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¥ ABSTRACT . |
A

Critical Temperature/?or the Three-Dimensional. ‘
Isina Ferromagnet with First-and-Second

Heidhbour Interactions ¢
4

K

. Luc Macot ' f

The criticality equatfén for the Ising ferromagnet is
solved by numerical approximation‘forj£he three cubic
lattices. The Hamiltonian considerea coqtains first and
Eecond neighbours jnteractions and the gritical temperature
is obtained as.a function of the coub11ng ratio f. The
results obtained are within a few percent of thzse of the
series calculations of Dalton and Wood (1969) in the range

where they can be compared. The range of f is extended far

beyond the 1imits cqnsidered by them. -

- A simple relation appears to exist between the effective

‘number of neighbours (z] + fzz) and the critical temperature.

This relation implies an approximate lattice-lattice scaling
in three dimensions. It is compared with the corresponding
relation obtained from the results of Nath and Frank [for the

hypercubic lattices.
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17 INTROPUCTION |

—

Frank and Mitran (1977) (to be refepred to as FMI)
introduced a criticality equation frqm which they calculated
the critical temperature of the three dimensional Ising
ferromagnet using cumulant averages and product average

decomposition (PAD). .

Frank, Cheung and Mouritsen (1982) to be referred to as
FCM) rewrote parts of that theory and introduced the so-called

»

i - 5 relations which simplified the th%ory.}

The results were close enough to results obtained from
" series expansionshto justify further research in that direction.\
The theory has since been applied with similar success to the
d-- dimensioaal hypercubic lattices by Nath (1983) and to the

spin 1 Ising model on the 3 - d cubic Tattices by Elofer (1984).

Frank and Nath (1985) obtained a general equation for the
PAD by applying it to a Cayley tree for whiJL the PAD is exact.
They used that general equation to calculate the critical tem-
perature of the d - dimensional hypercubic Ising ferromagnet,

with similar success.

The question then naturé]]y occurs as to whether or not
that kind of calculation can be carried out on a model which
includes second neighbour interactions; the present work is an

attempt to answer that question., For that purpose we generalize,
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to include second neighbours 1) the criticah’( equation of
FMl, ii) the development, based on the Callen-Suzuki identity,
(Canen 1963, Suzuki 1965) made in FCM and iii) the'PAD

method of-Frank and Nath (1985).

In § 2 we give the derivation of the criticality equation,
following FCM, including first and second neighbours. That

equation will eventually be solved for the critical temperature. ﬁ

In § 3 the product average deeomposition (PAD) method Q |
described and the general PAD equation is derived usinﬂg a "double"
Cayley tree and applied to the Ising model for cubic lattices

with first and second neighbour interactions.
LY

In 5 4 we describe the numerical method we used to approxi-

mate the summations over Brillouin zones.

]

§ 5 contains a description of the programs,

2
In § 6, Section 6-1 contains our results for the critical

temperature as a function of f for the three cubic Tattices as
well as the anab.'sis of the global behaviour‘ of ch/J as a func-
tion of the equivalent numt;er of neighbours z, + fzz. In
Section 6-2 we compare our results with the available data from

Dalton and Wood (1969). Section 6-3 is the closing statement.

o



~

. N ’ ' « ! -
- ) * '
' . h] .
. . bW
3 . ‘ - ", . .
L4 - “ J‘
. \
{_‘ o - . :‘ - o
A *o
, , . 1 v o, .
. ’l" B 3 B ‘ :
B 2 HEORY:,CRIT{(‘:ALITY‘ EQUATION / - U /,.\
The theory— given here is a rewriting, generalized to . N \ e
incTude second neighbours, of the theory proposed in FM] : ML
modified in FCM and discussed also i’n.'frank (19839 and Nkf\
(1983).
( R , <
, The Hamiltonian of the system considered is T '
= - . qv -.Iv “ i
Hoe /2 3588, - hs, M \
i,J i
[ ’ A\
where 2

ij

Py »

s+ if 1,5 are first neighbours, P

£ if i,j are second neighbours. ,

fis a\parameter in the present model;

R o

physically it is the relative value of
the overlap integrals for first and

second neighbour pairs.

\ 0 in all other cases. ’

Si is the operator representing the Z-component of spin at site

. /.\
1‘, its eigenvalues are * 1/2, h, is the (external) magnetic /’
field at’site i. The summation indices run over all .the lattice '
sites. B
* ’
.l.
"ﬁ~::




. This i§ the Ha.mﬂtonian of the Ising ferromagnet. J is
t' assumed to be positive, and f (to a certain extent as dis-
(\'Cussed in § 6) can take negative values. A small negative value
of f corresponds physically to competing ferro ;md.anti ferro-
,magheti’c ihteractions with first and second neigﬁbogrs spins |
\' respecltive]y, the situation remaining f:erronagnetic. 0

To obtain the criticality condition, we consider the

Fourier transforh of the pair correlation function:

G('l:‘) Z <§;S,> exp [ik. (ﬁ -ﬁ J . (2)
" 3 ‘ ' ' . ‘ | -
( < > stands 'for thermal average, ﬁz and 751. are the
posit‘ion vectors of spjns S, and S, respectively) o,

* ' which diverges for a second-order phase transiti‘on point: -

/

. é(t»ﬁ)_+~atr=rc ' (3) °

since it is related directly to the magnetic susceptibility
(see, e,g,, Brout (1965), Nath (1983), Elofer (1984}). The
problem is then to obtain an equation containing the temp.erature

and expressing the condition (3); For that purpose we define,

following Frank, Cheung and Mouritsen (1982), the -operator

associated with site t: '
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with hkf‘o-and Gy =5

where the sites jare first neighbours of site i and the sites’
k are second eighbours of site 1. 01. can also be written,

using f, the ratio of coupling constants for 1St and Z"d

neighbours

°i="[§5j+f£5k] . | (6)

01. appears in the Callen-Suzuki identity (Callen 1963, Suzuki
1965) c '

<s,{7}> = (1/2) <{i}tanh B (0, + h)/2> (7)

S

where {1} is any combination of the SJ. not including Si’ and

g = 1/kBT where kB is Boltzmann's constant. One can write,

e in (7)

<§

i$y> = (172) <5, tanh 80,/2> 2 #1,

so that .for general 2,
. «

<SS, >. = (1/2) <s, tanh g0,/2> (1-6”) + 85, /4

»

where we have used <S$>‘ = 1/4 for$pin 1/2; S5y is the \

Kronecker delta.

Rewriting (8) as:

. Ve i -

. y . | .
<5152>=(1/2)<Szténh(801/2)>-(1/2)<S"ta“n,h(‘801/2)>612+ 612 /4

¢

- — - —— —

S aTe
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i'i: is nbted that in the second*term S,‘= S{.~

eUsing (7) with

{i} = tanh (80,/2) : . .

"one obtains an alternate expression for the second term which

contains explicitly only the operator 01.:
2
(1/2)<Sitanh(807./2)> =’<tanh(80i/2)>/4

so that (8) may be cast in the form ' .

