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L A different method of exact realization of product separable
’ 2-D transfer function has been proposed in this thesi’s. This is based
on the digital realization of 2-variable analog cascade-decomposable
(" network which is connected in tandem with a 2-variable digi-ta[-paral'le]
realization. Further 2-port wave digital realization of 1ossy ‘elements'
in series or 1';'1 shunt arm has’ been found and these are required in the
exact r’aah'zatiofn‘. | $ ’ »
The suggested realization has been compared wi’th other structures

from the view point of sensitivity and quantization errors.
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o ' CHAPTER 1

INTRODUCTION -
1;1 Generai

Two dimensional (2-D) digital fi]terigg finds applications in
areas such %s image processing, seismic data prqcessing, 2-Dpattern
recognition systéms, geophysical exploration, radar, sonar, radio
astronomy; prefiltering for picture encoding etc. [7].

The important advantages of 2-0 fi]teringlare restoration and
enhancement to improve image quality il}. 2-D filterina removes umwanted
background noise from the image so that the details contained in the
higher spatial frequencies\are easier ?o see [?,%J . Also processing
2-D signals with 1-D filters results in complicated . and large algorithms.
These large and relatively complicated algorithms require higher m%mory
and more execution timg to produce the final required result. |
N

L)

1.2 Two-Dimensional Liﬁear Digital Filters:

Like 1-0 filters, 2-0 filters can be classified in twc categories

namely non-recursive and recursive filters. .

(1) Non-recursive filters:
2-D non-recursive filter transfer functions can be described using

2- dimensional z transforms as follows:

M X - -k | (1.1)
: ‘ a_, z .
Hzi,z,) = 2 .2 a1 72
4 mz=q k=p ) ,
The implications of Edn. (7.1) are that.many of the one-

dirznsional filier design techniques can be directly extenced to twe

.o

i TR

L% M e T




| |

PRI P SR XGPS A

2

In two-dimensional non-recursive filters, problems of stability

do not occur because the impulse response sequence is bounded and exists

M K J
2 Z | h(z],zé)|< o0 S (1.2)
Mz o .

k=0 —

»

for all finite M and K. B
However, the disadvantage of such filters is that high selectivi
can be achieved only by hﬁgher order transfer functions.

(2) Recursive filters:

The transer function of 2-D recursive filters using 2-D =

transform can be expressed as a ratio of 2-D polynomials as fo11ows[1].

o

. vt

or more dimensions by appropriate'modifications to the design procedures.

only for a finite time. Thus the stability of H(z1,22) is guaranteed, since

ty

\ ‘ _0
I J o
b —1 -J
» :E: 2 3521 %
C Nzpzp) T 9 (1.3).
H(z)hz;) = g (2y.2,) | -
K L

X 2 -
i 27 2

k=0 =0 :

where' byo ™ ] i and b, are real cogfficientsf

1

For an input signal X(z] 22y }, the output of the filter is

-

“given by, o

|9

Vizy 52y ) = Hzy az, ) % Kzy azp ) (1.4)

)
2
Jre of the important problems to be- considered in the design of
such vilters is its stability. The stability of the 2-D recursive

=
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filter in the bounded-input bounded-output sense isguaranteed if there
exist no values of z and z, for which, D(z1 ,22) = o‘ “for both Iz1l
and fzzlzl simu]ténéou§1y [1]. [t is'flso intgrestﬁng to note that not
all two-variable analog functions with strictly Hurwitz polynomial
denominator upon bilinear transformation yield stable 2-0 digital t;ans-
fer functions[4j. This difiéd]ty can be avoided by making sure that the
given analog transfer function has very strictly Hurwitz polynomial
(VSHP) denominatgr [SJ. The Polyncmial D(s] S 5 ) %3 saiq to be vegy
strict Hurwitz po]yqfﬁia] (VSHP) if 1/D(s] +So ) does not posse% aﬁiﬂ
singularities in the"region (s} ,92)) Re(s] )2 0 and Re(s2 )'i*O

The design of a 2—D’recqrsive digital filter consists in obtain-

ing the 31 and bij coefficients in (1.3) such that H(e?™1°1 , I¥2%2)

J

approximates a given response G(ﬁw} ,jw2 ) where w, and w, are respec-
tively the horizontal and vertical spatial freduencies. Once the ce-
efficients in (1.3) are found, it is necessary tc ensure the™stabildity
of the filter. Therefore the stability of the filter is f%{st eﬁsurgd
and then the design is carried out. ‘“hen we start with a passive analog
transter function whose denominator is very strictly nurwitz Dolbnomial
and then obtain a corrosponding digital transfer function by using *he

double bilinear z transformation, then the stability in the digital

domain is guaranteed.

‘ . { . -
1.3 Symmetry Associated wi.h 2-D Transfer Functions [6-8]:

In many applications,a 2-D digital filter is required to nave
certain symmetry in its magnitude response. ‘Ygry otten, these symmetries

fa.g. circulan symmetry) are presented in the/desired resoonse. Symmetrv

<
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properties can be used to reduce the ﬁﬁﬁber of theﬁvariab1e§_lf_ggtimi-
zation procedure also []]. It is also feporteé in {7] that by téking
into account~the symmetry -contraints, considerable réduct{én in multi-
plications can be achieved in implementation of these filters. In what ;

follows, we briefly review symmetry contraints,

/

{a) Centro - symmetry : j
H(z] 12y ) is said to possess centro-symmetry in its magnitude

response if,

*
*

Hizy oz, ) X H(Z] 22, ) = 4z 2 )0 X Kz, 2, ) (1.5)

where H*(z] ,22) is the transfer :antion with complex conjugate
coefficients of H(z] »Z ).
(b) Diagonal symmetry
H(z] )2 ) is said to possess synnetr9 about the diagonals in
its magnitude response if,
'l—'I)

