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‘ ABSTRACT
* - Two Methods for the Reduction of Quantization
Effects in Recursive Digital Filters _—
‘ ) . - e, I Y
. Laman Motamedi .

\

' Two d"r‘stinct-metho'dé for the reduction of coefficient and produgt .

quanfization effects in recursive gh‘gita'l' filters are dascribeq. A

degree of freedom is introduced in the design by increasing the approxi-

mation order above the minimum. This is then used to increase the

N . oot N
.allowable margin for ;oefficient quantization error or to reduce the _

\

sensitivity to coefficient quantization. The two methods have been LN

tsed to design a dtverse range of Towpass filters, inc]uding“some 4
narrowband as welT as high-selectivity filters. Exp‘erimenta"l results
reveal that the' two methods lead to sigm'fica‘}\t reductions in the

réqqired wordlength and in the inpand noise power.
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Yoot / PRINCIPAL CONCEPTS ~ =~ '. - .
. Iy - : |
. 1.0 Introduction .

Emergence’ of digital techno'logy 'be‘gan in the mid 1960’s when high ‘. i
spee® digital computers.became widely available for serious ‘research L

and'd/evelopmentkwo_ﬁc.‘ Many cohcepts that form the theoretical basis of 5

© digital signals and systems, such a§ .the Z-transform and -the Fourier

analysis had been familiar to engineers for a long time. In the\ ensuing ) 'g
years the ﬁe]d of digital filters has matured cdhsu?erably and its '
deve]opment is 1nt1mately t'ied with advances in the computer ﬁeT‘

past decade has been marked w1th phenomenal progress in computer tech-

‘nology. -w1th each stmde forward, computers became more access1b1e and

‘more affordab]e to an ever- 1ncreasmg user community. The users d1 S~

»

covered more new applications, generatmg new demands for even more

- 4
sophisticated technglogy. These deyelopments have had a profound impact

on almost all scientific disciplines and the field of digital fi'l'ters“ ('

‘benefitted greatly from them.

In &ié;ita] ft‘]ters we deal with signals and systams that are
discrete-time counterparts of the more familiar contmous time Systems:
D1g1ta1 filters can perform the same functions that analog filters do. ' /
The analog approach in some cases, may be difficult or unfeasible to - |
impl:erhent practif:al]y.‘ The- yse of digita] filters offers important,
engineering advantages, such as/’;')erfect reproductibility and guaranteed |
1e'v'e] of performance, increased ease in changing the filter lcoefficiént; o

L]
characterized by small physical size, and possibility of time shartng




. {L-z'-""~ | «

. the same hqrdware system ahong a\mu1t1p11c1ty yf f11ter1ng‘funct1ons

" * There is a further 1mportaﬁt ‘advantage: the possibility of modularized

hargware for customized large scale integration. -These advantages i]ohe
would, in many cases, maké'digitaf filtering an attractive alternative
to aQalog filters., | ’ /

Digital svstems, in geéneral, are classified as linear or non -linear,

., causal or non-causa]. time-dependent”or t1me-1nvar1ant. Furthermore, .

N

~J

. y :
one can divide thg fami]y\of digital filters into .two subfamilies;

recursive und non-recursive. The z-transform, its properties and

applications, -as well as the stability criteria are essential ingredients
upon-which the complete theory of digitai'systems js based. Defin{tfons,
deséripti6n of each class and sﬁbfamily as well as nigbrgus mathematical

analysis of the above can be found in [1] of the reference section.

This'thesis s concerned with the design of linear, causal, time-invar-

iant recur51ve d1g1ta] filters.

The quantization of coeff1c1ents ln digital f11ters 1ntroduces an

-

error in the amplitude response whereas the quantization ‘'of products.
. o

{ tends to introduce quantization noise. If prescribed filte}‘épecifi-

. noise must be as low as possible.

catéons are to be achieved, the magnitude of coefficient quantization

error must not exceed specified bounds. On the other hand, if the

;ignal-to-nois% ratib is to be maximized, the Tevel of quantization

)
-

Reduction-in coefficient quantization errors and quantization A

. noisevcan be achieved in several ways, as follows:

structures [2]-[7]- _ \

1. ByvuSing low-sensitivity low-noise digital<filter ™



”é . . .
2. By opt1mlz1ng the ampTitude response over a d1screte- -
. parametér space [(71- [12] . , .
- 3, By choosing the filter approximation such that a specific

sensitivity or noise measure is minimized [13]-[15].
N an ¥ ,)

t

~In this thesis two alternative approaches for the reduction of

quantization effects are exami#ed. In both approaghes the minimumfokder .

elliptic épproximation satisfying the desired specifications s deduced

and the approximatfoq\:rder is increased in order to introduce a degree

of freedom in the desiyn. In'the‘first approach the degree of freedom

gained is used to m1n1m1ze the passband r1pple so as to max1m1ze the

allowable margin for coefficient quant1zat}on error. 1In the second 4

’-‘
approach “the degree of ﬁreedom gained 15 used- to maximize the min1mum N
po]e distance from the un1t c1rc1e so as to reduce the sens1t1v1ty to
coefficient quant1zat1on This design is accomp]1shed by us1ng an »

appropr1ate opt1m1zat1on technlque .

The two methods are ysed to design several, 6th order Towpass filters.
The designs obtained are then compared with the gprresponding.minimum— ,
opder elliptic designs with respect Fo the effects of coefficient and
product quantization. Thexresu1t§ show that‘both methoos lead to a
reduceJ word1ength for the implementat%op ano afso to reduced output

quantizatton noise. ©

Y . 7

gl

~




\' e a4 |

~ i ' >
, >

4 71.1 Basic Concepts ,

B

“The fi]te; str\:ﬁcture assumed in this thesis is the cascade canonic™
realization of Fig. '1.1. '”Each builging block in this structure is a
second-or;der sectigp of the form shown in Fig. 1.2. As can be seen

P S

‘each section is composed of three basic elements,.namely
J .

' ] 1. Unit-delays

‘ 2. Adders . ‘ .
.« 3. Multipliers ' ' / .
g Ld -

transfer function frorﬁ the outputs of the mu]iip]iers to the outputs\

Z:
the sections can be determin’gd b,y‘using the theorems of the z-transform.

-

Using these theorems charactrization for the three basic elements shown

"

in Fig. 1.3 can be obtained as:

+ "» 7‘ , °
- * a . ¢ 1
Unit delay ) v : s
_ -] ' ' -
Y(z) = z "X(z)
: Adder !
’ <
K
Y(Z) = 1 x'l (Z) . .
n=] ()~} - ‘ ~

, Multiplier / / ' o '
. .

Y(z) = axm’_ ,
rd ’ : s
’ -~

e o

‘The overall transfer function of each secti’on as well as the partial

. \_’“
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1.2 -Transfer Function

From Fig. 1.2

—

U(z) = X(2) - by;2 () - bz 2u(z).

%@ - .

