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This haster's degree thesis examines the feasibility of extending

N - ' N . ) . . \. -

s recently establishel restlts on radially acting linear integral -operators

on HP'(H+) » where I, is the upper’ half plrane of -C, to radially acting
Vplterra—type (linear as well as non-linear) Integral Operators on & Hilbert - .

2 ’ space of analytlg functions onqtizg‘/oi)en unit disc D of C, which has hitherto'
not been dealt with. ' ' ' J *

. S It is initielly proved that for linear 'ope#ators of this type,
2 o
(

. AS(D) is the suitable space. Properties of AE(D) ‘are de;monstx?ated vhich

éuara.ritee that the set (VK2)~(D) of kernels K(r,r',8)- defifling these linear .

operators on 'AQ(D) constitutes a-Banach-Algebra. Inherent propef'ties of
' v

iterates of (VK )(D)—kernels allow the constructlon of Fredholm—Resolvent -

kernels via Neumann Series and thus, A -(D)—Volterra Integral Bguation of

L
#

second kind may be solved and approximately solved. , .
- ' \" \ M h ~ ] -
For the related Hammerstein as well “as 'general type non linear
% . . .’
radial AE(D)—Volterra Intggral Equations admissibility conditions are de-

IS @

. ° ; . - . L .
f fined and the following re%ults are derived: first, existence of an AE(D)—
. convergent iteration scheme; second, this iteration scheme converges to an
0 - '_AQ(D)—solution; and .tHird, these A2(D) are unique.

The three c_lifferent types*of radial A2(D)-'Volterra Integral

- a2 +

‘. —Equatlons are accompanied by concrete examples which are s%lve&
: > .
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#
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| CHAPTER 1I
. ' , . INTRODUCTION . o g

. ARV

. .

1.1 DESCRIPTION OF .SPACE A= (D).

On the open unit disc®D = {z:‘]‘kz] < 1} of the set C of complex numbers,

' we definesthe snalytic function space A?(D). ,Az(D) is the totality of analytic
functions f on D satisfying AU S . s
o ,, 2 :]-/2 £ ‘ ~
(1) |zl ] = [” | £ (x+iy) |Paxay ¢ . L
: . A (D) D v . .

a

. ) P . T

. "Each- Az(D) function f possesses a Taylor-Series representation
. 2 . .

n ’ .

(1.2) #(z) = ] a(f)% ’
. ‘ n= 0 ) .
" S ‘
an(f) = (2mi)™? f(E)E_n—ldEQ"; (n>0,0 <R<.l)} > '
IEI .=JR ’ g * ’

~

-

for which, after changing the variables of integration (x,y) to polar coordinates

(x=1rCos0, y=r5in6; O<r<1,0<6<2m) L ‘

-,

. : r 2m ) : .
(1.3) - J J [f(x+iy)12dxdy = J f lf(sele) lgsdsde =
2] <r | o :
(2m) T e (0)Fza+2 P2 < (11g]] , )% (0 <red)
R n=0 , AZ(D) o
, LS - ‘ . ’ -
holds. Letting r‘.-r 1 in (1.3) y‘ields e - ‘. o u,
(L) 7§ m+1) e (0)1% = (12l , )* (re2m).
, n =0 A°(D) . N -

s



e

- . [, ?
$

is-induced by tHe inner product

| Consequently, the norm | | 5
’ A°(D)

. . s

He—18

n

(1.5) “<f"g>A2(D)= JJ f(£+iy,)g(§fiy5dxdy = o
. "D . o

. ! > L3

an(g)zn EAZ(D) )

0 L o

Ne~18

(£z) = ] a (0 &lz) = .

Thus, this inner product possesses an integral &s well as a series representation.

°
o

v - ¢ . ( N

1

(1.6) ((+1)H N ) ={(z) Zo e, D), of

' nn=40 n=0
L] - ?.‘
1is endowed with the inner product
‘ ~
. - . ] — >
(1.7) 7 W . = q Z (n+l)"z w .
< >£2(<n+1> S LR non .
0w 0 R ' ¢
Sh (%n)n=0 » W= Wpag ), . ) o
Y
we may conclude from (1.5) and the power series représ‘entation flz) = ) anz'
- N V. ' ' . n= O

“

€ A2(D ) whenever

/o 0

(n.+'I),_l | a.nlg < e  that /\2(D), equipped .with the inner

18

0

product <,> 5 ", 1s a Hilbert space ~_ i.e. AE(D) is complete with respect to
: A (D) T .
)

3

1,

the norm |
‘ A" (p)

By reason of the fact that the Hilbert space .

e
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1.2 . ORIGIN OF PROBLEM. _ " ) . t

This thesis deals primarily with linear.radially acting A2(D)- Volterra .

Integral Operators K : AE(D) + AZ(D)‘ with
- o

. ' : Yoy /

r
(1.8)  (ke)(re™®) : JK(r,r',e)f(r,eie)eiedr,
-0

a.e. 1n r on B),l) (0_<_6<2]r) induced by a O—parameter family of Lebesgue measurable

kernels K(r,r',8) (in the verisbles (r,r')) on [0,1) X [0,1) (0<g<2w)

L}

" with u_niformly bounded '""double-norms" [ 10,p. 177 1 - i.e.

f

< . <
-
-

2) O <8<2m

o

. ' ir . 5 1/2 . i °
@e) Kl = “em oo [ H e er,0) | Partar| < o
’ 5( 00 ‘

]

)

Redially acting linear integral operators on.the Banach spaces Hp(II+

of analytic functions f on the upper half Plane T, of C,’setisfying

(==}

‘ D 1/p
= Sup [ J Ir(x+iy¥|¥ax < w,

(1.10) ' .Hrll.
P (n ) vy >0

+ -

- ' a~

have been studied by (lassine Van Winter [91 in the Hilbert space }12(H+) and g
in the Banach space HP(H+)(1<p < =), yvhich space is not a Hilbert space for
p # 2, by the author's thesis director Attila B. Von Keviezky [31. The latter

utilizes the fact that HP (I J(1<p <) has an equivalent "radial norm"
LY /I !

-

© -

D 1/ .
(rav) e} = Sup [ J |f(rele)!pdr} ’ (r e wP(n))
. SLP(O,m) 0O<cpsem oy _ .

P d



r

. ' ,
» < ) \ :( .
- - '/) ’
L3
| - ' -
» -.'})4 - o
with normJeq;zivalence given by ' " | ’
(1.12) 2'l||pr < | £l . < Sec(z"lwp‘l)llfll .
| ()" s (0,e) B P (1)
. ¢

foe » [ N . ! -

C41. This norm-equivalence allows one to investigste radially acting integral
! , ' ]

operators on the Banach space HP(H+). ) . ’

gl

In the HiTbert spa‘ce H2(H+_) , Classine Vér_l Winter [9] dealt with linear

., I
. radially acting integral operators K : HE(T[. ) o ,HE'(H ) with
- — / \. -~ + +
(1.13) (k£)(-e'®) »= JK(',r’,e)f(r'ele)gledr'
\ O -
_ . ¥
a.e. on '(O,«)(O < ® < 1), wvhere L) .
N : ig\-3 +is i0,-1 - it :
(1.1%) x(r,r',8) = K(s,t)(re™ ") (r'e) atds
-_l - - - ‘ .
\ -2 »
© o ,
[ J J |K(s,t)[2(1+e2"(s "t))dsdt < = | _ -

-
-—0 - - .
T - ‘ ’
. . <

i{er kernel representation (1.14) as well as her results were derived from a

"Melin-Transform'version of the Paley-Wiener Theorem for H.2(H+)—functions. In

the second situation, nahely that of HP(II+), +the author's thesis director ¢on-

. . .
§idered radially acting linear integral operators i : HP(H+) > ‘Hp(H+) (L<p< =),
vhose action is defined by (1.13), but with kernels K(r,r',8) possessing uniform~

{

1y bounded "double-norms" - i.e.



o5

~

+ - : -
and Rﬁ as 6 > 0 and T respectively and 8H+ = RTTL'J {O}wRO. This geometric pro- -

.1.3 OBJECTIVES -OF THIS ;I'HESIS.’

. ’ . 4 ~ M * n k
A?(D)\ with sction (1.8, wé are demling with a space of ana.lff:ic functions af the

q . ’ .
« ¢ /
* . *
- ~ R
-5 -
M . v q
' . ’ . ' ‘l R ~
S e - Capt. ORRT e
(1.15) x| = Sup I J J»IK(r,r',e)! dr') dr)' < o,
i S(p,p') + 0<B8 < 5 :
) s * . G
- -1 : - :
vhere.p ~ +p' =1 . ‘ .

-

Both of these cases exhibit the common advantage that the upper-half
plane m, gdmits the underlying interpretation of being a 6-parameter family of

.reys Ry = {ret? . r>0}0 < 8 <) pos‘sess‘”ing the"f‘ollow[ipg property: . "’Re + R,

P —

perty guarantees the existence of boundary value kernels K(r,r',0) and K(r,r',n),

vhich describe,K : Hp(H+) > Hp(H+)'by means of the closed Lp(R)-u subspace Hp(H+)(+)\
L) ) - . :a u ' ’
and the operators K, KW' : Lp(O,db) > Lp(o,m)‘ with

. . S

4 ‘ !
o . .

(’.116) f(wa)(;) = IK(-,r‘,.w)f(r')e_il\pdr" (v =-0,m) .
. 0 : .? ‘\

denotes the fotality of tp(R)—"boundarygvalue functions"

a.e. on (0,»). HP(H,;)(_,_)

of elements of HP(H+).“ Thus the development of trace-class kernels for HP(H+) is

LY - Il . N
achieved [3] (1 <p<=); in particular, the construction of Hi 1ber¥-Schmi dt Opera-
» s ” . .

.
' «

tors on the Hilbert space H2(II+). ) R L f
- )

’
. _ - * N a4

P ———e

r

12

-In the case of a radiaslly acting linear integral operator K : AE(D) >

open unit disg D. This disc ig'a 6-parameter(0 < 8 < 21) of rays emanating from
» N ’ " .

the origin; however, these rays do not spproach 3D in any a.hg{llar manner as was

-

* ~,

y - | N
¥ '

L} “

>3y

W



the case for Il'+. Moreover, D is bounded, whereas :’,]I+ was not. Therefore, any
4 . -~ & 4 '

. investigation of radially acting integral operators oh A2(D) cannot be accomp- |

-

lished through radially actingwboundary integral operators (induced by bhoundary

. o N
/’\( Kerfiels ), 'simply' because these do not exist. ~ P .

’

[

The primary objective of this master's degree thesis is to ‘examine

the quasi—nilpoterrc*y E2,p..h93 of the linear radially acting A2.(D)"-"Volte\x?'i'é

' Integral Operator! : (D) 2(D) deflhed by (1.8). This requires answering
“ . %d | ' t
‘ the follow1ng question afflrmatlvely. Is 611m (| | x| || )l/n = 0?7 Or
\ [ . . " B ni —:-20

u . . N ' c(\";

equivalently, does the Neumann-Series

- - . ) P
A v - .t
X

I . x
- (1ar) .3 AT i(ree) ,
4) - . n=20 Q . "
T ' ¥ P ;
[ . - + * - 1y ] . ’ . .
(K™ l(r,:c" ,8) = J K (rr",0 )K{r",r' ,e)eledr"' if r*<r ana 0 if r'>r
' . oo ‘ ’
1] g r' ! N * & ~ N
. . (0 <r, r'gl,nzl))‘ . \ '
- A
< .
>, ‘ . . .
of the kernel K(r,r',8) represent the- Fredholm-Resolvent Kernel HA(K)(r,r' ,8) of
\ . . =
<4 . the A2(D)—"Volterra Integral Operatdr" determined by K(r,r',8) for all X e C ?

‘Fhe Fredholm-Resolvent Kerfiel H, (K)(r,r',6) must -sgsfsfy the Fredholm-Resolvent PRS
. Equation [6,p.17]): C s

\ r ' 7 /
(1.18) 18

H (K)(r,r",8)K(r",r! 0)e*far" =

K(r, r", 8 )H, (K)(r "ort 6)erdar"

u

AR



i

. 3)... Estimates on lKn.+l»(r,r",6)! guaranteeing, lim Sup (| ||x"|]]

¢
PRV

\
H}\(K)(r?r',e) < K(r,r',8) (r'ir‘}\\Ofr,r'\k l)

. . ‘ _— \
a.e. in (r,r"') on [0,1)x[0,1) (0<6<2r) for al} AeC provided H)\(K)(r,r',e) )

- .

exists. If we assume that the answer to the guestion prec

i, - . B

affirmative, theg the unknown A2(,D)—functior1,f in the‘lineajr radial A2(D)— '

eding (1.18) is

7

"Volterra Integral ‘Equation” ' ) '
, ¢ AY
il 8 )

'(l.i9§)’ f(re”) = g(rei

s . . '

a.e. inr ot[O,l) (0<8<2r), has the unique solution

r -

o HA(K)(r,r',e)g(-r'ele)eledr' =

“(1.20) f(reie)- = g(re"i Y+

r - e
N el .
. l(r,r’,e)f(r'ele)_eledr' -

u

O —— O

-,

a.e. inr on [0,1) (O <8 <2m) for all A eC. Tor achieve our objective, we

iy

shall examine the following topics:

1)... Topological aspects of A2(D);
h) ,
2)... Algebraic properties of the kernels Klr,r',8) - i.e. the totality of

these kernels constitutes a Banach-Algebra; and

& N '
)1/11 = 0.
n-+>w
- b

J

Since non-linear Hammerstein Integral Equations arise out of

L,-kernels, we shall also examine noh-linear radial A‘?(’D)—"Volterfa Integral -

2

t
/



4 —~ , N ' "b ‘
. . 8 - X
. . ' ¢ '
4

. ! . i . : . * .

Equations" of the Hammerstein-type ' ’ :
-— . . Al /’ ‘ i . L4 ,

t i : T ‘ , o .

(1.21)‘ f(rei'e)‘= g(reie) + AJ K(r,r',B)F(r'eie;i‘(rieig))eiedr'Q’_ (geAg(D)) .

‘,\ . 0 k1

a.e. in r on [0;1) (0<o<2n) as well as the general type

/ ) . . .
' ' r . N .
(1.22) f(rel?) = g(relev) + AJ F(rele,r'ele;f(r'ele))eledr' (geAg(D)J : L
5 ‘ ‘
ig - 2 . \
for-all re”~ e D, where feAS(D) is sought after and the kernel K(r,r',0)
satisfies (1.15) dpd defines K: A%(D) » a%(D) ((1.13)). )
. Q o« i
\\\‘ N . P .
~ , 4
Y
| ' N
- v b
i .“‘;‘
#
\ . /\ - % L i
' - ~0 .
.@' 2 . \.«
. .. N
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\ . BASIC CONCEPTS = , :
- ©

.
The Hilbert space AQ(D) is related to the following two Banach spaces -

H2(D) ang AE(D).§ HE(D) <s a Hilbert space whereas AE(D) is not. '

- o

.

5.1 ~THE SPACE H2(D). . . )

a

Definition 2.1. HQ(D) is the Hilbert slsace of analytic functions T

' -on the unit disc D with ’ ,\\‘ , A ‘ /
» ) . N o . [
4 o
' . art . 2 31/2
(21) I¥ell, = sw [ (2i) L £ (rel®)]| de,] < o,
’ ‘ - H7(D) 0<r<1 '0
' 2 -1 - 0,2 \1/2
In fact, for each f e H°(D), the expression E (em) J |£(re” )| de ) .
- . 0

FEs

is an increasing fﬁnction of the variable r on [0,1) [5,Th. 17.6, p.3607.

Further, every HQ(D)ffunction f possesses an a.®. unique L, L0,27)-boundary-

L

, , ) D . ' . ' ’ P,
! i6, . -1 ie, @ ~ ' \
value-function f(e™)) - i.e. (2r) |f(e””)| a8 < = such that :
0 < L .
: ' ' -1 = i i, 2 MR -
(2.2) lim _ [ (27) J |£(re™”) - f(e )| ase ] = 0 ; . -
r>1 - .
. 0
in particular, \ ) ’ 3 .
\ . ) .- ot
| af ) se, 2 )22 D |
(2.3)  ffell, = [ (em) j [#(e” )] a6 ) “frew (D). .,
' . H°(D) ’ 0 _ A ’
Y s Al A - nﬁ




-

1]

-t

. " . \QA -
. | :
.satisfies the parallelogram law, and consequently,_He(D)

1

Hence, ||« || ,
. H°(D)
C' *

is a Hilbert space [8, Satz 1:6, p.17] with inner product

.

' 27 .
4 (.ed s . = (enrlj (e1®)g(el®yas,
, < >H2(D5 ! 3 AR -

where f(ele) and gfele) are the a.e. unique boundary #elue functions of the

HZ(D)-functions f and g respectiveliy\~

°

1 ° -

On the other hand, it would‘seem appropriate to consider a norm de-

fined by the supremum of L2[0,1];norms taken along Lhe segments {rele: O<r<il}

(of the ray Re = {rege :r>0}, 0 < 8 < 2n) for examining linear radially
. . Q= .

N

acting Volterra Integral Operators on a Hilbert space of analytic functions of

the unit disc D, analogous to‘what was done by C. Van Winter [9] and the author's

- thesis director [3] . We consider -for this purpose the following Banach space of

analytic functions.

’
' ' ) t*[
- e
- - -

2.2 . THE SPACE A°(D).

the unit disc D satisfying 7

(2.5) || £]] oL G H
SL2EO,13 ‘0 < 8-< 2m 5

3

L]




(2.6) ||zl

law ig violated. This is demonstrated by the following counter-example. Let

f(z) = z and gl(z) =

and g € AQ(D and
{

SL2 £0,11

f

/“Hgll

SL2[0,13

Prior tS“ca.'Lcu.lating the AE(D) ~norms of f+g and f~g, we note:,

(£+g)(re'®) =

(rGos®8 - Cos y) +i(rSiné - Siny). Thus,

i
e

v (where y is & fixed engle, O <y < 21).

