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- The I’rleight Distribdtioh of Some Quasi-Cyclic Codes
| - Cat Nguyen ’ )
. In thi'_s thesis, the weight d"ist;ipution and the decodingp-
problem of: quasi -6yc1°1‘\c codes are studied. PR \ . T

Weight distributions of quasi-cyclic codes (some 'known‘ankd! .
some hew)- are computed and analyzed. ?asi-cyclic codes of rate 173, X
1/2 and 2/3 are studied in detail. : .

The Karlin binary decoder is_optimized with channel measurement ~‘
1{1fom]ation. ' '
| The class of quas{-cxcfic codes derived from power residue
codes, with the normal basis theorem, are foui/1d to §eneraté very go;)d )
sub-codes which are comparable to the best codes listed in Mcwi'lh"am's

9

Finally, some quasi-cyclic codes are fqund to ha?e ver"y good'\' " "

weigh;t distribution structurfes vwhich are we1‘l’-su1’ted for expurgation 'to

erm cdnstant weight codes.
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CHAPTER 1

»

1.1 Introduction In this chapter, we introduce some known
mathematical notions necessary to the deve1opment of' the thesis.
The reader.is assumed to be familiar w1th the not1on of .
G§101s field. : ' . -

3

The factorization of x ".1'is reviewed

’f1rst and the praoblem of Row many po]yr3m1a1s fa (x) of degree

Ve

n,n odd integer, such that GCD ( (x), X -1] 1s con31dered

Since the problem of determ1n1ng
mth power residues is a generalization of determining quadratic
residues, the notion of quadratic congruence is also reviewed,
Finally the well-known isomorphism
property between the algebra of circulant matr1ces and po1ynom1a1s
mod x ".1 over GF(2) is demonstrated.

1.2 Factorization of x"-1 over GF(2) °

. Our main concern here is about the factorization
of x"-1, n-odd integer, over GF(2) where the roots of x"-1
1ie in the GF(Zm) Since 2 and n are relat1ve1y prime, there
will be at least an integer ‘m_such that 2™z (mod n). ~
- In the field GF(2™),(x"-1) can

be factorized into
X"-1 = (x-a") (x-0}) (x-a?)...(x-a""")  (1.1)

ket us define the minimal polynomiat.
ﬂi(x) such that :

My (x) = (x-B1) (x-B2).. (x Bo) o (1.2)
where BY,B: ""’Br are all elemeénts belong1ng to the same
tyclotomic coset mod x .

. .

To visualize, the cyclotomic coset mod 3,7,23,31,63,127 are

Mod 3 - o : )
Co = (0}

. ¢, = (1,2
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~ 1!

: _mod“7.: ,

L.Cy ={0] )
Cy =‘={3,6,.5}
mod 23
C0 ={0} L i
C, ={1,2,4,8,16,9,18,13,3,6,12) /
C; ={5,10,20,17,11,22,21,19,15,7,14}
mod 31. - /
c-i -{])Z;a,8’16} N //
C; ={3,6,12,24,17) ./
Cp . =(5,10,20,9,18) '/
¢, =(7,14,28,25,19) : /
Cyy ={11,22,13,26,21) /
Cy5 -{15,30,29,27,23} !
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- {0) .
- {1,2,4,8,16,32}) -
= {3,5,12,24,48,33)
= {5,10,20,40,17,34}
= {7,14,28,56,49,35}
- {9,18,36) |
- {11,22,44,25,50,37) .

= {13,26,52,41,19,38}

- {15,30,60,57,51,39}
= {21,42}

- {23,46,29,58,53,43}

= {27,54,45}
- {31,62,61,59,55,47}
L .

. » \
[] \.

- {0} : éié\%

- {1,2,4,8,16,;32,64}

- {3,6,12,24,48,96,65}

~ {5,10,20,40,80,33,66}
- {7,14,28,56,112,97,67}
- {9,18,36,72,17,34,68}
- {11,22,44,88,49,98,69)
- {13,26,52,104,81,35,70} .
- {15,30,60,120,113,99,71}. -

-

-

. = {19,38,76,25,50,100,73)

{21,42,84,41,82,37,74)
~ {23,46,92,57,114,101,75)

- {27,54,108,89,51,102,75}

{29,58,116,105,83,39,78)
{31,62,124,121,115,103,79}

- {43,86,45,90,53,106,85)
{47,94,61,122,117,107,87) ‘
{55,110,93,59,118,109,91} .
{63,126,125,123,119,111,95}
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‘ Then x"-1 canm be factorized into minimal polynomials
s as » ‘ l ! ‘. .' . . .' “
S | , 3
X -1. - Mo(x).Ml(x)...Hs(x) . N (1.3)
. s = (n-1)/2 . .
© A Equivalently . S ' ,
n N
x-1 = p M () 4 : (1.3) |
[N . , - e,
,{ .

»

where s runs through the coset reprgsentatives mod 21

v

Therefore we can have the following theorem.

[y

: Theorem 1..2.1 Let Rm be the enifmb1e of monic polyno-
. .

mials M,(x) irreducible over GF(2), whose product divides
. i . ‘ \

X"-l. n odd integer. Then there a}e/at least 1/2 2"

. * - .
elements of Rm having®degree m and do not belong to -
any other_subfie1@.

P

Proof Let Mi(x) be an element of Rm and having degﬁee

¢2/1 v-less than m. Thén the roots of.Mi(x) belong to a
. field 6F(29) a subfield of GF(2™).. u

m-1

' There are at leqst 2 ‘elements of Rm which

’ do not belong to any other field. 3

N

T

This can be visualfzed as in fig. 1.1-for two
. |

specific cases. : -
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for n odd

.

Fig 1.2 gives the factors of x"=1 over GF(2)

integer, .n =33 ) e
ﬁ . Factors {in Octal)
3 <y¢ﬂ“rb 6.7 ‘
7 6.54.64
9 6.7.444
1 6.7771 ' j
13 6.7773
15 6.7.46.62.76
17 6.471.727°
19 6.777777
Cai - 6.7.54.64.534.724
23 6.5343.6165
25 6.76.5102041
27 . 6.7.4%4.4004004 .
29 6.77777771
3N 6.45.51.57.67.73.75
33 6 '

6.7.4522.6106.7776

4

Fig 1.2 Facters of x"_1 over GF(2), the factors are-

given in octa] with the lowest degree -terhs in the
Neft. o
Our main question now is: How many polynom1als %
fi(x) of degree n, n odd integer, such that _

ceep (fFi(x), A1) =1 + (18

)

Let R .be the ensemble of monic polynomials M (x)

1rreduc1b]e over. GF(2) . Then equation
(1.5) 4s equivalent to - N

6D & (x), {1 (x)] M tx)e R }) -1 (1.6)
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‘number. of. po1ynom1als fi(x) of degree n such that
gD - [F(x), x "1} =1 is bounded by’ *

Let us consider now the case n oddainteger and relatively
large (as it should be on any asymptotic bound).

M (x) = x+1 (11sted 6 “in octal in fig 1.2), ,

d1v1des all even polynomials of. degree n.

.i(x) of Qegree i Q111<d?v1de 2" po1yﬁ%mials of degree n -
where about half are odd and half are even, the 1dter are also

Fomad v s o> <1 o R

divisiQle by M]j»).~ Al min}mal bolynomia]s oﬁ Hegree i divide-
the same polynomials. )

For example, for n = 3, My (x) = x+1 divides
231 = 4 polynomials of degree 3, y o (%) =xPed
d1'v1'de5‘23'2 = 2 polynomials of degree 3 where one is also
divisible by M‘(x) Therefore, the number of polynom1als
f (x) of degree -3 such that' GCD [fixx),‘x3-1) =1 is

'exactly 3. -
sinilarly, for n = 23, M (x) = x+1 divides 2%2.
polynomials of degree 23, 4 ,
11 9, 7, 6, .5 A . :
(x) = x + X7+ X +X + x¥ o+ x £ p (
"2 10, 5, 4, 2, ] -
and M (x) + X + XD o+ X+ +ox

&ivideszlz po]ynom1als of degree 23, where about han are odd and
half are even. Therefore, the number of po]ynom1als fi( x) of

degree 23 such that GCD [f (x), x23-1J- is about
223 _ (222 4+ 1 12) z
2

Therefore. in'the limit (of tﬁe worst case) the

Mgt 1 on-2_ 1  on-2 (1.7)
.2 2h-2 =
ty ‘

asm = . .
Eq (1.7) is equal- toé\l 2", ‘
4
Thus we have demonstrated the well known result, that the number
of polynom1a1s f (x) of degree n, n'odd integer and re1ative1y

large, such that GCD (f_ (x), x —1] = 1 s Jower bounded by 2" -2
and the potynomials are.all distinct. : U

3 “ .
T e T




( 1.3  The notion of quadratic congruence

Let p be‘an odd prime with {n,p)=-1. Then we have the
following définition of the notion-of quadratic congruence.
Definition 1.3.1 n is called-a quadratic residue module

p if and only'of x2 = n (mod p) has a solution. -

The fo]]ow1ng notation, due to legendre, is very

use ful in the study of quadrat1c residues.

\Definition 1.3.2 Let p be an odd prime and (n,p) = 1.
Then the Legendre symbol is defined as:

(R) =1 if n is 'a quadratic residue ‘mod p

=-]1 is n is a quadratic non res1due mod p .
In terms of the ,legendre symbo1, (7 )= ( (7ﬂ -1
( 5) =( 5) ~4 =) = =1 and (i ) =1 for any odd prime P
prov1ded (a p) = 1. ‘ ‘

I

Theorem 1.3.3 Let p be an odd pr1
If n = m(med p), then (p) = (1.
Proof: If n = m(mod p), then x? =

if and only if x2 = m(mod p). Q.€.D.

Theorem 1.3.4 There are precisely

quadrat1c residues modules p where p is

2 _

Proof Since X y*(mod p) ls X

values of x in the reduced system 1 @,...

me w1th (n, p) = (m,P) =1
n(mod‘b) is-solvable

(p- 1)/2 incongruent
an odd prime.
= xv(mod p), those
»p~1 are considered.

Moreover, (p- x)2 = X (mod p) so that the squares

of the numbers in the two sets 1,2,...,(p-1)/2 and (p+1)/2,...,

p-1 are congruent in:pairs . . -
The squares 12 22,....(p 1)2/4 are all incongruent .

- mod p and any quadratxc residue is congruent to one of the

numbers 12,22 ..s(p-1)2/4 Q.E.D

_Following theorem pf special ‘interest is derived

" ‘from the/Quadratic Reprocity Law of Gauss (1) -

Theorem 1.3.5 If p is an odd prime

( £) = 1 for p =1 mod 8 ,
= -1 for p =t 3 wmod 8 ° S




“

'
1Y

- x wes e L

By Gauss's Lemma
2y = (-0 = (1) (p5-1)/8

Since p is -odd, p z, +1 or p 3 (mod 8)

If p = +1(mod 8), then p =21+ Bk for some 1nteger k and:
p2=1i16k+64k

Therefcre, (p ~1)/8 is even and

()==l .

On the other hand, if p = +3(mod 8), then p = £3 + 8k

for some 1nteger k and:

pZ = 9 a8k - 64K | \ . .
.Therefore (p2-1) is odd and ~
a ( )~-1 o Q.E.D

>

Therefore far p an odd prime of. the form Bu +1, 2 is g

quadrat1c residue modu1e p and for p an odd prime of the ﬁorm

8ut 3, 2 is a quadratic nonres1due modu]o p.
. ‘1 ) -/" ;?ﬁ. “ _,\ ' .
k N )
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1.4 The isomorphism property between circulant matrices
and polynomials (mod x"-1) over ar(gi

It is known that the polynomials (mod x"-1) with
)coeff1c1ents from GF(2) form a ring Ry .
Then we- have to show that the circulants generated
by polynomials mod (x"-1) also form a ring M, and there .
is a oene to one mapping from R, to Mn>\
First, let us define a circulant matrix of order
n over GF(2). ' ‘

A= a0 & eoa gy | o (1:8)

ap.q a0 e 3 9

a3 A2 aa do

»

.w1th a;, ¢ GF(2). Each row of the matrix is the previous
one sh1fted once, the circulation is to the right
Let f denote the mapping f: Mn > Rm
defined by f(x) = a(x)
a(x) = ay *agx + a2x2 + o e * an_1xm'] mod (x"-1)
a(x) is formed by‘the.1eading,row of circulant matrix A.
It can be easily verified that:

i) f(A+B)} = a(x) + b(x) mod (x"-1) C(1.9)
©44) F(AB) = a(x) . b(x) mod (x"-1) (1.10)
i11) flch) = ca(x) mod (x"-1)  _ (1.11)

. Therefore we have demonstrated aga1n.the well known
fact that the algpbra of all nxn circulant matrices

over GF(Z) is 1somorpm1c tq the,algebra of a11 polynomials -

(mod «x -1) over GF(2). L )

€

. - -
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1.5 "befinition of the quasi-cyclic codes

A code is cal]ed quas1—cyc11c if there is some integer
s such that every cyc]ic shift of a codeword by s places is
again a codeword 0f course a ¢yclic code is a quasi cyclic *

-

‘tode with s = 1. (12) . Therefore a (mk,k) quas1-cyc110

code 'is composéd of m circulants, s = k,and its generator .

matrix can be expressed as:

~

.
.

G —[c1,c2,...,¢m] v (1.12)

where C .is a kxk circulant matrix, as def1ned in equation /&
(18). . - : ~

Lf any Ci s invertible, then the quasi-~ cyc11c code
can be expressed under systemat1c form as
‘. / / y
| G (1, ].c preeesC nal L) {1.13)
where I is an identity-matrix of order k and C’ = Cixc"'I ' g

is a c1reu1ant matrix of order k. ‘ ‘ \
There fore. every codeword of the code genérated by the matrix '

G’ odf equation 1.13'is of the form.

o

vix) =[i(x)si0xes (x). 1(x)C’(x),...,](x)C’ )]
Sim11ar1y a (m(s+1) ms ) rates+] quasi-cyclic code
in the systematic form , is defined by its generetor matrix Gs
such that N
(1.04)

where I 1s an identity matrix of order ms and 01 1s a circulant .

of order s. Each codeword of the mattix G, of eq: (1.14) can be

L 4

ekpressed asgy o
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- . GHAPTER 2

The Height distribution of Quasi-Cyc1ic codes

Y

N

2.1 Introduction The We1ght d15tr1but1on oA'a code égntai

7/

the following information:

-The minimum distance of the Gode

~The weidht distribution of iti)dual by wax of Mcwilliahs
identities i

-The probability of decoding errors and failures in the
case of an incomplete decoding (2),.

-The construction of expurgated codes‘which fmprove the

random coding bound (4)~= o .
- =~The construction.of constant‘weight codes as seen on

chapter 5. ' o

2.2 The minimum distancesof Quasi- CM$]1C codes‘\
Consider now a codeword v(z) of a Quasi-Cyclic Code
(mk,k); v(z) can be expressed as: :

Cvte) = [ile)e ta)ia)c, ()1 (a)E (xés---ii'(x)cm(x)]

mod (zX-1) (2.1) -
For i(x) ~= m!, then o ., -

viz) =[Tc (=), (2)s 2 e (x),n. 2 0 (2) ] mod (oF-1)

o (2.2)

end its weiéht is equal to

W( y(x)] (ujz'c NEIE Wz ¢ NENETE ie NESIER

W| z'c (x)]J . . (2 3)
For :c1 = 1, then (2.3) becomes a simple upper bound on the
minimum distance of a Quas?i- Cycllc code (mk,k.): .

d . <[ilc (@) [+ Wle,(x)r. s Wic,(2)] ) (2.4)

-1f the code is expressed in systematic form, expression
(2. 4) becomes: / ' “
b 2 [ 1+ WIC ()] *r. i+ N{Cm_1(m)|] - (2.8)

I

@ o 4 s e e am
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|
leferent comput1ng mLthods are used to’ ca]cu]ate the o
minimum distance of a (mk,k) Quasi- Cyclla’codes

The straightforward m thod of computing the m1n1mum

distance d is to find the’ we1gﬁé of sums df i, rows of G,

for i = ], /,d*. This requires examination of !

" By ' y

k »
BB (2.6) . =
codewords. ' ‘ \ )

This method is 1nconvenpent in that the code should be
under systemat:c form. - \ s

Another method of 1nterest 1s~a ref1nement of the

above one by Chen - (5) . Due\to the quas1-cyc11c nature of .