RN 4,2 '
Y(z)v'- z U(z)ah. +z U(z)aOi + aZiU(z)
“hence from Eqns. 1.1 and 1.2 we have
. ‘ A
%(z)
U(z), = m =7
14b2 0 Fbyz
. ,
Now from Eqns. 1.2 and 1.3 #
-1 -24 .
_ M2Mapyray 2 ragz ]
Y(z) = 7] Y
e 1+bz " +by.2
Therefore h
" -1 -2
oA, ta,.z +a .z
Hz) = J5 = A=l
1+ b2 4 b2 :
or
S -
2
a,.z2 ta .z +a,;
H(z) = §1+ 1i . 0i
e T LY ,
- [

1.1

1.2

1.4
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Similarly, the partial transfer fupction from input to node 1 in Fig. 1.2

1 B . ¢

is obtained as .

= = 1.5 -
=1 -2 2 v o
1+b 1.zv +b 1.z z +b112+b0i ‘

If K’ sections are connected in cascade as in Fig. 1,1, the overall -

transfer function -

2
' K ‘32122+a]iz+a01 /° ' . ) .t
H(Z) = HO .H 27 : v ].6
p A . i=1 z +b1i2+b0i R .
{ : ' |
is obtained where H  is a multiplier constant. N
. s
t 1.3 Elliptic Approximation é
( -
Given a set of 1owp$ss filter specifications
Y i= {wpswaswsaAp:Aa}:
. -y \
where
‘ |
’ mp = passbapd frequency in rad/s
. wy = stopbandkfregqency in rad/s
- wg = sampling frequer®y in rad/s o ) T
'Ap = maximum passband ripple in dB
{ A, = minimum sYopband attenuation in dB -
¥.
[} .
0' (




';,;" R v
i e )
> L =10 - RO
s i &'
’ ' " a minimum-order elliptic approximation satisfying X can be generated
by using the approach in [1]. The zeros of elliptic filters are located
Q B
» on the\uhit circle while the poles are ocated within the unit circle of
the z phane; hence for elliptic filters the transfer function of Eqn.
\ 1.6 assimes the form . m{) ' ;
\ 2 _ v .
2 +aliZ+]
\\ . H(z) =.H0 _H - - © . ee. 1.7
) 1-1 z +b]iz+b01 ‘
,\'. )
“that is ag; T Ay = 1. &
\ﬁ In elliptic filters, the passpand attenuqtion oscillates between

zero and a prescribed %agimum Ap, and the stopband attenvation oscil-
lates between Anginity and a prescribea minimum Aa’ that’is, the pass-
! band and stopband errors are equiYipple. It can be shown fﬂat for a
\ given set of specification %, the .minimum-order .elliptic approximation

Y is the unique, fowest-prder approximation that will satVsfy é.

| 7.4 Amp]i;ude Regnpnsg

By writing the poles and zeros in terms of polar coordinates the
5 - J *
transfer function of Eqn. 1.7 can be expressed as

1 3
| \ e (gee ) |

-e z-e 4 )

W(z) = w, X Ts. STy U -

\\ (z-r.e ")(z-r.e ) .

where ~\
\ .
Ja_i -Jai A}
2y -Fe +e ) = -2 cosa,



-1 - ,

1 G -ri(e +e ) = -2r, cosB, . :
R »
_ .2

boi = T :

let '

. P2mfe, .
2 = el = o SR S,
where 6 =2ﬂw/ms.
. ld

we‘Obtain

Whgre

K e -e 1
- (e -e
HirjoageBia0) =8y 1~ =353 3%,
(e -r.e ")(e -re )
p ia;-8)  d(ag+o)
S, e (e
(o} .i=-| Jﬁ1'6) ” 'J(B +py
(]'r e )(1"" e \ )
K N,
= H n -ﬁl .
0 =1 %
/
. J(8y-8) -3(84+6) -
D; = [l-rie ][l-rie

‘'~

e

l-ri[cos(e¥éi)~j§in(e+8i)+cos(si-9)+jsin(31-e)]+r$e'259
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: .
‘[1-zricoseicose+2r§cosze-r$]+j[2risine]I€bssi-ricose]

and

=
"
)
1
(1)

J(ag-0) - -j(agte) -2j6
= 1-e -e. +e

1-[cos(o+ay )-dsi(o+a, Jcos (a,-8)+isin(a,-0) J+e 2
- . .

. ]
(-ZCOSmiCOSB+2C0526)+j(ZSine)(COSai-COSS)

The amplitude response of the digital filter is given by
- 1

M(u'l ,ri 151')9) = !H(a"l ’r'l ,B.i ,9”

From Eqns. 1.10 and 1.1

-+
.- K- [N
M(ai_’ri’si’e) = 0 1'-I=['| 'rﬁi—r
where

2 2 ]/2' ’
[-8cosec05ai+4cos B+4c0s ai] :

2 lcose-cdsail



b4

-3 - '

\

-

and
: ) . , V7
2 2, 2 2
| IDiI - [(]_ri) _4cosecossi{ri+r‘?} + 4?'1.{(:05 g+cos Bi}]
Therefore |
. . K ) 2]cose-c65ai l .
M(x,0) = H T ? E 72
~ =1 g2 3ysar? (cosPo+cos?
[(1-r§) -4cosecoss, (r +ry)+r; (cos etcos s,)]
‘ 112
where Z

')\(’ = [a]!r-lsB]""sai!ri)Bi;---;H ]T is a 3K+1 dimensional

]
co]ur_nn vector containing all the filter coefficients. In Eqn. 1.12

3

(1) zeras Tie on the unit circle at angles of a,

(i1) poles Tie within the unit circle at angles of B

et e e o i o b S0 g Ao 14 S apabat AT ot i W o o« -2
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CHAPTER 11

-

APPROXIMATION WITH OPTIMIZED POLE POSITION

-

!

2.0 Introduction . . l ' ' -

- -

. Coefficient quantization error is most objectionable in the pass-

\
\

band where filter sp:egifi'ca,tions are usually very tight. In order to
render the effect of coefficient quantization insigm‘ficant‘, one may
use the minimum-oraer elliptic approximation together with a sufficient-
1y large wordlength in the implementation [1]. A seco\nd alternative

is to increase the approximation order above the minimum and use the
degree of freedom gained to mfnimize thé passband ripple. In this way,
the allowable margin fpr coefficient quantization error is increased
and consequently a reduced wordlength Ean be employéd in the implementa-
tion. A third possibﬂity is to increase the approximation order as
above and then use g_he degree of. freedom gained to minimize the sensi-
“tivity to coefficient quant1zat1on In this case the allowable margin
for coefficient quantization error will remain the same as in minimum-
order approximation. However, the magnitude of coefficient-quantization

error will be reduced and presumably the required wordlength will also

- L)

be reduced. Minimization of the passband ripple is a method which can 2

L]
easily be applied using well known techniques.

_In this Chapter our efforts will be concentrated on the reduction
. -7 N4

of the coefficient sensitivity by\minimization of the maximum pole

radius of the filter. To do so, for a given set of specifications §, con-

straint equation for both the passband and the stopband must be derived.

1)

-\ . ’ "
.
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Based—oh these equations, the problem.of approximating the minimized-

maximum-pole radius will be properly formulated, ‘Finally, an optimi;a-

tion algorithm which'can effectively solve the problem will be examined.

. ~ ' .

