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v ABSTRACT ‘ ' .

Spjﬁ‘1 Ising Model on the Cubic

S~

stattices: Critical Temperature

»
‘

, &
Marc Elofer )
t . . - &~
~ - The "i-6 relations" are used, in conjunction with three different

,-decoupling methods for the evaluation of certain corr;\etion fungtiohs
which arie in the three-dimensional spin 1 Ising ferromagnet problem.
The’cfitiqa] temperatures\Tc for cqbic lattices are calculated, and

pet]

combargd with results known from the analysis 6f series expansions.’

The results from indirect decoupling are consistent with the s;ries
results to within .3%, while those from direﬁtcandlratio decoupling are
‘qithin .8% and .75%, respectively, of the series results. The values of

the multispin correlation functions at TC are also ‘given.
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INTRODUCTION S - ‘
Uﬁtﬂ recently, there has been no simp]e’,algebraic theory . - -
capable of giving, consistently,the transition temperature Te .

L}

of spin 1/2 Ising ferrbmagnets to within 1% of the more com-
plex, accepted, methods. One has had to rely on series and/or

Monte Carlo calculations for accurate values of Tc‘

3

The i-8 theory of Frank, Cheung and Mouritsen (to be K
referred to as FCM) (1982) based on earlier work by ’Frank‘and
Mitran (1977, ‘1978),1'5- now able, through the use of an approxi-
mation designed specifically for the critical region, to provide
consistent estimates of T, to within 0.5% of the results of
series analysis for the three-dimensional cubic lattices. More-
over, higher-order correlation functions which are calculated A

“within the theory, are within- 3% of Monte Carlo results for the

simple cubic lattice. This theory wa§ designed for spin 1/2, e '

~

The ques'tiun arises, whether this' theory can be generalized
"to higher spin values. An attempt in this di rectior{ has been made
by Zhang and Min (1980) (to be referre’d‘to as ZM). They have
generaljzed a theory based on a;l early theory of Frank and Mitran
(1978) ,(the CCFA, to higher spin., Their results ffor"Tc are generally
not closer to series and Monte Carlo values than 2.7% for' the SC,
3.3% for the BCC and 4.9% for the FCC lattices for spin 1/2 and for
spin 1 their results differ by .88% for the SC, 1.8% fgr the BCC and
3.16% for the FCC lattices (ZM). These large discrepancies are not

i
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surpr?s1ng s1nce a consistent app11cat1on of ‘the CCFA appnd&1nn- .
tion to spin 1/2 has been shown, (FCM 5s4) tb lead to veny

1naccurate values of T.. ~ « .
Here, an attempt is made,to first generalize a "criiica]ity

equation” to the case of Ising ferromagnets.with arbritrary .

Y - 1Y

Spin, in a zero external magnetic field, in the critical region,
through the use'of a linearization assumption.Starfing in § 4, the i-6
theory of FCM is applied to the spin 1 case. In this case, and also

. for higher spin cases, when the i-6 equation is expanded soﬁe'comw
2
6,

the spin at site §, has not a definite numerical value independent
2
of the temperature, as it has in the spin 1/2 case. Hence, we

plications arise due to the fact that the average of S§, the square of

investigate various techniques to decouple the di fferent combination;
of multispin correlation function containing an S§. Once de?oupied,
these functions are then substituted into the i-§ equation in order
to obtain the higher order correlation functions Ty, Tg, oo '
required to prediqt Te- One of the decoupling methods, "indirect
decoupling", allows us to apply the i-8 equation without invo]ving“
autocorrelation function decoup]ing."w1th this method the resulting
critical temperatures for the cubic lattices are within .3% of th
series values. The simplest aecoupling method "direct decoupling",
(e.g., < 02 S§ = < 0? >< sg >), and a third decoupling method,
"ratio decoupling", are also applied to the spin 1 qise. This is
done to obtain an idea of the errors introduced by these d%coup1ings;
this will be useful in higher spin cases where the indirect decoup- .

’

,1ing method cannot be app]ied:fo(higher spin we have to balance out

£}
F
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accuracy with ease of calculation.

.o N
4

- The direct and ratid decoupl ing methods result in criticgf
temperatures for the cubic lattices which are within .8% and .75%
of the series values respectivelyﬁhOther th}ee-démensiona1 1;ttices
can be treated as well, given & knowledge of the Watson sum F(1)

for these lattices.

The.theony is presented in §'s 2-5. In § 6, the calculation
- 2

- process is outlined, as\well as the values of Tc and < $, > for

i
all cubic lattices, resulting from thg different decoupling

methods, for the spin 1 Ising model.
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CRITICALITY EQUATION . ‘ o s Te -
Basic theory spin s, Ising el:. ' ) . '
. . D "
The physical system considered con‘sists of magnetic ions - .

localized at lattice sites. \If there were no magnetic inter-
actions, the ma»gnev:cic moments ’_would, in the absence of a fié1d,
be thermally disorciered at any temperatur:e, and the vector -
moments of the magnetic jons, would average to zero. In some .
so]id;Thowever, individuyal magnetic ions ha;le'nonvanishing |
thermal‘aver-'age vector moments b?low a critical tempera'ture Tee \
Such solids are ca/vﬂéd rﬁagnetisaﬂy ordered. The nTndivi‘dua1

localized moments ijn a madnetically ordered solid may or may

not add up to give a net non-zero magnetization for the solid as

a whole. If they do, the' microscopic bu]k'rﬁagnetization (even

in the absence of an applied field) is known as the spontanelous
maénetizatjion, and the ordered state is described .as ferromagpe'tic.

The. critical temperature T¢ above which magnetic ordering ' .

vanishes is known as the Curie temperature in ferromagnets.

o The critical region of temperatures is probably the most .

b

difficult to handle theoretically.

~

In this thesis the system Hamiltonian considered for the spin

[

s Ising ferromagnet is .
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where"Si is the 'z - component of a spin,operator, localized on the .
-> ’ - ’ ) ' " a

site R; of 3 three-dimensional Tattice, with eigenvalues
-5, - (s-l), vees (s-1),7s. ‘Jij is: the "exchange coupling. (exchange
integr ]) whlch “haz” 3 non-zéro va]ue, J (J>0), only if i and j are

nearest ne1ghbours, h represents an external magnet1c field that
< th
acts. 1oca11y on the sp1n at the i site.

i

In spite of the above sihp]ifipd Hamiltonian, ca1culéting the

partition function is still a task of foymidab]eidifficylty; hedce ¢

. ' .. ’ . ..
we will generalize, for:spin s,.an approach defined in FCM.

Val o .
The first task is to defin® the "criticality-equation" from

‘which the critical temperature will be foqﬁd. In this theory one

.

defines the ordindary therml .average <...> as -

’
, Tr [(.) exp (- 8H)] -0 7 :
<(...)> = . " - (2.2)
g Tr [exp ( - 8H)] . o .
where H is the system Hamiltonian def1ned in (2 1)] ! ’
. +s . ‘
: Dol L.l and o= 17k T
Tr = = lg” [
S1 Sj Sf s - F
wﬂgse kB is Boltzmann's constant and T is the absolute temperature.

A

°

With the Hamiltonian H from (2.1), and app]}ing Callens

1dent1ty or Suzuki' 's method (196§) as in Append1x A, one obtains

!

* (equation (A.9)) the exact equat1on
™ , +s

i 'p L )
S .t S.

L : E, g exp 8 (8, +h.) S, |
<{iYs. >e&¢ 311 - . > (2.3)
1 L +5 e .-}-h )S .

L exp & (05 +hy ) 5



{

where { i } is any combination of SJ'S which does not include Sy,

and

_ Y J.. S:=4J* (sumof spins of neighbours of~{) .
Qi AR RN
J

With the choice p =1, (2.3)'becomes (as shown 1in.Appendix A,

~equation (A.15))

and By (x) = (s +1/2) coth [(s +1/2)

~ Also, by choosing p = 2 and {i(} =

[

<{il 5. = < i B, QQ\FiZ > wheré Ey = 05+hy

Bs {X) is the "Brillouin function”.

From equation (2.4) one easity obtains

function rel

3

<S; Sj> =<5 B (8 Ej) 1,0 pi.

(Appendix B, equation (B.6)).

s = S;Bs (BE; ) >+ <Bg (BE;) >

:
where B'¢ (x) ="dB. (x)/dx.

ation for the spin s Iijng model

in (2.3), one obtains

wo-spin correlation

(2.’5-)

(2.6)

Combining (2.5) and (2.6), one obtainsathe general twd-spin

correlation function equation

< Si Sj > =< Sj BS (B E; )> + 6

Also useful will be the relation

<B'S(BE.E)>,

" (2.7)

B (2.8)




g
-

R

which comes from (2.3) with { i ) =8 (8 E; ).and p.= 1.
The two-spin correlation function in (2.7) is of particutar
+

interest, since the q -~ 0 1imit of its Fourier transform,

> +> >

>
6 (9) = <5y spremtiag Ry -R) ) (29)
determines‘TC through the relation (Brout 1965)
. S , o /
LimGg (q) > at T =T . (2.10)
T 0 . : _ . '

In order to apply the condition (2.109, it would.be useful

to linearize (2.8) completely in terms of two-spin correlation,

functions. The way we choose to accomplish this is by introduc-

ing a linearization assumption, according to which (as in Frank

.and Mitran (1977))

2n+]

<0;- >and<05> | (n=0,1,2,...)

approach zero in the same way for T =T, , whichevef’order is

taken for hy, ~ 0. Hence one may write -

2n+1
<0‘i‘

then one differentiates w.r.t. hj, and then takes the limit as
.

all hy > 0. L

As a consequence,

] .
2n+1 5 o -
< 0; S5> =Ry <0 Sj >, where R, is indépendent of j,

n=0,1,2, ..., 82 .

