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' "-' Py ST are used in the thes:.s,-together wlth some other references

oLl INTRODUCTION: ~ ' "

v

-

R : The aim of this thes:.s is to discuss- rsome of t:he . Y

. . .
v, ae, -

basm aspects of the 'classwal and 1ntultlonlst1c semantlcs. - " T

e ! '. S .. In the flrst chapter,' we discuss the ex1stence of g ‘ A J
- a truth table system for the classmal and the l'l'ltliltlonlS". E . a )
-’ th pr0p051tlonal calcull. " In the case of the classmal L o
‘ propos:Ltlonal “\calculus, we proVe they existence of.'a’ tar'uth‘-' , ]

- ) ~ * A}

table system w1th twpo truth values, t-hen we use Godel{ s

']

N
.
Rl T e

. \ “
iSth gropos:.tlonal calculus, but ‘we sha‘ll be able ‘to pro«ze T

#

- - . the existénce of one w;th 1r_rfa.‘n‘1tely many' truth.values:

. o - _ush',y |~\ Lo -' . . ¥
) ‘ In the secon.d chapter, we develop three methods R
whlch glve us cdunterexamples 'co .each non-valld formula .m T )
> _“, oy . R ..' . '."'.‘E .
the class:.cal prOpos.xtlona@l the cl’assmal predJ.Cate and ATy /
‘ 4 . . s - o
A the 1n¥u1txonlstlc proposltJ,onal calCull.. I N L
ot C . - . . \Q' 91 . ‘. . SR R . , ’."’}‘ ‘ 1‘.‘
. In the thlrd anrd~ the £inal chapter We prove the' T
by ' ' ’ ». 1 S
Vo 3 dec:.dablllty of both ‘the. ciassxcal and the .l.ntL’llthnlsth Lo e e
‘_i ’ %- s .~‘ ﬁ\ ' . ¢ ‘
, prdpos;tlonal calculJ..,. ‘.[n each case, vg_e gl\fe two proofs-' E
H ‘one. 1s\ proof theoretlc,‘ ana thé other is- model theoretlc.. ’ ; .
. ‘(. . R e I I. ) . . . }-, ) . . e i " \ l‘. - ’.‘. .' Cor ‘ \f% Rl
RS 'Phe blbllography w\lli J.nclude th,e r&¢erences which - &
e ~\ | ’ —-'.a : s

-
L2
i Agea e

- A - i . o' .
[ 4 . V‘v ] .
. .. .»in Whlch valuable discu.ssmns of ,some’ of the tOplCS‘ that ) v '
’ o . <o ) ’t:'. . Coe AR yh'
- . ‘tare- expo_sed in thls thes‘xs nay be found. T Lo ) N
. . . R Il s i . . ) .o .o . ' [ ‘ Itlsw
‘ N R ! ' R ‘(’;"\
N 4 . . _T'\ _ : .
o K v . ' ,( s
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. . Usually, a thesn.s 1n‘troduct10n ends with the
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e Lo L E CHAPTER I‘-,;: Lt .
oL S TRUTH TABLES FOR CLASSICAL AB;D INTUITIONISTIC o SRR
T ; . , P - T AP
, L v . o .PROPOSITKIONAL CALCULI * *-.°  « . oL
- - ' ‘ ’ ” ' .\ ‘ 't'v “ * . - 'v i N ) “ . v l
STy L 1,1 Introduction.' .o IR - R -f §' .
r . . N Kl (,‘ ~"i ‘ ' ‘ ‘~‘ @ *
A.formal loglcal sLstem Ls has a truth*tablfi\
. system 1?'there\ex1sts a model A such that any formula X,
) ‘whlch belongs to the language of LS ,‘1s valld ln the ieman-

C T thS of' LS«, 1f and only 1f it is Valld in A, and in this ., .
N case we call the elemenits of A the truth values of the . o " 1\'~
. . . e ) ) % i ;s . ’ ) & ! . o N Ao

o truth table system. G - Ce o “
\ LN ‘ . . . . / . . . ,‘ ) . B v, . . L !’ N
JEES S j"4n . In thls chapter, we show the ex1stence of a truth-'
:ﬁ f3° Qq' table systenxfbr the cla551cal prop051tlopal calgulus'w1th
T Eh two truth values, and the exrstense of a truth table 'system’ - §

oy ~fér the lntULtlonlSth prop051klonal calculﬁs w1th 1nf1n1tﬁ

. ‘
SN S ‘ 1. :

. ely many truth%values. We also show the non~ex1stence of o ST e

S S ata RERA e wbine s

any truth t?ble system for the Lntultxonlstlc propOSLtlonal._~v'
PR éalculus wrth flnltely many truth values Cn S . -

4"5"_ . N I . E " R . ' 3 .
P, ‘ l 2 Language., . o \.,, R

A ‘ " 2 “ku_ . Throughout thrs chapter, our alphabet wiil be a X ,“i'

] countable eet ofgproposrtrOnal yerlables Pi ;‘Pé PRI . RS
""“ y R K 1. . ’ "’ ’ s : ’ '. .x M ¥ L ’ ’ . : “"3 -
o .ok Ql" Qz' P threé binary connectivés MooV 2 and K “h N
i . \ R ' , . . /.~
ST ©  one unary cOnnective g together w1th left and rlght ;
3 N . . . . ’ ' ' S v o ] "
' 'parentheses ey e »”"”"i S g R A 2
- N s - ‘f'h - " n‘_u\i‘ : ° i ;u" ' ‘ “ v ‘ 'L‘ - .-.‘%
. . ' N . . . . 4 'l
|
‘ : d
o >
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s ! - L . [ .

The notlon of a’ formula is' given' recursively by
ollow1ng rules~ B, P o A

. ’ & - ’ ' '
If P is apropos1tlonal varlable P is A formula, I

? " . /

v ‘ / . N ] . ARE
If. X "ls- a f?rmula, so is’ ~x ,// AN
..F?‘l}lfln If X and Y are fo~rmulae’ SQ are" ()‘( AY) , ‘(X V'Y),ﬂ.‘ | )
PV o " - ) N ' ‘. N, T : B
'(XDY). e S ‘ \

A prop051tn.onal varlable will sometlm/és be’ cai\led an atomlc

¢ * . .
. Y . .7
formula. : . o : / . ¢ o
. N v . N v . N

- e ' " *

We Shall omJ.t wrltlng oufer parentheses in a for-

mula _when! ’no\\ confusion can. resulﬁ %—sﬁ"ll use X, Y, «*

/\ ‘ . .8 o s

and 2, té represent any formula. o ‘ N T
oo - ~ o, . . P . Lo ‘H" .
The notlon ‘of lmmedlate subformula is glven by . .
the f01low1ng rules. R e ‘*- .o ' ;.\ S
.- ,180. . P "has no immediate subformula.. S e

" * n

."ISl. © ~X has exactly one immediate subformyla, namely " oo .
- . . ) . N -, . , Lo - " ; Y . .'/ . . N ‘ -. \.E:
X . . \"_ A f‘ S n, . o ~.\ o "1. « i
Ve o o ’ i ) I

_ISZ,B‘,Z (X A‘S()", m('X VY) (X :\Y) reach have exactly two

' -
lmedlate/subformulae, Mely X and Y. . . SRR
The nq/tlon of :a suhformula is. deflned as f_ollows- A
. ! . ’ - ‘ B v .o, ) { i - .
SO'.-\ X, 1s a éubformu’la of ’X ' CooTe o .
h l : - ) ‘ . . v - heBRET R
Sl if X / a,ra 1mn‘ied1at!e subformula of Y , then X 1is: A
) . e . . N ) "' - .“ R '\ .
a subformula oﬁ“ Yoo e -. T e e i
82 jgf X\‘ is'a subformula of Y apd Y 1s a. subformula é)' : &f
1 ‘ . . L= 1
of 2z, 'tr;e_n X 1s a subformula of Z . rh Ty H
"/‘:.9 ¢ _' t : e v .b, \ :
. ) ' 3 ‘ I} \ M o . i
) @ -4 S ' . , .
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1. 3 Algebralc Models for Class;cal PIOR}OSltlonal Calculus

and validity. ~° I L S o
. R ~ ‘ . - .
. " Ir'z"' this section, we. state the algepraic semefntics

\

A o :
of the classical propos.l’clorxaI calculus. [In ‘the,'subsequeqkt-

'

M
: \ we. ahall denote the c(lassmal proposxtlonal calculus by CPC].

'\’\"/ Lo

LY

‘ Defini’tioh 1.3.1:

on B

A .
i

ot
. . :‘\,.

. 'Bquations (1) and (2)°

’

a* . 1s called the complement o

i

1f a E‘B th'en axr

i léaoleah algebra 1s a palr <B '

B is. a non-empty set and <

B3. " If aeB :then.' B ' comtains an ‘elemerit a* , such that

N a..'/\ a*
. v

is. unlque J

»

such that uhe followmg condlwns &re satlsfled

BO, - 1f a r b& B ' then the least “upper. bound (avh) and
M . ~ ' - .
- the greatest lower bound (an b) ,ex1s't. . LUy
: Bl.. . lf a,b,c¢€ B’ v, the_n we hdve- A .
) ' ° - ' . ,‘l j 0\
T L ~ ‘a{\.('b-v'c)="~(a/\b) v.arc) .. "_' (L)
av (Bac) = (avbhwaave) - - {2)

-~ . *

B2. ' B .contaifs a maximal element ‘T and a minimal elenent

. AR o
+ . - o ~

- '

v L A

5

=0 'and ‘a v ar'= 1.
are called the dlstrlbutlve laws and.

a .. It can be prOved that

*>

We shall refer to a Boolean

algebra by its underlylng set when no confusmn can result.

T [B §S. ] or in [R &S] v .
. \r ,l".: ° °
: a N BN
* ~ e .
' ' ,-.5—" i
% \ p 'l\

s>" 'where

- . .
is a partlal ordering relation

oa~

ORI WY

.

IS NP



Defini tion l;3.'2:ﬁ f is ca}led a homomorpl_nlsm [from the

- o '
. . oo . \ ' r
. A 'set . F .of formulae to the ‘Bdolean algebra B ] if ST

o ..‘/« TR - . T e :‘ .
- ) | ' I ’ ! ; ‘ v ye ’ . * s .
T ) ,' f“.F + B and ' - ‘ ) : v ) K . ’}‘_
- . o . . - ‘ . . . ) . ) . .'. X ,. N X R o

B ; (1), £(XaY) = £(X) A £(¥) T N :

' C(2) f£(xvY) = £(X)y v E(Y)Y 0 o L |

S <o .. P : . ) . R . - N

o - \(3)'\ f(~)'() = (fEX))*. . S . ' e
. R ‘:\ . .

L (A) E(X3Y) .= £(X) = E(Y) where | £(X) = £(¥) = {£(X))¥ v

RS : £y .o g e S
. ¢ . . .o . ‘ \ ) ' \ ' ' - R .’ >
‘ ' Notice that on th rlght hand s_bde of (1)~ and (2} the &
o N A . o ‘o
o ' / " symbols SR, ,1"‘\"7 are the inf. and sup, operatorg/of the
. /. Boolean algebra, whereas on the 1left hahd 51de they are '
. *:. . /'. W .
: DA -symbols of our alphabet, ‘ - .
S AN L AN R L |
[ . W ¥ : N . * . ’, N . N J - . ’ ' ' P ~'“. ] ‘ J
) o - Rkf 'B is a Bcn’ole'an algebra and £ is a homomor- ST

- phism, the pair ('B- £l |is called an Ta.lgebra,lc)l model forr . « - -

. l - . o
_» CPC. If, X 1is a formula, X . 1s called valid 1n the mc;del S

' T~

" * . * - v . . ' .
(B, £) . 'if ) = 1 and we wrlte B }=of . X ls called' o ﬁ

. . : : e
. .

. .* ] . ‘ A . . e

. . . . ) ' . L ' .
~ ;o . N N i '
st S & : . l

|

L‘- , . valid if X 1s valld in every moﬁel, and we write | X R ; Y
} -

| 1+4” The Lindernbaum Algebra of CPC. A . T \ -

)

e . . - - " First we define a relation - = ‘on F by, ' Sy
o ,\ . “ e .. S, i o .. . . - . 3 ) :” . K ‘

JHE

- i | T R Y._’if~f' x>y :anci"‘ *V‘]-_Y':"x‘ ) R ‘.,

N

'
T Srsared T

/ here" | [—~ /ﬂ;ﬂ means that (X > Y) 1s provable. (See pl4.) v

‘P ) S .o
F E L4, Itcan B’e‘?pl(\/ed ';hat z is an equf\/alence relatlon on T:‘. R 7- §
SR - LY -~ . . j

i p N ‘,. S ) . . C el

<8 ;. ] . ~\ ~ A . . ' LI . ' 1 a\'

L . N R T . o, '

0 A' ) —6— ’ ¢
. i '\\'« *. -~
. & : ‘%M o ) ! .:’ ”
1 ':\ *
3 e ' ! )




oL . : ' N . N ' ‘ i , . R AR . . - A ,
) -7 &' |X| be theé equivalence class genérated by -X under =.+ . "7 % ;
S - e S R S S
s . . and let | ° . S . N L o & T v G
" -, . . v X N . \ . !‘ K
VAR ) ' . T ' : r
o T : PR - s ' o
~ T 1 L = {|X]*X €F} o .- .
P R ' - . . . Lo R * ’ ¥
tor ! L= S o . ; e : .
‘ t‘ ) and definesthe relation = ‘on L by’ . . o
v. ~ RN R : . ! . '“" ' ' T ) ' ' ‘ l r
& * ! H ' v " -
L ‘ .. |x[ s-]¥] iff © kX5 Y N 1
TN e ) . ' .
\ } L . \-., L ' 3 “ o . ‘ A
o ., It 1; easy to’ prove that <L, <> is a Boolean algebra and ‘ o
Fy ) ~ . w
in thls Boole\an algebra : o Co
s T .. ¥ P ! v
a oIl o XAy |
rd ’ . o . . - ! 2
Y ™ N - H [ w
Pt ‘[ Y@ x| = x vl - o N Ctew
@ . o . - ' . . . .o ' ‘
- L Ix] e y] <0fx ov) S T N
_ , - ' i ~ ) i Y ' . . ) N
- 4 (xhe=lxl A DL e
(51) |x{\ 1 3i§f | }-‘x and lx[‘ =0 iff fp X e L, !
: ;
‘} . . 'We call <L § $>° the Llndenbaum algebra of CRC. C g L J
. , X E' , . . - . . T
w. : w, u : . e e ’ - .'1 |
' 1 5. Truth-Table System for“CPC. , . L - S ;
. ! * . \ ' : ' ‘ * ) l:\d ke \
S 'rﬁ, B < thls~sectlon, we are to show that a formula ) S
) - i - . ~is va11d 1£ and onl? if it is valid in every model whose o ‘ ' /l
. . '
. \ . efirst componeht is 2 (the two points Boolean algebra) That: 7
- ¢
. _ proves the ex,J.stence of. a truth-table system for CPC with =

s L) two truth values, namely 0,1 (the members of 2”) + To do s0,

C ' . . . 1
Ao T we® need the def:.m.tmn of a Boolean algebra hom&torphlsm. o 5,
SRR ‘ , Defin'ition'L.Sn‘laz' If ,\A and ‘B ‘are Boolean algebras, and' £ j
s v oo ' oL : ' . Lo S
| \)( ‘ - is‘'a function from- A to B ; then £ is said to be a - .

N v ’ .~ ‘. " ' ‘ B \:. - l:
: . R S : - |




' Using’ the  fac that-

d . . : N
o ’ .c . K . N .
Boolean algebia,homomorphism if:thé following co?ditions
- are‘éﬁti’ ied: ) i Lo " - i »
(1) f();Ay) = ftg)‘/\ f(Yf for ‘all 'x,y €A
‘ . o ‘ B
(2) f(xvy) = £(x) v(y) . for all x,y €A
S : o : ‘ <.
(3)  £(x*) = (£(x))* for all x €A
. SR ‘ g

o~ Let ¥ be:é homomorphism. from F t6 a’ Boolean

algebra B . We have the following leimma. .
3 i : - -

. . . _ , N ‘
Lemma 1.5.1. The function £'rL + B whose value at,; |X|
g . v .o : ‘ .

is equal to' £(X) ,-for every '|X|'€ L , is'a Boolean' )

. ". . £ . \ . .

v

algebra homomorphism. ‘ . ‘
- . . . . ; : ‘ Ce

Proof. First, we notice that £’ is well defined since if-
' ' . "-. C . ' . ~. .‘
|x] = |¥} ', then we have - SRR o
h ' . ’ { ’ P » . i )
LY - \

2

Fxo Y--fand Ry 2 X«
} - L ) . - .
\ o . . ,' . . .o K .v\ . T?::a

W

. . * °
3 . O\

But CPC is complete. Hence N _ ‘ 3

/ “"'

-

- ‘EX>Y and -k Y. o X r(' R L
- ) ' ~ ' " ' g ‘e . ° - ) v
o .. L8 ’ ; L .

 This implies that" - - . .

-~ vt v ' N

~Wm®” - . . . H
‘> P B ‘ ..' . ) ‘.\ , . ) “"..
. .f(X3Y) =_.f(y:,x) ?;l. . . _.t‘:n‘ e Y0

=
L
'

£ is *‘aﬁhomomorphism from F td B

w,e~ge‘t, ‘ < M " . \ . ' l‘t
Cy ¢ ‘| .. . § o . . ) s 7
CE(X). 5 £(Y) = £(Y) > £(X) & ‘
ol . : ~‘ - " - ’ )
S ~3 : .
‘ ‘ _8- ) © -
| [ . N ’ . " 1
~ ! \. ’ ¢ N 0
v -q.’ .

