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. ABSTRACT

\

The Use of Auxiliary Information For Estimation

5 K v . , - ¥

In Finite Population’ Sampling

w

’

‘L.S.W. Li Vong Shing S

-

In this thesis vwe consider tha nethodn ,0f psing auxil-
iary information to 1ncre;se the efficiency of estimators in .
the finite population'sampling./ Three basic nethods known
as Ratio, P;oduct and - Regressif; ;atinatOta are considered
with respect to the, fixed population appronch and superpopu- ' . »
latibn model approach. We‘tevigw the prope{tien of thclg
éatimniqfsAunder the two gpproache?~npd pr;vidé a»linfted
review of furthe; more 'recent investigations, 'A‘nupeticai
study of the three estimatérs under the Durbin's (1959)
superpopulation model is carried out, A class of super&oyu-

v

1ation models which may have ; gréater appeal is proposed '
- @ . .

and analytical properties of the three estimators under the

model are derived. "
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. - * . CHAPTER I

INTRODUCTION (
: S0

t

1.1 Use of Auxiliary Infotuation in Snnple Survgz

If there is one thing that distinguishes sampling theory
from general statistical theory, it is the degree of emphasis
laid on the use of auxiliary 1nférnntion for inproiing the
, precision‘of estimates. The use of an auxiliary %uriablq x
in the estimation of the finite population total or mean of
a characteristic variable y based on a sample is usually
made through ratio, regression and product estinator.* Such
estimators t{ie advantage of the corrglation between the 'x
variable and,the\chatacteristic Y.

The ratio estiu&tgr'works better than the sample mean
when the corre%ation coefficient is high;yapOBItive, wvhile the‘
product estimator works better '{f the coFrelation goefficieng
is highly negative (whegever fl:io of means is positivei.
Positive correlations are often en;ountered in practice, how-
ever it 1; not uncoammon to observe higﬂi& negative c9rte1¢tions
also, e.g. when a transformatién: x + 1/x of x 1is induced
to }1nearize the regresgion function. One such example 18 in
estimating Hourly Earnings (y)”uqing the auxiliary v;}iable,
years of Experience (x) (see Neter and Wasserman (i974) PP-
130, fig. k.17). Negative correlationl may also arise naturally
in industrial situations e.g. in Draper and Smith (1966). PP

351-352, pounds of steam and Average Atmospheric Ptelsure are

negatively correlated (r = -0.8452) and pp. 365-367, amount

-1-
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of tricalcium nlufinpte and g@mount of tetracalcium alumino
silicate are highly hegativei§ ;ortelated’(r = «~0.8241),
The optimal regression estimator in general takes into

account any amount q{ correlation between the main (y)

and the auxiliary () characteriséica and redu%ea to the
ratio estimator under a specific model (see Chapter II1),
vher;as a generalized product c)n be.shown to be approxi-
mately the same‘as :hé optimal regression éstinator (mee
Chaubey - eg-al (1984a)) The tegression'estinatot is thus -more
~appealing compared to the product and ratio esti-ntofs.
Howeve}, because of its conputations\nature, it has gained
populari;y only, recenti} due to adveﬂt of high speed,” con-
venient and cost effegtive computers. ‘On the other hand,

v

wvhile ratio estimator has been quite popular with practi-

tioners in sample survey methods because of the necessity

estimating ratios (e.g. per capita income), product. m
seems to have been ignored, possibly, because it seems a bit
artificial,

! ¥
In this thesis our interest is in making a (limited)

N ’

survey on the available methods ‘0f estimation using the
. ¥
auxiliary information and making a comparison of some of

w

these methods.

Although the methods and procegdres discussed in this
S
thesis can be extend2d to other sampling designs such as
stratified sampling, cluster sampling etc., however our

interest will be on simple random sampling. Section 1.2

4 ‘ .
gives Egﬁgpaiq_dotationa used in this thesis and section 1.3

P R
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discusses the two f:anéworks; the desigg}and the model for

comparing the estimators., The last section in this chapter)

e [y

(1.4) presents an outline of the thesis. ™ .

[ 4 ) . ~
»

1.2 Preliminaries and Notations ) i

)

. -

Notations! . ; \ .

'y ese ¥ ' . Values of the vari;b1e~under study of .
1 N .
' " the population, .
X ... X Values of the auxiliafy variable of
1 N ‘ o
. the population. .
- 1 N v
Y== I vy Ppopulation mean of the y-values.
N = . ! ‘ . N
¥ o1=1 1
Y = NY Population total of the y-values.
- N ) ‘
x=1 1 «x . Populattion mean.of the x-values.
N Y= .
i=1 1 .
X = Nij‘ Population total of the x-values.
(y ,x ), i=1,2,...n Sample values. X
i 1 »
- n I ‘s
y = 1z y ’ Sample mean of the y-values. , »
n . )
i=1 1 .o » -
y = ny Sample total of the y-values. . "y
n ( . .
x = 1z x . Sample mean of ‘the xrvalues. i
0 y=1 1 % ’
x % nX : Saiple total of rthe x-values.
o} .ﬁa Correlation coefficient between x
L i
and y . . X
i
1 ®oc |
s?= 2. (y -¥)? Population variance of 1y, .
. N‘l = 1_ : i
!
g .
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’ - . . ‘ L .
ﬂ = .
. . - 4 - ‘1' by
\ 1]
‘ N . . B ) . «
sz‘f 1z (x,-%)? Population variance of x/, ‘o
X, N-1 i=9 i . PR ,
S = pS_S ‘ ' P ti Tt
xy PSS, y . Population covariance .
( 1 n AL .‘ . .ot ~ o
82 = ETT Z.(yi-y)z Sample variance of y,. ’
I 152, | :
<l o . - ’. ' . ' . ? P
82 = 2 I (x,~x)? Sample variance of x_ .
X n-1 i=1 i ; ' ’i [4
s ¥~ Sample covariance. ' .
xy ~. ,
N ! At
= 82/‘}2 - Square «of the coefficient of variation
Yy y . . )
(cv) oy, . ™ ‘ N
¢ o . s ¥
= 2 -2 L , 1 .
Cox Sx/X Square of the coifficient ﬂ? variation
) . .
Lyl - Pal
) . (ev) of X, )
xy‘= Sxy/(XY? Relative coyari??ce. )

R = §/i_ ‘ Population ratio. g4 .
R= y/x Raé;o estimate of the population ratio
(sample ratio),

Y= ¥X/% Ratio estimate of population total Y.

YR = yR/x ‘ - Ratio eatimate of population mean ¥.
. 7 . \ ‘ ‘e
o?p = §x/3 Pronci estimate of population mean Y.
f = n/N P Sampling fragtioh. .
? EM ° e Model Expectation’.~ )
E Design Expectétion.
v Variance under the model. ~ ,
M 3

%

3

v

o




> » N
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. v\ . .\ L N [ 3 N N
L] .‘ ’ Ll
b -
» f’\ %, M -« 4 ) g
‘ +
B ~ [}
—_— i ) - 5 B /,-.4-\ v
‘ . # Eleméntary Theorems (in SRSWOR) s
A . Q
” (1) Var(?) = Sk_f_). S2 & ’ N \&/ ‘
Lo . n- [34 >
e 1 X"\ - - 1]
- “i1) E(s?) = §2 o, -
* ™y ' y y T " T . ”
u { C A 11y E(s ) = Se /
pmj oo . xy xy
* . ' [
DV Cov(E,H) = E(-D) LD , .
- » ' /7 R
¥ n '
’ LAty Lopo(y-Y)(x,-X) a
n n-l y=1. " - 0
-+ . N -
1-f -
= (_ s S .
2 LI . n )p x'y <, ‘[!
r . J.,i'w . v (\”‘ e
A
o's L —-1.3 Design Based and Model Based Compariscons
' v ' “ .
\\K#, -l _ The essence of survey sampling consists of selection of
- 3 -

) a part of a findte collection of units, followed by the mak- .
_ ’ : ] .
ing of statements about the entire collection on the basis of

e\ : . -
. .

f@ theg;élected part. Two ways of having a finite gollection of

o ‘ units are:
, .
i) The Fixed Population Apyéoach: With each population

’ s

; 7 L
unit is-associated a Kixed but unknown real number,

¢ ' L thaﬁ,is, the value of the variable (y) under studwn.
\/’ 11) The querpqpulation Approach: With each population MK
(Y
’ [
3 B unit is associated a random viiiabLe for which a
s !

stochastic structure is/&ggcified the actual value
associated with a pdpulation unit 1is treated as the
v . ’

. ogﬁcome of this «random variable,

The Fixed population approach is the "traditional" one

‘in survey sampling. Howeve¥, there are also early examples
\
[ 4
I ) ~ : .
eed, e . - e e me e e R —_— .



S N
, . R } .

-6 -

- . ~

of the Superﬁbpulation approach: _Cochran (1959, 1946),

Deming ‘and.Stephan (1941). ﬁany recent important contri-

-

* butions to finite population 1nferencé‘theofy take the Super

Vs -
population approach, which is an avenue of great promise in
LY

survey 3ampling. This &pproach may be.neaningful in terms of

- 4 "!’
changing population values with respect to time, ¢
. > ,
] . ! t
.o As an.example, suppose that the units are farms and
* that épe characteristic under study is the yield of wheat in

. 2
N a given year. One approach to the inference problem, often

used in standard texts, is the following: it is assumed,:bég
to each farm in the population corresponds'a fixed but unknown

real number representing the yield of that particular farm in .

the particﬁlar year. When a farm has been;selecned for the « -~

pamplé, it is ful'thermore assumed that the fixed real humber.

o . .
to this farm is' measured without error. . ) ) R

A'different approack to the probdem is to treat the

' - - , . E . L

yields of farms in the population as nuTbers genetated under
-

a stochastic model.  Such models often incorporate auxiliary

knowledge. . . w
A crude but frequéntly effective mode}\may«simply pos-

¢tulate a linear stochastic relationship, for ethﬁle, that

»

yield of wheat is, apart from an eir7;\£erm of zero expecte5§

value, proportional to size of the farm in acres, xig which

-

‘Lig assumed known from a previous year. The model is, thus,

1

y, = Bxy + e, i=1,2,...,N EM(eilxi) =0 (1.1

Moreover, the model considers that the unknown proportionality

- 4

' ¢

%
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) ' L : .
factor B 1is common to afl farms. It would be determined in
the particular yehr, ﬁ§ the average propensity of f‘gnets to
devote acreage to wheat, by ayerage yield per acre that ar.

An estimate a'of the unknown proportiona%ity factor'can

be obtained from a sample of farms. For any one farm not in .

‘ -~
the sample, the valye - Bxi should provide an effective pre-

o

]
total yiéld in the population.

diction of wheat yield, thereby permitting a ptediction of

” -

In the fixed population approach the variation of- the

esMimator 1is entirely due to the’samplfhg desigh chosen to
3 . .

selec{/:;e units in" the sample, however, in the superpopu-

lation approach 'it will also depen& on the stochastic model

L

generatimg the population. Thus, the basis of comparison of -

two estimators uqder';he two approaches are EK6 - 6)?%], the '!

»

mean square error (MSE) and EM EKO - B)2], the average MSE

»

under the model , where 0 ;s'an estimator of 8. We often

" .

strive for unbiased estimators in which casé the eriterion o

- comparison becomes the variance.