Ly

(2.11;

la}

—



. Bg (8 0. ) inside < S; Bg (B 04 ~) > , one obtains .

sz=l 2n+1
<Sj_BS(301).>=E=O Cn<sjqi~>

S
=Z Cn Rn <Sj O-i >, t
n

-

{‘) - .
Defining a site-independent quantity Ag by

~
A = J(0) 'z‘ Cn Rp. one has . «
' .
<s; Bg (B 04)> .
o = AS/J(O) ~independent of j, (2.12)
< S50i & '

@ 4 "
where C and R, are site indepéndent quantities.

Here, J(0) ='Z Jij = 2d wﬁere Z 'is the nu?ber of nearest
J .

neighbours' of any lattice site and where

> o o>

Ae) =4 dy5e - -

-,

In (2.12), one may choose, for con;\renientg, j to be a nearest
neighbour of i, or i itself, which gives a better result as
pointed out b& Girvin (1978). Choosing j=i and applying (2.4)
with { 1 ‘} = 0; (for calculating the denominator of (2.12)) and
{£i)= Bg ( B0y ) ( for the numerator of (2.12)),




2 .
<. BS (B Oi) >, .
A/3(0) = . : - (2.13) -
) < Oi BS (B Oi)>

Substituting (2.12) into (2.8), one obtains the two—s'pin

correlation equation, as the hy-0

>

s

<$485> = gy < 53057 * 8y < B', (8 05 ) >. (2.18)
. o N N

Using (2.14) and (2.9), one readily solves for Gg (q)

—

(Appendix C, equation (C.7)):

-+ LS' ¢
Gs ( q)= . . (2.15) ~

1 - A (a(&'yaw))

where

lg = < B'g (805 )>.

The condition (2.10) applied to (2.15) leads to the
"eriticality equation" from which the transition temperaturé Te

will be determined:

A5-= (T L | | | (2.16)

Q

- ) B .*
and, from (2.15) and the identity (C.9), Gg (q) may further be

written (see (C.11)),

> -<S.i> ' 4
6y (3) = (110) (217)

F(1) (1 -3 (q)/4(0))
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wF’]ere F(1) is the well-known Watson (1939) - sum:

-
F() == ] [/(1-a(a)/a(00)1,
q -
The nﬁmerato'r and denominator of (2.13) are functions of
even powers of 0;/J; therefore, combining (2.16) and (2.13) one

obtains as the criticality equation ,
LY

2 4 : 2n
A3 < (04/79(0)) > + Aj < (04/9(0)) > +...+ A5, <(0;/3(0)) = +...

» 4 o "
B < (pi/J(O)) > + B; < (0573(0)) 5> 4+, .+ Bon <(01/J(0)) > +...

VA

where A‘2n and Bén are explicit functions of B.

(2.18)

4

Fortunately, as shown in § 3, the numerator and denominator of

(2.18) can be reduced to a form containing a finite number of terms.

As in FCM, one defines

- < 02/4f8)> . o | (2.19)

TZn

Equation (2.-18)‘can then be rewritten as

- -~ . Pl +
2T2+A4 T4+ --.+A2n Tzn

- . (2.20)

Bé T2 + By T4 + L., F Bz‘n TZn + ...

validat T = Tc in zero external field.

L]
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e

‘ = L4
+ | // - -
- ;,' : '
Using (2.17) and the fact that ©

T, = (I/N) z 6(a) 9%(q)/0%(8) (FCM and.c.14)
. 3 _ |

one obtains at T,

L]

Ty = <sis (-UFOD)



3.

,5§§5T4, Tes -+« Togzs consequéntfy there exist coefficients A

CALCULATION OF THE T, », USING THE EXISTENCE OF A SPIN-OPERATOR

2n
REDUpTION RELATION (from (FCM))

It appears at first sight that to solve (2.20) for T, one

needs the values T2, Tg s T6, ... To. Because of the existence

of the spin-operator reduction relation (FCM) (Zhelifonoy and

Galiullin 1973)

sz 2 2
(2 (0;79(0)) 1 { (z 05 73(0)) - n } =0, (3.1)

-

all higher-order T, may be expressed in terms of the sz quantities

such that

2’ Bosz /,/

P

AZsz’ B

00'\""\‘\

.2)

+ .o
By Ty * By Ty ¥ o By, Tooy -

The identity (3.1) expresses the fact that the eigenvalues of

0;/J are sz, (sz-1), ..., - (sz-1), - sz.

9s -




\
\

« - | 10

~ . N 2 )
- Since A from (2.13) and < Sy > from (2.6) are also -

expressible in terms of Ty , Ty ... Ty, (Appendix E), there are
sz+1 variables (including TC), but so far only two equations:

(2.16) and (2.6). o

As in FCM, the methocf for cal cfﬂ‘ating the higher-order
correlation furictions T, (n>1) will be that using the

“j-§ relations".

PR T .
o s
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The "i-s RELATIONS" SPIN 1 CASE,

-

.

£

One considers a spin operator Sg where 6 is a specificv//
qhosen‘nearest neighbour of i. One forms the sum of . spin operators
at sites neighbquring on i, but excluding that at 6; this sum may

be written 0; /J-Ss. e, ' .

-

,
o

Following the same assumption as in (2.11), one obtains at

T=T, for hy=0 ( all j)

P (0i/9-Ss)  Si>

2n+1
<(03/9 - Sg) Sj > T . ’
: = R' forn=1, 2, ... sz-1 (4.1) -
. n - {‘
<(0§/9°-Sg) S > ’

J ' [ o

where RB is a site-independent quantity.

Using (4.1) with j=i and j=¢ successively leads to the i-§

relations

i

2n+]
<(01/J-56) S-i>

( oi/J s )2n+1 5. >
< ./ d- > § .
! $ (4.2)

< (0{/d -S§)  Sg>

-
-
-

In equation (4.2) when the left-hand side binomial expan-

»

sions are performed, among thé terms that appear are terms like
ma 2m
< (0479 (0)) S; - > and < ( 03/3 (0)) $55; > (4.3)

L]
L4

P



P

where 0 < m (integer) <

L
contains, among others, terms 1ike

‘ 2m+1 .
< (0479 (0) S > = Tomp |

and
2m

We now show that the terms in (4.3) (as well as in (4.4))can

be written in terms of the T2n alone.
Defining

2n-1

=< (00 (o s, s

u i

2n

we have from (2.16) and (2.14) (see (C.17)) that’
U, = T2 (T = Tc),

Using (2.11) with j one of the nearest neighbours of i

(i.e. Ry = To/T2)s (2.71) with § =i (i.e. Ry _y =-U,/Up) and

(4.6), one obta'ins

U2n = T2n (n=1,2,3 ...0). (T=T

Consequently, the terms in (4.3) may be rewritten as

1]

2m+1
< (05 /3 (0)) S; > = U2m+2.

C)'

sz-1. The right-hand side of (4.2)

(4.4a)

(4.4b)

(4.5)

(4.6)

(4.7)

(4.8a)

B
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" the spin 1 case. ™~

3

" and, using symmetry,

1
=

. 2m "
< (050 (0)) S5 Sy omt2 ‘ (4.8b)

Tome2 .

Thus, if (4.2) contained only the terms in (4.3) and (4.4),then

"no new variables would be introduced, and equation (4.2) would

provide the missing sz-1 equations necessary for the determination
of ’Tc' However additional terms like

+1 2k :
< 05 am Sg 5. > (k=1, 2, ...) also appear in (4.2) because
1 .

- sg # 1/8 when's # 1/2. Therefore, techniques must be developed to

cope with this type of term.

The present theory for the spin s Ising ferromagnet, for the
case s > 1/2, invb]ves the thermal average of tHe‘square of the
spin. hs‘ value may be found by summing (2.9) over g, in which

case (Appendik C)

< S§> ?]W %GS () (T=T.) . (4.9)

\ ‘ '
or, from the exact equation (Appendix B, (B.8)), valid at al1 T

2
csPs = <BL(BOG) 5 4 < BI(EOy> . (4.10)

Up to here the theory holds for general spin s. We will now~?

examine the new terms in the binomial expansiohs of (4.2) for

~.




“5a.

5, DECOUPL ING OF MULTISPIN-CORRELATION FUNCTIONS: SPIN 1
° q . %
°In the spin 1 case we have the identity, for all j,
(since Sy=1, 0y -1)
/
SO, k=T, 2 (5.1
SJ- -SJ- - ’ s -a)
2k+]
. =3 k=1, 2, 5.1b
S; S (5.1b)

Substitution of (5.1a,b) into the binomial expansion of

the numerators of (4.2) leads to only two new terms:

2p+1 2 s
s (0;/9) Ss S5 > (5.2a)
p = 0’1 :2: ) z - 2
2p+2 2
and < ( 0§/9) Ss > (5.2b)

—

We now investigate various techniques to decouple the

.combipations (5.2a) and (5.2b) of the multispin functions.

