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CUAPTER 1 . .

f [y

- " INTRODUCTION

N

1.1  General: . ;

Linear, lumpcd, finite, passive networks may be complete%' char-
- v

acterized by 5atio‘nal functions bf Ethe complex frequency variable s. A

- .
great deal vof literaturec is availablé.on the properties and realization
J

-~

of such ndtwork functions. “lgwever, 1£'}>‘c allow the netwoprk to include
3 . -~ N
distributed elements as well as lumped elementd, -the network functions
are in general no longer ratloﬂal in s. For exanj 1é, 1f tg’ netwerk. consists
of lumped reactances in addition to commensurate lossless uniform trans-
» T ,
mission‘lIines (unit elementd4, UEs), the network functionsgare irrational.

Similarly, 1f the network consists of non-commensurate lengths of trans-

~ 'S
. ¥
[

mission lines described by pl\= tanh ris. where the different Ti's are
4 ' . )
not rationally related, the network functions once again are irrational
, ,

in any cne of the variables py- Such mixed lumped-dY buted* structures

are highly desirable as may be seen from the following dls'cus'sion.,

1.2 Maixed Lumped-Distrlmted Structures: !

——

There are many usef#l circuits containing both lumped and distributed
ASE 4 -

elements. Commcn examples are networks containing semiconductor elements
,

and transmission lines or wave guides, or indeed networks of transmission

lines alone where lumped discontinuities inevitably occur. And for a

~ s

- P
variety of reasons it 1s desirabl to include the ‘umpod lossless elements
in the microwave networks. In particular the following points may be

claimed as advantages for their inclusaion: ,

*—IT the literaturc, the terms "Mixed Lumped-Distribute@" and "Lumped-
Distributed" are used synonymously.. However, the tern "Mixed{Lumped-

Distributed" appears to be more cemmonly used. As sugﬁ‘;"\::h' term is
used throughout this thesis.

"

s
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6 ) . . -
] have proposed a metpod for realizing prescribed ,

.

)

Carlih and Gupta[

insertion loss. characteristics either as a structure consisting.of a .

+ N -

cascade of ULs with frequency dependent characteristic impedances oper-
N ) L4
ating between pure resistances or as a structurge consisting of a cascade

of UEs with constant characteristic impedances operating between frequency

o
-

. dependent loads. The method utilizes scattering matrix normalization

and is implemented by a computer program.
. . .

{7] '

More recently, Gupta has ppresented a numerical algorithm for

the design of eduirxyyle low-pass filters consisting of mixed lumped-
distributed cascade structures. For the filter considered, the number

of ripp£?s in the pass band 1s equal to the number of distributed elements.

r

The elemental valucs of the filter are arrived at by the solution of a

" set of simultaneous non-linear equations, obtained frqm the properties

of the equiripple filter. ‘ .

(8]

Levy proposed a distributed prototype filter consisting of a

cascade of shunt stubs of equal electrical lengths alternating with UEsS, ..
” "8 * )
each having twice the stub length. Depending upon whether the stubs are

T

open~circuited or short-circuited, they may be replaced by kumped cap-

acitors or inductors toe synthesize a mixed lumped-distributed filter.

¢

The methods discussed thus far assume cascaded configurations for

the mixed lumped-distributed networks. To the best of the author's

knowledge, no attempt has been made to treat the arbitrary interconnection

v

of the lumped and distributed elements by this approach.
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Definition 1.1: (/

A rational function F(pl,pé...:.pn) of n-complex variables

pl.pz,.(.,pn is called a Multivariable Positive Real Function (MPRF)

9 -

when the following conditions are satisfied:

- [” ‘
. . (1) F(pl,pz,.._.pn) is a real fupction of pl.pz,..,pn. and

f .

*

n

{ii) Re F(pl,pz...,pn) > 0 in the polydomain Re p; 2 a,
i=1,2,...4n. ’ J

Definition 1.2:

N -

' )
A rational function F(p{,pz....,pn) is called a Multivariable

Reactance Function (MRF) when the fblldwing conditions are satisfied:
1

"

(i) F(P)+Pys---sp ) is an MPRF, and

(ll)/ F(pl'pzl..’pn) = -F("plr-pzl -n-"'pn) z

Definition/1.3: . '

A polynomial of n-complex variables bl.pz,..u.pn is called

o N
a Multivariable Hurwitz Polynomial in Narrow Sense  (MHPN} if it has no.

zeros in the regions Re Py > OyeeesRe P, 0, Re p; 2 0, Re P (6 FRP

+1

Re.pn >0 for all i (1 < i < n). Cs

Definition 1.4: e “ Ct

5

A polynomaal of n-complex variables 100 SYEERN] is called

zeros in the open polydomain Re pi > 0, and those zeros for Re p
. . ' N .

must be simple.

L]

Property 1.1, 17 ~ } o

The numerator and the denominator of{an MPRF,prescri

-

irreducible form, are MHPBs.




\ 7
_Property 1.2:
The ratio of even to odd (odd to even) of an MHPB is an MRF.
S
~N .
1.4.1 Realization of General Mixed Lumped-Distributed Structures:
[9] (10}

Ozaki and Kasami » motivated by the/earlier work of Levenstein

on variable networks, initiated the étudy of network functions of several
»

variables. In particular they reptrted some properties and realizations

.

of sucH network functions.

Ansell[ll] has shown that the driving point immittance of a finite

network containing commjysurate length UESs a:jﬂlumped'reactances is a
two-variable reactance function 1in P, P, wheXe p, =s and p, = tanh Tts. ’///

In addition, he provided a method of testing for the reactance property

of two-variable rational functions. He has also given a synthesis method
7 , ' .
for two-variable reactance functions based upon the single-variable

[12]

Lunelli's method. This synthesis method requires a two-variable (

polynomial decompbsition with certain properties. As Ansell himself has

pointed odk, the procedure has one drawback: even though the decomposition

S

is assured by network realizahility conditions there is no algorithm

available for the decompositidn.
R

(13

c©

The next advance was made by Koga « who succeeded in synthesiz-
ing any rat}onal m * m two-variable reactance matrix Z(pl,pz) as fthe im-
pedance matrix of a reactive m-port containing pl;type and pz-type react-
ances. Any such reactance matrix may always be realized by a passive two-
variable m-port which is bilateral or non-bilateral depending upon whether
Z(pl,pz) is symmetric ox non-gymmexric. This method leans heavily on the
. theory oé algebraic functions and the strgcture of para;unitaty matrices

and does not guarantee the use of minimum number of elements.




-
0

positive real matrix of several varrables is realizable as the immittance
dees Ny

v s Q . ’\.

matrix of a finite passive multivariable m-port network.* This method

consists of the following steps:

Lo

(i) The givern m - I positive real ratrix NYpl.pﬁ....,p Y is
£ n

converted into an m - M reactance matrix Z(ul,uv,.a.,ur),'whose elements

are bilinear in u (1 < 1 < ). ’ -
N - N

(ii) Frem the derived matrix Z(ul,u ,...,ur), annm x m poly- .

z <

nomial matrix F(:l'u“""'ur—l) which 1s real for real ul, quadratic in

each ui and non-negative Hermitian for Re ui = 0, 1s obtained.

- Ve

tr
(111) There exists a mat¥ix decompositron

’ ?oe gl =M » P e M - l_' 2 e o™
Fluou, r_l): (uyom, bpop) M eyemey, i)

~ /
'

where t indicates the transposition, and M's are of appropriate order.

¥
(1v) From the matrices M's and Z, the imhittance parameters of
%

an (m + g)-port network of u_,u

LM ek are chtained, whose g-ports are

terminated in pr—type inductors. The procecure is repeated until a net-

work of ul—type is obtained, which can be synthesized by the single-vari-

able methods.

(v} ~ By replacing the Li-type (1 <2 < r}) of elements with the

appropriate pj—type (1 < j < n}) of elemerts, the required network is obtained.

The foregoing methods require either ideal transformers or ideal

gyrators or both. However, some work has been done to realize an MPRF

{19]

without transformers. Soliman and Bose have given sufficient con-

[ 20]

ditions utilizing Saito's generalization of Richards' transformation for

* A brief review on the synthesis of rational multivariable positive
real matrices is presented by Youlall8

i

Ry ., X L I T NS R
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127] '

Kamp gave the realizability conditions for an MPRF of arbit-

t H

) . \
rary degree in each variable to be realizable as a cascade of non-comm-

ensurate UEs terminated in a positive resistor. 1In fact, he has shown

: 4
these conditions tu no cguivalent ;g_flnarlwala‘q[ ] conditicns that N
; L . ad (2] ~
were derived on the single-variable basis. Pecently Foga'® ' has pre-
N PO
, L

sented the realizability conditions for a resistively terminated cascade

-

of UEs, commensurate or non-cammensurate and lumped passive lossless two-

{29]

3
port networks in an arbitrary sequence. S$Subsequently khodes and Marston
' (5\ . - !

have_shown the’ r1hsufficiency of Xanmp's and Koga's conditions by a countex

example following which, &oula; Rhodes and Marstoﬁ[3o'3l] have presentea

the realizability conditions for a résistively terminated cascade of

~
- i

commensurate UEs separated by lumped pa5519e lossless two-port networks.

N There could he many other possibilities of cascaded structures,
each of them requiring a dlfférent.method of solution. It may be pointed
out that all the cascade realization methods discussed above make use of
Righards‘transfor$atio$l20]. Also. the realizabilaty Fondztiong are‘given

‘ []

in terms of the even jart of the MKYRF and its polynonmial coefficients.

‘Finally, we note that sore of the cascade realizations and most of the

general synthesis techniques available in the literature require either
ideal transformers or ideal gyrators or both.

L} .
1.5 Scope of the Thesis: . I -

N ~ \
This thesi1s aims at the study of the even part of an MPRF and

gives the realization of a class of cascaded mixed lumped-distributed
structures without taking recourse to Richards' transformation. Also the

realization of a class of network functiﬁhs by the multivariable ladd#r

networks is studied. These networks require nejther the ideal transformers

-~




s

3 r/‘f . -
In' Chapter'V, we discuss the realization of a class of twg-
L : '

T » e a !

3

. T o . N . P i

varx.abl\a reactance,fynctions as structures which are similar to the
P L ¢

a8 ’
X%

single-variable Fodtfer form. From this ‘the equivalent ladder and unsym-

-

o

» metrical lattice structures are cieveloped, and it is 'shb\m that these

networks are a class of TLPL. The partial polynenial derivatives of

such network functions are also studied. Utilizing the above mentioned

ladder networks, transformerless synthesis method for a class of two-

variable PRFs similar to the'singlre-variable_ Miyata|method is proposed’.

- .
a

t

.
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i \ CHAPTER I1 .
| Y N
-~ THE MULTIVARIABLE POSITIVE REAL FUNCTIONS ?
© =
A

*AND SOME PROPERTIES® -

¢ .
duction: -

"
Several -thaoremg ‘concerning the generation and propertles of single-

variable and multivariable pos:.t:.ve real functions are proved in the

literature[9'17‘;2,36 ! . In particular, ‘“f:he following results clasely

. . . . . 7 .
connected- with-the present investigation have been prbved[l ] using the
- s -

e
operation of differentiation:
N »
) - p.

(1) The partial logarithmic derivative —?ql- + 1 <1i <n, (where
- &>

.

B

N is an MHPB*) of an MHPB in an MPRP"

>
(ii) A multivariable positive real matrix (MPRM) remains an '
L ' -
MPRM under partial polynomial differentiation.
- Y
: . . . . : )
Such results do exist for the single-variable case ﬂlso.
* N N

1 v '
In the case of a single-variable, there are several metidds of

gen*ting a positive real function from the given real part[‘u] . ‘t is

F
N ~

* The—following mathematical notations have been used throughout the thesis:

-

! I ~

e . i aN(pllp2‘1p0~an)

3

N(p P l"-;p ) = 7 ) = N N
y 172 n ' Bpi . Py . :
D(p,,pPys---sP} =D ¢ ‘
1 ‘n_‘ 'N“' 3D£Pl'pz:~~-cpﬁ) 1 5 i<n
. - D
Qlpy Py -eepy) = @ : . 3p, P, s

. AV
1 v T
’

{ -
Multivariable Hurwitz Polynomial in Broad Sense: MHPB

!\‘ -~ n "~ . -~
I y.N =N ; L B.D =D ; I 6,0 =0

i=1 Y By . 4=} * P

¥ 0 |

and it is assumed that y's, B's and §'s are positive constants.

]

».