\‘f

1.4 Outline of the Thesis

We consider the ratio method of estimation, in Chapter

iI, where 1its proﬁertieé are'catalogued and its investigations

in the iiterature are summarized. Chapter III considers the
: A :

-éihdd of product estimator and a similar format as of Chapter
Q . , .
I1 is followed. Chapter IV summarizes the properties and

available res&lts about :egreséioh estimators. Finally in
-

Chapter V, we investigate the properties of these three - ’

Y - . %
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, €stimators under a class oﬁluuperpOpuliEioh models given by

1 ’ ‘

Inverse Gaussian dintribﬁtlon. In this chapter we alsd pre;

sent a numerical study using.the results of Chaubey et al

. v

(1984b)". S o [
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CHAPTER 11 j

" RATIO ESTIMATORS ;- ' «

2.1 ThE'Ratfo Estimator ° ' . et

In the ratio method an aux{}iary variate xil; correlated

N
Y

with yi‘, is db;hined'for éach'unit in: the sample. The

population total must be kndén. ,In practiée. x, is often .
. ) , to . .

the value of y4 at some - 'previous time when a complete

census ;as taken. Tne aim in this method is to obtain in-
“  creased grecfsioq bi taking advantage of the correlation
' . ‘ ¢ oo T
‘bétwegn y; -and x The ratio estimate. of Y 1is

1

i° »
,).\
S 2. S O ,
E Yp = “x s,; (2.1)
fIf.'xi is the value of YJ‘ at some previous time the r;tio

' method uses the sample to estimate the relative change Y/X

tgat has occurred since that time., The estimated rel;tiv€ ‘

-

(Qﬁagg; y/x 18 multiplied by the gnown population totall X

on the previous occasion to provide an estimate of the
'chrfent’populatioq total. If the quantity to be estimated is.
\ ¥ . theﬁ?#tio‘bsqimate is ’

g -

2.2 "
. (2.2)"

- *

AR P
"
Nlni:

lFbr example, supposé it is desired to estimate the total

. - numbe? of inhabitants«fh N ‘cities during a particular yesr.

JIf. the populaﬁign total X 15 known from an earlier year, it

< . .o ,
would be preférable to estimate the ratio of total number of

-9— " ¢
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inhabitants during thag year, y, and the total number of ;n-
habitan;é during the earlier year,_x,gfrop & sample ;f ‘;
cities and multiély this-fiéure'ﬁy the known popgla:ion‘totall
X. . '

In the next séction‘the results on the bias and mesn
square e}qor (MSES of the ratio estimator are given. Séctidn
2.3 314?3 the condition under which the ratio estimator is
better than the sample mean and sectidn 2.4 gives'uomelun-
biased alternatives to the ratio estimators. Section 2.5
presents the optimality property of the ratio estiuatornunder

a superpopulation model and the last section presents some

other investigations.'

!

2.2 Bias and MSE of the Ratio Estimator ' to

*

- Bias - 1 -

The ratio estimator has, in general, a bias of order .

¥

1/n for the corresponding population ratio R = i/i . Since

R’ §/x then R-R=X-RrR=3=-RX,

. X X
Now
. : x~-X"1
P W T La+ 23
.? x I + (x=X) X X
“~ - ‘_-_x,
: g -, (2.3)
X X ,

1\/li:uiid} the relative errors 13_:_21. to be small.

Thus , o



~J

S

Tnerefore,

1

E(R-R) =

[

-1

2
(RS = pS 8 )
x xy

(C - C )R
xx xy

——

f’ ) <
) \
./ . N

- 11 - ;
o
R - R = y : Rx (1 X : X)
X X
:i - R; -y = Ri)(i -'i)
"X, X X
- L)-'(-ﬁ s (- FGE-B) + R E-D)]
. X '
Now .
¥y, - Rx, “. - -
p(L=B% T Lg g3y
X X .
=0 .,
Furthermore,
7 (3-% = -
g (HER L Gy (-x)
X X A
l1-f
= —=¥w pS_S_ .
nX y x
Also, ' L
R- -"-. - = - am
E (R0 B 2R (2-D))
X X ‘ v
R - -
= 3 E(x-X)?
X T e
‘ R 1-f :
= e (—)g? s
iz.( n ) x .

(2.4)
(2.5)

ti.§)

(2.10)
(2.11)

(2.12)

L)

e,
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Meéan Square Error

. We ‘now come to ‘the question of the pteciuion of the ratio

. h esti-nfor. Since the éstimator 1s generally biased, its mean
-qun#; error would be of 1nterest. For large samples
/
‘ ) 7 .“1 - . N Rx 2 ,
e MSE(R) * var(r) = izf ¢ (J177%1) T(2.15)
. Fa ‘ 7 nX 1=1 N-1
Q . // “Thus ‘
/ g
/ (2.16)
‘/ q ! 0 ) B
/ N 'f"/ ‘ ‘\ .
AN \
-, 2
n(N-1) 1‘1 - .
1-f N N 2
. R e T S R z (x, -B5. -
: n(N-1) i=1 .
& > 5
¥ N “ey
-ZR I (y Y)(x -X)l (2.18)
- 1
: . - . L) /
ey * M > ’ . ‘.
2 1-f (g® + r%s? - 2mps-s C(2a
DA sy RIS - mesis)) @)

2.3 Comparigson with the Sample Mean

The

superior

variance

For

citcunstances under vhich the ratio euti-ate will be

to the sample aean will now’ be pointed Out. The\

¢
‘\‘

of the mean ¥y from .a iinple random sample 1is

.

Var(5) = (lii)s; : o (2.20) .

the ratio estimate we have from: (2.19)

t

N




, A TN
7 ' .
: - 13 - . .
. : . -
Var(i,) = £ (st + »'s’ s : /
) ar(¥p) ¥ == (5, x - 2RSS0, :ﬁ
" .
. i
, Hence the ratio estimate is more efficiem&ﬁthnn the unbiased
estimator y .(in large samples) if « .
2 2 2 . 2 -
S + RS - 2RpS_S§ < 2.21
y < pS 8,< 8, ( )
that {is ! \ ) ’ . .
y ' RS c
p > X or p > —= (2.22)
— ' 2 2C
SY WY
pfovided x and 'y 1a;e positive.
2.4 Unbiased Ratdo-Type Estimators : ' \
\\_\\ ‘ “Aﬂother line of tesehrch has been to modif& the usuﬂl
- . ratio ectimator 1tse1f’1nto,one which 1; unbiased under ' .
simple random sampling. Since this estimator is not strictly
,a ratio estimator in the sense of involving bhly ratio of )
estimators, this may be termed a ratio-type estimator. . {/
Hartley and Ross (1954) proposed the following unﬁ}nséd
o rhtio-type estimator. It is obtained by starting with the
‘ mean T of the ratios. yi/x:L and cortecting it for its bias,
. "" Thus, letting * - qqﬁﬂ, ' . ' .
- . 1 n l. “n
r=- g, =2 Iy,;/x ; (2.23)
mg=p 3 WU : ,
Bias(r) = E(r) - R
‘\/ L] -
E(ri) - R
X = -[R - E(r))] .
NP =-L(¥I-%EC@Ol -
. X :
\ . 4
4 > 4
. . . ) - o




]
11 N?_’_; 1 p
= -1l g - @ LX) ,
g N g=1%g 1 N
1 ¥ - '
PN B - — z ti(xi - X)' (2.2‘)
X 1=1 . ’
1 N -
Furthermore, an unbiased sanple estimate of ——. £ r (x -X)
171
K-1 i=1
is .
i n - n e
w2 I r, (x,~x)'® —— (y~-rx). 2,25
n-1 4=3 &+ 1 a1 ). - L ' ( )
Thug, the estimate T , corrected for its bias, becomes
iun e o+ B(N-1) (5 7oy (2.26

(n-l)NX

The corresponding unbiased estimate of tlLe population mean Y

e ¢

is
T, o= rx 4 2D oony (2.27)
N : HR . N¢n-1)

By similar agrunents,#nothet unbiased estimate (Micltey, 1959)

is derived from the n ratics R1 obtained by removing each

unit in turn from -the sample, so tkhat Ry = Iy/Ix over the

-~

renaining (n-1) members. If R. defiotes the mean. of the

~ @

R; , Mickey's estimate is

"
.

-~ A ' s .
© Ry = Ro o+ BAESETL) (L R ) - (2.28)
. ‘ NX R | :

Other unbiased ratio-type estimates were introduced by

Quenoui}le (1956) '
EQ = gR - (g-1)A. (2.29)

.
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had ~

where R. iskthe average of g quantitjes R, and R is

b 3

the ordinary ratio Zfy/Ix from the sample, which has been

divided into é groups of size m = n]g , after omfttigg“thewn

jth group. Beale's (1962) estimator is

vy +' 1 (1-£f)/nl(s /%) .
xy

*8 T % + [ (1-£)/a] (s:/g) : (2.30)

‘

T owt

while Tin's (1965) is the closely related quantity.

- ¢ Y 9) < '
. - A RT R{1 + — (cxx ny)]' (2.31)

Suppose a random sémple of size n 1s split into s

independent subsamples each of size m 'so that n = sm .

- -

Let ;i and ;1 "be unbiased estimators of X and Y res-
th

v
\

pectively based on the 1 subsample, then Murthy and

Nanjamma's (1959) unbiased ratio;type estimetor (to the second

degree of approximation) is

\
\ -~

) sR, - R

-~ B '.

RMN = - s - 1 (2.32)
where )

-~ s - s - ’

R, = L y,/ L «x (2.33)

b =y Tty TR 8
and
! - 1 8 - - * N ' .
Rs = 2 I yi/x1 . (2.34)
8 i=1 ~

L

T.J. Rao (1966b) considered the tvo ratio-type estimators
m . -

(;i)/; and b yilxi for the estimation of ¥ and showed
1 :

§

X
m o= )
how the unbiased ratio-type estimators due to Murthy and

Nanjamma (1959), Hartley.and Ross (1954) and Niero de Pascual
:

v
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(1961) can be obtained as linear combinations of thes

estimators.

2.5 Best Linear Unbiasedness

.

g : ‘
The following theorem brings out ‘the ratio estimator as

. et
. ;,,
the best linear.unbiased estii*&gr under a superpopulaticn
" “'"’i‘ip‘/

model’ (Byewer (1963), Royall (1970)).

s

Theorem 2.1 ' ;

The ratio estimator YR =

W M

X is the best linear un~
A - ‘
[biased estimator for any sample selected solely acéording to

1

the values of the Xy assuming that the N population

values (yi,xi) are a randon cample coming from 4 super- .

~

poﬁulation model jgh which

yy < Bxg vy, 1= 1,2,...0 ~ 4 o
K4 j . N N i Xi > 0 : -
+  where, ') ’ ) r R ,
’ '+ €, are independent of the x, rs o~ (2.35)
- and . ' o e wo
2 .
) EM(ailxi) = 0, EM(Ei|xi) = lxi , A being a constant.

v :

Proof: -

Since EM(Ei};i) = 0 , 1t follows from (2.35) that

' 4 N
Y=8X+ Ic¢ ' S (2.36)

o.. . 1"11 .
.

Furthermore, with the model (2.35) any linear estimator Y

is of the form

i

e




'; .
\ 4
I 3
S
- R
-17 - ‘ .
L . n n nq_a
Y= Z1y, =8 1,x + L l4e, ., - (2.37)
=1 171 g=1 11 gt .
If we keep the . _n-—-gample valueshx1 y fixed in repeated P
sampling under the model (2.35) ﬂ .
- e v .
- n ' v - n 2 £ / ,
EH(Y) =g I 1,xy o VM(Y) = x I lix1 . ’ (2.38) .
i=1 i=1
A9 ) s . K . -
Under the model- (2.35), Y = B8X + L €y -is a random vari-
' i=1 »

able and an estimator ? is8 'unbiased if _E(Q) = E(Y) 1in

repeated selections of the finite population and sample under

the model. Such an estimator might be called model~ungiased.

