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ABSTRACT

ABSOLUTELY CONTINUOUS INVARIANT MEASURES
FOR
A CLASS OF MEROMORPHIC FUNCTIONS

NABIL OBEID

We are going to consider a meromorphic function g: ® — R, which has a
constant sign in the upper half plan. We will show that it has a special form

1 1
gz)=A+¢ {Bz—z p( +—)}
5 Z - C.\' C.\'
where the poles are real and simples. Subsequently, we will demonstrate that it has an
absolutely continuous invariant measure. Finally, we will present an example to
emphasise the use of this transformation.
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INTRODUCTION

One of the most active areas in the ergodic theory and dynamical systems is the
theory of absolutely continuous invariant measures (acim) with respect to Lebesgue
measure A for a transformation of an interval and the entire real line. In 1975,
Kemperman considered the transformations ©: R — R which are restrictions to R of
the same class of meromorphic functions. He announced his existence results in [4] but
the proofs were never published. This thesis provides a complete proof for Kemperman’s
results.

Rényi [6] was the first to introduce a class of transformations of the unit
interval I and proved that it has an absolutely continuous invariant measures.

In 1973, Lasota and Yorke [5] proved, using the bounded variation techniques, an
important generalization of Rénvi’s result: if ©: I — I is piecewise C” transformation,
then there exists a T-invariant measure L which is absolutely continuous with Lebesgue
measure.

Later, Lasota and Jablonski [3] proved an analogous theorem for transformations
of the real line. It was further generalized by Jablonski, Gora and Boyarsky [2].

In Chapter 1, I will recall preliminary definitions and theorems from measure
theory and complex analysis relevant to this thesis.

In Chapter 2, I present a review of the spaces of functions and measures and of
ergodic theory.

In Chapter 3, we use the Frobenius-Perron operator to study the absolutely
continuous invariant measures. Let f be a probability density function for the
random variable X. If ©:I — I is a transformation, then P, f can be as the probability

density function for the random variable 1(X), where P. depends on 7.

In Chapter 4, which is the main part of this thesis, we find an absolutely
continuous invariant measure for a class of meromorphic transformations.



Preliminaries

In this chapter, we will briefly review some basic definitions and theorems from
measure theory and complex analysis.

1.1  Review of Measure Theory

We recall some fundamental notions from measure theory. Let X be a set.

Definition 1.1.1

A family 2, of subsets of X is called a o-algebra if and only if:
1) Xe X;
2) foranyAe 2, X\Ae 3;
3) if A e S, forn=1,2,....then U A4, € 3.
n=1

Elements of Y. are usually referred to as measurable sets.

Definition 1.1.2

A function U : Y — R* iscalled a measure on 2 if and only if:

D u@) =0
2) for any sequence { A,} of disjoint measurable sets, A, € 2,n=1,2, ...,

4 =S u(a,).
n= n=1



Definition 1.1.3

If Y isaoc-algebraof X and y isameasureon Y, then (X, 2., i) is called
a measure space.

Definition 1.1.4

If X is a countable union of sets of finite (& -measure, then we say that y isa
o-finite measure. In particular, if 1 (X) = I, we say that the measure space is a
normalized measure space or probability space.

Definition 1.1.5

A family S of subsets of X is called an algebra if and only if:
1) Xe3;
2) foranyAe 3,X\Ae S;
3) forany A, A, € 3, A, UA, € S.
For any family g of subsets of X there exists a smallest c-algebra, X,

containing £.

Theorem 1.1.1

Given a set X and an algebra g of subsets of X, let u : g — R" be a function
satisfying 1 ,(X) = 1 whenever 4, € g,

uI(L;JAn]= Sun(4)

forn=1,2, ..., UA,I € g and {A,} aredisjoint. Then, there exists a unique
n=1

normalized measure 4 on X, = o() suchthat y(A) = u,(A) whenever Ae .

Definition 1.1.6

Let X be a topological space. Let 6 denote a family of open sets of X. Then
the c-algebra ¥ = o(8) is called the Borel o-algebra of X and its element, Borel
subsets of X.



Definition 1.1.7

Let (X, Y, 1) be a measure space. A real-valued function f:X — R issaid to
be measurable if for every interval Ic R, f'(De X.

Definition 1.1.8
Let I = X be the unit interval, 3 be the Borel c-algebraand A be the

Lebesgue measure. Then, (X, X, A) is a probability space. Hence, every random
variable f: X - R on (X, X, A) is a Borel measurable function.

Definition 1.1.9
Let f be a measurable functionon (X, Y, A) andlet Ae X. Then
A (A) =2 {x: f(x)eA}

is the probability measure induced by f. Hence, the distribution function
F, : R — [0, 1] is given by

F ()= Af{x:f(x)<zt}
for t€ R. Thus,
F.(b) - F(a) = A{xta<f(x)<b}l = 4, ((a,b]).

fora<b.

Definition 1.1.10
The function x . defined by

1, if xeE

XE(JC)={O, if xe E

is called a characteristic function of the set E.



1.2 Review of complex analysis

In this section, we present some fundamental definitions and theorems from
complex analysis. Let z be a point in the complex plan C.

Definition 1.2.1

Let P be a point in the complex plane C corresponding to the complex number
(X, y), i.e, P = x+iy. Then from Figure 1.1, we have

F
Y
P
r
v
X
© X
FIGURE 1.1
X = rcosé,
and
y = rsinf

where r = |P| = [x + & = /x> + y* iscalled the modulus or absolute value of

x + iy (denotes by mod z or Izl); and 0, called the amplitude or argument of z =x + iy
(denoted by arg 7), is the angle which line OP makes with the positive x-axis.