[ 4 . /{* - , ! A R
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Sufficiency:

Assume that (N + j a D) is an MHPB: Then D # O in Re p;, > 0. If

~

D = 0 in Re Py > 0, then for large values of a, N+ j a D = 0 contrary
’ i
to the hypothesis. Her.ce % is regular and not imaginary in Re Py > 0;

. . \
that is Re % # 0 in Re p; ? 0. Since %—is a continuous function of the

variables PyrPyr-v-1P s and if the sign of Re %-is opposite at two sets

<

of points (plo,pzofﬁ\z,pno)a?d (plo'pZO""'pno) in Re Py > 0, then there
ﬂu
must be at least one §et of points in the open polydomain where Re g-is
zero, which is not possible. Hernce,* Re % > 0 1n Re p; > 0. Thus the

theorem follows.

v

Corollary 2,1.1:

If (N+ j o D) 1s an MHPB, so is (N - j a D) and hence their pro-

duct (N+ jaD) (N-3 aD) = (N + o’ D%) is also an MHPB.
.. . . . . [43]
This is the multivariable version of Brockett's theorem for
the case of a single-variable.
Thecrem 2.2:
If N/D is a reduced MPRF, so are (provided they exist)
N
: ) p;’
(i) the partial polynomial derivatives, i.e. e (1 <i<n)
Lt
F 4
m, mi'
.3 W/p,
(ii) the iterated-partial polynomial derivatives, i.e. -
° s . i i
) D/Bpi

.and (iii) the mixed partial polynomial dgrivatives, i.e.
a a a

k 1, %2 n
3" N/3p)".3p,". t.. .3p

where a, + a_ + ... + &4 = k
a a,e a 1l 2 n

k 1, %2 n
3" D/3p, 43Py + .ev -3p

n




» -

'(i)~ 'If N/b is an MPRF, by Theorem 2.1, we have (N + j a D)

.

is an MHPB for any real a. Since the partial-derivative of an MHPB is

also an MHPE, (Np + ja Dp ) is an MHPB and hence by Theorem 2.1

i 1
N . -
b4 o is an MPRF. To determine the correct sign, let N and D be expressed
p. ' .

1

A J -
as polynomials of Py

< ¢ 2 r
_ N " o +Cp; *C,p TH e+ C P

i.e. 1et~~6 = > -
+ cew P o 3

dop + dyp; * dypy M

¢

-

N * . . .
where the c's and d's are pplynomlals in pl'p2'""pi-l'pi+l""'pn' We

[y

'
- cr \‘,\ . ‘
~we know that r - r”“ = * 1 or 0 and E—- is (n-1)-variable PRF or a
xr” .

(9]

positive constant . Then

~

N r
. Py . <, + 2c2.pi + e aeae + r.c P,
_D = I
P; d1 + 2d2.pi T 3 'dr"pi
. >N
cr ) Py
If 3 has to remain positive, then - 5 cannot be positive. Hence
)2 p. ’ '
i
N
128 ,
L+ > is the MPRF.
Py
. . y ) B
This furnishes an alternate proof for Koga's . result for an 9
MPRF. .
. Np .
{ii) If N/D is a reduced MPRF, then we have E~£ as a redugea
P.
i

, r ' .

MPRF by the above proposition. ‘Then (Np +ja Dp ) is an MHPB for any
# ' ' i i :







N ! © ¥ :%‘u
t -7
7 f .
. . ‘ 20, ' .
) > ¢ * .
Proof: '
. . ,
. 4
. n R
. Y N N N 2 N
L'p) Y27, Tn P 1=1~YI Py
. . Since N is an MHPB + +...4 =
. A N N N N
N - . - .
=5 isan MPRF. Hence, W and (¥ + B.N) are MHFBs for positive ,
~ conmstant B. Similarly D ard (D + 8.D) are MHPBs. Since (N + j a D) is |

~

©an MHPB,(N + j a D) and [(N + B.N) + j a (D + E.D)] are also MIHFBs./,

Therefore by Theorems 2.l -and 2.2

, . .

A Ta

(1) N/D
S i gl '
and (ii) Q—“—)—@—g— . : .
(D + 8.D) . - 7
- ‘ had §
are MPRFs. : » , ) « ) T
r bt ’
a
Corollary 2.3.1: > ) «
N . : oo . '
1f p i@ reduced MRF, so is N/D. ‘ - .
Proof: _ : s J . ’

For N even (odd), N'p 1l <i < n are odd (even} and for D odd (even),
-~ -~ b

Dp are even (odd) polynomials. Hence N ard D are respectively the odd
i e . - .
*

(even) and even (odd) polynomials. Thus N/D which is an MPRF, is an odd
o

function and: hence an MRF.-

v

Corollary 2.3.2: : \

% : ’ !
If N/D is a reduced MPRF (MRF), so is

_ ey N ’ ‘ I o
N + B*l.D .
. an

»

D+ 82.N ‘ ®
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ana (i) £Ne@ * N.C , ..(2.2)

where Q is an MHFPR.

Proof: . .

~ -

Iy
(i) . Since N and Q are MHPBs, [% + B. 8} . N
- L

is an MPRF. Hence [Q.N + B.N.Q] is an MHPB. Similarly [Q.D + B.D.Q} is

also an MHPB.

+
For an HPRF N/D and MIPB Q we have [N_:%—k + 8. 2l is a
multivariable positive function. Hence (Q.N + B.N.Q) + ja (Q.D + 8.D.Q)

is an MHPB and by Theorems 2.1 and 2.2

~ A P

N.O + O. .
M‘__g___Q_,: is an MPRF.
"B.D.Q + Q.D

LY

~ o~ - -

(ii) We can prove that (B.N.Q + N.Q) + 5 o (8.D.Q0 + D.Q) is

an MHPB. Hence by Thecorems 2.1 and 2.2

A A

. - + N.
B.N.Q+ N.Q h MPRF.

~ o~

8.D0.Q + D.Q .

Corollary 2.4.1:

1f % is an MRF and Q is an m-variable odd or even Hurwitz poly~-

nomial in Broad sense, then (2.1) and (2.2) are MRFs.

Proof: - N .

¥

Let us consider that N is an even and D and Q are odd polyna;xials.

We can prove the same result on the same lines for the other combinations

as well.




¥

A A

For the case under consideration (8.N.Q + Q.N) and (8.D.Q + D.Q)

are multivariable even polynomials whereas,(8.D.0 +'QVD) and (B.N.Q + N.Q)
o

o

are multivariable odd polynomials. Thus, the MPRFs (2.1) and (2.2) are

—

odd functions and hence are MRFs.

Theorems 2.1 to 2.4 provide some methods of generating an MPRF
from a qivén MPRF. In Theorem 2.5, we show a method of generating an ,

(n-1)-variable PRF fram a given n-variable PRF.

It may be noted that iflgl:

r
¢, + c,.p, + «.. + C .p
N 0 171 r -1
F(pl,pz,...,pn) =5 = = ..(2.3)

. r
do + dl.p1 + ... dr"pl

B

is an MPRF, where ‘the 4 anq di are polynomials of Pyr-eePp and

s dr’ Z 0, then

r-r”=4%1 or O,and

r

3 is a positive constant or {n-1)-variable PRF respectively.
r” '

4

Using this result and Theorem 2.1 we prove the following theorem.
I

Theorem 2.5:

. C. .
IfF = is an MPRF, then 33 (0 < i < r-1) are (n-1)-variable

i

ol=z

PRFs of pz,p3,...,pn. L

Proof: Case (a):

Let r = r", Making 1 %— transformation and keeping the other
1

variables unchanged in (2.3), we have

A3
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¢ : r
+ Ci. +...t . '
. s cy-Py S
W F(plu,pz,...,pn-)'= -1 -.(2.7)
. ceot .
do + d1 Py + + dr—l Py
o1 - °
we know that' ™", 1s identically equal to a positive conctant.
- r_l . -
At Making P, > é— transformation in (2.7), we have
- 1 )
c..st + ¢ sr-l; + cC + ¢
rls . 0°S1 1°51 =151 </ .
1'F27 " Pn da_.st + 4 sr-l+ +d + d .
| R 2t B Bt SRR 2 S ) |
..{(2.8)
Sq - i .
—— 1is an (n-l)-variable PRF of p_,p_,...,p . By taking the partial
dO 273 n
derivatives of the numerator and denominator w.r.t. sl’and then making
1 .
sl + — transformation in (2.8), we get_
1
r-1
- + - . . +... .
r.cg (r-1) Py + c . _1°P}

- Fl(p1IP2'°--:Pn) = ee(2.9)

r-1
. + -1) .4,. .
rdO (r-1) dl p, + ’rdr__1 P,
CI‘
By earlier reas\,oning, 3 is an (n-1)-variable PRF of PyrPyrecerP -
r-1

© )

Thus once again by repeated transformation and partial polynomial differ-

c c c
c s 0 1 r-2
entiation, we can prove that — 3 cr 3

' are (n-1)-variable
- 1 r-2

o

PRFs of pz,p3, ceetP -

case (c):

Let r = r"-1. This iﬁ equivalent to considering that the P, degree

of the denominator 1s one greater than the numerator degree. -










-,
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. . .
uniquely. It is also known that, in the case of a single-variable, a PRF

can always be generated from the given non-negative real part. In thi;
section we‘lopk at the question: whether it is possible io generate an-
MPRF Z(pi) from thé given non-negative Ze(pi)' and if so,fwhether-?ny

conditions need be. satisfied? For the sake of convenience, the case of
two-variable functions will be considered. These resulsts are applicqbleiz-
for the case of n-variables.as well. Before goiﬂg into the details of i

generation, some properties of the even part are studied.

Definrtion 2.1:

The kth degree* n-variable polynomial
r

k 3 i i, A
Q(p tPrarveesP y =L L a, . T ep P, - P
1 2 n . . - », KRRy ] * teee -
6j=0 11.12,...,1 = l1f‘12 n 1 2 n
. S. - N
iyt g+ i =73

il'iz' . e .'in!

is a polygomial in pl.pz,...,pn with no missing terms if a
i i ' in
the‘cogfficierhs of Py +Py seeerP 0 is a non-zero, constant for all

combinations of il' iz, ceey 1

-

Lemma 2.1:
!

1f Z(pl.pz) is analytic in and on the boundary of the domain
Re P, 2 0, Re P, 2 0, then the minimum value of Re Z(pl'pz) in this

domain occurs along P, = Ju, i = 1,2.

Proof:

Let us consider

N

* The term "degree" here implies the total degree of the n-variables
unleﬁf otherwise mentioned.
Y ’ \ ~ /
u'
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2.3.1 Properties of B(pl,pz):

-

2 2 "
From(z.lli.B(pl,pz) =M, - N, = (M) (M, -N) e
Hence '
(1) B(Pllpz) = B(‘pl,"Pz) Tum
. &
b (ii) B(le,sz) > 0 for gll real wy and W, .
: pub
(However, B(jml,jwz) may be equal to zero for wy = w, = Q)

¢

(iii) B(pl,pz) is a product of the factors [Si(pz).pl + ui(pz)ll

[-Si(~p2).pl + ai(-pz)], where the 8's and a's are polynoq{als of o, and

ai(pz)

2% 0 for R . ' .
Re Bi(pg) > or Re P, >0

It may be Gbserved that, ‘in the case qf a single-~variable, prop-
erties (i) and (1ii) imply the same, whereas it is not so in the case of
multivariable functhns. Also it may be noted that property (i) is
implied by property-(11i), but not the converse. This is the main diff-
erence between the single-variable and multivariable Hurwitz polynomials
Factorization.n Utilising these pr&perties, we give, in the following
the;rem, the c?nditions under which a given B(pl.pz) can Bé factorized as
Q(pl,pz).Q(pl,-pz), which is a product of two-variable Hurwitz and anti-

Hurwitz polynomials. (A.method of determining Q can be found on page 34).

This solves the problem mentioned in [45]).

Theotem 2.6:
)
A two-variable real polynomial B(pl.pz) can be factorized as
!
B(pl'Pz) = Q(pl,pz)- . Q(-p;.-p,) where 2(pyrp,) andQ(-p,,-p,) are res-

pectively the two-variable real Hurwitz and anti-Hurwitz polynomials in

o ’
o .
poh&row sense, if and only if B(pl'pZ) is a product of factors of the

nature [ﬁi(pz).pl+ ui(pz)].[—si(—p2)-pl+ ui(°?2)] w?ere for Re p2 > Qi
B.(p.) ' k -

Re —i?—zr > 0.
@i 1Py

4

o
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' Hence it satisfies the following properties:

(1) A(pl,pz) = A(-pl,'pz)

(1i) A{yw ,jwz) > 0 for all real values of w, and s and'

1 1

]

{21i) ¢t < r, L <s and hence (t + &) < (r + s).