€.

e
«



: , .3 4 N °
- Hehce 9 L e .
£4X)* v £ =1 (By the definition of ‘=)
] ' ‘ ’ « . ° . .
} . .
and so . . R

- ) . * : v
- f(X) A1 ) o

",

.",w e
4
Hf
-
~
]

. e
‘ : . E(X) A ((£(X)* v £(Y) T

' ‘ CU= () A E(YRs £(Y)
- . '_. : P ’ B
By the sarrie‘ar'gumént, we can provesthat
. o . , . ¢ \ . . ) - - ‘
| | CE(Y). 2 £{X) P |

= £(X) , and £’ .is well'defined. .

. ) \ ',. . N .. : ! ':“ ‘ . “ ' ‘. . / ' l ) v~ .
) Co Now, we shall show that f’  satisfies c<y8d:tions ) -
a .b‘ .. . ' ' :

/

(1), (2) and (3) of definition 1.5.1., ' 7"
s Looe
; 4 ' (1), £ (XA YD)
" 3 - Il‘ l,‘,

]

£(1K A Y

L W= fEXA Y . s

-
x
S hin Lt

Wy

13

- ‘ - Y \ . .‘
£ (1x1) A £R ¢y

: _ Coan S . T . o . w'.;'
(2) "Same as inxne. . : o e - R
(" £Uxy. = £l T v
b \ . ' .
_-:\f(:"}()" . ) . o .
P T o = (E)* T e L
Lo s ExDe A

* ~ ' . This completés the proof :of the lemng. .. - o o

. ' . : \ [ B
. R » P . .
I~ ' ! . - « 9 . . . « ’
A . . . . ., . .
.o o .

N M LY <
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* 1 L M . '
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Proof' .The "only 1f" part is an 1mmed1ate consequence of.. "

LI

Now, .we shall J.ntroduce the deflnltions gf fllters

and ultrafllters, whnch we are qomgn to use in the proof of - \

. , . !
" the follow1ng theorém. _ - ' !
Definition 1.5.2: A filter in a Boolean algebra B is a

non-empty ‘subset (A of B., which s,atié‘fies: o ' )
(1) For all x,y€ A, xAyE€EA. '

{2) For x €A and y € B, if k-s‘y- ,then‘_ygA.. A

.

. . X ' ;
Definition 1.5.3: An ultrafllter is a proper fllter th.ch ' o

. Q N t‘ ’ At -o,.
“has no proper extens;.ons whlc,h are al*so proper fllters., . }') -

N - R

hY

:Theorem 1.5..1. lA”formula' X is val;d lf and only J.f for

_every'horn'omo‘rphism £ !from F.. to 2 , 2 |=f .

~

Ve

-

@

P

the deflnltlons of valldlty To prove the "if" part, we

assume that‘ X is not valid, ' Hence there ex1sts a Boolean

algebra B ‘and.a homomorphism’, f \ such that f(x) 1. t

So we can flnd an ultrafllter U in B suchs that - f(x),‘e! U

(. ..\ . . ¢ -

but 1 € U (See [.B.&_S..]').-

'
.
. . . - - N
. . . ‘ .
. : - . Lo _ 4 . .

.. N .

!! s, .- o . .
e T . gt L s . . = N

. dostrms LI 2 P N I VR QRO T LRI . = g, S e e

- ' . N . - . - N

‘; . . . " \ . . N o, , .
* We define g/:B=+ 2 by . : : I~
. _ . : . .
. 1 x €U . .
°, ' D . )
ooaX) = L o .
K T CNREE S Y oo
. 3 ’ ' - ‘ e ‘ . )‘ ! | °
g is a Boolean algebra homomorphlsm smce- . ‘/. <o ’ o
W ifgrayr=1, then o ye U ipplies ‘xiy& U, .o
.o . \;lo_, . e “ y v ’ i
,/'"'\Q):‘ e V '. ‘ -v'lJ‘: . ' " !
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PRI %

. v A N « . . | “ |
) N . .
Yo . . ’ . . &
. , s .
Y . . B N
. . . . . b .
‘ R N N b 4
. . . . o
H N .. . . 3
. . . co
. . . . . «
. | " . 3 . ' 3
. . o ¥
. . . - . N
- L N . & - . 13
. . . . . . . . . 5 v 1
N

Jand so g(x) =1,gly) =1, thus g(xAy).=g(x) A,

. : L ' . . T T Coy
g(Y) .. C . : e A P
a “‘ . s . . N LN 3
i > n N . \ ] |

If 9(XAy) ‘=0, then: x'A y ¢ U, Hence x¢ U or T,
'y ¢ U, ‘and*so g(x) = Qorg(y) = 0, thatis, . - - |

g(xA9>,=g(a‘c> NeW L o

(2).(_3) I8 g(xvy) p then XV Y € U. Hence 1%

' y € U,\ since J.f not then x* y* € U(” . a;nd so -
x* A \y* €U '. ,’ But we haVe (x*'A y*‘)‘ = (x‘v y)*, and' ; o
(x vy)*‘ cannot be an eiement of:+ U , because if it. ; ;
S . is, 'then so0 is -‘.(x ay) A (x vy).* ,ﬂ?nd‘?'.n: tt‘lli;c'ase
L , U ‘will nbt be proper. So 'wg-musf Hhave ‘x.'E.U -or, A '
. | yE ﬁ‘: for otherwise we Ige‘tc a cdntradicti'o'n. _Hénce . !

T W(x) =1 or gly) =1, that is, gxvy) = glx) v
. - \ . . . . . .

gy v T

M -
=
. B
ST et £
1]

R
N

" (b) .,if_'g(xvy).=‘ then xvy;éU,.J.mplLes x,ygU
o ¥

o

LT Rk

- ’ :and S0 "g(;‘c)~ = (',yl) = 0', and we get.,g(xl\(y) g(x)v ‘ "
g(y) . . . ) ’ ““. 7 ‘§ . 'u'\“ ‘
(3) (a) ]1f Jq(x’*) Re ,' then x* € U =z 1mpl:.es x ¢ U .. and i
so g(x) = 0 ‘ so we have g(x*) \ = (g(x))t -

(b) .if g(xﬁ) , then .xf £'U, and So X G U(++) L ) «%.'.

£

|

, “ 3 . - . » “ i
that ‘is,’ ggg:) = 1 and .we have /g(x*)‘ =0'=1%="_ "
. H ,.. o '} .' '- Lo ":\‘.. L ; : :
So we have proved tirhat g id a Boolean algebra po;nomuﬁ’hism. ‘ } P

S [ . ‘ Y . l.' . ,-.‘_. . . . - ) ‘ ' Loy Y . g

U - g : . . RN ) ‘. N .,u, . .
o T see [Buss. ], 1emma L3, o "g :
B R §
V ' - . .
‘s IR S . . -1l- , .

EEE :"'_‘- . ‘i . N
o . T ' - | ) . -
N R T T | . ' _ o e




| ' - ‘Now con51der g o, f’ , where £’ fiswthe Booleah -
f ' O ' algebra homOMOrphlsm, from L to B,; induced.b§ £ .'(See'
¥ ‘ C x ‘
\lmmal 51) g e

is a Boolean algebra homomorphlsm,
51nce it 1s a comp051t10n of Boolean algebra homomdrphxsms.
e o Deflne h F +\2 ) by h(Y) (g of )(|Y|) for‘all Y € F .

We remark that h .is a homomqrphlsm from P’ to ZZ,H We

. demonstrate only one of the four condltlons of the deflnl-
‘tron of a homomorphlam, i, &. { condltlon (?L... D ‘"‘_

L T s ‘h(Y':z‘) = (g?‘f')(\u':‘z];y . \ | /
W esgetn el s fEn L

= (ge £ N(ury 2]y 2 e T

.- _: -(;‘" . . . , . ; - o l.v" .“\’ B ] . -
j. N ; e -=.(Cg\°f’)(f¥|)){ v (g o) (|z]) |
L \ BRI RIS (h(Z)
et . . st L ' - .'o - -,
S y o . S h(y) h(z) ,‘as,desired.
' K Flnallx, we get back to our non- valld formula X , and. -
LT ~ T B
, s ;we notlce that: e U R
; \’ ‘ ‘.‘ . :l . | N ' f‘ ’ ‘;'l,_ ‘. - AN L oat :'. . / ‘.‘\ o . ‘ y R ‘ i °
o c e 0 h(X) = (g fT) ([X]) = g(f"(lxl)/“='oy:' >
. " SR ST . v
Y as ._f,’(~|_>‘<,L)‘- = f‘(X) ¥ U ,.*th'at' ;Ls,-“z V,; X o7
A ’ ‘ N L T
IR N e So we. have shown that’ if X is-a non valld formula,

.

'then there ex1sts a hdmomorphrsm j from F. to 2 such_ -
K .. :
that 2 Ff X, whlch, u51ng the, law of COntrap051teon,.“

’opmpletes the""lf“ part ‘of the theorem.", N

v
. . . A . LI
‘e - “ . : o
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L
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1. 6 The Intultlonlstlc Prop051tlonal Calculus (IPC) ‘
. . l e
‘ . We have~seen that Ain %he case of,EPC thére ex1sts . Rk
& - 4
. A
‘ a truth table system w1th flnitely many truth valnes, such
’ that under 1t the completeness theorem holds. Is thls alsof\ e -
v , true-lnwthe case,of IPC?- Thls 'is the questlon wh%gh-we ; '
. shqll answer’ in the next sectlon. But flrst we glve a
N \l -~ A B
formallzatlon of IPC. whlch has been taken from [C] ‘
. < -
< . 4 . . EEE
_ _ As axioms, we take all formulae of one:of the forms ) ?
' IPCL. X > {¥3X), . BRI .
;. l\ . ., S ‘ . ¢ . . A ,: “‘ s e y :: ‘.A‘ a s \ hd L. . '
e IpC2. (Z 2 (X> Y)) o> ({2 2X) > (Z>Y}) oy . o N
. . ' : Lt N B S . ' B N
o \iacB: X n'¥ \:\ X ' . ‘
o "IRC4. X A Yia'Y, i PR IR
. IBCST (X s, (Ya(Ha)) Y s e 3 N :
b Al ’ : A ) [ ' 4": * ‘ .. ' .}‘ £
1‘ . I/PCG. . X ':\1' X v Y e ; “-' :, - "‘ . " é .
RV LA L e NE
Lo IPC7 Y'~:>,-x~.v‘ Y. ¢ o el O . o
f , IPCB.I , (Z D‘X) 5 ‘((Y.s X) i:)..:.( (‘.Z-v"YZ .a-‘xv)‘,)'“: | . 4_ e .' e . .:‘
N - . - ‘ = . .‘,.; 1 e v Ve . i N ’ }' ‘
. - e, e o ’ . : . - " - o
o SIPEY. . (X o~X) 5 ~X 7 - . Cow Tt : :
. . o -~ ; oot . . &
.. IPCL0. ~X'3"(Xa¥)L'e ¢ @ e e
2 . PR ry ! .\n \V e ' /.‘ ‘ ;'- ‘. . . ; " - ’ v - Tt ’ Ty ) ‘
. L The only. rule of dinfgrence'that.we have is, modus ‘- .
. \ “ \ ~ . . . . . . ,- ’- . . ',‘ ‘“" ) . - ' “ .‘ . ... N “‘ kY . , , L} -
\ .. - ponens . . : [N ; - ,v‘ -. ‘ . ' . ~‘
- W “A:ak%gf'of a' formula- X . is a finite.sequernce ' l,iﬁ
v, L r . :.4 . . .o r' . .. ) - .o . . ¥ -t . . p'
R T .,Xne.gf forjrulae stch that- X is X .and for each k'«
\ . : . t . . vt ..’r \" - . . ". A . "‘. ) . : "
! . _Xk is -either 'an axiom or for some, 1,3 <k is an i e,
\ - . 1 . . v, . o o . ; . -
g \ . '. - . N . g o \ - N
o : ;o =13- o S ,
RS . g R o [ :
e’ s, S e LN L . ! .



' © . . [} .-
S - .
. ; _ - . v ‘ , .
R ‘ \ t - 4 -
. o
) .
;

. ' . ) ’ L3R
"' consequence of Xi and 'Xi accordlng to the rule[modus ‘
. : . N ‘

ponens, ! A formpla X is said .to be<provablé i there
exists a‘proof df ity “If. X . is provable, we Qrite F X .

,

1.7 ,Godel’s Cbuntérexample.
.“}‘ .

S h

. 1'have already been deflned then‘.

© - of . Godel's counterexamplf to the ex1stehce.of ‘a trutﬁ table'

method w1th finitely manf’truth values such thae under it.

examgle:may be fouddlin [CTE) o .'~)“ ' ’ .f‘

Ny I ' ‘ ' . v ‘. ’
"3' T Ve start by glVlng the deflnltlon of a valid formula"
‘Let” A be any 1nlt1al segment of the naturai numbers, O l

"\t..:,v-, (say)" An a551gnment 1s a. functlon~ f from the
”Q{ set of all atomlc formuiae AF to- A L0 leen‘an(a551g;meAt

LN

-f y We extend it to the, set of all formulae by the follow1ng

‘dﬁ' recurslve deflnltlén. For any X Y if ;f(x) anq f(Y)

\

fy e o
.. v R

) EKAY) = max(£(X) ,’fm)i. R
o ."'3: 'S""o”"»ff."f(Xfle v . 4
(3) . H fv(~X). -.‘ , ‘=' ‘ A - » N ~ ’ : . ‘ ' - ".’ KY B _ . | o .
. Y | ° v . . . T . . -
. ' ' A " .otherwise SR
AR ‘Io BN SR 20 N
*- ° il (4)' f(‘x o} Ye) = “ RN . . . o i Y C oy
Lo -[f(Y) “cherwﬁse,:'n" o
- : 8 . | . . =
J' R . \/\ I‘:‘ ‘ . .
| , - - -14- . .

thezcompleteness‘theprem bolds. "(An outl;ne ‘of the,qounter-‘

. Thls sectlon lS deOoted to glve a complete expos1t10n

B e e LI
£



3 15 sald to be Valld in (A,f) Lf f(x)l 0 and we wrlte

" A % X .‘X 1s called valld, in symbols =X Lf it is

. s i S .o
“valid bh=everx,-(A,f) . ' ) e
oY K - e - ! v
5, ‘Lemma 1.7, 1 Accordlng to the above‘deflnltlon ofovalldlty

¥

- " the theorems of IPC are:- valld - 1 - Lo .

-t v . . . *
N o ’ KN . . - ~

'Prbof The proof is’ bipxnductlon 'on the length of proofs.:

Cor ! S

s We show th@t each ax1om is valld ahd thgt if X 'and X >°Y
1 ‘ .

~ are valid- ‘then so is ‘Y& It willl’ follow Ehat a’ proof

’ eonsxsts Qf a sequence of ve}ld formulae and, ln;parthdlar,"

. + . 5 . . l. '
N ‘that every-theorem.is valid.. ' . - Ll
k] RS a R ' ‘ ‘;.‘ - . , n.
i SRS b oo L T e
We first show that any instance. of-the axiom ,schema -
s . \ Lo “ ° v

- IPC2.° .- k(z > (X D'Y-)) > (5> x-)', Sl sii')\)"’“ o

- v w

, b

lS valld / To do so, ass me that lt 1s not valld, hence we

. must flnd (A, f) lsuch that A %f (Z:%X:QY)._.J(Z:JY))

Wthh means that f((z :X) 5 (z :Y)) > 0 v but that 1§ true

Tk -f‘\\gh onIy ;f. f(Z QY) >30 f(Y) > f( ) We have two cases~- i

co " "\«.

< * ) .A‘ NN . ‘ . [N ' /\. . ' ' ' o
‘{ ¢ (1) _-:f(X) b f_'\(Z) o tha! is, f(X). < f(Y). ., and we-ha{.ve SN

£ eIE) = 1) thus £(z.>.(X>¥)) = £(¥) ="

o

e f((Z:X) :\(Z:Y)) Herice, .£((Z -2 (X>Y)...} (235Y)))=".
el 0 and the ax1ém is vallggg%’;*A;ff,:.. Y Lo
2)" . f(z) "¢ fi(xy_, we must have E(X) < f(Y) for'"other—- ;

I
! '( [

»

'

W;se f(iﬁ :X) :(z :Y)) ‘; and the axiom Ylll be

~

But in thls case, we have agaln

\ . -

. IS B N . . \‘ .
oy . s e _:15_ . . R
- N S ’
. - i

‘ Ya1;d~Ln (B )

Lo



. L '. . ."' “‘_' . ‘ -- . ,; “": ’ ‘l- . ' - | E | \" {7 " . ':," \':\
L - E((Z >(X>Y)) = £(¥) - ‘f%‘(z's X) 5 (25Y)) and the R
. L . fx10m is véild in (A f)\ : ‘ o

N -
¢ ' : ]

s
5 . l g . . .t v . . Ve S T »
. . . .'So our!' assumptlon led lnto a co&trgdlctlon, and Hhe axhom h

RN

L .. " . is valid for any -prx and* ¥ | The other axlom séhemas :
: ' . . C e | .

R can be. checked in a ‘similar way. .

