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o - ABSTRACT T ) .

7 ‘ v ‘ . . -
V. a ThlS the31s presents a detalled 1nvest1gat10n of the . -

> flrst passage type- of - fallpre of v1brat1ng systems under

external random exc1tatlon. The mechanlcal system under [ . L

<

consideration is idealized 1nto a single or,two—degree-of— >
2

w

freedom linear system and the excitation is approximated’

£-3

as'a white noise of a certain intensity. ° : - LT
s ¢ . .

In the case of srngj ~degreé-of- ﬁéeedom system, the o
: Fokker—Planck‘equatlon glVlng the probablllty of the. response
is derlved and the solutlon appllcabl to Both tranS}ent and
steady stateidetermlned The probabr&giy of'the‘system \
haV1ng a motlon exceeding a Speleled crltlcal amplitude level 7,
.at any glven.tlme 1s‘determ1ned'and can be_deflned as. the . ‘

. , - - R /. : . ! *
o ' probability or reliability of the system.’ It is found that

1

5

* the flrst passage probablllty could lndlcate failure durlng
the tran31ent motlon of the system espec1ally wh n the damplng

avallable is small.~The extension of the problem to two- .
R 2

degree-of-freedom systems is also con51dered and the solutlons
are derryed using the Laplace transform technlque. ' -
e For both cases, numerlcal results are presented in termsﬁ; - ,'. _
\ of~p1ots u51ng partlcular values for the paraMeters descrlblng oL 7.
vA

. the system From the resu%ts presented here, it is found that‘)

for system with 1ow damplng of the order 0.2 and less, fallur

.../ can occur in the tran51ent state itself, The effect of varxous M?’
system parameters and. stochastlc parameter on the first p;Esa- \
ge time probability for the transient and steady state of , }

«s1ngle—degree-of-freedom system is dlscussed. In the case of :




oy ’ 9

. . ’ . o . . . %
two~degreé-of~freedom system, it is-hoted thatlchahce of first | .
. [ oy Lo~ ; A . R .

[}

c;passageftime,failure'in the steady state.inbregses with time

r~ . . .

and it is sen51t1ve to the safe llmlt and the varlance of the L

system. The 1n§1uence of varlous systemoparameters an& stochastlc

. 44

parameters on the - steady state flrst passage time probablllty

are also dlcusSed .
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R .- Many englneerlng de31gns-are govérned by crlterla that

n,‘ v ) G . ” > P M
. S spec1fy some critical level d&aamplltude which, if exceeded, 4.,
i . . * v . 1 . w ) - N
L8 - , Will* produce unacceptable results. These results might include

an intolerable malfunction, of a complete failurenof thre sys- e

N ‘ Lo . . ,
tém.‘ Some commdh examples of such criticaleamplitudes include:
o .

1. The yleld or ultlmate strength of: the materlal S ®

~
.

. . of -the system,: . = , , ’ ; "

‘ 2. _The force needed to overcome a required preload,

°

e * 3. Excursion of shofk mounted components which equal SR " '*1

3 ‘\\ ~
) i’ -
...the' allowable clearances, ang w - e o
» . ) ’ ‘\_{\ - > ‘ . I
. . 4.,\Maintenance-sche e for 1ndustrlal machlnery-

T ' -.-i

~

T exhlbltlng flucbuatlng%v1bratlon record. .

[
‘ . " i - ¥
Iy

In” most practlcal 81tuat10ns, the v1bratlon phenomenon L

: ; is random in nature, hence the design Cfltérla must be . L

.- »

L)

v . expressed in probablllstlc terms. It is then impoftant to .. ‘

“obtain the-probapilistic information on the time' when a - ..
Y S . . ‘

.0 : prescribed random process X(t) first passes out of a limited™ -

" ’ ’ & s

Wt : domain of Safe'Operation:Q ThlS is aften called the f;:st ) X

) P4
5 P

- C passage problem and is closely related to. the calculatlon of ,f i "
o8 ) . . . e
‘ the. probablllty of “fallure" With the advancement, in s

y recent years, in the theory of stochastlc process applled to - *

. ‘“engineering.problems, attempts hade’been'made td\represent'théA
. ‘ - )
. ) - . ( " . ) . r?,
vibration of a system as a random process and to use i¥g.. ‘ i

g ) étatistical properties for. failure predictions;‘&iince-in d ’

,? B reality{ the,amplitudes measgned fluctuate randomly, with respect
. L , i . .: - & . 2 ° i N

- N i .
« " . \




H

e 3 N us. " /

were only 11m1ted lnvestlgatlons that considered a probabllls—

oy

vibration of a; mechanlcal system is a statlonary random process "

~ The first passage probability calculated on the basis of such

LA . ’ et S - :
to time, an analysis based on a probabilistic theory of the

process 1nvolved W111 be more rigorous ‘than any other conven-~

&
b&ona& ﬁeter@;nlstlc procedure. Very few theoretlcal analyses

ur ».«( o = 9.‘

are availabie that would analytlcally deﬁprmlne the first

passage probabllxty ofaa v1bratory system Previously, there
»,

t "t 2

tic approach to fallure problems in maintenance operatlons.
One such analy51s is due to. Gnay (1 ] who assumed that the

.

that is normally dlstrlbuted w1th a zero mean value. The prob~
ablllt;?Of failure is deflned from the fact that theisyétem'
ceases to function usefully wheh-the ahplitude of wvibration ' v
exceeds a-certain specified leuel;' Using_the theory of first .
passage probability'of a randoh variable, Gray ogtained certaih '
values to represent the failure probablllty that is -valid only
for infinitely large‘tlmes. Q

All the'probabilistic quantities;that uescribe the\stochastic"
response of the system are, in reality, fupctJons of tlée, ;1-
though under statlonary con31derat10ns, the mean value, varl—

L]

ance, etc., are taken to be 1ndependent of tlme. The probab-

ility distribution of the response procesJ becomes 1ndependent

of time only when the t;me of interest approaches large values.
N

stationary response probability can only. predict eventual failure S

-~

of the system dnd cannot provide any 'information on the'perfor-

mance of the system during the transient state.

1
~




. Especially for those systems with very low Qamping, the

. transient time is large and the amplltudes at tran51ent perlod

will affect the performance»of the system more seriously than

those under steady state condition. .This means that it is

> /

important to obtain the stochas$tic characteristics of the mech-

anidal system in the transient state as well as under'steady

.

conditions. None of_ the previéhs researchers considered the

! « ‘.

..first passage probability problem during the 'tra'n'sient motion

of the system whenttheﬂprobabilistic prgpertiés fluctuate with
time. Uhtenbeck and Wanghizl and Caughey [3]hdid not formulate

the first passage time but only obtained the ensemble average

1

and the variances of the ree onse“%T a one-degree- freedom-
P g

system by u51ng ‘the Fokker -Planck method and the 1mpulseere-'

a

sponse technlque respectlvely The investigation presented

.o

:here develops the fLrst passage time probablllty of a 51ngle-

degree-of—freedom and two-degree-of-ﬁreedom.1inear mechanlcal v

A4

systehs under random.forceéq Both the tran51ent Aand the steg@y

?

state conditigns are taken into account for determining the .

first passage probability of the system. Fokker-Planck

-

method and the Laplace transform technigue are employed here

to obtain the transient stochastic characteristias of these

°
o

syst%ms. o ' " .

In Chagter two of thig thesis,. gingle-degree-of-freedom

linear system under white noise of zero mean éxcitation is dis-

N L
cussed. The first two parts of thi's section present the math-

@

ematical model and ‘thecorresponding Fokker-Planck equation for

-
L] . -
4
~ R .o -

u



.

: o
'

. - .. : ,°". . .
Single-degree-of-freedom'system, dsing a procedure given by * ' -

.
%

Ariaratnam [?] the last _two parts of this sectlon ive the @
g 2

*solution for the response} as well as those stochastlc pro- LT

N .
l

perties ‘of the’ iKstem usxng the method of Uhlenbeck and Wangtz]

Chapter three d1chsses the\flrst passage time probablllty of. -

sLngle-degree—of—freedom systems W1th a note on, the settllng ! - |
b ) :

tlme analy31s and presents the derivation of the first passage

»

probablllty for both the tran51ent and kteady states. A 51m11ar i

analysis for two-degree-of freedom llnear system under white

a b

)
. nelse with zero mean excitation is presented in: Chapter fourz </

:

In thls\chapter, the mathematlcal model is established; and the“ v -

solutlon for “the responsé the flxst passage pﬁpbablllty

.

