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*, ABSTRACT -

SET THEORY IN HIGH SCHOOL:

e AN ERROR IN TIMING?

. Brian Patrick Kirlin

Al ‘ <

This thesis deals with the effect of

set theory on the solution of simple equations. .

The research concerns itself with the readl

situation within the glassroom. Tests were

. designed- and administered to high school
students from grades seven through :ten.
results were analyzed and they seem to
indicate that set theory should not be

introduced in_high school.
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that would enable them to solve problems of everyday . -t E

correct answers a child could obtain in a given time.

{{OW SET THEORY BECAME PART : “
OF THE CU.RRICULUM
3

Instruction in school mathematics from 1900
to the present time may be divided into th distinct
periods. From 1900 to the mid 1950's, we have the
eta of the traditional mathematics. The period
from then until now can be dgscribed as the era of
the A:w math or modern mathematics.

Startiné in 1890, various éommittees and
commissions were prominent in making recommendations
for changes in the mathematics curriculum‘gpd in
methods.of teaching mathematics. By the end of the
cenyfiry the curriculum was set. It was set with a | ;
view of meeting some reésonably uniform standards. ~
During this first period the aim of the elementary

school mathematics was to teach children the skills

life. Arithmetic was thought of as a tool subject.
Speed and accuracy fn computation were the chief
goals for arithmetic. Psychological experimentatioﬂ ,
resulting ;5 the advent of intelligence tests at “4

the beginning of the century further affected

2 .
schools and mathematics teaching. Standard achievement

tests were adiministered in order to determine how many

o

-~ ' ¢ -« : ' v By

by N . A



Norms were set to classify the children according
' . to this ability. Ch%idrén who did not do ‘well on
_ these testS‘were'giyén.more drill exercises in order
to bring them up to the "norm". .
The most imp?rtant committee report of the . o,
first haif of tqé'twentieth ceﬂturthas the 1923
Reportl bublisﬁéd by thé‘National Committee on
Mgthématical Réquirements. It established three
< aims‘for the'teaéping of mathematics: ' ' .

> N ) . 3 . - '
1. the practical aims for cultivation of.an

understanding df the fundamental concepts

and processes of mathematics;

v
e g 2 o

2. the disciplinary aims for the deQelopment
of the'ébwér to think logically; and
3. the cultural aims for the acgﬂisitién of an
appreciation of mathematics.
The . curriculum remained basibally the same until
the mid 1950's when a érowing d#asatisfaction began

to emerge. This dissatisfaction was brought on by

the fact that students in general were not doing well

in hathematics. Defects in the curriculum were blamed.
rd

There were several.

1 DAVIS, D.R. The Teaching of Mathematics{ p.2

2

KLINE, Morris. Why Johnny Can't Add, p.Ll?
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First, there was the problem of deciding to

'whom we would gear our teaching; do We
¥

v &

te;ch to the college-bound student or

to the student who ﬁeeds a practical

knowledgé‘gk arithmetic. p

Second, there was the problem of thg disjointed

presentation of mathematics; even in

arithmetic, fon example, some students

could‘not,see the connection‘betweenﬂ
" Qecimals and fractions.. -

Third, there was the pgobiém of dating; many
topics were oﬁtmoded. Topics which had
béen significant for generations no
}onger carried the same siénificance.

Fourth/.phere was a problem of motivation and
aéppeal.. N .

Fif£h, thére was thé problem of reliance on
membrization.

Clearly, reform was necessary. And with the

launching in i957 of Sputnik, even the politicans

W

wéere convinced. As it turned out, ,the reform offered
2 L]

as much a new approach to the traditional curriculum'f -

as it did new contents. It is interesting to note

i

that the impetus to change the mathematics curriculum *

came from above, from the university mathematics

-




teachers. They had complained that high school

3

s

students were not adequately prepared to learn

I a

university mathematics. The basis of their complaint .

o @

was that the high school mathematics teachers were

- llr ' e

N - . ‘
unaware of the tremendous changes #n mathematics .

that had taken place in the last fifty years, They \
continued to teach the same mathematics that they had \

been taught. Om the uniwversity- level, there was a
tremendous development in mathematics. On ‘the high < '

& ‘e -

school“lgzel, the mathematics proqf;m remained static. . .
The University'o% ;lliﬁois_became the pioneer in thé

;ttgmpt to feyise the high schosl curribulﬁm, Vaughn,
» Beberman and Henderson were responsible for the early

UICSM (University of Illinads Committee on School

.

Mathematics) program which began in 1952, five years

°

before Sputnik. Other projects soon followed the SRCASE

lead of the University of Illinois. .There was the

ot
»

Commission on Mathematics set up by the College i

s

' Entrance Examination Board, the Sécdndary School

Y ‘ - . ' .
Curriculum Committee ‘founded by the National :-Council .

of Teachers of Mathematics, and the'Sécondary School -

Mathematics Curriculum Improvemént Study organized ‘

by Professor Howard Fehr of' Columbia University. .

.
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Since the reform offered as much a' new approach

s

“to the traditional‘curricufum as it did new contents,
it was felt the contents should contribute to thé'
goals of eleﬁentary and secondary school education;
and ?he approagh to the ﬁaterial should make the
content inviting and aid comprehension as far as
possiblev.3 As history will corroborate, curriculum
refof@ recei&ed priority. §

SMSG (Schodl Mathematics Study G}oup) became
the lérgest“project to revise the high schoot
curriculum. A team of w;iters prepared books for

¢ .

the ninth,, tenth .and eleventh yeaxg of the high

<

school curriculum. It soon became evident that, just

as previously the high-school gra&uates were not =
J : . .
ready for university mathematics, the ninth grade

°

students were unable to cope with’thefnew mathematics.

!

It became nkcessary to prepare the students at an

earlier age for the high school mathematics. The
’ ) < -

result was a new junior high school mathematics

program. But the seventh grade sﬁhdents weré_not‘

) Q

prepared for the new junior mathematics program.

SMSG then assembled a team of writers to prepare a
) . 2

program for the fourth, fifth and sixth grades. . This

. y <
was §oon followed by a series of texts for kindergarten,

L , a

KLINE, 'p. 27
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. "so-called modern mathematics". Fogs

R

fir;ti second ahd third grades. The final outcomg.
Qés a mathematics program for kihdergar%en.through
twelfth grade. ‘
The end result of this reform was a new
!m?themq;ics program that discarded sevéral topics
and addéd new ones. . Among the new ones, we find
set thebry. To guote ‘Rene Thom: "Set theory is the

essential litany intoned by those who advocate the
. A v

.

4 ' '
THOM, Rene. "“Modern Mathematics: An
Educational and Philosophic
Error?" American Scientist,
-~ p. 698 g
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WHAT IS SET THEORY?. '

-

Set theory is associated closely with th? name of
George Cantor. He was ﬁot the first mathgﬁatician
to consider such ideas but it was he who developed
them far'more extensively .than anyone else. He L
produced a subject with a character all of its own.
It was chiefly upder the stimulus of his work that
the fundamental role for set thébry was propounded
in research maéhematics“and ultimately in math-

' {

ematical educatiqh.

Howevér, Cantor's naive set theory developed

logical difficulties and paradoxes appeared. ‘Because’

qf’thisl an axiomatic approach .to set theory was'adopted.
This was more in line with-ideas developed several

years before Cantor by George Béole. His view was

tPat ﬁathematicswand logic should be associated.

Boole establisbed a new algebra known as'onleaﬁ
Algebra or,Ehe Aléebra of Sets., Notations have
changed somewﬁat since Boole's day, but the fund-

amental principles are those that were®laid down

by Boole more than a century ago.

Boolean set theory describes the following '
. , -0 .

ideas: set, subset, empty set, universal set,

-

PP ‘_m_,‘a%_:.
-/

ey
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opefations on sets including the logical product
(interséctign)#anﬁ the logical sum (union). Boole’'s
work wgé<continued by several people including
DeMorgan who discovered the law of dualitﬁ-- for
e&ery proposition involving fbgical addition and
multié&ication, there is a corresponding proposition

in which the words addition and multiplication are

interchariged. In particular, we have DeMorgan's

formula for complementation which will be described

Y

later. The elementary and high school curricula
use Boolean set theory and DeMorgan's laws.
The basic notion of set theory is the concept

of set. This basic concept is, in turn, a product

of historical evolution. Originally, the theory of

sets made yse of an intu%tive concept of set,
characteristic of the so-called "naive" set theory.
At that time, the word "set" ﬁad the same imprecisely
defined meaning as in everyday iapguage. Such, in
particular, was the concept~of seé held by Cantor.

"A set is announced at the beginning as 'any

collection M of definitely well-distinguished objects'>“

m of our thought or our intuition...into a whole' "

[y

5
GRATTAN-GUINNESS. "Not From Nowehere,

~ History Behind Mathematical Education," '

int. J. Math. Educ. Sci: Technol, p 426
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'Such a &iew became untenable, as in certain
cases the intuitive concept proved to/be unreliable.
To oye;come.the vagueness of~intuition associated
with the conéept of-set in certain more complicated
cases, school set theory was presented in two wafs:
féxiomqtically and with Venn diagrams, two extremes

{
"2

to éay the least.® Under the simplest axfomatization,
the primitive notions éf sep'theory are “set" and’
the relation "to be an element of".

Freudenthal has éxamined several Fextbooks

written by people who claim little children can learn

set theory. He feels that most of these texts

" . probably could not be understood by university

mathematicians} However, some’ texts are better than
others. One text entitlgd "Algebraic and Circular
Functions" in current use‘(at the grade 11 level)

in the Protestant School Board of Greater Montreal

is a typical one; it describes sets in this way:

. "The term set is regarded as one of the basic undefined

ideas of mathematics. We find it useful to establish

an intuitive idea of what we mean by a set by using

what we might call-a "pseudo-definition".

"A set is a collection of objects from a

specified universe. '

’

A set is well-defined if each member of the

universe is either in the set or not in the set.

6 FREURENTHAL, HANS. Mathematics as an Educational

Task, p 334

qner e
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The complement of a set A is that éet Bf elements
in U which are not members of A. !
On these sets we define the following operations: !
Union: The union of sets A and B, symbolizéd %
. AUB, is the set, of all elements that
are members of either Axég B. ' ‘
Intersection: The inte;section of sets A and B, \ e
symbolized by ANB, is the set
of all elements that are members
of A énd B. "
Complementation: i. The complement of a union
is the intersection of the
complements.. .
Symbolically:
. ‘ (AUB)' = A'N B'.
ii. The complement of an
intersection is the union
of the complements.
Symbolically:
. : _(AnB)' = A'UB'. "
(The ﬁrevious heading is a statement of DeMorgan's laws.)
The text then gives the following as the basic axioms

of an algebra of séts. (note: for the pseudo-

definitioﬁ‘of set, these would be theorems.)
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l. a. ANYB = BNA b. AUB = BuA

2. a. (ANB)NC

[}

3. a. An(BUC)

. ' -
4, a. ANG =@ b. Aug = A
5. a. ANU = A b. AVU = U | -
A ":
L | ¢ . L4

6. a. ANA' =@ b. AUA' = U

7. a. AIA'= A - b. AUA = A

8. a. AN(AUB) =A . b.Au(AnQ3=g

9. a. (ANB) ' = A'UB', é,iAuBﬁ;;k'QQ'

10. a. U' = ¢ . . b. g' = U ,

11. (A') ' = A

12. A°B if and only‘if ANB = A and ° -
| A°B if and only if Ang = B.

A Venn diagram is the picture of‘;he,intefidr of a
simple closed plane curve. Today's use ofighese
‘diagrams differs from their original design. Certain
theoretic&l,difficuléies exist such.as how one could’
- represent one set being an element of another or the
properties of a set befng finite or infinite.7 There-
fore, many textbooks edﬁtain a wordihg such4as the
following: = "Venn diagrams/ao not prove the truth of

a relationship between sets; they only illustrate its

" plausibility".8

FREUDENTHAL, p 342

. 8 . ]
. o PATERSON, CLARK, et al. Algebraic and
‘ Circular Functions, p ©

»'

AN(BNC)  b. (AUB)UC = AU(BUC)

(ANB) U(ANC)b. AY( BAC) =(RJB) ) (AUC)
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WHY TEACH SET THEORY? . |

" The impdrggnce of the £heory)of sets in all
present-day mat&gmatics is due to the fact that, as
experience has shown, practically every mat atical
coﬁcept can be defined conveniently in termjf:f set -
theoretical -concepts; and every mathematical
sentence can conveniently be made into a set-

Eheoretical sentence. o ‘ -
Robert E. K. Rourke presented a papér in 1957

v

entitled "Some Implications of 20th Century Math-

ematics for High Schools", at the annual éene;al-
meeting of the National Council of Teachers of
Mathematics. According to Rdufke, to create a new

high school curriculum, one does not have to

-

~

discard all the traditional topics but raghgr‘
enliven them with a new point of vigw. He presented
what he believed to be five sound }gasons For usiﬂg
certain"ideés‘of modern ;mathematics in bufidiﬁg a . :
high school curriculum.

"l. TO CLARIFY. We h;ve a lot of fuzz

. M . .
in our -texts and in our teaching. K

143

At many points, modern thinking
can help us to sharpen the ideas o

""and bring them into better focus.