For any complex number z # 0, there corresponds one and only one value of 6 in
0 < 0 < 2m. However, any other interval of length 2w, for example -t < 6 < 7, can
be used.

Definition 1.2.2

Let 8 be any given positive number. Then, &-neighbourhood of z, is the set of
all points z such that Iz - z)] < 8. A deleted O-neighbourhood of z, isa
neighbourhood of z, in which z, is omitted, i.e., 0 < Iz- z,| < O.



Definition 1.2.3

Let EcX. gz, iscalled a limit point or point of accumulation of E if every
deleted &-neighbourhood of z, contains points of E.

Definition 1.2.4

Let T be atransformation. Then, z is called a fixed point if t©(z) = z.

Definition 1.2.5

Let f(z) be an analytic function inside and on a circle C except at the center
z = a. Suppose that f(z) has only a finite number of terms in the principal part of

a a a
f@=a, +a(z—a)+.+ ——+—2— + ..+ —=—
z—a (z—a)” (z—a)

where a_, #0,then z = a is a pole of order n. In particular, if n=1then z is called a
simple pole.

Definition 1.2.6

A function, which is analytic everywhere in the complex plane everywhere except

at oo is called an entire or integral function.
A function, which is analytic everywhere in the complex plane except at a finite
number of poles, is called a meromorphic function.

Remark 1.2.1
Let C be a curve that has a finite length. Let f(z) be integrable along C, then

1) jCAf(z) dz = Ajcf(z) dz where A is any constant;
b u
2) [f@dz=-[f@dz;
3) J-C e f()dz = JC f(z)dz + JC f(2)dz where C, and C, represent curves from

a to m and m to b respectively.
4) | IC f @ dz! < ML where |f(z)| M, i.e., M is an upper bound of | f (z)| on C,
and L is the length of C.



Definition 1.2.7

Let f(z) be an analytic function inside and on acircle C except at the center
z = a. Then f(z) has a Laurent series about z=a given by

f@) =Y a,(z-a,),

n=—co

where
if(z)dzzZn:ia_,.

Then, a_, iscalled the residue of f(z) at z = a.

Theorem 1.2.1 (Residue theorem)

Let f(z) be an analytic function inside and on a simple closed curve C except at
a finite number of the singularities a, b, c, ... inside C which have residues given by
a_, b, c,.... Figure 1.2. Then the residue theorem states that

if(z)dz = 2mi(a_ +b_ +c +...)

i.e., the integral of f(z) around C is 2mi times the sum of the residues of f(z) at the

Ma

C

FIGURE 1.2

singularities enclosed by C.



Lemma 1.2.1

Let g(Z) = g(z). Then the residue of a real pole is real.

Proof

f(z). I

Z—cC

Suppose that g(z) has areal pole at z=c such that g(z) =

g(Z) = E,then f(Z) = f(z) implies f(c) isreal whenever c is real.
f(2) at z=c is lim(z—c¢) ACI f(c).

z—c ¢ z—c

Now, Residue of g(z) =

Therefore, the residue is real.

Theorem 1.2.2 (Taylor’s theorem)

Let f(z) be analytic inside and on a simple closed curve C andlet z and z +a
be two points inside C. Thus

” (n)
2@ +(z—a)"i——(£l+

2! ’ n!

f@) = f(a)+(z-2a) f'(a) +(z—a)

which implies

_ ” (n)
f@-f@ _ f'(a) + (z—a)f @, . +(z-a)"" 7@, (1.1)

z—a ! n!

Then, the limit of (1.1) when z—>a is f’(a).

Theorem 1.2.3 (Mittag-Leffler’s expansion theorem) (See [4], p.175)

1. Suppose that the only singularities of g (z) in the complex plane are the simple poles
¢;» Gy, C3,... arranged in order of increasing absolute value.

2. Let the residues of g(z) at ¢, ¢,, ¢;5,... be p,, p,, P3,-.

3. Let C, becircles of radius R, which do not pass through any poles and on which
Ig(z)l < M, where M is independent of N and R, — ecas N — oo.

Then , Mittag-Leffler’s expansion theorem or Partial-Fraction Theorem states that

1
Z—

2@ = g0 + ¥p, (—— +Ci} (1.2)

s



Proof
= 1,2, 3, ..., and suppose that z = § isnota

Let g(z) havepolesat z = ¢, s
pole of g(z). Then the function (Z; haspolesat z = ¢,, s = 1,2, ... and &.
n+
— >
Cl Re
n—
FIGURE 1.3: The real polesin C,,
Residue of 8@ at z =& is llm(z <) (zg) = g(&).
Z-—
Residue of 82 atz=vc,s=1,2,...,1s lim(z—cs)g(Z) =P
- me g T g

Then by the residue theorem,

g(z) p
271:12 dz = (€)+Z

(1.3)

where the last summation is taken over all real poles inside circle C, of radius R
= 0. Substituting £ = 0 in (1.3), we get

Figure 1.3. Suppose that g(z) is analytic at z

g(2) b
27“<i - dz—g(0)+z

(1.4)

Subtraction of (1.4) from (1.3) yields
1 |
) =—— d? (z) {———} dz
-

g(é)—g(0)+2,p,(—§—z =
8@ _ 4 (s

27rz §Z(Z &)

(0%




Now, since |z—&| 2 l4-&] = R, —[¢| for z on C,, we have, if |g(2)| s M

§ g(z) M2m R,
———dzl| £ ———.
CNZ(Z_é) RN(RN _é)

As N — o« and R, — oo, it follows that the integral on the left approaches zero, i.e.,

lim 6—5% 4 = 0.

