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- e g INTRODUCTION

In 1968, R.C. Courter [2] proved that every ideal 6‘f

a ring i;s idembotent if and only if finite intersections
A ané finite products of ideals coincide. Such rings are
called fully idempotent. It is easily seen that a ring is
‘a commutative fully idempotent' ring if andl only if it is a
commutative Voﬁ Neum_annlregular J:i.ng'. Among the non-
commutative fully idempotent ~rings are regular rings,

biregular rings, and r'i4ngs all of whose simple right modules

are injective (called V-rings - see [15] )

v

A factorization ring is one in whicﬂ every ideal can
be written as a finite product of primes. In [ 18],
- Professor R. Raphael showéfi tﬂat in & fully idempotent ‘
factorization ring, each ideal has a unique ‘prime factoriza-
tion of minimal length (i.e. using the fewest nu.mbér of
prime ideals), where the uniqueﬁess is taken to niean "unique
up to order". A number of 'interesting consequences on thé\ |

£

structure of such a ring arise from Levy [14] .

This thesis is based mainly on [18 ] , and in small_pért
on [14] . 1In Chapter 1 the necessary mqéhinery is develo’péd
that is used to proli're the stru;:tural results of section 2.1.
In section 2.2, Levy's results on finite subdirect-products of
prime rings [14] are used to examine the consequences of °

chain conditions -in fully idempotent factorization rings.

’

-——_

-
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In s+ction 2.3, examples are constructed, with special
atteAtion paid to regular factonzation rings, Finally 2

in tﬂe afterword, partial answers are given. to questions '

1 and 3 of: [18] , and Propos:.tion 5.2 8 (ii) is

N strengthened
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.Throubhout this \:hesis, all rings shall be ' associative

°rings| with identity.
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Chapter 1 Preliminai- ies

1. Central ldempatents and ,Boolean‘ﬁings

\

Definition 1.1: let R be a ring with identity. Then R is

called a boolean ring if X = x for each x € R .

If I is an ideal of a boolean ring, then 'x € I = x> € T
- N \ r .

shows that I C 12 . since 12 - I always, I2 = I and so

-

boolean rings are fully idempotent rings..

Lemma 1.2: The following are true.in any boolean ring R:

(1) x = —x{{or all x € R. . (ii) R.is commutative . .
. L 2
. Proof: (1) »(x + 1) = x+1 = x"+ 2x.+1 == 2x =0

}

» WX = -y .VXER. /,

) (ii) (x - y) = (x - y),z = x2 - Xy --yx + Y}
. . / ’
=x+xy—yx—yby(i)~0=xy—yx‘yx=xy'for-all
X, YER. 'O

.

) Proposition 1.3: ] Given the ring <R, + , > , if B(R) is
the set of central idempotents’ of R then <B(R), * , > is a

booleafx ring, where a b = a+b - 2ab . k 1’4

J

Proof: Proof is trivial, and involves only the verification
LA A LA ‘ >
oSthe ring axioms. It is worth noting however that the

. - .
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identity element of * is the additive identity of R. O

v

B(R) is a complemented distributive lattice as

follows: first define the opérations v ‘and‘ A and B(R) by
L4

e, ve,= e1u+e2 -e e, andel Ae, = e e,.

a}.so f < e whenever ef = £ . Clearly O < e for each e € B(R)

Define

-~

and e <1 for each e € B(R) . B . C e

v o

‘Define the complement of e € B(R) by e' = 1 - e .

Note that-ee' = e(l -e) = e —"e2 = 0 so that e A e! 0 and

e.ve'=e+(1—e)-ee'=l.

Furthermore, if‘a, b, ¢ € B(R) then: a A(bve) =
a(b+c-bc)=ab+ac-abc=ab+ac-a2bc= | b

(ab) v (ac) = (a A b)Y v (anc) .

o These definitions make B(R) into a complemented
‘distributive lattice if we note,' finally, that
f_<_g'\'ng=f+g‘-fg=f+g'-f=g..

Lemma 1.4: If P is a prime ideal of a boolean ring R,

then R/P is a copy of "the two element field.

Proof: Suppose x + P# 0 .. Then x € P . Now

M(l - X)x = x - x2 = 0€P 4s x is idempotent. Since P

»

is prime, 1 - x€ P .. .1 +P=x+P . Thus R/P is a_

ring containing only 0 and 1, hence it is the two élement

Y

field. a ' P



v

Corollary 1.5: In a boolean ring, every prime'ideal is

maximal. o ’ . 1

Definition 1.6: Let I be some indexing set. A set of

idempotents {ei?ier is said to be orthogonal if.e; ey = 0

* whenever i+ j . . ) ‘
74

. @

Proposition 1.7: The following are equivalent:

(i) R is isomorphic to a finite direct'prbduct of - ~

rings Ri,i =1, 2, v..,,n .

(ii) There are central orthogonal idempotents
: n
e; €R,i=1, 2, ..., n, with 'Zl e; =1 and e;R & Ri."“"**‘
l= >

n .
Proof: (i) = (ii) Regard R 2'91R as n-tuples whose iiz-E
l=

co~ordinate contains arbitrary members of Ri . Define e, to

i

be the n-tuple containing the multiplicative identity of Ri

in the iEh co—-ordinatg,.:éi‘i'd zeroes elsewhere. Clearly each
. n .

e. is idempotent and [ e, = 1 . Also

1 : i=1 1

e;R = {(a;, -..r ay) Iaj = 0 for j # i,a; € Ri} which is

isomorphic to Ry trivially, the isomorphism being the
canonical projection to-the iE-ll co~ordinate. Easily

{ej};.; is orthogonal .

i1 . i I3 E > * a 2 > h : =
(ii) (i) Let e, r€ey R Then e, (e, r) e, r

(ei 1:)ei since e, is a central idempotent. Thus e, R is a

Iy e . e A e ae - RN -

e gpana
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ring with identity éi . Since by hypothesis )
n n n

1= 1 e.€ T e.,R, we have I e.R = R . Now suppose
i=1_ Toj=3 1 i=1

-, m
‘e.r= £ e, . r . Théner=-e2r= [ e.e., . r =0 by.
’ 2 k=1 “Jk "k i i k=1 jk "k
jlki , n .
" orthogonality. Thus R = [ eiR = @ eiR. Setting

i=1 i=1
eiR = Ri completes the proof. O

- L

Definition 1.8: Let B be a boolean ring. An atom of B is

/

a2 minimal non-zero element.
’

Note that this definition assumes an ordering on B}

. the ordering is the one given earlier, namely f 5 g+ gf

~

Lemma 1.9: If e € B(R), then eR is in&ecomposable (as a

direct sum of modules) if and only if e is an atom of B(R).

Proof: (=) If e is not an atom of B(R),~there is

0=4 f e B(R) with f s e, £+ e . ‘Since fle-- £) = fe - f2

“
®

£f -f= 0, £f and (e - £) are orthogonal idempotentsl Now

consider eR as a ring with identity e . Clearly

f=efe eRand e - £ = e2 - ef = e(e - f) € eR. Moreover

f + (e -~ £f) = e the identity of eR . By Proposition 1.7
above, eR = f(eR) ® (e ~ £f)(eR) = fR ® (e - f)R which shows

that if eR is indecomposable then e must be an atom of B(R)

(*) Suppose eR is not indecomposable. Again by -

Proposition 1.7, there are orthogonal central idempotents
¢ '
[ -

~ .'. . —6:- .
e - S

-

\
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in eR, call them £ and g , ‘with eR ’=‘ feR © geR and

‘f +g=e , Now neither f ror g is 0 since if so the above

-
o

direct sum ciec.omposition of eR would be trivial and we are

»
assuming that itisnot. .. £ = e~g = f2 = £ = - gf = ef

<

so £ ¢ é and £ # e since .if f ‘e then g = 0 which is a

[

!

contr&dic{on. Thus e is not an.atom. We have sMown that if -

e is an akom, eR, is indecgmposable‘. 0

AY - . ) “

.

Lemma 1.10: Any, set of atoms of 'B(R) is orthogonal. B

~ -
. "

Proof: Let e, , 8, be distinct atoms. Then
ele2 = el‘./\ e2 = g.l.b(c?l:, ez) < el and simi v, ele2 < e2 .

< / * L3 P = » '
~ Note that e, e, #* e, since i1f e, e, then e, s & which

is impossible since e, #,elk by assumption and e, # 0 by

defln{tlon of an atom. Similarly, ele2 + el . e .;-3]__e‘2 =,’0
by the minimality of e ‘and e, a0 Rl
* ‘ VN ’ ' ’ N ) "

Lemma 1.11: If B(R) kisr finite® with atoms e ’ ...., e
. 5 .1 n

then B(R) is lattice isomorphic to the _1att.ice of -subsets

of an n-element set. ‘ o )

< o o

.

Proof: befine £:B(R) - P({el, ooy en}) ‘by

_E(a) x € {el, " en} I,x s al. | Clearly

£(1)

'Lel, iee s en} and £(0) = {'}. Now suppose e. s a .

i
and e:.L < b , that is ei e?f(a) Nn f(b). ,’Ij_hen qia = ei‘ar;d .

e;b=e. . .. .ab =.e, whi . € 1 . .
{ i e;ab =.e,, _ch;rTe‘atns"e1 f(aab) Y

e
1

- 7 - t\..'."‘.: o~

£
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. 0. f£(a) N £(b) € £(aAb) . Also if e, € farb), e s ab. -
‘- ._Since ab < a and ab <,b, e, < 'a/”a(d,éd\—s‘ b by the transitive \
property of the ;arigial order. ... €, e £(a) N £(b); so '
- £(@Ab) C £(a)'n £(b) from which £(aab) = £(a) N £(b) . T
Thus f preserves the meet. | P / |
. . . l : ) Ty ) N
If eie f(avb),‘ei < avb . 'I‘hap is e’i(a.vp) = ‘
e;a+eb-eab="e . Ife; .ﬁ_ a ghen'by’ minimali't{

©oeja = 0 which implies eib = e, , that is e, < b . Similarly

i
e; £ b=e, 'sa.%Therefore f(avb) C £(a) U £(b) . If
e, € f£(a) v £(b) Fhen e, saore; s b . Now e, _s a =
e-{avb) = e,a+ e.b ~e.ab-= e, + e,.b -~ e,b= e, that is <
i i i i i i i i

e‘i < .(avb)* so that e, € f(avb) . Similarly if e, s b ,

e, € £(avb). Thus £(a) U £(b) C £(avb) so we have

f(a) U £(b) = f(avb), and f preserves join.

, 18
.| Nowee f(a') = e € f(1 ~a) = e(l - a) = e - ea = e

‘,. » b
(since e s 1 ~aj » ea= 0+l £ a . e €f(a)'=e € fla'),

- so that f preserves complemept.

. . L

: A
We have shown that f is lattice homdmorpl}i'/sm. J .
Moreover, f£.is onto since if {411, ceny eik},g-/fel, c.o., €}
s - K . TR L n .
then its preimage is A eij . e
j:l . . .

¢
>

We now show f is a monomorphism. Suppose a #+ 0 . Then S
there .is an atom in B(R), calfll’ it e, with e s a . .Then
~ e € f(aj so fla) # { }/./,' Now if a # b, then a Ab' # Q or .

a' Ab# 0., Ifaab"# 0 then f(aab')#* {} so

h ] . //



ORI

- ' ) ,
- . DI )
.

"£(a) 0 f(b)' # { } so £(a) # £(b)..\Similarly a’Ab# 0 °

= f(a) # £(b) - Tlt:\s fis mono, and\(ence 1.§ 8 lattice

\ ot

isomorphism.- O . : B

» . -
2. Regular Rings '

!

Regular rlngs were -invented by John Von Neumann to
- why

‘

simplify certaln aspects of his work on algebras of ‘operators

-on Hilbert spaces. His set of lecture notes [ 19] contalns

an excellent 1ntroductlon to the topJ.c. A general reference:

for thlS sectlon is Goodearl's vVon Neumann Regular Rings

[67 . " ' ' . o

#

’

Definition 2.1: A ring R is regqular if x € R=]y € R

with- x = x¥¢ x .. o .

An imme'diate consequence of this definition is that

every principal right {left) ideal is generated by an

idempotent. For, if x € R; a regular fin'g, then K

X = XYX = Xy = Xy xy" . That is, xy is an idempotent. s

Now since xy € xR .Xy R € xR . But xR = XYXRC xyR , so
. ‘

xR = xy R, establishing the claim. Proof for left ideals

is essentially identical.