~

_DIRECT DECOUPLING

4

A first naive attack on the problem leads one to the
decoupling ’

opHl 2 :
o< | O,i/d) S. S (5.3a)



P

S ey
S

15

where p=0, 1, 2,..., z-2.. That is, "the average of the
product is the product of the averdages".

-From (4.5), (5.3a) becomes \
2p+1 2 2p+] 2

< 04 SG §; > =14 (0) .U2p+2 < 56 > . (5.3b)

Similarly (5.2b) may be replaced by

2p+2 2 2p+2 2 :
<(01/J)p Sg > = <(0;/97 >< 85> . (5.4a)
or, from (2.19) -
2p+2 2 2p+2 .2 ‘
co Sgs =3 (0) Topyp <S5 - (5.4b)

The decoupling method used in (5.3) and (5.4) is called

"direct decoupling". : ' .0

From (4.2), the higher-order correlation functions may now be

. , . * .
determined successively in terms of lower-order ones, and in

conjunction with the approximation (4.7) ( U, FTZH') one obtains

3
2 -(2n+1) 2n+l 2n+1
Tone2 = <S¢ 3 2 2 +k§1 L Po P Py 2] Tans2-2k
q b‘v (5'§)
where
2 -1 -1
a, = [ 1-0-(2n41)/z) (1< 55> /2T,) (1-1/2) ] (5.6)

o
i

2 -1
n = (1-<s¢> /ZTZ)(1-1/Z) a

.,
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. . 2n+1 _ . e,
and P2k is given in ferms of the binomial coefficients,
=~.p 1 4 o ‘ ’ .
f C, as follows: \..\\ ) R ]
- s \ ’ - VA
2n+1’ 2n+l 2'} 2n+] . -2 ;
P =L Co ¥F> - By /22 ¢
— . \
5b. " INDIRECT DECOUPLING
A3 ¢" &
Here we allow the .extra terms (5.2a) and (5.2b) to be.
determined by the equations : s
. i - L
2p+l 2 2p+1 a , ,
<(04/3-S6) S5 Si> = <(04/3-S5) *  Sy> < S5 > < (5.7) ?
o . ) * v (
and RS ) - o
’ : 0. 7]
N pe2 ' w2 ‘
<(01'/J756) S5 > = <(01/J"55) s'< Sg > (5.8)
[
o . -] # . ”‘ :.
where p=0,1,2, ..., (z-2). ~ ' - )
- \ This is a better apprdach in decoupling the combination’ m,../;’-
~ ' : . 2p¥l oz
of multispin correlation functions, because (Oi/J—SG) P does not R'////
*.contain the spin at site 6. . . ‘



Thus, self-carrelations are treated with respect. (Implied

4 2 2
decouplings Tike < 56 > =< S, > are hence avoided.) As shown
S ,

in Appendix D, the binomial expansion of (5.7) and (5.8), using

.~

(5.1), leads to the replacement of (5;2a) by

t

2p+1 . _ y}iﬂﬂ 2 \ 2p+]
<(0,/9) SeSi> = <(0:/0-Sg Si> [ <S5 > -11+<(03/0) Sy ‘.
' (5.9)
mmepm0,1,2,n.,z;2
and of (5.2b) by
. . , ' A
2p+2 X 2p+2 2 - 2p+2 o,

<«(0579) . sg> = <(03/3-5,) [<S > -1 3+ <(0;70) 5 . (5.10)

This is called “indirect decoupling". .Ihé last terms on the

right-hand sides of (5.9) and (5.10) are expressible in terms of the

!

U's or T's . The first right-hand side terms, when expanded,

contain avéréges Tike
2
2ret 2" r+z. 2 :
<(05/4) S§ S;> and <(01/J) Sg >» but with r < p. One may
thus return to (5.9) and (5.10) and continue the calculation

recursively.

In a manner similar to that used for direct decoupling, the

Top+p MY be written, from (4.2) and with the use of (5.9), (5.10),




gy _

frs

- where a

. - )
.

. ‘ B . x
and (5.1a, b), as ‘ ‘

2 2n+1

¢ -(2n+])
12n+2 = <56> b4 an + é=]{[ DZK bn

n+l .

*ap Dyl Tonso!

. P n '
2 ~ -(2n+] 2n+1 2n+1-2k
+ [sSg» -1] zr(Ln ) £=]{[ bn C2k<(01/d-56) . S»>] -

2n+1 2n+2-2k ’
+Lag  Cy g <(0; /3-5y) ] | (5.11)

p and by are given by (5.6) and

on+l . 204l 2n#] -r

DP = ( Cr - Cr+]/2) z

In order to be a¥le to solve (5.11) we need to first evaluate

1 . ‘
' 2n+1-2k 2n+2-2k
<(0;/3-5,) $:> and <(0,/3-5) >

then to substitute the result back into (5.11).

For example, if T6 needs to be .calculated (n=2), with Co

: 2 . .
T2 and <56> assumed, T4 must first be evaluated, which implies

2
that the term <(0,/J-5.) > appears on the right hand side of (5.11).

Q.

&
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Expanding this term yields, g
. 2 2 2
\<(0i/J-Sa) > = ﬁ(Oi/J) > -2 <S5 0,/3> + <Sg7
1 2 -. )
- =27 42T <5 (5.12)
.2l w2 8

Since every term on the right-hand side of (5.12) is known, hence

when n =1 T can be easily eval

4

. 4
term <(0;/d-S¢) >

uated. Also when n= 2 a new

must be expanded in order to evaluate it,

1<(0,/3-5,) > = <(03/9) > -8 <(04/9) s> + 6 <(03/3) Sg >
' ' 3 4 .
_4.<(0T/J) 35> + <Sd> (sf]3)
4 3., : 2 2
=2’ T, -4z T, +6 <(01/J) Sg >
—
- 4 <(0i{J) 56> + <SG§/.
From (5.1a, b) ¢
3
<(0;/9) Sg> = <(0;/3) S o> (5.14a)
=z T2
4 2 :
<S(S> = <56> (5J4b)
and from (5.10), one obtains
2 2 2 2 2 .
<(04/9) Sg > = <(Oi/J'SG) > [ <S> -17]+ <(01[J) >, (5.15)

’ Al

. o
Since <(04/J-S;) > can be evaluated from (5.12) and since

2

S 2

’

<(05/9) > = 2z T2, every ‘term in (5.15) is known.

~

o
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From (5.12), {5.15) and (5.14a, b) one can easily evaluate (5.13);
hence, every term needed in (5.11), when n=2, may be calculated,

and T6 is easily evaluated.

5¢. RATIO DECOUPLING METHOD ‘ \\

Following the spirit of the derivation of (2.11), a new set

of relations for the higher-order coyre1atjon functions is obtained

L

by establishing the following assumption, at T = T and

he 0 (all k), that :
2ptl 2
) .

5 b independent of j. . (5.16)

Using (5.16) with j=i and j#6§ successively and knowing that for spin
3
one S5 =g (5.1b) a ratio decoupling equation is obtained, at T=T,

2p+l 2 2p+]
<(04/4) Sg S¢> <(04/J) S

(6.17)

/T,

> E T2p+2
<(0i/J) SR Tig <(01/J) Ss”

for p=0, 1, 2, ..., z-2 ;

and similarly using (5.16)swith S; replaced by 0;/J and then with

sj; S6 leads to ( at T=Tc)

' 2p+2 2 ©2p+l !
<(0;/9) "+ Sg> <(04/9) Sg> :
= z T, .
"2 2 Tops2! T2 * (5.18)
<(04/9) S¢> <(0j/9) Sp T
L)
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for p=0,-1,72, ..., 2-2 ‘ o
These two equationstwi11 allow us to decouple (5.2a,b) only if the
2 2 2
two averages <(0;/J) Sy S.> and <(03/J) Sg> can.be

evaluated. This is done using the indirect decoupling method of

(5.6).

Using (5.17) and (5.18), we now can evaluate (5.2a) and (5.2b) o

which permits us to solve (4.2) for T2n+2:

¥

: 2 -(2n+1) 2n+l 2ntl
Tywn = <S5 2 3+ b bnt o Dok 30 ) Toneze
(5.19)
where  a_  and b, are given by (5.6),- : .
2n+l 2n+l 2n+] ~-(2k) , )
Py =0 Cy W Cxnl/®) 2 S
2n+1 2n+1 2n+1 /2) -(2k-1)
= - z) z
Dyt =0 S P Ca
2 ’ 2 2 2 2

F=<Sg> {2z <Sg> - 1/z T2+1 - 2/z+ <56>/Z oTz}

and

W= <SG> (1 -17z) +1/z.
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CALCULATION PROCESS.,

Once a decoupling method is chosen, initial values of ////////

< Sf > and T, are assumed. T, is eva1uatéd from (2.21), and all -
higher-order correlation functions can be completely determined

from the T, ., equations. Equations (2.16) ( for Ag) and (4.10)

(for <S§ >)are used in a two-variable Newton-Raphson procedure to
ca]cu1ate“new values of <5$ > and Tc. This process is continued

until convergence is obtained. The vatues of T. from the di fferent B
decoupling methods are listed in Table 1 for the cubic lattices.

