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ABSTRACT

SEQUENTIAL SELECTING PROCEDURES FOR THE LARGEST MEAN
OF K INDEPENDENT NORMAL POPULATIONS WITH L
PREFIXED-WIDTH CONFIDENCE INTERVAL

Evagelos Tj§Mtzis

Thg main purpose of this exposifdryﬂartic]e is to construct a
pr;fixed width confidence interval for the ‘'jargest mean of k=21
independent normal populations by seqdentia] procedures, in the case
of a common Eut unknown variance. The appropriate tools are o?tained

thro‘Ph a preliminary consideration of the same problem in the case of

_a common and known variance. A study of the case of unequal variances

is provide& and a comprehensive analysis of the perﬁa(gance of the
sequential procedugés is also-given. The work consists of four chapters.
In Chapter I the problem of selection of the population with the largest

mean 1s examined and several re1ated ‘concepts are introduced. In’

i Chapter M, a prefixed width symmetric confidence interval for the
"largest mean fs,constructeg py sequential procedures, while in
) .Qhapter I{I*the same gask is carried out by unsymmetric confide;ce
- intervals poss?ssing some opt1ma15brbperties. Fiﬁﬁlly, in Chapter IV,

* the problem of a prefiXed width confidence estimation of the largest

mean with simu1;éneous se1e§t10n of the best population is considered,
from a séquential,pq1ht of fijw, combining. {nformations mainly from
Chapters I and II.  .° "

%

R AR Y




‘ v / : v
) .
| .
) {f 3 . ' '
‘ A4
/ P
) e . )
\ ACKNOWLEDGEMENTS | ' '
n ) ) \ '
i \\\ ‘ A
1 . I wish to thank Professor YMg or any kind of assistance
. ! . L .
given to me during the preparation of this work.
i @ H . . . R
| ' . \ |
} J ) .. < .. ‘ ' . .
\ , 5 L.
- . - ' c&k N \.
.o Fy L.




Y
,
.
.
.
*
13
.
)
| Y
P
.
y *
1
.
o
.
!
-
- !
.
s
“
-
.
*
M ¥
:

r
«
.
,
.
.
-
Y
¢
v
-
.
{

—




<" "TABLE OF CONTENTS "
TITLE PAGE............. e, v raerune et traes
STGHATURE PAGE.. ... euveeenionennoerens e
ABSTRACT........
ACKNOWLEDGEMENT. ......... SO L SERRIEIPRI
DEDICATION. .. .... e, e
TABLE OF CONTENTS...... e e e
LIST OF TABLES. +vvv s neseee e e e eneneaeeneen, JO |
LIST OF APPEMDICES........ e v e s .
LIST OF ABBREVI’ATIONS....................' ........... R w
Chapter ' .
T w INFRODUCTION. . oo ieaneeadanenes ST
The Problem of S;iection.." ...... ,"
Selecting the Best Normal popu{ation ...............

}I. INTERVAL ESTIMATION OF THE LARGEST. NORMAL MEAN BY

PREFIXED-WIDTH“SYMMETRIC CONFIDENCE INTERVALS'. Cereeaieeens
Preliminaries.............coelt (EEEEERIPEEEERTTRREE erees
f\ Single-Stage P?:ocedure R Under General Assixmptions. ces
Application of R to the Normal l-:amﬂy with a
Common Known Variance..... B S
Interval Estimation of the Largest Normal 'Mean by a
S‘equential Procedure -Rs ............ e egerianoans P

+ The Performance of ‘the Proced;n'e R in Case of a

Common but Unknown Variance‘ ..........

) The Sequential Procedure Rgoeerirneeennnnn cesesenenn
Investigation of thc‘/;/.Perfonnance‘ of F'.'s ........ beessacnns ces
The Stopping Variable N and Related TopicS..i............

1
u
B

14
1S
15
.19

19
- 19




A L, N IR i B ey sl il Gy o ks e . wmy e .
N y

) TABLE OF CONTENTS (continued) ’ v
' ' Page‘
The Coverage ProbaPthy Under Re.ovviirnnnennen. P 23
Asymptotic Behaviour of Re........ D R e 27
S?ngle-Stage and Sequential Procedures in the Case of ~
Unequal VaTiances ........ouvenueuninnserninvnnnneess cenene. - 32
Siﬁgle’-Stage Procedures’ when the Variances are Knowln ..... 32 ,
A Sequentm -Pmcédure when the Variances ar'e Unlénown.... C 36
ITI. OPTIMAL f‘NTERVAL ESTIMATION OF THE LARGEST NORMAL MEAN
BY PREFIXED-WIDTH UNSYMMETRIC CONFIDENCE INTERVALS. . o ove 41
Prelimimaries........ e e ieeageee e ey s aaans .o AL
A Sinlgl'e-Stagg; Pro;édure R’Under' Génera! Assumptions...:'. ,' 41
' Aepl ication ofv R to the Norma]. Family with a Common
Known Varia'nce.......'.............:: ............... e 87
A Sequential P‘rocedulre R¢ in the Case of a Common but ‘
Unknown Vardance. . .........uuen. ST 50
Asymptpt’ic Behaviour o% RS..' ...... e e e, . 51
Singie'-Stage and Sequential Pri;cedures in the Case of .
Unequa! Vardances. ........ et fenanan ... 54
c ' Single-Stage Procedures when ithe Variances are Kno'wn‘ ..... 54
A Sequential Procedure when the Variances are Unknown.... - 55

IV, PREEIXED-HIDTH INTEWL ESTIMATI'dN OF THE LA.RGEST NOWL
MEAN WITH SIMULTANEOUS SEL_ECTION OF THE BEST POPUL;ATI_ON.... 60
© " #% prelininaries......... e ST viiieiee. 60
- A Sing\e-StagE Procedure. Ro in Case of a Common Known
VATPTBNCE. . <\ ore e errneenenneensanerennen e e . 61

Sequential Interval. Estimation of the Largest Normal Mean

with Simultaneous Selection of the Best Population......... 65




* viti.
¢ ) \q ‘ _
" TABLE OF CONTENTS (continued) -
Page ’
’ The Performance of R_ in Case of a Common but Unkjown
Variance..............co.0e e g 65
- The Sequential Procedure R_ and its Asymptotic '
\’ i , B

Behaviour..... e s eieeaeiiea e, PR ... 66

NCES v e ve e ee e L SUTPR e, 72
REFERENCES ,_ | T2~
. APPENDIX A......... e e e e 75 =

APPENDIX B........... e PR e 79

APPENDIX Cee verves e eeeene e e et e e et e e s e e et e e e Eae 85

e : e
,’
. [ d [ 4
( ) -
\ - -~ ..
~ : -
‘\ -




|

Rp—

ix
LIST OF TABLES ~
x !
Solutions hk of- [ <bk'1(y+hk)d¢(y) = p* L., S 85
e }

. ’ * (-] . - J "_
Solutions rr(’k) of | F::.“](yﬁrﬁk))df-'n(y):m .......... ie 86
S’o'lutions Z_  of d>k(z )-&:k(-z I S 88

. Y T Y e i3 .
“_
Solutions a_ of Fk(a )-Fk(—a )=y 88 -
Y o(ay) - Fo(-a, eseeseeenrerienaia
, k. Tk o
Solutions X, of o(c-x)-0(=x )s@ (c-x)-@ (-x)....... 90
' ok k '
The values of @(c-xo) -&(-xo) L (c-xo) -0 (-xo) ......... 91
The values of ¢, (upper entry) and X, (Tower entry) for
' k \ Ak
Exact ygalues of o(co-xo)-cb(-xo) =@ _(Co'xo).'o (-xo) ..... b 92
¢ o
N
] -~
& '



'LIST OF APPENDICES, o

A. Supplementaries to Chapter II ....

A

’

-

Tables,....

A

"% e e easv

\B. Supplementaries to Chapter 111 ......:.....f...{....

79

86

............. ces v ey e .
| 4
: B #
T
} L4
L]
3
: -
.
;
'
' ;
.
"
4 ’
¢, g;- \
+
»
&
N -
-
Ed
~ .
A ’
Y
S
-
- f
& h
- ,
£ f"
- ¢ - AS
- »
.
- »
+ A} @
.
* 0
.
a -
>
, . . .
\ -
- ‘,‘i
d —~ A
_' ; .
; . é




PR

ey g o

Rt e LU S

bd.f.

1.1.d.

r.v.

» » X”
<
"LIST OF ABBREVIATIONS
\
cumulative distribution function ,
ipd€pendent and identically distributed
infinitely often e B
Jeast favourable configuration w ‘
monotone 1ikelihood ratio %
probability densiiy function -
random variable . S ) /
N R _ : .
N ' R ) :
- - . ( ® .
5 v " °
1
i ) ™~ F
o . » ’
) \ ‘
L4 M e, \*‘ .




| u |
e
,\ o ] :
A 5N - e .
- 4 . CHAPTER I
Q v INTRODUCT ION
”
THE PROBLEM OF SELECTION -

A usual problem in statistical decision making is the selection
- 4
of the best among K(22) gqiven populations ([12]). Each of thesé

populations, under considerition, is associated with a parameter o .

which serves as a measure of goodne§§ of the corresponding populatiqn.
\a
Random observations are taken independently, from each of these k

populations, which are distributed as,
\ % il
(11 FUx8), F(x,8,), noes F(x,8,),
< "
under the assumptions that there is no prior knowledge about the 8
- v

va and that they are not all the same.

-

As best population, throughout this work, is considered that one
),~
‘assocfated with the largest 8 value. Denoting, howéver, by

6[]] S Q[z%:s.... < e[k] the ordered 6 values, (so that BEJ] is

_
the  jth smallest © value) the problem of se]gction of the best

L

populition becdﬁfj a problem of identification, through the collected

daty, of that population which corresponds to e[k]' “This ‘goal is .

called Correct Selection (CS).

o+’

Definition<[.1: As a distance function we define the difference

\5i'f a[kj T 0riye is= l,zé...,kil, 'which serves as a qualitative

meagute betweén the best and the remaining populations.

L 4
3
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Definition [.2: A parameter space Q 1is defined to be a

.vectors of the form 8 = (e], 62, cous B

k-dimensional ‘region containing all possible configurations or parameter

Q-

Definigion 1.3: Indifference Zone (1Z) [Preference Zone (PZ)] is defined

~

as that part of @ which contains all vectors § characterized by

’ small [lérge] distances between the individual parameters.

-

As‘a resu]ti‘?% follows that Q = (PZ) U (IZ). We also note that
in the case when"g € IZ we are, more or less, igdifferent between two
or more differéng selections, while our strong 1nter€§t for making a
Correct Selection lies in the case where § € PZ. In)fact, our primary
concern 1ies mostly on the largest and next-to-{argest values of 8's, |,
aﬁd in most applicat10n§ﬁthe separation between IZ and PZ is based on
the magnitude oﬁ the distance & = e[k] - B[k-]] and depends mainly
on a threshold valug 5* > 0, of‘that distance, properly prespecified
in each experiment.A However,iwe $ay that a configuration 8 € PZ

whenever e[k] - e[k_1] > §* , - no matter about the differences betwéen

the‘remaining k-2 <parameters. _ ~

b
3 P

-

Definition I.4: Least Favourable Configuration (LFC) is defined to be

a special configuration in the PZ for which the Probability of Correct
. .
Seleftion attains a minimum value over all configurations hfgme PZ.
, 7 F J 4

Letting 8 . = (elLFCf BoLpcs - BkLFC) be the LFC,by the

above definftion clearly,
(1.2) P(CS[8) =2 P(CS}QLFC) = P* , over all 8 € PI,

where the value P* provides a conservative lower boqu to the P(ésig)\“




¥ § * ! N
i 0 '
3
v .
for all 8 € PZ. —Fhis P* {s also prespecified at a required level
‘ : ¥
and plays a crucial role to control the p(csie), for all 6 € PZ,
4 \
throughout the selection procedures.
N,
SELECTING THE BEST NORMAL POPULATION »
7

) Let MyseeeaTy be k(= 2) given independent normal populatfoﬁs

with distribution§ N(u],oz), ceees N(uk,oz) .respectively,‘where ui‘s

PO i

¢ are unknown and the variance cz, for the time being, assumed to be

krown.. Letting,
(1.3) UU] < U{Z] € 0l E “[k}

) " be the drdéred va]yesiof “1'5‘ our goal is to select that population
rwith mean “[k]' For that purposesgipm n random observations within
each population ,}1, i=1, ...., k, 'we construct a sufficient estimate

n
X.= £ X,./n -for Hys i=1, ... k, and order them accordingly as,

. 1 j:] ,j

—

(1.4) ‘x‘[l]ﬁ"s x[z] Se00. S Y[k] »

Then we select as best that population from which i-k] is. achieved.
Remarks : ' ’

(1) Clggrly eich. i} i{s distributed as N(ui,czlq), i=1,...,k.

(2) - The selected mean ,th], does not necessarily come from the

populatién with parameter O R o

. f
'
v
>
N A
1

‘E-i:a..w‘w ——
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|
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Denoting by Y(i) the sample mean obtained from the population
with mean MLy i=1, ..., k, then, obviously %(k) fs the actual .

sample mean from the population with mean ”[k]' We let also,

(1.5) ‘ Gi =]J[k] - u[i] s j = ], seey k “1 N {

be the distance function between the corresponding parameters.

' Definition I.5: We say that we have a Correct Selection (CS) whenever

=Y < ‘ - * y
the event Y[k] .Y(k) occurs for MLk T Mk-1] ® §* , 1i.e. for al

configurations = (”1"""“k) in the PZ.

Theorem I.1:
‘ , w kel : :
(1.6) P(Cs/p € P1) = [ Doly+t) wly)dy P

- {=]

' s uk‘u"‘ 5i‘ﬁ- ' -
where T, e LY b 1 e b , and o(.) , 9] are the p.d.f. and

a/vE™ 9
c.d.f. of N(0,1), respectively.

Proof: By definition 1.5 we may have,

s p(fm-um < X))~ ¥ e 3 el I 1,2,‘_,,.(_1)'
ofvR oV ol

-

. P(y1 SVttt 12 k1) where Y,'s are f.4.d. )

.

: Urp1- ¥ 6, v :
r.v.'s fron N(0,1) distribution and T = ~IEJ;;:ILJ “~—15- . Thus,
’ a/vhn

4




v 5 |
/
= k-1 N
(1.7) P(CS/E € PZ) -{»1?1 P(Y1<Yk+t /Y -y) oly)dy
o k10
. = [ n olytr,) oly)dy
o 21 2 Q.E.D.

Theorem 1.2. The P(CS/R € PZ) is minimized under ‘the LCF

(1-8) u[1] = U[z'} =i = U[k_]] 2 U, u[k]-u[k-l] = §%

t

In the EpF case,

»

(1.9) P(CS[R € PZ) z P(CS/ELFC)'= p* ,, | where

{

6*‘/“) (y)dy, and = -
] ‘Dy [} E‘LFC }J;---’U;\J' i

(1.10)  p* = ?°k'1(y *
A,
Proof:  Since wupyy s....Supyg and gy ] 2

we get‘ u[k]-]J[]] P3 u[k]-utzl 2,...2 “[k] —p[k_]] > 8% ; this by {1.5)

6,V
implies 6.l 2 62 2....2 6k which by Ty yields,

(E.17) Ty 2 Tp Zieen2 Ty g o(= 1) .

~

1f (1.8) is true, we obtain, ) - 1:}"

{1.12) Ty ®Tp T e BT YT §2g! //““ -

N

Since @(x) s increasing 1n X from (I1.6) it follows that

P(CS/u € PZ) decreases as i i=1,...,k-1, decreases. By the

restriction upm-up gy 2 6%, clearly the P(CS/y € PZ) 1is
b4




)

, 6
/ : ) K]

minimized whenever (I.12) holds i.e. whenever (I.8) holds. Then we
achieve -

- ¢

-~ .

(113) e prnet) = [ o (y + S gly)ay , and
obviously,

3 i . Q.E.D.

) ,

Remarks :

(3) From (I.13) it follows that P* = P*(n,s*), i.e. P* is a

)

,. v function of n and"ﬁ; .

-
(4) Since, 1im © ( 4+ 8F Vﬂ) ¢(y , we achieve

S*0
Ve 1 o t ,
*) = k-1 1 - k
Tim P*(n,6*) = [ @ (y)do(y) = lim o [ do(y)
§*-0 - ® taco -t .
1 K k 1 ' .
I-J1m o (t) - o (-t)] = ¥ The latter implies that the
tsw R -

i

choice of the best population is randomized whenever the poﬁulat1ons

have all the same means.

? ) f
(5) Since fim (y + B*Vﬂ-) = 1, clearly then, 1lim P*(n,6*) =1,
5 "

5% 0 g oo

[

which'means that very large difference between Mrk] and ’utk_]l

““implies large probability of correct selection.

. + i - r

£ XY
~
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(6) B6r 5+ fixed, with arguments similar to those of Remark (4) we

observe: lim P*(n,8*) =‘% » hence, without any sampling the choice
() .

of the best population is again randomized.

(7).,$imi1ar1y as in Remark (5) we 66ta1n, AiénP*(n.é*) %= 1, which

means that for large sample size the P(CS) 1{s getting also large.

Corollary I.1. 1/k < P* < 1. (Clearly from Remarks 3-7),

Let hk(P*) be the solutior of the equation

r
«©

(1.15) Copr = | «bk'](x#hk(P*))d@(X). :
-0 ‘ , - 4
Corolléty.l.z. There exists a.unique smallest sample size n, per

population, satisfyiné the requirement (1.14), where this n, is the
2/0er 2
hk(P*)c

. smallest integer nz——s— (p* preffxe&). ‘
) n (8*) - ' '

Proof: From Remark (7) we have - lim {P*(n,a*)- 1} = 0, therefore, for
. Ngpoo b )

pvery € > 0. there existsan integer N(E) such that

(1:16) |P*(n',"6*)-'l <€ for every nz N(€), f.e., = g

s

(1.17) "1-€ < P*(n,6*) <1 <1 +€ for every n 2 N(€) . .