<5.5,> = <S, tanh(BO,/2P/2 + &, <]—tanh2(810112)>/4

i

oi', equivalently,

<S'1.S£> = (1/2) <Sgta“h(80i/2)? + ‘Sig‘l— ‘ , - (9)
where
L= <sech2(801./2)>/4, (10)

and is obviously” finitd

Using the physical property
{

‘Snzn+1>_,0‘ . as T#Tc ns= 0, ], 2,'-00




When there is no external field and, indeed, that the thermal
average of the product of any odd number of operators SJ.

vanishes at or above Tc’ we remark that the

‘ <9§2¢J> n=0,1,2...

.also 'vanish at T = Tc

c

lim { Tim ( 2n+1>/“0 > )
hj-*O h, >0 {

¥ L#j

Andg by L'Hospital's rule, at T = T_:

(where hj is the last field to go to zero)-

= vin | (3/3h,) Vim <03™1>/(a/0h) Tim: <0, (1)
T L4 ¥

i ' 2n+l
Tim [ Tim {<Sj 01 >/<SJ 01>} = Rn
ho0 [ hy*0
Y A4j

Rn is finite because it is the quotient of finite averages of -
spin products containing an even number of spins; that is why
the 1imits exists. Moreover we assume that Rn are independent

df j and the way the hg's go to zero.

~
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We are especially interested in
<Sztanh (801/2)> f

which appears on the right-hand side of (9).. This can be

expanded in a series of the form (since tanh is an odd function)
, . ¢
' 2n+1
E ctn<Sj0_i >

which, by (11) can be written as

<Sj 0i> gan Rn is, by (1),

.site-independent (in the case of zero external field). Writing
this coefficient formlly as 2A/J(0), the above conclusion is
sunmarized by the statement that A_as defined by (12) 1is site-

independent:
2A/3(0) = <5 tanh(80,/2)>/<S,0,> (12)

where J{0) is the space Fourier transform of the exchange

integral, . )

WK = ] 9y, em[ik. (R)) (13)
3 .
evaluated at the origin:

3(0) = dzy + fz,) S A o (18)




3

" , . i 7
! ‘

J '
where Z, is the number of |first neighbours of site i and zz'thg

the number of second neig‘bours' of site i. . '
We can write (9), using (12), as” ) .
—.
<S1S£> = (A/J(O))<0152> + G.izL' (15)

Substituting (15) into (2) and using (4) and inserting

exp [iK. '-(ﬁm-ﬁm)]
as a factor, one looks for an equation for G(k):

6(k) ’\,ZL»EA/J(OWSE 0> exp [iK. (R R,

b1 oL e RGR] nel
- in (A/J(O))<Slsm> exp [i’i.(ﬁl-ﬁm)]
,m
l.
X d, . exp [1?.(§m-'§i_)] " .
+ ] 85, Lexp [i%. (R 'Ei)] - (17)

L

Using (13) (with summation over m) and (2) (with summation

over ) we have:

G(K) = (A79(0))6(K)I(R) + L ' a8 -




T

b4

LEN

’

or, solving, '

6(k) = L}[l -~ AJ(K)/3(0)] . ‘ (19)
In ord;r to satisfy (3), one h;s. ‘from (19)
A i 1at'T-= T,
which is the criticality equation.
Iﬁ:h (12), the ’cri\tice‘:th eqﬁat1on ;s
A= J(0)<Sz t‘.anh(BC Oi/2)>/2<'SE Oi> =latT-= Tc‘l ’ (20)

-

Equation (20) is formally the same as the critrijéafﬂgy equation
of FMl and of FCM, except that now 0, s defined more gene;'aﬂy
55 as to 1nc1ud$_second neighbours.f A is site independent owing
to (11). We can therefore take S, to be S, itself or one of its
neighbours, first or second. If we choose 59. = S1 as in Frank

et al (1982), we have, using (7),

A = a(0)<tanh?(s, 0,/2)>/2 <0 tanh(g, 0,/2)> = 1 at T = T

o (21)

' as the crit}cality equation to 'be '<sol ved for sc. . ow

We might just as well choose ¢ to be a nei'gﬁbourhof i
Assuming that first and second neighbours are equally valid

choices, one may replace Slin (20) by 01/J(0) since, for first



neighbours only we would have:

S, =03/2,.9 , 0

L i1 - J 2]st J ,/’/

’

and for the second neighbours only, with fJ coupling,
. *

e . s 3
Sp T 050 L 0= ) g Sy
k=2
‘ then, using the theorem : if a/b = ¢/d = r, then , T

(a+c)/(b+d) =ralso,

& .
Sﬁ‘= (01] + 012)/(21J + szJ) H Oi/J(O)
and we have another criticality equation
A” +9(0)<0, tanh(s 0,/2)>/<05> = 1 (22)

' \

Both (21) and (22) where considered. (separately) in the
eva]uat{on of the critical temperature. Although according to
the theor} they should give identical results, they do not, since
the theory\is not exact. Hence A is called A” in (22) in order

to distingui;h the two conditions.

It should be notéd that Girvin (1978) pointed out that the

. Spoice L =1 g;Xes more accurate results, and that Frank and
Cheung (1984), in their consistent theory, have only the choice
g2 = i, in the casé where nearest neighbours only were considered.
In the present wor&‘the best results were also obtained with

/ \

equation-(21). \




10
SOLUTION OF THE CRITICALITY EQUATION \

Definition of T2n

The criticality equations (21) and (22) contain thermal
averages of even functions of 01 . To solve the criticality

equation for Bc we first consider the expansion -

o 2n
“feven (01'/‘1(0))> = <n§0 as (Oi/J(O)) >

<

S n ©
. e néo 62n<‘01/J(0)) >= ao + né.‘ azn Tzn (23)
2n 2n
where T, =<0,>/J (0) _ (24)

N\

In our case a = 0 since the even functions in (21) and (22)

have the forms:

x tanh x

tanﬁz X

and xz

which all vanish as x + 0; therefore -

o

(0473(0))> = ,,g, a?n Ton ' (25)

o

< feven

I

o PN, R P 44 s UM bt 4 et e
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. 3'- 2 - Product average decomposition

The evaluation of thermal averages of even functions of

E_i_“ 'amounts to the evaluation of averages of products 6T~
J(0) |

spins (see, e.g., (25)). ) .

The p;"oduct average decompositi;)n (PAD) is a very simple
approximation whereby Many - spin - product averages are
separated into products of pair averages ( Frank and Nath
(.1985) ). The PAD enters into the evaluation of the T2n

through the following considerations: T2n when written out

§epocﬂ:ely, appears in the form (using (5)) 7

' 2n

2n 2n 2n
Ton = 0y /73700) = <( j£1st Sy*f kgznd ST (g fzy)

Expansion of the right-hand side will generate terms of the
form

<$ > (26)

where the Jj's are first neighbours of i and the k's are
second neighbours,2 + m = 2n and where a particu]ar‘ spin

mi ght appear more than once.