It may be noted that there is no necessity for A(pl,pz) to satisfy a

condition similar to property (iii) of B(pl,pz). Thus, even though

N
to N

2 2 . .
(L - 4 PP, - P} ~F + o, p ) cannot be an eligible denaminator poly-

nomial of Ze (pl,p2), we see that 1t can be a numerator polynomial of
Ze (pl'pz)' However, there are certain other restractions imposed upon

A(pl,p2), which we will be discussing in Section 2.3.4,

2.3.3 To calculate (M2 + 1) from the given B(pl,pz):

We know that B(pl,pz) can be factorized as B(pl,pz) = ﬂwlkpl,pz),
where wi(pl,pz) are the irreducible factors. If the given B(pl,pz)
satisfies the conditions of Theorem 2.6, by assigning the left haif
polydomain roots to (M2 + NZ)' we obtain the required two-variable
Hurwitz polynomial. Even though the factorization of the type B(pl.pz)

(M2 + N2).(M - N2) is quaranteed, no systematic procedure ‘is known for

2

the factorization of two-variable polynomials. Hence, we present below
a systematic method of calculating (M2 + N2) fram the given B(pl,p2):

'

i i

S r .
Let us assume that (M, + N_) = )X I b, . .p l.p 2, where
2 2 . R i,,1 1 2
i,=0 1i,=0 172
1 2,
i i
the bi i 1s the non-negative coefficient of P, P, - From this assumed
1772 .

"
-

(M2 + Né). calculate (Mi - Ni) and equate the resulting even bolynomial

Pl

4
in P aqd P, to the given B(pl'p2)' It may be seen immediately that we
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get a set of non-linear eguations in b's and the nymber of equations are

more than the number of unkniowns.
/

“* If the given B(pl,pj) is of degreé¢ 2s in Py and 2r in Py the

resulting equations and unknowns are resgectively [(r+l){s+l)+r.s] and
/ .

(r+l)x(s+l), providing an %xt%a set of r » s equations. Instead, if the

degree of B(pl,pz) 1s 2k, the number of equations and the number of un-
{k+1) (k+2)

e
knowns are respectively (kt1l)" and 3

thus, providing an extra

k(k+1) )

set of ) equations.

¢

Thus, in either case, there are some extra eguations. If a solu-
tion has to exist, these equations must be consistent. Since by Theorem

2.6 the decoq9051tion of B(pl,pz) into B(p_,p.) = (H2+N2).(M

BreP, Ny s

2

guaranteed, we are assured of the solution of the set of equations.

v

[

Step (1):

A

o

]
From the assumed value of (MO-N;), putting p, = 0 and equating to

b .

B(pl,O), we can obtain the coefficients of the type bo o' bl o' P20,
’ ’ L4

cans bi 0 etc. similarly, by putting pl = 0, the values of the coeffi-
’

. . 7 e
cients of the type bo'o. bO,l' bO,Z""’ bO,]"" etc. can be calculated

immediately. To calculate the coefficients of the type b.1 3 where
’

1,3 # 0, we proceed to step (2).

Step (2): .

[y

Consider the equations whose pl—deqree is one and pz—degree is
(2-1), where j = 1,2,3,..,r. From this set of equations, the values of

b1 j can he calculated. Similariy. consider the set of equations whose
3

-

pl—degree is 2s and pz-deqree is 2j. From this set of equations, we can

immediately get the values of ps i Next, consider the equations, whose
L]

i
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o P =16 -+ (2.142)
\ ) )
bly = 1 ..(2.14b)
2b_.b__-b> =7 2.14
00°°027 701 - --(2.14¢)
bZJ =1 2.14d
02 --{2.14d)
2 b .by =2 by by =6 ..(2.14e)
2b),.b "2 by b, = 0 ..(2.14f)
b2 - 2b b =l - : 14
11 10°°12 T — - §2.149)
2__1 2
bl, = “ ] ..(2.14h)

As expected, there are eight equations and six upknowns leaving two extra

o

equations. By solving 2.14(a) and (b), we get the values of b00 and

blO as bOO = 4, b10 = 1. By solving 2.14(a), {(c) and (d), the values

of b _, b ., and b0

00 o1 are obtained as b =1, b = 1 and b = 1. The

2 00 01 02

. : N ¥ =
equations 2.14(d) and (e} give the values of blI and b, as bll 1,

b12 = 1. The equations 2.14(g) and (h) are extra and when the above
calculated values of b's are substituted in these equations, thef must
be satisfied; otherwise the eguations will be inconsistent. As could
be seen immediately when the values of b's are substituted in 2.14(g)"°
and (h) they are satisfied, thus we obtain the original polynomial with
thch we have started.

2.3.4 To Calculate (M +N)) from thed given Alp .p,) and (M +N,):

—
The Brune-Gewertz method of the single-variable thecry is utilized

for this purpose.

-~

4

-

It must be pointed out that the other methods_of generating PRFs

1]

from the given real part in the single-variable case may not be applicable

LN . v
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o

upon the type of denominator polynomial under consideration. If the

* given (M2+N2) is of degree s in Py and. r in P, then -

[B] is of order [(s+1) (r+l) + s.r] x (s+1)(r+1)
(&] is of order (s+l)(r+l) « 1, and

13

(A} is of order [(s+l)(r+l) + s.r] <1

Instead, 1if the given A(pl,bz) 1s of degree 2k at most and (M2+N2)
" is of degree k with no missing terms, the set of equations can be arranged
in a compact form as follows:

2k 2k 1,41

I ot fa b =
i)=0 i,=0 1't2 KyrXynoowey
' x,=0 2
i1+x1=u 12+x2=v

N\

where 0 < u < 2k, © < v < 2k and 0 < u+v < k.

jﬁ;éléﬁiiL unknowns and

‘ 2
In this case there are (k+l) equations and

i

-+
hence Ei%~il extra equations; and the orders of the matrices are as
follows:
" 1 2
- {B] is of order (k+l)i x iﬁi~lébi~L
. (k+ .
fA] is of order Letl) . (k22) 1, and .

2
. 2
fA] is of order {(k+1)” x 1
For the existence of a solution in either case, the following conditions
Ll must hold:
(a) For the consistency of the equations:

Rank of {B) = Rank cof [BA}.Z

(b) For the solution to.be unigque:

| A -
Rank of [B] = ‘k”’z"k” . Af (M) is a k™ degree
\

N '~

-~

N
¢

~ N N .

o : L gt . ‘ -

1 “ ~ Lo Tl T BN iy e o . N
T S VN e e by e




polynomial with no missing terms

{
1

= (s+1).(r+l), if p -and p,-degrees of mz*"z’

are respectively s and r.
Once we know that the equations are consistent, the evaluations

¢

of the a's can be done as outlined below. Here we give the method for the
case where the pl-and pz—degrees are respectively s and r. For the case

of the degree of M2+N being k, the same method can be applied.

2

Step (1):

From the calculated value of (Ml.Mz—Nl.Nz), by putting P, = 0 and

-

equating to A(pl 0), we obtain the coefficients of the type ao 0’ al o'
’ 1] ’

a; 4 etc. Similarly, by putting p; = O the values of the coefficients

of the type a »..- etc. can be calculated immediately. To '

0,0' 2,1’ 20,2

determine the coefficients of the type a, 5 where i, 3 # 0, we proceed
. )

to step (2).

\ Step (2):

Consjder the equations whose pl-degree is one and pz-degree isg

(23-1), where' 3 = 1,2,..., ¥. From this set of equations, the values of-

a 3 can be calculated. Similarly, consider the set of equations whose
’
N
pl—degree is 2s and pz-degree is 2j. From this set of equations, we can
. rad

immediately get the values of a, 5° Next, consider the equations whose
. .
pl—degree is 2 and pz—degree is 2j, by solving which, we can obtain the

values of a2 j: Similarly, by solving the eguations whose pl-degree is

2

(2s-1) and pz-degree is (23-1), the values of a can be calculated.

(25-1) .3

Thus proceeding in this manner we. can calculate the values of the

coefficients a, 5 0<i <s-and 0<j < r from (s+i).(r+1{ equations.

’

.
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‘ a00 + 4 aoz—a01 = 4 : o , «+{2.15c)
a5, =.1 - .. (2.154)
- - = I .
. \ﬂ - g * 4 a}l_alo ag, =0 ) % \ ..(2.15€)
AN _ / a, * all—a01-?12 =0 - 1 \ .. (2.15¢€)
. ' .
T aptaggay, =o-le | ..{2.15g)-
& ) \ ‘
a, = 4 . | ..{2.15h)
Y.
Thus,there are eight equations and six unknowns providirg twoe extraj °

equations as expectéd. By solving equations 2.15(a) to (f), the values

of g's are obtained as below:

-

aOC =1, alO = 16, aO2 = 1, aOl =1, all = 4, a12 = 4

. ‘ X .
By substituting these values 1n 2.15(g) and (h), we find that the edquations

are consistent.

The two-variable positive real function that 1s generated fr

the given ze(pl,p2) 1s:

.

v 2 2
1+ 16 pl + p2 + 4 plpz + p2 + 4 plpz
Z(pyrp,y) = 2 2

4+ Pyt Py *t PPt Pyt PPy

1f (sznz) 1s a polynemial in PP, with no missing terms of degree
k. then the above matrix equation can be arranged as shown in equations '

(2.16) and (2.17) respectively for the cases k cven and k odd.

Depending upon the terms that are present in [A] and [B{. the
- above mentioned conditions (a) and (b) can be tested. It may be obsexved
that, §;&;ke the case of a\fingle-variable. where a PRF ¢an always be
1)

generated as long as the real part is non-fiegative, it is not necessary .

to have a two-variable PRF and hence an MPRF gencrated even if the real

4 .

part is non-negative unless the condition (a) is satisfied. ' «~"//

¥




A
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We can see, from'the matrix equations (2.16) and (2.17), that if

' . . . t . .
. the given (M2+N2) is a polynomial of k B degree with nc missing terms,

~then all the submatrices [Dl,ol, [D ], C < i< k are non-sinqular.

0,1
‘et .

- . . , . 2
@ Thus for both k even ard odd, the matrix [ B] is of rank ﬂ(:-l—;——(——‘ﬁ-—) .

/ ;
. \
Hence, whatever the terms that are present in [A], for a solution to exist

¢ be (k+1) (k+2) .

the rank of [%A] 2

discussion deals with e general conditions under which an MPRF can be

generated. Some particular é‘ases of the Ze(pl.pz) are considered in

Chapter III. . o

- * <
Bt N « !
. .

¢

q
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2q wzq-l.w + .t

2q
R T L 2 3,292 )

A(ml,u2) must be non-negative for == < y < «@, the testinq of which

1’2
is divided into the following steps:

”

Step (1):
In this step, the non-negativeness of A(wl,wz) is checked either
for 0 < ‘wll <, @, w, = 0, +t = or for wy = 0, t =, 0< lwali © depending

upon the convenience by means of the tests listed in Table 2.1.

Since the resulting A(w ,m2) for Tests (1}, (2), (7) and (8) is a

1

single-variable even polynomial in wy Or Wy 1ts non-negativeness can

be determined by the known methods.

Tests (3) to (6) can be carried out by inspection. By means of

Tests (1) to (5), A(ml,uz) is testled for the range of 0 < iwll < @ and

w, = 0, ¥ =, Similarly, by means of Tests (4} to (8}, A(wl.m2) is tested
for the range of w, = 0, £t = and O < |w2| <@, If A(ul,wz) is tested ‘foi’
)

non-negativeness either by Tests (1) to (5) or by Tests (4) to (8) we S

proceed to step (2). It may be noted that for testing the entire ranges

|

of ml and wz, either set of the above mentioned tests is sufficient in '

this step, sigce the remaining ranges will be covered in the steps to |
follow. Without loss of generality, it is assumed that Tests (1) to (5)
' -

are performed-and A(w .wz) >0 during that range. Of course,‘if A(ml,w2)¥ 0

1

BN

during that range, the given Z(pl,pz) is not positive real.

. i RS ‘l

Step (2): : —

For covering the remaining range of Wy

1

and W, we follow an extended..

Sturm test as described below.
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The given A(wl,mz) is arranged as a polynomial in w the coeffici-

ll

.cients being polynomials of w, as in equaﬁiorr (2.12) . Let Po(ml,wz) ’ .

Pl(ml.mz) «.. etc. be the correspopding Sturm functions which are givent

as below:

i
4 2¢

' -1
. fo(wz) + wy ‘fl(w2)+.-.+ fzg(“’z)

Pl

"
Po(ml,wz) = A‘wl.,wz) = wy

20-1 . 20=2
Prlopewy) = 20 - foluy) + (0D ) LE twy) bty (0)
P (v ) - - k )+ @2t3 (W) +e. .t (w,) B
1 P3N0 Rt U 1o D LRSS WS AL P YRR P YIS 1L
P_( )= 0?3 h () 4 et b (W)
Rt Sk A T R A Y B R
\
- \\‘ \n‘
X . L

]

Pzz(ml'“z) = yo(mz).