N—reo CNz(z—i)
Hence from (1.5), letting N— oo, we have
§(&) = 5+ 3 p, (At
5 g_cs Cs

Therefore, (1.2) will be obtained on replacing & by z since it holds for all & for which
g is analytic.

i
Example 1.2.1
Let f(z) = cotz and g(z) = tanz. Then, using Theorem 1.2.3, we obtain
1 1 l
zZ) = —+ +—,
f@) z ;(Z*nﬂ: nn:)
where n==1,+2, ... and
I 2z
g2 = 2z, .. = 1 =< 1 ,
"(n+5)n2—z2 "[(n+§)n—z_(n+§)7r+z]
Z 1 1 B 1 _ 1
B () O B () S O
g n+—\Tr+z n+— n+—|T—-2z2 n+— |
2 2
since tanz = cotz - 2cot2z.
D

10



2

REVIEW OF ERGODIC THEORY

In this chapter we will present a brief review from ergodic theory. Let (X, X, i)
be a normalized measure space.

2.1 Spaces of Functions and Measures

Definition 2.1.1

Let 1 < p < . Then, the family of real valued measurable functions f : X — R
satisfying

Jlrofde <o

is called the L*(X, 3, i) space.

Definition 2.1.2
Let
D=DX3 1) ={fe IX, 3, p): f 20and |f]}, =1}

denote the space of probability density functions. Any function fe D iscalleda
density function or simply a density.

11



Theorem 2.1.1 (Radon-Nikodym theorem)

Let (X,Y, i) be a measure space and let v be another finite measure on X
with the property that v(A) =0 forall A e ¥ suchthat u(A)=0. Then, there exist a
unique non-negative integrable function f : X — R belongsto L'(X. X, u) such that

v(a)= [ f du

forall Ae Y. f is called the Randon-Nikodym derivative of v with respect to i and
denoted by Z—V In the special case when f e (X, 2, i), we also say that f is the
u

density of v and that v is the normalized measure.

Proposition 2.1.1

If f, and f, are integrable functions such that
J.Bfl du = sz du

forall Be X, then f, = f, ae.

Definition 2.1.3

Let f: X > R. C°(X) = C(X) with the norm

I£les = suplf o)

is the space of all continuous real functions f.

Proposition 2.1.2

Two measures U, and U, are identical if and only if
ng dp = jxg d,

forall ge C(X).

12



Definition 2.1.4
If fe D(X, X, 1), then

u(A)=|f du

d
is a measure and f is called the density of 1, andis writtenas f = 7'”’—
(i

Definition 2.1.5

If fe X, X, 1) and f = 0, then the measure

p(A)=|f du

is said to be absolutely continuous with respect to L.

2.2 Measure Preserving Transformation

Definition 2.2.1

A transformation 1T: X — X is measurable if ') < X, ie.,
AeY=1"(A)e I, where 77'(A) = { xe X:1(x) e A} (See [1]).

Definition 2.2.2

A measurable transformation T : X — X on a measure space (X, X, i) is
non-singular if

p(r'(4)) =0

forall A € X suchthat u(A)=0 (See[l]).

13



Definition 2.2.3

The measurable transformation t: X — X preserves measure [ or U is
T-invariant if

p(t 7 (A) = i (A)

forall Ae X (See[l]).

Remark 2.2.1

Every measure preserving transformation is necessarily non-singular with respect
to its invariant measure.

Example 2.2.1

Let X =[0, 1], ¥ = Borel c-algebra of [0, 1] and A = Lebesgue measure on
[0, 1]. Let T: X — X be defined by 1(x) =rx (mod 1), where r is a positive integer
greater than or equal to 2. Then T is measure preserving.

Proof

For any interval [a, b] [0, 1],

et = (|22 22

r r

Thus, we get

A (e [ab]) =4 ("' [i_-!—_a-’ i+bD _ ’z"i I:i+a’ i+b]
A

ol or r pare r r
1 r—1 . . 1 r—1 . .
= :g; [i+a,i+b] = 7;[(z+b)—(z+a)]
r—1
= $279 _ (b-a) = Ma bl
=0 r
O



Definition 2.2.4

Let T: X — X be measure preserving on a normalized space, such that T(A) € X,
forevery Ae X and u(A)>0. If

lim u(z"A) =1,
then T is called exact.

Definition 2.2.5

Wesay 1: (X, X, 4)— (X, 2, 1) is weakly mixing if,
1 n—1 -
=3 e GFANBY - p(Au (B —50
i=0
forall A,Be }.

Definition 2.2.6

Let T be a measure preserving transformation of a probability space (X, >, W)
Then, T is strongly mixing if,

Ut "ANB) —=—u(Au(B)

forall A,Be ).

Definition 2.2.7

The measure preserving transformation t: (X, 2, p) = (X, 2, i) is ergodic if
forany A€ 3,suchthat T7'A = A, g(A) = 0 or u(X\A) = 0. It can be shown that
T is ergodic if and only if,

n—1
%Z# (t7ANB) —5=— 1 (A)KL(B)
i=0

forall A,Be Y. (See[l])

15



Example 2.2.2

1) Let us consider the rotation F on the unit circle § ' where F(x)=x+0 and
0 € [0, 2n] is constant. Obviously the measure induced by the arc length is invariant

under F. Depending on whether © is rational or irrational, F is not ergodic or
ergodic respectively.

2) Example 2.2.1 is ergodic.

O
Remark 2.2.2
It can be proved that the exactness of © implies that T is strongly mixing.
Moreover, it is obvious that if T is strongly mixing = weakly mixing = T is ergodic.
o

16



3

FROBENIUS-PERRON OPERATOR

In this chapter, we begin the study of the main tool we shall use to investigate
absolutely continuous invariant measure, their existence and properties, namely the
Frobenius-Perron operator. This operator was first introduced by [Kuzmin, 1923] and

describes the effect of the transformation T on a probability density function. This
chapter is mostly based on [1].