"
s

the code, the search can be termlnated for the sma11est value
v, of T suth that “‘i. - _ ‘ ‘
.'/1-v0>{(d1)k/n}1 . . (2 7)
If d is the we1ght of the codeword of m1n1mum wveight
.in the set given by i = 1,2, ..,v where vey . ‘Then the‘
Jpper and lower bound on d will be ! :
d, >d > {(v 1)nfk}+ ) (2.8)

" As an example the best (58,29) found up to date has a

. minimum distance at most 12 then the first mentioned. method

will req(ire an éxamination~of 322 x ]06 chéwords and the
second-method will require an examiqation.of,a.zxx\w6
codewords and the brute force method 536 x 106 codewords. -~

’
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{ e ' 5 3
' | " 3 ?‘ ‘;ﬂ( ‘ :‘ |
rk?;’ " Rate ) Circulants d d i
. (Eq. 2 .4) r
Ly . .
(39,13)  €;=1,0,=14221,0,-13556 15 12
B | (51,17) . € =1,C,=214626,C ;=313151 18 16
. (52,13) 4% 1, c ~7715,C,~5477,C,~2767 28 . 16 %
\ s (91,13) 1=1 c =14221, c J17227 " 43 . 36 i
. | 4=13006 ¢ =14771 C,=13556, , 2 i/
C,~10550 . A
(150,15) ¢, =38175,C,~1405,C, -64272, 59 59 7
C,~21654,C =46517 c ~56300, | r ; 3
€,=4272,C4 220361, ¢ -34132 : |
. c, -44007. : ‘
(88,11) - 1-1253 ¢,=1467,C =2224, 47 . 39 [ i
S . €,=1355, c =1541 -2547 ~ |
‘ o, c7=2521 c —31¢5 . /
‘ (30,5) ¢-1,C =11 €,-30,C,-35,, 15 . 15
(e C,~26, C6d31 b
[ 7 (30,15)  C =46517,C 34132 16
e (30,15)7 ¢ =a6517,C,-2036) s
.. e (30,15) C1—46517 c =4274 15

.

=" Table 2.1 M1n1mum distance bounds on some very good Quasi- Cyclic
! ( Codes. - , , . R

2
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 to all codewords of C.

g
Ve
T——

2.3 The we-ight distribution fo the dual code C .

If C-is % (n,X) linear code over GF(2), then-its dual
or orthpgonal code ct s the set of vectors which are orthogonal
-~ P .
-Hence E
¢t ={uju.v = 0,veC) . (
Cl is exactly the set pf’all'pgrity'check§ on C, (:l is an
(n,n-K) linear code. Therefore the weight distribution of
the dual €™ of a binary X néar} code C is uniqueky determined by
the weight e\numerator 61’ C. Based on this property, we have
McHilliams theorem for binary linear codes (12),

. < ‘j’?“ﬂ

B - .
Theoremé2>® If C is anY n,k) binary linear code with dual- -

code ¢t ~then .

Wt (z,y) = 12-" W (zty,z-y) N (2.10)
Equivalentlys ' ’
n ' n ~ ‘
op By RELL s e eey) L (21) \
" =0 27 =0 '
p g e Welu) Htlu) n-Wt(u)  n-Wi(u)

where Ai‘ denotes the number of codewords of weight 1 in C.
B1 denotes the number of codewords of weight 1 in ct.

n s
Welz,y) = o Atxn ly! . r xn-wt(u)ywt(u) }

- =0 " ueC
"cl("c"y\) n Bi:c"”yi . xn-wt(u)ywt(u) -
’ iEo » U.G.C‘ ‘ “,n .
N -
&




\

y . -
17
27 - .. . , |
Let ys consider the (30,5,15) code where the circulants
and its’weight distribution are givén in chapter 4, then
W (z,y) = z° +16x‘5y‘5+15x”y"6 (2.13)
L, 1 ‘
Welz,y) = = W (zty,z-y) : (2.14) -
) 32 , . ] ‘.3
32- {(w+y>3°+1e(w)‘s(m-y)‘s +15(z+y ) H(z-y)16)

Eq (2.14) is the expre551on of-the weight’ d1str1but1on
of the dual (30,25,d') code. This expression cah be programmed
on a digital computer to obtain the wé1ght d1str1but10n of
the dual code
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“even weight independently of C{x), therefore the weight of the

-
-

18

>
-

.2.4 The weight distribetion of rate 1/2 guasi—Cycﬁic Code
E ; 7k .

o

Since the algebra of circulant matrices is i-somorphic to
the algebra of polynomials C(x), every codeword in a systematic
Quasi-Cyclic (2k,k) code can be represented as: - ’

viz) =[i(z).ilz)c(z) ) mod x¥-1 (2.15)

We will see that -.the structure of- the we1ght d1str1but1on.

can be determined s fol]ow1ng : P
~i)If i(z) = 0, then ilz)Clz) = 0 the a11 zero codeword

appears. in every code. » . . ,

ii) If i(x) is of even weight, then l(x)C(x) is also of /
n-tuple is even. . '\

iii) If i(x) is of odd weight, there.are two pos?1b111t1es.
For .C(x) of odd weight, since (x+1)1 i(z)C(z), then i(z)C(x)
is of odd we1gh¢, therefore the we1ght of the n tuples is even;
For, C(x) of even weight, 1(x)C(x) its even, therefore the ‘'weight of
the n- tuple is. odd. - N

1V) If i(x) 1s all one, there are two p0551b111t1es
For C{x) of odd weight, i(z)C(x) will be all one and the
resulting n-tuple is an all-one codeword; for C(x) of even
weight, i(z)C(z) will be all zero and tRe resulting n-tyuple

\

.is an [1...1,0...0]) codeword

Generalizing above discuSsions to non sysiematic (2k,K)
Quasi-£ye1ic codes, we can summarize. ‘° ;
) The .all zero ‘codeword always appears.
i} - If C (x) and ¢ (x) are odd-odd weight, then the
all 0 9 cod;WOrd ex1sts Since the all-ones vector appears,

so doels the” s complement of the n-tuple, therefore the

" weight distribution is symmetric.

i 4

The weight dmstr1but1on of some (2k,k) codes with
L (z), .€ (x) of odd weights and ¢ (m) C (z) of different weights

are given respect1ve1y in tables 2 2 and 2.3

a . 9 . ‘.

-

o
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. ' . .o
46517 46517 ‘34175 34175 34175 21654 = 34175

T 44007 36132 44007 48517 21654  46517° 33132

S

.J - .
T -1 a o

’ -

-

w N - O

4 . 75 15

315 225 . 405

D o O

(X=]

-.1848 1848 ‘1848

o)
-

5400 5640 5160

8775 . 8595 * 8955
8775 8595 _ 8955

[

5400  5640. 5160

1848 1848 ‘1848

le ‘ 255"‘, ' 408

4

Y S T
, , e,

T

[ ' N




120
22
24
26
28
30
32

34

36

“ 40

$2

" 44

46

48 -
50 . -

52
54
56

1

13556

71

65

325
1430
2275
2275
1430

325.

65

"52.

390

1313
2340

- 2340

1313 .

390
52

R 1
313151 212050
e Lo
,.
o 51
. ig: , 255
. 194z 1717
8636 88%
20604 21114
- 34017 33507
34017 . 33507
20604 21114
8636 8891
1972 1717
306

o

255
N

e

»
)

'

of odd }gight.
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.0

(58, 2é, 12) code
c, = 0
¢, = 317211057

-

Weight Distribution.

A(0) = A(s58) = 1
A(12) = A{46) = 4060
A(14) = A(44) = 35,119
A(16) = A(42) = 306,791
A(18) = A(40) = 1,668,051 "

N

- A(®»0) = A(38) = 6,857,949

A(22) = ,A(36) = 20,988,199.
A(24) = A(34) = 47,840,401
A(26) = A(32). = 82,361,972
hA(,za‘), - A(30) - 108,372,913

The (58, 29, 12) code With

¢, = 1

1

C, = 2605667206

_Table 22 (continue) ¢, {z) aﬁd'cé(z) are of odd

?

has the same wé&éht distribution as above.

weight.

, .
T A e G S 5 ol




C.(x) 64272 34175 34175 ¢ 21654 34175 21654

Ci(x)’ 34175 20361 4274 1405 56300 20361 o
b 1 1 y ¢ 1T 1 '
-I ) y
2
3 ‘
) .
5 3 18 ,
6 60 . 15 85
7 15 120 . .90 75 45 75
8 150 345 150 210 . 105 195
9 . 440 360 395 425 440
. 10 825 960 933 873 990
1 1860 3360 . 1800 , 1755 1605 1620
12 2630 5320  -2800 . 2585 . 2885 2510
13 3720 . 3480 3525 3825 3720 o
| 14 . 4590 - 3990 4425 4335 - 4470 i
o 15 4314 9424 4924 4821 4731 4674 i
. 16 4395 8835 4845 - 530 4260 4485 3
17 3720 . 3480 3705 . 3435 3720 .
18 2680 2520 2575 2755 2650 i
19 1860 3360 1800 .'1545 1815 1620 i
. 20 858 1848 888 915 975 ' 858 ]
21 440 360 500 425 440 ]
.« 22 150 - 195 195 120 210
Y23 - .15 120 90 60 60 ' . 75 ‘
24 30 . 3 20 15 30 15
25 : - )
26 15 - S -
i o | . . |
(9 Table 2.3.(continue) Cl(x) and (.: (xY are of different weight.
] 4
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Table 2.3 (continue)
. " M ‘

15
45
195
515
870
1620
2630

3600 .

4620
4734
4245
3750
2650
1620
978

440

165
45 .,
15
15

21654
56300

18
.30
60

" 135
360
948
1680
12620
3900
4560
4456

- 4275
-3720

2700
1680
900
450
210
60

23

N ' ' ' g
ci(a:) and.cz(ac) are of.different weight.

.y
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¢ (z) 1405

cz(é) 34175
0 1
A

2

3

4

5 18

6 v 30
7 60

8 * 135
) 360
10 948
n 1680 .
12 2620
13 3900
14 . 4560
15 4456
16 4275
17 3720
18 2700
19 1680
20 900
21 450
22 210
23 60
24 5

25 '

26

Table 2.3 Cl(m)

46517 46517 46517

56300 4274 20361
1 oY

T

18 15
45 15
60 . 60 60
90 ™ 210 180
365 500 380
933 930 930
1665 1560 1680
2825 2570 2570
3885 3660 3810
4275 4530 4560
4581 4824 4584
4410 4335 4395
3495 3660 3660
2695 2710 2590
1875 1560 1680
915 918 978
365 500 455
180 150 =~ 225
75 60 69
15 30

46517
1405

30
75
120
485
933
1545
2825
3735
4245
4821
. 4350
4395
2815
17585
915
410
105
75
45

64272

46517 21654
1 1
<9 B
15 L
30 *
60
135 165
300 560
900 1200
1860 - 1200
2860 1880
3570 4560
4080 5520
4834 3624
4755 3435
3420 4560
2460 32860
1860 1200 ;
948 648
375 560
210 230
75 60
5 15

and Cz(m) are of different weight.’

64272
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2.5 Weight distribution of rate 1/3 and rate 2/3 quasi-cyclic code

+

A(3m,m) rate 1/3 quasi-eyclic cod® in systematic form
is generated by the circulants Cl(x), Cz(x). Its generator
matrix can be expressed as: ‘

6 =(1.¢,.¢, ] ‘ " v (2.17)-
C, is a m x m circulant.

i .
Its parity check matrix can be expressed as:

. - :
W= [cl , IZW] . . (2.18)
. C27 * ' N
'Let Aj denote the number of codewords o% weight j #n the
(3m,m) rate j/3 code and B, the number of codewords of weight 1
in the (3m,2m) rate 2/3 code. The McWilliams identities can be
expressed (6) in a condensed form as: )

" L 3 » . |
By=27" . o oaga (D) 3K ns (2.19)
! j=0 s=0 ' »

Each codeword in the (3m,m) rate 1/3 quasi-dyc]ic code
generated by Cl(x) and Cz(x) is of the form: .

N

v(z) =[i(z),1(z)c () 1(2)C, () ] mod(="-1) (2.20)

Like in section 2.4, we can have the following remarks )
for the (3k,k) quasi -cyclic codes in systemati¢ form

i) If C, (x) and C (x) are of odd weight

- There exists the all one codeword [J,J,d)

¥
.

ii) If C ( ) and c, (x) are of even weight
- There exists the codeword [J 0 0]

Y Al
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‘ N , .
A (3m,2m) rate 2/3 Quasi-Cyclic Code is in the systematic
. form generated by the c1rcu1ants C (x) and C fe). Its generapo} v
,mattix can be expressed as: “;‘ ' .

C ¢ - :

. : - 1 3

‘ G : LZm s CZAJ , C1 tis am xm cir;u]ant,
Therefore, its parity qheck matrix can be expressed as:

T T !
h={c,"n¢," 1 ]
We can have the following remarks,
1) I1f ¢ (=) and C,(z) are of odd weight’

There éxists codewords of the form - -

,[J,O,,J\I, [0.,9,9] , [3.0.0] | E

A1l codewords are of even weight K A\
-
ii) If C (x) and C (m) are of even weight
‘ There exists codewords of the form T ' .
i (2.9.0], [a.0, o) . [0.4.0) .
Ly . A1l codewords are of 'even weight .

Ciii)  If ¢ ((z) is odd and €, (z) is.even
There exists codewords of the form . . .

[J,.Q,J]“, [J 0,9) . [o.9.0]

é LV) If Cl(x) is even and Cz(x) is odd y
" J4There exists codewords of the form '

. (0.d,9], [9.0.0], [os0,0]) , L ‘ S

2

Y Pl




iii)

Gene
. code, we
i)

1)
iif)

LY)

T
Ir)

¥I1)

If Cl(x) is even and ngx) is odd |
There exists the codeword [J,0,J]
There are only even weight codewords

If C (x) is odd and C (x) is even’
There exists the: codeword [J Jds 0]

ralizihg the above discussions to non systematic (3k,k)

can summarize: ..

If Cl(m) is odd and C, (x), c (x) are even »

There exists the codeword [J 0,0 I ,

If C,{x),C (x) gre even and C p(z) is pdd’
There exists the codeword. [0 J, 0}
If cl(x),cz(x) are odd and C (x) is even °
There exists the.codeword |[J,J, 0] .
IfC (x) c (x) are even and-C (x) is odd ;‘A
There ex1sts the codeword [0 0 J]

If¢C (x) c (x) are odd and c, () is even

There exists the codeword & 0 J‘]

There are only even ‘codewords , ‘ . ;
IfC (x) is even and C (x) c (x) are odd 4
There exists the codeword [0 3,3] T
.There are only even codewords .

"1 € (2),C,(z) and Cylx) are "odd oo
There exists the all-one codeword \[JxJ.J]
»“ .

-
-

’,..‘-_ 161“4\ _,ﬁu‘vh "“1\’(\ A




Rate

(39, 13, 12) code

¢, (=)
¢, (=)

C.(x)

1

0,38
12,27
15,24
16,23
19,20

|

|

|

| 4

‘ -
L

Tahge

= 13006 , C,(z) = 14771
- 14221, ¢, () = .13556
- 10550 , C,(z) = .17227

¥

858 &
1053\ L

202

2.4.° Weight distribution of quasi-cyclic in
systematic form where Cl(x) ané‘kz(x)

+ are of the same weight.

,‘5

5

/‘!\\
e

L)
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Rate (39, 13,+11) code

*

¢ (=) = 18771 ,7C,(x) = 13556
C le) =:17227 , C () = 14771
¢,(z) = 14221, C,(x) = 13006
C,(x) " =" 10850 , C,(z) = 13556
¢,(«) = 10850 , C,(z) = 14221
¢, (&) = 14221, C,(x) = 14771

¢, (&) = 10550, C (x) = 13006

2 ,
¢ (=) = 17227 ,.C.(x) = 13006
' 2 —

Cl(m) = 17227 , Cz(x) - 13556

PR
0,39 1
11,28 13
12,27 @ 52
13,26 130
S 14,25 260
' 15,24 481 o
16,23  * 494
17,22 624 .
“18,21 1066 A
19,20 975 |




L, BT BR Ne BTeN 4 A e

16,23

17,22 ’

18,21

‘19,20

Table 2.4

624
858

884

819

(continue) °
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€, {=)

C, (=)

\\ C, (=)
€. (=)

€, (=)

€, (=)

;
0,39

12,27
13,26
14,25

i

15,24

© 16,23

.~ 17,22

18,21

19,20

" Table 2.4. ‘(cénpihue}

-

-

P

= 7372
= 7372
- 7372

= 7715

<

-’ 77]5<,°C2(x)'"

65
156
234

’

C, (x)
C, (=)
C,(x)
C,(x)

507. © .

