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" examples are:cénsidered using the FORTRAN V program LAYER, which solves

' : . ABSTRACT . .

A Network Approaéh to Layered Anisotropic Wavehuides
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¢
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: The,érangmission characteristics of.layéred anisotropic waveguides

v

are investigated by means of matrix analysis and an equivalent net-

o

work model., The dnisotropy considered may be either inherent crys-

talline anisotropy, as in the case of uniaxial, biaxial .and optically

. active crystals, or anisotropy induced by external fields, as in the . >

[}

case of the. electro-optic effect and Faraday rotation, TE-TM mode
coupling resulting from off-diagonal terms in chévsystem/macrix in-

dicates that a four-port network is requiréd to represent a single s

s

mpde in the anisotropic waveguide. Criteria for 1633%essness, reci-

procity, antireciprocity, transversal/bilateral s&mmetry and the newly

¥

&eveloped condition of semireciprocity are discussed, Setting out with

the normalized wave equatiom, expressions for the electromagnetic field g

distribut@on are obtained and the concept of the field and wave transfer
/ . .

matrix of a layer is*deveioped. Reflection -and transmission at an inter-

face separating dissimilar media is also examined. By way of examples,.

t

three layéggd symmetric waveguldes supporting symmetric and antisymmetric

3

field distributions are examined; their “haracteristic equationm, cutoff

R Ve

nconditions,”powér flow and equivalent network is examined. Numerical . .

° 1]

- [ -
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. the dispersiom equation for various values of the normalized frequency.
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This program also computes the dispersion-chaggcteristic of the wave-

4

guide. Coupling’befweeﬁ modes, that ,does mot occur in three layer iso-

+

.

tropic wavéguides, is observed , poigting toward new applications and

indicating regions free from such couplings.
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CHAPTER 1 . )
.o "." INTRODUCTION

Layered, anisotropic waveguides are often employed in the design of

‘microwave, millimeter wave and optbelectronic devices. The range of ap-
§

.

. -
'plications anticipated by anisotropic waveguides such as mode conyersionm,” -

-

polarization codtrol nonlinear signal proceSsing, 1aser beam modulation
!

' and opticg& filtering to name Only a few, has given a great impulse to

their development in integrated optics and related fields.,

Wave prOpagation in anisotropic structures can be analybed using

ﬂeither the ray-optics approach or the wave~optics apptgach. ‘An investiga-

e

tion of plane wage propagation in a*birefringent layered structure using

both approaches was canried out by Eang and coworkers [30], [31]. They

showed that.the propagation is characterized byégubstantial:TE—TM mode

conversion and suggested the polarization control, frequency modulation

of distributed feedback <asers and the design of waveguide modulators.

At the same time; Schesser and Eichmann [32] examinefl propagation of '\

plane wa&es in a three-layer structure‘consisting of biaxial crystals.

Assuming oblique Incidence of atpitrarily polarized waves; they evaluated

" the polarization vectors of the'partial electric and magnetic fields using

Snell's lav and Fresnel's equation. Their results however, wege not, in
form adaptable‘to treat propagation in multilayered media. Considering

the off-diagonal entries of the permittivity tensor as a perturbation of

. the principal system, Yamamoto, et al, [6] used the Rayleigh-Ritz vari%—.

 tlonal method to determine the normal modes in an anisotropic mediun,

Their method however yielded approximate expressions for the normal

(propagating) modes, Practical considerations lead to the analysis of

-
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three~simple uniaxial ori7tations, nénzly, the polar, the" longitudinal

-,
Y

- and the equatorial, In the Iiolar configurgtion the optic axis lies in

the plane.of t{i{eﬂ interface whereas in the longitudinal,l in the p‘lane

Jormad, to the axial diréction of propagation. In the third configuration,

* ' 1

the equatorial, the optic axi’sl lies in the sagittal plane.of thd crystal
[25],40026]. Howeverflr the results of tl3e field aﬂalysis derived eveh for.
tbévsﬂimple configurations were in a form too cumbersome to be used for
wave pr_opaga‘tion in multilayered birefringent media. It was Berreman in
1972 who used a matrix method in a moiéal formulation [33]. Berreman
invegtigated wave propag§tio:'in cholesteric liquid acrystals, by reformu-
lating Maxwell's equations into a set of' coupled differential equations

involving only those field components that lie in “the plane of the inter-
A [N

face. These field components must be continuous at a dielectric interface

"

and therefore the method becomes eminently suited ‘to multilayer analysis |

'using modal and impedance transfer matrices, Later on, in 1978, Kish'ioka

L >

and Ro})ushima [34] presented ayunified treatment of the radiation and
y 3

.. guided’ modes of an anisotropic slab waveguide with arbitrary pewmittivity

-

. andq permeability ten/é/ors. A simple application, namely the expression of

v

the chatacteristic equations in the.longitudinal, polar apd equatorial
. ..

configurations. verified the results of many previous wérkers. At the

sameé time, Yeh [35] generalizeq, the wave spproach and expres@ the
4) )

electromagrmetic field diétri‘bu\tion in each layer in a closed form,
> .

Although this me.tho%’ is c‘onﬁluta onally adva_ntagf.ous it does not proceed -

be'yond the introduction ,of the {)ro agation factor and field transfer

matrices.
\

s This thesis develops a field analysis in a lossless birefringent

medi{mn characterized by an arbitrary (complex) permittivity tensor. It
- A, -

0 -~
s

4

-

P o IR W U

.
-
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.

. uses 4x4 matrix formalism which *lends itself to the study:of wave pro- .
» b - -
: pagation in stratifled media. ‘The concept of matrix wave—impedance;ill

be introduced and used “to express the imx}é'aance transfer and the reflec-

v

-,tion/transmissibn coefficient matrioes. " The’ generalization of the reflec-

A ]

o tion coefficient matrix which quantifies the treflection from a stack of
Q. ' . - "layers permits formulation of . the tré“n'sverse resénance condition (TRC)
-~ 0 whio::hL in turn, provides a means to obtain the characteristic equation.

. N

Propagation characteristics, lateral confineu;ent and power fiow.in three--

H layer sym'metriC waveguides in she polar angd fongitu_dinal éonfigurations,

- B . " ] >‘\ . P . oS
a L , will also be analyzed, - R “ . A ) th

’
-
©

vIn‘ the second Chapter, the classical method of treating.wave pro- -
: L B ] -
pdgatidh in an anisotropic medium [3] is ‘treated. It is found that the

. ~propagating eigenmodes are two linearly polarized eigenmodes, whose ef-
4 ‘-‘ - ey
fective {ndices of refraction are the principal soiutions of the quartic
n

»

- . Fres.nels' equation. The index ellipéoid is employed to relate . our
. , . ; .
4 . . . ‘ . N . .
arbitrary direction of propagation with the corresponding \efractive

- indices. The linear electro-optic effect, optical activity,and Faraday“
N . , )
rotation‘ phenomena are owt]bfned and are shosm to be represented by offf N

. ’ 7

ﬁagonal terms in the pri.ncipal permittivity tensor. Finally, the TE-TM -

© T, . . ‘.
mode coupling is discussed ariding Lrom qff—diagonal dielectric temsor .. o

L . ' components and the concept of coupling/modal matrix, nomalized wave “»‘h\
€quation and polarization vector is introduced.

The third Chapter begins with a review of the propagation charac—

teristics of a symmetric isotropic slab. The results are compared with

those of the corresponding anisotropic slab waveguide and the similarities o -
are noted. The wave impedgnce concept is introduced in biref_ringent /

. v media;' the impedance and admittance matrices are expressed in terms ot’_

v .
-

7 .} .
P L T W
.
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AN ’ =

+ ° ) 4 ’ ) -
N the entries, of the modal marrix. The impedance transfer matrix,

defined as the'hiensfer matrix ‘of the field vector from one interface to

the next is expressed in terms of the partitioned form of the medal

.
LY

matrix and the impedance/admirtance matrices. Wave vectors are defined
as linear combinations of the fieid'components and a four-port network

. is emnloyed to fepresent an anisotropic layer'in a composite waveguide

.
\

%
.structure,. Criteria for losslessness, bilateral/transversal symmetry,

-~

reciprocity, antireciprocity and the newly developed conceét of semi-

+

reciprocity are derived in terms of»?be coupling and impedance transfer

matrices. The Chapter Emncludes'gith a treatment' of the reflection and
. ' . . A ' ) ¢ . : 3 ’
,  transmiks{on characteristics of an interface between’two dissimilar ani-
{ . L i 2

setropic layers. Three different vector representations are used to

P

formulate the‘transmission and reflectionAmatrik. " The TRC generalized

K for any numbér of layers is also derived in terms of these three vectors.
? -

@ In the fourth Chapter, the previous results are applied to analyze ,

.

“vmedia in'poiar, iongipudinal or equatorial configurdtion, The field

distribufion, ‘the characteristic equetion and other pertinent data is

presented for three—layer symmetric waveguides fabricated with dielec—

trics in the polar and%or longitudinal configurat&on. BoUnds for the

[

effective transvérse guide index are determined ' These characterize the

mode cutoff frequency and provide the asymptotic phase and group -

.velocity’in the_waveguide,at the very high frequencies. " Power flow ex-

"preSSions are* found and are~compared with the corresponding ones of the

isotropic case. : n . ¢

Finall? in the Appendices, the power expressions of hll the guiding

“

-

-
structures,examined are listed,along with two,computer programs. The
. r A - . - ] “ 4 < . N

v
. 8

PO
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gent medium, whereas the secohd with a s

» .
.

~

N

ymme tric three-

o ’

. firs} program deals with propagation characteristics of a b

y

ulk bireftin-

layer waveguide.

The lgtter program solves numerically the'characteristic equatign' and

< . ]

7

]

displays the result both in an appropriate w-f dfagram.and id a ‘transverse - 7
B .ol . B . & 3 N N ‘

LY ‘ . . .
vs. axial wavenumber plot. - .
, .
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v : ‘ o CHAPTER 2 "
A ELECTROMAGNETIC WAVE PROPAGATION IN ANISOTPOPIC MEDIA - .
g s ‘ ) “ . o :

2.1 Fundamental Conceb;é

b

»

The macroscopic response of a crystalline dieletrid to dn ex-

- ¢ e *

tertal élgétfomagnetic wavg propagating cH&dugﬁ if, is described by
ips pérmittivity; which relates the displacement Eito the applied elec~

- tric field E. Anisotropic dielectrics are fhose characterized. by ten-

3

sor pérmittivitﬁ and scalar permeability. The constitutive relations
‘are' . ’ ot i

-

P=egtl e - (2.1.19)°

Ao A C(2.1.)

.
o]
= M
=|

L . . Qﬁere € is the relative permittivity tensor. Due to the anisotropy '

. expressed in (2.1.la), the electric f;eld E is not parallel to the dis~ .

o

s placement D.

.. The condition of losgslessness requires that € must be a Hermitean |
kensor (1] ) - ' ’ . ' <.
° . #*' . - “
=€

v

a E -

(2/01‘.2)_

‘that is, the‘diégonal entries ﬁust-@e real and the off-diagonal ones

+ L4 i \J "

. oL appearing in s&mmgﬁric posiéions must be cqmplei conjugate pairs. There

always exiéts a coordinate transformation converting € to a diagonal

Eﬁ). In this new coordinate system, called the principal system, E; is
_ . ] e,

>’ of th&gform"

‘%, \

o

i N Fampite B AR e Tty BTk e L T Sk By T R BT



" wavefront. -It is then found,

. \ ” -
- 3
(8 s .
. ‘ .
N 1
.
B

LY
Y,

o - v
7
“r E:x 0 . 0 . ’ ) .
? - 0 E . . - ‘- . ' s
P . ‘ y 0 » (2.1 3)‘ | ’
i 0 «Q . € S - : . ~
. & . ' h .

’

The axes of this system, are ‘the principal dielectric axes of the

¢

crystal, The crystal is isotropic if Ex'=, g = Ez; uniaxial' if two of

yl

the three par»ax(neters are equal, and biaxial if all three are different.

¢ -
.

To fix:xd"'t:h_ea’field configuration for propagation along an arbitrary

ditection, onme has to write Maxwell's equations ' .
£ ;o Co i . 2 .
UXE = - 28 : VXH = € E—g—f— (2.1.4)

odt , o
and assume monochromatic plane wave solutions of radian frequency w,

propagating in the crystal with phase factor . .

.ot ' u ) , .
exp[jm(t-eononé'-?)] = explin(t - ;]g-n‘s'_-r)] . (2.1.5) o St
. : 5 ‘ .

where n 1is the effective index of refraction for an electromagnetic

-
S.

=B 1e]

wave propagating .in the crystal in the 8 direction, i.e., VP =

o

is the phase vel’o‘c'ity of the monocﬁroilatic wave in. the § direction, no

i

1s the free space wave impedance aan unit vector'aormal. to the

D=c¢ nz[E - 3(-B)] o \ \ ' . (2.1.6a)
E 3%‘ ng'x'g * ’ ) .”\ ’ \, - y - (2.1.6b)
o . ' . \ ' . i
and v ' R . X
gx .- EononH.’ ‘ - ' . ) ‘ (2.1.7) . . L. . ;

The above equations shqw't:hat g, D and B (B) are mﬁtually orthogonal '

vectors. an& D is not-parallel to E. These reasu,lts are shown in Fig. 2.1,

% ‘ ! ) L
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,Fig. 2.1 The relative
. orientation of E, 3, ﬁ, .—B-,
EXH and 8 in an anisotropic

. ' . = et o medium. Vectors D, E, s and

BEXH lie in the same plane. -

=

=

To take into account the anisotrbpy of the crystal in the solution of
, Ql“ﬁ. Al

Maxwell's equations, one has to substitute (2.1.1a) into (2.1.6). The /(

e tesglting equation expressed in the-principal system, can. then bé recast g ///
, in the form [2] o
“\(\ : ' kS . v ‘

© %x N 1. ' - :
2 + 2!,_ o + 2 = ~2 : (2.1.8) /

.This is the Fesnel's equdtion of wave normals. It is a quadratic
. s

‘ 2 . . . .
equation in n and therefore the four solutions are tnl and inz/’where_

the * signs correspond to the signs of phase velocity (bidirecéional vae

. i . e . ’ s
‘propagation), Substitution of these wvalues in the ratio of the electric'j

i 9 . . .

field components, arising from'the. substitution of (2.1.1a) into (231.63), ..

. yields X c . : :

F.

-

- . N 2 -
; Ei si[(nm - Ejl

-—Lg-l,. =

S 1,3 % x,y,e D219

Bl mel

where m corresponds to the independent solution (m = 1,.2)., For real
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. are perpendicular to each other, the directions of polarizafion“of'the

// ‘ - ‘ .
/ ' ) . ) 9

1/n, tﬁéﬁ is, for nénabsofbing,nonémplifying (nonactive) media, the

abqve r;tio,§s feai And hence_tﬁe two independent monochromatic flane
waves that can propagate in an anisotroplc crystal are linearly polar-
ized. For propagation along =z, er eihmple, the two modes have their
polarizations along x and y, where x,y and z are the principal axes.
Prbpaéation along an a;bitréry direction in the-cfystal, is a

more complicated problem; In this case, the détermination of the two

~

effective refractive indices n o, and the corresponding directions of
, .

the D field polarizations, ig accompi}shed using the index ellipsoid

(ot optical indicatrix) [3]. This fs an ellipsoid described by the

equation
2 2 '
¢ N ﬂ? ~-
B R R R . (2.1.10)
n n n_ . ' .
. X y z '

2
where n, = €

1 1} (& = x,y,2z) are the principal indices of refraction.

The axes of the elliﬁsoid‘qre parallel to the prinéip;l axes X,y,z
ayd thei?.respectivg lengths are Z/E;, 2/5; and 2/—;. For an arbitrary
direction of bropagation s, .the intersecéion betweeq the index ellipsoid
and a'plane through the origiﬂ that is normal to g, is generally an

ellipse whose major and minor axes give the directions of . polarization
[ T o ' ) ) R
of D and their respective length is 2h1 and 2n2, where n, and n, are

the two allowed solutﬁgns of (2.1.8). Since the axes of an ellipse

two vectors D corresponding to an arbitrary direction of propagation ..

P '

s, are also perpendicular to each dther,

~

s .
In a uniaxial crystal, the index ellipsoid is cylindfically sym~

k)

metric (spheroid). If z is the axis of gymmetry, equ.”(Z.l.lO) . o

4
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2

‘\simplifies to v
x> 1_2_ 2 , ~ c T ’ '
7 + 7 + —-2—- = ] . ' ' . ) (2.1.'11
n n n .
() 0 e

¥

For'ne < n- the crystal is called negétive; for n, > nc;, positive.

Since in a uniaxial crwstal, the inte‘rsection ellipse normal to the

direction of propagation s remains the same under rotation of s around

the z axis,one can choose without loss of generality,the s vector to
. . . . i ,

coincide with one- of the prfincipal planes, e.g., y-z plane. In this case,

s

- i

"thenmajor axis of thé intersection ellipse lies in the principal y'—z

) * . -_ o . .
plane, normal to s and the minor axis is parallel to the x axis (see

Fig. 2.2). . Upon a change in the angle 6 between the z axis and the
direction of propﬁégé’ti'on s, one of the directions of polarization of
'T)', namely the one parallel to the x axis, remains fixed and its re-

fractive index is equal to the radius'of the equatorial plane of the
z - N
: taptic axis 5. .

Fig. 2.2 1Index ellipsoid

ne(O) ‘ of a posit‘ive unia;:iél
-~ &&sta'l. ' I:he optic axis 1s
RN . the 2z axié and the wav.e t;or-‘
- (0,7ng,0) N, 4 mal unit vector s lies on

the y-z glané. '

- = -
-
-

AT e x o e e
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: 11
spheroild (ordinary wave). However, the other dlrection of polarization
‘ . -

oﬁfﬁ , namely the one in the s—z‘plane,~depends,on ) (extraordinary
‘ |

T -

wave) .
The‘directipn of propagation\for'which the extfaoreinary refrac-
tive.indei ne(e) becomes equal EO the ordinary ene, is ;he‘opt{c_éxis
. : . C
" of the crystal. A biaxial crystal has'two eptic axes, because there

are two circulaf sections passing through the genter of an ellipsoid,

whose normals"s'l and‘Eé are coplanar with its largest and shortest prin-

0

cipel axes. Wave propagation along the optic axis of an anisotropic
crystal is cha?actefized by the same equations as ghese that character-
ize=propagacign'in an iso;ropic’medium (spherical index elliesoie).
Propagation along any other direction than the optic axis resuits in
b{ref;ingehCe, thet.is, ehe separa;ion of an electromagnetic field dis-
tribution inte two: an ordinary and an extraordinary. Ordinary modes
derive their name from the property that the effective refractive in-
dex no’associated with them is independent of the engle‘e. In biaxial
no pndinary-extraordinary dietinction can be made.

ﬁave\pfdpagation in straeified anisotropic waveguides, as in iso-
tropic onesilean be conveniently analyzee using either the geometrical
techniques 6fythe zig—éag rax‘model [4,5] or the method of mnormal medés:.
[6]. 1In the zig-zag ray model, modal properties‘of weyeguides are

3

analyzed:by defining the wave normal as the diiection‘noimal to the
equiphase surface gf the ﬁaQe‘and the ray ae the direction of power
flow, It is interesting to note that the ray description of the

modes allows enly discrete angles of incidence of the wave normal andgq °
each angle represents a specific waveguide mode [7] Ie\EBe normal

mode method, the effective refractiv es and field configurations

are the eigenvalues and eigenvectors r pectively, of the matrix

K

© dme o anpterm £
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At ot o= bt

12,

" eigenvalue problem derived from Maxwell's equations, as will be seen

’
.

in a following section.
J ¥
[ . .

s 2.2 Linedar Birefringence, Linear Electro-optic effect, Optical {or
Rotary) Activity and Faraday Rotation ]

o

The electro—optic effect and the phenbmena of optical aétivity
and Faraday rotation must be élearly disfinguished from ghat of
linear biéefringenceu They involve rotation of the plané'of lineai:
ly polarized waves 1in some éénsg,’réthqr thaﬁ‘cdnversioﬁ to ellipti-

" cal polarization {81, L . o7

Fad !

(1) Linear Birefringence
\ ’ .

As 1t was seén in the‘previous‘section,in anisotropic med{a.

. Fresnel's equation (2.1.8) provides two values fof the magnitude of
the wave vector k. This, togethér with (2.1.9) leads to thejresult

that a monochromatic plane electromagnetic wave entering an anisotro-

pic crystal is refracted into two partiél waves 1inea}1y polarized,

characterized by perpendicular planes of polarization. Mathematically

speaking,'these two wave solutions form a complete set and thus an
arbitrary wa%enin the crystal can be considered as 4 superpesition of
them. Since the phases and amplitudes of these two waves, as seen

, . .

from (2.1.5) and (2.1.9), aredifferent in all directions but tﬁq

optic axis, the resulting wéve is an ellipticallj polarized -wave.

The convéfsion of a linearly poiarized wave to an elliptically‘polarJ G

' ized one, is typical of linear birefringence (double refractiom).

. (2) Linear Electro-—optic Effect

\ - .

Application of a bias‘electric field in:aqisotropic media, re=~

+

t

- sults in fiéld-étomic-interactions which cause distortion of_cﬁe index

ellipsoid [9]. .The téb lineariy.polarized wave gsolutions become

£

i

e
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“posite senses of rotation.

£}

3
E ‘ S &
elliptically polarized, whose ellipses have the same shape but gp-"

!

'
°

The amount of dis‘to"rtiorpx of the index éllipsoi'd:\rari%,é"witlﬁ‘_/

* direction. "Since the undistorted index eilipsdid is described by

’

the équation (2.1.10), i.e. °* )

, .
.« . , ’

Ly M e O S e \ . .
: e u o
1) .2 450 2 2 .- 2
) { 2} X é{'-r—/z—}y'l-{-z-}z =1 ‘ (22,1
n n-’ . ‘n '
X y z . -‘ s
h o e e ’

the peérturbed index ellipsoid uhder an app lied field, fnill-',be'des-. .

cribed by . . : ‘ c T ' AR . .-

. -

[
r——

8o

¥

gl 241 2 )1 2., A F N O IR
‘{—E}x.{?}‘y.{nz}-z-*‘{j—j _yz+2{ 2} xz' :k2{n2} Xy 1‘ "
! 2 730 ARy ARy n L M e

. . B (2.2.2)
Using Voigt's convention: l—’qlc",“Z—y,‘,B-z, l&fjrz‘, 5-xz, 6-xy, agreement .

of .(2.2.1) and (2'.2.2) under zero"applied field is expre_sséd by -

' V‘ - N
| 3’7§ U AR AL A
tle=o
- - . ‘ ‘a : ) .\ ‘., ‘?
Bt ] ] e
: 4| eE=0 " 6| E=0 "6 E=0 T

The linear electrd-optic effect (Ppcke'l')s) 1s assolciated with a lidear

change of E_hg‘ coefficients ;-11-3 - 1 - 1'to.6 with the applied
N . Al b . n 3 » o
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=
R

S . i e 3 1 g ’ 3. . i=] 'tO 6 ’ ., Ny » \
. . < . A = I r,,E ;5 : ' “§~(2.2.4)
4\) L A Lo ) —“7 i j=l 1 j 1=x, 2=y, 33.,2 * .

. whete '.rij'"' are the entries of a 6x3 matrix, called el ctro—optic ‘ .

’

5

A .t .. _ tensor and E, is th.e‘jth" component of the dc’applied fiel

3

‘

v coefficients: give rise to off—diagpnai terms in the péripitti
R e , which are proportional to the applied electric field. Fox most
' practical cases, these ’tenﬁs":’-xre all zero but one_',‘namely, the dne re-~
- sulting from nonzero coeff;lc‘ienf in éf direction normal to the optic

- f -

" axis » -provided the field is applied along the op f;ic axis. TMus ' }"-1 )

fom wiw H oo

-+ 18 the principal dielectric tensor of a uniaxfal crystal whose optic

axis is alc'm_g' z, To f'ind‘ the. eigenmodes of such a crystal, one must

‘first derive the characterisf:ic equation and substitute its solutfbns,

. ' that is, the effective ‘guide indices in the normalized wave e‘quation.
] . . .

o O - This.-will be ‘done'fct\_a comp lex off‘-diagcmai exy , in order the -
‘formulae to be used in the cases to, follow.

T, o S o Consider a uniaxial crystal characterized by ?'dielg‘ctric‘ tensor

. N L]
s I . > ' R . + !

#



. o et
| . e
, . ; F o~ . . '
' k’ , ‘ . b }5 .
3 - 1 « ’
1 =] t ' N Y
Fe €xy 0 - )
- * ’ / I )
' e =g € 0 : . fo
p Xy x - ,
< st ho . 0 . Ez‘ R "? | N ' . “ (2.206) . ’ ,'
< . : 7
and supporting wave pr dtion in thez direction. Assuming plane T
1 " . 1 ° M ‘ ; ) *

wave solutions, .Maxwell’s/;[uations, (2.1.4) yielfi': Bz(?zx.ﬁ?-)xh':;hli

where B 1is the longitudinal effective jguide index. Decomposition of
-

this in the transverse field com'ponents, yields the normalizedg'uév_e

| equations . , h . S o
. ] ) ‘
. 5 . p
B -e)E_ -e_ E =0 ° . \ ’ “(2.2.7a)
¥ Tx Xy y - o ,
‘- and .
' E_- (82 E =0 T o(z.2.7 ’
- - - E ] - .

. Exy x ex‘) ’:: '( _ ) e :
-~ The resulting characteristic equation is a quadratic i and 1ts :
. ‘( 1 . i a‘ J r':f
are given by 8,,8,= 81, Bj3,and By=-B3 where ‘ :
! B ‘ ¥
) - 2 \. “ . -, "'E{ - -g
= -+- L L] L] Y

B1,3 €x Iexyl = p - (2.2.9)

-~ 2R 4 .
° * “)\'\‘. .q ° E
o”' ‘ g R} " l/ I N \ - ’ :
with subsecripts 1(3), corresponding to plus (minus).‘ The two normalized |, .

-~

forward eigenmodes are found from either (2.2,]&5 or (2.2.7b) to be: |

: ]
‘ < < ) C
: . ; . . n 8

E | ¢ le ] - E el | :

71 = —ﬂ— and -'z Ll -m:. (2.2.9) ‘

Ex € . Ex . € ‘ ' N
B, ¥ . B, s .

o . -
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In the case of the linear electro-bptic effect, Exy
¢ -

guidq indices Bl 3 ar

<

\

e

-
e

16

is real. The

02
. 81’3 =g exy . (2.2.10)
o
and the corresponding eigenvectors satisfy X
. .)
[ l = - -X X - ot
7 1 and * 7 1
x - X
. / |
This result can be written in the form i .
. ~ . i
- l h N Jlr" N
E =E and E =E .o - (2.2.11)
) e . .
- 1] - Y

7:\

4

;

4

where‘ E and E are the transver@ field eigemnodes (see Fig. 2,3).,

)

. LY :
It is seen.that a monochromat#c plane wave passirig through the c;ystal"

oot

L~

Fig. 2.3. Linear electro-optic
effect in a uniaxial cryséal. o
The bias electric field and the

optic axis lie in the z-

direction.- E; and'E; afe the

ordinary and extraordinary trané;_‘

verse eigenvectors.

“ .
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11 1 : ' c '
E(2) ={ jl e"jBlz +[J e-jB3Z = 2(a cos-A-zé z-ja si AB z)exp(‘-jB '2),

. where AB and Bo are defined by: . .

-pﬁenomenon.

. wave passing thxough ‘an anisotropic crystal, with no electric or mag- -

netingiad'fields appiied,is kpow@ to result from'first-order spatidl.
:\& . "‘ :\ ; * R < [} ‘ .

is decomposed in two linearly'polarized at right angles field configéj
s oL L.

urations. One of the romponents of these in the principal d;elecc}ic\;

v

axe? rémeins fixed, whereas the other oscillates around the oriéin.:rn

-
s

.The'resulting'fieid at a distance z is

1

-
"

‘.
' .
' . . »

\
o

I L L L - (2.2.12)

88 =8 -8, and . B = (B, +B)/2

\ -

)

. =Z, i €.y o .'I'..' "
/, ! ’ * ' | . ' |
.-E(TZ) = Z(Ex‘,:os 'A'zg' Z,";' 35}'81“%\6— .f).’exp('j:BOZ)'. (2 > 14) t?“"

NN o N ‘ - .
As it can be geen from (2. 2 12) end (2. 2 14), che weves undergo the

* K

same sense- of polarlzation rotation with respect to the cheir propa—

»

gation direttion, Thus -the 1inear electro-optic effect is a reciprécal .

P . ! A
. . TN R f oo
- . : . ¢

. . § v o 8,

-

(3) thical (or Rotary) Activtty o ,: ! .

.
.
PRI . 3

. The rotation of tﬁe plane of polarization of a lineatly polarized

s
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. ' . N e | e 2
Maaia "‘T\w" sy Tt T — b s e e '_—‘ T T ’
L dispersion cont{'ibut,ions"t'o the dielec‘tri‘c tensor’ [10]; o
When the D vector at a given point in the cryst:al depends on E .
not only at that‘, point but at neighboring points as well a dependence . ‘
of the dielectyic constant on the wave vector occurs., This dependence
"known as spatial dispersion, is expressed by. writing the functional )
\
form of the dielectric constant Eij(m k) When the magnitude of  the \
. . ’ 4 Y -’ < s
nonlocal ‘dependen‘ce' is small, Eij (w\,k) may be, expanded in a power series .
) S ' .
in k, namely N . oo ’ T .
R ‘ ‘5 [ ;‘ . - . - . ~ . . R
) i R j ‘ . .o R ' X Lo ) L
< S ¢ [ A . L Ny N ’ . ’ -‘ * . [ y .-)" . b ' -
- ’ . ‘ O . Tt
Optical actiVity arises from the first order terms jgijl(w)k , where - I
' 3132(“’)’ or simply g, is the optical gyrotropic tensor. Note that i‘n .
g N
dispersive, 1osslessTmedia [ll] j(m k) = e (m k) and the third . e
e N - S H
) ,rank coefficient ‘g is, real. Therefore,' the dielectric tensorr "Zb of T
. . . ;- t . v, - ¢ 5 R
S ap gpticelly:actiiie c,rystél supporting z-propagating waves ‘with - ‘ T
Ck o=k B, 1s /./ B '.*' . N
i ' ¢ "1 .
¢, jgB, Ol s o
! T . e . R o '.: . 3
= . + - 2
L= €. L0 ,. A
EP % ng H \yl. h ‘ “ : f“
vl s H - ¢ 4 . .‘..
} /0 0~ €1 , 2,.2.16 %
° ‘ d ,‘ (2.2.18) 1
3" ¢ ¢ - , i (‘EH.
N . N . “ . &r . _‘" i ' }‘i .
Physicdlly, :the imagifary factor:.j is due to the fact that D, at y g '
i any given '»point, depends aiqo‘ on the derivative of E at the tlirectiorn ) ";
' e . . . . ' = 1’§,
- "

%:p‘ 5 ';—-;
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- of propagation [12]

‘Mﬁeré the paraméter & is definged. by:

19

Thus, optical act&vity‘is a nonlinéar effect.

The axial ‘guide indices B are foqnd by rearranging and squaring

(2.2.8), to be-'- ' VoL e L N

&

. -

=e{1+6&6

t /1 + 6%} R (.21n .

2o - . . v,

S =g/2/e . o T
& x ..
' . <, . — AN . . o ’ )
Due to the Q'depeqdence of E; » that is, the complexity of (2.2.8)
LN oy ) " ‘ s . . _’ s o LI

shown in (2.2.37), the eiéehveatofé are no- longer ginﬁ‘by (2:2,9),. .oe
o - . To : '

bst {2.2.7a), Le., . o R SN

x. A \ ) :

K] ) ‘ R

Substituting B, and B,., the two ratios become.; - o o f

v . ' . ) ' ‘ A é

N ' « 7 .

. .t * ’ . 1

- E : .. E o =
<L |- =-fa®% and L |- =3b,- '
’ E ’ B

x |.B . x| By - .

P l .- 3 S

“ A v . .

N | - - \ . H

4 » - . v §

v . ,»f - v - :
where a and b are defined by° . . ‘ L é‘

- - i
. ‘ f
. ‘i -

4633

4 ~ - 'l“ ! - .:A ' ‘. ‘ " . '.
and  b=Sr (A ed 28 (22,18 (\ o
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_ 1 . _ Jq1
E =E. ' and E,=E| -.
- : “ia o o Lgb

20°

L (2.2.19)

t
’

.\Tﬁe'\- resulting electric field at a distance z is an elliptically .

. polarized wave describbd by

L)

g e E A
- v . 1l "js z 1 -‘jB 4
E ?(Iz) =E[ zle 1. E/[ ] e ’3.

i N ) -je . jb *P

!
¢ e ‘ \ . .
. '

<

A8

: ’. ..'t E{'{i’x‘Zcosl-%B—‘z-vEy [(a-'-‘b)s;in-i-“ z+]j (va-'b) coa%s- z]} e_xp(-quz)

ra

¢ 4 . .
[

3

v
1

a i

-

b (2.2.20)

Qhe‘ré‘\AB'ai\d Bo vere de‘fiﬁed in (2.2.14). The electric field can now.

a

¢
LN : . . . 1

et _ . M v ‘
EfzaaE(:}xcosézg- ;-ay(a+b)sirr-2§ z] ex?('JBOZ) o

and . T : ) coe T
- . A . _ -.q . ‘_,' . .
E2+ = Ecos—zg‘ z[“ax-jay('a'-b)] exp(~3B_2)- ,

R

1

. ‘be°décomposed into two paftiél field vectors, namely . =

e

v a (R.2.21a)

. (2.2.21b)

SimiJ:arly, 'the field propagating in the;-’z‘ direction can be decou}pose_d .

int:b:. . ‘ v - Y . .;'t ,ﬁ" o
oz 88 G BB

El(z) = E[T cos== z+3 (a+tb)din—= z] exp(iB 2)

N ' x .2 72 . o, :

azxd -‘7 E L . » e ) : .,fl

E. (2) = Ecosd 27 -13' l(a-b)] exP('J'B. z)

] o2 x “ Ty o K i

DR _(2,2.,259.)
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v ) . ;) ) ’
_—f = 4
E

*  Note that, 1if the iﬁpﬁt field 1s x-polarized, then 1 E2 .and
. . e
-E-" 1 \ 1 -E-+ . : -
2 - =" 1 Fig., 2.4 Polarization rota-
B} -— ] . 2E 'Ez -
E- ! ! : -+ =+
1, ] i tion of the El‘ an@ EZ-
I" l . -
. T N > % components of the field vector
! - R B .
, T “ o o
>~ . ! /! - propagating in the *z
. . ! . ' ¥ - . \ ! ‘ . -
‘ . A A y" ! "~ -+ directions.

15%F*§“i%;' are tilted in the same sense at iz-rgspéctively! with respecf'

to their propagétioq direction. "Hence, obtical_activity'is‘Q.recipro-

cal phenomenocu.

| . _Since the resulting gielﬂ vectors E * are tilted with respect the -

S ’ o _
input fiéld E(O)"at a.distance z, optical activity is circular bire-

, ' . Q’fringence. Physiéally, the decompositioﬁ in the two elliptically po- '

’

- lariigd waves along with ?’g reciprocity, 1s due to the heiical struc=-

‘ture of the optically active substance [13]. It is worthnoting that, -

' recipro-

although the permittivity tensor ?; 13 nonsymmetric,
- ‘ ®

city law still applies because the dff-diagonal entries of.?; are not

<, -

constant [24].

o o ’§4), Faraday Rotation

It has been found experimentally that the plane of polarizationm of
, o . a 1igh£ wave passing through certain crystals in 'which a4 longitudinal
bias‘magnetic field is applied, rotates by an angle © given by

‘J . . ;'. @(z) ’.VBZ (2.2-23)

et w7k



Aﬁherewf"ii“tﬁe’fén&tﬁ of the crystai and V 1is the}Vef&Et

constant Thearitically, this has been found to be the re-

- i oa

sult .of Lemporal (or frequency) dispersion {9} Faraday ro-

“ tation 1is a 1inear effect and can be considered as the magnetic
- : equivalent of* the linear electro- optic effect. The dielec-
'tric tensor ep of a crystal supporting wave propagation §*ong ,

,evwith a bias magnetic field also along z, is of the form {14}
, SR .
e ie o
e = |-je € o] ,. (2.2.24)

) 0 + 0 £
¥4

A

’,f it is understood that i{f the bias ffg‘ﬁ and the direction of
wave propagation are along x or v, the off~diagonal terms
appear in the yz or x2’ positions’ respectively
Asscming ex-ey-and sxy-jc, the, lengitudinal guide indi-
ces ate i " . : . o “

. Bi 3=, t€ _ . .(2.2.25)

and from (2.2.9) the normalized eigenmodes satisfy

(2.2.26)
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: or infpgher words .
. 1] BN ) IR LE
' E = E and E =E ' Y (2.2.27)
0 "j , . e j e /

" where E; and E;' are the ordinary and ext:aordinary.transverse field

eigenmodes. Tbey'are left- and righp—circulafly polarized_waﬁgs, . oo
— ., Ax ; ’ :
E E -

» e o

» . , . Fig. 2.5 Transverse field eiéeq-

‘modes in a magneto-optic crystal.

E; and E; are left- and right-

. circularly polarized waves,

respectively.
[ »

s
- L3

respectivély. Féf propagation in the #z-directions, similar field ex—
_23 sion as before neveals'that the rotation angle is in the same sense
ierSpec:;vevof the.direétiod of éropagati?n élong'z: Thus Fara§ay
rotation is a nonreciprocal phe;om%non. fhig 1s_to be expected since
the entries of the permittivity tensor are constant - indepeﬁdent of

the'effective gulde indices, =

In this section, the linear electro-optic effect, optical activity '

and Faraday rotativn were discussed and distingqishgd from the pﬁénome; ‘

3
| . 3
E non of linear birefrin%ence. The linear electro-optic effect and ,the g
. o . . o0 . £
.nonlinear optical activity-were found to be reciprocal phenomena, 3
. ’ v ‘4"’
whereas Faraday rgtation n&nreciprocal, ?g
. A N »
‘
) 4

B e
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, 2.3 TE-TM Coupling, Coupling and Modal ‘Matrices R ,U and Poldrization
RY-)

) — —
Vectors p and g

“The study of EM wave propagation in anisotropic media, as discus-
"sed in Section 2.1, led to ?he result that an arbitrary EM wave in
such media is represented as an expansion of lineéyly (aﬁior;hogonally)
ﬁolarized plane wave éigenmodes. This result can be used for the'field
expansion in the case of,propagatioﬁ’in actiQé media [15].
Consiéer a uniaxial qr&étal whose principal dielectric ;xes~are
' X=y-2z, withAgithe optic axis, The two D vectors are glong the t
(extraordinar;}< nd u (ordinéry) diregtions,‘shown in Fig. 2.6. Since

the optic axis ;s ong z, axis u is coplanar with x.and. y (see

t -K optic axis

"

direction Fig. 2.6 Coordinate orientatjon

of propagation

wl]

of an optically active uniaxial

crystal. .

FAUEDNRRE (P
Y
‘<

»

X

. Fig.’ 2.2). From'the‘geoﬁetry of Fig. 2.2, it is seen that the'permit- .

. [ [ ke
“tivity indices €, and € along t and u respectively, are given by

) 2 2 !
1 sin'® cos’'@ . 2 ,
€ 2 .+ 2 s su np . (‘203.1)
t n n :
e [¢]

The uniaxial-:;;;;31\;Sfaghumsd to be an unbounded medium and hence the

1

propagation constants along directions t and u are

\!“
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ko= }‘o.‘/gc kg Tk Ve - (2.3.2)

’ <
Allowing now the.uniaxial medium to-be an electro-optic crystal or a

(\

Faraday cell, the permittivity tensor is perturbed by off-diagonal

terms and hence the constitutive equation of the transverse field '
2 . - . -y

components becomes

u ollBd SN ¢ 3% B

-

where real values of € account for the electro-optic effect and imagin=,

ary far Faraday rotation.