’

4
PR /—%
e [[Re)t b
0 < 6 < Qf 5 X .
’ [ 4
Cot N1/2 | _
= Sup {J'dr} = 1.
0 <6 < 27 3 .

(rCos® + Cosy )+i(rSin6 + Siny ) and’ (f—g)(rele). =

<

. N e 1 . _
2;' s 1/2 -
(2.71) [lt+gl] = Sup { J[’rﬁ-l+2r00é(6—¢)’]dr :
s sL,.[0,1] 0 <8 <27 - . -
2 2 0
-1 12 1
Sup (37 +1+Cos(8 -y)) = (7)%(3)
0 < 8 < 27 o . -
and .
. , A 5 1/2
(2.8) - ||£-gl] = Sup [ J[r +1 - 2rCos(6- y)]dr =
- S.LQEO,\IJ 0<6 <2r 5 ) !
’ o 1/2 Ioay-3
> _ Sup (37" +1-Cos(o -v)). = (7)°(3)7° .

hvs

The norm H . H
SL2[O,1]

0<8 <o2r _ ‘

cannot be induced by an inner product, because

-
¢

Obviously, f



oS

[ - - 12 - )
. . ) . 2 2’ ’
2o [lleeall Ve {lie-ell -
- o osnro1) U T e 10,13 .
S m@Tt e e = ane, R o
2 8 2 :
Gao 2(flell. )"+ 2fllall | -
8L,,00,1] V SL,[0,1]
t . . .
V@ @o = wm . "

\ -
3

| is determined by the norm of the Hilbert .
SL2CO,1J

N f

space L2k0;1] . . ‘ '
\ .

Nevertheless, the norm l[°

4

' °

As purely algebraic objects (topological considerations disregarded),
the spaces Qg(D), A2(D) and AE(D) are interrelated by sscending strict inclusion‘v

\
and appropria%e descending norm estimgtes. A We arrive at this conclusion via the
subsequent lemmas. For the sake of notational convenience, we introduce the follow-
. . 5 N 3 . s
ing convention :\f(ele) always denotes the a.e. unique boundary value function
: \ ‘ ‘

P

' ' : \ N . . - '
* .of the analytic fqpction f of the unit disc D, whenever such a boundary value

\ .

function exists. : .
,\\

. L .

i
A

9.3 THE RELATION BETWEEN H-(D) AND AZ(D). ' .

\
“ Lemma 2.3. I feﬂz(D) and (Imf)(x) =0 for all x (-1 < %x,< 1), then -
' | a -1\ ‘16, (2 Yo .
(2.11) l£(x)] ax <277\ |£¢e")[“a8, . .

-1

. ~ \ ¥ ) . . t



e

7 1

) ¢
‘ 4
©o-13 -
. \
’ Proof. £eH3(D) and (Imf)(x) = 0 (—]l<x<l) imply

(21 -3 n. 7
(2.12) .f(z) Z . 8z [ . Z‘

.
Y

w“

T

2 2

(2.13) J (£(x))
. -1 0

Sl

. ' . 5
However, the mapping property f:(-1,1) - R implies. (f(x))

L4

1 T

. 2 o g
(2.1%) j le(x)] = -iJ (f(ele)ele’{z) e =

' -1 O

ax +i J (229 e

N

i6

dae

B };ields via the Cauchy-Integral Theorem [1,p.115]

0.

N
.
.
F 3
N
<
g
“ ~
+ v
)
1}
. e
13
> Re
-
2

K3

'id

./J.

end hence,



_ij {Re((f( 19)}25/2)2) . Im(( fle 1'9 16/2) )}de _

- 2

Ul Co m 7 T !
Im( (£(e*® 18/2) )NJ Re((f(eie)eie/z]z)de = o

! 0
w m T

0
“I In((£(e1%)e*®2)¥a0 < 12(e2%)e l9/21 de = J 1£(e*®)2ae.
0 ' 0

O

¢ . . N

Y . : -

. . J .
In (2.14) we utilized that Im ((fﬂelq)ele/g]g) and Re ((f(ele)ele/g)e) are
real valued functions, whose . respective integrals (on the interval [0,7]) are

also real. In consequence thereof,

. l‘ n.”‘ ‘ < - ‘.
(2.15) j If(x)led,x < j tf(ele)jzde.
' -1 u 0 oo

By means of the contour




) ) - 15 _
’ : s
/ \
we obtain ' . . ' , PR *
1 b " on ’ -
(226 [ frbaffax = i (eI B e x
-1 ‘ LIRS S

1

and by resorting to the immediately preceding arguments , modified for thes

‘

3

contour CE’ we arrive at

: 1 ' ST,
-(2.17)_J If(X)Ide/ < J |f(ele)| a6 .

-~

=1 - T .

t

Adding inequalities (2.15) and (2.17) completes the proof of this theorem. Q.E.D.

'

Lemma 2.4, If f ¢ HE(D'),_ then ¢ .
LI . . ' 3 )
1. ) T o2n . .
(2.18) J e(xe?) edx'_f 271 J l£(e*®) a8 (B <¢ < 2m),
-1 ' 0 g

‘. * .

’

=] -]
.t . 2 ~
(2.19) (z) = I "2z’ ( ] lal < =), :
Qn =0 n=0 . .
- . < .
' . .‘ " » i¢ n \
. where-a. = a + iB  (a_, B € R; n>0)., On account of (e™7)" =
n n n n*> n % z
‘ 0
Cos(n¢) + i1Sin(n¢) and .



oo

\ S
/
. ' /
/
’ - 16 - )
e 1?0 (4200, -/
/ '
. We know that the H?(D)—functions ) /. "
. . . N ; b
X f
. ) * o0 ] " vt
(2.21) g(z) = ]} (a Cos(ne) - 8 Sin‘(nd:))zn,-
i) o n o
n=20 . N
*h(z) = J («8Sin(ng) + 8 _Cos(ng))z"
¢ L n n
n=20
.

& .
have resl values provided z is restrict/ed to the interval (-1,1) of R and

(2.22)  f(e*¥2) (z)+in, (z) (2 ¢ D).

& 6

T

". "Applying Lemma 2.4 to the H2(D)—fun ttons g¢ and h‘1> separately justifies

. 1 27
(2.23) f(q;¢<x)|2. + () [%ax] < e"lf (lg,(e™) 1% + Iny (™) [P as.
-1 )
o " We note"f(‘e.i‘bx) = g(b x) + i1'1¢(x) (-1<x<1‘3, where g
i/bl<x<lh

S(x), B e R

| ws ing -~
b(‘Gn os(n¢) - Bn81n(n¢))g ,

n
n
=
\./
-
[l
@
Na”
1
N8

in® . ‘ \

=

—
o . .
el
T @
S

u
He-18

I,1Sin(n¢’) + BnCos(n¢)]¢

a.e: in'6 ¢ [0,27] and

’
.

v



% »
18
i ° - 17 -
| e -
2n - .
i8,,2 - . 2
(2.25) [ lg. (e*7)]%@0 = 2n ] (o Cos(nd) - B_Sin(ns))<,
. ¢ h=0 M +n
0 ) ' 1y
an - -
) J 'h (ele)!zde =21 ) (« Sin(n¢) + 8 Cos(n¢)]2.
¢ n=o D n
’ Q1 .
Relations (2.24) and (2.25) together yield .
o1 1
(2.26) J (ng)(x)]2 + lh¢(x)|2]dx = j |£(xe*?) |Pax
-1 ( _ 5]
o %
' ‘ N .
e : ' | o
(2.27) J (e.(e*™) 1% + (M iF)as=2r ] {a )2+ (8)7) =
¢ ¢ - n n
n=0
O -
27
oy f
v ] lag1®= 1 Iee*) e L
n=20 n J
0
Combining (2.27) with (2.23) confirms (2.18).Q.E.D.
. o 2
Theorém 2.5. H (D)‘%A (D) and
v / i ] . &
. “a/2 -
(2.28) ||f|!$té_/ o1 S 2 Ufl 42 (1) (feH (D)).l
1 = /
. Proof. Since L If(rele)ledr. < [ If(xele)lzde, Lés&ma 2.5 implies
0 : -1 -

(2.28). Q.E.D. ~ ‘

H2(D) being a proper submanifold of A2(D) is demonstrafed by the

analytic function f(\: : ' -

W,

N



(2.29) £ (2) = a_f 22 (zeD).

f;(z) e AE(D), because

]

(2. 30 )

and

> (2.31)

&

~

"1 - ¥ - ,
¢ ig, 2 _ ot n, . m, -1 P | m
It (re™)[%ar = ] (2"+27+1)7 exp(i(2™ - 2™)6) (0<6<2m)
0 n,m =0 . ‘| .
- ! ‘
1
\1/2 & 1/2
Sup [ J |f (rele) 2a ) = [ Y (2n+2m+1)'1) <
0<e8<2nm n,m = 0 -
- 0 i
z (2n + 2m) 1 < z ) le—n/22—m/2 v
n,m = 0 T nm =0

[

n=0 m=0 ' ,

' gvhere the inequality (a2+b2)—l < %a._]'b“l Aderived from 2ab < & +1b°) justifies

the third step. On the other hand, £, ¢ HE(D), because

{2.32)

» ) : L,
: an - 0 ’
(21r)_l lfo(rele) |2de = Z e ¢
6 ) n=20 ‘
2m ' . . . .
‘ ] . 1/2 ‘ \
implies lim _ (ZW)—lI' | £ (rele) |2d6) = «. Therefore, f e A2(D)'\a HE(D)-—i.e.
r+1 =@
0

K (D)GA®(D). Q.E.D.

hd -

This completes half of the strictly ascending inclusion relationship

for H2(D), 'AQ(D) and AQ(D) with corresponding decreasing norm inequalities. The

o

Y -



/ a.
p . -\ =19 - . \
. ’ "N . )
/ _ v )
. o, oo v‘ "o
next theorem deals with A"(D) and A“(D). ) -
M ? a v - ‘\
,r/' , . \ ’ 3
2.4 THE RELATTON BETWEEN A%(D) AND A%(D). T . -
2, 2 : ; ‘ ”
Theorem.2.6. A"(D)S A"(D) and , ' A

- . .
. . - ) .

B - . ) N "y o~
1/2 N 2
(2.33) || 2l],2py < (20)7/7|[f] !5L2[§3’1] . (£e AS(D)y. -

.
\

Proof. We consider an arbitrary AZ(D)—-functioh f, change the variables
=520t

o

of i@ltegrjation in J Jflf(x+ iy) lzaxdy to‘pblar coorddnates (x=rCos8, y =r8iné) .

D o A ‘
and derive via the.Fubini-Tonelli Theorema . ‘ .
R o i8,,2 ‘ : o ) ,
o) (e s ) = £(rel®) |Prar]a0 <
A2(D)J J . ' - -
. 0 0
2r 1 . . i
Hj,f("releﬂgdr}de < Eﬂ(]]fHSL )2.‘ ' - ot
0.0 . e 20,11 ) * coe
. et o 2 2.0y
This verifies (2.33) and A"(D)&A™(D). ) ‘
o Yol ' ) .
N . { /
" . 2 [ onny 2 s . . .
Prior to showing A (D);tA (D), we remark that if
(2.35) glz) = V az" -+ >0 (n>0)), "7
: n . n- -4
n=20 -
then - , . ‘ : , .
’ o Y
w Y P



i &
° 1
, - 20 - :
_ YA . | - ]
. : Nl E o
| (2.36) Sup J g(re*®) |Par = Sup . ea (n+m+ 1) Leiln-mle |
. 0<0<2m ) ‘ 0<g.<er'nm=0""
¢ - Z~ a a (n+m+l)_l.
- n,m = 0 :
Q AS
‘ 1
" For a 11(2__l < u < 1) the analytic function of the unit disc
(2.37) go(z) = T (an(n+2))7™" 2* (an = (in(n+2))7% (n>0)) -
¢ ) ‘'n =20 ’ . PR

! . . .

b 1 em 5
~ ' 2 18,2, ) :
(2.39) : || 1g, 1 )) = T eyt Pas)rar -
0 0‘ .
' —l @ _2‘ -1 o _ o _,l ?Q
2™ ] (mn+2) ™+ < 7 (nm+2)) T Fme2)T <
n=20 . n =0 - . .
) J [ln(x+2));2u('x+2)—ldx = (ep-1)"% (1n(2))l oM e,
0
' Secont'i, g, ¢ A2(D'),' because ('2.36) (g:go, f_nz an(go)~= (1n(nf2))—u. > 0 for
2ll n>0) yields ‘ ’ .-
. ‘ . - . ~
(2.39) (| |g0| ISL [O',l])g = 'z_ (ln(n+2)]—‘u(n+m4l)-l(ln(m'+1))"” > )
: 2 n,m =0 X
= ) \,. 2 (ln(nﬂ”E));-u(n+m+l)-l(ln(m+l))-u > ) ‘ .
! - - nm=1 .- ‘ . . -
) z (ln(n +‘2)‘)'U{ E (n '0'I]'L4'_'].)_1(]_1‘1(11'l-m-f-l))-‘IJ } = =, <
A n=1 - m=1 .
L) ?‘



N . . C L] - ; ,

N

sincg the sum in the curly brackets is bounded below by

f (n-PX'+l)-l(ln(n4-x-+l))—udx = o, Therefore, goe.AZ(D) n Ang). Q.E.D.
2

\

»

We combine Theorems 2.5 and 2.6 and summarize:

» -

Hliel) , e < L] < 2Rl (rerf(D)).

~ A%(D) . SL2[O,1] ; H™(D)
¢ . ﬁ

(2.%0) (on

Moreover, since H2(D) is dense in A2(D) (polyﬁpmial-functioﬁs belong to HQ(D),

AE(D) and AE(D)} and AQ(D) is not a Hilbert space, neithér of the spaces HE(D)

and A2(D) is suitable for investigating linear radisliy acting Volterra Integ-
' 2, .\ . .
(D) is for this

o

ral Operators on a Hilbert space of analytic functions on D. A

reason the appropriate Hilbert space for linear radially acting Volteqra Integ-

A

ral Operators ((1.8)).




impaired by the presence of

. ' & op

“ R .

—22 <-l
CEAPTER III . -

THE HILBERT SPACE ‘A?(D) *

|/‘ v . ’ L3
s . ) '

B

The norm determined by the inner product <,> o (a.s) is
- "AT(D) S

‘ -
. \

r in formuila (2.34). Consequently, the norm
<11 5 is awkward for investigating linear radially acting Volterra Integ--
A°(D) ' - o

ral Operators on the Hilbert space AQ(D).- A -

| ' : -—
|
. . \ . ' "

3,1 AN EQUIVALENT HILRERT SPACE NORM FOR A2(D).

.

We circumvent this obstacle by .introducing the more effective alter-

nate norm -

~ -

il 1/2 m , 1/2
(3.1)  |lgl] = [J { lf(rele)|2d6dr) = {21: v - (2n+1)_1\|a ( )|2}
J 2 n
00 n=0 \ )
(fsAz(D)';'f(/é)‘ = ¥ Jan(f)zn (z&D)). .
‘ n=>0 R ‘ \)

¢ ‘heorem 3.1. The topology on A%(D) determined by [|+]]is equivalent

12 . Further, this equivalence
3 , A°(D)

. 2 .
to the topology on A“(D) determined by ||+

~

1s- given by o . ) . »

(3.2) 1F1, < el < 2¥2120, o (zeafon.
©AS(D) T . AT(D) ..

Proof. (3.2) follows directly from

N



3.2 A LINEAR HILBERT SPA;CE HOMEOMORPHISM.

(3.3) 2n J (enJre)‘lJZ(f)lz’ < 2r '] (en+1)Ha (£)1° .
n=0 n "n =0 n
2(em) ] (2n+2)'l\a (f)12 '(f,aAz(D)). |
n =20 - B . C
,

The terms in (3.3) are series expressions of the squares of the respective
. . ‘ ~ . Y

3

lhorms appearing in (3.2); hence, (3.3),follows.

N -

f

(3.3) guarantees that the op;en\ Sphere { gsAQ(D):IIg—fl\ < p} (of the '

metric topology generated byq{ I {) is contained in the open sphere {'g € AZ(D);

) for all f e

||f‘-g|f 5 )""<. o} (of the metrié topology generated by H ][ \
AT(D S D

A2

2 ' ' L - , 2

(D) and p > 0. Correspondingly, the open sphére { geA°(D): |le-f]] - < p}
: . . A=(D)

A
x>

(of the metric topology generated by l | >
: . AT(D),

1/2

‘ {geAQ(D): |lg-£]| < 2/%p } (of the metric, topology generated by ||«||) for all
poo : : /

feAe(D) and p > 0. Hence, these two topologies on‘A2(D) are equivalent. Q,E.D.

Norm H-l I is generated by the inner product &
} .
2m 1 - _
(3.4) (f,g)-'=J J rire*®)g(re*®)arao =on ] (2‘n+1)‘lan(f)an(g) .
o0 o n=0 : - l
. -
-] o
(flz) = § & (£)z" , glz) = ] & (g)zn), ‘ .
. £ 'n. . & n
. n =20 n=20 :

\

and A°(D) endowed with this inner product ((3.4)} is a Hilbéert space. To

-

) is contained in the open sphere
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I
'

, y
. . !
'

o

distinguish between AQ(D) as a Hilbert space wit‘[ inner product <,> or

. . , . | .
( ,7), we introduce the following definition. ' '

‘4

A

Definition 3.2. We write <<H s H>> if H is a Hilbert space with

‘inner pzl'cjduct ((, >> . ) .t

]

»

N ‘By means of this convention, it is ‘easy to see that the linear

transformation ¢:,<A2,(Df), A2(D)> - (AQ\(D), AQ(D)) with

+

(3.5) o(f) =1 (£eal(D) - o o

defines a Hilbert space homeomorphism.

- .
-

Theorem 3. 3. If'{fn}n:O‘C A2(D) and feA

lim ||f - TP =0 if and only if lim ||f - f|]
n 2 n
n-o>w AT(D) ~ n -+ w

Proof. (3.5) defines a Hilbert space homeomorphism. Q.E.D.

[}

2( )

3.3 PROPERTIES OF A°(D) ~FUNCTIONS.

2(

]
’ D} and AQ(D) are dense in ’<A2(D), AQ(D)> and
(BB, %)), I

.
- -

Theorem 3.4, H

Proof. TFor f‘eAQ(D) and € > 0 there exists N(e) such that -

9



%

s L o
(3.6) or 7§ (2n+1) [a (0)]% < &2
. . N &
n=Ne)+1l \
Via (3.2) we may write o )
N(e)\s N(e).
(3.7)- |t = T e (M, L e - T a(e)()7] <es
- n=o0 A?(D) . n=20 n
N{e) '
. n 2 2,4
. therefore, Z . an(f}(-) £ H (D) and AT(D).’ Q.E.D,
’ n.= 0 ) o )
Theorem 3.5. +If f'c Ag(_D), then - ‘.