L3

‘Lemma 2.2: In a regular ring R, evei:y finitely genefated

RN

(left, right) ideal is principal. o

eV o
N

- i -




. 1y
g

» @R + gR C (e + g)R .,"Cl"early (et+g)r=er+gr € eR+;3R', o "

[

Proof: It‘ is sufficient to show that. ideals generated by
two elements ar€ principal. Thé\.fnqre ge'neral result

’follpws by induction on the number of genera't;ors. .o

. Let I = xR + yR . Let'e be'an idempotent such that
eR = xR .- Since y - ey €eR + yR, eR + (y — €y)R C eR + yR .

Moreove'r erl + yr, = er:L + eyr, + yr, = eyr2 =.e(rl + yrz).--

+ (y - ey)°r2 € eR + (y =~\ey)R . .. eR + YR € eR+ (y - ey)R..

Thus eR + yR = eR +,(y - ey)R . Now, siﬂce e(y -~ ey) = -,

ey -,e'zg'/ = ey - ey= 0, if £ € (y --ey)R then et.= 0 .

-~

In particular if f is an idempdtent generating (y - ey)R, 't

+

then ef-= 0. Now set g = £ - 'fe. . We easily see the

followihg: . ' : -

(1) g2 =f%-fef -f2e+fefe=~f-fe=g

. ¥ ‘. ©oe 5 "
i.e. g is an idempotent. ™

~

A -
—_ oy N o

2

(1i) eg = ef ~ efe = 0, and ge = fe - fe’ % 0
... g is orthoéonal to e . ’ T, . ~”-.
(iii), fg = £2 ~f%e = £ - fe = g and fg = £° - 'fef =
f2-=‘f' - b . ‘ 0 t '
N , (."*,\ -

«Thus gR= fR = (y - ey)R from which we have-
. S
I=xR+ yR=eR +gR . Now consider a typical element

»

‘erlv + gr, of I . “Since eg = ge = 0, er; + gr, =
) : . 2 R .
| e’r; + egr,, + gerl + g r, = (e +'g) (erl + gr2) and so

. . v »
| * k

- 10 -

’
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so the reverse. inclusion also holds, yielding that .

I = (é + g)R is principal, as required. O

" We hote in pass:.ng that 1f every prlnCJ.pal (right, 1left)

'J.deal of R is generated by an 1dempotent then R is regular,'

for the follow:Lng reasons. If_ a € R, aR =,eR for an . 1
J.dempotent e . Since e is a left identity for eR, ‘and

a € eR, o = ey . Alsdo'e = ga' for some o' € R . ' Thus

o ='aa'o , and since o was‘arbitrary, R-is reqular.’

L

We now proceed to prove: - . .

Y
v
"

Lemma 2.3: Let J C K be two- s:.ded ldeals of a .regular

. ring R .. Then K is regular if and only if J and K/J are

both regular. T ) - ‘ ‘

@

A (

Proof: (=) Suppose K is regqular. It is inmediate that

!

K/J is, regular. Now let Xx'€ J . x = xyx for some y € K .

Thus x = xyx = xyxyx, and since yxy € J, J is regular..

7 y

(a-‘), Suppose J, K/J are both regular. Then if x € K,

x +J=xyx +J for some y € K. That .is, x - xyx €' J . ’
\ Y - . :

Since J is “regular, there is z € J with x - xyx = ;
(x - xyx) z (x - Xyx) . Expanding and transposing terms

yields: x = ‘xgz - yxé - zZxy + yxzxy + y)x . New,' the term,

in the brackets is clearly in K, from which K is reqular. O

g L.
‘

I

¥ o e e astree mads b daen e tamin som * - ke e
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Definition 2.4: A ring R is called a subdirect product

of t:.hei rings s; (4 € I, some indexZgjei:) if there is &

., o u is epi for each

‘monomo'rphis'm.u:R'h I8, so 'that
' ier 1

- o \
e .

projectiop m.

Lemma 2.5: R is a subdirect product of the i’ings Si ,.

-

ie I : if and: only if ‘Si.g R/Ki where Ki is an ideal.of’

Rand - 0 I, =0 . b
i€I 'l) N
Proof: (=) If R is a subdirect product of the rings
Si , 1€e1, Ty e U:zR = Si is epi by definition. Thus
S;. ~ R/K;» where {i = ker(m, o y) = {reR | u(r) € ker Tl'i}"
Now.ker m..y» QI _S. , so° N ker w. =0 o, -
. 1 1€l J i€TI. 1 )
CJ#i A . . ' '
i, N K. o= N {r € R|p(r) € ker m b= ,

“ier "1 ieg

¢

{r € R|u(r) € n ker m.} = {r e R|u(r) = 0} = 0 since u
< i€I . ‘ : '
is mono. - ' 3 . '

)
»

(<) ASsume S, v R/K,, 'n K, =0 . |pefine - , :

- 4 1 = 1" jer 1 -, oo

tR-+ I R/K. b r) = (r + K.,). . Then ,-

H ;o R/Ky by u(r) = | ‘l)lEI

keru.={re€e R|reK, Vi€ I} =(n K = That is, °

, ) 1, ier 1

‘u'is mono. . Moreover, (r. °. u)¥r) = 7. ((x/+ = r+K
" j ¥ 3¢ tjer 1T TRy

for all j € T . Thus R is a subdirect product of R/K, b
"'L€I whenever N K, =0 . 0O
ier 1
Thé following is due to Fisher:
C,

3

") 1 / | ~ ., ' e
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\ Probositioﬁ 2.6: Any finite subdirect pfoduc; of regular

\ rings is regular. o : .
o ‘ / - ce
Prodf: It is.sufficient to show the result for subdirect .

products of two rings, the more"geperai result following . .

s - . ‘
~ d

-

by induction. o : : -

5

If R is a subdirect productof two regular. rings,

these rinygs are iSOmorthc td R/J,R/K where J and K are’ .
- . s » o

ideals of R with'J n K = 0 (by the preceding lemma).

Now R € J + K so (J + K)/K is an ideal of R/K . By

3

Co o ) )
Lemma 2.3, it is regular. Moreover since J N K = 0 and "

. - ‘. ‘
K/K= 0, (J+K)/Kr J .7 Thus J is regular. Since R/J .
. . . \ '
is also regular by Lemma 2.3 so is R . 0O

<

" The following provide prototypical examples of L.

regular rings: L D
Lemma 2.7: Let R be the ring of nxn ‘matrices pver
. '+ -a field . R is regular. , ‘ - ' T
4

Proof: For.0 €R, 0 =0A 0 for anya € R .
Proof . 0A 3 4 Now

suppose X € R is non-zero. If rank-X = r < n, there are

éleme?tary mqtriqes Ei ; ee ey Ek: such that x'"El*'“;: 'Ek
Ipy * . .< . ‘ -
’53-5/ , which is an idempotent. Since:the élqmenta;y ,

\ matrices are invertible, the ideal-generated by X is equal to

the -ideal generated by the idempotent.- Now by the remarks

, ;
s J s ’ [

@ . R N B - n ateemai & il
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preceeding Lemm? 2.33 R is reqgular. O

We note'th;x since X = X(El * ... -Ekix, and since

v

»

| ?l *...*E isa unit, R is unit-regular. | \\
' Leﬁﬂa 2.8: Let vl‘be an infinite dimensional vector

space, and let I be ‘the idkal of End (V) coﬁtaining the
linear transformations of finite rank. I is a reguldr
" ideal. . \

\ ‘ - ' o0

N

Proof: Let fei} be a basis for V and let T:V - V have

finite rank. That is‘hﬂw has basis {vl, ...,vk} where
. \ .

i- L . : .
vy = L Eij el:l .* A typical element of im T has the

j=l . . ,
_ k k Pi » R
form L A; V., = L I X, &, e, which is a linear

i=1 % ielg=l YTRY ‘

: \ - ‘
combination of finitely many elements of {ei} , call them
h 5 v
" €i, 5 +s- €1 Wherem < L nj.
1 m i=1 \

Now T can be regarded as being the zero map on all
but an m-dimensional subspace of ¥, call it v, . Write

Vas Vay vV @ N where N has basis ﬁ?i} = legy e ey} .
By Proposition 2.7, there is a linear transformation

Y

' . o .
A:V -V with 7T = T AT . ‘Now define
~ m m ’Vﬁ }Vﬁ Ivm. v

A: V- VbyA= (A,0) . Then T= TAVT . O

\
Y
\

Corollary 2.9:'' Let V and I be as above.
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‘Let C = (kI |k€K} . Then the subring of End(V) -
. R \ .

) . generated by I and C is regular.
Proof: Since the rank of kl‘v is the dimension of V,
CNn I=(Q) . Thus I+C/F v C/INC % C which is regular

as every element in C is invertible. By Lemma 2.3,
’ !

I+ Cis regular. - 0O < ‘ ‘ .

More generally we have:

»

Proposition 2.10: If V is a vector space over a fie€ld,
" . . + .

End (V) is regular.

- /
d

Proof: Let f € End(V)A, £+ 0. We may write

[}

o Vo kerf © U vimf oW . Define\f:,U >imf by f = f|u
‘ " Since ker f =kerf n U =-0 , f is injective and since it.

is clearly surjective, it is an isomorphism. Let g = F *

ya

L 4

Define g:V - V by g|.

img — 9 and glw= 0 . Then, as

tequired fgf = £ . : :
We end this chapter with the following:

Definition 2.11: A ring is called biregular if every -\’,

two sided principal ideal is generated by a central

.

i idempotent.

We note that if x € R, a biregular ring, x = er for
1 - 'C‘ )
e € B(RY, r€.R. Thus x=ex = (e+ 1) (e+r) , so that
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. - Clearly every ideal of a biregular ring
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. Chapter 2 Fully Idempotent Factorization Rian

i

»

Elementary Definitions and Main Results

L-2

Definition 1.2: A ring is called fully idempotent if for

Definition 1.1l: A ring is called semiprime if no non-zéro

~ideal is nilpotent. , ‘ .

é

each ideal I, .I” =TI .

o !

|

Lemma 1.3: Let R be a ring. The following are equivalent:

(i) 1IJ INJ for all ideals I, J of R .
(ii) I° = I for each jdeal I of R .

(iii) R/I is semiprime for each ideal I:of R .

¢ 2

Proof: (i) = (ii) IgJ=1INg = II= I =1INI-=T1I9.

(ii) =~ (iidi) Let JI be an /ideal in R/I and let J be

/its preimage in R under the canonical homomorphism

c:R =+ R/I . Since R is fully idempotent, J2 = J, so that
¢ . n '

each element x € J has the form x= ¢ a,b, for some
) , i=1 1 n‘ -
a. ,b. € J,'i=1,2, ..., n. Then o(x) = Z. ola.) o(b.) .
1~ 1 . ) l=l 1 21 .

2 S 2 _
Tht::s,;TI c JI. and since-always JI c JI’ we have JI = Ji .
Thus if JI=¥= (0), JIn = JI* 0 for any n E‘?I , SO0 R/I has

no non-zero nilpotent ideals. .. R/I is semiprime.

. '

X P ' . ) N rd § ' . ”
(iii) = (ii).- We prove the contrapositive. Suppose R

s

1




. fully idempotent.

—

is not fully idempotent. fheﬁ there is an ideal X of R
with X2 g X . Consider R/x2 . Since'tpe\above containmént
is stric?t o(X) # (O) ih R/xzv,'where c}is‘fﬁe canonical
homomorphism R -+ R/xz-. In fact o(x) = X / % SO
(0(x))2=(x /%92 =x%/ %% = (0) . We have displayed

a non-zero nilpotent ideal, so R/X2 is not semfbrime.

.. If R/I is semiprime for each ideal T of R, then R is

d

(ii) = (i) Clearly IJ C InJ . Also, -

2_ .1 , )
(InJ)" = { & aibi_l aieIn,J,bieInJ}g |

i=1

n ‘ o ,,
{,L a;b, | a,€1,b €J} =13 . Thus (1nH?crrcIng.

Since R is fully idempotent, we have a sandwich, and
(InJ)2=IJ=InJ.‘ a ‘ ‘ .

-

Definition 1.4:: Let R'be a ring. R is a factorization

ring if every ideal of R can be written as a finite product

=

of prime ideals. t

!