2.1 Error Function

. The amplitude response M{x,6) is constrained by the set of
t/‘ N ' n, ¢

specification § provided in Chapter 1. Let the idgaliged passband -

~

respdhse be unity and assume that

.

e, = Magnitude of passband tolerance

€4 = Magnitude ofgstopband tolerance

. With the set of sbecifications 3 in mind, define

<

N Sy ° Maximum allowable upper boung in the pa§sbapd region =~l;Ep
Fd R , = .
w24

Sz = Minimum allowable Tower bound in the passband region = 1-e

\ Su =;Maximum allowable upper bound in the-stopband region = ¢

, ’%...

1

1

Eqns. 2.1-2.3 provide the limits within which the filter specifications
%\\\vwi11 be satified and beyond which the sﬁecifications will be, violated.

= \

Thus if

A
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Y

(1) e, " M({,e)-5u>0 The upper limit in the passband is .
o violated o .
(i1) e, éﬁﬂ(é,e)-sz<0 The lawer Timit in the passband is

violated . ////// t

(i11) e& = M(é,&)-S&QO The stopband specification is vioTated

/ ‘- \

where eu,ez,ea are the error functions in the passband and §top6and

regions. On the other hand if § s to be satisfied then

-e =S -M(x,6)>0 } )
u u v } O<w<w > t

e, = M(é,e)-szzp ,} 2.4

-e, = S&-M(é,e)zp wySwsg /oy

o

Figs. 2.1(a) and (b) illustrate graphically the two conditions just

i “

discussed.

[

In the passban& regioq, inequalities of 2.4 introduce two constraints
(upper and Tower Timits) at every frequency point while in the stopband,

14 .

for tﬁe saaé inequalities, one constraint must be satisfied at any given
fr;quency point (upper limit).

If 85> 'for j=].2,...;hp are discretg frequency points located in
phe passband and 85 ﬁ=np+1,..., np+na, are discrete frequency points

located in the stopband as shown in Fig. 2.2, inequalities of 2.4 will

be satisfied if and only if in the passband

s

Sp < M(x, ei) < S, i=l,2,...,np ‘ L e 25
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In the stopband

- - - - x .
. N, 2 '
Of_ M\(i’e )f_su l—np+1 gree ,n_p+na 3 . . " 2-6 '}}ﬁ A
* N L ¥ "
f ‘ Inequalities of 2.5 and 2.6 provide the following constrdints:
R ' L~ |

In the passband

C;(x) = M(x,0,)-5,20 i . a
. | p L2 n ) 2.7
L 1 Ci;np(;g) = -M(x,0,)4S >0} :
' + and in the stopband Vg
1y [ ]
C,(x) = -h;( 8 +5'50 . i=l+2n ; 2n_+n b 2.8
‘1\25 X85 n )¥S,2 phee a2y e 2

. | ' 0 /
Heﬁce, for any given set of specificatgons, if coﬁstraint§\2.7 and
2.8 are satisfied, the filter specifications will be met and one may |
proceed towards ev%lgation of the filter cofficients.
' The number of f§equency points chosen in the pissband and in the:
stopband regions dgpggﬁs on-pany factors such as the selectivity of‘the
v ' digital filter and ige memory(fapacity'of the coﬁbuté} being used. -
Naturally, ‘the higher the number of frequency points the less the pro- S
bability of violating thg filter specifications at %ntérvals between\
frequency points. Howevef, the amouﬁt of computatidn will be increased.

If the selectiyity factor of_the filter is high, the transition between

o

[P
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passband and stopband regions will be sharper and coefficien‘t quanti-

zation will yield a larger variation in the amplitude respon;e of the

digital filter near thé passband and stopband edges. In such a case

a larger number of constraints is required if the filter specifications

are to be satisfied. There is no formal rule by which one may determine

the 'adequate' number of constraints for realization of -a given filter
b specification. However, experimental results have shown that the number

" of constraints should be 3 to 4 times the number of independent variables.

2.2 Description of the Problem

As stated previously, in order to~render the effect of coefficie’nt'
quantization insignificant one could
: : R §

(1") hUse a'minimum-order elliptic approximation with sufficient=
1y large wordlength in the implementation.

(i1) Introduce a degree of freedom by increasing the approxima-
tion order and use this degree of freedom to minimize the

o ’ » passband ripple.

(i14) Introduce a degree of freedom by increasing the approxi-

matton order and use .this to minimize the coefficient

sensitivity of the amplitude response .
¢ M V

+

In this chapter we exp'lpre the third pdssibility.

‘Variation in the locdtion of the polles of the fitter. transfer

function due to the use of finite wordlenqtﬁ registers affects the

- value qf the amplitude response at any gi'ven frequency. Depending

° AN
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on the filter, small enough values of the wordlength could cause the},/‘
p;)1es to fa_H on or outside the unit circle of the z-plane, in which

case filter ins{abﬂity will arise. In particular, sensitivity of the
filter to coefficient variations is extremely high when the po’l’é; lie
close to the unit circle {this is the case with highly selective fil-
ters). "In order to minimize the coefficient sensitivit;l the degree of
freedom introduced is used to maximize the minimum pole ;istance from

the unit circte. This is done in such a way that conStraints of

2.7-2.8 are satified at every discrete frequency point and, consequent-

“1y,the filter spacifications will be met.

~

2.3 Fg_r;mu]ation of the Problem

r

Assuming that the feasible region defined by the constraints 2.7-

. 2.8 is not empty, the objective of minimizing the maximum pole radius

without violating the constraints reduces to the following oﬁtim{zation

. problem: ’ ) o

minimize {max ri} . ' 1
X T<i<k ;

subjeqt to the constraints a ‘ ' |

$

ci(é)io\ 1=1,2,...,np,np+1,...,2np+na
r.>0 A i=1,2,...,K
17‘]——

where K s the total number of filter sections and’ r, is the radius

1

]
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£
By assuming that variable ré s equal to or greateﬁ»than the
largest pole radius, the above optimizatién problem can be put in the

following alternative but equivalrﬁt form:

. /
< minimize {F(¢)}
¢ n
2

TR T . o .
where F(Q)—ro. and 2’[§’ro] , Subject to the COjstra1nt§
C;(g)20 i=1,2,...,2n 4n,

£

P

<

o N n ‘
C;(¢) o ri_an_nazp i 2np+na+],...,2np+na+K
\

!
’

2.4 Minimization Algorithm

~

The consé%ained optimization problem of Eqn. 2.9 can be solved
using a minimizafionVSTgé}ifhm proposed by'C. Qhara1ambous [16]. 1In
this method the set of constraint functions jsmintroduced into the
objective fupction to form a new dﬁfgérentiab1e function called tHe

4

pena]t? function. This new function, which is free of constraints,’

Vs f .
is then minimized by using any standard unconstrained optimization al-
gorithm. According to Charalambous, if the problem of Eqn. 2.9 is to

have local minima, the following theorems must hold true:
Theorem (1): (First-order nqcess%ry condition for optimality)

LN

' If Q* is a local minipizer and the first-order constraint

p
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-
qualificatton holds, then there exist multipliers A$’ i=1,2,...,m

such that | 5 A \
]
S m
3 *) = * *
y (1) vF(g*) 5 A3vC; (9*)
() MG (%)= i=l2,...m e 2,10

-

where A$>0
* constants x? are called Lagrangian multipliers and m is the
nhmber of‘inequé]ity constraints. .

