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An Analytical Approach to the Least Square Design of Two-Dimensional
FIR Digital Filters with Quadrantally Symmetric or
Antisymmetric Frequency Responsg | v

i B »
. Jie Dong Wang

o

-

This thesis is concerned with achieving a compufationally eflicient analytical solu-
tion to the least square design problem of two-dimensional real zero-phase FIR digital

filters with quadrantally symmetric or antisymmetric frequency response. The problem is

. investigated by formulating it as a least square approximation res«flting in the devel&p-
Y - “ .

ment c_>f a number of matrices. An in-depth study of these matrices reveals a number of
useful properties. These properties are exploited to obtain an optimal analytical solution
for the filter coeflicients making it unnecessary to use either of the time-consuming

methods of optimization, iteration, or matrix inversion.

The proceés of design solution riults in the evolution of a‘rhatrix' whose elements
can be evaluated easily by (‘Lhe knowleédge of sampling density of the specified frequency "

response and the order of the filter to be designed. The coefTicients of the designed filter

-can readily be obtained by c'arryin'g out a couple of matrix multiplications involving this

<

matrix and the specified frequency response matrix. It is shown that the computational
complexity is greatly Teduced because of the reduced order of the matrices involved,
their specific characteristics, and the analytical approach. Furthermore, the application

of design formulae for the filter design is very simple and efTicient.

.The design technique is illustrated through examples of quadrantally symmetric ~

and centro-symmetric FIR filters. The results in terms of error in frequency response -

-

- fif -
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\ _compare favourably with those obtained by other techniques. The design time using;ﬂle'
+ proposed technique is significantly smaller than what is required by the I,, -optimization
. o M -

B . %' .
t.qchnlque. or weighted least square technique employing modified Lawson’s flgorithm or
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| o - | CHAPTERI -
- - Y ‘ INTRODUCTION ,
. . B} [ » ’ N R
11 GE§ERAL | ‘ ' '
‘ i . '\ . 7 - ‘ LN
The digital signal processing, a-fleld which has its rocts in 17th .and 18th century In _ - -
n ; - . - . :
mathematics 'and astronomy, has become an important modern tool in a multitude of = =~ -\
diverse flelds of science and technology [1]-[3]. The classical numerical analysis techniques’ \-; .

2 . -

- L] . . . ' . . y ' .
are used even today in digital signal processing for numerical integration, interpolation,. .

diﬂ‘eréntiation, and etc. Many of the fundamentgls of digital sig’nalﬂprqceséing stem from S

. ‘the classical numerica] analysis tech‘niqu‘es developed in the lgﬁo—é.lmpo.nént refinements
of the tet-:hniques in t?he 19403, and 1950s provide the Toumeation for digital ‘s;gnal f>ro- !
cessing. The ax'ive'nt of the digital computer accelerd.ted the devel\opmenl, of signal pro-

. cessing techniﬁue by making it possib%e'-to perform quite rapiﬂjy extensive cqmputgt;ons ;

>
N

) Q\n more complex problems. The teqhniques and pppllcatlons‘ of the digital signal pro- .
- @

cessing and digital filtering are as old as Newton and 9auss, and as new as digital com—
Ly .

t

putérs and integrated circuits [1]. 3 /
5

= A

N I 4 R |
. Recently, there has been increasing interest ini using the two-dimensional (2-D) digl-

tal filter for the processing of aerial énd satellite pho'toer}phs, the enhancement of geo-

logical data and medical X-rays, and the preprocessing of digitaluimhges in pattern-

. L % o

‘recognition applications [4]. 2-D‘digit.al filtering remains a challenging and interesting

"field of study for sevgral reasons’ [5)-[8]: many picture proceséing applications require the
N \

use of 2-D signal processing techniques; r?mlﬂdimensional problems gerie;aurtﬁ‘v’o]ve con-

- .

siderably more data than one-dimensional (l-D) ones, as a resul:, storage requirements -
and computation time are generally much great.era, In the maltidimensional case; .

mathematics for handling two-dimensional system is less complete" than mathematics for
b . . . -

. ~



. , -2-

- 1

handling one-dimensional systems and the qu'e:'stion of the best approxiéla,t:lon becomes
very complicated issue unlike the 1-D case where the best approximation is unique; mul-

tidimensional systems have many more degrees of freedom., which ‘give a system designer

a flexibility hot available in the on¢-dimensional case.

’

The knowledge of algebra and state-space methods has coritributed signiﬂcantlho

the development of new analysis and design techniques’in signal processing [9)-[13].
. +

- o

1.2 MOTIVATION FOR THE STUDY OF FIR FILTERING

Two major classes of digital filters are finite impulse response (FIR) and infinite

impulse response (IIR) filters. If the impulse response has only a finite number of non-

zero samples, the corresponding filter is called an FIR filter Otherwise, it is known as an

- 8

IIR filter. We would like to distinguish Lhese two classes of FIR and IIR filters and dis-

cuss them as they relate to the filter design problem for certain applications.

. - . 1 .
_ FIR filters have the following general properties [7), [14]-[16]. /

(1) Linear or real zero-phas;é designs are easily achieved.

(ii) Arbitrary frequency response can be readily and closely approximated for

sufficiently long impulse responses.

(i) The lmpulse response is always absolutely summable and thus fllters are

always stable. K

\} R

.

(1

>

(fv) FIR filters have good quantization properties (i.e., round-off nolse‘z:;ie made
. smgll, coefficients can bé rounded to ré'asonable word-lengths for most practi-

cal designs, etc.). - ) , .

(v) FIR filters can either be implemented 'djrectly.using a convolution summatign

-

or they can be implemented indirectly using discrete traf;sformations.

, { v .
(vi) The number of coeflicients required for sharp-cutoff filters is generally quite



. large.' In'general, ‘the number of coeflicients in” an, FIR filter can be flve to ten

.

) times larger than what 1s in an IIR filter with the same specification

.

‘ (vii) Some excellent design techniques Qf’l-D FIR digital filters are reacdily extendi-

. < - '
ble to 2-D FIR fllters ' '

In contrast, ]IR‘ filters have the following properties -
-~ /

.

. > . . .
(i) ¥ Nq exact hnear phase designs are possible However, soiffe approximations do
-~ . -
exist *
N . i \ 3

(if) The stabihty remains one of the major problems in the déSlgn of IIR filters.

4

“~  (iil) Most design techniques of 1-D digital filter cannot diréétly be extended to the

9% ’m&

2-D case, because 2-D polynomials usually cannot be (Ylored, whereas 1-D

3 ) ! o
ones can :

t - -

(iv) IIR design can be very eflicient (simall number of poles and zeros ), especially

for sharp-cutofl,frequency response
ra

-

A major consideration 1n favor of the use of FIR fliter 1s that in FIR filter the prob-
P . . '/'
. lem of stability does not exist Furthermore, 1t can achieve exact linear phase or real

o

zero-phase This consideration 1s particularly important in many applications of multidi-

H

$nensional digital signal processing In unage processing, [for example, non-zero-phase

response tends to destroy lines and edges A nonlinear phase response tends to disperse

~——

4
those sinusoidal components of a signal that are precisely aligned, such as those that— -

Sceur at bright spots, hnes,-and edges [5] A zero-phase fliter provides other rewards as
well. Since 1ts frequency response is purely real, the filter design problem 1s simplified. In

addition, the symmetry constraint on the impulse response of the fiiter can be exploited
.in the implementation of the filter and also to reduce the numbet of muitiphcations
needed for its reahzation [6] However, Tor a given filter specification the required order

in a 2-D FIR fliter can be five to ten times higher than that in a 2-D Ilit filter [15] Thus,

in the design of FIR fllters, techniques need to be developed which reduce the computa-
p :

»
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. tional complexities despite the large order of such filters. :
. - . [
)
s . ' .
1.3 DESIGN PROBLEM OF 2-D FIR DIGIDAL FILTER

Z

2
-
- o

In the‘ r’nosb general term, a linear 2-D FIR digital fiiter, 'as shown in Fig.'1.1, Is
eharacterized as a system in which the present output is a linear combination of th;a
present and the past input samples. A f'reque'ncy\-domain design of such a filter ig a pro-
cess In whlgh for a &;peciﬁed frequency responge* <':one has to obtain the set of filter
coeflicients. Ideally, the design process (Fig. 1.2) will generate a ﬂlvt,er with a ffequency
response, ‘say H (w,,w,) , that is an exact match to the sx;eciﬁed res.‘ponse H(wl,w?) . How-
ever, an exact match i,s not always possible, so the design te;hﬂique'should generate the
t"msn:Q set of coefficients a(i,;j) s , givl‘ng a rg‘sponse closest to the desired response.

- 'Thus, the design becomes a problem of polynomial approximation {18] with the error in

A
approximation and design time being its two important figures of merit.

f

1.4 SOME IMPORTANT TECHNIQUES OF 2-D FIR FILTER DESIGN

Beginning wl‘t.h‘ the mid seventies, several techniques for the design of .2-D FIR digi-
tal filters were advanced [17]-[26]. McClellan [18] and Mersereau ¢f al [19] have used
transformation on one-dirpensional filters in order to design 2-D filters. This technique
enjoys a short design time but it 'is only s'uboptimzlll in the Chebyshev sense and cannot
be u‘sed to approximate closely all maghitu'de functlo‘n's [27]. In [20], a 2-D windowing

-technique has been -presented in whilch a one dimensional window is extended to two-
dimensional windows. The technique is simple and has a short aesign time. However, it

_does result in the design of a filter which is not optimal in any sense. Most of the design

P LIRN

techniques employ linear programming or some iterative procedures, to achieve the design

!

.
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oy solu_t‘,lk)n. Linear programming [21] requires ;’. long dealz‘n time and lstr‘est,rictedlfo.r 8
* class of filters only. Iterative techniques [22], althqugh widély used, require long design
) ’ time a.s' well, Man’y iterative schemes (28] have been developed to design 2-D FIR fliters.
More recently, some methods aﬂd algorithms' [27], [29]-&33‘14 which lr;lprové the tecl\x-
-niques of FIR filter design, have been advanced. The l,\ -optimization technique {27] has
a,fea(t,ure that the design time-increases only slowly as t,he: number of filter coeflicients in-

/
N . 3
creases. However, the optimization procedure is rather complex. The- design algorithm

begins by ﬂndjng.an initial approidmati‘on using one of the available wlnd—owing tech-
a . . ‘."