1y

The transverse field distribution assumes the form’

T

t . : . .

- Ey (e, uy9) ;/-EAS‘('S")'exp[j((nt\- k) J+TA (s)expl] (ot - gc'ug)] 1(2.3.4)

This must satisfy the'wave,equation ’

T i R R A e e S N D st b v
N



. ¥R 2. 2' L R
X -T=ksE +k° E : "(2.3.6)

u u ' . : . . "

ds v , .

FaN

¥

Substitution of the component aEt and Eix from (2.3.4) into (2.'3',6)3,
, . ,

. ylelds T s _ g
, ) .
T, * ke | -
. -d—s—- = ‘z—ji—t'; Auexp‘[_j (ku"' }kt)s] ,
@, ke ‘ R | |
- ‘ rre = F'ku' AtexP'.:j(ku - kt)S] . : (2.3.7) .
- 'l . . . ‘ ' K " "' 5 * '
. - i o ] ’ n'dzAu t ‘ .2 : C “
. ¥ where a slow variation, ‘i.e., ———z—'——l << |k - A ,, Was
) . , ds - t,u t;u L7 .

assumed. It is seen that in the absence of the electro—opt:ic effect

.or Faraday rotation (e = 0), the, amplitudes A and A of the eigenmodes

are indepe’ndent of 3. Furthe'rmore,‘the coupled set of_.eqpations -
(2.3.7) indicate that, the presence' of optical activity Tesults in

coupling between the TE(H ,E ,1-1 ) and TM(Et,H ,E ) modes.

"' Summarizing, TE-TM coupling is always the result of electro~
~ magnetic wave propagation in media characcerized by dielectric tensors

with off diagonal terms and in anisotropic media when the coordirfate

axes do not coincide with the principal dielectric a;:es.

* Generally, the pmbleﬁ df wave propagation in such media. can be.

handled by one of the two eqqivalenf: me thods :
(1) In the first method, solution of the coupled mode equations ‘per—"

baini'r_tg to the particular structure of the crystal (8,e) is obtained,

v

w

B N N ]




» -« . . M . ‘ -
‘uf . * . .

3 N . - .
A . . . « f

ation of the .method treated above, - D

L. . o

-(2) 1In the second method, which will be followed hereaEter, Maxwell's

field ‘then resulting at,ény;point; is the vector sum of the correspon-—
. oo [e3 . . K4

‘ding‘componenfs,

< . Assume now an anisotropic layer phéracterized by a pemmittivity
. \ . . e \
, : . ‘tensor whose off-diagonal elements are generally cbmplex. The direc-.

o

tion d&f ‘wave propagatiéﬁ‘is chosen{to.be along the i-gxis, whereas

the direction normal to the interfaces,along the x-dxis. .

. z.. "

'
. [
LY

Fié.,2.7 “The three Euler's

" " angles ¢, U and 6 between the

device's coordinate axes.an

M .
T e

‘the crystal's x'-y'-z',
. "

and the device's coordinate axes x-y-z, is descriped by Euler's ang

' ¢, and 9, shown in Fig. 2.7. The dielectric tensor in the x-y-z.

coordinate system is given by T . ) ]

L]

subject to ‘the bdundary ¢onditions at ="Q."This ﬁéthod is a continu~- )

. ' 'N, - R . ) ‘
equgtions are dolved and the eigenmode.components are found.. The total




-

. . [N ’

- 4 4

" where A is the orthegonal rotation matrix [16]:

’
+
»

. ‘coswcosct_-cosesintbéimp -sinwcoscﬂicpsﬁéintbcosﬂ) m‘sigﬁ‘sind)
A= | . L PR ‘ <~ ‘ . . ’
- - | .cosysin+cosBcosdsiny ~-sinysind+cosfcospcosy =sinbcosd

“\ ! ] .
» .sinfsiny - sinfcosy . i cbsb

' LT L (3:3.9)
| " Since A is or'thogplnal‘ and Ep Hermitean, the :d\ielectric ‘tensor € \La
also Hermitean, i.e., . L
€xx “xv *xz -
= EX £ € |
Xy vy yzi-
' . ° ; - : .7 v
* * - " . . R .
o L %z ®yz Gz . - X (2.3.10)
where €4 (1 = X,¥,2). is real, ‘ S '

~

, The propagation vector k associéted\,with propagating modes in the

4 . o
-

layer, is

k -.ko(axnc + ay + azB) ‘ . ‘(2.3‘.11)

“, .

.

v

. where k, Y and B are effective guide -indices, 'Assuming the apiéb—

tropiy layer to be ‘homogeixepgs’ in ‘the y-z plane, guide indices vy and

o

B are tht-e same for all  (layers.

~-

e 23 e
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o« tions.
<

substrate

\In a nonmagnetizable d;electric,'Maxwell's equiticns assume the

form: “

»

L -3
. VX(no v

¢ y
Taking into account that

E) = -jk (S B) 7, -V,x(n?, B = 3k

’
. K !
o

u

-
"

29

Fig. 2.8 Orientztion of an"
. anisotropié 1ayér‘s coordinate

gystem and TE, TM é%de(polariza—

LY

4

—_~

UK B (2312

=‘n-jkoy and %;—- = ;jkoB , elimina-

. ting the E énd\ﬁx components, and definink the nérmalfzed length x

0 +

along the x~direction as kox, equations (2.3,12) become

Ry

-

B = R,

where vécth'EKx) is given by

TEx) = [n;iny,

t

-

-~ and the’' coupling matrix R8 by

flys . /€ 2,
Xy Txx . l-y /Ex;
2 *
Rg= Azz/e -8 --Ye:x}?/e{cx
-Be ™ /e:xx -Bw(/s]Ex
o, * &
_By-Ayz/exx r'yexz/exx

3

°
)

=4

° ‘-i T
-n*E -0ty
n n ’y]

o .2 )

@

“YE, '/t-:xx -BY‘/exx

/ * )
By Azy € g Bexyﬂl € x

4 2
—Beleexx - 1-8 /exx

—YZ —Ba* /e

A /e
vy Txx - xz' Txe |

A

(2.3,13)

C(2.3.14)

v

(2.3.15) -

/
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B . . . N ' '

(2.3.10). 'I.‘he first two components of g(x) correspond !:o TE, whereas

Al o

4 .
‘ the last two to TM polarization, Note that all entries of the 4xé
r ’ : . . '
’ coupling matrix are dimensionless. Finally, the E;;Vand Hx components
¢ . . . . \ :
expressed with rys‘p’gct to -g-(x) take the form v
4 -~ ’
" ‘ \ T
¥ ? n9 Ex e:xy/e:}ix Y/en' e:xzjexx B/t;xx - S
- T G 3 - l‘ - ‘ ] os(x). ’ (2.3.16)
l .“ ) T?o H)t: 8 0 =Y, 0
L Assuming now that propagacion cakes place only alonig the z=-
* dir¥ction, 1.e.’, gy = -j-koy =0, t:he coupling matrix reduces to
fP‘ - aQ | ‘ ) ‘ ;' %
. 0 13 0 0 ]
“ . v {A Je -Bz' ) -5 /e l‘ “Bex_Je. J
. zzl Txx T ., 2y X o Ry RK
. R=|_ £ ‘
v g |-Be ,xylexx 0 -Bexz/exx i 1-B /exx B
T\ - ‘ S ek , :
\ ) i Ayz/Exa\c 0 Ayy/exx ) Bexz/egug_ _ ' (2.3.17)
. from which it is seen 'that . % ) .
° , rod %~ . ‘ *‘ : o ‘
% . - R23 = R['l ’ R24 = R3l ’ :R[{a 333' . . - . (2.,3-18)
‘ Lt B “The off-diagonal 2x2 blocks of Rg characterize TE-TM coupling,
’ < / ‘ Lo N
whereas the diagonal 2x2 blocks, pure mode propagation.. This is
P summarized by writing L. . i
oo ) : * .

L]

w1th Aij (i j = ic‘,y,zj the ij-th cofactor of the permittivity tensor

AN Bhe B o o men N e e il 1 -
.

i %
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" signature, is'a = c = 0, that is, Re(R33) = 0 and-R,. =0 or R,. = 0, ¢

'Knowledge of the four k's obtained in.(§.3.21)’eﬁables one to solve

. When é3l ;wkal ; 0, Rg'gecomesliiockagi onal, i;diqéting‘fhat the | : . .
conﬂiﬁioné'ﬁf pure TE and TM“godes is;d&sky-= Ayz =0, . ‘  R o
The eigenvalué equation ’_ : P o s
- (R, - xI) g(x) =0 . B : (273.20)' - ’

N .

-

" yields four transverse éuigg indices 'Ki , 1 =1to 4, These'are . . .

o%taiﬁed from the characteristic equation

-K6+al<3*bl<'2+cf<+d~=0. : - (2,3,219)

Lo
o ' . . 'S . . " .
- - . ¥ " - -
w%ere ' ‘ l - - ' . t - - . 'Q .
- "_, A ' . v . ‘. ' ' . ' l ‘ ' . oon ’
-

A ° ) ¥
f‘f ~2Re (Ry5 ,
2 _ N R , ,
b = lR33‘ B R B : ’
c ‘=“,2[R Re(R33) Re(R3l 41)] ) . -
(‘ s

: oy

4 = Ry (Ry R 43" - Ir 3| R ZRe(Ry) R 41 33) - lR31' ﬁ 43~ 1Rl Ry ,

. : C(2.3.21b) -

All four coefficients are real and hence the four admissible solu-
, ‘ N > ¢ .

. ' o . g
tions of ¥ are either real or complex conjugate pairs. The condition

fdr_bidirectionality, that is, that- the Ki's come in pairs of opposite _

g

31 41

/

the eigenvalue equation (2.3.20), which in normalized form is written.

o

.
LU AT R T N e i L

m!:}wa&'n': .



A )
A F'O . 1
[N - u
i R 0
i . 21
. R31 0
W N
i _Fhl 0
i/ . ’

& : ... ’ : ) » ¢
gt Ky
’ - 1.fR’("’;* ORI
Mgr =5 Ry Rag) * Ryl
' 1 " '. s . .
%y 2 TRyl = Ry RypReal ©
‘ . - where the denominator D, is given by
,‘ = (Ryq = K,) (Ra L S
Dy = (Ryg = Ky) (Ryg3 = Ky) = RyuRy3 -
of Rg, is éi@en by
1 1 1 1]
. .e K, Kq &,
. U= _ .
. N s B S I
a1 %a2 Y43 “ual.

P form =

. . - -
* * ’
fa1 P U (1 "¥
R,,. R »‘ u, - " u
13- Py o Vg -] Uat
Bag ™ Ras e [ Y
, ,

~

-

]

", . The (right),efgenvectors‘are ‘found to have .the form

-

32 -

. L7
. (2.3.22)

(2.3.23)

o

(2.3.?45'

The modal matrix, formed by the column form of the four eigenvectors. .

(2.3.25)

v The eigenvalue equation (2.3.20) can now be writtén-in the matrix

®

ottt

»

:
m:&én—amm%‘um&ﬁww B eraede st



RU=AU

‘Where

A =Diag[|<'1 K

R 2

Another way to obtain the components of the electromaénétig field,

is,fi‘oﬁl_ the wave equation, by use of the Vx = —jl—cx operator,

W< (kxE) + kg

l

which, e;:panded in matrix form yields

The polarization vector ; is an electric field vector (normalized in

——

K

3

TE =0

2
;—E‘KX.—B Xy
.e* £ B
. =P K

Xy 'y ¥y o
* ' *

€ +Bk €

_ XZ yz

K

RO

e

€ +pK
XZB

L)

v

33

(2.3.26)

(2.3.27)

\

Thus

(2.3.28a)

=0,

(2.3.28b)

some sense or not) which 'sétisfies(Z.'S.ZBb). Considering on the one

. hand ’that"-t:he determinant of the matrix in (2.3.28b) must vanish and

on the other hand récalling that the sum of the products of the

entries of one row with the corresponding cofactors of another row -

must be zero, the components of —p- are simply proportional to the

cofactors of any row of the matrix in (2.3.28b). The corresponding

poldrization vectors 7:{ of ‘the‘ magnetic field, can be obtained from

& .
the reduced Maxwell equation

kyay = kyXpy
where -k-

so that piy=O

)

o

(2.3.29)

i = ko(a:cK,i+;zB): In this thesis the p vector will be normalized

+

With ;i and ?1-1 known, the total electric and magnetic field at

4

[ -

D R
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. . v

x, 1is lexpreSsedfas the sum of all pgrti.;l wavés, viz,, ! .

n -t g £ (x) =X c,pe L
' i=1 . , ,
2 Ry T o-ikx - ’ | ' .
' ' H(X) =- Z c q e . (2.3-30) ) '
- Mo i*1 R g

- 1=1. . N

[ - ~ . . PN . N o

* where the amplitudes ey ({ =1 to 4) are generally combiéi numberé._

PN T AL S TN

. . . . . ' . N
Retaining only the y and z components, equation (2.3.30) can be cast X
in the matrix form ' )
- cORx) = oA (0T L (2.3.31)
‘Vhere U is‘thé modal matrix éxpfeésé( 1n~tgrms of the components of
- - ' ‘ Q. o
p and q : . . lﬂ o . ‘
. \
’ 11 1 1] -
. . v
: ' 92 922 93, YUYz .
U= . . . ' s A
“Pig Pog , P, 7 Py : . : . -
: L‘q;y- F Ty Ty Tyl (2.3.32)
. v ' | L : ' : i
Ag(x) is the proﬁagqtion factor matrix ’.
Ay (x) = didglexp(-]x, x), expl-jk,x), exp(-3K %), exp-jK,x) ] '(2.3.33) ’
and ¢ is the amplitude vector teferred to .x=0. .
i 4
It will be found advantageous to use a permuted form of U and . -

\

v,

Ag’ For this reason, the"tilde" transformation is introduced,defined by

a . o T

B R MO TR B,
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H
H
K
4
&
5
1
i
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.
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“
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.
o
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w
>
o
»
W

Qhefea
[N
-
C. 0
Tl
P23.7 P23 % Pas T

’! N ol —
3 - nsé E‘l’

A

§

) ?f Pb
F .
% %
. /‘

the-Pf, Pb' Qf ?qd Qb’mat

)

.

= UAg(x)‘ P,y

rices are'defiqe& by

] 922

iThe:tilde-tranéform when applied to (2.3.31) results in .

e
4

] 'qiy '

50

3
. . "i B

.. q4z B }
" . 9’ 4
ﬂgl‘y 3 .
. (2.3.38§ %
( g\ . "4 .

- 35

(2.3,34)

-

(2.3.35)

.

(2.3.36),

o

(2.3:37) o
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the A, () and 'Ab'(x) by

' Cmik.x =iKoX | -jK.x ~JK,x -
A0 = Diag(e o1 se 3 ), Ab'(x) = Diag(e 2 ,e 4) (2.3.39)

and finally the E}'and‘z£ by ¢
» A ) '
_ ‘1l _ . | % _
Cg = 3 =1 . ,
£ ¢y . % ¢, 4 ST . (2.3.40)

1 Note th§£ when tﬁevquarfic (2.3.31) permits bidireqtionai wave

propagation i.e., when a = ¢ =0 (K2==-Kl, K, = -KB), the f and

b subscripts in (2.3.36) refer to forward and backward submatrices

assoclated uniquely with forward and backward propagating waves
! |

"'respectively.
o

In this chapter the concepts of inherent and induced anisctropy

were introduced and wave propagation in anisotropic media was inve- -
stigéted. TE-TM mode coupling was shown to rgsult from off—diagon;l
cefmsof-the pefmitfivity ténsor.lThe Maxwell's equations havé been:
reduced to a set of four linear coupled &ifferential and two algebrgic
eduatioﬁs. Finall&, the electric and magnetic polarizétion_véctors
were iptroduced and used ta express the electromagnetic fiéld distri-.

bution in a birefringent medium.
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., ‘ ‘ CHAPTER -3 .

-

'NETWORK ANALYSIS OF ANISOTROPIC LAYERS .

3.1 Dispersion Equation and Transverse Resonance for Isotropic
Lossless Waveguides . ] .

v In this section, properties-of waves in a lossless symmetric iso—
.tropic slab waveguide will b; reviewed, so as one wil} be ablé t?’
assegs the changes caused by anisot;opy in the folloq#ng se;tions?
4A\symgefric‘i$otfopic slab wayeguide is’ill;strated in Fig. 3.i.
Assume z to be the direction of propagat@pn and 4 < n (ca;eted quan=

tities refer to the cladding regions). The propagattiavéctor of

regions I and II is

, k=8k +Tk 3k =kk, k = kB , 5 (3.1.1).
and
4 A - S - .
k=ak +a8k ; k =-jko - ' (3.1.2)
X X» -Z 2 TX 0% )

7

respectively, where k;,is common to core’ and éladding.

A wavéguide is éharaéterize}wby its dispersion eﬁuation, relating
the,effeéﬁive guide index é to the frequency. This'relation;hip is
usually obtained by substitutinglthe Feduced wave equation into the
so-called charaéter}étic e;ﬁation‘of the mode. In the,isoéropic case,

the general form of the wave qquaﬁion given in {2.,3.28a), is

°

§

PRV
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PRSRORrSe S ST T

Toosah. ST

SRR W a1

o



o

»

38

»

" region IT:A

Fig. 3.1 ' Geometry of a’

]

S region'I:n ] .
" symme tric¢ isotropic slab

B waveguide, The internal re-

. z 2L . .
; gion is called film, whereas

the substrate and cover (regi-

region Il:n on II), cladding.

s y ‘ -

_where £+is the relative permittivity of the slab.  Due to the orthogon-

'-ality of kK and E and the érbitrary nature of E, this is further simpli-

..resbéctivélyy

" in (3.1.4) and (3,.1.5) to-obtain the B = B(w) relation. It is ob- -

—- derived from the M

’

x-direction of length 2L, teimiﬁated at both enéé by infinitely long,

fied to /
9 ; . L
= k‘k = k-oE:. ' - s (3.103) . )

Taking now into account (3.1.1) and (3.1.2) in their general ford; the

B [ ' -
real part of (3.1.3) in region I and II becomes T ' .
- ‘ |
k= /e-g? o | (3.1.4)
-and

o /@22 T L GaL

The characteristic equation is the link between k and o needed

1 Y

tained either from the continuity &f the field'components at the boun- N

‘Xﬁrapserve resonsance condition (TRC) [18]

3 3

dary [17], or from

Wag ray model., According to the lattér, the iso-

-

tropic layer can be considered as a resonant transmission line in the - g

-

——

o S it "



4 39 a'

O ‘below cutoff transmission lines reprgsenting the sehi—infini;g'éx;ef—

nal regions. The condition qu’ray~prop?ghtion along z, is that the

-

phage'diffe;edce'Bé;ween‘pointévA and B (see Fig. 3.1) must be integral
multiple of 2mw[19]. ‘This means that inthe transverse direction, the

wave profile in the core must be a sfandiqé Qave. -Since resonaﬁce in
- . ' , : & o
a transmission line of finite length occurs at discrete wavelengths

A ]

(20], that is, discrete values of kK, the dielectric s$3ab supports only ° ‘;?

‘

a discrete set of propagating modes:

-

_ The condition for resonance requires that the wave must be res-

tored after a complete round trip in the transverse diréctipn, i.e.,-

. Pexp(-gikt) = 1~ (3.1.6) - °

IS .
s

. -
-

i géke‘Zi = 2koL is thé normalized width of the layer and T = pexp (36).

'is the complex reflection coefficient at-the boundary.' The argument -

’

of (3.1.6) provides the phase condition __ ) '

%0 - 6 = N ’ T (3T

N : ) M } .
wvhere.N is an integer. The expression for the reflection coefficient

- T, in terms of the wave impedance of.thevfili Zé and the load impeda-

~

nce Zc, is given by: Du(ch Zc) (th Zd). The wave impedance for TE

and TM modes is L

2 gn x38) ,  zp n,(@£B) fe .

respectively. Substitution of the appropriate impedance expression
- ) ' . ' .
into.I' results in ' _ .

‘ TE R SO o R
= exp(ja™™ , 07 2tan (1) . - (3.1.8)

r . . ) . N - *
..... or C ; y . K

© b maamand e

s e

-

PURTRCRNERGEIRSE = U AEE S R

R

3

BES s &2 3 R bk ROOSRECIRNE (3 0 e



. These transcedental 'equa;ion‘s give the functiongl relation betwden the

QR

’ -y
: ' " i ot ‘ . 4.0
TN ™ . TM 1 N '
T =exp(j® ) _ , 8 =-2ctan =l 0 (31.9)
4 . . . . N '
as. the case'méy'be.
The characteristic equat:ions of the TE and TM modes in the isotropic
layer, are obtained by substituting ] of (3 1 8) and (3.1.9) into the
phase condition (3.1.7) .
R Q ¢ ~ w
PR - l:an_1 Xy N *(TE modes) ] v {3.1.16a)
AR 2 - Y
- ‘ _ RS ‘ R o
KL -.cén'l(i"-' . (TM modes) (3.1,10b)
-\ €0 2 - . . s )
Finally, substitution of the rgdvtqed wave equations (3 1. 4), (3. l 5)°
into the characteriscic equations\(3 l 10) yields. the dispersion
. . N ‘
equations , - e [ ’
2 ‘\"a Y S ) \ %’
!L e - B " tan B & 62: =%rr_ « - (TE modes) (3.1.%1a)
. e -‘i o . - R . ', .

. - —1 o
we -8% - tanl|E& fEB 1= BT 1y modes) (3.1.11b)
, ) - € 32"5 2 : ,

-

Lt

longitudinal effective gui.d‘e index B of the N~-th mode and the

-, ‘frequency 4 = k‘-)L) . Note that for propagating modeés (real B),

24

€<B <t . © R TP I

L= R g

[
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Consi-deri_ng -synmiétric and, antiéymmetric configurations for E (TE)

and H (TM) , the field components eva,luated by solving Maxwell's. ~

equations are listed in 'l‘able 3. l . - .

'I'he power flow density in the extemal region is

-

s, 7 drelh e ) (0]

)
. Ey) (ng

- 3 . A
Hz)* - (no Ez) (no Hy)*}' ) (3.1.13)

5

" Substdtution of the corresponding field compnnentt- from T:aple 3.1
yields Sx = 0,' thatv —is, the eigensolutions whose propagation cnarac- .
- teristics -a.re given by the d.i'spe.rsion- eénations (3.1.11), correspond
'to propagating modes., | | ,

~To find the z—directed power flow per unit width (1n the y direc-»
tion), the integral

@ L -

| P=iZE(n E )(n H)*f( 92)(nl"ﬂ)*]dx (3.1.14)

.

must be evaluiated. For TE modes,’the first term in the brackets

" vanishes, whereas for TM modes, the second. For these modes, after

' o -3 o ' ‘

the substitution of n H_ and n, °E, from Table 3.1, P becomes .
. [ |n 3 Izdx'. h "(31.15) §
. oyl , | . 1
“and . ‘ o o L . : ‘
™ B 312 . X
= E|Zi“o glfes, 0 (3.1.16)
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9

t - ?
.xespectively. Substitution now ‘of the appropriate field components

yields .
co T R aala |2 {1+ sin2ct +‘°°92’<h } (3.1.17a)
o sym ) g -al al =
{ " \ .
L 2
. TE { 2 _ 8in2x4 sini’kf
koPant = 3821A al { et 5.t } (3.1.17b)
xRN ' ' .
o ™ 1 1 2 sin2ki - cosznﬂ, ‘
- = =_ gy 3.1.17
. .. koPsym 2e BQ'Ile {1 M axz } (3.1.17¢)
CT M 1 o 2 sin sin 21 Ny ae
kOP 7 BllBal {l " }/—\ (3.1.174)
y ant . o
é
" ’ ’ . f B
. where the expressions As'(Bs) a-Aé(Bs) c'?sncl and Aa'(Ba) = Aa‘SBa)s'imd,
v ¢ arising from the boundary conditidns, were used.

'n

N

In this sec.:tion*,\‘ the dispersion equation of the symmetric isotropic.

slab wé\;egﬁide.was derived using its network (transmission line)
equivalent:. The symmetric and éntisymmetric field distributions of

propagating mocieé were given for both the core and cladding. Finally,

the expressi'on of the ‘z-directed‘ power flow per unit width was found

5

for each field distribution. ’ .

‘3,2 The Wave Impedance Matrix

‘The wave impédance, defined'as the ratio of electric to magnetic

. N - ¢ s
field components pertaining to the same electromagnetic field and

0y
4

evaluated at a given location, 1is known to be a scalar in the isotropic ;

3

. .
{ ¢ ' s -

Aot S AP B 8




an

-

$+5*] ‘pezITRWAOU 21E ¥ PUE X sYiI3uaT IYI pue 240(¥ suoll¥andyyudo [T® ugdposunsse ST

B T c-a

57y

o (4]
Ty =79 pue X =X g
[ (29 %-3m) [ ]dx>

1030ey Syl ‘opIndoaem qels °7doII10ST Y3} UT SSpouw ppY pue USAD JO UOTINAFIISTP PI9Td T°€ °2T9ElL

L
. ¥ufs g =- @

au.mommm\m g |

s s
&V.QOUd.h‘Q»

B ~

S

opow WI 9FA3IdmmASIIUY

spow I dFijeumfsyiuy

Fd

Ky - _x_vx&.&_axmmm _r“nln._ m:mc (¥ - .._x_vxdlu nxummuafwc [C _x_v uaxwm¢xaﬁlmN=Mcﬁaul?_ vxdluaxmmﬂndﬁ._ﬂ\ uummc
( . oy -~ ) ) ~ ] R .
X e_3 Z_ O X g zZ2_ o p 4 e |x X o X s ex ]
=< n-]dx2 ﬁmﬁnmm-cv [(3-x|) ?_%mmﬂw _mT U [G-|%]) pgdxo m,_i -=H La=xpP q.iea yo-=1H U o~
‘wal_x_xdluaxwmmw WW_-uxm mwc Ral_x_vxdluaxmmm @@.nxm mwc ﬁnas_x_vnaluanwmm_ww_ nhmb mwc - [ _un_vxdlumunwquuhm mwc
3 : 4 - g =
v Ko s £ o -] Z O - 8 zZ. 0 .
- XMUES g = H mc XJ380> g = H mc wwisoo yiAf = H mc xouyrs yif—- = H m\rax/
c = [
xymoumm 2 f~ = nm o: xvawmmm 2 F = um Loc ..xv.:ﬂmacul = x:o u xumoumwm.. = xm m.c
| > g S & 1 P ¥
\xxcﬁmm LA xm oc , xymoumm - xm : oc xwﬁmww »w oc xv_moum< = am o:
97 T g & SRS T :
< . A. \ { , -
T ; .

opow I OTi1loumis o

oy .



. .
- A AR g - o

nosg

.y

<

.

ol i T T RN

—

1 ' ‘__..

. 44
case. However in anisotropic media, due to TE-TM”couplink, the wave

&

impedance 1s expected to have a matrix form {211.-
The ‘wave impedance concept provides a method for expressing the
. field components in a homogeneous anisotropic -medium. In analogy to

the isotropic case, the ‘normalized wave—impedance is defined by’

v

- N i " o
C oot e Hoay | n (3.2.1)
o T o T %X ° . R ‘
S . -

o where T stands for the vector components perpendicular to the xi Thé

G matrix defined in (2.3.37) allows one to e;presq‘tne'cross product

with a unit vector in the_mAtrix form: Ww

v

cr

e - . C
Exx =.0A 9 ":A _x.a' = 0 A [ L (3.2.2)

" .Upon the definition now of the wave admittance ¥,.a8: y=

efreigﬁtfqrward algebra shows that . /
@ o
k.nii wayt@xn FE) o PE (;24) 5‘
o 'T y X 0 T o . T - Tt

Ca , . . \ . »

i o [} )
‘ -
. hoyds.‘ Since U and % relate field components, there ought to be some

relationship between them. To find this relationship assume a = ¢ = 0

-

in (2.3.21), that 1is, two forward propagating waves characterized by
) ~ :

K, and two backward ones, .

transverse effective guide indices Kl, 3

an . »

AR e Pt P s S Mk B R e
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- : é‘ha_racterized b"y, »ZKZ = =K, and K, = =K

.
1 4 By use of (2.3,38) ar’i

3'

(3.2.3), it then follows that = .

- ? .
, . . €. . L
% -« | P , P A 0 c
, cTnf ol E v ) e —fs
» I ' ‘ Qf Qb v\, 0 . Ab Cb .
A ‘which can be decomposed intoY ]
’ ; [ N T
' b . zc!Tni H_ =[P P ] £ R £l . (3.2.5)
@ F £l AT {
) ) b) L b ,
and < " -
A c
T % — co .| OF Tf '
~ong B [ Q) . _ ;3.2.6)
~ 5; . . h; cb_ b4
Substitution of '(3.2.6) into (3.2.5)' ;'1 ds N
* zlo, ~ ol =102, BRI :
q from where, -one obtains the definition of the fprward and backword .
)y t’xormaliz'égl wave impedarlce:
o + - -1 .
- 2, = Pf Qf and z, 37 ».7),
- \
. Q‘ rgspectivelfr.‘ Taking the inverse of z ave admittance
- R & ’ “
in terms of P and Q is given by .
e = Q P;.l and Y, = P;]' . (3.2.8)
D \ : C . oo _— . .
e - Finally, expansion of (3.2.7) and (3.2.8) using (2.3.38) gives the
/  analytical expresslons of z, 2, ¥ and v, o X,
.\'h‘.— [
!
' 1 . ‘ >
3 - 5 wd o5 i ) )
‘ % Werq, Pac Y TP ) . .29
™
& - »
" : 1 .
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1 = .
By T Deth <p4T 2T pzr 4T )

g “Derr, " qlr psr °Tq3~c Pl'r )~
) -u l —
n = DetP, (0 Aot "41’ . Oqurr P57

where PiT gnd qir,(i =1 to A)-arg defined by:

N

L

Py . » 9y ;i-=

46

- (3.2.10)

(3.2.11)

0 (3.2.12)

1

(3.2.13)

It isnworthpoting that upon the deéfinition of 2, Z3 ¥ and,y3

-
'

matrices as: ' i

- =T -T
_Pir Ay . Par 9y
v B TTT = » %7 T
: Q37 Pip 91 p3r
T2 =T — T
0. 94y Pyef O dgp Py 0
¥ 57 = —and yy =g
Pyr ¢ = , "11 93t

2. and =z’ from (3.2.9) and (3.2.10) take the fomm:

L4
hd .

. wmT - - =T s
- 41t Par z - 3 Piq 2 .
¥ " Detq. = 3 DetqQ 1
f - f
g and o ' ’

(3.2.14)

(3.2.15) -

,(3;2.3)‘

A

TN

edctr o

R YT T
~
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p q P.. q .
3t it 1T 3T X _ ’ ’
b ", Det?, 4! "Det?, I3 o (3.2.17).

. ' -
t . N ¢ , . *

The properties of zl,'zé; y, and 'y, are thé following: .-
. :‘Dgtzl = Detz3 = Detyi = Dety3 = 0‘. ' (3.?.}8)
- ".Trzl = Trzq = Tey, = Tr?3 =1 o ; e (3.2.19)
R z3"+,3 =1 SR T (3.2.20)
3 | ) | ) Lo
T 2z, o IR i=1,3 k ‘ - (3.2.21a)
;z.y— Iz A =1, 3" . . " (3.2,21b)
£ T T o ' o o
_where'TrA is the trace df 4 matrix A.
»wﬁge'relations.between z, y and P, Q can be used to express the-’
o . . ' . \
partitioned form of the tilde transform of, the modal matrix, i.e.,
B and‘its inverse ﬁ-}. Uéing (2.3.36), (3.2.7) and (3.2.3), ong'can
show that "u : o . : . ; -
. \\N )
~ I I. P 0 2.z Q.. .0 .
U= Bl 8 ®f |t (3.2.22)
ve. vp|]0 P I I 0 Q,
Considering :hét
{
-1 : -1 £ ¢
I I -Vy. v 2z z z 4 .o
. I g and | £ 8 bl (3.2.23)
’ Yf Y . Vyf -\ | I I y -C Tz } \
where A A )
v o= ky' -y y~t and oa (z, - 2)T £3 2'24i
£ "M £ % A

¥

v

al

IR0 ol LB s o SHHES arrees o
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the inverse of ﬁ takes the form . A ‘ . 48(

- . = ) " Pl(3/2.25)
0 Pb Vye. v |0 Q1 (=T Cz

ﬁ'l Pf « 0 —\)yb Vv Qf .0 T -0z

-
Summarizing, in this section the wave impedancé‘was definea in a =
similar m;nne; as- in the isotropic case and it was seen to have a
matrix form, with bff;diagonal ;érms accounfiné.for the TE-TM mode
Icoupling. In bidirectional wave propagation, the‘forward and backward

' wave impedances were éxpresseﬁ'in temms of‘the components of.thé'

: polarizatiod vectors of the correspﬁﬁding fiel@ distributions and
were used' to exp;éss the parcitioned fofm of the tilde transfofﬁ of

a

the modal-matrix_and its inverse, *.

3.3 The: Impedance Transfer Matrix

The transfer properties of g(x) along the x-direction of-an

anisotropic layer, are expressed by the impedance transfer matrik,
i3 A [1 * -

‘G(x).'_As was?geen in (2.3.31), : Q

B(%) = U-A_(x)°T (3.3.1)
g .
where C is the field amplitude vector at x = 0, At the origin, .

8(0) = U-c , _ , (3.3.2)

aq? thus the expression between EYx)’and'EYO) takes the form

w

B(x) = G(x)-g(0) \ . (3.3.9)

“‘where .

CGx) = UeA ()t L (3.3.4)
g - -

~

is fﬁﬁ? transfer impedange matrix, Recalling from the definition of

Ag(x) that A;l.(x) ‘= Ag(-x),

.

San

[P g
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w6 Hx) = 6(-x). - I (3.3.5)
\\V‘ﬁ . 0;@ei forms of G(x) éan be founa.by Eaking the tilde transform .
: . ¢ . s . , .
‘\ of (3.3.4) and making use of equations (3.2.22) and (3.2.25) ex-
presaing E‘and 5_1 in' terms of y, v, 2 and ?:.' Tﬁe”equivalent forms 3
. -of E(x) are - N l
- R (xj J x| vy v ] a
Gy =| f ob b (3.3.6)
' L_‘nyf(x) beb(x) VY rv._ ‘
‘and .' :
Do . "2 F_(x) . F@] [ ¢ -ta) o
e Gy =f £ F b : ® (3.8.7) ‘
i . . A . . . -
_F‘f (x) F (x)- =g Gagl . ‘ _
where the 2x2 macricesyJ and F are defined by:
e C T = PeA (x)PoY J(x) = P oA (0BT (3.3.8) i
< £" £ e 0 Sy p Ay () 7By . :
< %
@ , i
" 1 | S ' g
. . ~ .2 . [ - ’ i
F,f(X) '-',Qf 4Af(x) Qf ’ Fb(if) ) Qb,l\.b(x) Qb. . A(3.3.9)’
b4 . .
‘ Not;e that Pf 1s 9x2 modal matrix &nd Af(x) is the diagonalized form
of J (x).. The inverse of.J and F is '
. £ . = .
A t
. C : . - . R 1
¢ . f N -1 "'1 '
S I -Jf(-x).‘ oy (x). = 3, (-x) - (3.310
and"’;&; ‘ o . ¢
e o1 : : L =1 ‘ (4 ‘ ' .
' . _ Ff ) (X) = Ff(-x) - R FL . (x) = F "x). . ‘ (3.3.1]'-)
. ',‘ - .‘ . . ‘A- l ‘ ‘ ) - . <"

- m| v
." . . - :
M B
.
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Furthermore, from (3.2.7) considering (3.3.8) and (3.3.9) the .

following symmetry relations are valid ' s
J and . - =gy F§.3.12)

£ = 2T eV

L

-

'
L3
»

.Recall that the subscripts f and b pertain to forward and backward

propagating modes, fespéctively,{ only when Ky = —Kl and K!t = Ky The

relation betiveén theé J,F matrices and the corresponding modes, is

4

given by, ;
: —jlclx —jK3x s
; Jf(x)'= K,e * Kqe P /
\ . "j!(zx ‘jKax .
Jb(x)_ = K2e + K4e ‘ . .(3.3.13)
¢ aqd ‘\' : . '
"jle "jK3x r
Ff(x) = Hle . + H3e - .
—jKéx -jtcax ) I ®
A J a Fb(x) ’}’.118“ +. H4e N ! . ! (3.3.14)
h .
‘\\/g \ ‘ \

N

wheré the analytical form of the 2x2 projectors K, and H, is:-

- =T
P p. . O =1 - =T

T 8 Theer,, Por Pw®
' ( . ' )
At '

Ky = DetP

. - s
- l - —T T * 1l — —T T -
K3 *Decr, Par P17 Ky T DetP, - \kln- Po:? (3.3.15)

f

.- ‘,'Lﬁ

and

¥

.

O e L

Tk

Aty -
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1 - - - 1
Hy Detq, 99 93¢ » H DetQ °q21 Yt

T 1 T= . .=T : f
qu3Tq . H (3.3.16) o

Hy = Dech 4 neth"an 4t

respectively, The projection matrices Ki and Hi (1L =1 to 4) satisfy ;

" the properties:

KKy =HH, =0 RS N | : - (3.3.17a)
kZ=x, wag ok © (3.3.17b)
171 SRR S S A
" Detk, = Det, =0 s 1=1"¢tod (3.3.17¢) a
Ky + Ky =Ky + K, =sH;+ Hy =H, + H =1 (3.3.17) . %
A
!
. : b
The inter-relationship between J and F in (3.3.12) leads to a corres- f
ponding one between K and H, namely, - , . : E
K07 %% 0 Byt iy (3.3.18)

, Finally, one can rethe the forms of X,H gi;h respect to ;;T, El%
» . . ) .:1
(1 = 1,3), with the 2, ¥, (1 = 1,3) arising from the impedance and
L & ' .

admittance matrices. By use of (3.2.22), (3.2.23) and (3.3.15), .. - .

“

‘(3.3.16) the following relations are valid

s

»
-

L3
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2K =Ky =K o H z, z!yiHiﬁ= 31 C (%.3.19&)
?iﬂi‘= Kjz, = z, ., ¥R C=Hy, =“yi N (3.3.19b)
'iHj = H:I.yj = yin F“Kilj =0 , . (1# ‘ (3.3.19¢)

3

!