. . ’ ‘ Lk
If P* , however, is prefixed at a required level, say P; » Wwe choose

an € s.t. 1 -¢ = PX . d.e. €=1 - P* . Denoting this € by €
and the corresponding N(e) by \N(Eo) *ng from (1.17) we get

- x Pk ’
1 Eo _Po , and tﬁat




X,

(1.18)  p* - I ok ][x*fhk(Pg”)] dolx) < | o < "“)do(x) . Pr(n,6%)

- 00

is satisfied for every n 2 N(€o) = n

T4

. .
Hence, éovﬂrz hk(PS) is satisfied for every n2n i.e.,

o’
J o*h(p#)
(r.19) n is the smallest integer s.t, n2 -—Zg;;zf . ,
] Pl
Clearly then, by (I1.18), it follows that the reduirement (I.14) is i
satisfied for every n 2 L © Q.E.D.

a

The solutionsyhk(P*) of the equation (I.15) are given in Table 1([3])
for P* preFixed. Then for k,5* and 02, prespecified, from (1.19)

we may compute n0 numerically.

In the case where the variance 02 is common but unknown, instead
. v ) .

h

of 02 we use the pooled sample J;riance
' 4

) 2 k n — 2 o
(1.20) Sv = ¥ £ (xij - XJ) /v, where v =k(n-T1).
j=1 i=}

’

Theorem 1.3. For 02 common but unknown,

A

o ‘k-1 A
(r.21) . Pp(CS/u € PZ) j n] F, (y+r )dF (y)

/

Hpyq = M &.vn
where, T ® [k] [i]. ; and Fv(.) is the c.d.f. of the
Sv/Vﬁ . v

tv—distribution with v-degrees of freedom.




Proof: | FolTowiﬁg the 1§ﬁes of Theorem I.1 we have,
‘ :

P(CS/p € PT) = P(Xyy < O 1,...0k=1) ‘

, ,,‘[me b UL S Tl S L VRl
S S .
v v Sv/\/ﬁ-

= P(Y1 <Y+ 1y i=l,..,k-1), where Y.'s are {.i.d. r.v.'s

N

Hrpp- M 5.vn o
with tv-distr1bution and 1, = —IEI———Lil a Then similarly

b s S

A%

as in (I1.7) we end up with (I.21).

Theorem 1.4. For 02 common but unknown,
(1.22) , ﬁnf P(CS/u € PZ) = P(CS/ELFC € PZ) = p* | ' wgzre
»
e S*vi .
(1.23) e )R (y+ S )dF\)(y) and g, e = (0o wb ).

Progf: Using the- same arguments as in Theorem 1.2.

. For P* prefixed and k,5* also given, the solution rﬁk)(P*)
of the equation .

-

(1.24) p* = ? F:"(y + r\()k)(P*)) dF\,(.Y) | ’

+ oo

fs given in Table 2 ([5], [é]).

W




i . 10

By (1.23) and (I.24) we obtain r\()“)(p*) . Q’g-ﬁ v o= k(n-19 )

- V)

which indicates that there is no fixed’sampTe size solution, so that,
the requirement (1.14) is satisfied for every u € PZ“,t unless a
sequential procedure 1s‘adopted ( 18] ). This problem will be
studied in Chapter IV simultaneously with a prefixed-width interval

LY

estimation of K] ' ’ 3

Closing remark: ,!QSt of the ﬂater1al in this introductory chapter is
R }

based ‘on [3], [12], where various topics on ranking and selection

procedures are discussed and numerous examples and applications are

-given.

1 - ' D
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, : ) CHAPTER II
INTERVAL ESTIMATION OF THE.LARGEST NORMAL MEAN BY
PREFIXED-WIDTH SYMMETRIC CONFIQE:CE INTERVALS

o

PRELIMINARIES

A Single-Stage Procedure R Under General Assumptions
‘l .
In the present chapter a solution to the problem of a- prefixed-
width interval estimatfon of, “[k] is given by a symmetric confidence

interval. Our problem, at first, is studied 1;}‘2a’Jnore‘genera1' way and

. the conclusions 'a/r‘e applied to the normal family. However, after a

preliminary consideration of the case where the k norma'l popuIations

have a common known variance 02, via a single-stage precedure,

Rt

-

( [10], {201 ), we obtain the appropriate tools for establishing a

séquential procedure in the case where 02 fs unknown ( [22] ).

Single stage and sequential procedures are also provided in the case
» r

of different variénces.

Let Y€ (0,1) be a preassigned ggnﬂdence level of a random |

“interval Id’ of prefixed length 2d, (d>o arbitrary but preassigned)

and 0* = e[k] = maxei , wWhere ei's are as in (1.1).
T<i<k )

y
/
Definiti*ﬂ.]: .The event of Correct Decision (CD) is defined to be

equivalent to the event 6*¢ Id.
3 ' m
Note: Sipce the latter means that 'Id covers 6%, the terms

Probability of Correct Decision and Coverage Probability are used

indiscriminately.

y \ NN
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: ‘ .
Through a single-stage proceduéf R we construct the interval

1, so this, the requirement "

d’

(11.1) P(CD/8,0%\R) = v

is satisfied for every 6 = (e],...,ek)en and' every of > 0. Notice I

A that no indifference zone in 0 1s assumed since the} interval estimatdion

K

« of em (i.e. of “[k]), is carriefljut without any selection.
o o

Let X, = (X11....,X1n). f=1,.a,k, be ;G’Euaﬂy independent

r.v.'s where 51 denotes a gandom s'imb'le of size n from the my

population. If T1rl = T(X“,...,XM) is a consistent estimate for

8, and ’gn(t,ei?. Gn(t’ei) are the p.d.f. and c.d.f. of Tin

. hed
respectively, we choose the random interval Id to be ~

-
-

, {11.2) [,'= (T*~d, T*+d), where T* =max T, .
d "n7n nogisk N

Notice that Tr*" does not necessarily come from the population with -

. parameter ©6* . Then for every § = (91,...,9k)en we have, -

L

(11.3) P(CD/8,0,R) = P(a%€1,) = P(T <o*+d) - (T, <o*-d)
= P(T, <8%+d, 1=21,...,k) = P(T; <B%-d, 1=1,...,K) )
: Jo e eradie) .
= n G (6*+d, 8,) - T G (6%-d,0
\/ 1.] Gn 1 1’1 n i "
Y :
— b :
Ko
3
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Theorem I1.1: Assume that for every n the p.d.f. gn(t,ei) of the

consistent estjmate Cin satisfies,
(a) n(t,e)-gn(t-e) , i.e. gn(t,e) s a location

(48]

arameter p.d.f.

(b) gn(t)=gn(-t)>0, for all t, (symmetry).

\
(c) the family {gn(t-e):e} possesses the monotone 1ikelihood

\

ratio (M.L.R.) property.

7 - .
Then, for 8 ® (6,8,...,8), where 6 arbitrary, we.have,

(11.4) fF PICD/2,0,R) = PCD/3, oo R) = ) -gk-a) .y

4

Proof: See Appendix A.

~

Theorem 11.2: Under the conditions of Theéorem II.1 there exists a
smallest sample size N0 s.t. ' . .
11 \ o k ;-
(I1.5) 6,(d) -6 (-d) 2y, for every, n2N_ and B8€Q .
n .0 ~
. - w "
~

Proof: See Appendix A.

(ﬁeaﬂy from theorems II.1 and I11.2 it follows that

¥V

k

"(11.6)  P(CD/8,a,R) > inf P(CD/8,0,R) = G(d) - 6X(-d) 2y

., hd
~ N

for every nzN0 . henj‘a,fthe requirement (I11.1) is satisfied for

every nz2 No . P
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N ' ‘ : R v
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Application of R to the Normal Fa;ﬂy with a Common Known Viriance
2 .. . N ~ 1 N
If o~ s the common known variance, letting T, =X ,==— L s
'ln 1 n j.] 1)

, — &
i=1,...,k, Tr*;'x[k] and e*-u[k] » under the light oT‘ the pr:evious.
results we have, . ]

W

ar7. 1= (e T +9)

and since the conditions of Theorem II.1 in the normal case are

satisfied, then )

(11.8) inf f.’(CD/R,d,R> - d{%’il}. oL ig_f"'_) . o"(_{i) ."'ok(- 7‘@)0 I

\

v}here, A =o0o/d and ‘0(.) e c.d.f. of N(0,1) distvibuﬁon: For

a preassigned v€ (0,1), by Theordn II.2, we-also gét, «

L' ad &
(11.9) ok(g-&vf-)~‘_¢k(- -d—gﬁ-)zy for every' nzN . )
, , N . .~ |
If zY denotes the unique solution of the equatiqn . .
(11.10) 8. (z.) = o%(z) - oKz )=y | ,
K*y Y Y ST ' \
¥
then by (11.9) and (I1.8) it fpllows that, ‘ ' , .
* | ‘ ) ! d?_
(11.11) "N, 1s the smaﬂe?‘ /Hnteger ns.t. ofs ﬂ!‘ "otee.,
et . 2
O N = ! |
q . .
) . I . | 2832 . X .
(11.12) N0 3 [—;;'2'_} [ZY Al , (where [x] denotes : (
~ f@ . . .
“the smallest integer 2x), is the smallest sample size required to
satisfy the requ‘lrement. (11.1) for every, T (u],...,uk)eﬂ . cz > 0.

-
-
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. /
The values Zo for k and y€ (0,1) pré ixed are given in Table 3
‘. 0 s . ! .
(see [e/]). | 4
. . \* »

’IN;[ERVAL ESTIMATION OF THE LARGEST NORMAL MEAN BY A SEQUENTIAL y

)
S /._} v N -

PROCEDURE R
[}

. The Performance of the Procedure R in Case of a Common but _

Unknown Variance ‘ .,,’
Letting the pooled sample variance
P k S 2 <
2.1 a - X = k(n.
(11.13) S (x“. xi) . v o= k(n-1) L

~

be an estimate for the unknown 02, we establish now a new expressio‘n'

e
f .

for the coverage probability under R. However,
. | ‘ k ko
A(1.18) T p(CD/p,0 R) - P(u[k] € xd) - p(x(j )Su[k]“‘?’) . {EIP(X“ )su[k]-d)

. .
b -

. #p[mn;)""l?ﬂ) Sl‘_[u'_‘ﬂ]_*i] ] ,i,p{"mg)'“m)'Su“[kr“nrd}

i=1 v .S i=1 v S/
. ko / . Kk , - - s;“ T
. = ir:] P(TisA1+D)-,1r:]P(T1.s 1-D> R
By
-~ , o s
where Tf's ,are i.i.d. r.v.'s from tv-distribution and
1.3
o L " Uppq-u I .
(1p1s) » o= a LKL DL LT,k .
» v Sv/\f'ﬁ' . v ‘
We have also assumeq independence between ')'('(1',) -and S\z) for i=1,...,k
(see bem\«r_?Lemu@’J 11.2). Thus, Co .- : > ,
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b

A, -~
»
) k k
(11.16) P(CO/u,0,R) = m F. (a,+D)- 1 F (A,-D) w 7
' . g1 VT g VT

. - -
: wherw.) denotes the c.d.f. of tv-distribution; obviously A, =0

for some 1=1,...,k.

Since the tv—gistribrution does not possess a Monotone Likel1hood
Rhtio (MLR) property, in order to derive an expression fgr the

iﬂf P(CD/R,o,R), in analogy with that of Theorem II.1, we consider a

)

conditional argument on Ss as follows.

4

From the fact Y“) ~ N(“[i]’ cz/n), we have that

~ N(O? 02'75\2))’

\/VT(Y(.')-.UU]) isz
SR Y il

f.e. T {5\2)~3N(0, 02/5\2)), where

T1!S€ denotes Ti conditioned on S\z,. Then of course,

| 2 2
(I1.17) '(Sv/d)TilSv ~ N(0,1), henﬂge, UTi!SvN N(O'].)’ where

1

>

(Ir.18) - 1 = Si/oz fs a r.v. s.t. wP ~X3

»

Now we state and prove the following Lemma.

Lewma 1I.1: | A )
(). If T isa r.v. from t -distribution, then
’ F(c) = P(Tse) = Efo(cU)]
. v(here ¢ is a consta‘nt‘and the expectation is over the distri-

bution of the r.v. U defined in (I1.18).

» -

-
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(b) If Ti,i 1,:..,k. are 1.4.d. 's from t d1stribut1on,
k k ' k v
then Fv(c) = P(T.isc, i=1,...,k) =1 P(T1sc) = E[o (cU)]’?
- =l
Proo'f: ' %

(a) Since from (11.17) we get that UTIS\Z) ~ N(0,1), therefore,

+

F\)(c) = P(T<c) = efo P(UTsuciU=u)f(u)du' = 70(cu.)f(ur)du = E[@(cy)].
. A o ' 0

-

' k
(b) F (e) =j n]P(uT sUc'U =y) (u)du =J d)k (cu)f(u)du = E[@k(cu)] .
o i= ? 0
' “ _ Q.E.D.
)
Applying now Lemma II.1 1into EII.]G) we achieve, o
. * k
(11.19) P(CD|y,o,R) = E{ n Q[U(A +D)]- n @[J(A D)]}
i=] i=]

therefore, | .

(II.IZO) 1B‘f p(CD[E,a R) = E{iﬁf[{: (U(A +D)) ik] a(U(A'i'D))]} .

Since the nbral family possesses a MLR property, by Theorem 1.1 . ’

the expression inside the curly brackets yields,
) Q '

, ; k k
(11.27 1ﬁf{1gl o vlapm))- 1 o(u(zq—o))]=¢(uo)- o(-u0).

»

whicﬁ by Lemma I11.1 implies that,

(8

L4

7

y k k k Tk
(11.22) inf P(CO|p,04R) = E[o. (up)-@ (un)] = F,(0) - F(-D) .
From (II:21),clearly this infimum is achieved for Ay = = 0
v —t
f
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for i=1,...,k-1, r.e. for 61.=0, i=1,...,k, therefore, the L.F.C.
of the vector y s p .= (Msks.ivsu).  Thus, in analogy with

Theorem 11.7, we have the following Theoren.

Ll

Theorem I1.3. In the case where —02 is common but unknown,

- ) : k K
(Ir.23)  inf P(CDIg,0,R) = P(CDJy pesouR) = F(D) - Fy(-D)

—

where Kre = (wypy...o,u) and F\)(.) is the c.d.f. of the

tv-distribution.

If ¥ €(0,1] s a preassigned confidénce level the unique

solution a e equation

(11.24) Ft(av) - Ft(-av) =y ‘

is given in Table 4 (see [12] p. 395).
from (11.23) and (I1.24) we observe, in analogy with (I1.12), that,

- 2
7 - S, 2
(11.25) p=gM=a , fe. 0= [—";5‘1] , (v=k(n-1),. and
Vv v

[x] s as in (II.12)).  The latter shows that the single-stage

proceduré R fails to give a solution to our problem when 02 is

unknown.LFor that reason two-stage, ( [4], [22] ), and multistage

. procedurf, ( [22] ), have been developed by several authors. An
&

alternative solution to the same problem is exposed here by a sequential

<

procedure R, ([22]). )
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Sequential Procedure RS

(a)

(b)

(c)

(11

(11

This consists W] owing steps.
{

If ny22 fisa preassigned integer, let '{(,g = (XU"""Xh)’
j= ¥,2,...., be a sequence of observations taken one vec({or at
a time and each time we compute S\z), as in (I1.13).
Stop sampling when,- « _
" 3 2 2 2 "
.26) Nis the Ist- integer n 2 n STt s, s nd*/aj "
After sampling is terminated we take X and S2 » Vy = k(N-1],
Ckly wen o
‘and estimate “[k] by the \(terval, .
— N ’
- , . ~—
.27) Id = (X[kj -d x[k]N+d) . -
N t
Notice that, for v = k(n-1)
.28) lima, =2
o v ‘Y ) ®

¢

where a  and z, areas in (I1.24) and (]I.10) respectively. The latter

follows since the (mudtivariate) t\)-distribution converges to the corres-

ponding {multivariate) normal distribution for n \1arge enough.

Pz

INVESTIGATION OF THE PERFORMANCE OF Rs

The Stopping Variable N and Related Topics .

At first we derive an expressign for the p.d.f. of the stopping
{

varfable N defined as in {II.26). By Helmert's orthogonal trans-

formations we construct the r.v., /
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(11.29) Wy g -——-—l———(fz Xy - 4%, +1>’ Jeloomt,
VTR Vet TP T

i

where W, 's are f.4.d. r.v.'s distributed as N(0,1). Then we have, -

_ -1, 4 n _\2 : L
(11.30) j}-:1 Wiy * =7 z](x”-xj> vtk | ‘

which is distributedas a xz for every n= 2 , ‘ Hence,

n-] rcv"

‘ 2 v 12
. Vs Kk n (X,,-X) k n-l
(11.31) o V3, T 13N 2
- . I —12—— I oW
52 421 451 ¢ 13

iz] jal

. which is a r.v. from x\z)-distribution, v = k(n-1).