1 ' .
(3.8) J (Al—r)lf(rei¢)|2dr <m ] (2n+l)_l|a'n(.f)l2 (0 <¢ < 2m.
0 ~n=20 .

L "o
- - ’

Proof. We define

' 2 \.fz , I
(3.9) fr(') = flr(-)) (feA (D), O <r f.l) )
) . . ,
'and” derive from Lemma 2.5 the property B
. . 2n ‘ L - /
(3.10)- J lfr(’xem)l?'dx §1/2J |fr(e.le) 14" -~ (o <¢ < 2.
) “l V ’ O o7 B

Replac:}ng,fr(xew) with f(rxel¢) and x with r “x.in (3.10) yields
) / R . . 1.

- r . : ' 2n
" (3.11) r‘lj | £(xe ) | 2ax < '2-1[ 1£(ret®) 2a0

- 3

-r : 0 : o -

: ‘ 7 N .
y -
.



“ | Y -2 -
g( 16 e ' n_ind
. Further, #inserting the series“wepresentation f(re* ") = ) a.n(f‘)rne:Ln
' - n=0
1
) (0<r <1) into the second integral of (3.11) leads to ‘ , )
! r ‘ . (=] ) l ‘ Iy
- {3.12) r—lJ If(xem)]zdx <7 3 |an(f) !2r2n ¢ (O<r‘\< 1)..
. 0 n =20 }

3
s

Ve multiply (3.12) by ré(r) (§ € L_ (0,13} and integrate both sides of (3.12)

.

with respect to r on [0,1], which gives us ) . .
\ , ‘ “ N N
1 Tr R - 1 %
. . 4+
. (3.13) J H)(r)lU !_f(xel¢)!edx}dr < 3 fanlf)lej H}(r)lrzn i (v ¢ LmEo,ll)
U ‘ 0 < 0 ‘ n=0 0 '
By changing the order of integration in the first exprqssign ¢(3.13),
. - i . )
~ X
- / l ¥ - ]
. (0,r)
- (x,x)
T
' L |
- ~ — x
. (1,0)
¢ :

we obtain

s

r




-

- - 27 - ‘l
1 11
(3.1L) J |w<rn” |f(xel¢>|2ax)ar~= J [J ]1p(r)||f(xel¢)|2dr)dx -
0 0 0 x :
11 - -
] wotas] it B (o ez o,19).
6] X /// g ' - | .
— - ] .
— . 1 1 |
To each of the expressions I Iw(r)]r2n +l.dr = J (rn+3./2) (Jo(r) Irn +l/2) ar.
o : ! o ,

[

AN
.

(n >0)'in (3.13) ve apply the Cé.ucmr_—Schwarz Inequality and conclude therefrom

~ . “

\
1 C Yy
on + 1 G oy M2 |
(3.15) | [w(x)|r™ " “ar < (2n+2)” lw(r) [ ™" “ar |, (n>0),
0 ' 0
1 ‘ , '
2ntlo -1 . : R :
where we used (2n +2)7". Applying the Cauchy-Schyarz Inequality
0 ' ‘
1 1
. + +
to the second integral of (3.15), namely J l\p(r).lzrzn lip = J‘[rn 1/2) <
& . ‘0 0
+ .
('U’(r)’zrn 1/2)dr, yields \
N [ P
1 1 ’ -2
..1 -2 2 . 2
on + + 2n+
(3.16) | [v(x) ¥ Tar ¢ (en +217E *E )U-m TR
0 0]

1
[}

in particular (by iteration) - .

- l. .
(3.17) le(r)l L < (2n+2)
0 - 0 N )

1)



' 1l - Com : 2-m .
[ [ et 2 (m>0). ,,
0 f ¢ I * ‘v 'r

» . A

= implies

Ne-18
n

If m + = in the second expression of (3.17), then

m 1
) [ ‘l
1. 1 m o\
. + _ . .
(3.18) J () |22 Lare< (2n42)h 1im [ J i) |2 @ ar] =
. 0 v . m -+ < 0 ’ .
2n+2) lel )
', Sn+1l . . e ' o
since r Tdr = dvn defines a finite Borel measure on 0,13 for each nzo;t.hus .
. 1 ’ ‘
, 2n+1l
(3.19) J (x) v " tar < (2n+2)” ||w]| (n>0).
’ 0 ., ”

In consequence of (3.14) and-(3.19), (3.13) lets us conclude

7

4 11 . -

(3.20) HJ ]w(r)ldr)lf(xei¢)|2djc «[2“111 T (n+n e () |2)||lp||ﬁ

5 % ° o » - n=0 .

Wer roa).” - .
This means ) ) )

, X
1 1 1

G [ [ O v er) et Pax <

0 x . '
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(n+1) e (07 (v ez 00a3,]lv]],> 0),

Y

Where the maximum value in the first expressiod of (3.21) is attained when

|¢(z)| is constant a.e. on [O,1l; hénce; (3.8) follows. Q.E.D.
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CHAPTER TV : ) ' ’

RADTALLY ACTING VOLTERRA OPERATORS
L]

v
I} 1

Joe o \1/2 R V-
I J fu(r,r") | drd;") [ J J [v(r,r') [“drar
T I o

) Y ’

'

for all L,(A)~functions' u and v, where 4 .= {trtyr): 0<#' <r,0<r<il} =

T r
(0,1)A

[

!

(1,1)

O r'
(0,0) i .(r',O) (1:0) >

e T
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h.1- THE 6-PARAMETER IIT‘AMILY oF L2—KERNELS.

’

Let XK(»,r',0) denote a 8 —parameter family of Lebesgue measurable
) @
functions of the. varisbles (r,r') on [0,1) x [0,1) (O <8< 27 ). such that

K(r,r',6) = 0 whenever O <r<r'<l (0 <8 < 21) and i
] S

-4
7

¢ rF L, MR
Sup {jj[l{(r,r',eﬂdrdr'] < =,

ne-

(h2) Lkl -
. s(

Then-the function gf the variables (r,8)
Cor

* 1. ) . o
(1.3)  (kf)(r,0) = J K(r,r',8)f(r'et®)el®as (ce22(D))
- 0

. AN
defines an L2([O ,11 x [0,27])- Function with

-

\

- 21 1
() [i

. . ' )
By utilizing the Fubini-Tonelli Theorem and the'Cauchy-Schwarz -Inequality for

C 1/2 | : :
)00 Paree] < (IIxIL (l2l] (fedm).
&(2) . '

o .

L2EO,13 -functions, we write

127 r

° .. L.2r g , >
(4.5) ] J ‘l(Kf)(zl-%e)Iedrde =) U K(r,r',e)f(r'ele)el'edr" ddr <
( 00 . 00 O , .
2nl T . ‘ r ' . /
J [K(r,r',e)legr'][ J |f(r',e19>|2ar']aear y :
J )L \ -
00 0 ' o - s ,
P .
r2'rr’ 1lr . 1 .
- [ |K(r.r',9)|2dr‘dr)[ J If(r'ele)|2dr')q9 <
\ O N . 0 .\

- O~
O

2) o0 <ec<2rt g2 ‘ |
N,

i
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2n ) 1

2. , 16 2 o .
i ‘(1||K|(|S(2)) [ 3[ (et et dr}de - |
. _ 2m 1 ] . )
G ¥ [ reteet® Paeas = (I 20112102 5 :
sz s(2) L

0 0

N

hence,, (4.L) is valid and in consequence thereof, we define the following

»

linear manifold. ’

@

-

Definition h.1. “(VKQ)'(D)' denotes the totality of Lebesgue-measurable

kernels K(r,r',8) in variables (r,r') on A for each 8 (0 <6 < 2r) vith uni-
- . X

formly bounded‘ "double-norms"

[y

lr 1/2

Auie) | Ix[] = Sup [ J J fK(r,r',e)‘fgd'rci_r' < w
00 '

; s(2) 0< 8 <2

’
o

which act collectively as a bdunded radial Volterra-Integral Operator K: A2(D) >

n
N

AE(D) with , ; ) |
- ’ o
(w) 0l = [ e s i (ke < (KL |1
o 0 ' ' ) ' T s(2)
a.e. in r on, [0,1) ‘(o <8 < 2n). L /é,,

L3 , B \ ]

L.2 EXAMPLES OF (VKE)‘(D)—KERNELS.‘

(VKE)-(D) is not empty, since it contains kernels of [the following

type. For any pair of AQ(D)—functi‘ons a and b, we define ‘ SN

“n

hY]
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‘.‘\‘h Y ’ o : 'a,
n Y
(L.8) (a@UV)lr,x",8) = a(re )b(“r"ele) (0<r'<r<l) and 0 (O<r<r'<1)
. The (VK,)(D)-norm of (a@b)(r,r',8) is finite- i.e. ‘ \
¢ . ' . ,\'_ - '-'w - o . \
(L.9) |||e@vld ° < |lall ¢ ell s S ’
\ ©s(2) sL. 0,41 ¢ s1,[0,1]. . '
: \ 2 Slptd,Ls . .
' v e fo.2, . ig ~2 : '1/42‘ ‘
whigh i§ a direct consequence-of Sup [ j J la(re )| ’b(r'e d,u drdr‘) <y ’
I B . O i\e . <J 27\' ) O' O 1 '\ R .
1 ‘ - 1. : T
. 1/2 ' . S y1/2 -
o ) . . . \ ,
~  Sup [J ]a(releﬂ ar | ‘ Sup { J lb(r'el.(?‘)IQd'r'J . '
s 0 <6 < 2m i) 0 <8 <o2on . S . .
‘ . : . Lo
. ) z )
- Further, for each Ag(’D)—function f, the func.tions@(z)f( z), J V) £(B)AE - Y
] » ¥ z bl ) ‘
(Mo‘rera"s Theoren) and,a(z)f b(£)f(£)dE are analytic functions of the variable
o © 0 v .
- . - . - - . ' o
. , / . s ‘?ﬂ ' y .
z on D. Thus, (a@b)(f)(z) = a(z)] b(g)fl£)dE is"analytic on D and - T
L 0 ° . 0 q R N (O .
\‘ . a ’ - %
S0 [{(e@p)(E) ], = - '
S A™(D) o, .
° N “
C 1o T T, i S
- " io. 2] [, io e, 10, ,|°.. /2 " T
. , la(re )] b(r'e” )f(r'e™ )e” "dr'| raddr < ‘
... .00 - o~ .
) 1 2n r . ‘ r A
' e SRTNCIN igy 2 ) ie, 2. 1/2
/ / tfa(re™")|“|r] |b(r'e”")|%dr! [ If(rle™" )] dr':]dedr <.
| So0o. o 0
) rd " ! . Y ' ’ »
Y e A . ] n
° ‘- . ! N ’
. ¢ . N . ’



e

v

\ s
S - -
“ -\ )
‘ 21 1 . T - L . “
. - . 1/2
ol [ J J ’a'(rele)lg;‘J [f(.r'ele.)lgdr':,d;cde} =
st,0,134 ) - . ‘
. I 1
: . . .. . yX/2 '
o] ] - J {J( [f(r'els)’lg[J ]a(r:ele)lzdr:ldr'}dej’ <
. siffo,at [t ‘ . ,
. —- .
i
27 1
" i0/2, . V2
Hall - Ilol] ] et e
. 5L,00,1] st,,£0,13¢ )
]
Cllell Ll eIl < o
. sL0,a1 SL00,11: R
1/2 ' : .
22| [a]] 1o LI
SL2[O ,11 SL,.[0,1] 4°(D)
1 2 '
. r ' 41 -
where r f ]b(i“ele)|2dr", j la(rele)Ier and: || f]] vere replgo@d by [\
0 ' ’ ' ‘ - .
, . . <
(Lol 1%, (1al )2 and 21/2Hf| I - ((3.2)) respectivety.
S1,00,13" . S1,00,1] A%(D) 4\

7

\

" The change in the order of integration in the third step of (4.10)is justisied
v 8 ;

N

. by the diagram\appearing after (4.1), which describes the domain of integration.
N .

in the (r',r) planhe. ?}erefore, (@ b)(f)cAe(D) (f‘sA2(D)) and Q&
| - e

)

L4

-

ol - el (ce ()
c1,.[00,1] 5L1,00,1] A< (D)

(5.11) |[(a@un)]] <2 ?|[a]]
: #2(p) )

»
a

- holds -i.e, (a@b)(r,r',0) € (VK2)(D). Also, all finite sums

4

b - .~ ' A Y

<y
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n \ : .

) (akQDbk)(r,r',e) (ak,bke:AE(D)for 1.51€§4ﬁ belong to (VKQ)(D) and (4.9)
k =1 - ’ R - ' -
implies »

'
>

" o~1s

n
(ka2) (I 1 e @y, il a1 [ 1o, ||
- AL AR L k

2) k ~SL2E?,;J SL, 0,11

v

-

L.3 (VK2)(D) AS A NORMED ATGEBRA. ‘
The construct®on of 3 (VKE)(D)—kernel (aQD'b)(r,r',BJ with either

a or'be'A2(D)wJA2(D) is doubtful because of function go((2.37))3 ) .

&

Y -~
wy W
- {‘(,‘y
- .

(4.4} entails that every (VKQ)(D)—ﬁernel defines (via {4.7)) a bounded
operator on AQ(D). Inherent in action (4.7) is the fact that the algebraic
structure of (VKZ)(D) is diréctly determined by the algebraic structure of the

Banach—Algebra\of bounded operators on A%(D). Hence, the linear combination

(aK +'8L): A?(D) > A?(D) (a,8 € C) -and the product (KL): AQ(D) 5 A D), where

& - 2 . 2, 2 . .

K: AS(D) » A°(D) and 1: A(D) » A(D) are determined by: the (VKQ)(D)—kernels
) yea ,

K(r,r',8) and L(r,r',8) ((L.7]) respectively, are again linear radially acting
’Volterra;Integral Operators on the Hilbert space A2(D). Their actions on AQ(D)

are

r B o .
.= J'(aK+ BL)(r,r',e)f(r!ele)eledr' ot - \
! , . .

L § -

(413) (e L) (£)(ret®)
; , .

ool I -

a.e. in r on [0,1) (0 f 6 < 2r) and ‘ CoL -

~

~



\

\
; . B N

4 1 o

-

(4.16) -(KL)(£)(rel®)

N . : ‘

J.(KL)(r,r',é)f(ﬁ‘e%g)eledr:
0

\

Al

a.e. in r on [0,1) (0 < & < 27) with corresponding (VKE)(D)-kernelé

(4.15) (aK+BL)(r,r',8) = aK(r,r',8) + 8L(r,r',B) (a8 e C)-

‘-
'

- and \ ' r o ) ; "r
r. ’ ‘9 ‘\
" (hk.16) (KL)(r,r',8) = 'J K(r,r";e)L(r",rW,é)e%edr" (0<r'<r<1) and
' r' : ' - . E "
0 (0<r<r'<1) ' A

(ﬂ\}éspectively. : e C ‘ . S

Lemma k4.2, (VKZ)(D) endoved vith the norm ||| *|j] "is a normed
r g " s(a)
algebra. If K(r,}',e),'L(r,f',e) € (VKQ)(Dd,Nthen ”
) Y . . * 1
(ar) (lekrenl || < fal 1]+ 18l 1IE] - (w8 = O)
: s(2) 8(2) - s(2) C
and \ l . .
+ ‘I ? ‘l " ‘A\
 Akas) |[]xLi] < MHgHT Pzl f ’
O sy T s s(2)° .- '
ggggg. For all o,8 ¢ C and 6 (ové 6 < 2n), Lemma 4.1 implies’
. ! L ';. T, v o
/. ' -




(h.19)- {J J foK(r,>',8) + B8L(r,r',0) | drar’
0

ﬁ%h' | | . ‘
4, 1 RS ')1/2 , lBl{[

) . ' .- 37 - o
5 o )
‘ ) ’ . ]l/E

<

i}
W
NN

lr 2. \37/2 | - \l
J [L{r,r',0)] drdr'J '
00

t
f

lal[ Ji |K(r,»",0)| drdr

.

Taking the supremum with respect to 64(0.5 8 < '2m) on both sides of (L.19)

\

yields (L.17). .

\

\
N \

For the product' kernel (KL)(r,y Ly »0 ) ((L4.16)), the Cauchy-Schwarz

Inequality (L4.1) allows us to write

L . lr _— ] 1/2 '\ ‘ y}
(4.20) [ J "KLY (1,7t ,e) | drdr'] < : o
.l O O . . ' V
lr.,(r S - S W /- ‘ ‘ :
{JJ l:}l |K(r,r",0)!|'L(r",r',6»)|dr'] drdr'J s
00 r ' ' e S
‘ 1r r 8 1 | . .. 1/2
[J J U |K(r,r",8) 1 dr'iH:J |L(x",r",8)] dr']drdr") = ‘
< 0070 o o
AT B 1/2 ‘2 12 o
[ J [ |K{r,r",0)] dr"dr] { J J |L(r ,r' 8)|“ar"ar’ J <
00 o r' ‘.
S He . , .
s(2) 5(2). , [

s

where the Fubini-Tonelli Theorem and the diagraﬁ appearing after (b,1) justify

. .
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11 ) . ’ 1y o

: - . .-
j J IL(r",r' ,e)lgdr"dr',_ = J IL{r",r' ,6)!2dr'dr,". Taking the supremum
0 r : ' , 0

]

-~
.

O

’

with respect to 8 (0 < 6 < 2v) of the first expression of (4.20) confirms

(L.17).

2(

We now demonstrate the radial action of (KL)-i.e.(KL): A 2(

D) ~ AS(D).

(KL)(r,r'.8) ((4.16)) determines a linear radially acting Volterra Integral

Operator on A%(D) , because

r

="J (KL)(r,r*,0)f(r'e

0 .
r r - 4

r .
J [:J'K('r,r",G)L(r",r',e)eiedr"—]}f(r’ele)e
5 .

(ik.zn (KL) (£)(re?) 10)eifpr~ =

|
I
|
18

dr'

+a.e, inron [0,1) (O < 8 <2n). The change.of the order of integre:tion in the

third step of (4.21) is justified by the -Fubini-Tonelli Theorem and the diagran

v A
- A L]

appearing after (L.1). {Thus,

, A o
! T ' ///
- . . . 7
(k.22) ‘(KL)(I)’rele) = i K(r,r',e)(Lf)('r'ele)emdr’ . re A2(]ﬁl)’/
- ] ]




7 Thus,.{Kn(r,r',B)}

1

a.e.

Klr,r',6) =0 a.e. in & kO <8 < 2n), is obvious. @Q.E.D.