- o
during the translent and the steady state ‘are deered The
Oo
concluding remarks are made 1n‘Chapter-f1ve. Some of ‘the - .
. . ‘ R . . B ' .
derivations -of the equationg in Chapter tw?,‘three and four .
‘ . . . LI ] A . - ‘ 4
are presented-in Appendices. - ‘ . N
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1e

_ﬁ”astic characteristics of,

"

In this section, the ’equations for~%yaluatingothe stoch-

e idealized’ system are der1Ved

~,-

2 1 Mathemat;gal model of the 51ngle degreeFof freedom llnear

P

)

. \ .
SYStem under random force excitation .- ‘

-

L S

" An ideal single degree of freedomﬁlinear system, _shown in

i

Flgure 2.1, con51sts of a mass, m, ‘a llnear sprlng, k, and a

N
@

llnearxdamper, c. The system is. exc1ted by a ran&om force F(t)

.

By applylng Newton sfiaw,\the equatian of motloﬁ of the system

is writteras - R

m% +eX + kx = F(t)’

. - -
) o N .

“ A\
- f -

‘Let"the undemped natural frequepcy of tﬁe'system W =

vk/m, the damping ratio g = c/2mwn,~and a(t) = F(t)/m. qpeh,
®

equatlgg (2.1} can be rewrltten ln the form S

v . i ~ . v 9 N ol

~ " x + 20w, X + w *X = a(t) ;{ . .&;";2)‘

o t‘\ . ' ' > R
. M Let the exciting random" force u(t) be- assumed to. hav the

following propertles: . T

S

s o/ . ’ . .
1., thé&mean valug equal to zero, i.e.": ’ .

‘e . .

P

P

. 2. the.correlation of a(t) is a delta functiors, i.

LN

.

S <a(e)> =0 ; (2.3),

N

C L _“(2.1)nx

a

<a(t)o(t+i)> = 2D6(t) : L (2.4)

Y3




~

sy

2

" ¢ known, the probabilistic description of X(tJ will be'known.

.

A}

wﬁite'noiﬁe‘ rocess with a Gaussian diktribution and zero mean?
K ) ) o . . ,

Sinceit—is—assumed—that—a{t) is.Gaussiall, and-since the sys-

tem is linear, it may be shown that X(t) is also ‘Gaussian [5].

v

for a Gaussian process, only tﬁe mean and 'the Variances are
.requ1red to characterlze the response. fherefore,it is only—
necessary to compute the stochastlc, or ensemble, averages
'ijt)>, <X(t)> and the variances OX ,'oxz and GXX2 to charac—
ter;ie thé response X(t). Once these functlons of tirfe are

The Fokker Planck equation technlque given by Arlaratnam,[4]

and Uhlénbeck and Wang 2] are now used to.derive thHe response~

probablllty p(X X, t). : ' . -
N . -

2. 2 Fokker-Planck equation o . .

P .

. The equatlon-of motlon can be expressed by a get of state

-

equatlo s or flrst order differential . equatlons. Let X, = X, .
0 = T

X£~= X and 8 = ZCmn. The equatlon of motlon (2. 2) can then

- P 11 it

.be exéressed as o "

Aad _aA

, o Ry ex,

. =*'- 2
Ky = BXp - 0p?X

2  oa(t)’

1 ) . o ", )

Sinoe the response (xl,x ) represents a Markov process in the-

phase plane [6], _the Fokker-Planck equation can be used to

find the probablllty den51ty p(Xl,X (t). In order to set ™

up the Fokker-Planck eguatlon, the coeff1c1ents A, and, B iy are

-~ to be evaluated flrst. Thesg‘aoeff1c1ents are deflned as [2]:




hd ‘.,
. R}
(A\ ‘4 M ~
b L !
.
R . . .
- .
.
-
* ’
. '
.
- - “ - aa - -
~ N ~ ~ ~ N Y AN
'd’
\
' . - g
[-] . 1

o . Then, the Fo.kker-Planck equatlon may”ﬁ%"’expressed as ) B
3 follows. . . Lo . : ' . . ..
4 C e R . ' . R
4 B a “ AN
‘ ! - > .

' ' o ' 02 . . )
. 2 xep) - B rex, ¢ wixp]l - <22 op) =22 - @2lyy -
ey 3 2 ~ — LAPAsY a1 ’ ) ‘ M I
A Xl 3X2 ; . ‘ sz i ' R

[ . . 0 . . . B
. . . . . . .

. where p is the probability density of ‘.X\l aﬁd'xz at time £ . ° - co
; C - The ,'var-idble‘s'xl, }(2, are transformed in terms of z,, t L
o U ‘ - L . i ' ) . . .

Z, using . S '

s n -, . : . K . . ot ) v '/:
from which t : .
C o P X 2 (Z.-% a-b T . . .
* s * . ot ' v l ( 1 2) /‘1( ) ) ' \. * . . .

\ . . L.

LT " ' . X2:= (‘i‘.zlg"bzl")/(a‘b)l. P ; ;r‘.";\ N .
. ’ .. 'f

i 1:‘
4‘?‘,5‘,,,‘1‘.;,&"“

i Lt w%
ik N 'y
'{: N’*\m t:; ¢
25 R s B
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' ' Ve e
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: X B+ /BT T Hal » s
~ N N RN ~ RN :"\5, a - ~N T .'\/.2 ~ ~ \‘ N N DN RN ~
- . -' \
Co " oo (2:11)
- b - B B B - wn ‘ -
J b = .
2
— >t i

. " Using the following relatiéns, . e

/

) a3y — , -~
[ | | s:)z'l- 3X] 9z, = X, 9% L ,
} ° ‘ C L g ey (2:12)
. 3 o OXf ., 5 %5 v

+ P

S - ¥E X 8, X, WT . I .

e ) o ‘ ‘ e 4° . o
Equatlon (2. 7) can now be transformed into a symmetrlcal form ’

with respect to éhe new variables Zy and 2, a N'\;‘,., s
.,t , ) N . . .‘ a(z p) a'(z p) ) ! .o
. N - 3 . 1 2 9 9 : .
‘ S .§E=b___+a_r.—_+p(___+_)2R ) (2.13) .
i 'v_ ‘ t " ) a-zl .. Q.z|2 ‘ , a"ZL s a zz . . + L :-

. .
: i

2.BV:Solution of the Fokker-Planck equation
- '.- . In.order to obtaln the solutlon p (X, X, t) ~of the Fokker—-
il Planck equatlon (2 7), 1t is' netessary to’ solve the symmetrlcal

form of the Fokker Planck equation (2. 13). Uhlenbeck and Wang (21,

_used the Fourier transform technique to obtain the solutloh -

L. of . equatBen (2.13) flrstl¥/{/zterms of zl and 22 By applying = ¢

~

the matfix operatlon, the - solutlon of equatlon (2. 7) was ob-
talned in terms of varlables X and x. They also calculated '
thelensemble mean Of <x(t)> and <X(t)>, the variances olev

T .. 9% and the covariance o;x 1n orden_to define the p;obablliﬁy

-

R}
-




den51ty p (X, X 8.

AN

tions are contained in aAppendix A.’
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f’x o

where Xo and

spectlvely.

2 1
o
x(

a.2(t)
X

. . XO
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X0

+
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The variances

) = <[X(t) - X(t)]
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%y, are the initial values of x(

O'UO
R ¢

2> =V D‘.
wZp
n

'

sindet)]

zd:siniqit)]
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and o2

\
At
4

By défining-the damped o

n

4

vlu

»

e t
(1 - —r

U.\d'

__ The ensemble means <X (t)> and <Xx{t)> are obtained

[y

0) and X (0) re-

The ébqplgsg derlvation of these-solu-
~N

\.

as

(w2 +

e a -
\\

follows:

yt are expressed as: . j !




1

‘probablllty density plX, X, t) can then be found as:

| and‘ls used 1n calculatlng the £1rst passage probabllltles.

C) . |

o
—~—

<[X(t) - X(t)][xct) - X(t>]> e ‘ o

N
S
'
o

~ ~ ~ BN . N N °~ RN AN LN
e-Bt - - e (2.15).
) , = x sinZw .t ~ :
v’ w' 2 d ) . i a
3 d - b ‘ ) ]

From “the stochastlc propertles of the system obta;ned above, ‘the

“

* e
‘ ~
.
4

@

®, %, v = = expl-—3— &%+ .
2mogo YIZpZ  © 2(1-p?) X e
© . . - . .
- o (2.17)
Iy b
/ 7 .o
/ f o X=X)e _ 028. (x=%) (%-%)} f »
SX s XK
wheﬁe ) '
r ]
- j _ 2 |
C . o2s ., |
| P = 55 . r
X X * d g DTS ) ‘
: |

- L+

This describes the response process of the mechan1ca1 system '

R

o Y
v

2.4 Analysfs of‘the transient stochastic: properties of the

b ’ . . .
sttem ' ) ) N b \

In the,previous seéction the stochastic properties of the

system are all represented in terms of time t as shown in
! ' . v
equatlons (2.14) and (2. 15) From these two sets of . equations,

1t ig quite obvious that the ‘ensemble means X and X and the

hY . . v

variances OX and Ué will become independent of time as time t .

approaches inflnltS? The plots of the mean values x X and ‘;'

-




N -
: ' 3
s .