Let; ) .
1
‘ k 2
. = W » = ],..-, "] M
(11.32) PR I n B

4

then Uj's are f.1.d. r.v.'s from xi-dwtrﬂzution. Observing

that
‘ 2 ‘ L
A n-1 :
(11.33) "‘\f = 1., \/
ix1 J
g J=1 .
we provide ourselves a new version of the stopping rule as follows;
(11.34) "N is the 1st integer n 2 n, S-t. &
ne] wd® _ kn(n-1 5 )
zujs-zl’-z--—;";z)-, where X = o/d" .
j=l ‘av o] a_ A
v
Setting, - ) . -
o . .
- k(t+1)t
Ly =, jfluj and ;‘é“;&" Oeh1 o
vV
t

S




- 2

- where vy = kt for t=1 ,\...,n-l, we obtain an eXpression for the p.d.f.

of the r.v. N- as follows ;

v

(I1.35) P’;(}) = P(N=n) = P(Z.I > DZ’ZZ > D3,...,Z"q_2 > Dn_],Z

.

n-1

= P(Zn-l SDnizn';Z )Dn-1""’21 > DZ) .......... Ceeiae -
'“----:--P(Zz’Dslz1>°z)”(zi>-"z) .

_A further inquire into the evaluation of_.(II.p35) by extendirg the
method used:b& Ray ([15]), derives express‘ions not immediately 5pp11cab1e
since they-involve a lot of tf‘uncaied gamma, beta as well aé/ hyper-
geometric functions. However, it is possible to compute the exact

. distribution of N following the lines of a numerical method proposed
by Wang ([25]). (See also [171, [18], [21]). -

' Some properties of N are given by the following theorem.

Theorem I1.4. For the r.v. N = N(d), as it was defined in (II1.26),

we have, - ﬁ/

(a) N(d) 1is a proper stopping variable, i.e. P[N(d)<w]7.

a

(b) If d1<d2 then N(d1)zN(d2) a.s., and 1im N(d) = » a.s.

(¢) E[N(d)]<= for all d>o and of > 0. -

- 1

Proof: For nan, and d, C{Z as above, we have, . —~

(11.36) PIN(d)<=] = 1-P[N(d) =] . -

o

By (I1.26) clearly,

e
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L
(11.37)° P[N(d) =] = P[Sz > ndz for al1 n2 ]
. \ N -a-z— , _fora nzon
A"
, ) )
2 2 d
. = P[Sv > ?_,1'0‘] = P[:‘irlsup(sv > 32_>]
AV v oA

- > . 2,2 2\
Let now the sequences of intervals An (nd /av ’ co) and Bn = (—@o, Sv/.

Obviously then, for some n, i
wel 2,2 . - "
(11.38) Sv > nd la, iff Cn An n Bn £ ¢ ",

Notice that for v = k(n-1) then,

(i) lim Ss=02 a.s., implies, 1im suan=B s

N—+oco N+

‘ -~ L4

where B_ = (- =,5%) for fixed o° < », and

{i1) Vima_ =z, fmplies, 1im (nd%/a®) = w, 1i.e. 1im suph_ = 4.
N=»co v Y N-»o00 v N-+oo n

4By the above observations and (1%37), (11.38), we achieve,

P[N(d) = =] = lin;supcn] = P[nﬂ j§n (AjﬂBj)] -

H
]
L]

( n v AJ) n ( n v B)] = P[Hm supAn n lim suan]‘
L\n=] j=n n=l j=n < oo oo

\

'
= p 4>nBU] = P(¢) = 0. Thus, via (11.36), part (a) follows.

2.2 2.2
} as, a s,
(b) Letting d <dz , by (11.26) clearly, —:2-—2 T a.s.,
for some n22 , hence N(d1)zN(d2) a.s. Moregver, since / -

2.2

avs\) g "’
Tim —— *® a.s., then 1im N(d) = = a.s.
d"O d 7 o . does - * d )

’

-

&
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(¢) By arguments as in [27] we can show E[N({d)]= c;:’ P[N(d)2n] <=
n=1 /\

Lemma 11.2: /Yfk] = max(7('1n,...,7(kn) is independent of the pooled
n

7

sample variance S\Z)

Proof: Robbins ([171), has shown that the sample mean Y1n of n(22)

observations, Xﬂ,..., in , Wit nthe ith population, i=1,...,k,

) 3(5212,..,,5?") generated by

is independent of the Borel o-field Bin

sfz....,sfn‘. Consequently, each sample mean Y]n""’xk‘n' is ihdependent

. k K.

of the sum 1n i.e. 1is also independent of the pooled sample

1=1 )

ariance S'2 -1 ; S2 =1 ; Z (X )2 and the lemma follows

Y U T B S B g F , .
% -

Lemma II.3: The event {N=n} is independent of X[k} and depends oply ‘
(n) _

on the c-f1e1d B B(S k(n ]))

Y

Proof: From the stopping rule (11.26), it clearly follows thatethe event

{N = n} depends only on S\Z) = Si(n—]) s n22. This fact combined with

Lemma I1I.2 completes the*proof.

The Coverage Probability Under Rs

\ Under the Sequential Procedure Rs the coverage probahility is

expressed as follows. . ’
o
(11.39) P(CDIg,0,R.) = £  P(CD; p,0,R{N=n) P(N=n)
n=n
0 : :

= T Plup,q€1,[N=n) P(N=
7y g € Talten) P - )

+

h
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Denoting by ck(x) t% infimum of the coverage probat;ility under Rg,

from (11.22) we obtain, ‘ .

- A
(11.40) c, (x) = 1£f P(CD|p,0,R.) = ni:hoiﬁf P(CD; ,o,RIN=n) P(N=n)

- E{o"(un)-o"(-uo)inln} P(Nn) = T 'é{sk(ug;ls(“)} p(N=n)
n=n, ! ’ n=m_ T . .

{
where B, (.) fsas in (I1.10), g(n) .as in Lemma II.3, and the

expectation is over the distribution of thHe r.v. U = S\,)/o definkd

n (I1.18). The latter by Lemma II.3 yields,
- (N . ‘
(1.41) 0 E{E[Bk(UD)!B J} E{Bk(UD)] 5,

which for D = d\/ﬂ‘/sv , (see (I1.15)) and_Ax=0/d -gives,

LS
(11.42) ¢, () = E,Bk(d‘m)] - E[Bk( )] .

where the expectation is over the distribution of N.

In what follows we try to reach a final co;a?ﬁ?lvorf about the

W

behaviour of Ck(k) in general.
&

Lemma I1.4: The function,
©

* K “
Bly) = oy) - o (-y) , y>0
(a) 1s monotonically increasing in y for every k = 1.
(b) 4f k<2, it is concave for every y»>0, ‘and

{c) if k>2, it 1s concave only for Y2 Yy where Yk is the
inflection point associated with each k.'

(A rough computation gives Y32 0.5, "y, = 0.9).

B¥ IRy
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Proof: See Appendix A. ~ -
Lemma II.5: - If f is a concave positive fun&tion on a real interval

and finite on it, and X, f(X) are r.v.'s so that E(X)<eo, E(f(X)<eo,

th:en : FCE(X)) = E(F(X)) . .
Proof: See Appendix A.

' L4
Remarks: -
—_ »

(1) B, (y) >0, for every. y> 0.

(2) OsBk(y)sl, for every y>0.- .

(3) 0sE[B (NI <1 .

(4) letting Y = __)‘__\/'N— by Theorem II.4(c) and Lemma IE.5

weget EVN < VEN <w , therefore, E(Y) <= .

Theorem [1.5: For the infimum of the coverage probability it can be

shown that,

(11.43) Ck(}‘) < Bk(ﬂ) =¢k (M_) . q,k (_T\/'ETL> .

¢

is true,
(a) if k<2, forevery A>0 .

(b) 1if k>2, for yks-—‘/-;-r—‘ , 1.e. for every ksyﬂ

[ ’ ‘
Profe : | From Remarks (1) -' (4) and Lemma II.4 we observe that Bk(y)

satisfies the requirements of Lemma 11.5%in the following two cases :

.

*




26
h (a) if ks2, for every y;f}, i.e. for every A >0 ‘
’ (since YN >0). .
-
ﬁ&§ if k>2, for every y = liu-z Yi i.e., for every, A s ¥ N .

Yk

As a result it follows that,

(11.44) ¢ ) = €[, (5T )] < L

Ve

only on intervals as in the above cases (a) and (b). Since Bk(y) is

increasing in y and EV N < Vv EN {see Remark (4)) we end up with,

(11.45) | Bk'(ﬁ—i‘/_i[)sak(_\/;ﬂ'___;) ) )

which combined with (I1.44) proves(I1.43) for intervals as in the

cases (a) and (b).

Q.E.D.
If in addition we consider the ratio
(11,46) n(A) = 5,%&, A >0 (efficiency) ,
0 .

where N0 is the optimal~sample size for o? known (see (I1.12)),

and also if

(11.47) EN) p N, e, 0 (0) > 1.; | ',

then, by (11.9), for \ Aso/d , we achieve

5y 2Y .

(11.48) sk(ﬂ) > a&-@) - o (-‘{j—ﬁ) - ¢T—-7‘/T‘l) n

This together with the' main result of Theorem 1.5, i.e. U
o |4

-




\ o ' , Y

(11.49) " Ck(k) < Bk(l%ﬂL) , for some A's ", -
L 3

J A}
suggests that the standard requirement Ck(A) 2 vy may be satisfied, for

these A's, only if (11.47) 1{is true. Summarizing we state the following

corolla?}ﬁ . ///,-~.\\\

. 2 / .
Codellary M.1: Fora A >0 whenever k < 2,yand a ) < T—‘““ 7’ ~

k /
whenever k > 2, the requirement Ck(k) =Y caj\ge sat ed 'Iy if

, ~
nk(l) > 1. \

As a consequence of‘the;previous conclusions we turn immediately
our attention to the asymptotic proper%ies of RS in order to establish

that it solves always our problem only asymptotically.

Asymiptotic Behaviour of RS

At first we state and prove two important Lemmas.

Lemma II.6 (Chow and Robbins [7]).
Lemma 1.9

.\

Let"{vn; n=1,2,...} be any sequence of r.y.'s S0 that,'b
(11.50) Vy>0 a.s. and lim V_ = 1 a.s.
neoo o -

. + >
Let also f(n) be a sequence of constants so that,

rd

sy () f(n) >0, (i1) 1im f(n) ==, (i11) 1im 0L o,

L Moo Pron fi{n-
and for each: t > 0 we define,
- -
(11.52) "N = N(t) #€ tWe smallest integer k21 s.t. f(k) 2tV ",
Then, . .
\ - T *
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is a proper, nondecreasing in t stopping variable.

)

(b) lim N(t) == a.s., /

toos -

(c) 1im E(N(t)) = o

t» o0

(d) Uim ﬂﬂ_i_t_)l,] a.s.

t—-)oo N .

Proof:
(a) From (11.50) and 6‘11.52) arguments sidilar to those of Theorem

IT.4 we can show that N(t) is"a proper variable nondecreasing in t.

(b) Let k <oo; then (I1.51)s(1), (ii) imply F(k) <w . From <{II.52)
o
and (II.51) (ii), if lim tV, = then 1lim f(k) = e , !

t-sco toe

i.e. 1im k = o ,. however, lim N(t) == a.s. -
ts 00 t—> oo '

(c) Combining parts (a) and (b) via monotone convergence theorem we

achieve, 1im E(N(t)) = = .

to

(d) From (I1.52) we get f(N(t)-1)<fVN(t)_] » however,

Y .
l N(t)-1 : fEN%t;!
X < f N t)- a"d by (II.SZ) VN(t) < N{t)- vN(t)“‘ .
Hence,
5 -
f{NSt!! fINLE
(11.53) Tim v <slim -~ < 1im % lim v .
- ' tsreo N(t) tre0 t tv fIN(t)- treo N(t)']

-

Since 1im N(t) = = a.s., by (II.50)we get 1lim vN(t) =1 a.s.

ts oo * tew .

which applied to (II.53) yields 1 < 1im ﬁﬂtﬁl< 1 a.s.,» and (d)

tore0

follows. ) .
~ “~ o v
) L ' . ~ . ~ .

o
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o (I11.58) V= 53/6

¥ T
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Lemma I1.7: (Chow and Robbins [7]). ;

If the conddtions of Lemma II1.6 hold and also if

“nz

}II;EA) ) E {su$.vn} <o , then

t

toso

(11.55) m g (O

I

~

* Proof: Letting W = sup V we choose a k (see (11.52)) ;o large

n21

. that f(n)/f(n-1) < 3/2 for a1l nzk, If N(t) = k we have,

[w

£IN(t FIN(E)- 3
(11.56) '“le FIN(E <7 Ynp)1 57 W

and 1F ygt)<k , k>1 and £>1, then

L]
—

t " 1$n<k’ “t . <~ i=1 .

o K R
(11.57) - SN ¢ o £l o Liera)e art) <z f0) \_

]

Hence; for all t > 1 putting (I1.56) and (I1.57) together we get

(. k :
FIN(t '2 . ) » ’ . PP
_i-é-ll <7 WIrn(e )kt 151 f(f)ItN (t)ek] S W+ 1§Pf(i) |

)

‘which combined with E(W) < e (see (11.54)) and (d) of Lemma 11.6, - .

via Lebesque's dominated cogmergence theorem results in,
. Qproence

. MmE {—iﬂéill } E{11m FIN()) } . Q.E.D.

¥

ts | t

t-rco

[}

~

Returning now to our problem we set,

2 2 . \
n where S as in (I1.13) and
: ' ) . .
e 2 %2 2 7 SN
(11.59)  (1)" f(n) = wa_ , (i1) t'=o7/7d" =" ., '

b)

“

A

¢




&~
\ .
W’ v ) .
Remarks: . !
v (5) The stopping variable N = N(t) defined in (II.52), via

arrangements (II.58), (II1.59), for k = n, coincides with that
one defined in (I1.26); thus M(t) = N(d) = N and

(11.60) Jim N(t) = 1im N(d) = 1im N = =» a.s.
t+ d+o A+ oo ’

»

\(\6) Prom {I1.58) and (11.33) we get that,

Q. 5
2 4 nel
(I1.61) Vﬂ:;TSij] Uj ,UJ s are as in (I1.32) . ‘
]
]
< N (7) By Wiener's ergodic theorem, ([26]) we may sge that the condition
. . E{sup Vn} <o of Lemma II.7 {s satisfied if E(U1) < o ; this
A% nZ]
i « Jn turn requires E(X?j)‘ < , which is true for the normal
* ~J
distribution with o2 < = .
Theorem [1.6: Under Rs for k=21 finite and 02 < @ we have,
\ ' .
N
- {a) 1im =1 a.s., where N_ 1is as in (11.12).
A+ N-; . o . -
(b) Tim nk()\) =1, -(asymptotic ef?féiency)..a .
‘ )\-)-uo . , “
(¢) Tim Ck(k) =y, (asymptotic consistency).
A+ '
Proof: ‘ q . . .
(a) If vy = k(N-1), by (I1.59)(1), chearly f(N} = N/a> ,
3 . N
» «
hence L) . T?—N . On the otherhand by (1I.28)
i ) t M X a
. v !

N
and (11.60) we obtain, -

¢ > - ' *

30
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‘P[Bk(lf) =y] =1 f{see (11.10)), .howéver,

K}

(11.62) - lima, =2
Ao N T

From Lemma I1.6 {d) and (11.60) we ach}eve,

o
* i fiﬂéill = Jim 5 = Tim —7E7— = 1im - 1 a.s. ,
t+ droe A3 PEL- DY zY A+® g o

where the next ‘to the last equality comes from (I11.12).

(b) Since, by Remark {7), the requirement of Lemma 11.7 is satisfied,

from the same lemma it follows that,

1im EUM} = Tin € {‘Z'LZ} - 14m (N

A+ © )l-;-r \aka A+ ZY% R
==yim BN . im n(A) = QuE.D.
pe 0 A> o ..

‘ r
(¢) If {kj} is an arbitrary but fixed monotonically 1ncrea51ng;‘

¥

sequence, so that “lim xj = o , fronrpart (a) we Jet that

, . j-»oo -
Tim VAL zY a.s., and by continuity of Bk( VWT) we obtain,
j-)-'a& j j v
(11.63) lim B (ﬂf\ - B (z ) a.s. R
j-)m A / e J

* «

Let Fj’ (3=1,...,2), F bé‘respectively the c.d.f.'s of -

«

VA .
ﬁk(i}‘) = wj énd Blz.) =W, say. oo

We observe that Bk(ly) 1§ a degenerate variable, since

~

-~
-
A

L]
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/.
0 for w<y

Tim Fy(w) = F(w)= ., where y€(0,1) .
Joo 1 for w2 Y

Now from (I1.63) and by boundedness of B8 (.) (see Remark (2)), via
bounded convergence theorem and Helly-Bray theorem (see [14]), we

achieve,
v Yim ¢, (A ) =1 E[ ol =l1' Iﬂ dF,(w)
Him K 1im [Bk \XE_)] im w j w

jroo j Jroo = 0

1 ,
© Lwaf(u) = € (Mpg ) #¥1gy 1) = (1uepy, 1)

i

<

(W=2vy)=y ; the latter follows since P[Bk(zY):.T] = 0.

Choosiny {Aj} to be arbitrary the proof is comp1eted:‘

SINGLE-STAGE AND SEQUENTIAL PROCEDURES IN THE CASE OF UNEQUAL YARIANCES

Single-Stage Procedures when the Variances are known

L 4

In the case where the populations Myseeey have diffeﬁent
% A

variances we modify our procedures considered in previous sections, so
I

that, the standard requirement (1I.1) is again satisfied for all vectoré,

= (af,.,,,ci) in @ . Investigating at first

’

the case where the wector o = (c%,...,oi) is known, we present two

¥ single-stage procedures Ry and R, as follows.

The Procedure Ry consists of choosing ‘the individual sample sizes,

"1"t""k s S0 that,

(11.64) A1 . % % . 1
. —t e £ #= — = — , therefore,
M. M " "
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(11.65) ny = cfn' , for every i=1,...,k.

.