Similarly, the values of Ton are given in Tables 3 (SC lattice),4

(BCC lattice) and 5 (FCC lattice). The T. values vary from those

obtained from series analysis by a small percentage ( ~.5%) that

depends on_ the particular decoupling method used.

It is of interest to investigate, at this juncture, the con-

sistency of our approach with the approximation Uy, = Tp,. From

- 2z-1
(2.4) with { i} = 05> 0?, cees 05 successively, and h1 = 0,
one has, exactly, ‘
2n-1 . |
_ . - 6.1
Upy = < ( 03/9) B, (B0;) >, n=1, 2,..., sz (6.1)

With the éethod of Appendix E, and the values of the T2n
(from Tables 3, 4,5); one readily qya]uates U2n‘at Tc . The results
are presented in Table 6 (for SC), fab]e 7 (for BCC) and Table 8 ‘
(for FCC). The ratios U2n/T2n which for consistency should be close
to unity, vary, for example, %rom 0.994 (for 2n =2, z = 12) to 0.935

(for 2n = 24, z'= 12} for the direct case.
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’ Table Y. Values of 3kg Tc/223 for the cubic lattices at T, (s=1).
||M-o. " o Zhang and Min (1980) _ Present Work
ubic ean -
- 2 3 2 4 omno:v__:m,zmn:oa .
2, Field « | %20 > o =<0; » Series
s 7
Mad AO.m > Aod. >
w « Direct Indirect Ratio .
. (1)
SC 1 0.806 0.767 0.8110 0.8015 0.7916 0.7989
. <
B (0)
BCC 1 0.850 “0.818 0.8402 0.8327 0.821 0.8346
_ (3)
FCC 1 0.884 0.856 0.8550 0.8498 0.8465 0.8523
(1) Camp & van Dyke (1974) :
(2}  Zinn-Justin (1981) .
(3) camp, Saul, van_Dyke, Wortis (1976) -
2 .
(4) n" is from the Zhang and Min assumption that ,o_.mi_V\Ae_maLv = Aommn¢~v\Ao.m=v z
1

is independent of the order n near the transition temperature.

<

ey

-
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Table. 2. Values of <§; > at Tc for the cubic lattices.
a*: direct; b*: indirect; c*: ratio gethods -
, l . y
SC BCC . FCC
. direct decoupling 0.7347 t0.7213 \/().]155
indirect decoupling 0.7345 0.7212 0.7155
ratio - decoupling 0.7351 0.7215 0.7155
Table 3.  Values of T, for the SC lattice at T. (s=1).
a*:direct; b*:indirect; c*: ratio methods
Zn, a* b* C*

2 0.25019 0.25013 0.25034
4 0.1198 0.1326 0.1328 .
6 ’ 0.06652 0.09081 0.08307
8 0.03796 0.07078 0.05429
10 0.02145 0.05973.  0.03557
12 0.01194 0.05309 0.02309
Table 4. Values of Ty, for the BCC lattice at To(s=1)
a*: direct; b*: indirect; c*: ratio methods
2n a* b* c*
2 0.20357  0.20356  0.20364
4 ; 0.08480 0.09202 0.09209
6 ' 0.04303 0.05520 0.05126"
8 ' 0.02335 0.03849 0.03083
10 . 0.01287 0.02954 0.01902
12 0.007063  0.02420  0.01176
14 ' 0.003829  0.02080 0.007232
16 0.002053  0.01851 0.004408



Table 5.

a*: direct; b*: jndirect; ¢*: ratio methods

!

-

Values of To, for the FCC lattice at T, (s=1).

2n a * b * c*

2 0.18341 0.18341 0.18345

4 10.06998 0.07419 0.07422

6 0.03319 0.03975 0.03765

8 0.01742 0.02481 0.02108

10 0.009487 0.01710 0.01235
12 0.005240 0.01265 0.007379

" 14 0.002896 0.009870 0.0044 28
16 0.001590 0.008025 0.002649
18 0.0008649 0.006747 0.001574
20 0.0004658 0.005830 0.0009287
22 0.0002485 0.005154 0.0005434
0.0001315 0.004643 0.0003157

24

25
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Table 6. Values of Up, for the SC Tattice at T, (s=1).

a*y direct; b*: indirecty c*: ratio methods

2n a* b* c *
— ' _
2 0.24831 0.28699 0.24784
4 0.1147 0.1231 0.1259
6 0.06314 0.08132 0.07760
. 8 0.03611 0.06923 0.05064
~ 10 0.02045 0.05143 . 0.03322
12 0.01144 0.04521 0.02165
\ . .
Table 7. Values of U, for the BCC lattice"at T. (s=1).
a*: direct; b*: indirect; c*: ratio me thods A

2n a * b * o %
2 0.20222 0.20)59 0.20199
4 0.08103 0.08604 0.08738
6 0.04048 0.04979 0.04770-
© 8 0.02187 0.03388 .0.02849
10 0.01206 0.02554 0.01755
12 " 0.006634 0.02065 0.01085
14 0.003605 0.01757 0.006694

16 ©0.001936 0.01551 0.004087 '

e

T e B



Table 8. Values of U,, for the FCC lattice at T, (s=1).

a*: direct; b*: indirect; ¢*: ratio methods

on a * b * c*

2 0.18234 0.18201 0.18223

4 0.06692 '0.06998 :0.07069

6 0.03126 0.03629 0.03510

8 '0.01619 0.02214 0.01944
10 0.008790 0.01500 0.01134
12 0.004853 0.01095 0.006764
14 0.002685 0.00845? 0.004060
16 0.001476 0.006812 0.002432
18 0.0008048 0.005685 0.001448 .
20 0.0004342 0.004882 0.0008555
22 0.0002321 0.004293 0.0005013
24 0.0001230 0.003850 0.0002916

27
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DISCUSSION

~As in FCM, in this thesis, we assume %he same basic
assumptions i.e (i) "A; = 1" the "criticality equation" (2.16);
(ii)'?he i-6 relations, this time coupled with three different
methods of decoupling higher order correlation functions in
on equationi. From
Table 1, the values of T, obtained from the direct decoupling

which S5 is involved, and (i1i) the U, = T

method differ from the series values by 1.5% for the SC lattice,
0.67% for the BCC lattice and 0.31% for the FCC lattice; also for

°

the indirect case the ¢ritical temperatures differ from the
series values by 0.32%, 0.22% and 0.29% for the SC, BCC and FCC
lTattices respectively; finally for the ratio case the Tés differ

from the series values by 0.91%, 0.89% and 0.68% for the SC, BCC
~

/
/

and FCC lattices fespgctive]y. ;

The most accurate critfcal temperatures are obtained by
o
. 1
applying the indirect decoupling method within the i-8 relations.

This is expected since, as in the spin 1/2 case, we were careful’

about the splitting up'bf autocorre]atiqps. The direct decoupling

results are not as good; this is as one might expect due to the
' 3 4 .
fact the 0; contains Sg» hence Sg and Sg are effectively treated as
2 2 2
Sg< Sg > and < S5 > < S¢>) respectively which, by (5.1 agb ) is




et e e ot s ot —
. e e v

spin+l case but will be, as well as the direct method, very use-

ful for t'he spin s > 1 case. For example the direct.method

applied to the spin 3/2 Ising case yields critical temperatures
that differ from the series values by O..79% for the SC 1attice,
0.82% and' 0.099% for the BCC ant; FCC ]aftices‘respectiveiy; for
the ratio case applied to spin 3/2, the T 's differ from series

values by 0.18%, 0.29% and 0.1853% for the SC, BCCaand FCC

.lattices respectively.!. i’or spin s > 1 the ratio and direct

decoupling methods give accurate values of T, and are easily
applied. . | !
From Table II, one notices that the thermal average of the

1
square of the spin (namely < Sg > ),evaluated at the critical

temperature for the different decoupling methods, are nearly equal.

" From the Bther tables, the U, /T, ratios which for consis-
tency should be close to unity, vary from 0.994 ( for 2n = 2, z = 12)
to .935 ( for 2n =24, z = 12) for the direct case; from 0.992 ,
( for 2n =2, z =12) to 0.829 ( for 2n = 24, z = 12).for the indirect
case and from 0,993 ( for 2n = 2, z = 12) to 0.923
( for 2n = 24, z = 12) for the ratio case. The decou;;h'ng method
that yields the best critical temperature values is the one for

which. the Upy/T,, ratio differs most from unity. It is important

to note that the U,, = T,, equality is l:ISEd only in é part of the

. calculation where the final results are not extremely sénsjtive to

the exact value of the Up,/Tp, ratios.

This work shows that it is possible to. extend the i-&- theory

o

v
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to higher-spin cases, with no sacrifice 'in accuracy. "It also o
T indioc tes that a trade-off between the ease of apph‘cétion of one .
of the tested decoupling techniques against the accuracy’of !
. ° P {
. . > - > ¥
another might well be worthwhile, o '
1 > . i
. )
° - - & . - ,:
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Appendix A: Gene)ralized exact formula for the Ising. model

_correlation functions ( Suzuki (1965)).

From the Suzuki paper the Hamiltonian considered is

H= -

wtol~]

20
J

Letting { i } = any function of Sj's at sibes other than
th

the i

one considers the following general correlation function:

iJ

S S.-2h, S,

i J

i v 1

N

cr(iysP Tr[{;'}sﬁ.’exp(-BH)'].‘

. > =
1

1.
JA

where the part‘ition function Z is defined as

Z=Trexp (-8H) ,

(8= 1/kBT).