Definition 1.5: Let R be a fully idempotent factdrization

ring, and let I be an ideal of R . A representatian for

I is a finite product of prime ideals equalling I . A
¥

‘reduction of a representation for I is a representﬂtion

~ ¥

using a subfamily of the ideals used in the original

representation. A reduction is proper if the subfamily

is proper. A representation is irredundant if it s

/

- 18~
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no proper 'reductiors.

I

Proposition 1.6: Let R be a fully idempotent factorization

ring. Then :

-~ -

(1) Any ideal Has an irredundant representation,

which is unique up to order..

o

{ii)  Any representation for‘an idea!'can be reduced
' to an irredundant one, which will have smallef length
unless the original representation was irredundant.
N \ Proof: (i) * Let I be-an ideal of R, with I = iﬁl Pi . If
A non of the Pi's can be removed without changing their ‘

product, then there is no proper reduction of this
representation and'so it is irredundant. If, on the other
hand, some prime idealﬁPil can bé removed from the list . !

without changing the product, we have a proper reduction
: n

’.I“

"of the representation : I = igl'Pi . This process of
i#i]

re\oving prime ideals can continue at most n -1 times.
Wheénever it ends, the result is an irredundant

) y .
representation. ] ;o p

- i

| (ii) 'Suppose I.= Pl,ﬁ"‘ -P1 = Ql . Qm are two
distinct irredundant!rgpf/sentations f I . Since R is

fully idempotent, fiﬁit products of ideals coincide with -

1]

finite intersections, [so products of finitely many ideals

m ~ " .. e ’ ! - vvmem e ma - [ oyl




g el gt

" the proof. o

" commute. Thus, without loss of generaliéy, we may let the

common prime ideals come first in each representation.

That 1is, Pi = Qi for41 =1, 2, ..., rwithrsn, rsm.

Note that r cannot equai'h for if so r < m by distinctness

of the representations. Then I = P, «...+P_=0Q,-...=Q,

= Q1 e th which coptradicts the irredundancy 6f -

Ql‘ ...-~Qm . By a symmetric argument, r# m .

n v n nm ‘m :
Now since N pP; = I Py = .I..Qi = .0 ; ‘ 2
‘m " i=1 % i=1 "1 i=1 Qi i=1 Q
I . C i % i i ‘.
i=1 Qi Pr-Fl-' Since Pr-#l 1s prime, Ql c Pr-Fl for

- 0 n kY
some i, 1 £ i< n . Similarly T P. € Q.- and Q. 1is
' i=1 1 * =

i Ly C » 3 i - o' -.- . -
prime so PJ Ql for some j, 1 s j s n P] C Pr-+l
This containment cannot be proper,®since if so, we have

C - ‘ o .
Pl L aPn = Pl * ... .Pr 'Pr_{_2 ... 'Pn which conradicts

the irredundancy of the representatdion. .. Pj = Pr-+l .

r+1 "’ Qi= Pr-+l which is a o

contradiction as P zthrough Pr were the only common primes.

But since Rj CLQi'c P

.- The representatidns cannot be distinct, which completes

-

Definition°l1.7: ©Let R be a ring. Denote by B(R) the set
-
of central idempotents of R. ' ‘

, 4
B(R) can be made into a ring CZth the same multiplication

as R, but in general with a diffe

nt addition (see,
Proposition 1.1.3). We now prove two lemmas concerning—

B(R) .

-20- ‘ -
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ILemma 1.8: (i) Suppose'I is prime‘ideal of R. Then

4

"I NB(R) is a prime ideal of B(R) .

. N ,
(ii) 'If-J is any ideal of B(R), then JR N B(R) = J .

L \ u ¥

Proof: (i) It is trivial to verify that I n B(R) isa’'-

a

group under the binary operation a *b = a+b - 2ab .
Now suppose a € I n B(R) . Then if x € B(R) , ax € I and
ai € B(R) so I N.B(R) is 9iosed under tf;e ring action
from B(R). .. I.ﬂ B(R) is an ideal. 1ILet a,b € B(R) wii:h *
abEIﬁB(R)"..ThenabEI”aEIorbE:Isince‘Ii; {
prime in R .° This implies a €In B(R) .or Eb € I n B(R) .

Since B(R) is commutative, this means I i/s, prime.

@ - B 3 . | .

(ii) Since JCJR , J CJRNB(R):-. To see the
reverse 1nclus:.on, we need to sh&w that any element of JR

has the former , e€ J, r'€ R . Following Pierce [17]

we do it ;hls way: _SJ.n‘cen‘ei . (elver21 Vieeo V en")( = ei .‘
fér l<isn, we ha:e.igl e;r, = 51 (e pve,v...ve )eiriy \
(e v e2 VeeolV en) 1El elrl : SJ.nce J is closed und;:r v

"(see sectlon 1.1), every element of JR has the requlred f’@rm.

LY .
. N )
. Let er € JR N B(R) . Since e € J which is’an ideal of
. . ' e ;
B(R) , er = elr = e(er) € J .. \
N T . . - ) ’ ¢

. JR ﬂ_B(ﬁ) C J which completes the proof. 'O ,

~ , ‘ : BRI
o
Lemma 1.9:  If R is a fully idempotent factorization ring,

> v

a°

- Qk\
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then B(R) is a factorization ring, and hence a finite’

boolean ring.-

. . X ' N
Proof: Let -I be an ideal of B(R) . By Lemma 1.8 (ii),

and since R is a factorization ring, I'= IR N B(R) =
4 %= i
(Py 0 ... nP) N B(R) (P, n'B(R){ N ... 0N (Pn.ﬁ B(R)),

.with P through P prime ideals of R. In view.of

1
Lemma 1.8 (i), P; N B(R) is-also prime in B(R) for

i=1,2, ..., n . Thus B(R) is a factorization z:jlng'l.

" In particular, e B(R) and '(i - e) B(R) can be written

as*M, n ... N Mn and P, N ... N Pk respectively. Suppose

1l 1
(L - e)y for some x,-y €B(R). Then y = e(x + y)

ex
which implies that ex = (1 -~ e)e(x * y) = 0 . Thus

Ml n ... N Mn N Pl. n ... N Pk = (0) so by Lemma 1.2.5.B(R)

is a subdirect product of the rings B(R) /M; , B(R) /Pj with
l <isnandl <.j< k. SinceMl, ’Mn'Pl’ ~ . ,’Pk

‘ ~ T,
are pr."ixqe‘,[ by Lemma 1.1.4 these rings-are in fact all

-
°

copies ,of the two-element field. Now
B(RI/M; @ ... ©B(R)/M ® B(R)/P; ® ... ® B(R)/P_ is
finite and B(R) is isomorphic to a subring of this ring,

rand so B{(R) is itself finite. a

1

&

Proposition 1.10: A finite direct prodﬁc!; of fully

idempotent factorization rings if a- fully idempotent

¢

factorization ring. : '

- ( '




"if R= R, ® R

‘induction on the number of summands. We first ‘show that ;

’

-

Proof: It is sufficient to show the result for a ring R
- iy - \

which is a direct product of two fully idempotenf

factorization rings, « the more general result following by

~

1 2 7. Rl' R2 fully idempotent, then R is also
: \ .

fully idempoten%. ’ T :

Let I be an ideal of R = Rl i) R2~and éet »

Il‘=,I N (Rl ® (O))iand 12<= In ((0) & R2) . It is clear
that I = I, + I, and I, N I, = (0) . Therefore I = I, @I -

-

1 F Iy and I “1°2J
Notice also that I, is isdmorphic to an ideal of R, , namely

nl(I),. while I2 is’isomorph%c to an ideal‘of R2 , hamely

-

vz(I),fwhere T, and m, are the canonical projections. .

2 L2 ‘ 2 _ 2
= and 121.—- I,-. Now I” = (1101_'2) =

1 0. I,.= I-. Therefore R is a fully idempotent

~

- o ’&
We claim now” that the prime idea¥s of R; © R, are

fhose of the form P1 ® R,.or R; P, where Pi is prime in

R, for i =fl,.2 .. For suppose,If#C Ry- and I, C Ry are

-1
in Ri [0} R . Moreovér if Both are

ideals. 1If either I, ‘or I, is not prime,'it is clear that.

neither 1is Il 0] 12

prime and proper ideals of R and R2 respectively, then we

1
notethatIleRZ¢Il@12anaalex d:I QIzye{:
tIleR)(RlaJ:)=IlleR212=IlerzsoILe.121s «

" not prime. Conversely, ideals of the required - form are - -

 trivially prime, which proves the claim. -




14 !
1]

T Now if I =°Il o 12 is an ideal of R 5%31 ) R2,

regarding I, as an ideal of R, For i = 1, 2 yields:
Il=,Pl T ie. Pn and I2= Ql

"
I =,(P1 ® Ry) * ... * (P @ Ry) * (Ry Q) ¢... «(Ry'O Q)

.- ... "Q from which:

/which is a product of 'prime ideais,_so R ié EY factorization
ring as.-'well. [0

Y ¢ [

P oposﬁzzbn 1.11: A ﬁfﬁite subdirect product of regﬁlar ;
& A
. factorization rings is a regular factorization ring.’

.t

- Proof: By Proposition 1.2.6, finite subdirect products

of regular rings are regular. Let R be a subdirect product

of the rings R/Ji’ i=1,2,...,n each-of which is a
o . . » .
regular factorization ring. By 1.2.5 nNJ, = 0 , and since

R is regular (and so‘fuily idempotent) J J_ =0 as

l . o o ) n
well. For each i, K + Ji containani and so (K + Ji)/Ji°

is an ideal of R/Ji and 'so factors into a product of

-
-

primes by hypothesis. Thus- K + Ji factors into a product
of primes in R. Let I = (K + J;) ... (K +J ). Clearly

I factors into a product of primes, and K = K® cCI. Since’

o Iy tewetd = 0, also I € K, so K factors, which completes

4 LY

the proof. 0O, ' N

a

i P%opésition 1.12: .A-homomgrphic image of a fully

a

¢

idempotent factorization ring is a fully idempotent
factorization ring.

- * ’

o
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Proof: If f:R * S is epi,.S % R/K where K = kerf:. Let
J be an ideal of R where R = R/K n S, and suppose that R is

, a fully idempotent factorization ring.' I# J is the canonical
: . ‘
- pré—iﬁége of J in k, th.en'J2 = Jand J = Pl -.:: " Py where
7‘-,  P, i = 1, 2, ...,n are all prime*ideals of R, each .
containing J and so neceséérily‘contéining K since J does.

g% =g = (3_)2 = (J/K)2 = J2/K = J/K = I, so- R/};\; S is

fully idempotent. Moreover J = (Pyj* -+ *P)/K =
:Pl/K <., -Pn/K is a product of prime ideals since each
P, contains K . Thus S is a factorization ring as well]. a

13

Proposition 1.13: A fully idempotent: factorization riﬁg'

) 'is a finite direct product of indecomposable fully iHeonEent
factorization rings. _ '
. L
' Proof: Let R be a fully idempotent factorizatian ring.

By Lemma 1.9, B(R) is finite, and so contains atoms

L]

CH e e, . By Lemma 1.1.9, e;r, ..., e R are all o
indecomposable rings (eiR havihg identity éi). By

Lemma 1.1.10 the set {el, f.t,en} is orthogonal. -Moreover,

n ' ,
this means that el Viee Ve = L e, . .Referring to i
; n i=1 1 . ;
Lemma 1.1.11, we see that as a lattice B(R) is isomorphic
N o

to Fhé‘lattice of subsets of {el, .f.,eh} . Since the

. - . il . .’ i S ~
by isomorphism preserves minimal non-zero. elements, g

f(elV.:" vep) =.{el}U... U{en} = {el, :..,en} = £(1) . ‘
As £ is a§ isomorphism e V... Ve = igl e, = 1. -i

PR Lot
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" Lemma 1.14:

.U. is an ideal of R

'~ k-2'entry for k# i, %+ j . For fibced'i,j,f:ij I E;

) ) v
Now by proposition
i=1
each e .R is indecomposable. Moreover, 'since e;R = 7. (R)

where . is the canonical projection to the itR coordinate,

.

_proposifiqn 1.12 shows that each éiR is a fully idempofent

factorization ring, which completes the proof. a

~
.

We now remark on notation: 1. Denote by Rﬁ the ring
of nxn matrices. with thries from R . 2. Denote by Eij
< ’ * ' ' L4 -
the nxn matrix with 1 in‘'the i-j position and 0 elsewhere.