2. TO ‘SIMPLIFY. We need to delete many
EY . s : Q




B ‘: ~13-
/ | @
// useless and vague terms. Modegg& . .
J/ notiong can help us trim off a lot

of the fat. /

(L o
3. TO UNIFY. We have long'tglked about
// the need for integration and
integrating concepts. Where can we
. find a better integrator than the
concept éf a éet? Sets gfve a -new
- unity to the study of equations, .
inegualities, relations, functions,
sample ?ﬁ%ces and so forth.
' 4. TO BROADEN OLD IDEAS. .We can géin
and give new insights into many
topics, such as, for exdmple,
gréphs and loci, -thus developing
néw interest and enthusiasm.

5. TO INTRODUCE IMPORTANT NEW IDEAS.

A great portion of the modern . e

. . . vocabulary and many modern concepts, ' °
are quite within the range ;f,
abilities of high school students.
Often these notions-are easier than . .

traditional material. Here is an




school algebré, Rourke feels that there are certain

b - '

§

v

opporiunity to help our able

students prepare for college more

effecﬁively."9

. As for the role sets should asspme in high

-

definite‘advantaggg in the use of sets in high school algebra.

e

i e e S s W7 T va——a

First, it enables us to approach equalitiesw
1 .
and inequalities together. The neglect

v of inequalities has been unfortunate
i
in our' teaching; some of aur best

studen%s are handicapped in the

calculﬁs because their introduction to
inequaﬂities*has been too little, too
late. (One should note that Rourke was “5 o
talkingiabout pollege«bound students.) , \

Moreoveﬁ, in some important modern '

R T

applicaﬁions of mathematics (linear

programming, for example) inequalities '

are morelimpbrtant than equalities. - | :
Second, by identifying the points corresponding’

to the solution set of a sentence as

the gra@ﬁ of the sentence, we broaden

v 9 .
ROURKE ,RE.K. "Some Implicationsg of 20th
Century Mathematics For High mﬁ7
” Schools," The Mathematics Teacher,
p 74-75.
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N " ? /
and clarify the concept of the graph.- /
Third, before becoming immersed in the |
manipulativ; aspects of solving
requations and ineéualitiés, we gain ,
insight into the meaning of the process.

Fourth, we gain some experience in the language

;df_sets. /

s
s
/

An/article by R. L. Wilder goes even further.

The real power of the theory of sets, and the
, .

circumstances that gave it ultimately its Key position
in modern mathematics, may be found in the extension
of Cantor's researches into the .real number continuum. i

35

During the mathematics revoiution[ éet ﬁhedry was
agplied to tﬁgw?hQsi}ng of fdndamengal.operafiéns.
It was chiefly to elucidate’ the napu}e of number that
the teacher used the set concept in modern systems of.

. "
teaching arithmetic. For, by consideration of sets and

o Ko Vanch gl oA s

~operations with them (union, intersection, etc.) one

could arrive at a much better intuitive understanding

: 3
of the nature of a number and operations with them. 10 :

/\x , ]
WILDER, R.L. "Development of Modern
" Mathematics,"” Historical Topics
for the Mathematics Classroon, .
p 466. '

10




~16-

WHAT IS ACTUALLY TAUGHT?

What parts of set theory actually appear on

the curriculum?

Py .
f:;;a The following document has been produced-by
%gé}Bepartment of Education's Curriculum Service
.of ;he government of Quebep for use by teachers
in the elementary séhool. In essence, it is an
updating of the 1972 dQcUment entitled ELEMENTARY
MATHEMATICS - LEVELS K-SIX GRADE GUfDELINES.

"LEVEL K q
SETS ‘ Use terms: set, subset
member, empty set. Sort

and classify objects.

Compare number of objects.

\('i &
\ 4
' Match numeral to number
of 'a set, 0 to. 10.
OPERATIONS and, Separate sets to 10 .
A -
PROPERTIES .Join sets to 10.
LEVEL 1
SETS ‘Use terms: set, subset,

f ‘ member, empty set. .

Y

© o e e T

RV
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LEVEL 2

LEVEL 3

. B

Demonstrate ability to
sort, match, classify

and count.

Use terms: set, subset,

member, empty set.

Use terms: set, subset,

9
member, empty set.

Demonstrate the written

‘use of{ } .

Use terms: set, subset,
member, empty set.

Demonstrate the written

~use of{ }

LEVEL 5

' -
Use terms: set, subset,
member, émpty set.
Demonstgéteqﬁpgytion

sets for equalities and

LA

il

.
A e R i
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inequalities. Demon-~

strate the written use

of { ]

LEVEL 6

Use terms: set, subset,

. member, empty set, union,

0

™

intersection. Demonstrate._

L]

solution sets for equalities

and inequalities.

Demon-

strate the written use of

{1.0,u

" According to a document entitled "MATHEMATICS °

IN SECONDARY I-Ii—III—IV REGULAR AND ENRICHED

3

STREAMS" published in June 1972 by the Deﬁértment of -

Education's Curriculum Service of -the government of

!

Quebéﬁ, the following p;rts of sét theory must be

4 taught in Grades 7 through 10.

Notion of set;

- ‘membership

SETS

T

- exampies of the use of

N

thé term “éetJ in.math-

[y

ematics

- e.f

k]

- -
W a e e e e ik 7
i
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ty

N

Rescription of

1

a set ,

Intuitive notion
of finﬁ&% set and

) J
infinite set; empty"

set

o

A 3

b3

‘o

description by listing;
for example: {a,bjc,df . ¢
{1,2,3,...9,10] ; ;
f1,2,3,... %, {1,2,11,12,.

21,22,...} . .

cardinality of a finite

Y

set L .

description by set-builder

nog§tion, for example, coo
E={x | x+ 3=10, x e_n} =

. - (

\
characteristic domain
. o, ) . L .

(or def1n1n9)~ of .
property

variable -

examples of: finite sets:
empty - set ® denoted by f#

or { }, ‘and other finite

»
1Y

gsets: for example, , .

‘ .
{x_lx ¢ 1,ooo,qoof:<ey} : i
- ]

examples of infinite sets:

LU r N
N, the set of odd numbers, '

the multiples of 5,
{ix\llx( 2,, xe‘lR},, etc.

-

a~
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o7
Universe, subset -
and complement;

equality of sets . -

i ‘ . ENR -
"ENR -
\ ENR -

. g g

complement of a set in
a given universe.
Remark: There are several/ .
types of no;ations,k
but A' will be
the one used in
exams for compiement
of A.
@' and U' (where U is the
universé).'.
(A')' = A, whatever A is,
i@ a giQen univérsé.*
subset of a set;
c

definition, notation

find all fhe subsets of

‘a given .set (up to 4

elements)

.equality of sets:

A=B iff AS B and BEA.
proper subset: definition,-

hotation C :
Pl

‘number of subsets of a

2

finite set.
applications to simple‘

pfoblems of listing

“outcomes and. counting .

events.
J

- )
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Venn Diagrams

Operations

properties

and

-721-

. ENR

representation of 1, 2
and 3 sets in Venn
diagrams.
simple problems
involving these diagramé.
¢
definition of union and
interséction (with the

set-builder notation)

~applications and exercises

Venn diagrams and their
use to illustrate certain

properties of the

. operations of intersection

and union (commutative,
associative, distributive)
rples of # and U-with
respect to intersection

and union in the universe U
DeMorgan's laws:

(ANB)' = A'UB' and

(ALJB)'T A'NB',

separate document entitled "MATHEMATICS IN SECONDARY

"

(REGULAR STREAM)" published in March 1972, 'again by

i S

o, i
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Py

the Education Curiiculum Service of the government
of Quebec sets out the following program for set

[

theory in grade 11. »

SETS Remark: you‘might begin bQ
ﬂiscussiﬁg sets, Venn
diagrams, and operations
on sets. This would be
followed by a discussion
on statements which are

related to set operatians.

e

Concept of set "Set" is'gn undefined term.
and.of membership Correct usage of this

o'
in a set term should be developed:

- intuitively, by means of
examples
- - more formally,-by a

discussion of "well-

defined" sets: for a given.

object x, exactly one of
the following statements
is true:

- x €A, x ¢ A.

ekt e o "




Universe

bDescription of

~

a set

Number of elements

in a set

4

> some }nfinite seto:

Pupils should be familiar
“-with the concept of a

universe (or domain) for

a variable. Insofar as

possible, the universe’

should.be indicated

'R
whenever a variable is
used.
Tabulation- (listing) is e

useqd for finite sets and
S

st

e.g. N= {_01112'-.- ’_}° Forg

P

LT 5
Set-builder notation

-

(standard description)should
be used as frequently as

possible.

»

Intuitive approach to the

concepts of finite set ' '
and infinite set.

fhe emptf set is, by

definition, a subset of

every set.

Pupils should be familiar

’

f
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Operations on

sets.

Properties of set

operations.

—

with the notation N(A)
to denote the cardinality

of a finite set A.

)
(2

Inters?ctioQ, union, and
cémplément. A distinction
should be made between the
operatiohs and the résult

of the operétion.

The cases of commutativity,
dassociativity, and distrib-
.

utivify should be verified

using Venn diagrams.

Similariy, properties.of

‘taking the complement

( (A")', (ANB)'. (AUB)'
should be verified on Venn
diagrams.

The roles of:ff and U with
respect to union, inter-
section, and takinq the
complemenE should be
stressed.

Pupils should have experience

)

P
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with problems dealing with
the cardinality of finite
sets.

These might include

finding the numerical
relationship between
n(AUBUC) and the cardinals

of A,B,C,A N B, .

ANC, BNC, AnBnNC.

Proper (c) and improper
(c) subset.

Equality of sets
Equivalent sets: two sets
are equivalent iff therg
exiéts a one-to-one -

correspondence between

“their elements. 1In the

case of finite sets, this
means the two sets have

the same number of elements.

To what extent is this curriéulum followed? Extensive

consultation with teachers and mathematics supervisors

has convinced me that within the Protestant School Board

f \
of Greater Montreal, it is followed closely.

'~

“
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CRITICISM

*
v

\

During the past twenty years there has existed a
sharp division of opinion regarding the new mathemgtics
/ ‘curricula. Attitudes have ranged from strong csmmitment
to sweeping condemnation., We have héard from several
people who heartily endorse the addition of set theory
to the elementary and secondary school curriculum.

But just as many feel that it was a mistake. The% have
directed much‘ériticism uﬁonakhe new math and,’ in
- particular, upon set theory.
One of the most vocal critics of the new math
 from its very inception has been Morris Kline.:'At
meetings of the National Council of Teachers of
’ Mathematics, he attracted lafge audiences of
-4 frustrated teachers who were encouraqed by the
grilicisms of someone with Kline's national reﬁhtation.
According to Kline, although the word"set" is .
useful, learning the associated concepgs (union,
intersection, subsets, etc.) is a sheer waste of time. ~
Set theory plays a role in very advanced and sophis-
"ticated theories of mathematics, but in elementary

//,//: mathematics it plays none., In fact, it is almost

certain that set theory was introduced to give the new

math the air of being sophistiépted and advanced .

cH LI -t
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rather than because it is helpful. 1t happens

to be one of the few topics of advanced mathematics
that can be presented without requiring prohibitive

ragkground. Beyond using it artifically to define

concepts, Kline feels that no significant use is

.

made of the subject and that, in fact, only the

vocabulary survives.

One of the defects of the traditional curriculum,

.

“according to the' modern mathematics.leaderg, is its

Yo N

imprecise language. The looseness and ambiguities -

are supposedly go numerous and so deplorable that

A i

students are seriously handicapped. The new curriculum
claims to eradicate these defects by introducing

precise language.
H

To illustrate the inaccuracy of the traditional
language, the modernists give the foilowing illustration.

"pPeter has four bhalloons and Joe has five balloons.

AY

How many balloons do both have?" Almost everyone would

understand thehlanguage to AEan "what is the sum of

the number of balloons Peter has and the number Joe

has?" and would answer nine. Not so, say the modernists.
Both boys do not have any balloons, and they mean, of

course, that thewy have no balloons in common., *1 ’

11
KLINE, p 74
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It is claimed that precision of lanquage is insured by
using the language of sets. By using the concept of
) set, one can rephrase and presumably make precise
many mathematical statements.

Kline feels that to secure precision, the modernists

r

~have replaced many définitions #n the traditional texts

with their own versions. They carefully define every

» .
-concept that is used, thereby creating an immense

amount of terminology. 'Much of the terminology is i
abstract and, much is totally unnecessary. As an
example, we place labels on things that need not be
labelled, for example, binary operation. Or we
replace older terminology with newer terminology to
no particular advantage, for example, x + 2 = 0 had
been called an equation; now it is an open sentence,
open because the value of‘xkis no£ specified.
Futther light ié‘sheé on the problems of term-
inology by René Thom iﬁ an article entitled "Modern
Mathematics: An Educational or Philosophic Error?"
Some people affirm that the use of set theory
permits an entire renovation of mathematics teaching
and that, because of this, the average student will
be able to achieve mast;}y‘of the cqrricuium. Thom

believes that this is pute illusion. As long as it

PR "'ﬁ-}lcﬁmwmw .
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'
is a m;tter of handling the obvious facts of
naive set theory, anyone can get %y. But this

is neither mathematics ncr'eyen logic. 1In the
early years of secondary échool, students should
learn the use. of the symbols € N, U < . later,
they should be introduced to the:quantifiers, and
that should be the'end of it. 12

Many critics have charged that the new

. mathematics texts are nothing more than dictionaries.

