . . ' a,) R | \'
, FCN - JAC © 1INV NO OF
TOL TIME CALLS  CALLS CALLS - TF .STEPS

) - n-" - M . ,

.. 10%*-2 - p1 / .158: - 30 30 230 73
. F2 ' .072 - © 12 12 95, 39.
S - .297 = .34 34 - 360 119

. E4 .052 - - 1 7 s54. 24
‘ ? . BS .341 -

19 19° 254 . 51




- '/ - AR HFR
Aﬁ\“\ P-1Q3

SUMMARY .920 - 102 102 993 306

10#*-3  F1 091 5 = 17" 17 126 42 N\
F2 .108 ‘- 12 12 125 58
<. F3 .509 - 49 . 49 562- 206
F4 .082 - 8 8 83 38
FS 641 - 30 30, . 445 101
SUMMARY 1.431 - 7 116 116 1341 445
10**-4  Fi 2121 P 14 14 163 57

s - P2 .144 ., - 10 10 143 79 ©
F3-. .678 - 46 46 644 277
F4 .187 - (: 13 13 152 80
ES .936 - 31 31 540 159
_¥ summary | 2.066 - 114  114- 1642 652
N
S
.- )
LS
¢ g .
” C .
4 N\ - Ay
.: ?,. )
¥ '7 '
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p.104

The following graphs show the computing, time of ROW4A,

ROWR4 and GEAR over the six 'different choices of problenms.

SEC A

1012 1073 107

w

Class A

Llnear with real elgenvalues

SEC 2\

5

©

' |
102 1073 1ok
s ‘ =

o

A

SEC

> TOL .

Nonllnear with real 91genvalqes

Class D

~ %,
<
1,

e

N

10 1QT3 107

Clags B,

5 TOL

Non linear coupllng

10f2 103 107"

L

Nonlineaﬁqwith/gomplex eigenvalues

Class E

> TOL’

- - . .
bl e s A AR o e O £ ot ot TN
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311n'h —>. TOL

Linear with complex elgerwalues

—-‘-—-—U—-——-—— RQWRL&( formula

’-

- — = === ROWSA -

J .

. _ SEC A
o
//
/ /
. 5 ,
;. {’ N b
I
‘ i
3 L
! 1072 19
! _ . Class B’
E . Cf#rl
£ :
F

5 SEC
)

-

10

2

1073 107

p.105
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s 13
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"
)
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Class F

3.13)'
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. ' ' , p.106

In the following fﬁguﬁe the maximal global errors are

plotted for three tolerance TOL-lo-z, 10-3, 1074, For each

e

component with an absolute value greater than one, we used
the relative error. For those components with ' absoiute

value smaller than 1, we used the absolute error. The

exact solution were obtained.by GEAR with Tohiloblo. The

graphs show for each example, the maximum‘of these errors,

o over the whole intéé;ation interval and’ all componénts

7
Lol

divided by TOL. The logarithmic scale was used.
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. Problems




T T TR AR R T, T

%

SUMMARY 5.838 3462

- 9190

wt

1154 .1154 876
CLASS C ROBBA(FQRMULA 4.8 )
. FCN  JAC  INV - NO OF
TOL . . TIME CALLS CALLS CALLS TF STEPS
. & ¢
10%*-2  C1 .150 114 38 38 266 26
c2 L1300 96 .32 32 2264 22
s C3 - .132 90 30, 30 210 24
ca’ .205 138 46 46 322 42
‘ cs - J331 222 74 .74 518 58
(*  SUMMARY  .948° 660 220 220 1540 172
10%%23 . c1’ .227 156 52 52 364 a2
_ c2 - .207 . 150 50 S0 350 - . 38
~C3 .228 162 54 54 378 2y
.C4 .449.  °300. 100 100 700 88
cs .619 408 . 136. 136, 952 122
N SUMMARY ~1.730 . 1176 392 392 | 2744 332
10%+-4 ~ C1  .338 240 80 80 560 70 .
c2 .319 222 74 74 518 64
‘c3 .399 270 . 90. 90 63q, 80
ca . .978 642 .214 214 1498 192
, cs 1.197 792 -°264~ 264 1848 - 252
— .. .SUMMARY ~3.231 2146 722 722 5054. 658
CLASS D ROB3A(FORMULA 4. 8 )
!—:--——5—-& —————————————— - - — ' ‘

] oo FCN  JAC ~ INV , NO OF
~ToL TIME CALLS CALLS CALLS - P STEPS
10**-2 ° D1 .382° . 390 130. 130 780. 40

e n2 . .12 ° 114" 38 . 38 228 . 28
D3 . . .137- 102 34 .33 238 30
D4 .037 42 14 14 84 10
DS .068 - 96 32+ 32 160 ‘18
D6 .045 ‘48 16. 16 96 12
l’ - .
SUMMARY .781 792 264 264 1586 138
i0**-3 DI .862  B40. 280 280 1680 . 110
D2 .161 162 , 54 54 324 42
D3 .223 _ 168 56 s6, 392 a4
. D4 .045 48 16 96 12 ¥
DS .  .068 102 34 34 170 20
D6 .060 66 22 22 132 18
LY
i - e - “Ai“‘InMNunﬂ—mmu.dﬂhﬂhhmﬁi~ st

.‘ .
R vy, e S )

»

T ey R ‘»k.%-b'*\. et - N
o e W [
- s ., L

»

P
<

a ‘g .
¥
¥
%




o .