The PAD then consists of the following procedure:

i) any spin Sf appearing 2r or 2r +1 (r>0) times in a

[N 1 —— - Vg - P— .



—

-

. §i1) all pair averages of the term < §

, 12
product is replaced by ()" or (k)r Sf respectively; when this

has been done for all spins appearing more than once, (26) will
look like:
()P <5, ---S, § ---S, > (27)

where : & +m+ 2p £ 2n. And no spin, now, appears more than

]
once ip the average (27). ~
ii) The product average is decomposed into pair averages:

(3)P <5, S, > <5, S, > --= <S S, > (28)
Iy 3 3373 “kp1 Tk

where thr@e kinds of pair averages can occur:

< S >,<SkS >and<SJSk>.

5
3 Jp 1 k2

S. >
NI
are replaced by a suitably defined average first neighbour

pair average which we call BH’

< SJ] SJZ> = p” . (29)

b) all pair averages of the form < Sk -Sk > are replaced
L 1 "2

by a suitabl'y defined average second neighbour pair average

~ which we’ call ;;22;

<SS .S >I;J,_' (30)
v k] kz‘ 22

v
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¢) all pair averages of the form <Sj Sk> are'repIaced by a
suitably defined average first-second neighbour pair average
which we call 612

Sy 5> = Py (31)

7
iv) Uniqueness is imposed on the decomposition (28) by the

relation
= = = 3 (32)
Pz = (Pyy Ppp)

To illustrate how (32) solves the uniqueness problem, we can-

. S, S, S . This
‘sider for example <SJ] SJZ j3 K, Sk Sk >. This can be

2 73

aec0|ﬂposed in essentially two apparently different ways:

‘SJ] sz’ ‘5j3 Sk] ky kg P11 P12 P22

wy
v
t

and <S, S, > <S, S > <5 -5123

3 3 ‘
The requirement of uniqueness of the decomposition implies

that one must have p . Py, Py, = (B 2)3

namely, equation (32).

With (32), all PAD deconposition'ar,e unique. One needs

simply to relate the factor V ﬁ” to each Sj and the factor

) ‘pzz to each Sk which appears inside a thermal average of the
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form (27); i.e., (27) is replaced by

m/2 N ¢

M2 (522) . : . -

()P (3}

Assuming for the moment that 5]] and 522 are defined, we
now turn our attention to finding a formula which will give
T2nand indeed all thermal averages of the desired type (25) as

functions of 511 and 522 ,

It will remain only to define 5]] and 522

N

In order to relate the T, to the Bll,-we consider a case

2n
for which the PAD procedure i; exact, namely the case of the

system composed of z, + z, + 1 spins and described by the

Hamiltonian

S, S, - Z J, S, S

" -l S, -
st 77 opond "2 71 Tk

2, +2,+ ] (33)
1 2 j=1

This is a special case of a Cayley tree. For this system, the
spin i'is coupled to 2 (first) neighbours with coupling con-

stant J] and z2 (second) neighbours with coupling constant

J, = f1d;. No other links exist. That the PAD is exact for

2
that case can be seen using the expansions in Appendix A and

doing a direct calculation.
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To evaluate the thermal averages in that system we need:

J Jd, o
- 31 (5.3 =&

exp [-8H
z1+22+1

a

-

where B is a fictitious “inverse temperature" which is not the

inverse critical temperature Bc'fqr the Ising model.

The plan here is to have the Bki's and T, 's expressed as

functions of the intermediate § . Eliminating € from the two

=

functions, we will then obtain the T's as functions of the P's
which is the object of the PAD (sec e.g., eqlation (64)). This
procedure is a generalization of the procedurg followed by Frank

and Nath (1985),

Fdr a particular factor in equation (34), one can expand
the exponential exp [-§ (J/4) Sisz] (with 2 either-a first or

a second neighbour of site i)

expl-8(0/4) 45;5,] = 1-8(0/4) 5.5, + 4 (Brd? (es;5)% - ...

- Zn

using 45;S = ¢+ 1 and thus"(4SiSR) =1, and

2n+1 _° S o
'(45151) = 4Sisz’ n=1, 2, ...

we have:

exp[-B(3/4) 45,5,1 = 1+ 3 (B/a)% + (1/28)(B/a)? + ...

[Basa + (1/6)(Bar4)° + ...1 855, \

/_



[

1.e.,

exp[-8(J/4)

<

43,S,1 = P - 40s.S,

where
P = cosh §J/4
Ll
and.
.Q = sinh 3J/4 o
-
Therefore ..
. exp [-BHZ + 22'+ ]]

X1 _, ) -
j=]st [1-451.5j tanh (BJ]/4)4L

S xn
k=2

where cosh X + sinh X =cosh x {1 - tanH x ) was used.

nd [1-4Si5

K tanh ( J2/4)]

following notation will be employed:

N

C1‘= coshzl(EJl/q

c‘»

2

coshzz(§q2/4)

¢

A\

16

(35)

(36)

(37)

The

(38)°

- (39)



[ad
]

tanh | £3,/4) S (1

(a4
n
1

= tanh [ 83,74 \ ()
-Now we have for the averages
) <S£Sm> | a ‘ - -

- where £ and m are to be taken as the first oﬁ. second, nei gh-
a .

‘boyr of site i

A}

<§pSp> = Tr [exp (--EHZIJ'ZZM SpSp) 1/ Triexp ('BHZ1+’ZQH:)]

Using (37), (38) and (39), - T .

Tr[ exp (~BHZ'1+ZZ+])] =CC, Tr

- and the average becomes:

1
.

<S

PS> = (CC,/0C,Trl) Tri[1-4¢,5.5, ] ....[T-4t]S1.$j]

i j]
x[1-4tZSiSk]] [1-4t‘2515k] S!.Sm} (42)

2
t]/4 when £ and m are both first neighbours of site i

tg /4 when £ and m are both second neighbours of site 4
t]fz /4 when one of £ and m is a first ne‘ighbp\ur

and the other a second neighbour of site i

Carrying out the trace operations by noting that Trf £ 0

where Tr-f means trace in the subspace of spin f), we obtain
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_ | 2 oy *
P11= <Sj15j2> = (]/?) tanh (BJ]/4) o (43).(
. Z . ' '
Byo" <sk15k2> = (1/4) tanh (gJ2/4) (44) o

and

P ij]Sk; = (1/4) tanh (8J1éﬂ) tanh (BJ2/4) (45)

where the j's are first neighbours, the k's second nieghbours

of site i:

We remark here that (43)-(45) are consistent with (32)

. |
as required. ‘/

More convenient that the p,, will be the qttdéfine& in

. terms of them by:

ap = 2 ()t ‘ " (46)
Q,, = 2 (622)i S '_ (47)
‘from which - : C | ’ RN S
exp (89,/4) = [0+ a1/ = g1t (48)
exp (Rd,/4) = [(1 +q,,)/(1 - qzz)li BT
8 .
\

. ——— 4..‘,».4.". e e, T o aa okt
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In order to evaluate the Tén let us‘remark that the

Hamiltonian (33) can also be written:

N

H

7 0.S

]+zz+1 T

(with no implied summation over i).