In general the sym561 Tr is defined as ’

+s
Tr=1 7 I
S 52 Sn =
we also define
+s
=Z . T '=
Tri ol r
i
all

'sJ.= -s _éﬁ;dji
>
(J#1)
[ ]

- Al

(A1)

(A.2)

(A.3)

(A.4)



- A ' . A2
“ | . &

In general, we consider a Hamiltonian H which can be
expressed as

H=H -E.S. " (A5)

where H' is that part of H that does not contain S,.

Expressing (A.1) in the formof (A.5), one obtains ‘

o= . - h S P
H 1/2 ; Z Jes S¢ 33 ; £of (A.6)
f41 jhi f# :
and .E, =0, +h, ' (A.7)
i i ] . . ’
where l~01‘ = Z Jij SJ- .
J
One substitutes (A.5) into (A.2): /

!

<.{?}S?‘>=(1/Z) Tr {{;}S?exb(-BH'+sEis1~)},

and from A(4) one obtains

1

. , P .
TS > =PI T LT ) S) exp (BE; S ) exp (-8 HOT,

Since {i} exp( -8 H' ) does not contain Sj,

- . p '
Tet[{ 7 Yexp ( -8 H' ) Tr11 S; exp ( BE.S; )] ..

<{1'—}S?>=
|

1
YA
Mu1t1“p1y1‘n'g and diyiding by the same factor within Tr' |,

¥

v

-




A3

Try S; exp (BE,S;)

- P ‘] - )
i 1S, >=5Tr'[{ 71} exp (-8H") Tr, (8 E.S.
<‘{ \1\},51 >=7Tr'[ exp ( ) Tr, exp(s E;S;) Tri) exp (BE;S;) 1
1 s Fr; SP exp (BE-S:)
=z Tr Trilexp [-p(H'-E;S)] € 1} 11 N Ry
. * , Trs exp (BE]-Si) ’
. / .
. hence from (A.4) and (A.5) -
-~ p 1 - Tr, SP exp (Bifi-si)' ’
{ilrs;> = 'Z-TY‘{[{ iy 11 1 exp (-e) 1}
Using (A.2), (A.8) becomes
o p KR
= - .[S: ex E.S; o
<{1'}S'§’>=<{1‘}T‘”1[1 p(B“)]» (A.9)
o Tril exp (BE;S;)]
Equation (A.9) is the required generalized formula for the '
correlation functions of an Ising model of spin S.
Letting k = S+ S, (A.9j ‘may be now expressed as
- ) \
kZO (l<~s)p exp [ 6 (k-s) E5]
T p n =0, ‘
<{1,,}S1‘>:<{1} s A >
I exp(B (k-s) Ey)
= /y '
with S representing the values (_Jf the spin, or,
- - )
<{ i} S:? >z <( 1 } Ts(p (BEi) > 4 < (K.10)
where 2s p
. (k-s) exp kx . .
(p) k=0 . (A.11) ' \
T (x) = . . , .
s S
§ exp kx
k=0 e



(1)
T

A4
Using equation (A.10) for s=1/2 and letting { i} =1 and p=l

.
< S'i'> = < T;])(BE'?) > .

Since from (A.11) ‘ l . c
"
(1) - ) (k-%2) exp kx )
T ™ = k=0
- #(x) 1
P Z exp kx
k=0 .
X
- -1
=12 501
. X
5 . e + 1

= 1/2 tanh (x/2)

one obtains, for spin 3,
<8§, > = 1/2 < tanh ( BEi/Z) > . ' (A.12)

Simildrly for spin s, using (A.10) and letting p=1 one obtains
(1)

<{ ; } Si> = < ;'}°T ( BEi) > .
. . S -

S (x) may/be easily found from (A.11)




A5
2s /
Z k exp kx. '
(1) - =
T (x)= k=0 -
S 2s
Z exp kx
k=0
2s ‘
=8l exp (kx)-s . (A.13)
dx . k=0 ) .
Since from the formula for a geometric progression,
, g
zs ‘ eX(ZS'H) ~ 1/
I exp (k) = ———
k=0 . ex -1
\ _EX(S+%)[e§(§+i)_e~X(Sfé)]
X2  ix/2
> ex/Z [e / e ]
xs . )
- e _sinh (x (s +3) ., (A.14)
sinh (x/2) '
(A.13) leads to ' '
\-——-&.‘
(1) _d s d . B
‘.Ts (x) = i [&n'sinh x{ s + % )] - gy Sinh (x/2)
= (s + %) coth x (s + %) - % coth (x/2)
* = Bg (x) , the "Brillouin.function".
Therefore, for spins, <{ i) S;> = <1 i) B (BE1)> (A.15),

™

\
3
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Appendix B: Two-spin correlation function

From Appendix A we have

+s P
’ iyl . ) exp BE;S;
- P S3=-s (B.1)
<{ i} Si > =‘<~ " >
) ) exp BEiSi
y Si-—-S
Letting { i } =1 and p=1 in (B.1) one obtains (A.15) with
. I .
{11}=1:<8;>=<Bg(BEj)> (8.2)
T Cew ”
- -9 exp (BE;S;)>
= < 'é_BE.I ‘e-n 51'«="S P (B i ])
If one lets p=1 and { il= Sj (j#1) in (B.1), one

obtains the two-spin correlation fundtion

< 8§ S5 =<S; B (BEj) > , j‘fi . (B.3)

Also from (B.1) one may obtain < S? > by letting

p=2and { i1} =1

exp (BE;Si)

+s

)

Si=‘5

exp (BE;Sj) » )

T i g Ak

s & o
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Since ‘
L " .
= g Si eBE‘ST
Lax : . .
- £n z S. eBE]S'i - 1 ) (B.Sa)
Z S1. eBE‘S1
Si
and since, from Appendix A, .
E.S. ' E.S. ' .
] s e®1°1 = n Bg(BE) * &n g oPEST (8.5b)

1 1

r

{B.4) becomes

BE:Ss

. >4
<S?>=<B(Bgi)[3 Ln B (BE;) + 3 gny e ]>.
! s a(8E;) - a{BE;) Sy
From the definifion\of B.(x) (A.13), one obtains
3. Zn g. ePlivi - B (BEj)
3(BE;) !
therefore,
2, - B'(BE);+<BZ(BE)> : (BG)‘
s Sy > = < B i s i " c .
) 2 .
From (B.1) < B, (8E;) > may also be expressed as
' ’ 2 (Bé’) f- <S. B (BE;) > . ‘ - (B.7)
<BS il > = i Bgttri

This is obtained by letting, in (A.15), p = 1 and (i} = B¢ (BE, ).
, »

Btnawusdun oo it e — -

(O

o n e
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! .

Thus one may write (B.6) as
< sf > =< B¢ (BEi) > + < 5§y BS(BEi) >

and combining (B.3) and (B.8), one obtains

.

<55 = < 5, By (BE;) >+ 85 < By (BEy) > .

AR m e e

(B.9)

. § i e

A8
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Appendix C: Correlation Functions: Fourier Transforms .

¢

“
i
o

We define Gs(a) and J(a) as the space Fourier trans forms

of < $;S; > and J;; respectively.

6 () = 1 <585 e [0 (Ry-Ry) e
(3#1) ,
. /\,/\
from which
] - - >y,
<S;Sj> =g g G5 (4) exp [ 1 4. ( Ry - Ry)] (c.2)
And
> Z . K- N *> > > ’ ‘
J(q) =j J].J. -?xp [iq. ( Ri‘Rj )], (c.3)
-

q is a wave number in the first Brillouin zone of the reciprecal

%
lattice. N is the number of lattice sites. By the definition

L]

of Js , from (C.3), J(0) = ) J; 5 =.2J
j- J

J
where z is the number of nearest neighbours of any lattice site
and J is the exchange integral.

Now since " A ¢

<S5 85> = €Sy 05>+ 655 <Bg (80g) > ‘ (C.4)

S
3(0) J

from (2147, one substitutes (C.4) into (C.1) to get



> A ) > -
G(a) = 3%0) % < S50; > exp [T'a. (Ry - Ry )]

A ->
L6, < B/(80;) > exp (T g. (Rj - Ry)
S BRR s

+

’ ’ N +>
As ) ) J.,<5,5.>exp[iq.(R;-Rs5)]
=_S ya q

)3 ¢ il j i J

+ <'B; (BO,) > ' (C.5)

From (C.1), (C.2) and {C.3), (C.5) becomes
6 (q) = A 6,(a) 3(q)/3(0) + < BL (80;) >
Solving for Gg (_c;)

< B! 0.) >
6 (q) = B 1#01) : (C.6)

; 1 - A 3(q)/3(0)

S

_ — -> . R )
Since Lim G (q) + = at T =T, (C.6) leads to the

criticality equation AS =1 at T-= Tc

Thus

> ->

6,(3) = < 8! (805) > / (1- 3(a) / 3(0)) at T=T; (c.7)

also, from (C.1)

] &) =] L] ew i q. (R - Ry )] < S 'SJ-> (c.8)
@ oan |

A0

~

[T —




‘A'l'l
Si i 3. (R - R
jnce % exp 1 q. ( 1---RJ-)=NcS1-j
L 4
(C.8) becomes
> 2 !