R Y

-

t

SUMMARY 1,419 1386 462 462 2794 246

-4
3
.
=
[y
e e e O -
’ : - e

10%*-4 Dl 1.409° - 1416 472 ° 472 2832 316
A . D2 .331 306 102 102 612 90 . : :
D3 L3200 234 78 78 546 68 :
. , D .051. 54 18 18 108 14
Dgs J116 162 54 54 270 30
D6 .092 . 90 30 30 . 180 28-7

¢

SUMMARY © .2.319 2262 , 154 - 754 4548 542

CLASS E ROB3A(FORMULA 4.8 )

- s e Sl - - - - - - - N ) 3
P

L

al v
e <50 et o YRR o 1 h A TR et R bipine L e

. FCN  JAG  INV NO OF .
TOL : TIME CALLS CALLS CALLS . TF STEPS
10%%-2  El " .061 6 12 12 84 8 . :
o~ . E2 .023 36 12 12 60 . 8 ;
-4 k3 ;w111 114 38 38 228 28 g
) , E4 .330  210. 70 70 490 56 ) i
, ES . .046 36 12 12 84 6 \ 3 i
SUMMARY  .571 432 - 144 144, 946 106 ;
v : f . ! é
10*%-3  El 067 42 14 14 98 0% - i :
. E2 .031 48 16 16 80 12
v E3 .259 258 86 86 516 - 56 , ?
. E4 .550 348 116 116 812 88 - '
" ES .051 42 14 14 98 8 ;
, B | ] :
T . SUMMARY . .958 - 738 246 246 1604 - 174 ‘
- : : . ' e i
10%%-4  El- .155 % . 3 30 210 16 :
g E2, .051 78 26 ‘ 130 18 é
.. E3 .500 516 172 172\ 1032 128, ' g
R : E4 . .870 564 - 188" 188 1316 ' | 146 -
~ ES .046 36 12 v 12 84 . 8 ?
SUMMARY © 1.622 1284 428 M 428 - 2772 316 %

CLASS F ROB3A(FORMULA 4.8 ) . L I o
LT | ‘
. ' - . FCN JAC INV ' NO OF
oo ‘ TOL ‘ . TIME 'CALLS CALLS CALLS. - TF 'STEPS “
< Pl ‘ '
, - 10%*#-2 F1 .064 . 96 32 32 160 18
3 F2 113 162 54 54 270 .32
: F3 1,081 1056 352 352 2112 166 . -
. F4 . 492 . 498- 146 144 996 94
FS 253 78 26 26 286 22
RO e .

o Sty 4 il - "o bl i
- -



- ~ SUMMARY

\ [ 4
3 T 10%%-3 Fl
: F2
© F3
F4
FS

SUMMARY
10%%~4 F1
y F2
F3
F4
' F5

L

2.003

129
.162
2.202
1.017
+602

4.112

.347

264

4.343

1.969 -

L] 999
7.922

1890 _ 630
192 64
234 78

2160 '+ 720
996 . 332
174 = 58
< .

3756 1252
492 164
396 132

4320 1440

1956 —~am 652
288, 96

7452 2484

630

64
78
720
332
58

1252

‘164
132
1440
652
96

2484

3824

320
390
4320
1992
638

7660

820 -
660
8640
3912
1058

15088

336
172
42

628

56
86
772
354
72

1340
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'The following graphs show the computing time of ROB3A 3
over the six diffg‘rgn; classes of problems. ’3‘
SEC A\ -
SECA . a ;
’, :
A
2 |
2 l
: , §
1 1]
N\ ~ 3
: | i
. 12 ' -lP . 12 “ "L" ' :
1 1012 1017 I o8 1012 1013 go1* o . = ‘
, . Class A Clags C i
. Linear with real eigenvalues _* Non-linear Coupling - § .
SEC A . -~ SEEA , ) 4 3
: A
£
3
. ), v
. 7 .»
2 1 1y '
. »
1] - 4
PR R 5 T B IR TN T 7 i
Class D S . Clads E )
Nonlinear with real eigenvalues _Nonlinehr with complex eigenvalues
= ] \ . -
a . . .'_. | \ .
W—-—-——-——-—««— T T —— - “'.-'-2"]
e -r e Sye—" pang g e B FRRREL S
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b w\
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In the following figure, the maximal global errors are

plotted

- 10

-3

4

10

t;'

for ROB3A and GEAR for three tolerance TOL = 10~

-4
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p.119 %

CLASS A" ROWR4 (FORMULA 3.14) %

, FCN  JAC  INV NO OF i

TOL " TIME CALLS CALLS CALLS TF STEPS 4

&

10%%-2 Al .098 96 16 , 24 152 12 i

‘ A2 .413 132 22 33 319 18 ¥

A3 .168 144 24 .36 228 20 3

Ad .625 168 28 42 434 ~ 24 3

\ SUMMARY  1.304 540 90 135 1133+ 74 g

10#*-3 Al .118 120 20 ° 30 190 16 5

A2 .484 156 26 39 377 22 ;]

A3 .247 216 36 54 - 342 26 3

A4 .768 216 36 54 558 32 %

SUMMARY  1.617 708 . 118 177 1467 9%6 -

4

10%%-4 Al .208 192 32 48 304 24 3

‘ : A2 712 228’ 38 57 551 30 3
Y A3 .333 288 48 72 456 36 , 3
: A4 1.161 312 52 78 806" . 44 4

SUMMARY  2.414 1020 170 255 2117 134

FCN JAC INV NO OF »

TOL - TIME - CALLS CALLS CALLS TF STEPS
10%*-2 Bl . .479 408 68 102 646 a6 -
B2 .167 96 16 - 24 184 12
f B3 .167 96 16 24 184 12
B4 200 120 20 30 . 230 . 16
BS .390 228 . 38 57 437 34

SUMMARY  1.412 948 158 237 1681 120

10#*-3 Bl .906 840 140 210 1330 .-.86
- B2 1238 144 24 36 276 16
. B3 .259 156 26 39 299 18
B4 - .322 192 32 48 368 24