If the gradients of the active comstraints (i.e. the constraints

which are equal to zero at“\¢*) are linearly independent then the

constraint qualifications hold.
Theorem (2): (Second-order sufficiency condition)

A sufficient condition for a feasible point ¢* to be a local
7

¢
minimizer is that there exist a vector- x* such that

(i) - Theorem (1) holds ~

.. T 21 -
(i) gvLlgxa*) 0 VgeD(g*) \
’ ] .
where v

m
L(Q.&)’= Lagrangian functigq ’ F(Q) - 121 Aici(g)

and

%
L
+

et st et
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-introduce steep valleys in the unconstrained problem and even with the

3 .- 24 -
/’\;ﬁ.

o T
D(¢*) = (d|vC.(s )

Vi *" = ai v
&0 vijc,(s*) ‘ 0} -,
The penal-ty function can be expressed as

p(4,s) = F(¢),+-;- S {}IIHX(O,-Ci(sQ))}Z

e

i
51._>_0 i=1,2,...,m

£}

" The function p(;t,g), called the exterigr penalty function, is'composed of

two parts. The first part is the objective function to be minimized
and the second oart i,g..the penalty part. Note that the penalty part
is zero in the feasibie region R set up by the constraints, while it_
has a posivive contribution when_ the point 9 is outside region 'R

(see Figure 2.3). If the constrained minimium is the same as the

C 4]
5

unconstrained minimum; then ¢* is a minimum bdint of p(ﬁe,g) for the
value of siio; otherwise the optimum solution of p(g,g) will be '

outside the feasible region (Figure 2.3). As Thaed the tendené:y will

be to dr%the unconstrained minimum of p(,a,g) towards the boundary

-~
of the feasible region and ‘und,,er mild condition it can.be proven that

[y

Lim g*(3) = ¢*
e '

~

"The disadvantage of this method is that when S5 becomes large we

most efficjent unconstrained algorithm difficulty will be experienced

in minimizing P(iﬁ’%) (i11-conditioning problem), 1’.e.’, although the

exterior penalty function method is well suppo’r&d by theory and requires
3

~
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P( ¢ (s).s)

‘Relative location of the constrained and

unconstrained minima ¢*,¢*(s) about the

region defined by .the constrains CI’CZ"""cm

NLIRY
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mild assumptions to ensure theoretical convergence, it suffers from
serious computational. weaknesses which become more critical as the
values of s, tend to infinity. To avoid the i1l-conditioning °
problem, modification to the exterior penalty function has been
proposed so that the optimum point 9;* can‘be‘reachéd without having -
to force 5 to very large values. An important property of the
*penalty function p(%,;i) is that at its optimum point ¢*(g)
*

Flg*) > Flg*(s)] e 2.0
If - VF(%*)#O, we wil’l get to  ¢* only inthe Timit as 5 Suppose
that each constraint Ci(g), i=1,2,...,m is‘pe'rturbed inwards by a
positive amount ti as shown 1in Figure 2.4, The sl{ifted constraints

"can be represented by the foHowiﬁg set of equations:

-

i t;>0 . .

With the perturbed constraints, the exterior penalty function p(;g,g) .-
assumes the form ' ' M

Si[max(o.,-{Ci(g)-tii)]z , ce 2,12

"no3

P(g,5,t) = Fg) + ;— L
i

tquation 212 15 called the shifted exterior‘ penalty function. Due to
inequality 2.11 both the optimum solution of the shifted exterior penalty

°

function Q*(g,t) .and the optimum solution of the unconstrained function
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F(z)
F( %)

Figure 2.4 Perturbation of constrai’nts




F(¢), ¢*, 1lie inside the region
’ ’ <
Ry = (gIF(g) = F(z)}
where ¢ s the solution of the problem : Q-

-minimize F(St)

-

subject to C;(¢,t;) > 0 ] . .

According to Charalambous, the optimum solution of the shifted exterior
penalty function ,@*(g,t) will be equal to ¢* for finite value of S
if ' - l -

1

(1) the Kuhn-Tucker conditions for optimalﬁty of the no?x-Hneaf

. prograpming problem are satisfied at Q‘*.

Y

(ii) the parameters s, and t1‘ “are related as

o \
£ [max{O,-ﬁ:i(Q*)-ti]}] = M i=1,2,...,m

MY are the Lagrangian mu]tié)h'ers _
O 4

)

and as long as tiici(w) then the point ¢* will be a stationary point
\ ’ ' : [l

of .p(;t,,i,t). Definilngpthe shifted parameters

A,

t, =

] i o
iS5 o i=1,2,...,m
.1
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the shifted exterior penalty function will become

8

3

1 . “ o2
P(gs5:4) = Flg) + 7 L 53 [max(0,-C (g) + 5 )]

d. -
and. hence ' b ‘ _
.o . :
. -~ " L
g = IR - E D0, (g7) + DR G ()
. i= = i
A m
= VE(g*) - A;VCi(Q*) = 0

i

i.e. if A=A*’ Q* ‘F a stationary po{ntﬁof p(g,g,%), and if Q*
satisfies the second-o?der sufficiency condition, then it can be proven
‘ . &
" that for S; sufficiently large, g* is a strong local minimum of 3

p(%,g,&). The above araument is based on the following assumptions:

) (i) . Thg.functions F(%) and’ Gi(ﬁ)’ i=1,2,...,m are all ' .
‘ twice continuously differénfiab]e.
(i1) Gradients, vci(g*) Q{ active constraints are linearly
’ independent. ,

(ii1) The multipiiers A¥>0 when Ci(Q*) =
“{iv) The‘secbnd-order sufficiency condition for a local
constrained minimum of the problem holds at g*.

-

) The constrained optimization problem can be so}éed by us1ng the

optimization a1gor1thm illustrated in Figure 2.5 U]G] In th1s a1gor1thm

a Quasi-Newton unconstrained optimization a]gor1thm purposea by Fletcher

has been used [17]. The Quasi-Newton method requires the gradient vector
>

-

£
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Figure 2.5 Flow-Chart of the optimization program
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‘ . of the objective function in.order to obtain the direction of descent
v " . which‘yill eventually lead to the m3 nimum point g*.' The basic steps in
this algorithm are as follows. Let
- F(¢) = the unconstrained objective function to be minimized
Hg*n = any positive,defihite symmetric matrix
) 2 = convergence tolerance '
0 ) ) v b
' ] = starting point ’ .
. 0 . ' : : ‘
Step 1 set g¢=¢, i=0 N
: o Step 2 if |vF(g')|<e; stop
. | i I ‘
Step 3 set d = -[(H'] vF(g')
- . : Step 4 perform exact 1line search to find the constant a? which
minimizes F($1+aig1); i.e. X
’ vaF ) )
+ ] '5;;‘-0’ i
0 S F3 B B il i ’
T RS Step 5 Set ¢ = ¢ tg° where g = a;g -
. : | [ - . -~ “ K
. ‘ . Step6 ' Set i1 = vF(Q1*1) - VF(Q’) T
* Step 7 Update H', i.e.’
-~ . e . .
) ) i‘iT iviyi 1 Q )
it oyl y 32 _Hyg H o
N AERELEE
8 X X '3
' Step 8, « i=1+1; go to Step 2 °
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o A ¢ .
It can be proven that the updating formula for H:l*n will, in the

Timit, converge to the inverse of, the Hessian ma‘tr:ix and that if Hg*n

is a positive definite symmetric matrix, then all Hi will be ﬁoéitive
definite and symmetric. This wiH‘ guarantee the des;:end directian. The
Fletcher aqlgorithm does not require the analytical evaluation of the

second derivatives o; the objective function (which constitute the elements
of the ;iessian matrix). The first derivatives of the objective functionwlrl

P .
must, however, be supplied to the algorithm.