1 . °

3. Denote by.ijP the permutation matrix interchanging

‘rows i and j and by Pj. the permutation matrix interchanging
‘ 13 .

columns i and j .

.

. \
~

Every iﬁééi of R, isbf\the‘form'Un where

] . .

= . . .

Proof: Let I be an ideal of RA , and suppose [aij] e I.

Simple computation shows that Eij [aij] Eij = aij Eij € 1.

P . K 4 'Y
Now-Eij I Eij is the set of elements of I with 0 in each
. is
LY l ]
an B-module and in fact isomorphic to an ideal of R ., the _

isomorphism given by E;. [a:;.] Ei. +ai. . Write Ei. I E:.
4 P g , Y‘ 13 [ l] ] l] lj 1_] Sl.J
as Iij C R ideal. Then I = [Iij] , that is Fhe projection

-~ . r3

to. R of each coordinate of I is an ideal. These ideals are

- N 4
all equal since ;P aiq EijJPjg = ayy Exes € Egg I'Epy o
. ) B

which completes the proof. o
2

o ‘n - . .
1.1.7,-R= &. eiR, and. as noted above, -




%

'
. r
. . . o '
» -
.

Lemma 1.15: .If R is fully idempotent,” so is RI; .

v -

Prqoof: (This proof is essentially that of Courter f[2].).
—_—=" s . R
Any ideal of R, has the form U with U an ideal of R by
. 1 ‘n - -
T . the previous lemma. -Considereaij‘Ei; E~Un . Since
2 k , 1 g
alj € U=0, aij = igl u;v, where uy and vy afe e emen?s
= uvy Ejy o+ ... b uw Bigo= .o
2 N
(ulElj)(lelj) +... +(ukEij)(vkEij) evu, . .Inasmuch
as [aj.] = L aj. Ei. , this shows that U-n:S Un2 .
37 1<i,jsn J ’ L

of U . Thus aj. Ej.
3 T3

Since always ng c Un r Ry is fully idempotent. ] .

4 Note that this correspondence between the ideals of

[y

Rn and R preserves intersection of ideals, that is

Un nI = (U n I)n for ideal U, I of R . Since in a fully

idempotent ring finite products coincide with intersections, ..
\ .
primeness is also preserved. This shows that: .
. 4 . . .

.

Proposition 1.16: If R is a fully idempotent factorization ~

ring, so is Rn . ) ' PN

L] P

Proof: I is an ideal of Rn » T = Uh' U an ideal of R.

U=P; N...N0 P = 1= (Py)y Nevo N (P)-. $ince each
Pi‘is prime, so is each (Pi)n’ whence .the result. 0 ,
 Lemma 1.17: If R -ds a fully idempotent factorization ring -
2

and e = e € ‘R, then eRe is also a fully id;mpotent

[

- 27 -




factorization ring.

- {

A

’

" Proof: Let T be an ideal of eRe . Then RIR is an ideal

of R, .60 RIR = (RIR)2 = RIRIR . Clearly I C RIRIR

and since eIe = I (because e2L= e) we have I C eRIRIRe .

o

For the same reason. ' I C eR(ele)R(eIe)Re =

' (eRe) I(eRe)I(eRe) C 12 . as always’Iz_E I so eRe is a

fully idempotent ring. Since R is a factorization ring,

? '

.RIR = P_.« ... -Pn fox Pi prime ideal of R . Now

1
I=(p,Nn...N Pn) N eRe = (P, NeRe) N ... N(P_ N eRe) .

Now suppose (erle)(eRe)(erze) < Pir\(eRé) . Then
er,e € P, or er,e € Pi since P, is prlme'ln~R . Since

both these elements are in eRe, at least one is in the

‘intersection, so Pi N eRe is prime for i =1, ..., n .

.. eRe is a factorization ring. O

. \
‘ . W

Lemma 1.18: TLet e = e End(gM) , M a left R-module. \

Then there is a ring isomorphism ¢:eEnd(RM)e -+ End(RMe)

.

s e i e

given by (xe) ¢ (ese) = xese .

Proof: 1. (xé)¢‘(esl

l;#sz)e = xes,e + xeszé = (xe2<p(ééle) + (xe) ¢(esze)

= (xe) (¢(es;e) + ¢(es,e})), .. ¢is additive
\ .

e + e;ze) = (xe)é‘(e(sl-Fsz)e)

= xe (s

% ~e

2. (xe) ¢ (e) = (xe) ¢ (ele) = xele = xe B

S p(e) =1 € End( M) .. ¢ preserves identity.

& . , 28 -
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3. (xe) ¢ (eseete) = xeseete = xesete =

((xe) ¢ (ese)) ¢ (ete) £. (xe) (¢(ese) - ¢(ete))

—

.¢1i8 a ring homomorphism.

4., ¢(ese) = 0 = xese = 0 VxeM‘»ése-—:O..

.o ¢ is a mono. ' R .
N W -
« 5. . Consider the diagram:

Me ——> M T
. P
g |- L=

Y& . :
. Me ' ' 3 .
Nov; for x € M, ((xe)e)e = xe, sp the map e:Mé - M
is split (and trivially mono). Thus g factors through
e, that is there is g:M — ;e with g = €g . Considering g
as amap M > M ,' we note that since its image is contained
in Me, ge = g. Thus, (xe)g = (xe)eg = (xe)ege = xege ,
that is, for any g € End(RMe) , there is 5 € End(RM) with
‘4(ege) = g.. Thus ¢ is epi and consequently an

isomorphism. a

+

' ~ !

1

“ Proposition 1.19: If R is a fully idempotent factorization

AY

ring and P is &2 finitely ‘generated projectivé R-module, then

[y

End(RP) is a fully idempotent factorization ring. .
Proof:. Suppose ml, ey .mn are the generators of P, and

' n
let R, = R fori=1, ..., n. Then ¢: ® R, > P defined
1 i=1l 1

. R

.. -29 -
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" Pyoof: By [ 1], Cor. 22.4] there is a finitely generated

u

"

. * n ’ . . . ;\)‘ 3 »
by ¢ (Xys.vn s T,) =y r.m, is an epimorphism. .The -
' v n i=1 1 1 ,
T 3 ) /n‘ . ¢ B . . b . .v
sequence ( + ker ¢ —+ e)l Ri =+ P|+ 0 is obviously exact and
° i= . ‘
' ' ’ n ‘ '
splits since P is projective. / Thus .Gl R; N P ® kerg¢ .
. i= =

. n - :
Consider e’ = e € End(, 8 RN definedby e = (¢, 0) .
o 1= .,

‘Nowj,me = im(¢ ,0) = P @& (0) ~v P (‘g Ri)e . By lemma l.l8‘, ,
. n n . i=1 :
e End(R &-0 Ri)e v End(R(‘? Ri)e) N End(RP) . However
) . i=1 g =1 -
Er}d(R g Ri) is isomorphic to the n xn matri>'< ring over |

i=1

R, which is a fully idempotent factorization ring by . o

proposition 1.16. Lemma 1.17 then asserts that

n -
e End(R ] Ri)e is a fully idempotent factorizatioh ring,
) i=1 .
which completes the proof. a- . ' ) . L v

, ~ .
¢ 2 B
.

Proposition.l. 20: If R and S are ‘Morita equivalent rings

and R is a fully idempotent factorization ring, then so

is S. ’

. . . . , ¢

projective generator _P with S & End(;P) . By proposition

R
1.19, End(RP) is a fully idempotent factorization ring'
. . 4

since R is. Thus so is § . ]

-Lemma 1.21: The center of a fully idempotent ring is

regular.
h
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Proof: ' The following proof is due to Michler and Villamayor

{15, 2.3d] . Let a € Z(R) . Then aR is a two sided ideal, '

so aR = (aR)2 = a2R = aRa . .. There is x € R with .

ax is an idempotent, so let

1l

2
a = axa . Now (ax)” = axax

i}

e = ax = xa . Note also that ea ae = a . We have:
a(be - gb) =.abe -~ aeb = abe - bae = (ab - ba)e = 0 since
a .i5 central. That is for any b € R, be - eb € Amn_(a) .

We see easily that:

1) ax = 0=»xax =0 =ex=0
e Annr(a) EAnnr(e) ' : _ —_
and 2) ex = 0= xa)x = 0 = axal = 0=ax =0
. Amn_(e) CAnn_(a). .. be - eb € Ann_(e) = (1L - e)R,.

‘that is be - eb = (1 - e)r for some r € R .

% ebe - e’b.= ebe - eb = 0 . Also be’ - ebe = (1 -~ e)re
= (1 ~e)rax = a(l -~ e)rx = '0 since Annr(e) = Annr(a) .
That is we also have Ee = ebe . Thus, eb = be for any

beRrR, i.e., e € Z(R) .

Now aZzZ(R) = axa Z(R§= e:a\Z(R) C e Z(R)“and

e Z(R)= axZ(R) C aZ(R) , 'so e Z(R) = a Z(R) - r

Therefore a = ae and e = ac = ca for some cE Z(R) .

-
-

. a=acawith c € Z(R) . .. Z(R) is regular. a

Proposition 1.22: The center of a fully idempotent

factorization ring is a finite direct producé of fields.

1

-
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P gt

‘Proof: Let R be a fully idempotent factorization ring.

" Since B(R) is finite (Lemma 1.9) there are atoms enl, AL

n -
‘with e,e. = Q0 for i#% jand [ e, =1 . (Lemma 1.1.10
' 1] i=1 1 n .
and the proof of proposition’1.13). .. Z(R} = ®& ’ei Z (R)
- i=1
(since B(Z(R)) = B(R)). By Lemma 1.1.9, eiZ(R), i=1, ...,/ n

are indeéo‘mposable rings, so they contain no non-zero o

idempotents except e; . Since (Lemma l1l.21) Z(R) is regular

eir = ei rxxr for some x € Z(R) . In fact
= 3 = ¥ ! 3
eir .e'i r eir eix eir so eiZ(R) is regular. Thus if

e.r #* 0, e;re.x is a.non-zero idempotent of eiZ(R), SO

¢

"e,re.,x = e, and similarly e, = e.xe.r. .. e.Z(R) is
i i i i i7 7 i

a commutative regular division ring, and so is a‘field,

which estacblishe‘s the result. a

Proposition 1.23: A commutative ring is a fully
idempotent factorizatiop ring if and only if it is a -

finite direct productqof fields.

Proof: (=) If R is a commutative fully ideﬁqutent
factorization ring R = Z2(R) is a finite direct product of

fields by proposition 1.22.
(=) Fields are trivially fully idempotent
factorization rings, so this assertion is immediate from

Proposition 1.10 . a

T
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Proposition 1.24: The center of a full& idempotent

. factorization ring is a regular factorization ring.

gggggz By Lemma 1.21 the ceﬁter of a fqlly idempotenﬁ
ring.is reqular. By proposition 1.22, this cenéer isna
finite directhroduct of fields, and since it is
commutative, proposition 1l.23 shows that it is a

factorization ring. a

Proposition 1.25: A biregula;\ring is a factorization

ring if and only if it is a finite direct product of ) ) _ \
. y )
simple rings. u

e

Proof: (»)‘ Suppnse R is a biréguiar factorization'ring;
Since bireqular ;ings are fully idempotent, R is a finite'
airect product of ‘indecomposable rings of the form

.eiR, i=11, ..., n where»ei € B(ﬁ) . (See propoéition 1.13.)
Let I be a non-zero' ideal of e;R, and let 0+ e;a € I
Define It = (eiR)(giaY(eiﬁ). I' is a nonfzefo ideal of

eiR and we may write I' = eiR;R = eiR e'R = eie'R where

e' € B(R), since R is biregular. We now have

i

eie' € I' CICeR. Also since I'+# 0 (it contains eia)}
‘ F
eie':# 0 . But eie' is an idempotent contained in e.R

which is indecomposable. .°. eie“ = e, . Thus I' =

- P
il
®
sl
-

which shows that each eiR'is simple. el .- o

t - ' . .
. . E
-~ ‘ 4
\\ k4

- (=) Suppose R is biregular and is a finite direct 7
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. \

sum of simple rings. , Since simple rings are trivially
4

fully idempotent factorizatﬁqp rings, the result follows

n

from proposition 1.10. |

-~

/

H

Lemma 1.26 In a semiprime ring, left ‘and right annihilator

~

ideals coincide.