B5 - . .676 396 66 99 759 58

SUMMARY .2.401 9728 288 432 3032 202

10%*-4 Bl = 1669 1512 252 378 2394 150

B2 303 180 30 45 345 24

- . B3 331 192 32 48 368 26
% B4 .458 264 44 66 * 506 38

BS 1.186 684 114 171 1311 98 .
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, L P.120 B
SUMMARY  3.947 2832 472 - 708 4924 336 T
- . T o ,1;’;’
‘ CLASS C ROWR4 (FORMULA 3.14) "g
~ ) ‘ SR ’ ’
FCN JAC INV NO OF ST
TOL TIME ' CALLS CALLS CALLS _TF STEPS, : o
10%%-2 c1 .141 120 20 30 190, 16 ;
w c2 .124 108 18 27 171 14 g
‘ c3 .133 108 18 27 171 14 R
c4 .159 132 22 33 209 18 .
C5 .166 132 22 33 209 18 @
SUMMARY ~ .723 600 . 100 150 950 . 80 &
[ 2 N
10%%-3 Cl. .162 144 24 36 228 20
c2 .176 144 .24 36 ' 228 20
C3 .168 144 24 36 228 20 .
, c4 .206 168 28 42 266 24
; cs .234 192 32 48 304 " 28
1 SUMMARY 946 792 132 198 1254 112
. 10%*-4 ' c1 .266 228 38 57 361 30 - \
& c2 .251 216 36 54 342 28
. c3 .256 216 36 54 342 28
: . c4 .313 252 4?2 63 399 38
cs -.378 300 50 75 475 46
SUMMARY 1.464 1412 202 303 1919 170 '
CLASS B ROWR4 (FORMULA 3.14) ) il )
‘ FCN. JAC - INV " no oF,
. TOL » TIME CALLS CALLS CALLS . TF , STEPS _
10%%-2 Dl .176 204 ‘34 51 289 12
D2 - .125% 144 - 24 36 204 18
D3 .154 -132 22 33 209 18
D4 .056 72 12 18 102 8.
; - D5 .069 120 20 30 . 150 12
: D6. .073 - 84 14 21 119 10
A P R ' N , N
;. . SUMMARY .653 756 126 189 1073 . 78
. ¢ \, . : '
3 "10%%-3 D1 .179 216 36 54 306 20
" D2 © .143 168 - 28 42 238 .22
53 D3 .190 168 28 42 266 24
g . D4 .060 72 12 18 | 102 . 8
B : D5 - .069 120 20 ©30° ° 150 12
. D6 . .076 96 16 24 136 12
L
- ’ -
- e A g et N iR A OO e




N

-
f

SUMMARY-

Dl
D2
D3
D4.
D5
D6

SUMMARY

o .284

.183
248
.076
.125
.101

1.017

. 840

336
216
216

96
204
120

1188

CLASS E ~ROWR4 (FORMULA 3.14)

A . e e ol s T e T T — - — - —— = —a——

C10%*-3

. El
E2
E3
E4
ES

SUMMARY

. El -,

E2
E3
Edy
ES

"SUMMARY

El
E2°
E3 °
E4
ES .

SUMMARY

TIME

"083.
.026
" .107
. 424
.078

.718

.098
.061

4 ‘120

.,.447
%077
.803
113
.062

.203
.739

' 0076

1.193

FCN
CALLS

60

48
132
324
. 72

636.

72

108
144

348

%2
744

84
108
240

576

72

1080

_CLASS F ROWR4 (FORMULA 3.14)

..----——/—-b-t-—-.-

TOL
10%%-2

-

"TIME

.067 '

.283
1.316
.660.

567

-

L4}

FCN
CALLS

120
480
1500
768
204

51

\

140 , 210
56 84
36 54 °
36 54
16 ‘24
34 . 51
- 20 30
198" 297
.JAC INV
gFALLS CALLS
10 15
8 12
22 43
54 81
12 18
106 159
12 18
18 27
24 36
58 87
12 18
124 186
14 21
18 27
40 60
96 144
12 18
180 270
_ JAC INV
CALLS CALLS
20 30
80 120
250 375
128 192
34

1198

476
306
342
136
255
170

1685

_TF

95
60
187
513
114

969

114
135
204
551
114

1118

133
i3s
340
" 912
11%

1634

TF

150
600
2125
1088
459

p.121

98 .

32
30
32
10
18

138

NO OF
STEPS

6
4:
16
36
"6
68

8
6
20
44
6 .
84
10
8
30
64
.6

- 118

NO_OF
STEPS

12
54
134
70
22

LS
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p.122

Y|

SUMMARY 2.893 3072 512 768 4422 292

. . o ~ -
10**-3  F1 .102 180 30 45 225 18
F2 .179 312 52 78 390 28 .
F3 . .999  1164. 194, 291 . 1649 122
F4. _ . 676 780 © 130 . 195 1105 78
‘~/,_.~ i - '
e F5 ~+670 249 40 60 540 26
o ., SUMMARY 2,626 2676 446 669 . 3909. .272
. 10%*-4 © F1 . .196 336 56 84 420 30, . o
L F2 .202 348 -58 87 .435 © 36"
B F3 1.808 2100 350 525 2975 ° 190
o : F4 . .869 996 166 249 141} 106
‘ ES 1.084° 384 . 64 96 . 864 40
SUMMARY 4.159 4164 694 1041 6105 402.
L <Y ' ‘ ' ‘
P :
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L
.In the following figqure, the comparison of the maximal
g - . r
global errors' for ROWR4 methods with aé—o.BB(formula 3.13)
and a3=1,00(formula 3.14) for three tolerance TOL = 102, ;
1073, 107%are given. ) ] ”a
~————p)—~— ROWR4(formula 3.13) .
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. p.127
N . 5
CLASS A,. ROWR4 (FORMULA 3.15)
---------------------------- s . ] ,
e FCN JAC INV NO OF
TOL TIME CALLS CALLS CALLS TF STEPS
10%4+-2 Al .. .097 96 16 24 152 12
| A2 .416 132 22 33 319 18
i A3 254 216 .36 54 342 18
. . Y e .614 168 28 42 434 24
& '
SUMMARY  1.381 612 102 153 1247 <72
- 10%%-3 Al ;166 O 156 26 39 247 16
~ : A2 .492- 156 26 39 377 2 ;
» A3 .290 252 42 - 63 399 26
. \ Ad .735 204 34 51 527 30 .
SUMARY 1.683 768 18 192 1550 9 %
10%*-4 Al .209 . 192 32 48 304 24
A2 674 | 216 36 54 522 30
A3 323 276 46 69 . 137 34
Ad 1.049 288 48 72 7 744 12