)

where 1,j = 1,3. The rest of the products between 2,y and K,H,.i.e.,
zin, Ki’j’ yiHj and gipj (if# 1) are‘nonzeyo. The symmetry of -the

relations (3.3.18) is deqonstrated'in tables 3.2 and 3,3. e

3.4 Conservation Principles

ra
This section is devoted to establish conditions for losslessness,

reciprocity and symmetry pertaining to an anisotropic layer. These

_ conditions will be expreésed in temms of the coupling matrix Rg and -

“

the terminal parameter transfer matrix G(x). .
? An anisotfopic layer-can be viewed 'as a four port, distributed

in the x direction, as shown in Fig, 3.2, In this Fig, two sets of

terminal parameters, namely, the by now well estaﬁlishedlg(x) basgis o

and' the new basis
— i - o+ - T * ! '
a(x) = Jal(x) a, (x) éz(x) az(x)] . o .(3.4.1a)
These are related via the linear transformation
B0 = Qa(x) o . (3.4.1b)

where Q and its inverse is given by.

ey

+
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T met mps en

. o ’

S , Y

Ky '|' R | Hy | Hy ‘ | M| s
AT N I | ’ R | 2 |0 | & |
2, * K3 0 23 K3 0 23'. L K3
11 %1 o Bl O T N I 0
Y3 O [ ¥y | * | By Hy | % | B3 |0 [ 3

The above Tables demonstrate the symmetry of equati;ms (3.3.19). The
quantities of the first colummn premultiply the corresponding ones of
the _firsi‘.- row and the product is -shown in the - corresponding column-row ‘

intersection.‘ The. asterisks have the meaning of nonzero producf which

-

cannot be expressed in a simple form. The diagonal ‘entries are the

-

+

" same -as the corresponding of the first'row, whereas the non-zero,

-t

non-starred off-diagonal are the same as the corresponding fn the

first column. . The asterisks of the pne table are zeros of the other

and ‘'vice versa. ) ) Lo e . . o
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- VA3 symmetry -2 .
al(O) | TTIJ"E (0) plane ] n, Ey(xf la= (x) ,
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| ’ ' B t
: - ]
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: | ’ symmetry :
" - plane v
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Lo
" . . . . . _g
'Fig. 3.2 Network-representation of an anié‘otropic layer of ‘(hncormalized) .
leng.th x. Due to pontinu'it:y of the field components at the
boundary, the g(x) and a(x) vectors are the same at both sides
of each_interfacg and the networic/is cagcadable. z
. : ' g
T T o 7 1 7 :
B | — /z'l' 0 0 2
N . N i JZ—]T
N .
AR W R R ]
0 = .I—. B L, Q—l = -:-l'-- ‘1 ) 3} .
V2 0 T, VT, Z | o 0 = RS
- - "2, Z, /I, ;
. \ .2 4
. o o L i 0o o =% - %
T T, Vi P
b -nd — 3
CRRSR R ]
[4 “ \ - a
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-~and“zl and'i2 are suitable normalized line 1mpe&ances. The reason of

choosing chg Q in this form is’to emulate the normalized praveiiiﬂg———f—__%#
wave representation which establishes a relationship between incident
and reflected waves on the one hand, with normalized voltage and

current on the other.

The corresponding coupled mode.equation,ofithe state vector.a(x), .

;,;esulting‘from sgbstitution of (3.4.3) into (3.éll)? has the form- + =«
£ T = ~1R T() o | " : '(3.j4.3> “
with .. . , ,
R, = @lagﬂ o L (3.4.6)

The latter means that coupling mﬁtrices Ra and Rg are similar, that is,

.- the eigenvalues of Ra are the gsame as those of Rg given by (2.3.20)

while the modal matrix of R_ is Q—IU,[ZZ]. The. analytical form of R

is ‘ ,~ ) .
1 1
77 YRy -t 4Ry
1 4
1. ‘ 1 .
T " LRy - - IRy
1 1 1
R .
a 2 % ¢

- .' . . 2 ' : !
' 1 .
: Ky \‘Z 23 Ry 7, "’ VA% fa

A

)

\, 29

‘z'; \J Zz 41 'z, R3‘1 - \Z Zz 41

ML AL 30
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' Z . . Z -
- _—L * k —]; * *
\‘ Z, Ra1 \lezz 41 A\ 7, Ry *\?2 Z2 41
| .21 _‘* j. L . T,
zZ, Ry ~ “lez 41 R41
| 2Re (R )+R3"+21i . 2iIm(R,.) - =% 3“?2’1{ M
3w T, 2R 3w T, 2843 '
R, S R
34 Ry :
2JIm(1‘33) * ZoR3 ZRE(Ras) 7 "%k
2 2 .
(3.4.5) ..

»

Note that t‘he (Ra)l?.’ (1-18)21 , (Ra)?:l‘ and (Ra)“‘ ‘entry refer to D

P

. . d
* reflected waves in the homogeneoys medium and must therefore vanish.

- "
This constraint is useg to determine the arbitrary normalized wave

I

= t(R

21)

it.npe‘dances Zl and ZZ' ‘Setting (R) to zero yields: Zl

while setting (R ) to rzero yieZ:is Z2 = ¢R34/R43 provided that

. ) ‘ » '
Im(R33) = 0, If Im(R33) # 0, such as in the case of Fa/ﬂa&\ay rotation

in a3 uniaxial dielectric in the equa't:orial configuration, one cannot

obtain a real ~Z2 _indicating reactive TM mode ‘power flow in the axial |

direction.
The corresponding impedance transfer matrierQ) of the state

vector a(x) is found by substitutiﬁg‘_(3.4.3) into (3.3,3), i.e.,
r
alx) = M(x)a(0). (3. 4 6)

M(x) {s found to he related to G(x) via. the similarity transformation
¢
M(x) = Ql6(x)Q. ¥ (3.4.7)
« !
[ 3
Having introduced the Rg, Ra’ G and M matrices of the anisotropic

layer, one can then examine the conditions for, losslessness, reciprocity

&

I S S 3 5 53, 557 b s Airapomrbalit e am oo s



B A T S

A s

L A P R DA AT s At 1k . i s
B

“and symmetry.

a

(1) Losslessness

i

The. condition gkf losslessness in terms of Rg’ Ra and M is

expressed by. [23]. ‘ - '
: < . x\/ . ) | . . | - | . . .
- . ot tT ey '
. Rg R',ZZRSZZ.D ’ o ‘ : - (3.4.8a)
. o ‘ . ) . . . v
R, = ZlRazl ‘ . K o (3.4.8b)
and . ) s
. <? §§: . . - .
wtarn o T (3.4.8¢)
where L, are the Q’frac matrices given hy the Kr_oneckér product . ) :
i -—ll—’\.. ' . N . §
, : R ‘ ' |
I, =I,x0, R L R P
e ! * ' — ;
. . , Lo - . i
and o, (1 = 0-to 3) are 2x2 Pauli matrices defined by . R L

&

L RTINS PR v

L. ‘ ) ‘ . o ,
. 1 0] - [o 1 Afo -
. g =1 ’ ' s On= ] » 0. " .
. % T & 21 o %y o T

_ . )

; , . - (3.4.10)

-
.

-

Recalling (3.3%), the losslessness condition for the impedance trans-:
' - } - .

SO SRR PR T

fer matrix\(?‘fs ~ - S 7
i . * R - . '. .0. i
RS 2o : (3.4.31a) +
‘ /Y : . . . 2
or in expanded form . Lo oo T .
, 13 . ’ 3
14 <M < ;J
. o x . e
K . .
. N - ;_ . >
‘ . ’ ' R - ko
L] - 3 - b
- ° ) - :
\.
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e

» ' - 58 |

> N - ’ - a_ to * % * -
S (0 Gl Cp(0 G0 6y, 60 6,60 6],

(~x) G33(-x) Gsz(ix)' GSA(-;{) '= G;l;(,x) .GZA(X) G;A(x) Gga(xz
* * Tx * '
(—x) 23(-x) sz(—x) G24(—x) ‘ Gn(x) GM(X) -.01'1(") G3l(x)

' 1 * * * * L]
641 (7X) Gyy(x) G, (-x) }Gha('x), .;"23(") Gug(xr G13(x)  Gya(x)] J

! 7 (3.4.11b)

t ‘ ] :
where note has beep taken of the fact that QXlQ+ = 22 and that
~ : ' . .
_l é ' oo , L,
G "(x) = G(-x). . -
. ’ ) '
/
- . “\ -

6(2) Recigrocitz

The condition of reciprocit:y originates from gret:z
reciprocity thedrem, according to which the response of a system to . 5
a source‘is unchanged when, source and measurer are interchanged. In

the case of layered structures, the validity of this theorem depends

RO S

on ?e oétic axis orientatién. fnd th;' kind of intrinsic activity {
characterizing the crystal. )
3
Mat:hematically, the reciprocity condition is expressed, by N
]
(23] .. : :
~ 7 L - SR . -
. : ” L - 3
R =-IRE, . (3.4.12a) é
g “37g"3 : , :
. fS) ) . i
LR, . o o | o
s » Ra z - 3Ra 3 » . ) (3 .4.{12b) ‘
. SR L ) « £
and .
L gy | @428
MLy - . . b
Recalling (3.4.7), the teciprocity condition in terms of G is
\ . y -
¢t =16t : (3.4.13a)
3 3 ¢ . oL I o

- , *\‘_“_‘ . )
] « .
# , k
t
4 N N
- N * . . ~’®
\ o
* i




or in expanded form

61129 Gp3(=0). Gpp(=)

G31(-x) 033(-x) G32(Jx):

N A e 1, (=)

v

‘where the identity Q)ZagT = -)33 has been used.

k]

€

<

(3) Antireciprocity

In the c'a.’s'E“’ametwork represents an anidotropic medium whose
= . .

N

Gl'4 (-X)

-

i
B34 ()

G
- F‘%

24 (™)

L

_G[‘l(-x) G43l(—x) 042‘(-x) G{m(—x)_

°

<’G2§(x) '.GM'!(x)

=G0 =64y ()

.

R

4

>

.~

-

G,, (%) iGaz(x)

~Cp3¢0) Gy ()

59 .. . &=

\ v
. B [
JGizﬂx? =Gy () .
e 7 =G, , (%)

Gy 34X '

6118 G5y (x) ”

- (3.4.13b)
\ ]

dielectric tensor is non-symmetric, Lorentz theorem is no longer valid

‘ , . and its equivalent network is nbn—reci’procal"[Zl‘].u Antireciprocal

networks form a special cate

gory of non-reciprocal ones, which from the -

o

¢ s
N
\

circuit point of view are composed by at least one gyrator, a device

The condition of antiredciprocity in terms of 'Rg, 'Ra and M is.

g - expre‘séed b).'( [23]

2

1
. . Rg =,-22Rg22

‘U r

- o
R, = -zlnazl

-1 T
M= DML

P A Ot 2 s b = 4 0, st

-

R - T T

charactérized by an antigymmetric imfa.edance matrix.,

n

/
’
/

(3.4.13a)
(3.4.13b)

ECRBE S

rs

‘ -
' . s
F%%me o O "f\" e R o

\

yooa
.
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and .from (3.4.7) in tems of G by.

;o T
¢T=1,6L,

Tm

or in expanded form
L i
. . AR N
L . o '

6,7 (1) " Gy () G,5(-X)

T

G310 B3y G0 Gy ()

.;le(-x?: qu(—x) 943(-x)

1

where use has been made of the idénticy: 'QEiQIw T

'
[}

(4) Semireciprocity:

Gy (-0 Gpp(=x) Gy (-m)

(%

ST

G20 ()

'

Gay (=)

)

~

»

N

Gyp(x)

G21(x)

Gy (%)

'

-

+
"v
-
N

trix satisfying the rélati&nship Zji-(;i)}i?z

C1a() ' G40 Gyy(x))
Gy (®) # Gy (), G31(*)_
Gl'A(x)' G“(x) G“(x)

650 Gyt 64500

1j.

60 :

(3.4.15a)

. (3.4.15b)

3
[ ]

[

‘" semireciprocity is defined for 'a’2n-port networﬁithrougg a Z ma-

In the case of a

. " four-port-this reducesto : Z—ElzTEl:{ZBk,uThe semireciprocity condi-

Al

. *"tion can be rgalized by a.series conmection of two four-ports, one re=

5pieéenting a  reciprocal and,the other -an antirgciprocal medium. ¢

" Semireciprocity requirés the following

\

[ \

)

: Y T
R =, E,R0T

—1\ :

1)

conditions to be satisfied

‘e

\
(3.4¢16a)

[

2 T

N i
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’ - AR
61
= T. -
, ‘ .‘1 \ » N
o - - T - . -
M7= :1{:3M‘ 83:1 . - (3.4 .l6c).
, ]
and . - !
. } ¢1= 2,507 8,5 (3.4.17a)
, rTh |

or in expanded form ; ! ,

- ) o

L3N

el S G ] [0 6,00 5,00 Gry(d

630 (%) Gya-m) Gpp(m) Gy ()| |-G, () Cug(¥)  Gyf(®) =Gy (x)

3

61 (H) Gpa(m®) Gpp(m) G ()| [-6) (0 G () Gy (x) =6y ()

LY
031 Cy(m) Gplm) Gy (x| 65300 6,500 <63 G5 (X))
(3.4.17)
where Z_ is one of the Dirac matrices defined by the Kronecker product

. * 1 »
{ . ‘ . i

.

B mo %1 i 1=0to3 :

‘Note that in deriving (3.4.17a) from (3.4.16) and (3.4.7), the identity
' . ’

QE=.L QT = = has been used.

=1%3 =1
’ 4 . N " I . l‘

(5) Bilateral Symmetry

) ’ ?

A network {s bilaterally symétric when 1ts' transfe‘r pr.jopeg‘tie’s
. { : :
remain invariant under inversion with respect to the'bilateral symmetry

4 -
.
.
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plane, that is, the plane parallel to the interfaces and equidistant

N .
o SR i
SMraento Lo

. h 2V
. from them,as shown in Fig. 3.2.

The condition of bilateral symétry is expressed by [23] .

‘R, = -L;R I " 1 7 (3.4.18a) BRI

v

W R, = ~22Ra22 N , ‘ ‘\(3.1;'.18b)

My ' - . T (3.418¢)

and by use of th identity: QL Q-l = El y,1n terms of G by

2
{
[ 4 . -l - . - . . : p v - ) :
5 ¢ = L,or - o (3.4,192) .
" or by the ,expanded. version , . g < o :
- . " 7’
. ' - - , i
B (%) Gpy(=x) G (%) Gy, (~x]] G (X Gya(R) =Gyp(x) =Gy, ()] 2
631 (=%). G33(x)  Gpp(mx) Gy (-x) G318 63300 =G0 =G5, ()
021(-X) G23(-x) Gzz(-x)‘ Gza(-x) -G21(x) -G23(x)‘ Gzz(x) 'Gza(x)
. [ ’ L. !
B0 () Gup(m) G =6, (0 =G0 €00 Gy (x) ;

- | , . (3.4.19?

(6) ~ Transversal Symmetry -

A transversally symmetric network; in analogy-to the b;laterally

symmetric, is one whoge transfer proberties remain invariant under
. / h

inversion with,respect to a transvegxe symmetry plane, as shown in

v
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" Fig. 3.
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2, 'Not;e that an important requirement for, transversal

etry is: Z, = Z..
Sylmﬂer\y :S 1 2

- has to

Tht;s, if Im(R

4

Ry = Ry3/Rys

be ‘satisfied.

I (

~

33)

= (<),~recalling (3.4.6)

b - (3.4.20)

The condition of transversal symmetry is expressed by [23]
‘v N ' ) s

or

G, (%)

ﬁl(x)

Gyq (%)

PO

G4 (O

) .
R, = ~2Ra"2
M= :22E2

G]:3(1'<) Gy g (l‘f)
C33(x) - G45(x)

‘G23(x) 'GZQ(X)

G43(%) * G4p(x)

)

and Using (3.4.7) and the identity,

Gl4(x)
Gy, (®)

Gpy(®)

G4 (2]

Q5.9

2

21

-

. (3.4.21a)
3.4.21b)

(3.4 21e)
=

=

= EZ ‘,' in terms of G by

(3.4.22a)

Gyq®) Gy () 63400 c32(¥>‘
:'613‘x) SPLCONACIENCY -.[.
G,5(X) "G,y () Gaz(x) G|

| 623(%) Gyy () ‘924(*) Gzz‘*&l.
(3.4.22b)

In this sectibn, conditions for losslessness, reciprocity and

!

' symmetry for a layer of anisotropic medium werg given.in tenﬁs of 1its

V4

" terminal matrix and system coup}in{ matrix representation.

o Ty,

Bad e # R

X\
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3.5 Reflection, Transmission and the Input Impedance of a Homogeneous

Layer

The concepts of transmigsion and reflection coefficient and of the

input impedance are well known in microwave device analysis utilizing
isotropic media. In this section Ehese\concepts will be generaligzed \
to encompass anisotropic dielectrics.,

Consider an interface referenced to x, between media 1 and 2, as

2 . k ' .
~showp/in Fig. 3.3. Due to the continuity of the transverse fie}d com— .

ponents,'g(x_) = EZx+). If the field amplitude vector ' in medium 1:

Ekl) 1s referenced to x and that of medium 2 : 212) is refizi?Ced to

. + . :
% , the above boundary condition leads to

’

T =vtwu@se (3.5.1a)

‘or in other words -

] . @) |
. e i (3.5.1b)
’ M| () '
where t
e~ Con S U
Lty (VD [y (2)-y, (DIPL(D). P (DV(L) [y, (2) yb(l}lpf(z)
R Pgl(l)v(l)[yfcl)-yféz)]Pf(Z) Pgl(l)v(l)[yf(l)fyb(Z)]Pb(Z)

LT YO TP/ e SN

(3.5.2)

b

Similarly to the isotropic case, the field—émplitude reflection

and transmission cpefffcient<ﬁ§trix is defined by




. . v
// Medium 1, Medium 2

—_— 65
/ c.(1) : -
—‘ﬁ-———.—* e e Cf(Z)
cb(l) N Eb(2)=0 Fig. 3.3 An interface of ‘two
E;,ﬁ; o anisotropic layers. The
- e 3 > Et’Ht ) "
ELH . arrows indicate .the di-
—~————. T
. ' rection of propagation
0,t,T )
> Zs b of the transverse field.
I'yr,p )
‘ X
’o o .
\ cb(l) = rcf(l) ' . | (3.5.3)
and '
cf(2) = ;cf(l) , : o ' (3.5.4)

A

respeétively. Using r and .t in (3.5.1b), takiﬁg into account (3.5.23

and noting that E%(Z) = (0, the following forms for r ané t can .be
. ' Vi :

derived: : - ' ' v,
£ = {Pg (VD [y, (2)-y, () 1 (2} C (3.5.5)
v = (B (VD Ty (D -y ()1 ()} (3.5.6)
. L

+

The (electric) field reflection and transmission coefficiegt matrix is

similarly defined:

-4 = .
Mo Egp @ I'("oi Fri) . - (3.5.7)

© and

L

[EFIRCI

¢ gy Tea "t DI . e
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3 o= . / - .
E) .o (3.5.9)

3

n,“ E '=‘=9(n‘J

0 Tt

7 s

.

where the transcripts T, i, r and t refer to transverse component and

incident, reflected and transmitted field respectively. TIhe boundary

a
LI}

pressions that are seen to be straightforward generalizations of their

isotropic equivalent:

t~_w‘

ro= 2 -y, (D7 [y (1) - y(@)] ~ (3.5.11)

0 = [yg(2) - yb(l)f‘l“) - ¥, (D1, ' (3.5:12) .

‘Fingliy; the inter-rel4tionship between r, t and I', O ‘resulting from.

the combination of (3.5,5), (3.5.6) and (3.5.11), (3.5.12) is given by

1]

N -i e —i - o _é —
conditions require on the one hand that no ETi + no ‘Err = no ETt s .
that is, :
I+I'=0 > (3.5.9),
’ ‘t’
. . and on the other tﬂat ni T-I' + ni H = ni " : where‘
' r o ti o TTr o Tt . ,
b R P, g RN B
no H‘t‘:L~ = U’,f(l)no ETi ’ no Htr cwb(l)ﬁo Err and no H‘tt ® ny(Z)no E'rf'
The latter ‘yields ' = \
‘ SR
(1) + y (DI = y.(2)0 | (3.5.10)

'The last two equations"ﬂ when solved with respect to T énd 8 result in ex-

<

D uonhni o ot b o
‘

Do o

LY
N N
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re BN DTR) T = pbgl)rpgl (1) (3.5.13)
and ' . . [ .
, . : |
t = P7T (2)0P,(D) 0.= P, (2) 2 (1)
a

The reflecgion coefficient expression (3l5.11) 1s'§alid also when th;
mediumﬂto the right of the interface is a composite rather than a

uniform semi-infinite region: In‘thaé case yf(Z) mﬁst be replaced by

;, the surface admittance as seen from x+ looking in the positive x

direction. Thus d

¢

fely-y@I™ y-5] S € KR E)

A

> “ N .

In addition to [ one also needs I', defined in Fig. 3.4, To obtain f
one simply replaces the arrows,the subscripts and the media designa-
tors as required:

S5

F=i(y- yf(z)]'l [y, (D) - 31 : (3.5.16)

Solving (3.5.15) with respect to ;}:one obtains:

1

3= Ly 4y, @F1 11+ 17 (3.5.17)

.

The coi;reépgndin-g expression’ for =z is _found using (3.5.11) and taking-
. ' -~

into account that (y. - yb)-; -‘zf(zb - zf)flib. Thus
o R YN

z =11+ Fla, (g (D) + sz(i)]‘l%(l). o (3.5.18)

?

!

-

P PRPRE N
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The last two equations give the input admittance and impedance of a
. . . .

homogeneous medium, in a multilayered structure.
Finally, reflection and trangmiésion can also be expressed in

‘

terms of the state vector a, by defining

- (1) =pa (1) * ' . (3.5.19)
and ) . . . . e .
. 3g(2) = Ta (D) ‘ e (3.5.20)

where p and T are the wave-reflection and transmission matrices. The’

éxpression relating p, T and I is found from (3.4.1b):

- 4 -
. 8¢ no T
@ l_ =] 4_ (3.5.21)
&, m, e
and (3.2.5): . '
: 3 . " e
n’E 1 ~ o - .
o Tt .|| iy . (3.5.22)
T3 = ce T -
. g nO HT .
which result in T 4

: H- [I] Gy T g
Q| , |2,=],|n*E = ‘ (3.5.23)
0 £ y o T : ] - ,’ -

After decomposition into 2x2 bldck form this_equation’ reduces:to

i, (1 + 3lap@ = [+ T2,

/

9
LR NNV SRR G e

(3.5.24)

EIF R ST T

PR TOR A A

b
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and . :
~ ’ >, - + -i —_ "f ' :
Uy [T~ plagl) =y1+TIn"E, (3.5.25) g
respectively, where 511 a_n’d\ 5?21 are defined from the partitioned ﬁ -
kY Q . ! Q
Q= g Gt - a u " (3.5.26) .
1 " ;
anc'l are given by
. :
. Z, o .o I ;
~ 1 ' -~ l /Z—£ ' ' - ’ g
Q = ' ' Q - ‘ (3.5!2‘7) 3
N 11 /3 > T21 /3 L . t
0 ‘ /'z; 0 ° S o *
. . 2 .’ - , /'-
4 /
The expre's'sidn'of ; is found from (3.5,24) and (3.5.25) to be C
> b e -1 B . ' o }
= [0y () + ¥y, W] TRy, () - ¥Ry, ()] . (3.5.28y 1
A . ., 3
-1 k
) - . - !
and the corresponding expression of y with respect to p . \
> -~ > > -] 7], l
y = 921(1)[1 -p] [1 + p] Q,m (3¢5.29)
’;_':—/ . L)
Finally, to find the exp'resaion' of T, one has to rewrite (3.5.21) and
(3.5.22) for region 2, i.e, . '
v . T — I _i pu— N e ' e ¢,
Q(2) a (1) = n°E_ - A ‘
» ol £ 13 o Tt Co T -
. . \ '




e paomn — - "

st g

g,

"

and solve for T, to find

-> ~wl ~ - '
T = 9,720, M1 + p] : - (3.5.30)

13
'

k4

Eq;ggﬁaﬁs‘TS.S.ZB) and (3.5.30) express the wave reflection and trans-
mission matrytbsAE and ? at an interface'characterized by a right

>
admittance y. .
\ \ . ..
¢ ' 1 ?
3.6 Transverse Resonance )
L

In the beginning of .this chapter the transverse resonance con- ‘
by )

dition was introduced and used' to' obtain the characteristic equation
of isotropic layered structures. In this.section the transverse re- .

sonance principle‘will be extended éﬁd épplied to layered anisotropic

3 ’

media. il

Consider a 1ayereq bitefringent mediuh, as shown in Fi&§::.4, with
interfaces at x = 0 and x = 2; "Each one of the three regions in
Fig. 3.4 may be a composite, or a.siﬁgle uniform anisotropic (or ;

9

isotfbbic) layer. The state at x = 9 and % can beidescribed by theiz,

“the g oxr the a vector. .Accordingly, the t:ansvérée resonance principle

can Be formulated in .temms of»threg different transfer matrices.

)

As was shown before, ﬁhe following transfer properties for a single

layer are valid:

. B -
<) = Ag(l)c(g)

D = cWE® |
aw =uwa - T Aue

A
N e e chiin e
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% g “ - *
{ 1210 —
. ”
0 a5 (0)
r(0) P! . §1¢))
+ - >
’P(O) . s ) q 0 ) . F(z) —-
50) ) ;L:§f05 L R1¢))
‘ ) . |
{ : .
medium n-1 : medium n ™ | . ' medium n+l
-+ — r—>-x :
0 )

Fig. 3.4 Network representation of a'medium, characterized by ¢(x),
2(x), a(x). The left interface (x = 0) results in the intro=-
duction of §(0) s f(d), B_(O) and the right one (x = %) in

;(2,), F(l), ;(l) respectively.

Q

-

' ' 5

In the case the four-port network' represents two homogeneous regi;ons

.M -71,1 an# n of’, widths !'l and 2,2 (ILi 1-’22 = ) respectively, reqal]’ting .

t °
‘ 5
-~

that

11 o’
-

2,(5) = UmA (D)) =U(meR) B

B g (%)) fsn_l(%l) = U(n-l)l\sm(li)c(o)‘ = Ume(dy) . ‘

. B}

8,8 = 6w (%)) = GnG(a-1)g, 1 (0) .

3,0 =07 wE () =27 6 eebem-DE @),

': (3u‘6n2) ,'—
 ‘the corresponding transfer matrices take the form:
. ) b4 o
| C() = AU ) UrDA (a-1) |
: e - -1, _
G(L) U(n)Ag’n(l?)U(n DA, qey (U (a-1)
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Moe e e - e e .
K ;
J
] ",B .
\ Y ; s -1 .
/M(2) = Q7 (n)G(n)G(n-1)Q(n-1), .
i
where c(zg‘)‘ is the gene,rali’zed propégation factor' matrix Ag(x).
¥ l A A ] ‘
$ . .
< - (1) 1IRC bo ferns of the ¢ vector
. - The tillle transform of. C(L) satisfies the following equation:
- S . . . . o - . ' . 9 {“
. 1) Cee(R) €] | e (0)
b X . O I P £ , (3.6.4)
— ~ by -
1 ’ - ’ { 0‘ o * T ’
' N ~ cb(..?,) | be(ﬂ.)‘ Cob (%) : cb(O)
" < * ) ) & ! '
. Lo S I . ot ;
o o Recalling (3.5.3)'the'cb(2,) and cf(O) can be written as:
§ . ) . ' . I ) H‘ . \Y. \ ’ - < ‘ »
% ’ N .. T LY s ’ B r\
. . o~ .. , A
-— [ — ' .
N .oy eg(®) mr(R)e (V) ' '(3:,6.5)
L 3 ) ' " ) R » N ., '
. FRCE and > O
LI - 4 N . , - .
V N . s . — N . s — ~ N
S Coe 1 TL0) = T.-(e)e«;'(m . (3.6.6) - *
- . ot o . . : -
v . P . . ;\,‘ . . ) 9 M Y o - ¢
P Substitution of cb(l) and ¢ (0) in (3.6.4), tesults in:
. . U A ‘ ‘ I
) : . ' . . » . ! v >
- - M LN N
C T T ICT0) + (I (0) = [E (0T + T (DI ) (3.6.7
. . £ (1) 1Cep(R)x(0) + €y, (2)]2, (0) = [C (B xCQY + Cyp (D IE(0)  (3.6.7)
’ \ - i Y
. ' The .condition for nontrivial ‘solution, i.e.,
o ) y \ Y \ v
~ - P R , ‘ - -
; . . > ~ s > b oo P ' ~ . : .
L ADe_t[r(l)Cff(ﬂl),r(“Ol)\ -+ -r(,'/ﬁ bQl.) - be‘(l)r(O) - Cbb(g.) }'=0 ,‘\1(3. .8)
] ! K" B . N ' 4
o h‘ > : '\\ )
. .. L. ( ' v ‘4
e g “ - ' o -
- « | expresses the transverse resonance in terms of the c vectdf.
' / esses th in t £ the of
. « ‘ PRI . v B '
~ ) . DN ot - '
' ' ', s . ‘. * . e “, . /- .
-r' --.T’, . hd " , S . ‘ .
$ "\ -~ , n . .,D
0 ' ’
/4 - ‘Ni. \ o

. o
o - b,

03
~

B2y
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(2) TRC in ®erms of the, g vector , ‘ \ \
"To find the corresponding expression working with the figld vector
g(x), one has' to recall from (3.5.7) that v
vt ' '
-4 = o T LR ¢
n? E 0" = Foyng? 6" \ S
. ‘ | | ¥
R TP S -
‘ A ETr(l ) I'U»)-no Erf(l ) ' . '
_ i
where from (3.5.15) and_(3.5.16) '
[ { O NN ¢ TOREE M) Rl CHE NIRRT I (3.6,97 «
" o * . |
L T = ) - @17 [y - 3w, (3.6.10)
' .The tilde transform of (3.3.3),"in view of (3.6.9) .and (3.6.10) results B
[ @ . ’ . : \' & ) . -
| in ) . . ' .
( e N O E X () b >
- . N n “E (%) =G(R)| . ‘ A n*E_(0).
yrr+ Tl # *F C|yorr + Foi] ° ™
' (3.6.11) .
‘ Matrix E(R.) can be decomposed in the 2x2 block form '
\ . , L , L L,
) G (8 . G L
(G(R) = | e . . .(3.6.12)
6 (W) G| ; T .
. , ; .
VA -~ ' .
o "gubstitution of which in (3.6.'11),:y1.e,1dl ' ) ’
’ . - , o)
\ r ! o
- 4 .
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o !

, By n T = (B0 B,mI@BO N E 0 6
and \ .
Y3 E W = 6,0+ &,wH0 B0 T, 0.

y -
<
v

Note that each one of these represents a single-trip between the

interfaces. In order the ‘ﬁeld distribution reproduce itself aftet

. a complete round trip:

FWE ) +SMWFO] =6y (1) + Ep(FO@  (3.6.13)

| 1
has to be satisfieéd. Thus the TRC takes the form

~

E

4
n("’z[é'aféd*o] (.. () + &, (Y0} =0, .(3.6.1
*(3) TRC in terms of the Zm . . ‘
. - 4 ’
\ . * The procedure is similar when waves instead of fields are used. -
Recall from (3..4.10) and (3.5.19) that ) ,
Ny ‘ ‘ ' ’ oo
/ - Ve -~ “+
‘ I _ Mff(ﬁ.) be(ﬂ.) . D(O)_ -
N \ . af(,Q.) = [ . . &b(o)
pR)| MR M (R) I
‘ B ' - (3,6%15)
whéfe F((R.) refers to medium 2, and from (3.5.28),
. ‘ o * ~ “ ~ -] . . “
K p(0)= 18y, (2) + F(@F,, (D17 [f,, (2 -y §,,(D]  (3.6.16)
v and":/ ' ’L .
! ."* T ) - ~ -1 ~ -+ ~ s . )
p(R) = F921(2) +-’(“311(2,” [a,, (2 -:(9«)932(2)] (3.6.17)

-
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Matrix equation (3.6.15) now is decomposed in the forms

(0 = M (95(0) + Mgy () Ta (0)

.

and . o
) ' -> - ~ “+ ~ —

\ . AWEM) = [H (2)5(0) + M, (1)]a (0)
wQ}ch, for round—érip field reproduction, result in

B (D6(0) + My ()] = ﬂbf(z)550) £, (2)  (3.6.18)
' <

*

R \
'Hence, the corresponding TRC is of the form. I

.o

’

Det{5(2) (M ()5(0) + My (0] = [H (D50 + M, ()]} =0  (3.6.19) ’

. &
Equations (3.6.8), (3.6.14) and (3.6.19) mathematically séhte.
the ;ame ;rinciﬁle, eipressed in terms of El E'and a. It should be
noted that the dispersion equation obtained by use of eithef expres-
' sion, is identical, that is, all three forms are equivaleﬁt.
In this éhapter, wave propagation in a lossljss symmetric iso-
N .
trobic slab waveguide was reviewed. The charactgristic equation was .
obtained using the TRC in the transmis;ion line equivalent 'of the '_’ s
isotropic film. The concepts of -the wave impedance dné}field transfer
mat;ices were introduced and expressions of tye latter in terms of-

the forward/backward wave. impedance /admittance under wave bidirectio-

' - npality were investigated. Mode bidirectionality in birefringent me-
* « dia lead to a 4-port network representation of a lgyer. Conditions

for losslessness, reciprocity and symmetry were forgulated in terms
‘of the coupling and transfer matrices. Finaliy, a generalized TRC for

. -
a multilayered anisotropic structure has been introduced and the chara-

é;crdstic cquatien of the waveguide has been derived.

+ . 1

" . . ‘
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CHAPTER ‘4

. APPLICATIONS. }

In this chapter wave propagation in lossless uniaxial and quasi-uni-

axial anisotropic media will be analyzed. Two further applications, na-

“

mely liquid crystal twist cells and determination of the permittivity
matrix of'a crystal from the electric reflection coefficient métrix will

aléu be outlined.

) In uniaxial media the optic axis will be agsumed to lie in one of

=)

the coordinate planes of the device, i.e., that the medium is either in

the polar, the longitudinal or the equatorial configuratiom. The permit-
\ ‘

- tivity tensor of a blaxial medium rotated anound one of its pr#pt@pal

axes can also be brought into a uniaxial configuration. The treatment

of this chapter includes thid quasi-uniaxial case. Since the off—diago—
. s et
nal elements of the permittivity matrix are generally complex, Faraday

rotation is one of the phenomerna to which this anal&sis applies. Nonli-

‘near effects, such as the electro-opf!t effect where elements of €

¥

depend explicitly on the electric field strength, or optical activity®

» - ’ N
where the elements of £ depend on the axial wavenumber £ have not been
A Co .

'

explicitly investigated.

-

Finally, the results are applied to three layered symmetric wavegui-

des fabricated uéing-four.different combinations of anisotropic dielec~

trics. The trgnsdission charactéris&}cs of inhomogeneous uhiaxial crystais

\

are examined and an application on the detérqination of th permittivity

tensor of biaxial crystals is discussed.
;‘."\m ) - . 7

4.1 Polar Confijpration
; v

’
*

... In polar configuration theoptic axis lies in the y~z pline,,aé shown

1

\
/ D e . oo uauel o Rl

EREat SN

.
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in Fig.4.1. The relativé permittivity tensor is the same as in the:case
‘of a biaxial medium that:suffefed a rotation around its crystalline x-

axis and is given by ' .

OR}

’ | e 0 0
' XX, Y
=10 e e | RNCR Y
P yy vz . .
A . % \
0 € £ , !
yz zZ .
" This can be geen from the matrix product" &

Fig. 4.1 Polar configuration.

Optic gxi% lies on the plane of

1n£erface, fdrming:an angle 9

»
~

KN , '
AR

where the rotation matrix A is evaluated from (2.3.9) by. taking the optic

o ~ . . -
C axis to lie along the y' direction, that is, 6 be .the angle between z

-~ '

and z' and ¢==0 (see Fig.2:7); Thus

‘ : ' i. ‘.‘0 N 0 . ’ b .

WA= |0 cos8 sind . e (4.1.3)

!

0 -sin® cos®
A

By igllowing -E' ‘to be complex while' restricf:;l.ng it to be Hermij:ean,‘;?ne _

=

includes a larger class of anisotropy, such s that causipf Faraday rota-
tion and -pobeﬁtially- the nonlinear effecta:optical acfiviuy‘and

elcqtro-opcié\effeét.- K .

. : 5 .
L N . ° . .

o . ' ) .
. - .
L e - I oo e b
. " 0 + v v

with the y axis. ' i

* .




]

y.

A

n -4

bpéic axis

?
3 ' Fig. 4.2. Intersection of the

index ellipsoid of a uniaxial

crystal with the interface (plane

y-2). The directien 'of propagation
’
1s along 2z and the optic axis
the y' axis. Since -the equatorial. o

plane is circle: €, = €,

. The coupling matrii R8 given in (2.3.16) after the substitutionm of €

»

‘takes the form ' “
A R R o 0 g
\ . ".‘
‘g -R2 0 € . 0
‘ Y o (4.1.4) !
R = . -p? g Ml :
g 0 0 . 0 1-8 /exx o ; ‘
\- ’ * .
| N e .0 € 0 _
yz zz .
' where € (1,j=x,y,2) refer to the entries of E. S§ince R, =R,.=0, the
' ij ; “ 33 "3l ) :
A fourth order characteristic equation (2.3.21a) reduces in a quadratic in é
! 4 . M R
. k%, whose solution is given by e
Y €2 =l(r, R, +R, )t/ (R, R =R, )*+4R |R'Ji2 (4.1.5)
‘ 1,3 22734743 721772 1347437721 34'741 o i
¢ ’ i .
4 where sub~index 1(3) refers to the upper(lower) sign. Note that Ky==Ky

~and Ka--K3, that is: the polar confiéﬁiation assures waye bidirectiona-

L ' . é . .o
* lity. The modal matrix U, following (2.3.23) and (2.35), is written in

the form

‘e




RPN

- Y . -
1 1 1 1
K1 -K1 K3, ' ~Kq -
U - . N . o (4-1.6)
"thla "thla h3K3a -h31<'3a
where a-l/R34 is a real number,
Rp1 : o
hi W : ' ‘ . (4.'1.“7)

and D, is the denominator of the eigenmode expressions in (2.3.32), gi-

PO

vert by ’ -
- Di-bci R,,/8 o | IR CR N
an& satisfying ' . ,
‘DJDB--IRMIZ/a ‘ L . (4.1.9)

*

Pue to.bidirectionality and.to the form of Di’ the éorresponding‘h's of

the modés characteriaid'by K2 and Ka are h1 ‘and h3 respectivél%. Parame-

ters h, and h sétisfy‘

1 3
oh m——— 2 .
1 h3 (K ~K ) . (4.1.10)
T . Kal ’ x e
and . N .o
el l b hy=h thy=e R a (4o1.11)
1’3" % a 3™ T ‘ 1.
R
41 )
a * - .
i.e., 1,h;‘-'h1h3 is a real number. The inverse of the modal matrix U is
\\f<// ‘ T 4 S - .
' 3 hylky 71 Toslfkga)
s : ..
-1 1 B3 Tha/Ky -1, 1/kqa
R wew Yo .
3 1 -hl ' -h1/K'3 M 1 1/'(33 A
¢ Coo Lthy byiey 1 Slkga| L (41a12)

and-thus the impedance matrix G, given by UAs(x)U-l, takes the form

’
i A

.
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. : 80 4
- _ . h, hy 1
h3cosrlx-hlcosm3x _ . —j(jzz- sinle-jz;sinKBx) f
L : : . -,
) = —j(h3K sinle h1K3sinK X) h3c05le—hicosK3x ;
(h ) 1 1 2
1 1 3(coslc X=CO8K; x) jh1h3(K sinle--E-sinK3x)
—jhlhBa(Klsinle-K3sinK3x) ’htha(cosle-cosK3 X) ) »
Ce ~(cosK, X~Co8K _X) : : 1—(-£— sinK. xX—- i sink 7
. S : 1 3 : a K S R D 5%
J ‘ 1 3
¢ 1
j(Klsinle—KBSinK3x) - ;-(cosle-cosK3x)
A . 3y hl h3
, , :(Plcoemlx—h3cosK3x) : ~ ( © sink x= == sinK3x)
' i . ‘ 1 "3
ja(hlnlsinnrx-h3n3sinm3x) , -(hlcoglerh3FOSK3x) B
P _ ' ©a (4.1.13) :’

5

Recalling that g(x):G(x)g(O), note from the form of G(x)

b e e

! that while all parameters are normalized, k4 is "similar" to
an admi;tance whereas h; and a are similar to a unitless para-
meter, The form of G satisfies (3 4.11b) provided Kiis not
complex (with nonzero real and imaginary parts),and (3.4. 19b)
Note that when Cyzis purely real: h1h3a = -1 and G satisfies
'(3.4ul3b), whereas when eyz?e éurely imaginary, hlh3a>=l and -
¢ satisfies (3.4.17b), Hence an active anisotrepic layer
Qhose optic axis orientation correeponds to the polar con-

\

figuration 1s lossless, bilaterally symmetric and in the case .

v,
B
. ¢ . .

o of real offsdiagonal terms of € :ireciprocal, whereas in. the

: -case of imaginari off-diegonal terms: ,semireciprocaf. ' ,

t A .
Taking now the.tilde .transform of the modal gatrix v ¢ .
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1 1 1 1
U = ' o - ; ‘ (46.1.14) .
Kl K3. ‘ R _K-l . "K:'3
‘ 1 hikya hak qa- - -
| hiky 32 -hikja -haksa

£

it is seen that P in, Qf--Qb and hence from the definition of 2e b’Ai‘e"“
. . , A

-1
Ze v"Pe by

. T (4.1.15)
where the wave impedance z_ is
’ ’ ) - “ - *
- S R T
z_ = . - ' (4.1.162
£ 8K K. (h.-h ) . . _ . ~
17373 1 ah1h3(r<3 Kl)- h3'<1 h1K3 "

In' the case-of.real R“, that is, real eyz’ 2, assumes symmetric form.