L and the varegnces °X and ox agalnst the natural f:equency are L
. . ~e \_‘ .
Mo N > h :

- .shown 1n Flgures 2.2, 2 3, 2. 4-and 2.5 respectlvely<\ From
)

/ - k9 un

Equation (2.14), it may be seéh that the magnltude of the Y
a +0 . N J,,)r} N .
*  ensembl avérages-depends Yatgeiy on the damplng ratio ¢; o ‘e

U ' the magnitudee of z and'x increase as ¢ decreases. Also, it

(;/ may be noted for ¢ > 0, X and X will approacH zero values as

time t becomes infinite.~ FProm Equation (2.15), it is found

.

that the magnitudes of oy, aqd oi.are influencéd~by the damping © o

3 a
PR ratlo c and the intensity coefficient.D; they both increase
with decreesing £ or increasing values of Df.’These two vari- .
) ances approach a constant value given by (ox) —.(uT—)% and ,//-
i(ox) (g d qs-tlme t approaches_;pflnlty. The first passage ot
., probability analysis, based on tﬁefsolutions presented in tpis
chapter, is coﬁsfdered in the next chapter. I
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. FIRST PASSAGE PROBABILITY OF SINGLE. ’
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3.1 Settl;hg~time tS of the system

1

. . . In the previ;us chapter, the transient response of the
system was considered and all the stochastic pfoperties‘werew

represented as functions of time t. I was noticed ‘that as .

> P

the damping ratio { of the system increases, all these proper-

- ' ‘ | ' ’
ties take a decreéasing amount of time to reach their steady -
state values. That is, the systém reaches the steady state

-condition in a shorter time for a larger démplng ratio. .

—

\x\\ Generally speaklng, the 11m1t of the tran51ent stateF(or the . ?

? \start of thersteady state) is defined by the settllng time

N

t ’ which is the time requlred for the response to decrease
and stay w1th1n ahﬁpe01f1ed percentage*of its final value.
In this 1nvestlgatlon, the settling time (or the transxent
tlme) t is deflned as the time requlred for the response to

. decrease: to, and stay within 5% of; its 1h1t1al value. Within

e

the;settling time period, the sSystem is defined as being in a
transient state, ano aftér&the.s ttling‘ti@e, the system is
\ defined as beino in'a steady statd’ condition. In some systems,
\_i—;*'jl the transient state is more important than'the stea&y stdte '
because it affects the performance of the system more severely

l than the steady state response. On the contrary, for certain

' ‘ , X i . .
other-systems, such as\z?chine tools etc., which have‘large
;o )
t

o ' ) damping, the transient ate is not at all significant and the

steady states play‘the important.role in determining the N

mechanica) fajlure of the system. .To evaluate the;tfans{tion

~¢ y» o . N . >




‘from transient to steady.state-énd its influence on the system,

‘a computer program was developed to determine the ‘settling time

for. si?g;e—degkeehof—freedom linear system.‘ Figure 3.1 shows

1

the cpryes presenting damping ratio against settling time ts.

From this, it"may be seén that for a given W as damping ratio

¥ becomes smaller, the settling time ty of the system hecoges

,
» 4

‘larger. That 1is’, the system takes a longer time to settle
El Iy £

the steady state. Such systems are more suscéptible to
éassage tyﬁe of failure duriﬁg.its transient mption and are

Y
&

of interest in'thtg investigation. ' »

3.2 Mathematical.derivation ‘of the first passage. probability
L8 N .

of single degree—of-freedom linear system

time ty. It is the first\tiMe that X (t) exceeds the amplitude
ky s wheré ' is defined as the safe-limit fdr opedation, and
k is a factor léss than unity. It ig now neCessary to develop
the equatlons for the pf‘bablllty of first passage for a :
tran31ent state of a system mentioned in Chapter two. v
As indicated in Flgure 3.2, the curve represente‘the
amplitude response of K(t) agalnst time t. This curve passes'

through X = 0 between the time 1ntervals tl and t1+At The

intercept of thlsﬁresponse on X = 0 is given by, -

A} ) v <

R




u" ' - \-21- . ‘ ’ ’ *, \ ¢ o e
.

. .where")_( and X are the numbagnitude and slopé” at ‘time t = £

. i

respectivehy, The negative.sign arises becéuse X <0 at - . >

- ’ : A RN

time_t=t1/. The rélationsl'iip then éxpressed as ) ) d

~

...)i'{ t

+

1.

At

1 < 7S

- I n Qa

-»or'by simplification. ,°

'
f c e <

s ., -XAt <X<0

5 H .
& '
£ - . “ G
b 4 -« . L4

- ‘ Theréfore, if' the values of X and X sAtisfy the inequality. ot )

. (3.1), then ‘the’ integration “of ‘the “probability density
p(x, X,-t) of X and X for the ranges satlsfylng 0 < X <90’ -
. and-xdt<3(<0w1

f X(t) passes through 26r0 J.n/the :mterval t, t+At..

g1ve the probabﬁ.llty that the curve “

N ,
Thairls,‘_ N - ,

. ALY
' ‘the pro,bab;hty dlstr) butlon for a cross:.ng to eccur at’ . BN

X=0 is given as, v % . . ’
L : | - .///) .
Dot Re=0ie ety [Trp. b0k, e dxak L ':.‘ RN
. l ' $ - o R \ ° \
Integrating, : B 7 - -
qg(x=o£§,;fAt)=£”kp&6}k,t)dkdt' N ‘»_\f (3.2)
v # AN ' ‘ e | { " .
~ . This ‘gives, the’f)robability of X(t) crossin§ X=0 in the iﬁ‘/terva.lf ) ’
’ t, t+At. Similarly, the probability of crossing ‘the level '—VA \ ‘
b" “in the txsme interval t and-t+At 1s s “ . !/. K ' \
Lo - L e P e N

P(X=y,; t,t+At) = f ¥p(y,,X; t) dkdt . .
. ! 0 N\

('3'35 e




‘
' 4 * . v ..

» . . . In the above expression, the probability densit§ P(Xwi't;

has already been’determined in equation’ (2.17). ‘'Now, let: .

@

v ) — g .2 v M
- XX .
e A’= X + -(g(—z—- (yA-—X)
b {; ) (3.4)
¥ . . "‘l . 4 2 _'2 ‘2 -
¥ ‘s On (1-p 2 o \ )
| SR £ S ) _
| - . Substituting equation (2.17) into (3.3), the probability of .
| " crossing X = ky in the’ time interval t ah%§?+At‘ean be
o . ' expressed as - ' {\ .- L . _
‘4\' - S - o o ST VA b
~ '" s : f e . A/ﬁol\ | 2: LT
PR Pl=y,i t.t+dt) = K[oy + & : A A fo . uwe™lau k
| R .. ' . -‘9-—~~~ — - 3.5
PR | . L _ ) oo . (3.5)
“ .o o N A//ZUA,u_un R ‘
T o : + /2Ac£°! : e = du] dt - o
g ) - \ 0 4 . ' ’ ' . - .

. .
: e, : ° , B e - ‘.-

., The detailed derivation of equation {(3.5) is given in =
N . v '

Appendlx B. - o ya

) -
"It 1s now necessary to obtaln the ‘probability of the flrst

x - - .
- ' .
L

'crossing of the'amplltu%e abave a glven level kyg, in 2 8pecified

-

.-

tlme interval Let this probablllty be represented by Pf. The

P

f°11°Wln9 argument~may be used to derive P, "
Let P (t+At) represent a conditional probabllity that no

PR )
L]

cr0831ng~occurs about the level YA between tlme t and t+At;
" * \ - A ! [ - !




i

. Pytrat|t) = 1 - P(¥y,; t,t+at) (3.6) -

“

}\galn, P (t+At) deflne the probablllty of no crossing about .
the level. -Yp UP to time tt+At, and P (t) as the probablllty of . /(

no crossing up to tlme t. lIt ¢can thus be seen that the two.