And the thermal average

1)

(50) v

3

. _ , -
5o§"> = T Lew (B, p ) 05" / Tr[ exp (~BHy 1z )]

-+

can be written:

< O?" s> = :
i

22" (027552 [ Tr exp (50,5,)]

Tr exp (eoisi)

To wofk out the traces one can use (5) in the

form

using also

exp ¥ = cosh x + sinh x = cosh x (1 + tanh x)

one has

<

b4 b4
Tr exp (EOiST)/Tr 1 =.cosh](§J1/4) cosh 2(§J2/4)

as done in Appendix A. With (54) in (51),

(51)

(52)

. (53)

(54) -




>

- mﬁﬁﬁma& .

§
3
A

B :
BRI XECREIN IR P PREMEIPERENECR RS VA

0 -
z. z,
22N (32N /3527 [cosh ](EJ]M) cosh 2(5.12/4)]

<012n> = o/ (55)

L T 2,-
cosh (BJ]/4) cosh (BJ2 4)

To carry out the differentiation one uses’
cosh? (83/4) = [(1/2)(exp (BJ/A) + exp (-50/4))T° (56)

where J‘cap be either J1 or J2 and z can be either Z, or z,;

using the binomial expansion one gets (as in Appendix B):

2n z z .
3 [ cosh 1 éJl cosh.géJz] ‘
282" T T
' Z,.2 . 2n
- 1+:2y 2z, 2z, ~Z; o2
=(1/2 ) 51 h 2 1 C2 [Ji(z] - A)4+ (2, - 2u)/4
a=0 u=0

X exp B [J](Z] - ZA)/4 + JZ(ZZ - 2“)/43 (57)

where the C: are the bin?mial coefficients:

bl

b |
c, = ——
al(b-a)!

With (57) in (55) and using (56) for the denominator we get:

<0¥n>
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2 % . 2n

,2n A2
250 7 F 6 2 IDu)] exp [-BD(x,u)]
A=0 u=0 u (58)
} Z Zz F 4 Zz . s a
'f] f C61 Ce2 exp [-BD (6,¢)]
6=0 e=0
where
O] = B2y - A)/8 + 3y(z, - 2)/8] . (59)

’

And so the Tzn(froﬁ (24) and (14) are given by

i 2n R ! 2n z
2™ Fop ool c ] exp [-B0(x,u)]
=0 ]J"O H (60
T,,.= )
-.2n
m A1 % Zy 2, .
(zphy*zd,) T F 0 Cg CC exp [-BD(s,¢)]

§=0 e=0

Noﬁ we want to eliminate B of the theory; for that
purpose wé will use (4é) and (49). The idea is the following;
. ‘3 -
(48) and (49) give P! and 4,5, as functions of BJ; and BJ,

respectively; (60) together with (59) give T, as a function of

2n
§J] and §J2. Therefore TZn can be written as a function of a4

and LPYE Substitution of (48) and (49) into (60), using also
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(59) leads to the first PAD result:

b4 ¥ 4
1 2 z. z. )
2" 75 el 62 D] [EGuwm)]
2=0 u=0 (61)
T, = :
2n
2 Z z, 2
2n 41 2 .52
(2,0:42,,) F 1 F € c'c © [E(8,e)]
] ] 2 2 6=0 C=0 I p
where '

(21/2)11

(22/2)-11
E(AsU) = [(]‘q]])/(1+q]])]

Noticing that the denominator involves a binomial expansion, a

simplification can be effected (details are in Appendix 'C):

r4 z,

~2n . A=0 u=0 "a

1 %2
- T ¥4 4
1.=2-lgrz) 1o f oo cu2 [ZD(x,u)/z]J]+zzdz)]2"

Z]-A A ‘ 22-u u
x (T-gpy) ° (T+ayy) (1-8p,) © (1+a,,)  (62)

It will now be shown how (62) can be generalized to yield
a formula valid for any even function of the Oi. Using (62) in

(25) and interchanging the summations over A,u and n, we have:

aven

< f '(Oi/J(O))>

1 %2 2, 2 z,-% Z,-p - "
_-(z442,) ¢ ¢ 1 ,.°2 1 2™
=212 ) ) CA Cu (1—q11) s (1+q22) (1+q]])

w 2n
X E] azn [ZD(A’U)/(Z1J]+ZZJ2)] ] (63)
n=
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. R % @y a T
e AR

“(z;42,) 21 %2 Z, 2 ‘
; 17°2 1 2
Lo <Foyen (0573(0))> = 2 22 g c «
T even "1 A=0 u=0 )‘ '
:QL:n R ' l'.¢ Z] '% A 22'11 M ’
R :'a x(]-q”) (]+q.”) (l-qzz) . (]+QZ2) feven[ZD(A’U)/(z]J1+22J2)] .

‘ : A (64)
3 :
This is the fundamental PAD result. It is independent of the

Hamiltontan Hz used in its derivation; any system for

1 +z 2+'|
which the PAD is used will have (64) as true. Only the a9
and 990 will dépend precisely which system one is considering. - .
In the following section are given the forms taken by the

‘ crfticality equations under PAD approximation. In the succeed-
ing section we ad&fess ourse]ves to the calculation of théjq's
for the Ising model with first and second neighbours

[y

interactions. .

.
po—
14

e T R
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.3 - 3 CRITICALITY EQUATIONS WITH PAD

Using (64) in Eheytrigjcaljty\equai%qﬁ (2]3 (see Appendi x
D for details) one has: o ’

u
LI
u

A g
I L | k) tanh [8 3 T w)]
A=0  u=0 . .
o . . . L
x[ tanh (8, 4 Cx,u)) - C(x,u)/(zq#f2,)] | = 0 (85)
where: e

: 2, Z, . Zy-A N 2,m W I
Qo) =67 €% (haayg )7 (eagy) Ouagp) = (495500 (66), .

<

e “
3

COu) = 2-28 + (2, - 2u) _ (67)
: , _Or, with (64) in (22) see Appendix E for details:
nu e ) -
’ 2, 2z, © .
5 Q(x,u) C(Anx)[Faﬂh (8 9C(x,u)/8) - C(X,u)/(2]+f22)] = 0
u x=0 u=0 . (68)

°

Equations (65) and (68) are to be solved for B, numerically
by the Newtor-Raphson secant procedure (e.g., Froberg 1969). For
that purpose we still need to know 9 and Ayp they will be

obtained from lattice Green's functions.
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(LATTICE GREEN'S FUNCTIONS AND THE Q's

*(24) and (4):
Ty =l [958, ]
[ m

* where 2° and.m* run over first and second neighbours respec-

Ve
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‘To.evaluate the g,5 let us consider T, with n=1, b;

o

!