Finally, taking into account the form of € in thé ‘wave equagion (2.‘3.28b)

and~expan~dinvg~-‘the'cofactors of the second row, the pé'l;ar'ization vector ;

.

aés’umes the form ‘-.\ i .
) - -KBha/E:xx
o - . . i
p= 1 ' R (46:1.17)
. h .

"
4 '

The corresponding form of E obtains from the expression E-(EXE)‘/kO,’ where

ca

v "k 1is the pmpation vector., It is found that .
R . -B ’ - ‘ Y .
- g T = |-xBa’ ) 0 Taeras)
. ' . q '. -KpBa"} - e telo

With ; Qnd 71. known, the electromagnetic field distribution corresponding
to the pc‘»‘lar configuration can be found 'us:l,ng (2.3.30). The field distri-

T ‘bution'i'.a the result of distributed coupling between the two forward

y . .
‘ . Lo ‘

b SRR A .

S L TCELIRNF

eigenmodes, as 1nd;¢étcd‘ by (4.1.5), w:l.&h. £:i.'n,ld: a-pl"itudu ‘given By the -
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components of the polarization vectors, and their corresponding back-
ward ones. '
-

Coupling of the waves propagating in a polar crystal is described by

the coupling matrix R , Whose fofm was given in (3.4.5). Taking into account

that R 33-0 R now assumes the form
T ¥ 3]
— ' 1 % 1 x
) 0 GO L E
0 - -VR vz 2 " 1z LZR,
21 37458 3% %R,
R = (4.1.19)
1 1 T
ASC LIRS X! 36843 4 0
Lo s P
RS LTI A TIUSE 0 “RR
where the normalized line impedances Z1 and Zé are \
g w(e -2y~ 8 z]‘i
2=, DT and z,=[C1 /e (4.1.20)

Phe diagonal éntries°qf Ra are tWe axial guide 1ndice§ of the uncoupled
transmission lines {36}, whereas the off-diagonal entries are the forward

and backward coupling coefficients, given by

K 'K“ -.1_

* }i -5
£777 R&l(ZIZZ) , (4.1.21)

From their wavenumber and characteristic impedance an equivalent circuit

Ho

aand 1210 - © Fig. 4.3. Equivalent &4-port
"TE —_ eo(syy-ﬁz) . network of an anisotropic .’
o ‘ o c}ystal'in the polar confi-

2 K . .7 guration.
u (16 /en) I £

——— e

™ " =

' : €obzz

R R i .
" N . Lat aaten a3
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4.2 Longitudinal Configuration . _ PR
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can be established for each éransmission line. Thg'reéult is ghown in

Fig. 4.3 indicating the per unit length inductance and capacitance of

the dimensionless coupling coefficient.

l

One speakes of a longitudinal configuratién_when the optic axsg of
a uniaxial crystal lies in the plane normal t3'thé direction of propa-
gation (x-y plane), or when a biaxial medium has been rotated about its
crysgafline z axis.

The permittivity tensor € results from the product

€ 0 0
X
» — ' T . .
e=A |0 sy 0 |A (4.2.1)
1 Y '
- 0 0 E

\ t

where the rotation matrix A is found from (2.3.9) by taking the optic

"4xis to be along x', with ym@=0. Thus

coé@ -gind O
A = |sing cosdp O ) ) (6.2.2)

v - 0 0 1 ,
B
where the angle ¢ 1s measured from the x axis. A ccordingly, the petmit-

tivity tensorlzlwill assume the general form:

€ x exy 0 |
.- * . 0
: E=le. e 0 (4.2.3)
R B 5 4 ¥y 9 . '
0 0 €
. z
A* ) _
A plape of Fig. 4.4 Longitudinal3c8n-
/ interface ‘
' figuration. Optic axis lies,
G/ s ppete exts 1
! on' x~-y plane, forming an angle
v .

.8 withlfhe x axis.

Ve

e —— e
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where the off-diagonal entries account for Earadéy rotation, optical

3

/

activity and the electro~optic effect.

K
oo A optic
© —|axis

The coupling matrix R8 is foﬁnd.from substitution.of € into (2.3.16)

to be :
0 1
“1a /e 8% 0
Rg o | z2" xx
-Bexy/exx 0
Lo 0
Due to R

33 M1

)

Fig. 4.5

Inters

ection of the

index ellipsoid of a uniaxial

. crystal with the x-y plane of

the device's coordinate system.
L4

o

The direction of propagation is

along z and the optic axis

along x'

plane is circle

0
0 -Be /exx
0 1-R%/ ¢

Ezz J

Since the equatorial

nal configuratign are two forward, characterized by Kl

T . Ey?Ez_

»

(4.2.4)

=0, the chardcteristic equation (2.3.21a) is-sgain a quadratic

in k? equation. In other words, the eigenmodes in a crystal of longitudi-

and K3, and two

backward, characterized.b&,52;-K2=and Ka--kb. The transverse effective

. < .
‘ guide indices Ky and Kk, are given by »
2 1 2 12 2
b 35 Ry R ¥Ry /R, R Ry VTR 3'R 1!

(4.2.5)

/
where the plus (minus) sign refers to 1 (3) with Rg and K's known, the

modal matrix is found to be :

*

84
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1 1 IO ' L
C : R ST K3 3 ) .2 6)1 - :
co O L L N = - ﬂ .
! ‘: ) - L 81 81 AN 83 . 83 ' ' t .‘ . ' i
‘ . o . o ' /—
- where b is a real numbe¥, defined as gvl/Ru, ' ’ D
: )
gi bD V) (4 2 8) :
e and Di’ the denominat r of the eigenmode solutions (2 3. 23) is given by ' °
. Di Ki R3l./b L . . (4.2.‘8)
Note that D, and gisatisfy the following propertiea D . _ ~ T
- - : - ) D1D3--|R31| /b (4.2.9) -
. 2_.2y /p¥ . : - 4
| 8; 331(K1 |<3)/R3]>. | . o ..,(4.2.1,0) i
o ang . . R : .
. . 31 * % S )
“ 8183--— -—*—- N 81g3-3183--‘1/b (4.2.11) .
‘bR e . . ,
31 : .
To find the impedance transfer matrix G, one has first to evaluate U-l.,
L . . . R - . I
il This, is found to be L ‘ '/\'
—’\_ ! - W, C, 4 ';‘ . 'I
8 8,/x -l/c,b -1 o : A i
3 3.1 f - . ) .
- M . y
' _ I 83 -83/K1 \‘/ -1 “ » -, 4 ’ . . ‘;s
U‘ T s e o s e s ' - . - (10.2. 12). ! b
-8, 8y /Ky i/ksgh i | Lo
N : . “
.and hence ) ] ’ -
. . o o ) ] - g 8. - o :l “ : .. .
i ‘ . §.,C08K_ X=g. cOsK X ) -j(--:i- 8inK x —-—:‘Lk sink x) % g
1 . ‘ . “3 17" 3 1 r 3 : -
A R e — - T @ }
i A oo 1 3(g4¢; 810K x~g, 3sint<3x ) E%cog(lx glt:osK§# e
t g,~8 ’ - oo
i 371 : .o b
i - -
! . ' jglgsb(Klgiqklb-K3sinK3;) X glg3b(cosl< x t:c:nsl(3 x) . l A
~ - Y. sink.x  sinK.x
i ! y ’ - . .- Ll - 3 "
| s __3133(?“"1" cosnlx) | jglga( . - )
x; ’ s 1 D K] K *
§ . "b ‘ ’ ',-' » o
' - ' .
) S $
- . P - ' ) ) . l 12 s
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3.4,

-pendances occur from U, where

* "~ L4 L}
. .
.
. ‘ \ . 86
1L : - L \- ) ¥ ]
5 (kl. sinle < sinK3x) ' \\c05K1x+cosﬁgfu/
. * ¢ . .
-1 . \ \ - .
N v (cosle_ cosEBX) . j(Kls;nle-K3sinK3x)
. , ! o ! * l
. T(Slcszlx'-;83c08$3x{ . Ib(gqk, sirk x-g K 510k x)
E: s 83 ‘
R SO L3 —(g.c -
b ( Kl sinﬁmx 'Kj ginK3x) . (glcosle gBCDSKSX) ]
S . - - (4.2.13)

Comparing this form w1th the co responding %nes of SecHion
L

it is found that a c;ystal in’ longitudinal confgguration

&

I8 1osslhss, not bil&%erally symmetric an¢ semireciprocal

(reciprocal) when sxy is rea; (imaginary)

Thggexpfessibns of the forward and backwardawave im- ‘-

o } N ‘v

1 . 1 1 1
lg1kib  g3x3b g K1t -gikab
U = K 'K ’ -K -K : 4.2.14
1 3 1 K3 A ! )
. 81 g3 g8 g3 | .

-

g

i.e., Pp=0yP; where. 0] ib-a Pauli matrix
. ¢
‘.- / ' . L o _°

-

’ - -
and_Qy,=-0;Q¢
defined sin (3.%.21). Hence

~r -  3p=70L3£0) (4.2.15)

2 P " . Y. e .

wvhere the forward Jk%elimpedpncb,ié_given'by'

»

8781 -1 TRy ' T
B SISO e ‘ ,(4":.2'16,)'
A2 ' |
TR R U Plegte) |- )
- ’ - -

.
‘.
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Finally,nthe polariza.tion vector p, expanding the. cofactors of the second '
w ! 1
‘ row of the normalized wave equation (2 3.30), is ) - T Y
‘ . ) ’ . N - " . . Vi
T ,g(,bK —1)/3' - . -
o D= 1 ) o (4.2.17) '
, , ‘ o BbK . L o
B and q, from expréss;:;n (2.3.31), 1s ¥ ' ‘
Id - % ’
- s ' ]
-B ‘ “ 0\
. — b ! s Lo - -
\ ‘ q=1| -g . ] - . _(A.Z.‘lg)
a K - . , . Y. : -
. Accordingly, the ilgé’tromagnetic field d#stribution in t:rhe'longitﬁ- o '
J/ ’ dinal configuration can be found ‘uding (2.3.30) by properly choosing
. ’ R ’ ¢ . . ‘-
T N o the coefficients'ci. i ) % - X o
o : ' s “ o Nl
\ v , . The coupling matrix Ra of an anisotropic layer in longitudinal ori~” .
entation is ‘ . ‘\)
v - + . \‘
n . T T Z [ - : .
R ’ ‘. -1 _* 'L % "
Rot r 0 J i‘z R31 ¥ by - : ;
. 2 2 g L V4 ;
[ . d AY ' ” H
p ' (. : Z i
. . R\ S S\| 0 SR I L
G 0 Sy 2 TN b |
R = 1 ' N (4 2 19)
. a 1371 . T : . : .
R L b Ve ‘zdnzz Ry YRyiRyg -0 '
. N » * ) ! + . ’ ' / - ‘ ' l ' b " {
IR iy l\f. L | |
' S A 2 VORI | 21 0 o TR R LT
' b 2 . \ 2 . , ’ J L ° ’
' ' .whetre the normalized line impedances‘ are given by SR '
EY . B . : - b
: L . 2_&'. . - ] . . 5
« L zl-@-‘f-e )% dnd,. <1- —/e ] (4.2.20) , . \
-The forward and backward coupling coefficients are equal in magnitude and o i
' ) o . are given by ) ¢ o J " "
) | ¢ = bR® (229" ’ o (4.2.21) 4
£ b 27377127 . o T : 3
, '.
. -+ v -

R T L} T T LI S—




¢

Yy 2

v 88

From consideratiohs similar to .those applied to 'the polar case an equiva-:

ot
.

Ho ' ,
T _J_ : - Fig. 4.6. Equivalent 4~-port
e ! . - 2 Y. ., x
TE o TEO(Az /e ), . ‘network of an anisotropdc ,
e — v crystal in the longitudinal
. Uo(l-leexx) IKf ‘~ ‘ ~_cog1figuratgion. .

™ S l‘e e ' .

. . 0 zz . . )

: ) ) . '_I_j e : :

s o T

lent circuit is obtained. The result is depicted in Fig. 4.6

3

4.3 EquatoriaI Configuration ) T ; . . ‘

— - *

f v

In what is called the equatorial configuration, the optic axis of -

the uniﬁxial crysxal is in j:he sagittal (x‘-z") @a:[xe and for this reason
LI ]

‘.
this configuration permits pure TE and TM mode solutions

-

derations apply to a biaxial medium rotated arodnd its'crystalli\n§ y axig. )

d . . * 4

< . N )
With referer;ce to Fig.2.6, optic axis .is the z' axis 1lying between

Simildar consi-

"~

’

x and z, and y, §' Are cooinci‘dent, that is, ¢-g~ and ¢-T-zr. The corresponding

matrix (2.3.9‘)”/18 - . n ’ .
- . . , - ' l‘ Q 1
T cos® 0 sinf e s T . .

N ' ‘\ N ) > / .

o N } A had 0 . . 1 O N (4-;.1) !
\/ -éihe 0 . .cosff . )

. / : T .
where 9 is measured from the 'z axis (see Fig 4.7). The germittiviey -
tensor € is given by the product ) .o .

. P . . N 2l
€ y 0] . t :
. x y ‘
. T=alo e, 0 |a Cry (63.2)
.- Lo "0 € S -




optic
axis .

.

and thus assumes-.the general fo;m

'QI e 1 0;

xX
0
*

s O

£
. 24
*le 0
qxz . ’

»

The'coupiing ﬁatrix is

o . 1.
» . L a2 . ." -
f Cxx . 0 =
R"1 o 0
‘ 0. .o

3 - .
i

The:form'of'R8 1s block didgonal,

~
- s

A

Fig. 4.7 Equatorial config-

uratién. Optic axis lies in

‘the X-z plane, forming an angle

8 with the z axis.

* ,
V . 2 ' ’

Fig. 4.8 Intersection of 'the

. b

ind ex ellipsé%H of a uniaxial éu

drystal with the x=-z plade of

the device's coordinatq system.

ol

: the direction of ﬁropagition is

along z and the optic¢ axis along

2'. Since ‘the equatorfal/plane

18 circle : € = ¢

X 2"
)
ro C,
Q
€ . o
Xz
o (4.3.3)
" e - ' '
. zZ .
P “
0 .0
e ) (4.3.4)
B~exz7e)‘(x 1-8¢ /¢ ' .
* | . '
&y/Akx ~sqleexgi' . ) ..

permitting the existence of pure TE .

\

P
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e R wn
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- . \ ) * 9 0
f

. . and, modes. The upper-left block pergains to TE and the 1ower-right

by

, one jto T modes. Whereqs in the-poclar and longitydinal cases the trace of

~

: R fAs zero, in the equatorial case  : TrR =-2B8Re(e_)/e__. This nonzero
g g xz’ ' Txx .

trace of Rg results in tilded phase fronts of the bq&eé:wich respect’ to
. .the axis z {is}szote‘alsg that due to nonzero'R33} the characteristic

uatiéﬁ (2.3.21) is a fourth order one with all four coefficients nonzero.

}n other words, mode bidirectionality ceases to exist in the equatoriey

| o
et configuragion The transverse effective guide indices KTE and KTM are obta-

v

/ined by eliminating E s E and E , respectively, in the wave equation

/ (2.3.28b). It is of particular 1ntereqt to’ note.that 5§E--K§E, whereas
K, ==K

. , b °3

%uires an imaginary Exz

.

only when Re(exz)-o, that is, bidirectionalit?-of the TM wave re-
{26}. L

To find the polarization vectors one has to expand the cofactors of

- 1 . .
_'the first and third rows of the coefficient matrix in the wave equation

: . (2.3.28b). These are found to have the form
- \( ‘ @ [

Al =

. r ‘ . N
. TE 0 .. T “"(exz+ﬁn3,4)
P27 | ! P3,4" 0.2 . (4.3.5)
LO ' En-s - g
. and . . ' . v‘
. :B 3 : - R O -
. —~TE - ~T™ - 1o ;

L 9,270 13,47 [(Exd3,4%8) (4.3.8).

' ' ' 51’2 ‘ 0 . -

It is worthnoting that the TE modes, chatracterized by (4.3.5a) and

! (4.3.6a) are identical to those of the isotropic case,whereas the TM mo- *

\

. des diffg; due to the presence of the €z’ Recall also that'this terih re-

' sults-in a slanted wave propagatioh with respect to z axis.
.- . - :
come more ¢lear in the next section where the field distribution of sym- .

-

metric layered waveguides in the equatoﬁial configuration will be derived.

This will be-
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4.4, Symmetric _Layered Wave;pides L . /o

In the previous sections of this chapter the three

configurations pertaining ‘to the optic axis orientation’ in

- - . a
e .

one of the planes of the'dfvice's\toordinaté system}were
examined. This segtf?hjtreatslthe symmetric bogndary value
problem illustraféd in Fig;4.9 , Showing a 1a§ered waveguide_,\

of normaliZed width 22 that/consists of an anisotropic

14

core and idenCical seml- infinite cladding regions. An
analysis of the characteristic anq dispersion equations will
» N * » . N ~/ .
first be presented, fphlowgd by a discussion on cut-off and
s ' *

asymptotic (high frequency) behavior. -
N 4 ' .
\x - A & °
'll( ; ) N
cover:e .
- K ¢ '
film:e . ‘ .
' . Fig. 4.9 A symmetric -
. . . ] layered waveguide. The
24 ‘ ) C— - ¢
: ? 3 - width of film is 2{. The
' Xx,Y,z and ¥ are normalized
* quantities.
o éubatrate ;'E' ’

\

- Expressions aﬁe'pfesented also for the .internal and external

1

power flow.

(1) Char;cteristic and Dispersion equations

A . . B

The characteristic equation arises froﬁ the continuity

¥

-

A

Sttt

EpRnT

b WL

TR i Aot
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] ) . ‘
of thé transverse field compoments at the boundary. 'As

consequence of symmetry only one of the interfaces needs

&

[ -4
to be considered.

These wave impedances’p oyide the link between the trans- -

(1

verse electric and magnetic field distribution

- - - - -
‘no"ET(l ) z PO noé ET(2+) T} '
= on, B.(0) 3 , H_(4%).
Tiaany i) T g g+ °T
Ny H. ‘ . on, BH.(A%)
V4 (Acaol)\
. & :
film: € * ]y cover: € o
:: . 4.10 ‘Interface beween
I T T -‘ ' |
- iy — ilm and cover at x=2 . The
! . . . ,
4 | , wave impedances % and 2
1h . '
Ht pertain to the corresponding ‘
iy v e somemRiia
: —> X media shown.by the arrows. . ,/~
) > i
. - | - 1
Continuity of the transverse/field distribution at the inter- ’
] [
) i
face 18 assured by: . y
T e
¥ T T — ‘ \
1 on cniu A T C T 7% ) R %
T . .
I o
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, ' z
Multiplying both sideJ with the left inverse of 1| amd

E

'transférigg the remaining r.h.s. also to the left opé has

\ ' /

f ' - <. /‘o‘ <

z .
oe - N Ti ‘ ‘ , i %
y G A ) e |
‘ b | o .

. \—r’ a " - ) » — - -
where the boundary condition, stipulating that Hr(l*)-ﬁf(k )
has. been considered. Thus the b.c. requirgd that . X

Det| %}?-i] = Det(2z-2)=0 (4.4.3)

|

[

since.} is. nonsingular. ;;}s is the characteristic equation.ﬂ

Use of the notation

. . '~ ’ I .
L | f1r P12 - ‘ C (b.4.8)
=3 . ,. s
] ]
1 2
, ) ,
f‘\ N

cresults in the open form of (4.4.3)

.

>, “, =+

1175041935 1-3],33;) = O " (b 5),

(pet;tDet;)EE-(;il:52+¥

o
1

Before substitutihg the 2's of various cases, one has to examine

“ o~

the'natufe of the,transyerse‘effective gulide index k chara-
cteéizing the fiim.‘ This will be done by pbtain;ng the
'charébtéristic gﬁuation with anotperkmethod and comparing .
;t with the resuis{ng (L.&.S{.

" \Auotherrmethod to pb;ain the characteristic equation'is

~foqnd'by ﬁssuming symmetric or antisymmetric field distri- .

) . » .
butions in the f1lm and subsequently satisfying the b.c.'s

[
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at x=2. The wave reflection intr[duced by the -two inter- a

!

faces of the film result in the existence of forwyard waves - 4

tharacterized by ﬁ)K3 with coeffiiﬁﬁnts ILEY and backward

waves in the film - chdracterized by K,,K, with coefficients

‘

4 +.Coupling between the corresponding forward and back-

wérd modes is accounted byithe'eipression of ¢y and ca'in

®

terms of cland C3.' By choosing the_cz and cy coefficients

,

in (2.3.30) as cz'cl and c4'c3, pure symmetric modes résult,'
. |
- \

whereas b& choosing cyp==-c; énd ca=-c3, pure antiéymmet;ic.

Thus, substitiuting the appropridte cyoc, into. (2.3.30), the
symmefric modes are characterized by':.
3 | ®
= + ' X
Ny Ey c,cos Klf c3C08K, . . o ‘
and the antisymmetric by . ? ’ )\‘ .
! | | '
no Eyfclsinmlx*c3sin53x; i
|
'y ’ . {
where the coefficients ¢, of cogk,x have been renamed to be .

i 1 \
2ci and the .ones of sinKix to be -2ici (i=l;3). The

e

corresponding fleld expreusféns of these two distributions
Yo,

v

in the polar, longitudinal and equatorial ponfigurations are
shown in Tables 4.1-6. UYince in the external rggibn.(lx]azy
the fields must decay exponentially only &, and &, are oL,

nonzero and the corresponding effective transverse indices

are purely imaginary, 1.e., ?l 5'-jdl 3. dohsidering pblar'
- . b} ] L'
coﬁfiguratidn, continuity of the'field components of the ,
: SR

t
<

e
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o g5
n_kﬁ (x) j‘ﬁg ‘ (¢.h,c sink X+K h.c sink x)
o 'x Exx 1171 1 3373 3
n;iE (*) c.CcosK, X+C COSK X
oy 1 1 3 3 : \
n-*E (x)!| h,c,cosk,x +h,Cc.cosK X
oz 171771 373 3
niH (x’ K-B(C'COSK'X+C COSK . X) ‘
) . ox 175717 73 3 -
< ‘ : ' ‘
. Tnoay(x){ eja(thlclsinlem3h3cssinK3x) ‘ oo S
) n&H (x) | =jlk,c sink, x+¢ c. sink x) i : )
TNo''e il A Rt T b e Il ¢ 1
. nee 0 | 125 B (o 2 expl=a (| x| -2) ]+, & exp[~a ([xl'-l')']}‘
o Bx | il € M qh3Cqexpl-og(jx)
n;&Ey(x) ‘Elexpfﬁxl(lx{¥1);+63exp[—a3(ix!-%)]
‘ ngéEztg) fﬁlélexp[—al({§[~I)J+ﬁ363expp—a3klx[-2)]}
- - "o ! ,o. - . ' J.F"\u‘:‘\.\
ndi G | +B{8 expl, (Fxl -0 1+ sempl-t (1|01}
- o r .
-ﬂzﬁy gx) -jl-%[ _ -ﬁ{alﬁlelexp [-al([ x| =) ]ra31“1353exb[-a3(1 x|-2)1}
ﬁgﬂz(x) ’-%fa {aielexp[-ql({xy-i)]+a383exp[-q3(|x{—k)]}

Table 4.1 -Symmeétric field distribution in the polar éonfiguratéen.

The upper part of the table pertains to the film and the "lower to the

,r—~\\h;éxternal regions.
2

¢ " of opposite parity.

Note that E,, E , H and E , H , H belong to groups
y' 2’ x cx? Ty e

S e ar 2 20 b s M g bl ERe M e ¢
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9%

_& . 8 . ° o
Ny Ex(x)4 ~j = c (thlclcosuc x+h3|<3c3cos;<3x)
n-iE (x)| c,sink x+c sink. x a
oYy 1 1 3 3 o U 4
: r'\Ti‘E (x) ' h,c sink gc+h c sifK X ‘ ~
oz 1717157737373 S ’ o '
12, o
Ny Hx(x) _-B(clsinle+,c:3s nlc'3x) /
; ~
/ ”
3 , S .
noﬁy(x) _ ja(thlclc05K1x+h3k:3escos)(3x I
. * ‘h ' .
P ‘
o Hz(x) j(K c cosnlx«cSchosn x) //

n b

n;’éE*(x'). | ‘S‘; {a hlcle_xp[-a (| x| Q) ]+G3h3c3exp[ -a ([x[—l)]}

T\; Ey4(£) %‘{‘c‘le?cp[—alfl:xl—z)]+E3exp[-a3([x[—EZ]}'

' n; Ez(x) T—[{h 2 exp.[_-dl([;cl-l)]+t‘;363exp['-a3(]xl—2-)]}

-

n H_(x) _~B.-’[(-;|{_ElEXPF—O£1qX| '—8’)?+“<‘E3exp[-§'3(|x'| -1}

-

\ . . 3

3

~nGH, (x) ja{a g expl-a, (fx x| -0 10,6 exp[—a (|x]—z)]}

111 333

L2
hY

| N, (®) —anlélegp[ﬂul(Lxl;2)]fa3€3§xp[;a3(]x|~2%]%

®

Table 4.2 Aht-isy‘mmetric_: field distribution in the polar’ config‘uratipﬁ.

The ‘upper- part of’ the table pertains to the film and the lower to the

-

external regions. Note that Ey »E H and E H H belong to groups of

-

opposi,te parity.
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‘ v
N 97
n'ﬁE (%)’ li(sz -1)g.c.cosk x+(b|<’2 ~-1) ] cosk.x] » )
Mo *x B0y THBY O COSK RHADK, mLIg4cgc08K, .
. R vt
'ngiEy(x) qlcosKix+c3cosK3x ,
n;&Ez(x) 4jb(KiglclsiﬁK1x+g3g3c3éinK;xL' . ,
| niﬂ (x) -B(c,cosK_x+c_ coBK. X)
0 X . 1 m 3773 {
3 2 ) ) |
-ﬂoﬂy(x) glclc?5K1X+§3c3;psK3x
i b
-“gﬂ,z(")' -3k y e sink xax s einkx)
13 ool - L {Ea2e1)a. @ exp - ('ixl-‘z)]ﬂ5a2+133 2.expl-a, (| x]-2)1}
o Tx U TR AT B E SRR ITe MR mRAROAg LIS Cyexp L,
, n;éEy(i‘!) GIexp [--ai(l‘?‘l -2) ]+’E3e'x? [.-a}s(l;c[ -]
: NS .
'anE,(x) ~1b 11 ¢ B0 8pexe (o ([l st d+g 058 om0y ([ -0 T}
.n:fﬂx’(ic) -8 alexp'[—al([ x| 79,)‘]+a3éx§[-a-3(1-x| -1 ‘a
:;_QH‘(X] 8. c.expl ({ [-2) 148 & expl-a. (! '-z)i
o B, (x} & l-xp -, (= ' By exp (-0, (rx|
nZHz(x) ' -jT’:-;I {ai‘cti'exp[-al.(lxi ;D]ﬂ3358§p[f03(|xi-2)']}

- tion. The upper part of the table pertains to the film and the lower .t:o_'

°

L
\

Table 4.3 Symmetric field distribution in the longitudinal configuré;

the external régions. Note\that Ex; Ey; Hx and Hy belong to the same

»

parity group;'wheréés Ez and Hz to a group of opposite parity.
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s et ) W i

[ . /
A -
. ~ N
T Xﬁ | 2,
A} . o ) '\N
98
3 10, 2 2 ]
2 E {x) 8 [_(b-'cl, 1)g1clsin:51x+(b»<3 - 1)33c3sim<3x] ' +
n_iE“ (x) | c sink, x+c, sink, x : : ' ”
o'y "1 1773 3 ot
nnéE (x) jb(g COSK , X+g . K CosK ,X) - \
oz ¢ 1 15086 X838 3C3008K 4] |
niH' (x) |-~-B(c.sink ;:+'c -;inK x)‘ ; T ' " - '
o'x ) 1 17 73 3 Y . .
-nEH (x) | gic sinK 1X8 ¢, sink 3%
oy 171 373 .
iﬂ : o ‘ L \ o X o
Ny z(x) jGchlgosrlxm3c3cosr3x) . ,
1t (o |- L& (Gateng e expls <lxl¥'a>]+<€af+15§ & expl-a, (| x| -2))
o “x! B [%] Y17/ 815 1 3778373 3
n"]"E (x) x {é‘exl;[-a ([ x]-2) 1+8,exp[-a (| x| <2) 1}
o [x] 'F1 1. SRl 3 » 2
niiE‘ (x)‘ -j'gfi a, ¢ exp[-—a (.le-ﬂ,‘)]+§ a.,2.exp [-a .‘(Ix[—JL)]'}
oz 1516199 3%3%3 3t - -
: . : L «
niH (x) |-8% 12 exp[—o: (tx|-2) 1+e expl-a, (| x|-2)1}" '
' e S| A R ’
—niH‘;(.x) o {g E‘ex;;[-a ([xl;z)]+§‘6‘exp[—a (]xl-;?,)]} ’
oty fx] 8151 1R ITESS 3 .
'nén (x) |-3{a 8 exp[.—‘an (x| -2y1+a 8 expl-a, (|x|-2) 1} | \ ~
o z _ "171 1 S 3T3 3 /\ { ’
Table 4.4 Antisymetric field distribution in the longitudinal configu-
ration. The upper part of the table per,tains to the film and the lower
to the external regions. Note that Ex, Ey’ H Hy and E ‘, Hz belong to
" groups of opposite parity.
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niH \ N jK‘ c simc X, > .
0 2z 1 - k
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-i \ b - . 4 o.\‘j
N, E, e exp[-a (Ix]-2)1
- ¥ , ' 5-
,ng / -p& 'exp[-a (]x] -2)1 .
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X A
noH, —jl—;[ alclexp[—al(]x| -2)] )
. e .
» -i Qy} [
no !;:y w1 1sim<1x .
~
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”on A Bclsim(lx . .
3
non jK c coslcl e y )
-3 . . , :
Toly | Gembe (-l »
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Table 4.5 Fiel@ giist:ribﬁt;oi:af TE modes in the equato.'rial configuration,

« ’ v »
The upper-part of the Eable pertal

antisymmetric modes,
symmetric slab waveguide, given “in TablZ 3.1.
SRS

“: .

¢

to symmet¥ic modes and the lower to
% , £ ’
The TE -modes ofN\an anisotropic symmetric layered

- R .
waveguide are identical to the®™correspdnding modes -of the isotropic
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. coefficientymaﬁrix musf vanish, i.@tz.

symmeéric field -distribution at Che'boundafy results'in
3

clcosKll*cacosxal’cl+c3 ‘.

-jch sinKR-jK3c3sinK§-jqf -ja3c3
1 1cosle+h3 3cosK3x"h1c1+h3c3
. . ‘ | ; ‘ S,
X : ’ L4 - a -~ -~ -~ o
FjathlclsinKll:jaK3h3c331nK31='??hﬁfcl j323a3c3 (4:4.6)
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These four equations can be written in'matrix form. In

—~

arder to have a nontrivial solution the deferminant of the
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X Returning now to the wave impedance formulation, referring~.

[
[

. to Fig 4 8, ‘the backward wave impedance z of the gufﬂe, 1n .
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and the forvward ;'of the simi~-infinite medium, by
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where qhe primed- Kk s account for the effect of:tée.defihite’ o _~ ‘ v.
E . hickness 6f the film [21] Substituting z and zginto the

generalized characteristic equarion (4. 4 5): and arranging the

terms in a similar form with (4,4.8), the following equation

results _ Jf' L '. L T .
e \ » r ‘
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. Equations(4 4.8) ‘'and (4 4.11) "express the ‘characteristic . . o
* . o v L .
. ‘ equation of a symmetric layered waveguide in the polar . - R :
i . ' configdration. Since they have ‘to be identical . i
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N symmetric form, in either polar or lomgitudinal configurétion.

' .
The corresponding expression of Kiﬂfor antisymmetric field

. distribution in the film 1is
< e . - o ] R .
' K'ah ; R . 1 . 4.4
1 Kigpt(nil) : i=1,3 . (4.4.13)
. Taking now into consideration the 'primed' €' s in_
(4.4.7), the characteristic equation of a layered waveguide,
- where all three media are of polar configuration (PPP), is
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. where the left partition refers to the film and the right
bng‘to.the.external region. 'Tﬁe,coiresponding equation foﬁ
the longitudinal case (LLL), is .
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i e , 3 4 ey “Jaj T
Det : A =0 (4.4u15)
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g It.is understood that the characteristic equation of mixed
cases can be written from’the-comgqsitibﬂ of the correspondi- -
v . ‘ ) . . . * R . .
ing paé%itions of (4.4.14) and (4.4.15). It is worthnoting
. + that the primes refer to the Ky shown in the matrix forms -
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can be written.

. the corresponding L(P) case, one has merely to perform
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and ‘not to the ones of the h; and gi\parametera.' Recalling"

.(4.4.11), the expanded form of'a.characteristic equetiom

‘
e

AKK'3-fBK-jCK'3+D = 0 ! L (4.4.16)

B
1

" . Lo
where A, B, C and D are functions of material parameters. -
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The characteristic equationé and .the corresponding 3hve

AY

impedances o§~the fdur‘cases PP?, LPL, PLP:and LiL are shown

.

in Tables 4.J-i0.' Note the symmetry of the expan&edvforme

of the characteristic equatione. To get from a P(L) case

’

andl 91 for the intetnal distribution;

the changes a+=+b and‘hi

|
e,of 3 «+b. and h Rad 81 for the corresponding external:one.
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The .transverse effective guide:indices‘K R obtained in

’!
(4.1.5) and (’4.2;5)\ Aare given by
2 2. % - T
9,3 (Rsa 43" )*“Rsa 43" 21) Pealyy | Ry )T (haad
for the polar case and
%% = (R.R )[(R )+4|R Izlz']é f o 418"
1,3 34R43*R 34 z.3 Rt 43" ‘ {4.4.18)
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for the longitudinal, The corresponding G;s are obtained

from the same formulae By replacing ki with‘-jaixﬁle

and Ryy by ﬁij., Substituting Ryy, from (4.1.4) and (4.2.4),

' equations (4.4.17) and (4.4.18) take the form
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27%’3 plLE U (.l+e?%{en)#{[ew—ezg+e (Ezz/en‘l)] +
‘ + 4le 2(1-8% le, )}&
J
y - o ) :
s | v n (4.4,19)
[ /e —B (1+e /s )i{[e -<__+|e lz/e + '
Tz vy ey e
2,2 % '
+ 8* (1—;zz/eu)] we, le P1el, } - a0

in the loﬁgitudinal configuration’ In both cases K, is de-

§ B T o

" pendent'on £he square of the effective guide index ﬁ By

[

setting €44=E (i=x, y,z) and eij 0 (i, j=x,y,z,i#j), these

equations reduce ‘to (3 1 4) and (3.1. 5) of the isotropic

/
Ve

case.. ' T ) “ e
The dispersion equation is obtained by substitution of

the appropriate éxpressibn of Kz from (4 4, 17) of (4 4 18)

into the characteristic equation (4 4 16) » The resulting

equation relates the square of the effective guide index B’

’

to the (normalized) widtg/}l//that ie; the frequemcy, sinceww

= k.L where 2L $s the actual width " The expression isl

¢

rather complicat d, not as simple as. the. correaponding
il .

%

(3.1.11) of the isotropic case. The apprppriate vaiuee‘of

82 corresponding to propagating modes 1in a symmetric.layered

:waveguide oﬁxspecific width 28, are obtained'numericaliy;

3
by the use of«computer,

H
-

(2) Cutaff Condition -and Asxmptotic Behaviour

The propagating modes are characterized by at least:

P .

A
e

e



'one'real;transverse guide‘index in the fdlm and purely,

»

imaginary ‘transverse indftes-in the sémi;infinite media.

Due to phase matching, the longituﬁinal guide” index B 1s

common to all three regions. Recalling from the corres-—

’

ponding isotropic c&se\that a film in order to ghide'haves -

. \ X
. ‘'must be .optically more dense than the external—region, the -

[ENTa e

values of B8 pertainggg_to guided ‘waves must be mestricted

e ® . ‘
t0'lie between n %Fj/and n (m), where n__.-is -a re-
min ) min < -

fractive index- characterizing the cladding and determining

-,

the cutoff condition, whereas nm;x is a refractivé'index-k

'characterizing the core region, attained asymptotically as‘

"the Erequency grows beyond.all bounds.

¢ ~
.

Cutoff is reached when al b; 3vbecomes zero. To.fiﬁd“

this condition in ‘the polar configuration, ‘one. hae to set-

(4.4.19) to zero (Ka—ja) and‘obtain.the solutionshof B. -
, T o ” ~ :
These are ' . . co ' Lo E

. B2=E “and . BZ-A /e “ B (4. 4 21)

‘A LA 5 = Baﬁ‘ 3 #————'-
1f aE'.yy>.€xx the'\n 3 0 at 3 while '_ Howe.ver,

if e <e then ¢ =0 at g-g while<1=¢§, -£
é -A -~ . LI
Conversely, 1f . zz(l eyy/em)>[€yzl (.l+€zz/€xx)/€zz _then

’

‘
3 -

a

ST 0 at'B"B ‘whil& v e R s
- tﬂ/é’ g (=€ /€ )+l:€ [Tz, J >-/é'-\ w:hér o it
1 Y xx” "yz zz'"xx zz .0 o eae o
J ~
| SR 4 » .

e
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' e y<le [ 2cee JE -3 /E cher o e
a1y e 01E I Bave se ) /€, ehen g d0 a8 =gy .
. TN . .