.- ﬁroba:b/ilities Po(t+At)a}'nd P, (t) .are inde'penden-t‘of each other,

Therefore, . e . ' , ‘ i .
r Po.('t+At) = By (t) Py le+at|t) : : (3.7) ‘ f
v , ‘ . * . . . A 4 i o
By substituting,\equation (3.6) into equation. (3.7), the prob-
ability Po(t+At) is expressed as ._-‘ v R . >
a | Potrat) = By(t) [1 - PolX=y,; ‘t,t+Mr:).] | (3.8) -

v

.

Simpli*fyind the above edquation,™we -have.

I3 . ®

LAY

» . » R ’ _ . . ri' ‘ ' ”
)P'g'(t-'-‘.A‘t) - Polt) = -Plx=y,: t, t+at) Py(t)

) . . . S

I

a .or Lo
o . gpg(e) , T ’
. o TETEY T CRORYaE ttAT) S
4 [ n = 3 . . \'. - . .

By integrating the above equatlon, ihe probablllty P (t) is .

i l

. . . ® . g .
L expressed as ' ) ' L LT

- t . oo
=.exp[~f Px=yy: t,t+at)]
. 0 . oo * P



Slnce P (t) is def:.ned Webab&llty of no crosung up to

3
t1me t, then the flrst/ga%@obablllty Pf

. ’ » . /l‘ .
’,  Pg = 1 - Pple) T k
: : : - A/VZo - . 11)
= - - t 2 — 2 . A ~u
g | 1 = exp{' 'IO’ K [aA -3&/11“7201\ ¢ ZOA Fo - du
+ ,/EAof\ f%/ﬁoA exp(-u?)duldt} -
In order to obtain the first passage prbbability 'Pf in- . _ \
' A/VZop uexp(-u®)an - .

Eguation (3. 11), the first two J.ntegrals f

and IA//—UA exp( uz)du must be evaluated These two integrals

-

are known error functlons and’ both have fmlte values as u approaches .

>

[
infinity. A least sguare, curve fitting tecl}n:_que was employed -

-

ere to obytaln\ polynomials to express these two ingegrals, as
. h'own in Figures 3.3 and 3.4. These two i_:plynomials are expressed as

L gt = uexp(—uz)du = 4.23 x 1073 <~ 7.978 x 10”2y

E< ‘ : : : s v
H

-1

-+ 8.257. ><10 u? - 5,394 x 10" =2

lu‘-‘ +8.856 x10 %" (3.12)

=2

’ a' "‘ +‘ 1.6,63 x 10

h(u) = /3 exp(-—uz)du/=0.774 x 107 } 0.98u ¥+ 0.1280? (%.13)

- 0.659u’ +0.379u* - 0.903 x 10" u®y+ 0.806 x 107 %u®

The reason for expreSSJ,nq these two mtegra s as sixthrorder ] o

\

polynomials is that the re51due errors of th,e sixth order poly-

u5-4611x10 a8 .4 -

(2

“nomials for these two mtegrals are found to' be 0.001 for, g(u) , '

and 0.002 for h(u) . and.such residue errors are suf.flciently

v




r o . .o -

) \s'mall that they can be neglected for computing purposes. The .
range for these two polynomlals is between 0 and 3. 0; if the

) upper limit of :che 1ntegrals is bigger- than 3.0, ‘the integrals | "
will be es'cpféssed as g(u > 8) = 0.50 and h(u > 3) =-0. 8862.

051ng these polynom1a1 representatlons, the flrst passage

. 'prob_ability Pf in equation .(3.11) is expressed as

. . St R

Pe =1~ exp { —f K[CJ2 + AVT/2 20, - 20Ag(A//-o )
1 _ e . (3.14) |
| ' . _— /_Aozh(A//_o )]gt} . o ; .
| , . . | 7 . ‘
The first passage probabilifty Pf about-level X = yA,’ in equa- " . ‘
» " tion {3.14) is now expressed in'terms of time t-and can be _ -
“ | ’
’ eV’aluated if time t is spéc‘ified A numerlcal technlque is |
) applled to evaluate the integral in equation (3. 14) and’ the ) l
flrst', passage probabll_lty ig expressed as ) ' o ‘
o ; nAt . . y : ‘
) . P. =1~ exp{- ¢ K[02 + AY/m/20, - 20,9(A//202) o :
, £ nZo “/“°A N . :
Coe ~ - ¥ , . (3.15) J
‘ ~ @Aoih(A/'fz-oA)]' At} " Lo .
’: 'l.:‘- A ) /.. . . V , ; - . . R - .'
e ﬁ‘his expression is valid for both transient and }steady state
- . ’»" i /,/ .\ 1 . .
e motion of the- system. . * . |
: ot ,
T 3.3 The first passage probablllty durlng the transient state ¥
o ﬁ, ‘ o and the steady state C - B , - ‘
o b7 ) ’ : o i
B In ‘a linear v1bratory system, if the damplng ratio is - . l

L "smaﬂ, the amplitude of response of the system w111 be

large, and the,flrst passage probabahty about a certain .




’

®

.
- LN

level yA‘will be'iarge even for a short operating time t.
But-as the damping ratio increases, the -amplitude of response
decreases rapldly and the flrst passage prqbablllty ahput a
certaln 1eveI Yp w1ll be small even for a long period of time
| a' t.' Figure 3.5 gives the curves of first passage probability
| ” against‘the'mul;iple of natural f;equehey for different’
o " values of thé\d?mping ratio and the safe level y,. The first

passage probability for an elapse‘of certain time t increases

as the damping fatip g deéfeases, or the safe level Ya de-

creases, and vice versa, .
! )

+ In the previous chapter, phe settling time ts was defined

1]

ta distinguish between transient state and steady state condi-

tions. Byiusing this definition of settling time, the first -
passage probability during transient state and steady” state

L]
can. be obtained. ‘' Figure 3.6 shows the curves for the first

ﬁassage prbbabilit& against'tﬁe/damping ra;io at settliaq time.
This ipdicates the f%rst passage probability at the end of
. 'transient moé}on and shows the effect of transient state of
the system/pn %ts ﬁerformance. \Foﬁ smaller dampi?g ratios,
;he transient state dominates the. first passage time probabil-

£

ity but.for a larger damping ratio, the transient first passage

~

28,

O v - .
be. determined solely by the steady stdte motion.
In the steady state condltlon, the first passage probab-

1lity can be 51mplif1ed by\lettlng time t equal 1nf1n1ty.

. \\"‘\i\ ’ ! %

. probability can be'neglected and the failure.of the s§stem will

. . f
. R \t . )&e . ; N N z
- Y - S e mme e .- - R S - e s N - - Comeem o em e
. . [N .
N \;b - K‘% [ * - ' .
’ by .. . . ,
. N .)‘}l ‘i ., P - ' . . ) . R
- Y - . . . ve o ‘
- X “ o w0 . . s . ,
. . f : 1 '
s s




- ‘ . . -

From é’qtiation (3.14), if £ > =, the whole éxpression reduces

o

.

to | _ N o : o
) B ’ ) ' . - % ‘ ] 2 2 “
> - _ - -y“a/20 ‘ ’ P TU
(Pf)S 1~ exp | S I e Xg ]. (3:16)/
v . ' , xs . :
K ‘The variances Oy - and og are the variances at steady state
: 5 S : ‘.

condition and they are expresged .as

v . ; . . -
. - Q.
. . | e Oxs vD N;B ( - .
_ = oem L (3.17) .
- . , - ' . ' . 0'x - {D 78 -
i . M s S . .
By defining the hx}erage -numbe'r of cfd%sings per unit time as,
B s - C %% ~y§ /207 H
4 . N — - s XS
c 2mp X ‘
K ” L ' Xg _ ' .
. . -\- . . , . . .
. W 2 /9 . ’
. o _n -K*/2 c oy
' ,v . » 2‘"-' e \ (3-.18).
. : ’ ) ° ! z . ! -
¢ ' \ | = fn exp (-K /2)9 " 1/ oo
1 . ’ - . . 3 ] ‘
! o . . . Lo v
.. . where fn is the hatural frequency of the system .in/cycles/, o
. © sec., ahd K is the ratio between the safe lezel Ya and
) ’ variance Oy . .; the first passage .probability at steady state
s , - .
.. can be rewritten as o L .




.

e | . e me =K 2725
(Pf)s- 1 e‘xg;(/#fn'n‘ e ‘ )
2 . . v

. N . . .

Figure 3.7 gives the curves of ,the average rfumber of ci’ossingé

A1

against tbé yaiues K for different values‘of natural fr’eci%eﬁ-

.

cx‘:es fn'"'Nc inc;éa\'seﬁs as fn~ increases. or K- decre&ses. The
first passage pf:obabili‘ty (Pf);‘at asteady state versus ’the‘ -
number of cycles for different values of K are _‘p}l\;btte¢ in
figuré 3.8. The first passage probabilpilty"v (Pf)s'j;nqreases“és;

the value K _decreases.