! 6.(a) =N<si> ‘ (c.9)

e

q
From (C.7) we get at T =T,
(/M) [ 6. (a) =< B (s0p) » L I L  (c.10)
B > s . s g |

Z
N 3 4
; 5 1 - a0

The Summation on the right-hand side, given the

name F(1): F(1) = (]/N)§ ! ra—
- , " q 1 - 3(q)/3(0)

+ is the Watson (1939) sum., F (1) = 1.51638, 1.3932, 1.34466, for

the SC, BCC and FCC Tattices respectively.
Combam‘ng' (C.7) and (C.10) -

. 2 ’
<si>=F(1)<B;(soif>, a'cT—TC

. 2 '
(also, from Appendix B, at al1 T < Sf > = < Bg (BOy) > + < B;(Bﬂi)>)

-
- -

(€.7) may then be written, -
—— <S1.2>
G (q) = — — » T=T . (C.11)
F(1) ( 1- 3(q)/3(0) ’

AR PN

e
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From (C."Z)

2 . > . N -~
0 1- Y6 (L Jet 9 (-ﬁi- Kj) Jij];_ Jipe 1(§£-ﬁi)..q ,

>=

220) N %) a i

<

then from (C.3)

2 NS > S . ’
Ao T egta) aRq)eto) ' (c.12)
O RLE
2 , .
0; * 2%y 42 -> o
P O | I 6@ [ 9%@)/ @ -11 ) Gﬁ(q), (C.13)
J°(0) q
Substitutiné (C.9) and (C.11).into (C.13), we’ get P ;
)2 2 2, 2. T
< -%__ Lol i FICI@3@) - 1)/ - 3(@)/9(0)] + <sh
JA0) “NOF(1) '

s> [1-1 71 a(8)/a))

NF(T) 9




o
i'.eo‘ D

T, = < sf'> ¢1 - 17(1) )

since § 1 =N and § J(3) = Jg3 =0
3 -+ > L3

q q

Example:

From (C.13) ,(C.4) and (2.16) one may-prove that

05 s of
U2=T2, that is, < — i > = <— >
Knowing that < S. S.> = 5§- <5, 0:> + 8, '< B! (8 0,)>
a i~ Jo)y 1 ij s |
(from (C.14))and that, at T = T, >
<S‘2’>=<So'i ‘>+<B'(BO)> ‘
i 777 a(0) s FU .

2 A LERNS
Since < 8§ > = F(1) < By( 8O;) >
{ -~
(C.15) becomes
2 © 0 2 .
<Si>=<S1. —_— +<S]'>-/F(])
J(0) :
A ‘ 0;
Solving for < Si >
ce J(0) . :
0. ' ' .
s, —— >k <sts (1-1F)
J(0) :
2R ‘

v
Al13
(c.14) .
i
i
(c.15) -
‘ %
# Qs; . .{
- w»
(C.16) -
T~

h'v

-

BT et am



, . ’

< 1 > =<Si‘1

> at T =T
2 c
J°(0) - 3(0)

-
. e
‘ [N . N ,

0 . The same result may be obtained directly from (C.4A).
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Appendix D: Indirect Decoupling. Derivation of (5.9) and (5.10).
4
For the spin 1 case, knowing ﬁhat ((5.1a,b))
\ ' ! .
. \
2k _ 2 . -
‘Sj Sj ‘ | k 1, 2, ... (D.1)
S
2k+1 _ . -
507 k=1,2, ... (D.2)
one.obtains the following binomial expansidns .
. 2p+] . Z2p+l 2p+l . . 2p
<(01./J - Sa) S = <(0]./J) ;> - c1<(oi/u) Sg¢ Sp>
P 2p+1 2p+1 -2k - , '
* L] Co <{03/9) Ss % (D.3)
P 2pt ' 2p-2k 2 ;
ol Copsr <(03/0) 5554 ~
k=1
and
2ptl 2p+ 2p+1 2p '
<(91/J.- SG) S‘s S'i> = <(0]./J) 56 51.> - C.|<(0]./J) SB S1.>
P zptl 2p+1-2k, P 2ptl 2p-2k
tl Cop <(04/9) Ss 57 1. Coem <04/9) Ss 547
k=1 k=1 . !
(D.4)
[ \::
> . 'S .
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One subtracts (D.4) from (D.3), which leads to

J .
: 2p+1- 2 2p+1 2
<(Oi/J) .56 Si> = <(Oi/J - 56) ’ 56 ST>
‘/; s - : CC (D.5)
. ’ ' 2p+ : 2p+l . .
- - <(01/J L SG) . Si> + <(oi/g) S;>
forp=0,1,2, ..., 2 - 2.

(D.5) is exact. In indirect decoﬁp]ing one uses (5.7), namely

’ . 2
'<(01/J - SG) S

2
8

2p+ 2

$;> = Si> <SG> (D.6)

<(01/J - 56)
Substituting (D.6) into (D.5) leads to the first

decoupling equation

\ 2p+1 2

<(0./3) S,

2p+1
Si> = <(Oi/J'56)

2 . 2p+1
Si> {<SG> -1} + <(01/J)

a

' . g (D.7)

Similarly, using (5.1), one obtains the following binomial

—

expansgions

2p+2 A
<(05/3-5,). > =%(0/J)

2p+2 B
C '<(01/J)

2p+2 +1
2k-1

=1

N

2p+2 2p+3-2k

C2k—] <(01/Jl\ 56> (D.B)

2p+2-2k 2
S >

S

-
3

4 L Pt —— Y g




o « .- - e e o e

»” [
and :
2p+t2 2 2p+2 2 +] 2p
<(0,/3-S¢) Sg > = <(0;/3) Sg> + E_]
q \\ =
+ 2pt2 , 2p+3-2k
- E o <(0./49) SS>
k=1 2k-1 !

.,

forp=20,1, 2,

g ¥ One now assumes (5.8), namely
‘ - 2p+2 2 -, 2p+2
((01/0-56) "S‘S > = <(01/J-56)
\

Zp+2 2
<(0i/J) S¢ and gets
2p+2 2 2p+2
(09 s =
2p+2
+ _<(01/J) >

Hence, eqdations (5.9) and (5.10).

+2

A17:

2p+2-2k 2

Cok-15(04/9)

AOO’Z—ZC

9

> <S§>

2

<(OT/J-S6) >{ <S> -1 }

(D.9)

. (D.10)~

»

- "Using (D.10) and subtracting (D.9) from (D.8), one solves for

rSG>
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Appendix E .

Any function of the operator 0; which has a Taylor expansion

. .. L . . 252 - 2z
in 0? may be written as a finite series ending in Oi S ( Oi for

the spin 1 case) due to the existence of the spin-operator
reduction relations (3.1). That is, one may write { if F (0) = 0 )

’

(E.1a)
.2 ~ 4 9
2\ 0. . 0; . 0,5
<F05) > = Ay <>+ Ay < s e thosz < 27—
a (0) J -(0) J (o)
= A2 TZ * A4 T4 * AZsz T252 . * (E.1b)

™~

The A, are functions of B which are determined by putting

(oi/d) successively equal to its eigenvalues 0, 1,2, ..y

2 R
(sz) . from (E.1a) before the thermal aé%rage is taken, as

explained in FCM, which leads to

. 2 . 4 - 25z
2 0, 0, b} 0,
FO) =Ry —5— +A, — bt Ry e (E.2)
J (0) J (0) J (Q)
\

F (1) = A2 + A4 + ...+ A2Sz

P2 = a, (2528 s (YY) 4 L vy, (257257

1
A
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. " —
T, 3

F((s2) 2y - A, s? 4 Ay sty e %ﬁz §257
where J(0) =

A ,
One has then sz s1mu1 taneous linear equations in the sz
% o

unknowns , A A A2 wh1ch may then -be substituted into (E. 1b)

(The procedure is comp]etely ana]ogous to that used by Fisher (1959),
the difference being that one is here'dealing with the spin'sums
0; rather than with individual spins.)

e

/(



W A A EE SRROST ST LY 1 LS S AN N § TR AR b e R x s s M s v ae e e e % a

A20
v
§
APPENDIX F j
/o |
J § “
f
THE FORTRAN PROGRAM TO CALCULATE T,
FOR THE SPIN 1 ISING FERROMAGNET




¢ B S P

&

b
p?}i .
PROGRAM SPIN 1 (INPUT,OUTPUT)

- ' e

T0 CALCULITB THE, CRITICAL TEMPERATURE JFOR THREE
DIMENSIONAL LATTICES,SPIN 1 ISING FERROMAGNET

DIMENSION TT(100),4S(50),B5(50),D5(50),01S1(50),0ISD(50)
DIMERSION US(50),0U0(100)
COMMON N,Z,ICASE,F1
READ®,Z,BJO,SDS,P1,ICASE

Z NUMBER OF NEAREST NEIGHBOURS

BJO IS B*J())aJ(0)/KB/TC

SDS' IS AN INITIAL VALUE OF <S¥#82)> .

F1 IS THE VWATSOR SUM

- ' r

H=Z ' - .