468"
546
1144
975

-

Rate. (39, 13, 12) code

-

= 5477, Cylx)

7715
5477,
2767
5477
2767

2767




3

k4

. Table 2.4." (continue

Rate (51, 17, 16) code

kS

. , _ i
C,(x). = 264626 ; C,(z) = 313151.

; o /

'0,51/. 1 -

16,35 1530

19,32 5661 . .
20,31 8160, . Qka‘
23,28 24480 T
24,27 25704 'o | §;\

Rate (87, 29, 24) code

) ~. ' . - , £
¢ l@) = 3172110571 , C,(x) = 2605667206 .
i * 'A.‘-;“ T e e -
4 ) @ o ) .8
. 0,87 I . .
24,63 7,283 .
"28,59 613,872
/ .
31,56 1,238,793 |
32,58 5,618,025 °
35,52 17,276,112 ' v
. . . o 4
36,51 24,701,040 -
39,48 62,560,134
40,47 . 65,315,250 _ -
43,46 -~ 91,040,976 ¢

3?2
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LT ‘ 4
. [ : \ ‘ * 33 "
,\ .
A 3
Rate (39, 13, 9)v code, ‘ . ,
(9 .. . .
€ (z) = 46517 , C,(x) — 34132, C (=) = 44007 ;
‘ ‘ ‘i ' ‘ 1
1 Ay ' :
_ , ;
1,45 1 i
[ J v - . . g
.. 9,36 . 5 o - ’ ' j
10,35 3 5 ,
12,33 . 15
13,3292 .45 ‘
. . | -
v 14,33 150 S @ S :
15,30 - 345 | o
16,29 . 615
" B ' // 4 /
17,28 1080
{)‘ ) 14 §
18,27 1555
19,26 2816 )
20,25 . 3120 - S .
15 . \u \
21,24 3375 - \ . |
J - h

22,23 - 3765 ‘ , ,
¢ N L
Table %.5. Weight di§t'ributi;n of some (39, T9) codes not
. . ’ 1n«systemat1§ form with Cl(a:)-, cz(x), C3(a:)
' "of odd wefght. o |

-
[ P

»
-

A,
\ ]

¥

‘J'

[ ) .




Mo

’

code

13, 9)-

A

= #6517, C, ()

LN

= 34175 , C (z) - "44007

~




i
oy

Ci(x
C, (=)
C,(a)
A
0 1
1 ?
10
11 3
12 45
13 75
14 180
15 301
16 465,
17 1080
18 . 1655
19 2265
20 - 2985
21 3535
22 . 39]5
23 3855
24 3545
25 2733
26 2085
ey, 1715
28 1@
29 690
30 293
31 120
32 105
33 15
34
- Table 2.6.

r

15
15
90

180
214
450
1275
2075
1710
2238
4420
4680
2940
2600
3630°
2910
1115
795
810
380
150
45 |
15
15

Weight distribution of some r )
quasi-cyclic codes where Cl(z), Cz(x). C3(x) ‘

64272 64272
34175 21654

1405 20361
1 1
, 30
30
75 45
210 150
289, 261
435 735
1095 1080
1685 1545
2280 2370
3078 2730
3610 3540
3750 4170
3570 3480
3380 3300
2970 , 3258
- 2460 2280
1760 . 1600
1020 1110
555 . 495
200 288
165 195
120 60
15 30
15 15

- 35 :g
64272 64272 -, ' f
21654 21654 g
34132 44007, i
1 1 % .
i
: i
45 ' 45 3
375 345 o
1165 1185 4
2950 ~ 3115 |
6388 6018
[
7620 7770
6780 - 6870
4650 4470
. C
1935, 2145
789 ésg
L ] [
120 ‘120
15
A .
ate 1/3

are not of the same weight.

"

1111




C () . 64272 64272 46517 46517 64272 64272
C () 21654 21654 20361 4272 34175 46517
C () 38132 34175  44007. 44007 34132 1405
i Ai ‘ ’ .
0 1 1 1 1 1 1.
. . : S
.10 , S 15
| ' 1 S > 45
v} 12 45 . 98 35 75 0
| 13 . o . 60
! ' 14 375 285 210 270 270 135
| 15 . “ . 154
- 16 1155 © 1110 1275 1425 ° 1170 555
% 17 . 1155 ‘
B 18 2950 3310 3065 3065 3220
- 19 L 2310
y 20 6348 6078 6168 5808 - 6168
| 21 ) o © 3640
I 22 7620 7530 7770 7650 7410
‘ 23 ~ 3720 .
| 24 6780 6840 .6580 7120 6930
| 25 ' Cd 2790
[ 26 4650 4620 4680 - 4680 4710
27 1685
. 28 1935 2175 2145 1845 1965
29 o 660 - .
30 789 609 644 . 704 744
31 . : 150
32 120 105 . 1120 150 75
S 33 - : R T
j - 34 o030 15 - 15 30
) : .
Table 2.6. (continue)
| m——— —— — A“‘“”f?%%ﬁ’~$ﬁﬁgﬁ‘**' vy




CHAPTER 3

Decoding of binary Quasi-Cyclic Codes

3.1 Introduction
In 1969, Karlin(7)introduced a decoding algorithm which makes
Quasi-Cyclic code relatively easy to decode. The algorithm

was later extended to rate (m-1)/m code by Shiva. and Tavares(8)
' There are two main classes of sﬁBoptimum soft decision
decoding algorithmswhich are relatively easy to be implemented
These are Weldon's algorithm 59) » based on the generalized |
minimum distance of Forney (10) and the so ca]]ed'Chase's
algor1thm (M) .
In this chapter, we will show that the structure of

*

information. .
The following section is devoted to>a summary of Karlin's
algorithm. kS }

3.2.1 Décodiﬂg algorithm for rate 1/2 qyasi—cyc]ic codes.

—t

Let us consider for now the case of rate 1/2 code
which can be easily extended to 1/m code.

The transmitted codewdrd can be written as:

viz) =[ilz),i(z)Clz) ] mod{z*-1) - (3.1)

Let e, (z) be the error polynomig? in the received

3
k\_f,,\ 1nformat1on polynomial and e, (x) be the error polynomial in the
receivéd parity polynomial. Then the received codeword can
| be expressed as: t
.- . (=) -[‘i(m)+ei(z);i(a:)6(x)+ep(m)] (3.2)
' : , The presumed parity bits from the received information.

; - bits are: o

' (((a)eey(2) ) cla)]=[1m).Cladrey =) cl=) ] (3.3)
‘THe received parity bits are:

; ' [(1(xlc(x +ep (2)) ]

(3.4)

Karlin decoder will be more efficient with the channel measurement

-

"

i

™
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. .. Let us define the information syndrome

Si(x) to be (373)+(3.4)

Y

Sy(e) = 1a)Cla) + e (a)Cla) * ile)Ela) + e (2) . (3.5)
o= eg(m)Cl=) e (x) . - (3.6)

Lgt 95 define the parity syndrome
sgla) = 5 (=)™ (2) - | (3.7)
~ eylz) + e(a)c (2) | (3.8)

. Therefore the two syndromes aré

S3(2) = e;(a)C(z) + epla) - ' | (3.9)
spla) = eg(z)  + eplz)C ' (z) o (3.10)

(3.9) and (3.10) form a system with two unknown
ei(x) and ep(®). A
Since the decoder can correct up to t errors,

t = (d-1)/2, a received codewérd is correctable if and only if

Wiegl@))+ufeple)s ¢ ' (30

Consider now the case of e, (x) = 0 and e,ﬂx) - 0 ‘ [
then we have from (3.9) and (3 10)

Sylz) = 0 , - (3.12)
5 (2) =0 \ - o - (3.13)
Wisy)) = wis;le)) =0 o © (3.18)

‘Now, if errors happen only in the fnformation polynomial
then we have also from (3.9) and (3. 10)

S;e) = eyle)Cla) T » (3.15)

Sp6E) = ey () o D ERD)
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Hence, ‘ ‘ ‘ ‘
U5 (x)) >t | | o o (3a7)
w[sp(,:c)] <t ¢ ‘ (3.18)

Therefore, the decoding ﬁrocedure for this case is to
evaluate W(S ()] and W(Sp(z)] , which when equal to (3.17)
and (3.18), produce the corrected codeword Vc(x) as:

Vo (x) = r(x) + Sp(x) ~ (3.19) -
quivalent1y, if errors happen only in the parity |

circulant, then we have: . , '

S;(x) = epla) , | - (3.20)

Sp(z) = ey(z1C7 (2) S (3.21)
Hence, .

W(s,(z)] < ¢ . (3.22)

W(sp()] >t (3.23)

Therefore, as (3.19), the decoder produces the correkted
codeword Vc(x) which is ‘ ,
Vc(m) = r(z) + Si(x) , (3.24)

- For the case when errors happen in both information ‘and
parity polynomial, the decoding is more complex and requires,
the estimation of ei(x) and ep(x) '

We have:
W(s;(z)) = Wle,(z)C(x)] + H[ep(x)] > 2t+2 (3.25)
WS () = ey ()] w{ep(x)c'1(x)] > 2t+2 *(3.26)

The decoding procedure attempts to estimate ei(x) or
ep(x) such that : |
Sj(z) = (ei(x)+e;(m))c(m) + ep(x) (3.27)

sple) = ei(x).‘*(epl(x)’fe;(a:))c (=) ./ A (3.28)

fad
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If a good estimation is done i.e. . . I
[s~(x)] - W [ep(x)] -t o . (3.29)
w[s (x)] - w[e ()] =t s (3.30)
_ suppose we opt to estimate on e, (x) and condition .
(3 29) is met, then ’ ’ |
HOEFNE N (3.31)
s la) = §3 (x)c“(m) - e;(z) . (3.32)
And "the corrected codew&rd will be :
V(=) = rlz) + $j(z) + Sj(=)c (=) . (3.33)
' Similarly, #f we opt to estimate on ep(x3,
the corrected codeword will be _ a . );
Vc(x) - r(x) + SE(:c) + SB(:c)C-](:r) ' . (3.34)"
|
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The decoding algorithm theréfore can be summarized as in
. N .
the following flowchart: '

)

.| Received codeword

r(x) '
)

form Si(x)
- R

form Sé(x)

e

Vo (@)=r(z)*s (z) V (z)=r(z) S

| estimate e} (x) form S7(x)

Vel2)=r(z)*si(2)+s; (=), !
¢ (=),

not correctable.

/
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. -

3.122 ‘Syndrome implemention.

(Y
Al

To 111us;raté the way to implement syndromes, 1et us
- consider the code (22,11,6) derived from (23,12,7) perfect Golay. code

" ) The parity circulant C(z) i )
C(x) =1+ 2% 2t 2! med 2114 (3.35) .
Ha) = 1 sate 2Ts 2% 210 mod 2'1-1 (3.36) ’

The syndromes S.(x) and S (x) can.be implemented
easily with shift registers wi- h feed back as shown on figure
3.2 and 3.3. -

: R ofe - ,
received :
N parity. bits ’C;‘ ' . '

f _ / y + {+ + : «F

i ‘ Lk
- received | : ~

1ﬁformatiqn bits

\

Fig. 3.2 Shift register implementéd for
calculating S (x) - e (x)C(m) + ep(x)

] "
received
' information ~—¥* - : ‘ '
y - i |
“‘received ‘ ‘
parity bits

F19 3.3 Shift register imp]émented for
ca]culating Sp () = eg(z) + ey (z)c (x)../ : F

*




3.3 Decoding of rate 2/3 Quasi-Cyclic codes

The principle of decoding rate (m-1)/m is similar to

nformat1on syndrome and the parity syndrome.

rate since they are based on two kind of syndrames, the

/

Consider now the case of rate 2/3 which can be extended
easily to (m-1)/m code.

The transmitted codeword is represented by:

V(=) = (1)(2), 1,0a)s 17(2)Cq(2)*1,(x)C,(2)] moda*-1

The receivea'codeword will be-;

(3.37)

rla) = (i) (2)ey (a)s 1 pla)oe (), 1 (2], (2) 1, l2)Cylo) e o (o))

Sxml]arly to sect1on 3.2, the 1nformat10n syndromes are

obtained as

Stl(x) - [ei](x)+ei2(x)c;

/

]pz(m)+ep(m)c]-](x)]

 Sipla) = [egplelcy (165 () ve ) ey ) (o).

S plz) --[é” ()

‘ Therefore, the decoding a]gorithm €an be summarize as

fo]]owing :

If no error is made during the transmission,

Sjple) = 5y,(2) =

Sple) =0

AN

. .
The parity syndrome can be expressed as

Oy (2) e (616 (o) e, (2),)

o4

/

(3.38)

(3.39)
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f If errors are made only on the i’nformatioﬁ polynomial
we have : ] ’ ‘
w[s“i(x)]i t _— | (3.242) *
W (Siz(x)] > t : © (3.43) .
Wsplz) 1> ¢ | : , (3.44) 4 |
and the corrected codeword Vc(-'b‘) will be 4
vc(x)."“ ‘”(x) + 51](:5) - ) (3:45)
\ T ‘ ’
- If errors are made only on the information polynomial 12’
we have : ‘ . e )
s, (>t B . (3.46)
H[Siz(x)]f_ t " C(3.47)
Wi{splz) J> t ' (3.48)
and the corrected codeword Vc(x) will be )
Vc(w) = r{x)* 51‘2(‘”) P - (3.49)
If-érrors hap:;“r‘en in at least tv)o po]ynomialls, then as
explained in section 3.2.1., it requires estimation of ‘
e;7 (), e,';(x), ey (x) which when ' '
e, J(z) = e, (z) o , (3.50) .
eii(x) - e_lz(x‘) . . (3.51) ‘
ey (z) - e k) ‘ | (.3.52)
\/’\“( i , ,.ﬂ
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give the conditions : - .
JOHO) RS )
N[S_iE(a:)] < t-1 . .
H[S;(m) J<tv T

-

the}efore, the corrected codeword will be :

Vela) = r(=)+s,3(2)+5 3 ()5 (2)

-

ES
>
- \
\ —
-
,
»
~
-
-
.
@
v
N .
v t
. ’ i
' -
L]
* Q ’
¢ o S !
.
VoA,
i > :
o - e
v .
. . . .
- L ) oAy
- ~ M ¢ .
o ‘: . -
- ‘ N
« J % -
%, .

(3.56)




3.4 - Decoding quasi-cyclic codes with channel measufement

A

i

information. N

”

3

As drawn in fig 3.4, our communication system has a

L J
»

pair of encoder / modulator and an another pair of demodulatar/
‘'detoder ., The naturalAquestioh then is howltp coordinate
the design of ;ke modulation system and the coding éysteh

so as to produce an efficient and effective communications

)
A Q@ N

system.'

Supﬁose that. the quufato} is M-ary; then, it is erstood

A

that "soft decision" means the r%peiver\a1phabet‘is J-ary
J - N L
such that J>M and "hard decision" “means ' J=M.

Usually "soft decisiorn" 2eco er is understood to be
‘equivalent to a decoder with“chénneﬂ measurement information.

o : : ,

The 1aﬁ“é~term usually refers to’ the analog value

]

output of the matched filier. . . | o
In this chapter, we want to consider an interactiye soft

décision algorithm wi'th the Karlin binary decoder. The Karlin

5inary deéodgﬁ uses the channel measurement information to ~/

optimize its estimating process, when errors happen in more than

one polynomial, and the soft decision algorithm discards the guess

eiclqded by the binary decoder, therefore moving 1:to an inner loop.
More thap one soft decision afgorithm can be used in this

interactive proces$s, however we cﬁodse the Chasealgorithm for

two reasons: .}j is relatively éasy to 1mplewgnt aqd it can be

moved easily into an inner loop. A LA

/ . . . H . * ~

"
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3.4.1. The Chase algorithm——
@ . " \\‘ . o N
. g ] . o

4

In 1973, David Chase (11) 4ntroduced a'significant \ N
variation on the theme of decodipg -binary bMock code with

channe1 measurement information. The received bits are ordered
. N e

Tacﬁbrd1ng to 1ncreas1ng re11ab111ty "All the bits which are

9

/ blanked are not' erased and lie on the top of this ordered list.

pthgr unreliable bits are classified according to quantizing

I

errors. Chase suggested that the va]ues of the blanked bits be -
© R
Juessed. Fq& each sych guess, a deeod1ng of the entire block

is attempted qhd the decoded error»pattern which emerges from

ary successes'is scored. &
The guessing or searching procedure is ca]led "chasing”.

It is assumed that the algebraicvdecodlng procedure begins

~

afresh:for each new guess of the value of the bits in the Chased

¥

set. In fact, it is possible to 1mp1ement chase decoding in a way

which moves the chasing into an innermore loop, and thereby attains -

-asmodest speed Up factor.
h w.“'

In the following, we will,summarize the Chase algorithm

and exp1a1n the process of moving 1nto an "inner loop"/
-« / : ‘
N S \-4
ST
+ ) o ; . -~ L3
™ s L ]-
' »
s
n"l." x
L Y ¥ . .