'
'

(3.19)
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Flgure,_3 2 . The- response xu:) crosses the level X -~0
between t@q t and time t1+At )
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. of single-degree-of-freedom system under stati

4.1 Introduction ) I

~ a )

t

Ain the two previdus chaptéfs,the first pzésagé probability
nary random

extitation was investigated. In reality,not all the systems can

be modeled into a single-degree-of-freedom systém. In this )

chapter, the -investigation of the first passage probaBility is’

extended for a mechanical system with two—degr%e—of-freedom

[ 4

subjected- to random excitation.

(.2 Frequency  Response of a Two-Degree-Of-Freedom linear_sistem"
An.ideﬁlized.two-degreé~of~freedom‘systém as shown in

fig. 4.1 is cons%dered. Using the d'Alembert principle, the

‘equation of &otion may be written'aé

myXp+ (Gg¥ Gl Xym cpXy * (kyrkp) Xy~ X F(E)

s

m222+<;2x2-¢2x1+ KX, -k X, =0
Qhere' * ’
m, ,m, : masses of oscilléiors ‘ v
:,cl,c2 : conktants of viscous dé%pers~ .
k1,k2 :.coﬁstants of springs -
F(t) : random excitation on my LT s ,
Xy 0%y ¢ di%{lacements ofpml and mé ‘ '

In chapter 2, the analysis for the response of one-degree-
» . J . -

of-freedom linear mechanical system was * calculated using the

A

"Eokke: Planck equatibn technique. ‘A similar approach for two- .

udegrée:éf—freedom system becomes tedious due to the diffichlty

of obtaining the coefficients A;,B; ‘and of solving the fourth
) ' A} / ) * - "r‘

. 3

o




order partlal dlfferentlal equation w1th stochastic coefflc-
1ent§<'Hence the problem is considered hgfe 1n the frequenéy
.

. domaln. Using the'Laplace transfo:m with ;nltlal condltlons

. ’-', L X (0) =%»x10. ST S  7\ E

- f' ‘ R =%, R P

B Ny -2
L RmER T

', [The two equations of motion can ‘be written as
2 . - N N D
K [mls +(—'c tc,) s+ (k +k2)]x (s) (czs:&kz)fz(s)

= mlsx10 4+ m xlO Iy (c + qz}xlol— c2x20 + F(s)

. | (m, 8% + ¢
. . - (my

14

(4. 3a)

s + KX, (s) = (e, + k )X, (89 .
) 2 ; 21 ‘ . (4.3b)
= mysXyy + mz 20 °2 20 = 2% ' '

M L a ¢

A Rearranglng ‘and solvxng equatlons (4.3a) and (4.3b),

X (S)_(s.+als +bls+b )x10+(s +d s+d )Xlo+elx20s+(gls+el)xzo'
l - - ’ 3 2 . i
A a;s + a,s® + azs + a;-

o«

+ (s? +dls+d )F(s)/m T S
S o

3 g2 CoC
s+al +a2 +a3s+a4'

v

2 [ Y
(a s+pl)x10+(d s+d )XIO+(S ta;s *nls+n2)x 0+(s 4lr§+12)§20

x2(s)_. 3 2
- . ’ 8"+ als + ags +a3s'+ a4
' + (d,8 + d )F(s)/m o - o . . e .
: P 1 * 3_ - S 7 . (4uap)
g , : s+ a13~'+ a,s® + ags.+ ﬁ4 - S
: \ | .
o \\ 2 . .
Ty \"e
., R . )
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- 1255 4 5 | Sl
1 2 =~ -
, - 27, Y m, (4.5)
. . . . ‘ 'r 4 .
Let the forcing function be ) A : o
2 . ‘ . : . " e )
- a(t) = F(t)/ml ’ ’ — ' L
t -
or a(s);.fF(s)/m . - L 4.6)
-The transfer functlonséyl(s) and H, (s) gJ.VJ.ng the response X (s)- -
and X, (s) may be expressed as .o i C ot
’ - oo 5 , . <%
. ; , 8°+ dls * d2 . ) . : .
ot ' H§(s) = - — - — . (4.70) - v
) v 8T+ als ‘.+ azs +.a3s + a4 ) L
- T d;s.+ d ‘ ce -
, Hy(s) =——2t—2 — . (4.70) .
. s t a;s® + a,str, a;,;s +. a, e SRR,
FE ,' K Py . . ., ('\
. Then the imbulse“ respon’Se og X (t) and X, (t) can”be obtained by' )
taklng the :mverse Laplace transform of eqs (4.7a) and (4.7b) ,as E
, ) . "1' . . . . , ¢ . .
. h (t)_. [H (s)] L , S (4.8a). Ry
a — -] . .‘:‘.‘ * . '_ .
. By (#)= 17 (B3] = (4.80) ,
'The complete response of X, (t) and X, (t) can be obtalned by’ o
. tak:.ng the 1nversie Laplace transform.of eguations" (4. 4a) and
*(4.4b) . That is, . L I L
- . . ¢ \
. ‘(t)-— L“[ (s? ta;s +bls+b )% o+(s +d s+d )X 0+elsX20+(gls+e1)X20 '
1'77 = - 4 3 2
. ) ; ) s +al +azsa+a3s+a4'
4 . VR A -
. :‘»; t . - « i . -
' . 4+ é’hl(-’tv'l')(!('l‘)d‘t

(4.9a) ..
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N o +*
1 . \ 4 -~
.

(a s+p1)xlo+(d s+d )x b+(s +als %4n s+n )Xot (874 ls+}2)x

Xy (£)=1 | 29
8"+ a;s? 4 azs? t ass + a,
e T (t;T)a(T)dT. N e | S T
: i P m (419b).
By defininé‘ o / . . \ ! :
Y1 = %10 . , ;;_#Q__~_‘_-;;
. ) ‘ . . { N - - ¢ - E P
: L Yg = 3% Y Xy . h
Y3 = Py¥yp * dyXpg + ®1%20 * 91X20
A — ~
Yy —:bleo +d Xro *+eyXy ‘ < y
' and . . Q\‘)x < ' ‘\ ’ . \
' 9 . v\\
- q _'. - o o i o
o l 200 /) . . \ | . \\
q;' 21%20 E X0 - - -
, 3 ='f1 20 . dz 10 * 9% 10 + L%y, EN 'ijv
& . . B Loy . \ v
A\ — ‘ :
! o dy = ¥y t Pi¥yq, g 12X20 - ‘
Then, equatlons (4. 9a)and (4.9b) may be s1mp11f1ed as
L YyEYYLEN Ygs 4 Y ,//7 : o ’ N
cxpEElet 2 3 A7y yrth (eea(mdr | (4.10a) -
's _+ ?ls +azs +a35+a4 . C
! e i 3 . 2 . ' " i ¢ : o &
d.,8 + q,s°+ g, +'q . . e ® . R
Voxper 2 3 A ) (e (4l10b) .
' s'+ a,s’Na,s’+a sta, ' 9% o N
s . . ¥ . -
4.3 Mean value of r&sponse .
3 ,} j ¢ .
Suppose the forc1ng function a(t) has ,the same properties T
as that descrlbed in chapter 2 That is, _ ) ,
- <o “)) C = o, §\\ . . ’ ot .' \J )
_“3<u(t-t)u(1)> = 208 (t) \> ST A, -

e,




PO |

By défining the mean value of Xl(h) as‘nl(Ei, from equation

.. (4:10a), - ¢ _ B C T

-

ny(e)= <x;(0)> . e —
185+ ,8% 48, +y S L e
—<Lt 2 3 21 +%h) (=T a(r)dr>
, gl . $
. , +al +a2s +ajsta, ‘ , | -
- 3 2 .
& Y81ty 8% +yys 4y o : ,
e At A ety (e ae
’ ( S +als +a.25 +a3i+a4 . h ' i .
— i g3 " s }
Y +y, 82+y,8 +y N : .
, =L i 2 3 4 -] +£thl(t~r)<a(r)>dr 7 P
. _ . ©, 8 +als +azs4fa3s+a4 % ‘ (4.12)

Since. the mean value of a(t) is-zero, the mean value ﬁl(t)

may _ be written as

o
) ) .,

T, . 2. Y 3+Y s2+y s+y . - L ’ oy,
o nl(t)=L‘[ f 23 31 - . . ~ (4.13a)
o 8 a3 Traystagstay - X SRS
| \Slmllaryf the mean value cf(§i(g) Pq¥ be expfesseq“as o ‘
’ 3 2 - .
q s'+q,s8°+q,8tq o s
. s +a‘§ *a,s {}a3s+a4 . L { ‘

, (Y . > : L4
The_ denominator of equatlon (4.13a) can be factorized 1nto ‘

.

ot two sgcqnd order polynominals, that is, L .
e ) o a3 L o ‘ o, o
. . . s+ a;s’+ gzs + a35 + a, . . e ST
- e 2 29 ° A ’ '
—[(S+i181) + wl 1 [(s+c26 )? +ow,y®) o _a-(4.l4)
. . The abeve factorization is done by means of a- numerlcal . )
techgaque which is described iq appendlx c,. h -

.
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' AL RS L] ) + w.l
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Y T ‘ . .
R - =exp(z;8t)[rcoswt+rsinwt]+ . .
\"!: M . 1 l . . . \.

e - R G'XR'("CZ zt)[ r,;co'hw t.+ r4sinw t ]l *

2
. ‘ n N '-- Qlexp( ClB t)sun(m t+¢l) + Qzexp( z;zszt)sJ_n(,w t+¢2) Lo
N 0T e Te L T asa) |

[y
.