. and -

. - ’ — > i
S =+1\/§ LE e ey T e e,

, where the plus-

. minus:qign is to a§sh;e.pgsitive feal aﬁ? negative 1maginary
:"parts,'reépecfivelfl TR .
. In high frequencies, tﬁe effective guide indides B of .o b
' the film approach asymptoticalb'the corresponding B or‘Bb
"y ﬁefined accordingly with uncagettéd qijs, wherhés the trans-
o - ."'- . N ' .
‘verse guide indicespml 3 are \found from théfcorrésponding
' v 3 L. -
. oL ‘l 3by changing -ja t?'xi and eij éij' Note that the two
< : ﬂcutoff conditions coalesce when Ba's Bb,'i.e.,.whep ; ' o,
n . N .db : Lo ‘ 2 X :‘5‘. '." “‘.
L LR | T el

» 3

Yone

,w‘ In ‘the 1ongitudinal case, the cﬁtoff cond{tionézare ob~-

tained by setting (4 4, 20) to zero (2 = -Jd) The resulting

2

;ﬂ$olutfons ?f B satisfy.R21R34 ]R l ?ie.,» . ﬁ
- , . Co . . ] 2
o 2 = & ' 2\, - L ) !
. = 4 . + . : . . <A, [
'.Bc,d i{ex‘x»feyy {(Exx yy) +4ie y{ :} e ] ’(4' 4,23) ;
‘where 'the plus (minus) réfersZQO c(d). " By defining . = i
. . _ | B | | |
T 2 - ‘v' l . Yo . " ' co B \

B, {;‘x*.(e.yfe . Ie }/(exx*'e v o (4.6.26) 7
* < R . »' . s ) 2 R ) . :

- . . Al / R i
o _ . .\ 5
. N My N % . . ﬁ
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D 1z /7 5
- w{v ﬂ Y é
if 82 < B then a, = O at 62 = B while - ‘ 1
,d 3 , : ,d 3
' ;
: . ‘ : ) ~e~ g
2 ’ 2 - : " e ¥
=t - - 1. .
’ Ve e -le | B (148, 18, OB 4 ¢ However, if 7 ;
2 2 _ 2 _.,2 s . :
Bc,d > Bo,’_Jthen al | 0 at B Bc,d while .
o a.aV(1+e. /e )RE (e +€:’-|§ ‘1?76 ), where the :,si;n 1s .
3 2z xXx " ¢,d yYy - 2z Xy, X% > 0 .
to assure positive real and negative igxaginary 'partgri*i‘é/spec- ‘ -
tively. The corresponding high frequet.\cy adymptétid’ be’hav'io(x_fr. . :
[ ) f . * - ° ) :
is obtained by changing the gij to eij and jai to K, . f |
To illustrate these situations the following example is i
. chosen. Consider a symmetric 1ayered waveg%de in the polaTt : t
B . i
configu‘r‘gtion characterized by:
T . . #
2.60 0. . 0. L0s '
= y é ' N -
€ =10, 2,64 0,001 and € = 0.01f"
‘ 0. . 0.001 2.62 1.90
3 ) (4.4.25)
) \ . >0 .. T g
Since ’Exy <"é j(, a1.='0 at B 8‘68.’5 1.4 while ;(13'- 0.2, . Noting . ]
R T A -
that € (1-eyy/exx) = 0.0388 and le el (1,+ezy(exx)7ezz~= 0.0001, . - i
h‘é alternate guide indices are al = j0.19{2f2<)and" o, = 0 at . - ¥ ;
. B = Bb.-»'l.3856.. Similarly in high frequg'ncies, since S _ ;
3 " ‘ '\ °. ¢ v B oo P A . &
€yy > Exi’ 10' 0.2, K4 ajo at B =8, %,.6125 and since, ) 1
' 2, -7 a
zz(1-s:yy/ o) =-0.0403 aud | yzl (I*€  le  )fe,, = 8x107 "z

R i 3 o _
. b L T S .
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Kq =0 ande3 = jO.Dgﬁé at B ?Bg = 1.6248, This example is

-

= 82 diagram in Fig.4.11

2 A K¥pKg P inaginer g
b(e)a? 64 > )
K3(Klr ¢ ‘imaginary (real)
< 2 A
. a(e)=2 60 °
7 %o . :
Sy . , .
. . —_— .
s B TL ~ K‘l,K3,0.l,a3 ¢ real
4
Y, - ) \
B (e)=1.96 o, (a,) : imagingry (real)
) - o 13 . - » )
Bb (€)=1.92 I~ Otl°t3 . imagipary‘ : °

L

r . Fig.4.11 Crquf conditionsrand“high frequengy confinement

1 . i
‘0of a PPP symmetric layered wgveguide, characterized by the

‘e

- - e -
€ and € given 1in (4.4.25).

;

. N

-Po%er Flow

9f interest is th? fract
P

‘the core a%S in the cladding.

»

&«
tx direction is also needed-

(3 . 0

4 .

gggal z-directed power flow in
A criterion for ‘zero paweTr-

" flow density in thq.

P N -

_Ihe power propag!tipg {n the #x direction, is characteér~’

.f%ed by’ the power flow density S » where

-

% . (4.4.26)

s/iRe{ *z S >*x- g ) (b e

. *
2 X I &

. ¥

tn the external region dis’
¢

[

'BaSi—bug into consideration that; S,
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0
] L . ’
4 » i °
. s v “ « 1
’ o1 { \
r7!’. ] ' ! '\“
. o 2 T . ~
‘@:1 . N . .
N * ‘
= 3 an *
| . s e
’ 1

, "into (5.ii13) yields
ca e -~ ’ ‘ 7 " N L ) . L
T - 8 =Ji m{a (.1+,a|h [ ]c ]?exp[-ml(:lxl-ﬂ-)] + o o
W e (l+a[h |2 | | Pexef-2ay(Uxl-01f, T laan;
- o ) , . e “‘I‘. ° .
','t’ .. e whergaé;in the IoﬁgipudingiA/from‘Téble'4,3 or 4.4
. . = RS . , T . . o, , "
. . Iﬁ" ‘ ‘ . , -, . l. .“‘ e » . ,'

. st {eassly, 12 >|§1l o« 2y <|xi-m+_ L
e LTI >|c| exe (-2 S (Jxl- m} CL ey

* The fgcc'thgé bofhféﬁpréssions‘Pf,S',gﬁe;fmagfnary,wheh o

-

1

-
»

r ’ “. \kf-aﬂd a3 are ‘both teal proves thac power:’ prOpagates along the = ¢, |

K . 1,/—4 . . )
, ~+ z.direction only, that is, the field distributiou corresponds

(. .
. _"}, :}to"a probégating mode. °In-ghe evgntthat‘al and/or o, is . ', _

. . t oL
\ . K
) - .

. '; ) imagin;;y,'one can‘no longer §peak of ene:gy confin;mént, .
T | leakage occurs in the lateral direc}ion, the Vaveguide dogf
' e , "‘npg'supé;r l pvopagating gode.’f{ ’{ L‘ ~a(. . :J% -
} j _ R Thg fidigecteé power ;Low per uﬁit width in the .y- direc-

’ ’ . ' R :.v"\'

g "‘ >' o tion; is ‘given by:” : o o : L ~./ (\ ‘;

Co e D ’1_ “4q RV

IR R f {of syaitay* - o e, (g B bax o (a29)
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1 ‘"; , . X sin(r ~c* )2 sin(ey’ + K*)q
- BRezchBJ o K—1r +

L B )2
N Ic l
.f:g M ,Cll_:l ]:.‘&

+ In the symmetric BPP case, for example, P ‘assumés the form’ |

’

.
'

iBQIC‘;I 2la

. 8 \
. ‘ ' sin2K32- ’ sin2K3£'
- o . ( 1.4 \
* 5821 3| ze 3! ’ ! l TR + (M5 ,E
*<¥x 3 3"
P C ' . . ]h .i o 2' |
. EE:Re‘ * T H(K'l"’.(':; ): ) sin(k 1%€; )-' :
T S 1" 5 ‘1% k- kT Ky * Kgh o

‘1. 3

+

1 f3n 1

- <yt

~2

a

€
xX

"‘ s ' ) k v ¥ *
.- w - f 2 o : .
"y B ’ 4 22y -
+ i'—'—' -} ) M -
. . ‘as l 31 . B &
- ) ’ ] ‘, : ‘
3 v « ' ¢ ~

28"

+ —a-:-&' RE(C C3 )(1 "E_—U»l D , (A (4."6.30)

173 YxX
- . e ’ . ‘ "‘ 1

- ¥

- A o . N
. 9 . . “

the last 3 to power £low in .the externayvregioi. Note that

= 0 and. considering that

ﬁakiqg_?é = C, f hi = q3 =.hl !Uh3

-

at the 3qund§r§: '61'= c}cosgl&, (4.4,30) becdye;riden;;pgl

-

o T e oo N\ - ‘ < : ‘
to (3.1.17) of the corJeséonding’isatropic cade,« The form
'a' . Ty - ‘ ’ ' ’ B . ' '
of ch {r the rest of the cases, is given in Appendix

“ .
. . ' Yo |
' . S ’ T

-,

2' .. | 2 ..Il' -: Sin2K12 . (l*SiTIZKl!;) L
1 ‘ .ZKIQ: 'l ZKiR D G

\

’2‘ ~ l2 o) ,' o . a .,'v

LY &N

- where the first 4 terms pertain to‘péwer flow 1in the £ilm ‘&nd

~

-

vam el b,
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.

?n'all.cases, koP‘ia real provided ai and Oq are both real.

A ' . \. ' . M ' ‘ ’
Noté that some .of the terms in the axial power flow expres-
. . ‘ A

‘sions are imaginarf.“Closér investigation reveals that 1in a.

-

. 1lossiéss aneguide in poiar.or longitudinal configuration the

axial power flow ia‘real‘and the imaginary terms vanish. .

This,can be shown either - from' the principle of“enErgy-conaer—

-

vation or from a detailed evaluation of.c3 in terma of cy-
BN : .

-

In this section the forms of the effective'tranavetsen
guide indices of layered media were gi%en‘and the character-
D adi TR - N A .

.
»

istic equations of waveguides'compriaed ot a film and iden-

v

tical semieinfinite‘regions,;supporting'symmetric— o

¥

antisymmetric field distributions in the polar- and longitu—

4

dinal cohﬁigurations, were derived .The cutoff conditions

and higﬁ freqqgndy confinements wvere  derived and depiq&ed in

iigwthe B -2 diagram;;}Finally, it was shown that the modes being-

"supported by such media, are propagating modes along the axial

«

z-direction. /" S N

)

- : »
4.5 kptical Transmission Characteristics of Liquid- -Cx - d‘
"Twist-Cells o ’

. Liquid—crystal‘twist-cells are structures made of a
“ uniaxial anigsotropic.liquid crystal layered be tween ftwo .

parallel conducting ttansparent~electrodes. At equilibrium,

; wthe 1iquid crystal molecules 1lie parallel<to»the~eiectrode

~

surfaces and the ones adjacent to the two surfaces .are normal

_to each other [27] Upon the ppplication of an electric
3
field normal to the surfaces, ‘the molecules away from them

S T o

o

.

v
¢

A i et A b o1
"

'~;w1;mmmu<dn~w,‘¢muw\.~ . ke
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. Ve T v ¥ o .
AN tend to ‘realign with 'the field: The crystal's molecular
. drientatitfxis described by the twist angle §, which in the -
v : . - . i .
(a) S (b)
- Figs4.1 Molecular orienta-
- : 1 » . . . :
T a0 - tion in a liquid-crystal
: - twist-cell: (a) at equildb-
Dy . \ .
‘ . ‘rium _ and (b) with an applied
{ . . .
s _ field in the 'transverse direc-
CD 6= 45 .
' tion x., Twist angle § refers
: | : to the .rotation of the mole-
cule the .y-z plane whereas
0 6§=90% o 5 tilt angle to.its spatial
.@' - K

"rotation with respect to y-z.

-

,- equilibridim state varies liﬁearly with x from.Oo to 90o and

' <
" the tilt angle .o, which depends on the strength of the field.

Considering light propagation confined along.the trans-.

verse direction x, the effective guide indicesB and vy take

zero values.. The (relétive) permittivity tensor along the

molecular coordinate system is : 0

2 1
) A .
T = 0 ¢ ' 0
P 1 o .
) ' 0 0 € 4.5.1
i N ' 2| € . 1)

' o . "and the coordinate rotation matrix A, corfesponding to

[ S e

.
b M F e rranat e ¥ 8L

foon,

AR N B T e e

rgﬁz
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R J U A, b e — —t, A _._
- . "8 =a, ¢ +37/2 =38 and ¥ = O, .
“ o " . . o ' . ' (/ ‘ ‘ ‘ ’
H a . >. B ‘ ) ]
. ! R .
v v . 1 - o \
‘fsind ~cosacosl sincecosd
v A = ,cpsa‘-' cosasind. '-sinasind
0 " . sing .. ‘cosg ¢ (4.5.2)
rd \ :
‘The resulting rotated ey 18
e 2 2 2. 2 2 - . , .
. , %cosucosdf%fl-gosacos§) ‘(q-qgcosasinécésé- (%f%gsinacosac036,
= ‘ 22 - 2. 2 .
E= &‘icqsqsin&—ez( l~cosasind) ( €1-€2> sinacosasing
' o . ) - :-‘ : y S 2
v : Symi . ' © - gsina4€cosa - j
9' (4.5‘0 3)_
*bﬂﬁpling,of the transverse fieldtcompg%ents due to‘the off~
-t ' e L to
' diégongl;elements of € 13 expressed by .
. - . B .
) Lt i \ W
| 4T —1RE () . (4.5.4)
o |
y ‘ ’ i
R . where the coupling matrix R is k
-0 1 g o] ° ,
. . - ? . B . ,
; Azzfexx 0- _Ayz/exx . 0 A '
R =° ' c. £
' 0 0 0 - 1 ;
\ | ﬂL_'Ayz/exx 0 .Ayy/exx 0_ (4.5.5) .
& ' . R ’ LS
’ 1 i !‘* ) ' .‘ A
» ‘ L)
v ‘ - ' . ! { .

v wlEnEe - o

ey e
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" (4.5.8) into (4.5.4), the following differentfal‘equation

y

3 - ’ ' N A

"The torresponding characteriptic equation is quadraEip in

KZ and its roots give:the effective ‘guide indices Ko viz.,
L T, - ; ,

.
. . . .\

“kZ, 2 {A + A V(A - A )2 + a'AZ:}/ze ) (4.5.6)
Yy zz yy zz yZz XX :

- o . f ]

whe re subscrip;s 1'and 3 pertain to the upper and lower sign

fespgc;ively. Finally, the form of the dodgl matrix is

B 1 1 1 '
\ €1 1 3 .7 3
U = .
. { o
A A A3 A3
LKLAI' -s’<1A1 Kahg oo -K3A3J . (4.5.:1)
. ) ? (
whe{e‘Al’3 =-(Azz i SxxK3,3)/Ayz' . v
Note that the liquid crysfal is a nonuniform medium, P -
in which £ (and therefore Ki,U) is a ﬁunctioﬁ:bf x, -The
field vectoi‘g(x) can be wfittenuas a linear combina;ion’éf.
.the eigenVectors Ei(x). Hence, .
. e .
C - - ‘ . AN
g(x) = U(x)a(x) B o (w58

I

where ;(x) is a proper.coefficient-vector. Substituting

for a obtains

R T R

‘
. :

) - .

B R, L AR %
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“than successive back substitution shows that

N 124
a = -j(U'l-R?u-jﬁ'l,ﬁ)Z,' g (4.5.9)

‘where the dot abbréviatés ﬁifferent;ation with respeét to X,

A seecond tramsformation via a diagonal matrix A(x) is

s . ) L -

introduced o b . o )
2(x)..= A(X)T(x). " . . (4.5.10)
' . - ‘ . ' I . A .
3 : ‘ *

where ‘.the elements of the diaéon;l matrix are defined to
: S . ‘ ‘ S5

)

A

' B} e
v . - .

T

:ﬁéfiue now T(x), the transfer matrix of clx)g.

] . . : ‘ - " N - T

'itiz(x)‘;ZT(xfg(O); '(f S :‘ ; : "v(4.5;12)

) f = . .
. . "’ . 1
. .

g (L) = u<z)-A4z;T(£5u’¥§é)§(o),f S (6.5a13)
“ . K v !‘ c ‘ 3 . Lk

-

where;the only unknown matrix ﬁ fT(l). The t}ansferlmaﬁrix

‘can be found either ndmerfcalfyxor by use ‘of the modal me thod.

) -

The numerical solution of T [28] 18 obtained from the

.

solution of a differential equation of c(x) The 1atter,

.

R 4

substituting (4.5.10) into (4 5 9), ig: found to have the form

- , ’ . .
< ‘ 4

. x . ' - R -
11 = explog Jorr oards 1= 1to 4, '(4.5021)

i
9
}i.
.
3
3
i
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-iﬁﬁividual sublayer, matrices.

.ecrystal twist-cell was outlined amd"tﬁe-cqrresﬁonding form-

alism, édaptédffrom‘the one derived earlief,‘ﬁas }resented.’

ﬁtranéfer'propérnies of the field cOefficienté dre chhracher;-

_coefficienfé c(x) or fiom the subdivision’of the nonuniform

123
 4.5.14)

After solving this foS c(k), the form of T(liﬁis deduced

from equation (4.5.12) for a known excitation O

]

Another way to findst, is to subdivide the crystal cell

.in a nubber of N sublaygrs, where each one is aseumed to bé

uniform, The géneral expression of E(Q) then follows from
P & / . . A

(3.3.3), where the overall tramsfer impedance matrix results

'
V.

from the‘prbdﬁct of the corresponding Gi(x = %) to each

o

Summa}izing,'field‘analysishofhihe nonuniform liquid-"'

G

.

.It~gas'seé{that in a nonuﬁiform'mediﬂm, the discrete brppaga—

. tion factor matrix Kg i1s replatced by A of (4.5.1;); and the '

.

ized by a matrix T which 'is not directly related: to A of U.

b4 T

Finally, it was shown that the transmission characteristics

in a nonuniform medium can be obtained either from the rdumeri-

-

‘o

medium ‘in a sufficient number of sub-layers and subseq&ent

-

application of the field analysia pPresented earlier for

uniform.me@ia. N - P .

a

'

‘cal'solution of a differentiai quation-satisfied by the field,‘a

L2 et strhiotnsd
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4.6 Reflectidn Matrix at an Intetface of a~Biaxial'Cri§tal
.and Determination 6f its Complex'Dielectric Tensor

" ‘The'reﬁlection matrix [ was introdnced inlthegstﬁdn of

electric field/reflection at an interface .of a~mnltiiayered

:

crystal'strucéﬁréﬁ In this section., refiéction of light

waves impingfng normally at the interface of a bulk biaxial
£

~
'

crystal will be studied and the general expression of T matrfx
. i ‘
will be derjved with respect to the complex permittivity

Y

parameters.r'

Consider an interface of a biaxial. crystar iying on the’

Thefpermittivity tensor

2

is assumed to be in 1its most general form:

y-z plane, as shown in Fig 4. 13

of the crysta

- |
-~ ‘ -
€xx exy €x2 - .
- € ! €
€ = | yx 144 ye /
€ 2% . €2y . “22] T S ) o (h4.631)

ﬁormel incidence-of‘light waves on the fyz.interface, will

- . 1

‘excite waves in- the crystals whose wavefront is parallel to

' Thus the wave, equation (2 3 30b) reduces to:

: d )

the interface. In-other words, 3y =57 = 0 and B = Y ;bL

9 . 5

f anigbtropic Fig, 4/13 Coordinate orientation
' tlT'“mdi“h‘s- ' of the interface between the crys—
> ’;‘ tal and the surrounding air. Light
- a4 Y waves. impinge normally from the
| —E ‘ alr : € 3
] © . alr on the interface,
“ .E'r - 1 ! -
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- lgﬁg\.\, g :
o~ — . V-.. . —_ - ) R

Xy ., Eacy “xz Ex e

2 9 ‘ .

€ E_--K £ E = 0,
V¥ Yy , yz y ) d
. 2 h . * R . -
_sz‘ ezy’ €2z KJ _E{: . . (4.6.2)
\ Y ‘.‘ 'b ‘.. . ‘ .
" To find the form of\thleffec;ivexguiqé indices Kya oné\bas

’

first to write the ‘coupling matrix Rg’. wh.li'ch’recalli:ng‘_,

(2.3.17) with-B =0, is

— N : .".1-

.ZZ

[N

' n;,’ ’ -:Ayz ’ o Tyy . -

L e . ') ) v ' .' Y . .
N : . T . fa ‘. -
‘*a_‘r.ld then ‘8ubstitute the corresponding entries of Rgf into the
characteristic equation (2.3,21).° Hence
. AN . ) ! L4 w

» ’ . -

",Cl‘-+ bflsz +d=0" . - T S ' (4.6.4a)

: R REE , . )
. b = e — (A' +'A' ) < . . .o ‘
£ : zz’ - : v o s X
A ' . ’
. .
1 - P . . . ..?' ot
“er o 2 ?’

(.' ‘n~ l' ',l 2‘ - ; _ o, -
| A - “‘Ayz] ) - N o .ga.e.?b)

62 Yy zz T . . )
) . n ‘. _-. - % e . N
. ) _ o ) . . L
\n . ' - . . ‘ . B ',- ) "'., *
The quartic form of the characteristie equétion (4."6;4a)
assures wave bidirectionality, with K]:-"3 the -guide indices
LT . ) ' o . y . s o Y

s e g o

Gy .
(4.6.3) v

P
v

e e g an
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of the forward travelling waves,-giVen by: ' : . ) 3

0 - : 9

1 2 2 . .
L T ee—— + - . .
_ »cl , TE { §W+Aiz-ﬁAw a,) fz;lAyzl" 1 ,(ja.s.s), L

s

1+ <« . !
Note fhat, since the root in (4.5.5) is always réal; Ky

° v

and K, are always purely real or imaginéry.
With k, known, one can npw expand the cofacters of the i

firsg;;ow of the matrix in (4.6,2) to obtain the polarizad- .
' . ' " “ ° ~— 4
tion vector ,p,, which along with the corresponding qi are ,

given 'by: . I " . :

» ¥ 1 ) j
- oy - . . - ‘-
(e =K )(e i) eyzszy | , ‘ 3 |
' 8‘ ! oy T ° . ' g
Py yz zZX. eyx(ezz i) \ =)7K Py, o 11,3 H
1 ! . * , o g
\ . , , {
i yx zy (e -Ki) ] _Kipix_ i - (4.6.6) i
:The transverse gleiqromagnetic field distribution in the ;
‘ i . , ) e .
‘" crystal thug .is: o . |
“ Y ? , , - . ) -
I.-&‘ .:‘ . ) « : ' Loy ¢
; No Eg = oPyy exp(-.jk x) + 93p3yexp<-jl<3x) : ]
i . - , . ) . . 4
n,E, = c:1 1z exp( jK )+<:3p3 exp(-j»c3x) . - - 4
Ay | S
. NS Hy = =cy 1p1 exp(- -Jky X)=c K 3p3zexp( -1k, x) CL - o 1
3 B
o Hz = ¢ Klpl exp( =1k, x). + e K 3p3yexp( jK x) : (4*5.7)’
2 ° '
I. P

r————



P

The electric field }éfleétion coéfficlent matrix r,

\C‘ _:' defined in (3.5.7) 4fwro‘m the equation.

. ,\.‘ ~ (» te ) . ' . Q
; -2\ - A
. S no. E F(no,ETi) o ‘ (4.6?10)
_ e s/ —_— - C R
/," T ’ ) “ ‘ . .

« L
: L
- 8 . q.
REERY & ' L :
; P . . 127:
b / ' '
Loy 0 , -Assuming now an incident Light wave polarized parallel .
Ce to .the y axis with field amplf tude e the superimposed
- . S ‘ \ |
- ' incident add reflected waves in the air, are:
! ntE s exp(-jx) + e exp(ix) M~ | :
v 2 . o 'y 0 1 .
1 N & » \ v
_ N, E, =e,exp(ix) . L
, - 3 ‘I
v \
\ =
. No By =/eyexe(§x) | . .
- F e exp(edn) e e (30) 1 (4.6.8)
. no N 3x elex}) ix), .6
‘ - L}
N h - ' , )
_( ’ ‘ where e; and ey €y are the "incident and reflected ampli-
u \ ' .. | I . ‘o * ‘
/:udes, respectively. Coh,tinuity':of‘ the transverse field com-~
-~ . ' B o v
: ponents - given at (4.6.7) and (4,6.8), at the interface,
Y Yie*ds-': . . / - ‘ -
» : c fep, we + ey : . .
1P1y * S3Pay T & T & L : o
e 1 . oo ) -, . - S
. L ®1P1z * 3P3. T %2 . e .
) _ ©F1P1s * CaKaPaz = 7o o : o
. . \ : o .. \
. \ C1€1P1y O3y T e e ¢ L (468
v o M ‘ . Ty . .

A ek vema d

e

[1

embae
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o ;eai'and imaginary parts of €

¥ < e
~ )
3 as " . ., . .
'
i » i -
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M 4 0] : T “ . . )
/can_be found by first evaluating from (4.6,9)- - _, !
) . » ) L \ 5:
' e e ) LT
1l . 2 &
' ' = == , I = (4 6 11)
e
vy 0 zy yeo
N “ ’ a e v ¢

and then interchdnging y and ;'to'obtain Pyz and I' .

¢ .
]
>
.

9 P1yP32.M1 pBy 1273

" Pq.Pa PP S :
F1y* 3z i? 15' plzp3z(ml m3). )

t

where

.

. St S P2

= 1/(1 + K ) 4 H i'=

- PayP1,017PyPs,m

(m “m ) | :

\plyp3y 'l‘, ? . . ,

-

(4.6.12)

(4.6.13)

Equa?ion.(4.6.12)’gives”the ieflection coefficient metrixlf,

at- the interfacshbetween an isotropic medium and a biaxial

crystal for nérmal incidence of eiectromagnetic waves pro-
&

»pagatingqin-the‘isotropic medium,

LN

is" the }efleftibn'coefficient:of a k—polarized incident wave =

1

which is reflected as j- polarized

Note- that ij (j k=y,z)

]

. L

Although the form of T was, derived.for normal- incidence

at the y-zwinterface, by praper change of the subscripts,

:
I
]

t

t

<
]

similar fdrmulae to (4, 6 12) ;can be writtenafor reflection § "

‘at the z-x and x- y interfaces. Thus,
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at y-z, I'" ., T at z-x and ' _, P;; at x?y interfaces can

2 ®

i

the complex F vy’ ?zz :W
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theoreticelly'be expre%Sed‘withlreZpéct ée "€, By taking into‘7

”-éccqunt’their amplitude and phase,
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. . soluytion
. Note fhap
Instead,

. analysis

‘However,
'ahd wili

at the th

’

., '2 B
T, 1% (1=

Sugmé:izingg,the complex reflection coefficient matrix

t 129,

yields Eg(assuming it‘iq sfmmetfid'oé CiCu)a .
X k ] ‘ . L
thfkmis_rather awkward task and time consum;hg.

it has been proposed that one can use dispersion

to determine & from the six tranEversg reflectances

N tr
<

x,y;i}”at'ghe mhfge éryétal's interfaces 1291.

ﬁhis ig/ou: of the purpose of the present thesis 5

not be dealt here. °
. / ' 4

F oo

'
N

ree interfaces of a b@lk.cr&stal (assumed to have a

”
~

\ chbic/shape),.wgs found. Theoretical expression of reflec~

. tances we

3

re derived with respect to thé permittivity ;gnéor

parameters, for arbitrary diréctions of the crystal's coor-
1 ' - o . * Al - 2

"dinate system..

s

ces can,b

used for

Finally, it was suggested .that the‘reflectané

e considered as samplé measUrements of € and c¢an be

its medsurement. B ' oo

a
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“eigenvectors of the above coupling matrix.

forward/backward wave impedance has been "defined and discuased. The

CHAPTER 5 . -~

" CONCLUSION

The main objective of this_thgsis*hés beén|a formalism of mode
;nalysis in birefringent media leading to, the network rép%esentatioﬁ of
layered -anisotropic structures, j o . | .

.Te éaqilitate understanding of wave propaéatioh in birefringent
media, fipét(fhe.klassical forﬁﬁlation of. the macroscopic responée of ah.
anisotropic medium to an electfopagﬂetichﬁave excitatio; has been

reviewed. The electro;optih effect, optical activity and Faraday rotation

have also been encqmpasséd to form a generallized treatment of birefrin-~

gence, Maxwell's equations have been expre sed-in g 4x4 matrix form, by

suppressing two unused components of the'field. The gigenvaiues of the ¢
resulting coupling (system) matrix prbvide the four transverse guide
indices. ;The electromagnetic field distribution in each layer was shown

to be a linear combination of the polarization vectors - found from the . .

»
'

;. In Chapter 3, under ‘the assumption of wave bidirectionality,'the

-

bidirectional form of the propagating modes led to a four-port network

réprésentation of the anisotropic layer. 'Laws governing losslessness,

N
reciprocity and syhmetry have been discussed and expressed in terms of

the ldyer transfer matrix and the system coupling matrix. The new con-
cept of semireciprocity, realized by conhecting in gseries a reciprocal
and an antireciprocal four-port, has alsoc been examined. Reflection and

transmigsion at am® interface between two dissimilar anisotropic media has’

been analyzed in terms of the field, wave and coefficient vectors.

v—s .a,:x.ec!w—"“” T I s e * " Eae
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Expressions have also’'been given for the reflection coefficient matrix of

a stack of layers. The characteristic equation of a layered structure

" terminated by mode-convékting two ports has been presented using the trans-,

’ o .
verse resonance condition.

B L

In Chapter 4, three bidirectional configurations have bgen analyzed.

S&ﬁmetric and anéisymhetrid field distributions were obtained. Mixed

+.distributions compfrised of symmetric and antisyimetric ﬁerms have been

found to violate the boundary conditions. The polar ‘and, longitudinal

’

configuraﬁions were found to be compleﬁentary; in a sense that, the effect

of a real off-diagonal term'in the polar permittivity tensor is similar

[y

EB\the effect of an imaginary off-diagénal term in the longitudinal case,

A

TE-TM mode coupling charactérizing the polar and longitudinal configura-

tions does not~kpply to the equatorial case, where pure TE and ™ modes

are vglid solutions. In-the latter case, the ZE modes are identical to

\ those in the isotropic slab qavéguide,‘whereas the TM modes exhibit a

€

feculiarbehaviour.
Wave propagation in s&mmetrié'léyered Qavéguiées'comprised of ani-

sotrgpic qedia of similar and dissimilar configurétions.has also‘been
analyzed. Two equivalent methods for obtaining the charfacteristic
eq;ationfwe;e presented, one ﬁtilizing the secular equation obta;ned from
the‘boundary conditiondé the ocher,the'impedanbe concept. The, input
iﬁpedance to a‘terminatgd éﬁisotropic laygr has Eeen found to show an .
analogous behaviour to that of the 1sotr6pic:casé. Thgﬂpolar énd‘longi-
tudinal donfigurations have been.analyzed usiﬁg a char;cteristic parameter

* (h and g, respectively), which éngbles one to treat.them in a unified
manner. This 1is particﬁlérly useful iq.nﬁmeridal work and in ¢
programming, ‘ ‘ |

)

.
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The propagating modes are characteﬁized by - at least one real trans-
verse guide ind;§ in the film and puraly imaginary ‘indices in the
.cladding. The cutoff conditions, which result when the imaginary part

of the claddiné's guide index vanishes have been determined together

.

with’ the asymptotic high frequency behaviour of the film's axial guide

index. Finally, the power carried by the propagating modes has been

.

. examined and power formulae have been derived for the symmetric wave-

guldes considered. . o

In eummary,~a detailed matrix anaiysis of wave propagation in bire-
fringent layered media has been presented T¥ansfer and reflection ma-

trices have been developed for an interface. The characteristic equation,

. . )
’ +

-power flow, cutoff conditions and the equivalent network has been obtained

~

. g _ far the three layer symmetric waveguide fabricateﬂ using anisotropic

- ) media in the longitudinal and/or polar configuration The analysis has
‘been restricted to lossless media and transversally bidirecti%nal confi-
guration. Suggested further york would deal with wave propagation in asym—
. ;o .
' ' /metric multi-layered waveguides, as well as with- layered structures uti-

lizing lossy, biaxial media.

. 4 L
¢ .

-
‘




5.

10.

11.
12,
13.

14,

133
REFERENCES
Felsen B. L.,-Marcuvitz N. : "Radiation and Scattering of Waves",

Prentice-Hall, Inc., New York, 1973, pp. 79-80.

Yariv A. : "Quantum Electronics", John Wiley & Sons, New York,
Second Edition, 1975, pp. 84-85. . C

Born M,, Wolf E. : "Principles of Oggics , Pergamon Press, S1xth,
Edition, 1980, pp. 673-676. .

Ramaswamy V. : "Propagation in Asymmetrical Anisotropic Film

Waveguides', Applied Optics, Vol. 13, No, 6, June 1974, pp. 1363-

1371.

Raﬁaswamy v. "Ray’Model of Energy and Power Flow in Anisotropic
Film Waveguides', J. 0, S. A., Vol. 64, No, 10, October 1974
pp. 1313-1320,

Yamamoto S., Koyamada Y., Makimoto T. : "Normal-Mode Analysis of
Anisotropic and Gyrotropic Thin-Film Waveguides for Integrated
Opties", J. Appl. Phys., Vol. 43, No, 12, December 1972,

pp. 5090-5097. :

¥

Marcuse D. : "Theory of Dielectric Opﬁical Waveguides', Academic
Press, New York, 1974, pp. 5-7. .

Auld B. A. : "Acoustic Fields and Waves in Solids", John Wiley &

.Sons, New York, 1973, Vol. I, pp. 250-256.

Nye J. F. : "Physical Pfgperties of Crystals', Oxford University
Press, 1957, pp. 260-267. \ '

Portigal D. L., Burstein E, : "Acoustical Activity and other First

'Order Spatial Dispersion Effects in Crystals", Phys. Rev., Vol 170,

No. 3, 1968, pp. 673-678,

Landau L, D., Lifschitz E. M. : "Statistical Physics", Pergamon
Press, Ltd., Oxford, 1958, p. 104.

Sommerfeld A. : "Optits", Academic Press, New York, l973 Vol. I,

‘pPP. 250-256.

Nussbaum A., Phillips R. A. : “"Contemporary Optics for Scientists
and Engineers', Prentice-Hall, Inc., New Jersey, 1976, pp. ,384-387,

Tabor W. J. : "Magneto-optic Materials", in Laser Handbook,

Arecchi F, T. Schulz-Dubois E. 0., Eds., North~Holland Publ Co., -

Amsterdam, 1972, p. 1011.} " L

-

=

T . 1
. N
. . . . .
.

o rema A o



15'

16.
17.

18.
19.
20.
21.
22,

23.

24,

25'

"Yariv A., Lotspeich J. 'F.

‘ f 134

: "Coupled-Mode Analysis of Light

Propagation in'Optically Active Crystals', J. 0. S. A., Vol. 72
No. 2, February 1982, pp. "278-277.

»

Goldstein H., : '"Clasgical Mechanics",Addison-Wesley Publ. Co.,

Inc,, Reading, Mass., 1965, Sec. 4.4, .

Marcuse D.

: "Light Transmission Optics", Van Nostrand Reinhold

Co., New York, 1972, Sec. 8.3.

Schwelb 0. : "The Transverse Resonance Method and its Applications',
Internal Technical Report, Dept. of Electrical Engineering, -

Concordia University, 1980,

PP. 1325 1337,

)

Tien P. K., Ulrich R, : "Theory of Prism~Film Coupler and Thin-Film
Light Guides", J. 0. S. A., Vol. 60, No. lO October 1970,

[l * B

‘Seshadri S. R. : "Fundamentals of Transmission Linés and* Electro-

magnetic Fields", Addison-Wesley Publ Co., Reading, Mass,, 1971,

Sec. 2,11~

AT
Schwelb 0. : '"Network Representation- nd Transverse Resbnance for
Layered Anisotropic Dielectric’Waveguides", M, T. T., Xgl 30,

No. 6, June 1982, pp. 899-905,.

Noble B., Daniel J. W. : "Applied Linéar AiggbfaV Prentice-Hall,

Inc., New Jersey, second edition, 1977, Sec. 8.4.

+

$chdelb 0., Antepyan R. :-"Conservation Laws for Integrated Circuic
Four Horts s submitted forpublication.

Harrington R. F.,,Villeneuve A, T,

o7

2 "Reciprocal Relations for

Gyrotropic Media", Trams. IEEE, Vol. MIT-6, No. -3, July 1958,
pp 308-310. 1 .

Marcuse D. : "Modes of a Symmetric Slab Optical Waveguide in

,Birefringent Media - Part I :

Op

IEEE Journal of Q. E., Vol. QE-14

\

al Axis Not in Plane of S§lab",

e

No. lO, October 1978, pp. 73§-741.

Burns W. K., Warner J. : "Mode Dispersion in Uniaxial ‘Optical
Waveguides", J, O, S. A., Vol 64, Yo. ‘4, April 1974, pp. 441-446.

Berreman D. W. : "Dynamics of liquid-crystal twist-cells', Appl.
Phys. Let., Vol, 25, No. 1, July 1974, pp. 12-15,

. Gagnon R, J, : "Liquid-Crystal Twist-Cell Opties", J. O. S. A.,

Vol, 71, No. 3, March'1981, pp. 348-353,

)

o

9~

Oy ™ R seIs e RE

e W TRRGRTR RS



135

- . 29, ‘Emslie. A, '~G., Aronson J. R, : "Determination of the Complex .
ﬂ , Dielectxic Tensor of Triclinic Crystals : Theory", J. 0. S. A.,"
t "Vol. 73, No. 7, July l9§‘3, pp. 916-919.

30. Wang S., Shah M., Crow J. : "Studies of the Use of Gyrotropic and
Anisotropic Mdterials for Mode Conversion in Thin-Film Optical-

5 Waveguide ApplicatiOns", J. Appl Phys., Vol. 43, No, 4, April 1972,
: , pp. 1861-1875. .

[

. 31. Wang S., Crow J. D., Wong S, L., Shah M. : "Eigenmode Analysis.of
-~ Wave Propagation in Optical Waveguides Deposited on Gyrotropic
and Anisotropic Substrates", J. Appl Phys., Vol. 44, No. 7,
July 1973, pp. 3232 -3239. .

) 32. Schesser J., E‘ichm_ann G. : "Propagation of Plane Waves in Biaxially -
. " Anisotropic Layered Media", J. 0. S. A., Vol. 62, No. 6, June 1972,
pp. 786-791, - '

-

33. Berreman D. W. : ‘fbptiss in Stratified and Anisotropic Media : &4x4
- Matrix Formulation", J. 0.'S. A.,.Vol., 62, No. 4, April 1972,
pp. 502-509. / '

34. Kishioka K. Rokushima K. ; "Unified Analysis of Guidea and Ragiacion
Modes in Anisotropic Slab Waveguide", Electr. and Com. in Japan,
Vol., 61~B, No. 6, 1978, pp. 62-71.

+*

35. Yeh Ps : "Electromagnetic Propagation in Birefringent Layered Media",
J. 0. S. A., Vol. 69, No.'5, May 1979, pp. 742-756.

36. Adair J.E.:"Coupled-mode analysis of monuniform coupled transmis-

’ sion lines", Ph.D. Thesis 1968, University of Michigan, Ann Arbor,.
g Michigan. '

-
L

I et it ol B o g g

o G IR o S e st 2 -

I

PEOSCEN SR DRSPS

" Fee



A s 0

3

- ey S et

(£

i .
. «
’
'
' .
3 . > ‘
s
. . .
R .
» . -
- .
v [} '
.
‘o -
- - =
~ .
- -
’ s . .
¢ - N
' . .
5 .
i
. -~ .
. ‘z.
i
v
. .
~ ~ .
. '
- -
.
N .
.
’ «

. .+ APPENDIX

I, Pover £low in symmetric layered waveguide

P B -

1I. ,Fortraﬁ program WAVE.
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APPENDIX I

defined by

Power Floy In Symﬁxetric Layered Waveguides

The z~directed powet flow P eer unit width in the :y;-direction,

3

-~

k P = i [m.,{(n;& E) (ng H;) - (n:"' Ey) (Dg 3;)}“#’

is fomulated below for layered symmetric waveguides, supporting

symmetric/antisymetric field distributions in the polar and longitudinal

configurations. The power f_ormulae of the core pertain 'to4‘a film of

4 - f
“

~ normalized width 2& (& = koL) and the ones of cladding to the total 'power
o - , ' B

of substrate and cover. Summation of the proper‘formulae of film and.. -

cladding results in thrz dir‘ected power flow per unit width of t:he cor-

responding waveguiding structure. The imaginary terms appearing in the

’

power formulae of. the longitudi{ls configuration must be zero in the %

guided wive region because there can be no reactive z-directed power flow

in a lossless waveguide.