]

2.5 Gradient Functions - ‘ ‘ -

As .stated earlier, the gradient of the objective function and"the

“constragnt equations must be supplied to the computer program carryinb
: : 3

Q out the shifted exterior penalty function algorithm. The gradients for '\\
i=1,2,...n_, are as follows:
P a

A

< (1) aF(e) . f ] al "o
' {

an : e '
0 1f' n#ro
(1) 3, aM(e,05)  M(e,0,) .
ii = =
BHO aH H0
' ‘ 3C. M(s,0. kK Na,
. (i) C; . (¢.8,) cno (a;), ) 4
\ o oo o ‘3. i=1 D(B.,r.) :
\ s s s ity .
‘ k ) .
il Nlay) , .
-y if#s . ) ] : . ‘
=H, T | B (Ntag)) 5 -
. 304 D(B'i’ri) g
, - . S S‘inus ‘ ‘. ‘ . . '

W = M($,8;) = : . o
T - . i’ cos=rcosag o S \ (’
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i#s
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B it

i=1

i#s -
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‘ = M(¢’9i) > —
, ' ’ D (l" ’ )
. 58

1

where N(a_i), D(ri’si) are magrnitudes of the numerator and denominator

functions respectively as defined in Chapter 1. For i=1+n_,...,2n_,

p p
1+2np,...,2np+nv, the gradient functions would be the negative of the
corresponding gradient functions in@geps (i) through (v). °

I ' ' / : t
y

e A A G v A b . vl e = o
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CHAPTER I1I

; , DESIGN EXAMPLES o L ,

3.4 Introduction

By solving the optimization problem of Section 2.3 for a giéen set
{of filter specifications §, the coefficients of a minimized-pole-distance
filter can be obtained. Alfernative]y, passband ripple can be minimized
gnd an equivalent elliptic filt;r satisfying the same set of specification
may be realized. .In either case, the starting point can be a minimum-order
e]iiptgc filter which itself satisfies §. ' {
The task in this chapter is to design minimized-pole-distance filters
and to compare them with the minirum-order and éhe minimized-ripple fi]te}s
satisfying the same set of specifications. Several sets of specifiFations
will be considered. ’There are 3 sets of specifiéétions in a group and
3 grups will be considered. Particular attention will be placed on
only one member of each group so that results can be verified and studied

in detail. The sampling frequency is 5000, rad/s for all filters.

\
L]
3.1 Specifications and Design
s Table 3.1 represents the set of specifications considered. The ap-

proximations are based on the nominal values of A_ and Aa rather thanl

p
the corresponding maximum values so as to allow a margin for the effects
V'

of coefficient quantization. The set of specifications are put into 3
groups, each group having 3 members. The {ndividual sets of specifications

-

' were chosen such that designs satisfying those specifications would have
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Table 3.1 Filter specifications
AD’dB Aa’qB
EXAMPLE wp? rad/s wys rad/s Nom Max Nom - Max
1 800 2100 R .105 70 66.50
2 250 975 N 108 70 66.50
3 80 350 d 105 70 66.50
4 800 1600. 5 .52 45 42.75
5 250 450 5 .525 45 42.75
6 80 150 5 .525 45 « 42.75
7 800 1100 1. 1.05 35 - 33.25
8 250 340 1. 1.05 35 33.25
9 80 110 1. 1.05 .35 33.25

2
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different selectivity factors. Hence, given the set of specifications in

Table 3.1; f |
] . , : ' : s
’ . . f ' .
(i) the minimum-order elliptic approximations were obtained
using the method jn [1]. The order of, approximation was
4 in each case and‘hence these fi]t§rs can be implemented

by connecting two second-order sections in cascade. ,
’,

(i) the approximation order was increased from 4 to 6 and the
elliptic approximation Teading to the minimum passband

y

‘ ripple without violating the remaining specifications

3t

was deduced by using File No. 6 in Appendix B of [1]. E

giii) as in step (ii), the approximation order was increas;d
from 4 to 6. The optimization technique of Chapter II
was then used to minimize the maximum pole radius without
'vio1ating the prescribed specifications. The initial )
¥ starting point QO was computed by using the minimum- . .
ripple transfer function obtained in step (ii) above:
The initial value o% ro Was assumed to be the maximum ¢
pole radius. A suitable number of discrete frequencies
for the-optimization is 3 to 4 times the number of
adjustable filter parameters.
The coefficients of the transfer-functions obtajned in steps (i),
(ii), (iif) are given in Tables 3.2(a)-3.2(c) and the‘correspondizg///'
amplitude responses for exam91e 3,5 and 7‘are depicted in/figuréé 3;1 S)

through 3.9(c). _ - -~
T

-
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Figure 3.1(a) Overall amplitude response
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3.2 Location of Poles

The pole radii for each filter are tabulated in Table 3.3. The pur-

pose of-this Table is to illustrate the relative location of the pqles' -
and to compare the reduction in maximum-pole distance. From Table 3.3 o
the following conélusions may be drawn: \ K <
(i) in all 9 cases, reduction in the maximum-pole distance is
achieved.
. (ii) reduction in the maximqm pole distance is inversely

related to the selectivity of the filter.

(111)  differential pole distance is smallest in the case of
minimized-pole-distance filters. ¢
. (iv) " since all poles lie within a circle of radius ry» one

would expeét the minimized-pole-distance ‘filters to be
\ -
less sensitive with respect to small variatiqns in the

transfer function coefficients.
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Table 3,3 Pole radii for filters No. 1 to No. 9’

ection
| b ‘ 2 3
1 . | A 50686 8127 ;
‘ B .33205 52552 | .R23135
c | .46877 .46874 | .46726
| Sec?ion - |
No.2 . ! 2 3
~ #1¥~73w%-~;§%6»~-w~f~;
3 .541507 | .685157 | .885149
’ C .745022 | .745108 | .58M
Section .
o3 1 2 3
u A .9372 9747 -
B .825803 | .881782 | .959081
c 831015 | 908897 | .%08901
. |
” Section
:;;ﬁr\\\¢ I 3
A | .63 | .en79- -
- B .216013 |  .537293 | .840894
C .49289 .49287 | .49287
. J (
é
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Tab1é 3.3 Pale radii for Filters No. 1 to No. 9 o T )

ection
No. 1 2 ©3
A .86865 .95611 -
B .69201 .8260 .947874
C -+ .69577 .87682 | .87682
Section ! ’
No. 1 2 3
A .9562 *.9853 -
. - -
B .885229 | .936857 | .981681
C .894789 |, .95541 .95541
Section
No.7 ! 2 3
A .6849 ° .9152 ° -
8 .30003 .668269 | .906711
c 331218 | .776875 | .776375
’ ection |- )
No-.8 1 2 3
A .9060 " .9709 -
B .741408 | .879836 | .970274
. C . .737681 .922885 | .9228005
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-, . ) Table 3.3 Pole radii for filters No. 1 to No. 9
' ' \
ection | N
No.9 1 2 3
A .9633 .9904 -
B 907117 | .958437 | .988919
¢ c 90944 | .973816 | .97382
A $ minimum-order elliptic
) 'B = minimum-ripple ellptic
C = minimized-pole-distance fiitér
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CHAPTER IV.