Using these sample sizes we compute the sample means and order them as,(:T\\

-

(11.66) Tppq €ee-oos il ~
- Then the coverage probability under R is,
UM “m b te 1,1,“._,,()
\ oy /YRS o /vy
VAT ek 1 P (5 i £ NPT
\01/\/?1" W re /
k (51+d)V7f; k (éi-d)vﬁT;
= I —es -n '-———6,-—'——- ’ where 61'5
i=1 9 i= i

are as in (I.é).

According to Theorem II.1 for 5i =0, 1=1,...,k, clearly

A

SH'GB) int P((;D!E"g R,) - ]‘fx @(d\/""> E °<__d____ﬁi->

i=1 %y

which by condition (II.64) implies that,

L4

(1.69)  1pf P(CD|u.guRy) = o*(avim) - of(-dvAT)

Hence, for a given Y€ (0,1) and a 2 such that, -

(11.70) ak(iY) = ok(zY) - ok(-zY) =Y

by Theorem I11.2 we get, Gk(dvqT')— ok(-dv777 >y




.

v
Rt D A I S S Py o P——— ~d
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for every n' 2 Né , say, fi.e., nd
, 2
z
" 1 { . . n 1 2 n
(11.79) No is the smallest integer n' s.t ;5— .

Thus,

(1.72)  w) - [zi/dz], (the notation [x] is as in (I1.12)),

! T
is the smallest sqmp]e size, under Rl’ needed to satisfy the

requirement (II.1). By (I1.65), however, the smallest individual sample

sizes must be chosen, so that,

' 2
= 5° ' i =
(11.73) ny Oi'No,’ i J,...,k |
b b \
l f
The frogpdure Ry consists of taking a common sample :fze n .per

-
population and ordering the values of 01'5 as, -

\
(11.74) ’ l a?t1] < 02[23 $ ...l oz[k]

We note that -oz[k] and th] may not come from the same population.

and also that,

(11.75) o [] s g [k]

The coverage prob;bi]if& under R, now is,s

: ﬁg k [(61+d)vﬁr} k, (ai-d)vﬁT
P(CD\ LR, =N @ -1
B3Zs%o a1 - L 9 i=1 7 |
Y ; -
and also by Theorem II.1 we achieve,

(11.76) 1£f P(colg,g,gz) = §].¢ (Qifi> _1§] o (_ gyji;)

+

i 9 %4
.
) i§1 ’ (%Ef%n:]) R (- -;-’-%) _

 J
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k

oly;) - 1 o(-y;)
1 i=1

n >

Lemma II.8 : The function B(y) =
— ~ i
is decreasing as Yis i=1,...,k decreases, where k > 1 and
y = (ypaeay )

~

Proof: See Appendix A. q

This lemma combined with (I1.75) and (I1I1.76) yields,

| y
E (11.77) ~ 1nf P(CD! ,R2 > inf P(QDiEHQ’RZ)
_ <k [d ' Jk dvn
7:0 (Efié ) "¢ C- 0[;; )

which by Theorem I1.2 and ¥ , 2, as in (I1.70), implies that,

%
(11.78) @k (Q!ZE ) - ok (-1355;) >y , for every n2x=N_, say.

1K) 71k]

g However, ‘ ‘

0

2 l
H . 2 z H
(11.79) No is the smallest integer n s.t.. n2 c[k],E¥~ i.e.

= [A Z ] where A = OEk]/dz and the notation [x] as in‘ﬂII.lz).

Remark: ~

- (8) From (11.72) and (11.73) it is obvious that the smallest possible

sample sizes under R1, are

(11.80) %W] for  1=1,2,....k.

where n(.) denotes the sample sfze of the popu1at{gn'w1th

P

; . varfance 02[ 1 Under R2 the smallest possible sample size

Egper population is,

é§%3==.-.----Li




[P -

(11.81)  n = [a%k] ifr/dz] ,

which by (11.74) indicates that R2 requires a larger samp1ersize

per population. Nevertheless, the inequality in (11.77) implies

2
cases. ,

that R, guarantees a higher coverage probability in most oF;the

'

»
A Sequentfé] Procedure when the Variances are Unknown <f//‘
¥

=,

Extending the Procedure Rz to the ca;e where the vector
02 = (o%,...,ci) fs unknown, we reach’the point where the sequential

procedure R; is introduced. Using, however, a common sample size n per
- n -
population we compute, X1 = I - Xf)z/("-1),

n
X;;/n and S? = (X,
+ j=1 J

j=1

~
™~

' 1= 1,000k

_ and order them accordingly as,

-

- 2 2
7{1] Seeen$ X[k] , S[]} L 4 S[k]

By .
Notice that Y[k] and S%k] may not come from the same population.

2

Theorem I11.7: ‘For o° = (c%,.f.,oi) unknown,

-

) k k
P(C? Hﬁg’RZ) = 1N P(T1 S A+ Di) -7 P(Ti <8y - D1)

1=l i=1
(11.82) y k : k
= ir_.T'l Fn_-‘ (Ai + 01) - iZ] Fn_] (A1 - D.‘) s

where T.'s are f.i.d. r.v.'s from t ,-distribution with Foop()

: V(X 5y - Hrsq) 6, VT
as a c.d.f., and T, = é:z) 1] . D, =;§§?§ . Ay ;(1)
»

for 1=1,-..,k .

JW -




Proof: Replacing in (11.14) Sv by S(i;: i=1,...,k and by

ae?

jndependenée of, Yki) and S(i)’ (see Lemma I1.2), the proof follows. .

By a conditioning argument on S(i)’ i=1,...,k , we have again

V) vy (o, (D)
Ti S(i) = 5(1 ~ N\05 _Sé(;')l}

. 2 2 2 R : 2 2
and if U1 S(i)/c(i) isa r.v.s.t. (n-])U1 ~Xpoy for each

i=1,...,k , it follows that Ui's are i.i.d. r.v.'s and

'iTi S(i) ~ N(0,1). Then by Lemma II.1(a) and independence of Ui's

we obtain, .‘
. <« kK Q\\ k \]
(11.83) . 121 P<T1:;Ai+0i)‘= iz] Eui[o (Ui(A1+Di)}J
N

k k
{ . \
U,,...,Uk{i':] @ Uy Ai"°1))] g{ir:] ° (Ui(AfH) )}]

L

where the expectation is over the joint distribution of U = (Uy,...,U ) .

From (I1.82) via (I11.83) we now achieve,

(xzr.a4) P(CD,E,UR - {”o<u (8,40 ) o(U 8,0, )}

which by Theorem II.1 results in,

, koo k
(.8s)  inf H{oolwgiRy) = B 1 @D - M o(-u;0,)}
X 4 =1 “a]
. | = E}i {p(g,g)} » say, where, .
&
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k s
(11.86) 8(U,D) = z o(UiDi) - 121 o(-U?Oi) and

Since for every i='1,...,k obviously

S4) W, W , avE S0 avE

11.87) U.D, = = >
( P10y Sty 9y O Ork] Srk]

from Lemma I1.8 it follows that,

(11.88)  p(uy,D) =2 ([k] m) k(”[{(] D[k]')"”k('

>

where U[k] does not indicate any ordering of U's.

= U[k] D[k] s Say

1] ?tk])

Theorem I1.8: Ffor QF = (of,...,ci) unknown,
(11.89) inf P(CD‘E‘,G,RZ) 2 PR (gﬂ'.) - FX ( g‘/-)

K ~ AN 3| [k]
Proof: Combining, at first, (II.85) and (11.88) we obtain,

(11.90) iﬂf PICOjp,0.R,) = EE

(%4
i .

™~ N EU[k]{ ( (k] D[k])} U[k]{ (gz:Z) -

§ 1(9%53) - F 1( d;:;) , where the 1

Al

4

follows from Lemma II.1.

sy} e {B‘“tk] 0}

A4}

oTk]

;st gquality

‘

Q.E.D.

Let now Y€ (0,1) be p}eassigned and a1 be such that,

k 1(ox ) - Fk_l(-an_1) =y ; then, for a 2z, as in (II.10), clearly

Y

>
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(11.91) 1im a =2
hvco n-1 Y

At this stage we introduce the sequential procedure R; as follows:
o

(a) If .n, = 2 1is a preassignéd integer, let Ed = (X1j""’xkj)’

j=1,2,..., be a sequence of observations taken one vector at
n

a time and each time we compute ¥, = I X../n, i=1x...,k,
f Jal 3
n
S? = z&(xij-ii)z/(n-l) and order them accordingly as,
J'::

v .. - 2 2

X[]]n S e e S X[k]n , S[]]n € ... 8 S[k]n
(b) Stop samp11qg when,
(I1.92) . "N is the 1st integer n2n_ s.t S2 < nd’ "

. . : g 0 . ,,. [k]n ';T . ¥’
n~1

(¢c) After sampling is terminated we estimate MrK] by the-

interval I, = (X -d , X #d) .

Considering the pe}formance of R; let,

a : ‘
JIIK (VY L ok (VEY ok LVE) ) g N2 2.1)
- T () - () ot ()l sy )
Then by (11.90) and arguments similar to those used in (11.39) - (11.42),
replacing also U by U =5 /G, We can determine the {infimun’
, O R AN !
of the coverage probability under R; as follows.
» ” .“
(11.93)  C,(a) = nfn 1gf P(CDsu.gsRy/N=n) P(N=n)
-o :
s ATMIRY /K
2 EU {BK(T ’ N"l‘\} P(N=n) = E{BX(T)} .
n=n, [k]

w

P




* of the?

L i e i

’ a‘ . 40

- 'Rt this point we observe that the inequality in (I1.93) implies better-

chances for the reguifement Ck(k) zY tbg;e satisfied under R; » than

under RS (see Theorem II.5 and Corollary XI.1), in the corresponding

.
cases.

Theorem 11.9. Under R; for every k=1 finite ;%d.every Ny

with of,...,c all“finite, we have,

2.2
(N0 =[x ZY] as in (11.79)).

el

(a) 1im %— =1 a.s.

A> ™

0
(b) lim Eéﬂl =1 (asymptotic efficiency).
0

A ®

(asymptotic consistency).

. v o2 2 S22 22
Proof : Letting Vn S[k]nlo[k] , f(n) nfa__y .t G[k]/d = \°,

by Lemﬂis I1.6 and I1.7 (Chow and Robbins [7]), and following the lines

oroof of Theorem I1.6 this proof also follows.

ey

\

-

Remark:

(9) An extension of the procédure R] to the case where the vector g?

is unknown, yields a two-stage procedure, say R! , (see (41, [8]).
~ Comparing R, and R; , 1t 1s apparent (see Remark (8)) that,
while R; needs sometime; a smaller sample size thany R. ., the
latter procedure seems to be more reliable since it handles many
more sample informations and 1ts.behaviod}. in terms of coverage

probability, is not bad at all.
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CHAPTER 111

4

OPTIMAL INTERVAL ESTIMATION OF THE LARGEST NORMAL MEAN /
BY PREFIXED WIDTH UNSYMMETRIC CONFIDENCE INTERVALS

PR

4

PRELIMINARIES
- s [}
A Single-Stage Prgcedure R Under General Assumptions /

In Chapter II a solution is provided to the problem of interval

estimation of the largest location parameter o* = e[k] = max e% s
. . . 1sisk

e letting Tin ;vT(Xil,...,X i

$ i=1,...,k, and considering a prefixed-width, L=2d, symmetric

in) be a consistent estimate for 6

*
confidence interval for 6 of the form,

A = (Th-d, TH+d) = (TF-1/2 , T*+1/2), *
(111.1) I, ( . . ) = ERY/ /2), for T 12?2kt1n:

In [9] Dudewicz has shown that if T; is a consistent estimate for 6%

and Ee*(T;3 —==28" then T+ overestimates o* for k22, and the

~ bias increases as k increases. This result suggests that a
)_.,.

modified approach to our problem-must be considered, by unsymmékr1c

about T: confidence intervals, of the form, >

(111.2) I tdy = L.

T:-!-dz) , with d1

= LI
(Tn d

dy+9, 1

& ‘In this case we expect I to perform better than Id , in terms of

. dy,d,

W, coverage probabiliiy, for an optimal choice of dz(or &])u This task : ' R
[ ]

will bg carried out in this chapter considering, at first, some general

results and applying them, later on, to the normal family ([2], [T]j).
O"‘ o3 .

-
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A sequential procedure then is presented in the case of a cdmmon unknown

variance, ( _[23] ), and single-stage as well as sequential procéﬂures

are also provided in the case of different variances. '
Definition III.1:  The event of Correct Decision (CD) is defined now to
be equivalent to the event 06*¢l .
d],d2 . ~
If gn(t’ei)’ Gn(t’ei) are i?ain the p.d.f. and c.d.f. of Tin“ p
respectively and d],d2 are assumed, for the time being, }g be arbitrary
. P
but fixed, so that d1+d2 > 0, then for a single-stage procedure R
: .
we may have (as in (II1.3)) , 7 v
‘ ' k ! k
= * - *
(111.3)  P(CD(6,0,R) 1rzr1 G, (6%+dy,8,) 121 G, (6*-d,,6,)
=b, (d,,d,) , say, for every 6 = (8y,...,8, )€Q -
9‘ 1'2 ) aJ s -~ 190~-Qk v.- .
»
Note:” In what follows the index n is dropped from the above notation.
The Jeast favorable confifuration, QLFC R sétisfying ‘

-

(111.4) inf b,(d,,d,) = b
g 2 12 Y

L ~

(8,,d,)

-

¢

is determined by the following generalized form of Theorem II.1. /

Theorem III.1:  Suppose that, o » /"r

(1) g(t,e)‘= g(t-8) ‘ (g(t,8) is a location parameter p.d.f.) .

(1)  go(t) = g(®t) > 0, for all t, (symmetric) .

(1i1) the family {g(t-e)§ 8} has a M.L.R. property.

Then, for arbitrary but ?{xed dl,d2 with dl-fd2 > 0, we have,

- ’ i
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o
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’

p) < 6K(dy) - 6(-d,) , then,

(a) If 6(dy) - 6(-d
= (- ,-,0) and b, (d,.4,) = G(d,) - G(-d
N ) o E’»LFC 1\?/ 1

k - ’
d]),- 6 ‘(’-dz) ,  then,

9 2)

(b)  If G(d)) -%(-d,) > ake

?
8,...,8,8) and b, (d

= A k ,

£z " - ~LFC

. ' adl
where 6 1is an arbitrary real numbeqF,\

'Prqof: - It is carried out in Appendix B utilizing the ft(ﬁ:o\ing lemma.

. Lemma III.1: Define

‘ xh
{111.5) f(r) = 67(d,) - sk(-d%),,”r S

¢ . ¥ o .
‘then, under_the conditions’ of Theorsm 111.1, min f(r) 1s efther’ f(1) '
‘ A ) . Tsrsk - )

: of f(k) or both, (but not f(rf) if r+l,k) . C.

-

> -,

Proof: See Appendix B. ' N

Remark: <. ‘ ¢ p

-

(1) - Fron Thé@kem I11.1 1t is clear that for d, = d, we obtain

9

SRe” (8,...,8,8), as in Th§0‘rem }1.1'.

+d, =L, L prefixed and dZ'd’ then

Corollary IIL.1:% If d
A Y b l 2

-

- "

# -the infimum of the coverage probabih"t‘z’is

»

(111.6)  ~ b(d) = by _d) = i ?[G(Ld) -G(-d)],[ﬁk(t-d): e"(-d)]},- -

T

-

2

. 3 S . -
W "
v ¥ - A

" Proof: ;ﬁit trivially follows from Theorem I1I.1.

:
' ®
el !
.
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Theorem T11.2: = Under the conditions bf Theorem I11.1 ‘ !
N )

—_—

“(a) for every k22 there exists a d' =d'(k,L) s.t. o

.

ay

LI 6(L-d) - G(-d)  if d<d!
b(d) ={

e (L-d) - 6¥(-d) §f\ d>d". N

Ly

Pl

\&b*)/ for k=2 then d'=L/2 , and for k>2 then d' <L/2 .

A

’ vgroof: S We write,

L
T . .
(111.7)  65(L-d)-6"(=d) = [6(L-d) <6(-d)] Qld) , where
k-1 ;
o) - = g1 (Layed(ay . o .’
so .

Then d' is that value of d such that Q(d') = 1. A detailed proof

b

is provided 1n‘ Appendix B.
y "
" Remark:

(2) From (I11.7) it is obvious that:
C(IIL.8)  b(d) = GX(L-d) - 6X(-d) = 6(L-g) - G(-d) , for d = a'

If d1+d2 =L, d2 =d , the confidence interval Id1 'dz ) as\
it was defined in (II1.2), becomes, : 4

(111.9) I g = (5= (L-d), Th+d)
where d€ (-o,») “and L(> 0) 1{s prefixed. .

Let now do = do(k;L) be a value of d s.t.

(111.10) b(do) = sup b(d) , . ,
\ - d

“d.e., d s that optimal choice of d which maximizes the infimum of

+

Lo

/\ . - L o=
v
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the coveragewrobgbﬂity under the procedure R. )
J' v
Theorem 111.3:  Under the conditions of Theorem III.1 we have °
dot L72 for. k=1,2, and d < L/2 for k>2 .
" Proof: Weuse the fact that the density g, possessing thé M.L.R.
pro;f{rty, is strongly unimodal _([13]). For k =1, then
Y .
b(d) = G(L-d) - G(-d) , hence by symmetry and unimodality of g we
4 achieve, T
i dOU0) - glied) ¢ g(-d) = =g(Led) + gld) = 0, f.e., dy=lR ./
For.-k = 2, Theorem III.1 impliés that,
, . : . ,
- 6(L-d) - G(-df, if d<d' =Ll/2 |, ]
) v
b(d) =
R ?(L-d)-6°(-d) = [G(L-d)-G(-0)I[GIL-0)+6(-d)], #f d>d' = L/2.