I b

The completeness of Lg(A)‘guarantégs the existence of a unique K(r

. !
(0 < 8 < 2m) satisfying:

~ ’ ' - : _ , :
, 2, o (-
(k. 24 { J J fK(r r',8)|“drdr! <w (O <@ < 2w], :
00 ‘ : ' N

in r on [0,1) (O <8< 2m).

.

4

The other norm property, namely LI}KI{( = 0 if and only if. -

s(2)

/
/

COMPLETENESS OF (UK,)(D).

I

Lemma 4.3. (VKe)(D) is complete with respect to ||

Proof. Let {Kn(r’f'”s)}ni=l be a Cauchy-Sequence of (UKé)LD)-

-

s(e)'

) ( I giplies

kernels-i.e., to.every e > 0 corresponds a N(e) such that n,m > N(e)

‘1r ' ‘

n

N 5 - \1/2
(%.a3) { J IX (r,r!,0) - Km(r,r‘,e)l drdr". < |k - Km]ll
0

. A ‘ 5(2)

(o <6 < 2n).

T

1

8

is a Cauchy-Sequence of L

n=1 2

1 4

(8) for each & (0 < 8 < 2m).

2

< ®

,r',0) el (4A)



.

wan |

(4.25) 1im Kn(r,r

n —+» «w

for almost all (r,r') e

(4,26)

"l1lim {
n -+ =

Og—\

1,0)'= K(r,r‘,ey,—

J ]K(r r',6) - K (r,r',o ]
5 ,

- Lo =

: . ) q

4 (0 < 8% 2m) and

2

\1/2
drdr' ]

.

We derive by means of Fatou's Lemma from (4.26) that

1r
J [X(r,r

0

A}

O

(|

1

-
00

m =

lim Infl‘ ’| |1k
m

m > & |

Consequently, the L

. (with respect-to 8) by € h1iN(e)) and hence

(4.28) ||]x]|]]
s(2

3

1r . )
J [lim Inf |K (r

m s o mn
0 ,

. o ) \
In order'to%prjve the radial action (4.7)

W0 . < - '

PR }1/2

',8) - K (r r' |2dr'dr

-~ * R N

‘ }1/2 k €4

0 ,8) = K (r,r ,e)!z]drdr')

o 5 1/2
IKm('r,r',e) - Kn(r,r',e)[ -drdr'] <

(0 <a<e2n. :

A
[y}

- Knlll

! o N

(n‘zN({e)). .

< I+
s(2) :

o

of the/limit kernel

2(A)—norm of K(r,r',8) - Kn(r,r‘,e) is uniformly bounded .



S - bl -

K(r,r',8), ve have to return to series representation (3.1) of AR(D)-Tunctions.

-

‘Thus , (an)(z) has Taylor-Series representation #

(L.29) (Kn,f)('z)

- S

U
He~18
ja
~
)
S
—
@]
A
N
A
H
=]
v
,_l
——

(h.?ﬁ) implies via (4.4) and (h.7).that {'(Ké})(z) =
, ‘ o '

.

1 o0~18

0
a (K £)z™ }
0 mon n=1

~

*is a Cauchy-Sequence in AZ(D) with respect to |

I ((3.1) and (3.2)). Since

-

h 22((2n+lj—%; N) = { (a )’ioz a ¢C hx:o), ]

Ne~—18

4 (2n+l)_l|a\n‘!2. < m}
0

%
»

-. 3 : . © N - I
is a Hilbert space, (3.1) guarantees the existénce of a unique 12((2n-+1) ;N)

P

' ‘ » ”
—ﬂam%;h&n:OsmhtMi ‘ ' .
(4.30)  1im Po(em+1)” .a‘ K ) -eal® =0
n-+o m=2¢0 mn m
cand . o . ' C N
“(4.31). glz) = ) az® = 1lim- am(an)zm (1z] < 1),

0

A<

where g ¢ A2(D). Further, limit (4.21) is attained uniformly on {z:{zl‘: R}

<« (0<R<1). Thus, (4.29) and (4.31) entail

v

I ~

ie)

Wr~18 -
©
Lo
r
4]

= alin (K D(re™®) =
n e ) m

(4.32) glre

.

i
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R e P I
\ ) .

0 0

T3 -R) [ (et - gleet) Par
o | "

- L2 4

uniformly in (r,8) on [O,R1 x [0,2n). :
¢ . S

Theorem 3.5 applied to ‘(Kn_f)(z) - gl{z) implies

i

T -1 : 2 .
m Z (am+ 17" o (K £) "=~ & 7 (0*¢ 8 < 27),
ms= 0 ' ‘ ,
\ N CY
where a.m(g) =a (m»0). Out of (}—R') < (1 - r)(0<r<R) follows
R . _ 1 '

f (L-RIE D) (xe®) - g(re®®)1%ar < [ (1- )/ (K 2 (re™®) - glre??

-~

\

(b§R< 1) &nd with the help of (L.29), we write

‘
- 1

v
»

R

\ B 4

*

P :
LIS '(P_m+1 |a(K f)—a;nlg (0<r<1, 0 <8 <2n).
m=20 . - —_— o -
y B . | ) . .
; . ' \ R ) . - '
On the other hgand; from (4.6) it is clear that -
e Cy1/e
(1.33) {JJMJnﬂ@)—KTw ldww)\“QlHF-KHt
00. . ’

»

s(2)

+



..’h3_

(0<z3<1,0<8 < 2n)

¥

holds. (4.35), via the Cauchy-Schwarz Inequality applied to

O

r - ' ¢
S . ‘
’J [Kn(r,r',e) - K(r,r',6):If(r'e>le)¢lqdr' , yields ,
! A
. . . o '
(b.36) |G 2)(-e®) - f~K<-,rv,e)f1r'e19>e19drf;; =
5 - 1,00,R1-
“ . ¢
(N o 10, 18, |2 Y°
[J ' i [K (r,r',0) - K(r,r',e)]f(r'e e  “dr'| dar <
n f ' ) 3 -
0 ‘ -

R r r 4

, . S 12
[ J IVJ K (r,r',8) - K(r,r',B)Ier'_l[J !f(r'ele)|2dr,'-|dr\| o=
oo | = g

0 0 .
Rr -

' 1/2 .
( Jf |k (r,r',8) - K(r,r',6)|2dr‘er Hf(-ele)H -\
n : : L,[0,R]

v \

Ry
)‘ O N . '
& SN | | .

[ - kT e (eere1, 0 <ae an)
) / ‘ s(2) L,00,R) )
' Ay
in particular, ( ‘ . C e
@3) (0 (-e®) - j K(oet,8)e(rei®ei®ar)] 0 <
5 L,LO0,R]
.
e <kt (e (0<R<1, 0 <8< ).
s(2) L,C0,R]

~



(0 fIR<l, 0 <6 <2m).. (430), the' fact’ that (an)(jelel co‘nv'erges to

’

‘ g(‘~ele) uniformly on [O,R] ((4.32)), (4.37) ana 1im ¢|lk - x||| =0
- L n
, g o . no>o s(2)
N\ T L s C o . . . '3
applied to, (4.34) imply , ' ' '
R. r I Lo
~ ie, ie. . ip,|? - -
(L.38) I J jJK(r,r’,,e)f(r’e Jemdr' - g(re” )| dr = 0 (O <R<1l, 0 <6< 2n).
' o 0 " X :
-~ ' r. B ‘ 4 h .' l . R 4
., iey v L ie, ie. . 2
Therefore, g(re™ ") = K(r,e',8)f(r"% ")e”"dr' a.e. in.r on f0,1) (0 <& «2m)-

Lemmas"L.2 and 4.3 combined allow us to formulatk the following.
Theorem b,k - ( VKQ)(D) is a Banach-algebra.

’ = v
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CHAPTER V

) THE FREDHOLM-RESOLVENT OF (VKE)(D)-KERNE S
. s . ,

- )
- This chapter deals with tﬁ’e%edholm-Resolvent Kernel of (VK2)(D)- »

2

-~

ol ' ‘; . .
kernels by means of the Neumenn-Series. We shall demonsitrate herein that

/ .
o N

every (VKQ) (D}kernel K(} ,r'.e) i’g‘. quasi-nilpotent- i.e.

\

un ([]]€]]}
n -+ _8(2)

)

1/n P .

) = 0 - [2,p.49]. This shall allow us to write
. Ce \ ' ,

the' Fredholm-Resolvent Kernel H)\(K)(r,'r' ,8) of the'(VKz)“—ké\rnel‘ K(r,r',0) in

3

v -

™ ! ‘ . .
I A M, ,0) for a1l A e[ C (2 ¥ 0);

sn
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+

- (VK (D). o o L | -

g Every { VK2)(D)-kerne1 K(r,r',0) and LZEO,l:}/-ﬁmbtion‘ f, defines a

g-parameter family of L2EO,l]—functions

' .

r .
“(5.2) (kn(re) = [ Klrrre)e@efar  focr<l, 08 <2m),
0 o |
R
for which the Cauchy-Schwarz Inequality yields ‘(Kf)(rf—:le)l < &
L E , L2 . , n
U IK(r,r',8) | dr'] 12| . in particulat,
o , L,£0,1] -
(5.3 &1 . < I L] oo <o,
. L2E0,1] s(2) L. Co1]
. © e
5.1 ELEMENTARY ESTIMATES FOR (UK,)(D)-KERNELS. - : . .

7

-

4

Lemma 5.1. If K(r,r',8), L(r,r',8) ¢ (VK;)(D) end feL,[0,1], ‘then

33
‘ . . i

. r ..
(5.8) | (KL)(2)(r,0) = jK(’r,r'{,e><Lf)<r',e>e‘”dr" (0zr<1, 0¢0 < 2n).
- \ | .

D Proof. Via the'diagraﬁ,,a.ppearing after (4.1) and the Fubini-Tonelli ’
Theorem we change the order of integration.in ° ’ . \

H

‘a



3 \ ‘ E7 4
Y Y » ' .\
. B2
Y ‘ - N ¢ - ‘ ’ L
-
I _ ",h—T - )
, st - , \ ° AR}
‘ . [
S CONL N
o LR . r
T 5 DG = [ (airatentnelar =
. - 0 )
~ 'r r T Co- ‘ B R ‘ E
: JU K’(r,r",é)L(r",r',e)ele&r"] £(r")el0r
. 0 ‘rnvu . ' o ‘ T o , ) o -‘ .
which leads to '’
Q a . I :: o
~ ' . ; r ‘ - " - N :
' , - " S v R 1 P 0. o _
(5.6) (kL)(£)(r,6) = | K(r,r",s) L(r",r",6)f(r')e dr' [edr" =
o - N " O , ‘ O L ’ -
‘ T ) . : :
’ . e - . 18 . -
. . [ K(r,r',8)(Lf)(r',0)e, dr' > :
1 } O ’
a \ ' . e 1 ,
and thereby completes this proof. "Q.E.D. G .
o* - coL ’ . 'J ‘ . ‘ - . d o
, - Definition 5.2. We assign 't:O every (UKZ)(D),—kernel Ic((’r‘,r',e) the
. ‘a.uxi‘lia.ry p-parsmeter family of L2EO,l]—functi9ns .
i ' . ‘. “ ‘» i ) . o ’
. o ‘ : 1/2, -
O ke U —_ art ] -
‘ o o ’ »
' ’ 1/2 . .
- a ke(u’e) = [j (r,u,8)| dr] (O 48 < 2m) .
v . ’ ,'
A " These auxiliary ,L2EO,lJ-functic;ns ki(‘-,e) (i=1,2) of the (VKZ)(D)- B
. . kY ,:-\“ -
' kernel K(r,r',8) satisfy
— ,
A J \ ,
- ‘\ . ’
. \. R [ .;




\ - 48 - -
3 Al ’ ©
v ) ! - : l
(5.8) [lege,0)] | [” . e)J,drer < 1ixl]
} '"..Lcou -3 3 s(2)
' | ‘ e
*,(1=1,2; 0 <6 g 2n. . .
v 5.2 ESTIMATES FOR ITERATES OF (VK, ) (D) ~{ERNELS. &
% ‘ _ ; ) e
Lemma 5.3. If K(r,r',8) e (VK,)(D) and f € L,00,11,then’
zj r ' . . . . ) r . (n-1)/2
hs9) [(RPe)(x,0) | < ky(r,0)[(a-1)1]7Y/2 U klz(r',e)dr':‘ »
) . . 0. ,
K \ b
’ - el {0<r<1, 0<o<2m). bl
- 77 Ln,lo,11 - To. SR

: ~

-
£

Proof. We proceed via induction on n. Thé inequality between (5.2)

- —— e e

»

d (5.3) confirms (5.9) (n=1). If we assume (5.9) to be valid for n=m, ,
then .Lemma 5.1 z;.nd the Cauchy-Schwarz Inequality lead to !

.

:
’

. Ir
(5.20) [ (0] = | [eer00@n0 0der| s
.~ 0 ‘

oo V-
kl(r,e)U | (K"t)(r*,0)] fir':l (0<r<1i, 0ce<2n).

“

-

1

However, the integ}al_expression in the third term of (5.10) may be estimated,

. o
. . : -
. ) R
. Bl ‘
~ . , )




-

* by means of (5.9) (n=m), as follows:

\

. L .
(X1 . .t
> - R .
T.
‘ B 7
.

r 1/2 - . s N " . .
(5.11) [:J |(Kmf)(r',e‘)|2dr':l <
. . . \

Y R m-1 - \‘1/2 - oo

[ J Cm-1)1] [J klz(r",e)dr"] klz(r',e);dr' el
. 5 ¥ e - L,[0,1]
' - . my1/2 | - a
| [ [ -1 Jkli(rg,e’)dri ] )] (0<r<1, 0<e<2n),

L2 £o,13

where the last stéep is a consequence of the '"chain rule" for integrals. Re-

»

placing the integral expression in the third term of (5.10) by the last term

of (5.11) yields

(5.12) ,I(Km”f)(;,e)l <

r ' -

L : Y- R -
o0 [ IV [ Pema [ el o
| . | 100,13 - -

o

(0<r<1,0<e<2n), |

which is the seme'as (5.9) (n = m+1). Q.E.D. .

.

‘Corollary 5.4. If K(r,r',0)ce (VKE)(]ﬁ) , themw

‘e



'
’

‘ '(5'13) ~lkn'+l'(rar'se)| < - ! TN

/

o : \’ | A2, . . qln-1)/2 .
’kl(r,e)[(fx-l)zj [fkl (r',e)dr'] C o ky(r',0)
o 0 o I

(0<r,r'<1; 0<o<2r;y n>1). ‘ : !

. L

-,

Proof, We momentar\ily‘ hold r' 'and .6 fixed and set f(-) = K(-,r',8).

' For this L,[0,1]-func®ion £(-) (otherwise ||f( ) L = e ), we have: -

/ Lpfoad
.r ' .

(5.14) (x'f)(r,0) = J K.(I‘,r",B)K(r",r' ,6)eiedr"_ = K +1(f,r',6‘) (nzl).
-s/l !
\ O -

A}

T

and ||f]] = k,(r',8), because JKn(r,f",e")K('r'.',r', )eledr" =
O )

L2 fo,1]

r

I Kn(r,r",e)K(r",r',‘S)el-edr" or 0 (according as r' fr- or r<r!) and

~r! . ' : ' ‘
o A VIR L £
[1£]] .= [J |K(r,r',0)| dr] . Substituting the L,[0,11- function .-
- L.[0,1] : NN ‘ S
2 U N
f(+) into-(5.9) establishes (5.13). Q.E.D. , Lo
. J “ ' ' ’
Lemma-5,5. If K(r,r',0)e¢ (VK2)(D), then ; .
- ' ¢
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r

o B ‘1/2 o ' |
(5.15) U K+ 200 dr':l' < TG-177M2 (K|
i . S

0

r

(0<r<1, 0<p<arn)

-1

r ¢

(0<rt<1, 0<o<om),

e

"

o 1/2 " ;1./2" .
(5.16) [j K L0 | dr] S R T

2(r',e)

REW (r,8)
(2)) 1t

Proof. To prove (5.15) we ‘increase the uppew limit r of the inte- .

3

gral expression "J k12(r',”6)<'ir' to 1 and write (via (5.8) (i=1))-~
O L )

»

o , : o
:
* i

-

ve obtain [0 1(r,rn,0)| - < K (r 0)[ (a-1) '1'1/2 (|||K||

e

’

,?P

( (0 f_,r,r' <1; Oé»e < 2m; nzl) , which -leads to

B

Jk’a(r'“,e)dr' < (&Il )2 (0<6<2n), vhich we apply +o (5.13).

)n lk(r

Thus,



r

(5.17) Uﬁkﬁ*l(r,f‘,eﬂzdr'
. 0 : )

)

w

(O~§r'<1, O§e<2n).

‘3

r
n (5.17) we may replace J
0

L= T2 (11|
s(2)

W

2(r,0)ar" by (sl ))2

(i=2), and thereby-vwe have proved {5:15)."

»

For the proof of (5.16) we décrease the lower limit r

' inteéral in (5.16) to O and use (5.13) as well as

gration to' demonstrate

’
| <&

l ’J :gl

(5.18) U K2 Lr nt,0)[°
v

' 1

!

‘ “ r
[(n—l)!]_
O N

1

. ‘ n/2 +
- [n!-_-}_}/z [J klz(r"',e)dr"'] ' kz(r'i,e) <

. 0

[ot] /2|1 ||
. ‘ s(

)" x
2)

2

(r',8)

the "

'

.

<7

. {o<r'<1,0<6<2n; rxil),

, because of (5.8)

' of the

chain rule'" for inte-

] ~ n-1 1/2 '
l[jkle(r",e)dr'l ‘ klz(,?',e‘)dr} _kz(r',e) < g




where the last step follows' out of Hkg(-;e) []Y . < || x| |1
. - s(

o1

; . 2
L4 . , 2 ; //

© ((5.8) (i=2)). This terminates the proof of (5.16). Q.E.D.

1

Corollary 5.6. If K(r,r',8) (VKE)(D), thed

:

(5.29) IIII{”'l.IIIS(z): Cat] ™2 (11l g )"t (m20).

Proof.” THe diagram appearing after (4.1} and the Fubini-Tonelli

Theorem let us write

) 1 r ,
1/2
. (5.20) { J [ |K§+l(r,r',6)[2dr':]dr ) = . «
, 5 | .

O

l[ JllKn +5L(r,r' ,6) Igdr:,dr' ]1(2 (o< e <en).
r. .