The above Sturm functions are calculated by considering Po(m

l:wz) .
as a polynomial in w, . Thus
. ‘ Vo, ‘“:" >
. . . dPO(ml,mz)' €]
1'Y1r%2 aw g
1 -
. /
P_(w,,w,) w R, (w, ,uw,)
vwe have that mPO(ml 2) = 2—;4- Bl(wz) +\fl( 1) ; (i ) *
1% o 2!ttt
L
, Rl(wl.wz) .
where ———————— is the remainder. Since f_(w.) is non-negative for all
: fo(wz) 0" 2

real values of Wyr We consider the next Sturm function Pz(wl.u2)= -Rl(ml.mz) .

The cases when fo(wz) = 0 for real values-of w_ will bg;’t:onsidered in

2
Step (3) . - ‘

re- - -

Similarly when Pl(wl.wz) is divided by Pz(ml,m;z)" to give a two-temm

i)
» . R Y
- - N
»




) #

/

Ry (wyrwy) 2
quotient, let —————— be the remainder. Since go(mz) is non—negative
go(wz)
f 11 1 i .} = - R . .
or a real values of wz, we c0751der P3(wl,u2) Pz(ml,wz) Again,
the cases when go(uz) = 0 for real values of w, will be dealt in step (3).

Thus, on similar lines the Sturm func¢tions are obtainéd. As a

. . . 2 2
resu%t qf multiplication of the runaln?ers by fo(uz), go(mz), ho(uz)...

etc, the Sturm functions are polynomials in o_,w. rather thar being ratios
’ \\‘

12
o

of polynomials. For finding the non-negativeness of A(wl,uz) for the
values of 0 < !wll < = and O <|u2] < =, the Sturm table 1s formed as

shown in ?able 2.2.
Q

.

Since P's are polynomials of .., instead of being constants for

<

ml = * », the evaluation of their signs is not straight forward. Hence, ;

to obtain the signs of the P's, the entire range of w

> is divided such

S

that during any interval under consideration none of the P's ch?nges
sign. Since the P's are polynomials, the number of such intervéls are

finite. Thus instead of having one Stumm table, we will be havihg a
’

nunber of them covering the entire range of w and for each interval the -

2

sign of the P's is evaluated and from that the number of sign variations

V. o for w, varying from - « to + = is calculated. Thus if

' 1
gm'm ¥ 0, for any interval of m2: A(wl,mz) goes
7 p negative and hence Z(pl,pz) is not
positive real. ’ |
LA, = 0, for the entire range of w, {except at the real ze;os
. of fO' qo, ho. . yO. which is going to be tested

next), then proceed to step (3).
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Step (3):

Po(wl.wz) is tested for fixed values of w_, the range of

A 5 being

1

varying from -« to + «. The fixed values of w, are the real roots of

folmz), go(u2){ ho(mz) . yo(uz). Thus, 1f Po(ml,uz) is non-negative
for all these fixed values of w, - which is again tested by Sturm test -

the given A(ul,w2) is non-negative for O flmli <, 1= 1,2,

—~

L " Thus by daviding the range of W, and covering the entire range

. of,ml at one stretch, we could cover the entire range of w, “and Wye Now

1

the~following comments are in order: -

(1) If fo(w2) 1s having any real root - which obviously must

be even multiplé - then fl(mz) must also be having the

same real root, 1if A(ml,uz) is to be non-negative.

~

(ii) Similarly, if fZQ(wz) is having any real root, so must

” be f2Q-1(w2) at the same value of Wy

'

(iii) 1f Pl(wl,wz) = 0, then Pi_l(wl,mz) is é factor'of secon@

. \
4 3 i H * o ~
order in Io(ul,mz) . ) ‘
(iv) If Pi(ul,uz) = 0 for some partlgglar value of w, = uzo(say),
3 -~ ' &
then pi—}(ul'UZO) is a double root of Po(ul,wz).

£ ‘

w . D

Example 2.3:

Test the function

¢

. 2 2, 2 2,.' 22
2lpep) = M1+Nl . 2+ 2 p1+2 Pyt Pyt 4 Py p2+p2+2 p1p2+2 plp2+2.plp2.
1P T T g 2, o2, + p2
L4+ Py ¥ 3PPyt PYPp Y PRy T PyRy -

». 2 2

-

1 ‘ -
v for the two-variable positive real property. ¢ ) . ~

t










'A(+oo + o) =

A( =, ¥ )

Thus'we see that A(w1

Step (2): .

' 4 3 2 -
/Po(ml.wz) = WGty E 0] b LE e
. v e

3 2
4 wl.f0+3w1.fl+2 w

‘ Pl(wllwz)

_ Lo
| . Pz(ml,m

P3(Ullm2)

where

2
99 = 75w,

L9y T 2w,

v 2‘
9, = ~(26 w, +

4
h =16 wz.(-G

vom u2o s e
2/77 Wp-9q™°91%9,

+ 44

,wz) >0 for O 5'“1| 2w,

a

.f2+f

1 3

t

wl.ho+hl

4 6 8
+.44 wz + 28 wz + 16 wz)

ES

55 7
58 m2 +-12 w2

{4

3
5t

4 6
43 w, + 26 wz)

4

+ 8 w§ - 95fw; - 192 w6 + B2 wa

2

f

!

= + 336 m;_z.- 16 u

-4 wi

4.

16, -

y

g

55







=1

. Ky . ' -
A e .
. . ~_ ", a +a. p,ta .
The two-variable function Z(pl,pz) = bégpl+b01 ~+b00 is positive
‘ e 10P17°01F2 00
N Y M . -t
. real if .and only i#, -, . - .

G
N . v
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Step (3): ‘ S o ‘ |
s , % ‘ \ S
The given|PO(w .wz) has to be' tested at the real roots of fo, 9q°
h d - ! » =
o an kO The re?l roots of f0 9, and ko are at Lo 0 and we &now A
that R .. . : ‘ ! ! -~
s Polwp® = 24wl >0 for 0 ful <.

” /

is yet to be tested are at

The ‘only Jalueixbf w, for whiéL‘pokwl,uz)

w, = + 0.9546 and * 1.731. .
P (w,,0.9546) = 2.572 {w-2 4004 3,3.561 222,565 u +1 1319 |
olw; 0 . wl . ml . “l . ul . )
, 2
~ ‘4 3 2
90(w1,—0.95h6) = 2.572 () +2.4004 w +3.5461 w]+2.505 w +1.1319) )
. ‘ e ‘ _
‘ vg ~3 2 * ;
Polw) 1.731) = 20.9528 (i -1.5679 w)+1.6203 w)-0.7432 w +0.2386)  , 4
R 74 3w 2 :
- Pylwy,=1.731) = 20.9528 (w +1.5679 ul+?.ezo3 w)+0.7432 w +0.2386)
. . . , |

. > . ( ' - -
For these fixed val ? o? Woe Po(wl,wz) > O*since Po(ml.w2L }? not having '

any real roots of w,. . ‘ - .
2 1 Vi “;‘\ - o

.Thus the given A(wl.wz) has ‘satisfied all the required tests for

the positiveness. Hence,, the.given Z?Bi,pz) is a two-variable positive
real function. - E S

t

Special case (i) : . '

-

‘ (1) The a's,ang“fhe b's are non-negative, and
. ' | bad A

A R e S\
Proof: Necesgsjity: N (: ‘
} : . - -
If Z(pl'p2) is a PRF, then the numerator and the denomfinator are )
. ‘ { ' " ‘ N . .
i ! - ‘
. ' ] 1
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Special case (ii):

+

¥

4

»

When the given two-variable even polynomial is of fourth degree

in Wy and Wor a simple testing procedure which avoids the above lengthy

method is given below:

Let A(ml,wz) = A + (A w, + Al,lml'm + A *:ij

By defining new variables x and y, the above polynomial is transformed

into another polynomial, with the degree of one of the variables being

two as below:

.A(x.y) = A(wl,wz) = A + y(A

0.0 2,0

q' 2
4y (A4
M f

2 R
where y = wy and X'= wz/wl.

{

, Aw

1

0

+ Al.l'x + AO,Z

X+
+ A3'1 X A2'

2
XD

2 + A x3+A
2-x 1'30

:mz)‘;s non-negative ;;r all feal wy and Wy if and only if,
CW A4,6' Ro,0r Po,4 2 0 )
N T Al'; +ag ) 2 0
(1i5) (A, o+ Asll PRyt Ayt Ay g) 2 0 and ’
SOy (4 Ago-Pag A;O) + x(4.A A - 2 Azo;AlL; ‘
Voo ‘ |
) +,x%(4AOO.A22 - Ail - 28,0.8,) +,x3(4A

/

+ x4(4A 2

~

OO'AO4

x

° Proof of ﬁhg above conclusion is‘quite simpl

00"

- Aoz) > 0 for - ® < x < =,

By3 7 2Ry, -Rp))

1]
" follows on the

4
0.4.x )







-

>

I
O

Example 2.4: . - ) - -
. . "
; My i
Let us consider a two-variable PRF Z(p, .,p.) = =
‘ - _ 1702 ( M2+N2

s,

b ™
A
“

2 2
l+16p1+p2+p2+4p1p2+4pl 82

2 2
4+p1+pz+pz+p1p2+pl P,

The odd part of the above PRF is:

Pl .

, , 2 2 4

. - hluz MlNz ) 12 PP, ¥ 27 p,pP, + 63 Py + 3 P, + 3 PP,
N I N ., .2 22_ .24 34
2702 Py PyP; Py T PPy T PPy, * Py

v

Now let us assume that the above ZO(pl'pZ) is given and trﬁ[@d calculate

a two-variable positive real function by a method‘i;milar to ‘the one :

\\W followed for the real part case.

The calculation of the denominator polynomial of Z(pl,p2L is the

same as before and hence . i

v

: 2 2
i M2+N2—4+pl+p2+p2+p192+p1p2. ) . ,

’ - \
To calculate the numerator polynomial, we will assume that/

(N
)

‘ TNy, 2

2
My ¥ Ny =850 % 31g°P) * 3Py * 3PPy Y 3550P) Y 29, 0P,
where the a‘'s are non-negative constants. Calculating (Nle-MINZ) from
the assumed (M1+N1) and the calculated (M2+N2) and equating the corresponding

coefficients the following set of equations are obtained.

° 4 aj, ~ g0 = 63 ‘ ..{2.18a)
al, +‘a01i+ 4.a, - e, - a,y = agy = 27 o ..?2.1ab) .
a g - aéo =3 . - k ‘ ..(ZuiacL
4 a1 " 200 = 3 ) ‘ ..(2,184)

RS ~#
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proof for the non-uniqueness of the solution is lacking.

.

The method of testing the two-variable polynamial for non-nega-
tiveness is the extended version of the Sturm Fest for the single-variable.
But it gseéems to‘be too cumbersome to ‘extend the same idea for polynomials
of more than two variables,. and probably an entirely new approaéh may

) have to be adopted for testing such polynomials for non-negativeness.

° The method of testing the two-variable polynomials for non-negativeness .

may be Ggefql in the testing of Hurwitz polynomials of three-variables.
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CHAPTER III
A MULTIVARIABLE ARRAY AND ITS APPLICATIONS ' . N

TO LADDER NETWORKS

3.1 Introduction:

b : : i
" The single-variable reactance function can always be realized as

a low-pass ladder network by a continued-fraction expansion. The re- A

.- R R RN S

. 4
lation between the ladder network elements and the Routh-Hurwitz array

.

is well establaished. Tt is also #nown that not every single-variable

T 2
PPF can' be realized by a continued-fraction expansion. Hence, 1t is

ngtural to predict that not all two-variable reactance functions - being

9] .

~

ggneralizatidons of single-variable PRFs - and hence, not all the

multivariable reactance functions are realizable by continued-fraction

expansion as ladder networks, which 1s corroborated by different synthe-

1 4,16 :
sis procedures[ 113,124,161 Furthermore, for multivariable network

!

functions, the conditions for the continued-fraction expansion and those

for the realizability of ladder networks were unavailable 1in the litera-
[47) . . N :
- N
(47)

In this chapter « We propose a multivariable array from which -

ture

the realizability conditions for the multivariable low-pass ladder net-

.

works (MLPLs) consisting of series inductors and shunt capacitors are
obtained. (Any series or shunt branch contains exactly one pi-type

(1 < i < n) clement.) "This array, for 'a single-variable, reduces to the
» . . . ¢

Routh-Hurwitz array. By suitable transformations, several other types

4
of multivariable ladder networks and their realizability conditions are

derived starting from the MLPL.




o .

first followed by (k-2), (k-4), (x-6)...etc.

degree terms.