3.1 Frobenius-Perron operator
Let fe '(X, X, 1) and f >0. Then, for any measurable set A [0, 1],

Prob{Y e A} = [ f dA

where A denotes Lebesgue measure on [0, 1]. Let t:[0, 1] — [0, 1] be a non-singular
transformation. Then 1(Y) is a random variable and

Prob{t(Y) € A} = Prob{Y e t™'(A)} = [fdA.

A

We are going to define P.: I'(X, X, #) — L'(X, 2, 1) as follows:
We supposed that fe L'(X,X, i) and f =0. Then, let us consider

[fdu. (3.1)

A)

Since

(U 4) =Ut(4),

17



then, it follows from the property of the Lebesgue integral that (3.1) defines a finite
measure. Thus, by Theorem 2.1.1, there exists a unique element in L'(X, X, &), which

we denote by P, f, such that
[[Bfdu =|_, fdu

forany Ae 2.
Now, let fe L'(X,Y, i) be arbitrary and not necessarily non-negative. Let

f*=max(0, f) and f~ = max(0,-f). Then f*, f~e L'X, 2, W), f=f"- f~
and |f| = f*+ f,and define

Pf=PFf"~Ef"

Then,

L Ffdu = L Ff du - L Ffdu = J.r"(A)f+d# _J.r"(A)f—d'u
= [, "= e,

that is

[Prfdn =, fdu 32

)

for all measurable sets A € >.. Then, by the Radon-Nikodym Theorem and the
non-singularity of 7, it follows that equation (3.2) uniquely defines P,f. Thus the

probability density function f has been transformed on a new probability density
function P.f. P. obviously depends on the transformation T and is an operator from the

space of probability density functions on [0, 1] into itself (See [1]).

O

Definition 3.1.1

Let J = [a, b] and let A denote the normalized Lebesgue measure on J. Let
7:J — J be a non-singular transformation. We define the Frobenius-Perron operator

P:LX 2, u) > L(XX, pn) asfollows: Forany fe L'(X, X, 1), Bfisthe
unique function in L'(X, ¥, i) such that (3.2) is satisfied for any A € X.

The validity of this definition, i.e., the existence and the uniqueness of P, f,
follows by the Radon-Nikodym Theorem (See [1]).

18



Now, let us consider the transformation T on [0, 1], which is differentiable and
invertible. Since fe L'(X,X, 1), then P.f € L'(X,X, ). Hence
P:L(X3X, u) = L'X X, u1)is a well-defined operator. If we let
A = [0,x] < [0, 1], we get
[prau=]_ fdu

On differentiating both sides with respect to x, we obtain

d
PFG) =—[ .

Example 3.1.1

Let
1
2x, 0<x<—
2
T(x) =
—Xx+—, l <x <1,
2 2
as shown in Figure 3.1.
1
7 J2
172
0 172 1
FIGURE 3.1

19



It is easy to see that
1 1 .
77 ([0,x]) = [O,Ex], if x<-—
and
- 1 3 .
T ([O,X]) = [O,EX] U [—2-_x7 1]7 if x=—
Hence, we have

(10, xD = 10,51 U {[%—x,l]ﬂ B}, O<x<I
where B = [%, 1]. Hence, forany fe L'(X,X, i),
= 1
o Pefdr = [Frdr + jé f xadA.

We derive

1 3
(P.f)(x) = Ef%) + f =02,

where J = ©(B) = [%, 1].

3.2 Properties of the Frobenius-Perron Operator

In this section, we define and present the basic properties of the Frobenius-Perron
operator.

Proposition 3.2.1 (Linearity)

P:L(XX, u) > L(X, X, 1) is a linear operator, i.e.,
P(ouf+PBg) = aP.f + BP.g ae.forall f,ge L'X, %, p) and o, B e K.
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Proposition 3.2.2 (Continuity)

Let P:L(X,X, 1u) » L(X,Z, ). Then P, is continuous.

Proposition 3.2.3 (Positivity)

Let fe L'(X,X, ) and assume that f > 0. Then P.f > 0.

Proposition 3.2.4 (Preservation of Integrals)

Forall fe L'X, X, i),

[[P.far=]rda

Proposition 3.2.5 (Contraction Property)

P:LX 3 u) - L'(X X, u) is acontraction, ie., |P. f| <|f|| forany
fe LX, 2, u).

Proposition 3.2.6 (Composition Property)

If t"=7 o...ot,then P, = P.", where F, is the Frobenius-Perron operator

N Y a—
n

induced by T.

Proposition 3.2.7 (Adjoint Property)

If fe (X, %, p)and ge L°(X, X, ), then (P, f.gy=(f.U.g).ie.,

[(rf).gdh=[f.U gdh
! 1

where U, g =go°7
O

The next proposition says that every density f is a fixed pointof P.,i.e., fis
P_-invariant, if and only if ¢ = f-A is T-invariant.
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Proposition 3.2.8

Let T:I—> I be non-singular. Then, P.f = f a.e., if and only if the measure
i = f-A,definedby u(A) = Lfd)., is T-invariant, i.e., if and only if
w(t 'A) = p(A) for all measurable sets A, where f 20, f € L'X, X, 1) and ||f"l = 1.

Proof

=
Assume that g is t-invariant. Then by the definition of the invariant measure,

LAY = p(A)

for all measurable set A. Then,
[ fdr =] rda
However, by the definition of the Frobenius-Perron operator, we have
[.fdr =[P fdr
and therefore,
Lfd/l = L P. fdA

Since A € ) is arbitrary, then P.f = f ae.