-~

. Thus from 12.36) and,(2.38),‘¥Y is clearly model-unbiased
n ” .
1f I 1,x, ¥ X . Minimizing V_(Y) under this condition:
=7 171 M
i=1 7 S ’
by a Lagrange multiplier ¢ gives ZI;xi = ex, y loe. o .
- ~ - "
lﬁ =’§§‘. ‘Hence the Best Linear Unbiased Estimatof Y is
~ ,
- o -~ \\
nyX . ; X=Y which is the ratio estimator.
‘ny x A R . N
4 o - €
2.6 Other Investigations - o L

. L

Durbin (1959) considered the followiné superpopulation

model | T g o

- % ‘
. Yi = aq + Bxi + €y i=1,2, ... , N
where ‘ o

- ‘ 2 . kt/ S

En(eilxi)' 0, EM(Eilxi) = &xi . ‘ (2.39) -
and - ‘ ) )

xi'a are independent gamma variates with parameter- b
h .

i

This model has been used to compare various ratio estimatoEF

and under this same model Rao and Web;ter'(f966) shoved that

A ]
Pr

. P
X ,
. . N '
.
.
. Vo - s
3 ; . ;- ,
—" - «tﬂ:» T S s ———— e T
v N »

/



the bias of .the ratio: estimate, Y

18 - , -

- ;
—

R ® is.given by '

° e . Y
E E(F. - ¥) = —& .
M ¢ R nh(nh-1) (2.40)
. {
and that the average MSE of %R » obtained by P.S.R2S5. Rao
(1968), 1s given by !
—~ e = _ , =7 ~. 2 v
. AMSE(YR) EME(YR Y)
2 ! v
- ) = Ar + 6Dr . . (2.41)
where
~ _ N -n Nnh + 2N - 2n
. Ar - 2 ’
~ N (nh-1) (nh-2) -
! " % ‘ . B
) -. ‘.
b N-n {(nh+t-1)(nh+t-2) + nh(Nh-nh+1)} = I(t+ h)
r* N? .. I'(h)

(nh+t-1) (nh+t-2)

Rao snd Rao (1971) have used the model (2.39) to'fiﬁd

- G .

the relative efficiencies of ﬁﬁve estimators for a ratio,

namely, the classical ratio estimator, Quenouille's 31%56X
N A\

estimator, Tin's (1965) estimator, the Hartley-Ross (1954)

¢

estimator and Mickey's }1959) estimator through a numerical

study. ‘ Pﬁ

Srivastava et al (i983) have derivea the exact bias and

-

h

R | ‘ .
mean square error.of Bealeds (1962) ratio estimator under a

bivariate noitmal model in the form of an infinite series.

It is found that some conventional large saﬁple approxi-

mations are extremely poor if the relative variadces Ef‘the

"

auxiliary variable is large., It is also brought out that "

Beale's estimator of the population mean.seems -.to be more

)

o

*
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efficient than the usual sample mean. under the condition

resulting from the large saﬁpie.comparison‘of the customary
ratio estimator and the usuval sample mean. B

. ‘Hutchison (1971) comp;ied six ratio estimat;rs, the
claséical ﬂatio estimator, the‘Hartle ~-Ross (1954) estimator,
Mickey's (1954), Quenouille's *(1956), Beale's (1962) and
Tin's (1965) estimator by a Monte Carip teechnique under two

'

models in each of which the conditional variance of y given
i, depénds upon t . ' ‘ .
T.J. Rao (1966;) derived an expression for the variance
of‘tge'raﬁfo estimator for the sampling scheme of Midzuno
(1952) and Sem (1952). T.J. Rao'(19§2) then studied shme of
thé interesting progefties of the coefficients involved ;S

[ a
the expression obtaihed before which depend on the:auxiliary-

BTN g T, .

- - .
infé%mat{op. ?hé use of these coefficients is made of in

finding out an eiaﬁi expression for the bias and mean square
4 i <

/

'errop‘bf the ratio estimator under simple rawdom sampling

without reﬂlaéement."Later T.J. Rao (1977) estimated the

var;anc% of the raéi timator for the sampling scheme of

7

. « co
Midzuno (1952) 'and Sen (1952).
S.K. Ray, Ashok Sahai and Ajit Saiai (1979) proposed a

transformed ratio estimator gbtaided through parametric.

4

*linear combination of the ratio and the usugl‘unbiased

estimatbr of the ﬁean for any sywmple design. To the first.

degree of approximation, the proposed estimator has a sraller

-

mean square error than that of the ratio and usual unbiased

/

\ - )
estimator for suitable choicegwf the parameter, The trans-
4 a

. ’ . ; - . Y
. ~ . S
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formed ratio estimator is given by

=(1-A)?-A§~ T (2.42)

where "A" (> 0) 1is a scalar constant,

S.K. Ray .and Ashok Sghai (1980) obtained two ;;Fgme;ef
famflies:of rafio—type and product-type estimators for a
finite population me;n based on simple random samples of -
observations on the variable of interest and a concomitant
variable. UsLng.some prior information ‘it i1s shown t@at the {
families cofitain estimators ;hich h;ve in practical situations>
.lower mean squared errar than the ysual ratio, productoand
sample mean estim;tors.

L‘S.K.'Kay.ahd Ajit Sahai (1980) suggested a trensformed.
estimator which is even more efficient than the ratio-cum-
product fype e;timators proposed by Srivastava (1962)’and
Reddy (197?) foé a wide range of the vaiue of the corrglation
coefficient between the main ;nd auxiliary variables.-J

R . . .

Sahoo and Swajin (1980) proposed a Hartley-Ros§ (1954)

type unbiased ratio-cum-product estimator of a finite

population mean ¥ . It is observed to be a particulat case
/ " .

R

of generalized unbiased estimators due to Williams (1961,
1963) and Mickey (1959). The conditions for the proposed

estimator to be asymptotically more efficlent’ than M.ﬁ.81ngh's ~

.

(1967) biased estimator are also derived.

"\ Royall and Eberhardt {1975) studied four egtimators for’

the variance of the ratio estimator under various linear

L]

prediction (superpopulation) models, These are(i) the coq-’

' +

- .

v -

~

>

¥

e R e tr e I - Ve v [ . van - B el
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ventional statistic, (11) the Jack-Knife estimator, (111) a

:wqigﬁted lgast'squareg estimator from linear prediction theory

‘and (iv) a new ‘estimator obtained by adjusting the conventional
estimatar in ways suggested by linear prediction theofy;

Pryvious-studies have indicated that the weighted least

’

squares gestimator .is better than the conventional one for

-

setting confidence intervals when the model Wost often used

. in ratio estimation studies applies. Here two more esti-

[y

mators are studied under this model and some effects of the
failure of the model are examfned. The conventional estl-
mator appears to be the worst of the four. The new estimator

and‘the Jack-knife estimator share some important advantages

)

v
14 .
ﬁn;the usual model. . : ‘ -
, . 5 T " : . :
M.P. Singh (1967) suggested some methods of estimation which

when the actual_variance structure is not that represented

may he comsidered a» combination of ratio and product methods.

'The mean square errors of these estimators utilizing two

suppleméntéry variebles are compared with (i) simple unbiased

estimator. (p = 0), (1) usual ratio and product methods of

i

estimators (p = 1) and (111) multivariate rétio and multi-

variate product estimators- (p = th where p 1is the number

m

of supplementary variables utilized. Conditions for their

H
'

efficient use have beig obtained, for each case and the

extension to genefal case of p—variabies are briefly dis-
’ P W -
cussed. . v

Sengupta (1981) .compared the mean square errar of the
A ' * ”

almost unbiased ratio-type estimator, pbtained with the help
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of the Jaék-Knifing technique for simple random sampling in.

tvo phases, ‘with the usual (biased) estimator and it has been

found that they are approximately the same.

Shah and Shah (19785 sugggsted‘a,new ratio-cum=-product

M y

est;mator for estim@;ing‘the‘ratiq of two pobulatioé means
using auxiliary information on gwﬁ other variables. 'Its bias
and mean sénare error to the order of (l1/n) are obtained
and the efficiency of‘thé estimator is compared using opti-
mum ;nd simple weights, with the claésigal ratio estimator-
and the estimators suggested by M.Ragingh (1955,1967,'1969).'
'Sriv;nkalétamana (1980) propos;d a dual to rgiio'
eétimafor ) .
| ¥, = (3x0)/X L (2.43)
which 1is essentia}ly a proguci type -estimator of Murthy
(1964) where ‘i* = (NX —‘n;)/(N~n) and is based on the
complement of the sample. ‘

Chaubey et al {4985 c) investigated the dual to ratio

Ie
~

estimator discussed by Srivenkataramana (1980) in double
sampling. They obtained the expressions for the h;<: an&

mean square €rror up to ordéi-of (1/n) and also téa rela—

-

(Y -

tive ‘efficiency under.a linear EQfQ’structuie.

Srivenkataramana and Tracy (1979) considered four

»

estimators suited for,cases where the positive correlation
is only moderate and gavé 8 rule of thumb for choosing among

these and the classdcal ratio ésfimator. Such a Choice

needs a good guess of the interval contain%ng a certain para-

————

‘

’
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.

meter k , which may nqet be hard in survey practice. A

numefical example has also been included for illustration.

Reddy (1974) propoéed an alternative estimator to the-

=

ratio estimator

‘

[
* -
N -~

‘ ' S yx :
Yq = = — . (2.44)
! 3 %+ 8(x-X) :

which is bdsed on the supplementary information where 6 1is

P

. T8 (x-X
a scalar such that |—£§——l| <1 . This estimator is almost

unbiased and has a smaller B}as and mean square error than
the classical ratio estimator for a fairly yide range of 9.
Nanjamma, Murthy and Sethi (1959) have modified many of

the selection procedu}es commonly adopted in practice, namely, .
equal probability sampling, v:rying probability sampling,

.~ ’ 13
stratified sampling and multi-stage -sampling, which, while

retaining the form of the usual biased ratio estimators),’
T !
make théen unbiased. This modification of 'a given sampling

scheme fonsists essentially in first selecting one unit with
probability propertional to its value of the characteristic,

x , occurring in the denominator of the ratio and’theﬁ'the

LS

remaining units in the sample according to the original

Y

sampling scheme,

.
)

Nieto de Pascual (1961) obtained several unbiased ratio
estimators in stratified random sampling. The "separate"
unbiased ratio estimator is8 a direct application of the

Hartley*Ross unbiased ratip estimator within strata. The

"combined" unbiased ratio estimator, for equal sample size
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k per stratum, is vbtained by means of a complete replace-

ment, repeated k times, of a sample of Bize one per . )

‘satratum. The relative efficiencies of these estimators with

respect to the usual biliased ratio estimators are discussed.
Finally an approdimately ,unbiased ratio estimator is developed
and it is shown that, for large samples, it is as efficient
as the "combined" biased ratio estimator.

Lahiri (1951) showed that the ratio.estimuto; would

become an unbiased estimator of the population ratio if the

probability of selecting the sample is made proportional to
its méan or tot;l size. ‘This can be achieyed by selecting
one unit with probability propor{ional to x and the rest
with simple random sampling without repldcement from the’

remaining units from the population.

RO
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‘ CHAPTER III ”

PRODUCT ESTIMATORS

3.1 The Product Estimator

Let y and x be the sample means corresponding to
the variate under considerafion and the auxiliary variate
respectively ;nd let the value X be'known, then the pro-

duct estimator 6¢f the population mean is given by

. ‘ ‘ (3.1)
A

¥ =

p

xq<|-
Y

This estimator is suggested, as it is complementary to the-
i -
R x

in situations, where the ratio estimator is not efficient,
by

ratio estimator and hence 18 .likely to be useful

.
- -

that is, where the estimators y and x are negatively
correlated. However the product estimator has not acquired

the same popularity as the ratio estimator due to the mis-
. N

‘conceptions about occurrence of negative correlation in

practice and apparent superioiity of . ratio estimator (under
positive correlation) under design Qased comparisons. It is
true that ﬁositive.correldtioné are often encountered in.
practice but negative éorrelatipna are often induced through

inverse transformations of the regressor variable (see

¥

Neter and Wasaerman (197&) £ig: 4.17). g
Robson (1957) studied a modification of (3. 1) and

Goodman (1960) conaideted the question of obtaining variances .

-
)

and variance estimators of products only for infinite popu-

lations. Even after the work of Murthy (1964) the product

- 25 -
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estimator of the fo?‘ (3.13 did not catch enough attention
of.pr.ctitioners and it 1s getting attention of researchers
only recegtly. In thia chapter we ltud& some of the ptoper4
ties of the product estimator and r;view some of the inves-~-
tigations carried out on tbis estimator. Section 3.2 éivea
the bias and MSE and section 373 presents its comparison
with the saﬁple mean., Section 3.4 presents some modifi-
cations of (3.1) and the last section gives other investi--

- gations. ) ( &
. :3 | -

3.2 Bias and MSE of the Product Estimator . '

Bias

1

As we have seen in Chapter II in the case of ratio

estimator, the product estimator has also a bias of order

1/n. . ’
Now ) )
EE - §) = L E(yx ~ ¥X)
X X .
) - Cov(x,y)
X
rr A=t )S'. ° (3.2)
i n xy . .
Mean Square Error . . ,

Theorem 3.1

)
o

For moderately large sample :ize, the mean square error

of the product estimator is given by

@

}
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(1= o? 2.2 |
1=fy¢s_ + R's. + 2RpS_S 3.3
s, o * 2RPS S0 (3.3)

=

(/2]

™
-~
)

~
K]

\ -
)

=
w
=
~
[ ]
e
[}

. ( : )
E(—i-?- -

- E[xx : Xle
X

z-X

= L (X {(——>+1}{(¥“—Y)+1} 101
X

L

- §lg[ (22X x) + (Y———) + c"‘")(f—ll

LeG-D* + eG-D° + 2 2G-0) G-
X - X

+ e EYH1G-D? ¢ 2t el -
X X

» -

: + 21'3( )(y-i)

’+znpsysx) ¥ 0(™?) (3.4)

1-f 2 2
I s s+

which can be approiimated by ' : ' ' ;;¢
LY - ?
- - l_f 2 . 2 2. .
MSE(Y - (==)(s8. +.R + s .
( p)‘ ( n')( v ‘Sx 2Rp xsy).