- (ii)

v

I
If a
X

’

ax-l,y aq?~ax,y;l

-The second and third rows contain\ék-l), (k~3),

‘

68

(k-5).. etc. degree terms in the foilowing manner:

-~

is a particular term in the first row, then

are the terms respectively in the same

column of the second and third rows. If (x-1) or (y-1)
. * !

\

MRS

is less than zero, then the corresponding term ic zero.

\

From the above array, we form the’ following 3 x 3'determinants: °

¢ k,0

bk, 004 0,50 (x4 9)

I
~
1
[

-
o

u whére O <x <

™ 800y, (0ux) L xuy)
qnd bx =, 2 N .
) 2 4 k-l}? “0,k-1

[>]

- %

Prcn;the.calculatcd values of bx

’

kand 0 <y <k 7

»

—

+

O‘ax ,i’

(3.4

and the earlier second and.third row

terms, the followin? new‘ array is formed:

lst' row: a** a

eesad

k-1,0 20,k-1 %-2,1 1,k-2
"'bx-z,o 0 be-3,1" "o, k-2
o b b ....b
A 0, k-2 «2,0 1,k-3
.- ok Ke2, X

t?’k";'(;'
0

- |

by_g yor O +een

Pk-4,0"""P0,k-4""

..(3.5)

In this array, She first row contains terms of degrees(k-1),

-

(k=3),(k-5)....etc. and second and third rows contain terms of degrees

(k=2) . (k-4) ... .etc. The rules of forming this array are the same as

\ -










» @ ¢ , [} . v 7
v , ) . ) - @
) ' : ‘ . 71
. a . . “ \ . N ‘ o “ *
.o » ! ’ “ ‘ , i . . 4
\’)and . . ,/ AN
Al . N - )
. \ {1i) . when H(pl,pz)A is arranged in the form of the two-variable -
4 L . Fl . . 1]
3 B .- v o .
[ . ’ \ arrays, "the following conditions hold:, . -
. ) < - , o / . ] . & . . )
. . N B .
Y(a) b = Q I'f xty-=k ° .
XY . ' A . D T
- { ' ' ° . N . ] [
e > : _ Do if xby < ko - SRSV e
) PR . : . .. .. ==
B .t . . N h . P LA e,
. o o By = 0 if x.+y, = ¢k-1) ° P
Co Lo 1Yy T Y1 T s U~
rrr:.r.. I‘*"T‘"aﬁl""i‘t’d’ﬂ ..J.;I.I....RIEYJJTE.’"J .u.qﬁfmd:rﬁsf o 4};, .\«J&_‘f{;’ml) :”a ‘kz‘f)n"‘-‘ TRRA-REgh i I YRR D ..aIn\x.J:-an-d'd x--:a TRV R T
B oo (c) and smxl d’lt{m; hold Jfor d ‘ e € PR -S T v R
R . T ')'}2 . ‘3‘3'y3
. L . A . . Y
e . oL . . T - ' b “ -
Proof: Necessity: ool
fo . «° s . ’ ' 3 ‘
oL The transmission matrix-of theltwo-port TLPL of Fig. 3.1 is the -
. R ‘ " . El * -
product of the follcwing matrices:
N ' ’ - 2 é .1 +K& ]) : «
o ‘ ‘ A _ 1 ue Blp2 0 D U 0] ‘
. o e . - L B . .
- o C D 0 1 . + 1 ’ + - . .
- C ‘ 0, AP *83Ps B GRS R o
. " YN : f
: T . : - . . (48] , .
- By direct matrix multiplication or otherwise » the necessity of .
< . \condition (i) can be seen. If the gg';en 2(p,.p,) is realizable as TLPL,
v _ -~ th N o o ‘ th .
«“ then: the k degree terms of H(pl,pz) must be divisible by the (k-1)
. ¥ S C K ) . . - .
- . e\‘ degree te;:mi wj:\thAa quotq'\e"nt‘,of (ulpl+ﬁlpz)~whe‘re Gi\' 81 > Oy with the ’ , .
T remaining terms-‘being posytive. ' In fact this is what-condition lii) (a)
' f - > . ,' : ) «\ . ’ N
N - jmplies: Thus) by ris;peatinq the same argument, the necessity of conditien ° h
v oy R L . . A N . .- i 7Y
’ RO " s ' ¢ o / N
- . (i1) 'is proved. ., ca . ) Vs
4 - ¥ . - « !" o ) ¢ B ' !
’ ‘- I3 ) ’ ° ' ! t
..., fBufficiencys : , . . ,
. A Y . V. . , , ,
T e R N ~ .
i~ f A S » For this part of vthgz prook, we shall consider ' : r
L. L . oo . N . B ,{ - . i “ ) i 4
| | ' ) N(p :p ) ‘ s N . ’ T ‘ “ L
| ) { 1°V2°. i . ‘
I Lp. Y = e S = . L
b e N pl'pz . M(p ,pz) . , ) N . ' A\\ .
CN - Lo ' U . @
. ' and the same arguments apply for.the case . \ . :
. Y P ) . L \ , . , .. »
. . , ’p . , ~ R :
I > \‘i " { e ‘o W ':‘;' »
» { R . 4 Py f ," «: . [ .
o N EOTEE NS .- »
’ * J ) ! ?‘ : t ’n
{ N v " 5.4 & -~
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N
} ’ v N [
v

' . ¥
is pésitive:‘r\fal. By condition (i), h
. * N
" ' " . hk'-2,2

L S *
- -

= (hy o, 0t Pk-1,1 P2t

pz) and from the earlier reasoning, we know that the temm 92 0

k-2 Py

13

9y 5 (Py)
t1}{~'2 (pz)

is present in g ', (p,). Hence, for to be a PRF, 1t 1s neces-

Also, the “pz-degree of

. _ /ary that 9, - 2( 2) must havp the’ _term g k-2,1 Py-

] :
gk 2( )} cannct be more than one, as t}"e total degree of (M +N ) is at * R

rm“.mnmx‘n» AR YT R PRl oA NN RAr AR IR M CPREIABRES DR AR wnwnr.m*;)ﬁmm\\ )“Pml INEF IV IT VT I U AT R T Y}l‘i‘“ﬂ? mnnmw»ﬁ&mm‘mmw WP
m

* s -1). Thus 9 - 2(92) must/be of the form qk 2(pz) (qP 2 0+gk -2, 1p2) . by
By; cohdition (1), we have
k=-31P2) = g 0™Me-3,1 Py th 3,y Py + By 1,3 pz’ - ien, for ,
I3 Py ) ' R . ..
— to be a PRF 1in p,, thé degree of g (p,) has to be at, least . .
h _(p.) . 2 k-3'%2: - - :
., k-3 g ' . i
Tt ‘. . T ’,
“ ‘ two. Because the total degree of ‘(M +N )p is ésé'umed ta be (k-1), we dan

4 have the degtee of gk 3 ) at most two. Hence gk_é ) is of degzee two. »

.' L '... . o B \j ’ .
‘ 9- 3“’7’ 9yt > s '

Fag ™ <= to be a PRF, the first degree term in
Ix-2'P2 qkzogk?.l‘z . -

A
. .
2. , ‘.

gk 3(92),m}1st be present. We also know that Iy 3 o 3.0 and\ hence gk 3(p2

¢

|
. - e |
!

us ' = .+ ) . ; .. \
MUSE be of the fom 9y 3Py} (gk-%.o 9k-3,1 Po*9%-3,2 PZ)-/ S
'5: ‘! ) . '- . . . e } A
. L ' Thus. by similar repeated arguments, we arrive at the concluLI.on . s
' ) * ‘that P o .. \

By e

>

\
. that
s Py By
v '
- “ X
» AR

[

fil(pz)

\

\

-

s
N

(M1+Nl) is a‘polyx‘aomi,al‘ ‘rult

and| thus the lemma.is ptov

i

-

- 2}
(9). 0*91,1 P2¥9y,2 P *

It

weet glk 2 P

Ve

n'ci missing te

k—Z) <y
. A v
2 ‘ . R 1)

ot .
%, »

‘when these’ values of q (p, )‘° ar¢ substituted bac}\ lnr(N +N ). we see. °

s of decice (k-1/®in
¥
» L ‘
. .






o

. \

S ' Q Z(pl.pz) and the real part remains unchanged. Thus, by repedted extrac-

X ‘. . ’
—tions of poies and zerosy we arrive at a zero degree function, which can

be realized as a resistor. Thus the sufficiency is established. .
< {
T . M1+”l )
For the, t{wo-variable PRF Z(pl,p,,) T we can interxpret
' - [ 2 2

T L

_ Ml/Nl' NZ/M?.' Nl/M7 and‘!‘fl"/ﬂ2 as the open-and éhort—qxrcult-drnnng point
2 01T |
1 mxmmmsm)m\»ml;’3smnamﬁ%ﬁ;timmmﬁnﬁmmﬂ&“m"mwﬂﬂﬂl’xﬂmmww”“*Sumnwﬁ@g@:mwwgrawv'ﬁqg'“;mmmmwf'mmmmm}
J |

point functions of a TLPL, they satisfy the conditions of Theorem 3.1.

-

3.2.4 Other Types of Two-Variable Ladder Networks: ‘ |

. ' We propose some more types of two-variable ladder networks as R

shown in Fig. 3.2 and Figq. 3.3. The realizability conditions of Fig. .
& ‘

3.2(a), (b) and (c) laddér networks are,derivable from the low-pass net-

» -
- work as follows: By making Py " %;—.keeping the other variable unchanged,
.o ’ ‘ 1

1 - 2 «

\ . -

on the network functions of Fig. 3.2(a), (b). and.{c} respectively, we .

. . 1 1 ‘ .
P, +%; W\hlie p, 1s unchangcq, and Py ™o & p, ™ v transformations

obtain the low-pass ladder of Fig. 3.1. Hence, the low-pass ladder .

[

\ .
. . ni}:work realizability conditionsehold for these networks also, aftei\ .

a . - o '

e making the proper trgnsformations on the given network function.

»

! Specifica@ly. )‘Z(pl.pz) ;‘the grven two-variable reactance function,
~ 4 \

) - / A > N .
can be ‘realized by the ladder network of Fig., 3.2(a), if ‘and only if,
after making the transformatien ry > %:— on Z([\l,p,)) the resulting network

. 1 <"

S

»

function sat;i'sff;zs the fonditions of Thearem 3.1. f

(39 ¢

i~  Also it may be noted fhat the driving point functu_)ns' of these )
. . . ! - f} ‘ ) [N

o

e

) o - & . : 0 : . N
resistively terminated networks satisfy some necessary ‘onditions, which

« U
‘o

can be used ag.inspoction tests. For example, the input '}mpedance,_

- H

k' l* .' ‘ ) \




/ ’ 1] = ' 1 .
. T “2%a . auv. | £, Py -
z- 1 « k1
\ -
i . 1l'o—s - —_———— e - —— < 27 .
N el DI TIIIN R B IR N TRt hadt it I R M B RO MY MR IR A I I I R D AHMR R AR M AL R A I 1] 1.t s AN YSITEN AT T Fy Rt T LA oE plhia f g yﬁﬂ“;ﬂmm}mmﬂ P £
. . {(a). .
' l . l ,
a. o o '
- ' 171 "2

1 —] ST ——————— o 2
f 4 L1 1 . |
. %57 T 2k kP T ByP,
. 117 L e - 27 )
. s
| ) () P
H, 1 ‘, \
- e11 Be1F2 )
——————— = A2

1 °V
( - !
>i
| ) \
} . w . v R . d \ 5 .
! - - - Two=-Variable Ladder Networks consisting of p]‘and type
\ ’ . I 1Y H ‘ * B T / R . ' "~ A
! elements inuseries in the series arms and i1n parellel in ‘
. « - . . 4 v
L] . o “
T 4 the shunt ams. . ] .
e i " i .
- ) - .
b "W ' ' ' :
' s Yo ! ( ‘ ',‘/\ ¢ ¢
. ;
.-I [ ' ) ‘ ¢ R / .
> * '
\ -



o ] . . .

Z(pl,pz) of a résist'ivevly terminated structure of Fig. 3.2(a) shall be
\ LN
of the following form:

£(ps2) . .

Z(pl.x) Py

= [SIPRY
q(-l )

y , where )\ =
) P1P2
‘ —_ -
. f(p,,2) and g(p,,)) are polynomials in p .\ yAth.no mssing. S, e
TR s ‘m‘:rs::«immu‘zsw}snlmmmmnm;mnm;mmmgu ;1;r,bmmgygmsnmuméum.wn?m‘umi'n'iﬁ;\.mé SRR AR T
and € = +] if g(p,,}) is of higher degree . ;o ;

sA) is of' lower degree.