—
Assume that P.f = f ae. Then,
[ Pfdr = fdd = p@
By definition,
— — -1
fprdn = [ = wen
and so,

(A = pu(A).
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3.3 Representation of the Frobenius-Perron Operator

In this section, we derive an extremely useful representation for the
Frobenius-Perron operator for a large class of one-dimensional piecewise monotonic
transformations.

Definition 3.3.1

The transformation T : [0, 1] — [0, 1] is called piecewise monotonic if there
exists a finite partition Pof {0, 1], 0 = q, <... < a, < l,and anumber r 2 1

such that :

) |(u isa C" function,i=1, ..., q which can be extendedtoa C" function on
la;_.al,i=1,...,q,and

7’(x)) > 0 on (a_,.a),i=1,...,q.(See[1])

1-104;)

2)

Example 3.3.1

A good example of such a transformation is Figure 3.2.

Theorem 3.3.1

Lett|, € C'[a

i=1,2,...,n,where 0=g, <...<a._, <l. Then, we have
1 r-1

12 @ j] (first derivative of T exists and continuous) be monotone,

P f =23 fo0w,(x)x,x)

where o ; is the inverse of 7, i.e., c; = 77, over Ji=1(;); v (x) =O';. (x)l;

X ; is the indicator function of J;.
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Proof
Let A;(x) =0, ([0,x]) N1, Then
Ll(x)f(s) ds = ij:ll((:f(s) XI,(S) ds. (3.3)

We want that the left side of (3.3) be = O when f = 0. 1'| , is monotone, T ; is

monotone where T | , and o ; are either increasing or decreasing. Therefore,
]

o;(x) _ o3y
o) |o;0)

for all x, y € [0, 1]. We use this to set the sign in (3.3), thus

o’ (x)

jA,(.r)f(S) ds = O'; (x)l

[ F@ 2, 9)ds.

0

This implies

0'(x) d oo
G;(x) dx 7o (O
o’ (x)

= ——— f(o;(x) %, (0,;(x)07(x)
0;(x) ’

d
—J, S ©ds £($) 21, (s)ds

o0
= 9 f(o;(x) x, (0;(x)
o’ (x) :

f(o )W, () x, (0,(x).

Note that

X,(0,(0) =1 0x)el;
exewl)=J, e 2, =1

Therefore,

XIJ(Gj(x)) = Z_[jy
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and we have
d
Zr'Ll_(x)f(S)ds = Zf(al.x)y/j(x) X1, (x).

For

and
o((0.]) = (J4, 0.

where A; are disjoint since /; are disjoint (Figure 3.2).

T\
SN
/

a= a) a] a9 23 a4=b

FIGURE 3.2. Piecewise monotonic transformation

Thus

F f

d d &
;L([o,x])f (s)ds = Zx—,zz.g L,-m f(s)ds

D FEmW;(x) x, (%)

J

i

Therefore,

P f =2 f(0xp;(x) %, (X)-
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3.4 Existence of Absolutely Continuous Invariant Measures

In this section, we will state the conditions that guarantee that absolutely
continuous invariant measures exist. Rényi [1956] was the first who defined a class of
transformations that have an absolutely continuous invariant measure (acim). In 1973,
Lasota and Yorke proved an important generalization of Rényi’s result. Their essential
observation was that, for piecewise expanding transformations, the Frobenius-Perron
operator is a contraction on a space of functions. Below, we state the most recent result
on the existence of absolutely continuous invariant measures for real line transformations
(see [2] p-185).

Theorem 3.4.1

Let t: U I, > A be a transformation which satisfies the following conditions :
i=1

1) I,,i=1,2, ..., are open intervals, I; C A,
2) I N Ij=®, for i#j,
3) supA (I,) < +e, where A is the Lebesgue measure on R,

i2]

4) A is an interval, not necessarily bounded, and A(A\ U 1) =0,

i=1
5 1, = TI’: isofclass C',i = 1,2, ...,
6) >2A>2i=12,..,

’
Ti

7) D d, < +oo, where

n=1

d, = !S:E, o.Jsc|’L"| ,

P = Ur 7(P) and PO = {1} .
i=0

8) suplw{ (x)| is integrable on A, where v, = 7', i = 1,2, ..., ie,
i2!

T, if xet(I,),

0, if xet(I,),
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9) sup su ﬂf)—‘ = K < + and supLEL(X)| < K(u) and K@u) —» 0
s e A(I) = ALY ’
as u — oo,

Then, there exists a finite absolutely continuous measure f on A invariant with
respect tc T.

Ol
Example 3.4.1
Let
T(x) = 3tan(x), x e R.
Then, Theorem 3.4.1 states that T has an absolutely continuous invariant measure.
O
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a4

A class of meromorphic transformations

We are now ready to start the main part of our discussion. In this chapter, we are
going to consider a class of meromorphic transformation and find its absolutely
continuous invariant measure.

4.1. Meromorphic functions

In this section, we are going to prove three propositions characterizing a class of
meromorphic functions.

Proposition 4.1.1

Let g(z) be a meromorphic function defined for all complex z and such that
Im{g(z)} has a constant sign € =% 1 in the upper half plane Im{z}>0. This is
equivalent to the following : the meromorphic function g has only real and simple poles
¢, and is of the form

1 1
g(z)=A+¢ [Bz—z P, ( +—)] (4.1)
5 Z—¢, G
where A, B and p, are real constants such that B>0, p, >0 and Z 2 £ < oo. Moreover,
5 C_\-

{c, } has no finite accumulation points (See [4]).
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Proof

We know that g is a meromorphic function defined for all complex z such that
the imaginary part of g has a constantsignin 7.