\ i ' ‘ . e 1o " . .
: . . - N . o v ‘r‘ ] . . \ e

, §:. e T Now suppose that X and x 5 Y ;are valid. . It .

folloys from.the valldlty of x}*that in every (A, £) ., |
' f(x) =0 . And 56 f(Y) = 0 for othervise £Xo) will |
oo . | )
be equal to f(Y) > 0 which conti:adlcts the valldlty of

, ". N (X >Y) . ThlS proves the valldltv of -Y and completes the

.proef of the lemfh

‘. ': NOw we prove the main result of‘this.sectionu

. , .
[ . L 3

L
A t 8
‘

>

Theoreﬁ 1.7. 1. (Godel‘s Counterexample rhere 1s no truth—‘

L0 ) p
table system for IPC with flnltely*many truth values such

.

that under 1t the completeness thedrem holds._ ~."-‘ j ~”

- LI . ) ‘ L
Proof. _Considerjthelformula . ,_ﬁ‘\ L .
‘, : N . . ‘ - i‘ ‘ N J'I - N '-A’.:;
v T By R Y (Pl,’33).\'.'“"'”P_,I-’ffn), L e i
s‘l‘ \ ' ' - '. ’ - v « o N N ' :" ,‘ , . .. "‘ , s g :v
¥ ) Y ~(1/)2 > P3), 'Vl» (_EZ 3 4)-v ) V(P D?n)v’ j'\ff._(?n-f Pn?, " \‘é :
. S N o ‘ N e coe T i
Ce swhere n' is arbltrary. The. abdve formula is not a.theorem . ~ S
| , .. ‘ c
S of IPC.as it is not: valld in® <({1 2,...,n} f) wh’_ere.~ o
" . e N e ;
i Y \ f(P ) = i 51nce we have f(P :P ) =3 for ‘i <j, and
z, : - . o " . . . :
. % . | the formula takes thejyalue. 2 uHoweverr it becomes valid o . A
1 P . u» S T Cov 5
-~ § . .. R v ) v '. . " i . e o . % . .
R TUR T N -16-'"
' L0 . * . . . ) . ) J * Yo , R »
~ ] / . “{ ..“ "'\ }
- '.
o s



D D L s e o
/“ :l hi o . e R 2t . t \.‘A ,
: | - - * - y
o - N e . - 4
‘ / " s . A (' . ) - LR K . ..
. ) . o 1 *. . ¥ od X “!
&0, » . . i
. !upon 1dent1fy1ng any. two of its" prop051t10nal varlables .
- } - “ ) : ‘.<
, jby substltutlng one of the varlables evérywhere for the - . .
;‘other. Sihce in this case we get (Pi.}P.);~as atsubforr “L .
‘. o ‘A | mula for some i<n, and in any (A, fi ; f(P ),= 0, i
: L : N %
Y . > ' . . .
. "’ and so the whole formula takes the value ' zero.' - . - RAURIR.
R ' Now assume ‘that there is' a truth—table system with - . A
5 < ' ‘ '] /.y
s Y v[ flnltely many truth values, m~&say), such that the cond1— , -
Lo ' ’i tlon-of the theorem.ho s, . ahd con51der the ahove formula ) i
~1 - v . with n- equaié m+ 1 ,’hence any a351gnment of Pi'““’n&l"' o
: i T -/ ot T '
o . - oL . R . o i . RN . f
5. L ,;will take. at least two of'them'to one truth value, and'éo N
. "1,‘ _ the formula wlll be a tautology w1th reSpect to tth system )
1“f ' ", YL of truth tdbles, and as a- gﬁ:ult oﬁ{mhe oqmpleteness 2 . :t:
_,1 . theorem it must be p:ezeble n IPC whlch izttgr is not the o
S e . Td
[ " case as ‘we have shown earller. .This completes thd.égoof\of'; o _'%H
L ‘the theorem., L JERE N S
.t\ * T . . ° ' ‘l“ a e . 44" ’ o N
¢ [N o, - "‘ft‘, M D R . v
: ‘. l 8 Algebralc SAmanq;cs.‘ By _ o ’ ' E
e '_% , It was’ aftg;/éodel had come'up W1th hlS oounter— P A
( ' ,example (Th.1.7. la that a complete semantlcs of IPC was R
: .developed. namely the algebralc semantlcsT Here we~state . ‘f;
b e 1t. In the next seétlon, we, show how the work of sectlon -h g
3 ot N N DR " ~ . '\\ )
P ﬂ ”;l (l,Jj.can be done with respeo? to th;s_semantlés. . - ' /
. .::2 \l: ‘\‘ _‘.‘l ‘“' - ‘.. - . ‘ ‘_ "‘ ) : ." ' ! '_‘“ \. v- :“ _" ."‘ £
. Coo oo Definition L.8.1: : A:Pseudo-Booledn algebra (PBA) .is a pair T :
Lo . E BRI e . . . S : ‘ N . ;
,é e L Krlpke made -up another semantlcs for IPC,  and 1t has . C
& : L * ' been ved-’ (in F ‘that .the two semant cs are equivalent. L
s -\,/( B e pro ( AFD) a W i quival ‘~wf~.,‘
-‘l \ "“' ' ¥ e ". -0 " K : ' . ‘
. ,"" ‘ ~_~‘ . '.‘_ . . B “"' . ‘ Y, ..o_l.z\_ |. P . :‘ _ K
vt * N ., KY ° N ° . .' . * . . ,.f’ M‘




v '(at ):() ' - -;‘y . 5, . - - Tt R v N . . . . LN . : .
. R Tl ® v ‘0 . ,_:. P> I @ . Y, . oL, ’
~ > L 40 : . . L, . -
. <B, s > where B is a non-empty set .and s is a partlal.

A ‘l. r '~ orderlng relai(:n.on on. B such that the followmg conaltlons .

A arg Sétleled T . o ’ oL -/\fy/ /

.o o' @t TN .
(1) . For “any two elements 4 and b. of B, the least

_upper boundj%;;(a é//b)f , and the greatest lower bound
ot o R BN !

N

.':.‘ .If

. s - . ’ . . . »l‘
_ (aAb) ,éxlzé};j ' L C . |
P { . . . e . . o . : _‘ .
s (2) For any two. elements -a and~ b of B , the pseudo . \
k complement of a relatlve \ b, (a »b) ’- defined" to be. —( i
" - N "
*’  the greaczest x €,~B such that " a A xS b, exists.) - g
CL {3) *A least '.elem% 0. ‘exists.t. ~. ‘ ] :
' . . Let. -~a. be‘ a =0 «and 1l ,,be -0 . \
. We shall to a, PBA <B ' s > / by /its underlylng set B :
: when no confus:.on can reéult.”, A tﬁorough treatment of ' . ‘~/5 .
> . _' . - , ‘i :
Pseudo Boolean algebras may be found in . [R. &S ]. : X :
) " N . ) S . ) ’ ' / L\ ! ‘ ‘ﬂ‘ ’
De,fih—itio?x 1.8. ‘24““ is called a homomorphlsm (from the set ) v
~ " e
F of formulae to th,e PBA. <B ' s>) if - h: Fs B and o

(1)" A A .

h{X AY). = h(X htY
RYXAY). = h(X) A BED®

“(2) Fv¥) = ) v hey oo T

(3) h(~X) = -h(x) . ' B
(4 h(x>oY) = h(}-() =>h(Y) i . N
. \l - . € $
<B ;< > is-a PBA and’ h-is a homomorpha.sm, .the tr,:.ple ‘
o <B,s h> is called an algebralc model for the IPC.. A S O
‘ formula X is called vall,d‘;n the ‘model <B , < ,h> if" ' . g
V' N : . ,
\ -18- \
~ M: ) .‘ '



..is.éallea'véi

a

id if X

-

B
i

i

1 Lo 1 ' <0
. gty , -
is valid in every.

~1.9. The: Proof of;Goaél*s Countefexaﬁple Using the p} .

Algébfﬁicgsémantics.
L7

the i&gebraggjéém
instance'of'the axiom schema

is valid.

any model - <B, <, h> we have ..

Bq£ that is true since

" h(z) A ((h(z)

13

(%) A (b0 =h(Y)
" .\ . e

-and, this proves, {1].

& . - R ERNEN
checksd in a similar way.

-~

(2> (X>Y)) 5 ({25%) 5 (BoY))

-

L (B(E) = () =B} £ (@) =hi)

7i§h(2)=?lh(X)-:
. . 3

) A (B(2) SR} A (D) A (hi2)

.

Thé-other]axiom

N\ \

-19- |

.

el

23

\

P .

h(x))

b
-

€

K

. :féllowsfthat.in'evefy'mQQeI tﬁp, <, h>- we hav

' First we notice that lemma 1.7.1 remains true umder
ntics. sincé the axioms.are valid and if

3 Y and, X'iaré,ﬁalid theh $0 is YI; :Wefshow that“any
To do this, it is sufficient téﬁbrdve‘that'in |
(@) =h(¥)) "~ (1]

I3

> (h(X) Sh(¥))) \

schemas 'can .be

3

Ndw‘éﬁkg?9¢~that "X o'Y- and X. pre'vélid.. it'




.

& wttwe e

..
o e Lfe e
4ot Rl

k)

‘ I\ " 4 . K "J L
“h(X >Y) = h(X) = h(¥) =1°, and -
h(X), = 1
- ' 1
Hence h(Y) 1 .for otnerWiee h(x:>Y) h(Y) £ L.

]

Thus

~we have proved lemma 1.7.1 us;ng the algebralc semantlcs.

% -
B

prove .is thati‘ the féormula:

B b, ‘ (Pl 2 Pz)‘ v (P1§P3)V‘ -‘- v (P]: :Pn)

! ' . . . "
€ (.

y

N

3 +

P

Q

1

v (P :P) v (23P4)V....V(P 5P )V....V(P

'l

]

'{; fo do Eheisame for theqreﬁ 1.7.1 all we have to

12 Pn)

- is not valid, for arbitrary n , an:it becomee valid upon

!

ldentlfylng any tWO of 1ts propositional varlables.

~
:

The

.

second part 1s clear 51nce in this. case we get P

"i<n as a subformule.

~va11d.

where B

){l 2,...,n+l} ’ and

But h(P cP ) = h(P) = h(

<. is the usual orderlng

; relatlon\o_ the natural numbers restrlcted on B.

—

greatest lower bound of' any two elements ~i and ]

1

is deflned to be their minimum and the least upper bound

,of i, and j

AT

is thelr max1mum )u Flnally,

homomorphism Whose,value at Pi

1 g i< n

/
is equal to 3‘+ 1 -

.". Such. a homdhof;nism elists..

<P,
P.)

r-

z

(The

of .

’)

."

. 1 N
in any mo el <B < ,11>»}'dnd so the whole formula'becomés i'f

P ’prove the flrst part, conslder the PBA <B, s,lm>

B

h will be. any ‘

Lt g S A Yy Y T

[ R, . . R
Tup iy e Aknmwwf\.«u»,‘ e

Roagesii pretin o,

R




X : - Now let i < 4 ¢ n . we have

v e Ve Y B s ) ‘ ) .

L. . h(P. oP.) hP) = {P." o o L
- , STL T ( SRR : : \

- N '0

o i
k]
rd
b

R ] ' ) ) . . o st . e .
- A - = (n+tl-1i) = (n+1 -3) .
" ' ' . . ’ . X . v
. . .
N «
i
. . . . ) - . -~ .
- . . " . =n+ 1 -] >
¢ . . N J ‘ -~ . 4
. . ‘ . v . o L , ¢ . .
. ) )
o’ ' . s0 we have’ $ ’ T Lo
‘ - . ' b b ' . —
Ve

B - o T B ‘ . L

.;\, » . " h((Py 5P )v....v(Py 3P ) v @ZaPyv.“.vfb:EJv..HV(%PlaﬁnH
» | ' : ' . . . '
} 3 :. . ~ . ~ A
o .= h(PbaPz)v...vh(L‘ :Pnl Yh(P23P3)V.-:Vh(PZD?n)V.'.th(P_n'lDPn)‘ ‘
4 K . :“', %} . y;\ , ] N
oLl e .= (-1) v (n-2)v.. vl r e .
‘ L . N ” ‘ , . . ‘ . . . v o N \
oLt v n=-2)y (n Avevlveiivl ' - e
Pl - v o . . ‘ . . ’ . \ ' X .
: : \ T o ’ .
. . « '=n'.,l7£n+\l=).~B". . o i .
L = . v L P © ‘ \i : * \ “
e - . where - 1, is‘the maximum element“of the PBA <B , <>.
,k . L WS . . . . R “ ’ - i ‘\ . [ ~
[ ° ‘,.. . Thls dampletes the proof ofﬁl@eorem l 7. l usmg the algeb—'- U
AR " - raic semamntlcs. . : . ‘ B Lot
4 : ‘o ‘ b "‘l . ‘ N * B . ;‘ ‘X l ”‘ b' * !

" - l.lp, Inflnlte Truth Table System for IPC . . a X -:‘ .- »
"_ ' T . o We h:ve 'seen that. there is no truth table sys;em.—for - '
"&.' . | o g Ifc ‘;llth flﬁlté?-y H}énY ;tfu'th values .such tnhatl under it the

' o éomple‘teness ‘theorem ‘hc;l'ds.: However, t‘rle;'e aré anes with." L "‘
L. v w o - ' . : (

. Lo \\ ..infinitély many truth values. We shall illpstrate them . . « . . %
IR -, here. Eirst this definition. v
\.‘ ::‘" .“ v .” . , e o ".;. ' ! ,. ' ’ ‘,.-21; . ' ' . P ’ “
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'iDefinition\l.lOtl: A subset A of a topoloéical space X

. . , B R . ." . " ¢ v @ » | ' i .
is.said"to be dense-in-itself provided n
. o ‘ {
X E:C(A - {x}) for every X € A ‘
where C(A = {x}) is:the~clbsure.of; A - {x} . . S

.
LY
Y

. -Theorem 1'10 1, For every formula X EF (the set of all

Remma 1.10.1% Every’non—empty dense-in-itself metric space‘

is infinite. . L

Proof. Let X be’a noﬂ—empty densefin-itself metric space.
Vo »

ol ,
It folIbws that x € C{X {J}) for every x € X , hence

{x} ,ls-not open for;any % €"X . But any metric space is
» ~‘ o "

a —sPace, and so we conclude“thatrthe interior} A of;[

any f1n1te subset A of X is the empty'set for otherwise

-

{x} would be open for every xEEA°. It follows that for.
. &

every flnlte subset A of X we have
e . L ‘,- . . ‘(: E ' R . . ! ) . N .
X=C(X-2a) ... - | o : -

1 . i

. D . ) ' ’ . . “.4 " .
which‘implies that X < A .is not empty. Since this 1s true

.for any flnlte subset, ‘we conélude ‘that . X .is 1nf1n1te.

.o

‘Now we construct the Llndenbaum algebra of the’ 1ntu1t10nls-
~ 4 . .

th calculus by the same method whlch we have uSed in the .

'3

case of the claSSlcal proposxtlonal calculus we have thls : 1.~

‘theorem. C N R ‘L , : , , PR

- A 3

[

formulas of the lntultlonlstlc prop031t10nal calculus) the

folloyrug cohdltlons are equ;valent;- _' . . st

L IS ﬁ'

P22

T e

et T 2 AR e et S YL Yot 7

-

t
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. B . L ,
' (1) X 1is derivable C) I o

NI N

“2). X ds valid |, . =
. bt , oo ’ Pl R ; L
o3 X 1s valid in every Pseudo-Boolean aLgebra(of open - .
subsets of a. topologlcal space X , : e '
\.a‘ .o . ’ . / ' . - J
" (4) - X is valid in <L, s,l1>‘ Where L is the Lindenbaum -
Y algebra of IPC and h . is the homomorphlsm whlch assigns . J "
' to evex formula the equ;valence class generated by 1t. E S
(5) ' x is’valid in evary‘finite Pseddo;EOOIean algebfa. - !
., . . Vi
(6) X is valld in eVery Pseudo-Boolean algebra with at g
. y ‘ s
mOSt 22! elements where .y is "the number of‘all ‘ -
; . subformulas of the formula X .. ' . o
N N . {1
; ‘(7). X’ﬂis valid in the-Bseudo-Boqlean'algehta of all open . t
T . . subsets of a non-empty dense-in-itself metric.space. - R |
L ‘Proof. See?ﬁg.&s.] A . :" o - - _ﬂ%f
R L K ‘ ST ¥ ' C ) : 5
T o BRI fOllOWS from (7) that we have a truth-table sys- __— f
.tem for every n@n—empty dense 1n~1tselfkmetr1c space D, ;
w1th the elements of the Pseudo—Boolean algebra G(D) of i
g the open subset£ of D’ as truth values (there are an o ‘ L;ﬂ
.t s ;nfinlte number of‘them) Each truth—table has as .many llnes . L -
PN A N N . c
as the number of all pOSslble homomorphlsms from F to ) ]. :
" s G(D) . As an- example.ewe can take D to be eQﬁal to. Q ,
N oo LT
" the set of all rational numbers where the dlstance functlon K Sy
d is deflned by~ K
Ay ryg) =y
§. =23~ T 3




LS ‘prove that L .is ccuntable as a consequence of the fact

(Q ,d)"is'a non-empty denseeineitself,metric space.. G(@) .¢

{is‘uncoﬁﬁtable;fi;e. we have an uncountable number cf~truth'
L ‘ . Co , < ' L '
. vilues. | . s
It‘folloWs from-(4)»tﬁat we have a‘"degenerate"

trﬁth—table system w1th countably many truth values, namely .

the elements of the Llndenbaum algebra L (IX is easy to

'that our alphabet is countable? It is sufflcxent for
'dec1dlng the validity of any formula to check quly the
- homomorphlsms whlch assxgn/Gg e{%ry formula the equivalence

class generated by lt. So,.every truth-table reduces to
N A ‘ .

on llne only ahd that lS why we call ‘this system of truth-

i . N

tables degenerate.w

\
4

l' .
N “ ’
° . N
\ -
.
. M N -
t
' .
’ M .
°
o 4 Al
) -
.
L A 3 . : .
. o /
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o ' o . . ‘.ﬂ,.. M N . .\ K
‘. CHAPTER II ', | .

~ « .~ . THE ‘SEARCH'FOR: COUNTEREXAMPLES ' . . = . °
;.: ‘ h o B - " . o . ‘ DN ' .

N ‘

[N

W 2 lr Introductlon.,

I R [y

»

<o F : ;o " By a counterexample of a‘formula X 1n a ioglcal ': N
. B system' ‘LS ., we shall understand a model structure (Au,f) o .‘:: . ('
N ‘ . | ‘.' N

"of LS .such that X 1s.fa151f1able in- (A f) .. In this
\chapter, we shall develop a method of Search for counter-.g g‘- o
'f ' oo ', ' .examples ‘to- formulaé‘of the cla551cal prop051tlona1 calculus.
{" S S IE w1ll be shown how this method can be extended tp the

| . 3c1asslcal predlcate calculus. We shall wmnd up by glVlng a .