Proof: Let H be an ideal of R, a semiprime ring and let‘
keAnnL(H) r heH . Then ghk)z = thRh];R= (0) sir;zce
RhkR CH . .. hk =0 since R is semiprime, that is
keEAnnR(H)', . AnnL(H) c AnnR(H) , and by.a sym@etrical

argument we get the reverse inclusion as well. ]

- Definition 1.27: If NR“E MR are right R-modules such that

for any non-zero submodule K of M, KN N# 0, then NR,is

called an essential submodule of MR’ and MR is called an

essential extension of NR . .

Definition 1.28: If M, is any right R-module, a submodule
-NR is,closed in MR in case NR has. no proper essential

extension contained in Mﬁ . -

Now, the set of essential extensions of NR in MR’is

not empty since.it contains Né itself, and any chain in

this set has a maximal element in the chain (namely, the

e e ot mrerit

union of ﬁhp‘elements of thg’chain)ﬁ so applying Zorn's -
. . " " . ‘4

..34».. o 1
. .
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«

P
°

»

. may be a rather special object, and indeed it is, when -

-

" » o
« e

lemma, we see that this set hash'ei maximal element. This

‘ 'MR is injecf}ive:

Lemma 1.29:

R

Proof:’ See ¥ 9°, Theorem .1.9.2] . a,

N, in an injective module My . Then E is injective.

. sugges'ts that.a maximal essené.ial extension of N, in Mg

4 ' R i

«

o
Y

Let E be a maximal essential extension of’

I
o °

e v ]

£ e

. .
- ’ @ . a

'Definition 1.30: Denote by Z(Mp) the set: {xeMRI Annp (x)-

is an essential right ideal of R} . THis set is a

t

submod'ule* of

/

and 'is ‘called the singular submodule of M

I3

Mé (see Faith, [ 3., Chapper 4, Proposition 4],

OF Mg, .+ Mg is c;alled
_nonsingular incase; Z(Mg) = (0) . Y
Lemma 1.31 If K is an ideal of a fully idempotent ring R ,

] -
then % (R/K)

éfoof:
I ra——

2 (R/K)

=0 .

.

L

{x+ K| Ann(x, + K) is‘'essential in R} =

[3

LY

{x + K| (K:x) is essential in R} . ;Clearly 0 € z(R/K)

since (K:0) |

(K:x) is essential in R. Then if A = Ann(K:x), °

i

= R which,is essential-in R . Now suppose & '«

2

0. = A(K:x) = A N (K:x) so A = 0 since (K:x) is essentjal.

S Ann(A)

-

Ann(0) = R = (K:x) (look ahead to the proof -

Lemma 2.1, part 2). Thus xR C K so.x € K.

»




w

U/\

. x+K=0+KsoZ(R/AK =0. O

‘Then R'=. H & K, where K = Amn (H) . ,

gself-injective ring R is either essential in'R oxr closed .

.

The following four results are due to Goodearl.[5] .

N |

Lemma 1.32: Let H be an ideal of R, a reguiar

self—injegtive ring, so that H is ¢losed as a right ideal.

1

. , ' . 3
Proof: ‘Regular rings are fully idempotent so R/K is

hon-s’ingular:by 1.31. That is (‘K‘:x) is an essential

. ‘ . . \
extension of K in R only if x€K. Clearly, this means there

are no proper‘essential extensions of K ih R, that’is,

K is closed in R . Since H and K are their own maximal

essential extensions in R and R - is injective, by 1.29 so
: , > L

are H and K . Note that H N K = HK = (‘0) so that,

Al

H® K=H+ K is also'injective and so the imbedding

L -

H® K -*R‘splits‘, showing that H ® K is a direct summand

\ . R -

of R . Suppose R = H @ K @ I for some right ideal I+ O .
Since I $K , IH+ Mso 'I N H+ 0 which is a-contradiction,

so I & (0) .. O

{

Proposition' 1.33: Any prime ideal of a regular

&
®

in R .

»

¥ . .

Proof: If H is the maximal essential extension of P in R

-




[

and K = Ann(H) then by 1.32 above R = H ® K . Since

HK = 0 CP, either HCPor KCP . If HCP, then
¢ . “

“H= P so Puis closed in R . If KC P, KnNnH= K but
ﬁ ' B
since KN H = KiH = O this means K = 0 so'H = R so R is |

an essential extension of P . That is P is essential

\

in R . a '

)

! Definition 1.34: A rlng is prime if AB = 0 1mp11es A= 0-

or B =10 for two-sided ideals K/and B .
2 M
Note that every prime ring is semipiime,

\ »

Proposition 1.35: A.regular self-injective ring is prime

if and only if it is indecomposable as a ring.

Proof: 1f R R, ® R

1 2
non-zero ideals of R whose product is zero. That is, prime

~
-~

rings are indecomposable.-

Now suppose R is regular, self—injective,'and
- ’ , ‘ ,
indecomposable. Sinpe any closed ideal of R would, by

Lemma 1.32, be a, direct summand of R, no proper non-zero
ideal of R is closed in R . 1In particular, the maximal

essential extension in R of any non-zero ideal (which mugE?

\

ki closed) cannot.be proper, and so must be R . That is,

every non-zero ideal of R isg®essentials in R . Now suppose

v

Asand B are non-zero -ideals of R . Since R is regular,

12

Al

-37-" . '/

then R @ (0) and )0) ® R, are, .




. [ ' - |
AB = A N B which is non-zero as B :is essential and A is
. ‘ ' L P

non-zero. Hence, R is prime. .0O )

" Theé following pro.position of Goodearl [5] we state

-~

without proof: . . . . ’

- t ‘ ’ ’ .

.

- ' " PP .
Proposition 1.36: A regqular self-injective ring is prime

if and only if it is primitive. O o

.

Lemma 1.37: " A direct tmm’an&' of a self-injective ring is

self—ir;jective.
Proof: Suppose R A Rl 4] R2 is a self~injective ring. Then
R'l N R/R2 , SO ideals of Rl correspond to ideals of R ..

containing a copy of R'2 . Let I/R2 be an ideal of Rl andl
’ 2 ' :
consider the diagram:

*

Since djirects summands of injectiye modules ar€ injective,

A 1

1 1
extending £ . Now by Baer's criterion, (see [10, p. 157]1)"

i

Rl is injectivé as an R-modul(_e, so there is a map f:<R, + R

Rl is injective as an Rl-mo"dule, that is, Rl \is self-injective.
. A o

-
- .

Proposition.1.38: A right self-injective reguiar

- 38 - ~
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. . 4 ) ¥
factorization rihg is a finite direct product of primitive :
right self-injective regular rings. -

»

. 4
3 Q
! .

Proof: | By Proposition- 1.13, a regular facto‘rization ring'
is a finite direct _p;:oduct of indecomposable fully idempotent
factorization rings, 'each of which must be reguilar (since
multiplication is done co-ordinatewise ) .and self-injective
(by the previous lemma). Now Proposition 1.35 shows that
these summands af; prine, from which Proposition 1.36 gives

us their primitivity. O - / \

2. Chain Conditions e
Lemma 2.1: Let ¥ be the set of annihilator ideals of a
semiprime ring R . Define f:f-WN by £(A) = Ann (a) . - Then
1. f in containment reversing
2. f is onto
3. " fisl-1
4. £ 1=t
Proof: 1. Let A CB; if.x € Ann (B) xB=Osng=‘0'
'so x € Ann (A) .. Ann (B) CAnn (A) . 4i.e. for
annihilator ideals-N:L c ﬁz we have f(Nz) - f(N;.) .
2. We show that every annihilator .ideal is in fact, - -

by ) r
” e .
\ . ' .

the annihilator of some annihilator ideal. Let K ‘be an

ideal of Ii, and N = Ann (K) . N€W, and NK= KN = 0 .

- N AY
»




’ ... K E Ann (N) = N' .
Now by l; N" = Ann (N') C Ann (K) = N . But also
NN' = N'N= 0=NCN'™% .. N=N"=2ann (N'T .

.« N=f(N') so £ is onto.

-~

3. From the above we have N = Ann (Ann (N)‘) . Now
suppose f(Nl) = ’f(Nz) i.e. Ann (Nl) = Ann (NZ) for

N, €W,i=1, 2. Then Ann (Ann (N;)) = Ann (Ann (N,)) so

\ f
o

N1=N2andflsl—l.

4, Has already been shown in 2, above. 0O
) i

Lemma 2.2: Let R be semiprime.‘ Then R has A.C.C. on

annihilator ideals if and only if R has D.C.C. on - s
annihilator ideals. ‘ . {
"
- 3
Proof: Suppose R has D.C.C. on annihilator ideals. Let

A) C A, C ... be an ascending chain in JU , the set of

innihilator ideals of R . By the previous lemma,

I

Ann (A;) 24ann (Ay) 2 ... is a descending chain and so is

. ‘ 0] N —_ ' /
statlonar¥ at, say, Ann (Ak) . That is ann (Ak) = Ann (l}k’-l{j

for 3 =0, 1, 2, ... . Since f(A) = Ann (A) is a 1.~1 map
. by the pgevious lemma, Ak = Aic+j_ fo; j = /0%_1,"2,

i.e. the ascendifg chain above is also stationary.

-

A.C.C, = D.C.C. is proven in an entirely analogous

fashion. a

A\

R



. ) Lemma 2.3: A ring R is a sub-direct product of

’

(finitely many) prime rings if and only if (Q) is the

intersection of a (finite) set of prime ideals. Moreover,

. o
_such a ring is semiprime. ' /
y ‘ N
N\
~ Proof¢ . If R is a sub-direct product -of prime.rings
Sqyr & €A, then each s, » R/P  and 42aPo = 0 by Lemma. l_.2.'5.

- L\

_ The isdmorphism shdv{’s that IR/Pa is a prime ring for q€A .

Now suppose a, .b’e R with aRb ¢ P, . Then aRb + P(‘x =0
which implies RaRb + Py =-0 i.e. (Ra +Py) (Rb+P,) = 0 .
Since R/P, is prime Ra +P, = 0 or Rb+P% = 0, that is
Ra C Py or Rb C Py . 1In particular, a € P, or b € Py so

' P. is prime. Thus (0) is the intersec‘tion of prime idea'ls.

;\\\5\///Zg:;\;f (0) = agAPa for P, prime, Lemma 1.2.5 assures us tﬁat

R is a subdirect products 2i¢5ge ring R/P, , a €A, each of

which is clearly prime. Lét I be a nilpotent ideal’'of R

where R is a subdirect product of R/l—:'
. the fo_llnowing sequence . , _ ,

M u * N "a
R X > 1 R/P, —2>R/P,
a€a

p is mono, Ty, is the canonical projection ahd Tl is epi.
’ n n n .

If1I =0, nau(I ) = 0 = ("aU(I))‘ . Since y and Ty are

canonical, nau(I) is an ideal of R/Pa and so must be ¢0)

(since R/P, is a grime ring). .© (I) g kerq, for each

a €A . .. u(I ¢ o kermy = u-gAPU' =0. .. u(;) =0

and since p is'mono, I = 0 .

“,41-_-
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. ’ . . -
Thus R is semiprime as claimed. a
Wy, -

Definition 2.4: A ring R is an irredundant subdirect

product ‘of rings Si' ier if it is a,subdirect product of
/the rings Si and not a subdirect product of any subfamily

of the rings Si .

~ Recall that Lemma 1.2.5 asserts that Si g‘R/Ki with-

igr K; = 0, so tfie above is equivalent to saying that no

subfamily of the Ki's has zero intersection.

We now prove two lemmas wkich allow us to establish
the equivalence of the conditions of 'Lemmas 2.2 and 2.3

for semiprime rings. They are essentially due to L. Levy [14]

!
. -»

Lemma 2.5: Let R be an irredundant subdirect product of
the prime rings R/Pa + €A . Then the annihilator ideals of,
R are in bijective inclusion reversing correspondence with

the power set of &4 . - ' ‘ -

, )
. .~ ’ i .

Proof: Define ¢ : P(a) +J by: , g
N : )

AR ?a‘ if S#* ¢ i .