Binary Source 11’12"“’Ik; Encoder | V13V2""’VN\ Mod

. R 4
~ \ -

. S Channel]|
- - - ) b—
| Binary Sink Ll12T22 0Ty | Rariin decoder [T12T22rreoTy | Dem?d I
» k g R
' ' 1
|
- " [
e UL TR VTR ER
[ ] TN V] .
1 / N )
.Fig. 3.4 Communication System block diagram., . 9

) §

i ) ’ ¥
Let Vo = vmlJVmZ""’va be the transmitteq codeword. The

received codeword is roz ryur,,...,ry. Associated with the
received codeword is the channel me€§urement sequence
> p .

Oy 0 ,...,;J which are the analog output of the bank of
R R N ’ .

R )
matched filters. )
- »
e
. N
- i
rd 4 *
l N .
A . #
!/
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3
The error sequence is given by: o, . - . {
| R L L A L (3.57)
where the\notatipn 8 represents mod-2 ad&ition. N ,
Let N(sz be the binary weight of the sequence;z% as
defined in eq.(3.3) ’ ‘ ) . L
The function of the Karlin binary deqoaer‘is to find,
the codeword, or equivaygmpyy\the-érror(Eequeﬁces,Athat' ‘ Y
satisfies p |
w(z) < (d-1)/2 . (3.58)
A maxxmum 11ke]1hood decoder (15) can be defined as a
’ decoder such that the decoded codéword satisfies
| Min W(rey] ‘ | | " (3:59)
where the Fénge gf m is over all possiblé codewords. The
' difference betweenethis decoder and the hard decision b1na}y
decoder is that it can correct more thén‘ (d-1)72 in it.
| In a similar manner, Qe can define a complete channel’
| measurement decoder as one that 1s capable of finding tﬁe ’
codeword trat satisf1es
| | Hing W, (rev, ] (3.60)
| . In this case we are concerned with finding the error
paftern z, = ravm of minimum analog weight? where the aqa1og
weight of the sequencs z, fs: % '
, wa[z ) - z o imi . ‘ (3.61)
! i=

.

AT -\ o -
xiﬁj .5:“»’:‘ ke SR

. U RS L -
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”

The set of errbr patterns considered is obtained by
perturbing the rec;i&ed Eequence z with a test pattern f,
which is"a binary sequeﬁcé"that gontains 1's in the location
of the digits that are to be 1nvertéd. By adding this test

"

" pattern, mod.2, to the received sequence, a new sequence

Yz - ieT | ‘ (3.62)
is obtained. The new error.pa%tern z' pbtained‘by the Karlin
binary decoder is added to T, the actuai error pattern
relative to r is | |
27 = 182" ' S © . (3.53)
thgrefore all error patte}ns less than (d-1) are correctable.
\Chase has also provided three algg}ithms for estimating
T. . Amongst those, we are interested’in the optimum a]gbrithm #1
and sub-optimum algorithm #2. The mechanism of moving to the
inﬁer'1oop during the decoding process is developed in

-

accordance with the binary Karlin decoder. "

Algorithm #1 . ' o ‘

A1l possible error patterns of binary weight less than

or equal ®0 d-1 are considered,

v

N ' .
(d/z) test patterns, that are sufficient but not surely
necessary are generated..
Needless to say, this algorithm is good for codes whose .

" minimum distance s quite small.




Algorithm #2

"

. /0nly those error patterps with no more than (d-1)/2
errors located outside the set, which contains the d/2
lowest channel measurements, are considered.

[ The test patterns T are a combination of 1's which
are located in the d/2 positions of lowest confidence by
this decoding a]gorfthm. e

Let us see now how the decodir:; process can move into an
inner loop.

Let T] be the first test pattern: Let us suppose

now. the Karlin binary decoder has to make p time the error

estimations. At the pth

estimated is é] ,» the binary decoder decides that
P
élp = e, ,or the estimatednerror pattern is in fact the
p . .
error pattern.

error estimation, the error

~

Instead of throwing out the quantities 61 R 61 seves

1 1
E? » we form
p-1 ,
}
.= T‘e & ’ . (3.64)
] ‘ ! ] / A ~
. 2z =T @
T.IZ ) N ]2
2z -T ¢ &,
‘Tlp 1p

e KN

Define R = {T|T is a test pattern defined by aléor1thm #2)




e
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Subsequeﬁt]y after j estimations, R {;kreducéd to
R= {T|T is a test pattern and T is different of
ZT1]""’ZT1P_]’Zf2]"'"zT2q_]""’sz]""’szs_]}‘ (3.65)
This can be seen easily sinceA
wa(iﬂp) < Myl Js 1w

' (3.66)

"a'("Tqu < My lepp ) 1

Wy Brg )< Malyy ) 1 <8

Naturally, R is gradually reduced after each estimation

by the Chase alggrithm and the search is terminated when

R is empty.
Similarly, the Karlin decoder takes into account what'
estimated error.sequences~have been already processed
| before and discard them from its estimation process.
This completes and explains the interactive process‘
between the Chase algorithm and the Karlin binary
decoder, and also the concept of moving -into an inner

loop.
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3.4.3 The optimal Karlin decoder.

Since its introduction in 1969 by M. Karlin (7) , the structure

of the "Karlin decoder" has‘not been improved

'The'Karlig decoding process is based on two syndromes,
for rate 1/2 codé, the parity syndrome and the information syndrome.
From eq (}.9) and (3.10),

‘Si(x) - ei(x)C(.x) + ep(x)

-1
plelC (z)

This is a system of 2 equations and 1in general, ei(x) and

Sp(x) - ei(w) + e

ép(m) should be estimated. Therefore for long code,. the
estimatioh process is lengthy and the decoder ;eems to pe
locked into an infinite time of processing.

‘As an example consider a rate 1/2, (26,]3,7)'quas1-cyc1ic
code. If errors happen in both information and parity polynomials, -
at least one estimation shou]&‘be produced andvat most

(]?) + (13) = 91 estimations

No successful efforts arg.known how to optimize or

]

rationalize the estimation process from the algebra?c

structure of quasi-cyclic codes point of view.

However looking to associate each received bitf with a

“value of channel measurement a;j , the estimation process can be
& ~

sped up.
Associated with each bit is the analog value| aj output of
' I

the matched filter. Theﬁmost relfable bit has-1its ay = 1 and
i L

_the erased bit has it; af = 0
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Therefore, the egtimating sequence e;(x) or e;(x) will

be done sequentially. For example, let us consider the first

estimated errors sequence e;(x)

/
e;](x) - mk
such that

agiy (&) = o,

+

k

€T

'Y

1

+

X

~

1

* o

has the smallest value ,

Therefore

agir (=) 2 agyole) < agyqla)

Naturally

-

é15(3")

- ei(a’)

©

. < a’
2 %eis

(3.67)

(3.68)

This completes our discussion about the optimal way to

|
information.

estimate the error sequence with channel measurement

Ly

3




CHAPTER 4

POMER RESIDUES CODES AND THE GENERATIGN OF QUASI-CYCLIC

$CODE BY THE NORHAL BASIS THEOREM. C

4.1 Introduction : Power residue codes are very good codes,
however, they ére hard to decode (2) one advantage in expres-.
sing power res%dhe codes in Quasi-Cyclic is that they can be

"decoded easily by the'Karlin decoder. In this chapter, we,
will review the. automorphism -group of GF(p Y, the theorem of

Normal basis, the def1n1t1on of the sth

power residue code.
Based on the Normal basis theorem, the Quasi-Cyclic codes
areagenerated from power residue codes. Also, their sub-
codes are generated and a fiéure of comparison between some

good sub-codes apd the best codes from appendix A. & 1 of
McWilliams & Sloane (12) is . shown on Tﬁble 5.2.

4.2 The automorphismAgroub of GF({pM)

o

‘Associated with the field GF(pm) is the set of mapp{ngs,‘
called automorphisms, of the field onto itself and leaving
the ground field GF(p) fixed, such a mapping is denoted:
o:8+8° « .
We have the following definition
Definition: An automorphism of GF(p ) over GF(p) is a mapping
which fixes the elements of GF(p) and has the properties
1) (a+8)° = o® + g
1) (08)° = ¢%.8°

‘111) %' T (a%)" where g.; is the product of o and T.
: o .

~
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This group jis called the automorphism group of Galois

group of GF(p").

Example :

3

= Q

6 2

+]

el
Le
‘02
2
o

(o

6F(2%) = (0,1,0,6%,0%,0%,0%,a%) with o
i a7 -]
Lét;us consider the mapping 1dentity 1, it leaves all
ements fixed. .
t us consider the mapping ¢ = 2 ‘ z

-)-'0 A\

-»>

->

1

o

2

v
22 , 8

sz;us
(d4 2
(0®)2 3
‘(aez 5 L
. L
We observe that the elements of thejground fieldoare
fixed and other elements of GF(2%) are permuteém

It is known that the automorphism group of GF(pm)yis

a cyclic group of order m>con§lstiﬁg

L

of the mapping:.
op : B - Bi and its power -

Thus for GF(p™), ob - {l.p,pz.....pm']}

For above example, GF(23), 62 -~ {1,2,4}y ., -

o . ‘ . ° , i
S L . ' e

. o , . S

: o SRR RS &
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" element a such that {a,ap,upz,...,ap(m'])} is a nq!ma1 basis.

4.3 The Normal bases

It is known that GF(pm) is a vector space of dimension m

over GF(p). .Any set of m linearly indepent e]emenfs can be used

as a basis for this vector space. s
In constructing GF¢p™) from a primitive irredmcible
. . . 20 21 22 s z(m"'])
polynomial p{(x), we use the basis a ,a“ ,o sen a0 » where

a is a zero of p(z).
We will accept the following without proofs. For proofs, see (12)

Definition 4.3.1 A normal base of GF(p™) over GF(p) is a

; G 2l 2 m=-1
base of the form {a?\,q? .az e a?( )

-

s } whereais a primitive

element. ’ ,
For examp]e& The normal base of GFg23) is {a,az,a4}

Theorem 4.3.2 For a GF(pm), the normal base is unique.

Since all finite fields of order p" are isomorphig, it follows

there is.a one_to one mapping from one field to another one.

‘Since the class of Mapping op is a power of p, the base.

2 . -1 ( E

{a,aPaP ,...,ap(w )}-is unique.

Since there always exists an irreducible polynomial of
degree m, m > 0, we have,‘he following theorem:

Theorem 4.3.3 A Normal basis exists in any field GF(pm)

The following Corollary, is a refinement of theorem 5.3.3,

-v &
R

due to Davenport (12).

Corollary 4.3.4 Any finite field GF(pm) contains a primitive

. ,'J N

\
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If the generating polynomial is irreducibte and,has roots

|

independant, then for the field GFme), the normal basis is

[

: 2 m-1 .
given by {a,a,oP L } and any e]eqent B df‘GFfpm}-eanﬂ
be expressed as a unique expression of the formg: ' e

m-1
qp . (4.1)

B = aja * alap + azapz* e toap g

Let us consider the powe'r of

. . m / .
Bp'— abap+ a]ap2+ azap3+ co. *toa ]ap (4.2) "

=a, qo* aoap + a.lotpz‘+ s f‘am_za . (4.3)

2o,
. -1

m-1 m
gP - aa ¢ azap+ a3up e +@aoap

P! in the matrix form where B is a

Expressing B,8B,...,8
column vector:”

. m=1 , ‘ ' ) .
[B,BE\...,%F , J = (ao a1 Pevees ay ) (4.4)
i LY a2
3
s . . R . . /
- ‘1 . ] e
[ bd . {
) [ %1 %2 -t %) mxm
) 7
Thus, the field elements B,Bp....,ﬁpm-] . " represent. a

circulant matrix of dimension m x m.

i

L4




4.4 The sth power residue

The concept of power residue is a generalization of
- ' the Quadratic Rec1proc1ty Law of Gauss. The basis concept )
of Quadrat1c Congruences is given in chapter 1, mz = n(ﬁod p)

for an odd prime p-with (p,n) = 1. A natural extension

th order congruence

is to replace 2 by m, thus having the m
P n{mod p).

N We can state the following definition*of power

. residue (1) . ‘ ' ) : v
4.4.1 Deffaition If z" = n(mod p) 1s solvable with P
an odd prime, (p,n) = 1 and m > 1, then n is called an
mth power residue moduls p. » I .

“Let q be a prim1t1ve root mod p, then =" n(mod p)

is solvable if n = (mod p) where kK {s an integer and

R d = (p-1,m)

‘ ' Then we have the following theorem:

Theorem 4.4.2 Let p be an odd prime witz (psn) -1,
1,

n

f’ let m be . positive integer, and let d = ( m). Then

* 2™ = n(mod p) is solvable when h(p']léf = 1(mod p)
. ’ Proof: Suppose n{(p-1)/d = 1(mod p). Then (n,p) = 1.
i ) There exists some integer t such ,that n = qt(mod p)

where q is a primitive root modulo p.

Therefore, ‘ ‘
qt{p-1)4d = p(p-1}/d = 1(mod p) 24 6)
r Since q is primitive root mod p, q belongs to (p-1)
‘ mod p or: . :
(p-1)] (p-1) - & (4.7).
o This implies t/d = k 1integer -
g Then: |
% n = qkd(mod p) and =" = n(modp) is solvable
3 ¢ It follows a1so fr&m generaIization of Quadratic Residues
; that there are (p-1)/d with power residues mod p,p odd
! prime where d = (p-1,m) . \\\‘
* v

3
#
N
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“primitive nonresidue of n. Then Tp(x) will-be irreducible.

»

Theorem 4.4.3 Let p be an odd prime, Tet q be a primitive

root mod p, and let d = (m,p-1) where m > 1. Then the

mth\Power residues mod p are qd,qu,...{qd(p'])/d.‘

As stated, all qkd are mth power residues. They are

mutually incongruent mod p and there are in all (p-1)/d

th
m

powewr resfidues.
4.5 Power Residue Codes
) ‘Let m be the multiplicative order of p mod n. Suppose
that m divides (n-1)/s i.a. ‘
n=-ems + 1 ' . (4.8)
e integer '
Then we have following definition:
Definition 4.5.1 An s-th power Eésiduevcode of length n
is defined as a cyclic code over GF(p) with a check ’
polynomial of the form: : . .
 h(z)= 1 (z-8") . " (4.9).
‘re¢R . ; o
where R is the set of incongruent s«th power residue mod n
and B is a primitive n-th root of ‘1 over GF(p)
As a result of the definition, there afe several
facts of importance that can be mentioned (12) ’ ’
1) There are em elements in R, as shown by theorem 5.4.3
2) The number of information digits is equal to em.
The degree of h(z), equal to the number of .information
digits, is equal’pg'm. ’ ¥
3) Since ¢"-1 always factors into irreducible
polynomials.whose degree divides (n-1) :
z"-1 = ’(x+1)rp(z) (4.10)
v Let n be a prime of the form 8uxl, for which 2 is a
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“Let n be a prime of the forT£9‘:1
quadratic residue of n, then Tp( ) can be factorized into
two Yeprécica]

Since n = ens+1,

irreducible po]ynomlals
then z"-1 can be factorized into

, for which 2 is a

'(es+1.) irreducible po]ynom1a\s whose degree divides
1) » ‘ : >

* (n-

../“_.

2h-1 = (:c+'|)f (a?)f (z)..

(=)

Z\. (4.11)

Let a

be the rooqt of f (x), m;

O S

(Fermat Theorem)

be the degree of fi(x)

(4.12)
m

v Since n is.prime, p™ € 1(mod n).

Or p~ =

1(mod~n).

is equal to m:

mi

all have degree'm.

Hence the es irreducible polynomials F](m),...,f

[}

(=)

4) The set R forms a mu1t1p11cative group of order

- em.

The index of R in GF(p) s s.
5) The generator matrix of an s

code ‘can be put into the form:

. &=[1 8 g™ )
LToa et BJ](H-I)
i]r (B(jE‘])) " .B(Jf'])(‘n ])‘
for the case e = 1 L
6 =0 8 LAY .
Let G' be: ‘ '
' - (g 82 ")

th power residue
o . !

-

(89¥3)
P d
y A ‘(4.14)
(4.15)

'Regroupmg all the roots o;the same set of 1n%ongruent

*s'-[(ae

.) (B

)(B

...)](4 16)

N As dempnstrated in sectipn 5.3, [B.B ,(8P) '1) /

-

o

‘- can be eXpressed as a mxm Circulant matrix.