- nlque;s. Then, the \parameters,are optimized using PARTAI\:Y [34] requiring the evaluat,lqn
of gradient vector in each iteratign. A weighted least squate (WLS) technique presented

v ‘ln [30] has extended th;e one-dimensional filter de“sign‘“technlque by using a formal rela-
" tion of WLS to Chebyshev approximations and by exploiting this relation to develop an

l algorithm modifying Lawson's algorithm [35] for the design of almost minimax filters in
two dlmensl@:s. Howeve{', the algorithm lacks a proof of co;lvergence for optimal solu-
tion to the minimax désign. ‘Windowing and McClellan transformation remain dominant

2

N design techniques for FIR fllter design [4], [38].

;
/

. ,

\1".5 SCOPE AND ORGANIZATION OF THE THESIS

’,

’I‘he object.lve of this thesis is to achieve an ana,lytical léast-square solution to the

L3

design problem ér real zero-phase 2-D FIR fillters with quadrantally symmetric frequency

response or quadrantally antisymmetric frequency response. The thesis is lmalnly con-

cerned with obtaining the filter’s coeflicients directly from' a épeciﬂed frequency response’

’,

without a récourse to an optimization technique, iteratlv{e procedure or matrix ln&erslon:

4

filter with complex exponentia’l excitation, generalized expressions for quadrantally sym-

metric and antisymmetric frequency response components of a zero-phase FIR filters are

’ . , L g ;
» ' . * -/ : v g
. | : »

+ %" In .Chapter II, starting with the convolution summation characterization of a 2-D"

(9




R

-7 ,

— A

obtained. Based on least-square approxiniatfon us}ng linear algebra, an explicit functional

relation between the frequency response and the filter’s coefTiclents is derived for each-

e
component individually. o ‘ v . '
. ,

-

In Chapter IIl, the various matrices introduced in the formulation of t.he( ngIgp

problem of Chapter II are developed and their properties and characteristics are studied

h - ]

in detail in order to achieve an analytical and compu&atignafly efficient technique of

obtaining the ﬂlt.(;r:s coeflicients. Tworimportant matrices, frequency response transform

matrix and inverse frequéncy response transform matrix, which can be used to obtain

designed filter’s frequency response and filter’s coeflficients directly from one another, are

t
introduced. ’ .

+

In Chapter IV, several design examples are conskdered which Illusﬂrate the efficlency

of "the proposed -deéi‘gn technique. The results in terms of error in approXimation and

,

design time are compared with other techniqyes. . B

Finally, Chapter V concludes the thesis by pointing out the contribution of the pro-

poéed__invest.igation and by making suggestions.for future work.

¥
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CHAPTER II

o

SEPARABLE LEAST SQUARE APPROXIMATION FOR
' THE DESIGN OF TWO-DIMENSIONALE}R DIGITAL FILTERS

!

/‘
2.1 INTRODUCTION

&

I3

In this chapter two-variable functions that deperibe the quadrantally symumetric

»

and quadrantally antisymmetric frequency responses of 2-D FIR digital filters are
derived. The functions are then used to find a matri)g cal_!ed frequency response

L\'ansrorm matrix (FRTM). The FRTM by operating on the coefTicient matrix,

transforms it into the frequency response matrix of designed'filter. It is shown that the

¢

- least square formulation of the 2-D FIR fllter design problem Fesults in the development

of a cduple of matrices which when operated on the specified frequency response miatrix,

i

l , .
transforms it into the filter’s coeflicient matrix.

¥

2.2 SYMMETRY AND DECOMi’OSITION PROPERTIES IN THE

FREQUENCY RESPONSE 8F 2-D REAL ZERO-PHASE FILTE
- | . ‘ * ' v
A 2D algltal filter with an impulse response h(n,n,) and a sinusoidal input

~ e

4
-

z(n,;,ny) = exp(Jwin,+jw,n,) . (2.1)

where w;and w, are the horizontal and vertical frequencies, can be characterized, by the
N .,

4

convolution summation given by

y

; © o . : . ’

y(nyny) = k. p \ 3 expljwi(n—k,)+jwy(n -k )k (k,kg): (22)
. \™=—00k gi=—~00 - .

-8-




— R 1
. | o- /
N ~ .
» n ¢
= exp(J wyn 1+ j wyn ) H (wywy)
. where
-l * 0 oo S
Hw) = "3 3 h(n,ny)exp(-jw,n,—jwmny) (2.3)
° - n | =-00N g==—00 . . b
" »
\5 the filter’s frequency response. Sincé for a real zero-phase filter, h(n,,n )=h (-n,~n,)
. i nd for a finite impulse response, 4 (n ) vanishes for nynga>N , (2.3) can be rewrit-
ten as ) : N
&
' ' N N \] .
Hwpwy)) = 33 T 2k (n, n,)cos{w,n,+w,n ,)-h (0,0) (2.4)
‘o on,=0n,=0 o

.- It is clear from (2.4) that H (w,,w,) possesses cenitro-symmetry. The right hand side of

(2.4) can be expanded giving Y,
. N N , . -
' H(wwy) = 3333 a(m,n )cosm w,cosn w,-sinm w;sinn w,) {2.5)
m =0n =0
where ) \
‘ {h(m,n)."l’orm=n=0
- a(m.n)= 2h(m,n), otherwise (2.6)

’

T It is obvious from (2.5) that H‘(w,,wz) can be decomposed into two components — one

possessing quadrantal symmetry\ and the other one possessing tﬁe éorresponding
. antisymmetry. Thus, the fr'equency response of a 2-D zero-phase FIR filter possesses
, . centro—symn;etry and it can always be decomposed intc quadrantally' symmétrlc and

antisymmetric components. /

d If the frequency response of an FIR filter possesses quadrantal symmetry, then it

can be characterized by {_

' N N '

- - ’ Hg(wywy) = 33 3 a(m,n )cosmw,cosn w, - (2.7)
* m=0n =0 .
o? \
: ,1~ o
¢ L fkp Teos
‘ .’ . e N
5 LY “' . .
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On the,other hand,.the frequency response of an FIR filter possessing only quadrantal

2

ﬁntlsymmetry, is given by

— T N N - ¢ ’
o ] HA (w,,w,) =-=3 Y a(m,n)sinm w,slnn Wa (2.8)
R , m s=Qn =0
. o : N N
- ' = 3 Y b(m n)s;inmwl:smmu2
- m ==0n =0 !
t
where
/ r
// b(m,n)=-a(m,n) » (2.9)
2.3 SEPARABEITX_A,_ND SYMMETRY IN FILTER DESIGN USING
. LEAST SQUARE APPROACH
o ‘ L/
Designing a 2-D FIR fllter is 'an approximation problem which requires the evalua-
tlotﬁ of certain independent i)hrameters such that the designeci filter's frequency response
B ' i is optimal in some sense. In this sec‘tiqn. we are concerned with the design of FIR fliters .
_ which 'possess -either quadrantal symmetry or quadrantal antisymmetry in such a way
. that the least square error between the frequency response of the designed filter and
that of the.desired filter is minimized.
, ' at
N T
. . " ' .,
2.3.1 Quadrantally Symmetric FIR Filters
. o 'n ~ T » N
For a speclﬂed quadrantally symmetrlc frequency response Hg (wi,wq) , designing an
FIR nlter consists in ﬂnding a tot.al of (N+1)X((V+1) independent parametérs
L&
a(m,n) s of (2.7) in such a way that the square of error between the designed filter's
’ response, Hg(w,,w,), and the specified response, Ag(w;w,), IS minimized. The error
square can be written as . s v
N o “ .
oy .
- ' ' . 4 M M " *» . Ce
: s = : Hg (k— . (2.10
, E < I XAt )—s(MM)] o o
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- \

where-an (M +1)X%(M +1) grid is chosen for the evaluation of error in the first q'l.mdrant
" v'. ”")‘ . . .
of w,Xw,; plane. Thus,. there are (M4+1)X(M+1) functions of the form

.
e

Hg(kn/M 1 1r/M'5 and defined by (2.7), to be evaluated: The error defined by (2.10) can

be rewritten using matrices as (see Appendix A) v
LY

E = tr (Hs-Hy)" (5 -Hs)) o (211)
= tr (s T Hg-2A5 THs +Hs THy) .

A

where Hs and Hg | as given below, are (M +1)X (M +1) matrices whose elements are

the values of frequency response of the desired and designed filters, respectively, at vari-

. ’ v

ous grid points in w; Xw, p]a.ne. . .
. | .
A5 (0,0) Hs(o,%) ... Hgom
T T T T
‘ Hs(-A—,{-O) Hs(-ﬁ-—ﬁ) Coe Hs(ﬁ»") ’
H; = , (2.12)
. Hg (7,0) -HS(W,I”J—) ' Ag (r,7)
i N
. Hg(00) Hs(057) . .. Hs(om
Hs(520) Hs(o00) - . . Hs(7m) .
Hs = ’ ‘ _ : (2.13)
Hg (1.0) Hs(w:—%) . .. Hg(mm o

, .
Since Hg(w;,w,) given by (2.7) has two separable functions, namely, cosw, and coswy

the matrix Hg can be decomposed as

-

]

Hs — PATT / '(2.1‘4)

where A is an (N +1)X(N+1) coeflicient matrix given. by



M4

a (0,00 a(0,1) a(0,N)
a (1,0 a(g,l? .. . a1,N)

A = : i (215)
a(N,Q)A_a(N,l) .. a([\j,N) a

A
The matrices P and T of (2.14) depend, in general, on the two separable functions in w;
and w, , respectively. If these two functions are the same, as is the case in our study,
and a rectangular sampling in w, Xw, plane is applied, then P=T . In that case (2.14)

can be rewritten as

Hs; = PAPT (2.16)

We will call the (M+1)X(N+1) matrix P as the jrequenc.y response transform
matriz , since by the qperar.lon given by (2 18), it transforms the coeflicient matrix into

. .
the fliter’s frequency response matrix. This matrix, using (2.7), can be expressed as

<

.~ . . ‘ N -
L ' T T T
0 —_— —_ AN _
cos(0 X 0X M) cos(1 X0 X M) cos(N X0 X M)
. ¢ T r
0 — —_ oL —
cos(0 X 1 X M) cos(1 X1 X M) cos(N X1X M)
P=— - © : (2.17)
"" . I . ' .
, T . , T
.cos(OXMX—ﬁ) cos(lXMXﬁ) AR cos(Nx'M X—]t:!_)_

" It is to be noted that theé entries in the first row and the first column of P are all 1's.