H(Z1 ’Z?.) x H(Z] 122

b kb AL

. -1 =
H(22)Z1 ) x H(ZZ)Z] ) (]6)

{c) Quadrantal symmetry
iz, .z, ) is said to possess quadrantal symmetry in its ‘ {
magn1tude-response if,

-1

. . 1 -

H(zy, 2y ) * Mz, 2z, 0 = H(z],zz) X Hiz,,z, ) (1.7)
{d) Qctagonal symmetry ‘
ﬂ(z] Zo ) is said to possess octagonal symmetry in its :

X s 4 : X
magnitude response if it possess both quadrantal as well as diagonai
symmetries simultaneously in its magnitude respense i.e. . §

» - Pl B | gy T \ . el
.1(21J Z )y < d(z]g 22) = H{ Lj, z, |~ H(Z1y Z, )




(e): Circular symmetry ‘

It is clearly proVeH ﬁn'EV]', [8] that,it is not possible to
obtain exact circular symmetrie stable rational transfer function with
denominator other than unity in the analog domain. '

From the foregoing, it is seen that product separability is
required to achieve certain types Sf symmetries. For a separable fﬁnction,

H(sqs S,) = hi(sq). ho(s,y), . . (1.9)

The following can be noted:

(1) Any separable function H(s,,s,) = h1(s])*h2(52) is

‘quadrantal symmetric.
(2) Whenhy(.) * hz(.),H(s1,sz) is also octagonal symmetric’,
where hq(.) is a single variable function.
: ' ] 2
(3) If magnitude circular svmmetry is the main criterion, h1 (jw1)|

2
should approximate A é*™ forsuitable values of A and a .

(4) When stable all-pole 2-dimensional transfer functicns are

1

constrained to possess quadrantal symmetry, they turpn out to be separable.

i

1;§_ Realization of 2-D Functions:

Realization step is the prccess of converting the transfer
function into a filter network. Different realizations of the same
transfer function can have widely diverse performance in terms of round-

off errors, coefficient sensitivity. number of different components used

[ W S

and suitability from the view point of hardware implementation atc,

o -14] .
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The realization tan‘be accomplished using the fo]]o&ing important
methods, h
(1) Direct
.(2) Parallel
(3) Cascade
. N (4) Wave ,
—T\“-\\ It is known :»t the 1-D transfer functions can be realized
using any of the above methods. But, in the case of 2-0 transfer

function realization, each method has got its own limitations. In

addition, a prescribed method may not realize a given 2-D transfer

v
function. We briefly review these limitations. ‘
(M Direct realization:
A11 2-0 transfer function can be realized using this method.
This réa]ization follows from the algorithm. given by ShanKs [}SJ .
. It is shown that Eqn{t.3)can be written as, ‘
F SR K U )
1(21,2,) \ Z ) 33 0 R | x(2pzg) - z \Z buzxzz{'”zvz"’
_i=0  J=o k<0 150 1
\,“ : | {1.er

. fanc (1.10 ) can be realizeqd directly using aifferent approaches shown
h1‘66} . The matn limitation of direct realization is that it results
in higher roundoff errors.

(2} Parallel Realizaticn:
in the case of parailel realizatiqgn it is requ1req to axpand the

given 2-D transfer function into partial fractions. Except in special

¢ases, this is not possible.

T Tl BRI < b A RS+ T




(3) Cascade RealTzation:

For cascade Fea1ization, it is requi}ed that the given 2-D transfer
function is expressed as a product of several 1owe}-order 2-D transfer

\

functions. This may not be possible as a 2-variable pb]ynom1a1 is not,
in general, factorizable.
(4) Wave Realization:

The wavg\gigital realization starts from a given analog network
which is transforﬁ;a\%nto digital domain by the double bilinear trans-

formations. As is evidentexact realizations of product separable transfer

funtions are not possible. [}7, 189 .

1.5 Scope of Thesis] -

In this thesis we have suggested another method to realize
product separable low-pass 2-0 transfer functions (PSTF). This is based

on the dioital realization of 2-variable analog cascade-decomposable

" network which is connected in tandem with a 2-variable diaital parallel

deans e oeou

realization (Zach of these parallel blocks can be realized in a number
of ways). This reauires two-port wave-digital realizations of lossy
elements in the corresponding anaiog Tadder network. These are aiscussed
in chanter 2 and it is shown how such realizations can be used to
exactly realize PSTFs.

in chapter 3, the magnitude responses for different 2-D low-pass

q
PSTF realized in chapter 2, will be studied. Also the magnitude -
responses of exact realization of PSTE with approximate reaiization of
PSTF nas been compared.

in cnapter 4, tne sensitivity and quantization error 2ffects of

\
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Iy : _ '
the three different netwdrk structures of 2-D transfer function realiza- '
tions are compared. These 'structures considered are, ' /
- (1) cascade-direct canonic rea]ization,'where each transfer

’
function is realized by a direct-canonic structure.

(2) cascade-wave realization, where each transfer function is

realized by wave-digital structures. /!

e

(3) suggested cascade-parallel wave realizations. Chapter V
g N *

gives the summary and discussions of the thésis. ) )

,
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Chapter 2

REALIZATIONS OF 2-D PRODUCT SEPARABLE TRANSFER FUNCTION (PSTF)
. A C

%

/ .

g;l Introduction - ' //;/
’ There has been relatively little effort being directed towards

the realization of 2-D recursive PSTFs. Apar; from direct realization,

a continued fraction expansion approach [jG]ha; been adopted to obtain

different realizations for a 2-D recursive digital filter transfer func-

tion. Also, two-variable doubly-terminated lossless analog ladder met-

works can be used [ 14, 17, 18] to realize approximate PSTFs.