The excessive terminology hgs‘been criticized by
R.P. Feynman, professor of physics at the California
Institute\of Technolagy. He served as a member

of the California State Curriculuﬁ;Commission when

£
H

it examined texts in use in California schodls. ’
In an atticle "New‘Textbooks for the New Mathematics",
Be attacked the excessive uselof terminology. He
also criticized the precision sought ;y'using set
language. He;mimics the precision by pointing out

"a zookkeeper,‘instructing his assistant to take

the sick lizards out of the cage, could say,

‘take that set of animals which is the intersection

of the set of lizards.with the set of sick animals

out of the cage.' This language is correct,precise,

set theoretical language, but it says no more than

THOM, p 699

—
°
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'take the sick lizards out of the cage.'..."
Further, in his article he states that "...the real
probiem in speech is not precise language. The
problem is clear language".

Freudenthal feels.thak‘pathematics has been struck
by ;nother evil: the mathematics the pupil has to
'learn after set theory is determined, both as regards
contents and didactics, by sef theory rathe; than the
other way around. This is especially awkwqrd if set
"%heory, as often happens, is-taught in a way that
afterwards makes any further mathematics teaching
impossible. If only finite sets are considered, if
setsjare incessantly illustrated b? (often wrong) - .
Venn diagraﬁs; if the teacher behaves as though
letters do not meaﬁ anything but themselves or mean
spots in a Venn diagram,.then the way to understanding

variables is blocked. This prevents pupils from

learning that letters are used to indicate variables,

and that, ih.parlicular, a letter in algebra can
mean an integer, a rational number, or a real number.
© The student must learﬁ tpat mathematics is not a

game with letters. \

Freudenthal believes that explanations of set" N\
. 13 ,

t

theoretic’ concepts move between two extremes

' .
] . "

At

FREUDENTHAL, p 334

13




-31- . *’
which are approximately as foilows:, One is a
formal definition of what a set is - the formal sham
definition. Concepts such as “"set", "element of..."
mark a threshold you cannot transgress with fresh
questions -~ it is- the same with the concept of
natural number though some people mistakenly believe
that they can défine it by pure‘set theory. This
does not mean that set thepry should be started
by axioms, although thefe are school texts for
11-12 year-olds that introduce sets axiomatically.
This is a pseudo-approach, notaunlike the. traditional
appfoach to Euclidean geometry, with some
trivialities worded axiomat@cally, while deéisive
suppositions are not even meﬁ%ioned. Set theory,
like any other field, cannot be coqceived axiomat-
ically unless you already know it, which in the case of
set theory, includes -knowing itg traps and ambushes.
Freudenthal believes that this is quite imgossible
at school. Having examined the axioms of ﬁhe usu§1
axiom systems of ~set theory, he could not discover
one axiom for which he could explain what purpose
it serves to someone with as little mathematics

as a pupil of even the higher grades at high school.
A ’ . .

§
%
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If.it is tfugv;hat there is no way, explicitly
of axiomatically, to tell what a set is, how can
you start set theory? Freudenthal believes the

answer is obvious - the same way numbers and

3

~geometrical shapes are dealt with. Just as little as

you need to exp%ain to people what a nueégg_is, as .
little as you éged a diagram to explaip what a point

is, so is there just as little a need to‘def;ne what )
a set is.’ One learns through doiné and observing

PFesuming ekplicit definitions/is a symptom of old
quhioned'methodolggy. . . <

The ;ther extzzﬁe, the use of Venn-diagrams, is
just as:opjectionable. Almost all textbooks a{g\brone
to make the readers believe that it js a setr if a
closed curv; is drawn around a numbf& of letters, figures
or meaningless symbols.

On Venn diagrams René Thom was clear:  "The fox
knows thaikis the ﬁeﬁs are in the hen-house and the
hen-house is in the yardf ﬁhén the hens are in the yard;
he does not bother with set theory. S 4? .

Freudenthal believes that sets ‘are introduced
more often)becadse it is fashionable or because everyhody
does so, rather than afber a conscious deliberation.

¢

He believes that sets &hould not be.introduced until

-

i
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one has thought about the specific purposes sets
. should serve, tHat is, how they should be related
: . to lived-through reality -and to th mathematical
. . .
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N

MY OPINION: FOR OR AGAINST

» SN
The opinions reported so far by no means form a
comprehensive survey of the history of the debate on -
the role of set theory in school mathematics. There
were many opinions favoring both sides of tge arqument;
I have quoted only a few. Moreover; all of these have
‘- been "an'swered". However, I.do not intend to pursue
this matter further becaq5e>1 bélieve that after 20
years the theoretical debate on this issue has lost much
é}xits former importance. N:;ertheless, I will venture
to express my own opinion based on my teaching experiénée.
Personally, I oppoée the teaching of set theory to :
lelementary and high §chool students. The propdnents of
" set theory claimed that it upified, clarified and )
simplified mathematicg in elementary and secquary ed-
ucation. I believe that school set theory has nét done
. éﬁ, thus nullifying its "raison d'étre". ‘
’ Ove} the last several years I have becdme conscious
of growing dissatisfaction on my part over“the use of
-seté. I spend m&ch timé Qné effort teaching sets and
set terminology and still end up with students maki;g
many errors in their use, Rather thanasuccumb to a
feeiing_of'frustratige I deéided,nafter muclr thought,’

to research the effect of sets on a topic familiar to

. the students, "to see"” if indeed, sets uﬁi@}ed,

. R
LA, adein e e " '
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ciarified and simplified this topic. In particular, —
I decided to study theleffect.of set theory on the
solution to simple equétions.\‘For example: mpst junior
high school students, given the following algebraic
problem: 3 +.x = 5, solve for x, would‘havé little
difficulty in telling you that x = 2. B;t, ex sed in
the following context:*{xp + x =5, x E)R}, how many
would be able to give you the answer? Has the terminology
used (aﬁ&'it is precise, set theoretical language) done
anything to simplify the problem, or clarifthf for that
ﬁather? ‘'Or has it changed a simple problem into a
difficult one?

It is my opinion that the difference in terminology
will affect the outcome. I -have céme‘to believe that
the student, when presented with the latter f&fm 6f the
equ?;ion, either cannot write dowh his anﬁyer corréctly
or simply does not follow the instructions.

One must surely agrge that the method of asking a
question will have a direct hearing on the responge. I
will:ﬁresent two examples to exélain what I mean. First,
if a student had no knowledge of Roman nuﬁerals, one
would not ask him to add three plus five by writing VIII.
The odds of this student ansﬁsring the queétion"
correctly are significantly reduced. The second is
given in a work by R. E. Mayer entitled:”Thinking

and Problem Solving”. Some research indicates that
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Qpparently even very minor differences in
representationgfan influence how a problem is
assimilated. Mayer and Burke in 1967 investigated
differenp ways bf representing story problems and
found Lhat minor changes in wording had important
effects. They presented the following problem.

THE HORSE PROBLEM b

REPRESENTATION 1

A man bought a horse for $60 and sold it for $70.
" Then he bought it back again for $B0 and sold it
for $90. How much money did he make in the horse

business?
a. lost $10
b. broke even
c. made $10
d. made $20
e. made $30

REPRESENTATION 2-

A man bought a white horse for $60 and sold it
for $70. Then he bought a black horse for $80
and sold it for $90. How much money did he make
in the horse business?

lost $10 .

a.

b, broke even
c. made $10
d. made $20
e.

made $30

In this experiment, subjects performed quite
poorly when given the first representation, getting

4
1
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13

-

the ‘correct answer. less than 40% of the time.
When the second representation was tested, the

solution rate was 100%. This example suggests that

. seemingly minor changes influence how a subject

represents a problem and thus affect its solution. ¥

Q—

I believe that this is the casg]@ith set theory

in elementary and high school. ;
‘ Ta re-iterate, whatever the reformists.had

in mind, éy concern is with the real situation, with

may have done to either create or compound the

problem, not how textbooks may have influenced the

problem -- these questions are important and are

definitely worthy of ipveStigation but not here).

I am interésted in whether or not pupils are able-

to use sets in solving equations when they yre

requested to do so-ﬁa'rgasonable reques®® when one

considers that students have béen using the notation -

since grade ‘five and my first tests were administered

in grade geven.

——

N
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METHOD

OBJECT . ‘ 3

The object of this research is to test the
effect of set theéry on the solution of simple
equations. The exact effect being tested was the
student's ability to vary the form of his answer
on the basis of given &nstructions; not his
ability to solve the equations. 'This formul;tion
of tﬁe question was suggested by the distinction
between content and form. This distinction leads

\

to the)conclusion that sets enter into the solution
of equat{ons in two ways: firstly, in the ability

to comprehend and use the set form in the
communication of problems and of the obtained}answers;
secondly, in modifying the conteht of the solution
(omitting roots) in accordance with the number
system over w?ich an equation has to be solved.. 15
This line of reasoning leads to an inveétigation‘of

the role of sets in the solution of equations by

\ . :
siparating errors in content from érrors of form.

DESIGN i

It was decided that equations of a relatively

simple nature would be used as the basis for the

°

15 :

BYERS, V. and HERSCOVICS, N.
"Understanding School Mathematics”,
Mathematics Teaching -#81., p 24-27
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research. This topic was familiar to the students
being tested and it is a topic which is studied in
varying degrees of difficulty every year from grgde
' seven on. To avoid incorrect content in as far as:
was possibie,‘equations were selected which could be
solved easily by the group being tested.

It was felt that a group experiment would be
adequate, It was decided that an exapinatjion-type test
Qould be administered.” Answers were to be written
down by the students and collected at the end of the
test. Studeﬁ&s were given as much time as they ‘
required.

Since form was the ultimate consideration, content
has been given as minor a fole as possible. 'Hence,
the simple equations, most of which could be solved
by inspection, Because of this, it was not expected
that it woﬁld be possible ta draw conclusions~regarding
effect of sets on content: It would be interesting
. Po study the effeci of set terminology 6n learning
to solve equations as the content is ﬁéde more
u?difficult.: But this question is beyond the scope of
this research. .

'Only one kind of question was to be tested but

L]

-
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it was presented in threé different forms. The

first form described an equation without the use of
sets. As an example we have: find the value of x

if x + 3 = 5, The sgcond'form presented the-eqﬁatipn
verbally using the vocabulary’of sets. As an

example we have: find the solution set of x + 3:¥ 5,
if the replacement set is the set of natural numbers.
The third form used set-builder notation. . As an
é&ample witness the following: {x ‘x + 3 = S, X € N} .
The second aﬁd third forms required the solution

using the proper set notation. The pupils who were
tested had already encountered the barious forms

of these questions; all the terminology, both symbolic
and verbal had been explained and was used regularly
throughout the yeat.\ It was decided that the tests
wodld be scored in t‘rms of the answers that were’

actually given by those tested,

SUBJECTS

The subjects for this experiment were secondary
school stuéents from grades seven through ten. The
érade seven students were from Mountrose School and
the dthers were students of Rosemount High School.

Both schools are under the jdrisdiction of the

T
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Protestant School Board of Greater Méntreal.
It was decided to first test these ideas in a

pilot experiment.

. QILOT TEST

SUBJECTS AND CONTENT

| There were thirty-two- subjects, all classified as

reqular (avgrage)'grade 9 pupils. Their instruction iﬁ
mathematics for the currect aéademic year consisted of - :
three fifty-minute periods évery two day§.

"In this experiment there were~sixlque§tions. These
could be divided into two groups of three. Within each
group, each question was presented using a differént form.
Thehfirst fgrm described an equation in set-=builder
notation. The second form described an équatiop using
the vocabulary of sets, and finally, the third form
described an equationlwithout any use of sets, Please
recall that the first and second forms have been a part
of the curriculum since grade seven and therefore, a
certain familiarity was expected. |

' Consideration was given to the order of presentation.

Questions were not grouped according to the three forms

just discussed. The first question did not use sets. It was

g
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so located because it was felt that (i) it was not
too difficult and could probably be solved by

every one, and (ii) it would not frighten the

~student and would encodrage him to continue. No

thouéht‘was given to the placement of guestions two

through six. The actual test follows:

»

PILOT TEST

PLEASE READ EACH QUESTION CAREFULLY AND
ANSWER EXACTLY WHAT IS ASKED. SHOW WHAT-

EVER WORK YOU THINK IS NECESSARY.

1. FIND x IT" 4X + 3 = 7 AND x IS A NATURAL

NUMBER.

2, FIND THE SOLUTION SET OF 5x + 3 = 8,
IF THE REPLACEMENT SET IS THE SET OF

NATURAL NUMBERS.
3. FIND{x|3x+7=l3,x€N§_ :

4. FIND THE SOLUTION SET OF 4x - 3 = 2x + 5,
_ IF THE REPLACEMENT SET IS THE SET OF

NATURAL NUMBERS.