Substitu tiné (2.18) into (2.11) yields

E=trAs"Ag-2A; TPAPT +(PAPT )7 (PAPT)] (2.18)

Minimization of this quantity Is achieved when JF /8A = 0, which can be used tosolve

for A, giving

A= (PTP)'PTH;P(PTP)"! J (2.19)

- -

For the special case, when M = N, P becomes a square matrix. In this case (2.16) may

~




be simplified further, giving
A=P'H,PYH - (2.20)
ln Chapter III, we will show that N cannot be greater than M. since PPTP)! =

(PrP )“PTV (2.19) can be rewritten as

A=PTPy'PTA(PTP)'PTT (2.21)
Now, define a matrix R such that ‘ ,
¥
R =PTP ) (2.22)

This is a diagonally symmetric matrix of order (N+1)><(N+1) Therefore, R™! is also a
diagonally syrnmetric matrix Substitutlng for P from (2.17) into (2.22), the (ny,n,) th
g

element of R, R'(n,,ny)* , Isobtained as .

(\?/) R(n,, 2) = E cos(n,k—-)cos(n,k—) " (2.23)
\ : k=0 .~

which is the inner product of the two vectors consisting of n «th and n,th columns of P.

Therefore, the complete R matrix can be expressed as

. , a

o x M r M x ]
M+ N cm(bﬂ) p) coe(zk-ﬁ) o > gol(Nk)—l)
N N , lu-o y § =0 o & wd . .
x 22 2 seon(zk d x
- j%co.a(kﬁ) ‘gcoe (Fk M) Em“ M)coe(:k M) e ,z_:oc“(k-ﬁ)cm(hfk M) ..
R= ‘. : . ’ . . - (2.24)
w i . N ) , v ¢
£os(NE-L) ¥ cos(NE—=)eos(k—=) 3 cos( Nk )cos(2k—=) . . . cos¥(Nk=) _ .
[ Zrhag) ZpoNeggieoutyg) ZomNiggheosthag) - - T yoetlitgg) — |

4

s Note that the elements of R are denoted as R (0,0),R(0,1),....R (O.N),....R(N ,N) ' Rows )
and columns are designated as 0th, sf, 2nd Srd, etc. This kind of notation and designation is fol-
lowed for all matrices throughout the thesis :

N ‘ Y




i

¥

where B is an N XN coeflicient matrix given by ®

Substituting (2.22) jnto (2.21) gives , 4

‘ - ‘ p

s

Since the separability is applied, the determlnanon of coeﬂ‘lclent matrix A., in general,
requires the lnverslon of only (N +1)x(N+1) ma.trix R and some, matrix multipligations
as required by (2. 22) and (2 25).7 If separability property of (2.7) is not used for the

approximation of the filter, the compucations of the coemcients would require the fnver-
RN ~ 4

slon of one symmetric ma}rix of size (N+1)M~+1)X(N+1)(M +1) and two matrix-

vector multiplications. The matrix-vector multiplicatipn®  requires an
‘ .

(N +1)(M +1)X(N +1)(M +1) matrix and an (M+1)(N+1)X1 vector. Since the sym-
métry and other properties are applied, the number of operations in the cbmp‘utatioﬁ of

PR, and R is significantly reduced. These points"will\b‘g elaboratéd further in the
3 o . : ; -
. , , I

next chapter. y .

AN . '

2.3.2 Qundrantx?lly Antisymmetric ‘FIB Filters ™\
5 \ . -

‘ ) /-\ \ .
Designing a quadranta)lyyanbisymme_triq FéR Fili‘egcqnsists in finding the imiepqnc

dent parameters b(m ,n) s of (2.8). However, the coeflicients b (m ,n) s for m =0 or

- _ s . -
n=0 , are spesciﬂed to be zero for the response to be antisymmetric. Thus (2.8) can be

- . -

rewrltten as N - , . C
T e -
( I
. \ : .
N . N N . .
Hy(yw) = ¥ 3 b(m,n)sinmw,sinnw, (2.26)
me=ln =1 .
- ' "~ -

As in the case of quadranta_lly Symmetric fllters, t,he/rrequeqcy redponse matrix HA,

3 K]

using the separability property, éan also'lée decomposed as .

I

>

s
\

B \ . ‘ H, =QBQT_ e T (2.27)

9
‘.
<

D A=R~*PTHS(R-‘PT')T - | .(2,;5)~

~
. N * .
. . v
, . . * ° -
. . -
~ o " . .
g 4 ( -
B ) .
- ’ - -
> -
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b(1,1) 6(1,2)
b(2,19

b(N.1) b(N2) . .

and Q is an M XN transform matrix of the form .

A
[
~
.

A

- -

sin(2%)’ sin(d%}-‘) .

;e 0| sin(r) "Nsin(2)

-

N )

-

L4

where U—QTQ is an' N XN ‘diagonally symmetric matrix and the (n,,n,)th element of

U, U(n,n,) , is obtained a;s o

et
N g

sin(-=) sin(2=7) . .

in(N-")
sin( M)

. sin(2N-T.
sin(2 M)

N

sln(}\t7 )" |

\ The coeflicient matrix B for the minimum error can-be found as

, . ﬂ' B_____u—lQTH -(U-qu)T r

14

R

ol

- . (2.29) -

+ (2.30)

) ’

U(nny) = 2 sin(n ,k—)sin(n Ic-——) (2.31) - .
L. . k=1 .
Thus, U can be expressed as )
) 2 sln"(k—) g sln(k——)sm(zk—) 53 sln(k——)sln(de-)
k=) k) . K-l . »
in(2k—)si k i ’2k— in(2k—)sin( Nk—-
. ,,%B (' 7 i E_}ls n*(2k—=7) k}_]‘s n(2kyp)ein(Nk37) ‘
U= s : @232) =
E sin(Nk—)sln(k-——) 2 sln(Nk—)sln(zk——) o }3 sln"'(Nk-—-)
\ k-l . ) & o) kool "

’
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—_— 233 Ceﬁtro—Symmetric FIR Filters ~

he .
.

s v The design methods for quadrantally symmetric angi antisymmetric FIR filters
.o developed in Secs. 2.3.1 and 2.3.2 are not directly applicable to the case of centro- |
. J symmetric filters. Therefore, the ‘design of centro-symmetric FIR fliters is attempted

’ using symmetrical decomposition. The specified centro-éymmetric frequency response is

»

decomposed into quadrantally symmetric and antisymmetric components and two sub-
filters are designed independently using the techniques of Secs. 2.3.1 and 2.3.2, respec-

tively. The responses of the two sub-filters are. combined in parallel, giving the overall

p)
response as .
\ : ‘ ‘ .
i - -
. N N ) NN ) ; (
H({w,wy)) = 30 33 a (1,5 )cos(fw,)eos(5 wy)k 37 3 b (¢, 5 )sin(¥ w,)sin( 5 wy) (2.33)
' ¢ ' {0y w0 DS R

where N <M and N' < M.

.

It is to be noted that the relationship between the error in the 'resp'onse of the

. - designed centro-symmetric filter and those of the éub-ﬂlters is not known and that the
. . , v
- use of symmetrical decomposition in the design of such flters may not necessarily

guar\antée a least-square optimal response. However, it may be worthwhile to check the

o

| - suitability of the technique through experimental results.

. .
- © A L3

- < 2.4 CONCLUSION )

Therdesign problem of zero-phase 2-D FIR fllter, with quadrantally symmetric and>
antisymmetric frequency response has been formulated as a least sguare approximation
E ) . . plale
problem. An explicit functional relation between the frequency response and the filter

‘coemclents has béen obtained by using linear algebra for each of the two types of

“

+ " Al
responses. N

A ) .
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CHAPTERTII

 ANALYTICAL SOLUTION FOR THE COEFFICIENT MATRIX AND-
COMPUTATIONAL CONSIDERATIONS IN ITS EVALUATION

. . R

3.1 INTRODUCTION N
Ve

e . \

This chapter js concerned with obtaining closed-form analytical gxpressiéns for the
elements of a matrix'called the inverse frequency response transform matrix. This matrix
is used with the specifted frequency respoﬁse to obtain the fliter coefliclents directly

without a recourse to an optimization technique, iterative procedure or matrix inversion.”

The success of the‘ﬂlter desigh method, introduced in the prevlous‘?hapmer depends
on the efliciency with which the coefficient matrices A and DB‘ can be evaluated. Aé’seen .
from (‘2.25) and (2.30) , evaluation of A and B involves a number <;r matrices. It is
noted that the size of the transform matrices P and Q increases linearly’as N and M
increase and the size of R or U is proportional to-N2. Computations‘involved in the
coeﬁ'icient. matrix evaluation will, in general, lncrez‘we 'cons;derably as the size of these
matrices increases It is also essential that the matrices R and U be nonsingular an:i
well-conditioned. This chaptel:. therefore, will first study the properiies of matr;ces P
"and Q , and R and U, then demonstrate how- they cah be used to simplify and reduce
the computations significantly. A heavy emphasis is placed on the analytléal determina-
tion of the inverse of matrix R. Using R" a set of formulae a.re derived from which, for
the given values of M and N, and the specified quadrantally tsymm\etrlc frequency

response, the filter's coeflicients can be evaluated. The expressions for the coeflicients of

que.drantally antisymmetric fllters are also derived.

i)
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3.2 QUADRANTALLY SYMMETRIC FILTERS

\

.
i

In this section, the désign of FIR filters which possess quadrantal symmetry is con-

slde’ré‘d. The properties of matrices P and R are investigated in detail. Finally, a set of

very simple formulae for.the filter design are derived. '

4

ol
-
[ '

3.2.1 Properties of the Frequency Response Transform Matrix P

L
.

‘ étrﬂueture. The elements of its rows are all shifted «copies of the same peripdic sequem'::a.

Although the order of the matrix P is (M +1)X(N +1), there are only M+1 dj-ﬂ‘erent ele-
. = ‘-
ments in the entire matrix and a different subset. of these eLement,s.appears iﬂ each

. column. The value of an element of P' is given by cos(i—;r—/[-), where qkpending on the posi-

tion of the element, its value c;n be obtained by choosing the value of § in
" {0,1,2,..M-1}. Specifically, the value of the element in the nth tow and kth column, is
C o ‘o { -

glven by cos(n Xk X%). With this kind of matrix, computations increase slowly as N

LY
o

sincreases, thus making the design’of higher-order 2-D FIR fllters relatively simpler.