. - AY
: method for the 1ntu1tlonlstlc prop651tlonal calculus.

L ' . - ! . s - .

Condltlon (4) of Theorem 1. lO l prov1des us w1th

’
[
.
. -

-
3
Ve . R
e et S g B SRR RN e 30 &
. ~ . .

45‘ : N ‘ a counterexample to any non—Jalld formula of the lntultlon- J
:-L‘\\ . ) R
" istic propositional cq}culus.\ In the case of c1a551cal

=

proposxtlonal and predlcate calcull, analogous theorems ‘of f

Theorem 1, 10 1 can be provedT, and they also glve us oounter—

PYSCEEN

examples for every non-valld formula of the cla551calc;rop— SR :‘;..3
‘s . Qo ".‘ ! “

‘ OSlthﬁal and predbcate calcull. However, that does not . Lo

o A'affect the 1mportance of developlng systematlc methods of

] . . - . v N N

. . : L4
e -{search for counterexamples s1nce, as we shall See later,

.these methods enable us to construct flnlte counterexamples .

|

[ to any non-valkd formula in the cla551cal and 1ntu1t10nlst1c L _f-,
¢ : . . \. L . s i “ s

. vt : - .. ) : . o ’ v ‘ ot
2 . . . . .

. . . . . . ' .
. 1 . B v v L P . - N

’.

v e tm el

*"* . T (rh. vir; 2.1 & TH. 'VIII, 6,1, in fR.'&s.Lj'._ S A

‘. =




. every non—valld formula is guaranteed by Theorem 1. 5.1, 1n

us , ry —— -

‘.
P
LA

§
.
(SRR ATV Y

h. propositional calculi: Ihithe'case of the cléssicalhprédi;
.o ‘ cate calculus, we shall be able’ elther to- proVe the -non-: L L

. v e

L ~-\'.«
ex1sten¢e ‘of a flnlte counterexample to a hon- valld formula

e . v N

X and bulld an inf;nlte one ‘or to construct a flnlte
- ’ . . " i -4 ¢ . oo
. 3 t.
counterexamgle._ | . . . e T
. ; ‘ . R R
4 .. - + B . .. . ‘. Y

' Remark 2. 1 1, A flnlte cdhnterexample is a counterexample RN

B s,

.such that 1ts underlylng set 1s flnlte-and an 1nf1n1te

ke ' i \

. . counterexample 1s a counterexample such that xts underlylng LT
4 o . o N
. . . . - N

-

, - set is 1nf1n1te. o g o ‘
. . d o ! -\ . . A ' - '
’ - ‘ S iy : SR RN
Remark.z 1.2. The existence of a finite counterexample to C
w i““‘ . v . .

' 'the case of the cla851cal prop051tlonal calculus and by T

. N . [
Theorem 1 10.1 "condltlon 5" ln t case of the 1ntu1tlon*' ' ;

» “éi(“ . '..,.l ',' s '

4 istic prqp051t10nal calCulus. ‘t g : D o N j,n:;g

‘ . One might\ngtice that~a‘countere3ample to eVery'~.
[y N el - Do .
ndn—valld formula 1n the class;cal propOSLtaonal calculus A ;4‘
can be read off its truth table, but agaln"thls does not: . ~'f_ LT

3 ! N ' - s
A + L4

degrade the systematlc method which we shall give’ for two ,-"' $

.

" reasons| - fxrgt 1t is riot - easy to, wrlte the .truth-tables oo -nf*L
. N . . 1 I ' ‘ ¢ -, ' /.\
- . for pllcated formglae, and, secondly, our method ¢an be : <

’ .
extended to the classical pred1¢ate calculus, whereas there ST

A is no truth—table system for it. » A R ]

Tt ) The method which we shall give for'the classical - L i\/

. . '

N. pr09051t10nal calculus and its exten31on to the classical,
B B predlcate calculus is due to_Kleene (See [K]) DIt depends RIS

o -26-.




very heav11y on a. sllghtly modlfled ver51on‘of the Gentzen B

ﬂn'; - systeﬁ wﬁfch We expose in sectlon 2"2. ‘The or;glnal
' , ~ . ‘

’ ' version may_be‘ﬁ%und in [Sg}f e RS -~
‘ S Ty oy - o Coe e T . T
S A, R U S U .o :
Q', . . 8 H L P - hl . Lo P :: . o N
;‘/ - ~2.2,. The Gentzen System of the ‘Classical Propositional
N {\' ) - " ] . N ' ‘» i ) "' :' * ' , ! ) .' o .,"
TP e Caloulud. " . -'.7 70 e T DT !
o L ‘ R v . ' ’
= T We shall have the same alphabet as in sectlon 1 J
J “ N '\ ., ,“ ‘ n‘:
o ' Wershall also: have the same deflnltlon of ar formulan_ .
T . ) . C
. - : s ~‘\‘ ' «( ‘ - i ‘. CLo T Ce e ‘.
R ... - " _ A sequent is. an.expression gf the forn .
BRI S , - LS EREEERE LT . T
e e ”: Sty : S T
.‘ [ X N LI é“.;‘ l "‘ . L . X ’ X‘ ,.-'.,X -> Y ’ Y ’qo-,Y 3
S e . . .. oL 1°72 . n l a
: where Xl' XZ""'X . Yl ,Yz,...,Y may, represent”any,

fosqula whatever. (The ‘1 11ke commas, 1s an aux1llary

e ~-symbol and not a logical symbol )

v . . ( . t .
- o . T S o ,
, e .;.t We call the formulae xl; Xé,...,xn-'the antece- .’
. .. © .‘:" N .
' dEnt, and the formulae Yl“ Yz'°"'Ym the succedent of the

‘eequent gf shall also allow empty antecedent (empty sycce—

dent) if the - succedent (antecedent) 1s not empty

. ., Lo . . ., .
vy . » K
PN ° [ M

- | .",“: ) .: ‘,' The sequent Xl 'xz""'xn * Yl 'Yz""'Y ‘?5"

A - sald to be true if and”only if the formula
. . . -. { . »\ PR .‘.,.- L4 ® : ’ oot -‘

T ( < X . (xl/\gczi,\_..../\?n) > (YlYYZV"':VYn']) o

. V. ) Y (. . . v, . . PR
. B . . B ' N
° : y
.

N A is true. If the antecedent 1s empty, the sequent reduces to

the formula ' S _ ’ ) ' . T -




-

-~

¥

-

tree.,

~

If the succedent is empty, the sequent means the same as-: ~ . <

the formula " . S o - ;4 B
wo : R [
) .' -~ c ~(¥l .A XZA..‘. .Axn) ». . Cr ~,‘l ) ‘ ™ '
An inference figure may be wriften in the‘following way:

oot . * ) -' .\, . ' ’ 3 B -

r - O A . .

‘.‘0' o ' . /
where 'Fi, ! 1,...,F "Gn”‘ r ,;O are sequences ofﬁiormulaa'-- °. ;
L N o S

other words - .

(p0351bly empty) separated by commasg, in

( Pl ql,...,r > On ,F + @ . are sequents.q Fl~ el,...,rﬁ+on - e

:are called the upper sequents andf r>o the lower sequent

a

s .
e . -

- of the 1nference flgure o : . e " o Y
¢ - : ’ o o : . ool
. L o

. e
.t 4

A tree is. a number of sequents (at least one) ,’ o o

t . P

whlch comblne to form erence figures ln"such a.way thatf

- N

each sequent 1s the upper sequent\of exactly one 1nference e *y

flgure except one which we call the endsequent _
“ . . . - -, . ‘ o s e

' ° -
A A f

The sequents of a-tree that aré not lower sequents

of an 1nfe}ence\f1gure are called 1n1t1al sequents of the

. . . ‘ ‘
. L N Lo | .
1 - A

s

‘e

A proof is a flnlte tree 1n Wthh every sequent 1s

u

»a lower ‘sequent of at . most\one inference flgure, the\system -

‘”Qf lnferepce is nonClrcular,‘ l.e., there is in the prooﬁ no
] @ ! . “ -

Q M N . LY
sequence whose last member'is again succeeded by its first

members . and the ‘antecedent of the endsequent is‘empty'and.

.
’ * ’
N ‘

[RrevR N

oW

T hlear dutn g s

.



* . (a) 'Schemata ‘for ‘structural inference figures. -

its s&ccedent contalns exactly ‘one formula. Each 1n1t1al

- where x may be' any arbltrary formula, and each 1nference -

- by replacmg X,v, Z W by arbltrary fanqula and r

" The Inferenc‘e‘}Scheinat'a. oo é o . '/.

Thinning

sequent of the prbof is of the. form

"t s e T
Lt . . » 3 .

X + X - L ; o '.} "’,m‘:

%

' flgure of the proof results from one of the schemata below

1097

¢

2 , 92- by arb.ttrary ,sequences of formulae (possibly empty) L

Ny

separated by Gommas . R / o R

N‘

i‘ "l d ' N ’ . "' \ “_ .: »‘ - Al
. . : ﬂ; , .:-\‘ Y
'ip the antecedert . in the succedént -~
.rlfGI. o \ ;.rl-.-el'

LI

¢ . .. . ) _ ‘A.* . | _\\d.

Corytractlon R - : C e

. ¥~
in the- antecedent :  in the succedent -
N (1 s ot '?- - e
' X, f+e o T8y X

In/terchange .o S ".\_ '
' in the antecedent .. in the succedent ‘

I'-l /..le"rz\"" 9.‘ I‘l g ellx1‘¥l_az

I‘l,“~Y'.‘X,I‘2+O Ty :»;exl,y_,'x",.ez, R

. v =29 C
. . - , N . N

\




R - (..._"\l"l.;*\ 0 X X, T,> 0 . .
T P S A IR R

‘ L] .Y v . l
[ '».,. . { ’ '\ . ' ’ '. * i .—t - ° ' ‘l ) v , ' .\ . ' . 7\
i : S - (b) Schemata flor operational inference figures.

A

I G At Tt My 70y X YTy 0
F e T TR EEY L T T

S ‘fl T O X Ty » g Y XY T 6 .
T XXA Y TN WY .rl g, "
» . B . . " | : . . . ,» _\:

o

‘*el,X

;’573 - x rfl +.o

I N

"oy .t " . o ¢ . '
. . . o ...‘ S

A proof of ‘a formula X . is a, proof such 'that X

‘ \ . - is the umque formula 1n the .succedent of the endsequent of

the proof X -is provable Aif there is a proof for 1t:

. o | T RN It can. be proved that  for every provable formula ,
S ';".x~ ,‘we can find a proof for 1t ,J.n whlch the. :inference :

n““ N \ " figure’ called "cut" does not oc?ur But that w111 be out

. A ‘\ of the scope of this thesis. . e , '. C

. e It“can' a\l'so be 'p.rcfv'ed (we shall not gilve‘the .

proof here), that the Gentzen system of the classmal prop-

0

. [
. 051tlonal calt:ulus is equ1va1ent to the Hllbert system in,

-

L T WESMINE S NrTRE, R -

L =30

2 *x

AR e




L

€3

LR TRV e b (g T

.~ formulae.
C A .. - .

..1t19na1 ¢dlculus. We start w1th the followmng lemma. - : s

"fLemma 2. 3 1. Far each of the operat?gnal 1nference flgure' L
'schemata, the 1ower Sequent is falslflable in a model (B f)
.1f and only if the ugger sequent or at least ‘one of the\

'two\upger sequents, is faLSLflable %n. (B='f) .- ' Lot

. We apply the oPeratlonal 1Pference fiQures uPWard to form . ii;.

_step upward can-be made usmng the operatlonal lnference S

‘Qﬁ?‘aure or a sequent ofqthe form I T 'l : " .ﬂ | \

B e

4 “ . o

‘the sense that both. determine.the same classfbﬁ_ptqvable

v
.

P . ' l b

o PN . M ' . .
. \u

Coe : i . .
2.3. Systematic Method of Search for Cbunterexampleg to - S

v

.Fofmulae in the.ClagsiEal.Propositional Calculus.
SN Y. . ‘ ' K
. * " . Here we develop a systemgtib,methoa which, as-we .

X 3

a

" ‘have mentioned'before, provides us with a finite ‘counter-

example to every non- valld formula in the cla551cal propos-‘

- o

e s s ———et

. . MY .
\ A N ¥

- .

e

10

. g,

. N ‘A v [ C
%f . K .

Proof. Clear. .. o ' ‘ Y . o .
Lo < EU S . ST e

N b L eremme

.

an iet . X: be any formula in the classieeL

propositipnal. calculus, consider the following sequénté
q o .\ ‘. ’ .t . . \ o - ) .'_«‘.n
N —*.x M

- » . .
b4 . B . -

a treeg Deflne an "upward" path in a tree to be a sequence o

3 . . N N .

of sequents\whose flrst sequent is the end seqﬁent and.whose
1

last sequent if any, is a. sequent from whlch no further
)

- .
P

e,
.

A Ao s T i

'F . o . . . ..ﬂ' ) ~' CL

oo Y, Tee, Y - . SR

T3]



[ \ . o . -

! and of which each-sequent except the 1ast-(if'itleXists) is"

“ a.
bl -

’\ ‘L0 a lower sequent of an inference flgure whase upper. sequentg

‘ is ‘the. né"t quuent in. the path.

s -
N o 5‘\' . “ . . \
. - A'path is said to ‘be. closed if its last sequent
I . . T . cL oL
o ' * * ' has the form U : L~ .
N 3 \ x~.‘ . - r'. A . '.‘,t . "_ \ . [
Ty ,r'+~a',Y‘ L.
’. . ,
f.and since any sequent of the above fonm is " not falsxflable,

L4

| ;' we do not get a counterexample u51ng a closed path but we

'; ] get a counterexample to X for every non closed path,

et | . _
PR of~the path (See Lemma:2,3.l), R o s

)

SR ‘ We'uotice‘that ks the case:of the classical prop-

s o R 051tlonal calculus, all paths ame flnlte‘ hut 1n the case

) o . of %he cla551cal predlcate calculus, we shall have paths
OURER . [ 1 ‘ . . \
o : whlch can be pursued ad 1nf1n1tum. - e \:

. - . N o
- i . . . . ’

[ &' . . 7 7 If 4ll the paths in the tree fof X (i el the.

£~ ;,‘tree whose endsequent is + X)) are'closéd, we shall not
: :

= , . get any oouzferexamples for X . But ln thls case x _is~‘

. provable since we can get a proof for 1t ‘by applylng the

I f
thlnnlng lnference,}lgure upward enough tlmes, and so X is

N B o e ‘
. Lo L valld (by the completeness theorem of the c1a551cal propos-

1tlonal’calcu1us) thus we have-a method whlch glves us at

\

- o 'least one counterexample to . every non-valid formula in the -

i

| - Ce ’cla531cal prop051tlonal caloulus.,.\

3 . °

( 32

namely, the model structure whlch fa131f1es the last sequent

.
1.

RS

.
e
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cwem an o2 gas

~

.e\%mﬁ) (2, £)) "where. £,(P)) =0

J

Exéingle 2. In'this ex'émpie, we discuss the existence of a

S . ' . .
counterexample to: the formula

e

:. . "(P.»_:t vl

’

Consider the tree

-

P .

.

Example- 3,

>

-

v

g) 2 (B aP

v v \

2

ormula:

1) (‘Z,le wt.1ere. _fl(P

_f2 (P

1

"\

<

-

l)

LY

=1 ﬁmd- £ (p) =

- .

.~' o

-

. . . R RS - '
is arbitrary .i\f i#1,2.

‘e

a

¢

[}

3

¢

4

©

.o - N ’ '. . .
) is arbitrary if i # 1.,.2 .

F

In this example, we consider the formula =~ - .

-and £, (P,) =

j &

3

. (P2 P) L .((P.?» 2Pyl > (?3-3.’1?'2) ).

L]

PR

So in this case, we have ‘two’ counterexamples to 'the above :

'1,'

<

e«

X

n

™



. ‘ e .t : ' I ! '
) ‘ R i . i : e . ’

' To discuss the existence 0f a counterexample to the-above"

+
a <

.o% . i : . »
formula, we examine tpe-follow1ng tree.

. ’ B Path (1) . i
& e . . o X A N Y
*’ R X 'S : ) SR X
, "_- . N . ' R . . "
P3+P3/'P2' 3« PpoPy>Py Py By Py *Pz’ '2',P1’P'3+P2
oy R R Tt R T R S T P2”’1’375’2'?3 ParPL7F Ry
o P3DP1+§9oP2 229 \ - By, (Py :‘Pl)?PfPZ
: 2oy : ,
- . . o . 7
‘ +(P3:Pl) > (P3DP2) ,Pl ‘P2+.(P3:>P1) > (PBD_.PQ) _ )
(“?‘- . ) | 3 | , -Pl‘:’ P§2+ (P3 D'Pl) o (P3 o) P2) . ) . - '." ’ r;
. - I. \W‘r~
W o »(Pl:PZ) :‘((P3:Pl))::(P3::>P2)) C . e
b . —_— ' . R .
- "Here, all paths are closed, and, S0 we do th get a counter-
e T {example, but the above tree can be completed to. a ‘proof of
, ' our formula. As an exampleﬁxwe apply the thlnnlng inference .
. -flgu;e dpward twice on the last sequent of path. (l) to get»
; S . the sequent. P3‘+ P3‘ as‘reQalred.ln the‘def;nltlon of‘the
. ﬁa o ptoof. "We can do the same in every other path, and so the
\.). RO, abové.formulaﬁss Qfovableﬂ hence it is valid.

w— ’ r

. . . .
. N . ' . .
. . . N
- - . . -
L .

o C 2, 4 The Cla551ca1 Predicate Calculus and the Gentzen System.