First, we are going to prove that g has only simple poles c,. Let us suppose that
g has poles of order p where p> 1. Then, in the neighbourhood of c,,

8@2) = —— (), (42)
(z=c,)

where f(z) is holomorphic at ¢, and f(c,)#0.
When we substitute c, + re” for z, (4.2) becomes

1

. : 1 .
glc,+ re®) = . fc,+re) = —e P f(c,+ re)
r

i@
c tre —C,)

where 0 € [0, 7] and f(c,+re®)—— f(c,).

5+mie AI!ﬂ‘
© fS between
0and2 @
o+ and thelcircle is in 7+
4’
Re

FIGURE 4.1. A complex pole.

This is a contradiction because if p =2, then -p8 € [-pw, 0] and Arg{g(z)} changes
over an interval of length prt which means that Im{g(z)} will not have a constant sign
in the neighbourhood of ¢,,s =1, 2,3, ... (Figure 4.1). Thus, p =1 and therefore g(z)
has only simple poles.

O

29



Now, let us prove that g has only real poles. Assume that g has a complex pole
¢,. Then, in the neighbourhood of c¢,,

1
Z—

g(z) = p f(2, (4.3)

where f(z) is holomorphic at ¢, and f(c,)#0.

Im

nt+

=
=

"r—

FIGURE. 4.2. Im{g(z)} change sign and fall into 7 _

When we substitute c, + re® for z, (4.3) becomes

1

6
gle,tret) = c.+ re” —c
5 5

flc,+re®) = 1o flc,+re®)
r
where 0 € [0,2n] and f(c,+re’)——— f(c,).

This is a contradiction, because if 6 € [0, 2x], then -6 € [-2w, 0] and Arg{g(z)}
changes over an interval of length bigger than ® which means that Im{g(z)} will not
have a constant sign in the neighbourhood of ¢, s =1, 2, 3, ... (Figure 4.2). Therefore,
all the poles are real.

O

Then, we are going to show that g cannot have terms of the form z” where p> L.
Let us suppose that g has a term of form z”, p >1. Then, g will be

g(z) = iap z’ 4.4

p=0

which have poles of order p at oo.
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When we substitute re”® for z where r is large enough, then (4.4) becomes

g(re®) = iap (re®)’

p=0

where 6 € [0, «].

Again, this is a contradiction because if p =2, then p8 € [0, pnt] and Arg{g(z)} changes
over an interval of length grater than m which means that Im{g(z)} will not have a
constant sign in the neighbourhood of ¢,,s = 1,2, 3, .... Therefore, p=1 and

(4.4.) becomes

g(z) =a, ta,z 4.5

Assume that a, is a real number, then a, should be a real number too. If a, is

not a real number, then a, is a complex number and it is equal to u +iv where u and
v are real. When we substitute u +iv for a, and x +iy for z, (4.5) becomes

gx +1iy) = gy + (U +iV)(X +1y) = gy +ux - vy +i(uy + vx)
Then Im{g(x + iy)}, which is equal to uy + vx, does not have a constant sign in the upper
half plane 7_, Im(z) =y >0 because x, u and v are arbitrary real numbers. Therefore,
g(z) = a, + a,z where a, and a, are real.
We know now that g, and «, are real. Then, when we substitute x +iy for z,
(4.5) becomes

gix +1y) = ap + a,(x +1iy) = a, + ax +ia,y

Hence, Im{g(x +iy)} = a,y where Im(z) =y >0. Since Im{g(x +1iy)} hastohavea
constant sign in 7, then a, should be =0. Therefore, a, = O.

O

Next, we know that g have real and simple poles at ¢,,s=1, 2, 3, ... Then from
Theorem 1.3.2 (Mittag-Leffler’s expansion Theorem), g becomes
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6@ = g0 - Y p,{z - i}, 4.6)

-c, ¢

3

where p, are the residuesat c,,s=1,2,3, ...

Suppose now that p, are complex residues, i.e., p, = 4, +iv,. Then, when we
substitute u«, +iv, for p,, g(0) for A and x +1iy for z, (4.6) becomes

gx+iy) = A - Z (zcx+ivx){ﬁ:;+—cl?}
= A - Z (u, +iv,) {—-—(ix_—cc));‘; +ci}
=AC 2 (xu (cx> i)y "2 <xifc(,;y:y2 "2 (iv—(cx;i;
SAC Z@cu(cx)i)y 2‘:—2(#
Then Im{g(x + iy)}, which is equal toz [(x—:-)l:y— - —Z— - (xv—(cx)i}—] does

not have a constant sign in the upper half plane 7, Im(z) =y >0 because x, ¢, ¥, and
v, are arbitrary real numbers. Therefore, p, are real.

We know now that p, are real. Then, when we substitute x +iy for z,
(4.6) becomes

. —Cc.—1 1
gx+iy) = A - p,.{—.l—+—1-}=A-Zp,{—f—#y—z—+—}

(x+iy)—c, ¢, : (x=c) +y" ¢
R = o i
R L R A
Then the imaginary part of g(x + iy), which is equal to yz ﬁ;— does not

have a constant sign in the upper half plane 7, Im(z) =y >0 unless p, >0.
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We just proved that g can be written as (4.5), i.e., g(z) = aq, + a,z. Then, by
adding (4,5) to (4.6), (4.1) will appear where € isequalto £ 1 and a, = B.