SUMMARY 2.255 972 162 . 243 2007 ' 130 \,

CLASS B ROWR4 (FORMULA 3.15) . ‘ S
____________________________ 4 *
* JAC INV NO OF
TOL TIME  CALLSws CALLS TALLS TF STEPS ;
. ' ! \
10%**-2 ~ Bl .458 408 68 102 646 48
B2 .264 156 .“ ' 26 - 39 . 299 10
B3 .248 144 | 24 36 276 12
B4 .252 144 24 36 276 , 16

.
<€

B> «396 228 38 57 437 = 34
- SUMMARY 1.618 1080 180 270 1934  -120

. 10%*=3 Bl .974 < 900 150 225 1425 90
. , B2 .259 y 156 26 © 39 , 299 16
o B3 .278 168 28 42 1322 18
; . ’ B4 .302 180 30 . 45 345 24 -
‘j , BS .651 384 64 Q6 736 - 58
i SUMMARY 2.464 1788  298. 447 3127 - 206
e ' . i R A
kA . 10%**-4 . Bl 1.580 1428 238 357 2261 142
o ‘ B2 .308 180 30 45 345 22
B3 .313 180 30 . 45 345 24
B4 .443 252 '

BS - 1,221




-

SUMMARY  3.86 454 681 4745 322.

D . JAC  INV NO OF T
« . TOL. : TIME CALLS CALLS CALLS TF STEPS a
10%#*-2 ¢l 0135 120 - 20 30 190 16 -
c2 .128 %08 18 277 171 (14
c3 .129 108 ° 18 2% 1710 14
c4 167 132 22 33 209 18
C5 162 132 22 33 209 18 =
SUMMARY  .721 600 100 150 950 80" H
N [
10%+-3 1l 161 144 24 36 228 20 3
: ’ L c2 - .176 144 24 36 228 20 i
c3 169 144 24 36 228° 20 R
N c4 .223_ ' 180 30 45 '285 26 4
cs .234" 192 32 . 48 304 28
, : SUMMARY .963 804 134 201 1273 114
LA 10%*-4 Ccl _  .233- 204 34 51 323 28
< N . c2 . .237 204 -3¢ 51 323 28,
N c3 w271 228 38 57 61 32
| . c4 .509 408 .68 102 - 646 48
cs .499 396 66 99 627 58
suMvA¥Y 1.749 1440 . 240 360 2280 194
1( ) *
CLASS D ROWR4 (EORMULA 3. 15)
. - : FCN  JAC. INV - NO OF
. . TOL TIME CALLS CALLS CALLS ' TF STEPS
j © 10%*-2 Dl *  .236 276 46 69 391 14
’ D2 J132 156 . 26 39 221 18
D3 .167 144 24 36 228 20
. D4 .057 72 . 12 18 102 8 °
D5 -  .056 96 16 24 120 . 12
? D6 .081 ', 96 . 16 240 136 412
l | SUMMARY  .729 840 140 . 210 1198 ° 84
10%*-3 DI 273 324 54 81 459. .24
D2 .152 180 300 . 45 255 24
D3 . .204 180 30 4s 285 26
D4 :.057 72 12 18 1027 . 8
D5. °  .077 132 . 22 N33 165 "14
D6 .088 108 18 27 . 153 14 ,
. . EMEN A CHDISNRS— G




A

SUMMARY .851 996 166 249
i o A
10**-4 DI, .423 504 B4 126
< D2 .220 252 42 63
D3 .313 276 46 69
D4 . .066 84, 14 21
D5 .163 264 44 66
\\ D6 .107 132 22 33
. . SUMMARY 1,292 ' 1512 252, 378
CLASS E ROWR4 (FORMULA 3.15)
N .
, FCN .JAC  INV
TOL TIME .CALLS CALLS CALLS
10%*-2  E1 . .078 60 10 15
. E2 .019 36 .6 9
E3 .099 120 20 30
. EM4 .385 300 50 75
ES .094 84 14 21
;
[ 4 - .
. SUMMARY .675 600 100 150
; 10%%-3 El 097 72 12 18
{, ' E2 ,-075 -+ 132 22 13
; E3 .141 168 28
‘ E4 .463 1360 60 90
3 ES .091 84 14 21
é SUMMARY  .867 8ls 138 204
10%*-4  El 115 84 14 21
B2 061 108 18 27 -
] , E3 -. 242  °288 48 72
» E4 ° .656 516 86 129
;. *+. E5 .078 72 12 18
i SUMMARY . 1.152 1068 178 267
ciss F nowaatFORMULA 3.15)
........................... -
_ o FCN  JAC-  INV
. TOL "TIME  CALLS ' CALLS CALLS
10%*=2 Fl .141 228 38 57
> F2 .541 900 . 150 225
F3 1,050 1188 198 297
F4 .779 912 152 228
FS 360 132.° 22, 33
J PR
- k. -
L ——— e T ,
\ . . \ ;%g .