If wé estimate the inside integral of the second term of (5.20) with (5.16),

1

thgn"l(5.19) immediately follows. Q.\E.D. -

-

\© 5.3 THE NEUMANN SERIES OF (VK,)(D)-KERNELS " - “

\\. ’ “ ' ] : ' R . ' . . .
\\ ’ o L . i n_n+l '
AN : For showing that the,Neuma.nn-Serigs A K (r,r',8) of the
' e \ o ’ B - n 0 .

tir~18



J

N

(_UKE»)(D)-kernféIS\ K(r?r',e,) converges in (VKE')(D) 'for all X € C, we shall need

the following entire function

¢

' [:n'.’:]_l/2zn (z € C).
0 . o

1
ne-18

(5..21) r(z)

[N

[y

Theorend 5.7. If K(r,‘r',e) € (UKz)(D), tﬁen HX(K)(';',r',e) E:\(/KB{D)

for all A e.C, where

o

(5.22) H(K)(r,r',8). =
. S . n

He~18

0 s

x)\'nKn*'l(r,r',e) . (x e ().

- — -

Proof.' We only need to show that the ~sequence of partial sums

RN | -
{Sn(K;A)(r,;' fg)’}n:o of the series (5.22) converges in (}/Ke)(D), "where

1

v,

r,r',8) : AJKJ+l(r,r',6) (n:O).
i J .

;
. ) r
) -
) .
) LS ’ "

(5.23) 5 (K32

]
B Eoer =]

0

e T e | T

If g>1, then 1{ 'is easy to see that . ~ o
z \ .

| ,

3
i

, o ! . n'i'q :J. .+l )
(5.24) |8, §(Ksa) - 8 () ] ;T 1 e |||S( <

J



=55 -
ntd . . | u n+q ' _ . LS
L PSR ) s
j=n+l 5(2). Tj=n+1 « s(2) :
x| [+ ™2 (k| L kR (mrcm LY
. B(2) , e s(2) | =
(n/,q-_>_l; Xe C) - - 4
holds, where [ (n +1)(n;é)...(nl+ q_)]‘l/2‘~ < Eqi:]-_?'/z (n>0, q:.l).
(5.24) implies ,
" . . ; - ‘ b
RN . g .
(5.25) |HS; (K;1) -S(KA[H < .
, g s(2)
el L2 (kI P r(|||x||| m)
s(2) \ s(2) |
. ‘
- (0205 a>1),
which combmed with lim . [:(n+l :]—1/2 (111} S(o lﬂ]n_ = 0 (reC)
~ n -+ o
allows us to conclude that ﬁ‘A(K):(r,‘r'_,e) = lim S, (K A)(I:,r' ,0) exists and

n -+

belongs to (VK,)(D). Q.E.D.




&
5.4 THE FREDHOLM—~RESCLVENT KERNEL.

Theorem 5.8, If K(r,r',8) e (VKg)g.D) , -then H)\(i()(r,r' ,6) o=

He—18

nn +1,0 . : ' : AR
S (r,r ,6) satisfies the Fredholm-Resolvent Egua.‘crlons
0 ' '~ -

(5.:26) H,(K){rar'.6) - Klr,x'8) = A [0 (0] (ryrt,0) = AL, (OKY (r27 60

\ \
.

!

\ ) - (x e, 2#0).,

o
!

; ) ) * “\ o
Proof. Out of Lemma 4.2 ((L4.18)) and (5.25) we infer

——— -

o t

(5.27)“!'}|KS‘n _a(&n) —ks (s

" h s(2) i g
L IHsn+qflmqufsn_ﬁxg>xu|ﬂ2) < SRR
Y (R T i -t i (1Y e AT TN D (ST U ] !
- 8(2) ‘8(2) | ,‘ s o ‘

(2)

. A

(n,q:l] .

8 -

This means that {[KSn 1(K;>\\)](I",r',a)}nf=l and {[Sn—l(K;A)K](r’r"e‘)}n*

=1
> -



\

‘ . o . - 57 - . S L
are ~,Cauchy'—Sequence$ in the Banach-Algebrea (UK2)(D) (Theorem b.h). By

letting ¢ » in (5.25) and (5.27), we obtain

5.28) 1KH, (K) = KS‘ (K;A)" . H (K)K.- S (K32 )kl o<
(5. e, “ e 1y a1 ’msmi_
AN 20 ™2 (el - DR ek )
. s(2) , s s(2)

(.(n>‘l‘].:v ' .

’ N . -
y i

nrw .

“'Cbnsg::-‘quenley,_ 1im [Ksﬁl__l(K;A)](r,r",e)l = [K}i}‘\(K)j-(r,ri'f,e) and -

P

.y

'lim [s, _ 4 (KsdK] (r,r',0) = [H,(K)K] (r,y',8), After letting n-+= in

n ™ «
(5-2?) .Sn(K;X)(r‘,.r;,'e)' —'K/(r,'r'-,é) = A [:.I\(,Sn‘#‘l(K;)‘):] (i"?’)r:’e‘). ‘= \
A[Sn_ 1('K;QK)BT’]\ (r,r'.’;‘fi‘) (A ¢ C, x;'f o), " : R ’\'
< ve arri:;.'e at 'the_\Frethlx‘n—ResolvéntlEquationa (.5,.‘26'). ' QED ;




\
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i
'

5.5 SOLUTIONS OF RAD;AL A%(D)- VOLTERRA INTEGRAL EQUATTONS OF SECOND KIND.

Theorem 5.8 guarantees that the Neumann-Series HA(K)(r,r',e) =

v

o« . , - ' . .
. +1 . ~
Z )\n.K l(r,,r' ,8) represents the Fredholm-Resolvent Kernel of every
n=20 o .

7z

K(r,r',8) € (VKQ)(D) for all A ¢ C. TIf we write Fredholm—Resélve’nt Equations

\

(5.26) in operator forn, namely VHA(_K) - K =_>\'EKH)\(K)]- = A[H, (K)K] (A"r‘~{())?

then [IT+2AL,(K)] [T-2] = [1=2k] [I+28,(K)] = T (A #o0).

. Obviously,_eqﬁation f-AKf = g shall have the unique solution f = [I‘*' AHA(K)]g

*

g+ AHA(K‘)g, vwhich leads us to the following theorem. —

-

N Pheorem 5.9. If K(r,r',8) e (VK2)(D), then the linear radial A2(D)-
. -_— -

- s

Volterra Integral Equation

~

r .
(5.30) f(rela) = g(reie) + AJ K(r,r',e)f(r'e

A}

18 100p (8e A%(D), A # 0)

0 -

'

a.e. in r on [0,1) (0 < o < 2n), vhere feAz(D) is unknown, possesses the

\

unique solution ° : . ' \

<



. \ R .
o - \ ! ‘ P
-.59 - a ch . .
N L # .
‘ ‘ v r , , .
(5.31) 'f(rele), = g(rele) + AJ H)“(K)(r ,r',e)g(r'ele)eledr' ()\ # 0)
e O ’ P
a.e. in:lr on £0,1) (O <8 <2m) for a1l A2(D)’-functions g-. \ -
7

Proof, - The immediately precédiné paragraph justifies this conclusion.

Corollary 5.10. If Kh(r,r-",B) € (VKQ)(D), then the solution (5.31) of"w

i

the  linear radial A2(D)-Volterra Integral Equation (5.30) has the form

v

N

R FL@ L) (rel?)
. .

\

(5.32) f'(re.

"]
D
1]
03]
"
o
e
@
+
N8

a.e. inr on Ed,l) (o §9<‘2n), with estimates ,
1] . 'I'

or 2

v

(‘ . T .\ .' n,' " )
-39 16 et s L0 MUl ) rtee)
B ' , S(2 -

-

'
[} \
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7

Progof. 'The series ‘yepresentation of the solution (5.31) follows
out of the Nemm—Series representatioy (5.22) of H)\(K)(r;r‘ ,8). _(5’.‘33)-

A v
3 ! . )

[ . a
'«

, T
. . m+] 10, i
is a direct consequence of ’ J Bt (r,r',e)g(lr,l’el'e)eledr'

* .0 N o

f
P

o<
e ’

- . . . ’

¥ B . § .
[J |K?n+l (r‘,r',ev)"lgdr‘] [:j lg(r\'ela)lzdr’] j and Lemma 5.5 ((5.15)).
. 0 ’

0

°
o

T 2172,

(5.3%) follows out of Lemma 5.3, wherein [J icla(r',e)dr‘J » and the LQEO ,11-

O :

¥

° .

function f are replaced by Ikl ((5.8) (i=1)) and g(- e ) respectlvely
. . S 2 N .
2 (o
: o ! /
. , ) Q | \

As result of Corollary 5:10 (specifically (5.34)), we can estimate

Q.E.D.

R

the error, which arises if we approximate the solution of the linear ra®ial

1 -

2(D)—Vol’cerra Integpl Equatlon ‘with the AE(D)-functions .

A

-

3

| | B
(5:3) £,(re'®) = glre™®) + A % KA (r,r g(x'e e bar! .

" " Wt

g.e. in r uon' [0,1) (0 <8 < o1 )L where- Sn(K;A)(r,r',e) is the n-th. partia.l‘sum

K

]

of the Fredholm—Reso'lvgnt Kerne HA(K)(r,r' ,0) written in the Neumenu-Series’

o

« . o’

o
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form (5.22), as follows: ‘ . / -

O E e T e e i ([ IR ID ARSI I IR
: s(2) : s(2)

C
|

11

o
B

(n>0)
o h »
These error estimates follow from N
' . ' w : 1/2
{5.37) ]f(rel’e) - f (re )| |)\f[J (r,r',8)- SQ(K;)\)(r,Dr',G)lzdr:] »
e A
. »
1 l‘ ) 5 l/ o . < y
‘ 'l) r "' {0<r<l, 0<8<2m,n>0), : !
d < < To 0>
o 2 .
* \ * .’ .
which in tubn imply N
\ - | | . . . . C
(5¢38) J ]f(r'ele)‘- £ (re | dr/ _ . . :\~ . N .
0 T " " " 3 . N ' A, '
n“i ‘ l r » ‘ . l vl . i
o IA|2U j |1, (K)(r,x',0) - Sh(K;A\}(r,r',BZIEdr'dr][f |g(‘1"(§18‘)[?d'r'], <
. ’ . 0 0 i ' » ‘/_ o ‘ 0 -1
’ ’ " . ,l . v, i . \')' )
RO (0 - s (k)] )2U e i) 2z ] (0<s<er).
S s(2) - 5 - 4 b
L 1 , .
- .’ .’ )
‘ . < \ ) ot .




¢
&

)

< / - 62 - ;
/ - , - . i
By letting q ® in (5.25), we infer ‘ ' ' _ -
(5.39) . |11, (k) - s (x30)]] < o

s(2)

el T e ™22 () ) PR 1)) (a20)s
s(2) Cos(2) ) s(2)

.\,‘

. and this combined with (5.38) leads to
L 2w 1 ) L
(5.40) ]e-£ |12 = J J |2(re®®) - £ (re?){2aras <
N ’ : 0 0 '
. 1 t i n2(n+1) 2
Ca+)]7 (FHK] AT ] A5 x
‘ s(2) s(2)

”

2r 1
I [\Ig(rele)lgdrdev (n>0).
Cow 0 0 . ) .
e
) 2m 1 B .
If we replace I J [g(rele)lednde by ||gl |2 in (5.40), then the error estimates
o 0~ T ‘ ‘

~ | ¢ ,
i .

(5.36) shall immédiately follow;

I3
'

N

v

¥' 5.6 EXAMPLE OF RADIAL AZ(D)-VOLTERRA INTEGRAL EQUATION OF SECOND KIND. -
. [ , i . B o A B -

L
&

S An .example of ‘a linear radial AQ(D)-—Volterra Integral Equation is

by




- 63~ \ .
) , \ ‘
(5.41) I?(rele,) = g(rele) + A{ exp[(r-r )ele.]f(r‘ele)e'l.gdr‘ (g« A2(D), A E“)C)
vt " Lo : (J) ) ‘ [ -
o
a.e. .in r on [0,1) (0<8<2n), vhere { & AQ(D’) is unknown. Zguation .(jS.hl).
. . . , .
is of the form (5.1) »ith (VK,)(D)-kernel

- h . v -~ . . \

(5:42) K(r,r,0) = exp((r-r))e ®)(r' < x) ‘and 0(r<x') (0<r,r'<1; Qo <dn))

. . » b .
4 L
. ' . !’ \
. . - . A
. .

¢ . - 4

lr

o . . 1/2 1/2/
because [k ] = - Sup . [ exp(Z(;—Y')Cose)'dr'er ,o< (27 é)

s(2) 0<sB<2n 0 ..
: . P ( i ' ’ L .o -
z ‘ e \ . co '

i o o N f
(k£)(z) Z‘J e Vr(w) dw is an anmalytic function on D (Morera's Theorem) and
- O . N .

og‘.__

n
[

- @
. »

\\

1
'

(27te l/szH for all chg(D) ~This‘(,l//K2)(D)j~1"~é’rnel' K(r,r',6)

A

S kel

. 3
has' iterates

e e »

-

(5.43) K rr,e) = [l (=) e exp((r-r)e ) (r' <7) ana O(r<r')-

\ . - . R

[ 2

: . gL (Ofr,r'<ll;0f_6<2n;n>o)' a , ( |
) ) , . . R w' - \
oo “. ) > . o ‘ A ‘

¥ . ¢ \ . . B P
s . .
P ‘ \

- . P
K . [

With the helg‘ of Theorems 5.7 and 5.8 ;i;he\:Fred_holm—R sdlvent Kerndl f (VKeE)(D)—

1

o

Yot



- ’ kernel (5.42) is IR - S

. (5.hb) H (K)(r,r',0) =

.
- r

. \ |
O(r<r') (Dgr,r'<1; 0<8%2n) oo - , ‘

'
o

4
C L ‘
= 'exp((l'+)\)(r-r.')el‘e)(r'fr) and O(r<r;) {O<r,r'<,1;~

|

)

- N . .
Therefore, the solution of equation (5.41)(Theorem 5.9) is

. ,‘I’ ( . —_“ )
. .e . . ne N | ~ P . .o
(5.45) " £(xe™”) = glre™" ] + AJ exp((‘l‘+k,)(r—r')el'e]'g(r‘el ,)elsdr‘ ‘ ‘
. . 0 . . ) N “ . ) ,'. '

¥ «
e / W .

for all geA2(D) and A e C (x';éo).\ B .
~ .\ ) . l,lr . l' B // ) ' ' L .

rr ’ . ‘ —_—
. X pa o
I A ~ v
; “"
~ K . .
{~‘ z —‘ e ,
: ;. .
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CHAPTER VI ‘ ‘
NON-LINEAR RADIAL VOLTERRA AQ(D)—INTEGRAL EQUATI_ONS OF GENERAL  TYPE
* ' N ~l - 2 o
'This chapter treats the solutions of the ngn—linear radial A“(D)-
Volterra Integral E%tations of the unknown A2(D)-function f of the general
, type
\ ' , . . T . ‘ \ ® ~
(6.1) f(rele)'= g(rele) + AJ F(rel?, r'ele; f(r'ele)]eledr' (ge.Ag(D), A e C)
! ,

r
5
L
v

in'r on [0,1)(0<6<2m). We establish for this equation the following: first,

e that a prescribed "iteration scheme" converges; second, that the limit of this

*

iteration scheme is a solution;{and third, that the solutions of these radial

integral equations are unique. . ' : - -

~ .

-,

6.1 L2Ea,b]3VOLTERRA INTE(RAL EQUATION OF GENERAL TYPE.
N \\ ; . -
\

The metﬁd& described by F.G. Tricomi [7, p.k2-47] for solving the non- -
. \ P s
. linéar L2Ca,b]-Volté>fa'Integral Equation

s - .
(6.2) . x(s) = y(s) + AJ F(s,i;ﬁ(t))dt {y‘sLEEa,b], > C)

\ " 0 _. T ' ‘ ' ~
‘ f- . .

4

“a.e. in s on La,bl, where xe ﬁ2Ea3b]is'unknown; requires F(s,t;w) to ga%isfy the

"Lipschitz~condition" o , o *



v

- (6.3)' _]F(s,t;wl) - st@t;w

. be introduced. . Coe N

4 o f
.

)| <

A
>
~.
o
o
)_l

i

E ¢

N 2

-

for almost all (s,t) € [a,bl x [a,b], where A(s,t) is an Ly-kernel o

s ! 4
Ca,bl x [a,bl and J F(s,t;y(t))dat defines an’ L,la,b]-function of the

a

\ .
. )

appearing in (6.1) must be .an entire function of ‘the variable n. I we impose

'

t

upon f(z,w;n) a "Lipschitz—cqﬁdition" in variable n ,namely

lF(Z,W;nl) - F(Z,W;n2)| < A(z,w)lnl - n2| (g,ws:D;nl s Ny € C) ,.then by

Liouville's Theorem (on entire functions) F(z,w;n) = ao(z,w) + a. (z,w)n. This

1

reduces (6.1) to the linear radial AE(D)—VO%terra Integral Equation (5.1), which

.was extensiyely dealt with at the end of the previous chapter. Therefore, the

Q2 -
‘method utilizing a direct "Lipschitz-condition" [7,p.42-47] for the non-linear’
N Iy ' ‘ ’ ' . ) .

rqdiai A2(D)—Volterrd Integral Fquation (6.1) fails and hence, modification must
. L |

1
(SN

"Furthér, we' shall in this chapter as well as in the subsequent one



con51stently use the well-establlshed Minkowski Integral Inequallty, which )

. states for the pair of o-finite measure Spaces (x, M ) and (Y, M

X My v uY)

the following., If f: X xY - 'Cis MX x MY ~-measurable, then

#
y

P . l/p | B 1/p
(6.1) U { J f<s,t>auY<t>[ auX(s)] < J U |f(s,t)]paux(5):l auy ()
e G ’ N st : '

(l—< p< mj . | ' \ ‘ S o , \ _ " A i

t

'

Since F(z,w; f{w)) is dependent upon the two‘comblex variables}(z,ﬁ) eD x D,
. 7 -

' . /
we introduce the following two definitions.

Al

6.2 RADIALLY MODIFIED LIPSCHITZ CONDITION FOR NON- _LINEAR RADIAL A (D),-
VOLTERR@ INTEGRAL EQUATION OF GENERAD’TYPE

Definition 6.1. H(D x D) denotes the vector space of analytic

functions of two complex variables (z,w) on D x D.