To finish our discussion, we need to check if there exist any conditions on g
itself. We know that g is a meromorphic function, i.e., g is analytic everywhere except
at the poles, i.e., g’(z) should exist. Then, by taking a common denominator in (4.1),

g becomes

C_,(Z_C) 5 C_\'(Z_C:)

=A+¢e {Bz — Z—ii(l-*-—zf—'c)]- 4.7

¥

gz) = A+e[Bz—pr£———] = A+e[Bz Zp—”—:l

Differentiating both sides of (4.7), g’ becomes

g(z)—8[3+2(7_c) ]

where B and p are positive real constant. g(z) is analytic at z =0, then g’ exist if and

only if B + < oo,

f X

Finally, {c,} can only have an infinite accumulation points, since otherwise g
would have a finite real singularity, which would contradict the definition of
meromorphic function. Then, {c,} has no finite accumulation points.

Therefore, if g is a meromorphic function defined for all complex z such that
Im{g(z)} has a constant sign in the upper half plane 7, Im(z) =y >0, then g has only
real and simple poles and is of the form

1 1
o = Bz — —
2(z) A+e|: Z EX p“(z—c +Cx)},

s

P,

< oo,

where A, B and p, are real constants such that B 2 0, p,> 0 and Z

3

Moreover, {c, } has no finite accumulation points.
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=

If we substitute x + iy for z, then (4.1) becomes

1 |
gx +iy)=A +¢ |:B(x+zy) Zp: (sz)_7+f)]

c
=A +¢&| Bx+iBy— 2 ;+L)
P (x—c,)—ly c,
=A+eBx+i£By-eZp,(—‘,ly—,) -EZ&
T (x—c) ty” s €,

A +€Bx - ezp‘ + ieBy - eZ[ p(x—c,) ~]
(x—c,)*+y*

By

+ IEZ(————-(x )Yty

= A+eBx-eZ eZ[—E’—(x—C—)—
s s (x— C) +y

__p—
+1ey[B+Z((x_ iy =) ]

where B>20, p;>0, y>0and e=1.
P
(x—c,)* +

Then Im{g(x + iy)}, which is equal to ey[B + Z( ) ], has a constant sign in

the upper half plane.
[

Proposition 4.1.2

g’(x) is a positive function on the real line, i.e., g’(x) =

Proof

We know from (4.1) that

gz)=A+¢ [BZ—ZPJ(Z—I +L):I.

Then

(Z)—S[B+2Ps( _1 ) ]
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Substituting x for z where x € R, g’ becomes

g'(x) =¢ [B+Zp, —1——}

(x—c¢,)”

implies g’(x) = 20, p,>0and e=I.

Proposition 4.1.3

Let B> 1, then g does not have any real fixed point x, )| <L

Proof

We know that B > 1. Suppose now that g has a real fixed point x,, i.e.,
g(x,) = x,. Then from (4.1), g becomes

1 I
o(z) = A B —Z -1,
g(z) +8[ Z A px(z_c +C:):|

5

and

gl(z) [B+2(7—C) ]

Substituting x, for z, we obtain

oo = e[ E o)

Hence,

D
B + =B+ ) ———=>1
xo—c )? Z(xo_cx)_

)| =

since B > | and p, > 0. Therefore, g does not have any real fixed point z,.
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4.2 Cauchy density and meromorphic transformations

Let the transformation T be given by tx = g(x) (x € R), where g(x) is defined by

X—C

5 X

gx)=A+¢ [Bx—ZPx( 1 +i):|.
T c

We assume that B> 1 or B <1 and g does not have any real fixed point x, with
g'(xo)l < 1. Then, g(z) has a unique fixed point z, with Im(z,) > 0.

It turns out that then the transformation T: ® — R has at most one invariant
probability measure v that is equivalent to A. Moreover, the transformation T of the
measure space (R, v ) is exact and thus mixing of all order and ergodic (See [4]).

d )
Next, the t-invariant =ﬁ is a Cauchy density of the form

w<x)=<%){(x—p)2+q2}"‘, (4.8)

with p and q real constants, q > 0, where z, = p + iq is precisely the unique complex

fixed point in the upper half plane of either the transformation z’= g(z) or z’=g(z),
depending on whether € =+1 or € =-1, respectively (See [4]).

O

Theorem 4.21

The density y(x) = (i){(x—p)2 +4¢*}™" is t-invariant.
4

Proof

It is enough to show that the function y (y) does satisfy the functional equation

(&)

for almost all y € R. The proof makes use of the integral

-1

=y (y) (4.9)

PRYC)

TX=Y

ez | v(@(s@-y"d (4.10)
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where L is a line parallel to the real axis. Let

C = Ls + Ty (4.11)

where C, is the contour indicated in Figure 4.3, L; = L: z = x-id (x € [-R, R]),
Tes:2z = Re“-i8(0 e [0,m])and R — oo.

We consider only a sequence of contours C, , = Ls, + Iy, 5 suchthat I}, , omit
zeros of g(z)-y. Then,
§ ACIE J- @ J‘ vi@
¢ g(z) - y s g(2) — v Frs g(2) —
AN
D T~
T
R,
Cl z,
Re
N
. —ib a "’
Ri§ / Rid
C2
E IHR, 5

FIGURE 4.3 : The figure of C, and C,.