Clearly then, the Ist factor is maximized (as previously was shown)
at d0 = L/2, and the 2nd one (being <1 for dz1L/2), attains its
maximum value 1 also at d, = L/2. 1In both cases, iyawever, do = 1/2.

For k>2, by TheoremI11.2(b), it must be

-

i

(I11.11) d' < L/2.

-

(A) Consider d' <d; by the same >theorem, b(d) = @

gld’ﬁ!l"k[sk.-1('d)9("’) - Gk'l(t-d)g(L-d)] =0, iff,

‘ ; k8 L
(111.12) St G R .
. S N

K(L-a) - 6%(-d).

S rLB K e
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"He now observe that by M.L.R. property,the ratio

S ‘ -d) _ q(d) _ g(ds0
(111.13) stod - oty - fh

is decreasing i d and it is <1 for d21/2>0 (since then

>

-d <d-L<d). On the other hand, the ratio on the lefthand side of (111.12)

is monotonicaﬁy increasing in d (see [ and always >1. Thegefore,
there exists a unique d" .satisfying (111.12) but this d" must be
<t./2, since only then the ratio in (II1.13) becomes >1. Remarking,
tha€ b(d) ‘é“Gk(L-d) 4 Gk(—d) is monotc;nically increasing for d<d"
and monotonically decreasing for d"<d, we end up with d0=d", hence

dg < L/2 . v ‘

(ii) lLetting d' <d<lL/2, the ratio in (III1.13) is agai‘n decreasing in
d and > for d<Ll/2 (since them 0 <d<l-d ,or d<-d<l-d if
d<0d). Observing also that the lefthand side ratia in (II1.12) behaves

as previously, the existence of a d0<L/2. satisfying (II1.12),

- immediately foﬂows.‘ )

€

~(B) _Consider dgd'.; clearly, b{d) = G(L-d) - G{-d). Then By (111.11)

obviously d<l/2 , hence; either -d<d<l-d, or, d<-d<L-d (if d<0).

Therefore,

1 , ‘
(111.14) dbld) . _g(L-d) + g(-d) 20 , whenever, d =L = gv .
d < > 2

The latter, by (III.11), gives d'<d" which in our case (d<d')

implies that d" 1is not'an admissible value for a do‘ But=-ier the case

d<d', from (111.14), it follows that we may consider d&sd‘, j.e., *

~

(I11.185) do =d' <1/2 {(by Theorem II11.2(b)) . Q.E.D.
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Remarks: ~

(3) By (III.15) and Remark (2) we see that d, is either the root of
the equation (II11.8), or d, is the value of d maxfmfzing

4

b(d) = Gk(L-d) -Gk(—d) (see part A of the previous proof).
(4)5\& may have d'e-w= as k-»« (see Appendix B).
(S)Q" For L fixed, d'{k+1) <d'(k) iff Gk(L-d'(kl))< Gd'(k)) "

(see- Appendix B).

(6)  Theorem III.3 asserts that the symmetric interval is optimal for
k<2, while for k >2 the unsymmetric jnterval, with d<L/2,

should be considered.

(1)  For given k,L and G the optimal value do can be computed -
‘numer'ic’ally. This do in the normal case can be negative for large

%'s dindicating that the entire interval is to the left of T; .

t

Application of R to the Normal Family with a Common Known Varjance
( 2 * = LY
Letting o be the common variance, 6*=ur .y and T7 Y[k]'

the interval (II11.9) takes now the form,

(III-,]G) IL,d = (Y[k] - (L*d), —X_[k] + d) N

with L prefixed (>0) and d€ (- =,®) . By (II1.6) the infimm of

the coverage probability under R now becomes P

L]

L (111.17) b(d) = min{{¢ (fﬂéi-ﬂ)o (- %VE)] , {b" (ﬁc%-‘-gl)-@k (-9;‘/'5-)}}

‘

If dé is the optimal value for d then,

(111.18) b(do) = s,gp b(d)
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and from Theorem III.3 and Remark (3) it follows that do is,
either (i), the root of the equation
o (\/'r'rgL-d))_'o ( d\f'ﬁ') . o (\/ﬁ'gL-d))_wk (_dv‘ﬁ)
g o] a o '
or (ii), the value where ok (Eél'-'—ﬂ)-ok <_d7'\[_"i> achieves its
maximum. Letting also,
(I111.19) ¢c=LVA/o , x =dVi/o and x, be s.t. b(x,) = sup b(x),
X

Wﬁ x, 1s (i) either the root of the equation
(111.20) o(c-x) - o(-x) = o*(c-x) - o&,xg_\,

“or (i1) the value maximizing <|>k(c-x) -ok(-x) .

The X4 values satfsfying (II1.20) are tabulated in,Table 5, ([11]),
for k= 3(1) 6(2)14 and c = 1.0(0.1)4.0. Then for given k and L

we conial;te ¢ =L vn/o and for this pair (k,c) we select the

optimal value %y Thus by {111.19) the interval now .becomes

(111.21) Ly (Y[k] . (L - #xo), Xeeq * —;%- xo).

Voo

We realize that up’der this choice of Xo the configurations

”

Kpc ® (== = =) rand o= (u,u,..,u) are simultaneously

Jeast favdurable and the coverage probability corresponding to them is as

in (1\11.20). ‘This 1s tabulated in Table 6 ([11]).

~2

Sgappose that for a preassigned ye€ (0,1) it is required that,

. et
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% o

Then by (I11.17) and (II1.19) for every L,d,a,n.k, we have

(111.23) iﬁf P(u[kJG IL,d) =<p1n{®k(c-x)-¢k(-x), 0(c-x)-®(-x)}

R0
= b (c,x), say,

and for the pair (c,k) let X, be the optimal value of x, such titht,
; (111.24) bk(c,xo) = s:p bk(g{x).
Consider now a < s.t.

(11f.25) c, = inf {b: bk(c,xo) > Y}‘

‘ whicheby (I11.19) ends up with,
'cg o?
(I11.26) NQ is the smallest 1nteg€r n s.t. nz2 —~E§— .

Then with this smallest sample size 'i%’ we compute Ytk] and construct
N
)

the optimal interval as,

(111.27) I

L,d

= (X - (L-d ), X d),d = ,
A R

o]

in the case where o 4s known. -

We note that, for given k and prefixed L and y , we can determine co
from Table 6, using Yy as an optimal coverage probability and then from
Table 5 we select the optimal value Xqe The pair (co,xo) is tabulated

in Table 7 for exact Y values ([231).

%’E’.x:'_h"fn' .
'

LY
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A SEQUENTIAL PROCEDURE RS IN THE CASE OF A COMMON BUT UNKNOWN VARIANCE
For k given and L,y prespecified, from Table 7 we choose the
corresponding pair (co,xo) and proceed as follows.
! (a) If n, 2 2 _Asa preassigned integer, let .
l(‘j = (xu.,...,xkj), j=1,2,..., be a sequence of observations

. . taken one vector at a'time and each time we compute 5\2) , as in
é (11.13). . !
% - (b) Stop sampling when, )
‘ ci Sﬁ
i g (I111.28) "N 1is the st integer nzn  s.t. n 2z ——".

(c) After sampling is terminated we select YEk]N and 53 . vN=k(N-l),

N
and estimate “[k] by the interval,

: S
\v’“ = = vN K
 (111.29) " (Frig,™ s T, + &)+ 4, o

N\ =
Let r=g/L and C(A,do) be the infimum of t’:‘l)yoeverage probability

under RS . Then,

w©

(111.30) Cinng,) = 5 (upeg€ g |'" ) P(N= ). o

If A =L \/'n'/SV , U= Sv/g and since X, = do\/'n"/sv , by Theorem III.1,

Lemma II.1 and following the 1ines of the proof of Theorem II.3 we can show
that,

(111.31) 1af P(CD/L.K',O‘,R) e 1£f P(u[k]€ IL,do)

- e{min [o(u(n - x,) - o(-ux,), & (Ul ) - (-vx)) |}

: )
= E[gk(;‘m-’sv’do)] , where,

oy

g




p—

P s

PR

5)
(111.32) 9, (10,54 = min{w (é} !ZES;:EQE )-o G-%} d°5:7r> \
NV
4 :’Dk (_Sa\, Wﬁ-;:-do)) _ o (_Eoy_ Eg_g\_)\/—i)] —

<

S S S S '
mtelo (VT ) o (e x S0, ok (OF DYk ()
m1n[o(>‘-xo o) o( xoc)’q)()\f*oc‘"w\xoc .
3
Therefore, by (111.30), (111.31) and Lemma 11.3, we obtain,

(111.33) Chndy) = I ) [gk(x,n,st,do)/N =] p(N=n)
0 .

-

= E {E {gk(A,N,SVN,qo)/N=n}} = E[gk(x,ﬁ,st,do)] .

Moreover, for ev{ry L= (”1""’“k> and 0 , clearly

(111.34) PCD|jg0.R,) 2 E{gk()\,N,SvN,do)} .

W
ASYMPTOTIC BEHAVIOUR OF RS

Theorem I11.4: Under the hrocedure\’ks we have, : '

(a) P(N<e) =1, for every y and _oz.

() 1im N =ew a.s. ._ N ST

L+
(¢) lim N 2 = Hm-—'f}— =1 a.s. (No as in (111.26)).

LL-’O (cok) Lo oﬁ
fd) 1im %ﬁl = ] (asymptotic efficiency).

=0 o '
(e) Vim C(A,do) =y (asymptotic consistency).

L=0 -
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Proof: From (111.28)-obviously N 1is a functionof L, 1.e. N=N(L).

(a) follows directly from Theorem II.4(a), since, dim 5\2) = 02 a.s.

N> oo

(b) and (c) acome out as a consequence of Lema II.6 letting,

2
S ' C.0\2
=V - - (0
Vn —;2-,f(n)n,t(l_/
1
(d) follows from Lemma I1.7, since E{sup Vn} <w . . )
n>1
(see Remark (7) of Chapter II). - .
* (e) From part (c) we get 1lim —\/-;\N:- =¢_ as. and by part (b), '
- L0 °
1im S, = Tim S, To as. Since also a.s. convergence is '
L+0 N Mo N
/
preserved by continuous mappings, by (II1.32) and (I11.23) we achieve,
\ S S
) v v
in g (NS, )-Hm{min{w(‘qw—-xo 0")-@(- xo—-c-,—N-> ,
L-o L=o
\ v
DL ]
k N k N
L T)"” ( & *5")1}

S
= m"{Q(cofxo) - <b(-x°), ok(co- xo) -ok(-xo)} = bk(co,xo) a.s.

From (I11.25) §1ear1y bk(co,xo) =y and since gk()"N’st’do)
is uniformly bounded (OSgk(.) s 1), via bounded convergence

theorem we end up with,

(111.35) Tim C(A,d ) = 1im E{gk‘ A,N,Sv ,do)]
{»0 ls0 - N
,{@

= E’-Hm gk(k N, S . ‘do)] = bk(co.xo) =Y

“l=0 Q.E.D.
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f4
‘ée complete this section comparing now the sequential yj"ocnedure
’\y -
referred to symmetric confidence intervals, say Rs], with the ,f

\
sequential procedure considered just before, say RsZ' In case of Rs1

we denote the stopping variable N by N, and X by )\](=o/d),

1
where d=L/2. Hence, A.I=20/L. If in the case of R52 N s

denoted by N2 and 1 by AZ(=o/t), clearly, 2) =X By theorems

2
}
.| 11,6(b), II11,4(c) we have 1im E(N,) = (r,z_)% and
' +0
i T1im E(N,) = (c_x )2 respectively; however, lim E(N,) = (21,2 )2,
2 02 1 2%y
L-0 B . 1 L0 . o
E(N,) 20,22 ,22_ \2
: 1 Y Y
: and  Tim =( ) = (-—~) = o (y) , say.
i Lo N Aephy % k
: \ . .
= Some values of ak(y), given below, reveal the improvement achieved
through the unsymmetric intervals approach to our problem, especially
for k large (see [23]).

Values of uk(*r)

' J
N 0.75 0.9 0.95
3 1.297 1.196 1.147
1- 8 1.941 1.535 1.406
' @

f2 2.098 1.647 1.484

. =

o/
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SINGLE STAGE AND SEQUENTIAL PROCEDURES IN THE CASE OF UNEQUAL VARIANCES

Single-Stage Procedures when the Variances are Known

When the vector 22 = (cf,...,oi) is known we present again two

sir;gle-stage procedures, R] and RZ’ as follows.

The Procedure R, consists of the same steps as in (11.64), (II.65),
"(11.66) o? Chapter 1I. Moreover, we let c =L Vi /o, =L Vi and
- v
Ry /oy =d VA", =1,... k. Then, as in (II1.17), we obtain,

/

x s d
(111.36) tn? p(colg.g,R{,) = ninfo (VAT (L-d) ) - 0(-d VAT) ,

ok(ﬁ"'(l.-d))-w k,()-dVrT‘ )} =-min{'l'a(c-x)’-(b(-x),<l>k(c;-x)-ok(-x)} = bk(c,x).

If x, fIs s.ﬁk(c,xo) a s:p b (c,xl, this x°(= 4, vnr) is as in

(I11.20), and for Y€ (0,1) prafixed, let c_ be as in (I11.25). Then
2,2 L.
N('J = [colL 1 ([x] is the smallest integer 2X), and the smaTlest indivi-

o

dual sample sizes determined by (IIu.65) are n, = o% N o 121, k.
The procedure ~R2 consists of taking 3 common sdmple size, n per
population,and Qrdering the values of 01'5 as in ("11.74). If 0%1)
deqotes thé variance of the population with mean/ﬂﬂ], i=1,...,k, by
Theorem II1.1 and extending Lemma II.8 (see Appendix B), we obtain],

- [3

K
“\,J ~ 'A"
R .

Tprocedures RysR.  1n Chapters [I and 111" are adaptations of existing
methods.

&
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(111.37) inf P( cofg,g,az)
k k
= mi VA=) o &N T (VA (L-d) _ v\ L
" n{! ( U(k ) ¢ \ U(k))l '[131 ¢ \ 9(1) ) fg] ? ( 0(1))]}
> mindo (VRLL=d)) o ((OYRT) ok (VA(L-d)) ok (  dvA™
{ ( Otk ) ( U[k]) ( k] ) ( °[k])}
. min{@(c-x) - o(-x), o¥(c-x) - o"(.x)} = b, (c.x)
where c = L v?T?c[k] and x =d Vﬁ'/o[k] . Letting Xq and o be
s.t. bk(c;xd) =‘§gpbk(c,x) , and
’ (111.38) c_ = 1nf{c:b (c,x 2,% Y}
o] k 0
then this ﬂx°(= dOVTFVc[k]) is as in (II1.20) and the smallest common
'sample size is going to be 72
(111.39) [c °[k]/L ], ([x] s the smallest integer 2x}. -

L

Comparing the sample sizes of the procedures R] and RZ’ we may verify

that Remark (8) of Chapter Il is again valid.

A Sequential Procedure wheﬁ the Variances are Unknown

Using a common sample size n we compute,

(111.40) X.- z gl s « z(x PR ALVIS IXEL ORYS )
J=1 J=
and 1;t the ordered values of them be,

“-




g o

4

- P(bo}g,g.