- 61
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Thus:
G = [C. C, . C, ) C, is am xm circlant matrix
If any C is inverdib]e, then ' § .
6 = {1 Cy vvr Coq )
Therefore, we have the following theorem due to Chen(ﬁ)'
Theorem 4.5.2 The sth power residue codes with the
first digit de]eted are equivalent fo’quasi-cyc]ic codes.
Consider the case p~2, m=3, C=1, s=7. We know there
exists a (7,3) Hamming ‘Code with minimum distance dmin-4'
Let o uz,a4 form,the normal basis. The primitive, e
7th root of unity is B= o2 1)/7—‘a . Expressing g,Ba 7
upder the normal basis of{a,a?,a*} , we can have G' ast
6 = [c; c,]
One special case of interest. 1s for p=2 and n=2"-1,
hen, the sth .power residue.-code 1s reduced to maximum
1 th sequence code. Then, the maximum length
sequence codes with“one d1git delected are equivalent
to quasi- cyc11c codes .” Th1s class of codes is maJority
1og1c decodable. ) . . N\
Ex: . D
23-1 =7 , the Qc code is (6, 3)
25-1 = 31 . the QC code is (30,5)
27-1 = 127, the QC code is (126,7)

.

4.6 Some weight distr{gution of Quasi-Cyclic codes derived
from power residue codes. :

A computer program is, written to generate the Norma]
Basis, and, compute the set of elements “aval, ..., oP™] -
Some Quasi-Cyclic codes aTe developed and fﬁeir we1ght N
distribution computed )




P

\ . .
/ , 63
|
Table 4.1 : Quasi-Cyclic Codes deri.ved form power residue
codes.
|
(30,5,15) Quasi-Cyclic code
C1-=1,CZ-'I]C3-=30,‘6(24—35_,C5-=26,C6-31. i
(W '
‘ v
The weight distribution is ., ‘ . C
A(0) =1
A(15) = 16 .-
\ .
A(16) = 15 . \.
(72,9,27) Quasi-Cyclic codd . °
"’ . '.' -
: . . . o~ ‘
/ 01 - 233 , C2 = 310 , C3 = 557 , C4 - 454, C.5 - 372 ,
- Cq = 624 , C, =572 , =560 . ’
: L4 . /
The. weight distribpi:'ion is : _
. . “ - . . -
A A(0) =1 . ©-
A(27) - 28 |
 A(28) = 45 . - :
a2t A(35) - 108 o \
- A(36) =111 - o o
= -7 A(39) =120 ‘ - ) . .
v T A(e0) = 99 ,
’ ] * L 4 .’
“+ ’ f?:\’ ! “\!\f
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{

(88,11,39) Quasi-Cyclic code.

- 1253 , c2¥- 1467 , C, = 2224 , C, = 1355 , C, = 1541 ,
-

cl
C, — 2547 , T, = 2621 , G, = 3145

4

L

6 A

]

-ﬁ‘“—

‘ The weight dist;ibution is T ’
. A(0) =1
A(39) = 440 ' ‘ . .
aa0) = B39 | |
A(47) = 5J28 | -
A(48) = 451 | .o | ‘
¢ A(55) = 56 | ( ‘
A(56) = 33 ) "

o R 2NN e ¢ g
N -

o

T~ (150,15,59) Quasi-Cyclic code.

-t
LA
(]

‘ J C1 = 1405 ¢, - 34175 , C3- 64272 , C4 - 21654 ,

f)5 = 46517 , C6 - 56300 , C7 - 4274 , CB = 20361 ,

o el IR e

- * & Q ‘
C9 - 34132 , C10— 44007 . ‘
M

o

£

]

]

’
!

The weight distribution is : -
A(0) = 1 A A(68) = 2490 °
A(59) = 180 A(71) = 4680
A(60) = 273 . M72) = 5135
A(63) = 320 .  A(75) = 2964
- A(68) - 435 | A(76) - 2925 4
| \ A('67)'—».'z'o4;o | A§9) ~. 2400 |
N e |

L .




> - =

A(80) = 2130
A(83) = 3360
A(84) = 2680
A(87) = 440
A(88) = 315

A
£
i
Dy

</

>
[N
R - ’
o '
'
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4.7 Sub-Codes df Quasi-Cyclic Codes

If a Quasi-Cyclic code can be defined by its

"generator matrix G as:

6= {c,, Coseres cs]- (4.17)
where C1 is amx mcirculant matrix;a sub-code is also
defined by its generator matrix &' such that.

G'—[C-I, czg ey Cr] (4'18)

with s > r > 2

*

—

Low rate code such as rate]%', g quasi-cyclic codes
have numerous sub-codes.
For rate‘]%-, (150,15) quasi-cyclic code, there are

in a]1

(12) (135,15) rate % sub-codes.
(lg) (120,15) rate % suﬁ-codeé.
10 1 \
( 3) (105,15) rate sub-codes.
’ ) /

(9 (90,15) rate 3 sub-codes.
(1g) i75,15) rate % sub-codes.
(]2) (60,15) rate % sub;codes.
0, 1 :
( 7) (45,15) rate 3 sub-codes.
10 o 1 )

( 8) (30,15) rater 7 sub-codes.

e




.
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i
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‘ “and for the (88,11)

quasi-cyclic code

(?) (77,11) rate % sub-codes.

8 : 1

(5) (66,11) rate § sub-codes.

8y - | 1

(3) (565,11) rate g sub-codes.

8, 7 1

(3) (44,11) rate ¢ sub-codes,
| b

(g) (33,11) rate 3 Sub-codes.

(%) (22,11) raté I sub-codes.

. They are so numerous and quite good. The best can

\ \

be as good or bktter than those listed in McHilliams &

Sloane (12).

b

We note that McWilliams & Sloane (12) give only

the 1ist of best codes of minimum distance less than 29.

Table 5.2 gives some good sub-codes and compares

them with those listed in McWilliams & Sloane.

It is a substantial task to.list all these sub-

codes, in section 5.7.2 and 5.7.3 we give the weight

ap—
dffﬂm distribution of some very good sub-codes which we

are able to 1list.

67
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n k Best dmin Minimum distance of best known codes
of Subcode Mc Williams & Sloane
55 1 20
55 {11.585 3 Noniinear Code, construction V2
66 | 11 26 '
66 12 ~ 27 Delsarte-Goethals generalized
’ . ) v§ Kerdock code (Egiginear)
.77 11 32 ‘
77 14.248 29 Zinoviev's .construction of
- concatenated codes
90~ | 15 31 ‘ |
90 19 29 Zinoviev's construction of
/ concatenated codes
106 | 15 37 . N
88 | 1 39 N\
120 V6 44 ’
135 15 50
150 15 59

)C>)

/

-

Table 5.2  Figure of comparison between some good sub-codes
and the best codes froi appendix AR1 of
Mc Williams & Sloane (12)

~
i e MBS Bt o g 00 e




~ 5.7.2. Sub-Codes derived from (150, 15) Quasi-Cyclic Code.

(135, 15, 48) Sub-Code

C (<) = 44007 , C (x) = 1405 , C,(z) = 34175 ,.
C,(z) = 64272 , C (¢) = 21654 , Co(x) = 56300 ,
Ci(x) = 4274 Cele) = 20361 , C (x) = 34132 .¢

&

i Ay \
0 1
48 ‘ 15
— 80 , 33 : ' . N e e
- - Py X
52 60 A

54 345




‘. -
' 70
* (135, 15, 50) Sub-Cdde | .
' C,(z) = 44007 , C,(a) = 1405 , Cyla) = 34175 "
: C,(z) = 64272 , C (=) = 46517 , C (=) = 56300, ’
c (=) — 4274, Colz) = 20361 , Colz) = 34132
§ . =
, : .
i . Ay f :
0 !
50 33 . v
[ , , 52 15 ‘ o . :
- | 54 290 N
SR 56 405 ‘
i 58 . 885
| %’o 60 '.zzsé : o
: 62 3510
\f 64 4635 ” :
‘ ; 66 4575 T .
l O 68 - 3345 " "
| z | 70 . 2028 . T L
1 © 72 2735 | PR N
i ' 74 2985 ? '
N 16 2640
; 718 . 960 ' ’ . 7
K " 80 ~ 360 . . |
¥ . 82 90 o
e ° ¥ '
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/
(135, 15, 49) Sub-Code ’
. ’ . ) -5
; ¢, (=) = 1405 . Cyle) = 34175 , Cyl=) 64272 ,
' ¢ (=), = 21654 , C (=) - 46517 , ce(xi - 4274 ,
C,(z) = 20361 , Cle) = 34132 , Cylz) — 44007 .
- i A4 i A
0 1 67 1320
‘49 15 © %8 1425
50 15 - } 69 T 1920 ,
: / <,
52 45 \ 70 1755
53 150 o 975
\ : K - > A
54 225 72 990 . -
[} ‘ . -
. 55 © 105 73 2175
: 56 120 R 7! ~ 1605 n :
' 57 395 | 5 1208
. 58 495\ . 76 900
59 660 2 945
. N
) 878 a 78 835
61 1785 79 225
; 62 2145 80 135 )
£ 163 1655 _ 81 95 .
A . \ ' :
E i 64 1650 82 '60
%‘ 65 2760 , . \ '
; 66 3105 - ) A
;’; - “' | xi



(135, 15, 49)

Sub-Coce

Cilz) = 1405 , Colz) — 38175 , C3(z) = 64272,

C4lz) = 21654 , Cs(z). = 46517 , Cglz) = 56300 ,
C,(z) = 20361 , Cglz) = 34132 , Cglg) = 44007 .

49

50

51

52

-~

67
‘68
‘69
70

1740
1875
1475
1350
1395

Al
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54
55

56

57
58

.59

60

61

73.
{135, 15, 47) Sub-Code ; {
e {x) = 1405, C (=) - 34175, c3(a) - 64272 ,

C, (=) = 216584 , C (x) = 46517 ') Cg () - 56300 ,
C7(x) - 4274, Cyle) - 34132, Cg(z) - 44007 .

» N

‘ <A - A

0 1 66 ° 2450

47 15 67 1920 .
50 18 ’ 68 1710

5,,) 15 69 - 1550

52 15 70 1320

53V
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(135, 15, 50) Sub-Code

» . . »
» l . t i

f

. | C (=) = 1405 , C(x) = 34175, C,(z) = 64272, 4

¢,(x) = 21654 , C (=) = 46517 , C (=) = 56300 ,
| | C,(z) = 4274 , Cglz) = 20361 , Cy(x) = 44007 .

> s , *

-

i A - . ’
_ i | o {
A ,
. 50 15 .
\
i
- 52 165

54 285 |




sy
R

Q\j | i
L} | )

©

-

s

. ’ - - ] - 75
. T \\‘ ‘ ) . - \ oo ' ‘

e . : S
; (135, s, 50) Sub-Code R " ' ‘ :
e, - “'“ . ¢ i B 1 %
} .. o s \a YN
Cple) = 1405, ¢ (2) = 34175 , Q. (=) - 64272 ,
| L 1 i SR ) i
; C,{z) = 21654 , C,(x) = 46517 , Ce(z) = 856300 , g
t T C(e) = Zz;i¥é;c8hnf = 20361, C (x] ~ 34132° - : %
i L ‘ N\ 7 ~ . -
¢ . . PRI P . i ) N X .
| H . * ' \ .
b Y e ¢ - ‘
DR SV R . . k BT i
| .. ‘\‘ - - . ’ ‘ . < ' * 4 *
0 -y E VJ ! . p : O N
’ ¢ ' ' ’ i ,“, / . ! ’ .
: 50 . 30 C , . : :
SR " 52 ' 2105 : ‘ 0 e
t . “' e l”. d { ‘. / - ‘\ - -~
: f * . 54 ) 390 . ) * . .
3 Y,567 ., 240 L

L . 58 1260\ . Tt
P Y L N 1V : ;

N o

) ) - ! ’ f
; r " .62 .. 4260 oY S
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H
|

»

4

o '
§ !
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[ .
v

s/

51.

L ] : §
~ . 76

(135, 154, 49). Sub-Code : , i}

¢ (=) "= 44007, an(x) -~ 38175 , NES ~- 64272 ,

C (=) = 1265 L Cyla) = 46517 rC (=) = 56300 ,

-

C,(z) . = 42747, Cy(=) — 20361 , Cgf&) = 34132 .
y AT i A ' e
0 . 67 1950 _
a9 ‘5 ' . 68 , 1665

T+ 30 ( 69 1580
52" I T 70 . 1500

A 1

53 90 R J 1365 ‘

54 " 180 72 . 1280 :
55 165 73 1515 ' \\ .

. | « ]
56 180 74 - 1590
57 . 395 - ° 75 1464

58 450 .76 1110

)
- 59 - 660 : 2 1035 .

60 - 918"

78 -
61 Y T 1485 Y 79 - 20, | \
, s h .

62 1815 : 195 , j
63 2220 Y 75 el

- 64 ‘ \zs4on ) 82 75 . v xj’ -
N | . ! .

65 . 2160 ‘ :
66 2165 | ‘

. P . N N .
P - <, N "
. o . N \
< e R—" b "
.. . .
; , .




LY - ) I‘ * -1“
% v I < )
77
‘t >
. . {135, 15, 50) Sub-Code 3
- - . I ;
L e
Cilz) = 44007 , C,(=) = 1405 , C,(z) - 64272 ,
M _ C,(z) = 21654 , C(x) = 46517 , ¢ (z): = 56300-,
. ' Cle) = a2, Cyla) = 20361 , Cg(z) = 34132 .
* ) ‘
%
i A, , .
\0 ‘ )' - '
50 33 . ) o
. 52 120 - .
. s& 290 - . - : ’
e . . . . \
" 56 % 450 - ;//”'f‘~’ o
_ 68 945 ' : o
it 60 210t } ‘ - ,
: 62 3540 ‘
| 64 4695 ' , ‘
: 66 4435 . \. v 3 D
o ‘ - : : -
| 68 3525 )} . - iR
’g . 70 2868 S :
? 72 2780 | - B ' ’ |
¢ o w , . . .
! 74 3045 : ‘
% ' \'. *
. < 76 2385 ‘
s v 78 1070 s O
&~ . : -‘ % '
§ 80 450 -
% 82 30 : S :
; o 84 - B Vs ’ '
. . 5 . '
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{135, 15, 49) sub-Code

.Cl(a:) -
C,(z) =

(=) =.

49
50
51
52
53
54
55
56
57
58
59
60
a .
62
63
64
65
66

44007 , C,(z) =- 1405 , c3(z)‘ - 38175 ,
21654 , C (=) —- 46517 , . (x) =- 56300 ,

¢

180
180

]

s’

i

67

. 68

69

70

71

72
. 73~

78"

75
5 1
: 77
1 - 78
.79
- 80
‘ “8]
!' " 82
83

L

, f
4274 , Ca(x) - 20361 , Cg(x) - 34132 .

1
Ry

1785

1755
1565 -
1545
1515,
1220

"1305

1260
1816

13
qo(

810
575
225
165
50
60




[-X

hY
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' (120, 15, 40) Sub-Code )
. C,(e) = 34132, c,lz) =~ 20361 , C («) = 1405,
ca(l) - 642¥2 , Cilz) = 21654 , C (=) = 56300 ,

C,(z) = 4278 , Cglx)'~ 44007

’ . ’ N . .
: 1 A i A,
0 1 59 2340
.40 3 60 2165
. LM 15 61 1665
o aa . 18 g2 1710
T s 61 83 . 1830
a8 g0~ 64 1575
. 47 © 90 S 65 1788
N 48 210 | | 66 1480
\ ” 49 270 e 1200
50 ° 390 L " 68 960
51 680 R 1 870
) . a :
. © 52 /so e 70 720 - 'y
. \ & 53 1020 n 270
54 1470 .? - 72 165
55 1890 - R 120 p
\‘ 1 86 21960 74 60
\\\ -~ 57 2255 75 20

58 2430 . L
| \
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(120, 15, 42) Sub-Code ' ‘

N
-

¢, (=) = 34132 , C,(z) - 20361 , C (). = 34175,
C,(z) — 64272 , C () = 21654 , C () — 216547,
C (z) = 4274, Cg(x) = 44007 .

0 1 - R ;
42 - 30 . '
\ 44 15 ,
- 46 150 .
48 420 ' ‘




%

(120, 15, 40)

Sub-gode .

C, (=)
Jca(x)
C,(=)

40
42
44
46
48

.50

54
‘ 56
‘ ‘,‘jsa

e 60

62

64

66

T 68
A

34132 , C,(z) = Jaos , C;(:z::) - 34178 ,

64272, , C,(x) = 21654 , Cola) = 56300 ,
Y

4274 , Cg(=x) - 44097 -




—

(120, 15, 42) sub-Code
3 .