1. Film . : *
’ - (ia')‘ Polar configuration with symmetric modes . ‘
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'(b)_ Polar cpn'figura‘t:ion with antisymmetric modes
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: i(c) Longitudinal.configuration ‘with symmetric modes .
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APPENDIX II . ) ,

Fortran Program WAVE

t ]
5 i

Program, WAVE computes the propagation and transfer characteristics
. ?

of an unconfined apisotropic medium in the polar dpd longitudinal configu-

0

rations. The program works with the formulae derived in this thesis ‘and
. ° . M ‘
is mostly self explanatory. '

Given the permittivity matrix (ERP/ERL in polar/longitudinaﬁconfigu—

ra‘zion), the axial effective guide index B (BETA) and a pormalized trans-

&

verse distance % (L), it computes the:

1) coupling matrix Rg(RGP“/.RGL) y N ' ' ' . B ) :
<, ‘ |
2) effective transverse guide indices Ki‘ (KP/KL) ,

e B . . A

3) mgdal matrices U and V (UP, ULN/VP, VL) forméd by right:’and left

~ s -~

N

Eal

normalized eigenvectors of the coupling matrix ‘Rg,

4) férward/back‘iérd wave impedances z, (ZwP, ZWPB/ZWL, ZWLB),

rre ot

A
"5)‘ l ‘px"opagation—fjactor datrix ”Ag (LGP/LGI‘.),F .g ' , -, E . .
N 6)' 1mpedance—trénsfex; ’matri:g G (GP/GL) and its principél 2x’;2 partié;ons ) 'z
o .La.pd.F (JE:P" JBP/Ff'L_, FBL) in the forwarc}i/l;ackw‘ard direct;ion and ;
, finally fhe - , ‘ - “ Cs ’d' -~
7)  reflection matrix I at an int:erfa:c’e with.an isot:ropi_;: mediufm céarac‘*
| .terized by ss’f(ES). '
It performs tests for 1osslessne'ss, recip_roéi‘ty, an’titeciprocity,' semi~- 4
r;;i.brocicy, bilat:eral/t.ransversal symmetry usi;lg the impedance t;rar;sfer‘ . f
’ "matx,.'ix. It also includes an orthogonality. test be tween t:h_e ‘'right and
left mc::lal matrices U and'V, To co{npute ft‘le invlarsé of 2><2 and 4x4 ,
. . ) . 3 f. } . ’ " ) | . ‘ :




e ‘ ," ' ) . . ) | A ..
P ) . ‘
'5. -matrices, WAVE calls the;LEQZC'{y$L ;ubroutine, ;heréﬁp to evaluate the :}
54 ’ * - product of three matfices, it calls subroutiné‘PRDDh. This subroutine, v |
‘ . . R }
f ) . usiqg adjustable airays, can evaluate the p?oduct of 2%2 and 4x4 matrices.” o
: ‘IFinaily, thé print-out %s gdjustabLe‘through control-flags (P5 provided

0

f i in the output section of the main program.
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PROGRAM HAVI:(INPU‘IE DEFAUL,QUTPUT,TAPE12INPUT,TAPES=DEFAUL) 142

. - l COMPLEX EnL(3.3) ERP({3,3),RGL(4,4) ,RGP(4,4) a
‘ COMPLEX  KL(%), KP(4), uumu(h W) .
. COMPLEX UL(4,4),0P (4, u) QLZ(%),PLZ(H),QLY(4),QPZ(4),PP2(4),QPY(}) o :
S . COMPLEX Lm.(u n) ;.ar(u u) Pn(z 2), Prr(z 2), PBL(Z z) pap(z,za .
COMPLEX QFL(2 2),.qncz 2),QBL (2, z).qnp(z 2),LFL(2,2),L (z 2)
COMPLEX LFP(2,29,LBP(2,2),P23(4,4),KS ‘
. . COMPLEX on.nmz 2), cnnv(z 2),QBLINV(2,2),QBPINV(2,2) . ) f .
COMPLEX PFLINV(2,2),PFPINV(2,2),PBLINV(2, 2),}5?1“(2 2) '
. . COMPLEX FPL(2, 2), m’(z 2), rar.(z 2), PBP(2,2)
. - COMPLEX JFL(2,2), JFP(Z.Z).' JBL(2,2), JBP(2,2) -
COMPLEX 2zWL(2, 2) 2WP(2,2),2WLB(2, 2) 2wpa(2, 2)
REAL L,LGIVEN,ES,WK(4) .
. ‘ ¥ COMPLEX unm.(u u) UPTIL(4,4) .
COMPLEX ID(2, z).xxroum.zxrop(u ) . ‘ 4
v . COMPLEX GL(#,4),GP(4,4),LGL(4,4), LGP (4, 4),UCTILI(4,4),UPTILI(H, )
, COMPLEX Laun.(u ) Lunn.(n “) . ”
. COMPLEX HIL(2, 2).32:.(2 2),H3L(2,2), zm.(z 2) .
K : s COMPLEX n1p(z,2),azv(z,z).H3P(z,2),an9(2;2) .
- COMPLEX K1L(2,2),K2L(2,2),K3L(2,2),K4L(2,2)
e . COMPLEX X1P(2,2),K2P(2,2),K3P(2,2),K8P(2,2) . R
. . COMPLEX IDEN(S,4),MODALL(Y4,%),MODALP (4, U),WA(24) .
' COMPLEX LGL1C4,¥),LGP1(4,4),LGLITL(Y4,4),LOP1TL(Y4,4) "t s
* 4. COMPLEX GL1(4, u) on(u §), uu(u 4y, an(k 4 :
COMPLEX ax.n:c(u l) arn:cu 8), nnm(z z)’nunuuz) DUM3(2,2)
COMPLEX at.ossx.(u n).m.ossr(n u).m.szn §,4), cmml(u 3) . .
© A . COHPLEX :Lcc(u),ncc(h) QLZCC({N),GAMA z 2) cnup(z 2)
. COMPLEX PLZCC(U4), omcc(u) YL (4, n vP(u4, u) QPZCC(H nzc (%)
’ COMPLEX QPYCC(4),VUL(4,N), voe(n uy
COMPLEX WL1(Y4), vx.z(ln vna(u),vu(u) vP1{4), vpzm TRI(W),VPU(Y)

COMPLEX V].HEIH(' 4),VPHERM(4,4),21PCC, ZZPCC,DUH!(Z, o 4 ‘*'
) : . . - COMPLEX MATRIX1(2,2),MATRIX2(2, 2),}“‘1’!113(2 2),MATRIN(2,2) .
/ COMPLEX YFL(2,2), !N(Z ?), !l’l(z 2),YB1(2,2)
N COMPLEX KSAII(#,.),!SAIZ(! l),l!lIB(l A) ,SIGHAI(N,5) ] (
) . COMPLEX GLBILA(4,N), GPDILA(H 4),TRIAL(E, l) JGLSEMI(N, 4 . D

COMPLEX GPSEMI(4, u),ounr:(u 4), amn':(u n) smm(u 3) .
corm.u GLTRAN(N, &) ,GPTRAN(N, “T

INITILLIZJ.IIOH . 4 o

ZusssazumsSEsES “p - .

aoaon
5

-0 : BETAs1.483189 ’ . . {
: .- PTaA0ATAN(1.0) .

‘oo’ % . La=0.8%pP1 . ot :
v e T * SMALLs1.B=6™ . . . ; ‘ -
. vt ESx1.0 : : .
S . LGIVENsL/PI -

R TP  BETA23BETAM2
: g KS=ES-BETAZ .
- L. KSaCSQRT(KS) ' - oo

IS

e
3
PRI TN e

« '+ DO 2 1x1,2 : = o . )
. . L. DO 2 Ja1,2 : . .
. : 5" TIDCT 4 d) sCMPLX (G 0. ) : ' Lot
© D(I,I)=CMPLX(T.,0.) .o . ,
2 cosmm: ' :
' r DO A 'Is1,M X . .
DO & Jai,8 | .
« KSAII(I,J)skSAT2(I,J)sKSALI(T,J)sSIGNA(I,J)=CHPLX(0.,0.) .
v ra¥r, ) eIDEN(T,J)eSIGNAZ(T,J ) aCHPLX(0.,0.) o ) >
. TDEN(1 I)-CHPLX(‘I.,O ) . . . . '
] ¥ . CoNTINOE .
5 P23(1,1)=223(2, 3)-92303 2)eP23(k,)aCMPLI(1.,0.) . -3
KSAI1(1,1)akSA11(2,2)sK84T2¢1,3)4K8AT2(2, 4)aCMPLX(1.,0.) o
.~ KSAI2(3,1)=KSAT2(4,2)eSICMAT( 1 n1)e3IGHAT(3, 3).cnnx(1.,o ) - . :
KSAT3(1,3)=L3A13(2,5)aCHPLX(0.,=1.) ~

T

’ KSAI3(3,1)aKSAT3(4,2)aCHPLX(0.,1,.)
. ot N . KSAI1(3,3)aLSATI(H,4)aSIGMA1(2,2)aSIGMAT(N, 4 )aCHPLX(~ 1.,0. )
! B SIGHAE(I 2)-S;GH12(2 1)-316}(12(3 l)lSIONAZ(l,B)-CHPLX(‘I.,D )

COMPUTATION OF THE RELATIVE PEAMITTIVITY MATRICES

SRS NSSHNSS A IANSS U EENENESESRASNESUSASERANSESNANSES v

N
-~
coaa

.

CALL PERMIT(ERL,ZRP)
S ’ CALL RIGP(KP,BETA,ERP,RGP) R
- - CALL BIGL(KL,BRTA,ERL,RGL) . ‘ .

. %
COMPUTATION OF THE HODAL MATRIX U (RIGBT ZIGENVECTORS) . \" , : -

NSRRI N NS ANANENESEINSNSANSNININAREE RSN ANANENNENES

]
—

naacao . -aaaa

CALL MODAL(aoL,KL,QLZ,PLZ,QLY,UL,PFL,PBL,QFL,QBL) °
CALlg MODAL(RGP ,XP,QPZ,PPZ,QPY,0P,PFP ,PRP ,QFP,QB?)

CDH?UT!‘!IOI OF THESMODAL MATRIX V {LEFT EIGENVECTORS)

Il)llllll.lilllllllI.llilﬂ.l..lll.l..'.lll.lllllllll‘l

Lr"



Y 09§ Iat,u ' * 143
KLCC(I)=CONJG(KL(I)) :
6 KPCC(I)=CONJG(KP(I))
CALL MODAL (RGL,KLCC,QLZCC,PLZCC, QLYBC VL, DUM1,DUM2,DUN3, nunuo
. CALg MODAL (RGP, KPCC, QPZCC, PPZCC,APYCC VP, DUM1, DUM2 »DUM3, DOMY)
. DO 8 Iat,n
\ : VL1(I)-vL(1 & e
: VL2(F)avL(2,1) “ : .
vn3(1)-v£53,1) . - ,
T . OVLU(I)eVL(Y, I ' ’ -
VPI(I)aVP(1,I) ‘
- VP2(I)avP(2,L) !
> . VPI(I)aVP(3,I)
' 8 VPA(X)=VP(4,I) "’
. DO 10 Jui,b
4 VL(1,3)sVL2() .
vL(2,J)eVL1(J) | v .
VL3, 3)aVLE(J) N -
VL%, J)e¥L3(J) .
VP(1,d)aVP2(J) .
~ VP(2,J)=VB1(J)
‘ VP(3,J)aVPU(J) o
. 10 YP(4,d)aVP3(J) '
c/ r P A
ORTHOGONALITY TEST BETWEEN U AND V
c QIIIIIIIllll.llll'lllllll-lllll‘lll

c

£y 4 S
DO 12 Iat,4 .
DO 12 Jsl,4
’ . YLHERM(I J)-coan(vL(J ) .
~ 12 VPHERM(Y,J)=CONJIG (VP (J,I)) .
. CALL PRODU(IDEN,VLEERM,OL,VOL, s, DUMMY) .
‘ CALL PRODU(IDEN,VPHERM,UP vur.u DUMMY)
. IORTHOPF= IORTHOLa0 . .
' DO 13 Ixt,d '
DO 13 Jat,4 o . ’
IF (I.NE.J) THEN . v
REP=ABS(REAL(VOP(I,3))) 4,4'*
CL : "+ RELsABS(REAL(VUL(I,J))) - €
. , AIMPsABS(AIMAG(VUP(I,J)))
AIMLsABS (AIMAG(VOL(I,J)))
IP ((REP.GT.SMALL).OR/(AIMP,.GT.SMALL)) IORTHOPa1
. L. v IF ((REL.GT.SMALL).OR.(AIML.GT.SMALL)) IORTHOLs) ) )
. . END IF ,
3 CONTINUE '

L3

-COMPUTATION OF THE EIGENVALUEL MATRIX LR ‘ r

OO0 -

. DO 14 Ist,k : :
<:’ ‘\\‘\ . Dd 1% Je1, ty A ¢ . K
' LRL(I, J)-d. 5

’ - LRP(I,J)-O. .

. . o LAL(I,X)sKL(X) ' .
L] LAN(I, I)-KP(I)

1
c
. [* COMPUTATION OF THE WAVE IMPEDANCE IN THE PORVARD AND llClUAlb CA3ES
c
c

' lllll...lll’I‘l,ll'll"lll'.lll...lll-ll..l.-Illl'..'lilllllll.llll -

[ , ‘ (-] : ' v
) DQ 15 Is1,2
. DO 15 J=1,2 ) i
. MATRIX1(ZX,J)sQrL(Z W) ¢ .
w MATRIX2(I,J)sQFP(Z,J) . ) .
© O MATRIXI(T,J)=QBL(I,d) o .
' MATRIXA(I,J)sQBP(I,J) t
' QFLINV(I,J)«ID(I,J)
, . ‘" QPPINY(I,J)eID(I,J) . .
. ‘ QBLINV(I,J)sID(I,J) ' -
: . 15 QBPINV(X,J)sID(I,J) .
" CALL LEQ2C(MATRIX1,2,2,QrLIXV,2,2,0,WA,VK,IER)
. : CALL LEQ2C(MATRIX2,2,2,QFPINYV,2,2,0,WA,¥K,LER) N
. . ) CALL LEQ2C(MATRIX3,2,2,QBLINY,2,2,0,WA,WK,I8R)
* : CALL LEQ2C(MATRIXN,2,2,QBPINY,2,2,0,WA,VK,IER)
. _CALL PRQODU(PFL,QFLINY,ID,IWL,2,DOMMY)
o < CALL PRODU(PFP,QFPINY,ID,ZWP,2,DUMNY} - ..
' CALL PRODU(PBL,QBLINV,ID,ZWLB,2,0UMMY)
CALL rnonu(rnr.qar:nv 1D,2UWPB,2,DUMMY) .

-
.

COMPUTATION OF Tll LF AND LB ‘2X2 MATRICES i
SEININSSISssSS NS NSNS STINSERENSANSINIAS . .

v -

v
.
o0o0aqa

JJIsCMPLX (0, ,=1.)
} : DO 16 Tal,¥ -
) ) . EXPOL(I)eCEXP(JJIOLOXL(I)) )
.- . 16 EXPOP(I)=CEXP (JJOL*KP(I))
4 . DQ 18 I=1,2

”ae

.

.

PRI 150 040 O AR S A it A i RN R B T 3




P Y LA
3

QaO0n

.
T aaOoa

“a
~-aaaa aaacd

aaooan

‘LBP(1,1)aEXPOP(2)

£

DO 18 J=i,2 .

LFPL(I,J )sCMPLX(0.,0.) _ 7
LBL(Y, JQ-CHPLX(O.,O y © : . '
LPP(I.J)-CHPL!(O:,O ) -
LEP(I,J)=CMPLX(0.,0.)
LFL(1, 1)sEXPOL{1)
LFL(2,2)EXPOL(3)
LBL(1,1)=EXPOLY2) : ' !
Lnn(z.z)-sxpoutu)

LEPP(1,1)=EXPAP(1) . -
LFP(2,2)2EXPOP(3) '

I4

LBP{2,2)sEXPQP(4) .
COMPUTATION DF THE LG PROPAGATIONFACTOR MATRIX
l‘llll'l!llllllllllllllll_lllllllllllllllllll?ll
DO 20 Ia=i,bh '
N0 20 Jat,k

LGL(I,J)«CMPLX(0.,0.)
LGP(1,J)aCHPLX(0.,0.)

" LGL(I,I)=BXPOL(I) . .

LGP(I, I)lBXPQP(I)

.EVALUATION OF THE F HID J HA!RIC!S

Illll.l.lllllllll.l.llll‘.l.l'l.ll s
N .

DO 21 I=1,2

DO 2% Je1,2

MATRIX1(I,J)nPFL(L,J) . .
MATRIX2(X,J)aPPP(I,J) b .
MATRIX3(I,J)ePBL(I,J)

MATRIXN(X,J)sPBP(T,J)

PPLINY(I,J)a2D(I,d) . -

PPPINY(I,J)alD(E,d) AN '
PBLINV(I,J)=ID(L,d)
PBPINV(I,J)=ID(X,Jd) 2o

GALL LlQZC(KATlI!! 2,2,PPLINY,2,2,0,WA,WE,IE0)
CALL LEQ2C(MATRIX2,2,2,PYPINWy2, 2 0 Hk,"l,Ill) .
CALL, LEQ2C(MATAIX],2, 2‘ PBLINY,2,2,0,WA,NK,IER)
CALL LEQ2C(MATRIXN,2,2,PBPINY, 2 2,0,WA,¥K, IER)
CALL PRODU(QFL,LIMQFLIIV Pry,2, DDHH!)

B

CALL PRODU(QFP,LPP,QFPINV,FFP,2,DUMMY) w. . ‘

CALL PIDDU(QIL,L!L,QlLIlV,'!'BL,Z,DUHH!)
CALL PRODU(QBP,LAP,QBPINV,FBP,2,DUMMY)
CALL PRODU(PPL.LFL PPLINV,JPL,2,DUMNY) -
CaLL PRODU(PFP, L!P P'PI!V,J!'P 2,D0UMMY)
CALL PRODU(PBL,LBL,PBLINV,JBL,2,DUNMY)
CALL PRODU(PYP,LB?, !B@INV JBP,2,D0HMY)

cofpuTaTION OF, THE INVEASE OF THE MODAL HATRIX U-TILDR

I.Il'll..ll.l‘.-ll.-llll'..llll.llll.l!lll.I’.Il‘.lI...
[ s

CALL PRODUTP23,UL,P23;ULTIL,N,DUMNY)

CALL PRODU(P23,0B,P23,UPTIL,N,DUMNY)

DO 22 Is1,4° i

DO 22 J=1,8, : ,

MODALL(Z,J)=ULTIL(I,Jd)

MODALP(I,J)sUPTIL(I,J)"

OLTILI(I,J)sCMPLX(0.,0.)

UPTILI(X,J)=CHPLX(0.,0.). .

ULTILI(I,I)sCMPLX(1.,0.) ; »

urr:n:(:.x)-cnrnx(q.,o )

CALL LEQ2C{MODALL,S,¥,ULTILI 4,4,0,WA,%K,IER) +

CALL L:qzc(nonanr.u.n urtznx,n 4,0,WA,VK,IER) .

COMPUTATION oF THE G(L) MATRIX (TILDE) - '

CALL PRODU(P23,L0L,P23,LOLTIL,S,DUMMY) -
CALL PRODU(P23,LGP,P23,LGPTIL,H,DUMNY)
CALL PRODU(OLTIL,LGLTIL,ULTILI,GL,3,DUMNY)
CALL PRODU(UPTIL,LOPTIL,UPTILI.GP?,Y,DUMNY)
N .

COMPUTATION OF THE LG{-L) MATAIX

SESSNINYCUSSESIEREURUNARONSBUSER o’

DO 28 Iat1,h. I : ;
00 283 Jel,d ' . . b
LdL1(1,J)=0. . .
LOPI(1,J)ub. . -

LOL1(II)a1./LOL(I,X)
LGPNI I)-I /LGF(I,I)

COHPU'HTIGI oF THE G(-L) MATRIX (TILDI) s

l.IIIII".I.lI.-I-.I.l..'.'..\l‘lll.l....l

Wt €




.L-N-

N

aAOaGOn

anNnao

7

anon .- anona anno

anooa

[ XXz N3]

)
. BaABS(AIMAG(OPSEMI(I,J)=0P1(1,J)))

CALL PRODU(P23 LGLt,P23,LGL1TL,4,DUMMY)
CALL PRODU(P23, LGP1,P23 LGP 1TL, 4,DUMMY)
CALL PR DU(ULTIL LGLITL,ULTILI, GL1 4, DUMMY)
CALL PRODU(UPTIL.LGP?TL’UPTILI,GP1.“,DUHH!)

RECIPROCITY TEST

IF (G.NE.OQ.) GO TO 27

DO 26 I=1,H

po 26 Js1,8

GLT(I,J)IGL(J,I)

GPT(I,J)uGP(J,I)

CALL PRODU(KSAXI3,GLT,KSAI3,CLREC, 4,DUMMY)
CALL ?!0DU(‘3AI3|GPT.ISIIS,G?REC.”gDUH"!)

ANTIRECIPROCITY TEST™

CALL PRODU(KSAI2,GLT,KSAI2,GLANTT,4,DUMMY)
ClLL PRODU(KSAI2,QPT +LSALZ,GPANTI, 4, DUMNY)

COMPUTATION OF THE H1,H2,H3,H% AND K1,K2,K3,K¥ HATRICES

lIllIll..l"llllllllllllllllIlllllllIllllﬂlllllﬂlllllll

CALL H{QFL,QBL,QLZ,QLY,HIL,H2L,H3L,H4L)
CALL H(Q!P,QBP,QPZ QPY,H1P,H2P ,H3P,HA4P)
‘CALL KI(PFL,PBL,PLZ, !1L,K2Lgl3h KNL)

© CALL II(P!P,PBP,PPZ,K{P,KZP.K3P}KNP)

.

LOSSLESSKESS TEST

SS2USCECREEEEE RS ‘

D028 Ta1,¥ '

%0 28.J3s1,%
GLOSSL(I,J)sGLOSSP(I,J)sCMPLX(0.,0.)"
GPHER(T,J )=2CONJG(GP(J,T))

GLHER(I,J }=CONJG(GL(J,I))

courxuh:-

CALL PRODU(KSAL2,GLHER,KSAI2,dLOSSL,H, DUMK!)
CALL PRODU(KSAI2,GPHER,KSAI2,GLOSSP,%,DUMMY)

BILATERAL STMMETRY

CALL PRODU(KSAI) DL,KSAIl GLBILA, ¥, DUMMY)
CALL ?hObU(tSAI!.GP,lSlI1,GPBXLL.N DUHﬂ})

TRANSVERSAL SIHH!TR!

SRS NESSISSRNRLANRERSS

CALL PRODU(SIGMA2,0L;SIGMA2,GLTRAN,N,DUMMY)
CALL PlODU(SIGH}Z.GP,SIGHlZ,GPTRAI.N.DUHH!)

@
SEMIRRCIPROCITY

lll.llll-tlhlll

CALL PRODU(SIGHAT,GLT,STGHAY,TRIAL,H, DONNY)
CALL PRODU(KSAI3,TRIAL,KSAI3, absxnx,u,nuuu!)
CALL PRODU(SIGMA1,GPT,SIGMAL;TRIAL,H,DUMMY)
CALL PRODUKSAT3,TRIAL,KSAL3,GPSENI,%,DUNMY)

ILOSSPIRECPsIANTIPxISEMIPIBILAPSITRANPsO
TLOSSLsIRECLxIANTILsISEMILeIBILALaITRANLsO
DO 29 Is1,%

DO 29 Jmi,b

AzABS(REAL (OLOSSP(I,J)=GP1(I,J))) .
BaABS(AIMAG(GLOSSP(I,J)-GP1(I,J))
:r((t.ar.sulnn).oa.(u.ar.:ua;n)
AsABS(REAL (GLOSSL(I,J)-CLI(I,Jd)
BsABS(AIMAG(GLOSSL(I,J)-GLI(T,d
IP((A.QT.SHILL).OI.(I.GT.SHALL)
AsABS (ARAL (OPREC{I,J)=0P1(1,J))

) %LOSSP;]
)
)

B-ABS(AIHAO(GPIIG(I.J)-GP1(I.J);)
3
)
)
)

)
)
ILOSSL1

IP((A.GT.SMALL).OR.(B.GT.SMALL)
AsABS(REAL(GLREC(I,J)<GLI1(I,J))
BaABS(AIMAG(GLREC(I,J)-0L1{I,J)
IZ( (A.GT.SHALL) .OR. (A.GT.SMALL)
AsABS (REAL (GPANTI(I,J)=QP1(I,J)
BeARS(AIMAG(GPANTI(I,J)=GP1(2,J

IRECP=1

N
IRECL=1
)
Y
) IA
)

IP({R.GT.SMALL -.OR.(B.GT.SMALL) NTIPs?

. AsABS(REAL(GLANTI(I,J)=aL1{L,d))) ’
BeARS{AIMAG(GLANTI(I,J)~8L1(I,Jd)))
IFEAA.GT.SMALL) .OR.(B.GT.SMALL)) IANTILs=?
AsABS(REAL (GPSEMI(I,J)=GP1(I,d))) -

-

N

Wmm.m"m.:_;r.‘;. iy

ot s

oo

<.
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aagaoaoan

30

c

¥

-

6&10

500
190

191

192

193
194
195

197
198
199
200
201
202
203
204

501

c

c.0.......'.........Il.l..ll.

»

502 .

205

206

— - o

B

IF((A.OT.SMALL).OR.(B.GT.SMALL)) ISEMIPx=1
AnABS(REAL(GLSEMI(I,,J)=GL1(I,J))) .
a-us(uum(cnsm:(r J)-GU(I 3
IF((A.GT.SMALL).OR. (n GT. SHALL)) ISEMIL=1
AnABS(NEAL (GPBILA(R,J)=GP1(T,J)))
BqA!S(AIHAG(GPBILA(I,J)-GP1(I M
IF{(A.GT.3MALL).OR.(B. GT.SHALL)) IBILAPs]

AuABS (REAL (GLBILACI,J)=GL1(I,J))) -
~B-ABS(AIHAU(GLBILA(I J)-GLI(I N
IF((4A.0T.SMALL).OR. (a GT. SHALL)) IBILAL=1 .
AxABS(REAL (GPTRAN(I,J)=GP(X,J))) - .
B-ABS(AIHAQ(GPTRAH(I J)-GP(I N
IF((A.GT.SMALL).OR. (a GT.SMALLY) ITRANEw1
AsABS(REAL (GLTRANCI,J)=GL(I,J)))
l-Ans(AIHAa(aLrnAN(x J)- GL(I Jd)))
IF((A.0T.SMALL).OR. (a GT.SHLLL)) TITRANL= 1 i
.CONTINUE .

-

: \
COMPUTATION OF THE REFLECTION MATRIX GAMMA

SNERF RN CEENERNIENASEESNSNSEERNSRISANUIREENS

CALL PRODU(QFL,PFLINV,ID,YPL,2,DUMMY)
CALL PRODU(QFP,PFPINV,ID,YFP,2,DUMMY)

DO 30 Is1,2

D0 '30 J=1,2 .
YF1(I,J)aCMPLX(0.,0.)
Y81(I,J)=CMPLX(0.,0.)

IFi(1,1)eKs . . - .
Y?1(2,2)s1/X8 ' .
YBI(1, Ne=YPi(1,1) - .
IB1(2,2)n=TP1(2,2) .

CALL GAMMA(YFL,YFH,YB1,GAMAL)

CALL GAMMA(YPP,YF1, rat,aAnAr)

I Y Y I Y Yy YT YYYY Y
Ma0
IF (M.EQ.0) GO TO 500
Go° To 501 ' ~

WRITE(S,190) QLGIV!I

?0!!‘?('1'/101 '"MORMALIZED WIDTH :Ls',F6.3,'"% PI s'/10X,

1'.------:-.-----:--') .
WRITE(S,191) BETA
FOIHAT(/‘U!,'IORHALIZ!D PROPAGATION CONSTANT ! ,

1,3X,!'8ETA=" ,F10. 5/10!, lIlIllllll-llllllllllllllllllll')

WRITE(S,192) .
ronn;r(/rox,'rn: MEDIUM IS 3')

-IF (ILOSSP.EQ.0) WRITE(S,193) o

IF (IRECP.ZQ.Q) WRITE(S,19X) , '
IF (IANTIP.XQ.0) WRITE(S,19%) ' -
IF (ISEMIP.2Q.0) WRITE(S5,196) |

IF (IBILAP.EQ.0) WRITE(S,197) .

- (ITRAKP.EQ.0) WRITE(S,198)

IP (ILOSSL.EQ.0) WRITE(S,199) ' ‘

Ir (1rECL.ZQ.0) WRITE(S,200) .
IF (IAMTIL.EQ.O0) WRITE(%,201) R

Ir (IAEMIL.EQ.0) WAITE(S,202)

IP (IBILAL.XQ.0) WRITE(S,203) 7

IF (ITHANL.EQ.0) WRITE(S,204)

FORMAT(25X, 'LOSSLESS (POLAR)') -

!OBHAT(ZSXq'RICIPlOCAL (POLAR)')
HAT(?SI,"AITIR!CIPIOCAL (POLAR) ') !
AT(25X, ' SENIRECIPROCAL (POLAR)') .

!ORHAT(ZS!-'EIL‘T!RALL! SIMMETRIC (POLAR)"*)

FORMAT(25X, * TRANSVERSALLY SYMMEKTRIC (POLAR)')

FORMAT (25X, 'LOSSLESS (LONGITUDINAL)')
FORMAT(25X, 'RECIPROCAL (LOMGITUDINAL)')
FORMAT (25X, Y ANTIRECIPRO (LONGITUDINAL)®)
FQRMAT (25X, *SEMIRRCIPROCAL (LONGITUDINAL)"®)
FORMAT (25X, * BILATERALLY SYMMITRIC (LONGITUDINAL)')
POIHAT(iS!,'TlAlSY!lSALL} SYMMETRIC (LONGITUDINAL)')

M2 ,

Ir (M.RQ.2) GO TO 502

Go TO 503 L,
WRITEK(S,205)

lOlHAT(/IOI.'RILATIV! PERMITTIVIIY HITIII'/10!,
1 ‘sssussussasussessezanunsennst/)

WAITR(5,206)

'POIﬂAT(/25X.'LOIGITVDIIAL CASI‘/ISX.'-l-t--un-----l-tl'/)
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1Y

o 518

207
208

503

+ 209
210

[4
505

[+
506

c
507

508
21

212
c

509

510

512
213

¢
’ 513

21k

21%
227
515

516
216

pil

217

SoN

1

1

?

WRITE(S,207) ((BRL(I,J),J=1,3),Ix21,3) )
Fonm‘r((tox,"',sqx 'H/mx "',3(31 t(Y L FBLE, e ,?B.M,

§ i‘é
')'),3!,"'/10!,"',091,"' )} . N ey
WRITE(5,208) ' .
FOBHAT(/ZSI.'POLAR CASE'/25X, 'snxsanzsns'/) ! .
WRITE(S,207) ({ERP(I,J),Js1,3),Is1,3) .
M=l ) .o
IF (M.EQ.Y4) GO TO 504. v
GO 10 505 ' s
WRITR(S,209)
FORMAT (/10X,!COUPLING MATRIX'/ 10X, ' sassasszszzassn’/)
WRITE(S,206) — R
WRITE(5,210) .({RGL(I, J) Ja1,8),Is1,4)
FORMAT( (10X, *r1,113X, "'/101."',‘(1X,'('.312 S, iil12.5,
')') 11,"'/10[,"' 113X, 1)) 3 ;
Ms6 ' *
"IF (M.EQ.6) GO TO 506 ’ o
G0 TO 507
WRITE(S,208)
HHITE(S,}IO) ((ROP(I,J),J-!.“),I:1,$)
"Ma8 .

Ir (M.EQ.8) GO TO 505 .
GO TO 509
WRITE(5,211) -
YORMAT(/ 10X, 'EIGENVALUES QOF THE COUPLING® MATRIX'/
on,'slllllll------l----.--s.--t-.sl--l'll
WRITE(S,206) .
WRITE(S,212} (KL(I), Tsi1,W) i
FOHHAT(/1OZ,3(IX,'(',1!.?30.1,1X,',',1!,?10-7,1!,')')/)
M=10 t
IF (M.EQ.10) G0 T0 510 .
Go TQ 511 . B
WRITE(5,208) :
WRITB(5,212) (KP(I),I«1,3) - - . '
M=12
IF (M.EQ.32) GO TO S12
G0 TO %3, .

WRITE(S, 213) '

?ORHIT(/1OX.'TK! MODAL MATRIX U'/10X,'sssssasaasansanass’/)
WRITE(5,206)

i!IT!(5.210) ((UL(I.J)}JI1,').I-1.“) .

WRITE(S,208) '

WRITR(S,210) ((UP{I,J),Js1,¥),Is1,¥)

LERE]
IF (M.EQ.14) GO TO 514

‘G0 TO 515

1

1

WRITK(5,214)

PO!HAT(IlOX.'THE HADAL MATRIX V'/10!.'ll--:-n--lia-i-ll-'l)
WRITE(S5,206),

WRITE(S,210) ((VL(1,3), J-l,l) Int,h)

WRITE(S,208)

WAITE(S5,210) ((YP(I,d),Js1, H) Is1,%)

Ir (IORT&O!.IQ 1) HRIT!(S 215) ' .
1r (1ORTROL.EQ.1) WAITE(S,227)

PORMAT(/10X,'U AND V ARE NOT ORTHOGOMAL IN THE POLAR CASE')
PORHAT(I!O!,'U AND ¥ ARE NOT ORTHOGOMAL IN THE '‘LONGITUDINALCASE'

g
H
)

Ma16

Ir (M.2Q.16) GO TO 516 0y

G0 10 317 5/
L '/

VRITE(S,216) f

TORMAT(/10X,'THE Pr, P, QF, QB 2X2 SUBMATRICES OF TEE PARTITIONE

D MATRIX yU'/10X,

z'l'lli!lIIIllII!IIlllnllIIi’:IIlllllll!llllllllllllllllll.llil.'/i

WRITE(S,206)

WRITEAS5,217) ((PPL(I,J),J=1,2),10),2)

FORMAT(//(25X,'9¢ 78X,100/28X,'9¢ 2(2X,7(’,F16.7,",' ,116.7,')"
$2X), 1R/ 28X, ¢t 00 78K 181 )) -

WRITE(5,217) ((POLiT,d),Jm1,2),121,2)

WRITE(S,217) ((QPL(I,J),d=1,2),121,2)

WRITE(S,217) ((QBL(I,J),Ju1,2),Is1,2)

WRITE(S,208)

WRITR(S,217) ((PPPCL,J),J0e1,2),1e1,2)

Y




A

.

.

517

518
218

219

521

522
221

222

<
523

<
524
223
c

525

%26
22

c
527

s28
225

e Do prer woe P Mot m e

’

PN

WRITE(5,217)

((PBP(I,J),Ju1,2),1I21,2) .
WRITE(S,217) ((QFP(I,J),Jul,2),I21,2) : 148
WRITE(S,217) ((QBP(K,L),Lat,2),Ke1,2) - '
\ ‘ .
Mw 18 . (¢
IF (M.EQ.18) GO 10 518 4
GO T0 519 ‘ klj N
HRITE(5 218)
FORMAT(/ 10X, ' FORWARD WAVE IMPEDANCE' /IOX,'ltailanzanlnusasa---a'/)
WRITE(S,206) .
YRITE(S5,217) ((ZHL(J.J),J-I,Z) Il1 2)
WRITE(S,208)
WRITE(S,217) ((ZWP(I,J),J=1,2),121,2)
WRITE(S5,219)
FORHAT(/IOX.'BLCKHARD WAVE IH?EDAHCE'/10!,'l-:ttlnnlans:l:l--l--t:
17)
WRITR(S,206) .
WRITE(S,217) ((2ZWLB(I,J),J=21,2),121,2)
WRITE(S5,208)
WRITR(S5,217) ((ZWPB(I,J),Jdx1,2),I21,2)
Mz20 . ' i o
IF (M.EQ.20) GO 70 520
GO TO 521
" NRITE(S5,220)
FORMAT (/10X,'THE LF AND LB PROPAGATIOR-FACTOR MATRICES'/10X,
1':-nllln--uu--::-nnua-|n-uln|:--:|u|lls‘ls:'/)
WRITE(S,206)
WRITE(S,217) ((LFL(I,J),J-1,2),II\,2)
UlITl(5,21T) ((LBL(I,J),J21,2),Ia1,2)
WAITE(S,208) - .
WRITR(S,217) ((LPP(I,J),Jd=1,2),I21,2) o
WRITE(S,217) {({LBP(21,J),J=1,2),I21,2) .
M=22 .
IF (M.EQ.22) GO T0 S22 .
g0 TO 523 ’ /\3 '
WRITE(5,221) ) L
PORMAT(/10X,'FP AND FB MHATRICES'/10X,'sssxsaussisensaansa’/)} -3
VRITE(S,206) \ e '
WRITE(S,217) ((rPL(T,d),3=1,2),101,2) * , ‘Y
WRITE(S,217) ~ ((PBL(I,J),J«1,2),Ia1,2)
WRITE(S,208) ' . [
WRITK(S,217) ((PFPP(I,J),J21,2),1Ix1,2)
WRITE(S,217) ((PBP{I,d),de1,2),Ia1,2)
WRITE(S,222)
PORMAT(/10X,'JP AND JB MATRICES'/10X,'ussssasssssanssans'/)
. WRITE(S,206) . .
WRITE(S5,217) ((JPL(X,J),Je1,2),Ix1,2)
WRITE(S,217) ((IBL(T,J),Ja1,2),1x1,2)
WRITE(3,208) N . .
WAITE(S,217) ((JFP(L,J),Je1,2},Iu1,2) . ..
wRITE(5,217) ((JBp(1,J) ,J21,2),Ix1,2) :
Ms2h »
IF (M.XQ.24) GO TO 52l K .
go TO 525 .
WAITE(5,223) "
'0!"‘1(/101.'LA!IR TRAMNSFER MATRIX G(L)'Ilﬂx,'s-lls::.--t.:ltsnll-
1gannant/) .
WRITE(5,206)
WRITE(5,210) ((GL(I,J),Ja1,4), I-1'b)
WRITE(5,208) .
H!ITI(!,Z!O) ((GP(I,J),Ju1,8),Ia1,4) . . .
N=26
IF¥ (M.RQ.26) OO TO %526 .
G0 10 52T’ ,
WRITE(S,228), '
PORNAT(/10X,'THE G(~L) MATRIX'/10X,'ssuasussaussssss’/)
WRITE(S5,206) "
WRITE(%,210) ((GLI(I,J),Js1,4),Iun1,})
WRITE(%,208) ) - . . )
WRITE(5,210), ((GF1(I,d),3n1,84),In1,8) .
Hed8 :

1F (M.EQ.28) a0 TO 3528

Go 10 529
HlITI(S 22%)

’ IOIHAT(/1OX,'TEI Kl.ﬂz B3 AND HY HIT!IC!S'/

\

vy

ol -

3 e e v

NI PN

|
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110X, 'sensssssssnsxyssansuzansnss'’/) . . 149
WRITE(5,206) . : .
WAITE(5,217) ((H1L(I,J),J=1,2),1s1,2) :

WRITE(S,217) ((H2L(I,J),da1,2),La1,2)" - . -

WRITE(S5,217) ((H3L(I,J),d31,2),I=1,2) '
WRITE(5,217) ((HUL(I,J),J=1,2),Ix21,2) -
- HRITB(S,ZOG)
WRITE(5,217) ((H1P(I,J),Js1, 2) I21,2) N
WRITB(5,217) ((BRP(I,J),J=1,2), I:I»Z) R
" WRITELS,217) ((H3P(I,J),J=1,2);Is1,2)
WRITR(5,217) ((H8P(I,d),d21, 2) I, 2)
[ R . .
529 Ma3l : . . *
IF (M.EQ.31) GO T0_530
GO 70 53t | -
c . R - .
530  WRITE(S,226) . f p
226 FOMMAT(/10X, ' THE K1,K2,K3 AND K& MATRICES'/ .
1 1°x,'l!llllllll'l’.lllllllllllll"/)
WRITE(S,206)
WRITE(%5,217) ((KI1L(I,s),Jd=1,2),I21,2) ‘
> WRITE(S5,217) ((K2L(I,J),Js1,2),Is1,2) - ¢ .
WRITE(S5,217) ((K3L(L,J),J=21,2),I21,2) . 3
WRITEB(5,217) ((K4L(I,J),Js1,2),Ia1,2) : s
WRITE(5,208) 5
WRITE(S5,217) ((X1P(I,J),J=1,2),Ia1,2) . .
WRITE(S,217) ((K2P(I,J),d=1,2),021,2) . : *
. WRITB(5,217) ((!3P(I.J) Js1,2), !-1,2) tr
" WRITE(S,217) ((K4P(I,J),d21,2),T21,2) Lot ‘

c

531 Me32 0 o
I¥ (M.EQ.32) GO TO 532
GO TO %33 5

¢ - ' . . ,
532  WRITE{S,230) S
230 . FORMAT(/10X,'THE REFLECTION MATRIX GIHA'/HJX,

{'sssassssasssssassasasnsasa’/) ' . .