»

Then,{as in (11.82), the coverage prqbability under R

is,

2
2’ for z

) WX < g+ (-0) - (¥ = upge)

W m“[u‘“m““’) " A(r, 2 “m'd)
i=1 , S(”/\fn_ ( )/\/-_

1
]

-

’
/
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unknown

-«

r 4

- 1{1} F oy (:: :;;_)_ﬁ] F o g—zi—?—/—v——f) . where F_ s ;he
‘ —
c.d.f. of t_,-distribution. : . K
By Theorem I[I1.1 and Lemma I1.1we achieve, |
) -l () 1 (43
[.1 Fn (“sﬁ‘)ﬂ)‘iiﬁ F“‘( d(ﬁ ]}
g, [mo {o(cggv&z;ﬂ) o(-Fem),
el (e
vhere g = (U y) (a-f—]-;- 3{‘;))‘) h

i

]

-

S
(a) (1) F . &% , o . -Llf[%( and

9)

o) 20

S o ]
{ k1l .
(1) (Q,% (k1 - °[kd

(1)

f"(LJ y(l-d) - »"‘(LJ ikl [;(n L-d)
(1) M _"[k] B 3 I Y

g ";“/" . w’
O_bsgrv'tn?/ that for every i=1,...,k , g < '

~

-

»




o \and le‘.gﬂng X = g__\/__']_ , via the extension of Lemma I1.8 (see. Appendix B),
P [k] Py ¢ . ’
¢ . we now obtain, R
~ . )
- “ A
o i . ¢ S
« (111.42) " - inf PCOGR,) 2 E, [mn{co (20K —ELL—‘E)-) 0 (—[ﬂdg‘/—_'-'-) ,
A ok T gy g (k] Stk]
5 oo | Eu_gx_t_di} k(_c_ldr)}1
; ‘ . [k] [kft 5t S/t -
a ?
S o
;o T {g (x n,s ,d)’} where Uy o = LK1 L] and
z _ o | [k] k (k] w O[k]
: - —~
| 5 :
! - S
: ‘. (111.43) 9 (Aen, S[k] 4) = min{o (:Z— - X -L1> ( X —-[El) .
; k] <
{ ) ' ST . -
L. ‘ , S :
o CNE R k).
o - [k] /e
) For given  ‘and prefixed L’ and Y from Table 5 we select the
corresponding values | c‘oﬂ.xo and the sequential procedure R; 1s the
following: - ”
>
.n P ,
) '(a) If .n 22 f{s a preassigned integer, let X = (Xij"’,?"),(_l_d)'
- ' . ) |
‘ . J =1,2,..., be a sequence of observations taken one vector at a .
. time and each time w! compute X1 's and Si s as in (II1.40) and
S A onder_them asin (111.41). .
V S (b) Stop sampli\:g when, ‘ ’
- » ’ \ 2 2 )
, . Y Co S[k]
7. ‘$111.44) "N“is the 1st-integer . n 2 n, s-t. n2 _T"D: .o,
% ‘ " 4 ) L ,
- . % ~
. ° R . ﬁ .
. \'&‘ (c) After sampling is terminated we:estimate Mk by the interval,
. - ~ ) ' . )
| v"“ Y1 -(Y -(L-d ),X. +4), d_ = x S[k]N
4 ' L,do' [k]N g 0’ [k]N "9' o "o~——

N

~ o * n-

/
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. If C(k.do)' is the infinu offﬁoverage probability under R;,

then by (I1I11.42) we achieve, . ¢ '

&

(111.45) C()\ d ) = Z inf P(CD; gc, /N’n) P(N‘n)
n=n, K

[

2 zr EU[k](gk (AN, s[k] .4 )/N=n)}=g{ gk(x N, s[k] : )] .

ral
Theorem II1.5 : Under the procedure R; we have,
* (a) P{N <o) =1, for every vector § and gz ' d
@
(b) 1im N=o a.s. ‘
. L—QO - - . q
" N N '
(c) 1lim 5 = Mimg==1 a.s. (N as in (II1.39)). . K -
Lo (c M) Lea'o 00 .
. -~ 8
Y OEN k .
(d) 1lim =1, (asymptotic.efficiency).”
Lo .o E
(e) 1im C(x, d )2y, (asymptotic consistency). . -
L“’o 8 " & . . o
Proof: - ' A E
(a) fo1lows as in Theorem{x 4(a), since lim S[ K » Oy 2-5- | g
Moo n

° ¢

(b), (c) and (d) M; out as a consequence of Lemmas II.6 and I1.7
3 2 - - - 2 2 .
letting, V, = Spiq /°[k] , f(n) =n and t (coo[k]/L) ‘(COX) NN

te) Since lim (\fﬂ"JfX?) =c, a.s. nd 1im S = Hm S =
' Leo s A DeJN " S1k),, " LK)

¢ ‘

a.s. (from (a) and (b)), by arguments similar to those of
Theorem 111.4(¢), via*(I11.43) and (111.38), We obtain ,
L v ]

S | |
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H.m (A,N,S ,d)=0b(c ,x) =y a.s.; however, by (II1.45) -
I:-pogk s [k]N o) k%o 0) y ( )

and bounded convergence theorem we end up with,

‘ ]
e ]

= E[Hm gk()"N’S[k ,do)] = bk(co,%) =y .

l=0
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- CHAPTER IV

PREFIXED-WIDTH INTERVAL ESTIMATION OF THE LARGEST
NORMAL MEAN WITH SIMULTANEOUS SELECTION
g " OF THE BEST POPULATION L
RS N | |
PRELIMINARIES ‘ |

"

In Chapters IT and IIT we have studied the construction of a

prefixed w1dth confidence interval for ”[k] without any prier selection
procedure. In the present chapter the selection of the best among )
k(22). independent normal populetions, will be_combjnedvﬁith a prefixed- .
icidth interval estimation for the unknown L According, however, to
the reasonable demand of the selection procedure, the least favourab}e
configuration (LFC) of the mean vector H (“1"”’”k) must 1ie in the

preference zone (PZ). The present study1

will be carried out assuming
the existence of‘a common varijance qz, introducing, at first, a

single-stage procedure when 02 is known and-afterwards a sequential

procedure when 02 is unknown. We note that all concepts and notations -

, \ , .
will be used as they were defined in Chapters I and' Il unless otherwise
denoted. ) ¢ : N <

-

Letting d>0 and 6*> 0 be arbitrary but preassigned we consider’ -

the random interval '

(IV.]) o ‘Id = (-x—[k] - d, Y[k] + d) .
/ ! .

']Moﬁification of similar existing methods .

MEN

k) ¢ ‘ ® ‘
0 M *

~
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Definition'IV.1: We say that we have a Correct Decision (CD) whenever

the event “[k]e Id cr‘curs simultaneously with the event {Y[k] =‘X(k)} s
for eve}ry u[u - u[” > 6% , i=1,...,k-1. i.e., for all

&

configurations \ = (u],...,uk) in the preference zone.

A SINGLE-STAGE PROCEDURE Ro IN CASE OF A COMMON KNOWN VARIANCE

/

Form’ulating the previous definition in terms of our notation,
J .

assuming 02 to be known, we obtain

(v penlyepz,omy) = P (upyg € 1g)oTpyq - %))

= o4 <Xy - <l ’%) T )

A r(xm um) <) o%g = T) | '

,[o {8 (. gg_)] 7 ": o (y,,éif‘) ()
J ,

-

The latter is a consequence of Theorem I.], where 61 =“£[k] '“[i]’

FANNEN

i=1,...,k-1, and ®(.) denotes the standard formal ci/ Furthermore

via Theorem 1.2 we achieve,

(1v.3) tnf PCD| € PZ,0R) = PICDj rouoR,)

el

»

o ()0 (L)t (&) .

o
. o
where, Hpe ® (u....,u,uw% and P*(n,5*) as in (1.13),, and

(IV.4)“ B(x) = w(xv) - o(-x) , x>0.

\

.
-
.

/ ,

A

o
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S\ppose that for an arbitrary but preassigned real number £€ (0,1)

4
we require,

)

(IV.;) " iﬁf“p(collge PLio,R ) = s("

If P s a prefixed level of P* . P*(n,5%) ‘recall that hk(Pg)

:"/—n-) P*(n,58%) > £ .

denotes the solution of the equation

(v.6) - pr= f o (yen (P2))dely)

1

Theorem IV.1: Under Ro’ for a preassigned £¢€ (0,1) and a common

known variance 027 the\smaﬂe\s.t sample size per population satisfying

3

(1v.5) is, St )
) : { ‘
(1v.7) N, = max 1N] ' N, . where
' ®
‘ ' hi(] -€) o2
(1v.8) "N, is the smallest integer = 9 "o
1 2
o . . (6*)
; 21 1 2 g
(1v.9) "N, ts the smallest integer = %2- [@' (1 'Eo)} " ‘

for an réo ,(0 < Eo < 1/2) , representing the root of thé equat*lon‘
J
2

1

2€

¢
-3 +1-£ =0,
Proof: By Remark (?) of Chapter I we have 1im P*(n,56*) =L‘,\ hence, (
N

as in Cor 'lary‘I.Z, . .

.. v &

-

-(1¥.10) ."for every € > 0 there exits an integer N1(€) s.t.

‘ 1-€x<P*(n,6%) <1, forevery n2 Nl(e)'{.'

’

- = ) oo
#S‘lnce also X[k]n ( X(k)n> is a consistent estimate for u[k]’

bl .
-t ' *

1 3




-

then, 1im P/-d<¥() -u[k]<d) = Hm{ (ﬂ)_w(_d\fﬁ)

M- co \ (]

N 4
' for every. d>0. However, lim @ (_Q!SiiL lim [1 o (AW n)
esoo o \o
Thus, "for every €>0 there exists an integer NZ(E) s.t.

A1
“

(Iv.11) k (] (.ngi) 1-0 (dvﬂ') , for every n 2

The latter, by (IV.4),implies that,
(1v.12) "ﬁ(ggji> > 1-2€, for every PR (€)" .

Combining now (IV.10) and (IV.12) we end up with,

vt

c o (1v.3) B(f‘-g-?—) P*(n,6%) 2 (1-2€)(1-€) = 2€2-3€ + 1

for every n 2= max {N](e) , NZ(E)} L

From (IV.10) and (IV.11) clearly this € must be 0 <€ < 1,

requirement (IV.5) is satisfied when this € {is s.t.

€ A

r
(v.14)  2€%:3€ + 1=, for €€(0,1) preassigneds

Since for every £€(0,1) there exists a unique] EOG(O,J/Z)
(1v.14), considering this €, from (IV.10) .we obtain,

63

Nz(e)u.

and the

g A

satisfying

"oy -€, S P*(n,6%) , for every n 2 N](Eo) = N1 , say ", which as in

Corollary 1.2, results in,

I

7£}V.15) "N; 1is the smallest integer =

By

-
1A rough computation yields €0=1/2 for £=0, €°=0.19

! €,=0 for £=1 e.t.c.

Pl
7/

for £=20.5,
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On the otherhand, by (IV.11) , for this €, we get, @ (Q§5i> 2 1- €,
% \
for every n 2 Nz(eo) = N2 , say. Thus, N2 is the smallest integer

)

. > :
{¢'1(1-€o)} . The latter together with (I1V.15) and (1V.13)

2

2%

completes the proof.
B

Corollary IV.1: Under the assumptions of Theorem IV.1 if in addition

P* = P*(n,6*) is prefixed at a level, say, Pg(zz), then,

(1v.16) No = max {N1 , NZ} , where, ;
ne (P*)o?
(Iv.17) "Ny is the smallest integer 2 "_?"";Z' " and
' 5*
2 ¢~ 2
n g "" ]'"Y ] n
(1v.18) N2 is the sma11est integer 2 ;2-[0 (—§—>J

with v = £/p% [’

Proof: For that value Pg , by Corollary I.2, we get (IV.17).
On the other hand (IV.5) yields, N \

(1v.19) B(E’-;/—-'-‘-) 2 E/P =y, say.

Notice that P; and £ must be proﬁ?ﬁly chosen, so that, & < P; , Since
8(x) s 1 for every x. By (1v.19) and symmetry of &(x), clearly,
0(95\(-_9-) z <~r+1)/2 . This implies {IV.18) and by Theorem IV.1 the
pro;f is completed. )

Corollary IV.2: (Criterion of choice).
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With assumptions as in Theorem IV.1,

n h, (1-€ )
a) N =N, iffFE X _0
0 ] d & (1%)
e h01-€) *
(b) No =N, iff  F>—g—
» o (l-eo) .

Proof: Evident from (IV.8) ard (IV.8.

SEQUENTIAL INTERVAL ESTIMATION OF THE LARGEST NORMAL MEAN WITH

SIMULTANEOUS SELECTION OF THE BEST POPULATION

N -
The Performance of Ro in Case of a Common but Unknown Variance

Instead of the unknown 02 we use again the pooled sample variance

k n 2 ’
S2 = ¥ I (X; ,fY]) IV = k(n-1). Then, by Theorem 1.3 and
Vo g VT

replacing in (IV.2) o(.) by F,(.), (the c.d.f. of tv~distrib&tion),

ve ge;, i
o : : o k-1 8V
o Aafyerni) - [o(8)- 4] £ 1 o o 4o
which by Theorem 1.4 results in, s
(1v.21) e o(Cojue PLoRy) = (CIEEN
A | A
[Fv( Sv") F\)( S\)")] .L F) (y+ Sv"}dFv(.V)

- where, B re ='(u,...,u,u;+6*) .




——

o e o

" (1v.23) 1im Tik)(l-éo) = hk(1-Eo) ) v =’k(n-1) .

‘ & 66

(k) ‘ '
(1) 1f T, (1 -EO) and hk(l -Eo) are s.t.,

Remarks:

(1v.22) -€, = | FS'](y+T\Ek)(1-€°))d”\f,¥)=_}°°k-]<y*hk“'€o)>d¢('y) T

- 00

then, for k fixed, clearly,

N> o0

(2) Letting 3 and z]_eo be s.t. F(a,) =1-€ , o(z]_Eo) =1-€ ,

then, . ’

. ‘ -1
(1v.24) llw (fY = z]_Eo (= o (1-60))

The Sequential Procedure Rg and 1ts Asymptotic Behaviour

Prespecifying the quantities d>0 , 6*>0 and £€(0,1), from
(IV.14) we obtain the value €, - Then for a k22 the sequential

procedure Rs is established as follows.

&
\

(a) If n,22 1is a preassigned 1v§eger, Tet zd = (x]j,....,xkj) ,

j= 1,2....,‘ be a sequence of observations taken one vector at

a time and each time we compute SS .

(b) Continue sampling until we find out two integers Ni "and Né R

such that,




. v
(1v.25) N; is the Ist integer n2n  s.t. n 2 p_y: P
and
. Sy %
. N2 is the Ist integer nzn, s.t. n ZT .
. .
(c) After sampling is terminated we select N = max { .i , 2} .

-, 2 _
Then we observe X[k]N and SVN » V= k(N-1), and choose as

best the population giving rise to Y[k] , while the confidence
N [

interval for Mgy 1s going to be I, = (Y[k] -4, Y[k] +d) .
« N N

Remarks :

y
(3) The stopping rule (IV.25) can also be expressed as,

" N 1is the Ist integer nzn s.t. !

2 (K)o 1% 2.2
n 2 max S\’[T\’ (; €°)] s S. ; }" .
(6*) d

{4) The r.v. N 1is a function of &* and d, i.e. N = N(6*,d)

and also limN=«= , as, either 6*+0 , or, d-0 (or both).

The probability of CD under R by Lemma II.3,1s expressed as,

—

n(co]ge PZ,0, S)Sn;:nop[( k€ 1 ) ( [K], = X(k))IN = n] P‘(Nsn)

\_:

P(CD’EE PZ,o,R ) P(N=n). Hence, by'(IV.ZI) we achieve,
n=n

S




S

68
*,

o 23
(Iv.26) C(6%,d) = igf P(CDI.EG PZ,G,RS)= b iﬂf P(CD‘RE PZ,U,R°> P{N=n)

n=n, )
[0 ) o ()] () )
“ N \)N N \)N - 00 N \)N N
= E{va(g-gﬂ) f{f‘\,\(y+§-§—-@> dFv (,y)1 . where, ‘ '
oy - N !‘ :
the expectat‘fon is over the distributiohaf N and
(1v.27) f (x) =F (x)-F (-x), forevery x>0,
N N VN

Remarks:

(5) f (1‘5/-[) is a continuous and bounded function of the r.v. N
NN Yy .
since 0<f (.)s1,

v
s ‘N » - /

A ] "
g .
(6) 'Fk'](y+-6-sﬂi-) is also a continuous and bounded function of N.

\Y)
N N
(7) By Remarks (5) and (6) it fpllows that the express'ionﬁinside

the curly bracket in (Iv.26) is a continuous and bounded function

of N.
J

® Theorem IV.2: For a moderate fixed value of d we have

(a) Yim - N 1 a.s. (No is as in (1v.7)).
8% 0 "o ,
(b}  1im E,%M- = ] (asymptotic efficiency) .
Toexo No ’ y f/”
(¢) lim C(5*,d) 2 ¢ ‘(asymptotic consistency). )
&% 0 )
* W™
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' 2
S * 2
Proof:” Letting V= =, f(n) == - L ga t= .__:;.).2.
g [r 1(4'!-60)] (
« v

by (1v.23) and Remark (4), for vy = k(N-1), we have,

! (k) = (k) - = -
( (Iv.28) éll:or\)N (]-60) :{i":o TVN (1 60) hk_“ Eo) .
‘ 2
»*
(a) By Lemma II.6 we obtain 1lim : N(6%) 5
5%+ 0 2[ (k)
* . a1t (1-€)
~ L 0
, , N
= 1im MSY) i g-sUm ge=1aly., since

6%+ 0 02 hk(l-eo) S0 1 60 "o

for 6&*%0 then N, =N°, in case of oz known (see (IV]8)).

(b) From (Iv.28) and Lemma" I1.7 we get,

: 2 , 2
o v MEL iy EGIE Ly, ELL
oo g s TR eso
. N

<

by arguments as in part (a).

() We note that 1im S,, *lm S =g a.s., and "
6%+0 N Nooo N

(1v.29) cm F () =VmF (.) =a.) . .
5%+0 VN Nooo VN .

Since by part (a) 1lim N=-No a.s., and a.s. convergence is

, 5%+ 0 (
preserved by continuous mappings, we obtain,
- ‘,#_ . ’
N N \d —
(1v.30) lim £ (dsﬂ)snm £ (d—‘/-—“-) = 1im B i‘ﬂ) sa( °) a.s.
s+ "N\ Sy / e U\ O &% 0 o

where g(.) as in (Iv.4). Obse‘xing that N 2N, (as &6%+0) , then by
. #. :




A

#

' (1v.31) lim  f (d‘m) >1 -2 a.s.
\)N [¢]

-

(1) m g = lin

70

» Vi

(1v.9) and monotGiicity of B(.) (see Lamma IL.4(a)), 1t follows that,

()

A4

o (1-6 )) = 1-220 This by (IV.30) impltes, \

S
B0 Sy |
On the other hand, by (Iv.29), Remark 6, bounded éonvergencé theorem and

Helly-Bray theorem, we get,

*

(1v.32) 1lim -j Ft 1<y+6 W) dF (y) = Tim f o"' (y+—ﬂ) dF, (y)
6*%+0 - N 2" 6%-0 ‘
) =2 Yim f” $+6 W) do(y) = IQ 1im Qk ‘( +-‘-ﬂ-‘)d o(y)
6*—0 - 00 ) - 00 6M

- ot '(y+hk(1-eo)) doy) = 1-€, a.s.

4
The two latter equalities follow from the facts

» .

5+)°
2/ 2

hk(l-eo) o

N

=1 a.s. (see proof of part (a))

5%0 1 6%0

(11) continuity of &(.) combined with the condition (IV.22).

. ~ .
Finally by. (1V.26), Remark (7), and bounded convergence theorem we

»
-
s

) viC
w’o C‘(é*,d): E{élﬂo va(d—S:;);mo s FkN\( +__.\£N[) dF (y)}

N EATUY B EFRS PS8

as a result of {IV.31), (1v.32) and (IV.14).