2 b
IS 1219510) (69)

v

iR m

4

; t%9e1y of site i. It is also:

= 2000 TS 1 g L
T, = (1/3%(0)) Li o dim < S4Sn > 170)

0 1

Where 2, m run over all sites. Using the Fourier transform of'

the pair correlation function (2):

<s£sm> = (1/N) T G(k-) exp [- 1?’.(§m - ﬁk)] (7})

T
L
k
(N is the total number of sites in the Jattice) and
introducing exp [ ik? (ﬁi - ﬁi)] =1, (70) becomes

_ 2
T, = (1/N4(0)) ;

g J'z exp [ 1k2 (ﬁi»' ﬁl)]
%

-

Y T~

x] 9y, 6F) & [ ik (R - BT (72)
m

- The last two summations are recognized to be J(I), the Fourier

transform of the exchange integral (see equation (13) and so

&
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T, (/M) ] 6(k) 3% (k97080 © (73)
. t- ‘ L

- where G(k) ié given by (19).

We intreduce now the tgmp;rature indepéndent k* space
summations (Greenus functions) that can be evaluated directly
from the lattice characteristics and the éxchange integrals
(exp}icit forms of the lattice Green's functions discussed .

here arehderived/in Appendix F for the cubicv1attices):

L F=0/0 50 - o®aomrt ()
i o ~

where k runs over all points in reciprocal lattice vector

space. Then, using (19) (with A=1), we obtain

v

/M) §EE) = (LN F O - WK = LF Cs)
t ¥ |

which gives, for L,

L~ (1/PN) § 6(R). B R ¢
% . I
) G(I)ucan be obtained from the converse of (2):
-K .
s, 5> = .:T%‘ 6(k) exp [7k. (R,-R)] ; PR (77‘)“,

in the partiéular case 2 = { we have

+ @ g e e - _ N B s
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5 6(k).= N(d ' . f PR (78)
where;)y,‘ from (76)

L=1/4F . ' N 02
and thus, fr:oﬂ (19), "

6(k) = [oF (i-9 @730y 1" ‘, NCY

Using -(80) in (73): :
T, = (17880 J QAE)HOID-GE R ()
V - : | -

and. ‘
" a2(k 732 (0)=(93 (k) 13%(0) 1M1= [{3(R+)/0(0))-1JL(I(K-) /3(0)+1 41
we can write o .

T,=(1/4FN) " -§ [(K)23(0)41] + § [1-(R1/3(0)]7
% %

the second summation beinhg F itself:

T 74N [ (-/300)) [ a(ke) - £+ F ]
' T N

noticing that ’ - N

[ . \

E'J(I')m i i, exp [1?’. (Kz-ﬁi)] J
2 ,

- ! AN
K - - \\\\
; ‘ “ ‘ ’ , ‘ o~
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= T 3 - =¥ ° =
g i % exp [i%-. (Kl ﬁi)] é I Ne NI, =0

by definition of the exchange integral; and

am fi1=1 | ,
‘E‘

we are left with
T, = (/4)0-(1/F)] . (82)

F can be evaluated from lattice considerations only (see,

for examples, Appendix F); Therefore T2 is known:

In analogy with (69) we define:

ot 2 2
T2 hear = <(jL=‘lSt Jig S50/ (zydy)
R -
'and"
/ 2 2
= T
T2 next © ‘(kg?_nd ik S) 7/ (z50))

Which, after a treatment similar to the one leading to (73), can

be written:

I

2 near %' 6(k) J% (t)/df (0) - L (83)

:
3

T

1 2 2 '
2 next = £ G(K) 95 (K)73;5 (0) . . (84),

;
X
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. . [
.where J; ®) = ¢ 9 exp [i%. (ﬁ -R )] _ (85) )
J=1 :
and k) 4 exp[wi (ﬁ - ﬁ )] " (86)
J-2
Using (80) in (83) we have: - R
T, = M § F k22 aB)er0- a®an1 (87)
near -Ef *

T, = M) F (% R B ALr-a@no) T (88)
next ‘E, ‘

On the other hané, the Tz‘s can be related to the bllin
the following manner, starting with (24) and (6):
< T S.+f S )( S. L ’)>
( PALLS k_ nd “k ]st i’ k, Lond >k _

T2=

. 2
(z]+f zz)

where j, j* fun over the first neighbours of i and k, k- over
the second neighbours.
T 2
L <Sjs.,> + f
jege= 18t K k=2

3

nd<sksk'> +2f Z 5t LGd<s Sy - (90)

L}
2
gz] + f&z) :
)




o

=4

y N

i
° . . !
' I PR 30
¢ - .
. RN

, ' . )
) ¢

In the first summations there are z; products where

S m i and <550 e 5D = 3 ) (91)
= J- = > = .
A b6 , |

' and z](z] - 1) products where j.# j° o .

. B 0 * ' ! h
consequently:
2 st SiSpr=nbrzzy -Tey, 92,
.’j:j'g )

3

and similarly for the second summatipons:

nd~<sksk'> = zzb +z, (zz-ﬂ) Py (93)
k, k=2

4t
&,

The third sur{'ma%ﬂ"'ons contain‘z]z2 produc}:s of a first and-a

second neji ghbour" spin operator, therefore:

" (94)

S 5
P I N B

: \
Collecting (92), (93), (94) using also (32) in (90):

., = g2 S (E. 5 )%
2y + 2y (210 +H7[55%2, (2571085 ] + 2624 2,5(Byy Byp)°
4

4 (
LI B )
B 2 t' o M

(z] + fzz)

"

Which is the relation sought hetween T, and the p's (or T, and

o

‘the q's if one uses (46) and (47).

AN

J—
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As we pointed out after equation (82) the g's (or the

5££l5) cannot be fixed by (95) alone. Instead of (95), then,

we use the following exbressioﬁs for 6]] and 522 in terms of

T2 near and TZ next’

/ ’ . . A
- If we had first neighbours only ‘we would have, 22=0‘in (95):
T2= (]/421)"'(2] -]).p]'l/z]

or, solving for 5]1:

kA d

By = (2T, - 1/8)/(z, - 1) (96)

- For first and second "neighbours together, the suitable choice

cited in PAD section appears to be, in analogy with (96):

) IS11 = (2 Ty peap = 1/4)/(2y - 1) (97)
and
, N ‘ )
Pop = (25 Ty payt = 1/4)/(z, -1) (98)
As the T, ..andT, . can in principle be evaluated

using (87) and (88), the p's, and consequently the q's, may
be known; equations (65) and (68) can then be solved numérica]]y
for B, the only remaining unknown (f is taken as a system para-

meter, it is not an unknown).