-\ EA
. -

P . . In this sectlon, we shall consa?er the alphabet whlch

c0n51sts of a countably 1nf1n1te~set of varlables 1 NVZ’

) N . - D s .
. ¥ .
oo crert @ countably ;nflnlte;set of preglcate letters Pl ,P2

- ., .., fgur,log1cal dohniectives A, v ,3,~, -two quantifier

>

2




. . i : LN i
.l\k'. B ‘ .. Q o . (.
. \ . ‘ B
\, , . . Coe .
. - symbols ¥, 3 and " (,) as punctuaties symbols. Each
) predicate. letter ?n ‘is associated hith afnoﬁ-negatiye O
s integer d(n) - called the degree of -B_ . ke
" * “-‘,S. ‘ . b coe, *. " . . . .
A o An atomic formula is defined to be any expression. "
.Of the form - - - : A ’

- , . We rnow give the following recursive definitien of "’
‘ ."a Formula: ) ’
: (1) ‘An'atomic-fQEhﬁia is a formula. Co '
"(2) If X is a formula, so is. ~X..
.‘ .) )‘ .. . " . )
(3) If X and .Y are formulas, so are (XAY), (XvYJ,
i . (XoY) . ) . 7..:
' S R . e
(4) If X “is a ﬁormgla, s0 are "~ (Qv)X and (¥v)X .
' * ' . “..\ “o . N C, L ~
.Again, we omit writing outer parentheses in-.a
. formula when o confusion can.result. = .  ° _
A ' ,/ 0, i , ' o . R . R '
.. , 60 ; . - L . I
R ' SR _ An‘occurence of a variahle v. 'in a formula X is
sald to be.a free occurence 1f1t.occursxn_asubformula Y ”of
X Whlch is not contalneépas a subformula of any subformula ’
. . \‘ . *
i &oﬁ X whlch has one of the forms i r)
Ly . . ' - - .
. , : . . -
s ) "3ve,¥vi ' ﬁ"_ . '
- ' .
. . . . . . oo —
‘otherwise it is said to be-a bound occurence of the variable. .

LY

' .

£ -

9 f=36= 0

Lo R kT o ¥

R



e

“ ) . o, -

v . Any partlcular occurence is eJ.ther free or bound but

L]

not oth, however,, a varlable v \can have both free and -

“ ence J.n the “same formula. (The deflnltlon of

N

d‘

1mmed1ate subformula follows the same pattern as ‘that of

-

the defmltmn of sectlon 1. 3 We only replace/the prop— _

A
os:.tlonal varlable Ln ISO by dtomic formula and add the

v sent(ence Whlch states that X .is an. lmmedlate subformula
.of both ;vx‘ and Vvk ’ the‘definition of a subformulé
i¢ exactlythe same as the ‘def'ini:tion‘ in segt:@on 1.k.)

-
v

o T A model structure of the classmcal predlcate
_caléulus is a pa:Lr \ M(A ’ f) g,where A is a relatlonal .

structﬁre (A ' {R nYGN}) y where A 1s any non-empty

* on ‘A ’ where }n\) is the degree of .the predlcate 'Pn.,

. and. f is a function from ‘the set of all-virla‘bles to 1,&1 .

N . . ' AN . LN ' . -t .
¢ .. - We define the relation f datisfies X in A in .
', symbols A j=f X recupsively as. follows: S
‘ . Lot ' ST . A ‘

/

I ' 1. d(n)' . Co 11

\(v )>€£R
d(n) n

+ * N
<'\. ' ™ . -~ i PR ' R N
. N . -

L S Coe T By
wo @ A}=f'~x “if and only if - g,ﬁﬁ X .

-/

(4) ‘RE, X'V.¥ if and only if Kk X or AR, Y

set. and for every n €9y R Lls d(n)-ary relation defined.

W) R By ey ﬂ“)';f and only if <Ey Veeowr

\ g .. . . '. .. . ‘ * .." ] ..Zw/j‘ .
.3 ARg XxaY if and only Aif R Be'X a‘}s\i‘}:f Y. ! o

Y

ot e




AN

Now we are able to e;:tend the method of sect:.on 2 3 'to the

=%

@

.~
vl
ol
>

o id x L e -
l=.f X ? _‘,Y “.if and -on]Iy i_f . A blf‘x or_ A l‘;f Y"_.

(6) . B kg (3v,]X- i€ and only if for Sape.d A, A }=f (n/a"

(7y A 'I=f (v )X if arfd only if for 'every a € .A Ty
3 Femya) ' ‘

» s .

- whe_i‘e" f (n/a) 'is the function from the set of all variables.

V. to A -whi'ch .assi:gn' "a  to vn and acj'feee xwith‘ foon

.every other’ varlable.' We 'say that X' is universally valid’

a J.f it 1s valld J.n every model structure e get the ‘

.

GentZen system of the classical p.redlcate calculus ‘from -
; /
) that of the clas51cal prop051t10nal calculus by ade.ng the -
follow:mg operatlonal J.nference flgure schemata. s
’ * ‘* “e . - ‘ . * ,'
T +0,%x(b). oy .x(b),v\vx(v),r+o_vw~
’ '+o,vvx{v) LU ¥vX(v), T Q@ . o
where b does not - .
/ K occur free 1n . ‘. ST S
| /T e VvX(v) v : .
r + 0, 'avx(v) . x(b) +3 D Rfb) s T A0 B
Tr=5; avX(vy, T gvX(v) /T >0 IR
S o - N . . - _
o . ) " . - ‘ \ah. < ’ ’ v
Y / e - o ‘where b does not occur
. ’g\cwfw// co L '.‘ffe,e in - 3vx(v) , T nd 0"
N4 -

\'V .

.class 1cal predicate calcul&»




. figure schemata 1ntroduced in the prev1ous sectlon 'Now

. .
& v . . % !
Al . Ty ‘ '
2

‘; 2.5. Systematlc Metﬁod of qearch for Counterexamples to

)
Formulae 1n the Clas§1cal Predlcate Calculus

We notlce that Jemha 2.3. l holds for lnferenCe‘

1
.

let X be any formula and ‘\ be a llst (poss:.bly

0'\' .. ,'u2
empty) of the free varlables oﬁ X . Con51der the tree

which has ?\ X‘ as the endseque & and is constructed

¥
[

We group the steps

accordlng to the follow1ng pattern:
"along any-path in rounds; to explail
any parta.cular path ;s Carrleé’i out,

rounds have been completed we have ‘a sequent of the form
N Mo .o, l - .

. . - - /. )
.\ o .' Xl, ‘.."'XJ-_’ .Y.l‘,‘:\‘...”Ym

We apply on the above sequent the’ relev nt rule of the one;

erltten below Wlth X5 replaced by Xy -

- ‘the resultlng sequent w1th ’xj_ replaced y X2 and so on a

~t111 we flnlsh w1th Y Y, then we do: the shme as aboVe W1th
Yj (in- the rules)'replaced by each one'lh
]

- The. rules are - ..

>'-or .~ we apply the 1nference flgure

1
“ ’\~

> +..0r -~ (N, + VvV, +2 oOr = ~) upward, respett-.w

how round .d , say, in
'. U, N - '

ssume t‘hat"after _ d 1.

- we do the.same to

Llrn Of .Yl,' V.“”YI:“.

-

¢

*

b

s

Qe

+ T o -
- ..




(3)

¥

-

: .

+

If the: outermost logical symbol of X, (Y. 0" is F(V). -

we apply the 1nference flgure ‘3-+( +¥), ppward Qith
- ‘ .
a; as the b, if at thlS‘pOlnt'we have gdoner i - 1

steps using A+ agd. » ¥, with a ,...,a L, as the&

v

b rof the lnfere ce flgure. (We ca@l ao, ..,al the. .

actlvated varlables and in eachagppllcatlon of 3+~

oY + ¥ . we 1ntroduce a new actlvated vaflableu)

/

If the outermost logacal symbol of X~(Yj) is’ V(a) '

we apply the lnference flgure ¥ o+ (-+3) upward u51ng

)

w

as the b each one 1nturn of the: varlables g .;,up,-

0,,..,a whlch has not prev1ously served as the

of the‘lnference flgure V -+ (-+3) applled w1th res-

v

pect to X3<YJ) where 0,. (2, are all the actlv .

ated Varlables We have thus fart (By the applicatidh

"

of ¥ w1th respect to X, y.we mean that"th has

-~ -

the form ¥vz(v) , and we have a Sejuent of the form
T ,V\rZ -+ O ' and we apply ¥ »° oh ‘it to get a

sequ.ent of the form T, Z(b) ,sz(v) o O -) . If at‘

S

thlS 901nt we do not have any actlvated varlable

* L8

whlch has not preblously served as the b; or; V-+(*B)
we apply V-+(*3) Wlth a as, the b, 1f we already

have 1 - l actlvated varlables, anﬁ in thls case we

l

con51der a{- as an actlvated varlable

’
K

\Now assume.that the above tree has an unclosed

[

path where 0,,...,ar or a, ,al ;az Peoe are the actLVe'

ated varlables alOng the path, (we ‘shall havevinilnltely

) &\ ' -40- , to ' : ’ \:,‘:

.v A s ‘ K

i
4
€
>
3
+
0

ey

_,
LA JU J-C TP SR S N

*anany
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kN 2

f
A

. fmany afiables'iffthe path’does'not terminate). - Let A\-be

thd set (0,...,r-kl-+l} or the’ set {0,1, é,.}.}‘ respect-

ive. , and f be a functlon from the set of'all varlables.,
. . . .

/ l " YV to .. where f(ui? = i ,'f(ai) ? ‘i+2+1. and fvis

arbitrar elsewhere{ ‘Let -’ K(fbe the felational structure -]

. . . .
\ . 1

"whose ‘un erlylng set is’ A and whose ‘relations afé defined‘~

N
\

1n such a Way that eac% atOmlc formula 1n the antecedent -
,(succedent) of any sequent along the path becomes true

(false in the\model structure (A f) . It is easy to sgle
R . ¢ N v, ! .

that,such a.model structure éxists. IR : /

N ':a

&
It can ‘be proved (we shall only demonstrate that '

.

by giving some examples) that not only the ‘atomic formulae,

; but also every formula in the antecedent (SUCcedent) of - any
' M -
"squent along the.path is true (fa&se) in the~above model

‘structure} and so (A, f) iwa counterexample to X .

S . IIW e BRI ‘

. 1.

) not get a cQunterexample to X only 1f all the’ paths of. ‘the
8 N
. above tree .axe closed, but "in this - -case the tree can be -
. completed .to a proof for X (See section 2.3) which' means

"~ that ~X  is uniyersally,valid (by- the completeness thedérem

.J‘ of the'classical ore&icate'calculds);

We can see from the above dlscu551on that we sha11:

»

®

.
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- .. v i - . * N ’ - . ' * .
N . . *, ~ Y . , . N
[ \ () . " ‘ ' L 5 -
0 ¢ - ’ \ Al
.
\ 3
. .
. “ o,
~ . . . . .
4 .
.
- . . v
N )
4 . . ' M o
N .
.
3
» t
¢ . PR * o v . . . ° . LY
[T .o, A . A\ . X . - ¢ ' ot o L
. - R . N . s . :
. . ' Y .
. . . . . v, ., . N e )
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‘From ﬁpath lﬁ;\We get - the copnterexample whose
.underlying set . A ié‘ {0;1;21 ’ eﬁd.whose £ is define N\ )

. ' o . L o - ) K "
. Vin such a way that- f(ai)k= ig.i= 1,2,%., where Ry can . , s

I . , R N .
p Y, ' S L . . ) .
be any subset of: A -which contains -zero and\ R2 any sub- = . -

' . ‘. . ‘ . - L

§et of A"which does. not contain- zero. AHere;, and in any

other example, we are. only ihterested’ 1n the deflnltlon of o Q.

: ' . the correspondent relatlons of the préﬁlcate letters Wthh'

occur in the path under con51derat10n, sincer the other .
- ' - Y oo . S
. 'relatlon can be deflned arb;trarlly S :
. . D - ' 1
N . - . - s . " o 1

. . B . . e
o LT . !

- T

3 From "path 2", we get a-counterexample similar ’

to the one we got from “path- 1".

. R ,
5 . N TN . f ' e,
v . ~ 0 N B . R
“ . . s / .
- . L N . . o . .
. . . N .
. . ’ “ ' . . . * ¢+ / .
< - PN ' W * . - . T N
. . C s , . .
.

o 'Ffom:"oath 3", we'det.tno'difterent-counter—
' =exampies:, The flrSt one: 1s (A, £). jwhere -A- is the. set" .
y {o 1,2,...}“,"R3\1s the set’ {(1,1+1 "ew‘ ;and £ .t

.
.
.
VoA et BT Ly aHATS SOt s
N [ - i -

is any functlon such that f(a )'~ i, 1= 0 1, 2,... 1'. \\\/:‘ “y ,l

~
I

n.\ » ) 1
Co aFor the second counterexample We“h@ve {0} as the'under& ; ,
e . . s ¢ ‘ o
4 . . . . a - ’ N
. : ly;ng-set,,where,~f‘ s any functlon‘whlch*ass1gns to eachs Y.
i'.the value- zero, that is theé only functions we have from ~ ' .0 ¢
"+ 'V to"A , and Ry " is the set f,03 . . S
. o \ . . - -~ ' :‘ CLo L a . A , “_ . ‘* .. :
‘ - z ..v . > . /. » - . N ce .'i
. ' -4 ‘,
: o - . * N . H
A J-‘ T 7 R . v,
i R - L . . . i
. b ’
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Example 2. Conszder the‘follovung tree ‘
. ' * . . %
" I
b
R oy .
a M . ’ ’ L4 .
L 2 ".. Ve . R . ~',\

\ - -“Pl(a‘o’)' (¥ Y RLV)) >~ Py(ag) .‘,.'av'l P (vy)

== - — — . .
G v B@gh n ¥V By (vg) 3y By ()
VVIP']_(‘V].) > AV By (v) S |
‘ - ‘ -valp‘l.(‘v'l).: 3le (v \ )
\ \ h;:. I3
The unique path of the above tree is closed but we can get a -
' proof for the endsecjuent of the tree by applymg the thln- *, )
~ < R . r . " P
Lo nlng J.nferend& flgure uQWard thCe on the sequent I

(a :) ,Vv P (v ) + Pl(a Hvl Pl(vl) , 'to’ get the sequent

(a ) Pl(ao) as requn:ed J.ngthe defmltlon of the. proof ‘ ‘

‘ v . oL
o an& sQ the end.sequent bs provable, whlch means t@t is ..

A unlversally valld (by the completeness theorem of the»

R R e s w - e

~
; classmal predlcate calculus) T v ; . :
- - Lot ' i\ ,{ W . :
J . s L 4
‘\ . ': 1'\'~“ a4 .
N D oo ;
[ } . . * e
N . 1 . ‘. " ) ] ‘ .
\} v . A\ Y e o
| . ngM— R
¥ iR L . v )
4 v v ' i . 4
.
[ s . A
¢ ¢ - Q .
\ v
] . B
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Exgggle 3 In the follovunq diagram, each step /represents one oﬁ more apphcat:.ons of ]
,an%ecedent of any sequent which we do not want ta highly;ht. ('l'he diagram is not

" ot R “ 5-\
of them. are closed.) oo ,
T ' S . % A\
: . . : : N ) X } ; \‘. ‘_ ' | . ‘9» N M x )
. IR SN ] FPegray) P(al'a"“‘"a '31’ Plagiag)

Pl al"P(ao'azJ P(ayaz!rbl’(aoca)'l’(ayal) P(az.az) Plagea) Playsay) r+P(a0.a1) "Playa,)

.4 i ,‘ ~

; o . - P(ao,al) AP(a1 2] :P(ao.a ), P(aoral) rPlayiay) I‘+P(a0,ao) Py a}) p(az,

-+ ~Playra,)  P(d5,a1] AP (352,] =P(a0»a2) s Plagid)) r Plagsay) T +Plagrag) , Plag
Plageayl A’P(atl".az)_al’(ao.az-) r Plagra) 4 P(alvaz)’. W 6P vV )1, r+P(§6.ao)
" Wy (@lagsal AR (ayiv3) aPlagevy)t o Plageay) s dVPG@y vyl o 7 >Plageag) » Plag2

“'P(allal) ’ V:V3(CP (?O'al, A P(aer?) ] P‘ao'vi) | P(aﬂ'al) ,wlava (Vlrvz) , I+P(

I

o X ‘ '. T WZW3(P(éolV2) AP(V21V3) QP(VO’Va)) ,P(ao'al) 'W],(’P(v]_'v],)'r."P(ao'a,o)

{”P(au}a‘(i) , v;rzw3((r*_(ap,v2) AB(v,73)) 2 BlagVa)) (A2 (ag V) Wi kB v,)

S .‘ N +~(Vvl(~P(vl,vl)) Awlw Wy ((P(v vy A.,P(vz,v&) QP(YI,Y3)) AWPVZ'P (vl,v'z))

. N s //- Lt . . y - a . . .. . B -
. , . . " . . . L . .

&
. [—‘ L

-§ 5=



appl;.catmns of inference figures,

. ] X

We shall denote by r

‘all the for:mxlae in the

X.

Il

The diagram l.S not a complete tree since we *omit irrfinltely many paths, howéver a.ll

.

I+P(a ,al) .P(au,a )y P(al aI) ' P(azlaz) P(ao,al) P(al.az) ' I‘+P(al,a2) . P(ao,ao) ’ P(aDal) P(a2 az)

0 +P(a0 a;) AP(a;r2,) .P(ao.a ) ,P(a 174 1’(:=t2 a,}

}az) e T "P(aorao) ’ P(al'al)

-P (Vl'vl)) ’ r*P(aolao) PP(allal)

O'aO) ’ P(alra]_) ' P(az,az) .

Yo T+Plageag) ?(aluél)

[ Wlavzp (vllvzl'yl r +P (auiao) .

vl,vl)i, r+P(aofa0) - .