Ve T °
- L.

achjeve,

-

- .
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_ ¢ | ,
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* % Theorem JV.3: -For a moderate fixed value of &% we have, ,
. ' S G ! - - . ! ’
o . (a)  Vim Nl = 1im NL =1 as. (N, N2 as in Theorem iVv.1).
R d+0 "2 ds0 g o 0 ; S
. @ . ’Jt*)\ * ‘ - \\’ . A ‘L
4 -
( 1m EHM Ly - y ‘ y
. . & - d_.o 0 o - . '
’ . i \ J
A (c¢) 1im C(6*,d)% & , . 7 P
; i d»0" » ’ sy . ‘:.
{ : ° - m\' ‘ . .
, 2 - «
ﬁ - : 5 S . 2 - y 2
i “Proof: Letting 'vn: —\2’- , f(n) = -an— , b= 9-2- and _ ,
. . o - v d". .
. noting that, (i) lima =1lim a =2 ‘ ! .
. 1-€ . %
: 0 N " Mow |V .
. /* [ " 0&.‘ o
YRR CoE) Mets = s, =0 as., (111) Um F (L) = Um F T =0(.),
. d-+0 EI Nsco N ‘ \ c‘r-oo YN N-uo N/
A . * ] ) ks ' ’
. - (1v)‘ N ,-Nz for d—vO R wé‘“can carry out this proof fol]o\ving the ¢
g .
. pattern of the probt of Tpeorem IV 2. : - -
: T ’ Qmorpﬂar,y‘\v.B: RN
, ‘,(a), iimﬁ"—-l a.s., ‘as both 6*-0 &0 , where now No=N 'NZ c
”‘L ' \ It e "0 . ,w .
~ I(b‘) Tim gé-!)- = 1\ as both &*+0 , d-0 0. N
v b 0 . T - i
- . . . . hd . N . '(
g 0 e, o (8) limc(e*d) = ¢, as both 5% d-.o | s N
J - i - \
f ./. , <0 %
! - - a ) '1/c 7
- . s , » .
¢ L . S : )
,yi # }! ‘: ’ ) — i~ / " ‘ N
: ) . ) o L _w .
o - . . . T
L . - ) - ) Vat by “
¢ > . " R
- p Y .& ""V_
N\ !
3 A . -
. - . {
” s \§ .
’:‘ ! ) ‘ N Q\'.
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APPENDIX A ’ y;
R - . -
SUPPLEMENTARIES TO CHAPTER II
A
Proof of Theorem II.1 i
I_‘ Letting 6, =0*-0,2 0, i=1,...,k and § = (8146,,...58,) | ,e..‘ .
by (I1.3) and condition (a) we get, | S E
k k ] , ﬁ;u
(A1) P(CDIg,o,R) = T G (6%-8,+d)- T G (6%-8,-d). ‘
) i=] \ i=1
Tk k 5
oo = TG (6 +d) - T 6,(6; - d) B H (5,d), say. '
- ~=] i=] »
, ”»
Since at least one 61 =0, assume without Toss of generality that
3 = { - -
. ék 0. Take rfw any j<k-1 and assume 61,...,aj_],aj”,.....sk_,,'
fixed. ’Then; ’
. ’ \--
\ " (A2) H, (6, d) = AG (d *@BG (-d)6 (6 -d), where,
n :I
> 6 ’
. k-1 S
/A=nG(6+a B= m G(6,-d). with A>B.
) i=1 i=] , .
%] EXi ,
N k ‘ 4 ¢ \ J v 3 .)‘
' o g, (6;-d) . -
Ay However: 365 H (6 d) gn(éj +d) AGn(d) - BGn('d) W . .
B 1
. . g9,(6,-d) :
. .Since for 5,20 the ratio H(&,) = —('6‘1—?)’ attains fts largest & - .
J . o J gn j+ ) Ve K
. . P ‘:;(:l:
p _ 2 | . .
SN . ' -
4 ' \,'
'
\ e » d ' N ' > ’
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: b -
va1ue] and gn(6j+d) is kept at a lowest level, while for
4 . " ,
Gj-‘seo Tim gn(éj +d) = 0 and lim H(éj) =1, we assert that inf Hn(g,d)
¥ 5,
J
is achieved at either 63=0 or 6;; ax , Then, for fixed
. S 2 2
61,...,6-]._'1, 6j+'l""’6k-1’ by (A2) we have, Hn(é,d) s .=AGn(d)-BGn(~d)
j=0
and Hn(g,d)L . =AGn(gQ-BGn(-d) . since,
3 )
1im 6 (6,+d) = lim G, (6 -d) = 1. C(Clearly then
6.-405 n J 6 -0
J
Hn(g,d)l&:O < Hn(g’d)lé L for eyery fixed 61 , .

84410+ 28y.) - Repeating the same process for each 8, iteratively,

by (A1) we )fin'aﬂy obtain, o

4 kg ok . ‘
'Igf P(GB]g,o,R)\\J@P(CPIGLFC,U,R) = Gn(c?)-qn(-d), where, 8, . (8,8,...,8).

~ . -

Q.E.D.

‘
:
\\ .
. ‘
’ 7
e +

i?ea’sing “as BJ (i.e., © j-a*) is increasing, however, H(6 ) igr.q‘ee;e/s/.( %
) ! - k
6 §.20)

. Ve
1By conditions (b), (a) of Theorem 11.1 we may have )
gn(-é ) g (ej-e*+d) gn(e.,e*-d) r
= J i
M) = Gty " gAY ” T ¢ This, by ML,

3 decreases (note,

¢

N | .
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Proof of Theorem II.2 . J ’
. : N
Since ‘Tin is‘a consistentqestimate for ’“\81. i=1,...,k, we
¢ have P(-d < T, -8,5d)+1as now for every d>0, which implies
that Gn(d) -Gn(-d) -1 n-so . Thus, 1im Gn(—d) a 'Hm[l-Gn(d)] = 0
as n-o . He\nc;ﬁr" every €>0 there exists an integer N0 s.t. .
G (-d) =1J5(d) for every nzNo. The latter implies that

k( d) > (0 e)k €k for every nzNo. Choosing an €,

(0< €<1),, s. t (1- )k-‘g;k.= Y the proof is completed, where N is
the smallest sample size to; satisfy the requirement (II.1).

’!

. g 53
\M | - e

Proof of Lemma II.4

2

(a) Let 5/:1 < Yo the)n Qk(y]) <d>k(y'£), for every kz1,

Since Yy < _;] then @k(—yz) <¢k(—y1) for every k=21.

i

CARLIARLAERN

‘ Therefore, mk(y]) + @

however, B, (y,) = @ (y1) - o%(- -yy) <@ (yz) -Q ( -y,) =8 (yz)

-

* for every kz21.

. ) -
(b) If k=1 we get B"k(y).j$<o(y), and if kz2 we get

B (y) = kio(y){(k-1)w(y)[wk'z(y)¢k"2(-y)]-y[ok',](y)-ok"1(-y),]} ,

)

where, @(.) 1s the p.d.f. of N0,1) distributioj}. '“ 
Now we can verify, (1) 1f k = 1,2, then B;(y)<0 for e\}ery
y>0 and’ (i1) if k>2, then B;(yi <0 .only for y>y,,
while for ysy, we have ?g(y)zo. ,
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. /J [ 4 ‘.
{l‘\ X ' Proof of Lemma I1.5
’fn

Since f 1is concave on an interval of R, the negative of f is

convex on that interval, so that E(X) <o and

.

-'o < E(-f(X)) < E(f(X)) <o . By Jensen's inequality we now obtain

] L4 '
; -f(E(X)) s E(-f(X)) 1.e. f(E(X)) = E(f(X}). ) \
f - \ ] Q.E.D.
Al ' e
J
¥ B
. ° . R ‘ ’0
/ Proof of Lemma II.8 . e
. k k .
, Consider a' 1sjsk . If A = @(yi‘), B=n @(-yi) for
% i=1 i=1-

1% %, _then g(y) = Ao(y, f- BO(-y;) = oly;)(A+8) - B and—sbviously
4 B(l) is decreasing as -Vj decreases. Repeating the same process for :

every j=1,.,..,k",/ where k=21, the proof is completed.
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% : APPENDIX B

SUPPLEMENTARIES TO CﬂéPTER I

3

Proof of Lemma [II.1
S

By symmetry condition of Theorem IIi:1, for every r=1 2 2y0e.sk-1,
we obtain the foi]owing expression;

F(r41) - £(r) = 6771(4)) - 671 (-d,) - 67(dy) + 6" (-d))

= 6"(4))]ate)-1 |- "(-¢)[6 (-dp)-1] = 6(-dg)a(ey) - ?(d])e(-d]).

, e :

i .
(1) & (-dp) G(-d;) , ’
. ff flr+l) - f 0 .
. ‘Gr(d]) > G(dz)' - r+1) (r) >

However,

G”(-dz) 6(-d;) " -

(1i) = , iff fr+1)-f(r) =0 .
¢h(d,),  Gldp) - .
R \ v : . " %
N « ' !
. Gr(‘dz) (G"(-d.') ' " !
(i41) - < ; ki flr+1)-f(r) <0 . . .
G (d1) G(dz) \ . ,
- ./ -
<X . G("d ) . . .- .
&11€ﬁxféta;§—- <1, singe f1) =6ld))-6l-dy) >0 ..
: . | R 67(-dp)  G(-dy)
From (i1) and (iii) we get that, f(r+l) « f([z iff 3 -
. 6" (d 6(d,)
, Gl'“ﬂ (“dz) G(-d-l)
- which cogbined with (iv) yields, < nce
. r+l
G (dy) G(d,)
A < N ’ ~/
f(r+2) < £(r+1). Repeating the far;e brocei"s we end up with,

P o« ) . '
(81§ fk) <....< f(/ré) < f(r+1) s f{r) for every r=1,...k-1.

- / . ? oy
LJ > ‘
- i- . . S
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On the other hand (i) and (ii) imply that,

' ‘Gr(,'dz ) G("’d] )~
. S f(r41) 2 f(r)  iff - p3 which also by (4iv) gives’
6 (dy)  G(dy)

6" (- dz) 6(-d;) \
- , hence f(r) > f(r-1) . Similarly as previously
67 (dy)  G(d,) !

ﬁ

{

we obtain, f(r+l) 2 f(r)> f(r-1) >..,.> f(1)  for r=2,...,k.+ This

and (B1) complete the proof.

!
4
Proof of Theorem III.1
By condition ({) we rewrite €¥111.3) as,
. K k (
P(CD‘Q,O,R) = 12] G(61+d1) - 12] G(ai‘dz) = bg'(d] sdz)’,
where 61 = 6"'-61 z 0, fo¥ every 'i=1,...,k. Then 61 =0 for
: some 1=1,...,k; without 1oss of generality assume 8, =0, i.e.g =0* .
X .
\ : T k=1 k]:j“/)
Then, bg(dd,) = 11 G(6,+d;)6(d) - T 6(6; - dy)G(-d,).
~ i=1 131 v
¢ / -
. Leta T s J < ki assuming 6 j .10 j+l""’5k-1 fixed. Then,
L.
) . , '
¢ k-1 k-1 ‘
where, A= T G(6 +d ), B =1 G(éj-dz) with Hj. Thus ,
i=1 i=1 (
) -3 J B
L al84-dy) &
= g(&,+d,)]AG(d,) - BG(-d,)) '
i i i &N 2 g(6j+a.|)
‘ , Yo oo
. [4 ’
S . . 0 . Y A
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' 4
Since d1~l~d‘2 >0, i,e.’ -d2<':l1 we have A>B and as in the prdof
&
of Theorem I11.1 (see Appendix A) we also observe that for 63 =0 the
9(6 "d2) '
ratio H(éj) = W atta'ingbits largest value while g(6j+d1)
is kept at a lowest level. Since also lim g(6j+d1) = 0 and
lim H(aj)'= 1. as & == it follows that bj(d,,d,) s minimized -
at either 6j=0 (e*=ej) or ‘5;] = (6j = « ») for fixed-
. . o M
i
61,.. "5j-‘|’ 6j+1""6k~1' Then from (B2) we obt:.ain,
2 2
b(dyady)| = AG"(d)) - BG"(~d,), by(dud,)| = AG(d;)-BG(-dy) .
~ §.=0 ~\ 5,50
h] i
Repeating the above process, iteratively, for each 65, J=1,...,k=1,
: #
we see that, ¢
bo(dyad)| = 6K(d)-GX(-d,), thus o .. = (5,...,0)
8 1°72 1 2/° . ~LFC rroe
6,20, j=1,...,k-1
J ~ .
bg’(d1 ) = G(dy)-G(~dy) , thus 8, .0 = (-m,...,-?,e),
§j=w, j=1,...,k-1
. and the rest of the propf follows from Lemma III.1. .
~ |
: - \
\
’ i
J ) —
"~ # ' ‘_X'
L] . h
- R ’ X ;\ . R ‘

-

/
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(a)

(83)

82

Proof of Theorem III.2

Since  6°(L-d) - 6*(-d) = [ 6(L-d) - 6(-d) | 0(d), where .

kel .
Qd) = G(k'”'j.(L-d)GJ(-d), we have, .
j=0 . 4

(1) Q(d) > 1 iff 6°(L-d) - 6¥(-d) > G(L-d) - 6(-d)
(ii) Q(d) =1 iff -0 - = - ) -
(111) B(d) <1 1iff -ll= < “-ltwm

, -

Observing that Q(-=) = k, Q(=) = 0,' 4nd Q(d) is monotonically

decreasing in d;, c]eaﬁy then the equation Q(d) =1 has a
unique solution, say d', so that,
(1) 1f d<d', then Q(d) » Q(d') = T, however (83)(i) is

true, i.e., b(d) = G (L~d) - G{~d).
) Ly
(i1i) If d>d', then Q(d) < Q(d'}) = 1, however (B3)(iii)

< :
is true, 1.e.§-"b(d) = Gk(L-d)—Gk(;hd), ‘

and the proof of part (a) is completed.

2 : J
P} ‘ \

Let d<L/2, then 2d<L, 1.e. d<L-d, hence
6(L-d) > G(d)> and &(L-d) + G(-d) > 1. —Thus,

(i) If d<L/2 then G{L-d) + G(-d) > 1™ . N
. - s ) " .
(B4) (i1) If d=L/2 -v- 7 -nra <1t N
(111) If d>L/2  -o- <1,
L]
L | o

Since 1im G(L-d) = 1im &(-d) =1 as d-»-= and -

lim G(L-d) = 19m G(-d) = 0 as d—e .

. i .
' \ ) 7
. /,,(“L
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For k=2 we now have,
62(L-d) = &2(-d) = [G(L-d)-e(-d)]{su.d)#%(-d)] . with
Q(d) = G(L-d) + 6(-d). This by (84)(11) implies Q(d') =1 with d’=L/2.
e}
For k> 2 we have that,
k-1 . k=T v/ 1y
a2) = & a3l yed 2y - G““”"j(L/pej(-L/Z)
§=0 =0 )
W . )
k-1 k-1 . . k-1
(ke1)-3 i . o]
< ( j ) 6 (L/2)6d (-L/2) [G(L/z) + 6(-L12) |
= 1=0(a") X.e. o(L/2) i"q(d')‘. hence d'<L/2. i
Proof of Remark (4) A
' . k']l (k"|])"3 ./ —
Sfnce Q,(d') = J‘zo‘ ] (L-d')63(-d') =1, for every k=1,2,...,
then Q(k'”'j (L-d')Gj(-d') =,cj‘(k), a cSnstant, so that,
(Bé) Q’< cj(k)< 1, for every 3j =g,1,..’.;k-1 . o

J
a .
Letting kew , clearly gtV (1ig)63(-d) =0, which by
condition (B5), impiies that -d"‘-gw .. T.e. d' ece,

v

;e -
. e . . B 5
4 an - -~ ' 2.
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for 1. Then Bl = oly)A- ol )é=o(yj)A+ao(w ) - B

/‘ // R 84

- Proof of Remark (5)
Consider .
B o). I Lk (g el () =4, and
' k-'l k-] ]
(B7) Qkﬂ(d (k#1)) = £ & “(L-d' (k+1))5 (-d*'(k+1)) =1,
j=0 *

-

From (B6), by symmetry, we may also get,

k
G (€'060) = £ 3 (Lgr el L s"(éaa&kwe( ¢ “‘”Qx“’ (k)

J:

- Py . °
= Gk(L-'d'(k))-G(d'(k)) + 1., Comparing this and {87)
we see that there @)ists a possibility to have - RN

Gy {'00)) < Qg (€' (k81)), 1o d*(ke1) < &' (K), 1fF.

b

(L-d'(K)) -'6(d* (K) < 0 . - L Q.E.D.