) Here, we present an approach to realize a PSTF. As will be shown,
in order to get exact PSTF, it is required to have a digital two-port
netQ;;E corresponding to an analog ladder network which shall have combina-
tion of a resistance and a reactive element in its series or shunt branch,

In section 2.2 a brief review of wave realization of two-port con-
taining Tossless elements in series or shunt branches is qiven [14]. Using
similar method, two-port wave digital rgaWizationAof combined reactive and

resistive element in series or shunt arm is given in detail in section 2.3.

This realization is later used in section 2.4 to get overall PSTFs.

2.2 Digital Realization Corresponding to Lossless Element in Series or -
-~ .

Shunt Branch

Let the impedance of series element in network (ﬁ) of Fig. (2.1) be

denoted by Za and admittance orf the shunt element is denoted by Yb with the

bilinear transformation s= (z - 1)/(z+1). Then for the series elemen%”za,

“the two-port description is given as [ 14], .

: 9

TP

capm s S
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where aj afld bj (i=1, 2) represent, respectively inputs and outputs

at parts1 and 2, and,

c

- 0
~represents the chain matrix of the digital 2-port with
Mmoo L Re+ Ry

-

| 2R,

yo® o LRy -}y C(2.2)
- 2R, | \ .

MNoT 1 -¥,

R )

0

where R1(] =1, 2)répresent” port res1stance at ports1 and 2.

»

. Similarly, for the shant element Yb we have
] I'T . s T — - -
: ' b
3 | #2 X2 b - )
! : z Fy ! .
g [,2 d (2.3
. o , |
? o1 1 e “2 2 2
; — ) _.' ) ._.J L —na! — ) ’
< ® v
o » I ) . _
» s
. . Y .

B L T T N U

R ARt YY)
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’ 12
. . 5 \ k]
where , 7 y
Hy = (Y + Gy* 6,)/26, - \
' o u‘ S, (2.4)
Az : (Yb+ GZ - G])/Z‘G\z‘; . v . » . - i
~ ' L
0 . |
» - R ~
02 - ( '|’~ /-12) .
KZN = (T 'MXZ) : {' .
, R . . s
ahd‘Gf(%-W, 2)”represent port admittance at partsl and 2 i
& H .
. , |
]
Now the realization tan be described as in [14] : » _ ’
*- For the series e]ementa . @ , ' - .
b ‘ B L
. , ":‘ ‘ 7 _ v ' T ;}
. /’I’/ by * a, + iy - a) :TL ' , 7
- , : o | . . {2.5)
- ) fapat 1 '
by = 3 +(ay - 2l _—
~ $ . - i
* For the shunt-element: ¥

.
s ‘
-
¢ &”‘\ '
. 3

v2
L LI LY o \
o u _ 2.6
b, = -a, ~{ap7a,) 1" 2.6)
e 2 Tl
\ . uz )
07 6y/6 ' \ | - .A

Realizations for- Edns, (2.5) and (2.6) Kﬁg shown in Figs. !

2.2 and 2.3. | u
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"2.3 Realization of Combined Reactive and .Resistive Element

To realize certain type of transfer function it is required tc; \
have two-port realization building blocks of comb ined reactive and resis-
tive elements in series or in shunt am.

In this section we will discuss detailed realization procedures
for different combinations of a resistance and a reactive element in the
series o¥ in the shunt arm.

-

2.3‘.]' Realization of Different Combinaticns in Series:

(1) Series combination of inductor (L) and resistance (R) in

]

series arm:

From Fig. 2.4,

Z,2Ls+R . (2.7)
By bilinear 2° transformation s= {(z - 1)/(z+1)
we get,
z, #(L (z- 1) +R (z41))/(z+ 1 (2.8)
Now from section 2.2 we have,
A2 (2,4 R+ R5)/(2R) :
V7 (2,4 R, - 2)/(2R,) ; (2.9°)
}=r9m Ean, (2.8) substituting the value of Za in Ean, (2.9 )
we have,
.(H= z(,R+L+R]+ R2)+(R1+ R2+R-L) ; (2:10)
2R, {2+ 1)
vy : ZR+FLF2% R+ (R - Rye R - L) 2.11)

A

ZR2 (z+ 1)

3
’

PPN

N
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— Z(L+ R+Ry =R} + (R4 R-Ry - 1) , :

aay = ‘ (2.12)
2L+ RER, +8)) + (R4 R+R; - L)

. /
To avondde]ay free Toops in the digital reahzatwn the numerator

v
of fxl should be at least cne degree less than that of the denominator.
]

This condition can be ensured by putting,

L+R —+—R2-R.|'-'D (2.13)
2 M X
Hence, Eqn. (2.12) is reduced to,
R
L4l B 5!
Ay = _R _ ‘24/'
I L - T+ @2
R+R2 \
where, 9= Ry and 3 = Ry
1 R 1
—_— ‘RZ—(“'Z ]) O+ z )a
A a! =
1 -1 N
1 + .R] z . 1+ @32 \
R+ R, :
N
From Eqn. { 2.8) a1
. a4t (2.13a)
oy T apr lay - gl gm g 4 {8 - 8]
- 0,2
] Q + -1) «
b, = a4 {ay - as)—— =a, + (a - a)l ? (2.14b)
2 2 ‘1 ZJJ 20 1 2 1 "QZ_i g )
1 T3

Fig. 2.5 shows realization of Egns.(2.1da)and {2.1db)which is
corresponding to the analog newwcrk snown in Fig. 2.4. -

[t should also be noteg tr* the resistance is in series with the
input resistance. Hence,vave-digital structure can De reaiized with
the Tossiess inductor in the sarias arm w1*h the condi*<on that.the ':nput
oort resistance {s changed. |

PR

S




o ey

-

\
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L d
Lossy Inductance in the Series Am

Fig. 2.5

Two-Port Wave Digital Realization of Fig. 2.4
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(2) Series combination of capacitor (C) and resistance (R) in
the series arm: ) "

From Fig. 2.6, | |

Za: R +1/Cs ={R (z - 1) +1/C(z+1)}/(z -1) (2.1‘5)

making -the transformation '

] - CL
C»T"z,___z‘]

o2 b{z-1) ZR(z+1) (2.16)
a zZ + .
This is the same as Eqn. (2.8). =
B tlence, realization is carried out using the same approach as

shown eariier.
The realization is snown in Fig. 2.7. It is clear that the
realization is the same as Fig. 2.5 with 2! replaced by 27V and L

replaced by 1/C.