3

<

. when n 1is large. '

3,3 Comparison with the Sample Mean

In large.samples, with qiépie random sampling, the pro-

dﬁct'eéﬁimator Yp is more efficient ihan the unbiaied

estimator y . This can be easily seen as follows. Since

varience: of the mean ; is given by
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var( 4 dshs? C(3.5)

\ and from (3.4) we have

u'sr:(§ ‘?( )(s 4+ r%s? + 2Rps. S
ISE(Y,) = x TI2RPS.5)

therefore the product estimator is more efficient than ;

if
: s: + r%s® + 2mps_s, < §
fg?ﬂf’ y R S, p xSy y (3.6)
Ihé congitiog in (3.6) is equivalent to ]
- RS
p < - EE_ ) (3.7)
y‘ e B
or
i
C . N
p <= T (3.8)
b

in case both- the nain and auxiliary variables are negative

or positive, and it becones

C
p < 5%— : (3.9)
y )

in case either of the two variables is negative and the other
‘ N

is positive,. | /A;,

3.4 Unbiased Product-Type Estimators ) k

\ Robson (1957) proposed the following ptodu@t estimator
e

obtained by subtracting an unbiasg’ estimate of bias. Since

: = _1
an unbiased estimator of § is a8 = —— 2 (xi-x)(yi‘x}/

Xy Xy n-1 4=
we have.-the following unbiaskd product type estimator

»
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»
§o=" 12 . (df)e | (3.10)
R X nX, xy .
|} ’ , a

Murthy (1964) has éﬁnsidered simple ;amdom sampling
froﬁ‘infinite\population and has provided an unbiased product
type estimator, combining the two definitions of thérp;oduct
eétimator, which are the duals of the definitions of ratio
estimators. This is'detaileé below. |

Suppose a random sampleé of size n 1is split into s.

indepeﬂdent subsamples each of size m 8o that n = sm .' -af

Let =x, and ¥4 be unbiased estimators of X and Y res-

l *
pectively based on the itl subsample, then Murthy's unbiased
estimator is

P S SO

where . ,(ﬂii

" S
) Y1=Xi—‘"={- G rypd D (3.12)
X X 8§ i=1 # 1i=1 : 1\‘ o
and ? (
B _ . *
L y,x ‘
= =1 1
YZ = - . (3-13)
s X :
'. /

>

It is shown below that ?M is unbiased.

Applying result of equation (3.3) to the estimator in
‘ o \

(3.12) we gé%

B(I,) = 2 EG. DG - D)
' . x ‘ , R
'-\1.’ 1 .1 8 - e wm 4
= = {3 I E(yi—Y)(xi-X)} . (3.14)
Y X s i=1 '
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(B(.) represents the bias) //r ’
* since J, apd ij are uncorrelated for 1 ¥ j .
Hence we have "
ws, ~ - - . .
2 1 Y%y
B(Yl) =~y I B(—) . (3.15)
8 =1 x .
&» Yovw the bias of §2 is given by
q - =
a 8 y.x . .
B(¥,) =1 1 atd. , (3.16)
1 ¢ =1 x
‘Comparing (3.15) and (3.16) we ::7:11 bias of ;2 ig

s times the bias of Yl ,

. - 4 . !
B(Y,) = 'eB(¥;) . ' (3.17y
Hence, "
E(Y, - Yl) = B(Y,) - B(Y,)
14
1 = (s-1)3(Y)) (3.18) ,
v
- and an unbiased estimator of the Piaa of §1 is given by ~ . ¢
» \
, ) A S il
! . * B(Yl) = 8"‘1 . (30.19)
. _ ~ .
- This unbiased estimator of the bias of Yl may be used to |

correct it for its bias, thereby obtaining an unbiased pro- "

duct estiwmagor §M given by

-~ 8? - -Y‘; ’
= _ 1 2
) Yn = "—"_-B_l y 3 . (3.20)
e 2 . o
e

‘Shukla (1976) ‘obtained an unbiased product type esti-' -

b

\
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/"'A.

&E:g;%f (to the first degree of approximation) with the help of

.the technique developed by Quenouille (1956) and has .estab-

" and that the 'average MSE is

. ' - 31 -

& 1

lished that this new estimator is better than the product

‘estmator suggested by Murthy (1964) in the mean square error

"

sense, i . ya
Chaubey .et al (1981) presented a productdt&pé‘estimgtor

based‘on haymonic mean of the auxiliary charaqpet:dnd demon~

strated its unbiasedness under the sampling scheme of -

Midzuno (1952) and Sen (1952). An unbiased estimator of its »

variance is also found.

3.5 Other Investt§;Zions
- i ‘

Chaubey et al (1984b) have used Durbin's (1959) super- ~
population modelPto combarg‘the efficiency of praduct, and ‘ -

ratio estimator and showed that the‘biqg of the product

estimator is given by

-
- e g(l-1y _Nb ‘
EME(YP B = 8G-3) e - (3.21)

. & hod - 2
AMSE(Y ).= E E(Y - Y
AMSE(Y ).= EE(T - 1)

.

2 ' 2 '
= + B + 2a8C + 8D 3.22
a.Ap ""'(’Efp Bp p ‘( )

-

where

o sy g g o e o o et ot L

»
’ . B [



- B ==

-{

lb\_'\
4 . .
— . A
- (A1 _ 1. x - . -
Ap (n F)Nh¢1 o
v N’h

o . - L. )
{(b+1) (b+2) (h+3)*(n=1)h (h+1) (7h+11)

-

3
P n (Nh+2) (Nh+3)

v

+ 6(n=-1)(n-2)h" (h+1)

- (n—l)(n—Z)(ﬁ—S)ha}

. 2h(nh*1) , h(Nh*1)

’J o f » R ‘ N ] @ . ‘ T
’ . = N R{(h+1) (h+2) + 3(a-1)n(h+1) + (a-1)(n-2)B'}
P ~ .o a™n+1) (vht2)
PR IR
! ! ‘” N 2‘ '1 g.}.ll 4 - =
' DP’E‘na(Nh¥t)§Nh+t+l) ' rrth§ f(eh) (evht)
- .+ (n-1)h(3h+2t+1) + (n-1)(n-2)h")
® . I(eth) U 2(ahte) | T(eth) | ‘o
' NT (h) n(Nh+t) - T(h) o . =
They have also:obtained the expected variance of the unbiased
product esﬁimatbf‘of Robson (1957) and a theoretigal compari-
gon is made under an 1nfinite.population (see also correétion ‘
to this paper,‘Chaubey et al (1985b)5¢
$.K. Ray, Ashok Sahai and Aj}t Sahai (19795 proposed a )
,¥" transformed product ésti?étor\obtainéd through parametric
liﬁea} combination of the product and the pysual unbiased .
estimator of the mean for any sample design. To the first
"Qegree pf approximation, the proposed es?imator has a smaller
. y s
: . . . P
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v

. - -
mean squhré error than that of tﬁz product and usual unbiased
. \,, . . v ‘ " ‘ -
estimator f®r suitable choice of the parameter. The ;raﬂs-

1
L4

formed product egtimator 1d given by

-~

‘ oo Yo, = (LFA)Y - Ay, .
Sengupta (1981) compared the mean square error of the

almost unbfased product~-type “sstimator, obtained with the

©

help of‘:he chk—Knifing Efchnique for simple random sampl-

r/
.ing in two phases, with the”usual (biased) estimator and it

- P
¢

"has been found that they are approximately the same. | "

Y 3
Shgﬁla t al (1981) compared the product estimators

. . , ,
proposed by Robson TT?E?)'and Murthy (1964) and it is found:

r

that the Robson's estimator givés a better performance.

Al

Srivastava (1966) considered the product estimator

*

defined by Murthy (1964) and ‘obtained certain results analo- .
gous to that:o0f the rat{b‘estimator, namely, asymptotic _\
LI .

.distribution of the estimator and in different sampling
schemes. ) T Ty .
. :’ ‘ o

Chéubey et al (1985a) considered the usual product '

\ ) Ll ' .
estimator adjusted for "its bias, condidered by Robson’ (1957),
and obta%nég the exact variance oi\this estimator through a
direct method.” " Its éupefiority over the sample mean and the
prgduct estimator 18 demonstrated. ' . .
w . L e

Shah and Shah (1979) cbtained an unblased product+type

estimator by using the technique employed by T.J. Rao (19§6§ ]
\ . : - " * B
‘for”unbiased ratio-type estimatér. The variance of the ' 2" )
B * > . ‘ ‘ . 01
estimator is derived using the expectatians ofpsymmetriq - e
~ ] ‘

\ - - N ‘ ".‘L‘_ <
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. L 4
functions of sample observations. The results are also

.

extended in the case of stratified sampling.

»

w

/]

s

0
Al
-
)
5
Y
-
.
L4
¢
B
H
’
[
'
t
.
.
.
°
‘
®
.
o
.
o
1
o
¢
.
£




4ol The Linear Regression Estimator

. X

CHAPTER IV °

REGRESSION ESTIMATORS

9

’

.

- In the preévious two chapters, we considered the question
LN

/ -
of improving the conventional unbiased estimator y by the

J

use of the auxiliary information, by'mulcfplying it with the

‘factor X/x  and x/X respectively. ‘Here we examine the
R 13

possibility-of improving y by considering the estimator

-

X - x which is a zero function in the sense that its expected

valué is zero, from which the linear regresslon estimate is

——
obtained.

3

. ) .
Suppose that y1 and x, are each obtained for each

unit in the sample’and that.the population mean i' for the

1 _is known. The linear regreséion estinmate of Y  is given

v Y =-+ -_- ¢
Y, =y +b(X-x) | (4.1)

e

vhere the subscript "1r" denotes linear regression and b
is an.eatimate qf'the chanée in y_'vhen; x 1is increased bi
unity. : . :
Watson (1937) used a regression of:leaf area on leaf
veight to estimate the avgragé area of the leéves on a.plant.
The procedure was to weigh all the leaves on a plant. ,For
. ,

a small sample of leaves, the area and the weight of each

leaf vere determined. The sample mean leaﬁ,ageg vas then

*

. adjusted by means of the regression on leaf weight. The

- 35 -
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point of the application is, of course, that the wei@h of

a leaf can be found quickly but determination of its area is

. F
more time consuming. '/
\

The regression estimator is not'commonly used' in prac-
tice due to the fact that the calculation of the estimate iﬂp

the regression coefficient, b, in large-scale surveys become
~

/
cumbersome and time~consuming. Further, since the regression

B

line passes through the origin or close to the origin inmn

-

most of the cases usually met with, the ratio estimator is

1

generally used inséﬂgd of the more complicated regression

~

estimator. But, in general, the estimator er 1s optimum

with respect to MSE criterion in a ¢lass considered by

v

Chaubey'gg 1 (1984 a). Moreover, with new efficient com-

M =

puting techniques and software, this estimator is gaining
more popularity (see SHrndal (1984)).

We discuss the properties of er with fixed b and

estimated b from the sample in sections 4.2 an? 4.3 res-

pectively. Section 4,4 makes its MSE comparison with the
sample mean and section 4.5 considers a superpopulation
regression model., Fimnally, section 4.6 gives other inves-

~

tigations concerning this estimator.

p

4.2 Properties of the Rggxessfon Estimator with Preassigned b

f
! Although b 1is estimated from the results of the sample,

it 18 sometimes reasonable to choose the value of b in ad-

vance., In repeated surveys, previous calculations 637‘have

A 4

_“\?m
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been shown that the sample values of b remain fairly con-
stant, We now present the bias and MSE properties in the
{ -

following theorems.