42 -

1419

714
357
437
119
330
187

2144

TF

95
45
170
475
133

918

<114
165
238
570
133

1220
.133
135,
408
817
114

1607

TF

- 285

1125
: 1683
.1292

1297

p.129
110
40

36
36

10 '

18
18

158

'NO OF

STEPS

6

.24
A6
90
10
18
64

5
126

NO OF

STEPS

28
78
106
76
. 16

B 3 s TS ST T e ke b M,

g

Pe

~




¥ 10%*-3° Fl 104
. ) F2 .244
‘ i F3 1.404
e 1 F5 *900
e
- (SUMMARY  3.399
3 .. - . ,
- 10%%-4 Fl1 .181
. ot F2 .426
‘ F3 1.805
£ " - F4 - 1.026
- . F5 .870
; 3 . SUMMARY, 4.308
) Ny ; ‘ , r)
\ o
" o " ‘ a
L~ ¢ -
L4 - .
p | v -
. . . \ ‘ e
g : Dy
- ‘:
) ' o
\ N ’ B
v N 6.. <
L3 ,N N A}
I ¢
~ ) *q !
[+ -~
' > ‘%
b} ,
<
- [ /
' . .4 N [ 4

SUMMARY 2.871

k%

3360

180
420
1632
864
324

3420

312
720
2100
1176

312

4620

560

30
70
272
144
54

570

52
120
350

* 196

52

770

840 -

- 45
105
408
216

855
78
180

525

294
78

1155

§682

225
. 525,
2312
1224
- 729

5015

390
900
2975
1666
702

6633




R I B ~ 1t

-

t.
B

<

CLASS A ROWR4 (FORMULA 3.16)

—— e i _—g---——-—-——_—-—-———--—_

FON

TOL - TIME  CALLS
10%*-3% "~ Al .115 108
/ A2 - .418 132

A3 .163 144

A4, .608 168

SUMMARY  1.304 552

10%%-3 Al ~  .172 156
. A2 .522 168
A3 .240 204

Al 963 264

. SUMMARY  1.897 792
10%*=4 "~ Al  ,257 252
A2 . .869 276

a3 .373 324

Y 1.424 396

SUMMARY  2.923- 1248

CLASS B ROWR4(FORMULA 3.16)

- s s > T P Y e S T T —— — — . -

y FCN
TOL *  TIME CALLS
10%*-2 Bl .562. 516
: B2 ©.160 96
B3 .187  -108

' .B4 226 132

“ B5 360 . 204

Y

SUMMARY 1.495 1056

, 10**-3 Bl '1.087 1008

B2 . .245 144
B3 .239 144
B4 .342 204
BS . .838 480

SUMMARY 2.751: 1980

10%%—4 B1 2.241 2028
B2 ¢ .376, 216

B3 " «390 228

' B4 .598 ¥ 336

! BS ,1.812 1020

JAC
CALLS

18
22

24
28

170

INV
CALLS

27
33
36
42

138

120
495

. 507
54
57
84

255

TF

171
319
228
434

.q 1152

247
406
323

682

1658

399
667
513
1023

2602

NO OF

’

" STEPS |,

14
18.
20
24

76

18
24
30
36

108

© 30

36
44
56

166

11
20
20
30
68

248

208
30
32
50

134




[

SUMMARY

5.417

3828

CLASS “C -ROWR4 (FORMULA 3.16)

- — - —— ——— - — —— ——— — ——— ——— ——— ———— -

TOL
0N

10#*-2 ~ Gl

c2

€3
c4
CS

SUMMARY

10#%*-3 Cl
Cc2

> C3

C4

. CS

SUMMARY

10%*-4  C1
4 : “ C2\
c3

c4

cs

_ SUMMARY

TIME

.140
. 142
.153
.179
«179

.793

.232
.210
.182
.284

©.263

1.171

.316
". 308
.330
. 457
.539

1.950

'FCN
CALLS

120
120
120
144
144

648

204
180
156
228
216

984

276
264
276
372
432

1620

CLASS D ROWR4 (FORMULA 3.16)

. —— — a — — —— — . — — —— e " T, —— it on

TOL

10**-2. D1
\ D2
~ D3
" b4,
DS
D6

, SUMMARY

10%%=-3 D1
: D2
D3
D4
DS
D6

!

“TIME- -

.234
-.139
.170
-, 048
.041
.069

.701

. 333
.153
<207
.046
054
.077

FCN
CALLS

276

7 156
144
60

72

¢ 84

792
396
180

180
60

96

96

638

JAC
CALLS

20
20
20
24

24"

164

44
46
62
72

270

JAC

CALLS
46

24
10

14
132

66
30
30
10
16
16

957

INV
CALLS

30

~ 30
36

36,

162

51
45
39
57
54

246
69
66
69

108

[N

405

INV

CALLS.

69

36
15
18
21

198

99
45

45 -

15
24

R Y

24 .