{3) Parallel combination of inductance ' L) and Resistance(R)

in series am:

From Fig. 2.8 we have,

Za = RLs/(Ls+ R)=RL{z - 1)/((R+ LYz+(R = L)) (2.17)
! Also,
z - | . -
ST s~ Ry R e Zy v Ry - R
o 2R
2R2 2

Substifuting the value of Za’

) , 2 o (] R - - L
RL 4+ {Ry + Rz)\R+ Lz = ”1*‘”2’ R4 (2.13)

(U-\ :x 5 ‘ .
' ZRZJ(. (R+ L)z +(R -1L))

©

. .y
DAL i b Wi S a INABAS TR« TN A, sk TS e ' - <
) L
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RL(z- 1)+ (R, -Ry) R+ L)z+ (R-1L) -
*/_l z (z 2 1 { \ } (2.19) . L

Ry ((R+L)z+(R-1))

From Eqn (2.18) and Egn (2.19) we get,

)

/

4

vl.//'//
L {RL-{-(RZ-R])(R+L)}z+(R2-R1)(R-L) - RL

o= . . —  (2.20)
{RL (R RIRFL bz 4 (Ry+RIR <L) AL

NG | /
To avoid delay-free loops, we should ensure de&;of numerator
s of }’:L'.L is less than that of the denominator. (
]
Lo RLE(R, - RI(REL) = 0 (2.21)

From fqn. (2.2'1) we have ,
. AL 7
Ry = Rovrr T '

] AL
Ry® Ryr=T ' (2.22]

Substituting Ean. (2.22) in Egns. (2.20) and (2.18) we have,




o et m— e -

‘ - -1
. e {1 rR— 2 \
A, T Ry
1 1 (2.24)
R,L + R,R -
Making the following designation, oW
R
2 - oL1
R
o N
R-L - o - | (2.25)
R+ L '
R (R2 - R1) - °< X
R 3 \
2 - ~
R, (F +L)
Eqn. (2.23) and\Eqn~r(2.24) become,
N _ o
—1— - °<] (0‘3) z 1 .
l ] - . (2.26)
] +oc4 z .
. -1
{4 - %](]*uz)‘rz
o, 2 .
1+ %y . (2.27)

21
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Parallel Combination of an Inductance (L) and a Resistance (R)

in the Series Arm

\
Fig. 2.9

Two-Port Wave-Digital Realization of Fig. 2.8
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-] v
b, = a oLy %3 2
L 2+ (a; - a " ,
T4 o, o 2= ] 2) (2-58) T
174 S ]
(1 )iz d
‘ b, = X + o< z A ;
\ 2 ¥ 3y 7l 2 (ay -3, (2.29)
H'o<1°(4 z']

A f

The corresponding realization is shown in Fig, 2.9

(4) Parallel combination of capacitance (C) and resistance(R)

From Fig. 2.10, ‘
z = R . ‘ ’ (2.30)

. a RCs +1 v
making the transformation

. -] -1 !
S s and C L V’fe get,
)

. . RLs# : (2.31) - 4
a Ls +R i

» -

which is the same as Ean. (2.17). The two-port digital realization

is shown in Fig. 2.11, whicn is the same as that of Fig. 2.9 with z'1

Bl

replaced by 27 and L replaced by(]:— .
”4'

»

o ' Table 2.1 shows different combinations ¢f reactive ard resistive g

S elements in series am of network (N) and their two-vort wave digital

realizations.




3

i

- - - “H:«“wv'w-wﬁ|— T R e g o A T o et s i = e st 180t TN
; “ A
24
K3

C

| |
. 11 '

R

Ry Ry
&
——
Fig. 2.10
' Parallel Combination of a (apacitance (C)
and a Resistance (R) in the éem’es Arm
&
|
] a
: 2|
] ~1 [\,/‘3 G\ 3, 8
' ] G) =z \\-// 2
" ':Ql 5 e

-
o " |
!‘ .
- .—
~ bl‘é:r . . 2

Fig. 2.11
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Table 21

-Two=~Port Wave Digi tal Realization of Different

Combinations of Resis tances and Reactive

Elements in the Series Arm }f Analog Ne twork

6

e  Element Correspondling 2-port Wave i
‘,. Digital RAalization ‘ fel a tions
] ' , b N
L B ! 2 \
—NYAAN ~— _‘@—W @,z "
. T 42 R
R R . ]
'l ) 2 ’ .
R, 0y : %
R +R,
a = R
4 —1
a Re
. gt 2 :
Q wr 3 .
- Network N, .
C R 1. o <
: , REY B PV 2
u 5 | fo
——-{ {-—"\/\/\/~ ‘Same as Ne.twori]‘i] with z 27 R+¥R,
‘ replaced by z;y cand. L a, =
Ry R replaced by | ' HL
c PRy
= RC -1 2
RC+ 1 |
_ R |
=%y
R] i
= R-L
R+ L .
N D
= R(P\r) - R“l}
32 ’
= 'RTL-:-R.-,R
<
R2 (R — L)
N A_l
! ‘ ~1la =
C[ | Same as Network N, with z e /R
, ! | ., replaced by -z and L, dp= Ao 1
‘ replacea by 1,¢ M |
RT RZ X AYE R{.Ro"a}).i ,
= Network , N, ; B P
2 -
| a = 51 +CRZR '
o R,IRCH

e

i e e b A 8-
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. 2.3.2 Realization of the Different Combinations of Resistances and