5. FIND {X | 6x + 4 = 3x - 11, XEN),

6. FIND x IF 9% - 3 = 6x + 9 AND x IS A

’

NATURAL NUMBER.
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The correct answers to all questions follow. Alter-

‘

native answers are presented in parenthesis.

1. x =1 (1)

2. tx|>z= 1, xEN& ({l% or x € {l})
3. {xlx =2, xeni ( {21 or x‘ﬁ.{2k)
4, ’ﬂgx I x = 4, x"NE ( §4ﬂ or x ¢ {4‘)
5. { | (#)

6 X = 4 (4
RESULTS s

“»
It was observed that there were féw wrong roots

,'

but that a student tended to answer all gquestions in

the same way regardless of the required form.

.

Inspection of the answers that were actually

‘given indicated- thdt they were of four types.

First, either the answer was left out compleéely or it
was incorrecﬁ.
Second, using sets, X = {.thber} '
Third, also using sets, X € {numbe;E or simply
{numbe r}
Fourth, x = number.
Pléase noté, where sets were required only the
third form'%ﬁ correct. In order to examine the answers

more carefully, table 1 was constructed from the answers

@

/
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that actually appeared on the tests. Under each

heading appears the number of .times the answer was

given.

Table 1 can be found following p 44.

\

DISCUSSION

)

One must surely have noticed that dquestion 5
has been omitted from the table above.' This was done

deliherately. When the pilot Wwas designed, it was

strongly felt that the students' ability or inability
" \

to handle the empty set would. Bbe of enormous value to
this study. It was the only question requiring a
negative response. Of the thirty-two students tested,
é gave a wrong root. Of the remaining group, 19
studengé left their answer as x = -5, 4 wrote x = {fS}
and 1 wrote {-5& . As one can see, not one student
fecognized ghat the answer was not a natural number,
as required by the condition set down iq the problem.
It was clear thag further study must be undertaken
on this particular aspect of sets. This question
will be disFussed again shortly.

We sh!ll now:study the answers to the other
five questions, If we examine .the table of answers

given and compare the number of omitted and wrong

\\ . )
\ .




Table 1
PILOT TEST:32 Subjects
Queastion Type of response
number ‘
. ‘
Omitted, x= {numb ar‘( x€ {numb or§ ’
wrong ’ or {numborg
no, % . % no.,. %
B
1 - 3 1 3 1 3
| |
2 309 9 28 T 22
)
3 1.3 6 19 2 6
! |
4 b 1123 8 ' 25 4t 1ok
) L ;
' | }
6 7! 22 2 . 6 1. 3
%
Correct anawer
' 1)
24
wah , .
}

=
X=number

ek i s
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roots to all others, we“see that a total of 16 out
Y

of a possible 160 answers (32 x S5) were onmitted or

wrond.. This represents oQ}y a 10% error. This

stytistic cértainly points out that the sStudents were

)

‘indeeq capable of solving the equations, no matter

what* form was used\to preseﬁt them. This was expegted.

. \ v ! . Y .
but it is those answers which were not considered
A Dot

4

inkorrect in content which are of interest here. Fog

g
Co ‘ L ) . Q!i .
it 1s not content which was being tested, qst form. 2!

For questions 2, 3 and 4 which deal with sets
in their varifous forms, only 8 answers were omitted
or wrony of a possible 96, but there were 23 answers

of the form x = {number} ; this form is technically

‘incorrect. This means that almost one out of four

answers use an incorrect form of set notation.

Further examination of the ‘answers: given revealed that
52 answers used no set notation whatsoever, for
whatever the reason (either the student could not

use sets, forgot how to use them, misread the

he

instructions, etc.). This figure represents 54%.
Thus almost four out of every five answers given,

where sets ‘were required, were wrong! (Thig excludes

o a

those which content-wise were incaﬁ{;ct;. 1f one
considers only the correct answers td-questions 2, 3
and 4, one finds that. the correct answer is given

F

.
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.

.

.




.

T

-

\

»

R \

e | ~ ; ’

13 times out of 96 or approximately 13 1/2% of
' ) e

the time,

In order to examine the results more thoroughly,

il

“a frequency curve was designed! The‘absciSSa

i

represents the type of answef glven, whxle the .

N “
ordinate represents tpe‘number'of times that
L

patticular answer occurred. . On the right of the

graph, the frequency of respbnse‘is given as a
percentage. The plotted points were joined by straight

. o ,
lines to make the pattern more visible. ~

v

‘This graph is graph 1 and it can be found
following p 46.
] v ’r‘ . ’

s

. . Ve .
When jgferring to the graph, é;g is immediately .

drawn to the very obvious differefce in the perceht-

qae of correCt solutlon, between those estions

"requlrlng sets and ‘those requ1r1ng noneiﬁ Although

this result was gxpectéd, such a remarkable
distinction was not aﬁticipated: Further, o;e
notices that in those answers hequiring \}‘ .
séts, sets were seldtm dsea correctly and in';ost

cases,'%hey were -not used at all. This seems to

indicate that the concept of set has not’beeh mastered

.
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Gpaph 1
PILOT EXPERIMENT °

.tFrequency curve)

)
3 4

Urade 9:32 Subjects

omitted, x={numgpn} x&{pumber},, x=number
o
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' ' TyPe of answiRM

Legend: . . AN
X 1,Find x if 4x+3=7 and x 48 a naturgf pumber,

0 2.Find the solution set.of 5x+3=8 {f the replace-

ment set 1s the set of naturnl'n' bers.
01 3.Fina { x|3x+7=13,x € 8], .

L4.Find the solution set of LUx=3=2x+5 if the
replacement set 1s the set of natural numbers,

\g:] b.Fina'g if 9x=3=6x+9 and x‘il a nutﬁrnl number,

.

-1

[
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at this level eveh thcugh it was irtroduced many
vears previously. anally; one rniotices that the
quections which were presented in verbal form were
answered correctly more often thaﬁ those which
were preserted in set-builder notation. This
Suggests the importance of what is reguired being
explicitly stated (ie. find the solution set).

A further examinaticn of the ancswers led to

the fullowlng:

5 s;udents tried to use set notation

£

. throughout.

.

4 students consistently wrote x =,{number§
(This included ene person whco had a wrong
answer) . a

14 students did not use sets at all (this

included eiéht who omitted questions or
X .

éot wrong answers). This represents

almost 44% of those tested. "

5 students dropped sets gfter quésgion 2
(Encluding one who wrote x.= {number} ).

2 students dropped %eéé after guestion 3

,

e . (including one who used x = {EUmbef} once T

and another who used {} = number} once. £
*

The rest followed no appareht pattern.

*

H
i
i
}
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. CONCLUSICNS

I. The method hsed in the pilot (iﬁcluqing the ¢

method of ccoring) is adequate to exhibit
the effects of sét terminology and notation
on the soluticn of simple eq&ations. No stak-
istical anaiysis seems to be required, * The A *
question of the role of- sets.in the solution[
of more difficult équations remains 6pen.

N IIa The use of equations whose roots could be

found easily, effectiéely'separates errors in —

the form of solution from those of coﬁ%ent.

i

An.épparent exception is provided by an

equation whose solution set is eMpty. .
III. It was therefore cdecided to use the method of

the pilot experiment in the main experiment,

subject to thelfollowing modifications:

1. As a result of the inconclusive results

obtained_ with the empty set, it was ’

’

| felt that further research was necessary.
‘2: The "aura effect" must be considered. '

" One must accept the fact that the order of
presentation could greatly influencg the

outcome . To test this possiﬁility, a

* gee section 15 - A
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which guestions from the main experiment
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subsicdiary experiment was designed in

were reordered aqg'a diﬁferené group of T
subjects tésted.

in the pilot, since linear equations

’

‘were’ being te'sted, each response had only

one root. Because a iarge percentage
of students failed to use set notation,
it wés %élt that perhaps theiithought
the notation was'unnecessary for sets
containing ote element; Accordingly,

a part of the main exéerimenf was devoted
to the-study of how students would
respond to Questions requiring two
elements in thé”solution set.

Since all stddenﬁs partic{pating in this
research to date -have been students of
average ability, an interesting question‘
arose: how would brighter students

handle equations presented in set

terminology? A part of the main

experiment was devoted to an examination

of this question.

o o
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‘ ‘ i
5. Finally, would there be any marked o .
improvemenrt in a group, if, after

testing, this group was re-taught and test-

SR Y A e 2w

ed again? An opportunity presented

itself to follow up on this question.
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MAIN EXPERIMENT

All parts of the main experiment usec¢ the method

of the pilot experiment. To repeat, the experiment

is. a group experiment ucsing examination-type tests.

Students were given as much time as they required.

Answers were written down by the students and were

collected at the end of the test for examination and

classification according to form. The test was scored

in terms of these answers.

‘The main experiment has been divided into five parts

\ ‘ with the following objectives:

Part 1

Part 2

Part 3

Part 4

Part 5

to exh}bit the effects of set termihology
and notation on the solution of simple,
linear equations.

to study xhé effect of varying the order
of presentation of the equations.

to determine the effect of a solution

set containing a doubleton as opposed
to7a singleton.

to study the effect of ability grouping.
to determine the effect of reteaching

a group.

Each part of the experiment used the same method

and the same type of question. Questions were designed

-+

Lt e.AJﬂ-»] :
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to'reflect three forms: 1. the first form described
an eguation in set—buildef notation; 2. the second
form described an equation using the vocabulary of
sets; and 3. the third form described an equation
without any use of sets.

%'The subjects changed from one part of the
experiment to the next; the content of the gquestions

changed when it became necessary. to proceed from

. linear to quadratic equations. '

CONTENT AND SUBJECTS

Part 1 In keeping with the main objective of this
research which was that of testing form, .
all the equations pregénted to this group

. were linear of the ggheral form! ax+b=c;
the%r solutions coulﬁ all bé found by
inspection. ébr reésons,e*plained earlier,
one guestion was pfesented in which the
answer did not sgtisfy the condition "set
down in the problem. It was hoped that
the student would recognize that it was
the empty set which was required.
Three.groups of students took part in this

test. 1In one group there were forty-one

grade seven students; the other two groups




Part 2

Part 3

- to be rejected) were selected as the basis

-53-"

were made up of twenty-nine grade eight
students and twenty-five grade nine
students. All the students were classified

as regular (average). All three groups

AN

were receiving mathematics instruqtion for “ Ty
one fifty-minute period every day.

The questions used in this part of the

experiment were'the same as those used in -

the previous part. Only the order of
presentation was changed. The‘subjécts for
this test'werertwenty-three regular grhde
nine pupils. ‘
éince'the object of this experiment was t¢
determine the effect of a solution set
containing a doubleton, equations were

required that would provide two answers.

Thus, quadratics over I (ie. no roots had

L

for this test. Appropriate subjects were

now needed. Grade ten students were
selected because at this level quadratics
are studied in great detail. There were ’ N

thirty-nine reqular students. They were

taught mathematics for fifty minutes once

a day throughout the year.




Part 4

Part 5
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The questions for this part were similar
in design to those in. parnt 3. Quadratic
equations were presénted which were easily
factorable over I but this time it was "
required that they be solved over N. Two
groups of students were tested. The first
was a group of twenty- regular grade ten
students. The second was a group éf
twenty-four grade ten accelerated students.
We pause to explain the difference between
regular ana.acceleratéd: anyone who passes
the previous level is placed into a 'regqular'
mathematics class. This would covef the
majority of students and most woq%? be

of avefage‘ability. Those who passlwith an’
average of 86% or beéter and have their
teacher's' recommendation are placed into an
‘accelerated' math class. This class would
cater to the 'cream of the math students' at n
a pafticular level.

An opportunity presented itself to re-teach

sets to the group of accelerated students.

i
{
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Their teacher re-~explained sets and
set-builder no%a%ioh and he explained
why several of their answers\weré
incorrect oﬂ the té;t. Approximately
one month later, the groﬁp was re~tested
using the same guestipns as on the
original test. Unfortunately, the same
opportunity did not materialize for the

2

regular group beéause of the demands

P

of the curriculum.

» >
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MAIN EXPEKIMENT: Part 1 (form)
\
TEST
There were five qdestipns on this test designed
to reflect the three forms described earlier. The
test follows. : [
) TEST ’
PLEASE READ EACEF QUESTION CAi&EFULLY AND
ANSWER EXACTLY WHAT IS ASKED. SHOW WHAT-
EVER WOREK YOU THINK IS NECESSARY.
1. FIND x IF 3x + 8 = 11. .
2. FIND x IF 2x + 7 = 9, AND » 1S A
. NATURAL NUMBER.
K . 3. FIND x IF 2x + 3 =1, AND x IS A
. 3
NATURAL NUMBER. .
‘ .7 4, FIND THE SOLUTION SET OF 4x + 3 = 7 '
IF THE REP/LACEMENT SET 1S THE SET- N
~ OF NATURAL NUMBERS. . )
5. FIND{x15x+ 3 =8, xen} .
As a result of earlier diécuééion concerning w

the empty set, question 3 has been included to epable
"further.s;udy of this concept. It was not presented

in set notation. All that was required here was for

4
«

<
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a student to recognize that the answer 'did not fit the -
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condition of the problem. Several forms .of the

answer would be acceptable.