Theorem 4.1

<
In simple random qupling, in which b = b0 is a pre-
‘ /

assigned constant, the linear regreskion estimate is unbiased.

v

Proof:
“Since bo is constant in repentéd sampling ' t
) . - :
2 - - . = -
B(Y ) = Ely +b,(X-%)]
L. = E(y) + by E(X - x)-
' ! 3
- - ]
=Y. ) ‘ (4.2)
- "
Theorem QJQ )
i
For a\gi:en value bo of b
- fond . ’= - 2' 4+ 2 2 . : B
v(Y; ) (1;1-1)(5y byS, ‘\3bosxy) H(a.s)
L ,
Proof: :
e : - - 2
VKY ) = E(er - Y) L : (ﬁA)

ir

- - ' L™ - J/z
= E{(y - Y) - by(x - X)}

- - - - 2 - - - -
= B{G-D) + by (R-D) - 2by (-0 (5-D)}

- 5G-T)° + b;agi-i)z - 2b E(x-X) (y-7)

"

| l-f 2 1_f 2 1"‘f
= (—— + -— - ——
(TS, + b (357)s, - 2b (s,
o l-f, . 2 2 :
. (=5 isy * byS, - 2bS, ) (4.5)
s
a
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Theorem 4.3 |

-~

The value of b, that minimizes V(Y ) is
N N - -
’ I (y,~¥)(x ~-X)
s z, Y 1
ubo = g = ? = Ai 1 (4.6)
s N 2
x 1 (x, -X)
i 1
1=1 .

’
which may be calléd the linear regressfon coefficient of y

Y

on x 1n the finite population. Note that B depends on
the population values, hence it is not computable but could

fheoretically be preassigned. The resulting minimum variance

is
2 1-f. 2 2 '
Kvnin(ylr) (—;‘)Sy(l -f) (4.7)
Proof:
et g(b) = V(Y ) .o é
_,1-f 2 . ~2 2 . '
\m$4\\ = }—;—)(sy 2bsxy +bs) . (44:8)
Now, B . . . '
.. dg(b) - 1=f zf/\' “
“db =l st? + ‘le - (4.9)

and

2 ’ -€ 2 .
aafb) - Afyos 5o (4.10)
LY db ' )

v
s

.Thus g(b) 4is a minimum for b which is a solution of

S

ddéb) = 0; .so0lving which we have b = —;l'= B, the popu=

. S
x
lation regression coefficient.

‘
*t

L}

A a

4
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Substituting B 4in place of b in (4.8) ve get, since .

8 = pSiS

xy y °
s If.Z‘s zSz 2
v = (=== -2pX + > 4
Min(Yh_) 5 )[sy ZDSX osxsy p 2 s¥]
s
x 1
2 2 2
: = &y - oSy,
n/-
= (1=fy) g%@1 - o %) (4.11)
n Yy i

4.3 Properties of the Rg§>!ssion Estimator when b g4 -

Computed from the Samgle
\ Th;orem 4;3 ;uggest{ that if b must be computed from
the sample an effective estimate is'like}y to Ee the familiar
. least squares estimate of B , that is.'

n -
I (yy=y){(x,-x)
=1 £ i

\\‘ b = . ‘ (4.12)
s a : .
I (x, -%)
- a =1 1 o

Therefore, we have

E(Y; ) = ¥ - E[blx - X)]
and .
B(¥. ) = - E[b(Z - X)]
1r

‘_.. ’ “ *
’ Cov(b, x). (4.13)

Now.we demonstrate that the bias is of order 1/n . Letting

e, = y; - Y- B(xy - X) , note that,.




<

N -
Ze,(x ~X)
i=1 i1

and

We can also writ

. . n - 2
Now replace L (xi-x)

i=1

n
L
i=1

®

Hence the leading term in the bias -E{b(x - i)l of ¥

- 40 =
N - - N - 2
= I (y,~V)(x;-X) = B I (x,-X) = 0 (4.14)
4=1 1 ' =1
' N
ITe =20, : (4.15)
g=1 1 ‘
e b as
‘ P

To4=1

n -
Ly, (xy-x)

i=1

Ry
X

i=1

I (x.-%)°
x;-x)

)

[§+B(x;-i) + Q11(1£“;)

B +

)

ey (xy

is ‘the average of

. [

~h
- L e
i=1

n
<x) = re

i

-

1

i1=1

N N e} -

(‘i-;)

I e (x -;)
q=1 11

. | ' (4.16)

n _ 2
T (xi-x)

i=1

(x,-X) (x-X)

RECH

2

by its leading term. nS, and write

“X) 4 neX-X) . (4.17)

t

1 (%

1r

nS

4

- - - 2
+ ej;;Xl .

- (4.18)
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Let’ u = e (x, - X). By (4.14) its population mean 5.= 0,

i . 1774

.thué the average value of the first term in (4.18) may there-

- L)
fore be written ,

- _ - = -_3 - E(u —6)(Xi—i)
E (3 Ugfx X) o.d=fy 24 " . (4.19) ‘

\\ ‘» ’ ‘ x | : x + .
~

This in turn equals » ~—

1-g, Ele, (5-0)7)
=)

- ( (4.20)

Sz
b S

P

which 18 of order. 1/n . 1In the second term in (4.18), e

.

‘ - e 2
is of order 1//n and (x-X) is 0(1/n), so that this

' term is of smgller arder than (4.20). Thus (4.20) is the

-~

leading term in the bigs of ?1 .
r

Theerem 4.4

If b .1s'the'1east‘;ﬁunres estimate of B and

ilr = § + b(X-x) (4,21)
then with n large ' .
by ~ A-f, 2 2
(AR JEMEELD ‘ (4.22)

Proof:

-~

~The sampling error of er arises from the quantity
! - \

§1: - ¥ =3 -97 4+ b(X-x) . ' (4.23)

As an approximation, replace

(4.24)




o

o{?:he vYariable (yi - Bxi). Hence the leading term of

) o - 42 -

‘'where "B is the population linear regression coefficient of’

y on x. The error committed in this approximation is
(B - b)(X - ;). This quantity 1s of order 1/n in a simple
random sample of size n , since (b - B) and (; - i) are

both of order of ' 1/vn . But the sampling error in '?1
r

is of order 1l/vn 3 8ince it is the error in the }ample mean

’

2 - 2 = 5
E(Ylr - ¥) .is V(Y1 ) . By (4.7), in large samples, thus,
T

. -
-~ © 2
- ~

fod = . 1-f 2 2 .
E(Y, -Y) -V )= (=5 (1 -9p) (4.25)
r 1r n y

4;6 Comparison with the Samplé Mean

For this comparisén the sample size n mnmust be large

u

enough so that the approximate formula for the variance of R
the regression estimate is valid. The sampling variance of
thetregression estimate of the population mean Y to terms

of order 1/n has been shown to be
=> ) 1-f 2 . 2‘ .
V(Y1 )= ()8 (1 - p ) (4.26)
T n y
while that of the unbiased estimate is given by
- 1-£, _°
V(y) = (&4/)s_ . 64.27)
. n y
Comparing the regression estimate with the'simple unbiased
estimate, we notice that ‘the regression estimate is always

better or more efficient than the simple unbiased estimate

2 2 2
because Sy(l—p ) < Sy .8lnce (l-p ) < 1 .

‘

»

i 4 b bk w4y P .
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_Thb Linear Regression Estimator Under a Superpopulation:

Model '

Suppose that the finite population values

yi(i =1,.2, «e., N) are randomly drawn from an infinite

superpopulation in which .

where

= + 43 .
y1 a + Bx1 €, ’i. 1, 2, ..., N (4.28)

‘the si'a are 1ndependentﬂ with meads 0 and variance

2
Ue fof fixed X, By the method of least squares we find

that

where
popul

this
)

n ¢ . - .
,1EI(Y17Y)(xi-x)f | ! v
b = ' : (4.29)
n 2 4
I (x -x) =
i=1 1
n _ .
Iy (x,=-x) -
- =1 1 1
e : - \ . (4.30)
o n - 2 Y
T (xi-x) ‘ ’ -
i=1 - ) o -
n‘ -
,iflei(xi-x)
= g + o " . (4.31)
I (x,-x)
! =1 ‘
. n -
- o ) _ :_ 1flei(xi-1)
Y, - Y= (e mey) + (X-1)T3 — - \(4.32)
' . I (xi-x)
i=1

;n' and E:I are means over the sample and tﬁe(finite
stion respectively. It follows from (4.32) that under

”~

model E(§1r -Y)=0 » 80 that ?1 is -odei unbiased
4 r .

L
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for any size of sample.. 2
€ \
As regards variance; it follows from. (4.32) that for a

R given set of xi's
2 A T, '
‘ V(er) = E(Ylr - Y) ‘
d ' - . 2
’ ' .ol d - %) + —;-(-x—"‘—)—_——;]. . (4.33)
e Z (x4-x)
i=1 P
' This result holds for any n > 1 and any sample selégted
solely byithe values of x . '
B If we mgke further assumption that xi'é Are indepen@ent
| gamma variates with parameter h' as in sections 2.6 andlﬁ;Sf
then we get the following results.
vBy theorem 4,1, we have seen that the linear regression
qsfimator is unbiased for a preassigned b, Similafly the
T bias 6f th; l;near régression Fstimator under Durbin's (1959)
model is also zero. The variance of §lr‘ is given-in the
following theorem, -
Theorem 4.5 ' ) ' R . :
ﬁnder tpe model in(section 2.6, the averagé variangz of
. - §lr ié given Py ﬂ “
Avn(ilr) = A5 {-8)n + 6 r—lf—z—%l; : 4.36)
We can write
\
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AVAR(Y. )
. 1r

> - 2
EMEngt—Y)

»

n -

2 - 2 b (= 5 \2
EMEl(b-B) (X-f) (En-EN)

+ 2(b-B) (X-x) (F_-£,)]

]

gb-s)ZEM(Var %) + EME(En—EN)z

+ F(b-B)E, [ Cov(X,E )] ‘ '

il

2 - - . 2
(b=-5y EM(Var x)+EﬁE(€n-EN) . (4,.35)

N'O'd, ‘ v / " .! . .,

E (Var x) =
M(.ar x)

L
~ .

et
=R
I Rt
A
(<]
< 4
~~
7]
| S N}
'~ -

(]

N 2
- 1-£f 1 2 1 .
s Ehe gL (3 ox - 'ﬁ(iff}) NS

N .
 $ince, x, 1i.i.d. Gamma (h), I i.i.d. Gamma (Nh), and

i

A,
we have . : . T ~s

.EM{Var x)

~

4l

Azhy i (v a+ny - NN )

&£y, R ‘ (4.36)

‘n

Expectation in the second term of  (4.35) can be obtained by

+

noting that

»(En—E ) =€ +F€ -2 E. . © (4.37)

Furthermore,
. ) .

L]
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< }
E E(E
M (en)
“~
S
Also, -
E'E(_2;
. M e
J

"y

% . T - E
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i' n A
€
2 i ¢ B
i=] 2
ELE( - ) >
L e g e+ 3 1 "
e €, €.¢€
n s M=y fpotfmr
N ’ - N »
n 2 n({n=~1)
— E[= L ¢ —— >
nz M[N i=1 i . 6N(N"'l) i#j:l i j] : 72
- . l(_\&
L g“E‘E(E | % )+—L&:il— g E EEEWE %, ,x.)
Noyeg M 1717 aN(N-1) ggy=p M 130T
‘1, N 2 - . : "
P EME(gi]xi)‘ . E(€i|3i) = 0)
Ji=1 . ,
N
1 o t
_ nN iflEMﬁﬁxi)' ‘ r
. \’/* o " ) ) ‘
o e - 4 ’
8 [(t+h) " »
2 T ‘(4.38)
N Yo \ \‘hl/' . o
L,€ L
. i=1
E_E g
M ( N ) '
N N .
lr EM( ) Ef’+‘ ) eiej) b
N i=1 143=1
. e : i
. N ”
1 2
N2 151EME(61‘?1)

i=1
. A q
§  Tean)’ : C (4. 39)
N TS ; )
. E i
~ i ‘ - f’,’iﬁf .

b
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SN

‘ , o

.= 47 - |
- - » (N-n)EN 0 + nEn
EME(eneN) = EME I ¢ m )]
n -1 - -
= E(= ¢ + E E(— .
* EM (N ) M ( N EnEN-n>

Because the second term is zero and the first is simplified

in (4.38) we get - ‘ ’ S

.
"
. ~

.- a2
‘EHE(Engh) = EME(en)

. £, K 1
o= _«§ T (t+h), - i

N T r(ny,

A I

(=]

=

=1
=
=1
o~
My
o
1
m
~r
]

.