WRITE(5,204) .

WRITEB(5,217) ({(GAMAL{(X,J),Jd=1,2),Is1,2)

WRITE(S,208) ) :

WRITE(S,217) ((GAMAP(I,J),J21,2),Ix1,2) <7
[ .
533 sTop . .

gND’ .

SUBROUTINE Pznuzr(sn EP) !
CIIIllllllll.lllllllllllllllllllllllllllllllltll.llllllllll.lll!ll.l.llllllli
c THIS SUBROUTINE INITIALIZES THE VALUES OF THE PERMITTIVITY HArnrcxs,
c IN THE LONGITUDINAL AND POLAR CASES .
cllllllillll'.lllllllllllll!llllllllllllt.lllll'lI’lllll‘lll'lllllll‘lllllll. N
COMMON /AAA/ L “ .
REAL L ' . -
COMPLEX PL(3,3),EP(3,3),EHERMP(3,3),RHERML(3,3),5UM1,30M2

\

po | Is1,3
DO 1 Jut,3
BL(I J)-lP(I »J }sCMPLX(0.,0. )

LONGITUDINAL ctsf " . ! *
EL(1,1)nCHPLX(2.4,0.0) . .
EL(1,2)=CMPLX(0.0,0.1) '~ . . .
BL(2,1)=CONJG(RL(1,2)) ' .
EL(2,2)sCMPLX(2.45,0.0) . .
EL(3,3)=CHPLX(2.5,0.0) :

1
c
[+

< - . H ‘ - ¢

¢ POLAR CASE , . )

EP(1,1)sCMPLX(i.8,0.0) .

. BP(2,2)=CMPLX(2.0,0.0)

s EP(2,3)=CHPLX(0.01,0.0) . )

EP(3,3)=CONJG(EF(2,3)) l ‘&
EP(3,3)mCHMPLX(1.7,0.0) !

DO 2 IXI=1,3 : A « . ‘ ‘
SUH'ISUHZICHPLX(O.,O ) ! :
Do 2 Jdst,3
EHERML (XII,JJ)eSUMI+EL{II,JJ)?CONJA(BL(II,JJ))
EHERMP (II, u)-sunz.n(n 1JS)eCONJIG(EP(LI,J)) ‘
2 CONTINUE
D0 3 IX=1,3 ' .
00 3 JJe1,3 _ “
Ir (AIHAG(!H!IHL(II JJ))ME.0.) THEN ' '
WRITE(S,11) ¢t
1" FORMAT (/' THR FOLLOWING PKRHITTIVI'!! HATR!X IS NOT HERMITEAN') - ‘
NRITE(5,22) ((EL(I,J),Ja1,'3),Is1,3)
22 lOlHAf((lO!,"',59x "'/10: "'.3(3!,'(',!3-5,',',Pa.l. ¢
. ) ')'),3!."'/10!,"',59!,"')) . .
END IF

[




R s

v

QW

clllll..llll'l'l..ll'..lll‘.lll'..llll'..l'.’l"l"'.'.lI!llIIll.....l’l‘...llll ’

[

cl’llll.l!I’."‘III.'.“III!“II.II.'I".....III‘II‘.l"..lll‘..ll.'lllllll.lIIS
»

IF (AIHAG(EHBRHPT!I JI)).NE.L0.) THEN
WRITE(5,11)

. HRIT!(S;ZZ) ((EP(I,J), J-‘ 3),1s1, 3)

END IF

CONTINUE ' | ‘ "

RETURN
END ’ v
SUBROUTINE PCOUPLI(R 1E4BETAY ' o "

PCQUPLI EVALUATES THE COUPLING .-MATRIX R IN THE POLAR CASE

COMPLEX E(3,3),R(4,4)

DO 1 I=t1,4 - N . ! e

DO 1 Js1,4 o .
R{I,J)=CMPLX(0.,0.) . ,

R(1,2)sCMPLX(1.,0,)

8(2,1)3E(2,2)-BETA®®2

R(2,3)sE(2,3) .

R(3,4)s1~BETA®#2/E(141) * . ’ ,
R(U4,1)28(3,2) ' '
R(4,3)sE(3,3) ¢
RETURN . :

END .

SUBROUTINE LCOUPLI(R,E,BETA)

14

c..tlll‘lllllllllIllllllllllllll'llllllll‘llllllllllllllllllllll’llllillllll'l
LCOUPLI EVALUATES THE COUPLING MATRIX R IN THE LONGITUDINAL CASE

cl.ll..'-lll.l‘l-.....Il"llIll..l.lllll..llI.l.l'lI.-I-.IIIIII'I‘I..IIII.II

c

c

—

clllll".l...l."....lll'-...l.lll.lllllllI..-.-..II........llll‘l..lllllﬂl!ll

¢

[+

COMPLEX E(3,3),A(4,4),D22 c o '

0O 1 Iat,H .
DO 1 Js1,4 - o
a(r,a)-curnx(o.,o.) .

D2Za=RB(1,1)*E(2,2)-B(1, 2)'!(2 1) N
RC1, z)-cunxh.,o.) .
R(2,1)sDZZ/E(1,1)- B!Tl"!
R(2, u).-un-s(z DIZE(V,0)
R(3, 1):-!!‘1‘!'!(1 2)7E(1,1)
R(3, u)-1-aer-02/:(1,1)
R(n13)13(313)

‘RETURN
EXD
SUBROUTINE EIGP(I BETA l,ll)

EIGP EVALUATES THE EIGENVALUES KAPPA IN THE POLAR CASE:
COMPLEX K(4),a,B,R(4,8),8(3,3),D0NNY

CALL PCOUPLI(R,E,BETA)

A=(R(3,B)PR(N,3)eR(2,1))/2

BaA®92.(R(2, 1)'1(5.3)-cnns(n(u 1))'-2)01(3.")
K(1)s0+C3QRT (B)

K{3)24-C3QRT(B)

K(1)sCSQRT(K(1)) L
K(2)a-K(1) ~ ;
K(3)=CSQRT(X(3)) . :
x(u)--:(a) , v

um-unm(x(n)

AIM3=sAIMAG(K(3))

IF (ABS(AIM1).LT.ABS(AIM3)) THEX
DUMMY=K(1) ©

K(1)aK(3)

K(2)e=E(1) . o

K{3)uDUNMY .
K(8)eak(3) . .

END ILF : .
_KETURN .

'END . ) -
SUBROUTINE EIGL(K,BETA,E,R) N

R cll'l‘llllllllll-lllllll.l'IIIIIIllllll‘l..l.’IIIIIII.I.IIHI’IIIIlIllllll‘lllll

CIICIIIII.IIIIIC.I'-llll.l'lllillill'l.l'.ll'.'lllll.-Il...lllllllllltlllﬂll

4

EIGL EVALUATES THE EIGENVALUES KAPPA IN THE LONGITUDINAL

caAsE

cll"ll.!!lllt".-.-l.-"II‘.lI.“'-llI.ll.ll‘l.l.lll.l..l"lllll‘llll.l.l.l

c

COMPLEX K(4),R(¥,¥),A n,x(s 3),DUMMY |

CALL LCOUPLI(R,E,BETA) - °
Aa(R(3,8)*R(N,3)eR%2,1))/2" N
BaA®e2o(R(2,1)8R(3,8)-CABS(R(3, 1))"2)0u(h,3)
K(1)=A+CSQRT(B)
K(1)sC8QRT(K(1)) "
K(2)s<X(1) .

K(3)sA-CSQRT(B)

K(3)=CSQAT(K(3)) . ' .
K(%)nek(3)

*

A I e

N At b Y bl




acoaa

4 .
- - s

AIMIaAIMAG(K(1)) \ -
AIMISAIMAG(K(3)) . . .
tF (ABS(AIM1).LT.ABS(AIM3)) THEN

+ DUMMY=K(1}.

K(1)aK(3)

K(2)x-K(1) - . '

K(3)eDUMMY

Yo x()a=x(3)

IND' IF

RETURN

£XD . .
SUBROUTINE MODAL (R,K,QZ,PZ, ox u.Pr ?B,qP,qB)
-COMPLEX  PF(2,2), PB(2,2),QF(2,2),08(2,2),R33CC .
COMPLEX RNUME1(4),RNOME2(4),RDENO(H) -
COMPLEX QZ(%), QY(M4), PZ(¥), R‘(M,’A),' K(4), U{4,4)

R33CCaCONJG(R(3,3))

" DO 100 Ial, b

100
[

’

- oanOa0n

210

212

ANUMEL(T)sR(3, 1)'(333cc-x(1))-n(s.n)-n(h 1)
" ADENO(I)sR(3,3)*R(3,4)-(R33CC-K(I))*(R(3,3)-K(I))
axuu:z(1)-atk.1)ﬁ(n(a,s)-zcz)),n(l.z)'n(3,1)
Qz(I)=sKk(2)
PZ(1)= (RNUME1(1))/(RDENO(I))
QY(I)u<~(RNUME2(I))/(RDENO(I))
U(1,1)aCMPLX(1.,0.) ' .
u(2,1)=Q2(I1) * .
U(3,I)2RZ(I)
U(s,I)e=-QYCI) .
CONTINUE - - °

PF(1,1)s0(1,1)

PP(1,2)s0(1,3) ¢ :

PF(2,1)s0(3,1) - .

P!(2,2)-0(3,3) B P

PBR(1,1)a0(1,2) -

PB{1,2)sU(1,8) T .
. PB(2,1)aU(3,2) Lo

PB(2,2)sU(3,4) .

Qr(1,1)su(2,1)

Qr(1,2)s0(2,3) - .

Qr(z,1)=u(k,1) o .

ar(2,2)s0(s,3) . ,

QB(1,1)=0(2,2) :

Qr(1,2)sU(2,3) . ,

an(2,1)a0(k,2) . . .

QB(2,2)=0(4,4)" v

RETORN - . »

EXD

SUBROUTINE rnonu(u1 H2, n3 Pno,l,ru01) .

THIS SUBROUTINE EVALUATES rn: PRODUCT OF THREX NXN MATRICES

M1,M2 AND M3 IN THE POLLOWING MANNER: PROSHM18M2°M]

COMPLEX M1(N,N),M2(N,N),M3 (X, l),!lO!(l,l) PROCN ,X)

DO 210 ZIet N

D0 210 Je1,8 N . .
PAOY(T,3)20. '

. PRO(I,J)s0. X \

COMTINUE

DO 211" Ial,N
DO 211 Jsi,N
DO 211 K=l ,X

PRO(IX, J)!PRO'I(I J)OH‘l(I K)'HZ(K.J)
CONTINUE

%

D0 212 I=1,H

20 212 Sat.& -

00 212 Ka1,X N :
PROCZ,Jd)aPROCI,J)ePROT (T, K)MN3I(K,d)

CONTINUE

AZTURN
END
SUBROUTINE H(QF,QB,QZ,QY,H1,H2,83,HN)

THIS SUBROUTINE IVA.LUM‘IS THE & 2X2 H MATRICES

I..--..-...I--’IIIIIIIIII..-llll.-.llllll.ll.'

COMP!.II qorea2,2),Q8(2,2),81(2,2),0242,2) BB(Z.Z).H“(Z 2)
COMPLEX DETQP, DlTQl.Ql(l).Q!( Y
COMPLEX H11(2, 2).822(2 2) 1'133(2 2}, su(z 2)

151
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e

T RSN PR Tewee

)

4

100
c

aaaan

-

1Q0 .

aaaaad-

>

DETQF»QZ(3)%QY(1)-QZ2(1)%QY(3)
DETQBQY(2)#QZ(4)-~ QZ(Z)'QY(“)

B11(1,1)9=Q2(1)*QY(3) o ‘ :
B11(1,2)2-02(1)%Qz(3) : . , , "
H11(2,1)eQY(1)%QY(3) - ’ . .
B11(2,2)sQY(1)9QZ(3) . '

B33(1,1)sQY(1)*QZ(3)
H33(1,2)=Q2(3)%QZ(1)
B33(2,1)=-QY(1)¥QY(3)
H33(2,2)2-Q¥(3)*Q2(1)

B22(1,1)2=Q2(2)}%QY(¥)

H22€1,2)2-QZ(2)%Q2(4) ' R

L H22(2,1)xQY(2)9QY(4)" ’ : o '
#222(2, 12)+QT(2)*Qz(3)

H48(1,1)=QY(2)*QZ(4)
HA4(1,2)=Q2(2)%QZ(%)
HBU(2,1)2-QY(2)4QY(4) .
H48(2,2)2-Q2(2) QT (4) co

DO 100 Ist,2 - .
DO 100 Js=t,2 . LI . o “
A1(I,3)eH11(1,3)/DETQP - : . :
A3(I,J)=H33(1,J)/DETQr ’ . C . . . .
#2(I,J)sH22(1,J)/DETQB . : ’ !

AN(I,J)#H84(I,J)/DETQB .

CONTINUER . .

RETURN ‘ . ' . .
| 4 b . B ’
SUBROUTINE KICPF,PB,PZ,K1,K2,K3,KN) e

":us SUBROUTINE :vﬁmm THE % 252 KX NATRAICES . T

COMPLEX PF(2,2),PB(2,2),P2(%),K1(2,2),K2(2, 2)'l3(2 2),K8(2,2)
COMPLEX Dl'ﬂ’! DETPB, IH(! 2),!22(2 2),!33(2 z).xu(z.z)

,r-.v‘ -t

nnnsrz(l)-n(i) . .
DETPBaPZ(4)-PZ(2) '

K11(1,1)=PZ2(3)
K11(1,2)==1,
£11(2)1)aP2{3)0P2(1) - - ,
£11(2,2)-P2(1) , -

K33(1, 1)--?2(1) . . ' - -
‘33(1,2)-1( .
£33(2,1)s=PZ(1)%PZ(3) . . ' N
K33(2.2)!PZ(3) v . .

b e R W o

X22(1,1)sp2(3) . . : ’

K22(1,2)s=1. - -
X22(2,1)=P2(2)¢PZ(A) ' . )
K22(2,2)e-$2(2)

KEN{1,1)a=P2(2)
K&8(1,2)x1,
K44(2,1)s~-P2(2)9P2(N) ' o .
EMU(2,2)sPZ(d) " . ~ . . N o

»
S tiriann S O BOM NI 2 o+ et

DO 100 Iu1,2 ! . . . )

_DO 100 J»1,2 - . 2. L .
K1(1,4)sK11(1,J)/BETPP ] .
X3(1,J)sX33(1,J)/DETPPF . . - S
k2(21,J)s£22(21,J )/DETPR . : a
KN (I,J)=X88(X,J)/DRTPB .

- CONTINUE - .

RETURM ~. . . .

193] .

SUBROUTINE GAMMA(YF,YF1,TR1,GAMA)

13 SUBROUTINR RVALUATES THE REPLECTION-CORFFICIENT MATRIX GAMMA : .
quun TOWARDS THE RIQHT, AT THE INTERFACE BKTWEEN AN ISOTROPIC i
IuM, CHARACTERIZED BY FORWAND (BACKWARD) ADMITTANCE YF1(YB31) AND L Jd
K\AE‘SO‘HOPIC MEDIUM, CHARACTERIZED BY ﬁAYI-lDHI‘!TAlCK Y. o b

REAL WK(W) ' -
COMPLEX WA(2N),YTINV(2,2),MATRIX(2,2),0AMACR,2),YP(2,2),TP1(2,2)
caun.u T81(2, z) 12(2,2),10(2,2), num(z 2)

IS }"‘
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' Vil

g ’, CHARN » ," B 3
D0 ¥ IsT,2
D0 1 Jat,2

MATRIX(Z,J)sYP(I,J)=-YB1(1,J)

ID(I,J )=aCHPLX(0.,0.)

ID(X,I)aCHPLI(1.,0.)
TINV(I,J)sCHPLX(0.,0.)
TINV(I,I)sCMPLX(1.,0.)
12(1,3)aYF1(2,J)YP(L,J)

CALL LZQ2C(MATRIX,2,2,YINV,2,2,0,WA,¥K,IER)
CALL PRODU(YINV,Y2,ID,GAMA,2,DUMMY)

RETURN .
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APPENDIX III
Fortran ;Program LAYER ‘ : i .

’
v

,Progr'a'm L.AYER. solves numerically the dispersion equation of layéred

' 4 ' -P(
P ,/ - =
/ symmetric waveguides. The film and the cladding can be either of polar

- 0T longitudinél configuration. )

[ . 4

For a.particular waveguiding structure, LAYER varies thé g and ¢
- A . Tove
‘w‘ithin prescribed ranges (DO loops) and computes the values of the chardc-
‘teﬁsti‘c‘equations, given in Tables 4‘.7-10;4 using the proper transverse

guide indices of (4.4.19) and (1;.4.2_0'). Upon the detection of a change
P oo . e
of sign between two success'ivg values, it refines_the step of £, under

“

. ’ -
the same normalized width 2, to obtain a desired accuracy of the 'zero'

1 b

. -f—'—”'\—- . y
of the dispersion equation. Due to the form of K; (;<°i = jlcitamciz;

N

i,<; = ;jKicotKilf special care 1s taken to find and aborxt i:he poles of the N

dispersion equation. The output consists of i:he,values of B’Kl WKqs Oy g

and £ at which the dispérsion equation attaids close(t:'o zero values within }

predefined tolerance. It also plots the 32 = £(2) diagram of ;the 'zeros'

of the dispersion equation and Re, Im Oci, ai) = f(Bz) diagfams.
° . 5

e. .

. 'Prograin LAYER consists of:

-

Main Program:'_'The input 1s distinguished as ir'x—progfam and intetactive .

) . . ' . o o [
input. The in—pr,ograiu.n/put data are the entries of the permittivity

tensors of the film and cladding, is;igned value.s in subroutine PERMIT. ‘ :
The interactive input data are/provided .ky the"user via the terminal. ‘,, vi
Terminal print-outs explaining the in;;ﬁt"'variables and ftee—éormat read _ -'\
statements mabke the }ngeractive 1:npi1c simple imd easy.” The latter input % .
consist; of .initialization ,gf Bo(:v,o) 2 the initial value of 8(2.)0.1?0 i
) - - n
R e . . ] 3
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- " s
\

e o2
nax | the ranges of B

~

1
)

.lof)p, Bincr(g'inc;) - the step of this loop, Bmin/B

.,
*

to be used in the ~leots, a se'lf-explanatory code for the waveguide co;x'-
4
figuration to be treated (e.g. PLP with Ky of symmetric form) and

2 - the number of iterations of this DO loop. Although all the

m

1 .
waveguide configurations are listed, gsing ch‘e\-flags nly one of these is
examined. The computation of the cutoff axial guige indices, treated in

Section 4.4(2), is followgd by the nested DO loops of B and £, and the

"print-out statements. In the DO loops, the dispersion equation is evalua-
L e
ted calling the pertinent Function and each value is compared in sign with

-

! .
the previous one. Change of 8ign results in the call of Subroutine

SEARCH which refines the step‘ of B' to obtain the 'zero' of the dﬁpergsi‘on

equation. These 'zeros' are recorded along with the corresponding parame- -

N - »

ters and a;e finally printed ‘out. -

The arrays KlREq K3REC,~. AlREC, ABREC, BET, éUM, YPLOT, YPLOT1,*,
XAXIS, MAX and LREC which correspond to recorded values used in the

plots, have been dimensioned so as to be’ ag’ie to,n;,accommodat;e 50

’

* zerog of the characteristic equation. ' If more zeros are anticipated C
. @
- . y ,

" the dimensionality of these arrays should be augmented éccord_ing'ly.

L e T TNy

Subroutine PERMIT: 'This initializes the permit:tivir.y tensors of the

e

Sak

n Fanl . v s -
fildl and cladding regions. It-is called in the main program and in the'

Furictions evaluating the value of.'t‘:he‘ dispérsion equations. ' X

" Subroutines PCOUPLI/LCOUPLI: These are used to evaluate the cqupling

matrices R8 in the pola;'s(lorigitudinal configuratior{s in the film and
\ L4 '

L3 < L]

Subroutines EIGP/EIGL: These are used to evaluate the transverse guide L
- . o A

: _
e dennmr .
indices Ky and ay (edgetivalues of Rg): . 1

h J
«

-
13
. L
b ~ . , ) e
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Functions DPPP, DLPL, DPL?; DLLL: These functions evaluate the '
hi/ﬁi, gi/§i parameters and the symmetric/antisymmetrie guide indices %

!
o

Ki. Subsequently, they compute the value of the éispersion equation by
(Y L Yo . . . v Y. 3

calling the following Subroutines. ' N

.
- - )

s « LY .
Subroutines PPP, LPL, PLP, LLL: These subroutines are-called by the

corrésponding Functions to coﬂ%ﬁte ¢heséi§persion-equation. The form
o ¥ N . oy

' of'the programmed characteristic equation is not the same as in Tables

4.7-10 but is a modified equivalent, where the to'tdl sum (determinant)

is in real form instead of complex. This saves considerable amount of

N

computeﬁ ‘time.

L3

Subroutines SYMMET/ASYMET: These are called by ‘the Functions to compute

: and gi’paramétegi. A gode-flag from the Main Program regulate

the use of the symmetric or antisymmetric form of the‘ki.

|- '

_ Subroutipe SEARCH: This Subroutine is called from the Main Program to

-~
e e

refine theibtep of B in the case the vaiue of the characteristic equation

~—

changes sign., It calls the IMSL SﬁbrOutine ZBRENT to find the 'zero'
vithin a prescribed accuracy. Specifically, a 'zero' is accepted as the
actual root when: (a) two successive B's/resulting in valueé of opposite’

-

sign differ less that EPS (e.g. 10-7), (b) two successive values of the

. A )
digpersion equation differ by NSIG, or (c) after a number MAX of .evaluations R

of the dispersion equation, the algorithm féils to obtain a refined B~l

”

" of the (a),or (b) cases. ' -

Subroutine POLE: ' This is called{by SEAKCH to find and abort the poles of
the Afspersion equation.

Subroutine PLOT: This 1s called-in the Main Pfogram.to plot the 'zerog'

in the 82 = f(L) diagram using the IMSL subroutime USPLO, It is separate

esland AT v
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o A R M W Bt




L
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B B L I T At ST D) .

-

. 'zeros’
of tﬁéf dispérsion' eﬁua,tién, dumber of iterations used.by SEARCH to obtain

- . - . . N t\
that.-value and 2, °

from thé main program due to*the‘advantgge_ofﬂadjustable érrays (of magni-

.

tude equal to the number of

a priori known.,

.

Subroutine ‘RECORD:. - This.is called in the Main Program td record all the

-

R}
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ﬁf 'zeros" 1is not

(B) found-along with the corresponding 82, Kir Kgo Ggy Oy, value
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PROGRAM LAYER(INPUT,DEFAUL, OUTFUT TA?ESIDEFAUL) . * 158
COMMON /AAA/ L - i
COMMON /BBE/ PI &

COMMON /CCC/ ISA,LICODE
PARAMETER (IMAX=101,LMAX2150)

COMPLEX KL(2),KP(2),KL2(2),KP2(2)

COMPLEX K1REC(LMAX),K3REC(LMAX)

REAL A1REC(LMAX),A3REC(LMAX) . 4
REAL BET(LMAX),SUM(LMAX),YPLOT1(LMAX),XAXISELMAX),RANGE(Y)
INTEGER MAX(LMAX) 3

COMPLEX EP(3,3),EL(3,3),EPEXT(3,3),ELEXT(3,3)

AEAL BINCR, INKP1 ,IMKP3,IMKL1, INKL3,YPLOT(IMAX,1),LINC, LINCR

REAL L,LPLSUT,LPLSU2,LLLSU1,LLLSUZ,LLMIN,LREC (LMAX)

REAL Y{P(IHA! 2),IEL(IMAX,2), YAF (IMAX, 2),YAL(IMAX,2),B2PL(IMAX)
CHEARACTER DUHH!'XO.IPOLAR'IO,ILONG'1T#IBETA2'T.ICBKR'Z
CHARACTER®18 IXTI,IATY >
EXTERNAL DPPP,DPLP,DLPL,DLLL "
DATA I1/17,IPOLAR/'POLAR CASE'/, ILONG/'LONGITUDINAL CASE'/

DATA ICHAR/'13'/, IBETA2/'BETA®421/,IKTI/'MAGNITUDE OF KAPPA'/
DATA 'IATI/ 'MAGNITUDE OF ALPHA'/

-

Cls-lnll--n:lt--:nn-----:n:‘.ﬁlll:n‘-l:llll-sllns!lss:--la:-ni:-llls-l:--:-:
CasaunaINPUT FROM THE TERMINALS2zZszessssnsusNsssasEENEREN NS RNANERZEIURIRRES
CaassnaEss8asNag i asEsm S sNASS2 iSRS ESENSIES3NZaSS 23RS NE2SIIRZEINENSRSS

PRINT ", 'ASSICN VALUE FOR BZERO (POR THE BETA LOOP)’
READ *,B0
PRIKT ®, " ASSIGN VALUI*FOR BINCR (BFINAL»BO+1012BINCR)!

AD ¢ BINCR °

PRINT . » TASSIGH VILUB POR BMIN AND BMAX (PLOT. RANGES OF B ##2)!
READ * BHIN BMAX
PRINT '.'ASSIDN VALUE POR THE TWO-DIGIT INTEGER ICODE, WHERE:
PRINT ®,;'FIAST DIGIT «1(PPP), 2(LPL), 3(PLP), &(LLL)'
PRINT . , *SECOND DIGITa1(SYMMETRIC MODES),2(ANTISYMMETRIC MODES)'

READ *, ICODE } R
PRINT®,'ASSIGN VALUE TO LLMIN, WHERE LLMIN®PIsMIK OF L' o
READ ¢, LLMIN ‘ *
PRINT *,'ASSICH VALUE TO LINCR, AS  FRACTIONS of r1’

READ *, LINCR

PRINT %,' ASSIGN VALUE. TO LLMAX: LLMAX-1s# OF LINCROPT .

READ" ', LLHAX

c-.-..""'..'..'...l-...-..‘..'..-....--..-'.l...-.‘..’-'.-'-'-'.-...."".
ConassINITIALIZATION sassnssausssssananssnsssssasssnsnssssssnsansynsunnnznnsnis
c.'....--"'..."...l.l...'..-'....-..--’--".'l'.-.."--.-..-’.l-l-’ll’-..‘

2

DO 2 I=1,LMAX . .
BET(I)sLREC(I}=0.0 -

RANGE(1)zBMIN

RANGE(2)=BMAX .

RANGE(3)=0.0 . . .

RANGE(#}=1,0 o — . -
ICASEsINT(ICODE/10Q.) " . '
ISA=INT(ICODE-10*ICASE) N
PIad®ATAN(1.0) '
LINCaLINCR . .
LINCReLINCR*PI )
BFINALaBO+(IMAX-1)®BINCR
XLMAXsLLMIN® (LLMAX=1)8LINC
CALL PERMIT(EL,t)

CALL PERMIT(EP,2) -
CALL- PERMIT(ELEXT,.3)

CALL PERMIT(EPEXT,4)

CIIII.UIIIIIIIIlllllllljllll.IIllllIIIl'.ll.llll'....l.lllllllllllllll‘lll"

CassusCUTOF? AXIAL GUIDE IlDICIS::-.--:s--allnlt-tlnnlnllll--llatls:-al:n-l-

CaenssPOLAR CASE-HIOH FREQUENCYszzuxsezssssuxs

SEEESESISEUBESNESRZARRINZNRS
I? ((ICASE.RQ.1).0R.(ICASE.EQ.2)) THEX
BAPZ=AEAL(EP(1,1)) *
BBP2=REAL( (EP(2,2)*EP(3,3)=EP(2, 3)'&?(3 2))/8P(3,3))
BEPaREAL(EP(2, 2)-!?(\ 1)) '
BCP2=REAL(BP(3, 3)'(1.-!?(2 2)/!?(1,1))0(0183(!?(2 3))"2/!?(3 3))e
[ (1.¢!P(3.3)/!P(1 ™))
unrz-nxxn(:r(3,3)-(1.-:;(2 Z)/EP(1,1))-(CA!S(!P(Z.J))'QZIBP(B,3))'
0! (1.08?(3.3)/!?(1,1)))
ND IF

C2=uusPOLAR CASK- CUTOlFllillsllll:s---n---lll-------u-------:-:-:u----.:-:-t

IF ((I1CASE.EQ.1).0p.(ICASE.2Q.3)) THEN

BAP2EX=REAL (KPEXT(1,1))

BBPZ‘X-RKAL((SPBXT(Z 2)EPEXT(3, 3)-!!!!7(1 3)'!?!!?(] 2))/!?!11(3.
¢ 1))

BEPEX=REAL (EPEXT(2,2)-EPEXT(1,1))

BCP2RXaARAL (PRXT(3,3)*(1.-EPEXT(2,2)/TPEXT(1,1))+(CABS(BPEXT(2,3)

L4 )e82/EPEXT(3,3)) (1. +EPEXT(3,3)/EPEXT(1,1)}) .
BDP2EXsARAL(XPEXT(3,3)*(1.-EPRXT(2,2)/EPEXT(1,1))=(CABS(EPEXT(2,3)
4 )"2/]?!!!(3.3))'(‘-ol?l!f(}.!)/!?l!?(1.1)))

END IF

C3anusLOMGITUDINAL CASE-HIGH PRIQUKNC!II:l.lI:II----a-n-ll-la:ll-lt-l--l-ll-

IF ((ICASE.EQ.3).0R.(ICASE.EQ.4)) THEN
BCL2sREAL(EL(1,1)eRL(2, Z)OCSQRT((IL(Iil) (2, z))"z.uucans(lb(1
’ .2))~02)4/z

| ) .

A

e
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BDLZ-RBAL(EL(I 1)+EL(2,2)- CSQRT((EL(1,1)-EL(2, 2))"2+“'CABS(BL(1,

4 2))"2))/2

B1L2=REAL(EL(2,2)+EL(3,3)-(CABS(EL(1, 2))"2)/31.(!,]) (1+BL(3,3)/

L EL(1,1))%BCL2)

BZLE-HIAL(!‘L(Z 2)+EL(3,3)-(CABS(EL(1,2))%%2)/EL(, ‘l) (1+BL(3,3)/

¢ ELU,\))’BDLZ)
END 1F

159

CYsunsLONGITUDINAL CASE-CUTOPPsassnssasssaasassesssnsnas esiusssutssaXassnss

-

IF ({1CASE.EQ.2).0R.(ICASE.EQ.4)) THEN

BCLZ!X!REAL(ELE!T(1,!)~ELE!T(-§ »2)+CSQRT( (ELEXT(1,1)= ELEIT(Z 2))e
)

[4 2+4%CABS(ELEXT(1,2))%%d))/2

BDL2EXsREAL (ELEXT(1, 1 )+ELEXT(2,2)~ CSQRT((ELEIT(I,U ELZXT(Z.Z))"

2+4BCABS(ELEXT(1,2))%%2))/2

B1L2BXsREAL (ELEXT(2, 2)0!LEXT(3 3)=(CABS(ELEXT(1, 2))"2)/!1.311'(1 1)

1 4 -{1.+ELEXT(], 3)/EL!XT(1,1])'BCLZEI)

BZLZ!X-REAL(ELR!T(Z,?)*ELEXT( 3,3)-(CABS(ELEXT(1,2))%®#2)/ELEXT(1,1).
[

-{1.4ELEXT(3,3)/ELEXT(1,1) ) *BDLREX)
END IF

cﬂ’ll'.l‘lll‘IIIIIIIIIIII.II..I‘I.IIII...'..II..I‘.Illl"l..ll.l.lll.lll.l'.

DO 10 LL=1,LLMAX
L-LLHINip:.(LL- 1)*LINCR
INDEXx? -

DO 10 Ist,IMAX

BETA=BO+(I-1)9%BINCR

CALL EIGP(KP,BETA,EP,1)

CALL EIGP(KP2,BETA,EPEXT,2)

CALL EBIQL(KL,BETA,EL,1) 4.
CALL EIGL(KL2,BETA,ELEXT,2) .
REKL21«REAL(KL2(1))

REKL23=REAL (KL2(2)) -

REKP21+ABAL (XP2(1)) -

REXKPZ3IxREAL (KP2(2))

IMKLYsAIMAG(XL(1)) ‘
IMELIsAINAG(KL(2)) . 1
IMKPIsAIMAG(KP(1)) ' : )
IMKP3IsAINMAG(KP(2))

M
YXL{I,1)sCABS(XL(1})
YKL(I,2)=CABS(XL(2))
YKP(1,1)=CABS(KP(1)) -
YKP(1,2)sCARSGKP(2])
YAL(I,1)sCABS(KL2(1)
YAL(I,2)sCABS(KL2(2)
YAP(I,1)sCABS(XP2(1)
YAP(I,2)=CABS(KP2(2)
BZPL(I):!!T&"Z

)
) .
)
)

.

’

CaatsnsusananssseaNaneuasaasRassaninanaasnnsasssssasssnasassansuansnsenasses
Cu-]--POLAR/PDLARI?OLAR--laslnlu-l:-l:utlnlln:-ll:-::-l-lllnilnllnlll:llll

c.III'IIl.lll.lllI.IIlllll,'llllllllll‘l.."l'l..'llIIIIIIII'IIIII.!.I’III'I

Casaunsmsasnssussassanns

15
4

IF (ICASK.EQ.1) THEN

IF ((IMKP1.NE.0.).AND.(INKF3.NE.0.)) GO 7O 10
IF ((RRKP21.NE.0.).OR.(REKP23.KK.0.)) GO TO 10
¥ (INDEX.KE.1) GO TO 1%

PPPSU1IDPPP(BETA)

INDEXIsINDEX 1

Go 70 10

PPPSU2sDPPP(BETA) .o
PROD=PPPSUI*PPPSIU2
IF (PROD.LT.O0.) THEN
BE=BETA -
CALL SEBANCH(BE,DPPP,BINCR,BETAI,M1,PPPSU1)
IF (BETA1.XE.O.) THEN .- ‘
BET(I1)=BETAN .
. CALL FIGe(xP,BRT(I1),8P,1)
CALL- EIGP(XP2,BRT(I1),EPEXT,2)
CALL nlcono(szr(rv) M1, MAX(I1),KP,KIREC(LT),
¢ K3REC(XI1),KP2, AIR!C(I1).A33!C(!1) SUM(IV),DPPP)
LREC(X1)aL/PI
I1sl1et
ZMD IF
PRPSUI=PPPSU2 .
ELSE IF (PROD.2Q.0.) THEN : "
BRT(I1)aBRTA
CALL RECOAD(BET(I1),0,MAX(I1),KP,K1RECA(I1),
¢’ X3REC(I1),KP2,ATREC(Z1),A3REC(LY) ,SUM,DPPP)
LaEc(1t)st/r1 |
Itullet (
PRPSU1s«PPPSU T
ELSE IF (PROD.GT.O0.) THEN
PPPSU1=PPPSU2 & ‘
END IF ™y
E¥D I? - -

'

;\'!,

cll'.l-.--'I-Illl.llllll.l'..'ll....l.'.'..l‘lll...'.lll'lIl..l..'.-'-...l
Cawas LONG./POMAR/LONG. ssssssunsssyacsssuassassssissesstestsssnasssnnnas
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2 < N
. ' o 150

ctlllll'.llll.l'lllll‘llllllllllll'ltlllll‘lllllllllll.l'lllltlllii'l.llll
IF (ICASE.EQ.2) THEN .
© IF "((REKL2Y.NE.O.).OR.{REKL23.NE.0.)) GG TO 10
* I1f (INDEX.NE.1) GO TO 25
LPLSU1sDLPL (BETA) .
INDEXsINDEX+1 i
GO TO 10 .
r Canssssessusznsszssnnnss . . \
25 LPLSU2aDLPL(BETA). ‘ . L -
PROD=LPLSUTPLPLSU2 <
© IF (PROD.LT.O.) THEN ’ . <, "
BEsBETA
CALL SEARCH(BE,DLPL,BINCR;BETA1, n1 LPLSU1)
IF (BETAY.NE.O.) THEN R
BET(I1)sBETAN .
*CALL EIGP(XP,BET(I1), BP 1,
.- CALL Eran(xnz 551(11) ELEXT,2) .
CALL RECORD(BET(I1), n1,nnx(xx).xp K1REC(I1), .
. '] K3REC(I1Y ,KL2; A!REC(I1) AREC(IT) ¢SUM(IY) DLPL) :
LREC(I1)sL/PI & , .

IS

.

. T1aIlel :
END IF '
LPLSU1=LPLSUR
ELSE IP (PROD.EQ.0.) THEN y
BET(I1)aBETA
CALL RECORD(BET(I1),0,MAX(I1),KP,K1REC(I1),
¢ K3REC(I1),KL2, A!REct:1),Aanxc<I1) SUM(11), DLPL)
LREC(I1)aL/PT
-I1slted
: y{nsu1--nppsu1
FLSE IF (PROD.GT.0.) THEN

g . LPLSUISLPLSO2 ' - .

v E¥D IF ’ -

IND IF '
C-s-l:-t--------u--n-l-nn:-a---u-an---a-------n--:u---c-----:n----::-s-an
CasnaePOLAR/LONG./POLARESE 2223222302222 S 03 NSISNaNIEENESSTANEESERRRNARDR?
c-l-....‘..--.-.-.-..-...'l'.l...l'.Il."'.'..'.l..".'-.'l.lll.....l.l..l..l

IF¥ (ICASE.EQ.3) THEK

. IF ((IMKL1.NE.O.).AND.(IMXL3.NE.O.))"GO TQ 10 .

IF ((REXP21.HE.0Q.0).0R.(REXP23.4E.0.0)) 6o 10 10

IF (INDEX.NE.1) GO TO 35 )

PLPSU1sDPLP(BETA) *

INDEXsINDEXe! ‘

GO TO 10 '
Cagyssnsssnwasssssssssnssny .

35 PLPSU2sDPLP(BETA)

PROD=PLPSU1OPLP U2

1P (PROD.LT.0.) THER A

BE=BETA

' CALL SEARCH(BE,DPLP,BINCR,BETAI,M1,PLPSUT)

1¥ (BETAV.HE.O,) THEN .