5 ‘e ]

v

COMPARISON OF FILTERS

4.0 Infroduction

-In this Chapter the effect of coefficient and product quantization

-

in various designs will be explored and the three types of realizations

will be compared. Cascade canonic implementation, fixed-point arithmetic,

rd

; two's complement number representat%on, and" quantization by rounding will

be assumed. The approach used is as follows:

~L
(1) The three different designs for 'each set of specifications

. . were scaled using Jackson's signal scaling technique
[6],t18] considering all possible Section sequences in

. each case.

(ii) The signal scaling determined in (i) was‘incorporated in

- each design and the output. nojise power spectral den;jty
(PsD) wa; computed for all possible section sequences. -
The optiﬁﬁm section éequence, namely the one yielding
the lowest inband-noise power; was chosen for each case.

' (i{i) The three optimum designs for each set of specifications,

propér]y scaled and connected were subjected tq coefficient

. n, .
quantization. The resulting passband ripple Ap and a mini-

mum stopband loss Ra were then computed for wordlengths in

. the range 7 to 20 bits {excluding the sign bit). The minimum
wordlength such that

* L "

A < max(Ap) A > min(A,)

- I

&z




-~ -

< INFERIEURE 3
y )
1

o o . -T2 -

i
3

were determined for each case.

' ' " (iv) The analysés in step (iii) webe repeated using floating-.

o

point arthmetic but without §igna1 scaling.

;. 4.1 Signal Scaling ,‘;,’r’

If the amp11tude of any 1nterna1 signal in a fixed-point implemen-

tation is allowed to exceed the dynamic range, overflow will occur and

the output signal w111 be severly dxstortedc iQn the other hand 1f signal
' amplitudes throughout the filter are undu]y low, the filter w111 be
0perat1ng 1neff1c1ent1y and the s1gna1-tp-noﬁse ratio will be poor.
Therefore, for aﬁtimum filter performance suitanle.ﬁignal scaling must ‘
be employed to adjust various signal levels.
A scaling technique to one's orltwo's comp]emenf implementations .
was deve]oped by Jackson In this techn1que a scaling mu1t1p11eq Ai
is used at the input of each f1lter section H so that amplitudes

of mu1t1p11er inputs are bounded when the input of the filter is bounded.

Under these circumstances, adder outputs are also bounded and overflow

can not occur.

¢

In order to obtain the values of the scaling multipliers, Aj» one
+ i * method would be to employ the Lpénorm notation. Tne Lp=norm of ap arbit-
*rary periodic functién A(w) with a period Wy is defin€d as
mox 4 e
1/p ’ '
f
- [ | 1A(w) |Pd] L4
o 0 / . L - N
1f <A{w) is a continuous function, then one .can show that >

.
' ' I - i * . - -
- ! »
- A , 27
. . !
'

f
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Lim 1AL = 1A1_ "= max|A(u) | . o L
pre P ’ 0<m<w° i R S !
® Using the properties of A(w), (per1odic1ty and continuity), and the )
) L, -norm notation Jacksog’ proved that for values of 'scaling consfants
— » ] . '- -
v . ; ' '
| " ] s
< I—r—-
f T . T Hi © [ \ ’ “ g
‘., ‘ ' Q ~ . . { b , ' ’ .,
multiplier inputs woul‘d be bounded and overflow will not.occur. In the
case of the parallel or cascade reaHza-tion efficient scaling can be’
"accomph'shed using one multiplier pe\r section. The arrangement of the
o - o scaHng mu1t1phers for ‘the cascade: rea]ization is 111UStrated in F1gure
. 4.1. The sca]ing multipliers are given by A Lo SR
PR o »
¥ 4 ‘ . Ay . .
N ‘ R m] ‘ 2 L n L 4.2
R Qo['“‘""‘{I Ve HiQlot]
4 ‘ v A ‘ - <
where ~ .
{1 © for i=0 . -
{ . ‘ | A
J Qo.' ) %\ i‘] 3 ' d . A )
{ nlo An fqr.ig_l,
- q - %
N N \ ) [3 ' R s‘
and s
v L ’ .
o <k O for i=0 -
S . b L .
14 { -
» L . / -
: oo ?1 H . for i>1 , :
; L { n=) n-- LT
5 - {
: «
: ' v
i T
e
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(z)

X(z) —1H

o , M

0

) ——CO——p o [0
i \ ’ y (b)

-

e -+ (a) 3 'sectioms

> , : Q, (b)" 2 sections

-
§ <

L
&
~_,

Hy2)

»

%

*.. Fiqure 4.1 Scaling of cascade realization
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Hn and Hr" represent the magnitudes of the overall and partial .
7

transfer functions o: the/nth section respectivel’y.

-

Aégg;ding to Eqn. 4.2 the scaling constants for each section of a

two-section cascade realization can be obtained’ as follows:
¢ B

2
A0 T max H]]m. . ’
N T3 max[lﬂ]H TS TR ] L
0 12w T2l |
1

‘2 = Tqmax[TL AT T

—~

For a three-section filter we would have . .
. 5 |
. - N ?ﬂ"".‘
Ay = ] :
0 max[lH1lg;‘lHilm]°
1

Ay = I
17 S gmaxl VA, T TR AT

i A

onlmax[lﬂ]iw3ld , TH

AR ] |
| . c L
u 3 XM Azmax[ﬂllﬂzﬂsrm] i . | : . .

u
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4.2 Product Quantization
The output of ‘a finite-wordlength multiplier can be expressed as
Q = mx(n) +e(n)
. * . \-,
: ' where * . -
2} - : i
x(n) = multiplier input , \ A '
m = multiplier coefficient . 3
. e(n) = quantization noise
%
1f quantization is by rounding, e(n) 4s a random process with uniform
_probability density (white noise).
The nonideal multiplier of Fig. 4.2(a) can thus be modeled in terms
of an ideal multplier in series with a noise source as shown in Fig. 4.2
\
oo (b). Under reasopab]e assumptions one cah show that in a .filter, the
\k ’ _ noise generated by individual multiplier elements are statistically

independent and add up in linear fashion. Based on the model of Figh

i

4.2(b), a canonic configuration can be represented as in Fig. 4.3, whére

’ - each multiplier is accompanied by a noise’ source e(n). Since the noise

+

sources in the canonic section are statistically independent random

processes the powen spectral dens1ty (PSD) of a sum of several processes

- {s the sum of the1r respactive power spectraw dens1ties If H1 is the °

transfer funct1on of the ith section of the. filter, then the PSD of
that leQ%on is given by
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. = H, . . +
| 'P1 H1(z)H1(z ) jil SeJ(z) '\124 Sej(z)
where .
] L2
2= a
SEj(z) = 2 = ] -
L= word]eﬁgth of register .
q-= qi:antization step ‘)\,J | R