Definition 6.2, The transformation F: AE(D) + H(D x D) with

F: f{w)r-F(z,w; f(w)) is said to be 2-admissible if F induces a radially acting

1

VoltéSra Integral Operator of general-type(dp: Ae(p) -+ A?(D),with
¢ r , . . .
(6:5)  sp(D(xe'®) = [ B(re® rrel®o(re®)etar * 0r<a, 0c0c2n) Ty

0 : : \




| R .
i

and F satisfies the radially modified A(r,r')-Lipschitz~-condition
2 : i
. . <. . . C 1/2
(6.6) [‘[ |F(re1?,r'ele;g2(r'ele)) - F(rele;r'ele;gl(r'ele))!Qdej‘ o<
0 < o

1/2

'A(r’r')[J ~182(.r-|eie) - gl(r'ei9)|2 (gl,ég e AQ(D))
0 .

'
s

%

~ . e .
for almost all (r,r') e [0,1)x[0,1), where A(r,r') is an L,-kernel on

[0,11 x [0,13.

6.3 CON’VERGENCE SCHEME FOR NON-LINEAR RADIAL A2(D)-,VOLTERRA INTEGRAL
EQUATIONS OF GENERAL TYPE.

Theorem 6.3. If F: AQ(D) + H(D x D) with F: f(w).—= TF(z,w; £(w))

is ?-admissible with the radially modified A(r,r')-Lipschitz-condition, then
%he iteration scheme fo = g and

r .
18

(6.7) fn_fl(fele) = g(rele) + A{ Flre* ,r'ele;fn(r'ele))eledr' GI:O) ,
‘ o ' 0
converges in 22(D) for all A & C.
. . o . N ‘ J

Prpof. Since A(r,r') is a non-negaz%jgffé—kernel on [0,11xLC0,1],
ey N '

. -
we let A2(r,r') = |A(r,r')|2 and define for allr (0<r<1)



r

Co ' \ | N : : 1/0
(6.8)  Alr) = U Ag(r,-rwdr'] , 03(x) = |A(e) |2, A = U A2<r>dr] <o)
. s 0 ) . 0 .

We no'te.fl—;"o = mF(g) ((6.5) and (6.7)) and calculate

2n S ; ’ 27

-

. . 1/2 . 1/2
(6.9) - U 12, (xel) —fo(rele)]ade] \ 5.|A]U |¢F(g)(re19)}2ae]
S ) |

0
(0<r<2). e Co

o et

Furtiner, we contend and sﬁall prove inductively on n, that

o5

. ' s . . 172 ‘ . ) -
(‘.6.10) [J Ifn;l(rele)‘_ fn(rele)lzde] k f .
5 T . .
) +1 £1/2 e (n-1)/2
||q’ g)ll]l!n [ (n-1)1]% A(r)[j/\\(u)duj] (Ofr(l.;n:l].
: ) 0

We prove e\stima‘te (6.10)‘(n=l)' by writing fe-fl = ‘7\-[ @F(fl)‘— éF(fo)j ((6.5))-

~

and by resorting to the Minkowski Integral Inequality (6.4), the radially modi-
fied A(r,r'¥-Lipschitz-condition (6.6), (6.9), the Cauchy-Schwarz Inequality and
‘quantities (6.8). 'These justify , ’

2w | i
. . 1/2
(6.11) | [I ,[fz(rele) _ fl(rele)lede:l =
0 ’ A




, , - 7(’)‘ - ’ -
/;' ‘
21 r } ‘l'
IH[J U‘[F(rele,r'ele,fl( 'ele)) .
0 0
. . 2 -1/2
' - F(rele,r'ele,fo(r'ele))] eledr" de] <
r 27T o R <
])\lj [J lF(I‘ le,r'ele,fl( 'el’@)) -
0 0 , _
X . . 1/2
© 18, 16, . 16844142 . .
B St e DL IR
r 2m
. . 1/2
_ |A|J A(r,r')[[ Ifl(r'ele) - £ (r' 16)‘2d6] dr' <
o O\l 0 ‘ 1
r 2n ' - ,
! . - 1/2
]A]ZJ A(r,r‘)[J |<I>]':,(g)(r‘e16)}2d6] dr' < »
0 o
\’ ‘ xro ‘ ‘1/2— r 27 o 1/2 ' ‘
\( M?[I A2‘( ,r")dr,.":} " l:f J ]¢F(g)(g'ele)|2ded;':] < -
70 | .00 : .
Nogle) Il [x[%atzy. "0 ' /

v
[

Hence, inequality (6:10) holds for n=1.

If (6.10) is.valid forn?n}, then £ ., =f ., = . ‘-

\

- A[:@F(fm_'_l) - ¢F(.fr;l)]‘((6.5)~). By repeating the arguments used for (6.~ll),‘

we obtain ’ '




- 71 = .
) ' en
. -L1/2 .
' : 1.6 16,2 ..
(6.12) U e, p(ret) - g (ret?) de] s
Ov ) .
2r r
' F oy 16 i6 . ie
* [A‘[J ’JE.F(TE “,r'e ,fm+1(r'e )
0 0 v
« . . 2 1/2
. -F(rele,r'ele;f‘(r'ele))] ledr' dﬁ]\"
0 \ m ’
. ‘ i r 2n
, . . 10 10 16
lk[[ [J '1F‘(re ,r'e ,fm+l(r'e })
v 0 0

\

. . . . . 1/2
o _F(rele,,r'ele;fm(r'ele))|2d6} "d‘r-' <

) g o ie ey, L2
‘ lxlj A(r,r‘)[:J |fm;;l(r'e ) - £ (r'e ) aa] . ar!
0 . 0 ‘ '

I A

\

. r o
JEXEN |x|“”2[‘A<r~,r'>[(rﬁ-‘nsj“l/%(zlqﬁ 2B ()
.0, S N

- * 12
Ho(e)]] |x|m*2UA2<r,rr>dl.;} .
N T ‘ ) o ‘, . \\‘
r h o om-1 | im
[[[ (m—ﬁl)!]-l [J Ae(u)du:] ' Ae(r' )dr']
. ‘. to ~ 0 . i O\ \ ‘ ‘ -
‘ ‘ ' . . T . n/2.
gt PR e [ Rwa] T fosr
A | |

@



—T2 - N

—

- ) ' . ' ' -

where we used (6.10) (n='m) in the third step; therefore, (6.10) is valid for
‘n=mnm + l.h o ‘

We- now integrate the squares of both sides of inequality (6.10) with

-

respect to varisble r on [0,1] and thus (via (3.1))

(6.13) | lfn+

v

t fln” < op(al| A [atT™H2 (™ (m20).

9

Utilizing this result ((6.13)) and the triangle inequality for the ‘norm |

i

\

oo T agl
.we conclude Ilf“_"q‘— an < J-Zollfn#jn'fmju,f . .
N , ' | \ ‘ -

2'5“%‘%)” A [Cla* ]2 (pm s <

Heple) | 3] [atd 2 (R aPr (18) = e

A

2

(10 115, ,q - £l1 < o] M L2120 (A1) fazo),

-~

where I is the entire function definéd by (5.21). Consequently, {fn}n:Ol is

'
4



“73" ‘v

o

., a -Cauchy-sequence of AE(D)-—func ions with 1im £ (z) = f(zﬁj.(z e D) for some
n <+ oo

2

fe A2(D) (Theorem 3:1). Q.E.D .

4
3 <

6.4  EXISTENCE OF SOLUTION OF| NON-LINEAR RADIAL A°(D)-VOLTERRA INTEGRAL

EQUATION OF GENERAL TYPE. !
!

o " e .

Theorem 6.4. Let F: A2(D) + H({D x D) with F: f{w) > F(‘z,w;f(,w))f
. 2 : '
- = = = +
be 2-admissible, ge A (D) and ¢ nlimw fn (fo g, fn+1] g MF(fn) nzO)
be given, -Then, ~ 7
. . r
(6.15) 'f(ret?) = g(rele) + AJ F(rele,r'ele;f(r‘ele))eledr' . (re:Le e D)
v 'O .

-i.e. the iteration scheme of Theorem 6.3 converges to a solution of the non-

linear radial AQ(D)—Volterra Integral Equation o/f" general-type.
/

-»

Proof, (6.5) and' (6.7) enable us to/ write

(6.16) f-g-2xd

(£) = £-1 o = a[o(f) Jo (£ )] '

/

bl

. /
and the Minkowski Integral Inequality’ (6. /) (p=2) and (6.6) imply

0




v

y ,,

S ar e p 1/
N (6.18) [J ld»F;f)(rel@) - ¢>F(fn)(re )] de]
. 0

-

||f-fn||A(r)' (0<r<1, n>0J,

A

where the last step follows out of the Cauchy-Schwarz Inequality.

1A

-

This means -

Zreust bl



" ..\ » R
} [ ' i
’ \ N
- . 3 . M » .
! - : .
I a ‘
g ‘ - 75 - ' ~&
—_— \ v o i * ‘ﬂ L. /
- ¢ . »
, - LB v
, which (via (6.16)) leads,to e . .
| e—— + - ‘ .
- . . -~ - ) s
~ 2m ) . NE > ’
r . . hna Lo . > 1/2“
o (6.19) [ |2(re?®) - Brel®) - 0 (2] (x| de] T
S ! b ' 5 ) / [ . ‘ " ( 1
, s . /. : :
. , ‘ < ) v ' , 8
em . S L a1/2 L . ~ .
T ' ig . ig, 2 1o , N
. | flre™) - £ +1(re )| “ae + ] Hf—anA(r) , .
. b . i ! Y ‘ v (N \' ' ' v &ﬁ
. . - N . - \‘ N q
. - ,
4 S . . n
‘ (0<r<1, n>0). ] ) n .o
z ree , ¥,
» ’ X . . ! - )
. . &
. ’ ¢ ) : ,ﬁ.
Because the sec(lrid term;of (6.19) is the sum of two L,00,1] functions of the
-~ g ' ' . e g : . .
* v ' . . / . - - ) ~ - [
. 4 variable r, the triangle inequality for .the L2[O ,1]-norm y1eld§
\.&‘ ) ’ : F i
- ¢ + . . : ' - . . ., i
(6.20) ||f-g-r0(£)|] = . ’ o ¢
. \ F ) ) . . b
- ° v )
) 5 P e Ty
1 m Do -
' . . 1/2 :
[j U It(re®) - glre'®) - mF(f\)(rél,e)lzae] dr] < L
! H = >
0 o). g | .
~ ’ - [N K .
: fe-r ol + I Hleo (I @20, o .
N « ~ B
X - - A * ’ a v . N ~" /' '*
i ( LY ? . . i N
@\ ) A . ’ ) -
‘;I 4 ’
Coos _ vhere the constant A is given by (6.8).:-Theorem 6.3 asserts lim Hf-f‘nll = 0;
- » ’ - rn > ®
d .. . hence, (6.20) implies f= g+X®F(i‘). Q.E.D. @ ‘
N ) . ¢ .
o - ) . . ) ‘ , ') ' ,- ’
a \ - A
s AN . ¢ .
f\—
' o4 TN . ' >



1 y . A
¢
- r'e
& . - 76 - | .
W I3 F ? . . - .
! 6.5 UNIQUENESS OF SOLUTION OF NON-LINEAR RADIAL A%(D)-VOLTERRA INTEGRAL
b EQUATION OF GENERAL TYPE.
. Theorem 6.5. If F: AS(D), » H(D x D) with F: f(w) +— F(z,wsf(w))
g 2 " : 2 ' :
-is 2-admissible and ge A“(D), hi:~he\n the non-linear radial A°(D)-Volterra F
R . . . . -
T .. : Inﬁegral Eque.t‘ion of general type . ‘G
7 ! r »
) . .. . . . 5 o
. (6.21) f(rele) = g(rele) + )\J F(rele,r'ele;f(r'ele)) ar! (re1 € D) ,
: , ' , v
L ’ .0
i a
. possesses & uniquessolution in A2(D). , | o - I
. . ; . '
\ 5 : , 3 : 1
2 Proof. q, The”existence of at least one solution of (6.21) is g@@anteed
« ' : ' ' ' , b
* \\ Y ‘- - R | ' N
by. Theoren 6.1&.. Let he AQ(D) be' another solution of (6y.21)-1.e.—h= g+ M?F(h).
’ . The Minkowski Integral Inequality (6.4) (p=2), (6.6)’~a.nd f-h = r[e(£)-e(n)] -
- permits us to write \ D : . .
' . ’, ' Lt . g
g \ C o S ‘
' T e 2, TR B
! > (6.22) [J |£(xe™) - hire )| \de:] = - , ' S
i | r . 5 | ;. . _ ) o j
e ig, I ie, 2. T2 oo
‘ |A|{;j o) (xel®) —pp(n)(xet®)] de} < .
. o : . A 14 i

. ‘ - , -
- . L - . . -
3 . . v - . g . . .
» . . . - . : . ' . N “



s

e

'\
' 4
o . 2w .
‘ [AlJ ﬂ(r‘,r')l[[’ If(}",eie) - h(r'éie)|2d9:|
© 0 o ,

b ' i

in particular,

" ,’q‘ , 2w
. , . 1/2
- . (6423) [J If(rele) - h(rele)lzde:‘ <
x”): T \\ - \ . S

27

0

)
“

v
N '

.
¢

|

) 121r g ‘ . -]./‘2 .
(6.24) [{ |£(re e.) - h(réle)lzde] <

0 1 B \ ' R .
a ' r . ] : o Tpta .
. ' n o ’ - . = “ .
SRy J A(r,rl)J ~A(‘rl,r2) J} \ A(rh_,larn) x
0 0 ~ 0 . '
! 2n . . . : .1/2 .
| e @) e alr ele)I?de' dr_dr cee dr dr. <
! . . n A n / . n n-1 2 1 -
, 0 | “
3 . N d" ’ . i i
Y ‘ % ‘.\) 1
- ‘. - ~ - “’ v . .
\, : , R . . .
. P 'Y ! . . Sy
' N = ] ; . PR

1/2

ol

’ C. . 1/2 ‘ L
. I)\| A(r,r')l:J |f(r'elﬁ)- h(r"ele)lzde;l ~dr! ‘(Ofr<l).
N 0 ’ ) L NI

"

Cdr' (Of r <1) ;‘

S

1
1

Y

Apgiying inequality (6123\) ‘r'ecursive'ly 40 itself leads to



3

, - w2 - -
] et - neetyiPae] e, o< e-nliat

- T ! ‘ N . M(n - ' A\
. , | | | 2t ;
. ' - \‘ v
\ - 78 ‘o ) i
Y r rl . X = I"n - 2 N
Xl '
) lAlJAhyﬁ)J Alr sz,) J Alr ot A )
0 . 0 ‘ 0 o '
r ' '
; : 4
||£-nl{dr .jdr _,ee-drydr)

Y .0 0 0
T ‘ : — " .
N - N 6 N
n-e ) 1/2 : ST
[[J A (u)du:] A (rn_e)) dr v _geeedrpdroo<L -
b ’ ‘O A ' .
r T s “n-l ' .
afe 12 hllJ A e j'{\(rl,r?)"'j ME o, g) |
'p _-O \.O ! '
Ve t "%‘ e . . "
P P $ 1/
1] .
. [[2:] [J A \(u)du] A%(r 3)] dr; _gdr ) erdrpdr, <
0 -
2 ' » Cp ' ) :
. n-1 /2 ™
A e mn”f-hll[[:(n—,l)!:]_\l[{/Ae(u)du:] A2<r>]'
. ' \ s’ ” 0
. : o Tnel . ‘ "
In the first step of . (6.24) we used J 'A(rn _l,rn) X . ‘
. " o v “ .

s

2w

/

B n-i)‘ (O:rn-l<l).’"
0o - ~ !

L

which follows out of the Cauchy-Sthwarz Inequali 3{. All theé other steps of -



1 : o« Tnek-1. . ' T .
iy . o ‘ : SR |
N 9 - M »
.(6'2h) are ijxstllfledy‘t?y J ’ j\(rn—k—l’rn,—k) E(k l)..] .
‘ 0 . " '
' » .
Tr s
n=k K-1 1 ,
[J A h%du] ‘A (¢ k ar, _, <
r ‘ P
| - n“k'12 kK o, . 31/ T
J[['k!] U . A (u)qu] A (rn_k_l)] : \(Ofr'n_k‘lol,l'ilffn),
‘ 0 o '
~o

—_

which is an J'{Hnediate consequence of the ‘Cauchy-Schwarz 'Inequality and the

°

"chain rule" for integrals. Pience, - |
. ' ; N ;
1 2" - ‘I v
. 1/2
(6.25)TJ r(ret®) - h(rele)lgde] < ‘
0 ' r
-~ N r -
. : \ n-1 /2
o |l2-n]] Ikln[[(n-:l)!]_l U A2(u)du] \A2(r)] (0<r<i,n>1)
. ‘ . X 0 LoF ,

holds. (6.25), by means of (3.1) and the "chain rule" for integrals, implies
' ' ) » ¢

.

(6.26) ||-n]] < Ilr-nl|[at] 20"

o

n 3.0) .

»

—

Letting n + » in (6.26) yields f=h. Q.E.D’

g
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X
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6.6 EXAMPLE OF NON-LINEAR RADTAL A b)-VOLTERRA INTEGRAL EQUATION OF

.| GENERAL TYPE - . ‘

2(

LY

An e:jample of a non-linear radial AQ(D)—Volterra Integral Equation

of general-type 1is ‘ ’ :
N ,

' 3 - PX] r . s
(6.27) f(rele) = g(rela) + }\J exp(rr"elge) "
| 0

! «

% ) ' i . 1
. [ 1 la_(£)] [~1~4Jlan(f)|]'1r2nr.nei3nel efart (re*®e),
n=20 , -
- - -

. where g eAQ(D)' is given and f is the wtknown AQ(D)—function. For the Theorem®

6.3, 6:land 6.5 to be applicable to equation (6.27), wé must demonstrate that

the rule of correspondence o ' o .

3

y | ! . . . ’ “ \
/ ’ . - N
(6.28) F: f(w) k= . 2V a (£)|[1+]a (f’) -1 ?nwn ‘ , ,
e KO
‘ "'— : : 4‘9#
(f(wﬁ = -Z ’an(f)wneAz(’D)) ' \ ‘N . ‘
n=20

is 2-admissible.’ This requires showing: first, F: AE(D) + H(D x D); second,

N -




Op: Ae(-D) + AS(DY ((6.5)); and third, F satisfies thé radially modified *
: TN S !
' Y

Alrer' )—Lipschitz—conditlion (6.6).