)

mheﬁgfore combining (4.36) and ,(4.41) we get the result in
. | s .

(4.34). ) :

4.6 Other Investigations

Tikkiwal (1960) examined the various classical resuits

[ -

in the Eheory of regression and doﬂbie.éampling estimation

’ Qnd extended théﬁ to the study of a finite,populéciqn.

R. Singh and Sukhatme«(lQ?}) considered the %f%blem‘of

optimum stratification on an auxiliary variable * i ‘when the,

< !
Sy -

*» v

i (4.41)

Y

‘e
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lation model.

~
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information on the auxiliary variable x 1is also used to

: = ) <
estimate the population mean Y |using ratio or regression
P

methods of estimation. Assuming the form of the regreesion ' =

of the main variable y on the auxiliary variébla x' and .

(!

also the form of the conditional variante function Var (y]x),

the prokblem determinping optimum strata boundaries is shown

to be a particular case of opfimum.stratification on the
s

auxiliary variable for stratified simple random sampling.
Later R. Singh (1977) considerec the problem ‘determi#{;g

- R .
approximately optimum strata boundaries on x when the sample

gize in each stratum is equai. A numerical investigation .
into the relative efficiency of equal allocation with res-
pect to Neyman and proportional aliocatiogs has ;180 been’
made and it h%s been found thet" it is equal .to one,

. Fuller (1975) investigated tﬁr estirzaticn of fegressiou

equations for a sample selected from a finite population

. where the finite population is treated as a sample from an’

infinite population. The regression coefficients are shown
to be ésymptofically normal, given mild assumptions and re-

latively'sinple expressions for ;Ee covariante matrix of the’

S

regression coefficients are also. presented.

Konijn (1979) obtained expressions for .the bias and

N

mean square erruv: of the regression estimator with definite

bounds of error and v;f?out assuning a particular superpopu-

“ ! .

)

& .
Scott and Wu (1981) gave a formal derivation of the

Y

.



‘some [Morrandom samples are drawn from Bixxii:f PO;u
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asymptotic normality of regression e!timator of a finite
population tatal for simple random samﬁling and for sampling
uigh probability proportional to size. The results are all
well.known and widely used, of course, but a vigorous develop-
ment, spelling out relatively simple sufficient conditions
under which the standard result; are walid, veig‘not ;vail—h
able.

Rox:ll and Cumberland (1981) exaﬁined the usual variance

¥

estimator for the linear regression estimatoy of a finite

)

population total under the same superpopulation‘iodels.

Its bias is compared with that of the least squares vagiance'

i

estim&tof and three biasgrobust alternatives, one of which

is the Jack-Knife variance estinatar. are also described.
N [ 4

ThS?Eheoretital reﬁulté are suppotted Py an empirical study
in which simple and restricted éandog samples as well as
\\1;tions.
Chaubey et al (1984 a) derived the regressionnestinator
through an optimalicy consideration over akflass of estimators
generating Genétalised Product (see Ba) and Sahai (1980))

and dual to ratio estimators (see Stiveukatargnana (1%80)).

Taﬁhdne (1978) considered tbe problem of hypothesis

usingfthe regress&on estimator in double sampling. Test

'ptocedures\are provided when the covariance. matrix between

+

the primary and the auxiliary variables is either partially
known or completely unknown. For the latter case a ney

"studentized” version of the regression estimator is proposed,
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as a tégt statistic. An approximation to the null distéi-\j'
bution is derived in tﬂe”genethl case stuéied by means of

the Monte-Carlo method and the problem of chodsing between

the double sample regression estimator and the siﬁgle sample

mean is also discussed. /
B Singh and Srivastava (1980) proposed a sampling scheme
. . ~ . . ‘
for Jkich the usual regression estimator - is unbiased. An- -

other sampl%ng scheme with an unbiased regression-type esti-

mator is also considered. On comparing the effipiencies of

2

‘ these sampling strategies with some existing strategies, the

»

pgrfornanc% of the first of the new schemes is found to be
. \

highly satisfactory. ‘

3

2

DU S



CHAPTER V . -

COMPARISON OF THE RATIO, PRODUCT AND REGRESSiON

7.

ESTIMATORS UNDER A CLASS OF SUPERPOPULATION MODELS ‘i

\)

¥

5.1 1Introduction

Comparison of the ratio, product and, regression methods
of estimatien under the fixed population model can be done j
through largé sample studies. The superpopulation models are

models imposed on these populations which may seem to be real

and allow small sample investigations. The model of Durbin

(1959) (see section 2.6) has been of a particular interest
to the_re§earchers‘in this respect, for exampie J.N.K. Rao
(1967), J.N.K. Rao and‘Webster (1966), P.S.R.S. Rao (1968),
P.S.R.S. Rao and J.N.K. Rao (19%L), Hutchison (1971) and

Chaubey et al (1984 b). However J.N.K. Rao (1967), P.S.R.S.

Rao and J.N.K. Rao (1971) ahd Hutchison (1971) paid parti-
’? J

~cular interest to ratio estimators and Chaubey et al (1984 BQ

have givenm analytical properties of the product and ratio’

.

v

estimators.

In this chapter, firstly,-we are interested in using
L ~
this model for comparing the three estimators in finite

»

samples; secondly, we‘proposeoanother superpopulation model
which has more general appeal than Durbin's model. The next -

(ribution which is

used in this superpopulation model and some of its properties,

>

section presents the inverge Gaussian dist

The analytical properties of the ratio, product and regression

estimators are given in sections- 5.3, 5.4 and 5.5 respectively.

~ -3l - >
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Finally section 5.6 presents a numerical comparison of the

three estimators.

e
I

5.2 1Inverse Gaussian Distribution and Some pf its Properties

v

In this section we introduce the inverse Gaussian dis-

tribution which we'll use for the analyiicaf properties of
) ’

°

the three estimators under the following superpopulation

model; &
7
y, = atBx, tel 4 1%1,2, ..., N
4 , ‘
where &;* ;
. 2 t
M&:ilxi) =0 . EM(EiIxi) = 6x ~(5.1)

aand xi'd follow a general inverse Gaussian distribution

with.paramete;s ¥ and A , dgiinéd below. (This model vi}l

N .
o

be referred as the inverse Gguésian regression superpopula-

‘ ‘ _
tion wmodel.). . . :

The probability deﬂgity function of the inverse Gaussian

distéibution,iith.ﬂarameters .4 and XA 1is given by

\
3

F(xjuyA) = [A/21x3]s exg{fk(x-u)z/Zuzx}. x>0 . (5.2)

The population or the random variable with the above distri-

*
bution will be denmoted by 1IG(u,A).

&

We need the first four moments of (5.2) for later use,
3

which are given below,

%

~




> (5.3)

.

For simplifying the AMSE formulae under the nodel (5.1),

it is usef“f to find the form of E(T]g) where g = An/%

«
-~

and T 1is an unbiased estinator of T(8) = 6 °
( B

. (s being
an integei > 1). Such a result is availablerfrom Tweedie

(1957 b) which we quote in lemmas 1 and 2.

Lemma 1 -

' . ~

Let 'T be an unbi}sed e::}nltor of T(B) = 8”8 pased

"on a random nimple (xi, Xy
) N
bution, where 8 = An/u ; then for 8 > 2
2

cery xni from IG(u,)\) distri-

L 4

2
é; (e‘s) = E(T[g) = g~ 53 [ (u=1)"® -2, ~tgu du/(s-2)!
(5.4)
.‘ R
Lemma 2
2. 2
. S : "%.E
17 fude > 4y = (1-b0P)" f(u)I IZ e du
» a . u"O a
©
\ . | _.2 .
.+ bP(1-bDP) ™ £(u) e 2° s (5.5)

u*a

. where 8 and b are positive constants,”
. ' ' y -~

Pf(u) = [f(u)-f(0)]/u and D 1is the differential-operator,
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-1 )
with respect to u and (1-bDP) 'is an abbreviation for
. 2 , :
the serjes 1 + bDP + b (DP)2 + ...
Lemma 2 is used 1w\iitz}ifying results bk (5.4) for a

.particular 8, as reported in the following corollaries,

Corollaties’
//
I N -1
(1) B (8 Y=38",
' - - 1
Sy EreTh =g,
h 8 g
-1 _a % TS T ; '
(111) Eg,(e ) =g (g -Ig) - : ¢
. (5.6)
1 _u 21 =1 -1
(iv) B (87 ) = 4g” {(g +1>I8 -8 1,
-l 5 1. 21 -2 -
(v) ETP o7y = 2t 4 27t - (ar3gmhH1 ),
g 6 8
' 1 _ & 1 a1 Y -2 -1 -2
(vi) EZ (87 ) .= e {(1+6g~ +3g )Ig - g =581},
-1 1 1 1 S ) . 2
11 E (8 = —Z—g~ =7 4+ 957" + gg= -(1+10g" +15g~)I
(vii) . (8 ) 1708 .{g 9g 's ( g g” ) g}
2 @
where I = eig = e-is? 5 du .
N 8 1 . r{ .
R A
\\,r/

'froofs of Corallaries

(1) can be verified directly by putting T = X/An = g'l,
with a =1 amd b = g~ , and (ii) can be obtained directly
from lemma 1 by putting s = 2, qu consider 8 =, 3.4,..:.7
_successively.

For 8 = 3, f(u) = u - 1, £(0) = -1, Pf(u) =1,

DPf(u) = 0, hence,
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B (070) = [e00) 2 e B gt oThE ot e

t

=g (& -I). - (5.7)-

The results in (iv) - (vii) are obtained similarly.
We will also need other expectations which we quote

directly from Tweedie (1957 b).

(1) BE(g™') = 1 , - o ) (5.8)
(11) ~0’E(g=%) = E(g) = 67+ 1, ° (5.9)
(111) " e°E(g~’) = E(s%) - 07 + 39 + 3, . (5.10)
(1v)  E(gI) = 4(1 + 6 - e’:;) . (5.11)
-l 2 .
= g=2, .12)
(v) E(g Ig) ) | ¢ 12) ~

where I; = E(Ig) = eefu° x~'e™™ dx and can be obtained
-8

numerically or by the use of incomplete ganna iablt‘.

5.3 Bias and MSE of the Ratio Estimator, YR’ under the

v

P Model (5.1) : ‘

~

~ The bias of ?R under the inversewcauaéian regression

St

superpopulation model, is given in the following theorem.

Theorenm 5.11

i

- Biaa(.ik) = a(lg—fﬂ‘i . (5.13)
first note that ) : . h
[N - *

r~
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~ : J—( \ E i .. ’
Bias(Yy) = aE(Z - 1)+ E(—— - € ). (5.14)
b3 T X N .
Now, writing NX = nx + (N—n)i&-_“ , where x denotes the mean
\ .
of x on the complement of the‘§<::%e, we havé,
- x — - ) .
) = (1-f) E(2=8) + B, (5.15)
x ' Xa - N /

The expectation in the above equatian can be obtained by
o eey xn) ‘and we |,

conditioning on the sample x = (x x

1* %2
get' . /-
\""' . b
EXy =. (1-£) E [g 'E(x. |g)] + £ |
: X g N-n\ \ ,
= (1-£) E (g )u + £
" g
\
‘ 1 1 v
= - - 4+ = + A
(1 f)(u An)u £ |
= (1-£)(1 + By + £ . : (5.16)
‘ An

Siﬁilarly, we can also simplify E(e X/x) as being equal to
. \ o
zero., Using these facts we get the result.