(%lvz) r wl (‘:'_P (Vlrvln ) '* K

V), wl':\vzp Evl'vz) >

hd RN

U)) ARUBV,P (v V,))

ﬂ

I > -

. ve
,, - ",‘¢ -

“"*"F«“‘“‘ gfm:x'a;%’&w s

F
T T -45- v oL
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*
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oL L VAR - , . , 3
To get g counterexa%ple from tHe'unique unclosed path.gf R ‘

N | .j
¥‘; " thegdiaéren{.whiéh‘is tﬁe.UHiqug ﬁnclasea'péth of the cor- ;
o S nlete\tfee, td'ﬁhe.endfofnula, i.e.; £ne“nniéue'fotmu1a in - " *ﬁ; g
".. the endsequent, we have to have a model strupture which | AR
\\n..~: e o faF!Yfles the atomlc formulae P :‘ - “.‘-, | . S

.
.

.. ‘ .. o ) P(ao ' ao) n P(al 'I_a.i)!--:-,P(an ’ an) ,...:‘

and .satisfies the. atomic formulae -
y . . . ‘ s ) ) [v]

o ) . ',

“,]V S /. ’ . P(a, ray) . 'P’(a0 ,az),::.}P(aO‘,an),L,, i L |
o ;] " R o . o ‘\c R X
) L , . ' C . i e . .. . | :
o o . SRS .P(al,,az)\, P(a;l : ,-5(3!),..-,_,{(a1 [ an), : . : g .
t ) : ‘ . -a‘ ’ : . 3
. ) . . / \ . ‘\‘ ' . “;r.
. . . . .. t . . ‘;
| BN P(a_., +l)".. (a", NCINERE : §

' ¥ ' L . M . s ' ' . 3
.o ¥ R N e u . ¢
" Y N kY . ) \4 ' g.:.
: So we can, take the set fO 1, 2,...} - as thi‘ A and define
. ﬂ‘ : b f(ai) ta be equal to i . for each natural number ~i and o ,° §
) B . ° "3:.! N N ‘l.
) K i

V4 .:Rf, the correspondent relatlon,to the predlcate P, to be

the msual orderlng relatlon on- the natgral numbers, it is o
./ Y

clear that A/ f) satlsfles the‘above-condltxons,‘and{r :

P

hence it is a counterexample to the endformula. - o L .

. e R R e




- - h o

1
IS :

‘There is no finﬂte‘countefexaﬁple to the end-
y I - vV, " . . . . . ¢
formula e}nce if ‘thetre was.one, ((A,R), f) , say, we'would
have, f(a ) = f(a )\, for some natural ‘numbers #}j " such

. that” i < 3 , but the counterexample must fa131fy P(a ,ai)'
e

and satisfy'’ P(ai , aJ) . whlcmmeans that (f(ai$ f(a )) ¢R

and cf(a ), f(a.i) = df(a )1£(ag}) € R, andrso the assump-

tlon of the ex15tence of a flnlte counterexamphe led 1nto_

H

a contradictlon. . ’ ' Mo - .,

N . » .
Remark. The exxstence of a eZZEEmatlc method which giyes us

.

a counterexample to” every non—valld formula doe not contra-

dlct the undec1dab111 y of the classical predlca e calculus+

31nce in some cases we ‘can, only get a countere mple from .
a path whlch does not termlnate. .
P SN ) . .

\ . " N ‘ . . . * ! .
[ . DR . . . . N

A}

2.6. The Search for Counterexamples to Non-Valid Formulae .

’ '

" In_the Intuitionistic Propositional Calculus:

- Any_ fihite Pseudo-Boolean algebra B can be
repreﬁehtee by a dlagram in whlch &he p01nts 1nd1pate the )
: elements of B’ r and for any a,b, c E B the flgures {1. 1],
[1.2{ anc {1.3] mean that e < b ' the greatest lower;houndq

..of " a ‘and b is, cu,.and the least upper bound of a‘.and

[
.

b is ¢ 3 respectlvely ST e -
: _ ) |
'T A pnoof of the undecmdablllty of the ClaSSIGal predicate
calculus may be. found in [C]l . L S,
\ ‘ ! g .
f “ \
R N | , .




[

A

' 1.1y . o2l e

- .
ol Now we give three lemmas which.enaple ué& to-

1

find out.whethér or not a given diaggan represents a Pseudo~"
: .o o .o R

:tivg latfiée. B . o B “ . :241 -

?

1
* .

! . ¢ ' " - ' .' . ' ‘ - ’ .
. ;%5/ is’finite, since* B 'is-finite, so VA exists,fand it is

BN

-’
. ¢ Yol ‘ . . .
Boolean algebra.” ' . . . B .

¢
v

Lemwa 2.6.1. Every Pseudo-Boolean algebra is a distribu~ - s
oot LD o ; . A

Na TS S S
Proof../ See [R.&S.]). e ) . e
'. - “ . A<-: A.\ X . . . , \
Leﬁma'z;g.z. Evé%y f;nite'distributive lattiée is a .
. "# . . - . - . . * ' * " "n
Pseudlo-Boolean algebya. - oy A I
. L . . e . . . f
\,- "‘ AN ) . ‘. . . . . “‘ . . ;
. s) be 'a finite distribuhibe latfice; X i

-

8
)

ero element, namely, AB .
~ . . ‘- . N 3 . ?\ ~\' R . . M . i . .

b€ B . .consider the ‘sef - . L

LW .
¢ ¢ c . o & e

s

. ";.- ) \ . “ . R - .
the greatesk elgmeﬁ{ of B satisfying the4&nqquality . .



..‘ o ‘l:,‘ .rh‘bl A‘g < %%‘

Hence v A . is the bseudo.conplement'of~“bl‘ rélative to

. N oo ’ v
- : b2 ' and 51nce the least upper bound and the’ greatest lower
;.‘ bound of any two elements of B exlst, we have proved that
! * [
¥ - all the conditions for a pair to be a.Pseudo~Boolean algebra =
i“ S is satisfied by (B, <) . ) ‘_ -
: . - ‘ o ) L. | B
: L e A Lo L e {
- Lemma 2 6.3. A lattlce is dlstrlbutlve if ‘and only .if it Cod
.o . -~ . . //l R :Az »
l : C . ~does not have a sublattlce whlch can be represented by one . ‘
} a . of the follow1ng dlagrams ‘. . \'.; o \ %{I .
.,.//, ‘— a ' ‘ 3 ) B~
. .k ' )
’ .o & & u— :;
© _' :' ‘).
‘ :
N \ - :
: : [2.1] . g
. . . . I- | ) . . l " \ . e ~ ;:
/ . " Proof. See [Bj]. ¢
. L, T . -
s ; AR . o S B
v . Tt We conclude from the abqve thfee lemmas that a ‘ !
. ) flnlte lattlce is a Pseudo- Boolean algebra 1f and only S S
.-‘.'_Q‘v . ~ LA / "
A . .. it does” not contaln a sublattlce which can be represented

/by dlagram [2 l] or . dlagram [2 271.

I

| | W
v 5 i
. N .o
.

R D T L T S e




| . # .' ~ ) N ' .
» - C ' ' ' R . '
X, N " . : .o
’ ) 3 'J. ) *
[ . ht . * .
i \: . .o ;" y
¢ R Now, we want to construct the Gentzen system of.
R . .,
T . ' the 1ntu1tlonlstic proposltlonal qalculus in. such a .way that
.
j\gre completeness;theorer holds, 1.e., any formula 1n.the
. _ .t' ‘ (1ntu1tlonlstlc prop031t10na1 calculus ‘is provable 1f and ’ .
%1 . only lf it is valld To do so, we must set ug the 1nference
Y L . flgures 1n such a way that the following condltlon is sat--
lsfled "The lower sequent of -any operatlonal 1nferénce N
, A
. o flgure is not fa151f1able 1f and only 1f the upper sequent,“
\.. ., i - - -
or the two upper seéquents of the same 1nference flgure are
not falsxfmable" We notice that the above condition is >
! ' ‘. not satlsfxed by the 1nference flgure schema‘ "y o~ of
B S o sectlon 2 2 As an e§emple, conSLder the. 1nference flguré
‘% , . t ¢ -
. P » P
3 / B J *
%{\ . N R § I d ~P rP \ . -
whefe‘ P iS‘a.propesitiosal variabie. - Let' (B, <) béf
the' Pseudo-Boolean .algebra represerted by the didgram
\ SO oL e B '
g > el ’ )
‘ \ [ ; “ ) @
S . i Y "
. W L .
. \ . ; "~ 5
. {}‘ - L y) L]
L ) .60 } ‘
;’ ' b ; * 20 ' . \
-~ . A X . , R v

[ P )

o Fop 2

e s

JURIUIE T UUN SIS LRI TP BRI

lS clear that the algebralc model " {B

" and 1et 'h  be any. homomorgglsm stich that_ h(P) =a . It

‘,é',h) ~‘fa-ls:.f;',es

o o . . . .
T . c0N

v ‘ .
- Lo ' : o Lo '
| . oo : i Lt e - v~ -750— : T . .
{‘. . . R ) o . b . B
\K N ' " s g , e Lt R . - - '
Loe .

e

-t
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" &

~

'.the,lower sequent of the,ihference figure, whereas the
" upper sequent is’hot falsifiable.;

L N . N

. Vo
!’_\ ¢ .

. . To avoxd thlS dlfflculty, we get the'Gd“%zen

system of the 1ntult10nlst1c propOSltlonal‘calculus from = -
: .

’that of the .classical prop051tlonal calculus by putting theu

’

»follow1ng restrlctlon- "The succedent of any sequent

occurrlng in a proof does not contaln more. than one, formula"‘~

and replac1ng the, lnference flgure schema

.y ° ‘ c . .‘ . ' .;, “ .
« Fl+®i'x'Y ) J \ ' .
' ‘ :1 Pl+0\l "X~VY ' . . R ‘. e '
iyby tbe'f°llquing tWO‘inférence-figure sChemate.-V R
‘l -+ @1 ,X . " \ ‘ . .’ ;_ rl -> Gll‘Y oo .‘ N ‘

fem Y ° .

‘if the 1ower sequent of any two lnference flgures, wthh we

.. g‘t from the above two 1nference flgure schemata, 13 not

fa151f1able, then the upper sequent of .at, least ‘one’ of them

oy
is not fals;flable, Whlch is suff1c1ent for the completeness

.

theorem to hold ) f S ‘_' R

‘ We cannot construct a method of search for

L4
' " \
\\sountereyamples analogous tp the one developed ﬁn sectlon

.y

. 2. 3, s1nce in the case of the 1ntu;tlonlst1c prop051t10nal b

VL LBl oy

. . . .
. . yor NI . . . . ‘ .
.o, . A -, . .
R . e . . . N
. . ' | . .

e R ez aeand Bl oy e R TR S S e A
- -, - .; . " h .

1
Ly, -

Wt ey




calculus ‘lemma 2.3.1 \éloe.s.. ‘not' hold,

i E
T e e w AR

PO

Y 4 e

As an example, .consi-

_ der the iri'feregﬁce fFiqure ..

R -
T AV
.

‘ - I :
Pl. . P2 . ‘ =
N - 'pl S P2 . :
A * . T > N . ' _ 2 ) - \g ‘
Let (B ,.S)~ be the P§egdo-‘-Boolean algebra. represented by e

the ‘diagram - . N T

i ¢ '.*
. N ;o 3
. . ¢l : , L
q (] . .
. : . R
8 N ) i
. + . s
» ¢ u?
» . «
2 . : .
" v, ] 4
:’, ! . N
b N . f
P ‘ P ,.b N ;
P v
- . . D e 0 . . Lo Co 3
. * ! ,\ . M o ‘ -‘ . . a ]

- and. let h Ye a_‘ﬁf Hdm_omo'rbhism s'uch that’ h(P}) = a, and © . - ] ‘
“h(P)) =b . It is clear that the algebraic model. (B, s ,h) .
o fa.l_si'fies\the lower se’qgen-t_’of.‘the inference figure;, 'sinc)g_

. . . a
e ) . - v. ] K . N f . . ‘
'
N . * .

PR ,
s

' 3 .
A [ . . * o ’ -

k) ‘ .

I

LR R) = ne) ek, =”'a’~=>b-=‘ bt Ly, ,
Q\ . . N . . A \' [ . . . . R .- -,
' 3\ 2 - ’

.

P oo
- - .
e Bt R e s g s 33 e

, whé:qea's\the upper sequ’éﬁt’is satisfiabl% in (B, <. ',"'h").._ e

. We have to develop -a different method of \search -
R ... for counterexamples .to non-valid formulae in the intuition- '
' ‘ ' - ' 2 Co-L :
' ) ‘ istic propositional calculus.’ That will be our task now. . H
» o I R
: - s :
| ) » R M
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'Lemma

2, 6u4¢ﬁ'A formula

there is an a;gebralc model (B

‘ h‘(x-)l

e wlse

} the'followlng condltlons holds.'

S T
=h(Y) eh(z) 71

h(Y) —>h(Z) would be equal to l

o

e s
X is’ fa151f1able 1f and only 1f

h) such that one of

-~

BRSO % is of the form y,g‘z and ’h(Y;'z h(z}?. .
(2r X ¥é‘9f‘iﬁélﬁéfm* Y ¢z and h(xm’f'lff'ﬁ(zf .1'2 \
,(3),~k lié‘of‘tﬁehfdra  ¥‘?\Z :@ng Y3 # 1 or h( ) %.l.'
(4) if @;‘of tﬁé Eéf@,:ri and” h(Y ‘f 0 . ‘
EEQQE:  Aﬁy forgula X ﬁas One ‘of the forms, Y o Z ,X v Z,
}Y‘AZ §f  ~Y:‘for‘Edmé formglag,-! by 2. We dlscuss the .
fodrréﬁées, . "/.:'7- \Q\ Ym‘-' i":f

" casé 1. X has the forN ¥ 3 Z.If- ¥ is falsifiable,

£hen there'exists‘an‘élgebraid'mddel"(B)ls , h) 'sucH. that

1. hehoe jh(yi«g n(z) ) for other-

there. ex1sts .an algebralc model (B'[s by spéh that”. -

h(Y)

ﬂh(Y)

£'0(z) - hence B (Y) ->h(z #1°, since - h(¥)-a 1 ="

£ h(z)‘, and so X “is falglfiable.'

L

o

:Case?2 X has the form Y v z If "X 1s fa151f1able,

:then for some algebralc model (B S ,h) we have

' (X) =

niy) v h(z) #1,

"hence h(¥) LA K .Td;'

-

prove the conversé,’let (B, £ ,h) be an algebralc nodel

such that h(Y) # 1 # h{

_is nothmng‘to prove,

i

2)', if NQ) v K(Z) 1, there -

If not éénsidér'the algebr&ic-ﬁodel,

v \ .m
v .

\ g .o .
-53~ C
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" is fa161£1able in (351

‘model’ (B, <, h)., such that h(¥) # 1’ or h(z) #1 . .

- Case 4. X._hae‘the form Y. iﬁxix 'is.falsifiéble,

. e
.

(B', <’  h') , mhere 'B' =B v U.’] ,v,s' < U {(b 1’ ) bﬁB}

“oi.e., 1’ is tﬁe‘méximal:element of (B . s’ ) ,and h'

L2

" is'the homomorphism frem 'F ‘to (B’ {é') , whlch agrees

witH 'h .on the set of all prop031tlonal varlableé It is’

~

.clear that h(¥) = b’ (y)-, apdi h{z) =-h'(z) hence h'(X) =

~h’ (Y) V h’' (Z) h(Y) \ h( =1 #‘l'. which meane~that' X’

A

? ,_h") .
l\._ T [

Case 3. X. has the form Y. A Z . In this case it.is\clearm-

that. X is falsifiable if and only if there ié an .algebraic

-

there is an’aigebraiq model (B, <, h) such that h(X) =

h(~¥) = ~h(¥)" # 1 , implies’ h(&)lf'o , since 0= 1.

Conyersely, 1f there exists an algebralc model

~(B ,s ,h) such that h(Y) # 0 , then h(X) = -h(Y) # 1 .

@

(slnce h(Y) A L= h(Y) # 0 ,-whereas h(Y) a —b(Y) =.0) ,.‘N

and so X is fa151f§able/in‘iﬁﬁ , <, h)

. | | . SN

, -This cqmpletes,the.proof of\theﬁlemma; ~ i .
- N » ’ ! .o : - ' R \

[

"Now, let. X. be énf formula._ We - can, usxng lemma
2 6. 4 and srmllar technlques, wtite downfall the conditions
whlch must be satlsfled by any algebralc model -KB,.e, h)-
to be a dbunterexample to X_: 1f theseicondltléns are rot
self-contradictory and<dq.net contradiét the exiomsjgf‘

Pseudo-Boolean algebrés, we shall be able ‘to draw one or.

1 .
+
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e

: Examg'le ~l. Let X be the formu].‘a.“

The ccnditi'cn' which must be satisfied by (B, s ,'hi to6 be

"a counterexample t;ow X is

. . . -. ~ * O
il . N . . M . . 3 * ¢ ’ .
s i . A . . . ! . . L ¥ L
* 9
.

. more dlagraﬂf whlch Satlsfy them and can be completed to a ‘ :; "
Pseudc—Boolean aIgebra 3 (B . < ) say, andmso ‘BO"SO ,ho). é y
‘will b?,ﬂ counterexample to: X, where hb :is.any homcmcr— o fi E
phlsm from F tc LBD, so) ' such:thal it assigne‘to eachb |
prop031t19naL variable ' P ”ccchrrrng ;ﬁ X ‘the .\'ra‘lues | o
h(P)._‘.'- B ' o ‘ . S 4._/’5‘ J,:

. if the condltlons are self-contradlcfory or contra—
dict, the axioms cf Pseudo-Boolean algebrae; X. will not be
falsrflable'ln any algebralc mcdel, 1n other words, X is i\ B
valid. - EERA T ‘",‘ e _)’

We’canhot be more précise'since the search for coun-.
A [}

terexamples to any ‘formula X depends on 1ts constructlon,

St ndan Wy S S

but the examples we glve below clarlfy the method.-
oo ’. ) _ N -

Po~P . . . ' . e ) o Y

. . Lo . « .\ . .
. N N . ' < N . a
- . . . A , ]
L4 . . . . ‘ . N . ]
! “‘\H/ . I . . . .
. ...-‘\ N .