The mapping property F: AE(D) + H(D x D) follows immed¥etely from

\ 1

i foe) s : 2 ‘.

e, 1 la(0)f[1+]a(£)]] 122%™ ¢ H(D ¥ D) end the fact that H(D x D)
n=20 t - ' . ‘ .

is an slgebra over C. ' ‘ - - oy

i

- 2 ' . . ' i ' . .
@F:"A (D) -~ AE(D) is a direct consequence of the following argument.'

'
o .y

If £ ¢ A2(D), then . o

(6.29) |<I>F(f)(rele)] < J lF(r'ele,r'ele;f(r'ele))]dr' <
2 ° “' . O \\\ ’A' )
do . . r ! -
)) ]an(f){ [1+ ]an(f')l:]-_lf exp(rr'Cos(Ee))renr'ndr'e <
n=20 o 0 '
/ L -1/2 i -1/2 3n+1
2e -~ Z 0[(en +1) la 60| [(en+ )57 " 57] <
' v . \
e » 1/2
‘ 2e||f||[ ) (2n+l)—lr6n‘+2] (0 <r<1).
. ns= 0 ' T
’ * W - . N [ ' oG




)

-8 <. ‘

Consequently, = o .

1

(6.30) |¢F(f)(r.‘eie)|2 §~he2||fll'2 3 (AE‘n+1)“J"r6n+2 (0<r<1,0<0<2n),

n O
wvherefrom it is easy to see that )
' . o , 1 2n- : I 1/2
(6.31) [leg(£) ][] = [J f log(£){re™) | dedr] <
\ ‘ 00 o

/

2(2n)t 21| [ I (2n +1) 6n + 3)
n -

¥ ' 2

holds; therefore, <I>F: A2(D) + AE(D).
, ‘ ¢

“<

Y

The radially modified A(r,r’)-Lipschitz—condit‘.gon (6.6)with a

n

suitable L2—kerne1 A£(r,r') is demonstrated as foltows:

2n ) . )
(6.32) J IFKrel'e,r'ele;gQ(r'ele)) - F(rele,r'ele\;gl(r'eie) ) lede <
E3 0 ' i M N ’ '

2

| eerr'J i Z O[ le, (g)] - ~[ta.nA(gg) [T+ Iaiiige)l:]_l *
0 14

1

~

. 2
N -1 2 1 3n6
El+}an(gl)|] = piprfet S ae

AY

+ . >

oW

Gy
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S X EN B EAT) i RIS TR
n =

o : {9-2 _4n_.%n
- El‘+'|'8’n(gl)‘] r rv. <
-
- 2w ]
2rr! 2n _ 2rr' , ,.1642
~21re4 ; Z ’an(gg gl)| r' I l 2(r e ) - gl(r e )! as,
n =20 . -
. : ' . 0
where wle use@' 'an(gl)l lan(g2)|| |an(gl) - an(g2)| = [an(gl -\g2)[
SV ' / o
a.n,drn <1(0<r<l,n>0). Clearly, . .
v 3 F ‘ .
an .
. . . . 1/2 .
(6.33) [J IF(rele,r'ele;g2(r'ele)) -_.F(relel,r'ele;gl(r'ele))lzdej <
=5 . .
. 27 - ' i
. . . 1/2
e’ [J [ga(r'ele) - gl(r'ele) |,2d6] (0 <r,rre1)s,
0 ‘ ' '

a
i

_in particular, F: A2’(D) + H(D x D) defined by (6.28) satisfies the radially

. : R '
modified A(r,r')-Lipschitz-condition (6.6) with L2~kernel Alr,r") = et
[ L™

‘We have proyed that the map F: A?(D) + H(Y x D) with, action defined

0

Q -,

~ -

by (6.28) is 2-admissible. In consequence thereof, the non-linear radial
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kS

'A2(D)-Volterra Integral Equatidn (6.27) possesses a unique A2(D)—solufion

2 ) .
. = = = +
f for each. g ¢ A"(D) and » ¢ C, where £ lim ‘fn (fo g’fn+l g A@F(fn)

n—+ o

»

. .
.
2
. f
t
.
'
-
“
)
.
-
.
3
f
- '
¢
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.
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'
.
'
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.
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. -
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Q | r‘ |
id w
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CHAPTER VIT
NON~LINEAR RADIAL VOLTERRA A°(D)-INTEGRAL EQUATION OF HAMMERSTEIN TYPE

. f

We examine in this chapter the non+linear radial AE(D)—Volterrav‘ 2

’
/

Integral Eciuation of Hammerstein-type

< Y-
(7.1) 'f(\rele) = g(rele) + AJ K(r,r',0)F r'e}?;f(r'eie))‘eledr' (g_‘e AE(D))
5 .

a.e. in ron [0,1) (0<® <27) of the nown AQ(D)—f“unctionhf, vhere K(r,r',0) ¢

(VKE)(D). This equation is considerdbly different from the non-linear radial

1




v,

- 86 - B

S

(:{.2) x(s) =y(s) + A[ K(s,t)lF(}:;x(t))dt (ysLEEa,b]), .

8 |
/. .

'

a.e. in s on [a,b] (x being the unknown L2Ea.,b:1- functiqn) cannot be applied

-

to equation (7.1). The difficulty is caused by requiring F(t,n) to satisfy

. ) \
the Lipschitz-gondition |F(t l)| < a(t)|n2 - n| forall n,, n,ce

;ng) - 'F(t;n

1 |

C, vwhere HaHm < = , Since K(r,r',8) e-(VKz)(D), the F(z;f(z)) occuring in

(7.1) must silﬁultaneously define an AE(D):func‘tion in z (zeD) and satisfy

-~
\

)| < az)|w

the Lipschitz-condition |F(z;w A < 1

) - F(zw

1 —V2| (wl,weeC).

#
.

Thus F(z;w) an(z) + al(z)w, becaise F(z;w) must be an entire function of w if

r
I K(r,r' ,G)F(r'ele;f(r‘ele) )eledr' is to define an AZ(D)—func'tion of rele. This
0

reduces equation (7.1) to the linear A2(D)—Volterra Integral Equation (5.1),
which has been'discussed in Chapter V. Therefore, the idea of a Lipschitz-con-

dition must be suitably modified.

»

%

7.2 RADIALLY MODIFIED LIPSCHITZ-CONDITION FOR NON-LINEAR RADIAL AQ(D)— :
VOLTERRA-INTEGRAL EQUATION OF HAMMERSTEIN TYPE.

[
'

. %
Definition 7.l. The transformstion F: AQ(D) - AQ(D) with

7

- »

ro



CF £ (w) = F(wif(w) is said te be l-admissible for' the (VKQ)(D)-kernel

Kr,r'

(1.3).

,0) if it satisfies the radially modified A(r,r')-Lipschitz-condition
j ,
/|

2m
. i . 1/2
U [K(zr,r',6) I/QIF(r'ele;gz(r'ele)) ~F(r'ele;gl( ret®))| de:]
/
0 5
2 1
' i 16 1/2
i [ ey et - g™ P perarrcnioce <a)
; O . '

for all 8,8, € A2(D), where A(r ,r') is an_L,_-kernel on [0,1] x (0,13.

the (UKQ)(D)—kernel K(r ,r',8), then ve define the non-linear A2(D)-Volterra‘

Integral Operator KF: AZ(D) -+ A2(D)'with

(. -

a.e. inron LO,1) (0<®© <2n),

7.3

2
...,\ , .

It F: A%(D) ~ A%(D) with ¥ £(w) k> F(wif(w)) is l-admissible for

L]

¢

N +

»

r ,
KF(f)(rele) = J'K(r,r',e)F(r‘e
0

{6 , .
+ ;f(r‘ele) )eledr'

! v

Al

/
CONVERGENCE SCHEME FOR NON—LINEAR RADIAL AE(D)—VOLTERRA INTEGRAL, EQUATION
OF HAMMERSTEIN TYPE. - - -

\ - i
u . . \

Theorem 7.2, If F: AZ(D) - A2(D) with F: £(w) -+ . .‘F(w;‘f(W)) is

N .
. ~ «
/ . ¢ - > \
i ' .
B . . '
a

'
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*
2

l-admissible for "the ¥ VKE)(D)-kernel K(r,r',0) and g E‘AQ(D) , then the iteration

{ . . ' Y
!

" scheme fo = g and

-« ’ r 0
(1.5) 1, (re™®) = glre®®) + xj Klryr' ,0)E(r'e i1 (re*®))ePart (n20)"
5 .
o~ < : N [
a.e. in r on [0,1) (0<6 <27) converges ‘in AZ(D) for all A € C.., C

x

B - . ’ 1y
Proof. Using the function A(r) and the quantity A defined in (6:8),

[,

—kxjrnel Alr,r'), wve write £, ~ fo =

which was constructed by means of the L 1

2

)\KF(g) and note ' . .

on l . ' 2 .
. . . : . rml/2 . 1/2 ,
(1.6) U £ (re®) - £ _(re*%)|%a ] = MU IKF(g)(rele)I?.deJ
\ 9) , R ! . ' O’ oo L
(0<re1). ',l S - K ‘

’I v

e

As in the proof of Theorem 6.3, ye cqxifer;d and prove by inducfion on n, that

-

4
? 3

on . e ‘
. Ry . 1/2 -
(7.7) [J |fn+l(rele)' - ‘fn(rele)lzde] . Lo
: - ' |

.

’ ‘ L T (n-1)/2 |
@ WP (n-1)177/2 [J Ae(u)du] | " {osr<1,n>1).
. . 0 /

- o]

!

. I D / R o . :
S . o B '
! L . ‘o “ . E e . . .
: ’ R Cp . . .o ) /-
R e e ST ¢l imia tns oy s iy e - U U Y



‘»

wt

~— ™~ N
. \\\
»
T e
J
L]
, .
a i}
\
. The equation

2

Tnequality (6.4)-(p=2), (7.4), (7.6) .énd the, Cauchy-Schwarz Inequality:, emi,&i’l

;}-fl.=’A[KFu§)

~
v

- KF(f;)] ((7.5)

~

- " i6 10,2, ‘ :
L - 17.8) [f lf2(re ) - fl(re 9% ae] Ly ", -
0 R . .
> ¢ * >
-~ 7 \ . Ly £ ’ .
. A . 2m r A :
. ‘M[{ ‘ }.K(x“‘,r',e)[F(r'ele;fl(r'ele))
Yo o’ .
\// N A 5 41/2
, Ja, et F(r»'el'e‘.;fo(r'ele))]eledr‘ dG] Vo<
- , -
’ s - F
e .
r 2n o . Loe
-|>\|J [J |?{(r,r‘,9)12'\F(r‘e;e;fl(r‘ele)) 2
00 . : . .
’ . ‘
. 11/2 -
.« - F(r'ele’;fo(r"‘e‘le));.gde:‘/ dr' <
. ( '
-
2 “- ¢
r m -
< M ' R ‘. l/2 \
]x‘J‘A(r,r‘) J |£. ( 'ele)bif (rvele)ﬁe] \ <
*~ . e . l fo] -
‘\ _ O ‘O . \\s
e e N AN )
\ ) r\é *\J 1'72 r2n;‘l . 2- w1/2
&, |2 [J A (r,r')dn'] [J J ]KF( Mr'e )] dedr']
0 , 00 °
“ 7 ' '
| . 7. . L
= C k@] M2 ar) (osr<n),
LN
. y o~ S .
v . AT
2 h. “;
s ) o

-

.4

), the Minkowski Integral ,

-

L -

-8

h

¥



' . * ‘ h R .
Ay / ‘ —
- , -
4 . ‘ ) \
{ N\ “\,,
.._ _90 — .
. ~ . I A ¥ N
. J . , \
- - s \ "
. ' . A
w5 ,
‘ vhich proves (7.7) for n31 If"we‘ass&me (7.7) to be valid f‘;?r n<=m, ‘then
ve dgrive fut of £, = £, 0 = ALK(G 1) - Kp(2)] ((T.5)) and the
- K . ; . ‘ ~ . i
i reasons justifying (7.8) tQat : ) ' . Y L
. b 2n s o 1/2 . (/
’ (7.9) [J Ifm+2(ro ) - fm+l(re )] dGJ = o ‘ X
vi__/‘\ . O R , “ b .
- 2n 1 ] . ‘ : ) \\}\\. ”
- )“[J ’ JK(Ir,r",e)[F(r'el’e?f‘%_’_l(r‘ele)) o ~ .
’ 0 .0 . ' S Co -
o \' : . ‘ . . ot ’
. : : ) /2
‘ 2 F(r'el‘e,f (r'ele))] eledr' ﬂ( < v
’ | v s 4 .. T ”
[ 4 y :
- L) v 2_” r \\I -‘ .
1}"[ [:j IK(rsr'ae)’iglF((’\ele;T\'*_l(r'e18)> )
v ‘ | ‘ " 4
0 0 ! v ~
) n N, .
] - -
o 1/2
fr -,?(r'ele,fm(r'ele)”zdlﬂ] dr! < s i
r [l . - )
L T . . ) R rl (
S : -1)/2
m+2, [, -1/2 2 " -
@ R s Lm0 32 ] Rwa] T e T
. 0 o ‘ =0 0 '
v * ' ) ¥ .
L)

T r

1"

s
N

0

4 e ~ g
X where the last, step f‘ollow‘s‘,
\
R 4

by ‘re'peatiné the last. fwo ‘stegs ‘of (6:12)- i.e.

-

g

r

<

[

- .. ’ m./2 . e A
ke ] Dt L] U A2<u>d9] |



»

. demonstrates (7.7) for n=m+1 and (7:7) holds for all n> 1. .

L] .

u ~ ¢ +

the Cauchy-Schwarz Inequality .and the “chdin rule" for‘iptegrals.‘ This

o © Y
- . Y
*

\ . y 4 , -

’ ~ o >

L}

The a.fguments in the last paragraph of> the proof of Theorem 6.3

~

. modified for (7.5) (¢F(g) replaced by K,F(g)) imply (via (7.7)) that

‘o
~

‘ . f:’.b%; ’ I ’ . : - l *
(120, |99, - fnl:[ . llev(gm N [n;j-l/z U{!A)nf‘(')\l!\) :}(n,qio),

\ ) 2 -

.

v

where T is given‘. by (5.21) ¢ therefore, 1lim fri=f (féAE,(D)) ex.ist's: Q.E.D.

» n_*-m
T
S f

S B \

7.4 EXISTENCE AND UNIQUENESS OF SOLUTION OF NON-LINEAR A°(D)-VOLTERRA
INTEGRAL EQUATION OF HAMMERSTEIN TYFE.,

»

-

4

Theorem 7.3, Let F: A2(D) - A2(D) with F: f{w) .}~ F(w,i‘(w')j" be
l'—admiésible‘for the (VKE)(D)—ke'rnelK(r,r",B), gEA2(D) and f = lim fn
- L . . 72 B8 S

(fo=g’ fn+1 =g + AKF(fn) (n:O)) ‘be given. _"I'hen, :

a.e. in r on [0,1) (0<6<27r)-i.e. the iteration schemg of Thgorem 7.2

- .
< ¢
.

.



" I\\' ~ , . i \‘
n” ~ "~
- + ~ s 5 \
‘o ]
- —‘92 _ .‘. | /’~
«Q"—“ i 8 ' ' . | :
i . ‘ -
. . .
. ) .
. X ' .
» . 1. .
v converges to a solution of the non-linear radial Integral Equation of",
' i v - a M “ \
X Hgmmerstein type. . ’ ,
n ) . -
A ‘ N . '_ .
’ Proof. Thié'proof>fol}ows.the pattern of the proof of Theorgm
‘. . ] . ' ' - Yy \ .
6.4, By means ‘of (TIgg'we write o T . . ’
) » . . ' %
- ’ iey _ . P C N i6 )
(1.12) [ f-g-2p(f)] (re™) = (‘r—_fn,rl)(.re‘ ) = ALK = (£ W] (xe™)
‘ N -~ - ] . .
oL . ¢
» ’ . . . ) . . . R
(0<r<1, 0<6<2m, n>0) . B ) B .
- ‘. . . ' . v
“‘7 . » 1. . .
. N L - N
and resort to the Minkowskiz%pteg}al Inequality (6.4) (p=2) and (7.3), in a
: . ' o - . | N
. manner similar to the way (6.6) was used for deriving (6.17), to-arrive at’
AN . ‘ - ‘% : o ’
- A . B . \l . ) N
N e 5 " is o ip, 2, 71/2 T : -
(7.13) U [Kp(£)(re™) - K, (£ )(re ‘)I de] c< le-t Halr) ‘ ]
, 5 ‘ ) ' “ .
(O_<_r<l, n>'0)-;.

The tritngle inequality for the LQCO,EnJ-ﬁorm'applied to the three'LZEO,Qﬂ]-‘ .

o

. N oz e : ‘ -
functions in (7.12).of tWe variable 6 (r being momentarily fixed) implies - iy
L ' . §
. e 3 . ’
, 8 o ‘



.
\ 12N
.
.

. , ,
y i ¢ .
: - — - 93 -~ .
- | .
’ en’ ‘ - o
. “ . K . . 1/2 , ) . L
(7.14) fp|f<rel"\)"_,g<rele) - XKF(f)(rele)|2de] Co< o SR
. . * ) \\-
0 : .
} . .
2m . ! y
- oy 18 e, 2. 1} “
:‘J |f(re” 3 - fnﬂ( )|“de ot |A] llfn‘-fn[l.A(r) N
.0 . ' .
(o<r<1,n>0), , -
[ g - 2 o
Al ‘ | {‘

. N 2

wherein the three terms define L,[0,11-functions of the vadisble r. 'Taking

' > -

the LQEO,lJ'rno,rm. of-bot]h sides'pf (7.14) leads to '(via the tr;anglé inequality

'

for the L2 fo ,'lJ—nqorm)

.

(103) |Je-e- k(O] < Ne-g o[+ sl lle-g 1. (20, .o

« - @
] . . . .
i . ' -t .
where the constant A is given by (6.8). Letting n » » in (7.15) implies

&
»

£=g+ K, (1). Q.E.D.