-
-

The MSE of YR 1s«given in the theoren bélow.l
*

Theorem 5.2

<

2 2
= + ~ R
AMSE(Y ) = a A, + 6D . \ (5.17)
where \
2 2 1-f.. -
A = (£-Ly+1+3—+3d )1 (-f) +(l—£)]+2(1-f)[f_£}_£l]
., ri n$¢  ‘n¢ N¢ n¢
A 4 (5.18)
D = —£+3~ "+k E | 2f-1(u;)]+k'é [gE> (u")]
rit N Nth 1°g' 8 Fg “hell M2 8%g ‘Ft
1
i - Ea—'-l— - !
. Z(Nzht k3Eg[BEg (Mt)l). ' , (5.19)'

A4
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with ¢, kl, kz an% k3- defined as,
T
¢ = Afy , i ‘
) 4
- 1 ,1-f£.2, yu° 2
k =
1 Azn( a ) (X(N‘n) Y )h »
_ 2 1-f . ‘
kz = An( N )U 1 : (5-20)
_ 2n 1-f

- &
Proof:

T We'll use the following respl&a to prove the above

theorem.
X7 o 4 (143 2 _efell=f)
e £+ e 3(33)/1[(‘1 )T
+ 26(1=f) (1+1) ; " (5.21)
. né" ,
4 -2 U:; ’ 3 ‘ S
, E(CN) =5 (5.22)
Eni 2 ;nu;,+ 2 -1 N A1
E(— = thElsE, (upIT+eE TG (RO, (5.23)
EnENi _n " " 21 . 1 .
B(gm 33 MLt kR IgE, (D). (5.24)
y Now, note ‘that . \
= m (X _ 1y2
Ari E(i b
-’ -2 . o (5.25)
. X . X . .

Hence, using (5.16) and (5.21) we get,

°

l’ ‘ "( x J
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2 -
A= £+ [1+3—+3< 5 1 - w0 +2f(l-f)(1+—§-$)
-2 1+_(i_£)_1 +1 : : . T
- 2 s - 2 2 -
=t 3 (A Y e T+ 2D 4 (161 £-LL2EY
N nd  ‘n¢ N¢ : n¢
(5.26)
Next,
;ni 2 7 ) s ‘.‘\ . \
I = L \ i 3
Doye. E( z EN) ' '
CE X 2 € £ X 2 ot . '
= E[(2-) -2 B8 4Ry, (5.27)
- x x ‘ -
| . - ' y
and from equations (5.22), (5.23) and (5.24) we get, ‘
‘Uv T, . B :
t a 2o=1. =1 4
D = '+ E E + k E -
cit ¥ F N kl 8[3 g (Ut)] 258[8 g (Ut)i »
kY
- 2@l kg LEy (D). o (s.aaey
For_‘f = d, 1, 2 we can simplify D rit in a more
explicit form as follows ) . . )
_t - Oi k_\ . Y . “
v 2. =1 2 I L ] '
= + b = +
UD 1, Eg[g Eg (1)] = o 38 3, Eg[ggg (1)] 8 1)] 3
17
ang
1 _.n 2 11 " o R
= =+ B_ 4 +30+3)+ +1) - +
Dpgp T F TRt K (8 HI0RIM, (941) T 2Ttk (641)) A
- D) L (67+3043) + (k 2k )(e’+1)~ (5.29)
N 1 2 773 2t .
¢ ‘
. |
* i
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‘g =1 s \ I * ’ »
- . . , | |
' -l -1 -l -1 . -
H, = u, E[g2E (Mnb )] = An(6+1),4E [gE. (An8 )] = "An:
1 8 4 g8 8 *

“ﬁ _ (1-f ' ' f/’ ‘
Dyy) = ~oaw * dmky(0+1) + (k2—$k3)Xn ( (5.30)
~
e =2, \
]
3 .
1 2 H
= + -
) Hy = ¥ : |
e , A A%n? 2. X
Elg E. (A'a%0™ 20 870)] = S5—(1+6-0 1%)
. : 8

A2n3[1-5(1+e=621;)1

H

o2 2
xzn’-5—5—§5111(1+e-621;)

. P - *o2 2 ' ‘
E(gE ' (A%n®87 %2 % %07 %)] = A n (e+1)*ATp G-y , -
g B . . , . 8 4
. . ' 2 %3, :
' = .Q:il 2+J-l;3. +k )\»2 Z_L_‘l__(!.‘:ll 1+9_921*
Driz N (u A_) 1[ n " ( ; 8)]
' ' . .2 3 ,
+ (k2-2k3){xzn’(e+1)-+ A (% - 101, (5.31)

-~
-

5.4 Bias and MSE of the Product Estimator, Yp , under the
Model (5.1) . '

e »

.The bias of iP' under the inverpegcaussién regression

superpopulatioﬁ model, ig given by in the following theofem.

i

L3

' Theorem 5.3 ' !
Bins(g ) =‘eu(li£)(u - ANI®) : o ‘(5.32)
P ., B .G .

 where G = AN/E and I; is defined in the same wéy.gs I;.

-




Pz

. . .
N S o . - .

Proof:: ' . : . . -

u‘$ince, ; = g, + Bx + En » Where En “le the mean of

"~errors 81 in the sample, we have
A

oy ] ) ‘E( % +,B;2 & En;) - )
é&l?' = EyE(az — & =
: "X x = X ) ‘
o 1-f o2 | %2
=—=yS_ + X . .
. 1Y r = q + BEM[ ( n ) 3-{ ] « .
S X »
s\ f . !
= a + BE [‘*““E (Hz) + X] ‘ .

where uz is _the second cumulghat of IG(M,A) and

- o - 2.3 .
G = AN/X- . Using the corollary (1iii), 'singe Hy® A K GNj,

we get ' ) , .t -
N - o 2N3 “1 1;
E(Y.) = o + =52 N 6~'-1_)tANG™
(Y-) a BE [( ) N ( G)/ } e
s, < . “ L - . &
= a4 + e{(llfyxnz(e' ~I*) + ANO" ] {5.33)
- n N G, N ’ :
-where 8 = a/u. , . T : , ‘ A
Hence, \ . . . 1
Bias(?P) BN( )(u - anif) . . (5.34)

1

1The MSE of YP 1s given in the theorem balow,‘

+ S

Theorem 5.4 : S ? . &\_ : ,'

°

2 : 2 2 . . .
- . + + i .
,AMSE(YP) ‘a A_; + B Bp ‘ 2a8rfPi Dy e (5.35)

whera ' B . - o o i ,q//#f

-

- 3(1+ e -0 1*)] , (5.36)

ey

<

»
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Ca . .
2 u 2 2 , 2 l-f l.u .
= +—)+ - + (=) (1+=)= .
Bpi uo(1 Xn) AN jflbjsj 2u [ 1+¢ ” )({ N)XL’ (j 37)
.o ‘ '
- n-N * o N . i
Coy = AN j§1 ¢ €y - [f—;j)ANIG okl (5.38)
u) ' 1 i '
t 2 - ' - ' \
D = — - E G E_ (u +(n-1 .
pit™ N o ol ¢ Fin1 (n )ut H) , ) ~
. -»
L [czE;‘(u' 42(n-1)(u'u' ot
nd(AN)2°* G G " t+2 t 2 g1
) 2 A
+ (n-i)(n-z)u;u )] 4 _ o (5.39)
2z, *
b = 1+(n-1)(n -n+l)
1 v, 3 ’ ’
p = BN[1+(n-1)n]
2 3 ’ .
n a. B
"‘(5060)
_ 15N° ‘
b = —7, . oy
3 a8
S 3 ' ®
b = 15N° -, o
4~ l'l3 , '}
: T
7 2 )
BN N\
= T*(1 - —) +°'4(8 -1 ’
B, = [ 1%( . ( i .
~ \ (5.41)
B =u1£1+ée-})w" L 1ve ) Lgpioert e
o, 6 N TR LY 2 Rk
1 ' © 1 =1 -2 i ) * ~
. = S—(1+6 ) - —(1+58 -36 - =—{8_-12)I
, By aa( N) 24.(.1 5 N N ) 68,("N 12) G .
AN ' £ : ' ) 1'
- 2 {4-1o +96= - 7877480z + Q'B'z 20)1%) L.
l B‘ = "i—é_o’( -i N 9 N -l N 4 N . ( N - " ) G] » O
. ‘¢ h !
’ &
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‘ ) A
l1+(n-1 :
, = __‘_sn i ]
% ‘ d
2 )
- N(3+(n-1 B - . '
¢, = { 2’2 L) (5.42)
{
3N’ .
c = ’ v
3 n .
N /J -
_ . * . 2 * - N - . ,
.= - + . 5.43
¢, ‘5(1 6y) ,aenxc . ( 3)
. \
' 1]
t. = B, . v f“'
3 2 .
R A
Proof: : T .o
' 'S .2 2 .5 2 2 ;2 -2 x
Since (Y _-Y) = a & ~-1) *8 (= -X) +2aB(=
P 9 X X , X
: £ X 2
+ _6(—%_ - EN N 4‘
X
x | L . X
. = E(= -1 - X . . ) C =g (=
hence, A‘pi ‘ (;{ | 1, Bpi E(i XL pr ! (
and - ‘ ' o )
£ 2 \
D . = E(-2— -E ) . . . g yoo
, :pi't : X . ‘§ . N N o
Now, - B . /’ - .
-2 - /. .
‘A})i = ey - 22+ 1) - , -
. 5 .
' X .- i .
2 " Tn o L
. (l:i}s + C .
=, E ( A‘ ..xzk ]‘nl |
M X ,
i-f .. °x . - T ‘ .
GRS T
I—f ! + ) . ‘2-.‘ v . '~' ' ‘~.
- = (—/)N[1 ~ +8 -8 . o (5. 4G
CTOBILS A+ -6,E0)] - (5.44)
. R :
‘ . v . /‘, 3
£ . R Y
' X \ ,




K

Pl

N

. -l
Ce =2
= E(é; - 2x

X .7

- 63 - é!ﬁ
-2 . .
+ x ) . ) , . '

) HE'IL evaluate each tﬁfn of the above expression in-

- dividually;
)

i)

E(X’)-

and

s(Riy

-l

E(Z
x’

Now since,

N

it

3

1-f
= (—.——
n

)y— +
3

.

-

C 2, v .M S | :
1 + — < ‘ (5.45
W ( \’AK) ‘ » | ).

e or L=z
EERIEAS ) 4 E X

-2 - "u , M » +
. 4+ — .
1 (l AN o

| 3 2

S T S
= (‘Ei)(f+ %>§* +uy ’ e (5446)

) = =cE {2

t
UJH
@
Ay
ﬁiﬁ

+ 6(n 1)

'+ n(n~- 1)

b

[y ’ 2

.
‘o

nE(k )+u(n 1) 3£(x xj) + LE(X xj)}

(n*z)s(xixj L)

(n- 2)(n 3)E(x xjxkxl)]ic} . -‘ (5.47)

. ) i e "_~+ ~_5 y '2\-6+ i 7 .
E(;L) £ L = a N (:x 61»:6N +15N sN .1510\&‘N ), FS.%sf

, A
2 . -1, ez -1 1“ LA -8 2, .7
= “ = -+ v
E(x Xy B ( 53 53_15 N feN EN&NL+N 6y )1, .
o~ ~.t. A : ) 4‘ ’ . (5 AQ)J /
- <1 R
Y ey IR s EC L)t B [A N (e7 +aner +3u 67 1,
3 ;) oo
g ' (5.50)
(XX x %)= G W) - z"[}‘sJ(e‘“+né;’)j (5%.51)
1080k ¢ \oH1? ¢ '’ N § e .
. and v ‘ .
o -} . -1 .5'~9-~ v '5.
x x = = E "(» N . x .
s( Ky jxk 1 X) EGl(u ) 6 ( X ) fS 2)
Therefore, (S;ﬁ?) can bé.sinplified as °*. ' ‘l -
3 3! p ried o ~
- ., '

CE(Zy). = A xz T b E 1c £ (e ==y
% :

a=1
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by

» 2 - - -
where b are the coefficients of E [G E 1(6 3 3)]
3 6 ¢ N

i =,r1,/2, 3, 4. Since, <
= E (G E(8=")]
By ¢¢ Fc On 4
2
= I*(1- 36°) + - . (5.
BHIA(1- d00) + d(o, -1, (5.53)
2 -1 oS00
B, JBG[c E, (8, )] )
, - - Lo 2 . .
= 2(1+426° )= 2—(148 )+ i (e -6)1" ; 5.54
' p 6 v T 170 A 12 %% g (334)
2 - b
B, = E[GE (6" )] 9
3 G G N , & a
1 1, lea=d o2 1 .2 .
= (14 - - + - - — - .
48(1 8,) 27 (1 56 =380 )= F(8e-12)15, (5.55)
2 -
B, = EJIGE_(87 )1‘
[ Y o .
= Lii-a6 +98='-76=2+g0="+4 (6 -20)1") (5.56)
120 NN N N. NV A
. . s, * )
. ) where the use of the corollaries (iv) - (vii) and equations (5.8)-

(5.12) has been made. Cgmbining (5.45), (5.46) and (5.53)

]

_ to (5.56) we have Bpi .