6661

TF

190

190

190
228

. 228

1026

323
285
247
361
342

1558

437
418
437
589
684

2565

TF

391
221
228

85

90,

119
1134
561
255
.285

120
136

p.132

- 454

NO OF
STEPS

16
16
16
. *+20
20

88’
24
22
22

30
32

130
38
34
36

56
'2%2 %

‘NO OF
STEPS



pil33 B

rd

o I’ é
SUMMARY  .870 1008 168 252 1442 104 %
oF ‘ ‘ ' -

10**-4- . D1’ .540 . 624 104 156 884 48

D2 206 240 - 40 60 340 34
D3 .331 288 48 72 456 38 :
D4 .067 84 14 21 119 10 g
7 D5 102 °156 . 26 39 195 16 , :

- 7 D6 100 120 20 30 170 16 .
w ¢ - ) ) -
+ SUMMARY  1.346 1512 252 378 2164 162

TS I i

CLASS E ROWR4 (FORMULA 3.16)

v - o - —— - - - — -

FCN JAC INV NO OF

‘ TOL TIME CALLS CALLS CALLS TF STEPS 4
, 10#%-2  El .078 60 10 15 95 6 . 2
B £2 026 48 8 12 60 4 :
; E3 .00 120 20, 30 170 16 g
% E4 .393 300 50 75 475 36 .
i . _E5 162 144 24 36 228 10 5
1
‘gf SUMMARY  .759 672 112 168 1028 72
i 10%*-3  El 097 72 12 18 114 8
v E2 .033 60 10 15 75 6
) E3 .141 168 28 42 238 24
£ ) E4 537 420 70 105 665 54
A - - E5 077 72 12 18 . 114 6
SUMMARY  .885 792 132 198 1206 98
‘ ©_10%*-4 ., E1 112 84 14 21 133 . 10
E2 L067 * 120 20 30 150 10
E3 310 3720 62 93. 527 40
‘E4 .923 720 120 180 1140 82
ES .091 84 14 21 133 8

SUMMARY 1.503 1380 230 345 2083 150

CLASS F ROWR4 (FORMULA 3.16).

- - U T S — i - - - w— — -

FCN  JAC 1INV OF

TOL ~ TIME CALLS CALLS CALLS ~TF “STEPs

. 10%%-2  Fl .057. 96 16 24 120 8
: F2 .177 300 50° 75 375 30 .
: cF3 1.336 1488 248 372 2108 132 |

T F4 ° .700 804 134 201 1139, 70-

. 133 ' L.571 204 34 51 459 22




SUMMARY

10**-3-  F]
/F2
¢

F4
F5 . -

- SUMMARY

10%%—4 F1
F2
F3

...F4 .

F5

' SUMMARY

T el
. h
N

b

2.841

©.160
.217
1.800
.854

‘1.002 .

4.033

.146
.274

2.318
1.178

976
4.892

B

AN
2892, 482
276 46
372 . 62
2064 . 344
984 164
360 60
4056 676
252 . 42
468 - 78
.2688 448
.1344 224
348 - 58
5100 850
~x
J

723

69

93
516
246

90

- 1014

.63

117
672

. 336
87

‘1275

4201

i 345
465

* 2924
1394
810

5938

315
[s85
78808

1904
783

7395

‘

- 1
. ot e 4 ae e o~ S
- s\, e R b
1

'R

262

32
38
186
90
42

388
24
48

246

134
42

494
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CLASS A ROWR4 (FORMULA: 3.17)

- —— " - - —— i ——— - -

‘ .o FCN  JAC  INV NO OF
TOL TIME CALLS CALLS CALLS TF STEPS
10%*%-2 Al * .111 108 18 27 171 14
Y V' 1420 132 22 33 319 . 18
A3 .189 156 26 39 247 22
A4 .619 168 28 42 434 - 24
SUMMARY 1.339 564 . . 94 141 - 1171 78
10*%-3 - Al .195 180 30 45 285 20
. A2 .532 168 28 42 406 24
A3 . .234 204 34 51 323 "30
_ A4 ©.997 276 \ 46 69 713 36
e ' 'SUMMARY  1.958 828 138 - 207 1727 110
% 10%*-4 Al .258 252 42 63 399 32
{ .. A2 .900- 288 a8 - 72 696° 38
§ A3 .356 312 . . 78 494 46
: A4 1.494 ° 408 68 , 102 1054 58
%- - SUMMARY  3.008 1260 210 315 2643 174
. n e :
e +—————CLASS'B TROWR4 (FORMULA 3.17) w
ki v - - [ b - v - - - - A
: ) : . :
. FCN  JAC  INV NO OF
TOL- TIME CALLS CALLS CALLS TF STEPS
L l0%*-2 Bl .588 528 88 132 = 836 54
. _ " B2 .190° 108 18 27 207 14
g . B3 . .187, 108 18 27 . 207 14
A - . B4 . 224 132 22 33 253 18
£ _ B5 - .358 204 34 51 - 391 30

SUMMARY ~ 1.547 1080 180 270 1894 130

lo#*#*-3 Bl - 1.183 1092 - 182 273 1729 106
..B2 .240 144 24 36 276 20

83 .258 156 26 39 299 . 22

B4 . 344 204 34 51 391 y 30

BS - .842 492 82 123 943 68

SUMMARY. 2.867 2088 348 522 ° 3638 246

10%%-4 Bl .2.337 ° 2100 350 . 525 3325 216
. 'oB2 371 216 36 54 414 30
B3 - .421 240 40 60 460 34 .
B4 - .604 336 56 84 " 644 50
B5 .1.778 -1020 -~ '170 255 1955 - 138
) o
£ -

o { ey

Aehr




o} i e

. . A , )
SUMMARY © 5.511 3912 652
CLASS C ROWR4 (FORMULA 3.17)
. FCN JAC
TOL . TIME' CALLS CALLS
10%*-2 cl .133 120 20
c2 .139 120 20
c3 .145 120 20
c4- ©.180 144 24
cs .191 156 26
SUMMARY .788 660 110
10%%-3 cl .232 204 34
c2 .225 192 32
. C3 ~.187 156 26
' CA ".281 228 . 38
cs .279 228 38 .
SUMMARY  1.204 1008 _ 168
10%%-4 Cl  .325 288 48
c2 .321 276 16
C3 . . .326 - 276 46
C4 - . .526 . 420 70
cs 660 528 88
' SUMMARY ® 2.158 1788  °298
CLASS D. ROWR4 (FORMULA 3.17)
: ' FCN JAC
WL .. »~7— "  TIME CALLS CALLS
10#%%-2 D1 . .230 276 46
o D2 127 144 24
D3 - .172 144 24
D4 .046 60 10
DS .049, 84 14
D6 .068 84 14
SUMMARY .692 792 132
10%#-3 Dl .371 444 74
D2 .154 180 30
D3 .215 192 32
D4 .056 72 12
D5 .048 84 14
. D6 .077 96 16