Reactive Elements in the Shunt Arm:

-

(1) Series Combination of Capacitance (C) and Resistance(R)

©

From Fig. 2.12,
e Y'(s) & Cs/(RCs + 1) with s = (z -‘1)/(z+ 1), (2.32)

Y(z) - C(z - 1)/(RC (z - 1)-1: z+ 1)

From Eqn. (2.4) ;

| s "o + 814 %
\ L 26

(2.33)
1

| {C+ (6,4 G)(RC+ 1)}z (G+ G,)(1 -RC) - C

. 26, { (RC+ Dz + (1 - rRC) } (2.34)
‘v :. - ‘
‘\ 2 1 #2
- vy ;ZG](RM- 1§-c- (6, + GZ)(RCH)}'Z’ + 264 (1-RC)-(G;+6,) (1-RC}+C
, “y oo ;
. RC+ - -
. CL (6 +GIR T FZ + (61 + 6,)(1RC) - C | (5 35
o ' Again, to avqid delay-free loops in the realization, it is fequired
that the degree of numerator of # Should be leés than that of the denominator .
0 and hence, - o o l
. g . - N 4 '
. ( (RC+1) (G] - GZ) -Ca0Q ‘ (2.36)
’ . Therefore, ’ . . '
‘ r. C = -(RC -H)(G1 - GZ) ' ‘ X )
Q' B < \,,
I - |
RC + 1 ’ (2.37)
- C
. G, - Gy -
" 20 R,
S . -
R Lk -1) \
; ! c G-l- G? : v

D - oae Boukie AP eV r

a .
PRRC S

P
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2) 4 1

¥ GﬂRC+1)

7" )
2 62 +.G]RC z-]

(G] -G

G, (RC+1)

P

~1

1-RC
T
2 'GZ+RCG
1+

G

&

1 4

] (RC+ 1)

Let,

G](_R'C +1)

GZ+RC%,

= B
G,(RC+ 1) 3

-1 .

A ave o hemen i

-

A

Substituting Eqn. (2.37) into Eqns.(2.35) and (2.33) we have,

27

(2.38)

(2.39)

(2.40)

Substituting Egns. (é.38) and (2#39) into Eqn. (2.6) we have,

. -1
= Z
by = 9% 4 Pz‘ X (gt
1+ B,z
\ B3 . i
1 +P12/

(2.47)

(2.42)
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Fig. 2.12

aQSeries Combination of Capacitance and Resistance in the Shunt Arm
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Fig. 2.13

| " Digital Realization Corresponding to Fig. 2.12
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From Fig. 2.16,it is clear that the shunt resistance is in paraliel
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(2) Series combination of an inductance (L) and a resistance (R) in the

shunt arm:

From Fig. 2.14. we have,

Y(s) - 1 (2.43)
Ls+R
,
Let us make the transformation L"é— and s *;_
then,
Y(s) =, _Ls . (2.44)
RCs+1

Eqn. (2.44) is the same as Eqn. (2.32). Hence realization of Fig. 2.}4
1

is the same as that of Fig. 2.13.with z'] is replaced by -z~ and C is

replaced by % ..

Two-port wave digital realization is shown in Fig. 2.15.

(3) Parallel combination of capacitance (C) .and resistance (R) in the
shunt arm:

with output Toad resistance or output port resistance hence the total
resistance is given as,

Ry = R X RU/(R+R) ’

Realization is carried out as if only C is in shunt arm and output
port resistance is equal to Rt’

Two-Port Wave Digital Realization is shown in Fig. 2.17.

I ]
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§eries Combination of an Inductance (L) and a Resistance
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Two-Port Wave Digital Realization of Network

Shown in Fig. 2.14 ‘ '
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Parallel Combination of Capacitance (C) and Resistance '

(R) in shunt Arm

Fig. 2.17
" Two-Port Wave Digital Realization of
Network Shown in Fig. 2.16 2{//.
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(4) Parallel Combination of an inductance (L) and Resistance (R) in '
the shurit arm:
. From Fig. 2.18,it is clear that the shunt resistance is in
parallel with output port resistance. Hence wave digital realization

can ‘be carried out as if only (L) is in shunt with output port resis-

tance 1is Rt where, N

Gy

R, = R RL/(R+R

t L)

Two-port wave digital realization is shown in Fig. 2.19.
Table 2.2 shows wave digital realization for combination of .

reactive and resistive elements in the shunt branch of the analog

network (N). It must be stated that in both Tabled 2.1 and 2.2, only

one digital realization corresponding to a combination in any arm is

‘given. Other possibilities exist.

Now, we shall discuss the utilization of these results for the

exact realization of PSTFs.
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Paraliel Combjnatidn of an Inductance (L) and a
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Resistanée (R) in the shunt Arm
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Fig. 2.19
Two port-dave ngita] Realization of Network

Shown in Fig. 2.18
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Table 2.2 34

s

Two-port Wave Digital Realizations of Different
Combinations of Resistances and Reactive Elements in the

Shunt Arm of Analog Ne*work

Element Corresponding wave Digital Relations
2-port Realization
b ~
21 6,= Gyt :
IR RC + 1
i 2" Rey,
1
B-l_ ]"RC
R 1+RC
~>——J@— 2|
j Po® 516
! 61 RC+1 )
Network N5 :
Same as Network N with 2 | MuTtipliers
R R ~ :
1 L 2 | replaced by -z1 same as above
i i | with € replaced
- ' i by 1/IL :
' Network N¢ f
—T iaI N N bz R R xR,
- { - e — tz =
) R . ! ()"-/ N R -‘-Rz :
: 1 < ' ‘ G.l= G2+L
¢ 2R R, [ Y A
. = . | ‘ o= GZ/G] |
i - I |
' ' : .
; — - ‘ |
-~ l ' a
1 Network N, 2
! | Same as Network N, with Z! o R x R,
R R _ f T
1 % A 2 replaced by -t . R~ RZ
L T - G676, -
\ Network Ng ‘

SRR e
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g:& Product Separable Transfer Function Realization: — S

For the sake of completeness, we shall discuss both approximate
and exact realizations of PSTFs.