For Iy 5,
| I .
w(z) = O(=) and g(z) = O(—) for || big enough.
z z
Therefore,
- v (2) - L1 - 1
g =2 —dz = (27 La
@ri | — 57 d = Qnd jr —odz = @R —dz

Substituting Re’-id for z, then

i [ XD 4 - ——Re"’de
@ri) Tes g(Z) — z 2mi)” J- (Re® —i6)?
£ 1
= (2wi)” RI N d6 —=— 0
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That means that

lim§> W(z) J‘ _y() I l/f(z)
Ro=JC g(2) — Ls g(z) — y Lg(z) —
Now, let

C,=Ls; +Ty;

where C, is the contour indicated in Figure 4.3, L; = L: z = x-id (x € [-R, R]),
I;5:2=Re?-i8(0€[0,-w])and R — oo.
The same consideration gives

§ l//(z) [ Y@ I AC N dz
Rk, g(z) - i g(z) - y Lg(z) - ’

since C, is a circle in the negative (clockwise) direction. That means that

- v (2) : v@
1 dz = -1 dz. (4.12

We know that z, is precisely the unique complex fixed point in the upper half plane, i.e.,

has only real and simple poles and y(z) has 2 simple

g(z,) = z,- Now,
g(z)~y

poles : z, =p +iq and Z, = p - iq. Therefore,

ll/(z) v (2) v (2)
li = Re s(————,x) + Res(——————,z,)
Rl-*r?" §Cn g(z) - x;g(zx}__ . g~y - es(g(zt)—y %

and (4.13)

lim (27 ) § _v@ dz = Res(——— V) »Z9) -
R*” Cg(z) -y g(z)~y

Then, for any x such that g(x) =y,

v (2) ) v (2) ) 1
T \&T = - 4 = =] —_—
prmnloill S ik A ]

(z—x)

Re s(

Thus, from Theorem 1.2.1 and Proposition 1.2.1,
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w(2) d B
Re s( ,x) = y(x)|(—)glx) .
g(x)—y dx
Then,
g()—-y . g(zx)—y
. q 1 l
= lim(z — z,) [~ —
2>z % T (z-2,)(z2—7) g(@)—Yy
1 1
LA TP N S A
T 0 (2-7) g(2)—y T (25—%) 8(z)-y
_4q 1 I _ 4 L !
T p+ig—(p—iq) z,—y T p+ig—p+iq p+ig—y
1 1
- 2ri (p—y)+iq ’
and
Res (—¥Z_ 2y = lim(z - 7) L2
gx)—y % g(z2)-y
. I 1 1
= lim(z - z,) [— — 1
2% ©l (z-7,0(z—2) g(2)—-y
9 iy I _ ¢ _ 1 ‘
T b (Z_ZQ) g(Z)“‘y v/ (Zo_zo) g(zo)_y
n p—ig—(p+iq) g(z,)—y T« p—ig—p—iq Z;—Yy
-1 1
T 2mi (p-y)-iq

since the coefficient of g are real, i.e., g(z,) = g(g,). Now, by substituting tx for
g(x), then by (4.12) and (4.13)

- | -1 1

+ - —1,
2ri (p~-y)+ig 2ri (p—y)—ig

Y w(x)

Tx=y

(%) Tx

which implies
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-1 1 1 1
= +

2ri (p—-y)+ig 2mi (p—y)—iq
1 -1 1

-[ —+ -
2ri (p—y)+ig (p—y)—iq
I —-p+y+ig+p—y+iq

- ( T3 )
2 (p—y) +q
q

= —(——12———2—)=!//(y).
T (p—y) +q

(%) x

Y v

=y

Therefore,

-1

=y (y).

dw

Tr=y

(%)rx

Example 4.2.1

a) Lett: R — R be given by

T(x) =atan(x), x # kE,

2
where k =#(2n - 1), n is an integer and a > 1. We show that the density function
fx) = —?—/n—,— is t-invariant for q > 0 satisfying the equation a-tanh(g) = q.
q +x

b) More generally, let

S| &

T(x) =altan(bx+c)], x # -g,

where k=41, 43, ... We will show that if a-b > 1, then the density

fx) = —ﬂ-— is t-invariant.

Proof

a) It is enough to show that T has a fixed point, i.e., to prove that 1(iq) = iq.
We know that
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ei: _e-iz
tan(z) =

then
tan(iz) = —i £ % = i-tanh(z).
(ez +e:)

Now, t(iq) = a-tan(ig) = a-i-tanh(q) = i»[a-tanh(q)] = iq. Then, the equation
a-tanh(q) = q has a unique solution q forany a> 1. By Theorem 4.2.1, the density
function f is T-invariant.

b) As in the first part, it is enough to show that T has a fixed point, i.e., to prove
that ©(p +iq) = p +iq. We know that if tan(z) = p + iq, then

_ sin(2x)
cos(2x)+cosh(2y)

and

_ sinh(2x)
1 cos(2x)+cosh(2y) ’

which implies

. sin[2(bp+c¢)] 4.14)
cos[2(bp +c)]+cosh(2bq)
and
_a sinh[2(bp +¢)] . (4.15).
cos[2(bp +c)]+cosh(2bg)
e +e " e —e™"

> 0.

> 1 and sinh(x) =

Now, for x > 0, we know that cosh(x) =
Therefore, cos[2(bp +c)]+cosh(2bg) =0 for q>0 since -1 < cos[2(bp+c)] = 1.
sinh[2(bp + )]
cos[2(bp +c)]+cosh(2bq)
On the other hand, lim a- sinh[2(bp+c)]
q=+= cos[2(bp+c)]+cosh(2bq)
positive solution g, > 0.

Thus, for >0 and for any value of p, a-

is 0. Therefore, (4.15) has a
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Now, let us consider the function

sin[2(bp+c)]

Gp) = a-—— -
cos[2(bp+c)]+cosh(2bq)

Then, G(p) has zeros when 2(bp+c) =krnr = p= Zl-(l%r—-c), where k is an integer.

Therefore, G(p) = p has a solution, say p,. Thus, the system (4.14) and (4.15) has a
solution ( p,,q,), which defines a fixed point p, +iq, of t. By Theorem 4.2.1, the
density function f is T-invariant.
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