15 o
60
165
245
831
1694

3135

4155
4575
iy
3795
3090
3225
2025
1065
245
50

ARTS

c;fx), ~ 20361 , C,(z) = 1405 , C () = 34975
Cole) = 21654 , C.(z) = 46517 , C (z) = 45300

C7(m) - 4274 , Cs(x) = 44007 .




| (120, 15, 40) Sub-Code

i Ci(x) = 1405 , C)(x) = 34175, C,(x). = “64272.,
% ) -+
) (=) = 21654 , C (=) = 46517 4 C, (x) = 56300 , ~ -
% ' . ’ . A . o A
; Cylz) = 4274, Co(2) = 34132 . |
,\t i A11 . .
0 1 ‘ .
Ls
40 1% ‘
44 45 '
46 150
‘ ¥ ‘F
~ 48 405, SR _
f ) }
S 50 595 - \
{ 52 1500 ’
‘ © 54 3110 \ y S
e ¢

58 43%5 " T Py

ey g TN
’ wn
(= .
-
(=]
o
o
¢
L

' .
- 4 . - v
. - 2250 L . o, [
r -t . -
» ? - ’ M ' 1
N i Y ‘ 0 ~
.
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¢ (120, 15, 42) Sub-Code

C (=) = 20361, CJj(x) = 34175 , C,(x) - &4272 ,

Al At s T S

C;(z) - 21654 Fc.(z) - 46517, C{z) = 56300 ,
C,(z) = 4274, c (=) - 44007 .

e

L g A R R 4 O

5 i
i
. . i ‘ Ai‘. a ' .J 4\ ;
- 0 ) T %" :
N ’ -« v A 4
' 42 .15 . . . |
.44 60 N . J
é 56 . 135, , L s
~ , 48 . 390
: i 50 750 i
{ ' 52 1455
f 54 3245 |
.56 4320
\ . '
f 58 . - 4680 o .
g 60 . 4923 . -
% s2! © . 3675 ,\ A
5 : X .
1 RS ,‘,pa
] N .
4 ? '
s N - K
L 4 ‘ . . '
N n@ Voot \
’ d L SICEEN
/' R
y L
.
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4
. 85
» ’ ;
|
: (120, 15, 40) Sub-Co‘be N
Cyl=) = 1405, C,(z) = 34175 , C,(z) = 64272,
R L Cyle) = 21854 , C (a) = 48517 ,'c (x). - S¥300 ,
Cz) - 8274, Cglx) = 44007 . | '
-~ - . . | ' \
a a M _ ) 1
0 \ .
- w2
40 15 . o o Lz ) -

a4 30




%

cl(ox) -
Cylz) =

- Clx) =

{120, 15,

42). Sub-Code

- N
N

20361 , (,(z) - '1405 NE) -

64272 ,

21654 C.(z) = 46517 , Colz) = 56300 ,

4274 , Cglz) = 44007 .
AN \.

A'i q . .‘;‘ L4
v 61
?5 . v'yﬁ? 62

N - 63,
15 » = - 64
46 ; " 65
60 66
150 67.
240 68
273 69
560 70
810 -
1230 .i 72
1515 ‘l {‘ 73
1863 -
2190 \ s
2330 L

2385
2055 -
2210 :

oW




: NI
(120, 15, 44) Sub-Code - . S
) . _ ‘ % -
' . » }( ¢
Col=h = 20361, Cy(a) = 1405, Cylg) - 375,
C,(z) = 68272 , C (x) = 46517 , C () = 56300 ,

1
C, (=) \- 274, Cglz) = 44007 . R }
\\S " v

k)

i . A‘
L Y
44 : 1890
a5 - 1790
46 - 1395
47 ‘ | - 1680
w | 66 13104

49 . - 1230
! o

1215 .
950 |
585
300 - °
170
90
45 ¢

30




b gl T -

P R )

-~

S mwn e T A S P Y R

"

*

't
b1 ‘;“}:‘
. NEAN ,n g b
.- (120, 15, 43) Sub-Code
i . .
{ ¢1Ci(x) - 20361'2 C, (=) -
. ks
> (:4(:::.)‘ - §42-72. , Cs(ac) =
Coz) = 4274, Cglz) =
v by W g
3 -
i A .
/ i 2
0 . 1 '
43 30 '
{ 15) .
45 46 ) -
46 90
. 47. . 90
48 255 o oa h
49 270
50 273 o
51 ¢ 615
A »
675 . ’

N »

[

1405 , € (z) - 38175,

21654 , C (x) - 56300 ,-

44007 . | Y

. Lo S ik.
i _ Ai" .
61 . 1830

62 1740
6§“ - 1770 .
64 BRI T R
65 ° 1620
66 vaes .-
67 1455 /
68 1185
69 770 N\

70 .:‘545- -

m

-




o £

"\ 0. (120, 15, 43) sub-Code . | :

-

°

C,(z) = 1405 , C,(z) = 384175 ,\C,(x) - 64272 ,
C (z) = 21654 , L(z)s = 46517,
C,(x) = 4278 , Co(x) = 20361 .

9,

\ .

\ i Y : i A,

|
L . . 4
'\ 0 1 61 " 1935
. a3 5 62 - 1435
A \ ) N A > : . N o~
44 45 63 1650
- a5 a9 64 - - 1590 -
46 30 65 . 1620
47, 120 .66 . 1440 -
L e 88 255 C 67 1395
B 49 - 300 68, 1200
50 330 - . 69 - %05
51 .. 615 - 70 540
S 52 690 on 225
53 1095 72 . 230
54 1530 73 120
P 55 1605 . 78 a5
~ . 7 -
56 * 2340 75 15
. -7
57 2680 78 15
{ S e8| 2295 - o
i 59 2040 | S
60 2353 |
\ : ;
< / ° -
/ = v . » - .
' ‘ - ‘ .



ot A R T L BN B PR ANt T s s ¢
“+ s

P

ﬁﬂmmm‘Ww“ww.
»
?

P o e

. %154 37) Sub-Code ,

*

. - 8

S L }

Yt (x) = 38132, C,(z) = 64272 , C,{z) - 20361 ,
g (&) = 8274, Cla) = 3NTS, Clz) = TH05 ,

LG (z) = 44007 .

i, A - . e oAy
. - 55  ,2310 © ¢
Y, 30 o 56 " 1845
.38 60 57 1725
39 60 © 58 . 1290
0 93 59 1365
4 225 _ 60 ° 1175
a2 : on - T o610 7180
43 375 8. 485
A o T 83. .. 290
. 45 _.786 ‘ | 64 255
46 1245 L TS 93
R , 66 65
Y 1950 - 67 © 30 '
Tas - . 2aas T
so 2865, - . . .
51 2150 . I
52 - 2250 .. o 'e E
53. . 1980 R
64 230 Yo
. . ’ -
t, . ." ; -

" 90




€

© (105, 15, 36) Sub-Code | ST
cf’(x) -~ 38132, C,(z) = 64272 , C,lz)’ - 20361 .,
¢, (=) = 4274, C(x) = 34175, C. (=) = 46517 ,
C (=)~ 44007 . o
1 . A )
0 1
36 15 T
38 90
40 255 :
42 550 !
44 1080 (
L 2460 °
48 3990 " f
50 4938 - .
52 4875 - '
54 3905 ' ) |
56 3735 }
58 - 3210 .
60 2126 . o o
62 . 990 “L - ;’"’x/
64, 435 PR
.66 Mo . ., S
10 3 - 5
o » . . Yo
T . . . _r')- . ,' R

93




e T

(105, 15, 36) Sub-Code

-

Cl(x)* - 34132, Cz(x) - 64272 , C3(m) - 20361 ,
C4(x) - 4274 , Cs(x) = 1405 ,‘CG(x) - 46517 , - A
£7(x) - 44007 .

2

36

137

a9

40
4
42
43
44

- 45

46

47

48 - -
49

‘50
. '.SJ]

52

. 753 ‘:

o,

15

- 15
30

50

-138

270
230

615
826
1080

1785

2055
2025

2565
2375

2475
2160

390 -

54
. 55
56
57

58

<

60
61

63

1 64

66

67
69

d
1?
Iy

"2100
2220

1055

- 345
120 ['
93

X

1890, -
1860
1590 -
1140

810
630

95
15




.
.v * R
’ ‘ ‘ - . i
) l;.v
) . . . v E
. / o . . .. . M
‘ 93 T
b . - .
. - ] . 4
- - K
[ 4 o .
. . e '

. A/ -] £
(105, 15, 36) Sub-Code . _ - '

N v N

. \xl(”) = 1405, Cz(x)‘ = 34175-, L,{x) = '54gig > .
C4(x) - 21654 , ts(x) - .46517:, c6(;) = 56300 , J
c,(x) - 34132 . S a
3 T, . ’
0 . \ . . )

36 - 30 S :
38 .. 60 R : L T

. 40 PTY "‘ -;é ‘ ’ , B .
42 ‘459 | K . R Lo )

44 1215 . , '

- i / o
46 2370 o ~ ’
48 ‘1' " 4160 IR - | / .
L 4755 -
52 - . 4590 . ¢ o
5 4670 . |
56 3285 . \\\\;)
58 3030 e S
60 - 2301 et e e
62 e, |
6‘4 265 | ‘ P . - . o | "‘
RN |
. s
Ry T N Yo ‘ / g




% ¢ ' . . . . .
{105, 15, 36) Sub-Code T . Co
1, . « _—
t . ' [

c e = 1%05’, Clz) = 34175 , c (z) = 64272 , :
d c,(z) = 21654 , C(z) — 46517 , C(z) = 56300 ,
BT C,(z) = 44007 . - - . S L
t . , ¢ v;ﬁ .
. |
I ’ : ,
. 36 , 60 el
v /'
: 38 15 \ | |
L -
D42t 0570 - .
4 . zoao - N - -

\ 56 615 9 "o
58. 3030 I o ‘
f 6o - 2166 . : o |
i TS 125 R BT S .

64 360 ' N
" 66 o - ‘
68 - 30 . e R oL

w AT TR R ke o

' 0
1 i d ‘?




-

:* c7(x) - 44907 .

36 : - 15 -

| 38 60
B 40 243
L 42 . . 650"

. o s 1080 ..
" 46 2850 - *°
48 . 3905,

52 - 1, 4575
54 4375

56 3705
58 * 3930~'

50 ©.4860 - -

-

!

c, (=) =, 34132 s Ci=z) = m7s c3(¢) -
1 ,'.. - v
C, (=) = 4274, C (a) = 46517 . Celz) = 56300 ,

. - 60 2304
; 62 . 960 -
© tea U 3 ’
86 140
IR R L
S NG T




. .96
¢ (105,15, 36) Sub-Code
R &
Eyl=) =132, 0(e) = iT5, U(e) - 20361 , .
- Cule), = 4274 , ¢ (x) = 46517, Cc(z) =~ 56300 ,
6lz) = 44007 . . o
i A o | j 1 !
A 1 ;
AT 35 Ly
38 > 75 | -
40 - 228 a -~
42 405 ,
. 44 1470, . ;
- ag 2190 L
o 48 4085 B R -
- BO 4875 - L ~ | -
52 4800 / - ] .
54 3975 ’ R :
. 56 13990 ,/
58 . ° 2715 . Nl | .
.- 60 2394 ’
62 . 1080 ! .
64 ., 360 i - ‘
- 66, 45 * '
' 68 . 85, . .
,




r\
>
)

{105, 15,- 36) Sub-Code

l
|
T o .
Cl(:c) - 34132 , Cz(:c) - 34175 , Ca(x) - 20361 ,
,s . C =) = 4278, C(s) - 1805 , C (x) =~ 46517 , °
. - a -~ -

{27(:0) - 44007 \

\

"38 108 o ‘ \
40 T aes. S
4z - 695 | | |
44 990
5, o 46 3030

: 48 ., 2885 .
i 14
IS , N .
i . 50 6030 | ~
L 52 3705 | oL e .
. 54 5285 \ o
vc 56 2790 S P ‘
. R i . -
: 58 3915 i 5 .
| )

60 1524 |
62 . 1260 O
| S Y 330

'
a




.;;g}_:

- g g WA (T

»

B

\ . .

L ey AT Y L R T I et e e 0 B
-

, ,.
e = Qﬁ“%w;gwm'.ﬁ Cogn
. . . ' .
-

(90, 15, 30)

o 4

Sub-Code o - "

98

C () = 44007 , C (&) = 46517 , C,(x) = 20361 , £
Cule) = 4274, ¢ (z) = 21654 [ C (z) = 1405 .

-

i LAy
o 1
30 15
T T
a3 75
33 80

38 . 180

' 35 330
36 330
37 780

\ 38+ 990
1295

40 - 1593
e \ 1905

! a2 2870

43 - 1535
. 44 2655

s - 2524

© 4 .. 2534

47 2430 .-

.
‘i ) 1\1 ;
. 48 2090
49 1950
50. 1509
51 1440
52 p {oso
' 53 720
’ o
/s8—=—""" 500
ey 255
56 225
‘57 105
~ 58 ~ 30
' 59 - 15
60 . 15
63 7 5
. PR




: - .
(90, 15, 30) Sub-Code . o
| “ PO .
C, (=) = 34132 , C, (=) = 64272, Cylz) = 20361 , ‘
C (x). = .4274 , C.(z) = 34175 ,'C.(x) = 1405 .
. - ! 4
< f / A
1 Ai . //.
0 1 . - // i ¢ ¢
30 31 . / ‘ T
. , / .
32 135 // } .
3 280 "/,
36 860 - 7
38 2100 - //
40 © 3498 /
42 4465
) :\ -

44 5130 B
46 5175, "
48 4280 PR o ‘
50 .. 3378 R o A - N
52 . 2040 B - :
. 54 950 N o - :

A
56 ) 390, . - .
58 45
/ . :
60 50 Coa : - Lo
. R . -
/.
»
/ N A “
. .
: : .; * - !
_ . = -
S f [
& ‘. S s




e g g T A T T

-

(90, 15, 31) Sub-Code

100, -

[3%

p.

¢ lw) =- 38132, C(2) = 64272, Cylx) — 20361 ,

3l
32

3

34
35
36
37

40°

4

42 -

43
44

‘45’

46
47

48.

150
105
345
395

450

1065
1295
1668
2325
2520
2325
2520
2496
2460
2700
2145 .

49
‘50
51

52
53

5"

55

‘56

57
58
59

¢, () = 4274 , C.(z) = 38175, C () = 44007 .

~ 1755

1515

v 1355 ‘
1125
750
595
255
120 .

135

60
‘15




' . N

. . -(9‘; 15, 30), Sub-Cdde , | S

. N '
. .

- . ‘ ’
5

V@) = 44007, Clz) = 64272, C () =

20361 ,
/ N Cula) = 4274, C(x) = 84125 , ¢ (x) .= 1405 '

N .
»
- - N '

' .
B ¥ ®

. s

>
.
‘.
~
L3
>
b
o 8 - —————TY V) TEET O FTOTR ¢

32 120 t S




t
.

\Y

I < e praior
]

s

-
Wm‘ww»m.m e e tam =
. [
.
= .

39 1155 . 58 60

M " 2250 Al. Tj>\

{90, 18, 31) Sub-Code - T ‘

0

C,(z) = as007", C,(x) = 46517 , ¢ (z) = 20351 ,
64(x) = 4274, C(2) - amgs , Cilz) - = 1405,

i Ay ‘ K BT

0 1 49 - %1890

31 30 50 7 qaz0
32 90 | 3 " 1455

33 110 - % 52 4260
34 LT 150

. 53 885

.35 245 LUt e, \ 480
36 8 470 .. .- 65 195

37 705 S 1 90
38 ‘ .840" : 57, . 110

40 1668 . . 59 1 - 1s
\‘60- - 35'
42 . 2400, '

‘ N

43 . 2445 - ‘ ! t

’ §

44 2955

45 . 2754 ~
. , .oow

46 2280

47 2100
48 " 2135 Y

Y

,,/“)




S LN

. 54 1000 L . B

“ - , \\' ’ -. . . . . -
" (90, 15,'30) Sub-Code | - L
“Cy () = 38132, C,(z) - 64272 , C (=) - 20361 ,
Y cte) = a2 sole) = 3075, Cle) - 56300 .
* . . . ] > @ ‘:
b Ao S U
f . 0 . = 'l 'I ,J ) .

: 30 | 31 - ' L
¥ 165 S :
< 34 - 225 ‘ - | ’ .