%, B

- ' .' ‘ \
3.2.2 Properties of Matrix R ,

’

-

"The most critical point in the development of the proposed design is the inversion
of the matrix R as required by (2.25). Generally speaking, matrix inversion is one of the
most t\lme%ons'umlng operations, particularly if the order of the matrix Is large. We will

study the nature of the element R(n 1. g) of R for the following four cases.

™~
Case (i) ny=mn,=00r n,=n,=N =M
. ' .
For n, = n, == 0, (2.23) can be rewritten as

. It can be easily seen from (2.17) that the elements of the P matrix are ordered
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R(0,0) = 2 cos?*(0X k—) = 2 1 ="M+1

) . E—O k-o
. and for n1=nz=g\k=M
+

M
"RIN,N)= gcos’(Mxk-—)_ gcos’(kar) N1i=M+1

k=0 k=0 k=0
- "Case (ii):n,=n,(n,=n,5%00r n,=n,=N # M)
L. o ‘ .,
In this case, (2.23) can be written as
- (-3 - * [}
R(n,n;) = Ecos"'(n k—-) . . - .
k=0 !

- o= M+l +—-):_‘,cos(2n,lc—"—) : . ' T (3.)

2 2*-0 ‘ -

Using (B.1), the second term on the right side of (3.1) can be rewyitten as

. cos(2n Z)sin M L 2n,m)
f‘_, cos(2n 21:—-) = = .
k=0 in(2n,— ' . .
_ (f ) 8 ( 1 2M ) .
' (nym)sin(n 74—
COS( N 1 T)SIN( N { T+~
) _ 1 l’ M .
T R ) .
o sin(n lﬁ) I . ’ LT 4 -
- k) ‘
IR (-1)"{sin(n ym)cos(n-)-+ods(n ymain(n ) 1
= ”
N sin(n ,Tl-)
s »
, A = (-1) .
Thus -
] Q’ . ~
- [§
- - \ ‘
e .
. i * * ! —
s
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. Case(iii): ny,5n, and (n,+n,) is even
~

This case implies that n, and n, are both either even or odd. Thus (n,;-n,) will be

everm. From (2.23), i

Y

k(n n )’-; 1 ;_‘; cos(akl)+-l- }g cos(blc-’-r—) ) l(3 2)
’ v .2 ‘2 k=0 M 2 k=0 M .

— t -

f . [ R © 14 : '

where @ = (n;+n’)and b = (n;-n,) are even. Using (B.1), the first summation of the

-

rlght“side of (3.2) can be expfeéscd\as

M+1

7r N
. v cos{a—)sin( am . L
Voo Shos(akl) = o2 M - ' (3.3)
¥=o < M T ‘ '
. 2M - ,
A Y W L.W.L.4
(-1)"/*sin( 2 +2M

sin(fl-&) ~~

-

_1y\a/2 arw am an am
(-1)5/*[sin( 5 Jeos( 2M)-i—cos( > )sin( 2M)]

Y

ar
in(—

L4 e s_ (2M)
since a is even, sin_(izl)=0 .\Thus, ’ .

M L anm N \ v : !
E cos(alc—) = (_l)l /2cos(__) = (_1)0/2(_1)¢ /2, .
k=0 M »” 2 .

‘ = (-1)* =1 ~ . . (3.4)
s ' - v N
Similarly, it can be shown that ) % ,

M ~ - ‘
& " Scos(bkL)=1 " - (3.5)
. ) 1 k=0 , M ) .
From (3.2), (3.4), and (3.5),
\'\ . ) - * l - * -
v hd
. i R(nyuny)=1
o v . e I
. L
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‘ C"a;c (iv): (n,+ny) is odd - C ' o . '
‘ This case implies that both n, and n, cannot be even 6r odd slmpltaneouely. Thus -

v

(n,-n,)%s also odd. Again, R (n,,ng) can be expressed as in (3.2)'where a = (n,+n,)

d from {3.3),

- : M . -y

“and b = (ny-n,), in this case, are odd. Thus, cos(a-;i)=0

3 " 2 cos(alc——) =0 . " (3.8)

k=0

1

\“Followi £ a similar reasén,ing,

, i . ‘ E cos(bk—) =0 . . (3‘7) e
\ ' ” . k=0 A i .
Therefore, from (3.2), (3.6), and (3.7), L . L.
ls ! !
, i W | - R(ny,ny) =0 ' e
The above analysis greatly simplif\es the matrix R whlcﬁ now takes the following
#<, form i -
: M+1 0 1 o... 1 ‘
N 0 =+1 o0 1 ) B
= N\,
1 0 Muoo ..
. R = 2 (3.8)"
N . ; . - - . -
J " . . -, . . —Ai+l
* » R . . ", - L 2 ol
.3

- It should be mentioned that if N—M R(N, N)—-M+1 From (338) it cap easlly be

. established that for N<M : , ' " T s
¢ \ ' : . ' ) ) S -
M [}
[R(nuny)| > 3 |R(nuny)| . ‘ (3.9)
. : . ngmo :

v ng¥én, T

r - ’

Thus, R is a strictly diagontﬁl%dominant matrix [37]. As a result R is‘also nonsingu)ar.
. ) s -

[T
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Further, the pondfagonal elements are either zero or one and they interlace ome another

along each row and column of the matrix.
- - - 4

) ' : Before proceeding further, it should be {llustrated that N cannot be chosen to be

greater than M. Let N=2M and n,=0, n,=N. Then from (2.23),
1 4 9 - , ) .
. M ’ -
R(n,n,) = ¥ cos0 cos(2k 7) = M +1 .
b\ k=0 '

Obviously, in this case, the condition given by (3.9) is not satisfied. Therefore, matrix R

-~

will ill-behave and the method of design will not wotrk. In actual practice, howev'er, N is

-

chosen to be smaller than or equal M and ill condition does not occur. -
' é

v \ P

3.2.3 Inversion of Matrix R , ' . ’

.

At this stage an expression for the coeflicient matrix A, as given by (2.25), has been

«

obtained in terms of R , P and Hg. Even though the elements of matrix R are very

much simplified, the expression for A still involves the inversion of R. We will now

focus our attention to this inversion problem. Let R be written as .
4 4 : -~
R = C+D ' (3.10)
o .
where 'C is an (N +1) X (N +1) dl’agox;al matrix expressed as
l ' M '
+ . 2 O
- S -C= ' , (3.11)
O '«
2 . 2
. . . ‘ o
’ [ : - Sy -
and D as expressed by ‘ g -
S

.'/ 1 "

¢
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-

-23-°
10 10
01 01
10110

o

y ig"an (N +1)X(N +1) singular matrix with a rank of 2. Note that C(N.l\'l‘).-—-M, when

N =M. The matrix D can further be decomposed as EE7, allowing (3.10) to be rewrit-

ten as

o R = C+EET

where E is an (N +41) X2 matri)gglven by

O 4

Y

- ®Using (3.13) and (C.1), the i
- i

f
»

Y =
- s O

« &

nverse of matrix R can be expand

zd/,-s,,

. R! = C'-C'E(I+ETCE)'ETC!

in which I is a 22 identity
o -
be written as ' -

matrix. Since C is a diagonal matrix, its inverse can readily

R , the following four cases will be studled.

i

[ s

. (313)

.(3.14).

*(3.15)

¥ - -
©- A _
M
2

» M €

=1 & - (3.16)
o ‘ ‘ * , L M ) N N

»  Agaln,if N=M, CYN,N )'=-1%4- . In order to find an analytical form for the inverse of

- ’ )

8

.
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L . Case (i): N < M and N is odd ) PO -
r' . " . N » -
; ) When N Is odd, from (3.14) and (3.16), : '
f’ e ‘ ' i
' . -
. T —\‘ W
M+N ’ 0 ' N . - .
. LY 4
- - T -1 , N T
I+4E' C'E = ) M+N +1 (3.17)
- M ) ) ) -
. . .
Inverse of the matrix siveh by (3.17) can be written as
. --—-—M 0
(I+ET C-IE)-I = M+N ! v A{ . ‘ " (3. 1‘8) »
b M+N+1 - -
Premultiplying this matrix by E and postmultiplying by ET gives )
I ’ ‘ L]
J EI+ETC'E)ET = - ' —
. " A - " L]
, . 7
M 0 M 0 M M 0 . f
M+N o M+N M4+N ' M+N . .
' . pA ‘. & L] h
e N M+,N+x 9. M+N+1 0 0 M+NA+1
M o M 0 M .M 0
/ M+N M+N : M+N M+N
° M 0 M 0 o —M __ ‘
M+N +1 M+N+1 MsN+1 |
M o M‘ o M /M 0 . r .
. MTN ' M.+N . M:c-N Mer ' (3.19)
S T T ] - T
. M+N M+N M+N M+N : . e
M M - o o M
° i M+N+1, M+N+1 M+N+1‘ . ’ -
. o
and carrying out similar operstions on this last matrix with matrix C-! yields a -
1 - \' . - .
. ¢ e ’ 5 '
e \
0 , - '
v . 4 . ‘ ‘
”~ : ’ ‘ ) ®
e .. . . ‘ | \
L $ T !
LI L PR A1t BV 1N I R W TN Gl g - 1

AL -
AR A i
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1
M(M+p)
(i

M(M+N)
0

M(M+N)
.