¢(s) =2 i =

- " R if 8= ¢

o€A "0,
the annihilator ideal of R since R is semiprime (see

we no®®in passing that ¢(A) = 0 p = (0) which is

Lemma 2.3)"

T MO
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We now show that ¢(S) = Ann( N ?S and so is in W :

. = N
Suppose x € Ann( N oS P,) . Then xO#S o Q e ges PB' By

- n s [3
irredundancy, Fs P ¢ ges Pg so by the primeness of Pg's,

aft

1 N n N = :
Now if x € aes PB then xmeSPct - \EA Py 0 , which.

proves the reverse inclusion. .. ¢(S) = Bfe‘s PB =

SP)C

ses Pg -

N
X € BES'PB . That is ann(

n -
Ann(mﬁS P, ) €N as claimed.

That ¢ is order-reversing is immediate from its

definition. We now show ¢ is 1 ~1: Suppose S, # S, are

subsets' of A . $(S)) = 0. Py and ¢(S,)

P
a
aGSl

2
Assume without loss of generality that a; € 8, oy 7#'82

4

= N
aES ]

Now if Py = P, then 0 P, C P, .

1 2 €Sy i )
. = N i impli 0 = N =
ags P, N ?a = 4€s P, which implies aa-Fo 4EA Py 0
2 1 2 . aef .

which as a contradiction by irredundancy.'.-. '¢«(Sl) # $(S,)

] N
0ES AaES

To see that ¢ is onto, let N € Af be the annihilator of

some 'ideal_K . Let 5= {a€A|K¢P,} . Now
(0 wes P,)K C afE\SPd and (0O wes PJ)K C KC 28 o SO-
n = =
(N 4ES Pa)K C eAPOL 0 that is aeS a g Ann (K) N . Now
let S' = {a €A|N¢ZP,} . Arguing similarly, we get
N ] = N =
4es’ P, € Ann(N) so by Lemma 2.1, Ann(An.n(N)) = N ¢ ags! ;Pa‘-‘
Ann(ags, Py) . Combining these inclusions yields, .

n n L LY (3 R
wEs P, c N c oS’ Py whlchf_ cannot be strict by 1rredur§dancy_

&S N = ags Py = ¢(S) , so ¢ is onto as claimed. O

o

S = 43 ="

P w . - - e = b R . s e
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In particular, if A is finite then so are the number
of annihilator ideals which trivially yields A.C.C. and

D.C.C. on annihilator ideals. 1In fact, the reverse

implication is also true: T

L

Lemma 2.6: If R is a semiprime ring with A.C.C. on
annihilator ideals then R is a sybdirect product of finitely

many prime rings. . ' '

i ‘ (4]

'lz:gg_f_: R semiprime = n(R) = (0) = there are proper

maximal annihilator idjz;:s. If (0) is a maximal annihilator
ideal then it is the only annihilator ideal and then R is a .
prime ring. So suppose there are non-zero maximal annihilator
ideals P, ('1 €A, annihilating minimal non-zero annihilator

ideals L, ,a €A . Now [A[= 1 since if so L ¢C P which
2

would imply L, 0 so Ly = 0 since R is semiprime.: But
La* 0 so IA( >1 . Let P, PB‘respectively annihilate
I‘u r Lg s «+#8 . Then P, + Pg C Ann(L, A Lg) so by the
maximality of P, and PB ’ Ann'(La N LB) = R . By Lemma 2.1

Ann(R) = L, N Lg = (0) . Now Py =u2AAnn(La) = Ann( Z,Ly)

N
oEA a€A

‘Since A.C.C. = D.C.C. on annihilator ideals in semiprime

rings (lemma 2.2) if Q2 P, % 0 then it contains a minimal

o€A G
~J sy 2 . . . - T -
) annihilator ideal Lg =0 .. .. Lg C Ann (aEA L,) which
1 'l —J — 3 2 Y Y a—
implies (0) = L, aéA Ly, ='Lg” since ifa= B LyLg CLg NLy = (0).

Now L82 = 0 = LB = 0 as R is semiprime, but this is a

hl

P, = 0. Moreover we shall see that

% s contradiction. Thus 0
: €A

]
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‘theuPabs are prime for if A, B are ideals of R with AB C Pa

]

then ABL .= 0 . 'If BL, = 0 then BCAnn L =P . If

o
'BL_# 0 thethL CL =P =aAnn(L ) C Ann(BL_ ) . By
o o - o o a’ = o

; maximality of P ', P = Ann(BL ) so A ,C P . .. Each P
: - a a a - a a

is prime and agA\Pa =0 so R is a subdirect sum of prime

rings R/P, - “

-~

By Lemma 2.5, P(A) is in bijective correspondence with
W, so a.c.c. on Jf implies D.C.C. on ®(A) . Consider the
chain formed in #(A) by 'starting with A and removing one
element at a time. Sincé this chain becomes stationary
after finitely many steps, A is a finite set, so R is a

subdirect sum of finitely many prime rings as claimed. o

We now summarize results 2.1 through 2.6 in the

following portmanteau proposition:

Y

Proposition 2.7: If R is a semiprime ring then the.
* \

folléwing are equivalent:

(i) R has A.C.C. on annihilators

. (ii) R has D.C.C. on annihilators .
' (iii) (0) is the intersections of finitely many
prime ideals
(iv) R is a subdirect produqt of finitely many

prime ideals o - ) \
Proof: Results 2.1 through 2.6 . O .

- 45 -
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"+ This proposition can be used to prove the following

-

one:
Proposition 2.8: If R is a fully idempotent ring then:

3 - -

(i) R has A.C.C.-on ideals = R is a factorization

ring. _
(ii) R has D.C.C. on ideals = R is a factorization

ring with finitely many maximal ideals.

(iii) R has both A.C.C. and D.C.C. on ideals = the _
number of ideals in R is finite.
(iv) R is d prime factorization ring with a minimal

-

non-zero ideal = R has finitely many non-zero minimal

prime ideals.

Proof: (1) Since R is fully idempotent, by Lemma 1.3

v

R/I is semiprime for any ideal I of R . The ascending

chain conaition'on R passes to R/I, so by Proposition 2.7,
n

(0) = i/I = 'nl P;/I , each pr}me{ Thus I is the intersection .

l=

i

of the canonical preimages of Pl/I y oaeey Pn/I each prime,
so R is a factorization ring.

(ii) Again, R/I is semiprime so by Proposition 2.7 it

is a factorization ring. Suppose M,, My, M5, ... are
incomparable prime ideals. M, i-Mj for j # i, so

. i-1 i-1 i i-1 i-1

M N M, = T M, . Thus T M. = @I M.NM.C [ M..
i $ j=1 3 4=1 17 j=1 4 §=1 3 1+ 3=1

—

binbess gy W



That is, the sequence { H M; }

. ‘is a strictl

decreasing sequence which is impos ibl? by D.C.C.. Thus,

there can be only finitely many incomparable prime ideals

t -

in R . In particular, this means that there are finitely

many maximal ideals in R . .

Before proviﬁg (iii) we state|the followinghresult

. from graph theory: | T ( —

Lemma 2.9 (Konig): ©Let G be a connected locally-finite '

-

number of incomparable primes of R is

V.
' ~ -~
~ . .
. ’ .
~ . . . ‘ .

L) " t . .

. ‘ ® . -
- .

- e .
.- . (
-~ M .
.
.
A .

infinite graph. Then for any vertex v)of G, there exists
1/ -
an infinite chain with initial vertex v . . g

v

v
)

‘Proof is trivial and can be fouqd in[217] .

L3

We now prove (1L&)./“fbn51der the lattice of prlme

ideals of R . This lattlce may be thﬂught of as a

hY

connected graph, directed edges correspondlng to 1nclusxons.

As a graph it is locally finite since by (ii) above, the

chaln condltlons there is no lnflnlte
-

Konig's result above shows that this gLaph is flnlte, so -

o
I3

there are flnltely many prime ideals. | Now by (ii), R ;s \
a fully idempoteﬁt factorization ring,| so eveny ideal has" \ T
an irredundant representation.as an i tersection of \
fiﬁitely many ﬁrime ideals. Since there are only finitely '\—ﬂ f

many such intersections, the assertion is proved.




I=P
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<
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(iv) Let R be a prime factorization ring with

.minimal ideal I, having irredundant representation

“...P y I+ 0. Nowif I ¢A, INA+ Iso

H
2
>

]

0 by the minimality of I . Since IA'C I N A, IA = 0.
Since R is brime and I+ 0,A =0 . .. “Every non-zero

ideal of R contains I . TIn particular, if P is .prime s
I=P,°..." Pn C P so by the primeness of P ; Pi CcP fqr
some i € {1, 2, ..., n} . Thus the minimal primes must

be from Pl' ...,Pn . Moreover singe the represéntatign 1

1l
That is, each of P

‘... P is irredun@ant, if i+ jthen P, Z Pj .

’ ...,Pn<are minimal primes. |

%+

1

3. . Examples and Ways to Generate Them

Example 1l: Let I be an ideal’of a regula: ring R . \Since

f}:r every a € I there is X€R with a=axa € I2  I= I?' S0

ﬁkat reguia£'rings are fully idempotent. ° K.R Goodeayl has
shown [ 5, Cor. 7] that if'R is also self injective, then

ap? proper two-sided ideal which cogtains a prime idealAis D
i£self prime. This shows tpat R/P is a régular factorizétipn
ring, since its ideals are prime (beiné canonical images of

ideals of R containing P) .

Eﬁample 2: Let K be'a field of characteristjc zero and
let Seo be thé'group of permutations on an infinite set.

leaving all but finitely many elements fixed. - Any finitely . .
generated subgroup of So also leaves all but finitely ﬁany
. ‘ PN

/ ‘s
» /\\/’/ ~ '-_-'v . STy
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élemenﬁs of uhe infinite set fixedi so each such subdoup is
”.1\coutaiqed iu Sn‘for some n . Thaiggs, Se is locally finite,
\so we ﬁay app}y a theorem independantly disco&éred by
Villax;tayor and conneil (see Passman [ 16, pp. 69=70] ) to 4
< . see that the group algebra KSe is regular. Since the set

.

of ldeals of KSew 1is at least as blg as the set of normal

[y

\,..aﬁ
subgroups of Se (see [13, Lemma 1, p. 153] ), KSw has

“ ~infinitely many ideals. Formanek and Lawrence-[ 4] showed"
that KS, has A.C.C. on. two-sided idéalsn so By Proposition

. 2.2.8 parts (i) and (iii), KSe is an exampié'of a regular .

factorization ring with'A.CzCJ but without D.C.C. .

» . Example 3: The following example shows that if‘thé‘ ’ -
dimensi'on of a vector épace is large enough, £hen,its
endomorphism ring may be a factorization ring with D.C.C.

. . but without A.C.C.. For the most part, the background

involyed in this example is from Jacobson, 11] , while the

example\itself is due to Raphael [18] .

+Let V be an infinite-dimensional vector space, with

A, B € End(V) . The following three properties. are standard

‘

theorems of linear algebfa; if R(A) denotes the rank of A,
and N(A) its nullity, tHen 1) .R(A) + N(A) = dimV - “

7

© 2) R(A+B) ¢ R(A) + R(B), and, 3) R(AB) ¢ min(R(a), R(B)).

Define Lg = {A € End(V) | R(A) < e} . Clearly, Q € L, , and \

- if A € Ly then so.is -A since R(-A) = R(A) . Since the sum

¢

=49 -

Now let e be an infinite cardinal with:e ¢ dimyV . - .




o

of two infinite cardinals is the larger of the two, 2) above

- 4

shows that Lg is closed 'und_er addition. Moreover if A€ Lg }
; ) B!

and B € End(V) then AB and BA are both in Lg by 3) above(/ (,-
Thus, we see that Ly is a two-sided ideal qf End(V) - WeL/)

note that  if e < e’ < dim Vv, then Le C Lg¢ for infinite

¥

. ‘cardinals e ,{\e' . More%vegf tZu‘.s co‘ntainme‘nt is strict,
since ‘there is at least one ;a]?ement of End(V) with rank e,
namely the one which is Fhe ideni‘:ity on a subset of the
basis of .V having cardinality e , and the éero map on the
femaining basi;; elemen;s. This map is in Lg: but not Lg:

s0o evide.ntlyl,lfe E Lgs which shows that .the correspondén‘ce‘

kY

e + L, 'from the set of infinite cardinals less than or
equal to dimV to the 'set of proper ideals of End(V) is
one-one and inclusion preserving. To show that this .

corrésponde)m:e is ‘onto we require the folldwing lemma :-

Lemma 3.1: If A, B € End(V) with R(B) < R(A) then there
—_— ok /
are P, Q € End(V) with- B = PAQ . -

.