The expression for C

Cc ]
pi
. T3 =2
C = FE (.x_!. - .5.—) .
. pi .x- T

‘ Writing the first term of (5.57) s

N S S S A '
E(=y) = —Tic{:;inE(xi)+n(n-l)!(I
X o X , .

After sﬂuﬁlific.tion, similarl¥ as ;nrthe case of B

Pl

‘ we get,

2
1

X

3

)+u5n-1)(n-2)z(xixjxk)]tc},

Py .

pi

can be obtained by Sriting’

cs.s;s\x—

FRE YN

(5.58)



-y 3 . ,
x v
E{(=%) = AN I c¢,C ’ ‘ (5.59)°
) Z go1 S35 ,
‘where €, = E[61EC (6737 %)] =1, 2 3l d th b
wher 3 Gl c N 3 s 2, 3. and these can be

simplified using the results in corollaries (ii{) to kv) and

equations (5.8) - (5.12) as -
c : 3(1-0.) + 4o 1" ’ 5.60) -
1 (1" N) NG » ( . )
) Cz"-' Bl R ' (/5(.6'1)
C, = fz . , . ’ . (5.62)
* Also, from (5.33) we can obtain ‘ . )
\#N * N . '
_—) = + - . v L@ . '
E( ) )XNIG W . 3 (5 63)?
.,,./ . ﬁﬁ'
Now combining (5.59) to (5.63) ve . get Cpf .
Next', vritin; Dyit as
- 2 e 2 - e e
£E E X
, €_x ; - ‘
- 1 n _ n N -2 .
Dp“ 3 E( =7 2 - + eN) . (5.64)
: P o
Since,
Six oo S - ‘
- N ne X o - —_—
X X N X
C. E(cnsn_nt;) =0)
-l . .
n t x 4 ~ "
= = E("'—') . . ’ - (5.65)
- N 4 . .
Nov, '




" hence (5;65) becomes

{
: i
£t -

>

Similarly, since,

- -

i

'

1
~~
m
L
A
)

QJH

E( L e, + Ze,e )T xi)'

E(E x ) = é‘E[ I x;, *+2 1 (x,x

1

n n n

=1 1 gy 13

i o . ‘
FEERCLE VA o SO I (5.66)

) + (a-1)E(—y)

uN X , X

-1 ~ ' .
' + - ,,. . K
EG[GEG (ut+1 (n })utu)l (5.67)

v '

, :
e, + Z 3 )( E x + Z X% )
1% kg1 K1

2 2 2
+2 I (e x te e, .x % +c e . x +c X, x. ).
T A e

. "

i 2
+ ’ + 2y
L (e xj k +2¢ ejxixk £i£jxk Zeicjxjxk)

+ z eiejékell R

i737k¥1
b

+ n ' n .
t+2 : ;+xi+1xi)+:‘2 -x:x xk]
i1y 173 1




For t.

where

d

- d

Since,

D
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s N N
= —?[% I xi 4+ 2(n-1) T (X X +xi lx
n i=1 N(N-1) 193 1 ]

(n-1)(a-2) V¥
N(N-1) (8-2) gqo xjxk)] ’

oy = 1 ¥ (@-1(at2),

02

0, 1, 2 the explicit formulae for Dpit

1 2 1 -l -l
=2 - ——E[G E. (ANG_ +(n-1)ANO_ )]
N nAN G G N L
Y -
+ ———L——yzc[c Ec {x’n’e PR o }
n (AN) ) -

+ 2-1 0N e I e N e Y
R N N

| 2 2 =2 '
+ (n-1)(n=2)A N eN 3

1 2 oY, =1 1
= = . = +
N N EG[G EG (6N )] 01 °x

-
-

= N(2n-1) ..
ﬁ‘

EI[G E-l(e )l =1,
G

01

G N ’
2 -1 -3
quc E, (8. )]
2 %
= + -
i1 by - %1

>
" ]

)

E(GE (d 6+
n? 6 G

therefore
' T-2-2 '
- Enx ] 1 ] 1
EE(—3 E lG E ' f20-n G el W
X n (A$44, t+2 t+1 2 t*l
+ (n-l)(n-Z)u;u . (5.68)
&;Egys,'combining (5.22), (5.67) and (5.68) we get Dpit'

are given

<3
6026N )]

(5.69)
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“ R 2 _~1 -3 i ' -
D02 EG[G E, (QN )] |
-2*
= - +
$(1 6N i BN IG) ’
hence,
1,1 2 .
= .=t . ' .
D 1o w3 k£1d°k Doy | (5.70)
\ .
t =1,
Ef6 ET (n', +(-1)u'w)] = ANE[G E. (n0- +N8")]
G G t+l t G G N N
2 2 -1
= A'N[NB - (N-n)I* 5.71
| N ( ) c] ( )

2 -1 R
E[G E (y' +2(n-1 "
Gl c (ut+2 (n. )(utu2

[} [ ] ) ' 2
+ut+1u)+(n-l)(n-2)utu )}

- ¥'E 6%
‘ c\ G

{(efa+3ne'“+3n’égf) + 4(n-1)(8"°+8"")
N N N N N

+ (n~1)'<n12)e;’}1

3 3 z _1 -3 - -
= A N E ' e + + * .
‘ | Glc EG (dll N dlzan d139N )1, (5 72)
/
where :
dll =1 +‘r‘,(n"l)(n+.2)." . . ' °
- . dl2 = N(4n-1),
dl3 = (n-1)(n-=2) .
N ing that D, = E [GE-'(8-")] = ¢
. ow noting that 11 G G N 1!
° 2 ol ,, =-h . 2.~} ,,."=5
= 6 = B = G E ¢ =
.°12 zc[c Eg ( N )] , @nd Dl3 EG[ : ( N )] B2 s
ve get \
~ ; -1 2A 1 * Ay !
= - — - - + 2 d - -
Dpil ABN 0 [NBN (n n)IG] 0! Y-l {k le (5.73)
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t = 2 , .
B 16 E (' +m-1uw'w] = ANE (6 £ (@6
G ¢ Hedy Im-BIM Egl G Eg (mby
. ’ - Ty 2 =5
4+ N + 8 +3N 6.
3 (nt2) N 3 N ){
? .

)\3 3 . 2 -1

7-—;ﬂ~[(2n~u(n+z)+x )6y
’ 2 -2
+ (N(nt2)+N )BN
2 =3 ; 2. %, R

+ 2N GN +(N(n+2)-2n-N )IG].(S.YA}
, 2 -1 ' 'y ' . v 2
EG[G EGI(ut+2+2(n-l)(utu2+ut+1v) + (n~?)(n—2)utu )]

-k L1 2. =6 3 =7 P
{87 +6NB”"+15N° 8 +15N 8 +2(n-1)(8 . i
N N L8 o (' )( N k ‘

W
=AN Ld_ oD, , (5.75)°
=1 2k 2k :

€
(=2
(1]
"
A
o
#

1+ (n-1)(nt2),

o‘ -
]

N[ 6 + (n-l)(n+8)] ,

Ni(8n+7) ,

-
(=9
il

[=9
1}

15N 3,

.. % .
and . ' *
-1

2 k=3
EGIG E, (eN )1 gk .

(=}
[}

Therefore,
2 2 =2 -3 A3N 2 =1
. = .+ - — - + +
<Dp12 AN (BN geu )] = (2n-N(a+2) +N )BN'9

‘ 2. . -2 2 .3 2.
+ (N(n+2)+N )9N +2N ON +(N(q+2)-2n-n )Ic]

10 R ‘ . ‘
e R T TOU JORE s (5.78)
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5.5 Bias and MSE of the Régression Egtimator, er,

under

the Model (5.1)
1

3

-Similarly as in section 4.5, ‘the bias of the tegreasion‘

estimator, for a fixed % ,‘undér model (5.1) is zero. ' The

-

expected variance (B¥$%§~&( ilr 1s given in the theorem
below.’ .
\
Theorem 5.5 ~ ~ ' ' ’
_ | EVARU:{ ) = (k—-f;)[ (b-8)72 N + 6u'l (5.77)
1r »‘, n r . t° . *

which can be simplified for t = 0, 1, 2 as follaws:

t = 0, - ' K . C -
- = L-f 2y’
EVAR(Y, ) = (5)Kb-8) — + 6 ]. (5.78)
lr o A o
t = l'.
PS - !.
2 _ 1-f 2y .
EVAR(Y. ) = (==)[ (b-B) — + &y] . (5.79)
1r n A A
t = 2,
z 1-f 2y’ 2l
; = (= - —_—t (. F—)], .
EVAR(?II) ( o M (b-B) 3 ‘(u X )1 (5.80)
Proof: . " “

a

From section 4.5 we have-

EVAR (Y

1) 7 4B E(ar D)F B D

= .(-l-—'—f) (b-e)l-a(sz)‘+ E(E -E )2
n x n N
SN E
Now ,’ . ) coe
2 -2 - - -
E(en-e ) = E(EnTZEneN + e) - (5.81)

and, ) o \




- Zl -

, E_(nE_+(K-n)E_ ) .
n£ ') = E[ n i+ W n:-n—-.} , ) . .
N N .

E (¢

) o ' n -2 N-n - -3 ..
E(e ) # (T§~) E(E Epan? ™\ :

td|

i

' W (L E(E™ |x)fo0)

n' 2 .o . . n N-B - '

= » E(Ln) ’ N n . . (5.82)

\ ) .

1 n 2 ‘n

= 2 E(f e, + Lejcg) ,
AR TNy gy .

L& ’ .o :
F e . 1 , (5.83)

‘ Hence from (;.22), {5.82) and - (5.83) wve get

) : !

=

-'__ 2= o] 2
E(e ch 6°t(3 - T +
= _1..:_f.'|2 ) ! .
K¢ " )»t\. . y (5.84)
and therefore,
EvaR(E. ) = (ASh en)? B4 g, (5.85)
lr von ) A t - ;

1

5.6 K Numerical Comparison of the Ratio, Product and

Regression Estlmators

In this section we present a numerical stud: for selected

- o -
values of =n, N, a, £, ¢, t and h 'of the three estimators

under the Gamma suﬁerpopu]ation model (see sections 2.6, 3.5

-

and 4.5).
| These numeric;l stud;es d;e done vitﬁ object of agcertéin-
153 the range of parameters where one estiiato; zay be begte;

than another. Some of the snalytical properties ;1; available

in Chaubey et al (19é5g)<but it does-not exhaust all cases.

- ~




S
A similar study can be perfor;ed on gpdel (5.1), hoézver

this study is not undertaken here in this thesis for reasons
of space. We plan to do this study separately by'using the
formulae deyeloped in this chapter.. Hoﬁever, for large
samples, simi}at performance can be ;;pected. B

N The bias and MSE for the three estimators are given in
Tables 1 and 2 ;qspectively for & = 1 which corresponds to

»

the constant variance model for which thae anqutical‘proper-

ties are reported in Chaubey et él (1984 b) paper for an

infinite population. We find from-this numerical study that
-4

similar properties also hold for a finite population of

moderate size. However the following points are highlighted -

.

gélow.
(i),, The most significant conclusion is that the regres-
sion estimator comes out to be the best in term; of
MSE if tﬂe estimate of the‘:1ope used 1; not far
away fﬁom tire true slope. The gain iﬁ_efficiency
.bei;g_tﬁe mdst when the estimator is thé same as the
true value. ;
(i1) The bias of the ratio estimgtor depends only on «
whereas for the product estimator it dépends on B .
The bias of the ratio is generally Jmalier than that
of the product e;timatof except when. B -1s exactly
zero and thén the bias is exactly zero.’
(iif) When 8 'is 1in the neighboﬁrﬁood of zero, the produet

estimator is better than the ratio estimator and the

-

- S

s it
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