;“" . ladder networks, where the series arms contain the pl—and p.z-type elements .
in parall\el and 1n the shunt arms they are in series. The real;zab).hty ; \

.conditions of such networks are given by Theorems 3.3 and 3.4. Before

-

)

\

|

|

”

i In Fig. 3.3 arg proposed. another type of two-variable lOSSleiS
|

|

|

|

i that, we present a lemma wﬁiLch is Used in proving the Theorems 3.3 and

3.4, , . , .
\ Lo [y , - -
‘ Lemma 3.2: ’
. ' .
= L . Mlml E 5 ' ) ' ,
4 f \ff%(prw the two-variable positive real function,)is .

. 1)

2

- -

t °

' the input impedance of the ladder structure of Fig. 3.3(a) with redistive

termination, then the kth degree po'lynomials (M1+Nl) and (Mth2) sat_fsfy N
B * \‘ .

the followipg conditions: i
. Id .

(1) /;[‘hey do not have any missing terms, except one of them x‘\or.‘ '

“

having the constant term. . ,

t th . :

. (ii) The j- "(l < j < k) degree terms are factorigzdble as prdduct
L . s

g. > 0.

or suy of product Of, terms of the type. (aipl+8ip2) ’ ?i' i

b
i

' -~










(iii) The highest degrte temms pf-(Ml+Nl) and (M2+Nz) are the

‘same and ngducts of the type '(cxlpl+8ipz) + and it is these factors -

1

that are present in the other degree terms also. N T
. L - §
Proof: ’ ) '

atieal inductaon:

The proof of this lerma will ke given by rath

-
A S Y T e TR RANUS A S SR DA A RS RO R UL AR i RS Iﬁiﬁﬂib}wﬁ:ﬁﬁrﬁﬁjﬁi{‘iﬁﬁiﬁﬁﬁm%ii’ilﬁft’d
== EREY 2
parameters as follows. Let © .
Ve ‘ * bl »
' . Ry By ’
.[ak,l = ) = [a}l. [a]z. cen [a]i:... [a]k
S Sy Dy | : ) ) .
[ ]

! .
be the transmission matrix of the ladder network without the resistive

«

load; where [a]1 is the ®ransnission matrix of the it'h arm. *
.. : . J : . . N |
Thus . ‘ . A S I o
. . 4 - ‘
" , » . . . ' ,
1 " |
1 2 1 0] »
- ! J ol - s
Lyt Py {
[ ‘lal. = or e
‘ 1 |
- 0 1 \ T 1 )
‘v RS’ . Y
. . ” -
. . '
-9 dependirng upon the i~ 'section is serifs arm or shunt aimm respectively.
' Let us prove the Yemma on the assumption that the first sectioh is a series
arm and it can be proved for a shunt arm being the first one on the same ’
! lines. . .
\ ¢ : For the first section, ‘the transmissipn matrix 1s giver by:
[l .
N ( - . \ 1 %
<
. A B 1
T , 1 9 . .
[al]""= ‘ = . . . .
- * D 0 1 -
\ \ N U .
| . . - . .
. . B ,
“+ t R -’
) Ar}d the input impedange for’resistive termination is as fobllows;
a (\ ’ \ N ) ‘v‘ \
. . e . ’
- <
' : ‘w )
. * ¢ , . ') a ' i ! LI ' -
- ‘.—{, ' “ , . - .




f—— : RS

depending upon dhethér\the (r+l)th

1°P1t 1P

section is a serics arm or a shunt -

'

. arm respectlvely. Let us prove the lemma for the case of the (r+l)th

T .,‘...ﬁ..-,........,.._.._..,.,._, .y

'
b RSy ok

PRPE

. L -~
P 1S: . T -
PR
r+l / “x+l] . ‘
(a +l] = - v ) .
c D - . ‘ P
N § L T+l r+l . " ‘ . ,
s . ) ' ~ .\ = -
) A_+B :(a O TR N )
-
- * . (@ 1Py Y3, P : I \
= ' - | E;
-, LA +D!‘(a +l-pl B fl.p") . ! -
\‘/l C ‘ 2
i r. (2 1 p1+e’r+l E,) i . ,
and the input impedance is: ¢ ‘
B - i
. .
+ . N v
z(p,.p,) = 0 N0 TS Ul 25 W - )
4 2.7 M_+N_ ~ R. , -
17207 My, RC D .
- RN ¢ 4
N . PR ¥
r". _ , - ‘ N
* . . Sl - « ‘e + -
. J _ Ren gy Rp R A, ey Pyt Ry )
: ' R.C_.{a_ ,.p +B >V +H[C 4D {a +f
' . . , r , r+l

the highest degree terms.

In‘.l:\' .T"” PP 2o feed b by woeti oot e "'J"‘T’}‘ant.ﬂ.ﬂhu »M.I-&‘El'm
section being a series am, sihce the proof for the shunt arm case follows

on similar lines. Thén t)le tranémission matrix« for E‘he {(r+l) sections

b
’
~

v P2 o e Py r+@§2n >

If A, -and D, h'ad the hlglxesf: degree terms, then B, and C_ . are

We can sce that the previous f¥tors are Coe

&

multlplle‘d by (a +.l.pl tiﬂl.pz) thus satisfying the condltxoi(n).. and .

/Gincc it 18 aqsumc_d that the first bcctxon to be the series ams,
/

1t is sccm that: (M1+N ) is having the constanyfvm whenab (M +N7 dm_s

| L T ( SooE T g

(iit).

",
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\ \ ’ %
* - . ‘I !
N “ .not have the constant temm. Thus the lemma is true for (r+l) sections
% . " : . ) .
" and hence true for k sections. _ A
' ,. L - : N .
) & ‘ Using Lemma 3.2 and Thforems 3.1 and 3.2, we give the realizability
' S COndlthQS for the ladder network of Fig. 3.3(ay without and with re-
- ’ 51st1ve termination in the followlng two theorems.
Theorem 3.3: :
“ ) )
The glven two-varlable‘readlance functlon Z(pl.pz) can be realized
N
by the ladder network of Fig. 3.3(a), 1f and only 1f after maklng the
. + . .I.._T___.._____
transformatlon (alpl Blpz) -»> +B pz in the gaven ﬁunctlon,
((a +B p ) known from Lemma\} 2) the resulting function satlsfles the
conditions of Theorem 3.1. I
) : 10 ' . : -
When the transf?rmatlon (aipl+@ip2)+ o p4B. ) 1s applied on the
L 171 "iY2 .
network of Fig. 3.3(a), we obtain thejTﬁPL. This establishes the above
theorem. ] . . ’
" Theorem 3.4: ' ro- . .
v) -
A M_+N - L
\The two-variable PRF Z(plﬂpz) = Moan. can be realized by a laddegx -
272
network of Pig. 3.3(a) with tesistive termination, 1f and only if .
.. AR . *
\ R . . k ' 2 . % !
- - +="t R, "+8. , _ ‘ . ki
(1) MlMZ NINZ ngl(ulp1 @lpz) where a 81'> 0, k is the

d;&fee of the giver! function, and, the poéitive sign applles if the degrée
o

of the right-hand side is an even multlple’of two and the negative sign'
applies, if it is an odd multiple of two.
’ )
(ii) The kt) degree polynaomials (M1+Nl) andv(M2+N2) satisfy the

A .
conditions of Lemma 3.2.

‘ The above conditions (i) and. (ii), can be replaced by an equivalent
. J \a'
statement as follows: In the given function Z(pl,pz). if the transformation

~ ! v’
. . "’ s +







e ' . g7 \

.

realization of the resulting function as TLPL, by making the retrans-

“Formation (u.p. 4. p.) &« i

- it1 it2 (aipl+8ip2)

f .ot ’ Y
o ' ’

Fig. 3:3(a) with resistive texrmination. Thus the theorem is prdved.

~

on it, we’'obtain the structure of

- . ,
v
r. . N .

)

. 1 . '
From the network of Fig. 3.3{a) by making I E~ keeping p, un-
1 .

changed, p_ - %~ while Py is unchanged, and p

i l—-& > L transfor-
2 17 p. P2 :

2 1 2
\ . ‘ mations, we can act the ladder networks of Fig. 3.3(b),(c) and (d) res-

s

pectively. ‘Hence, the realizability conditions statg@ 1n Theorems 3.3

¢ and 3.4 hold for these networks also after making the proper transfor-
mation upon the given network £unction.

i

These network functions have some simple properties which can be

’

~ utilized as inspectfbn tests and these are tabulated 1Q‘Table 3.2.

Thus far we are discussing twoevariablé ladder networks where

-

each arm contains, both pl-type and pz—type elements. It.is also péssible

to have two-variable ladder networks for which some of the segies elements
v or the shunt elements may he absent. A class of such ladder. networks
Q;ll be discussed in Chapter V. Depending upon the configuration of the
B \networks, the recalizability conditions for those networks can be derived

. . from the TLPL. In the next section, 1t 1s shown how this array can be

extended to multivariables also! ' . .

r

. 3.3 Multivariable Array and 1ts Applications:

N - : ‘ .
The above results can be extended to n-variable ladder networks.
‘We first qpow how the n-variable array can be written, from which the
. realizability conditions for the n-variable low-pass ladder containing

° “

pl-to pn—types of inductors in the seriés drms aqd pl-to pn*types of
& '
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capacitors in tﬁef;hunt arms can be derived. The rules for writing the

n-variable array are similar’ to those for the two-variable arrays. The

- " ’ . M '\

n-variable array contains (n+l) rows and the first row contains the terms
of degrees, k,(k-2),(k-4),..ctc., where k is the degree of the given

: : t o ‘
function. The 2nd, 3rd, ...(n+l) h rows contain.terms of degrees (k-1),

(k~3), (k-5),...etc. according to the following rule: if a

61.52,...6n
] . ' ~ .
is the term in the first row, then a , a *een
- 61 1,62,....6n 61,&2 1, 63...6n
and a6 s .y are the terms respectively in the 2nd, 3rd,... and

lf. n-1' 6n , .

,(d¥l)th rows, but in the same column. If (6i_1) is less than zero, then

.
/

the corresponding term is zero. -
- TS ~

HOWever,qthere is a slight deviation about the value of the deter-

.
&

o minants. Thus if, ) \
- . %%,0...0777%,...0,k %8 . ...8 ~ 1,
, [] 133 7
p ]
a . ‘
k~1,0,...0-- @€ - --a - T T T o
- eesl
SRCTRLPYRRELM
O . '! 3
A ) .
(ke0..0),+.(0,..0,k)(6...8 )=1. ’
. l n . .« Y o . -
» ’ - !
‘ Y
[0 T .0 .
O ...... aO,-.oO,k“l a6

-

7 v o0 —l'
1 6n-1.'6n
e :

is a determinant of order (n+l), then the following conditions shall hold

in order that the given' n-variable reactance function is expressible as a

»

continued-traction: ; —

004200 40 40,12 0,K) 4 (60006 )
» n

1.

]

O,if 8§, +,..48 =k
_ 1 ' n

3

v

Ll

0, if (6. +...48 ) < k and the
. 1 n '

a







_ r
"3.4 Conclusions: N . .

\ - . ~ .
. M +
In this chapter, a mulp}variable array is proposed by means of

. B 1
which the realizability conditions for MLPL are derived. Startihg from

. . |
the TLPL, by mecans of various transformations, different ladder networks

-

are obtained. Also the realizability conditions for the resistively

I8

terminated’ lossless ladder networks are .derived. This briqgs ocut the

v
.

n Ll
important point that, for cascaded networks in addition to the re?lrpart-

criterion, there need be-~some extra conditions satisfied. The extra :

t

conditions for the resistively terminated TLPL are that the numerator and
the denominator of the given function must be polynomials with no missing
terﬁs. By suitable transformations, several other types of ladder net-

works are also derived, whose realizability conditions can be obtained

from those of TLPL.



CHAPTER IV, .

CASCADE SYNTHESI1S

4.1 1Introduction: ° , . -

0 ’ s . - .-
The synthesis of resistively terminated cascade connection of UEs

. iy
N -

separated by lumped lossless elements has received considerable attention

~

and has been discussed by sevgral authors by the multivariable approach

.

;, —-

Such networks are important for the microwave filkers using cascaded coaxial

.

;’\ ' -
lines wherclumped discontinulties inevitably occur or networks containing

semiconductor clements and UEs, etc. :

'
L .

It has been shown that the synthesis of cascaded coammensurate UEs

can be carried out by means of two-clement kind ladder networks[52'53]:

| N " R ‘&
. In this chapter, By defining Ry = sinh st and py = s cosh st, an equi-
valent relation-betwecen the cascade 4f commensurate UCs separated by

) - -

lumped series inductors on one side and lumped shunt capacitors on ‘the

other side, and the TLPL is shown to exist. This enables the synthesais

a

of such cascaded networks to be carried out by the continued-fraction

- -

eﬁbansion instead of the Rachards' transformation. Also, a simple method

of synthesizing iji,s))'bllxnear 1n each pl[ by a cascade of non-commen=—

surate UEs se¢parated by lumped lossless two-ports terminated in a resis-

. * tance 1s presented.’
* [

1471

i 4.2 cascade of Commensurate UEs and Lumped Lossless Llements :

2

, consider the networks of Fig. 4.1(b) and (¢). Both the circuits

’

R have an ideal tr?nsfonnor of turns ratio l/vl+p2 . which is frequency
[ ' . A 1 . .

dependent. This is created for the mathematical convenience only and
o ’ ) o5
care should be taken to-see that it must be climinated from the realized -

r .