—

p.136

978 6798°¢ 468

"INV

CALLS . " TF
30 190

30 190

30 190
36 228
39 247
165 1045
51 323

48 304

39 247

57 361

5% 361
252 1596
A 72 .. 456
69 437

69 437
105 . 665

132 836
447 <, 2831

INV
CALLS TF
69 391
36 »y 204
36 228
15 85
21 105
21 119
198 1132
111 629 °
45 255
48 . 304
18 102-
- 21 105

24 136

NO OF
STEPS

16
16
16
20
.22

90

24
22
22
30
.34

132

_..'_38
36
36
50
60

- 220

NO OF
STEPS

14

18

20

6

10
10

.78

28
24
28

8

.- 10
v 12

\




. ?'1‘; .

p.137 -

‘o SUMMARY .921 1068 178 267 1531 110 . . y
10#%%-4 p1 .529 624 104 156 884 50 R B
N D2 . 206 240 40 60 340 34 %
: D3 .357 312 52 78 494 40 ‘
\ D4 .065 . 84 . 14 21 119 10
5 \ - DS . <1247 204 34 51 255 20
D6 .099 120 20 30 170 16
- SUMMARY  1.380 1584 264 396 2262 170 §
- §
) ' CLASS E ROWR4 (PORMULA 3.17) 4
, FCN  JAC  INV NG OF y
“TOL " ' TIME CALLS CALLS CALLS TF STEPS 4 .g
‘ \ ';.}:
, 10#%*-2 El1 T .081 60 .10 15 95 6 P
o E2 .025 , 48 8 12 60 4 k:
L. E3 .104 120 20 30 170 16 . ‘
E4 - .367 288 48, 72 456 ;" 38 :
- : E5 .106 96 16 24 152 6 A
7 o SUMMARY .683 612 102 153 933 70
g - -p-10%%-3 El ©.096 72 12 18 114 8
W ‘ E2 .033 60 10 15 75%¢ 6 .
i E3 .138 168 28 42 238 .24

£ E4 | .633 492 82 123 779 54
- ES .089 84 14 21 133 6

SUMMARY .989 876 146 219 1339 98

_ 10%*~4 El .113 84 14 21 133 © 10 .
. ‘' E2 .068 120 20 30 150 10 .
- _ E3 . 300 360 60 90 510 40
- E4 ~ .896 696 116 174 1102 84
E5 .092 84 14 21 133 8

«
e BRI R S22 S 2 IR SO e o e

. - P
SUMMARY  1.469 1344 224 336 2028 . 152

CLASS F ROLWR4 (FORMULA 3.17)

—— L ——— . — . i o o — . ——— " —— ———— o —

. Been  gac mw NO OF
‘ © TOL TIME CALLS CALLS CALLS TF STEPS
10%*-2 ®F1’ . 057 96 16 24 120 . 8
F2 <154 |, 252 42 63 315 -~ 26
C F3 ' 1.287 1452 242 363 2057 122
Y P4 872 1020 170 255 1445 86

FS 398 144 24 © 36 32 - 16




‘:A v , } -Q)

10%%-3  F1
F2
F3
! F4
F5

10%%-4 Fl
) F2
/f' : F3

¥4

t o SUMMARY
} F5

-y

SUMMARY

A3

. ‘ 7

ORI
L ]
I

s mpiagnd o ESEA

I A T o

Nl

2.768

.<137
.417
- 1,602
.783
.702

3.641
.147
.282

2.436

¢ 1,160

' .975
5.000

-

2964

240

720

1848
924

252
3984

252
480
2784
1356
348

5220

494

40
120
308
154

42

664

42
80
464
226

58

870\

AT I AN TN N e 5 e

741

60
180
462
231

63

996
63

120 |

696
339
87

1305

Z261

300
900
2618
1309
567

.5694

315
600
3944
1921
783

7563

L er tyTmssw ema s 2 moew e

p.138

258

28
82

, 166

90
28

394

24
50 ' :
252 .
136
42

504




i
{
i
{
H
|
i

Y .
CLASS A ROWR4 (FORMULA 3.18)

" s - —— - a8 s - S - ——— — ——— - ————

10**-2 Al
A2
A3
A4

¢

10**-3 Al
A2
A3
A4

>

SUMMARY

10**-4 Al
A2

n~, A 4 A3

A4

SUMMARY

SUMMARY

TIME

.098
.397
.151
.585

1.231

121
« 447
+190
725

1.483
.197
l679
.312

1.099

2.287

FCN

CLASS B ROWR4 (FORMULA 3.18)

- ot sy S " iy S Y i AP . D S T AT . D A S e o

TOL

T LL ) Bl
B2
B3
B4
B5

. SUMMARY

10**-3 Bl
"B2
B3
B4
BS5

- SUMMARY

10%* -4 Bl
k B2

B3

B4

BS

TIME

«512
«140
.162
.201
.370

1.385

.871
.241
. «260
»333
.605

2.310

1.427
L] 307
.306
437

1.063

JAC
CALLS CALLS
96 16
120 20
+ 132 22
156 26
>
504 84
120 . 20
144 24
168 28
204 34
636 . 106
192 32
216 36
264 44,
300 50
972 . 162
FCN JAC
CALLS CALLS

INV
CALLS

24
30
33

39

126

30
36
42
- 51

159
- 48
54
66
75

243

INV
CALLS

TF

152
290
209
403

1054

190

348

- 266
527

1331
304
522
418
775

2019

TF

of

NO OF
STEPS

12

18
22

68

16
20
24
30

90
24
28
34
42

128

NO OF
STEPS




1‘::-1.