. . ’

36 885 . ~

% . . ' o o .
S UL 3678 . . ,

S * 38 .1@30 : * B ' o o

42 4735 o C -

44 4935 L
46 5145 S L

, T L
50 3333 o P s '
. 52 1965 - ¢ - Y

. 56 -420° oy - T Co
58 . 75- EE S




LT WA ey

‘ .

{90, 15, 30) Sub-Code

-

\

«

4

L]

C (z) = 34132 , C,(x). = 64272 , Cy(z) = 20361 ,
Clzd = 8274, c(a) = 30175, (2) = aesi7 ..

1
0

30

31

- 32

33
34

35
- 36
ar
38

39

40

41
42

" a3
Y
45 -

46

a1

i

105

315
410
765
1020

1190 +
7170
1815

2250
2730
2715
2871 .

. 2610

2190

1

48
50
51

52

53

54

55
56

by

57

58
s

.

" A

3

i

-195;

1668
1400
103&
840
115
243
255

-
A

120 *

" 45

18 -

B
-
-
Y
> -
1 ‘e
'
23
,
T
e
iy

-

104

.
-~
'
«
L
r
’

¥ N,

At o A s gt




[

(90, 15, 30) Sub-Code

¢

¢ (=) = 44007 , C,(z) ~- 86517 , ¢ (=) - 20361,

\Ca(:c) - 21654 , Cs(x)' = 34175 , C6(:c) ‘= 1405

*

T EPTAUEBN IS e v g T




. B T 106

(90, 15, 31) Sub-Code, q T

¢

¥

: \ z
‘ _ o (m) = 1405, C,(x) =~ 64272, C,(s) = 20361, !
§' . ¢ (x) = 8274, Cila) = 34175, C (=) =~ 56300 . _a!

) . SR o Ay L i Py
© o0 R 49 1935 _
' 3] e 60 . -50 ) . . ¢ {«n‘
32 75 51 ‘ “

b . 33 45 o 52 : ‘
b ::,é4 .. 188 . - 5% -
N 35 R
% . 37 . 5 615 / . B - e
: 38 . 750 | | R
L ) 39 1380 ‘

49 " 1773 R T -
a1. 2130 | o o,
az . 2620 et
43 2460

a4 2580 o |
a5 2620 o e T
Y 2400 - -
. a7 2325 |
s 2010 Ty T

-l

Rty T e i o . .
SR B T e AN AT N ylatiticg e . .
-
!




g N e o -
-

© e Tymmp s

AN

.

107

N

L4

5.7.3.° Sub-Codes derived from (88, 11) Quasi-Cyclic Code.

™
\
<

(77, 11, 31): Sub-Code -

’ Cl(x) = 2621 , Cz(x) = 1467 , Cé(x) = 2224 ,

Ca(xz - 1355 , ngm)‘ - 1841 , C6(m). = 2547 ,

¢, (=), = 3185 . - R
i . A i A ‘
0 1 47 7, 33
3 33 49 22 .
32 - 55, 50 1 v
.33 187 52 N -
34 LT 55 R
35 165 - o N
36 242 ' ,
37 66 . B
3 44" " . '
39 99 i
‘40 110 ) -
a1 253 - /
43 ! 165 IR oL PN
N T |
% - 2 > R 3
[ "/ " ‘ ©

e




e

(77, 11, 30)

Sub-Code

c, (=)

C, (=)

'S 'C-](T) _

. 48
50

Y
‘w4

1253 , Cz(x) = 1467., Ca(m): - 2224 ,
1355 , C (=) = 15417, Cc(e) = 2547,
3145 ' '

-

¢ ~

Ai -

1. .o
* .

L1320 - S~ e
429 R .
363 o :

88 - . <
319 . '
462

»

133 :

33.‘ N .- .

44 o - .
33

\
. . I
=, ~ ’
-
2 *
-
.
1
1
- Q
. *
. 1)
-
-
A -
-k M 4
. e, - . .
~r - -~ 3 r
& - - - N N
N ‘ - -
. . . .
: -’ el .
»” . - ¥
4 . 5. ;
. ‘. [ ]
* . b L ta .

s -
A%
¥
»
.
t r
-
¢
]
o
\
/
, -
' -
.
- -
N\
4
.‘ ~\
S
o




“(77, 11, 37) Sub-Code

Ld

»~ .
*

.
- °

cde) = 1253, C, (=) = 1867 Clw) = 2224 ,
c,(x) = 1355, c (=) = 1541, C(s) = .2547 ,

Cy() . = -2621". - N
. 4 3 o") . \ . .

0 T 33
3 | a4 S T M 1§
BET R T 22
33 . 154 . s 22

34 243 ‘ '
3/ 198 )
36 220 .
37 1 ’
38 ¢v‘. 55 ‘; .
39 . .88 | e .
40 SR -2 B ' R
a1 286, 4 B 4' '
-42. - 198 S
\ 43. BEERTTS '
44 & 10 B .
| s | o L | y
45 o o ‘ .
46 G 11 . o
. “ I
-t Y:‘é.: )

109 -




{77, 11, 32) Sub-Code
, » .
i ' " N .

Cl(x)"v 2621 , Fz(m) =

C, (=)

j*“.C7(x)

- 2224
3145

, Cga) = 1365 , C (x) = 1541 [

?‘ )
»
.
‘ 1t
L J
Al
”
7.
-
)
o
-~
I .
R et
. N
WA

¢ .

1253, C (z) = 146

-

-
~ >
W
: N
t
s .
.
.
2
-
.
. - N
[ .
.
‘ »
> *
r
&£
r
N~ i
<
-~
™ 0
¥
€
r
.

¥
H
1,53

L)

7

"




e g em——

~1

(77, 11, 32) Sub-Code o
¢ (z) = 2621°,'¢C,(x) il 1253 , ¢ (2) = 1467,
¢ () — 2224 ,.@8=) = 1385 , C (x) - 2547 ,
cla) = 3148 . \" " ‘
i Ay \
o~ ] .x
| .
i
32 165 |
e, ~
34 318 \
‘36 330 | .
* 38 110 K
40 ° 297 \ . ’
42 484 B
1
44" 155 3
46 22 i
b D
48 33 < "y
50 22 R A ‘
V! ) ' ts |
\ 52 1 ' \ .
. ) l C e
R } ‘
o |
W < ] 1 “ o
b4 . Y\ "-{F\ 9
! e ‘ ‘
] {
'\;‘. <4 ~
J" . - ,,:' . Aa ) Y
. » \(\ “j\ - ,’ i ..r .c,\" o
. : . » e [

/
.
b
)
L4
L ]
o -
.
4
N .
N A
~
- » -
A
2
y -
&

m.




o
e
- ,}
*
»
!
t
)
/
A
';1 \
f
/.
i
i
N .
Lae
=
¢ L.
&
C e

— .

c, (z)

1‘:
C4(~m

Al

42

V2o

a8
46
48
50

.
»
-~
-
Moe
-
o
, .
:
a0
B .
f
"
EEEN
. :‘:
x4
P

(77, 11, 3Q) Sub-Code .-

4
'
§
- “
B v

;~3621 . Co(z) = 1253, Colz) = 2224,

1355 , C (@) = 1541 ; C (x) = 2547 ,
3145 . | - :

- .
) - .

A .

' * ] t
- *
44 v
. »
* [ 4 a
S
i -
>
33 . i
. L
2
i [y
N
. -
. z
LR .
! L3 ' a
-
- v °
LIt -
Ed - E -
B " PN
»*
" ' N - -
» - Ky
4 ks
'
2 -
. - 4 .
? - . ¥ - K
. - P ~
- , . §
k]
N e '
T * ¥ |
.
- A
Al * u » # -
x -
+ - . ~ -
¥ b . Al " - R S s
- > g - . e ‘. . -
L4 b E .o .
R LA v e B . =
L K . _ PN I f
¥ , ™ [P
o *, . - .. A X -
e
~ A . - R
& e - 2 \
R : : .
\ LR . . -
w . o
. » : N -
* 3oy k4 .
g u

~
-4
’
-
.
.
'
’r
’
W -
=
.
R <
P
-
A
-
.

-,
&
‘
.
.
.
¢
.
L



T i P

v
h
>
v .
-
»
.
».
) (.
.
-
T
k)
o
-4
dw T '

.o

(77, 117,-30) Sub-Code

7 o '

-~

é1(“’)3 =

¢, (=) =7 2224 , t:§z) - 15&1.,,c6(z) - 2547 , .

¢, (=) - 3145 .

Ry

p
4
. .48 - 17
52 1 =
.o .
. .
. * . et .
. - . \/( .
R A " RV 4
\ > . N l':'
. p
. o
O :
- .
8 N
A}
. v oA
. .
-
v
A ! N -
' o
w e - Je
ot ‘ I . C,
!
. )
e . -’
- I \ - >
gy
M
&) ‘ ~
LT 5 t v Ll R
. 114 ®i N i
- o .z
vy » . - N
- N » . y
. < . ]
3 > '1 ‘ - -
an

P

-
)
N
+
-t
.
1
-
(‘
o
L O
' \

.
N
L 4
)
.
-
P
\
1
"
\
-t
\
.
w
N 1
N
:l
A L * AERY
12y} A
M *
PRV
)A‘ r“ ” o
s
L
‘o

b

2621 , C,(x) = 1253, C (=) = 1467 ,

.
N ;
113
¢
. .
~ -
.
.
.
. .
;
. :
L]
t
* «
,
-
. 1
A ] »




3 Bl S L R NS S W,

S

P e o

St

O

[T

SO

.

(66, 11, 25) Sub-Code

. . ]
L . N

C(z) ~ 2621, C,(z) = 1253, C,(a) \= 1467 ,
C,(e) =" 2224, C () ‘= 1355, cs(x) - 3145 .°

’

25" -+ 33 . 45 11

29 . 165 n '
30 220 C *
3 121 | ‘

32 e s ST
33 Cass ’ 32

34 143 o _ c
35 casz oy Lt T

38 B T

« "
)y ’ /
- B
40~ 33 ,
. J v t .
P - ~ B
B :
v
f
-4 - 22 , ‘ .
o
g o . k! -~
42 d 22 | '
) [ " \
% y ’
- » oo " " e v s
. i
- i *
v F 4 5 L ' : A
.
. oy
- - R 3 LA
n ¢ ~ . A ¢ g L
L Yol 4 4 . B
. . - & o e
i Ay . N ..J)* X P -
w5 Cp £ A TN ' o
3 g Pl * rx ‘,»“ - N
' . o . .
B Le + * ' + f:'. ‘v\ - i
‘ ¥ o
P h ! . T, R ML 4
‘ - AR B i AR
. L S o " o K - e ‘
v 3 ‘Y i b . :
. . % - 5 sy - ' L
\ ' . o . " ' o
N LI 5 Pyl R L PR ol i
LoAd N A ' " Y R
i i ‘ R B N bt 7
- . Ve L

114

P e
o
. &
o
-

Y




N

N "l 15

Eehr

i

/’.a-«mmmﬁ

Ly

e,

s

v

Cl(x) - . 1547
Ca(x) - 1541

Ci(é)
Cs ()

- 2621 , C (z) =

- 1355 , ?é(z) -

B -
. - o

B . . B . * Y . LN . 134 ) - ) ’ - + - N
. S . S . 1s
- ‘ (66, 11, 26) Sub-Code _ ' S
. PR = o, . | ) .

1253 , ./
3145 .

s PN TN

NG

by

0 - ; L o R |
. 26 88 o .;- T I:
| 28" . 286 . - T .
~ .30 . 385 . A [ T
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Cl(.:c) = 2547 y

Cagx) -

-

’

1467

166, 11, z}} Sub-Code

v

C,(x) -

() =

-

2621

re

1541

» Cyla) .= 1253,
» Celx) = 3745 .
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(66, 11,,26) subdCode
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Cl(x) - 2547 , CZ(I) = 2621 , Fa(x) - 1253 ,

CA(x? - 1467 , Cs(x) -

i A, ,
0o - 1
26 44 v
21 143
28 o132
‘29 32
30 -209
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T .iéz
35 187
36 198
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(liL 11, 25) Sub-Code

c (=) = 2547.,.C,(x)
C‘.(x) - 2224 , 'CS(:z:)

I3

i A
0 1

25 n

26 44

27 - N

28 121

29 . 165

30 .Y e

N . s

32 88 .

33 m -
34 175

35 165

37, . 198

39 66
40 33

42 2
43 m o

- 1253 ,‘c3(x) - 1467 ,

44
45

c= 1355 , Cﬁ(x) - 3145
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{66, 11, 25) Sub-Code

: < Ci(x) = 154 v Cylz) = 2621, Cy(z) = 1253, .
1 M L : . A i [
3 s €, (=) 1467 , C5(=) = 2224, C (x) = 3145 .
:
: o Ay | '
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. 25 Coy

| 26 22 ’

' | 27 121 4 )
° 28 - . .165 o
¢ . 29 143 \ . -

30 187 Lo

N 154 Col
32 165 ‘ L . ‘ )
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(55, 11, 20) Sub-Code

Cy (=) = 2621 , C,(x)
C (@) = 1467 , C (=)

20

21

22

23
24
25
26
28

28 .
29

30
31

32

33
34

435
37

Y

A;
1
22
77
88.
88

165
198"

209

253

176
143
154
154

132

56
77
33
22

N

- 1253 , calm)
- 3145 .

1541
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(55, 11, 20) Sub-Code

e VAR

L Cyle) - = 2621 Cyla) " = 1253 v Cylz) = 2547,
¢ (z) = 1867 , C (=) = 3145 . N,
i Ai .
0 1
20 33 .
21+ 44 ‘ o

.22 99 x
23 143 |
24 143 i ' o
25 198 |
26 154
27 231
28 198
29 143
30 231 o F N
31 132 . |
32 110 SN
33 100
34 S Y '

.35 o
6 1 ‘
37 1 o -
39 "o A ‘

e
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20),

Sub-Code

20
21

22
23
24
25

26
27

28
29
30

31
32
3%
34

36
37

ooeN

44
55

33

154
198

1564

220
209

143

209
209
132
99
56
55

33
n
22

o

L

Clz) = 1581, C (z) = 1253, C (x) = 2547
¢ lx) = 1467, C.(z) = .3145 .
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CHAPTER 5

CONSTRUCTION OF CONSTANT WEIGHT CODES FROM QUASI-CYCLIC
CODES FOR RALEIGH FADING, CHANNEL. - - N

5.1 Introduction The use of coding and modu]étiong
over Raleigh }ading channel is well known. Depending
on the specific chardacteristics of the channel and ths
expected BER a combination of coding/madulation is
designed. ]

In their paper ﬂ14) , Pieper Ft al introduce a novel
methoa of coding/moﬁu]atjﬁn over the noncoherent Raleigh

~

fading channel.

-

| " a Raleigh Fading _ 1.,
. . Additive white FILTER

.| ENC.| . n ook [~ Gaussian ?

. , MOD Noise channel BANK

F

DEC

F

DEMOD 1

I

Fig. S.I“JModel of communication channel

The yodulator accepts thebbiqck of n bits correspondiyg
to a codeword and it assigns eédch biﬁ to .an ook modulator,
consequently, there are n ook modulators. '

fhe demodulator we choose here 15 a sub-optim&m decoder-
using the chase algorithm #2. The received waveform is
f11tFred, the mth filter is matched to the mth éoixtone, )
S:nce the Raleigh fading and the additive white Gaussian n
noise are mutually and statistically independeng as well

as identically distributed:




random processes, the maximum tikelihood criterion
requ1re§ that the receiver be composed of "square
law envelope detectors . The "target selector"
‘forms the log- 11ke11hood terms for each of the M
‘hypotheses. The codeword corresponding fo the
ma%imum of these terms is then selected, (15)
' Since we have constant weight code, each codeword has
the same_amount of energy, the b1as term C, (wozencraft
page 235)' 1is the same for each codeword therefore
the computation of the 1og-11ke1ihood quantities is
straightforward. Let up be the square of the
envelope of the output of the mch matched filter.

It'is shown by Gaarder (16) thd;lif the M signal
patferns (corresponding to the M codewards) are
transmitted hith equa] a-prfori probabi]ifykchen
the decoder that ach1eves the sma]]est possible
probability of error, in choosing the correct codeword
based upon the received waveform is the one that |
computes the M decision variab]es (1og Tikelihood
quant1t1es) and

*V,'“'EI'I x.im|u | i=1,2,...,N (5.1)

‘

also it is the one that chooses thehcodeword '
. %
corresponding to the index t for which the summation

]

s a maximum.

»
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5.2 The construction of Ednstant weight codes from \

-

Pyasi-Cyc]ic codes. ’

As noted on chapter 3 and 5 , some quasi-cyclic |
codes formed by the normal basis theorem and its 4

P ®

sub-codes have interesting weight distribution

structures and can be expurgated to-form constant
R N . ¥
weight codes. .