The correct answers to all questions follow.

Alterpative

answers are presented in parenthesis.

/
~

1. x = 1 (1)
2.' x = 1 (1) .7
3. There is no answer to this question éﬂ, { }).
4. {x lx =1, xe N} ( {il or xE€ { 11 )
5 sx Ix=1, x ¢ NE ('{l& or X e~§ l¥ )
RESULTS ’ ‘ S
: 1t was observed ghat the answers could again be

classified into four distinct categories.
. =} .

-

. ( 4 > : .
First,  the question was not answered or it was

answered incorrectly (ie. the answer given

was not a root)

using sets, x = -{_number} .

also using sets, x € {numbe&y or {humbez}

X =

. /
z
Second,
Thirg,
.Fourth,
. is correct.
MM~ —r PO J"

number

N

Where sets were required, only the third form

' The results for question 3 will be

b

reported separately later.

'

- ATt e 7o s e et xR S o
NNk s b
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Three tables were constructed from the data,
one table fbr each grade level. These tables indicate

the number of times each type of answer was gi&en.

A

/ Tke only differeqce between the following tables anq

Gthe one in the pflqt experiment is that this t%me
the columns entitled ' x € {numbef{ ' and'x =.{ numbe}l
JLave beeniintexchanged. Tables 2, 3 and‘d for grades

7, 8 and 9 respectively, follow p 58.

DISCUSSION

As in the pilot experiment, there were very few

wrong or omitted answers. In fact, there were fewer.

Of a bgssible 380 answers (25 x 4 grade 9's, 29 x 4
grades 8's, 41 x 4 grade 7's), there were only'31 which
< fé&l into this category. This represents only 8%.
On the pilot this'figure was 10%. Furtheerre, thgre
were five students ip’gradg 7 yho a?swefed—every
‘question incorrectly .(as opposed to those who made an
occasional error). It was obvious :hat they coﬁld\not
sclve elementafy linear equations. But it is not
L confené which is being tested, is it? 1If the answers
of these five students were excluded from the éample,.
the percentage of wrong and omitted roots would have
dropped to 3%. ‘It was dec1ded however, not to adopt

r

this procedure. SR

PR} ] . *

R

PR
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MAIN EXPERIMENT(part.1)

5 -
Grade 7:41 Subjects

Quosti;oi'z co  Type of Response
number - L ) '
— i e

Omitted, x¢{numbér|, x={number| x=number
wrong or gnumb erg :

no. £ 'no, ' % no. % " *'no, ﬁ
K} 5 ' ’ / r -
| . ) ' . 0
6 15 . - 35 1 85
) : ,
. |
35t 83

*

L
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o, / ,3
L i\
i ,:{l
i
MAIN EXPERIMENT(part 1) _ ( %
Grade 8:29 Subjects L \ , i
. ¢ 3, . o ' . i -
T £ R 4 , '
. Qu.stion " ‘ 1ype O esponse . . .
ol number Tt Toom o omee—t o e hatie W
- Omitted, x elnumbert , x=numbez} x=gumber
wrong or jnumber| .
no.. ¥ no, % no, % no., % )
L) . , *
S 1 . 070 13 21 7 261 90
Lf b [ ! !
’ L ' : ! A
2 113 1' 3 2 1 25 8. |
| . ' ' '
hd ’. EY ! 1 f
, j Y '1 '.»,3 5017 LU L8 . 9‘i 3 )
i T \ »
A . » l
5 11 3. 8117 12 b 11, 38
° ’ LX}
C *
Correct answer, X .
P’ * P N ] R
o N ~
. o B
| <l *
o -, ~e T -
. .
, et | ] l‘ »
\ ’ '
¢ ' . ‘b. ’
b - ’
1 ¢ e .
: )
{ , N .
e “ ! -
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1
R
. € Table U :
- A . : -
MAIN EXPERIMENT(pert 1) ' §
Grede 9:25 Subjects §
Question ‘
namber Type of Response
-~ . - — - - - A' - .1 . '
Umitted, X ¢{numberi, x={numb9r{ =numb er
wrong = or {number| ’ :
no. % no, &% no. ¥ no. ¥ )
) *
A oL 00' 0 01! 0O 251100
* . | ' ' [ }
N ! iy ! B \
2 1, 4 o' o 20, 8 22 88
) ! T ) !
i ]
W 001 0 L* 186 0 ' Lo 11, LY
\ ! ! ' |
y | J )
) ~ 5 o - 0 Wi 16 8! 32 13! S2
. ‘
| Correct answer , . R : ¢
(R f
) ' / :
- ? ' ‘
“w
i A )
\
. Y ” ’
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At this point responses to questions 4 aﬁd 5

Ny -‘ b

which required set notation, will be examined more closely.
[ .

There are 190 possible answers for these two questions.

A d

It was found that there were 90 answers which fell into
the categor! of incorrect form. This represents 47%
of the possible angwers. There were also 65 answers for
which set no@gtion was required but not;used. ?Pis
means 34% have no set notazion. . If one looks at these
figures another way, one cas see that 4 answers out of
eQery 5 do not use sets where they are re&uired or use
them in;orrectly. One must adﬁit that this is
astonishingly ﬁigh, considering that these students
have been using éhe set Symboliqm siﬁce grade 3, Tbey
are now in high school and they still appear to be
having immep;e difficﬁlty. ‘ . 4
"To see if there is any pattern developing\from
grade 7 through 9, table 5 looks at each grade

separately./h$he table considers questions 4 and 5

]
together. The answers have been characterized as right

or wrong, while the "wrong answer" column has been

subdivided into three part5£1 (a) incorrect form,

(b) no set notation where it was réquired and fc)

V T e ] . .
‘other errors (ie. incorréct content, omission)’

. .
Table 5 follows this page.

4 [}

-
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. v
Py 3
’ f Table 5
. ) Questions 4 and §
Gradg . Right ' Wp ;
. . | — M_:—% =
Form No Set Other .
‘ ' L no, % no., o no, % no, % j .
7 01 0 46 156 21 | 26 15 '18 {
' ' 1
| [ ! , ‘ H
) 8 10 ! 18 2611;5 20 ' 34 2 3 I
| ! : ;
9 [ 8 116 " 1836 24 L8 0. 0
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The wrong answers demonstrate quite clearly a

pattern which is illustrated by the folléwing bar

Y

graph.

GRAPH 2

‘

77 .

e ’ 4

B 4
“//._‘Zé P /\\ LA

grade 7 grade 8 grade 9

Legend: injj;;bct form ;! .
no/set ' :

Jeoo
'{:.:5_

. . ‘o

It would appearlfrom these results that as the
students pass from grade 7 to grade 9, the incorrect
form of set notation abpears less often, but at thg

- same time, the set notation is dropped more and more.

To get an even closer look at what is happening,
questions 4 and 5 “'were examined segﬁfately for each
grade 1evel.“‘These are tables 6 and -7 and they can
be fpund following p 60.

It will be observed that the pattern of response
for §;th questions 'is identical. Furthermore, there .

~./lappears to be very little difference between grade 8

o o i i

S v aw v Ead PR
2 ' s




Question I
Grade ) Right
4
~ no. %
, ol 0
\ .
8y 5117
|
9 u,l 16
Average 9.5
/

Table 6

Wzogg

J . ) 1
Fogg Ng Set Other
no. £ no, % no. %
21t 51 13 ) 32 7117

] ' {
ay 48 91 31 1 3

[ | {

{
10: Lo 11 : nn 0{ O
47.4 3h,7 8.4

Note:In the 95 cases studied,there were no

wrong content and correct form,

- 2

A
=
V2

%
)

answars with”'
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wrong content and correct form,

-

- 0o
stio
Y“rade ~  Right !x_?_ng .
[ Form o Set Othezﬁ
no,, % no, £ no. % no.
7 o' o 250 61 8t 194
! ! !
7 . ! ‘
8 5117 12, 41 11, 38
N
9 L .16 8, 32 13! 82
Average . 9.5 L7.4 33.7
Note:In the 95 cases studied,there were ng anawers

O Y i Fitma e b L g
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and grade 9 overall. Both quéstions follow a similar
pattern for ascorrect form - a decrease in incorrect '
usage as a student graduates to the next higher grade.

v But one should still notice that evén in crade 9,

roughly one-third of the answers are still given with

~ P

incofrect notation.
If we assume, for the sake of argument, that the
students.have been taught the incorrect form (wh;Fh
may definitely have beeﬁ the case in grade 7), then
'concenfrating our attention on the other wrong answers,
: ) we see that there are still one-third 3f-the anséers
having no set notation when there should be. )
As in'thecpilo£ experiment, responses were
exhibited on a graph. Separate graphs were prepared
for grades 7, 8 and 9,\?lotti69:frequency-of response
versus the type of.;eSponsefthor these graphs, the °
columns entitled 'xé {numberg '‘'and ‘'x = {number& !
were interchanged. The'graphs are numbered ¥, 4 and
5 for grades 7, 8 and 9 respectively and they can be

found following p 61 -

The curves for questions 1 and 2 are similar in

’
{

appearance for all three grades. The incidence of

correct response is very high for both questions.




Graph 3

(Fraquency curve)

Grade 7:41 Subjects

omitted, x€{numbery , x={ numbery x=number

Legend:

A

e

O
3

wrong, {numb er{ -

T;Pé of ﬂMS\t/FR

[}

1.,Find x 1f 3x+8=11,

2.,Find x if 2x+7=9 and x 18 a natural number.

4.Find the solution set of Lx+3=7 if the replace-
. mont’lset is the set of natursl numbers,

S.Fjlnd‘tx\SxﬁsB,x € H}.

-5
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. Sraph L

(Frequency curve)

Grade 8:29 Subjects

omitted, x¢fnumber), , x={nunber} - x=number
wrong ' {numbor& -

e AR AR i e

L] " ’ Y

¥
-
\

PN ~ /
W al P ,/
~" a
\ . o
u / /
o i - /
4
ot ? /
'\) "- + \ N / '
3 .08 :
W ‘4 ‘ / N ‘
> . . / . )
Sn- - LoR—
< - -
. o .

\ Ve
3 -
.0 R L
TYPE or AWSWER . L
. Legend: = . N '
. X 1.,Find x 1f 3x+B=ll,

‘4 2,Find x ir a:+7-9 and x is & mtural number,

. LoFind the solution set of Lx+3=7 1f the replace-
ment set 1s the set of natural numbers. ,

. [J 5.Find {x|Sx+3=8,x¢ K},

L
o




{ r , .Graph S4¥

\ - A

(Frequency cupv e)

Grade 9:25 Sub jects

om!ltted, x € {number} , x={number}

x=number
wrong , {_numbex-} ’
: ) - ) ~ 100
- /‘ |
o . : “*Ip
al ! /*
I4 . —_— N
! '
- A -1 R
. ’g_ ’ s
. - z,
o5 <
: . 8 Sl
- 1t , -7 o é
N . ° >
3 q . @ 7
M AN NG ! é
- L . T e -'1,.{ -
. o 3. A 4 C
e t. .
7 ’/A*, ) .
=S T
. T‘lpf [ ﬂ*’&"\ eR
< Legend- - i '
| T " oY 1.Find x 1f 3x+8211,
+ 2.Find X if 2x+7=9 and x 1s a natural numbery .
i O L.Find tho solution set of Ux+3=7 1f the repluoe-
! . ment set is the set of natural numbers,.
‘ ->
L ] S Find {x]5x+3=8,xe N}. w e -&n
» , ' ' A
uw.—_{ - ’ ‘ " ‘ ,
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Although question 1 has been answered correctly 1

_«slightly more often than question 2, there were -

» 4 . 4

H

i

\ . . 3

only 5 ansyers preventing these curves from being %

identical. L g

L]

The graphshfor guestions 4 and 5 are similar

to each other but very different from those for 1
e

and 2. The percenﬁage of correct response is also
much less for these questions and in this regard, *
the graphs for .grades 7, 8 and 9 differ from each

other; for grades 8 and 9, correct solutions are -

.

' given approximately 16% of the time while for' grade 7,.

L] . . LT
the correct solution is never given.
= - A

Now, let us turn to question 3which invofved

e the empty‘set concep;%\j?he question,’if you recail,
" 4 v -
'was stated as follows: Find x if 2x + 3 = 1, and x
/s 5
is a natural number. There was no set notation in ;

e . the question. It was hoped that the students would

recognize that =1 did not satisfy the condition

N
~ w——,

- ) N "
s . ! set down in the problem.” The students' reactions i ’

.

)

. were not®d. Their answers weré classified as follows: ¢
. * ' o . P °

a right answer constituted recognizing that -1 was

- . . . t '

incorrect as well as that 'no other number would do.
#he foim Qf the fight answer was then checked. Two

) " I . L
ms -wé€re used in general (i) the empty set notation,

a worded re'sponse to the.effect ‘this~

answer WON't work', If the empty set was used, ° 1
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v

it was expected it would be used correé‘%y.

If it was not, it was noted as an incorrect form.
A wrong answer was one which was not right and
these were divided into(i) an omitted answer, (ii)
one which had an incorrect value (ie. content? arid
(iii) leaving the answer as x= -1 or x= {-l} .
~Table 8 lists the number of times each ahswer was -

grvén.