In canonic second-order sections, which constitute the building
blocks of our realizations, a01.=a21.=l and hence the expression for
the power spectral density is changed to

3
Py = Hi(2M(T) 3 S 5(2) + 5,(2)

J=1
For a K-section fi]t{er, the "overall filter power spectral density

is therefore \obtained as

P.
1.1

SIS

PSD =
- -4
N

Clearly, the power spectra.] dengity function is frequency dependent. ‘
If wo is the passband edge, then the passbandghoise power can be com-

puted as: ' d "o

¢

NP = o J PSD{w) d(.u

}p ﬂ . R ‘ w.o
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For each filter, the value of noise power will be ‘different for different
pbssib]e saction _sequences. The optimum section sequence will b\e the’
arrangement of filter sections H, sgch that the noise power is minimum.
In case of two-section filters there are two péssible section arrangements
of which one arrangement will havé the lowest noise power value. In the
case of three-section filters there are six possible section arrangements
of which one arrangement would provide the optimum inband noise power
va,fue. Table 4.1 depicts all possible section configurations for two-
;ection and three-section filters. Based on ‘the optimum value of naise
power, proper scaling constants Aq. c‘gn be évaluatéd.- The set of scaling
coefficients )\’1? for which the noise power is minimum, is called the .
optimal scaling coefficient set. The optimun sets of > * for the various
types of fi]ters; and specifications are given in Table 4.2. The corres-
ponding values of noise power are pr;asented in Table 4.3. As can be seen,
the desi‘gns with -mjnimum passbind ripple yield similar r:esults as the a
designs with minimized maximum pole radius, and bo;h designs lead to
significant reduction in the inband noise power re]ati’ve to that in the
minimum-order eHipti,i: desian. The reduction ‘in the passband average of
the‘P’SD that\can be achieved is in the range of 1.7 to 12.2 dB. Power
spectral density curves were plotted for each optimum-seqyuence design'
and the PSD was found to be approximatel) constant in each design.

Figs. 4.4-4.6 illustrate such curves for 3 different examples.

G

.o~
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" Table 4.1 . Section arrangements

-

2-Section filter

Configuration Section Section
A ] 2
B : 2 1

3-Section Filter

Configuration Section Section Section .
A ] 2 3
B / 1 ° 3 , 2
C 2 1 3
o, 2 3 1
E 3 1 2
F- 3 2 1
’ ' ) \
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Table 4.2 Scaling constants for filters No. 1 to No. 9

Scalinag constant

Filter No.] o M Y21 3
A 1015565 | .248244 | .248244 | -
B - | 5060145 | .4308629 | .670787 | 1.0
c .4042439 | ,386584 | .385956 | 1.0
Scaling constant
‘ Filter No. Y M Y20 3
g
E A 037145 | .037336 | - | -
B 1371215 | 1510497 |.1090255 1.0
c 1739195 | .1519232 088522 | 1.0
" Scaling constant | o [
Filter No. o | M Y2 173
‘ L
A .0060937 | .012354 |.4726855 -
B .0353152 | .0590116 |.1908546] 1.0
o . C : .0309583 | .0843908 |.139233 | 1.0
Scalina constant , ‘
g . lter NO. | *o M ) A3
A , 10109 20663 .- ; 1.0 | -
. B (438743 | 3086003 |.633999 | 1.0
C . |.402738 | .203543 |.2888894 1,0
\
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Table 4.7 Scaling constants for filters No. 1 to No. 9

Scaling constant

!

Filter No.5 "0 M 2 A3
A ' .0277023 .070237 |.379612 -
B . 1_12889 1270203 |.095355 | b. 11658
C . 0886661 .188963 .104672' ) 4.10115
Scaling constant B
Filter No.6 ‘o M Ao A3
A . 004053 .038666 [31.61463 -
B .015861 041622 173484 | 42. 96605/
C .0156771 | .0331266 .2183175| 34.3472
aling constant
Filter No. A o Ao Aq
A, .136914 .29431 1.0 -
B . 403864 217275 .3725154 1.85527
. . 308005 .270713 .420897 1.195687
Scaling constant
1lter No, | A0 7‘1 )‘2 a)‘3
A .03325 .063867 .911769 -
B . 066924 .1079435 174967 | 13.275364
C . 074245 084074 .27762 9.896252

- ._!i‘_*l

t_é'

[
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-Jable 4.2 Scaling constants. for filters No. 1 to No. 9

Scal 'i;ug cons tant A ,
Filter No.9 o, N Xo A3
A .0036425 | .057586 |80.437655 -
-B .011431 063968 | .175635 | 121.4572
c. 011692 045816 | .264296 | 90.370699
.

PN

i

v

“minimum order elliptic filter
minimum ripple elliptic filter

minimized pole distance filter

f

|
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Table 4.3  Optimum section configurai:ions for filters No. 1 to No. 9

B, Fi]te: A Filter B Filter C
! l'te:”g. seq. | N, ” Seq. | N, & Seq. | N, &
1 A (316 ] ¢ | 19.02 A | 2315

2 B 48.09 D 40.63 F' | 39.76

3 A | 61.38 D 54,76 D 54.12

4 p 32491 ¢ | 20.43 E | 25.81

5 A | 41.52 ¢ | 37.67 ¢ | 37.8

6 A | 5158 ] A | 46.14 A | 46.87

7 B | 28.96 | A | 23.9 ¢ | 25.49
8 A | 3647 | A | 3475 A| 33

9 A | 46.67 A | 42,94 A | 435

k0
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"*. 4.3 Coefficient Quantization ., ' ;

! In softwaf“e as well as hardware-digital-filter implementations,
numbers are ultimately stored in finite-]enuth registers. Consequerﬁ:ly,
“coeffiients and signal values must be quantized by rounding or trunca--
tion before they can be stored. Coefftcientﬁs of the transfer function
.are‘nomaliy éva]uated toah)jgh daegrée of accuracy during the approxima-
tion 'step. If they are quantized, er'rors will a;"ise. Errors in caoef-
ficient quantization introduce pertur"bations’ in the zéros aﬁd poles of
the transfer function which in turn manifest thgmselve,s as errors in the b

RN frequeqcy response; that is the passband ripple A wjﬂ increase arid
the stopband loss Aa wﬂ'l‘p,e »re‘dutg‘d. Depending on the 1engtf1 of ‘the ~
registgr, errors in coefficient quantization can cause the filter to.
violate the desired set of spec1f1cat1on Seﬁsitivity of the %i]ter to
ceoff1c1ent quantization is parﬁcu]arly important when the po]es in
°

the z-plane are closed to the unit ¢ircle. In such cases, coeff1c1ent

quantization can move the poles %n or outside the unit circle which in

¥
-~

turn will J'ead‘to unstable fﬂltér. " - : ¥
The hardware imglementation of digital filters, like the implementa-

tion of any other digital hardware, is based on the binar! number” repre-

sentation wHich can be of the fixed-point gr ﬁ]oating-point‘type. In}

the fjxed-point arij:hme‘tic, as the name implies, the true binary point" -
~occupies a specﬁic physical pos'ition in the register where as no specific

ph}sma] pos1t10n of the reg1ster is assigned to the true binary point in:

the .case of the roatmg point arithmetic.