\

h(P) £ == h(P) . .
- : _ S .
But thls condltlbn cannot’ be satlsfled by any algebraic

model, since we always have

‘A
h(P) A =h(P) =0 , T o T
Ty 4 .
s e ey
¢ e L. . " IR
3 & ,V\




. and so . h{(P) s -h(P) = O= -~h(P) ",
. k En‘cam‘gle 2 - Let . X l%e the .for‘mu:‘La\ O
N " ‘ v
' » L
L s B3R

( C o The condltlon whlch must be satlsfled By

. . . “\ . i

- . -~

.ot "

a. counterexampl,e to x

. , g o . .
- ‘ \ R R
C ==h{P) £ h(P) .
Co. L We-fxav.e_f:w,o* cases: ‘
cd T P v,

et -‘Ca'se 1. ‘_h‘(p)'. < h(P) " In this case

.

e ‘ n to zero, whlch 1mp11es that '--h(P)

. Y .
I .—wegt the followlng counterexampleh T
; Lot T ... . ¢==h(p) =1" S R
. ~ ‘\ ' ] . A ‘ . , ‘
Lo h(p) - _

‘ ' Lo b

. : b . 3\ 3

’ , ~h{P) .= 0 N :
' s L .‘/ ’ :."\'/‘ (- % . '.\
. , : o (342

S ~'Ca§e‘2‘
. . ‘. \ l

he patlsfa.ed by o N i{ '

he

‘heln’ce. X

v

'is valid..

*

‘-h(P)' rr.ust be equal :

© 18 equal’ to one, and

-h(P) ;f h(P), and in this case, coneltlon (l) w111

.

“wr
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e P
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N N . : _vq '
' ‘which can "bercompleted. t

diagram {3.3].

5

1 v
. N
L) - ' ‘
—_———————
. y
. .
.
¥

C

.. Example 3.

.
L8

..:; ,(.Pl‘:llpz) > '(":\-'P‘,2 > ~P

o
.

M ’

RV T
.« @ counterexample ta X ‘is

.

-

3.2

C

o the counterexample given by

-8

Let.' X ' be the formula

. : © :
-, . The condition which must b

\

[3.31 .

-

l)' .\'- '
<

Y ¢ -

'-a

. . )
o \,

e'-‘é;aéi“sfiedy by (B, <,h) ‘_"\t‘q‘be' L,

-

v
.
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.
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~But in any algebraicﬁodel'

-h'(.PJ;) A

_ih(}:l)‘_ :‘th(ﬂpz) <

T model, and" X

: 'Eixamgle 4.

'The condition which must be -satisfied by

. . 7. a counterexample to: X

,h(~P2 > -

A

-

.(h(‘P'lL, g h=(1'>2-),)

P

(__h‘PZ) '~:>\'—h(Pl'3)

4

((h(e)) = h(Py)) o -h(Ry)),

R (h(‘Plj)..A‘ (h(p,) S h(R)Y) A

T

h(PZ) /\—h(Pz) : ‘

43(92) » (h(Ry) w.h(.i’:,‘-))'.s‘

1] +
- ’
< . -

. . .
v . [N : o, o

-R(P,) = -h(B;)

PR o

_\. A".‘

3

is valld. R L
D ‘ ” . . éa B . - .

‘Let . X .be the ‘formula, .

]

D‘. P ).A R N R .

Py 2 Py

is ..

A )

) 'f“)h’(Pl“P

. o |
. . ~58-
aﬁVI ) ,

. TN

(B, g, h)- -, ‘we haye',

~h (22) .

y ’

b

N . and so condltlon (l) is not satlsfled by any atl\gebralc

(B, s, R to be.

“
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| Kooy .for otherwise we have o

o

. h(Pl o P2) ~=

T aveewens
»

..\f‘

- - . Now, we have twe cases: . ‘
}. ' A Do i . . NN . L ’ . . . .
L ' .- Case 1. h(P,) < h(p;) . . In this case we get the following *
4 co ntei}exémple: \ ' —
' N . \-b J | | N ) .
. 1 -—-h(—»PZvD—Pl)" ‘5 -L
o Ean . .
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- N ¥
- , e

case 2. h(P,) fmd Th,(Pz). _‘are not comparable'and in this
Case 2 . * , . B .;

~case we get the‘folvlowi‘ng counteirexampie: : C .

N . ' .

) >P,)
B} ' ‘\ .
(4.2 -
.o e . L ! *

Any otheér counterexample to X ' will'be a superstructure of
S xor.{equ -the above two since’if B(PJ_‘)' A H(Pz) =0 , ‘we do
*  not get any counterexample. tor X . o : 3

. R N . , . -
R B ~ v

-

.Example 5,  Let. X be the formula..
Ry =
. ) ‘ .,’. . . '. ) l > o ‘ . . .
The "co‘nditipn'which must. be sé{tiéfied,‘by' (B ,<.h) +o ‘be’
.a counterexample to X | is , _

(B}
[y

& .

-

o .b(i{;n #1# h(2) = -n(e) .

- /’

g
.

We. have two cases.

e st v




B U /

‘o
L}

.Case 1. ~=h(P) < h?Pf . jn.thistcasé -h(P) must bBe equal &

N B . . ‘ s _
to zero, and we get the following counterexample; .

»

"~ < W 'l ~ -
- " § h(®) =n@Ev-nE)
. - ] o
. oo ‘ [ ‘
‘ 0.= -h(P) . 4

. 15.1]

-

*

Case-2.t Qh(R) x.h(%ii.giiﬁ this casée, we get the fo;lowinb
' counterexample, ‘.’ | «:\ ‘

]

"h(P) vih(P)

. - - L [5;2]

L - At

s

.. Any oiher counte:exaﬁple to' X will be a superstructure .of

one of the ahove two.

Y 0
;o
i

4
f
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_Exam Ele 6."Let x be the formula v S ,

.ﬂa“ A 4
N -,_‘.'w‘ N ‘ X & ’

«'. y 2. ‘1 "1 2)).<‘ o ‘(

The condition whlch must be satlsfled by (B,s;h) to be

a*#ounterexample to‘ X .is ¢ - : ' ‘\/ e

Y ; ) ~ . 7
.’ ' .'. .,’ . ‘ ’ » - N ) '. . ' % ‘ §
'«k’ow', let (,B ' S) be any Pseudo—Boolean algebra, and let h

be any homomo;phlsm from the set of formulae to (B , S)

su!hthat h(P)#O'."‘: .. \

o i T . '
- We have-- . | - - ’ : LT o :
YT Q& l : L ' -

n}ﬁ . -h(Pla Pz) "= bfp/l)oh(l’z)#o ." . ¢.~'~

Sh(e) A ) smey R R

- m

) ~‘( (~P ' S ~P ) \: (P. - 'P . . ",\ o . A

o B AN . B . .t
' / ' . . ! - ' . .
. . L. - . . \

. s "~ ~ ". . RN K ' . /
o (P, 5 ~R) s (By 2R £ 0 . ‘ v

L Sners oy

- ]
[ SR u&’%‘ s

PR

W Lot

o

) r:“ .' i].-'. 2 . 2 .._ . ._‘., . .
and’ ol A § BT
ﬂk%) # o "‘ . . . .‘ .’ . N ) i . . ' ‘ .‘1\ . “ Y ; . ’
. ' . ) . : . ‘o * - ’
and 80 wg. have‘ - N . SR o Co o
, N " . ‘ . ‘ . 0y ‘ ‘,“ . ’ “ .
B §((7?2’_?~1;1) > (Pl‘_: Pz),Q. = 1}(*52\ §°~Pf) >'h(P, >P,) SR N
v \\ : ‘- .. . . . N L ) * , - i o

ST TN ®,) e ~H(R))) = (h(R) = h(R))

. h .
oL A0 . . . .
5 " . f‘\ . . R , ‘- . ) ¢
R . . ° %

. . g .
. b -
- M . ° ) A .
.b
hd .

- . ’
.
Bl . ¥y B
. . ¢ . ’ N . * ' / Lo
. K N, ' N : . . . .
w N s "‘ - . . N . \ PN . iy N [ . i
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Coad R

' Hence ‘(ﬁ‘,- ‘s,, h) is a counterexample to v X

13
.
. -
3
- L -
N .
» N ©
. .
‘ i}
N /
- N » )

-

\ ) . . »

h(P‘)?h'(P)I%'O'.
A A X .

DR T

Example 7. ‘Lét X be.thé'-onrmgia'

I(?'Pl; TRy) 2 TRy A By L

K]

The condition which must be sa\isfied by (B, <,h) tobe

. ¢ T,
a® Gounterexamplé to X is I . .
h(~P, ¥ >P.) £ h(~{P. ADP:)) .- .
1 .2._ : 1t AT S
. . i \ ‘I ’ ». .L‘ »
Hence, we must have: : - Ce T L
: v e Do - .l : ; ‘. ‘ A". " '
> o . 4 i ,,"k . LN ' t'\. &' . " .
e =) “h{E) g;-.(h‘_c,pl) ‘A‘hl,(Pz)) R N \._.(1).
. ’, ) ‘ . " B ‘ » ) l e
But, in ‘any algebraic model ' .(B, X, h) ¢, we have
. .o (& ‘ ' * . .l '_ - o .
(h(Pl) Ah(P,)) A (-h(Pl)) T= (1:1.(-P2) AD(P)) A :(-T{SPl)) \
» A . ) ' v B
R e C e =.hey) A'(h:(P‘l). 5_‘(fh,(15zi))):
~ L e
| I | ’ L - s ' a
l ° L
o and so we have . Lo
| . ~h(p,) s, ‘:(h(Pl’,) _A'h(.Pz)') R ' - ‘(2_‘)
N Lo R ’ RS of ) ‘ o
. - STt =63-, " .
o L g

o *

B e T e o T e
.. B . . - e T




=4
1
fd

Ol o . . N . «
iy ' N . t o Al . ’ ! * *
i
. « . . . 7 . %
. A Y oo n .
. . f . - s "
Y v . N
v .‘

<0

) By thg same argument, we get - \’ R T ‘ S L.

g\ o u"—h(Pz) iA-fhé?l)f‘h(P2))‘f a 93{ <
P S, . - v - T o
"f o o From (2)‘and'(3), we get e e L . L
; R LT N . : T , v,
: e ‘ o T e
f, : -h(P;) v <h(P,) < ‘-(h(Pi?“/‘\‘h(Pz).) SRR -t
f ‘;' . Wand so conditiop [1] is not satipfied in any algebraic g
- . ' model, thus ¥ ‘is valid, . T - .
U (2 . ( .. . . ‘ . . i ) ' -
- - . R . %

__— ' Example 8. ¢Let "X be the formula R s
. . . 5 Lo <L, o '
' - v T e  J

— LN : . ’: h ' -~ _‘ ~ . ~
| ( . .‘ | Ry A Pz‘)‘P (~By v~P,)
. ' e . . N

’ s

) VN I

v . a counterexample to *X .is . ', .

" 7he pénaition which must be satisfied by (B, <,h) tobe ~ _‘.]

' B(PiaPy)) £ h(~P

O d, ' “- . '
R T Hence, ye/hust?ha§e: . . - {;h |
o l - . o e ; L . .‘ _‘ .
; B T (e an(ey) £ KR vohipy) Lo
. Q\ C ‘:‘éonditioni[l] isrnbt sa£isfiéd if #(Plj..a;d .&(Péff:aré ‘ l{:. Yy
: ?omparable, Qipce if h(Pl) < h(Pz):,fSaQ, ye get . N ' . : };

s - v . : :
‘ - o A ) L Yo o Y e —h _ :
; -Fh(Pl) éhFPZ)) . h‘?¥?‘5\ h}glltyﬁ bfpz)' . .

.;\’ "' i ’ ) . . N vt 4 : ' : " ¢t

- : B o, , ‘ Lo ; '. . »

' . "~ - Now, assume that -h(P)".and h(P,) are not comparable. .
. | ’ | RSNV S

o

R - We have two cases. ' S S :
, . , . . v s |

~ . . . . -'. ‘ to !
. . . . ’ : ’ * . Ch

M et e it e e e,



N \"' ) . oy N < . ‘ .'

. o, I e L
: Cése{l'.~h(Pi)1A_b(P2)f %sséqual to ngg;.:in this qaset:yg .
‘aéet the'fo%lowing‘codnterexample PERUI L RN

‘1 f:-fh(Piy“ h‘Pé))

A ‘ ’ |

©o6.1)

+ DO s ‘/ N
r . [ . ' R N

We shall "’

case 2.. h(Py) A h(P ) is not equalnfo.zerb‘
L LLL A 1/, , : .

2
deal'Qixh.this case in the;hex£ example.

’ e

" . Example,9. Let X be the formula
) B N * : .

\e

SR (Py Ry 2 (VP W ~Ry) ) By 3 TR ¥Ry

'Thé‘¢onéitions~Which must -be sétisfiéd ﬁx (B}-s; h)" to be

a‘couﬁtérekampléng—’;dfare_’;

1 A PZ)".-.:L (-Pl v ~P2)) ?fnl

(1) h(~(P

"'(2);, h(p > (<P v~BY) AL

oy

Y

|‘Ij o

¢

A

'
/

!

-

(3} "‘“"f’l’ A:h‘(pz)) ‘,.c..;h(x?l\)‘

[

A

B which;a?e‘satisfiedfif‘and_only if the.gopdi;ions:

S

Sy N
. o . \ o
" ~65~ R
- . \ﬁ",




3

]

f

'

(4) h(By) £ -hiZ)) v ohiRy)

‘ are Sa_tiSfied. But COI}dlflon (4), iS

.+ for otherwisg we have, oo
) ‘& - . : -
S oy .

~

.

h“’_z? A H(L:l) # 0

t R 3

© R(B) < -h(Ry)

?

50" we éonsider\the‘diagram

-

| 1If «-(ht?i)/\hiﬁé)) ~is equal to zerd, the
. ) . W 6 . . S R

LY

is not éatisfiqa;‘so'we get the;diaqram
o o v * A

t

“ .

.

- NN ¢ 35 5 RN

L.

Y

P

¢

':l

K

satisfied only if

n condition "(3)

R S AV

i e A i £ e e

poe et .~ “a
S 8 B i i s D e bt iy

A
.

N
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T 12 vy . - N
A Tt 0 by peraret e

o

, , i - , '
. “ . . _ '
. “ ,
N ) L T
-"‘
) - ' )
- L ° 4
. L ,
A
3 - 3 -
+ .,.\ . = . ‘l
- N . ¢ ‘ ) .
A e 17.2] | . "o v
L . "‘.‘: N . . . ’ ,‘:‘ , . ) . \‘ L. ’ R
- If for every a ' such-that _ . ' .
~ . (h(Py)Y AR(P)) A a =0 . oo - )
- 1 ) . . e
R S - - : . ‘ ' o ) "d"
we ‘have o . S g TR . o

we shall get ~ - = . . . o

— . 3
)

! A R - TR o s ' :
Th(R)) = -h(Ry) ‘= ~(h(p) ah(By) T h Tl

s
'

and‘éondiﬁion (3) will'not'be satisfied. . So Weﬁconsidefﬂthe .
fcfiowing diaéram e : R R

. M ‘. . . R ¢ N '4_. :" . y . - ~A‘

A . " ‘ "" : ", : ) N . ‘ . ) . ~ . . ' . L “‘ .. i ‘ N * .
o e -6 SR L \




Lt

MR i

: .

- 4 . }
' « ¢ . .
- A . .
. M ’ ‘ i
. > «, ' i N A * “
. . ' . ' . . N
. ’ . ’
. i
' | . . .
- B ' )
. ‘ , -
» 3 . 6 ‘ .
) N » - ;
: ., P oy
R
. . . '
s : ;
' i
. . %
\ 3
{
-}~
‘ : {
5. ‘
'! - a
(-
i
© .- %
. . LKl . .
A o - ) ‘. - hl 3
» \ ; (72317 STy ¥
£ N . N . ..! R . ) o . . .
. o Now, we have o . . : ) N -
. N R . - . -‘ ’ . N .. . : -
&
3\ : : - ° “ . S - .
a '-h(?z) v '.;-r.l(‘?l") = a L, , & . T o
A . ) R . : v o1 LR . " ,
. - N ) 3 B . - . ‘- c N . , .:
. But we must ‘have " . ‘ T o
N . , <. . *\ “l . . . : . ' . ‘-‘
o '=(h{P,) Ah(P, »=h(P,) ¥ -h(P, ) .
/TSRy AR(R)) £ -h(R) @ .
" - So we consider the-following diagram
. . . - . 2 s R . L .
. - . : o o _ A ‘ RN <0 :
. N ¢ i [ {»
' - V‘ - 1
. . .
. ¢ \ . . g
‘ -68- ool .
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N
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o

- EY R . ° 5 ?

N ¢: . .:‘ “3.

® f(h(?l),A h(PZ)) . ] . ﬂ ;

“~h(P,) v\—_h.(_Ijz)'l .

. ’ ' PR

. Y \. ki . -
. ,

e 3

Y It issclear the diégrﬁm [7.4]“sétisfie$ conditions (3) and

: (4),1thus‘it satisﬁiés conditions (1) andﬁ(i)t‘ v

| T . X ' ce : PR 1 : Sy
' .+ 'Diagram [7.4]"dah“be‘combleted‘to‘the’éouhteféxamgle , {

given by diagram [7.5} . L o :




NLEIAT - ‘;‘ )
. A\
x - v,
# / 4 . - \‘ ; . . .
14 ' . . -
b N . -
. . ,
S ! 1
. . . oy o * ) <
. . . .
f \ Lo
v
- . s K .
’ N ’"
A\ L
[ad .
1
” .