(/‘“
o

1
0

.,
H
+
H,
-

s . . " 3 4 %

e S ., 9= tan " (E, /1)) e T
%4 o v ‘ ) . o ' v e ‘ ) o . ; ‘ ) ) ;

o ¥ o, | : o ¢2 = tm:l /r33r: - - -
) }/ N - *I;; the -samﬁnaflnér, équa&t:o—n (4 . 13b) :Ls rewrltten» N %
".‘ 4‘ \. . « ’

: , _ o ..

e e 91; nz(t) exP( CiB‘lt) [ulcoswlt + u231nm1t ] * S

| SIS exp{ CZBZt) [u. céswzt + u451nw2t } o ‘ . "

; . :!,_ ’—quxp( ;lﬁg_t)sn.n(m t+¢1) + Vv exp( Czﬁzt)srm(m t+ip2) : »

. . .. where o , SRR i r
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RN f L v . N - . V., = / u 2+ u 2 e < . *

v - ' o '..‘ ‘ ) 1 o‘l 2 : =
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+ u,? - ~ .
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4 o 4
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The mean value of the velopitiés‘i‘(t)'and k() are equal to .

the derivative .of ny (t) and n,(t). That is : . ' e
- dﬂl (g) . “ta ‘. / . s " ‘ ' -

L (B :

[

=,Q3efp%ﬁc161€)cos(w1£+¢3r:$ Q4exP(-§262t)cqs(mé:>¢A) -

v - . N N .
i' ' ' - .
e . B
. B

&

. " —— ) 2
- Q3 = Y (rye, rlclﬁ;) + (ryu,4r,g, 8,y

where

Q, = f (r4w2‘j-zf'3c28‘§)" -+“(r W +r4c262)2 T

i 1 % rw, o+ r,rBy

] ¢ = n-l . -
N ta\ r1%38y "ruy

©

Low, +

Tgt2Bp
Ty TataPp T Fgup
= dn, (£)/dt <"

(4.16a) -

L]
~

=3

N
- e~
ct
~

I

‘V3'3P(7CLBLE)C°S(wlﬁ*w3{ + V46¥P(-C282t)cos(w2tfw4)

whefe .o - S ;, '

a, R = : - 2 ) ‘l -,, ’
Yy =/ (uyuy -uggyB) R+ (l{gfuzclﬁil)z -
Vg = 4 ‘“4 27u3aB) t luguytusr,e,)t & '

: +ucB ‘ L - L
. g = tan b iy S 1 e é
. . u, 0.8, s ‘ .
, , \L\Ll\z\ - | e
i ! \\\-—\\ N [ |
» . . T /

- tan. uswy ) utoB, - ’ ‘ R
R UL TP ° ",'

T Re

The formula for obtaLnlng the copstant :1 and u. in equations

: ( 1%a) and (4 le% is ouillned in Appendlx ‘Ge
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A 4.3 The variances and covariance of the Response
. {

Since it is assumed that a(t)_is}Gaussianﬂ and since, the

systen/ is linear, it may be shown that Xi(t) and X, (t) are
£21]

also Gaussian . If the response process is Gdlssian, then

a the mean'values nl(t), ﬁi(é)tnz(t) and ﬁz(t),and ghe”variances
characgerize the process completely; It is therefore necessary

o2 03 and o2 .

. t t
o o compu e °x 'qkl'qxlxl X2' X5 IXs%o" B
. - According to sthe deflnltlon ‘the variance °x of a random
. . 1 »
process xl(t) can be expressed as - S .
§1 = <[x (t) - nl(t)] > (4.17)

From equations (4.10a) and (4. l3a),\the varlance °x uis -’
¥ 2 o1
given by : , : ‘

.

. £ ' ot . i
1 _<g hl(t-Tl)a(Tl)dtl £“h?xtiT2)aFT2)dT2>'

Q
e
i

= rtrt ‘e (4 N>de
. N = g 5 Fl(ttTthZ(t'12)<a(rlla(T2)?dTld12_ , .
. (4.18) - -
PR ) X ) : o
.Since : S )
.- <a(rl)a(rz)> =£ S cosw(r —Tz)dm . (4.19)
\ ) co whwere é is the spectral denslty of a(t) the varlance d;‘

- . , 1
ls expressed as Y

S le = 2D £ 6 é h, (t- Tl)h (t- TZ)COS (ty- z)drldrz dw
3 ) (4.20)

. N

C e _ where S has been replaced by the ite noise .intensity 2D.

¢

stng the same. procedure, the varlance of.X (t) is

g, =2 o gtn (£=7)h, (e~ =) 008 (7 - 2)dr&dtéad' L

(‘4 .’z'b'b" e




In order to obtain the' variance di , the 1mpulse response '
1 i 1
hy (t) ‘of X (t) has to be calculated By deflnltlon,

Lle(t)] = sX (8) X (0), (Q.Zl)
and further the initial: condltion for X, is.given by xl—n1
at t=0, Now equatlon (4 21) can be rewrltten as

= .1 .4 . ‘l
X(t) [exl(S)] Xl(Q)
T -l . __A
=L [s)_cl(e)] nq (0)

= fy(8) + 1! [sHj(s)als)] .

|

Ny (t) + Lt [Hy(s)a(s)]

Ce =R ) + [Phg(emta(nidr (4.22) ¢
where ] K
' o Hy(s) = sH;(s) - ‘ | (4.23) .
~ and .o K ' /
hy(t) = L' [Hy(s)] . | (4.24)
Once the impulse response hg,(t) is- known, the variance
o§1 of ii(t) can be computed ‘in the following way.: .
- The ‘variance °§1'i§ defined as ) - ) '
. e i s
~cil <[ XL(t) nl(t) 17>, : éﬁ .25)
Substitutxng of equation (4.22) into equatlon (4 25),it
gaives as’ s
| , '
,0-1 2D£ £ £th (t Tl)h (t- TZ)COS (T 2)d't TZ?N
' ) t ! ( (4.26)
Since \ ’
Thye) =UE B - 0 ] T2
where ot S '

'n4(sif“ f?4<sa o ‘\: (4.28)
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‘4.4 The,firét\péssqge probability 6fyxl(t) and Xzig)

- ensemble mean, variance and“ébvariigée have been defined ‘in

. '

the variance‘q;{g of }'{2(t) becomes
. . \ . . ’ -

TNy

N @t t
£20 [ f
000

. L :

X

-
.8 . .
is defined as

L4

The covariance o2
: ’ 1

X, of Xl(t) and Xl(t)

?'i'{l (£)]>

-

<[X; (8) = n (8] [X)(E) ‘

t

‘(t—rl)a(Tl)drl{oh3(tfrz)a(Té)d12>

</ h

3 .

&I.'

et t ¢ o Co
. 2DS [ h,(t-t,)h,(t-T,)casw(t,~T,)dr,dr. dw
S A L R 1772747197

[N

A

2
X

Similarly, the covariance ¢ %

of XZ(F) dnd X, (t) is

I

272

ékpreésed‘by_:. )

2

»

- -
A ¢
A

»

. K
’ : N . o I a‘,' N
t—rl)hg(t-tz)cosw(lerz)dtidrzdw' “(4a39a)

K]

ot t
S J ha!
J B2

K

2 [ ]
2%2
.