1n_f1’xed-point arithmetic, numbers are usu,aHy aséuﬁed to. be proper

fractions and the .binary point is usually set betv(een the first and



A

<«

_ that can be handled is small and the percentage error produced by trunca-

— T 90 - R
T 5 R

o\\\x

‘second bit positions of the register. Thé first positign is reserved” for “\f\N‘\e

the sign of the number. Depending-on the representation.of'negative -

9

numbers, fixed-point arithmetic can assume three forms: BN

“ .
-
- \
. .

1. Signgd magnitude ,
2. . One's complement o :
3. Two's'complement : i : ‘ ~

Pl

» .
!

A~Of the above three Porms, two's complement arithmetic is widely used in

fixed-point implementation of digital filters. In fioatinggpoint arithme-
RN ) L ’ b i

tic, numbers are stored in registers Wﬁ*ch are subdjvided into two seg-

ments, one for the signed mantissa and the other’ for the s1gned exponent.

F1xed -point and Tloat1ng -point ar1thmet1cs have the1r own merits

and demerits. In the case of f1xed-po1nt ar}thmet1c the range of numbers

tion or rounding tends: to increase as the magnitude of the number is

_decreased. Flogting-point arhthmeticva11eviates these problems to a

.. . e .
large extent, however, implementation of floating-point arithmetic =«

increases the hardware cost and reahces the speed of process1nq .
8

In order to éxamine the effects of coeff1c1ent quantization on each

'de51gn, coeff1c1ents of Tables 3 2 were used Both fixed- po1nt and float-

ing-point arithmetic were ¢onsidered and coeff1c1ent quant1zat1on was
assumed to be by round1ng.! Variations in the values of the passband . o

ripple A, and the stopband loss Aa with respect to different word-

3
1en§ths were studied. The minimum wordlength required to satisfy the

prescribed spec1f1cat1ons are g1ven in Table 4.4 for the fixed-point

erithmetic and in Table 4.5 for the floating-point arithmetic. In both

)




— ") ————
// . o
e - 91 - = .
. .
Table 4,4 Required wordlength (fixed-point arithmetic)
EXAMPLE | A . B I.' C . .
|
1 N 7 9
.
+’ 2 15 A 7
A .
.3 13 10 10
s o9 7 7
s 13 8 8 .
" . y L] E 4 y ’
6 150 19 1 ‘
/’ 7 8 7 7 -
'8 13 9 Ty -
9 ¢ | 13 10 . 10
\
) e . .
‘ : e
! ) f
(¥ -
A -
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' { Table 4.5 Required wordlength (floating-point arithmetic) - .
. ' , . N i . ‘ - ' 1 .
! oo EXAMPLE 1 - A - B. -C "
, . y S . ”
« ’ ; 1, b
" 1 11 . 7 ' 6 R .
- N » 7 ’ -
. c / .2 12 6 - 7 ‘ :
» v 7 - & - ) .
. v 3 . ]4 9 9 * >
\l
‘ : : . , A
. ‘ ~ 4 9 5 5 N
- 5 n 7L 7 o
] ; . - " -
\ 6 12 9 0. X ,
. \ " — X . —
_ o 7 13 8 8. . . .
. ¢ ' ‘8 8 6 -6 )
% ‘ - ) :
- 9 14 11 10
V‘ - .‘ ¢ A
! -y
h 1 , .
- {t' ' LY
N , ¢ .
, ' ? ¢ 0
7wl 1 S’
- , - v
A . N * " ) .
. 6 ~ ,
\ - — - e
Y A .
) ‘ (ﬁ . -
-] ) N ‘.
. , . v . . .
N . .
N /.7 : :
' r
. . A ]
) . A .
. . ’ ‘
¢ .‘ w b ~
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cases, désigns with minimized passband ripple yield similar results as

the designs with minimized-maximum pole radius. Both designs Tead to -

significant reduction ir; the wordlength relative to tfwat in the m_inimum-

'order design. Reduction in the wordlength range§ from 1 to 8 bits’}for

‘the case of fixéd-po:lnt arithmetic and from 2 to 6 bits for the case of

ﬂoating-point Qritﬁmétfc depending ¢n, the desigh. © Figs. 4.7-4.13 °

“il1lustrate the variation of passband ripple’ -Ap and stopband loss ~Aa'
with respect .to thé‘word]en"gth for examples 3, 5 and.7. The relative

insensitivity of minimized-maximum-pole-distance filters is to be noted.
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Figure 4.7
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CHAPTER V

A S ‘ ~
A CONELUSIONS '

Two distinct’mefhods for the reduction of coefficient and product

» quantization effects have been‘investigated, In both methods:a degree
of freedom i; introduced in the design by increasing the approximation
order. The degree of freedbm/gained is used to miniﬁize either the
passband ripple or Fhe maximu% pole radius. In the first method’ihe
allowable margin for coefficient quantization error-is increased while
in the second-hethod the sensitiyity to coefficient éuantizatioq is
indirectly reduced. ' /f ' ,

The two methods were used to design a diverse range of 1owpéss’fi1=
ters including sqme narrowband, high-selectivity, low-passband ripple,
and hibh-stopband~attenuation filters. The results show that both
methéds lead to significant reductions in the required wordlength and
the inband-noise power. The reddctidh in the wordlength that cag b? .

achieved ranges'from 1 to 8 bits for fixed-point arithmetic and from 2

to 6 bits for floating-point arithmetic. The cérrespon&ing reduqtion

ih'the passband average éf the PSD. ranges from 1.7 to 12.2 dB.

As cap be seen in Tab{és 4.3 to 4.5, the two methods yield similar
improvemengs. Theu:eason is that both methods tend to reduce the pole
radii relative to the pole radii in the minimum-order désigns; as is
evident in ;ables 3.2(a),(b),(¢) and in effect the sensitivity to coef-
ficient quantization is reduced in both types of designs. Minimization

of the maximum pole radius results in a lower sensitivity to coefficient

quantization. However, it appears that this advantage is almost exactly

, ) | i .

e
/

~
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counterbalanced by the associated incrgase in the allowable specifications

.margin in the case of the minimized passband-ripple design. The reduction

in the output noise in both types of designs is closely linked to a known

correlation, between attenuation sensitivity and output neise [19].

The minim{zed passband-ripple methggztnﬂike the minimized maximum-

>

pole-radius method, entails a minimal amount of computation and is there-

fore to be preferred. In certain applications, however, the latter

method might be preferable since the reduction in the maximum pole radius

%
tends to reduce the amplitude of limit-cycle oscillations [1].

An increase in the approximation order corresponds to an increase
N .

in the number of arithmetic operations per sampling period. Consequently,

the proposed methods introduce a trade-off whereby additional arithmet{c . ‘

operations are performea in order to reduce the réahired wordlength and
output.noise. This trade-off would be of value in applications where
the wordlength of available VLSI chips is inadeauate for the required
filter specifications or in apﬁ]ications where noise specifications are
very tight. ‘

Only the cascade realizationlhas been considered. Howéver,Jsince
the improvements are brought about at the approximgtion staQ;:*;};ﬁiér

improvements are expected if other realizations (except Buttqrworth)

ére utilized [4],[6]:[12j.
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