2.4.1 Approximate Realization of PSTF:

Let us start with Nth order doubly terminated L-C ladder network
of two-variables s] and szf Reactive elements of network can be associated
with either variable s, or variable s, as shown in Fig. 2.20.

Let the chain matrix of Network 1 be represented as,

EN

(9]
(=9

and let the chéin matrix of Network 2 be represented as,

[

P

-4
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Fig. 2.20

' /
Two-Variable Cascade\Anaqqg Network
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Tho ABCD matrix of black box D is given by
A B 1 Rg a b ] 0]
el X )(
c - D 0 1 c d RL 1_

(2.46)
The transfer function of the black box D is ajven by H(sl,sz) = 1/A

which is,
M
. 1 "

H(STSZ) = (2147)

. A Y
It is clear from Eqn. (2.47), that by cascading two analog sections of

different variables (51,and 52), it does ngot realize exact oroduct

separable digital filter transfer function.

One can approximate Eqn.(2.47)as a product separable transfer
function. To make it clear, let us consider a network shown in Fig. 2.21,

The transfer function is given by,

‘N ) 1

H(s,s ) = .
2 LLCC, |
R : T Re R
s e+ + .S =
(51%1] 51+L]C])(52 Cy 53 LCp) T ol (s L])(SZ+C2)
(2.48)

The coefficients of different terms are shown in Table 2.3. By

- RS RL _
assuming C,L (S1+f J(s,+= ) isvery small then Eqn. (2.48)can be
1 1 C2

approximated as,

H(sl ,52) = ‘13 §C1E2 _ B

(2.49)

R L LT Rl

s i 43k S o e
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\ Second order doubly Terminated Cascade-decomposab] 2 Analog Network
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Fig. 2.22

Two-port Digital Realization Corresponding to Network of Fig. 2.21
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Coefficients of the different powers inEg

Table 2.3

] v

&

ns.n(2.48) and (2.49)

No. Term Coefficients- Coefficients Difference,
of Ean(2.44) of Ean(2.44) |-
(a) (b) (c) (b)-(c)
A |
| 2 2
] N S'I 52 ] ], 0
: 2 Ry R - .
{
2 | 1 S C, C, 0 |
| ) 1 1 a
S T, Lt 0
1 272 . i
r 4 ;9! 5.5 2 R_$_ Rs " ' 0
j 1°2 L L
-1 e M
. 1. RsRi ' -
.5 S48 + L | :RsR 1
.- 172 LGy LG, TG LC |
: Rs R, = !
6 i - Re - R
S C,L,L,~ L,C,C S L
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To satisfy the assumption, one has to make C,L (S]+I.§,)(52+EL)
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as small as possible. This can be achieved by fulfilling the following

conditions which ere given ' from Table 2.3.

 ReR
— << BsRi (a)
v Ly GG
Ri <« Bs- " (b)
; LoCyCy LG .
’ v
Rs << R (c) .
Lty GG
R, R: . g .
~ Rs 1 {d)
TIte< [Tt : :

1727172 1727172

)

From these conditions it can he concluded that to consider Eqn.

(2.47)as an approximate product separable transfer funci:ion, network of

Fig. 2. 21 must satisfy tﬁe following conditions,

(]) Rs '=-'RL !
(2) .C]>> L]
(3) L>c,

2 2 o

| 2.4.2 Exact realization of PSTE:

-

Our, aim here is to realize exact digital /filter PSTF. -.One of
the methods we are applying here is to cascade /Zraﬂe] sections: of -

different variables with the realization shown in section 2.4.1 Due
tb’ cancellation of terms this overall structure gives a realization of"

" product separaﬁle digital filter transfer function.

-t B 4 . \
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For cascade separable analog network (Fig. 2.20) the transfer

function will be of the form [19] to [21] .

‘ (s,) (s,) '
Hy (s958,) = tht "2t (2.50)

4]

After making the double bilinear transformation, the 2-D digital

‘transfer function will be of the type,

Hy (202) = ng(z.2) (2.51)

\1 nd]Tz]Tdd (22) +nd2(22)dd](zﬂ

2

In order to obtain realization of a exact PSTF, a parallel reali-

zation of a digital trans fer function,

4y (2),2,) = " () N ng, (%) , (2.52)
2 d, Zz]) dg (z,] .
1 2

. - P](z1)+P2(22)(say)\

is so connected in cascade with Hd (z],zz) so that the overall 2-D
1
digital transfer function will be
. n,(z,2,) A
Hd(z],zz) , dt“1°2 (2.53)
¢d1(zl)dd2(zz)

The corresponding realization is shown in Fig. 2.23.

For the realization of Eqn. (2.50) by the network shown in
Fig. 2.20, we can make the jdentification,

[ ] B
Vo (s7) = Mis1) 11 2% mlsy)
1 . 2 2'°2 -
dy(5) and dy(s,] (2.54)
; - n
-ylz](sz) - aﬁ(sl) -y]z (sp)= n, (s))
2
4 0sy7 A % B

Where the yzzland -yn]awhe y parameters of the network of variables

51 and y”2 and -y]22 are the y parameters of the network of variable s

2

[ e
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= Y

e
- hnﬁ(q)
MR
1
B Hd](z] 322) .——-P—- \

ng_(2;)

- d2(227

A -
‘ Fig. 2.23 < .