TABLE 8
Question 3: 95 students S 4
s . , OMISSION : 15 __CORRECT
' ) FORM: ‘11
WRONG: 71 - CONTENT : 31 RIGHT: 24 - .
"TFORM: 13

A

»

Only 24 students recognized that x = -1 was. NOT the

answer. But only 11 of them were able t® write this
L

+ correctly. Séveral of thosé who attempted to use -

. the empty set notation (which was not’:equired)'uséd

~

+ it incorrectly (ie. {:ﬂ} ). There were several

@

inteéxesting answers given. One studen;\gfoke that

" . the equation "won 't possibly wotk". Others wrote

. K . 2 v \d /
*x = 0". It is felt that they knew x = -1 was wrong,.
o s ) 3 ¢ .

4

-

x= -1 , és = INCORRECT -

i
H
i
H
i
1
i
i
4
El
{
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. N \
’ . ¢

) C - , i
and for them, x =0 mea%t that there was nd answer.

But this is‘purely speculation.

4

What all this means is that only®one student.

.in four recognized that the root was inghmissibie

.

and only one student in nine could write, this

' statement correctly. In other words, solviqg an

. 1

{ . s L .
equation over ‘a sp¢cts;ed number system introduces errors

of contFﬁt as well as those of form. = - .
, : . . ] p
CONCLUSIONS
~ 2 )
CN . . . ) .
1, There 1s very little difference between questions

-
. 4 and 5; in other words, the students seem to
[} ' 3
exper;ence as much d1ff1culty w1th the vocabulary
N
of sets as they do w1th set- bu1lder .notation.

2. The.students omit the set notation almost as

«¥

often as they use it incorrectly. , vl

3. Over 90% of the answérs are not correct if that
W "o
answer must, | be g1ven u51ng set notét1on. This

can be seen p1gtoria{1y in grap (following
P 64 ) wheie cirdles are dFawn foryeach .

questlon and the area ‘representing the correct

Sblufion is dafkeneg o S e "

“4.  Since thg results indicate that ¢he empty set -

.
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S MAIN EXPERIMENT(pgrt 1) ', N "
A C1.F1nd x 1f 3x +8=11, 2 Mtndxif2x+7=9 and.
- x is a naturel number,
' . J "
/‘/,g,, ; B
4\ - ‘ \
' " ‘ 90-9%‘ ’
' b, Find the solution set of S.F‘hyl{x]Sx + 3‘= 8,x‘=N}.
. Ux + 3= 7 {1 the replace- - o S
. - - ~ ment set 1s the set_of '

natural numbers. é

. S .
- e ’ .
’ ’ . C\‘
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boncebt deals more with a question of
‘content than it does with form, it is felt
that this type)ofgproblem is oatside the ) .

v ¢

scope of this research. It is left to a

future project. '

/
e
T bt etk oL,
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MAIN EXPERIMENT: PART 2-

\
(re-ordering)

TEST

The. questions‘gi\}en to the pupils of gra'de 7,
8 and 9 in part I have been re-ordered. The new

order is presented below.

TEST .
t ‘ .
PLEASE READ EACH QUESTION CAREFULLY
‘AND ANSWER EXACTLY WHAT IS ASKED.
' SHOW WHATEVER WORK YOU THINK IS

quéSSARY .

.. (4) 1. an{x|5x+3=a,xerl}
w (5) 2. FIND THE SOLUTION SET OF
¢ 4x +3 = 7,"IF THE REPLACEMENT -

o

SET IS THE SET OF NATURAL

NUMBERS .
v [ ]
. (1) "3. FIND x IF 3x +8 = 11.
(2) 4. FIND X IF 2x + 7,= 9, AND X

) IS A NATURAL NUMBER.®

)9“.

4

4
+
k]
§
§
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The numbers in parenthesis on the left are
the originél éuestion ndmbers as they appeared.in -~
part 1. The question on the empty set was not o
included since it would not effect the re—oréering

\ in any event.

RESULTS

The correct answers to.tbese ques@ions were
the same, as before. And the responses given by'the
studenés fell into the same fod; categor}eé as
before. Table-9 ‘gives the number of'times each
answer wag giyen:' ft“can be found following p 67.

Y, “ ‘ N ‘
DISCUSSION ‘ o SL/ .
The results of this test were cdmpared with
the results obtained for the grade 9 students tested

in part 1(see table 4). It will be observed that:

1. Originally, there was 1 content error committed

-

i

on the four questions: this time there was 1 error.

2 Originally, there were 28 attempts to use sets

-

out of 100 for 28%; this time there were 33

attempts out of 92 for 36%.
v ; ’

3. On those ?uestiohs requiring sets, originally,

‘%
3
i
¥
P
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Table 9 . {

- . / (ro-ordar'ing)
'y MAIN EXPERIMENT(part 2)

" Grade 9:23 Subjects

, - | ; :
Question . /; -Type of Response ' ] g
number | E— oo N o0 + 1 i"
Omitted, x ¢{number{ , x={number| x=number i
ong or {number ’q ;
- noe % no, % no, %\ no, %
'1 Ly 826 3113 13157 -
t . ‘ !
J S :
2 0! 0 9t 39 9 , 39 ' .5 22
Y, . : +: .
3 . o o0 0 ‘ 0 0"y 0 -23,100
R ; :
l o' o 311 3 1a3 atim
N _ -
o) K
& X s 7
Correct nn:w&r “>
7 . 1 ) P
C ' S
h‘!‘fﬂﬁc\ -
{
.
»
Co \
) x " \
. )
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oy

of 8% in the usd of sets. ' But how significant is

this increase? We are drawn to the fact that on

ﬁ(there could be several reasons for this, for example,

T—

& -68- -

4

there were 26 answers \eut of 50 or 523 which
used sets correctly or incorrectly; this

time there were 27 answers out of 46 or 59%.

CONCLUSION '

The results seem to imply that by re-ordering
the questions and placing those questions dealing

with sets first, this has produced an overall increase

o

those questionsArequiring sets both figqures,
(originally and after‘re-orderingﬂ fall within the

50% to 60% range. Thus while re-ordering would
change the actual figqures of thg original experiment,
these rffingments would hardly change the conclusions.
The "aura effect" is not large enpugh to gcébunt for
students' reluctance to use sets™in the solution

of equations. In fact, this experiment has served to
confirm the results obtained in part 1 iﬁ that (within
reasonable limits) these results have been’feplicatéd
under different‘conditiqns. ‘While the new'group . .
appe;rs to be more successful than the previous grodb ffff”

'

ability), there are still many more correct answers

H

for those questions which do-not require seti:$$han
+ -

for those questions which do.

]
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N\ y
. " Therefore, it is felt that the ordering of .
the questions did not prejudice the design of the
L
main experiment. , -
- v
-
’
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0 -
’
*
A
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MAIN EXPERIMENT: BPART 3 (quadratics)

" TPEST : '

i ’
There were six questions.on this test; three

s

were trinomials and three were differences of squares.

. N M
. All six were easily factorable in the integer number

systém. As before, questions were presented in

) 7
three different forms.

'

:¥
) |
. TEST ]

-

PLEASE READ EACH QUESTION CAREFULLY AND

ANSWER EXACTLY WHAT IS ASKED. SHOW WHAT-

-

1 -
//EVER WORK YOU.- THINK IS NECESSARY.

s
» @
A r

. .1. FOiD x IF xz,—AGX.+ §=0 - , :
++" 2. J/IND THE SOLUTION SET OF x% - 7x +.12= 0,

¢ ®

P 3

IF THE REPLACEMENT SET IS THE SET OF
INTEGERS.
3. FIND {_x"l"xz - 5% % 6=0,‘ er}

4. P {x'lx* - 1620, xeI}

[

o .5. FIND x 1P g? -36=0 . .

. ¢ * . \
» 6. FIND THE SOLUTION SET OF x2 -.25=0, IF

THE REPLACEMENT SET IS THE SET OF

INTEGERS. - -, | K
. ’ .
The correct answers to these .questions follow.
’ ° ) .

) Alternative answers are giyen in'barehthesis.

. . .
o . Y

——— 2



1. x =2

, 2. {x lﬁ
o3 x yk

4. {x lx

5. x,;= ¢+

6. {g/lx

In't

answers t

using the

'

RESULTS

: R
-actually

/ following

First,

Fourth}]

S

1£°Was observed that the answers that were

N ~ \‘ A
No answers were written in

4 (2,4)

=3ord, xerf (x e{3, 4} or {3, 4)
= 2 or3{ er}i(# e{z,‘ﬂ. or 2,3})
-4 or -4, xeé g (x efa, -8 or (u; -
6  ( 16) -

=5or -5, xe1} (x €5, -s| or {5, sp)’

his experimeﬁﬁ\it'was required that the
o questions 2, 3, 4 and 6 would be given

proper set notation. 4 -

~
\

N

g;%en could be classified‘'according to the

orms* ) v

the answe) was incorrect; these were

subdivided into those where bolh,roots\¥ere

+

wrong and those where only one root was ¢

*.

wrong. -

the ansyer was written as follows:

. .
X = {number; numbeﬂ

TRird, \‘&/’i € {number, r}umber}' or {numb,er,‘hnﬁmbe‘zz

the answer”was 'written as x = number, number.

-

set-builder notation.

- ®

*

-3 . %

Where sets were required only the third form is

o
i JRUPY TR,
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correct. The number of time’s each type of answer

was given was recorded in TABLE 10 which follo*s .. |
g :

p72 . v . . ‘ ) \ ‘ " | ?

DISCUSSION | ' ’ ' : ‘ \

The incorrect solutions were also subdivided - .o
| RN

into those that used sets and those that did not !
use sets. As will be seen, the.percentage o6f .
answers in this.category was considerably higher .

‘ ' ’ al . 3 ) ) Y
than in the ggse of linear equations. However, the ‘
' {

split.between errors in content and those in form |

was as striking as it was in the previous case. ‘

.° . l

In the previous parts of this experiment, ahswers

~

whlch were wrong 1n content were checked for correct

form. There were none. Thls tlmeé¥ﬁeree@ere some
caseéggn which "Mrbﬂg answers" wegé written in ) v
,correct form. A®* careful. examination of éhe 59'wrong
answers to guestions 2% 4 and’ 6 where sets were
required, indicated that 44 of these (out of a

possible 4 x 39 = 156 anlwers)'did not use any set

notation.” Of the 15 answgrs that were reported in

set notatlon, 1&ly 8 were written corfectly. It '

., would seem that there was no point in separating wrong

-

ariswers into those which 'used correct set notation
N - . . .

*

» B
e - ;f '
- ,‘ “
) ~

-y
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- . »-\{ . | / T bJO ] )
Pe N ‘ (quadratiecs) : !
MAIN EXPERIfiEN"I'(Eart 3) ] . %
Grade 10:39 Subjects §
,wuestion - Type of Response ¥ ! ,
P ’ number - ‘
. - - ‘ —
A ", Omitted/wrong | xel=, -t x={-,-| x=-, '
| ar -3
e e e ey \
both one set.no set total \ ’ : a
. ' : ' no, ¥ no., .%. no. % no. % y "
. ' -
TN T Y N ' ) ¥ ,
1 8 6 1 13 14 36 2‘5 11 3 22156 t
; A ' ! ! '
. 2 10 5 69 15‘38 #8923 12131
1 a ' '“ . I
‘ N N
3 12 4 3 13 16L1 2’*: 5 L,10 17.L4
AN N \’H ' "
L, 6 8 2 1z 136 2713 7,18 27,4k
- A ) | | { P LY
5 5. 8 -0 13 13,33 0,0 5p13 21, &
) * .
& 5 9 L4 10 mj. 36 6115 8.2 11l28 |
- , . \
"\. . t N
~. : * Y
- Correct answer * oo
‘ S '
\» ol
’ .//
. ;
Y £ v .
* . N \\(

. R RN .
* N . i N Ay
. \ D
' . .
vy K 7 . . ,
N - . / . o . ,
& 0 N 4
« ® 1 Y N . F) 1’ N
. . ' f
NS f i / . ) N .
e~ e Shaadialy Ty R | '(. B - 4 o
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and those which did not. For the total picture is
[ i ~

/ . ’ !
* altered only siightly by this distinction. . dé
: . @ i S i
’gnlwkder to examine questions éé 3, 4 and 6 T 3
. ' ] ‘ ‘. k
more closély, TABLE 10 has been re-arranged as 7. - - T
A ] “ . °, w . o .
follows: e ) B -, “ )
' ’ ’ ” b
« c (i) there are two headings og}y, right answer o ,
. v S
Y 7 and wrong answer. ~ .
. ? 3 ’
L} . » ‘?2 o

“(ii)} the "wrong answer" column has been subdivided into
< » o N

form, no set and otherﬁ;aThié reorganization is

K

¢ .found in TABLE 11 folléwing p73 ) . < .

. !' v ’* . -
I{/yé/compare the percentage of correct résponse ;

a

po for this test on questions involving sets (7.7%) with
- '\ .

that og the prevdous tests (main experiment part.1 = .