'

n

(22,31

network. The chain matrix for these networks is given by: .




Q

At

: 3 - 'z ~ -
‘L ’/l+pl oP1 Alp)) - Blp))

;-; lh - I Jl+p2k ' N

1

5 R ' [ | :
‘ I ‘Lyia.pl.v’hpi /l+pi LC(pl) D(pl) 7

>

where Y _ = l/zo.

»

»

The transmission matrix of .a UE in the pl—pl_ane is given by:

i i 7/’~~—-— - !
Co ) B . _1 . ' =
/1+p2 - BPy A(pl) B(pl)‘ LF(s)

1

N 4
d ’

E(pl) = , ~ =1 - :
. cip,)
. VAR 1
' Yopl £ '1+Pl . ‘F(S) D(Pl)

-

e

|
where F(s) = cosh st.

) 3 !
In this form a(pl) is equivalent to S(p , but for the texrm F{s) in the

t52)

!

-

!
off-diagonal elements. Following Pang
&

of Fig.-4.1(b) and (c) as the left hand (L..H) and rightthand (R.H), J-

N

equivalent 1C circuits of the UE respectiveiy. This egquivalence is

» we shall term the networks

called the ll-equivalent since a cascade of two UEs is equivalent to a .

N

ll-configuration of the LC network in the’pl-pl:ane; whenever the first UE

is replaced By the L.H equivalent and the second UE by the R.H equivalegnt

LC network. ‘ 7
. L7 M Al

A% .
by o®

N
" Similarly, the networks of Fig. 4.2(b) and (c)nconsislt of frequency

-dependent transformers of turns r:ati'o /1+p2 . The chain matrix for fthese
‘ 1

\
networks is given by: C. . -

© )

N o
.










" . ¥ . PR "

ﬁ *q . .ot . 98

2 -

other, if the number of UEs 1s even; otherwise, there will be a}ransformer

- at the far end. "The equivalent relation remains invariant for the cascade
P Lot > ‘
*of .UEs. Thus, the'synthesis can be carried out either by the li-equivalent

-

or ﬁhe"i‘—e uivalemt LC ladder ?etwork through thg continued-fraction ex- . /
. . - ]
3 \ s T A .
Mpansion in l—plane. The input immittances oﬁ\t’:\hese networks are given / .
, \ ‘ ¥y below,- which apply both for the agven number“and odd numbe*f UEs.

.

For' the N-equivalent: .

: _ . pip,) - L t ;
. Y, ey = T =¥y REAC o Yk . |
~ N - - A e " -
” " 2By = AR} /Clpy) = 2, (p)) /F(s) .o
g . t v . ) b
. . For the T-equivalent: ' . N -
A ) ey 1M1 - ' ' )
! Yll(pl) - B ‘(p ) = yll(Pl)/F(S) . v ‘
& 171 . )
. . . - ‘- =
T - Aptep) B : - (
. - le(pl) = Ez—(—-p—l—s- = ZlTLpl) -FLS) i .

o

. & '

where yll(pl) and zll(pl) are respectively the short-circuit and open-

- ‘ circuit drivaing-point functions of the LC equivalent netwopfks and ;11}91)

N [

oy and Ell(pl) aré the corresponding quantities of the cascaded UEs.

e Rd
Utilizing the above derived equivalent relatjons, we glve here .
£ q » 9 :

the realizability conditions of /a resistively terminated cascade of UEs

\0”’ s
| . . . .
% in terms of the i{(T)-equivalent LC ladder network in the following theorem: 2 g
| ' .
! Theorem 4.1: ' ' . o
L] A v
The input impedance of a resistively terminated low-pass single-
- »

,variable LC ladder network,. z(pl) s is equivqlent to that of a cascade of

UEs with resistive terminatior‘l.’ if and only if







1 " ’) ,

. . D )
the la@ﬁér network syccessfully into cascaded UE .network.

The fo&igwlng 1s a proof that the'lLC nctwork is always "compatible”..

“« T
," ' N - N 'y
. + From(Figz 4.3 it is readily scen that the driving-point impedance

z(tj) .at any\m$d44;r1es position is always zero, and similarly the driving=-

v

* ]
- point admittance at any mid-shunt position,y(i3j) 1s also zero. That is

¢

y(*3) = z(+3) =0 ..(4.1)
- ] 4 3 ‘
* Progressing from the far end, we obtain
1 1 ‘
— = 4 7+ — ———— = ) 2+ —
| Yll(ij) 0 4 ‘Yo + y{(%3) 0 +3 YO 1
But condition (ii) ab elds . .o
o ,
nl(ﬁ'
S = 0 . ks .- (4.
e GRS (4.2)

Hencewzo = %-n
- 0 :
Thus the condition '(ii) ensures that the 1C network is always compatible.
' o '

f (ii)} « Positive realness: The de;omposition process does not
pgeclude'thag one of the decomposed elements from being negative.
Thenfgllowinq i; a proof that Zi (0'§ 1 < m) are always positive.
Figs. ;.4(a) and (b) show the typical LC impedance and admittance

- functions respectively. From Fig. 4.5 l/yl(pl)‘is the impedance functidﬁ

after a‘capaéitance has been zcmovea in the course of cont%nued-fraction.
v expansion, and ya(pl) 1s the admittance function after a series inducténée;\
has.jé§t been removed. The dotted lines in Fig. 4.4 show the new zero

b - e
positions when a series inductance or a shunt capacitance is removed from

l/yl or y, espectively. 1t follows from condition (i) that the poles

? A

and zeros of yll(pl) {zeros of nl(pl) and mz(pl)]'are initially within ‘ .

[
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1

3

(a)'

”o

Yg(dwy) = y3(Juw,)-ju (¥

e (D) '

Fig. .4.4

v

2




) ’ ' ’ . .
o o .
—t 3 v —
’ - > .
. - o A
) XI0M3ON 243 FO SIUTOd SROTIEA @ SUOTIDURF dDUPIJITUPY - ;
) o ~ . ¢ g°p "bra .
: ‘ . . Tt
4 . : QLY S
- — N . v K N - F
Iy“' — F' —— e o= — ow - ) )
» . N ~ - - '
. - T .ﬂ . , -
. K d
Z+T T o 4L rera L4 .13l . Lot ;
X ,AW I_ﬁrlc .I” A sm ,uvl —— ’ mlﬁ.l J' ay Q a——
. . - = ﬂ-v_(v . ,
- ]‘\
-— ey e — - W’Eil.l‘.
- . HN.HQ e~ ON-HQ
~ g
’ . R -— -
- . - ./tn N ¢ * N w..n
e ' . .
. = : 2
. ) ¢
’ —— . N - - . . s - N

¢
R 1




Fig. 4.6 _

(a) UE termnated in a capacitor, (b) Equivalent network of (a)
f . .

A

(c) and (d) Series inductor equivalents.

b







E3

one side and shunt lumped capacitor on the other side with resistive
) .

termination as shown in Fig. 4.7(a) are derived in texms of the TLPL |

L :

with resistive termination. -In the cascaded structure of Fig. 4.7(a)re=-

placing the UE and-the right side cayacitor by the egquivalent network of
)

Fig. 4.6(b}, series inductors by thel network of Fig. 4.6(d), and UE by

the network of ﬁig. 4.21¢) we obtain the TLPL with resistive termination
of Fig. 4.7(b) as its ecquivalent network. As its single-variable counter-

part, there will be a transformer at the far cnd of the ladder, if the
[ ]

number of UEs is odd. When the chain matrices of the equivalent networks

-

1
are multiplied, we see that the equivalent relation remains invariant for

L4
> E]

this network also. The relatiom between the input immittances of these- v

two networks are given below:

“
i

yo, ’ ‘Y *
D(pl.pz)

B(plrpé)

il

f -
= ' —
yll(plrpz) Y11(91'p2)/F(S) |

LN ) B 4 A(pl’pz) _ N \
2 (P p ) = = 2 (p Ip ) OF(S) [ -
A RS L C(py.p;) 11'F1'F2 S
wheigAyll(gl,pz) and‘zll(pl,pz) are Fhe short-circuit and open-circuit

oo

Qriv1n -point functions of the TLPL of Fig. 4.7(b), wherg as §ll(pl'p2)

,p2) are the corresponding gquantities of the lossless two-port '

Now?utilizing Theorems 3.2 and 4.1, the realizability conditions :

. {
for the network of Fig. 4.7(a) are given in terms of the equivalent two- .

~

variable ladder of Fig. 4.7(b) in the following thcdter.

\ 8 .

-/' ' -

.



109

LYl B
’ «31n3oNnI13S 1471 JudTearnbd (q) -
v . - - : , .
i . *UOTIPUTWIA] SATISTSSI Y3ITM 3PTS ISYI0 3y3 uo _ .
’ o " adu : ’ osen (e -
- zo31oedes poduny 3uUNYS pue IPTS 3UOC UO I03ONPUT padum] satxas Aq paieaedas s3an 3o ape ,io (e)
K . . \\ln\\\r\\l\\\\\\.\u , )
\\: ~ N.. v om...ﬁ.m _. - —
- - -~ \ -

4
9]

PO T

Pl
-~
s
P
s
Ty

N ot . .
e heda S N e e T kg

G
0
. oy

[y




N

. 111

conditions (1i) and (11i) by Theorem 4.1 assure the decomposition of the

- !

single-variable ladder into an equivalent cascade of UEs with resistive

termination. Thus the theorem fcllows.

¢

:'I‘llus ‘by defining P, = sinh st and P, = s.cosh st we have shown
that cascade of resistively terminated UEs'se'parated by lumped series
inductors and shunt capacitors 15 equivalent to TLPL. Thus the cascade
synthesis can be carried out by the contglnucd-fractlon expansion, the

tonditions for which are developed in Chapter III.

(54]

4.3 Cascade wf- Hlon-commensurate UEs and Lurnped Lossless Networks :
{55] s -
Premol1 has given a simple method of synthesizing Z(pl) + Where
i .
p, = tanh T, S bilinear in eath variable, as a cascade connection of

.

non—-commensurate UEs terminated 1n a resistance. lere, we give a method

of synthesizing Z(pl,s), bilinear 1in each P by a cascade of non-cammen-

surate UEs separated by lumred lossless 2-ports, terminated 1n a resistance.

The synthesis method 1s based upon the following theorem, wh chQ glvés *

| m.+n
.. 11
the necessary and sufficient ciondlhons\for an MPRF, Z(plrs) = S of

2thy

arbi trary degree in each varluz)le to be realizable by a cascadg-of UEs

separated by lumped lossless 2-ports terminated 1in 12 resistance, in terms

of the f\fnctlons ml/nz, m?./n:’.' nl/m2 and nl/nl. A
A,
Theorem 4.3: : A} h

The necessary and sufficient COndlth[lS for a multivariable posi-

m_+n
1

mytn, .
[}
commensurate UEs separated by {)aSSIVe lumpred lossless 2-ports terminated

§

in 1N resistor are’
4

tive real function Z(pi,s) = to be realizable,by cascade of non-

ol




¥ ) 2

5

-

Sy 1 M "2
(i) — and (— and "— ), the multivariable'reactance
2 2 ™M "2

fux&ions must be sf/nthesizablze by ‘cascade lof UEs, and passive

. lunped lossless 2-ports terminated in a capacitor and inductor “
+ 3 «

respectively (indlictor and capacitor) in one‘dof the P

variables, and
>

(ii) The values -of the term#hating capacitor and inductor are

reciprocals of each other. ‘ o L

«
'

Proof: Necessity:

*
‘ m_+n - o u
. Let the realization of Z(pl,s) = nan beas shown in Fig. 4.8. °
' 2 =2
> " U T S T
.The# we have that —==2,) and —=" = T o= 2,)) ofdikhe

2 M2 Y M1 Yoz .
-t ‘ o 1 \2( g L )
2-port N. Since Z(p..S) is cascade sy'ntl’(e51zable, Z. % ’ an
, i : . 11"y - p2 Y
¢ 11 22
m / ' '
3
are also cascade synthesizable. 1In casé of n-l- (=le) the last UE is

.o ( ' N
. - ) . Rn i)
open-circuited with input impedance of ;— {(assuming that pn—type is the last Fy
~ o n N '
. . n,o 1 .
UE'of characteristic impedance Rn), whaere as for — (= —/—), the last 4
, "2 11 o,
\ . . &
UE is short-circuited with input impedance of Rn'pn' Thus the conditions
. . ¥ - .
- < n m, ' .
of the theorem are satisfied. Similarly for the case of.,;—- and P the
: 1 2
termin@ting' 1nductors and capacitors will be of reciprocal values. Thus
the proof of necessity follows. &, v
Sufficiency:
) \’ 3 ) -
. " ™1 M :
"We shall prove the sufficieéncy for — and == . It can be proved

2 t“2

1( . [







- 114" -
‘ ™ "2
on similar lines for — and — .
n
l 2 N L4
ml n
If ;—-@nd o\ 2re cascade synthesizable witﬁ\PEs and lumped 2-ports
2 2 < ‘

with inverse termihations, then mlm2 -n n2 has
i
2 5i
(a) 1 (1 - p;) = corresponding to the UEs

H]

- r
(by X

Qj(s) Qj(—s) corresponding to the lumbed 2-ports, and
i v .