In Chapter 4 we show how the T and T are calcu-

2 near 2 next
lated in practice.
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, qu‘haQe no an;aqtgé,éhat‘B1] §nd“522 defined by (97)
“and (98) wi1i satisfy (95) exactly, and in fact they do satisfy
(95) only approximafe]y. Tpénh{;brepancy can be evaluated,
since’T2 can be kpown using (82) and we can compare~£§2) with

(95) in which we put the values of B]] and 522 obtained by (97)

and (98). That checking was done and the discrepancy is of the .

order of a few percent; the details are given in Chapter 6 con-

taining the results.

i

/‘,..;;-d. L
, . . .
“ ll



-evaluation of F in (74)5

NUMERICAL APPROXIMATIONZDCHAbI-COﬁEN METHOD

- We now descrlbe the method used ‘for the numer1ca1

T2near
(88)

- ¥

The bas1c idea started with Ba1deresch1 (1973)

~and was further deve1oped by Chadi and Cohen. (1973)

whose method we essent1a11y follow here the method

'and its app11cat1ons was reviewed quite extens1ve]y

‘1n Evarestov and Smwrnov (1984).

Basic theory

The method is an approximation to integrals
or summations over the Brillouin zone of any per-.

iodic function in reciprocal space.

Let f(K) be a periodic function of wave vector

K with the periodicity of the reciprocal lattice.

f(K) can be expanded in Fourier series:

F0= ] oy exp [ R, ] (100)

Since the Rm's belong to a Bravais lattice,

[ . . It - —

in (87) a"d TZne%t L

Y
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the terms can be grouped according to the magnitude. .
of the Rm's; and we have the soxcalled symmetrized

plane wave expansion:

f(K) = fo * mzlfm A (K) (101)

where:

AR = T exp [ iK.R] m=1,2,.. (102)
R|=C
IR=C,,
The summation in (102) runs over all vectors in the
same “star” or Zshell” Cm . The first few Am(f) are
given, as examples, in Appendix G, for the three cu-

bic lattices.

The integral of f(Kk) over the Brillouin zone

" -1is then T,

(a/8ed) [ FE)E = £+ (a/8e3)] f (K)dﬁ - f (103f
! )éz ® 0 %ZI m ézAm 0

I3

where @ is the volume of the unit cell in direct lat-
tice; since (see Appendix D in Ashcroft and Mermin

(1976)):
é Am(é) dk =0 . (104)
z

The problem is reduced to the eyaldation of fo.
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We have, for a particular point Ei in (101):
P

fo = FR) - L 6, ) (105)

" the original idea (Baldereschi 1973) was to choose
one reciprocal lattice vector a{%) (the “Baldereschi
point™) fuch‘that the greatest number of terms in
the summation in (105) vanish and hope that other
terms in the summation are negligible That is
very crude; the precision é@n be increased if, for'%

+(v)

instance, for some particular points 9;
L (v)
Ya, A (Q:") =0 m=1l,...,n (106)
jop §ombH | '

=1 (a,

; are weighting factors to be

n
where | a,
‘ i=1
determined by the symmetry of the lattice under
consideration), and v is what we call the order of
the approximation. We’ can write, multiplying (105)

by a; and summing over i,

! T N I T ) N
iZlai fO sizlui fﬁiv ) '1§1uim§1fm Am(a‘i ) . (108)

using (106) and (107): : ' \\\
? ) T ¢ Ta a @Y (109)
o din @ T b ml

)
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Assuming that the fm for m>n can be neglected some-

how, we have:
L (v)
fo = ) @, f(ai‘ ) (110)
i=1

which is the central equation of the method.

The problem is now to provide the so called .-

special points agv) and their weighting factors ag“)

satisfying (106) and (107). To solve that problem we
use a proposition, from Chadi and Cohen (1973): if

the first.

A(K)=7 exp [ ikK.R] =0 (111)
0 Tafuce

is satisfied by agl) for m=m, and by EZ for m=m,,

then the set, consiéting of Ny points, obtained by

agz) - 3§1) + T, K, for i=1,...,ny  (112)

where Ti is any of the group operations of the sym-
metry of the point KZ (i.e. a subset of the cubic
point group, see Appendix H for the 3X3 matrices

.‘representation of these Ti) satisfies
Y a, A [+(2)) =0 for m=m, or m=m . (113)
L P9 ' 1 2 -

where ay = 1/ nr -



>

(
M(ﬁgl)) Am(EZ) - 0 'for m=m, or m=m,
that is
(1 ‘ . ‘ -
e RS M hee LRR1) 0

m=m10rm2

which is, by lattice symmetry, equivalent to:

IR

('ﬁ in the second bracket is any of the vectors

belonging to cm)

The prodf is: by choice of 311) . ?2 we have

( LE;" [ iaglhﬂ ) (}exp [ %1, 1) = 0

37

(114)

(115)_

(116)

where TJ. are all symmetry group operations of R and j

counts the number of these operations:
(R] R=c, b={Ty%} .
But since
. ' + ¥
KZ.Q(TJ. R) = (T, K)).R
-1

J.
a complete group, (116) can be written:
{

with T, =T

(117)

(118)

; and also since { T, } Cor {1, }) is
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. o

R #(1) > 'y :
& i +7,k,).k] =0
e L R

which is, by (111) and (112)

14 NCILES kz) —z;\"( @).0 " (g

which prooves (113).(It looks 1ike a,=1 in (120), but

| wve choose o, = l/nT to satisfy (107):4:2 a, =1).

The next stage would be constructed w%th .

: m(l2’3) =0 for m=m,.

Then, in analogy with (114), one has,

L A9 (2))A(k3) =0 form=m , morm

r 3

which, following the same argument as the one going

from (114) to (119) leads to:
where

3 82 ek

The complete proof follows by induction and the

o
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 general result is:

a§v+1) 3-6’(Lv) 4T;j 3

s
/
' LY
i .
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' .
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4§ - 2 The extrapolation ‘ ' . s

. ,_)_L-“ N . 3
Starting with the Baldereschi point we have a value for fo -

Using the Chadi & Cohen proposition we find some points where we

evaluate f(K) and that give another evaluation of fy

(1)
Baldereschi (“first order™) ] point )
Chadi-Cohen (“second order™) ny points fcfz)

ks . A . (3)
(“third order™) no Ny points fo

The successive values of fo can be considered as a function of
the inverse of the number n of points and a very good value can be
obtained by extrapolating the value of fo when (1/n) - 0. That is
what we did, with a four point extrapolation. ,,

The efficiencies of the direct and the extrapolated Chadi-Cohen
method are compared for SC case, in Table 4.1. That table also shows
that the approximated value differs from the exact one by a very
small fraction of a percent.

The computer times are given for comparison purposes. The compu-

ter was the Cyber 170 of the Concordia University computer center.