-«

Theorem T,4. If F: Ag'(D) > AE(D‘) wih F: £(w) — F(w,f(w)) is

A . . ‘ N v

, °
, , ¢ .
1+admissible for the (UKQ)(D)-kernel K(r,r',0) and g'EAg(D), then the non-
- . : . / . v

linear radial A2(D)-Vo'lterra'Integra.l Equation of Hammerstein-type

S, 4
. -

‘\‘ ’ Q ' ~ ‘.
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+ . - - . -
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) ( , ) ’ ;
. . " ., P - L. ,
. r o . + e )
e (1.16) " e(ret?) 2 glre®®) + AJ K(r,r',0)F(re dr(rre?¥))ePar: ;o
. , 5 | . . . ‘
s . ) - LT % -
. " a.e. in r on [o,1) (0<s8 < 2m). possesses a unique Az(D('-soluti‘on, ’
» -, ) N » "
) Egg_ég, -The existence of at least one solution of (7.16).is guaranteed
i by Theorem 7.3; -hence, let h be another A2(D)-—soiﬁd:ion of (7.16)-i.e.
. h=g+ MK, h): By using the Minkowski Integral Inequality (6.L) (p=2), (7.3)
' and f-h f= A[ K (f) - K (g)] we obtain . S
- e ’ . o " ) « 4 ’ o . ) .
Ny g o » 2 _ . .-
(7.17) [J |£(re'”) - h(re*™)] de:] < ,
) - - . ot
’ 2'" - > . . N y)
. i6 o dey 2. THR - _ u
. ] KR (re™) - Kp(h)(re™ ) [Ta8 | ¢ \}, ' :
! - . * U “. . . L o ‘& \- S ‘ " : . .
r r 2n . : . B 3 — _#_ o
: : | U IK(r,r',0) [P[Flered®in(rrel®)) P
. 7
0 0 ‘ C
t »
' & . o ! ' K .
R t . . o 1/2 - IR .
< -\‘F(r'ele;h(r'el‘e))Igde:] dr? < . \
By i ~ - - . ~
v ' Fo o ey L, . iey 2 /2 o R
|)\|J A(r,r')[f [f(r'e™”) - h(r'e ") dG:' dr’ ’(Q<r<‘l), . .
o "o - P S
- ¢ .. A ' ) .
) ! ' ' - - '
vhich means J -



emerge inequalities: identical to (6.2L4) :/&6“.25) ‘and ‘(6.26). (&

. _ , | .
- 95 - o
A . e .
~ “
. 2 T . " - ’ . . s
.. T - - o ,
’ e . . - . 1/2, . '
(7.18) [[ If(‘r’ele) - h(];ele)lede] < - v
“" * 4 l - -
. o LR T \ .
S AN TR 10,2, 1/ SN
. IA[I{X(I‘,I")[J [f{r'e™”) - h(r®e )| d’B] Cart {o<z<l).. -
S 0 S0 T N
- / s, " | : | ! | ' | | ‘n l‘. ) . A// . L s \ . .
. ! - A + ' N >
.We,apply.the inequality (7.18) recursively to itself. Therefrom shall .
- . o S A ’

F

. ’

replaced

. A v . ! . ) ’ ‘

by’ KF) *This leads to f=h provided we let n » =« in ' (6.26), Q.E.D.
, . i ‘ ‘ )

7.5 -4 1eADMISSIBILITY CONDITION. ° . ' : L -
We now state and prove a sufficient, although not necessary, con-
[ . A
’ ' - . . : o AL ' N ' ’ * A
dixtion f_‘dr aF: A?CD) + AQ(D) with F:  £(w) = _F(w',f(w) ) .to be l—admidsible
‘ - :‘_.‘_.—>A‘-’. ha 0 4 . *
for & (VK, -(D)-kernel K(r,r',6). S B
, ‘ R s ‘ .‘l'“_ ”’I ." , '\ S . N
7, Theprem 7.5. 'let the (UKQ)\(D)—kernel K(r,r',8) be Lebesgué-measurable .
Q - - / 1

z

I .
‘ 1

g in'(r,r',“e)u onyl0,1) x-00,1) x [0,27) and a(r,8) be & no_n-negative Lebesgue-

- . s
. ‘ . o - .
'.measm"able function in (r,8) on [0,1) x [0,2r) such that -
\ ‘ \\\ - '
- 4 \\‘ . r
19 10y, 16 ip i16,.  , i8y|
(7.19) IF(rel';ge(I_‘el ) - P{re' ;gl(re1°))l < a(r,e)|g2<re1 ) - g (re™ )|
- ' "P ' ’
\ ! N ! b r%
/ . -
4 - v °




(720 ” EI!Krr' alr, )], PFarar < o 1 =
' 00 ' T '

‘ (7'21) A(.I‘,I“)A = HK‘(r,r',')a(r',-)il

P ' .
\ -\

a.e. in (r,e\} on [0,1) » [0,27) for w1l gl',g2 £ A2(D)‘a.nd

¢
1 « . .

-

: | T T S . ’
Then F: A2(D) » A°(D) 1is l-admissible for the (VK2)6D)-kerne1 K(r,r',8).

. Bl
i .

. a
L] t .

Eggg{ - Since F: A2(D), -+ AQ(D), we only need to find a L,-kernel
IN . P ' . , ' . : .

A(r,r') on £O,1] x [0,1] such that F satisfies the radially modifis&® A(r,r')-

Lipschitz~condition (7.3) for the given (VK2),(D)—kernel K(r,r',e)‘. (7.20)

guarsdntees that

©

‘ - . . . o

. o< r,r'<1)

' . - ¢

2

~ ’

is an k.-kKernel on [0,1] x [0,13: By using the Holder Integral Inequality for

\ 5 * M

. am 2n
Illto,enL and Lmtq,enj—f@cpions, némely l J u(e)v(s < ||v|l J |u(g)|as,
: 0 0 A

‘ L - o
e~ deduce out of (7.19) for all 828, € A2(D) that
: .

'

/
hY




61‘ Hammerstein-type, is

' \ « .
- R ’ ,. (\
. - . - 97 -
. 1 * "
o om o ' ’ ' ) . .
(7'22) [J LK(r,r',é)J 'lF(r ele.,gg(r'ele)) . ’ »
- O, . . ) ) R ) v )
"_ . * , .
5 =1/2 .
ct - Flr'e ,gl( )31 de] < ;
2m ©
. B N 1/2 _
. |:J |Kér,r',0)alr 9)|2|52(r' 19y gl(r'ele) 2dej <
0 N "
L 2n - ,

¢ ‘ e ' - ‘. s
where in the last step we made use of (7.21). Hence, F satisfies the 'radially
modified A(r,r')-Lipschitz-condition (7.3).- Q.E.D. -

\

'
. '

7.6 AN EXAMPLE OF NON LINEAR RADTAL A (D)-—VOL'TERRA .INTEGRAL EQUATION .OF
HAMMERSTEIN TYPE. - '

v

An example of & non-linéar radial’ A2(D)—Volterra Integi‘al Equation

' o
. .

o r .
. . f . -
(1.23) £(ret®) =""g(rele) + )‘J Sin(r r'3 158) x oo
o8 . v !
oL - ° -
' ., - 5}, . '. 2 Ta.n-l(la l) hn 1’4n9 eledi"
" ‘ ' -n = 0

-



X

Yy

]
) * \
A .0 0 ., ¢
. i ]
. - 98 = 4 ) v
N .‘ a - '
(re16 e D),. . '
& ‘“ - ‘2 M l;’ o ,,I . " oo - ) 1 ﬁ 2 R " -' ,
where ge 'A< (D) is given and 'fzzr) = { an,(f)z is the A (I)f)—functionlsoug‘ht
" . ’ * \ - n = O . ! . ., ' .
after. Sin(rer'Bglsq) € (UK2)(D), because "‘o
1 ' ' )
e . / -
. , . ‘ " A
(7.24) . ]Sin(rer'}el_se)f < éxp(rarl’B) (o ka.',r' <130 < B <21}, 2
A Q k '
. “ . r '. - . ' ‘ i . '. - ’ ,
For Theorems 7.2 and 7.4 to be applicablé to equatien (7.23), we must show."
N ) o -, ! . ~
that the rule of correspondence - R *
AR
oy P bt v -
(7.25) ~Fer(w) v ] Ten {la (£)])w (v eD)
n =0 ’ i .
. e : | c 20,3458, 0 o . .
is l-admissible for the (VKE)(D)-kernel Sin(r“r'’e"”"): This reduires: first,
e B L2 < ' Vo . o
that F: A“(D) » A°(D); and second, that F satisfy the rgdially modified
. A{r,r')-Lipschitz-condition (7.3) for sdme Lg—ker‘nel A(r,r') en [0,1] P £o0,13.-
o ‘ , ’ ’ e | ) ’
) . F:A%(D) -~ A%(D) ((7.25)), since 7§ Tan_l( |an(f‘)1)whn is analytic
' - s . . n = o I v 9
‘fon D for all flw)= 7§ a.n(f)whn e A?(D) (I’I‘an—l(lan(f‘){)[< 27I1r;n'>0 R

n=20 T )

-



- e ) . 1/2
. (1.27) [J IK(r,r',e)|2|F(r'ele;g2(r!ele”)) -F(r'ele;gl(r'ele))lede:l
0

-
4]
-

- , 'X Al
» P‘ =y ! Q
. . - 99—
f e A?(D)’j'. Furthermore,-we calculate’ via (3.1)
. _
» ‘ ) v f '
. 2w, -2 ' .
(7.26) H |F(re1°°;f(re19)p2aear;=“ ] T Al(|an(_f)])rhnelhne d0dr
n 00 . oo =n=0 _
“
l o0 o i
[ I, e a0 e S een a0l o @
. o -1 =0 ( n=20 L - 0
o -~
. -1 2 .
I (2w e (0)[F = []g])? < o, .
n=0 .. ' ‘ .
N N ¢ ‘ {
‘where in the 14st stéb we used ITaﬁ_l(x) I <=]x| (xeR). This ifplies that B
0
F: A2(D) » A°(D).
S That F7AS(D) —+ A%(D) is l-admissible for the (VK2)(D)-kerne1
) >
L 23156 . . . . 2
sin(r“r'"e””") follows from the following considerations. If g8, € A<(D),
' - ) ?
then ) ’ .
N
) 2w v

]

an ) ) : o , .
U |sintrrr3e3) 2| 7 [Tanla (g,))
b n =0 ' .
T [
1 ' : . 2 q1/2
4 : . Ta-n-l.”_an(gl)“] r,hnelhne dé] ) . :



e

‘/ . q ) -~
» / o L
! / - 100 « ~
€ <
- ‘ ! K | ‘”
2n v 7y ‘ .
exp(r r'})[J ] 1 [Tan " (la (gz)l)
' n’: O‘
0
. e ) !
T 2 q1/2 '
- Te.n—l( ‘an(gl)l)»—] r.hnelhnﬁ . de:} - ‘
i - .
' 3,00 % -1 oy -1 PN e
exp(r“r')2r } |Tan ([an(ge)l),-“l‘an (|an(gl)l)l r' :] <
L n =0 " ’
, ! \ o
- = 1/2
v 2.,3 , - 2 _,on -
‘ exp(r°r ') 2n Z lan(gZ‘ - 81” T } =
L L n =20 v
\ S
. - oF
' : 1/2
exp(r r'3)U | ‘g(r‘ele) - gl< 'ele)fgde] ,
o . ‘ . .

" where in the second step we wied (7.24) and the fourth ster follows out of

LY

7

l( l( X E,R) and an('gg} - an(gi) = an(gg— gl)‘

(xlb 2

|Ten™ (x.) - Tan™

T X

o

2)1‘ < ~[xl - X

.

(nzO)'. Thus, F': AQVD) - AE(D) is l-sdmissible for the (VKZ)(D)—kernel _$q

1318 ang satisfTies the radielly ‘modified A(r,r')-Lipschitz-conditicn

Sin(rzrl
N

(7.3) with A(r,r') = exp(rer’3), where exp(r

~

21”‘3) is clearly an L,-kernel on

fo0,11 = [0)1]. .

-




) . CHAPTER VIII L

CONCLUSION

i
1

, We have proved in this master's degree thesis that for radially

» -

3 * )
acting linear Volterra Integral Operators, induced by a B-parameter famjly

o

of kernels K(r,r',6) (0<6 <27) with uniformly bounded double norms on
LEEO,lJ acting.on an analytic function space of the unit disc D, the suitable

space is AE(D). "By deriving some inherent properties of the Hilbert space
» .

A2(D),,«,in particular Theorem 3.5,.we were able to demonstrate that the to-

~

tality (VKE)(D) of these kernels K(r,r',8) constitutes a Banach-Algebra. This

depended u'pon Theorem 3.5, in absence of which it would not have been possible

to show the topological closedngss of (UK2)(D).

/ ' v
" . . < '

8.1 SUMMARY OF RESULTS OF THIS THESIS.

3

({Kg)(D)Tkernels K(r,r',8) are quasi-nilpotent - i.e. N

[

’ l n . a .
im | ||| :] =(0 {Corollary 5.6)- and hence, possesses Fredholm-
n" -+ o 3(2) ‘ : ' x

-

[

‘Resolvent Kernels H)\(K)(r,r' ,8), wvhich are representable By means of the

' ' . . '
Neumann-Series for,all A ¢:C (A#0). In other words, for every (VK2)(D)—kerne1 :

o >

v

K(r,r',8), the Fredholm-Resolvent Kernel H)‘(K)(r;r',e)—(Theorems 5.7 end 5.8)

is a (VKE)(D)—valued entire function of the complex variable ). This enabled



'

place. 'S]%ecifiucally, the well-established conditions on the R(z,w;f{w)) and

- . n 1 2

us to, solve linear radial AE(D)‘—Vql‘ber‘ra Infegral Equations (5.30) in, the
usual ‘way as stated by Smithies [6,Th.2.5.2, p. 29]. 1In ‘general, all of
. . > q

the results for Fredholm-Resolvent Kernels of Volterra Lg—kefnels on

. B k)
[a,bl x Ca,bl, as described by Smithies [6, p. 31-35], may be carried over | 3

A(K)(I‘,I",e) l’@fg

~ '

with some modifications t¢ the Fredholm-Resolvent Kernel H

2’

the (VK2)(D')-kernel K{r,r',8). ' ) ' \ s

For non-linear radial AE(D)—Volterra Integral Equations of genéral— .
' o “, L . . >
type (6.1) and Hafmerstein-type (7.1) some radial modifications must take .

. * . N
g »

' . . "/ .
F(w;f{w)) given by F?G. Tricomi [7, p. hz{h'r,‘p.' 198-2011, cannot hold for
. : v - ‘l 'b
non-linear radial A2(D)-Volterra Integral Eq?ations because Ag(D) is an
. | . I\

"

analytic function spaceg. Therefore, we reguire the transformation
- 7

¢

A r

, ‘ . , . ‘
F{z,w;f(w)) appearing in the general-type non-linear radial A?(I})—Volterra -

Integral Equation to be "2_gdmissible™ (Definition 6.2) ,\.Qher‘eas the

4

F(w;f(w)) occurring in the’ Hammerstein-type non-linear¥radial A?(D)—Vo_lt-erra <4/ .
0 ‘ . *

¢
\ - i

Integral Equation must be "l-admissible for the (VKZ)(D)-kernel K(r,r',8)" -

Y » , -
(Definition 7.1). Under these admissibility-conditions, the recursive itera-
B f . ; . ’ - ' v b

tion sahemes (Theorems 6.3 and 7.2) converge(to‘ AQ(D)—solutions, and these , . '
o - Vo

* ‘ v a

solutions are unique fisr both the generdal-type as well as the Hammerstein-type

o

»




4

.g‘.d

non-linear radial A2(D)—V61terra Integral Equations. ' : e
2 -

In the casenof the Hammerstein non-linear radial A?(D)—Vol"cerra .

3 ' . ' , (N N . \
Integral Equation, the l«-ad.n;issibilitf depends upon the VKQ)(D)—kernel

’ .
\

k(r,r',0). Therefore, Theorem 7.5 gives a sufficient (although not fecessary) ' *

! o

) - / {
condition, as to vhen a transformation F: A?(D) =+ A°(D).4is l-admissible for

o ~ o - L] R o

2(

~the (l{Kg-)(D)—kernél K(r,r’" ,8). " This depenéed upon being able to find a . : ;

' ‘ ! .t
a ! |

Lébes'gll’efineasu;'able functionwé(r',e) on [0,1) x [0,2r) such that K(r,r',8) x .

+ : . f‘ . €J

a(r',8) is ‘Lebesgue-measurable in the three Variables (r,7° ;e) on FO,l) x-[0,1) %

G0 s27) and condition (7.21) is satisfied. Thl; raises the\following.question.

1s X(r,r',p) Lebesgue-measurable in (r,r' ,8‘) on [0,1) x EO,D % [O,Ev‘) for all

-

(VKZ)(D)—kernels K(r,r',6)? i . .

.
2
. v o

f - -
Bg .SUGGESTTIONS FOR FURTHER NESEARCH. :

X
i

il H¥nce, we suggest the Tollowing possible directions for further in- - -

vestigation of the topic of this thesis: first, the Lebesgue-measurability of =~
K(r,r',8) jn variables (r;r/!,a/) onfm,l) x [0,1) x EO,ETT) for K(r,r',s) ¢b

A(UKZ)(D); second, the/fc's/;’m these (UKQ)(D)—,kernels K('r',r';B) {ake - i.e:

e . d
‘ - /
. . . - -
) .
; v

2 L . . .
K(r,r',8) = Y k. m(rele)n.(r'ew)m €kn o complex constants) (?); third,
: na=0. " C. i

St



\

. examining radial AE(D)-Vof%'ra Intedro-Differential Equationsi-and fourth, -

4
‘

- , \ :
- . developing these results in the Hilbert space A2‘(Dn) of n complex variables

)

T - . ' . t . . .
. (Zl’zg’ ’Zn)’ where D" = {(21,22,.‘ ,Zn).zkeD\((lf_kf_n)l]: or in the Hilbert
space AIQ(];\’)\ ':v'her D = {z=(z 'zl\ SRS )'].Z*Tzﬁfz ]2 +’|z. 12 + +2 |2
pace € P T B TRy, i 2l R ol T Tl
l}, with norms,‘ /
» N
, 1
; = .o + 35 + 1
1) el , 5| ][ L]l i,
- ' A (D) , 2 ’2 ) ' Cos '
‘ o xk‘+y"k.] 51‘(1_<_k§\n)§:, . = | .
E A N - s o ‘ 74172 .
. ...,xn+1yn) lwdxldy'ldxgdyg vos dx-ndyn]
S T ' Lo o
. and - o .
) - ’ } [N . . . \
@2) lell, = || [ e | ety grins
AS(D) :
) .- n n .
) 2 ( +y, ) <1 -
~ » 'k = l}{k k
J ) , .
CL/ A 2 ) ‘
4 ...,xn+1?rn),| ax, dy, dx,dy dxndyn' o
respectively. >' ' ' o
! k h A
; , D ’ ,
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