L

Proof: V =V, ® N(A) = V,  N(B) , where R(B) = dimV,' ¢ |

/

dJ.mVl' = R(A) . Let (ya)aex be a basis for V2 . Since
2 1’ 1
cardinality equal to that of I,.call it (xa)aEI" Define

dim‘( °< dimV the basis of V, contains a subset of

P:V =+ V by yuP = xa_and P| 0 . Clearly P is a linear

N(B)

transformation. Now since A is monic,on V the set

l 14
n-' - ‘e \ - ' N s
(,xaA’)aEI is ,l:.nearly. independant (since the X,'s were) and

* /

i

o N
P R .
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so is the set (Y“B)qEI (for the same reasons). Moreover,
.they have the same cardinality,'so there is a linear »

[}
transformation,Q such that x,AQ = Y,B - That is,

YoPAQ = y4B so PAQ agfees with B on Vy o« Ifye N(B3,
yP = 0 ;g\yon = 0= yB . Thus PAQ agrees with B on all of

V , completing the proof. a

J
; In fact this lemma asserts that if an ideal of End(V)
contains an element of rank r, it contains as well exery

element of End(V) of rank < r .

|

Suppoée X is a proper'non—zero'ideal of End(V), and
let e be the smallest infinite cardinal with e > R(B) "
for every B €X. Nowe < dimV, since if not, X would
‘cont;in an element of rank equal to dimV y and so ﬁgﬁ d
" not be a proper ideal (by the previous }emma). Thuys by
~d€finition, Xc Le . On the other hand if B € Le with
-infinite rank, then R(Bl < e so by definition of & , there
‘must be A € X with R(B) < R(a). . By thé iemma, Be X .
We note in passing thaé'x must céntq@n all linear
tranéformations of finite rank. This'is because, being
non-zero,‘it contéins (by.the lemma) all linear transfornm-:
tions of rank one,cand every linear trdnsformation of finite

rank can be written as a finite sum of linear trangformations

of rank one. This shows that Le C X, so in fact X = Ly -

We have shown here that the correspondence e »'L, is a

v e e e



) linearly ordered, it will have at most one maximal ideal.

*

{? ! ) ' N \
e N Lo P s ,
bijective correspondence .between infinite cardinals no o

’

bigger than dimV and the proper ideals of End(V) . The
correspondence preserves order so the ideals of End(V) are

linearly ordered and since the lnflnlte cardlnals are

-

well-ordered, so are the ideals of End(V) . That is,

L3 B

':Eqd(V) has D.C.C. and if the dimension of V is large

eﬁough (e.qg. l.u.b.{x0 ’Nl’ N8 .} )} then End (V) does not

2’-.

have A.C.C. (e.q. LNO i LBl % ..« is an infinite ascendiné

chainé." Since by Proposition 1.2.10 End(V) is‘reguler,
Proposition 2.2.8 ii) shows that End(V) is a regular

factorization ring. Since the ideals of End (V) are

LY

‘Example 4: We now prove two results whdse goal it is to

previde a means for producing new fully idempotent
factorization rings from old. We require the following

Yo

lemma of Jacobson {12, p. 109 :

Lemma 3.2: ° Let R be a ring éith'center F, a fiela, and
let.s be A central simple F-algebra. If I is an ideal
of R, then I ®p S is aﬁ ideal of R @F S and the
cor;espondeﬁce I~+1e;
lattice of-ideals of R onto the lateice of, ideals of

S is a iattice,isomofphism of the

wn \

R &g S '

.

Proof: Clearly I éF § is an ideal of R @; S since elements

F
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Ck -
of I QF S have _ghe form igl ag © bi ; Where ai‘e’ I, bi € S.

Now suppose I. and I, are ideals of R witha € I

1 1’

a ;é I2 . Cléarly for any s € S, a e s € Il QF S . Suppose
k
0# a@s € I, ®_, S as well., Then a®s = I a, © s.*where
2 °F ji=1 1 i
-ai € I2 and s € Sfor i=1, ..., kK, and the summands
al @‘sl ’ ...‘, ay ® s, are linearly independant. It follows
’ ¥

easily that ays +-0y 8y are linearly independant (considering

R as an F-vector space). Moreover since a ¢ 12, al, s @y a

are linearly independant, so since ay ® S, +... % ap ® sy +a®s=0,
.o ' v
the set Syr -e-r 8pr S is not linearly independant, and this

is true, for any.choise of s, in particular s=s Thus,

1°
1 X ® Sk =0, and inasmuch as (al +a),

gy eve s a, are linearly independant, Sy s eenrs sk cannot

(a; +a)® s +... +a

be, which cont;radicts the assumption that al Q sl s eee g

ay ® s, are ‘linearly independant. Thus a ® s € I, QF s,

and we have shown that the correspondence I - I @FS is
injective and’inclusion preserving. ’

~
-

We now show that this correspondence is onto. Let
(0) # I Be an ideal of R Op S~and define
V={r&R|r ® s €I for each s € S} . V is a subspace
of R énd clearly V @FS C I. Suppose 0+ a ® s € I.
We claim a € V, and show it as follov;s. Define
U={u€es|a®ue€Il}. since s €U, U# 0, and it is

easy to verify that U is an ideal of S , and since S is’

simple, U= S . That is, for any s € S, a 9 s € I so

, | - 53 -
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ae€ev. .. ICv @'FS. o e I=V@FS . Itrremains
to show that V is an ideal of R’ Let r € V .  Then
re s€I v s€sS. Ift€E€R, tr®s= (tdl)(rPs) € I

and rt @ s = (r®s)(te®l) € I for alf_ s € S.since T is an |

ideal. .. tr and rt are in V, 8o V is an ideal as

o

‘claimed. a

' 7

s

Proposition 3.3: If R is a fully idempotent factorization

‘ring with centre F a field, and S is a central simple F

algebra, then R ‘®F§ is a fully idempotent factorization.

o

ring. ) - . s

.

Proof: If I @FS is an ideal of R bFS , (I @F S)2~ =

12 eF_sz =I 8,5 so R @, S is fully idempotent. If P is

a prime ideal of R, and (I @F S)(J @F S) cpP @FS then

-

\
(13 @F 8) CP @F S'so IJ C P . Since P is prime I C P or)

J C P from which I 8,S C P 8,S or J ®, S C P &,5 . That .-’

F

is the correspondence I -+ I 8_,S preserves prime ideals

F
and since it is a lattice isomorphism it preserves

o

inclusion and int'ersectioh.( -8ince R and R GFS are both
fully idempotent, finite multiplicaﬁién"of ideals is ~
preserved since it coincides with finite intersection.

. ;. ’
This shows that R @F S'is a factorization ring. 0O

»
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Example 5: In this example, the;gpal is to prove:

Proposition 3.4: Let R be a fully idempotent factorization
. /

ring with centre F , a field. If K is an algebraicallyﬂ
closed subfield of F ,and G is a group whose order is

invertible in F , then RG is a fully idempotent factoriéation

ring.
Proof of Proposition 3.4 follows several lemmas.
Lemma 3.5: Let R be a ring, K a field in the centre of R,

and G a finite group,whose order is a unit in K . -The

RG % R @ KG . ‘ | .
n
Proof: A typlcal element of RG has the form Zl rid;
== i=
wher n = |G| . Since R is a K-vector space, this can be

. , m
rewritten as ,% (,1

21 Y kijrij)gi where Tigr-eer¥ip are

1
*linearly independant for fixed i . By taking a maximal

/ : ”
linearly independant subset of {rij} and re-indexing it

as {rs}. . - (for some new value of m, of course),
J ]_l,~o--1m n m
a typical element of RG can be written as (I _kj.ridg; .
. 1_1 j=1 ;| J
. H
Now a typical element of R @K KG has the form
m n
z (r] ® I kj gl) where Lir oeer T are K-linearly
j=1 i=1
independant elements of R . By the properties of tensor
. " L m 1
arlthmetlc this is just: 'El ’El (klJ j ® gj) =
n J 1
( Z r.) .
351 GEy KiyTy) ® 91

- 55 =

i oo b g e * o e e b s a e A e = S co




n m .
Let £:RG - R @K KG be deflned by £( ¢ ( & k; rj)gi)==

-

i=1 j=1
r ( ? k ) ® Cl 1 £ g ( ? ky lg; €ker £
z NP o g- . early i {.Til9;i er
i=1 j=1 *t3 * i=1 =1 3
m

then I Kkj.ry must be O in R for each i=1, ...,n . By

the linear independance of r., ...,r_ , this means that
4 1 m’ ,
ker f = 0. Thus f is a K-vector space isomorphism. It

remains to show that f preserves multiplication, but this

Ais immediate from the definitions of multiplication in

RG and R @K KG . Thus £ is the required K-algebra

isomorphism. 0 T s
We now state without proof Maschke's Theorem.

Le 3.6: Let G be a finite group acting on a vector
space V over a field K such that |G| is a unit in K .

Then every representation of G into GL(V) is completely

reducible. q* \

-« For the proof of tﬁés theorem, and the details of the

'following discussion, tﬁ% reader is referred to Jacobson

{10, pp. 251-264 ] , or vﬁfﬁp der Waerden [19] . We note
1

ince G is finite, KG is finite
A m
dimensional over K . Thp s means’ that KG & 91 Mnl(A ) 4

‘that in the above case,

that is, KG is a dlrect éum of the 31mple rings Mp; (a3)
where Ai is a flnlte dlmgnSlonal central division algebra

over K . 1If K is also aligebraically closed then

#

- KG o Q Mn (K) since in {this case the only Einite

i=1 ER ’
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o

dimensional division algebra over K is K .

Lemma 3.7: Let M and Ni ’ ifl, ..., j be K-algebras,

] j
K a ring. Then M ®, @ N; L ® (M_@K Ni) .
i=1 i=1 -

Proof: The functor M ®_, - has as right adjoint Homz“(M s =)y

K

and functors with right aadjoints preserve coproducts
“ ' . -

[9, p. 1101 . O , )
Lemma 3.8: Let R be a ring, K a.field-in its centre. Then

R @, M (K) X My(R7® K).

“

Proof: Define-f:R QK

‘ M, (K) » M (R O K) by.f‘(r e [aij] )=
[r © gij] . This is clearly an algebra isomorphism. O

v
]

LLemma 3.9: Let R be a K-algebra such that the action
from K commutes with elements of R, that is, for every

re€ R, ke K, rk = kr . ThenR@KK_'\;R.

Proof: The required K-algebra isomorphism is £:R ®K K - R
n a ) - n - » -~ n"
defined by f( £ r; ®k;) = I

r.k., '. O
i=1 =1+t :

We are now ready for

Proof of Proposition 3.4: By Lemma 3.8, RG v R @K KG . .

Since |G| is a unit in F it is a unit in X as well so
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by the comments following Maschke's Theorem (Lemma 3.6),

Re KGMR®O (I My

-

isomorphic to

m
we have I R
i=1

Now a matrix ring over a field is'a fully idempotent

m

i=1

m
I R®

i=1

v

& Mn; (K) %

J._(_K)) .

1
m
T My,
i=1 *

(R &, K &

i

G

By Lemma 3.7 this is

m
iy
=1

factorization ring by Proposition 2.1.16 and so by

Proposition 2.1.10 so is a finite !direqt product of these

matrix rings, which establishes the, result.

Example 6:

construction which produces a prime fully idempotent

factorization

factorization

Lemma 3.10:

considered as

of R . Then:

i i) If
ii) If

prime.

Proof: (i)

Since they are also R-modules RN A # (0) #

=3

R is essential in S .

O

The following three results offer a

subring of a prime fully Ldempotént

ring.

"Let R be a subring of a ring’S . When

Mp; (K) and by Lemmas 3.8 and 3.9

Mp; (K) .

an R-module, let S be an essential extension®

-
&

-
R is prime, so is § .

S is prime and R is semiprime

Suppose A and B are non-zero

.Since R is prime, (R

t

then R is

ideals of S .

|
i

7

R N B, because

AA(RNB # 0 .

But (R N A)(R N B) C AB so AB # 0, showing that § is prime.