. - X,/ "
Overall Realization of Hd(z],zz), a PSTF
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Both Y11 and Yo, are positive real functions and will be reactance
2 1
functions in the case of lossless networks. P](z1) and P2(22) are the

digital transfer functions obtained from y,., (s,) and y,; (s,) after the
22, 1 112 2
corresponding bilinear transformations. If the starting analog networks

have to be in the form of ladder networks from which the digital filter

realizations are obtained, then y22$s]) and 78 (52) shall have special
2

forms. It has to be pointed out that other realizations are

) possible. i

Since higher order PSTFs can be realized by having a cascade
connection of 1ower order building blocks, we shall consider the

; i
realization of second order y,, (s,) and y,, (s,), in which case the !
. 22] 1 112 2 %

functions dd (z]) and dd (22) are each of second order. Therefore,
] i
it is essential that Fig. 2.21 has to be rearranged. Two possible :

rearrangements are given below (It has to be emphasized that other

realizations are possible).

Fig. 2.24(a) and Fig. 2.24(b) are the two possibilities given.

Fig. 2.24(c) and Fig. 2.24(d) are some of the other possiblitiems

to realize Egn. (2.50). It is to be noted here that Y1 and Y12 '
1 2

of Fig. 2.24(c) and 2.24(a) are not all pole functions and Yo and Y1

1 2

have same degree numerators and denominators polynomial. So in this method

it is not possible to get all-pole analog 2-D transfer function. When :

1
f

1

4

higher order filters are designed, this method appears to be pqwerfu? and
therefore be adopted. However, in such realizations, stability can

be guaranteed.
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Fig. 2.24(a)
Rearrangement of the Network shown in Fig. 2.21
. )
v ' .
r__r\rv\r\ T o
I 1 L -
Vq T 55 B2 — RL V2
Fig, 2.24(b) -
. Rearrangement of the Network shown in Fig. 2.21
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Ry Ry .
Fig. 2.24(c)
Realization of Eqn. (2.9 - .
L.s L S
| b N
AYAYAY, g .
Vy Cosy —__C,s V2
2°1 R R4 2 2 Ra
{
Fig. 2.24(d) N ”

Realization of Eqn. (2.50) . : . -
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The anva-]og transfer function in the case of network of Fig. 2.24(a)

will be, >

2

(Ly ey Reysy+ 1)L, S RL) + (LS +R_)(L,6,5,% R.C,S,+)

2L2%,
where,

' 1. - n1(s1) - L]s]+Rs
é21{51) a]zs1; L1C351 %+ RsCysy+

Y (1 = Mols,) ¢ Lyso+ R
s
1,

) 2
27 . 'dz(sz) L2c252 +RL6252+1

The transfer functions P](z]) and Pz(zz)’ are |

Pi(zq) - Vo, (57

2] s ~ Z-l - ]
1 - 2]—1—1— (2.56&)
1
and Palzp) = 5’112(5‘2T
S - 22 .- ‘l
2 - —— (2.56b)
zz+'l .

The corresponding analog realizations for Fig. 2.24(a) and Fig. 2.24(b)
are shown in Figs. 2.25(a) and 2.25(b).

The two-port digital realizations of networks in Figs. 2.24 and
2.25 are shown in Figs. 2.26 and 2.27. Cascading digital networks of Figs.2.26
and 2.27 as shown in Fig. 2.28, It give .overaH exact realization of
second order PSTF given in Eqn,‘(2.53)ﬁ
- 2 2
ndgz],zz) : k(z]+1) (z2+1) ,

th

where k is a positive constant.
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Fig. 2.25(a)
* The Analog Realizations of the Transfer Function of Eqn. «2.56a)
v, - L.s. 4R N <
_b__. = h](s]) - 1 ]Z S e = \ n](S-l)
a L1CySyH RS + Rs 8y
= ‘ |
. Y22,(51)
RL-.- .“.‘2. L252 .
——c,
[P q 52
¢
Ya Ly Vb
C2
Fig. 2.25(b) '
. The Analog'Realizations of the Transfer Function of Eqn. (2.56b)
v ,
D ) |
voos L hls) = LS R = m(sy) L1
Ty Y., (s,)
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2.5 Summary and Discussion:

" In this chapter, a new way of product separable digital filter
* transfer function reah‘zafion‘ has been proposed. This will be a cascade
connection of a digital realization corresponding to a doubly-terminated
two-variable cascade-decomposable network and a parallel digital realiza-
tion of suitable single-variable transfer functions. §{nce h1igher order
functions can be realized using lower order building blocks, a realization
correéponding to second degree in each variable js discussed in detail.
To accomplish this, it is shown that the wave digital realization corres-
ponding to logsy reactive elements in the’ series and shunt arms of the

analog ladder network is required. Such realizations have been discussed.
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Chap@r 3

' THFE RIFFEPENT FILTER R}EISPONS?S FOR PSTF REALIZATIONS

/

’ _3__1_ Introduction

Here we examine the magnitude responses of the approkimate and
g‘xnat“:t realizations of PSTFs having different pole locations. According
to t.he.se locations we will have different types of two variable Broduct
separable denominator polynomials, ASimjlar approach can be applied for
higher order PSTF realizations..

We would check now magni tude re;ponsgs for low-pass normalized
approximate and exact PSTFs of the Tollowing types:

(a) . Butterworth i

(b) Chebyshev

(c) Besse!

(d) Different combinations of the above four cases.

We would also check magnitude responses for higher arder PSTF

of .different digital filters. \

§._2_ txamples
. &‘.

It s shown in Egn. (1.9) that 2-D PSTF H(sq+8) is given by,
& : )
H( 51,32) = h](s1)Xh2( 82) (3-1‘)
We consider approximate digital realization of ?STF H(s.l ,sz)
shown in Fig, 2.21(b) and exact digital realizaticn shown in Fig. 2.28

52
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«  (which incorporates the realizations shown in Figs. 2.24(a), 2.25(a), M
° 2.25(b). a - I
‘ Let, RI be the realization of Fig. 2,21 (b) . ™
ang R;¥be therealization of Fig. 2.28 with Figs. 2.24(a), 2.25(a)
‘ and 2.25(b)
. _
- 1]
3.2.1 Low‘-Pass Butterworth PSTF Response

- The dverall PSTF will be - .