Do 1 I=1,50
> ’ 1
TWO-VARIABLE NEWTON-RAPBSON METHOD

© X1=SDS
Y1=BJO ' .
CALL AWRTS(X1,Y1,APS)
CALL AWRTB(X1,Y1,APB) -
GALL 'SWRTS(X1,Y1,SPS)

CALL SWRTB(X1,Y1,SPB)

- ——

. DJ=APS*SPB-APB#SPS

SDS=SDS-((A(X1,Y1))®SPB-(S(X1,Y1))%APB)/DJ
BPJO=BJO+( (ACZ1,Y1))®SPS-(S(X1,Y1))*APS)/DJ .
ERR1zABS(X1-8DS)

ERR2=ABS(Y1-BJO)
‘IP(RRR1.LE.1.E-10.AND.ERR2.LE.1.E-10)GO TO 11

.

i comrTimuE B ' , .

.
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11 PRINT®, *SDS=",SDS .

PRINT®, "BJ0:=",BJO
PRINT® ,F1z%,F1 * : k\‘~\
TCTM=3/(2%BJO)

TCTM IS THE RATIO OF CRITICAL TEMPERATURE TO MEAN PIELD-

CRITICAL TEMPERATURE
PRINT® ,"TCTM=",TCTM
NN=28N
IF(ICASE.EQ.1)PRINT®,"SPIN 1 INDIRECT DECOUPLING"
Ir(xcnsz.éq.z)rnxnr-,-syxu‘1 RATIO DECOUPLING" '
IP(ICASE.EQ.3)PRINT®,"SPIN 1 DIRECT DECOUPLING"
IP(ICASE.EQ.1)CALL GETT1(SDS,TT) '
IP(ICASE.EQ.2)CALL GETT2(SDS,TT) /
IF(ICASE.EQ.3)CALL GETT3(SDS,TT)
PRINT® ,*TT=",(TT(I),I=2,NN,2)
CALL DGET(SDS,BJO,UU)
rnxufi,-uu=~,(uu(1).1:2,lu,§§
STOP
“Enp

»

Comcrnnmnrcnannnrcrrnemmrcccse= - - - = - - - —m—-

THE FOLLOWING FOUR SUBROUTINES DIPFBRENTIVA‘IE THE FUNCTIONS .
A(SDS,BJO) AND 8(SDS,BJO) W.R.TY. 'SDS ARD BJO .

SUBROUTINE AWRTS(SDS,BJO,APS)

COMMON l.},ICAsi ’ -
H=.001

PO 2 IX=x1,50
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w0

: S125DS-2.®H"
S2s8DS-H
S3=SDS+H
SA=SDS+2.%H -
A5=APS .
. APSz(A(S1,BJ0)-8.%4(S2,BJ0)+8.%4(33,BJ0)-A(S4,BJ0))
' ° 1/(12.%R)
ERR3=ABS(A5-APS) /
IF(ERR3.LE.1.E-10)GO TO 21
B=B/2.
2 CONTINUE
. 21 RETURN

END

‘ SUBROUTINE AWRTB(SDS,BJO,APB)
. COMMON N, Z,ICASE
. ' B=.001 o ~
DO 3 K=1,50
B1:BJ0-2.%H
B2:BJO-H

B3:BJO+H

Bd:zBJ0+2.%H
B5:APB
,/“/ﬁ\ ’ APB=(A(SDS,B1)-8.9A(SDS,B2)+8.24(SDS,B3)-A(SDS,BY))
1/(12.98) ;
ERRA=ABS (B5-APB) : ;
I'(‘HR“?LB.I.B-‘lO)GD T0 21

PR
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H=H/2.
CONTINUE
RETURN

END .

SUBROUTINE SWRTS(SDS,BJO,SPS)

cMon w,z,1ca58 . " R .
H=.001 -

DO 4 KK=1,50 _

S1sSDS-2.%H

82=5DS-H .
S3=SDS+H

S4=SDS+2.%H

S5=SPS

SPS-(S(S\,530)—8.'8(82,BJO)+8.'S(83.BJO)-S(S“,BJO))

17(12.%0)

ERR5=ABS(S5-SPS) ' :

IF(ERR5.LE.1.E-10)GO TO 41,

BeH/2.

CONTINUE ’ L -
RETURN

END . - .

SUBROUTINE SWRTB(SDS,BJO,SPB)
COMMON N,Z,ICASE

Hx.001 . -
DO 5 L=1,50 : ,
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. . B2zBJO-H .
‘ ] B3=BJO+H
BU=BJO+(2.%H)
A u s B5=SPB
. SpPB=(3(3DS,B1)-8.%*3(SDS,B2)+8.%S(SDPS,B3)~-S(SDS,B4))
1/(12.%8)
ERR6=ABS(B5-SPB)
’ IF(ERR6.LE.1.E-10)G0O TO 51
¢ ' H=H/2.
5 CONTINUE
51 RETURN

END

c-....----_....-..---'--..-__-------..-’----........-..-..-----_-.....-

EVALUATION OF S=<S®82>_

FUNCTION S(SDS,BJO)
' COMMON N,Z,ICASE
DIMENSION AS(50),TT(100)
CALL SCORF(BJO,AS)

IP(ICASE.EQ.1)CALL GBTTi(SDS,TT)

IP(ICASE.EQ.2)CALL GBTT2(SDS,TT)
. . ) . IF(ICASE.EQ.3)CALL cnrr;(sns,rr)
| NN=N®2 /
SUM=0 :
~ PO 5 I=2,NN,2

J=I/2

i , B1:BJ0-2.9H . " o

425

R i
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SUM=SUM+(AS(J)*TT(I))
5 CONTINUE

SeSDS-2./3.-SUM

RETURN ” :

END

"SUBROUTINE scoéF(BJo,As)
SOLVE FOR MATRICES WITH HELP OF LEQT2F
DIMENSION D(50,50),AS(50),WK(200)
.. COMMON N,Z,ICASE
DO 40 I=1,N
DO 30 J=1,N .
AI=FLOAT(I)
D(I,d)=(AI/Z)u®(28])
30 CONTINUE
4O CONTINUE
X=BJO/(2.%2)
Do‘ﬁ Iz1,N

BI=FLOAT(I)®X

* A26

AS(I):U./Bn*.S'(COTH(BI))"2-1.5'(EOTH(3.‘31))'(COT8(ﬁ1))

50 CONTINUE

<
3

CALL LEQT2F(D,1,N,50,AS,0,WK,IER)
RETURN
END . e -

Comcmcncacnenntacccnannn - -

CALCULATION OF A=1'

< s

FUNPTION A(SDS,BJQ)
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DIMENSION DS(50),BS(50),TT(100)
COMMON N,Z,ICASE

oy
CALL ;nggnr(nao,ns),
IF(ICASE.EQ.1)CALL GETTI1(SDS,TT)
IF(ICASE.EQ.2)CALL GETT2(SDS,TT)
IF(ICASE.EQ.3)CALL GETT3(SDS,TT)

CALL ADCOEF(BJO,BS) "\
~

NN=2%)N
‘SUM=0
DO 5 I=2,HN,2

J=l/2

P

. I
SUM=SUM«+(TT(I)®DS(J))

5 CONTINUE
AN=SUM
ASUM=0 .
po 6 I-z,lﬁ,z

J=l/2

ASUM=ASUM«(TT(I)®BS(J))

6 CONTINUE
AD=ASUM -
A=AN/AD-1.

,RETURN

-

.SUBROUTINE AMNCORF(BJO,DS)
o

DIMENSJON D(50,50),DS(50),WK(200)
COMMON N,Z,ICASE

a*

*

- Y

[FERU e

-

e
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DO 40 I=1,M
DO 30 Jx1,N
AI=FLOAT(I)

D(I,J)=(A1/Z)®8(28))

"30 CONTINUE

X0 CORTINUE . . s
DO 50 I=1,N \?
Y=BJO/(2%Z)

BI=FLOAT(I)®Y .

’pg(:):(1.5!cora(3{-nx)-.S'(cora(ax)))"z

50 CONTINUE .
. ' [4

CALL LEQT2F(D, 14M,50,DS, 0,WK,IER) .
RETURN .

END

. SUBROUTINE ADCOEF(BJO,BS)"
DIMENSIOK D(50,50),BS(50),WK(200)
couﬁqx N,Z,ICASE

¢ DO 40 I=1,N
DO 50, d=1,N
AI=FLOAT(I)
D(I,d)=(a1/2)88(200)
50_CONTINUE * g L
A0 CONTINUE
DO 30 Ix1,K .
Afngo<(552)

)

BI=FLOAT(I)

¥ L]
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.
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) . - . . o . o : ‘
. - B3(I)=(BI/Z)%(1.5%COTH(3.®A®BI)-.5%COTH(A®BI)) . T

- 30 CONTINUE ' ’ N

: ‘ . CALL LEQT2F(D,1,N,50,BS,0,WK,IER) | C v

. - ' . 1 -

. ' - RETURN

P . END )
. - . - )

Coccmmmcccccc—a cemcmc————— e —emem——————

.

FUNCTION conn(g.,'s.nsbrz) o . w
o~ COMMON N,Z,ICASE

21(1.=1.72)90(=1) )

. - s
. , 22=1.-(SDS/(29T2)) ' .
hY
Y ‘ - AL=FLOAT(L) s

_COEFA=(1.-(1.-(2.'ALH.)/Z)P(ZﬂZZ))"(-1) R o

3 -
.