Al
\

We note also that some quasi-cyclic codes formed by |

*

the theorem of Seguin {16) have also fnteres;?ng

weight di-stributions.
Consider now éﬁ(n,k,d) binary linéar Quasi-cyc]if

code; by purginglithe code of all codewords of weight .

different tthan those of Ai ,» the expurgated code

(n,k,d) will have the following features

\ .

A It is a nonlinear code .EQ. .
- The word.size is unchanged ) .
- The number of codewords is equal to or less {;Qn
KA;. log,k'< Ay, A, is the number of codewords of '
weight i. SR _'

' - The new minimum distance is at least that of the
original code. Therefore d' >d . , d . 1% the minimum

distance of tﬁe original code

»

W
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Fallowing are some typical Quasi-Cyclic codes which

can form powerfull constant wetghtlcbde;:

)
s
“A(15) & A(23) = 1053
)

(39,13,12) QC code -

3

02 = 14221

C3 = 13556

The weight &istriput1on:

CAG0) & A(39) =1

A(12) & A(27) = 156

" A(14) & A(24) = 858

A(19) & A(20) = 2028

The parameters of the constant weight code are:

/

Parameters Oriéinal ‘Constant weight#1 | Cons. wgt.#2
n 39 : 39 39
kK . 13| / .10 10
M 8192 2028 1053
Anin -2 3 12. - 2
" "~ |variable 19 15
Diversity order* —_ >6 > 6

* see appendix C-1

TR

2
Eah

s .
Eho .
5y
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The weight distribution is-:

A(o) 2
A (16) &
A (20) r2
A (24) 8

A (52)

A(36) = 13 ™

A (32)
A (28)

§32;113, 16) QC code
c, =1

¢, = 7715

C, — 5477

C, = 2767,

I3

1

1092
2990

)
o

" The parameters of the constant weight.tué; are

. 127

[ %

Parameters Original Cogstant weight #1 Constant weight #2
n 52 52 52 7
k 13 A 10 A 11
M * 8192 1092 2990
dmin 1. 16 , >16 >16
W Variable 20 24
Diversity Order* |[%» — >8 . >8

* ¢ see appendix C.2

A(24)

(61, 17, 16) QC code.
¢, = 1
C, = 264626
‘(:3 - 313151
The weight distribution is :
A{o) a A (51) = 1 ‘
A(16) & A (35) = 1530
A(19) & A (32) - 5661
A{20) & A (31) = 8161
A(23) & A (28) = 24480
2 A (27) =

25704

B s T
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The parameters

~

of the constant weight code are

_Parameters

=0

Original

Constant weight #1

Constant weight #2

4

M.
d

min
N

Diversity oxdef

L}

51

17

- 131072
16

Variable

~
51
14
24480 -
315: :
23
. 8

51
14
25704

o216
27

58

v




NP

, ) T2¢ ‘
. \ ‘
5. , . , A
(91, 13, 36) QC .code . N o
cl,- 1 .
c, = 14z " -
20y 1/7227 ) /"
C, = 13006 -
Cg = 14777 . .
C, = 13556 '
C, = 10550 , ~ .
"The weight distribution is L /
Alo) 2 A (91) = 1 : /
A(36) & A (55) =" 364 - Co- :
A(39) & A (52) - 728 o -
‘@ A(40) 8 (A (51) = 546 .
A(43) & A (48) = '1365 4
A{44) "3 7A (47) = 1092-
s » ‘ .
The parameters of the constant weight code are: . P
Parameters Original ‘Constant weigi{t #1 .| Constant weight -#2
‘n 91 91 9 ,
kK = .0 <13 i 10 - 30 |
M %' 8192 1365 . .1002 Er
Vo - . A | o
doin 36 _ 236 , : > 36 !
W . Variable 43 44 . h !
' ‘D‘ivers“ity order — %18 x18 ' i
. . / - BN
(150, 15, 59) QC code
- ’ - L
A o
G = 1405 J | c1o',’" 44007 ,, *
G = 75 ) , S 3 | 2
Cog = 64272 . e "
¢ = 21654 - oy : S
LG = 46517 o , ; ‘
G = 56300 IS O S
w0 & = a2T4 el Lt
Sy - 20361 ) e ’ oot
o ¢, - 332 .. - RRTERE v . |
‘ \ . . ,
‘ ),. \ 4 o ) B @ . ,‘ 'Z'




.

d

The weight distribution is given in chap.4 , the parameters

of the code are

Y

The.Jlggk; ;

of thg code are

™

distrjbution'is gi{gn i

n chap.#4 , the parameders

N e g
Parameters ° .| Original | Constant weight#1 | Cons. wgt. #2
" 88 | 88 88
. k 11 9 9
.M 2048 . 539 528
dafn - 3 23 239
i - W Variable 40 47
Diversity order — :13ﬁ’ .>18

Parameters |Original  Cons. wgt.#1 Cons. wgt#2 | Cons. wgt.#3 .
. 91 91 91 91
k. .13 l 11 11 11
M 8192 2964 29251 2400
N > R
.imin' 59 >59. >59 >59
\ W . Variable 75 - 16 79
Divegaity * o >29 >29 >29
prder '
(88, 11, 39) 'Qd ‘code . " )
C1 - 1?53
ﬁcz - 1467 ,
C3 - 2224
b4~ - 135549
C; = 154 . ';
C,L = 2547+ . . - L
c Lound ] 262] ’ —~ R
7 - . N \ R
C8 = 3145 "N :




‘r: o ’ h -\
] (30 5, 15)‘ QC code ',
. 1 \'- u . "\
| 2 — ]] ’ . "‘t.
T C3 - 10. ! “ ) t -
Caﬂ = 35 ) e
. C5 - 26 - )
C6 - 31
. \ " The weight d1str1but1on is given in.chap. 4,

of the cohstant weight are

‘ * Parameters Original Constant weiﬁb{ #1
n 30 30 -+
§ k 5 4
M 32 (’ 16
: dain 18 218
1w Variable LN
t : k ) «J .
N .Diversity orde@1‘ —— 21 =
'. o ]d
P
e }
',_ s
“ .‘ o ' N
a ' :
.;: 1
. - /\ )
' ? \;\“i
/ i I
. ' . '\ X L s
] .‘l ¥ ‘ ! R ’ v
N ; to w kR C
" o 2y $ -

the parameters
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5.3 An efficient method of decoding constant weight codes

-

- with channel measuUrement information.

v
*

In this section, we are interested in the decoding

B . of constant weight codes derived from quasi-cyclic
codes with channel measurement information. The soft \ :
dec%sion algorithm used 1'5‘ the Chase algorithm . ' |
(chapter 4). Let the code composed by s circulants, : {

the transmitted codeword V, can be expressed as: ' i 1

‘V"_ {V va} (5-2) { 4

m ml? vmz"""

" where Vm has N bits.

Let L be the received codeword

Po= {Fp1> Tmaseeor Tund ' (5.3) °
| <
Associated with the received codeword fs the channel ,
measurement sequence o« _ . o ;
, “n " O‘m]’o‘mz""’O‘mN ) - . } (5.4)
Let W, be the weight of the constant wefght code sent
R and Nr be the weight of the received codeword, the
number of error bits are equal to IN;-H;I , therefore
i) If 1HV-H;I = 0, no error {§ produced or more
L, ’ tha&ﬁdmin errors are produced

A i) IF 0 < [Hv-wrl < (dmin'])/z’ the efror correcttion
can be done solely by the Karlin Uinary decoder

111) (dpya-1)/2 < [W =W | <<(d , =1), there will be’

. min
. as much, - : ‘

&
»

. . Ly
g 9 . » N N . " . .
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{|wv~gr|‘- (d ;=172 7 ~ (5.5)

/g:timations by the Chase algorithm. fhe Karlin binary‘

‘decoder will estimate only those Ei.é‘ é

’ ’
. PC1 pcC, .

RRRLNINRN such that

> 4

.

Wig,} w{epcl} oot WEE L F= WHLT (506)

evidently the decoding process can benefit the
mechanism of moving into an inner loop as explained

in chapter 3. ' N

The estimation is stopped when the set R, (eq. 3.6.5)

AN

of test patterns is emptied. .

N -~

-
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s CHAPTER 6
CONCLUSION

6.1 conclg:;on '

In this £fhesis, we have studied di%ferent aspects of
Q yelic codes.

Tﬁggweight'd1stribdtion’;tructures of Quasi-Cyclic
codes in systematic and non-csystematic forms are
studied; Rates 1/2 , 1/3§ and 2/3 code are copsidered
in partﬁcu]ar. The McWillliams & Sloane identities »
are fand very useful to generate thé weight distributiop
and the minimum didtance of the dual code.

The Karlin binary decoder is reviewed for its
great practical ingsreg}, additiona]iy, it fs the -
only decoding algorithin dedicated to Quasi-Cyclic
cdd?s. However, a new dimension, i.e.$ the channel
measurement information, is used to‘optimizé
the decoding procedure. , The chas® algorithm of
soft-decision decoding is found to be easily

N\

adapted to the Karlin binary decqger where an
interactive process between both is developed. 5150 )
the_cpncept of Fmovinq into an inner loop" is also
developed for the interactive process.

By using the normal basis theorem Quasi-Cycliclcodes
can be derived from power residue codes. This class

of Quasi-Cyclic Codes has very good minimum dfstance.

L—'
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(68,11,39) , (150,15,59) Quasi-Cyclic codes érg derived.
The;e codes can generate thousands of sub-codes, some of
which are quite good. The best of those sub-codes can
be compared to the best knoWn codes (linear ané nonlinear)
listed in McWilliams & Sloane. ®

Due to the{r interegting,weight distribution structures,
some Quasi~Cyclic codes can be expurgated to form cons-
tant weight codes. v An efficient method of dedoding those
new formed codes 15'3éve1oped—using a modified Karlin bi-
nary &ecoder with channel measurement information. It is
calculated to be faster than the word correlator.

Some toéiés are left incomp]éte in this fhesis. Here,
we generate only some sub-codes of (88,11) , (150,15)
quasi-cyclic #odes. This still leaves thousands of (88,
11) , (150,15), (112,28) , (126,7) , (240,24f ; (256,16)
(336,21) , etc... and these may be quite good. We have
also observed during the generation of sub-codes that
some circulants are good and some are bad, i.e., a bad
circulant cannot give the b;st minimum distance.

An optimal Karlin decoder is devised with chénnel

measurement information. With today's digital processing

technology, this can be implemented, with the bank of

"matched digital filters into a few printed circuit boards.

However relatively high speed input, for example greater 8
than 2400 bps, would require bit-slice microcomputer to

handle both the decoder as the matched digital filters. e

7

[

o b s e v toiccritegi

Y
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Also, an efficient decoder which is believed to be

faster than the word correlator is'developed\for

constant weight codes.

However, these decoding methods need to. be

constructed or computer simulated to evaluate how

fast they are and to compare them to'a simitar

BCﬂ decoder.

Since all of the decoding algorithm can be micro-

programmed, good quasi-cy&lic codes with a relatively

complex decoding algorithm are becoming competitive

and are strongly recommended for future decoder deaign.




Wﬁm R S AR TR )

¢ = IOPO

- ——F -

(2)
(3)
(4)

(5)
(6)
(7)
(8)
(9)

(10)

(1)

: ‘ ‘ 137

- REFEBENCES

-~

C.T.Long, Elementary Introduction to Number Theory
D.C.Health and Company, 1972

E.R.Berlekamp, A]gebrai& Coding Theory .
Mc Graw Hill, New York , 1968 I

W.W.Peterson,. Error Correcting Codes
MIT Press, Cambridge, MA 1972

*R.G.Gallager, Information Theory and Reliable

Communication, John Wiley & Sons, Inc 1968 (chapter 5)

C.L.Chen, "Some Results on algebraically structured
error correcting codes" Ph. D. dissertation -
Univ. Hawaii, 1969 !

J.M.Stein, V.K.Bhargava, S.E.Tavares, "Weight
Distribution of some “best" (3m,2m) Binary
Quasi-Cyclic codes."”

IEEE Trans. on Info. Thedory, pp 708-711, Nov. 1975

M.Karlin, "Decoding of Circulant Codes"
IEEE Trans. on Info. Theory , pp 797-802 Nov. 1970

S.G.S. Shiva & S.E. Tavares, "Decoding a Class
of Quasi-Cyclic Codes" I.E.E.C.E., Toronto, CAN
Oct 4-6, 1971

E.J.Weldon, Jr., "Decoding binary block codes oﬁ
g-ary output channels."
IEEE * Trans Info. Theory, 17(1971) , pp 713-718

G.D.Forney, Jr., "Generalized Minimum Distance
Decoding" IEEE Trans Info. Theory, 12(1966),pp 125-131

D.Chase, "A Class of algorithms for decoding

block codes with Channel Measurement Information."
IEEE Trans. Info. Theory, 18(1970), pp 170-182

»

s e

|
;
3
4




S(12)
(13)

t14)

(15)

(16)

(17)

)

- . 138

F.J. McWilliams, N.J.A. Sloane, "The fheory o¥
Error Correcting Codes"
North-Holland publishing company, 1977 ’

C.L. Chen and W.W.Peterson and E.J.VWeldon
"Some Results on Quasi-Cyclic Codes"
Inform.:Qontr., Vol. 15, pp 407-423, Nov. 1969

J.F.Pieper, J.G.Proakis,R.R.Reed and J.K.Wolf
"Design of Efficient Coding apd Modulation for a

" Raleigh Fading Channel", IEEE Inform. Theory

24(1978) pp 457-469 , July 1978 *

J.M.Wozencraft and I.M.Jacobs, "Principles of
communication Engineering.", New York, Wiley 1965 «

N.T.Gaarder, "Signal design for fast-fading
Gaussian Channels"
IEEE Trans. Inform. Theory, Vol.1I-17, pp 247-256
May, 1961

L 3

V.K.Bhargava, G.E.Seéguin and J.M.Stein

"some (mk,k) Cyclic codes in Quasi-Cyclic Form"
IEEE Trans. Inform. Theory, Vol 11-24, pp 630-632
September 1978 .




‘ .;/ | o 139

Appendix C.1}
)

©

The order of diversity of censtant wg?ght code

-~

¥ rd
Let x and y be two codewords of the constant weight code

of length i. Define dij(z,y) for 1,5 = 0,1 as follows:

doo(x,y) = Number of positions in which = has a 0 and y has a
d ( »y) = Number of poi1t1on in which « has a 0 and y has a
d; (x,y) = Number of po;ftions in which = has a 1 and y has a
d; ( 5y) = Number of positions in which = has a 1 and y has a

Note that )
doolzoy) + dy (zy) * d (z,y) + 4 (e.y) =
| | : do, (zsy) *. \ n(x.y) - H(y)
dolxy) + dy (z,y) = H(x)

doy (=) ¥ d  (2,y) = dy(z.y)

For a constant weight code
W(z) = W(y)» dj, (=, y) = d;(e,y) = 2 dy(z.y)
‘ | There?ore, the decision between two codewords = and y , given
‘“transmitted, is equivalent to making a binary decision between
two hypothesis Hi and Hj. The dlo(xzy) terms under Hi are
signal plus noise; and under Hj are noise components. The
i, | number_dlo(z,y) is therefore ihe éffective order of ditgrsity

of this decision process.

S e d b A b Sl _
| .
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Appendix C.2 , ' \ ‘ &

w Computer program to compute the weight distributfon of 3

Quasi-Cyclic Codes.

| . o A computer. program was written to compute the weight
/ distribution of (mk,k) quasi-cyclic codes. Under its _ 1
! present f&?m, it can take code Tength up to 180 bits

59

and informations up to 2 words. However, the code !

b‘ . length can be increased by some easy additions on %he,
| program,\??~necessary. (\\ ’

. » The comdutiqg time is quite._optimaT since a {150,15)

code doesn't take mpré than 3 seconds of computing

time. The most time consuming program done up to

now fs a (87,29) code which takes about 50 to 60

* minutes of computing time.
\‘\‘ , Extensive use of Meh&%y capacity of the CDC 6600 )
digital computer is made (133,000 words ;f memaory)
xa§ a trade-off for computing time. t .
Large. code k > 27 can be brékenﬂdown for calculations.
: : . Pr example, calculation of (58,29) cede can be _ :

broken down to four computer runs Jﬁére,

1st run starts at information = 0, énd at inf.= 227—1

2nd run starts at informatfon = 227,'end at inf. = 2283
" 3rd run starts at information = 228, end at inf. = 228:227.1

4th run starts at information — 2283227 | end at inf. = 229

) . ' *
For k < 27, only one run is necessary.
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