M(M+N)
0

R =

4

M 4N -1

o
-2

0

-2

0

M(M+N)

MM+N)

—_—
M{M+N)

CE(I+ET

MM+N) 1

& n »
0 —_—2 0 -2 — 3. 0
______ “MIMAN) e MIMINI_ L MMEN) L.
|._2(_M_+.ﬁ:l_)_\‘.\ 0 —_— 0 - 0’ —
1 MIM+N+1) s MM+N+1) T M(M+N 1),
1 0 s\\ M+N-2) ~a 0 -4 A ’ ]
l . M(M+N) S ' M(M+N) M(M+N)-

— 0‘\\ 2(M +N-1) 0 -4
|M(M+N+1) ‘M(M+N+1) M(M+N+1)
| 0 Sos 2(M +N-2) _ -4 0
1 M(M+N) SN MMAN) NS M(M+N) /
i Y . -~ ~ e o

. . ~ So
: o . Tsol Tiso
l o o -4 ~ 2AM +N-2)" ~ \0
: M(M+N) M(M+N) M(M+N)
' —4 —4 i o 0 2(M+N -1)
s M(M+N+1) M(M+N+1) - . M(M+N+1)

0
4

MM+N+1)

0
4

“MM+N+1)

s

0

[
4

MM+N+1) -
e : ) -
Finally, substituting from (3.16) and (3.20) into (3.15) results Tn an expression for R as

C'E)'ETC! =

2

MM+N)

.0
4

M(M+N)

o]

MM+N)

4

M(M+N)

0

MM+N+1)

M{M+N+1) |

- 925 -
o 2 2
. MM+NYy * 77 M(M+N)
M(M+N+1) 0 0
o 4 1
MM4+N) ~ 77 M(M+N)
M(M+N+1)‘ 0 - 0
o 4 4
MMEN) """ M(M+N)
0 s 1
M(M+N) ~ " M(M+N)
4 . o R

MM +N +1)

S—————————
M(M+N+1)

o
4

0 ¢

4

[4]

o
4

2

(3.20) |

(3.21)

Note that the elements of the matrix R simplf repeat as —4/(M (M +N +1)) and 0 for

4

’

odd numbered rows, as O and -4/(M(M+N)) for even numbered rows,

and as

2(M+N-:1)/(M(M +N+1)) and 2(N +N-2)7(M(M+N)) in the diagonal except the ele-

ments in the Oth row and the Oth column in which they follow a different pattern.

Thus, the computation of the inverée of matrix R becomes very simple. There are only

six different values required to be computed, irrespective of the length (the order N)or~

q

+« The dashed-line enclosures are drawn tc beticr visualize the repemlve nature of elements in the
various segments of the matrix.

P 3
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tixg filter. This is one of the reisons for a very slow increase in the filter design tlme’ as

9

’

- 26+%

the order of ‘t:_!ie filter to'be designed increases.
A 0

Case (ii): N < M and N is even

When N s even, (3.14) and (3.186) yleld

and

The result of pre and post multiplication of this fa;t matrix by E and ET

becomes

v

N

<

Q‘ E(I+ET CE)ZET =

NiN11

.

0 M
M+N+1
M °o
M+N =~
o M
M+N+1
M. o
M+N
o M
M+N+1
i .
M+N 0
o M __
M+N+1

(+ETC'E)! =

2

»

M+N+1

P
S

M+N+1 |

l

»

(3.22)

(3.23)

[

, Tespectively,

¥

.

-

As in the case of odd N, the matrix given by (3.24) is Pre and post muitiplied by C?,
ot . |

giving

&}

4

T




. " - P b ‘"W
i - o ‘?)
. N Lol t
-27- ! .
’ C-IE(I+ET c—lE)-lET G-l = \ R ’ * ,
. y ® ‘ . .
. 1 o 2 ‘o . 2 ) 0 ‘2
) M(M+N+1) . M(M+N+1) ] M(M+N+y) M(M+N+1)
: o Ty 0, ' ——— * 4-
, MM +N) ) M(M+N) | o C MMAN) o
- YTyt 0 B v By Sy Q —-—‘—— ) .—.._‘..._._. '
3 ., {MM+N+1) ) M(M+N +1) ) ¢ MM+N+1) ° MM+N+1) | i
. 0 4 I 4 .
MM+N) ° M(MN) 0 MMIN) - ° ’
- —_2 0 ¢ 0 —_— —_—
. M(M+N+1) M(M+N +1) M (M +N+1) % MM+N+1) | (3 25)
. M . i 4 )
°  wesm, | ° M) ° M+, °.
4 , ‘ 4 .
M(M+N+1)  MM+NTD 0 MMaN+p o © MM+N+1) | . -
v s i
Substituting from (3.16‘) and (3.25) into (3.15) yields a closed form for R™ expressed as
‘ I . .-
R!= )
[ M+N 0 -2 ~2 ‘ 0 -2
- MMAN+Y) e S MMINFI CMWMANY) MM/ +1)
o VAMIN-2) S o 0 —_ v
-, s MM +N) S M(M+N) i MM+N) ,
-2 by TSe2AMAN-) - = 0o .
M{M+N+1) 1 M(M.~+~N¢+1) ) M{M+N+1) MM+N+1)
-9 :__'4..__.. ()s‘~~ M~ ‘0 — ‘o '
A M(M+N) SMM+N) s M(M+N) '
| . -~ n =
. . -2 0 -4 T :(M-H\' 2 . o —4 : )
- MM+N+1 : MM+N+1) SMMAN+Y) ~ MM+N+1) (3.26)
‘ Lo N ! ~. ‘ .
‘ ’ : ) T - . ) \\\ -~ ~~ ' - o
I R ST SN :
' VMM +N) » . M(M#N) M(M+N) -w:/?' N . -~
—_ ) — —_— 0o == -
p Mt‘M(Alﬁ-N-kl) \ 0 M(M~+N+1) 0 MIM+N+1) MOT+N+1)
! )
' ~ see ’ ' . k
CaseTiti): N=M and N is odd
T . In this case the equation corresponding to (3.18) becomes ' ’ !
’ . -
. . ; ., - M o u "
Co > - @mEfcpn = MV (3.27)
- 0 S ———— .
\ - ' - M+N
., R o .
Pre and post mukiplying the above matrix by.E and ET | respectively, ylelds v
\ ‘.. t .. A
. ' Ry ' s )
L4 - P
LY " : . ! . -
. &a . - > N
L . ,
#aw - - ' A ’
}H\J e » p 4 £
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, M M . M-
. M+N ° M+~ ° S v
0 —!1'— [+] M M 0 ¢
8 W+N M+N M+N

M_ M . . M
M+N M+N M+N

' i M- M M i

° w8 ° WI~N o MiN °

M 0 —— 0 0o M
CE AN L , MW

' | ° WiN ° weN o WAR °

CE(I+ET CE)"ETC™ = -

"\
1 g e 2 e T URI
MM +N) -, MM+N) : M +N)
4 4 4 . . .
0 HMIN) o MMTFy . MMMEN) L 1T TRy )
2 ;4 .
M(M+N) MM+N) arareny., °
: . . X 2
° 4 4 o 4 o . 2 .
MM+N) MM+N) =" M{M+N) M(M+N)
w|__ 2 0 R 0 _.-‘.,_..
- M(M+N) . MAT+N) . MMEIN). .
. . 2 2 -
. 0 MM+N) -0 HWMAN) O WEAN) ° AN | -
- " N - B » f t““ - ‘ . ‘
- Subtracting the matrix given by (3.ﬁ9) from Clresults in R as
I b . “ . ~ o
'R."l = . v & ’ .
h ’ ' v
S [ M4+N-1, . -2 -2 v
: LAl 0 —=2, .. 0 —=2 .,
. o - | M+NY . M(AM+N). . M{M+N),
. o - 2AM+N-2) o - : : - o —_—
: MM+N) . MM+N) MT+N) M+N)
. s -2 0 M+N-2) & . ° W . 0
M(MHN). . M(M<N) . MM<N) -
v i o ,
e . . . v . . .
-4 . . .= . 2(A +N-2) -2
°  Mw+m  ° - WMIR). M@y °.  W(I+N)
, -2 ° -4 ° e . 2AM+N-2) 0
M(M+N) « MM+N) MM+N)
o -2 o - -2 S M+N-1
WWN) | MM3N) MO +N) HOFN) |

<
BB, o . - ] ™

%
«

M+N] -

- 1

4 1N

The result of pre and post multiplylngathg above miatrix by C™! is given by

-

s




~3

2 ’
-~ i - 20 - X
. | .
Since N =X/ ,.(3.30) can further be simplified as A /
R-l — ’ . . : W - v §
\ 2 ~ ’ ' N
(aNay -1 o - 1~
— o0 - o - =L -
Y S Y. ’ ‘ S
. rﬂ(N-l) =73 bbb Ct el T - , )
] s‘Nz “s N" T N3 * ° *' F ,
s 4 ~. ANy - 1
=1l 0\— 0 ... 0 - | 9 N - °
N SN OSS -~ N :
» | ™ ' ~ N Y h '
! 1 ' ~e ~ ) v : .
. : 1 . : . .\ \\\ f : . ! L. » ‘(3-31)
. i -2- 2 o #N-1 : 1
. 0 i -—; 0 — SRR ey ——
S T e i K ,
ot N o =2 P TR {1l 1 A -
S S v SR N ey I S B :
0 - 0 -1 - 2N -1 ‘
. e L o e 0 0 . v -
[, NF . N N? N? |

Note that, similar to (3.21), the computation of matrix R“~ Pt‘ (3.31) requires the evalua- |

tion of only four different elements. " L

" Case (ivJ: N =M and N is even .- N .