. " H_(s,,s,) =" S SO (3.2)
_ a2 9 .2 .
“ (s7+ 148+ 1)(8 + Tds,41) N

AY
~ N

Fig. 3.1 shows the,response of the redlizatim of RI‘

M

F"ig.i 3.2(§) and 3.2(b) shows the response of the realization of RII'

Fig. 3.3 shows the response 3-D plotting of the realization .
of Ry O : ‘ .

The data for Figs. 2.24 (a), 2.26 and 2.27 are given in Appéndix - I.
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3-p. Plotting of Magnitude Response Of\RII .
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3.2.2 Low-Pass Chebyshev :PSTF Response

Here we will consider an example of low-pass chebyshev filter

having 0.5 db ripple in its pass-band. The overall PSTF will be,

Hy(s1s8,) = K : (3.3)

N (2 + 2.055,+ 0.785) (5,° -+ 2.05s, + 0.785) \

Fig. 3.4 shows the response contours of .the realization of RI’
Fig. 3.5(a) and 3.5(b) show the response contour of the realization

of Ry,. )
11 .
)

Fig. 3.6 shows response 3-D plopting of the realization of RII'
The required data for Figs. 2.24(a), 2.26 and 2.27 are given

in Appendix II.

3.2.3 Low-pass Bessel PSTF response:

- ’

The overall PSTF will be

Ha(s],sz) =’ X

- , -
(S]Z-f- 4.451 + 1.62) (522.".. 4452 - ]-62) )

{3-4)

Fig. 3.7 shows the response contours of RI '

Fig. 3.8(a) and 3.8(b) shows the response contours of RII

4

Figﬁ 3.9 shows responée 3-D ploting of RII
The required data for,?STF for-Figs. 2:23(a), 2.26 and 2.27 are

given the Appendix I[II.
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)

3.2.4 Combination of Low-pass Butterworth and Chebyshev  PSTF. resoense

The overall PSTF will be
K . : 13.5)
+ 2.05s, +.78 )( 2.7 Als, + 1)

H. (s,,s,) =
a 1 2 (312

R
2
4

- Fig. 3.10 shows response contours of’RI.

-

Figs. 3.12(a) and 3}12(b)‘shows response contours ‘of RII'

‘The required

Fig. 3.12 shows response 3- D plotting of RII'

data for PSTF for Figs. 2:24(a), 2.26 and 2.27 are given in the Appendix 1V.

3.2.5 Combination of Lo&-pass Chebyshev. and Bessel PSTF resoonse

The overall PSTF wiil be,

H (51’52) = 5 - K 5 : - .(3.6) s
2 (5,°+ 2.05's,+0.785)(s," + 4.45, + 1.6)
" Fig. 3.13 shows response contours of R, ° )

I.
S8g. 3.14 (a) and 3.14(b) show response contours of RII'v

Fig. 3.15 shows response 3-D p]otéing of RII‘ The rqui%éd

‘data for PSTF for Figs. 2.24{a), 2.26 and 2.27 are given in thé Appendix V.
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3.3 Higher QOrder Digital PSTF Responses:
3.3.1 4th order low-pass Butterworth PSTF response.
The overall PSTF will be, . f
P !
Hﬁslbsﬂ 1 ' B.?)\
‘ (s, + 2.613 5,7 + 3,415, + 2.6138; = 1) X
(.04 2.613s, %+ 3.415. %4 2.61s, 4+ 1)
2 T & 2 VT2 U2 ’
This can be expressed as,
. Ha (81’82>:- 1 . 3.8) ) |
(sy +92+j.38)(s,+.38 = j.g2) X ' )

- - o

(s,+.92 7 ].38) (s, +.38 +].92)

Fig. 3.16 shows response contours of exact realization of Egn.

3.3.2 5th Order Low-pass Butterworth PSTF response:

i

The overall PSTF wiil be, . _ ) N

’ \
HalSpsp

1 (2.3}
51 = pme 4 I - 2 .
(s] “+3 23s, 5.23s," = 5.235," +3.23s + 1) x
5 4 . 3 - 2
2387 - 23s. —
poles ¢f this function ars,
<
Si 13451 +.8143.52 0% +.31 +3.95),., 1,
Fig. 3.17 shows response contcurs of exact realization of Egqn. (3.3). (
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Magnitude Response Contours of 5th Order

2-D 2STF of Zgn.(3.9)
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» 3.3.3 4th order Low-pass Chebychev PSTF response: 4

(ripple in passband is 0.3 db.)

The overall PSTF wit1l be,

H.(s,,s.,) Kg ‘ (3.10)

arlrz] 4 3 2 4
(= +]'3851 -§-1.9551. +'|.28"51+.484)(52 -
— +1.388,7+1.955,% +1.28s, +.484)
L J

3.3.4

poles of transfer functicn are,

-

sy = -C.2cXxJ 1.04 And

-0.489 +j0.433,;. 4 ,

Fig. 3.18 shows response contours of exact 'reaH_zation of Ean. (3.9).

Sth Order Low-pass Chepychev ©°STF response:

+3.10).

(ripple in pass band is 0.3 db)

The overall PSTF will be,

H Is.,s,) = Kg . '3.11)
a 1 4 5 .
. . {57+ 1.355, 72,1853 -H.Es]‘ — .92, —.234)

x (5] + 1355 +2.16s,°+1.65% +.925, —.224)
poles of transfer Tunction are,

31‘: -G-d]7,

(=338 +5.837) . ~.

rig. 3.19 shows response ‘contgurs of exact reaiizaztion of Eqn.
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