The same behaviour was obtained for the BCC and FCC lattices

thereby confirming the usefulness of the extrapolation.
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; The dlscrepancy ‘between our critical temperature and the ser1es'
S LI °
TR cr1t1cal temperature cannot be attributed to the extrapolated Chad1—
o C’ohen procedure but rather to the approximations and assumptions that
R enter the theory (cf. the argument leading to (97) and (98) and also
g to (65) and (68)). , a
3 o + q: ‘ ‘ ’
. o 4
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. . ‘ v
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TABLE 4 - 1 - o~

Comparison between the direct and extrapolated Chadi-Cohen method
applied to the evaluation of F (fo} the Simple Cubic lattice

(the expression evaluated ié : F-11 of Appendix;F) with f =0

(the program involved is FSC The exact result is known in that case:
(Appendix L))

F = 1.5163860591... (Watson 1939)

:%a
Chadi-Cohen : ‘ extrapolated Chadi-Cohen
Order F Computer Time Orders F Cbmputer:Time
CPU sec - CPU sec
1 1.29412 0.005
T2 1.4164 0.007
3 1,46406 0.011 a
4 1.49003 0.035 1,2,3,4 1,51628 0.074
5 1.50335 0.22 2,3,4,5 1.516377 0,279
6 1.50987 1.5 3,4,5,6 1.5163854 1.819
7 1.51313 11.5 4,5,6,7 1.516386014 13.672
8 1.51476 91.5
9 1.51557 727
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4 - 3 Construction of the schemes

To feed the extrapolated Chadi-Cohen method into a computer one

A : . i
needs formulas to get directly the Ki and a _for a given order. The-
se formulas are here derived. Starting with the first neighbours of

the origin: . R

Ai(F) =T exp (ik.R) (120)
' R =15t neighbour of the origin

one can find di(]) such that A](di(1))= 0; it is the
Baldereschi (or some equivalent) point. Then one has to

find some At(?) such that AL(ZQbf 0 (it is not necessarily

for £ = 2 ) and find some ?2 such that
Y
Adkpy =0 oy,

then.construcg:

Coa(2) _ =(1) -
S R HER A P 2 (122) .

where {Ti} is the group operation of the symmetry of the point
Ez relative to the origin. If some generated d+'s 1ie outside
the first Brillouin z;ne one bringswtheﬁ back into the first B.Z.
by a proper translation. The number of points so ob;ained in the

(v)

first Brillouin zone give theweighting factors q;

(v)

The set of points {qi } “and the corresponding {ai(v)} can be

/ a

“3‘-@
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‘ , B
generated recursively, with adjunction of new k'_'s in (120), and a

_“ormula can be obtained for a given lattice.
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4-3-1 Simple cubic lattice.

’ » - \’ .
. . \ ' ' ’
The symmetrized plane waves for the simple cubic lattice

. are (see. e.g. (102)):

A(K) = T exp. (ik.R) . _(123)
IR = |
Where R = (n,n,n ) a
o (124)
K o= (k. k " k) 2r/a ~
(all n's are 1ntegers and k s are rational numbers)

Substitution of (124) into the exponentials of (123)

gives:
' > o
exp (ik.K) = exp(2 n(nxkx "yky+"zkz)) : , (125)
or, usingz .exp (ie) = cosé + isine : N

exp (1?.?) = (cos 2mn K, + isin waxkx)(cos Zvnyky + isin Znnyky)
x (cos 2nnzkz + isin 2nnzkz) (126)

Noticing that, by the symmetry of the direct 1attice; for any
product of coordinates n, ka kwhere « Sstands for x, y or z) there
will be a producf - nuku such that the sine parts of (126) will can-
cel in pairs in the supmatioﬁ of (123). We will have to take care of
the cqsines only. Since according to the scheme we want An(K) to vanish,
we will consider the vanishing of all the terms in the summation (123);

that requires the vanishing of all terms of the form (126), or, using

<the notation

o
]

cos 2""uku ,

w
]

i sin Znnuka for @ =X, ¥, 2
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.we require

I (C+s )00, +5,)(C, +5,) -
IR[=C , .
2 + +
iRl=c‘(CnyCZ CxSyCz 5,¢C

m

+Cny

yCz + styc

SZ + stysz + SnySz'f stysz ) =0

Z

Al11 the terms containing a sine f nction will cancel in pairs\in
the summation and we are left only with

CZCyCz =0 ’ (127)

to be satisfied. The complete derivation of the Am as function -

of the k's, for the first few values of m, is done in Appendix G.

We therefore require that at least one "of the cosines vanish, but
to simplify the manipulation of (120) we will choose, following Chadi
and Cohen, to make the 3 cosings vanish together.

. o o .

For the first three shells (see e.g. Table G-1) with
Ry = (1,0,0), R, = (1,1,0), By = 1,1,1),
the following equations K

-> -+ -+
) Al(k) =0, Az(k)=0 , A3(k)=0
require, with the choice we made that all three cosines vanish,
' Cos 2nkx = €O0S 2nky = cos anz =0 . . (128)
" from which one may choose
k, = ky%= kz = 1/4 ~ , (129)
e, ky = (1/4,i1/8, 1/4). (130)
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Since kx.= k = kZ = 3/4, 5/4, 7/4, ..

. y .
would have been equally valid solutions of (128), we remark that
. .
the point (129) of the rec1proca1'1att1ée make all Am(;)’ for which
o

->
the R has at least one odd component, vanish also. Thus the choice

~

(129) is in the spirit of Baldereschi's idea (cf. statement follow-
ing(105)). .
The next non-vanishing Am(E) we have to care .about correspond
to the spe11 wheré all the codrdinates, 9f the points in the to
shell, are even nymbers. That is, from Table K-1 (Appendix K), .
the fourth shell with typica]llattice vector:
R = (2,0,0) ‘ (131)
The vanishing 6f A, (k) requires, using (131) in (127): .
cos 2nZk, = 0 B (133)
or k, =1/8 (in units of 2n/a) R (133)
Q%th ky and kz arbitrary.
Continuing in the all-k-coordinates-equal system, we choose

our second point to be:

->

k, = (1/8, 1/8, 1/8). (134)
That will also annihilate a7(f) (corresponding to the typical
vector R = (2,2,0)) and All(z) (corresponding to the typical ~

<>
vector R = (2,2,2)).
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( The next non-zero symmetrized plane wave in the present
conteit appears when the coordinates of vectors in the shell
are all integer multiples of 4; that is, with typical lattice
vectors (135)
<>
R= (4,0,0)
e . th
which is the 14~ shell,
-+,
R=(4,80) | (136)

h

which if the 27t shell, and

R = (4,4,8) . (137)

h

" which is the 41t shell as can be seen in Table K-1 (Appendix K).