X

»

= 2pS
0

s

g

"

v i S
" Since xl(t) and xzxt) are both Gaussian, and their

i
i

1(t) ?nq'

<3

the previoué) se_cj-;ion, ‘the probability der}s'i'"t&.y of X
%, (£) can now be expressed as: i

L

kg

o
o
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< £

P(xl-r?.(lrt) - L x . ’
’ 216, o VI-pZ . ) . -
) \Xl _Xl xlxl ,
| [ TR O '
; X.=-n, -n ,
exp{~- 1 1 21 P (4.31)
‘ 1-0% % % ok
, 171 1 1 :
20x15(l . . ]
—(X; = 1) (X; = nj)]} -
B} v o?cogclz . B} . .
' ) 1 71 , - <
s Slmllarly, the grobablllty densn:y of X (t') and X (t) -can be S R
. written 1n the same way as equation (4. 31) , that is ‘
-~ ‘ (}ﬁ, ‘ -
P(X Ko, t) =N\— x
2 2 M/l—pxz \) ) .
/) (X,-n,)  (%y=h,) .
S exp{-—: 2 2,2 2 (4.32)
1-pL o . Oy- 03
X, X, Xy X .
° 2 .‘ . . \ .
, . 20’x2x2 . . N v )
(X,-1,) {X,-n,)1}
o2 o2 2 22
X, X,

Since the. pi‘obability densities shown in- equations (4. 31) and .

(4 32) hdve ‘the same form as the probablllty dens:.ty shown in

equatlo'n (2 17) ’ the first pg;sage probablllty about a certain L

- leVel yA for Xy (t) is
X

.

-,




: “Vgo"

- : . - . ‘ A,
P, =t ~exp{ -f K,[o2 +_A v1/20, - 202. f °
Co £ . o1 AL TLTAL AL Ty
A'/v/iq 12
. + V2ay02 1 U AL 6™ qu) at)
/ N ‘
;o
where-
R
. A
- A = 62 4 o2 Z
. BL Mm%k Cx, YaTM) -
g . : - ' (4.:34) .
. \ . ' : -
) A ~ - Gz = (1 - p2 . 02 . Y
S Ar LX) TRX
'S ST e
- k } o
R " yA lys . S
8 .
Also,‘thé first passage prqpaﬁility about a certain level
' A’g * . . ' . \ - -
yp for X, (t) is ' ‘ PR T ‘ )
- - ~‘ e ._....- - Y i e e e & e
’. u‘.‘ t o 2: ' ‘ N ) l‘ ‘
P = 1 - exp {-f_Kz[oB-u+ Bl/n720B - 2qB S(Bl//ibB~) N o
L2 0 1 1. A "1, Co
e j— . . » ' e (4.35)
s . ‘\:‘q‘“’ .o - . o - ’ e
e s N g - S g
. T F /2By63 h(Bl//i‘qu)qt]} .
~ S -



exp[-(yy-n,)?/2q? ]

‘ - , ' K, =
. \ - 2ma,, o ,VI-p2Z
Xy X5 7 TR
SRR
. s B=r.1 'ﬁ2x2(y - 1)
1 2 ‘a§ B 2
2 'l
g2 = (1 - p2 +.. o2
g \ B1 X X)) TX X,
- Yp © kzys

4.5‘

’

. <x".>

The variance ¢

\\ .

at which time t is, large compared to t .

lnflnity, the mean values Ny

L » X175 Ms T Nl =0
. :
S , LS Xy 25T Npg T “2r¥+w,719
’ Similary, L ' -
% v . .
< X 25T Ms © ni|t+w 0.
<%

228" M2s © ”2Lm+m =0
can be expressed as

<[X (t) - nl]2>|t_m

£7 s, 8y (Gu) | 2de

Dfr |H, (jw) |2dw

'The steady state is defined as the settling time state

In ‘other words,

and n, become zero..That is,

-

3 i X - . : *f
The. first passage probability for steady state response-’

. equatlons (4. lSa) and (4. 15b) show that as time t approaches

T (4:39)
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The magnltude lH (Jw)|? can, be calculated by substituting

s=jw in equation (4.7a), that is,” .
- o . < 2 )
T R L :
“ lHl(J“~)')r - N 2 .
w =a,jw’~a,w+a,juta
| T 2T T3 4
) . w4 2 ' )
_ w' .+ Blw. +,‘62 ‘ . , .
/ N 8 6 b 2, (4.40)
. i ) w +63w +64w +65w +66 ‘
- - ... where_ . e . e 3 e o
el.= 2d2 + dl )
. o eé =»d2 ’ ‘
63 = al : 2a2 “ ‘
’ ,64 = a,.t 2a4 - 2a1a3 " .
8. = a, -~ 2a.,a < ’
- 5 3 2°4 " .
A Y ‘ . ° ’
66 = a4 F4 ”'/\‘s - -
< The wvariance o§1 during steady state motion is given:by ;
(gs V2 = 2,
: © o logy’s <[x (€)-n,} lt—m :
) . =< (t) >ltw | ’
© f S [mH (Jm)[zdu;_ ’ : )
4 . o R “. z ‘ . Y. -
. _ fr + ‘Blw + Bzw , \ ‘ ‘
=D»C -8‘+9 'G+6 w‘i+e 2.+e dw (4'41)‘
‘ - 3 59 "V , ‘
The dovariange cxlil at steady state is equal to zero, that is, ,
. \ LI . . 2 - « . \-W-._
(cxlxl)s = <[x,(t)- nll[X (©)=n 1>, ' .
. o o= < x (t)x (t) >‘t+w D‘ ’ , .

4 wsa51n@TJHl(Jw)J2dw|T_

)




. . S ) \‘ | ) o | - (* ,
. I . - r 2

3 , 2
Using a élmllar;procgdure for tﬁe response ngt),.gxz, sz
| - and oxziz,at steady state condition, it may be obtained as,
\ -~ - ~ [LY -
2 - (% : 2
(o)) = 1o SolHy(3w) [*au , . S
J . d2w2 + dZ ! 1 (4.43)
’ = b f: ] }s 42 ; ~“;dw : ’
L4 - D" - -
. ) ‘ -] W +B3w *B4w +65m +86 . ] .
' - L 4 df&)“ + dz ) - ’
o)t - pigi—i 2 qy (4.44) . _
| : - m\+63w +94w +65w +96 T o C s
. and - . . ]
’ ' : 2 =i ) , L ‘
g N ] ( XZXZ) - Yo ) . o (4045)
"In order to .calculate those integfals}in equations” (4.41) ‘ |
‘ " 0 \\ . . . . .

N

through (4.44),'theimethod residues is. used, .which states

0 ra

2 '» . / : . ) . ' L r (:! ’
. : : | . : =P (X) o | T
® f-“Q(X) X ' S . =
_ " ) P(X)-. } , . -
= 21jIresidue of o) at the poles in the |
e © upper ha;f‘plane: , v ) .
. ‘ To obtain .the poles of thékéoylnomial in the denominator
*  in equation (4. 44), the Newton Raphson method is applied.

#After evaluatlng the integrals, the vanlances (dxl)zsi ioil)zs,

‘( x ) 2 g and (o- )2s are obtalned: A computer program was

developed to determlne the variances of Xy. Figures 4.2 and
4.3 show the varlances (cx ) 2 and {0, )2 against the natural
. ‘ lS . X2o S . i
. frequency ratio wﬁljwnz réspectively by assuming the mass m2 = 0.2m1£
.- , m£2=l.0 rgd/Seé and the damping ratios = and ¢, are equal.

- _ ‘ 3 &\ - - A -
a R “‘ . -




~ “frequ/eney’ratlo becomes smaller, both the varlan,ces o

(o

-

e M 4

os - .. LR .
v o B

From this, it may be notxced that am the dam;n.ng ratio or the .

“A,_,.,_..a...,,u--w T .

and o, are
- Xy x2
larger. As the variances of the system are well defined,

] K2
using the. same procedure as in the single-degree~of-freedom

) ‘ systein, the probability densities p(xl,{(i) and p(xz,f(z)

are found to be of the form, -

t

” . 5 ’ 2
\l - Xl f(l

plxy, X)) 1 p - — - . (4.46a)

2 2
2v(oxl’)s(oxl,)s‘ . _2(0}{2)3—;;- 2(35{2;)_3 .