Extensfon of Lemis I1.8 g »

| : '

¢ - ‘ ! ° - ’ K]
If y= (’1""‘§yk) and y = ("1"f"jffk) the function oo

x[ /‘ 4

k 'k [ .
Bly,w) = 1 o(y,}- 1 o(-wy )’ decreagés as y, and w, decrease
e e Ve L 1= “EF

. 1

for each 1=1,...,k &nd k21,

-~

1

—

Kk Tk

Proof: Let a 1sisk. Letti;\)g A= 1n] ¢(yi) and B = 1n1 o(-wi)
11=1 . )

-~

Hence for yJ and "‘j decreasing B(,Z’l') deqreases too Repeating

) the same process for all j's lsj =<ki, the proof 15 cﬁeted

1

B,

©
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APPENDIX C' K o )
L . . TABLES, . - _
5 o . .
oy 4 | ..
N b 3 l
s’ ) ' ‘z :
. o ) .
g ‘ .+ Table™d -, -
LS . ' ~ kK1 ’
. .o . .
’ kel
: Solutions h, of ©o°" (y+h )doly) = p*
- 00’ *
\ 1 \ b}
s ' k s .
~ 2 3 4 - 6 7 s |9 10
' 995 46838 49163 5069 |, 81681 52439 s3066 | 5390, | s40% | saam2 | T
N 9990 43703 46450 47987 49509 ~.| 49856 {smos 51047 | sasn 51917
Y o0 | e 39517 ane 42394 43230 42989, | 445® | asom 45523 .
¥ ] 32900 36173 v 39196 a1 1 oser 41475. | 4199 | 42436
e e o . . 9. 29045 32593 34432 sz 16692 17466 | 38107 | 38653 | 391
e R Y [ R § %m;} ) 32198 3359 | 3452 35324 | 35982 | 36543 3.70%0
6. 4799 [7-2850% - | 3052 [T lpss | 32906 33719 ({34390 | 34961 | IS4y
b s 23262 2710 29162 10852 ERE TS 12417 | 33099 | 336m |, e
L 21988 25909 28007 29419 10478 31311 32002’ 2990 | 33b9 -
93 20871 | 24865 26996 28428 29496 30344 31043 | 3.1637 32182
” 19811 2%m |, 26092 27502 28623 29479 30186 | 0785 3a30s |7
9 13961 | - 23082 25 26m37 17129 28694 | .29407 | 30012 | 3053
90- 8124 29m ‘24516 25997 27100 1712 | 28691 29301 29829
2 16617 20899 2319 24668 25789 16676 27406~ | 28024 28560
2 15178 19685 2195 23489 | 24627 25527 26266 | 26893 27434
P 14066 | 18527 20867 22423 23576 24436 25235 | 25868 | 26416
N 2 12945 17490 19865 24441 22609 23530 | 24286 | 249260) 254m
20 1192 16524 18932 | 2052 \| 2199 22639 > 23403 | 24049 | Zasie
s 5% 14338 16822 18463 19674 20626 21407 | 22067 | 22637
b 416 12380 14933 | 16614 1.7852 1.8824 19621 20293 20873
£5 See9 1.0568 13186 14908 16168 17159 17970 | 1.8653 1922 [~
e, 0" 383 3852 11532 13267 14575 | 15583 16407 | 17102 1.77%00 -
< 7 58 am Yiss w6 | L% 13057 (14062 | 14899 | 15604 | 16210 .
: . 50 - 3565 2368 10193 11526 12568 13418 | 14133 1.4748
- A8 - »¥ 6803 2662 1.0019 11078 1.1941 1.2666 1.3289
A0 - 229 s25 | s 9567 10443 | L1178 1.1810 '
C g » [ - 0588 357 5510 6918 5008 8897 9643 104
. " » - - fass a7 5257 6369 am 3030 261
. P - -} - 2014 472 4604 | 5523 £292 8981 »
. 2 - - - - 1489 2643 3579 A 5032
15 - C - - - - 0364 1319 2f 2300 ‘
C ’ ’
- . \" u‘
s \ ) » M
> L‘ N
: ! 7 ' )
. . ) ’
/ N 1] ’ [
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"Table 2
(k) k-1 (k)Y .
. \ Solutions 7 "' of [T F (y”n ) dF (y) =P
e .
k| n | Prm150 | Pr=500 | P*=.950 | P*=~.975 | P*= 990
20.5 1.14 229 AN 194 5.14
10 1.0 200 261 3.18 3.89
5] 100 19, | 250 3.02 3.64
0] 0% 190 245 295 3.54
' 25| 098 138, 242 291 3.48
0] 098 187 241 238 3
. 0 | 09 182 233 278 3
' 3 5| 1 290 3.75 263 591
p10| 156 248 3.08 3.64 4.34
5] 181 239 294 343 4.04
0] 14 234 287 338 3.92
“l2s] 148 23 284 330 3.85
- 30 147 230 281 327 3.81
0 | 14 224 172 3.13 3.62
4] ST 208 326 414 505 6.40
10 1.84 275 334 190 4.60
15| 17 263 347 167 427 e
~ lwl s | s 310 . | 357 4.13
25 LM ] 3.06 151 N
| 1B 54 303 348 401
| 16 2.46 92 3.23 3.80
: s| st 2n 353 442 537 |. 6.78
0| 20 294 353 4.08 479 .
15 196 2481 34 283 4.43
0] 19 275 326 372 4.28
35| 191 11 321 1,66 420
‘ 0] 10 | 28 318 362 4.14
o | 185 260 3.06 146 3.92
5| 5| 2% 1% 4.66 564 |.7.09
0] 218 | 308 367 | 422 ‘| 493
’ 1| 200, | 29 346 195 4.55 *
< 0| 206 287 338 387 439
4 251 204 284 333 3T 430
0] 20 281 330 373 425 Ny
0| 197 1 316 3.56 402"
., 4
7] 5| 26 392 4.85 586 7.35
\ 0] 230 319 379 434 5.05
A 151 3,04 357 4.05 4.64
0| 297 347 393 4.48
BN\ 21 293 342 386 |. 439
. 10 13 291 339 382 433
w | 2N 2.80 325 3.64 4.09
~
P
’ . [ g LY
[} 4 P2

-

b )
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' . Table 2 (continued) .
o — : ' , o
& k| n|Pow.750 | Prud0 | P*=950 | P*=975 | P*=.990
. 81 51 28 4.07. 5.03 6.05 758 -
: 10{ 2.40 329 | 3.8 444 5.15
15] 2.30 3.8 _ 365 4,13 a7
0| 228 3.0 1,55 400 455
251 223 3.0 3.50 193 446
« |30 221 2.98 346 | . 389 440
g 215 ~ 2.87 341 3.70 415
"9l 5[ 293 4.21 5.18 6,22 779
) 10] 248 .| 337 3.96 452 5.3
* 151 237 i 320 3.7 420 430
. 20| 2433 3.12 3.62 407 462
. 2| "2.30 3.08 3.56 400 453
130 228 3.0 3.5 , 39 446
- 0| 221 2.94 3.37 3.76 420
\ 10 5| 3.04 433 Y532 638 798 ° \J
10| 255 345 404 460 531
T . 15| 2.44 3.26 379 4.26 4.86
. 0] 239 |. 318 | 36 | 4B s P
251 2.36 3.4 3.62 408 438 .o
30| 235 3.11 3.58 24,01 451
o | 227 2.99 3.42 sto 425
151 5] 346 4.82 5.87 701 875
. . 10| 2.83 3.7 432 4.88 5.60
o | 15] 269 3.5 |, 402 450 5.09
20| 263 3.4l 390 | 43 488
28] 2.59 3.35 3.83 426 478
0] hs7 33 3.7 420 - 47 .
____, o | 247 318 | 36l 398 442
0] st 37 S.18 6.28 .49 934
. . 10| 3.02 3.91 4.51 5.07 5.0
" - 15| 285 3.66 4.18 4.66 525
) 20| 278 3.56 4.04 449 5.03
25| 274 3.50 :97 440 491
30| 2712 | 346 392 434 484
‘ o | 261 3.30 373 | 409 “ 45
B0 s 402 547 6.62 148 982
) 10{ 316 |» 4.06 4.66 523 “596 "
N 15| 298 3.78 4.30 478 537 _
20] 290 3.67 4:16 4.60 5.04 ‘-ﬂ
) 25| - 385 3.61 4.08 4.50 501 N
. ' 30| 283 3.57 4.03 444 494
. w | 270 3.40 3.81 4.18 461 '
C
’ rings
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’ Table 3 :
14 4 N -~
"S iuti §5° Z of '@k(z )-bk(-l ) =¥ T
0 on Y Y ‘v
L4 L .
P 7 ' A o. ~ - N \
‘ ;\7\ 0.8 080 0.85 oms 090 - A
) 1.281832 1.844854 1839984 2241403 2:57083 b
33 1.464413 1.818473 2.121241 2300901 2,711
4 1.804010 1.943108 2.234003 ¢ 2404347 2.80562 . 9
5 1.700843 2036409 2,318080 2572334 2.87090 -
8 1.702137 2.110620 2.380170 2434687 2.93300
' T 1.800060 21711709 2442114 20804006 . 2.0813 -
] 1.918757 2993718 2480778 2730729 3.02201
9 1.908786 2.268859 2.531931 2569207 30574
10 2.012812 2,308678 2507813 280837 1 308880 "
. 11 205907 2344258 2,000004 2,433030 311708
12 2.087450 2370386 2.630313 2861303 3.14203
T 137 2.119035 2405648 2.6573061 2886843 316508
‘ 14 2.140119 2432500 2682180 29100063 318747
18 2.170308 2467293 2.705147 2931540 3.20780 -
} { [
) Table 4
Soluti of'Fk(’)-Fk(-a) Yy
. olutions a,, NEALY Fo \
k=2 k=) k=t ,
. l
p NI | 500 950 975 90| 90 950 975 90| 900 950 95 .99
2 292 430621 992 [334 489 703 N2 |37 541 1T 1239
3 2.35 18 418 584 266 357 465 648 {293 389 506 .02
4 213 72 350 460 1240 .09 386 505 |2.62 134 415 541 3
L] 202 257 316 403 {226 284 347 439 |246 306 3171 467
6 194 245 297 371 ]2.18 270 324 402 |2.36 289 345 425
? 189 236 284 35 (212 260 309 37 |229 278 3B¥ 398
] 186" 231 275 336 208 253 29 36! |224 270 317 380
9 183 226 268 325 |204 248 291 349 [221 264 308 3.6
10 181 223 263 317 |202 244 285 339 |2.18 260 301 3.56
12 178 218 256 305 |1.98 238 2% 326 [2.14 253 291, 3.41
14 (L6 214251 298 |1.96 234 270 317 [211 248 285 331,
16 175 202 247 292 |1.94 231 266 31l [2.08 245 280 3.24 |
18 1173 210 244 288 |1.93 229 263 306 |207 143 27 3.19
20 177 209 242 285 |1.91 227 *260 302 |2.06 241 21m  3.15 !
25 171 206 238 279 |1.89 224 25 295 |203 237 268 3.07
- 30 170 204 236 275 |1.88 222 253 291 |202 235 265 3.03
40 168 202 233 270 {387 119 249 286 |200 132 261 297
50 168 201 231 263 [1.86 218 247 283 {199 230 259 293
60 167 200 230 266 [1.85 217 246 28] [198 1229 257 291
P 164 196 224 258 |1.82 212 239, 27 |1.94 223 249 281!




y "

e RAARSIA KR ey g

O A

L

. B
#WM o - -

T e paree eivee, g -

b , ~ t\
t vl
. \p Table 4 (continued)
k4 g
« k=5 k=6 k=1

p NJ| 900 950 975 990 %0 950° 975 9% | 0 .95/ 975 .9907,

2 402 585 838 1335 428 621 389 1415 [450 652 932 1484

3 34 415 538 746 33 437 566 183 [347 456 589 814

4 1230 354 439 570 294 3A1 458 534 |306 385 475 © 615

s {102 3233 390 127477338 406  SO8 285 3.50 420 51

6 250 305 362 . 4.44 260 307 376 459 |21 328 387 4T

7 243 293 344 415 1254 304 356 428 |26 3.4 366 440

§ 1237 2384 331 395 248 295 342 A0 [257 3.04 352 4

l‘ ~ -~

9 1233 277 321 380 243 288 332 391 [252 296 341 401

10 230 272 314 369 240 282 324 380 |248 290 332 389

12 225 265 303 353 235 274 312 363 [243 282 320 3N

14 22 260 296 342 231 268 305 A5l |239' 276 342 3%

16 20 256 290 335 228 264 299 34 (236 272 306 350
Y 218 253 286 329 226 2.61 295 337 |234 268 302 34

M 2164251 283 324 225 259 291 332 (232 2.66 298 339

3 .|214 247 278 316 221- 255 285 324 [229 261 282 330

% 212 244 274 311 220 252 281 318 [227 258 288 3

40 200 241 270 305 218 248 277 312 [224 255 283 31

) 20 239 267 301 216 246 274 308 |223 253 180 343
.60 . 208 238 265 299 216 245 272 305 {22 251 278 3

® 24 232 257 288 21 239 263 293 {217 244 269 298

k=8 k=9

‘\»
y NT| 900 950 975 990 | .00 950 975 990

2 . 6.78 969 1543 |485 7.01 1002 1594
3 360 3.72 6.09- 841 |37 4.86 626 864
4 317 397 489 633 |326 4.08 502 648
b 294 360 431 538 303 3.69 441 550
6 281 337 397 484 288 346 406 494
1 271 322 375 450 [278 330 383 45
L] 264 3.12 360 427 (271 3.18 367 4

g 259 304 349 ‘409 [266 3.0 335__ 4D
10 255 298 340 396 |[261 3.04 346

12’ 249 289 327 378 [ 2554 295 333 484
14 245 282 318 365 |251 288 324 37
16 242 278 312 356 |248 283 I8 36
18 240 274 307 350 |245 280 I3 35S
20 238 2727304 344 |243 277 309 349
2 235 2.67. 297 335 |240 272 302 34
30 2337 %64 293 329 238 269 298 3
& “H230 260,288 312 [235 265 292 326
50 228° 258 285 318|233 262 289 322
0 227 256 283 A5 |23 361 287 319 \
® 222 249273 302 221 253 217 306

g
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Solutfons x, of "oe-x) - o(-x) = d)k(c-x)—ok(-x)'

Table 5

'

v

-

(1

3

q 3

6

134

4

12

14

. s e s o s .

.

VORI

iy

I3
.
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0’3087
0.3596
0.4108
0.46]4
0.5125
0.5636
0.6148
0.6601
0.7173
0.7688
0.8203
0.8718
0.9234
0.9731
1.0268
1.0786
| 1.1308
[ 1.1823
. 1.2343
1.2862
1.3382
1.3902
1.4423
1.4943
1.5464
{,- 9985
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1.7027
1.7548
1.8068
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0.1767 0.079? -0.0033 -0.1203'-0.2188

0.2285,0.129%
0.2804 0.1824
0. 3325 0.2356
0.3848 0.289]
-0.4372 0.342°
0.4897%. 3900
0.5424 0.4507
0.5953 0.5049
0.6482 0.5593.
0.7013 0.6139

0.7545 0.6686"

0.8078 0.7234
0.8612 0.7783
0.9147 0.8333
0,968 0.8384
1,019 0.9433
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1.2368 1.1643
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1,3444 '1,2736
1,3982 1.3297
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1.5595 1.4948
1.6432 1.5497
1.6669°1.604%
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0.1586
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0.2680
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0.713>
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1.5562
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-0.0182
0.04l6
0.0973
T 0.1544
0.3115
Q.2639
0.3266
p.3844
0.4423
0.5004
0.5585
0.6167
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<0.7352
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0.84%0
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0.9019
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0.183y
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0.9712
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1.3348
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«0.353°
-0.2941$
-0.2340
0.1733
-0.1130
-0.05326
0.0087
0.0703
0.131y
0.1937
0.2535
0,31°35
0.3791
0.1308
0.5025
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0.7381(
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0.8%00
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376340
.410896
444367
476899
.508442
538952
.568392
596731
L62394)
650009
674917
098658
731233
.742644
. 762901
. 782019
.800015
816914
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.847529
.861308
.874116
.885990
. 896970
907098
916413
.924968
.932790
L9359934

936438

.952346

L 364901
.398629
431526
463599
494797
.52507¢
,554395
582717
.6l0012’
636252
661418
.685393
.7084060
.730332
.751091
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.789311
.806796
.82322

838609
.852987
366385
.878836
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901041
910473
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93577
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.918u85

.352644
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417935
.439501
.480438
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.539758
568112
.595542
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.671961
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JT37762
.739071
,789310
J778479
.7963483
813634
819647
843043
.858045
.871684
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.90534y
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923024
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.935434
L2441

.319733
350914
.38180!
412339
A4
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591669
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643045
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L8909 71)
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NTud5
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The valyes of c (ugper entry) and Xy (1ower entr_y)"
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for Exact’ y Values of ab(co xo) o( xo) , o (co o) ( xo)
. e 2 N N
:& B R 090 . 09 .. 0.97% 0.9
- Ce2.3007 1.2897 39°oo 4.4830 5.1510 i
2 1.1503 . 1.6448 4\| C218 2.5758 '
3 2.3387 7.3290 1, 9590 £.5204 5.1870
_0.9936 175094 183715 2.1295 2.4102
4 2.3946 - 3.38% 4.0 ° 4.5760 5.0
. g 14466 1.7833 2.0816 2.4325
s 245 3.MD 4.0717, 4.6270 w5860
0.8827 14108 1.7530 20547 2400
s 2.5070 314983 4.1200 4.6722 5. 3280
0.8303 - 1.3478 1.7 1.0376 2.3442
2.55%0 3.5435 41622 4.7121 5,365
l 0,803 . 1.3718 1010 2.0287 . 2.
g 2.5981 . . 3,5837' 4.2000 4,74%0 5.3080~
0.7903 .  1.3600 1.7102 2.0172 2.3%!
9 2.6369 3.6197 4.240° ~  4.7800 5.4280
.0 1.3%09 1,702 2.0106 3.0
10 2,672 3.6524 4.2644 4,8083 5.45%0
C o 0.7667 1.3437 1.6966 2.0030 2.36%
" Ll 2.7044 3,682 4.2973 4.8350 . 5.4
) Q.78 1.3379 10 _2.0010 2.3620
12 2.7340 1,7094 4.3180 4.8 . 5.500
0.7511  © 1,130 1.6877 - 1.9 . 2.3592
_— 2.7613 °  1.1346 42816 4,881 5. 5220
0.74% 1,3289 1.6843 1.9942 23562
‘14 2.7868 3.758¢ . 4,368 4,9020 3.5410
bV 0.7400 1.3255 1.6813 1.5919 2.3538
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