4 L.
slight differen¢e. Moreover, whatever difference :

¢

exists, it is in the wroritg direction.” This would

9,4% and pilot z;periment 13.5%) one notices only a

. . seem to indicate that it is not the number of elements
T “ . ’

in the solution set which creates the problem, but
rather the set form itself. If the 8 answers mentioned
at the beginning of the experiment (éhose whidh were

correct in foém but wrong in'c0ntent)’are included,

[] o - - . i :‘
the 7.7¢% figureg jumps to }2.8%. This is still close
/ 4 « - A * L}
to the results of thg’prqyiqg‘!gxpenimént.
t | '
’ v » e , 1‘ - , . o \
I 4 v
. . /-
* " _
Q » ' ’f c ‘““ . » ~




‘ -~ Tgble 11 ¥ v A ,
v ! o i L ‘ u' (r-" - * KK )
Srade 10:39 Subjecte .., . ‘ | A |
L . . " | . L a ° .o .
\ * , Question Right - . W, . . R
: " number by NS YOS ¢ -3
: ) ' - +Form No Set Other . . :

) - —

°

. _ “ no., % ~#oe % no.~% no,% SN

923 2! sh 6116 0 . - |
Y e ° 'h .

!
_oe 6 RTINS 8 20 "21) 54 "L, 10 :
’ ) N 3 ‘ , (R tT '
i |
1 ’ 3 "2, 5 "4 10 30 77+ 3, 8

°

Ty '

h) N “ ' ~ .
N N e g
s v - . B
]
. e ’ o
o
] ¢ Y
~ w
v
A4 -
. . .
N -
¢ . L [
, .
o
-~ .
P
o
<) / [ 3 . 8 )
" ‘ ‘ ° , * -
Y
’ ¥ 1 L * 7 i ‘
¢ i
& [}
(e r -
. A . ' g
H t N °
; ' - o . N \/‘ . -
+ hs o ¢ ) ?
v .
! &
+
‘ -t o« ¢ ; R
" - S -
' ~> ]
- ¥ '
%4 z ’
A ES -
, - » -
- .
. ’ \ - . :
- N -
I . ° .
[ [ 4 L
. % ., , ° .
Sy
@ /"w ¢
-
~, N . a
- . B , ) N . S 4
R — f *\‘ ¢ - y
. ,[ A ! °
r TS 4 -
Fy h * v -
* N .
s .
v
0 '
? i . [N Yo \ ™~
. »
. . “ ' .
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Frdm TABLE 11 it was observg@ that 28 ariswers ,
‘out of 156 or 17.9% used sets 1ncorrectly This is "
;entlrely in keeping v1th,the obserﬁatlons made _ ;
earlier: that'hs the student graduates to th; next 1‘
highér level the‘tendency is ﬁor the incorrect form
to ‘decrease. \6n the other hand, the trend of .
dropping the notation contlnues as a student passes
from grade 7 through to grade 10. }/

In order to visualize the pattern of response,
graph 7 was constructed similar to those cohstructed‘
_earlier. The ftgquehcgcaf response was plotted
‘against the type of responseﬂ There were four types

¥

of- response, outlined ahobe: The gréph can be found "

o o =

»

4following p 74.
' Each rgsponse had ‘two roots. In order to rgduce
the numbet ot curves appearing on the same graph, the
questions were paired and_averagea ag ‘follows:

questions 1 and 5 were graphed together - these had

~

no set notation; questions 2 and 6 were ,paired - these , 3

used the set vocabulary; and questions 3 and 4 were

%raphed as one - these used set-builder motation.

Upon examination of this graph, one observes that

o




-y

, Frequency curve

Grgde 10:39 Subjects

B O

omitted, {-,-4, =~} x=-,-
‘Wr‘ong_ xe.{-"-‘ .
3’ ’
.3 B
:
&y
t ;
« X
\u._‘ [ ]
IR '
~r"
At s
ENFE
J
b
A\ 8 -
Li -
o ° JEL
' , TYPE o F aWsSWER"™
Legend: . X

21.Find x 1f x «6x+B8=0, \ -
’\» z :
S.Find x 1f x «36=0
. 2 -
2.Find the solution set of x =7x+12=0 1if the
O( replacement set 1s the set of integers,
, ' 2
- %6,P{nd the solution set 6f'% =25=0 if the
replacement set is the set of integers,

2
»3Find { x|x -5x+6=0,xeI}.
2

RN

’h.'Find {xlx -16=0,x ¢ I}’. ‘

\‘15

2

AIMIND 3y S

4

e

'l,"
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v
S

. if form is taken into consideration, those questions - ‘
,' '~ . . R . . . ) .
- involving 'set=builder notation were not answered
. as well as those questions which ‘asked for .solution §

sets; and neither type was answered even half as well ! T

3

as those questions which were presented without. the

use of sets. . ‘ S

14

CONCLUSIONS. . o CoT Lo .

. ~ . ] -

This experiment reinforces previous conclusions:
' : L9 T
questiohs,prfsented using sets, whether it -was set

~

notation or set vocabulary, were not arnswered .nearly ' .

as well as those which We:enpresented without. And’

~

- ¢ ‘
it does not matter whether the solution set is a

PN

singleton or a doubleton. There amré still over 90% '
of the answers that .are wrong if the answer requires -

the, use of set termipology. ’ . .

"
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MAIN EXPERIMENT: PART 4 (ability grouping)

——

. . TEST

' - . .
PLEASE READ EACH QUESTION CAREFULLY AND . =
ANSWER EXACTLY WHAT IS ASKED. . SHOW WHAT-

" EVER WORK YOU THINK IS NECESSARY. . o ' . }

-

@

1. FIND x IF x> + x - i2=0 AND x IS A

. i - . NATURAL NUMBER. - S L -
- ~ . 2. FIND THE SOLUTION SET OF x% - 5x 4 a='q '
. IF THE .REPLACEMENT SET IS THE SET OF
’ NATURAL NUMBERS. - '
3. Fovp §x | % - 7x + 1250, xen}
4. FIND x IF x> - 3x + 2=0 AND x IS A ;
' NATURAL NUMBER. - ' :
N 5. FIND (x\ x2 +x-"6=0, xe¢ N}‘
’ : 6. FIND THE SOLUTION SET OF x° + x - 2 = 0

IF THE REPLACEMENT SET IS THE SET OF : :
\ .

NATURAL NUMBERS. . .

The foilox‘ﬂing rep;'esgnt‘ the cofre!:t answers.
Alternative answers appear in parenthesis.
Lox =3 () o
2. {xi x =2,3, xeN ({2,3) or xed2,3} )
3. {x |x = 3,4, xen} g{s,é} or ‘xef3,4) )

x lor 2 (1 or 2) ° .
‘ _— _ 5. '§x|x:2, xENL ({2'}‘ or xe{z},) |

6. {x|x=1, xen} (o} pr xefaf)

»~

it

-
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‘* It was required that .the answers to questions
%

2, 3, 5 and 6 would be written using the proper form

H
of set notation.

»
4

RESULTS ’

.
L asinadakate s T e

The answers appéaring on the test were studied .
"and classified according to the following types:
First, the answer was incorrect; these were divided

into those where both roots were wrong or.

only one root was wrong.

Second, using seés, X = { ) 1 ; . \
Third, {x | x = ) Xe€ N% or { {.
e ' Fourth, 'x = number

/

Where sets weré required, only the third form is

. ' correct. Tables 12 and 13 récord‘the number of times
g\) each ;nswerywas given. These can be foﬁnd following
2 ¢ "p 77. '
|
* DISCUSSION

¢ .
.The discussion will be dividsd-into two parts;
a. questions 2, 3 and 4 with two roots and b. questions
1, 5 and 6 with one root in N,

* a. The reader will notice that ip this experiment,

| D the form xeinumber, number}, K has been dropped. Not'one




Table 12
(ability grouping)

M4 IN .EXPERIMENT (papt Ji)
r

) Gprade 10 regular:20 Subjecfs

Type' of Response . o

i

M Question
‘ number

Omitted/wrong < {x|x==,=), . x2le,of  x=-
ey

a

-
»

r'”- : a - .
_both one set no set total -

4 ’ ‘ . ' ' nO'. % no » % ho ] “% c-no L ]
. . X
10 13 0o 13 13jés o010 0 ' 0 7 '35
S ) » . Il \ . !
t . , ' ){‘\ ' N f
) 2 10 1,5 8 uo

2 5 b4, 3 6 ?;lh_S"

5 2 10 3.3l s 1055
T l u J - -
! g LI S 5
L, 2 3 1 L S5p25 0 0 0! 015
LI !
' . . ' )
.~ 5 0’13 1 12 1365 ¢r0 0' o0 7,3
o N ! |
6 6 1w 3 ‘1 -wylro Y5 108 b
Correct answer ,
¢’ -
:;’ P}
/t !
i - <
- |
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MAIN EXPERIMENT(part )4)

Teble 13

Grade 10 accolorate&izh Sub jects

Question

numbesr, - -

Omitted/wrong

Tvoe of Response

g

{xtxa' -
or .»’-i

{

18 ' 7

v

118

o~ .

£y
Correct Answer

1

both one set no set total -

no, %

w"_ [ 4'-',_
PR N —_ —

hat™

&

(ability grouping)

21

17

x={-,-§ XZy =
noe % no. %
°|‘0
!
1 | 58
729
N i \
!
0, 0
[
bt 17
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‘question without any set notation, immediately points p

, -78- S -

[N

student employed this form when responding to the
quéstioqs involviansets. One would expect most
answers to be give? using set-builder notation.

W .

But this has not been the case. Among the group of . o

reqular students there was not one instance where set-

builder notation was used and among the accelerated ' o ' i
group there weré'only three cases. : ‘
To compare the two gkoups.more‘gasily, table
14 rearranges the data for.questions 2, 3 and 4 provided
in tables 12 and 13. Thﬁs table can be found_followiﬁé
p 78. - " .
A comparison of ‘the two groups on questiéﬁ 4, the

”

out their difference in ability. The regular class

was successful 75% of the time while the accelerated class
was gycces;ful 92% of the éime. However, one notices
that even this group of brighter students mishandled
the qhestions involving sets. On questiog 3 with set-
builder notation, only 4 out of 24 answers'use the
notation correctly. 1In other wélds, only approximately
17% of the answers are correct.

On question 2 us}ng set voéﬁbulary, 5-out 24
answers were correct. If we inclﬁdg two wrong answers

(content~-wise) which used correct notation, approximat-

ely 29% of the answers are correct. 'Compared to the
. . . -,




e v

|

Table 1L

l Comparison:regular versus accelerated

Quéstion ‘
0 number i _ Type of Response B
’ : 1
Omitted, {X|Xs=,=;, x={=,=} xz-,=
wrong ori{~, - /
N0« % ‘no' % ‘no. % no, . % )
| ‘ & | .
R 2 9 'k5 27 110 . 1 's 8 40
} s
A 2 278 st m 1 .88 313 -
R 3 315 1 s 1, 515 75
) ] i !
A3 o0 417 7 29 23Vsy
! r v !
( ; ' t *1
R b ~ 5'2 .01 06 0, 01575
v ' "
* ) v * '
AL 0. 0 110 L 1, L4 227 92

*Corfect answer

Legend :R=regular grade 10:20 Subjéota
+ A=accelerated grade 10:24 $ubjeota
2.Find the solution set of x -5x+6=0 1r the
| replacemant set is the lot of natural numbers.
3e Fim{x|x2-7x+1z-o xcn} |
hoFind x 1f x -3x+2=0 and * 1s a natural Tumber,

> e
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|

|
=

as well as those without sets.

~-79-

regular group where 3 out of 20 answers were Eo;;ect
on quéstion 2 (this inaluded 1 wrong answer that used

correct hotation) for 15%, the correct output is
) O

doubled but there is Stlll less than 1 in 3 correct
answers from the brighter group on questgons where

sets are concerned.

 The data collected in this experiment confirms

»

previous data. In other words, questions in sét-
builder notation are not answered as well as those

using set vocabulary which in turn are not answered

b. * For questions 1, 5 and 6 the dcoring™wasg as

t

follows: one root was extraneous and had to b& dis-
carded. In tables-12.and 13 unaer the column entitled
'omittéd and Wroné' entries were made as follows -
1f the equation was solveﬂ 1ncorrectly bath roots were
wrong and an ‘entry was made under “both" This
occurred‘in one case only. If the extraneous root
was, not rejgcted, one root was wrong and an entry was

1

made under "one". All other entries were made as

before. ’ ’ .

It was observed thdt the correct form For these

three Qubstions appeared less often than for the

]

-

. -
a4 s s e e i S—

.

-~
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‘leads to a discussion of content. Further research'4

80~

corresponding questions of the first group; There

was also a significant increase in the number of

-

wrong aﬁswers*apparently brought on by the student's

inability to reject extraneous roots. This, however, ~

is necessary on this and other related questlons.'
For example, what happens when a studené is presented
with a problem where both roots are 1padm1351ble? In

any case, as was stated earlier, this‘question is
: Ty
beyond the scope of -the present investigation2¥ One :
/
final observation befote concluding this discussion.
. . / N N

t 1S B
As was done in -earlier experiments, an analysis of the
° A

wrong answers was made for the‘brighter group on
questions 2 and '3. Table 15 reports those results.