~

-
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(ii) Let I' and J be ideals of R, and suppose ¥
JI =0 . bonsidering S as an R-module, ISJ is a submodule
of S . Moreover, ‘(RN ISJ)2 c CISJ)2 = ISJISJ = 0, and
sin;:e RN ISJ is'an ideal of R’ which is sen'\i'prime,
R NIST= Q. Inasmuch as R is 'essential in S, this
means that 1sJ = 0 . Noy IST = 0 » (SIS)(SJS) = 0 = SIS = Q
or SJS = O since S is prime, and since I C SIS and J C SJrS, \.
this means that I = 0 oxr J =0, which shows that R is prime

as claimed. o-

Let R be an indecomposable regular ring, let I be a
~

| proper ideal of R, and F the center of R . Recall

(Lemma l1.21) that F is regqular, so 0# X € F = xYx = x for

y €F, and thl’J.‘S xy and yx are non-,zero central idempotents.
Since R is indecomposable, its only central idempotents are

0 afxd 1, soxy = 1= yx, which shows that F is a field.

I is also regular, since for x € I, x = xyx = x(yxy)x and
yxy\G I . Note that since I is proper, it contains no qnits,-
so INF =0 .. E:= I +F/I.. _To summarize, I is regular
and so is I+F/I , so by Lemma 1.2.3, I + F is reguia;:. ‘

’

We are now ready to prove: ' .

Lemma 3.11: Let R, I, Fand I + F be as above. If P is
a prime ideal Af R then N (I + F) is a prime ideal of

I +F.

il
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Proof: PN (I +F) is clearly an ideal of I + F . We

consider two cases::

Cage 1: T & P This implies that P n (I + F] 2 I .

Since I contains all the non-units of I + F, I is maximal

so PN (I + F) is either T or I + F . But é contains no

units as it is proper in R. .. P = I and so is maximal

N

(and-thus prime).

Case 2} I ¢ P Consider the ring (T +F)/P n (I + F) .

The canonical ring homomorphism u:(I + F)/P n (I + F) -~ R/P
is mond so u(I/P N (I+F)) is a non-zero ideal of R/P, and
since R/P is prime, this ideal is essential in R/P . 1In .~
particular, for any x ¢ P ; p(I/P n (I + F))(x + P) # 0 so
w(I + ¥/P 5 (T + F))(x + P)+ 0, so when consiaering R/P
as an I + F/Pn (I + F)—moduie, R/P is an essenti&}}

extension of (I + F)/P n I + F . As previously mentioned,

I+ F is regular, and so fully idempotent, so by Lemma 1.3,

(I + F)/P N (I + F) is semiprime. We can now apply

Lemma 3.10 (ii) to see that (I + F)/P n (I + F) is in fact

prime as well, so Pn (I + F) is a prime ideal of I + F

as claimed. O

Proposition 3.12: Let R, i, F and I + F be as above. 1If
S
R is a factorization ring, so is I + F .

Proof: Let J be an ideal-of I + F . We examine two cases: -

~
.
!

¢
1
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Case 1: J CI. Since I is an ideal of R, JRC I

o J2R C JIR and since I + F is fully idempotent, JR C JIR .

IR .

I

The reQerse inequality being true, we have JR = JIR = JI =

JNTI=J. Similarly RIT = J, so J is an ideal of R .

As R is a fully idempotent factorization ring, J==§lr1...faPn

=[Py N (T+F)]*... [P N (I + F)] each of which-are prime

by the previous lemma.

-

Case 2: J ¢ I By the maximality of I.in I +F, —

J+I‘=I+F,SO(I+E)/J2(J+I)/J2I/IO,J.

Since INnJC T, case 1 above shows it 'is a finite product
of prime ideals of i + F . . By the isomorphism, above, in
the ring I/JI N J, 0 is-finite product priﬁé ideals. Since
this is true also in (I + F)/J, J is a;finite product of

prime ideals of I+ F, which completes the proof. a

Exaﬁple ;: By Lemma 3.1l we see that if R is prime so

is I + F . The following conétruction does not preserve
primeness. Let R be a prime regular facéorization ring with
a proper ideal I# 0 . Denote by S the smalle§t subring éf

RxR containing IxI and {(r,r) |r € R} . Since for any

re€R q(r,r) =r, S is a subdirect product of RxR so

by Proposition 1.11 8 is a regular factorization ring. S is

not prime since I x (0) and (0) xI are non-zero ideals of S

‘whose product is (0) . S is indecomposable however, for the

following reason: R-is indecomposable since it is prime

(see the-proof of Pfoposition 1.35) so its only central

- 61 -
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idempgotents are 0 and 1 . Thus the only central ?

. . %/ ‘
"¢ idempotents of RxR are (0, 0), (1, 1), (0, 1) and (1, 0) . ;
| If either of (0, 1) or (l, Q) were in S, this would .
contradict the proper containment of I in R . Thus the
only central idempotents of S are (Q; 0) and (1, 1) , so
S is ‘indecomposable.
,// We now consider some'examples of this pfocess. Let R
// be a regular ring hav1ng three 1deals (0), M and R . One
" such ring is End(V) where dlm\l'- No (see Example 3) .
Then S has ideal structure - - .
a . - . ‘ . - }
- M x(0) : ) s - .
' |
T
P 0 * f
If R is a regqular ring with four llnearly ordered - gﬁ
¥ N
ideals (0) €I € MCR (e.g. End(V), where dlan = Rl), s

f
then we can use either I or M to génerate S . Using I, ; L
' ]

the ideal lattice oﬁys is: T _ )} ‘ iy




-

) -

- where M* = {(m + i ,m+ i) {meM, i, i, €I}

Using M,  one obtains the ideal lattice:
{ , )
. .
oL Mx (0) P

< Ix(0) )

¢

If we use IxI in the last ring: constructed to

>

cohstrué; S', that is, the: subring of S xS "generat'ec‘i by

"IXIxIxI and {(s,s) | s € S}, then the new ring will have

. .

as ideals; T | W .
e 1= +i...m+ i +i.m+ i € i. €
.‘ 4 Il { (nf .lllh 12’ m‘ 3-31 m , 14) l\tn Ml J . I}
» 'which is a maximal ideal,.and,
° - 63 o ‘{ ;
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of_S' ’

‘partial lattice diagram for S' is: ‘

PN . .
;l;}:' {(l;,m‘f'lz; ig, m ¥ 1) '|me M, J.(j’e 1}.

both of which are contained in I, and contain I 2IxIx1I,

1
and g ) \ '
." , 1 .\. ,
. I, = {(m+ iy, 0, m+ 1, Q)[‘r\EM, lj,EI}
"I = (0, m+ i, 0, mti,) |[men; et

which are contained in I2 and I3 respectlvely, b t dg not
contain nlt are contalhed in IxITxIxI . Furthermore,
any J.deal of RXRxR xR contalned in I XTI xIxI is an ideal

and this completes the list of ideals of S'. A

*\‘K
1

.

L ) IXIxIxI

1 ‘ .
4 ’ oot
H

1,

(followed by ideals of RxR #RxR contaiiné’d in TXIxIxI.)

: L
Example 8: Not all pr:.me regular rlngs ‘are factorization
rings. . : . S
\ ! . ’ > . c e,
A . ”‘ ' ‘
o N
\ -~ 64 - °
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Se{A+ Xx|i€se c; =0 }. The only prime ideals of R

Proof: - Let R be the ring of row-finite matrices having

the form A + X where A is a row-finite matrix with an nxn

matrix of arbitrary size.in its upper left corner, and zeros

elsewhere, while X has the form:

Cc
2C
1l c 0
2'c
) 3c. .
) 1
[ \c
. .AZC
0 L 3c
.4'
¢ T -
- \ . -

¢

R*is clearly a regular ring, /and .the'non—zero ideals are

in bijective inclusion reversing correspondence with P(N),
" ‘ - \\»
the power set of the naturals.” The bijection is gived\gy/

N

fb

are the maxlmal ideals, and these correspond to the subsets
N\

- of N’hav1ng prec1sely one eledgnt Clearly this means that

1

there are infinitely many mi?&mel prime ideemls. .R has a

B ' ' ! I £y - o 3
.single minimal' ideal, namely the one in which X'= 0 fé%

each element. ‘R is prime”éince the. product of any two

'

1

RN {

1deals contains a non- zero el7ment of the mlnlmal ideal.

Recall (PropOSLtlon 2.2 (1v)).that a prime fully 1dempotent

-
factorlzatlon rlng with a\mlnlhal non-zero has flnltely

1
£

many non—zero mlnlmal prlme ldFals. Hence R is. not- a

factorization rifg. O' o - :

e
av

«
¢
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* AFTERWORD
¢ ' !

The following results have been obtained:

1. There are prime regular factorization rings
having n maximal ideals for any n€ N . ¢
-Proof: Let R be the ring of row finite matrices over a

field having the form B + X where B has a kx k matrix of-

+
arbitrary size in the upper lgft corner and zeros elsewhere,

.and X had the repeating ‘seque Ce Cpy veey Chr Cyreeer Chree

.in the diatjdnal and zeros elsewhere. Let A = {cy,...,C_} .
: ‘ ‘ 1 n

The non-zero ideals of R arf. in 1-1 inclusion reversing
cdorrespondence with the subsets of A . One sees this by

defining £:P(A) - L(R) \b;)z £(s) = 1X€ R|c, € S=c; = 0}

for any subset S of A . Every non-zero ideal of R is in

the image of f, and f is clearly an injection. Moreover the

’

maximal ideals of R correspond to the subsets of A containing

—

exactly one element, and there are n of these. !

R is regular since both the field and any nxn matrix °

ring over the field are. More specifically, if A is an

nxn matrix with A = ABA , then

1B . - fa EEE B




R is clearly prime. Because R has finitely many ideals,

\

it has A.C.C., and D.C.C., and so is a factorization ring

by Proposition 2.2.8. O ' ’
Note that R also serves as an example of a prime

\

regular factorization, ring whose ideals are not linearly

ordered if n >2 .. For n =1 and n= 2 the lattice -

diagrams are, respectively :

and %
2. Let C; :I, 2I,3I; 2, ... and i
Cz H Jl 2J2 2J3 2' oo @ be ’

descending chains of ideals. Call Cl and C2 disjoint if

I # J, for every n,m € N . We claim that if a fully \
i

idempotent factorization ring has infinitely many

‘incomparable prime ideals then it has infinitely many

. *
pairwise disjoint non-terminating chains of ideals
strictly descending from each of the incomparable prime
ideals. ’ T .

Proof: Let P .be 71 element of the infinite collec¢tion of °
,ix%comparable prime ideals in a factorization ring R .
Choose a countable ‘subset S = {P, ,P,, ...} of this

collection, such that P ¢ s . We form the following subsets
} | " ' ' i ’ 4 ‘l—- :,w";..

, - - 67 - o S
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Proof: (%) This implication is true by\defindtion.

e e e e

§
of S (using an algorithm based on Cantor's enumeration
of the rationals):

P

Sl = {?l' PZ’ 4’ P7r Pll' cee . )
s, = {pP5, Pg, Pg, Pyyy ... o

Sy = {Pg, Py, Py --- ' }

S4 = {Plo’ Pl4, LI } 2

. ‘@
[ 2 L 2

L] L]
-

Clearl if i< j then S.NnS.=¢ and Y S.=§ .
Y 3 th i j ¢ i=N 1

Consider the descending chains’

C, : P DPP, D PP.P

1 1 1P, D PPP,P, 3..._.
L C, : P D PP, DPP3?5 D PPPcPg D ...
Cy; : P D PP6 D'PP.Pg D PPPoP,3 D ...

» .
‘ -
\ L] -
!
! » .
-~

i I

By the incomparability of the primes, each ideal of each
chdin is an irredundant repré'santation and so is .unique up

\ f
to‘brder. Thus each chain is strictly decreasing, dnd the

chains are pairwise disjoint. O , e

e

f : . i
v 3 Let R be a regular self-injeetive ring. Then 1% .
is a factorization ring if and only if' (0Q) is'-'the inter- . -

section of a3 finite set of prime ideals. RS X

N . \

‘u\

0 ¥ .
. )
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(*=) If (Q) = Py N .. NP, Pi prime, then R is
the subdirect product of’ the prime'rings R/Pi i=1, ...,n
by Proposition 2.2.7 . R/Pi is a regular factorization

. ring for each i (see Example 1, Section 2.3), so by v
Proposition 2.1.11, R is a regular factorization ring. 0O
] O3 t
. RSN /
.'&«’ | '
‘ “J -
!
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