N ‘
.
.
\ )
. 4
~ 5 N
- . L]
N
«
L
¢ .
N .
il
Al s
.
. .
+ L3

I3

) " - ' ) . : \ . N [7‘5‘] N . \ .
. : . .. l . . ‘ L \
h"'@ ' Any other count rexample to X wt.ll be & superstructure of o
Co o ~ "~ : , .
: R the one- given Y dlagnam/ £7. 5] A
. é‘ * “ EY - \ Loe - . - '
o . : . » : ]
i B The coulpterexample whlch we get in case’ “2 cof. ...
Lg " .
% . . . Example 8. is the one given by diagram (7.5]. . . // -
A . o . . N L -

pr)
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: I "7 CHAPTER III . . -
o Cr e THE DECIDABILITY, OF THE CLASSICAL AND THE L-"-“

INTUITIONISTIC PROPOSITIONAL CALCULI :

. "~ ., 3.1, Introduction
L N ) . o ] ' o - ' . oo )
B - By a decision proceédure for a‘given formal logical.

~

system LS , we understand a-mechaniékl method which permits

us to decide, in each particular case,'ih a finite pefiod of
. ) . ¢ > N

o R tﬂme, whether or not a’ given. formula, which belongs to the

language of LS , can be recognlzed as vallq in the seman--

tics of LS . By a mechanical method, we mean a method

whlch can be carried-but b& a computing machine. The deci-

. 51on problem for LS is the p;oblem of determlnlng whether

. / 3
_or not- a dec151on procedure\for LS exists. A formal
PR - loglca;,System LS is called de01dable'(undec§dable), if

Yy

\ - S ° ' .
themsolutizf of the decision problem for -LS is positive

’(negatlve) The recbghition of the deciéioh problems for
¢ formai loglcal systenms ‘goes back to Schroder 1895, Lowenheim

s S

1915, and Hllbert 1918. : - o .o 5-

, In this chapter, we shall prove the decidability of

the élassical'ahd the intuitionistic propositional calquli.
In each case, we shall glve two proofS:one is ‘proof- theore—. ‘f g

. tmc, and the other is model theoretlc. : o ‘ ' . f-’

“

. ' S =71-
' - Y
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ity ﬁf the cla951cal and

v - e mer

-
N
,'-\
S . S ‘ .
/. N - v a >
-

_ The twb %goof-theOIetic proofs for the decidabil¥\<
the 1ntu1t10nlst1c proposmtlonal

calcull, may be found in ([S%. ]PP 103*106) ' ' _—
. > ot B .

. -

: N
A Proof Theoretlc Proof for the De01dab111ty of the o

-~

3.2.

Cla581cal and the IntUlthnlSth Prop051tlonal

. . . , .
. . . -

Calcull.

e start -this section by the following two theorems.
: . . Y ,_"
L@, 1

" . _ t e
Theorem 3.2.1.- Every proof in the classical‘proposﬁtiomal

-

‘calculus can be transformed into another proof in the:

A\

‘ 'élaésicay propositiohai calewtlus with the same éﬁdsaqpeht

* Prw‘fo

" Theorem 3.2.2.
E . o o ,

‘sequent, _in which no cuts occur.

\1a551cal prop051t10nal calculus (the lntUltlonlSth

in which no ;Eté\bccur. . -
. i N R - ’
o

‘see ([Sz],- paper 3, Section iII,.S)3) L

0 . / ' ' ' ' -

* Every probf:in'the intuitionistic proposi=

-~

Proof.

R

tional calcuiusZCanfbe transfgfmed into‘another.prppf’in the
. oo T .
intuitionistic propositional calculus with\the same ,end~- .

,,;;‘ Lo '_J‘ ’] .
.Sée‘(jSz;iJ papew 3, Section III,§ 3).
N , ' . . . " . ; [}

We conclude frcm'Theorem.B 2.1 (Theorem 3 .2, 2) .

1]

. that vwe ,can find a proof for every provable formula in the .

1

' propositional calculus) in which no cuts ocCur.' )
¥ <
/
~72- -
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\ : ‘ ' Now, let X be any provable formula in the _—

. . .
- s e R . g7 e e e . T, - N e e et ks b

1 \ ) ‘3
\ : !

!

i

Cf

S

3

Cofolla£1:3.2.l; There exists a proof for everyiprevable

e

3

5\“formula' % »in the classical éropqs;tioﬁal calculus sudﬁf - '
‘that any formila Y which oécurs ih thelproof is a..subfor-
\ ‘mula.of X . ' N o S S S

L L N
Proof. We notice that if Y ' is any formula which occurs in
the upper sequent of'a'structural~inférehcf'figure, Other, ,
‘than a cut, then Y occurs in the lower sequent of the

1nference flgure. Also, 1f .Y occurs in, the upper sequent

~

or in one of the two upper sequents, of an eperatlonal

%

; 1nference flgure, then Y w1ll occur in the lower sequent

- Nl g At s ®
i

I

: of the 1nference flgure, or Y w111 be a subformula of a’

formwla Z which .occurs in the.loyer~sequent\of,the

v.' . . . . s . . - ~ .
inference figure. ‘ . : i

N , x E 3 . o
" . “\l ,

0

' L. t o
. elasgical: propdsltlonal calculus. We know that we can find

‘

. a . proof for X in which no éﬁte occur, Assume that a |

-2

T A, 5 b s b e gl e

formula Y occurs in- that proof i, e., the proof contalns a

- -

sequeht ‘S, say, 1n whlch Y,,occurs, We get the end-

p
7

seaheht-fxom S. by cohsecutlve appl;cations of structural

'inferenggvfiguree, other than cute, and cperational infer- :

, . Y , - - o

‘ence figures., So Y 6ﬁcurs~in the endsequent or Y is a; '
. \ N . M - ’, - .

subformula of a formula eiégxing; ih the endsequent. But
.. the endsequeht contains only one formula, namely X .~MRence

Y isa subformula of X ~ \This completes the proof. of the

corollary. . ' j _ : .
. BERE TN i . ot o R

- .
w . . . v
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We can apply the' above argumeﬂt to the lntulylon ‘ {/ Q

" istic- propOSLtlonal calculus to get the follow1ng coroilary
ofTheorem322 L

-
~

. - ) ’ . oL R o )

Corolla:y 3.2.2. There exists a‘proof%for every provable
- = _ 5. _ .

formula X in the intuitionistic propositional calculus

LN

such thaT any formula Y which ocours in the proof is la — .

subformula of X ..

A

A reduced sequent ‘is a~seque2t in Whose antecedent

.no formula occusﬁ;gere than two times, and in whoseé succed-

- ent, furthermore, one .and the same férmula occurs no. more
' ¢ N I L ‘ ; .
than two ‘times.. : ' ' : C ' ' .

L « om

\ !, A .
Now, we proVe the foll ng two lemmas Wthh we '

‘*shall use, ln the proof of the de01dab111ty of the cla551cal

’ and the 1ntu1tloant1c calcull. . f N . -

4

.Lemma 3.2.). ' There exists a proof for every provable

formula ~‘1 , in the classacal prop051tlonal calculus‘con-1

: Qslstln& only of reduced seque;tﬁj/such that any- formula Xl.

whlch occurs 1n the proof *s .2 subformula of Xl . o .,3.
» . i

/groof Let I 'Be-a-éroof for Xy such that any fo:mula S :

whrtﬂ‘bccﬁie in ‘T is a- subformula of ' and let |
IR N Co ‘ Rl
s be any seqiibt occurlng 1n \T' We get S' , which is’ R

[ . o=

called a "reductlon 1nstance of 8" as follows. h

(1)“ If s iS'an‘axiom'or:thefendsequentp theh ”S’d_ié the




we

PRy L S -

o3t O AT

* then we elimlnate each formula whlch occurs

anteceéent from \T (or fl and " T ) as«mcny tlmes

6

as is necessary to ensure that it occurs in the ante- T e
. N ‘ )’, \0 . - @,
cedent no more than tw1ce, and if 1t occurs anctly )

tw1ce, then at’ least one of the occurrences must be as

a .\' 'che x ‘or thel Y of the 1nference flgure (1 €., thé = :
» ' ’ '@ormulae that are‘des1gnated by X or Y in the f s
' : 1nference flgure schemata) ‘We do the ssmelﬁgr the_4"
L :' ‘ succedent~wrth‘ 91 “and 0 ’—ihstesd of T, and °ﬁ%g;
' J Now assume that the lower sequent of the 1nference
' ‘3 B L"‘ B flgure (whése upper sequent is s N\ is 8. - Alt'is | "
’ o clear that when we apply the same 1nfg e‘ce flgure o }‘ _—
o.‘ ' ;; scheha on :$? - we cet ‘Si or a sequeht\from yhrch \Si | i
A ; - can be derived by;mecns of thinnings, contractions. i R
,:,‘ .-" o 'ahd intérthanges,\such“that in'the course of this C ’-: ‘ S .Qﬁt
i | ‘operation Only reduce&‘sequents occurr | L q
g_ o f Co ~'V.' Thls means that T can be transformed to a proof D b
i' D A L . to Xy where T satlsfles the condltlons of the.’ BE ‘ é“
. , 1emmsr' _. T . I g : . | \'n"° j 35
§ﬂgw- : h o Lemma -3,2.2. -Thére exists a'prOOE for evéry orovable for- :
% - >.~ ﬂmulafhxl 1n the. 1ntu1tionlst1c prop031t10nal calculus con-
é nj ;v. - | sistlng only of reduced sequents, such that any formula Yl,- , ‘
| o which occurs in the proof -is a 'subformula: of Xy - _9. 't: <t i
A . -75- :
-

=~
S

—
..
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I '/ ) i « Y _'
' V. Now we are ready to ;é'ove the dec1dab111ty of the‘ f
o \ v

classxcal ,and ‘the 1ntu1tlonlstlc pro os:.‘;,lonal calcu]\g. ‘ ,

LR - , B ’ N
. . - R ~

i
]

Theqrem 3.2.3. The cless%cal propogitional calculus is * \
s . . : R .

decid;‘ible._ s, )

A R .
A -

. Proof. The decismn proceduré can be descrlbed as follows: -

For any formula of the classmchl pl;oposﬂ:lonal calculus,

cons;der ‘the*set D of all reduced sequents in whlch,only
-
subformula of X may.occur. (There \a.re only a .flm.te .

° -
e bn e SR

- -

_‘number of these sequents, since thexnuﬂ)er of the subfor-‘

mulae of X 1§4 fwln-lt’e&.a.nd: no fqr:n:ula ~ca'n:'o‘cc‘ur in the is_a‘m; N A
| sequeqt more than fol\'xr times.) ’We/- i_nvest“i:;ate which of - .
.these’ a;/e/ axioms, then we examine eéch of .the rer:\a;ning L
sequent,s te determlnevwhe\ther there exists an inference . ’

a ‘ od e

o

) flgu.re m which. there occur as upper sequents one or two of -

. the axmms, and in whlch the sqquent in .question is. thé\ -

f‘ \'., 9" 4 .
lower sequent (wg have to check finitely many 1nierence

1
*
>

guan R ETI A PP S
™. .

.f.lgures sn.nce D contalns flnltely many ax1oms) If this ~

© is tl’xe case, the sequent 'is called prox?ble.- We repeat the

LIS
¥ .«
,ab,ove‘ proces§ fo\r the rema@seqpents, but in this case
B} ! - 9 ) Y . . )

we search, fox an inference figure which has one or two of .

l‘_ » » ‘/‘ . . . . . - ’
i -the axioms .or: fﬁe se’quents that have &lready been found to-. o

-
SV N

r
<

-~

g

R iR T SISV Y
Vs

.
be prd’vable as upper sequents and the sequent in questloﬁ\" Sy

1)

as the lower gequent. (In tHis case too, e havé to check o ,'b .

' N . .
. . v AV . . ' . 4 . ' . ‘0‘ @

“m . AA B

. . _76_ . 4 ' . ,
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finitely many inference figures.) , We continue in this

o

process untll the sequent - > X , turns out to be provable,' ,‘;n
AN

1.e,, ;x: 1s¢provable, or untll the,proéedure ylelds no new -

R

provable sequents/\[f P . o ‘ ]

L2

. 7

* theorem, X ,is'prdVahle if and Snl

" so the Class;cal propositional calcﬁ us. is decidable.x'\' : ,\

Py

l"sequents in whlch only subformula of X may occur, and

v
~

: every non~valid formula (i. €., permlts us ‘to decide whether

an, %nflnlte path 1s.not mechanrcal, and takes . human 1nte1-

whose succedents contaln at most one formula.

g

So, we have a mechanical method whlch permlts us to - x4

decide, for every'forﬂsla >X , in a flnlte perlod of/tlme, " . {;
0 . . C . ‘
whether or. nbt X 1is va%idT (since by the completehess

SN

if X is valid), and AU P

ke * ' r o

. ' : - s Lo L. .‘.“ »’.\
Theorem 3.,2.4. The intuitionistic propositional : {

! ‘- : WL
o " \ . .

¢ ‘ LR ' ' '
'“Proof The proqf is the same’ as the one of Theorem .

TR

calculus is!decidable“

[

3 2 3, but 1n this case D Wlll be the set of all reduced

)

. We_notice that the method which ‘has been given in - SR
sectlo4§2 5 is not a ae01glon procedure for the cla551ca1 I” . . _ ;,'
predlcate calculus desp1te_}¢s gLV1n§/:s counterexample to N '

»

6r not any formula in the cla551cal predicate qalculus is TN\
¢ . (.a » . §
valld) sxnce the process of readlng a counterexample off .

ligence to be-executed.

R

s
-
-
*
Ny
N
.
— N
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'agree on|fach proposltlonal varlable whlch occurs in a \'

Jalid,\ﬁut if for.somé‘ i, we get f;ix)

ro

R S ST,

R \ | ) P

3.3. A Model-iﬁeoretic_Proof for the Decidability of the

" Classical Propositional Calculus. ¢

" We start with the following lemma. ' N

] s Co ’
Lemma 3.3.1. If £, and fzf are any two homomarphisms

N , .
from the set-of all formulae F..to 2 such that they

AN

fsrmule X , then fl(x) = ngx)\?‘ : L

. ~ - . . .
" "The. proof is by imduction on' the number of logical

e

A

connectives in X . . o o

+

But Theorem 1.5.1 states that any formula in the classxcal@"

"proposxtlonal calcu}us is Valld if and only lf £(X) = '

for each homomorphlsm f -from. F to 2 : Combining lemmavv

3. 3 1 and Theorem 1.5.1 together, we get the follow1ng
N X

N

decision procedure.
5 al o .

£

hd »

Let X be any formulé‘id the classical proposition- .

-

-al calculus, and let,_sz\be the set of all prop051tloqa1

1

u. varlables occurrlng in X . As both P and ' 2 are

X '
flnxte, we .have flnitely many funutloné

./
frOmh.R&' to 2. Now, for each i,1 51 s.n, let £* be-

5
1’ ..,fﬁ , say,

the homomorphlsm which agrees wlth £, on Py and gives

the value zero to each propos1t10nal variable whlch is not

‘an element of P, . We calculate the value of X under f*

X

4
. N a ’ b i * .
1'sis<n. If-it is equal to 1 for each. f;,, then™ x is

0, then X is !

-~ \

LN




L

X
. that the above process‘ban be carrled out in a f1n1te perlod
‘of time by a computlng machine. = . .
AS

‘Lemma 3.4.1.< If h

‘Erom the set of all formulée F to any Pseudo-Boolean

.Boolean élgebras, then for ahy'formulq X ,Bl'k X if and

only if "B, F X : R :
_fProof. Cleay. A | o o . ‘ “%

‘at most ,22 .elements), we get\thg follow1ng dec15%on-

<
v
L
)
rav 6 il

b

e

no¢ valld. (This is sufficient to &etermihe;the validity '

of X ‘'since any other. homomorphism from F. to 2 will

agreé with one-of the -f*'s on. B_.) P is easy to ‘see,

‘. i3 N
. - .
TV SRRORCT N SN

3.4. A Mbdel ~Theoretic Proof for. the DeC1dab111ty of the

b

Intultlouist;c Prop031t10na1 Calculus

‘We start with the‘follbwihg,two lommas.

, and h, are any two homomorphisms |

4

algébra such that they agree on each propositional -variable

occurring in é‘formulé X , then h (X) = h, (X) . .

The' proof is_by induction on the number of the '

Le

-

) \f] . ' ‘. .
logical®connectives 'in X .
\ M

Lemtha 3.4.2, -If Bl' and B, are two isomorph!& Pseudo-

-

. X .
- N ’

?

Now, combining . lemﬁas 3. 4 1 and 3 4. 2 together ‘with

A1 S

Theorem 1, lO 1 (which states that a formula x is valld if

and only if it is valid- 1n each Pseudo Boolean algebra with
Y

A

procedure. -+

- v ’ : . - o
t P . B " ' " . . bl -




mmm.\*k%*.;:";w‘:;*ﬂ it IR
.
v

,.,
P o

'

-7
.

.join and meet operations on

'by each one in turn of the B

* not

i

| " g ' ~ o .

Let X be any formula, and y be the number of

Y

the subformulae of X , for ‘each n < 22

cons1der the set
\,.a.,Bn "be all the dlfferent ‘
nj m- » :
Pseudo_Boolean/algebras defined on it.

v

{0,...,n} and let B

(The number
J £ N
of all PseudoxBoolean algebras dgflned on {0,...,n} _ A

. - LI v ¢

. is finite since we -can define an o;dering relation, and

{0,...,n} only in finitely

many different ways.) Nqw, we apply a decision procedure
A :
similar to the one
's to determine whether or
i, ) ‘ -
1l si<m , and X is valid
is valid in each BJ , 0 <4< 2 ’
i .
(ThlS 1s suff1c1ent to determine ¥he valldlty

‘X ‘is valid in each B
if and only if X

lsizm,,

of X since any other. Pseudo-Boolean ‘algebra with at most
Y K ,
|22 elements will be isomorphic to one of the Bj 's .)
) * N . ’ i '

,

So,' we have, a mechanical\methOQ‘which permits us to

decide, \for every formula® X , in a finite period of time

whether or not X .is valid. 1In other words,- we hav$Aa ‘

decision procedure for the'intuitionistic propositionall .

calculus.- N

.
—

in the previous section, with 2 repléced;

b . \'
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