S Tie v ~f;.5m3:-;m~epr~::~:ﬁ5§§ o R 3.,

SUMMARY  3.540 2508

CLASS C ROWR4 (FORMULA 3718)

. - . -, 4 Ul . e D S T A o . 4 > =

. FCN
TOL o TIME  CALLS
10%*-2  C1 .122 108
c2 .125 108

. c3 127 /yv 108
. c4 .147 / 120

cs (167 132

& )
SUMMARY .688 - 576

10#%%-3 cl \.176 156
c2 . . 152 132
c3 .169 144
c4 .207 168
cs .202 168

SUMMARY . 906 758

10**-4 Cl . «234 204

c2 .238 204
C3 - . .256 216
c4 .284 228
Ccs .321 264

SUMMARY  1.333 1116

CLASS D ROWR4(FORMULA 3.18)

--—--——-—---———-—q———---——————

FCN

TOL TIME CALLS
C10%*-2 D1 .182 216
: , D2 .138 156

D3 .152 132
D4 .047 60
DS .064 108
D6 .074 84

SUMMARY «657 756

10%*-3 D1 .179 216

D2 . .151 180

D3 - .204 180

D4 .057 72

> D5 .054 96
o D6 * .=.079 96

418

JAC
CALLS

18
18
18
20
22

96
26

24
28
28

128
g

34
36

38

44

186

JAC
CALLS

36
26
22
10
18
14

126

36
30
30
12
16
16

627

INV
CALLS

27
- 27
27
30
33

144

39
33

~ 36

42
42

192
51
51
54
57
66

279

INV

CALLS

54
39
33
15
27
21

189

s 54
45
45/
18
24
24

p.140 (

4379 312 wé

L

NO OF . N

TF " STEPS §

171 14 %

171 14 =

171 14 ¢

190 16 ‘ .

209 18 i

912 76 ) '
247 220
209 18
228 20
266 24
7T 246 24

'~1216 Y06 ¢
323 28
323 26
342 28
61 12
418 34
1767 148
« NO OF
TF STEPS
306 12
< p21 ™ g
09 18
85 6
135 10
119 10
075 74
306 20 -

255 24
85 26
102 8
120 . .10
136 12

R

o o L4 g




i

) .1l
, SUMMARY  .724 840 140 210 1204 ° 100
10#%*-4 DI . 425 504 84 126 714 34
D2 .195 228 8 ., 57 323 32
D3 .300 264 ¢ 44 66° 418 34
D4 .067 84 14 21 119 8
; DS 132 5216 36 54 270 20
: D6 .098 120 20 30 170 14
SUMMARY  1.217 1416 236 354 2014 142

CLASS E ROWR4 (FORMULA 3.18)
~ : ,

‘ FCN  JAC  INV - NO OF
TOL TIME  CALLS CALLS CALLS TF STEPS
10%*-2 El’ .079 60 10 15 95 6
" E2 .026 48 8 12 60 - 4
;S £3 128 144 24, 36 204 16
2o . E4 .381 3000 50 75 475 34
f ES .098 84 14 21 133 6
¢ SUMMARY  .712 636 106 159 967 66
. 10#*-3 Bl .095 72 ° 12 . 18 114 8
: | . B2 - .041 72 12 18 90 4
4 ~ E3 137 168 28 42 238 22
: E4 .476 . 372 62 93 589 46
; ES  .077 72 12 18 114 6
: SUMMARY  .826 756 126 189 1145 86
104+-4  El V113 84 14 21 133 10
, _E2 .067 120 20 30 150 8

E3 .228 264 44 66 374 34 -

E4 .660 516 86 129 817 645

ES .078 72 ¢+ 12 18 114 6

SUMMARY 1.146 1056 176 264 15#8 122

£ " CLASS F ROWR4 (FORMULA 3.18) : . -
T T o s ‘ -
- : FCN  JAC  INV \ No OF

~ ToL - TIME CALLS CALLS CALLS TF STEPS
10%%-2  F1 .125 - 204 34 51 255 22
P2 . .230. 384 64 96 480 .38

F3 1.111 1272 212 318 1802 120

F4 - .703 \ 828 138 207 1173 72

'PS .636 | 228 - 38 57 513 18

’ ‘\ ’ -~ '
/




SUMMARY

10%*_3 ' F1

, F2

) . F3
" Fa
' FS

& ’ SUMMARY

10%%-4 F1
F2
'F3
Fq
F5

SUMMARY

R S N

”

2.805

.106
.167
1.087
.651
.666

2.677

.159
.204
1.518
.833
. 977

3.691

486

30

48
210-
128

40.

456

46
58 °
286
< 164
58

612

729

45

315
192
60

684 -

69

429
246

87

918

4223

225
360
1785

- 1088

540
3998
345
' 435

2431
1394

783

* 5388

392

a

270

16
28
132

28,
282

26
36
186
106
.38

m*#%m&g -}

-



PR T

& | ‘ . | ' b p.143

4 . ’ . b

The following graphs show the compubing time of ROWR4 -

with different y values over the six different classes of

9 ! problems. ’ :
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Class B
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e Rowau(rormula 3. 16)

Ll . ROWR4(formula 3. 17)
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> TOL
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ROWRY4 ( formula 3. 18)
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An, the following figure, the maximal global errors are

plottgfi for ROWR4. with _different Y val'ues" for three

' _. _therar'iqe ":&‘OL-].O-ZI 10.‘31 10-4. ' ”
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