In, this case the results of- (I+ET CE)™! will be the same as given in (3.27). How-
] ‘ .

ever, the results corresponding to (3.28), (3.2}, (3.50) dnd (3.31) take the following

forms. ' ' . .
\ .
\ o T
T -1yt N : . )
E(I+ET CTE)"E =
] N »
. i
M M - M ‘ o
M+N :{ M+N L NN :{ M+N .
"0 32N - WMeN 0 ° men  ° '
M o M o M o M _.
M+N M+N M+N AM+N ’ -‘r
. S, _ : o (3.32)
il o M_ o, M_ M . S
. M+N M+N Ut M+N Al +N i » g
0 M ¢ o 0 AM ° . " ¢
. M+N M+N =~ . M+N , '
M M 0 M, Y -
7+8 % MaN SRR Ty M+N) - /
- . ) \ Ny

e



~ - - 30 -
'/ CEI+ETCIEy'ETCl'=" - r
L, ,
0 — 0 | —a
q' MM+N) . M(M+N)
MM+N) ° HM+N) :
0 - _—-—“Mghl_+N‘) ° CIUESY
i N ; ;
MM+N) M(M+N) T M(M+NY) - MM +N)
0 _— o —_— ' .0 P . )
MM +N) _ M(M+N) " M(M+N)
1 O 2 : 2 1
| HM+N) MM+ R VTV ) 0 MMiN) |
) \ . ) .
A i
R = - v
- - ’ ‘ )
M+N-1 . -2 0 . -2 0 —
TM(M."N)’#;‘} 4 ¢ M(M+N) MM+N)Y M{M+N)
- ’ E N-2) ) — - o —
O MOM+N) ° - WM ® WMy % °
~2 2(M +N-2) o -4 ° -2
MM+N) M(M+N) ’ M(M+N) "M(M+N)
-2 e ) o 2(M+N -2) o g
MM+N) M(M+N) . MM+N) - MM W)
o ~—4 o —4 o AM L N-2) o
M(M+N) M(M+N) M(M+N) .
e 0 R i o 2 o MaN-1
| M(M+N) M((M+N) " T MM+N) . M(M+N) |
-1 ’ < ‘ ‘
The matrix R™ given by (3.34) can further be simplified as
e 4 4
R—\ — »
r 4 ' . - . *
N2 =L 0 —_— 0o’ -—l" .
CT UL \ A N "’._-.._.....‘ aNe
o( N =1} -2 ipd ] o N
.o '—"'l_ - 0 N 0 -2 0
=L :{!h ) M . s 1 |
-] ~ AN-1 -2 -
¥ ONTE e o Tl \
Iz} SO ‘\~ H 4
ch S ~ . .
‘ . . \s . .
. ) . L \\ * ~ . « . 7 : .
-1 -2 S a(N-1) =1
— 0 — 0 C e Nm——~_ 0 —
N N TNE s W :
P -2 ’ -2 So. AN-1),
0| —= 0 = ... o ~==21 4
S A T N e NT
1-1 b _‘_!_ 0 ¥ \:_l- 0 ﬁ.\'-l
[ 2N? N? NG N
- ° 6
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3.2.4 The Coefficient Matrix A o ‘ :
o : ‘
If 2 matrix S is defined as '
2 R S =R'PT N , C (3.38),
. o
then (2.25) can be rewritten in the form :
C . - A= SAgST < '(3.37)

“
-

In view of (3.37), the (N+1)X(M+l) mamx S will' be called snverse frequency
rcaponse transform maltriz, (IFRTM). The schmed frequency response matrlx is

transformed into the coefficient matrix, when lt. is operated on by the S 'matrlx. Even
¢

)

for the case M =N, the coeflicient matrix A should be evaluated using (3.37) as it will ,

require less c‘o\mgutations than when (2.20) is used. ' o,
\ 2 it

[E——

Once the‘matrix R has been evaluated oﬁe can.*compute the matrix 8 uslng .

( -
(3.36). Fmally, with the knowledge of the speciﬂed frequency response, the coefficient

matrix A is obtained from (3 37). After some simple manlpulauon using (B.1), the ele-
ments of the S matrlx can be directly obtained from the knowledge of M and N. Since
the formats of R and PT matrices vary for even and odd va]ues of N and also *r

N\‘< M and _,N = M, there are four different sets of values for the elements of the S

matrix.

Cdnslder the case when N <M, gnd N is-odd. Subscitutlng from’ (2. 17) and. (3 21)

’ into (3. 36) we have \ .



/
- 8 = R'PT

- r

(M+N+1)-2
M(M+N)

2-4
M(M+N)

[

eos(oxox-:?)

ca(xxox%).

-

cos(k X0X —;{-)

cos(N xX0x —;7)

¢

—
==

A

o .
HM 4N +1)4
(M+N +1)

0

)

-4

"M{M+N+1)

cos(0x 1 X -'a-)

L
cos(l xxx-ﬁ)

' x
cos(k X1 Xﬁ)

.00

cos(N X 1X =) cos(N X2X ) .

M

-32-
'l
-3 . o , -3
M(M+N) M(M+N) ~
-
0 M(M+N+1) 0
AM NP - 0 —t__
M(M+N) M(M+N)
-.4(‘ . s .
0 M(M+N+1) 0 T
X, . Ay
cos(Oxzx—A-") . eos(OXlXT’-) .
cos(l)(?x—:-;,) C ooa(l,xlx‘-;-,-)". .

R . L,
c!oo(k)f')x-ﬁ) . . . cos(k xlXM) B
' -

. ) x ,
i . .,cos‘(lexM) .

A2
i

]
-

" M{MA4N+1)

0

.

3(M +N +1)4

M(M+N+1) ]

r
. cos(0X A )(-A-i)

g
cos(lXMX-j-i)

\

. ' “ x
. cos{k xMx-A-i) i

R4

cos(NV >‘<M x .-I"-'l-)

(3.38)

« © AS not.efi in Sec. 3.2.3, matrices R™? and P have certain regularity ig their structure.

-

Thus, the determinatloﬂs—og‘ the element S(¢.1) of the S matrix, using (3.38), cap be

simplified by study of the following seven cases,

\

'

* Case (i):1 =0and! =0 or =M -

\

t

SGi 1) = M+N+1 2 A

N
MM+N) MMEN) 2 2,

Case (ii): i s even and l=o0orl=M

S(

2 2(IM+N) * 4

-1

i)==

MM+N) M(M+N) M(M+N)

Case (iii): i is odd and l.=o0

«”

S@l)=

oAM +N +1) 4

.l‘N

MM+N+1 MO+NTD) 25,

-
« =

1=

3]
2m0 .

1 N

2

&

- M+N +1

G39)

(3.40) _

(3.41)
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" Case (iv): § is odd and | =M | | . A
. | S (M+N+1) 4 ~
Sl .
, D= SroarsN 1) MOTTN D) 2»%1
m‘ R . . ‘
: -2

T MiN+1 L (@42)

Case (v):i =0and0 <! < M ‘ : '

‘ _ (MAN+1) g W 3
) . S(iJd MOTTN) M(M+N) 25 coefzklM) (3.43)

Using (B.1), the second term on the right side of ‘(3.4 can be written as

R m s
A . (N-1)/2 cos{l (N-1)——=lsin{{(N +1)—] . )
v C . P cos(2kl—) = - M 2M (3.44)
. k=0 / sin(l%) ' .
‘ Thixs, substituting from (3.44) into (3.43) yields :
.  2o0sll(N-) o sinlt (Y +.1)-21’ﬁl-
. oy \ ) y
Si.l) S ET) (M+Nf1, — (3.45)
\ sin(l—) .
"M
Case (vi): i is even ando < ! < M
el Iy — 2 - AMAN) a7 ___4_____ N-1)/2 okl
SN = 55 T M N)”°S(‘ M) M) o, ©%2Hg)
v : .

_Using (3.44), (3.46) can he rewritten as

: . B 2’ 2 . -
S(Il ,l) m COS(’IM) . '». . . .
cos[{ (N - 1)——-]sin[l(N+1) ] )
ey , ~ @.47)
, . Sh’l(l—ﬁ) .,
) i
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Case (vii): i i8-0dd and 0< <M
2(M+N+1) .
MM+N+1) OSUM

4
— 4 k- 2kl . (348
MM+N+1) ,,2_70°°s( ) E,, s M (3.48)

S(i 1) = )

]

Using (B.2), (3.48) can be expressed as . (

4
S = M°°s("M MM+N+1) ce a

[}

cos[l(N~1)-é%-l-]sin[l(N+l)ﬁ] cos(IN-z—%)sin[l(N-kl)—zj—rM-]

(3.49)

. , T
sm(l—ﬁ) ( Sin([2M)

It should be noted that (3.47) and (3.49) are quite general and they can be used along
with the L'Hopital rule for cases (i), (ii), (iii) and (iv) as’ well. However, (3.47) and (3.49)

?
have not been used for these cases, since their treatment is simpler without using these
' ¢

equations. -_—
. ) <
Following a treatment as carried out above, expressions for S{¢,!) can be derived

3

for the N'< M and even N.and N = M cases. The expressions for the elements of

.

matrix S when IV < M are given in Table 3.1, where the expressions for the functions

- used In this table can be obtained from Table 3.2. Likewise, for the N = M case, the,

expressions for the matrix elements can obtained from Tables 3.3 and $.4.

4
Once the element,s ol the S thatrix have been evaluated using Tables 3.1 and 3.2 or

Tables 3.3 and 3.4, (3.37) can be used to compute the A matrix. Alcernatively, the ele-

ments of A can be obtained by evaluating the following summation.

M M o o
a(i,j)= E ES('oI)HS(l'k)S(]'k) (3.50)

k =0/ =0
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Elements of‘the Inverse Frequency Response Transform Matrix STor N < M

.35-

L

-

. Y
"TABLE 3.1 .

1 1 $(1,2)
/ . *
0 0or M d,
¥y
even | 0 or M ¢ 2:.‘!1
odd 0. e,
I 2 4 \ N
» +
odd M --e1
0 0<s<M 3 \[_d1+flg1.1)-d1xfe1(x)]m
, -
even | 0<i<M 2[d +£ (1, 0)-¢,xE , ()] /M
R - :
odd 0<<M .2[fl(i,1)+e1xf°1(l)]/}{
I
5 — '

°

e
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1
4

TABLE )'3.3

a

Elements of the Inverse Frequency Response Transform Matrix S for N = M

\ s
. 'J ' \
Y 2 S(i,2)
0 0 or N d, /2 ‘
0<i<N 0o d,
everi, 2<i<N | N d2
odd, 1<i<N | N -d,
.t N
N N " e ' :
4 oo
2 v
0 0<2<N [d2f2f2(1,1)+fe2(2)]/2
‘ v ' )
N (even) | O<i<N [d§+zf~2(1,x)+fe2(1)1/2“
N (odd) 0< 2SN £, (1, 4 _5(2y/2°
even, 2<i<N | 0<X<N d§+2f2(1,1)+fe2(1)
odd, 1¢i<N | 0<f<N 2£, (4,04 5(R).

|

Y

ot =

._{75
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3.3 QUADRANTALLY ANTISYMMETRIC FILTERS

.

In this section, the design of FIR filters possessing quadrantally a.ntlsjmmeirlc fre-

quency response s considered. The study of thie properties of matrices Q and U leads to

l

even simpler formulae for the design of such filters. ' ,

3.3.1 Properties of ‘t&h'e F}equency Response Transform Matrix Q ;
* and Matrix U . o '

In Secs. 3.2.1 and 3.2.2, the properties of matrices P and R were discussed, then

these properties were used in obt.ainin“g very simple i‘ormats’for R and S . Similar pro- .