RETURN : e
* END , : .
Crmemavnmcnae—- - = e 0 e e O o -

PUNCTION COEFB(L,SDS,T2)
L COMMON M, Z,ICASE L4 ' ) ,
Ziz(1.=-1.72)%8 (1) 7 . o . .
22e1.-(SDS/MAZ9T2)) ' ‘
o cozrnéz1-z?-cosgA(L,sns.rz)
RETURN ; ' oo
o BND e U

;" Ceemcosmsecccccme=—= - o a2 0 o e e e e

B . o : ¥ \ e
3
. B s

FUNCTION BIN(K,L)

' COMMON N,Z,ICASE
N ]

. . : Do 8 I=1,L . ) . N

o v
N -y b

&! '
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ALsFLOAT(L) .
AI=PLOAT(I) .
AK=PLOAT(K)
PROD=(AK-AL+AI)/AI
BIN-BINSPROD .
CONTINUE

RETURN

END

.

‘ BVALUATES T'S BASED ON TBE "INDIRECT DECOUPLING" METBOD

v

-

SUBROUTINE. GETT)(SDS,TT)

L}

»

DIMENSIONR TT(100),01S81(50),01ISD(50)

CONMON M, Z, ICASE, F1
TZ:S‘DS.( Te=1./F1)
TT(2)=T2

WNz20N-2

DO 1 I=2,0N,2

~

M=1/2

‘sun:sns-cobrn(n,sns!rz)'(z'-(-(z!ui1};3

“y
3

‘ASUMY4=0
DO 2 Jx1,M

o

01S1(1)=TT(2)%*(2Z-1.)

d{;b(z)x(z--z)'(ré(z)'(1.-2./1)).3»5

Le2PHe 1-289
17(L-1.EQ.0)60 TO 8
5L=(p-1)/z '

o

e b ——

,.._.,,..
«




¥ e
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- B R e R e

. — B e
0 ‘ .
. [y

ASUM1I=0 ‘ =

COEP1=x(Z®®L)®(1.-FLOAT(L)/Z)®TT(L+1)
DO 5 II=1,LL

{ . ‘ Asuh1snsun1+nnJ(L,2-110'(z--L)-rr(L+1-z-11)

, 1+(SDs-1.)'BIN(E,2'11)'01s1(-2‘11+ ) '

5 COMTINUE '
OISI(L)=COEF1+ASUM1

8 JJz2%¥Me2-2%g

IF(4J-2.EQ.0)G0 TO 9

CORF2:(Z®#3J)¥TT(JJ)

ASUM2=0 ’ - .

K=JJ/2 Co . Lo

DO 4 KK=1,K

24(BIN(JJ,29KK)*TT(-28KK+JJ) ) SZ##(JJ-20KK)

. . ‘ 24(8DS-1.)%BIN(JJ,29KK)®0ISD (~2KK+JJ) >
. w )
| % 'CONTINUE
- - . 0ISD(JJ)=ASUM2+COEF2
, © . 9 ASUMM=zASUMY+COEFB(M,SDS,T2)¥DDJ(2%M+1,200)9TT(2%K+2-20)
- . 1+COEFA(M,SPS,T2) ®DDJI(2%H+1,39J-1)STH (29K+2-2%J)
)
.ot 14(3DS-1.)9309(-(2#441))"(COEFB(N,SDS, T2) *BIN(2%M+1,20)
, L‘ 180ISI(2%M41-28J)+COEFA(M,SDS; T2)"BIN(2%M+1,20J-1)%
- A TR 10ISD(29Mi2-2%J)) ‘ o
. . S
ot o 2 CONTINUE : o
/‘\“ , . ‘21‘02 R .’ s . "
] ) ,
: TT(K)=SUM+ASUNY :
l . . 1 CONTINUE o -
» s t
y . -

31

ASUH2=ASUH2;(Z"(JJ+1-2'K!) )‘(BIN.(JJ. Z'Kl-‘1 JETT(-28KK+JJ+2))

o dean



-~

%

™ T
r v l
- f . |
RETURN ' :
END ) ‘ P
.. .
‘ \  ruNcTION DDJI(H,) '
COMMON ¥,Z,ICASE «
+ " DDJ=(BIN(M,J)-BIN(M,J+1)/2)9288(-73)
RETURN / )
END ) /7// )
Gl e e o e e o e e e e e e e e ———————— _—
P
. FUNCTION COTH(I) ~
£ " i .
; COTH=(EXP(X)+EXP(-X))/ (EXP(X)-EXP(-X)) -
RETURN <
END '
Commna -------_-----;a-_: ------ - —— - cem---

EVALUATES T'S BASED ON ‘THE {QIRECT DECOUPLING METHOD )

SUBROUTINE GETT3(SDS,TT) :
DIMENSION TT(100) L
COMMON ¥,Z,ICASE,F1 .
T2:SDS*(1.-1./F1) ’
TT(2)=t2
NN=20K-2
DO 1 I=2,WN,2
!SI/? . *
SUM=SDS®COEFA(M,SDS,T2) 8 (288 (- (20M41)))
)

-
. . \\
© H

[

oty . * L4
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ASUMA=0

. DO 2-J=1,M ,

Asunugnsunu¢coqrs(h,sns,rz)'DJ(2|n+1.2'J,3bs)'rr(2'u+2-2'a)
. 1+COEFA(M,SDS,T2)9%DJ(2%M+1,2%J-1,8DS) #TT(20M4+2-28))
- 2 CONTINUE
Ex1+2
TT(K)=SUM+ASUMY
1 CONTINUE ' - o
RETURN

END T ~

PUNCTION DJ(M,J,SDS)

COMMON N,Z,ICASE

DJ=((BIN(M,J))®SDS-BIN(M,J+1)/2) 0208 (-J)
RETURN

END .

4

.

Comemcceccamccccrcc e a————— cermccccara————— ——mmem—

EVALUATES T'S BASED ON THE RATIO DECOUPLING METBOD

! w-
SUBROUTINE 6:rrz(sns.Tr)
DINENSION TT(100)
COMMON N,Z,ICASE,P1 K
. - T2=SDS®(1.~1./F1) . : . -
TT(2)=T2
MN=2280-2

DO 1 Ix2,NN,2 ‘ ‘

’

. N
I3 f . .

’ -
A —————p ,:.,'_u., . ! . '

“

*
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- . , ' . '
Y M=1/2 o > . |
. SUM=SDS*COEFA(M,SDS, T2)#(Z98(-(29M+1))) c
. C &
ASUMU=0
DO 2 J=1,M

ASUMY=ASUMY +COEFB(M, SDS,T2)#SS(20M+1,2%J, 8DS) *TT(20H+2-29J) :
1+coxrA(n.sns,rz)'ns(2-n+1,2'5-1,sns,[z)'rr(z'h‘z-Z-J)
2 CONTINUE . . -

K:I*é

. TT(K)=SUM+ASUMY .

"1 comrnue

‘RETURN
WD

FUNCTION SS(M,J,8DS) T
COMMON N,Z,ICASE,F1
XICASE=SDS+(1.-5DS)/Z

. SS=((BIN(M,J) ) 9XN-BIN(N,J+1)/Z) #Z98(-J)

RETURN

END, . .
-’ FUNCTION EE(M,J,SDS,T2) . . ’

COMMON ¥,Z,¥,F1
XFP=SDS*((2./(298DS))-1./(T2%(Z%%2))s1.-(2./2))
1+8DS#(SDS/(T28(2082))) |

. BB=BIN(M,J) *XF .
CC=BIN(M,J+1)/2

DPD=BB-CC




1
" BE=DD/(2%%(J))
‘ . RETURN
END

Crvenansnancnnsasccman - 2 - = = 0 o o > o

EVALUATION OF U'S FROM THE KNOWN T VALUES

SUBROUTINE UGET(SDS,BJO,UU)
COMMON M,Z,ICASE ,
» « DINENSION TT(100),U5(50),00(100)
"y IF(ICASE.EQ.1)CALL GETT1(3DS,TT)
Ir(ICASE.EQ.2)CALL usrrz(sns,rri
| !F(ICASB;EQ.3)CABL GETT3(8DS,TT)
" NN=28N

DO 6 IIe2,NN,2’

CALL USCOEF(BJO,II,US) .

SUM=® _— ‘
DO 5 I=2,NN,2
J=I/2 * !
. SUM=SUM+(US(J)®*TT(I1))
S CONTIKUE '
UU(II)=SUM
. .6 CONTINUE
RETURN :

N

o END

. o SUBROUTINE USCO&F(BJQ,II,US)

COMMON N,Z

3 . ’

e

. A35




DIMENSION p(50,50),0S(50),WK(200)
DO 4 I=1,N ' _ X [
. Do 5 J=1;l
AI=FLOAT(I)
D(I,J)=(Al/z)ne20])
5 CONTINUE
4 CONTINUE oo : . e
4:BJO/ (2.92) . : \
po 3 I=1,N
BI=FLOAT(I) ' , . "
~ US(X)=((BI/2)**(II-1))%(1.5%COTH(3.*A*BI)-.58COTR(ABI))
- 3 CONTINUE
CALL LEQT2F(D,1,H,50,US,0,V¥K,IRR)
RETURN y

END : .