Pl
” 3

1 . . X; - ' R
p(Xy, %,) = — exp [~ ~—— . (4,46b)
: 2m-(o 2) (05( Yo o - 2(ax,)2 v

o

»
'l‘he above probablllty dens:.tles have 'the same pattern a*.s e

~...(-_

-

the probablhty denmty ‘for sxngle—degree ﬁf-freedam system. . . J

Thus the first passage probab:.llty of’ )s‘.;L and X,y .about certain
levels Ya and Yg ‘can be expressed respectively as,‘ -

.
v

- log)
, 1 _ 1
: (Pfl) s 1 e>§p[

cT e (YA/z(O'x )S ] \ 5

A . (4.47a).

m (‘G'xl) ) . . :
~“(y2/2(o )2

(sz g T. % B X

21!(0 2)S

= 1 - exp[-

%)
an (oxl )

wy
——

_ (o,I:l )g |
27 lo )s
}fl‘ .
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Equatlons (4. 47a) and (4. 47b) can be simplified as;

. : (Pﬁrxs = 1-;exg(—NAT) oo : .
Yand .+ \\\5\ ’ ! ’
b : ’
L (sz)s ! . "

S

probabilities
any mnl by asgumlng uw 2=1 .0 rad/sec and

' natural frequ

© L ' ! "
, » ’ o 1
.

) L I ‘

N , . . 4 .

' . - - e s, f ® '\ . -~
- + Kg = y13/ (°X )g l \\

(Pf ). and (P 2) agalnst the multiple of -

(4.:48a)

[N

(4.48Db)
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. In the prepious chapters, detdiled(derivations of the

( <

first passage time probablllty for 51mp1e mechanical systems

subjected to stochastlc exbltatlon were presented 'The ana-

-~ —

‘lysis t00k°lnt0 accounbaboth transient and steady state- motion
of the system. The first passage probablllty wasxderlved
using the complete soluttqg of the Fokker-?lanck equation

giving the time deﬁ%ndent probébiLity of the  response.’

v ow

The results of the investigation are- presented in the

) Figures 3,5 dnd 3.6.° In the Figure 3.5, the trans;ent first
passage probability is_shown against multiples of natural fre- -

' -

quency for different safe levels and given initial conditions. .

From the curves, it is.seen that the first passage'prohahilrty

decreases w1th an increase of the safe level On the other

-

hand, for a given safe level the trans1ent flrst passage .

probablllty ‘decreases with 1ncreas}ng damplng ratlo, The

’:damping ratios‘considereh are ; = 0.0125 énd r = 0 Olsrfwhich

i

are the damping ratlos that actuallytex1st 1n machlnes and oo

‘j“structures. It is also .apparent from the Flgure that the f1rst'

passage probeblllty depends on 1nrt1a1 condltions, although

Figure 3.5 ‘has.been plotted for one-initial condition. In.

'Eignre 3.6, the first passage probability is shown against thes

settling time for different values of initial conditions and
: : '

different values of natural frequency for a given‘safe level.

It 1s seen from the"Flgure that the flrs\;passage probablllty

-

o
decreases with 1ncrea31ng damplng ratlo for a glven 1n1t1al

'condltlon and.a glven natural frequency. . The Figure also shéws
\ ' R
v 7 v . . . o

. '
v i t .
o ° P . P .
. t .
“Je i ’ : 3 . M
B i .
. N .
.

" -




f

the effect of the natuld@® frequency-of the system on the first -

passage probability. If the npgtural frequency decreases, and .

keeping other variables cohstant, the first passage probability

decrégses. That rs, the system with low natural frequency has

-

higher first passage probabiiity. The most 1mportant conclu51on

that can.be drawn from Flgure 3. 6 is that when the system has

low damplng, the first passage of failure ‘occurs during the S

transient motion itself. . Thls fact shqws the importance: of the

study'uhdertaken in this 1nvest1gatlon‘ A detailed study of

‘ this phenomendn, taking into account the initial condltlons,‘

LR

with the increase of K Since K, is defined as the ratio of

=quenc1es‘must be investigated. . From Flgure 4,7, the first-'pas- -

natural frequency, safe lev%l and settling time for low damplng
of the order 0. 01 to 0.02 must be 1n1t1ated, because, is would
be in,the reglon of englneerlng 1nterest. . ', _ i . y

The results of - the investlgatlon of the two—aegree—of— .

- freedom linear svstem are presented ln.Elgyres 4.6 and. 4'7‘~'

In Figure 4. 6, the steady state first- passage probablllty of
response Xl(t) agalnst multlples of natural frequency is plotted

for ‘different va%ues of the constant K ‘for a glven damping ~y

-~

ratio anqha mass ratio. It ts seen from the Figure that the

first passage probabiiity.of the response of flrstﬂmass decreases -

o

A° A
safe limit to varlance, 1ncreas&ng Ky implies either increasing

B

the safe llmlt or decreasing the varlance. The effect of

varlable damplng, Varlable mass ratié and varlable natural fre~ -
- v \

r

sage probabllity of response. of mass ﬁ% is shown agaihst multiples

»
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. e et -
s .

' Aption of the system. The theoretica

+

]

of natural frequencyf"The same conclusion holds good in this
ccase. For a tWo-degree-of;freedom system, the steady state
‘first passage probabillty 1ncreases with increa51ng of the/
multiples//f natural frequency of the system. Systems w1th ~

low frequency haye lower values of steady state first passage

‘probabillty, while systems w1th high frequency have hlgher

irst passage probability. An investigation of,the transient

-

first passage probabilfty for a two-~degree-of-freedom system
is complicated because of tne'difficulties of obtaining'these

stochasti¢ parameters, - but this problem will be taken into

»

consideration in the future. . .

- . [N
’

. The first passage probability can be p0n51dened as the

probabllity of faglure 6f ny system. The lower ‘the value of.

thlg probability distribution, the hlgher the reliability of-. .é . }
4 o ’ |
the system. It 1s then necessary to evaluate this probability ‘

for randomly excited mechanical’ systems in order to determine' Lo

]

. the durability and performance of the system during 4its opera—

ting life. If the system possesses a 1arge damping, then the
first passage probability will be governed by the stationary ‘,, X\V
Fokker—Planck equation. But for the system with a low dampinyg, |
the failure probability canfbnly be determined from the transient
solution of the stochastic differentia quation describing the
ﬁalysis . deve 1oped in

this thesis is vaiid for steady as well as transient state of’l

oo ' g C PR
the system. , (J/, Co A . T '

kS ‘ » P}

The investigation presented here'.has ‘many applications; - .

>

Y
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it is known that many mechan1cal systems in reallty are sub-

-~

Jected to randomly fluctuatlng forces ahd the reliablllty of
&

the system“w111 largely depend on the first passaqe time

probability. The v1bratlon 51gnature of rotatlng and reérpro—'.

*

cating machinery is essi;txally ‘a random,51gna1 and hence.any

maintenance schedule baspd upon monitored data must be formu- o

-

4

* lated, from statlstlcal 1nformatlon,,such as faist passage

probablllty The pTocedure is also equally appllcable for de- -
‘2

termlnlnq surface roughness qbaracterlstlcs, fatigue failure
criteria for randomly stressed structures, etc.’

The theoretlcak analy51s presented here may be extended

~

to cover higher degree—of ~freedom- sysféms, but the mathematical

difficulties involved would be large. The,exc1tatlon of the
\ - s . < . , -

ysyem has been assumed to be--of the white noise'type but this

" ¥may .not be the caselin reality + In certain~cases, the system

",. s

R
may ‘be subjected to forces whlch may not have a wide band fre-

quency and hence cannot be con51deréd as whlte noise. For

Iy

such speclal cases, the flrst paSSage probaglllty can be ‘com-
\ -

‘puted’ u31ng a procedure similar to one presented in thls the31s.

. Another 1nterest1ng concept that can B% derlved from this in-

o .

) ,vestlgatlon is the probablllty of the duratlon of the excurslon.

]

The rellablllty of a system can then be based on both the prob— '
ability of flrst passage and - ~the probablllty of .the duration
of the sxgnal above a partrcular level. These two probabilx-

ties, can then be used to indicate the total rellablllty of the

&

system. . . o A '

]

Lo
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'The,abbve“eqqatidh is azlinear_first order partial-differen-

L ' ) y R . i
tial equation, and the.solution is of the fprm}’

4

f(cl,cz,w ¢<cl,c ) g(cl,c ) .. (a.6)
) ', _.~ -v - .,-. “' : '
* The varlables Cl and C, are obtained from the  following sﬁbsj

=

.

a

1d1ary equatlon

P

tdt = il_dgl ‘= dc2° = ,-‘ -.~ ‘df-""
A181 7 Aty ;f(d 24+ 20

12§1C2 *10,25)

x\ . -2; . . . o
vt e

‘Rrom the’ flrst two relatlons ob; qua%}oq_(A.?)'

o

»

.

-

Siﬁiiarly, the'Sblutiqﬁ,ogushé differeﬁtial‘egualign r”
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