Y .
perties can also be utilized in the design of quadrantally antisymmet.rlc FIR fliters. The

‘v . » transform ma.trix Q possesses the same properties as P . The elements of this matrix, as
specified in-(2.20), are ordered structure. There are only M different elements in the

entire matrix and a different subset of these elements appears in each column.. The

value of an element of this matrix is sin(s /M), where depending on the position of the

element in matrix, 1 assumes a valvt in {1,2,....M } . Specifically, the value of the

element in the row and kth column is given by sin(n Xk )<1r/M).‘

¢

The expressions ¥qr the clements of U can be obtatned by following a method sim}-

'

lar to the one used for ob\yining R. The element U(n,,n,) (n, =1,...N;n;=1,..;N)

can be obtained by using] the trigonometric relation given by (B.1) and carrying out
™. .

some simpleNnanipulations)as in the folloying three cases.

‘

Case (i) n, = n, . .

In this case, (2.32) can he written as e »

- ) U(nyny) = 2 sin’(n k—) = E sln’(n lIc-——) (3,41)
- k=3 . k=0 :

Ie - -



3

term or (3 52) is 1/2 Thus, ) \ ‘

Case (a’a’i)."(n,+n,) is odd ' Lo

. form

>
- 46'0 . ) S
In order to Ude (B.}), (3.51) can be rewritten as v ‘ -
. ¢ N . Lo
' : N 1-cos(2n,k-}l-) L . ) )
Unyngy= 5 W
il 2 . - \
" b
T T == ---23 os(2n k——) _ (3.52)

2’ ‘2 kho

Now by uslng (B 1) it can be shown that the value of the summation given by the third

v oo
. e ' * 4

. U("ltnz) _— M_ ’ 4 . Yy

. ! * = ‘ 2 . -
. . ' ~ . b

Case (i5): n,5n, and (n,+n,) is even A ’

o
. From (2.32), : 3 | ' - .

U("x» ) = ,..( E cos(ak—)- }] cos(hlc-—)]

k —al E-l . )
= -[ )3 cos(ak—)— g cos( bk—-)] I C (353)
k -0 k=m0 - . :

o N

wheré a = (n,+n,y) and b = (nl/n,) are even. Usmg {B.1), it can bé foxr“d that the

’

ﬂrst and the second summations or the rlght side of (3 53) are equal, Th%refore

< !

U("v"!):o ' . ' e

3

U(n,,n,) can be expressed as in (333) where ¢ =(ny+ny) and b = (n,—n,)

- this case, are odd. The two summation or the right slde or (3.53) are both zero., Thus,

,

. ¢
U("l;"?’) =0 K P

* - The above analysis leads.to a greatly. simplified _matrix, U, which now takes the

>

PO . . .
. » - -




~
0

. , »
R -

. Mlz
I

.
- - o
*

e ~ Im ‘the,above andlysis, NV is assu“med'“{o be less than A{ - Unlike the case of the'qua- -

B

. o
. ot /o o ) L . ; . ’ |
. 2 . .
. % , . ' «
) M )
* o ° 2 s “
? c horwry o ©
_ 3 M !
‘ [ U-l p . - (3'55)_
¢ . ° ' - + ) < N
. N ' ) ‘ ,
- - .
: i M| ,
- - .' ° : : ) ) f: ll
3.3.2 The Coefficient Matrix B
s & o ) o .o ., s
- @ - ) * Lo .
As in' the case of symmetric ,response, here tod, an inverse-frequency. response -
- transform matrix V Is defined. and it-is given by . - . . : . )
’ B I . . l - o . *
. Tv=uTl - (3.56)
. R ‘ - ' - N - . .
Thus; (2.30) can be.rewritten in the form e . ’ . v
- B= VHA er ) < 8 " (3.57)
: Since U™ is diagonal matrix; it can be easily found that V(i {) = 2@ (i,{)/M . Then, -
- - o . , R - P °o
s (3)57) can bé ysed & compute: the B matrix. However, the elements of B can be obtained. :
»  much more simply-by nofing that .
\ - V. - ) - ' ' » ',“‘ﬂf%
A , * N } . ’; ,,Y N‘,«‘)) ﬁ



F . L ° ; . ’ “e \ . -, T 1 ' T :‘:‘
. -~ .42 % - A .
» N .
M ¢ P .
' ! ’ ' .
] b(s.n—zzvu l)}lA(lk)V(J k) ,
° . o R T 1| . -
" . — -2 . .. R ) {
R In this equatlon: replaclnq V(i) by 2Q(i,l)/M ylelds - )
1 o ) . . _. R o .
N - b= 5 2——-@(: l)HAak)Q(a k) e
. o ° I:-xl-l ' A
- - _ t - ) )
" ' Finally, by using the expression of Q(i A) rrom (2.20), (3.58) becomes‘ ‘
¢ ‘ o . ¥ \ o . b I ) '°; . - '
‘ A b= —- 2 Esln(:l—)HA ( Ic)sin( ]k-——) (3.59)
M. E=i=1 .
‘ o - ) , b ‘ . i : e
' . ’ ) © . r - . ) * i ‘H '
. 34 CONCLEJSION : BT T )
The least square solution to the design problem of FIR filters has resulted in the .
‘n' B ¢ development of a number of mat{.rices. Propernes of these matrices have been studled .,
from the point of view of reducing the computational complexity of the filter design. It -
R 1y : R .0 . . . . °
has been shdwn that no optimization technique’ need to be applied. Simple )expres'sions ‘
. for the’ elements 9(‘ the invérse frequency response transform matrices have. been
obtained. The specified frequency response matrix, when operated on by this matrix, R
" glves readily the designed filter’s coefficiénts. "
S N -~
v \ ' \ : ' ‘ ' (64
“~ R - s 3 £ r o 4 /
‘: - "ﬂ ’l‘a}p” I" ‘
B . . &
LI ' v, A ' n_ ’ ’ . »
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L. DESIGN EXAMPLES, S

. -‘ M N \ ‘ . ' e‘

. ‘ -‘. . - 3
4.1 INTRODUCTION ’ . :

53 . ® ° -
“

In this chapter, a numbel: of design examples illustrating the technique of é-D FIR
filter design introduced in Chapters II and III and its efficiency, are presented. Results of

the proposed design, in terms of CPU design time and maximum deviation in frequency '
& , .

response from the desired response, are compared with those obtained by using the fp'

\
, -optimization technique [27], the\WLS technique employing modified Lawson's algorithm

[30], and the technique using Harris’ astent algorithm [28]. Contour and perspective

) pléts illustrating the magnitude frequency résponse of designeq filters are presented.

*

3

“ \
¢ -

4.2 EXAMPLES . S _ ’
E’:mmple 4.1: 90° Fan 'Filter . B
A :

\ e o
“In this example an FIR fan filter approXimating the magnitude response shown in

Fig. 4.1','15 designed. The specified frequency response Hg (w1,wy) has zera phase and mag-
- ’ . : ® \ )
nitude of unity ir\x the passband (PB) and zero in the stopband (SB), and the values vary

linearly between zero and one in the transition band (TB). A sampling interval of

,0.05m (M ='20) is chosen in both dimensions. The filter is designed with 21X21 .

coefficients (N == 20). A design time of 2.1 seconds was recorded on a VAX 11/780

computer. The contour plot and the perspective plot of the magnitude-frequency

response’ are shown in Fig., 4.2 and Fig. 4.3, respectively. It can be seen ‘that the fre-
quency response of the.:de'signed filter is almost the same as the specified response. An l,, , {

-optimization technique [27] to .design a 17X17-order fan fllter with the same

re

. R ’ . s
- ,I 0‘43‘ . ' * - © ' . o
\ . .
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¢

specification and using the same sampling interval .requires 4 minutes and 50 seconds on

a Burroughs B6700 computer.

+

Example 4.2: Circularly -Symmetric Lowpass Filter

In this example, a circularly symmetric lowpass filter with the desired respor;s;
shown in fig. 4.4 is designed. The prescribed magnitude Hg(w,,w,) Is 1 in the passband
‘and O in the smbt;and. 7I‘he filter is designed for various passband and stopband edges,
orders, and sampling densities. Table 4.1 shows a comparison of the results obtained .by
using Harris’ ascent ,algorithm, the. rr{odiﬂ?d Lawson’s algorithm [30], and the Proposed
technique using various specifications. The table shows the -design time and the max-
imum deviations in frequency response for ﬂlt.el:s of three different sizes. For all the cases
in t\.he example considered,#,he desigg time is less than 2 seconds'. For the same fliter, the
design time varies from 30 seconds to 14 minutes and 14 seconds when other techniques
.are used. Symbols f, and f, have been used to represent the edges of passband and
. stopband frequencle\s, respectively. A contour plot and—pmpécﬁmbg representing the
magnitude-frequency response of the N = § lov;pass filter designed with f; = 0.175 ,

[, = 0.325 , and a sampling density of 32, are shown in Fig. 4.5 and Fig. 4.6, respec-

tively. .