1

(c) (1 - Xz) corresponding to the inverse termination,

o

where X is the one of the P, variables.

Thus m_m_ - n_n

1™ 172 > 0, for Re p, = Re s = 0.

+n . m. +n
We can easily infer that F(p.,s) =fii__§ and Z(p,,s) = 1 1 are multi-
. i n,+m, i m2+n2

variable positive real functions.

m n .
4 If we have extracted from ;l and ;i "a UE of say'pl-type with
2 2

- '

characteristic 1mpedance Rl' then

m n m.+n '
S R, = 11 for p, = 1 ‘

: m 1 m_+n I

. . 2 2 . 2 2 < .
A3
‘ . my ny
Similarly if we can extract a lumped 2-port from — and e the same
2 2 ‘
m_+n ¢ .
can be extracted from ——, also. And corresponding to the inverse
22 _

) ™ ‘nl ‘m *n, “

terminations in — and — , will have a UE with 19 termination.
n, m, " m,+n,

Thus we have proved the sufficiency.
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in each Pye by a resistively terminated cascade of non-commensurate
UEs separ[ated by lumped lossless 2-port retworks is developed.
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CHAPTER V .

REALIZATION OF SOME TWO-VARIABLE FUNCTIONS

. 5.1 Introduction: .

-

- Several sy;ﬂ;hesis procedures are ‘available in the literature for

’ the realization of two-variable reactance functlons[ 1 + . The realization
. ,

: . methods for theé two-variable reactance matrices given in [13,14,16] require

either ideal gyrators or ideal transformers. llowever, the class of net-

. work functions considered in Chapter III require neither ideal gyrators

-~

nor ideal transformers and are realizable by ladder networks.

In this chapter, we propose a new type of two—variable reactance
network similar to the sing&e—variable Foster form*. The equivalent
ladder and unsymmetrical lattice networks for t:.he Foster- forms are also
derived. It is shown that this ladder network is a special case of the
two-var;able ladder network considered in Chapter III, in the sense that
the series arms contain only pl-l(or p2~) type of reactances -and the shunt
arms contain only pz—(ox pl—) type of reactance elements. The realizabil-
ity conditions for this class of reactance networks are directly derived
from the nature of the reactance functions rather tinan taking recourse

. to the two-variable array. The partial polynomial derivatives of the

R above network functions are studied in detail.

—

By making use of these networks and the results of Chapter III,
we derive the conditions on a two-variable PRF, so that it can be
realized without transformers similar to the single~variable Miyata

*method.
|

* In this thesis, for the sake of brevjfty these are called the Foster

forms. ;\
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From this we have -

2eypy)  Meppgtr) | Terey) 2(p) (5.3)
P, R(p1p2+si) H(pﬁsl)

~ ¢ ¢

?here P =PP,-
From 'the above conditions Z(p) is an RC impedante function in the

)
p-plane and can be realized canonically and its partial®fraction expansion

-

2

is
a a, . )
Z(p) = a_ +,=+ 5 —1 ..(5.4)
K o' % p*s ’ o
From (5.3) and (5.4) r .
a a.p,
1 171 ' .
2{p,,p,) =ap, + —+ L —— «+{5.5)
172 071 ‘pz plp2+5i

-

which can be recalized by pl-type inductors and F,~type capacitors in the
Foster first form.

li(p,p.+a,)

lp2 1
[24
P, n(plp2+“i)

Similarly, the function Z(pl.pz) = can be realized'

by pl-type inductors and pz-type capacitors. Thus the proof of the theorem

I
follows.

The realizability conditions for Class B structures are given in

*

Theorem 5.2, the proof of which is similar to Theorem 5.1 and hence it is

L4 .
i

omitted.

Theorem 5.2:

The necessary and sufficient condiéions for the two variable re-
agtance function Z(pi,pz) to he realizable by the Class B structures are:
(i) Z(pl,i) i; an RC hﬁpedan;e function
(ii) 4141.92) is an RL impedance fun;tionliand

/ .

I







' are also realizable by similar structures.

» . - @’ ~ -
Proof:

N

N\ The proof is given for a particulargyype of function, and similar

Ed e

proof holds for other types also.

|

{

| ’ Let . N

| .

|
N(p,,p.,) p, Nip.p, + a,)

1 2(p b)) = st = L2 : .. (5.6)
D(p,rpP,) H(plp2 + Bi)'

* [

be the network function under' consideration.

> [

From Theorem 5.1, we have for constant positive value of

N(pl.pzo)
) = —————- 1is an RC admittance function in Py-

(say) +Z{p) +Pyq D(p;rPy4)

P2%Pag

Hence,

NIy rPygl /3Ry~ TPyPyg v oyt 5.7)
BD(plypzo)/apl Pjo n(plp20 + Bi)

is again RC admittance function in P, - Thus it is seen that (5.7)
: satisfies the conditions of Theorem 5.1 and hence can be realized by the

ggste;,first form.
/ ] . - ' ) ’
oN (pl,pz) /apz

- . The proof can be given on similar lines for 3D(P1?P2)/392 also,

. By extension of the prdof of proposition (i) with respect to Py -
- P ] \

» proposition (ii) can be proved. v

* The network functions obtainéd py‘partia%‘polynomial diffe;entiation
of Class A and Class B functions w.r.t; P, and pz are tabulated in Tabls
5.2 apd 5.3 or equivalently in Fig. 5.2. In Chapter 1I, we have dealt
wi%h generation.of MRFs from a ;iven MRF. Tables 5.2 and 5.3 provide us

'

with some more methods of generating two-variable reactance funckions.

|
|
|
|

-
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variable positive real functions, similar to the single-variable Miyata

methodlsol. ‘

The following theorem gives the conditions under which a givgp
function can be realized both by TLPL and the network of Fig. 5.3, based

upon which, a transformerless synthesis method for two-variable PRFs is

prcposed.

heorem 5.4:

If a given two-variable rcactance function z(pl,pz) is realizable

.

as a TLPL and if the same function has to bé¢ realizable by a network of

Fig. 5.3, then the necessary and sufficient conditions to be satisfied

by the TLPL network are:

‘

(i) The values of the series arms impedances are constant

multiples of one another, and -

(i1) The values of the shunt-arms admjttances are constant

multiples of one another.

Proof: Sufficiency: -

If the given Z(pl,pz)"is realizable as TLPL satlsfyihg conditions
(i) and (ii), we sece that this is equivalent to another ladder network in

the variables Al.hz, with Al-type inductors in the series arms and Az-type

<

capacitors in the shunt arms. This network is nothing but the ladder

¢
equivalent of the first Foster form discussed above. We also know that

if the first ladder equivalent exists, so does the second form. That is,

+

the Z(Al,X2) can be realized with ) _-type scries capacitors and xl-type
P4 + " ,

shunt inductors. By replacing Al,x2 with the corresponding values of

pl,pz we seec that the sufficiency follows. ¥

.

!
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Necessity:

By analysis we can see that the chain parameter C of the TLPL

satisfies the following conditions:*

a) The first degree term of C = [ yj .
i=1

b) The highest degree term of C = (1 Zi) . (1 yj)

Y

Then K/C of TLPL is realizable as the network of Fig. 5.3, only if the

Py

first degree term of C is a common factor of all other degree terms of

C. This can happen only 1f the shunt arm admittances are constant

¢
~

N -

multiples of one another.

i

Similarly by proceeding with D/B of TLPL we arrive at the conclusion
that the impedances of the series arms must be constant multiples of one

another, and thus the theorem follows.

Utilizing the ideas developed thus far we present a transformerless

synthesis method for a class of two-variable PRFs, similar to the single~

variable Miyata methodlsq].
M1+N " ‘ ’
If M2+N2 is a Fwo-varlable PRF with MlMZ - NlNZ = iio(a1p1+slp2)

t

such that each degree term is positive for all w and MZ/NZ is realiz-

lowz;

able as TLPL with the values of the series amms impedances and shunt arms

M1+N1

admittances being constant multiples of one another, then the given NN
’ 22

can be realized as a series connection of two-variable ladder networks.

)
. /

»

hd yj and zi are respectively the admittances and impedance of tye shunt

and series arms of a TLPL.

¥ -

v
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The validity of above conclusion can be explained as follows: If
the values of series arms impedances and shunt arms admittances are cons-
tant multiples of each other, then the TLPL can be considered as a low-

pass ladder of A [=(ulp + Rlpz)] and we know from [50],that if

1
k 5 :

MM, - N N_ = T al-(-x ) BN a > 0, then the corresponding immittance

functicn can be realized as a series connection of resistively terminated

ladder networks in A-plane. Hence,by replacing X by (alpl + Blp2) we

)
obtain the required two-variable network.

From this result we see the restrictive nature of Miyata method -
which is restrictive even to the single-variable case - when extended to
two~-variable functions. We have considered here a more general class of

functions than were considered in [9].

Necessary and sufficient conditions for the realization of a class

5.5 Conclusaions:

of two-variable reactance functions in a form similar to the single-

variable Foster form are derived. It 1is shown thag)if Foster first form
exists, t£en,the Foster second form, the equ}valent ladder and unsymmet-
rical lattice networks also exist.. It is als%;spown that these petworks
constitute a special class of two-variable ladder networks considered ig
Chapter II&. )

.

1t may be noted that, if the two-variable reactance function is
realizable by TLPL, 1t may -not have the corresponding Fostg; form of ghe
type discussed above, since, the even and odd polynomials of the TLPL
functions may not necessarily Be faétorizable as required by the Foster

forms. It has to be inferred that in the case of single-variable

.
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A

CHAPTER |VI

CONCLUSIONS AND SOME SUGGESTED PROBLEMS

5
J

6.1 Conclusjions: ™~
This thesis has studied the properties of MPRFs and the realization

of multivariable ladder networks, the main topics of investigation being:

(1) Generation of MPRFs by the Differential Operator and from
W .
the given multivariable rchl part,

w
. N Q =
(ii) Realization of multivgz:‘lable ladder networks, and \
’ Pl
. (11i1) Synthesis of cascaded structures consisting of commensuyate .

Q

UEs and lumped elementsh

Generation of MPRFs by the differential operator i1s considered

’ %
first. Methods are given for the generation of MPRFs 3?\ n-and (n-1)-var- *

.

"~

iables from the prescribed n-variable PRF by the differential operator.
By these a neces;ary coefficient test is also provided for. an MPRF.

A method of generating an‘MPRF'f?om the prescribed multivariable
~real part }s considered next. In order that ar: MPRF can be genexated -
from the prescyibed multivariable real part, _in addition to its non-neg-
ativeness some-more conditions need be satisfied by the nqmerat;r'and the .
denominato; poll‘momials of the real part. These conditions are caused
by the fact that ::he. number of equations to be solved are more tlhan the
number of unknowns. This is contrary to the single-variable case, where

the number of equations is® equal to the number of.unknowns and non-neg-

ativeness of the real part alone suffices for the generation of a PRF.

By extending theisgurm/test, a method of testing a two-variable

polynomial for non-negativeness is developed. To cover the entire tangg,,,/ -
, 9

- - .










Vo

-,

single-variable cise, .as the number of equations is one less than the
g

‘
’

number of unknowns, it is concluded that the‘solytion is non—unique.
But, in the multivariable case, it appears that even though the number

‘of equations may be more than the number of unknowns, the solution could

!
still be non-unique. It ig worthwhile to pursue this, investigation

further. ®

(ii} The testing of a polynomial of more than two-variables for

.
a

‘non-negativeness by the method given in the thesis appears to be tedious.

Howgyer, it is hoped that this method may prove useful 'in the testing of

J-variable Hurwitz polynomials similar to the Ansell's method. Also, in

-
-

an entffely new approach may have to‘besieveIOped.

.
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