BET(I1)«BETA? .

s CALL EIOLEXL,BET(11),EL,1) R ) a
. CALL BIGP(XP2,BRT(L!),EPEXT,2)

CALL RICORD(B!T(I” Nl HLX(I‘I),K‘,[llEC(I'I)‘

[ - K3REC(I1),KP2, A‘IRIC(I”.ABREC(I‘) SUH(I‘) prPLP)

LREC(I1)sL/PI - .

S ItsItst 7
IND IF '

, PLPSU 1=PLPSU2 . \

ELSE IF (PROD.EQ.0.) THEN B
BET(It)eBRT4

CALL RICORD(BIT(U) 0,MAX(I1),KL,K1REC(I),

¢ K3REC(I1),KP2, A‘IREC(IH,L3R!C(!\).SUH(IU DPL?)
LREC(IV)=L/PI

Iislted . . .
PLPSU 1s-PLPSU .

ELSE IF (PROD.GT.O0.) THEN - ‘ n
PLPJU 1=PLPSU2 . R

LD Ir . f 4

ZND IF !

C-uc-:--ut---------------.:-;-n----u--.----u-----l---nn---l-:-n----.-a-l--n

LONG./LONG./LONG . 20282 assusisssnss s st s RS U NS IR A NIRAUS NSNS RTNTR AL
L S T P T T T T T LT TT T YT T T T I YT YT ITITILY)

IF (ICASE,RQ.4) THEX

IF ((NEXL21.NE.0.0).OR.(REXL23. IK.O 0)) G0 TO 10 .

I? (INDEX.NE.1) GO TO A%’

LLLSU1sDLLL{BETA) . . .

INDEXINDEX+Y * , o .
. ‘g0 TO 10 : '
Cavssssessunsessausassss o
L1 LLLSU2=DLLL(BETA) . 4

PRODaLLLSUTSLLLST2 - . . T

IF (PROD.LT.O.) THEN . (
' BEaBETA

CALL SIA!C!(B!,DLLL BINCR,BETAY, M1 ,J.LLSU‘!) . I1

18
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Lo}

. IF (BETA1.NE.O.) THEN
BET(X1)aBETKY . .
CALL ECIGL(XL,BET(I1),EL,1) .
CALL EICL(KL2,BET(I1),ELEXT,2) . -
CALL RECORD(BET(I1) H'I HAX(I1),KL,!1H!C(I1).

’ K3REC(IV) ,KL2, A1REC(IT),A3R!C(I1) SUH(I‘) pLLL)
LREC(I1)sL/PI .
IT2It+1 ‘ .
END IF ‘ '

~  LLLSU1sLLLSU2 i : :
ELSE IF (PROD.EQ.0.) THEN
BET(I1)sBETA b
CALL RECORD(BET(I1),0,MAX(I1),XL,K1REC(I1),
¢ K3R!C(I1),IL2,AIREC(IIJ A3REC(I1) sSuUM(I1), DLLL)
LIBC(I‘)iL/PI
I1=l1+1
LLLSU1a-LLLSU! : -
ELSE IF (PROD.GT.0.) THEN ~ - ' -
' LLLSUYsLLLSU2
END 1I¥
END IF ! v %
10 CONTINUE ‘
cll.’.‘...‘-...'l."'lI..I.l.‘....l‘.."‘..-"Ii"."".’:.l-""‘".“‘.‘.-
Casss PRINT-OUT STATEMENTS ss222s2zs25i2sssSussnssssssssNEnssasusSEEsSSnsSuaEnsns
c........-...'..-...'.'.-.'.-""lll.---!--....I.'-'...'-".".-..l‘..'-"’..
WRITX(§,80) BO,BINCR,BFINAL
80 FORM Y1%7/710X,*BMINe' ,P5.3,6X, ' BINCR=" ,FT.4,6X, ' BMAXs",F6.3/)

- 161

81

82

103
108

1]

105

85

83

WR (6,81) LLHII,LIHC ILMAX

FO*HAT(/'IOI,'LHII/PI-',FG 3,3X,'LINCR/PIx',F6.3,3X, 'LMAX/PIa"

¢ sF6.37)

WRITE(6,82)

FORHAT(/H’JI.'PERHITTIVITY MATRIX OF LAYEBR'/10X,
$'aunsususssssnsxnsnsungsaasss’/)

IP ((ICASE.RQ.3).0R.(ICASE. !Q 4)) “THEN

WRITE(6,103) A

PORHAT("X. 'LONGITUDINAL CASE' /)

WRAITE(6,108) ((EL(I,J),Jx1,3),Is1,3)

FORMAT((10X,t %1 67X, 8t /10X,'**,3(1X,*(',¥F9.6,',',79.6,
[ ')u)'11,100/10x.v||'611'0|'))
WRITE(6,84) BCL2,BDLZ,B1L2,B2L2
FORMAT(/10X,'B C®*2a2* ,F10.7,6X,'B D"2-.'
¢ Fi0. 7,6! TB02%%24" ,F10.7/)

END IR

IF ((ICASE.EQ.1).0R.(ICASE.EQ. 2)) THEN
WRITE(6,105)

FORMAT(7X,'POLAR CASE'/)

WRITE(G,104) ((EP(X,J),J=1,3),Is1,3)

" WRITE(6,85) BAP2,BBP2, ICPZ BDFZ BIP

!ORHLT(/N)X,'B L"ll'.!’ﬂ) T 6!,'§ s":-nno 7,6X,'3 Ce82,1,
[ #10.7,6X,'8 DP®24' ,F10.7,56X, ' BYY-EXXn* ,F10.7/)
EXD IF

WRITE(6,83)

PORHAT(/\OI 'PERNITTIVITY MATRIX OF SUBSTHATI'/IOX, .
l'll--lllll--nn--:--:-u--lll-lnlll'/)

IF ((ICASE.EQ.2).0R.(ICASE.EQ.4)) THENW

WRITE(6,103)

UIITE(S,'IO“) ((ELEXT(I,J),Js1,3}),Is1,3)

WRITE(6,8%) BCL2EX,BDL2EX,B1L2EX,B2L2EX [
D IF

Ir ((ICASK-FQ.!).0!.(!0!3!.!0-3)) THEN ) ,
WRITE(S,105) N -

"' WRITE(G,104) ((EPEXT(I,J),Js1,3),Ist,3)

WRITE(6,85) BAP2EX,BBP2EX,BCP2EX,BDP2EX,BEPEX
%D 1Y

,F10.7,6X,'B019%2a",

Ir
ir
Ir
Ir

1r

(ICASE.EQ.1) WRITE(6,95)
(ICASE.XQ.2) WRITE(6,98)
(ICASE.EQ.3) WRAITE(6,99)
(ICASE.EQ.4) WRITE(6,100)

(I

+£Q.1) WRITR(6,86)

200
¢
9s
98
‘99

100
8

¢ +EQ.2) WRITE(6,89)

WRITE(5,96)

I1al1=1 1

DO 200 Ms1,I1

!2-!!1(")"2 oo

WRITE(6,97) 8L (M),B2, t!llC(H}.ISRIC(H).AlliC(H),13ltc(H).
[ - UMM, HAX(H) LREC(NM)

CONTINUE

FORMAT(//10X,'POL/POL/POL CASE'/) .
FORMAT(//10X,'LONG/POL/LONG CASE'/) .
FORMAT(//10X,'POL/LOYG/POL CASK'/)

PORMAT(//10X, 'LONG/LONG/LONG CASE*/) .
JFORMAT(/10X, ' SYMMETAIC DISTRIBUTION'/)

[~mm”hvm.»w~h»wu;a.~‘_ et Lt

T L T A TN T \
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89 PORMAT (/7 10X, ANTISYMMETRIC DISTRIBUTION'/) 162
96 FORMAT(5X,'BETA',5X, 'BETA®®2" , 10X, 'KAPPA=1",20X, 'KAPPA=3", 11X,
+OALPHA- 1, 4X, tALFHA-I, 51.'DETERH'.“I,'HAXF‘N'.SI.'LIPI'/SX,
2'----',5!,':---.--','IOX,"---l-l',ZOX,'t-ll-sl',111,':--:-:-' 4x,
(ARTTEITE AN YRRTTTPERIR ) GRFTTTTIIN ) SRPTTTRD N
97- FOBHAT(1X," ', F8.6," ) *yFB.6," ®t1,2('(*,1X,F8.6,1X,"'," ,1!,!8.5,
) '),2(!‘3-6,1X,"'.IX),510.3,' ’ W13, * ', F6.4,' ®')
c.-........"..'..l.‘.l.-..I.I'.‘lﬂ.I-I.'.I'l...-lll'....l‘...l.l."".‘..‘l‘
Cessm PLOT THE BETA%®2 VERSUS NORMALIZED LENGTH =zsssssasssszssusasssnsunsas !
c....ll..l..-..-ll.l..l.’.l.l.ll.I.lll'l"ll‘ll"Ill.--'.l.‘.l"".‘I-.‘.‘.‘
DO 3 I=1,IN
R .XAXIS(I)l!PLO'ﬂ(I)-0.0 : .
3 CONTINUE . »
DO 4 Tat,It A
XAXIS(I)=sLREC(I) : . ‘.
. YPLOTI(I)aBET(I)9%2 : ' »
contTINUE '

CALL ‘PLOT (XAXIS,YPLOT, !PLOT'I I1,LLMIN,XLMAX ,BHMIN,BHAX) ’ -3
ST!PBI(BHAI-BHIH)/ 10 '
STEPL= (XLMAX-LLMIN)/10 ‘
WRITE(6,106) BMIN,BMAX,STEPB,LLMIN,XLMAX,STEPL °
106 FORMAT(// /10X, *BMIN=' P64, BMAXa',F6.4," STEPx' ,F6.4,
#' - LMIN@’,FT7.4,"  LMAXa',FT7.0,'  STEP«',FT.4)
RS RSNt s RS R AN AN E NI ERSS ST SIS S S EIAN AR ANNSSASIREUEREARARES
Caaxs PLOT THE K, A'S VERSUS BETA®®2 sxussssxsssaassssxassssszsananasssasass
c..l.'.-"'.."--"--II.--I‘III'--...-.-...Il..--l.l.-.l.."l...l-..'....,--

CALL USPLO(B2PL,YKP,100,100,2,1,IPOLAR,10,XBETA2,T7,IKTY, 8, . L

4 - BAIQI.ICBAR. Ill)
CALL .USPLO(B2PL,YAP, 100, 100 2,1,IPOLAR, 10, EBETA2,7,IATI, 8,
4 RAIOI,ICBII .I!l) .
CAI.L GsPLa(B2PL,YKL, 100,100,2,1, ILONG 17, IBlTﬂ 7,IKTI, 18. -
lAlG!.ICEAR. Il!) - ¢ :
CALL USPLO(B2PL,YAL, 100, 100 2,1,ILONG,17,IBETA2, 7|IA!IHG’
¢ RANGE,ICHAR,! IBR)

stop '
TMD :

SUBROUTINE RECORD (BETA,M,MNEW,K,K),K3,KBX,41,43,D,SUM)
C‘I‘III'IIII.I.II'llll‘.lll'll.lllllIllllllllll‘.‘l.ll
¢ AECORD -RECOADS THE 'ZERCS' OF THE DISPENSION
< EQUATION ALONG WITH THE CORRESPONDING PARAMETERS
cll..llllllll.lIIIFI’IFI.IIIIIIIIIIIl.ll..lll-‘--"lll.

COMMON /AAA/ L s

EXTERNAL SUH

* COMPLEX K(2},K1,K3,KEX(2) y .

> REAL L . ~ ‘ .

. K1sK3sCMPLX(0.0,0.0) . ’ .

AlaA3in0.0

MMEV =N

K1a%X(1)

£3sK(2) . .
AlsAIMAG(EEX( 1)) . .
A3=AIMAG(KEX(2)) o .
DsSUN(BRTA)

. RETORM N
3¢ * !
SUBROUTINE PERNIT(E,N) : ‘
clIlll..llllllllIllllllllll‘lll-ll.llllllll.'lll.Il.lll...l‘llll‘II'III!III‘I

c PERMIT INITIALIZES THE VALURS OF THE PERMITTIVITY MATKICES IN THE

¢ LAYERED AND SEMI.INFINITE MEDIA, IN TEE LONGITUDINAL AND POLAR CASES

c.llllllllllllIlllllllllllll'.llllll‘llllllll'll.l-IIII‘IIIIIIllllllllllllllt
CONMON /AAA/ L ~
© AEAL L
COMPLEX X(3,3),EHERM(3,3),SUM
DO 10 Je1,3 e ¥ . -
DO 10 Ks1,3 . ’

10 B(J,K)sCMPLX(0.,0.)} : ‘ . .

C ‘LONGITUDINAL INTERNAL ‘ . .
IF (X.EQ.1) THEN ‘ . - ‘
E(1,1)aCHPLX(2.8,0
E(1,2)aCMPLX(0.1;0
E(2,1)sCONJU(R(1,2
R(2,2)aCHPLY(2. s e
£(3,3)=CHPLX(2.6,0

c POLAR INTERMAL ,
ELSE I7 (N.EQ.2)
£(1,1)nCHPLX(2.8,
E(2,2)eCHPLX(2.5,
. B({2,3)eCHPLX(0.1,
2(3,2)sCONIA(B(2,
E(3,3)aCHPLX(2.6,

C LONGITUDINAL EXTERNA

.

<

« » won o »
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c

C.-Illl-lllul:l--.lll-ln-lllnalt.l-llltl-l-lll--l:llll:-lltntt.ln--ll---l-t-
LCOUPLI EVALUATES THE COQUPLING MATRIX R IN TNE LONGITUDINAL CASE

c

[+

10

EL3E IF (N.EQ.3) THEN
E(1,1)sCMPLX(1.8,0.0)
E(1,2)=CMPLX(0.0,0.01)
£{2,1)sCONJG(E(1,2)) -
E(2,2)sCMPLX(2.0,0.0)
E(3,3)sCNPLX(1.7,040)

POLAR EXTERNAL

ELSE IF (K.EQ.%) THEN

E(1,1)sCMPLX(1.8,0.0)

£(2,2)=CMPLX(2.0,0.0)
£(2,3)=CMPLX(0.0,0.01) —
E(3,2)2CONJG(EL2,3))

B(3,3)=CMPLX(1.7,0.0) .

END IF o .

DO 20 II=t,3
DO 20 JJs=1,3 -
EHERM(II,JJ)=CONJG(E(LIT,JId))

" IF ((ICASE.EQ.1).0R. (Icnhx £Q.2)) THER

—

IF ((2(1,2).XE.ZERO).OR, (E(l 3).NE.ZERO)) THEN
WRITE(S, 33)

WAITE(6,22) ((B(I1,J),J21,3),121,3)

sTOoP .

END IF |

BLSZ IF ((ICASE.EQ.3).OR.(ICASE.EXQ.4)) THEN

IP ((X(1,3).NE. zxno) AR.(E(2,3).NE.2XRO)) THEN
wnrr:(&,sl)

WAITE(6,22) ((E(I,J),dx1,3), 1-1,3)

END IF

END IF

IF ((ICASE.2Q,1).0R.(ICASE.ZQ.3)) THEX

IF ((2(1,2).ME.ZENO).OR.(E(1,3).NE.2ZER0)) THEN
WAITE(6,133)

WRITE(6,22) ((E(I,J),J=1,3),1Is1,3)

stor

EXD IF

ELSE IF ((ICASE.RQ.2).0R.{ICASE.EQ.4)) THEN

IP ((E(1,3),NE.ZBRO).OR.(R(2,3).NE.2ERO)) THEN
WRITE(6,34)

WRITE(6,22) ((B(I,J),J=1,3),I21,13)

sTop

EXD I

END IF

00 30 IIs1,3 =

DO 30 JJ=1,3

Ir (!HRRH(II.JJ).ll B(II,JJ)) THEN

Iy (N.EQ.1) THEXN

VRITER(E,11)

WRITE(6,22) ((X(I,J),J=1,3), 1-1 3)

sTop

Eub 1r

Ir (¥.XQ.2) THEN

VRITE(E, 12}

WRITE(6,22) ((E(I,J),J=1,3),Is1,3)

stop )

END 17

END IF

CONTINUE

t

PORMAT(* 1, 'THE PIRHIITIVIT! MATRIX OF THE FILM IS NOT HERMITEAN') .
PORHAT('1' 'THE PtlHItT!VITI MATRIX OF THE CLADDING IS NOT HERITEA

")
!0!!!1((101,"',3(‘1,? ',',26.3,¢ 2)))

FORMAT('1'/,'THE FOLLOWING Plln- MATRIX IS NOT OF TEX POLAR FORN')
FORMAT('1*/,'THE PQLLOHIIO PERM. MATAIX IS ¥OT OF THE LONG. FORM')

RETURN »
£ND .
SUBROUTINE LCOUPLI(R,E,BETA)

COMPLEX R(W,%),2(3,3),DZ2

DO 10 Isi,A *
DO 10 Jat,d

R(1, J)-canx(o. 0.)

nzz-l(1 1)ep(2, z)-t(1 2)':(1 1)
l(1.a)-canx(1.,o )
R(2,1)eD2Z/8(1,1)-BRTAS®2 -

“R(2,8)a=BRTAE(2,1)/8(1,1)

R(3,1)s=-BETA%E(1,2)/E(1,1) -
R(3,8)s1-BRTA®®/8(1,1)
R(¥,3)e8(3,3)

RETURR

1 )]

.
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SUBROUTIMNE PCOUPLI(R,E,BETA) 164
CasasassssnEsNNE RSN A RS IuN S SRS alENEASARISISSASNNISInREZESRRsRESSEERSREND
¢ PCOUPLI EVALUATES TBE COUPLING MATRIX RIN THE POLAR CASE

CE R SEeN SRS SN e N N NS AN RS SN SN RS IR RIS IS E N NUENSINRNENSERENIRINTADSSREY

COMPLEX R(H4,%),K(3,3)

c
DO 10 Iat,4 ‘
' DO 10 Jm1,4
10 R(I,J)=CMPLX(0.,0.) : . .
R(1,2)2CMPLY{1.,0.) -
R(2,1)sE(2,2)=BETASS2 ) . .
R(2,3)sK(2,3) )
R(3,4)s1.0-BETA®®2/E(1,1)
R(N,1)B(3,2)
C R(N,3)eE(3,3) . .
¢ . .
RETURN . e . ‘.
N : @ ) '

SUBROUTIME EIOL(K,BETA,X,M)
CIIIUIIIIIIIIIllllIIIll'llllllllllll!lllllllllllll.llllllIlllIlIlllll
¢ EIOL EVALUATES THE EXGEMVALUES KAPPA IX THE LONGITUDINAL CASE
c'llIlllll!lillIllll'Illlllllllll.tllllllllll'lll.'llllll.!llll..'ll,
COHPLEX K(2),R(4, l)‘,l,l £(3,3),DUMMY
c
CaLL LCOUPLI(I,I,BBTA)
AsR(3,4)®R(8,3)eR(2,1) .
Ba(R(3,4)%R(S, 3)-.n(z 1))%%2 4+ 4SR({4,3)*CABS(A(3, 1))"2
(1)-(ncsou(n))/z
K(1)aCSQRT(E(1)) 3 *
x(2)=(AKCSQRT(B))/2 \ '
K(2)sCSQRT(K(2})

. “IF (M.EQ.1) ARTURN :
v AIM1aAIMAG(X(1)) . , .
AIMISAIMAG(X(2)) . .
IF (ABS(AIN1).LT.ABSCAIN3))} THEN
DUMMYsK( 1) .
K(1)sk(2) . -
X(2)aDUMMY
RYD 1P

RETURN . ‘ !
D o '
SUBROUTINE EIGP(K,BETA,E,M) .
4 c.llIllllIlllll'.lll'llll-llllllllllllllll'llllll.lIllllll"llllllllI
c EIGP EVALUATES ‘THE EIGENVALUES KAFPA IN THE FOLAR CASE
CIlllllllllll.lIIlll.l.lllll.l.lllllllllll'llllll.III!llllﬂllllllltl' ' ’

COMPLEX K(2),4,B,R(4,8),8(3,3),DUMNY

CALL PCOUPLI(R,E,BET4) )
AsR(3,8)0N(4,3)eR(2,1) X )
Ba(R(3,8)*R(N,3)-0(2, n)"z.unu )oR(H, 1)~cona(n(l 1) Y
K(1)s(A+C3QRT(D))/2 . :
K{2)s(A=CSQRT(B)) s ‘
K{1)sG3QAT(K(1)) . .- : :
K(2)sCSQRT(K(2)) .

c

Ir (M.XQ. 1) BRETURNM - -

AIM1sAIMAG(K(1)) . .

AIMIAIMAG(K(2)) .

IP (ABS(AIMI).LT.ABS(AIM3)) THEN

DUMMYsZ (1) s . :

X(1)sK(2) . . - ’
 K(2)aDUMMY - .

XD IF . .

<r
PURRRPC- * O R IR

RETURN * . . ,
11)] : =
FUMCIION DPPP(BETA) . .
Cll'lllIII.lll...llll..llll‘llll'.ll.llIll.lll..l.l..lllllllll‘ll.l.llllll-ll
c DPPP ENALUATES IN TER POL/POL/POL CASE THE VALUK OF THE ‘
¢ CHARACTERISTIC RQUATION
CIIIIlllllllll-lIlllIl.llllllllll.lllllllllllllllll.ll‘lllllIlItlllllIll!lill

COMNON /AAA/ L

COMMON /CCC/ I84,ICODE ' A
CoMPLEX K(2) KI(Z).I(3:3).Il(313) . - ,
REAL L,K1,K3 . ’ - , . . .

c. v

CALL PERMIT(E,2) . ~ , g
CALL PERNIT(K2,N) :
CALL EXQP(K,DRIA,X,1) : :
CALL BIOP(XZ,BKTA,R2,2) . -
IF (I34.EQ.1) CALL SYMMET(X(1),L,K1,81,01,8,BEBA) Yy k
IP (ISA.8Q.2) CALL:ASTMET(K(1),L,K1,H1,01,8,BETA) ‘
.~ IF (33A.3Q.1) CALL SYMMET(K(2),L,K3,83,03,8,8%74)
e Ir (184.8Q.2) CALL ASTMET(K(2),L,K3,H3,03,8,BKTA)

.t
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e
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B3 Tasad

M aAIMAG(R2(1)) . 165
A3wAIMAG(K2(2)) .
B2XX2REAL(E2(1,1))

E2ZZeRRAL(E2(3,3)) .

u12--(:2xx-ntrx--z)l(xzxx-n1-02~s2z2-(zzxx BETA®®2))

H32a-(B2XX-BETA®2)/ (E2XX#A3992,8222% (E2XX-BETA® #2))

CALL nr(n,:a 81,83,H13,H32,A1,43,8,E2,VALUE)

DPBPaVALUE .

RETURN .

END

FUNCTION DLPL(BETA)
cllll!lllllCll!lllOSII'IIIIllllllll‘lllllIII!II’.I!II’IIII'ISll!’lll‘ll
¢ DLPLSY IS THE CORRESPONDING DPPP IN THE LONG/POL/LONG CASE
clllll..l...IIIIII.IIIIIIISIIIIIIIIIIIIIIIIIlII'IIIlII'I..l'l.'l"’.ll

. COMMON /AAA/ L
- COMMOW /CCC/ ISA,ICODE

. COMPLEX %(2),K2(2),£(3,3),82(3,3) .
: ~REAL L,K1,K3

CALL PERMIT(E,2) -
M1x3850 ..
> CALL PERMIT(EZ2,3) ' . o
CALL BIGP(K,BETA,E,1). .
CALL EIOL(K2,BETA,£2,2)
IF (ISA.LQ.1) CALL SYMMET(K(1),L,K1,H1,G},E,BETA) S
. IF (ISA.2Q.2) CALL ASYMEZ(K{1),L,K1,H1,01,8,B8TA)
.+ XF, (ISA.5Q.1) CALL SYMMET(X(2),L,K3,#3,03,K,32TA)
IF (ISA.80.2) CALL ASYMET(K(2),L,K3,H3,G3,E,B8ETA)
ATeAINAO(R2(1))-
* A3=AIMAG(K2(2))
E2XX#REAL(E2¢1,1))
E2ZZaREAL(E2(3,1))
G12aBTAE22Z/ (E222% (E2XX-BETA®92)+E2XX%41992)
- G322BETA*E22Z/ (E22Z% (E2XX-BETAS#2)+E2XX"A3602)

CALL LPL(K1,K3,H1,83,612,G32,41,A3,8,52,VALUE)

DLPLeVALUE .

RETURN '

BHD -

FUNCTION DPLP(BETA) =
CI'IIII'I.II‘III.'--III'I..'.I-l..l.l...ll.l....l.ll'.."I.I.'...ll.l
c DPLPSY 13 THE CORRESPONDING DPPP IK THE POL/LONG/POL CASE
clll.llllllllllll'I'.IIIII.II‘.IIlltlllll."l.ll.llli.l.llIlilullll
COMMON /AAA/ L .

COMMON /CCC/ 1SA,ICODE -
COMPLEX K(2),K2(2),E(3,3),82(3,3)
REAL L,K1,K3 . '

’

\ CALL PERMIT(E,1) .
. CALL PERHIT(E2,¥) {
CALL EIOL(X,BETA,E,1) -
CALL EIGP(X2,BETA,52,2) )
IF (ISA.EQ.1) CALL SYMMET(K(1),L,K1,H1,G1,E,BETA) -
! I¥ (ISA.2Q.2) CALL ASYMET(K(1),L,K3,H1,01,%,BETA)
If (I34.8Q.1) CaLL a:lutr(t(z),L.IS,BB,GS,I,IITA) '
‘ IP (134.%Q.2) CALL ABYMET(X(2),L,K3,H3/C3,R,BBTA) .
AtaAIMAG(K2(1))
A3=saIMAG(K2(2)) -
B2XXaRBAL(X2(1,1))
. tZZanlLL(IZ(BnJ))
atz--(xzxx-n:txﬂvz)/(xzxx*::ncz.szzz-(:2xx—uxr4'-z))
322~ (E2XX-BETA®92)/(B2XX"AI992.2222° (E2XX-BETA®#2))
4 caLL PLP(X1,K3,G1,G3,H12 azz,;1,‘3,: E2,VALUR)
DPLE=VALUE

. XD .
r FUNCTION DLLL (BETA)
c-.".......'lil..--.-‘.‘....-."I-.-..--...-.l-.."..--.....--..l.".
c DLLLSY 13 THE CORRESPONDING DPPP IN THE LONG/LONG/LONG CASE
c'-......---..li....'.-.-l--l."..l.'.l"-l.-.'I“"-..-‘..-.-....."l
COMMON /4AL/ L
COMMOX /CCC/ LSA,ICODE
COMPLEX :(2).:2(2),:(3 3),82(3,3)
aLAL L,K1,K3

- RETURN . a

a

CALL PRRMIT(E, 1) . -
GALL rtnnxr(tz,s) ’
CALL EIGL(K,BETA,E,1) . ’ ~
CALL RIOL(K2, Bttx,xz 2)
. Ir (ISa.KQ. :) CALL SYMMET(E(1),L3K1,H1,G1,E,BETA)
’ © ‘17 ($SA.2Q.2) CALL ASYMRT(X(1),L,KV,HY,01,K,BRTA)
A © IF (ISA.EQ.1) CALL srnnlr(l(a).n,xs,as as,; BETA)
) . Ir (ISA.BQ.2) CALL k!!u"(t(?).b.t!.ﬂs.ﬂ :,u’u)
AlsAIMag(X2(1)) .
A3sAIMAG(K2(2))
) E2XX«REAL(E2(1,1))
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szzz-asAL(xzt3.3)) 166
012:!81!'!222/(!221'(BZXX-BETA"z)022!X'A1"2)
G32xBRTAYE22Z/(B2ZZ%(E2XX-BETA®2)+E2XXPAIH#2)
CALL LLL(K1,K3,G1,G3,612,032,A1,43,8,82,VALUE)
DLLLsVALUE

. RETURK .

- END

SUBROUTINE SIMMET(K,L,XPR,H,G,E,HETA)

CREssssEsNEsEINISIEEE S S SN NSNS NI R NSNS INESNEEEAINSZ IS SNINNSSAESRNESSSNSRN.

. c SYMMET EVALUATES THE K1 AND K3 OF THE LAYERED MEDIUM FROM THE GENERALLY
" COMPLEX K(1) AND K(3) PROPAGATION CONSTANTS, IK THE SYMMETRIC CASE
cll.ll..'l.."..ll‘l‘..'l.'l.lll' I.III".II.II.II....III...Il.l..l.....l...’
/lh- COMMON /BBB/ PI

REAL L,KPR,L1
COMPLEX £(3,3),K

L1aL/PI ‘
EXXsREAL(X{1,1))
. EZZeREAL(E(3,3)) .
. B2Xs1-3ETA®#2/EXX . ’
REX=REAL(K)
AIMK=AIMAG (K)
: & © IF(C(AINE.NE.O0.).AND.(REK.NE.0.)) WRITE(S, 11):.5:11 :
' "1 FORMAT(1X, 'CMPLX K IN SIMMET: Ks(',F6.3,',',F6.3,'),P6.3)
. IF -(REK.EQ.0.) ‘THEN
KPR=-AINK®TAKE (AIMKOL)
Hu=32X/(AIMK#?2+.E2Z282X)
R GaBETASEZZ/ (EXX®(EZZ¥D2X+AIMK®2)) )
ELSE IF (AIMK.EQ.O0.) THEM !
., KPRsREXTTAN(REK®L) .
BeB2X/(REK9*2.KZZ®B2X)
GaBETASE2Z/ (EXX®(E2Z02X-REKPS2))
- , END IF
RETURX °
ZND v
SUBROUTINE Asxulr(x.L,xrn 4,a,5,BETA)

‘v

clll‘lllllllll‘llllll.lIlIllllll‘.l'llllllllllllll.lllIl‘l.lll’llllll-lllllll .

. < ASYMET IS THE CORRRSPONDING SYMNET IN THE ANTISYMMETRIC CASE
cIIllll.llIlIIIIlll'....l-ll.lll'II.'l.ll..l.l.ll..l.l'l‘ll..lll'l"-'...-l.'
COMMON /BBB/ PI
. REAL L,KPR,L1
. > COMPLEX E(3,3),K

. Lisb/PL
EEx1.E-7

EXXeREAL(E(1,1)) K
EZZaRRAL(E(3,3)) o v
azx-1.-atrno-z/lxx
ll!-lllb([) s .
AIMK=AINAG(K) o

, IP((AIME.NE.0.).AND.(NEK.NE.0.)}) URIT!(& 11) K.!!TA .

" FORMAT(1X,' COMPLEX K IN ASYMET: Ke(',F6.3,',',26.3,')",

) ', BETAx',P6.4/) :
IF (REK.EQ.0.) THEN
KFRa<AINK/TANH(AIMKOL)

: Ha=B2X/(AIMK®#2+822982X) o

GeBETASEZZ/ (EXX®(RZ29B2X+AINKS#2)) |~ - e

ELSE IF (AINK.BQ.O.) THEN
- EPRe-REX/TAN(AEXOL) .
N HaB2X/(REKF2.KZZ#B2X) . .
o-n:rx-xzz/(txx'(zzz-nzx-azx--z)) -
- i gND I ..
= RETURK . . : J(
IND
SUBROUTINE PPP(KY,K3,H1,H3,H12,832,A1,43,L,82,VALUR)
‘ " . CIIIIIIIIIIIIIIIIIIII'I-Il'llllllllIlllIllIIIIIIIIIIIIIIIIIIIIIIIIIIII.IIIIIII
g g C .  PPP EVALUATES THE VALUE OF THE CHARACTERISTIC EQUATION IN THE
. . : c POL/POL/POL CASE .
c-.lﬂllll.lllﬂllﬂlll.l.IIlllIIl‘.-l..IlIIIIl.llllllllllllllllllll.llllf‘llll.
- . REAL Xt,X3 .
: - /. COMPLEX' £(3,3),82(3,3) S

VALUK»O.

! EYZ2:CABS(T2(2,3))9%2
PPP!-(1'K3'(1/!1-1/!3)'(!12-332)'l222
PPPZ-AI'AB'CA!S(I(Z,J))"1'(81-!3)'(1/l12-1/§32)
PPPIuGABS(R(2,3)) %920 (H1*K3-RI"K1)S(A1/H32-A3/H12)
PPPAS(K1/HI-K3/H1)O(A3BH12-A19032) 98722

' - PPPSa2"REAL(E(2,3)0°CONJG{R2(2,3)))*(X1-KI)S(A1=4A3)

o VALUI-PPP\oPPFIo!!P3¢PPPl¢PPP!

. RETURN
T
SUBRQUTINE LPL(X1,K3,H1,83,012,032,41,43,8,82,VALUK)

c“lll“'ll.l.lll‘lllll..ll‘lllll-l.Il-ll-.ll-lllll.lllllllllll
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¢ LPL EVALUATES THE VALUE OF THE CHARACTERISTIC EQUATION IN
c THE LOKG/POL/LONG CASE
Clllllll!lllllll!lllllllllllllll!llll!llllllllllllllllllllllllll!l
COMPLEX E(3,3),82(3,3) * '
' * REAL K1,K3,LPL1,LPL2,LPL3,LPLY,LPLS

EZZaREAL(E2(1,3)) .
VALUE=Q.

LPL1sK1#K3%(1/B1-1/H3)% (418G 12~ AS'GSZ)/EZZ
LPL2aA1® A3 (K1/H3-K3/H1)%(012-G32)/822

LPL3=CABS(E(2,3))%®2%EZZ%(H3I-H1)¥(A1/G12-43/G32)/CABS(E2(1,2))"*2

* . LPLU=CABS(E(2,3))*#20E2ZR (H1#K3-H3*X1)®(1/G12-1/G32)/ .
- . ] CABS(B2(1,2))%e2
LPLS532%AIMAG(E(2,3)/E2(2,1))®(K1-K3)*(A1-43)
- . VALUESLPLI«LPL2+LPL3#LPLUSLPLS
¢ ’ :

. ,daw_:::uxl .

SUBRQUTINE PLP(K!,K3 h! a3, 312.532 A1,A3,E,E2,VALUE)

c.IIIlll-Ill'I’.IIII'lII..#hiﬂl"'.I’l'llllllIIIIIIIIIIIII'

c PLBYEVALUATES THE VALUE OF THE CHAIACTERIST!C EQUATION

c IN THE POL/LONG/POL CASE

C!Il!lll!’llll!l!tl!l Il"!lllllIIIIIIIII!II!III!'Ilt!llll
REAL K1,K3
COMPLEX £(3,3),B2(3,3)

c o
EZZ=REAL(E(3,3)) )

- VALUE»O,

i
PLP1sK19K3®(G1-G3)*(AT1/832-A3/812) /822
PLP @A 1%A3%(G19K1-G3%K3)*(1/H12-1/032)/822

/ PLP3I=CABS(E2(2,3))9928822%(K1/G1-K3/G3)*(H32-812)/CABS(E(1,2))"%2

PLPA«CABS(E2(2,3) )99 28EZ29(1/Q1-1/G3)*(A3PHTI2-A1%H32)/
[ ] CABS(E(1, 2))'.%
PLPS-z'lIHAG(!Z(! 33/78(2,1))%(K1-K310(A1=-43),
VALUt-PLP1*PLP2¢PLP3OPLPl‘PLPS
[+
B . RETURN ¢
© END
SUBROUTINE LLL(X?1,K3,G1,G3,0612,032,41,A3,E,E2,VALUR)

c.ll'lll..l.ll’..’.I"'.'lll...ll.lI-llﬂill.llI.‘.lllll'...ll.'ll.l..

c LLL EVALUATES THE VALUE OF THE CHARACTERISTIC RQUATION
[~ IN THE LONG/LONG/LONG CASE
\ CaazsasasansassassaassnsszasaatsssNasnassasstansnnnssasssnninnsnnanes

REAL LLLY,LLL2,LLLI,LLLM,LLLS,K1,K3
COMPLEX £(3,3),82(3,3)

B2ZZ«REAL(R2(3,3)) < . .
» . EZZsREAL(E(3, 3)) -
TALUEaO,
> . .LLLJ-:1':3':2210(01-03)'(1/012-1/032)/lzz
’ s LLL2sA1%A3%EZ2Z%CABS(E2(1,2))%#29(1/01-1/G3)*(G12~G32)/
’ (CABS(B(1,2))0%208227)
LLL3-IZZZ'(G3'!3 GI®K1)9(A1/G12-43/632)/822Z
LLL¥=CABS(R2(1, 2))0'z'szz'(x3/as-l1/a|)'(A1'u|z-A30csz)/
: ’ (CABS(E(],2))°%2%8222)
LLL5-2'RIAL(SZ(! )78, 2))'(:1-:3)'(&1-13)
vALu:-LLL}.LLLzoLnnaoLLLu.LLLS i .

RETURH ’ . . ’
N C JEXD
. SUBROUTINE POLE(B2,DET1,R00T,BETA,BINCR,DETERN) . .

)

cil.lll"l'lllﬂllltllltl"'.lll.ll.ll.ill.lI'Illl.llll‘lll!!.'."il.-I"l.li

' - . /' - c - POLE EXAMINES -WHETHER THE *ROOT' rouUND BY ZBRENT IS THE ACTUAL ROOT
¢ ¢ OR A POLE. IN THE CASE OF A POLE, IT SETS THR RECORDED RCOT TO ZZRO VALUZ
o < c'll...'..llll.l."Illll.'-'l-.l‘l-I".l...‘.l..-.ll’l.l.'.lll'll.lll.ll.l.-"
b EXTERNAL DETER -
’ N " c 1
¢ . BETA1=BETA-BINCR -
g v ) : . BETA2«BETA
- . ¢
- ' ir ¥(sa. :n BETA1).0R. (BZ.IQ. szt;z)) THEN
: - ; ' ROOT=0.
. : : RETURM IR . "
- . END IF
. : : © IP {BETA.EQ.D.) THEN (
. o . ROO0T=0. : - )
; , . RETUAM - : T .
. tp IY : - . , :
c . : '
D2=DETENM(B2) .
IP (ABS(D2).GT.ABS(DET1)) ROGTaQ. .
¢ !
. . AgTURR - ) .
D , )
. SUBROUTINE SlABcn(!lTA,DlTI!H BINC,32 unx.n:11) =,
e [+ P
| . - .
. ) — l ‘ .
. . [ .
. By -
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COMMON. /7AAA/ L
COMMON /BBB/ PI
REAL L

EXTERNAL DIT!XH

DATA XP3/1.E-7/,N81G/7/

BET1saBETA-BINC
BET2sBETA -
MAX=100

CALL ZBRENT(DETERM,KPS,NSIZ,BET1,BRT2,MAX,IER)

BE=BET2

CALL POLE(PBET2,DET1,B8,BEYA,BINC,DETERM)

RETURN
ZND

. -

°

.

»

._,.-,

[N

_JUBRQUTINEK PLOT(X X, !l II,IXMIN,IXMAX, :mu.xmm

AEAL X(IX),¥(II, 1).!&“0!(\) ITMIN, XYMAX,IXNIN, IX’M! !1(!1

CHARACTER IIITL!‘aﬁ IXLABL®*2D, I!l_.AlL'T ICHAR®1

fo 5 Is1,II
1{I,1)20.0
CONTINUE

D0 10 Isl, I
Y(I,1)=Y1(1)
ICHAII'X'

ITITLEs'PLOT OF l!‘l‘A"ﬁ AL IDRHALIZRD LENGTR?
IXLABL»*NORMALIZED LENGTH'

ITLABLa= ' BRTA®®2!
RANGR(1)=IXMIN .
RANGR(2) s ZXMAX
RANGE(3)=ZYMIN
RANGEC S )= TYNAX

RETUAN ¥
EMD

N

a

i}

B

.
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‘N

-

t : R .
CALL USPLO(X,Y,II,IX,1,1,X7XITLE,36,IXLABL,20,IYLARL,T,
(] RANGE,ICHAR,1,IER),
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