Ezample 4.3: Centro-Symmelric Filter

In this example, a centro-symmetric filter with the desired freq’uency response
H(w,,wﬂ of Fig. 4.7 with the prescribed magnitude of 1 in Lhe‘passband and O in the
-
stopband, Is designed. In this ‘case, first by using the symmetrical decomposition {31},

two sub-fliters with quadrantal symmetry and quadrantal antisymmetry in their
‘ 3

responses are designed. The two responses are then combined in parallel to obtain the

A\

- overall frequency response, giving . '

[ 4
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TABLE 4.1
A Comparison of Harris' Ascent Algorithm and Modifled Lawson’s Algorlthm\

with the Proposed Technique in the Design of Two-Bimensional FIR
*Circularly Symmetric Lowpass Dlgltztl, Filter

™~

f. £, Order Method Sampling )'Maximum‘ Design Time*|
N Density Error in Secondsc
M (in dB)
0.225 0.275 5 Harris' 15 0.3673 53
Algorithm (-8.7) .
- Lawson's . 0.3755
Algorithm 32 (-85 | .
Proposed 0.3355 1
Technique | ° 32 (~9.5) )6
7 |Harris’ 15 0.2473 183
r Algorithm (-12.1)
Lawsgon's 0.2529
Algorithm 2L | (-11.9) 41
Proposed 0.2141 0
Technique 21 (-13.4) _0.8 .
! 9 |Harris' ~! 0.2330
496
. Algorithm 15 (-12.6) 2
Lawson's = "1 0.2361 -
i . Algorithm 16 (-12.6) 60
Proposed 0.2455 0
g\ . Technique 16 (-12.2) 5
0.2 0.3 5 .|Harris' 20 0.2670 78
Algorithm (~11.5)
Lawson's , 0.2733 41
Algorithm 326 | (a1.3)
) Proposed: N 0.2576 1.7
Technique 32 (-11.8) ..
7 Harris' _ 0.1272 190
- |Algorithm 20 (-17.9)
Lawson's 0.1336 53
Algorithm 21 (-17.5) ‘
Proposed ‘ 4.1100 . '
" |Technique 21 (-19.2) 0.8

_N(‘J
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TABLE 4.1 (Continued)
, .
X
£, £, Order Method Sampling | Maximum | Design Tﬁ:e*
N ’ Density Error in Seconds.
M (in dB) ‘ ’
9 Harris' ‘0.1142
_|Atgortchm | 20 (-18.8) 854
NLawson's 16 0.1202 50
B Algorithm (-18.4) :
I B Proposed 0.1167 .
Technique 20 (-18.7) 0,.9
0.175 0.325 5 Harris' 15 0.1905 . 6"6'-
' Algorithm (-14.4) *
| Lawson's i 0.1916
- Algorithm 32 (+14.3) 40
Proposed ~0.1417 ’
Algorithm 32 (-17.0) 1.8
7 Harris' 0.0656 "
{ 7 |Algorithm 1> (-23.7) - 102
AN wson’ 0.0650
. Lawson's .
Algorithm 21 (-23.7) 52
' Proposed 0.0622
*4 Technique | « 2! (-24.1) 0.9
9 Harris' 0.0557
Algorithm 135 (-25.0) 491
Lawson's 0.0579 '
y Algorithm 16 (-24.7) 30
Proposed 0.0665 X
Technique 16 (-23.5) 0.6..
., r

+.PDP 11/860 for Harris’ algorithm and VAX 11/780 for Lawson’s algorithm
and the proposed technique.- '

LI
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‘Figure 4.5 Contour Plot of the Designed Filter of Example 4.2

with'N ='s, M=32, [, = 0.175,d0d [, = 0.325. .
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,wh'ere N < M and .N' <~M’ with M being the sampling density. Thus, the specified
rrequency response H (%,w,) {s decomposed int.o two components: (i) quadrantally sym-
metrlc component, with t,he passband magnltude of 0.5 and the st‘;opband magnitude of 0
and (iL) quadrantally antisymmetric component with the passhand magnitude of 0.5 in
the second anci the fourth ddadrants and., -0.5 in the first and the third quadrants)

respectively, and L}le stopband magnitude of 0. By usiné the ‘proposed technique,“two

‘filters corresponrding to these symmetric gnd antisymmetric responses are designed with

20X 20 and 18X18 coeﬂ‘lcients, respectively and with a sampling density of 20. The

design time for the comp]et,e filter is 1 8 seconds Fig. 4.8 and Fig 4.9 show,,the contour

and perspective plots, respect.ively, of the magnitude-frequency response of the complete

ﬂlu;r. The maximum error in the passband is found to be 0.0963.

o
. ¥
.

A

\

4.3 DISCUSSION AND.CONCLUSION

’

The design examples of this chapter-have dlemonsirat,edla \'rery slow increase in the

"design 'tlmfe with the increasing order of the filter. The reason for this slow rise is design

time can be found by exam}sging the S matrix close‘ly.‘Thé number of rows and columns

of the S matrix are directly proportional to the order of filter, N , and the sampling

_density, M , respectively. Thus, the computational complexity is dependent on the

choice of the values for M .and N . Design. time, however, increases very slowly as the

order of the filter increases. The reason for this can be found by examining Tables 3.1

and 3.2. An increase in N would require the ‘evalualtionpf functions of the type f,(¢,1).

Since the format, of f W .0) 18 very simple, an increase in N does not'lead to rapid

h)crea.se in the’ design ‘time. On the other hand, an increased M would ~require the

t

;'evaluat.lon of a large number of runctk;ns of the types f,,(!), f,,(!),and [ (¢,0). The

functions [, (/) and. f,,(!) , however, are relatively more complex leading to a faster

. - .
-~ ‘

‘
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'+ lIncrease in the design time.

I3

.~

The design examples of this chapter not only have demonstrated the lepllclty of

the pfopgsed technique but also have llluéprated its efficiency in comparison with other
techniques. From the nine examples of circularly [symmetric low-pass filter deslgne‘d with

]

- different specifications, sizes, and sampling frequ"encies (Example 4.2), it is c/lgnr tlhatn in
each: case, the maximum deviation in the designed filter’s responhse“ncm’th'é' specme/d one
is very small and it is sﬁperior or comparable to those obtained by using other tech-

" npiques. The most ‘importgmt,‘ point to note from the examples is that the ‘deslgn ame

using the proposed technique is significantly smaller than- what it is when other tech-
) ‘i f . \

- niques are used. The design time using the proposed technique ranges from a fraction of

. a second for low-order filters to only a few seconds for high-grder filters.

&
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&
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CHAPTER V

f
. ' GCONCLUDJNG REMARKS = ,

5.1 ‘CONqLUSmNs

-4

In this thesis d4n analytical least-square solution ;to the design problem of 2-D real

zero-phase FIR filters, with quadrantally syxﬁmetric and antisymmetric frequency

responses have been obtained. The proposed filter design techrique allows the determina-
tion of filter's coefficients directly from its freque\lc;y' response specification without
employing the usual time consuming methods\ of optinﬂzation, iterative procedures, or
r_natrix inversion. This analytical design solution for the class of filters has been possible
because or. the recognition, expo,smon, and exploitation of some extremely useful proper-

_ties of the functions and matrices encountered in the development of the solutiog. -

_ The design time is one or several orders of magnitude smaller than what it is when
other techniques are used. Such a short design time, as coﬁﬂrmed by several jllustrative

examples, is due to the fact- that the filnal design procedure essentially consists of a few

matrix multiplications. Another significant adx'antagé of the proposed design technique is

- that, unlike other techniques, design time is leés sensitive to increase in the order of the

n

ﬂ,lter. The designed filter's responseha;}parable or superiofr to those obtained by using

other methods. ~—

The proposed technique can also be applied to the design gr 1-D FIR digital fllters.

Furthermore, it would be possible to extend the technique to the design of higher-

dimensional filters.

r“"\/.\
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‘ ! .
5.2 SCOPE FOR FUTURE INVESTIGATION .

’

-

The proposed technique for the design of 2-D FIR centro-symmetric ﬁlt.ers is bfmed

. on symmetrical decompositions. However, the theoretical question of whether the design
based on decomposed specification and thai based on undecomposed specification result
in the same optimal s<')lutlon,or not , remains t;o be a:nswered. Furthermore, it would be

desirable to z}chieve an analytical solution to FIR design prob&gx?l for any specified fre-

quency response. - |

Although a great deal is known about design techniques for optimuin FIR dlglt.ai
T ,

filters, there have not been yet established any practical design rules for such filters [39],
< .
[40].'In the design of 2-D FIR filters, it not easily possible to establish®either an approxi-

mate or exdact filter order required to meet the design specifications.-As a compromise,

most designers resqrt to'qrial and error procedures at the expense of long design time. ~

Since the proposed technique takes a very short design time, a designer may vary the
order of the filter from its initially chosen value, step by step, until the desired precision

is achieved. However, it would be attractive to find an analytic relation between the

#

filter paraméters and thf error and to set up a practical set of simple design rules, for

¢ r

estimating the order of the filter from the desired specifications. )

L
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APPENDIX A ‘ .

SOME MATRIX RESULTS AND

- -—“M‘—M*BmIMENsmNAL LEAST SQUARE Armmﬁom : \

Matrix Resulls

/

For any two compatible matrjces A and B, the following results hold:

'

tr [AB] = tr [BA) ' T A
tr [B] = tr [ BT| (A2)
tr [A+B] = tr [A]+tr B] ‘ (A:3)
a The gradient of the trate of some composite matrices com_prisi'ng matrices A, B,

and C with respect to A is given by

9 —BT.CcT '
A tr(BA C)l=B" C : | (A4)
-é%-[tr(B{gT.CABT)] —2CAB’B (AB)
Least Square Approrimation T o ‘e 0

Assume that it is possible to express an (M4+1)X(M ‘+1) frequency response
: b .

matrix H as

-~
+

-

e .

, H=PATIT . | * (A.8)
t I'd . . ' .

where P and T are (M+1)X(N+1) and (M’ +1)X(N' +1) matrices and A is an-

(N+1)X(N' +1) coefficient matrix. The mean square error b‘eliween the specified fre-

quency response and that of the desired filter is given by

»-
- 65 -
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}E IH—HI’—2ztﬂ(s.:rﬂ(wn’—tr{(H~H)T 1:8: V)
a—o;-o

i

where H is the (M +1)x(M +1) specified frequency response matrix. Using (A.6) ‘in‘t,o“

-

(A.7) gives.
. E=tr (H-PATT)T(H-PATT)] (A.8)
\ . . ! - ~ ¢
Using (A1), (A.2), and (A.3), after some manipulations, (A.8) becomes R
E—tr AT Aj-2tr ATPATT |4 TATPTPATT] - . (A9)

Minimization ‘of E is obtained when B

Q

< o . 8E : " .
. - 2 =0 : .
) YN ~ ‘ (A.10)
The gradient of E with respect to A.:.Can be written as
. ) \ ‘ .
OE _ 0 (4 ATAl-2tr ATRPATT |+tr TATPTPATT))  _  (A11)
oA oA -
‘Appl‘ying (A.4) and (A.5) to (A.ﬁl) yields
-7 ' " oF T T T S
T -2P HT+2(P P)A(T T) .. (A.12)
. Thus, the gradient will be zero for the particular valie of A given b).r
A= @TP'PTAT(TTT)" - (A.13)

as long as matrices PTP and TT T are nonsingular.
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i T, and W, and A are thiree matrices with I’ being, nonsingular and the orde‘rs—of
the three matrices being compatible to form the composite. matrix (Pii-WA), then the

<« . " 'inverse of this composite matrix can be expressed as [12] s
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‘ ’ where I is a compatible }dentﬁt); matrix. ' "” ‘ '
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