It can be found following p 81. i

L]
r

£

Although there is a.strong tendency in this

grodp to use set notation, almost‘half of the answers

are technically incorrect. And one-third of them are
N,

presented without any set notation.

‘

CONCLUSION ‘

I
<

Based on the findings of this experiment, less

~




than one in three answers given by students

s
AN -~

' classified as above average are correct when set

notation is required. The rest either use the
A .

notation incorrectly or not at all. One can thus well

understand the difficulty encountered b& average

students when confronted with set notation.

’
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Grade 10 accelerated:2l ‘SubJects

Question ¢
number

*

L]
A Y

3

Avoﬁag;

5

Right

0,

‘21

17

Table 195

. Wpong

\
Form "no set Yther

no,

R

%4 no, %

#
. o
’
13
\J
3
1
.
4

n6 'Y /%’J
| 8

- ' -

0 |°0
‘| X

- .

e
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- 'DISCUSSION L,

Vi

1. . since it is felt that questions 1, 5 and 6 : :

-82-

v . . i

MAIN EXPERIMENT: PART 5 (re-teaching)

TEST S s

»

The same test was given to this
was originally used. The test can be fou

part 4. No changes were made.

)

RESULTS
DAl EA)
‘The' answers that were given were tabulated .

and they. appear in table 16 following p 82.

™
v . ’

.

To insure that the re-teaching had-a maximum . '

. - /7
effect, the entire'exercise was geared (contrary

-

to good pedagogy) to a rewrite of :the same” test

at a later time. The re-teaching consisted of
explaining the errors on the test that the group
had just written with further examples inserted to '

emphasize the concepts covered. The time spent c ‘

was the equivalent of one math period (45-50

minutes). 2
] @ "

The follo&ing observations are pertinent.
e 24

'deal with content, they will not be discussed hé;f

AY
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i : Table 16
(re-teaohing)

MAIN EXPERIMENT {part S)

Grade 10 gcgo;egatod?zh Sub}ectl

Question ~Type of Responsé
.. number {-\ L
Om tted/wrong &x\xa- -l
S or {=y=4
e e -"——~—-~--.. -

both one set no set total

, L nos %
1 o0 2 1 1 2' 8
v vy "
2 1..0 1 © 1L
3 0 0 O O 0 0
’ \ 8
Ly - 0 O0 0 O 0' 0

5 0o 5 4 1 sa.

6 o 3 3. .0 312 15 162 .
. o
& . v .
% A j
*Corroqt answer °
A L4
N , \

e et memam A b e e At vt
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other than to point out that there was an -
overall improvement in performance on these

three questions after re-teaching.

/

On question 4 where no sets were required, v
only 79% gave the correct solution as opposed

to 92% earlier. But, 5 answers attempted to

use sets where only 2 attempted to use sets earlier,

No answer was wrong because of content.

On questions 2 and 3, there were significantly »°

more correct answers using sets than previously.

As before, questions on set-builder notatiof
were answered correctly less often than the

questions on set vocabulary. .

-

The form of set-builder notation was used 25
times (including two céses_where it was not
required) after reteaching as opposed to the

original test where it was used "3 times.

On questions 2 and 3, the incorrect form appears
10 times out of 48 answers for 21%; and 9
answers out of 48 or 19% do not use any set

notation altﬁough it is required.

There is a significant increase in correct
usage of gets from the original experiment,

but there are still less than two out of three

answers that are correct. - .

w5

ey
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P

conclusToN
, 5 ) ¢
With the benefit of more teaching, to a

. groﬁp of Srighthtudentsq the group most likely
to improve, a certéia measure 9% success can be
claimed. After all, there wkre twice as many
correct dnswers after additipnalﬂteaching. But
there were still some 40%Aof the answers that

\ . were incorrect. How much more teaching wéuld be

‘ -
necessary for further improvement? Please keep

in mind that these students are carrying .averages

of 80% or better in mathematics. How well would

Ve
LN

the average student do upon re-teachihg?




SUMMARY AND CONCLUSIONS

a

’ . . Recall the reasons advanced by Rourke for ‘ “ /)

teaching set theory to high school studeqtsr 1. to
clarify;‘z. to simplify; 3. to unify; 4. to

broaden old ideas; and 5. to introduce important
new {deas. So convinced that these reasons were

sound /curriculum commissions and committees were

established and the high school curriculum was

.o réﬁbéﬁted t0'inqlude set théory. Not content to
alter only “\the high school curriculum, these
modernists ptoceeded to modify the éiementary school
c;rriculum«as well. $Set theory took the schools by
storm. Set, subset, member and empty set becameh
part of the mathematics vocabulary starting in *

" kindergarten. By grade six, s?mbols sdch as { },

N and U were prominent in the mathematics course.
By grade eight, most equations and inequalities were
presented in set-builder notation. Set theoty had
literally permeated the mathematics curricula at

every level from kindergarten through grade eleven.

- - Exactly what are the effects of set thigpry on the o

learning of algebr; in elementary and high gchool, ‘ ”/

particularly high school? Does set theory really

f %




fulfill its purpose as claimed bzﬁthe modernlsts°

@ Does it go beyond or does it fall short? Does it
4 . t\ have an adverse effect on the learning of a
. pa{&iediar concept? Or does it have any effect y \\
o ' ;

N at éll? These qbestions are valid and there are
, ‘

/ﬁ . several more wh%ch have not even been mentioned. But . \\
the scope of this research -does not allow me to
answer them. What this research attempts to

+  determine is whether set theory does satisfy, in A .
some measure, its reasons for being taught in school.
. With this in mind, it wag decided to test the effect
of sets in one area; that area was the equation.
Groups of students\gsre presented with equations

é%/// in different forms. Some equations were presented

(\ using sets, either‘in set-builder notation or with

the vocabulary of sets. Other equations'were

.presented wiéhout the use of sets. It was the form

of the answer which was of importance. Therefore,

in examining the answers that were given, answers -

where content was incorrect we?e noted, but priority

in analysis'was given~to‘the way the content was

presented. To avoid incorrect content in as far-

as it was poss1b1e, equatlons were selected which

could be solved successfully by the group being

tested. The form of the answer was then noted.

' : . . o
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The reliability of the method used was established .,
by replication, obviating the need for formal stat- -
istical analysis. Eight groups of students.for a | _ i
total of 233 susjects were tested with slightly
differing eqﬁations which satisfied the criterion

) that their roots could be easiiy obtained. The groups

attended two schools,-had different teachers and o

varied both in grade level and ability. The results
“ ! * . . Iy )'
iy all cases were clear-cut and entirely consistent.

LY
@

In fact, the simplicity of the, experimental design ty,
puts a replication of the experiment within the reach- -
of any classroqm teacher who should desire to do so.

On Fhe pilot experiment, it was immediately.
apparent that there was much éonfusion created lﬁ the .
minds of the students when they were presented with
set notation. Students were able to 'understand the

problem' (ie. tHey knew that they had ‘to solve an

equation); but they tended to disregard instructions

and report'thgir answérs in the‘same manner regardles;
! . of what was réquired. Over 40% of those tested did ¥.
not use sets.to describe their answers. Several of

the others followedlvarious patterns which ranged from
'dropping the notation early dQuring the test to | J

o ; consistently using an incorrect form of the notation.

té x ' ,
3 ottt Mt s Bt 7O ok 31wt S e .
. ) . T - J.----..-......."_J
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An examination of the answers giveh for.the questions

3

where set notation was required, indicated that the

-students definitely have not learned the proper use of

-~

B ¥
sjt notation. There were more answers using sets

i cprrectly than there were using the notation correctly.

On the main experiment with students of grades ﬁ
7, B and 9, 90% of the answers that required set
notation were incorrect. It is clear fhat the students
expgrieﬁcgd enormous difficulty reporting their d
answers,

On the test given to the grade 10 students, the
above resuifg were confirmed and a‘Very interesting
trend became evident. As .the studedt passes froﬁ one
level to the nextr(ie; as the student goes from gréde
7 .to grade 40), there is a tendency for the incorrect
form to be given less and “less often. But, at the

same time, more and more answers are given without

any set notation at all. On passage from grade 9 té

'grade 10 there is a marked drop in the use of incorrect

forms of set notation. But incregsed mastery of

notation, does not result in it being used more d
[+

frequently; on the contrary, the incidence of its use

‘decréaées. It is as if students at that level are

~able to learn the set form but do not see much point

Y ey SR v et .

IR g
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do no better than one correct answer in three when

‘arithmetic, algebra, 'geometry, analysis - having no

.
ot o2 e

LY ~
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in using it. Even the group of brighter students could

k3
i

/

sets we required,.
Since e étJLents-could solve the equations

oo
’:iiiggph”using set notation, it must follow that sets

and set terminology do not clarify the mathematics
involved. For, ig'the notation did simplify the
problem, it would follow that the students would use
it more often, NOT less oftén. The set‘notation&
has simply addeﬁ a new dimension to the problem, a
dimension which has not been mastered. To put it
another way, the cohcept of the solution set does not
seem fo be grasped even by above average students at
the grade 10 level. Thus the introduction oftset'
notation has merely added another abstract concept ., Y
(that of a set) to an’abstract problem (the equation).
It is easy to‘see in'retrospect that such an addition
could qbt simp}ify the problem faced by the student.

The present ihvestigation throws little light on

the unifying aspect of set theory. It is therefore’
very difficult to dispute this reason for int&Lducingf:
sets. According to Fehr: "No longer do we think of

hathemétiqs as a collection of disjoint branches -




" applicable to many diverse situations. In this ..

.

|
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inner reiations to each other. *e think of it as a

set of structures, all intimately related, and all

Tl t

context, sets, mappings, relations and functions are

|
|

fundamental to the study of all mathematics =.they
are the unifying elements. Built on these elements,
and basic to all secondary school‘maéhematics, are the

algebraic structures - the group, the ring or integral

domair and the field". 1© T

But one must consider the entire programe.
' |

Perhaps sets do unify the entire mathematics curriculum.

This is not disputed., What is disﬁuted however, is .
. ' !
the need to begin this unification so early in the

tr?iping of‘odr students. \

® The same can be said for broadening old ideas

and introducing impoftant new bnes;i;hese appear to

be very valid reasoﬂs for introduciﬁg set theory -
N !

it some time. However, it has been 'demonstrated that

its introduction is far too early for these young

minds to grasp and the topic would be better presented
at a later time. 1In order for set~tbépry to satisfy

any of the above -reasons (to clarify; to simplify,

etc.) it must first be learned! EQidently this

- 16" .
See FEHR, -HOWARD, R. in Modern Mathematics -
A Volume 1, p. vi

e e ot . . k)
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‘ -91-

| ) |

Tequires a major effort, for I Believe I have

demonstrated that studenfs ar€ unable or unwilling to .

use the language of sets in the solution of equations. '
After ten years (eleven if we include kindergarten)

of set vocabulary and four years of set notation, |
regular students give less than one correct formal N
answer in ten on equations presented with set

terminology. Brigﬁter students,do slightly better.

. . ;
. Prepature exposure, while not detrimental, /

is not alWays advantagqug. We shaquld teach the /

i 7

language of sets when the student is matur nough

..to handlé it. In particular, he should be,able to use

{

‘it for content as well as for formal purposes, ie. é
. he ghould be able to appreciate the effect on a-solution
8 , o
set of the number system over which the equation is to

be solved. To‘grasp the pupﬁgzg\:::fgenerality of sets

) - - .
requires precisely those qualities maturity and self- '
analysis in the lgarning process that children usually '

lack.

B B T i

- When is the student mature enough to handle
this topic? I thiqk that set theory, with all its ,
notation. and vocabu;ary, shoﬁld be introduced no
earlier than grade ten and preferably in grade
eleven. And it should not be taught as a separate
package and then forgotten. Continued use is a
\necessary condition throughout the balance of high

L .

school and into higher mathematics. In my opinion
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<

part of the reason students have difficulty
with sets may be attributed to this closed

package presentation. .Add to this- the fact that
- s

the presentation is basically superficial at the early
stages and one can well understand why the results

are less than satisfactory.

+
[

el .
Sets must Béaggught in such a way as to make

them useful. HOw this can best be done, I am not

prepared to say. o ' ‘
I believe I have succeeded in demonstrating

that the‘introduction of set theory‘ha‘élementary

"and high school studentg has not satisfied its

”~

'raison d'étre’. After several years of practice, ) ;

the results have been the same year after year: a
poor command of the notation and the vocabulary
when applied to the solution of equations; and

Pl

whatever time has been taken to introduce and teach

o

)
set terminology has ultimately delayed the intro-

duction of whatever has been replaced. The present-

el e sole g St

ation df'gets at these levels is not worthwhile
because of the resulting confusion. We should
simpl& aSandon the'ﬁgaching of sets below the
qrade 10 level. . .

One must agree with Morris Kline that set

i = . el et et ca s
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theory ig the foundation of a sophiéticated and
rigorous approach to matﬁematics; but, if
introduced too'early, it is a hollow formalism
that encompassesg ideas which are far more easily

. . e . A
understood "intuitively. 17

£
17 . :
KLINE, p 114
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