!/
A11 of them vanish with the choice (in units of 2#a):

I3 = (1/16,1/16,1/16). (138)

The next step is the even number 6 in the shell cofresponding to
R = (6,0,0). | (139)

That shell réuires
]2ﬂkx = n/2, 3n/2, ... ' . ‘ (140)

or kx = 1/24,3/24,5/24...
) ->
But k, =3/24=1/8 already exists in ky.  Therefore all d
symmetrizea plane waves corresponding to direct lattice
points with at least one coordinate (inunits of a) equal

to 6 will vanish;
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The next possibly non-vanishing case happens wheqéggg

typical vector of the shell contains integer multiples of 8:

like: |

R = (8,0,0) , (8,8,0) or (8,8,8) . e

The cotresponding E is: E .

kg = (1/32,1/32,1/32) < : (142)

The successive k's needed thus far to fit the scheme
‘(collecting equations (130), (134), (138) and (142)

are listed below:

ky = (1/8,174,1/8) "
N ‘

k, = (1/8,1/8,1/8)

Ks = (1/16,1/16,1/16)

ky = (1/32,1/32,1/32)

&>
We will now construct the k's of the successive orders and

look for formulas we announced after equation (122)

The first order of approximation 1s given by

;](1) .f.:] = (1/4,1/4,1/4) . a (143)

<
+

alone (Baldereschi 1973), -

The second order is given by a set of points {ai(gz}

\

B e el R -
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génerated by Eiﬁl) and Iz in (Hzﬁi. ‘

These points 32(2) have coordinates that are odd multiples

of 1/8, in units of 2n/a. These odd multiples will not excee:///

' 4'(1n’fact they are (1/4) + (1/8) = 3/8 or; 1/8). The generated

pdints will be of the typical forms:

- (1/8,1/8,1/8) , (3/8,1/8,1/8) , (3/8,3/8,1/8), (3/8,3/3,3/8), ({44)

i |

In the case of cubic symmetry, if the 3 coordinates Sre

eqﬁa] there are B points .related to each other by the symmetry

- operations they are the vertices of the cubg. I} two coordina-

tes are equal it i§ as if one dimension of the cube was diffe-

rent; then, cubic symmetry operations will generate one “enlarged”

cube along each axis, or 3 x 8 = 24 vertices in all. And final-

ly, if all 3 coordinates are different there are 48 points rela-

ted to each other by the whole point group operatioﬁ (see Appen-

1

dix K for further explanations)

Consequently there are, by an operation of the cubic symme-

try point group:

8 points related to v(1/8,1/8,1/8)

24 points related to ‘(3/8,1/8,1/8)

24 points related to (3/8,3/8,1/8)
and 8 points related to (3/8,3/8,3/8).
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There are 64 points in all. The weighting factors will
be for the second order:
8/64 = 1/8 for “/8’, 1/8, 1/8) and (3/8,. 3/8, 3/8)

24/64 = 3/8 for (3/8, 1/8, 1/8) and (3/8, 3/8, 178) (1%%)

For the next generation (third order), we add + 1/16) to
the coordinates of the four points (145). An 4dd number of
1/8 + 1/16 will give an odd number of 1/16; and for the same
reasons as those previously stated, the odd number of 1/16 will
not exceed 8. We will have points of the form, in units of
(1716 2n/a, (where the number of symmetrical points is given to

the right of each one). ‘ ~,

= 0,1, 8
(3,1, 1) 2
(5,1, 1) 2
t1,1,1) 2
(1, 3, 3). 2
(3,3, 3) 8
(5,3, 3 20 | |
(7, 3, 3) 24 | o (146)

(1, 5, 5) 24
(3,5, 5) 24
(5, 5, 5) 8
(7,5, 5) 24
(1, 3, 3) 48
(1, 3, 7) 48
(1,5, 7) 48
(3, 5, 7) 48
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The total number of points generated is 512. The points

with 3 coordinates equal have, here, a weighting factor of 8/512 or 1/64.

The points having 2 coordinates equal have weighting factors
of 24/512 or 3/64. And the points with 3 different coordi-
nates have weighting factors of 48/512 = 6/64.

We note that 1/4 = (1/2)(1/2”) with v = 1
' 1/8 = (172)(1/2%) with v = 2
116 = (172)(1/2°) with v = 3

-

and so on.

The coordinates of the reciprocal space vectors in the
first Brillouin zone éiven in (143), (145) and (146) of the
simple cubic lattice which fit the Chadi-Cohen scheme are thus

given'by (in units of 2r/a). ' .

@Y% /2072%)(0gs 0y, 0g)1s v =1, 2, 30, (147)

where 0y 0, and 0, are odd numbers not exceeding 2¥ , and v is

the order of the approximation.

s

The weighting factors can be generated with the use of the

following formula; for order v , they are given by
. .

178V if the 3 coordinates of q . are equal

v-1, . - .
3/8 if two coordinates of q are equal (148)

and  6/8""" if the 3 coordinates of 9 are different.

P

RN b e e bo——— o
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4-3.2 Body Centered Cubic Lattice "

Following the same procedure as in the simple cubic case,

we start with the point, in units’of 2r/a, and with a = 1:

A
6, = k (1/2,1/2,1/2)

satisfying
-
Where A1(E) is equation G-38 of appendix G.

the weightihg factor is indeed o = 1.

-
s The next order, required by Az(kz) =0

(Given in G-39), is obtained with (in units of %F

- .
ky = (1/4, 1/4, 1/4) .

I . ‘ [ -—

And the vectors generated, usind (120) are

(in units of 1 2n )

a

a](” +Tk, = (3,3, 3)
(1, 3, 3)
(3, 1, 3)
(3, 3, 1)
(1, 1, 3)
(1, 3, 1)
(3,1, 1)
(1, 1, 1).

But here we have a new problem since the first four points
are outside the first Brillouin zone. The sum of any two coordinates -

cannot exceed or equel 1 (in units of 2x/a) for the point to be in

o YIRS S gt kv e -
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¢

the first Brillouin zone of the BCC lattice. That condition
is derived in Appendix I. When the points are brought into
the first Bril]odin Zonenby translation (of -1 on two coordi-
nqtes owing to the spatial arranQement of the zoneé) they be-

come:

-

(3, 3, 3) =" (3, -1, -1) or, by cubic symmetry:
(1, 3, 3) | 3,1, 1)
(3,1,3) » (1,1, 1).. ~ .

\. (3: 311) . : l"

- And we have only two different points for the first order in.

BCC; (in units of 2n/a): , f .
s@ L s s Lo (2). (149)
(3/4, 1/8, 1/8) . 1/2 !

as previously detained by Chadi and Cohen (1973) and Mignen (1978)

The summetrized plane waves Am(:)‘ are vanishing for n = 1 to 7

. . <+,
at the q's givén in (149). . The vanishing of AB(k) requires the in-

traduction of (in units of 2r/a):

Ky = (1/8, 1/8, 1/8)

and the points generated, using (122), are (in units of 2r/a):
s . . k4

B o T el U W
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(3/8, 178, 1/4)4T,(7/8, 1/8, 1/8) =

(3/8,
(5/8,
(7/8,
(18,
(5/8,
- (5/8,
(7/8,

(5/8,

(3/8,
(178,
(3s8,

(3/8,

(1/4, 178,174 )+T,(1/8, 1/8, 1/8) =
- (s,

(178,
(3/8,

(1/8,

‘Status
3/8, '3/8)
3/8 ,3/8)
1/8, 3/8)
3/8, 1/8)
1/8, 3/8)
3/8, 1/8)

1/8, 1/8)

1/8, 1/8)

3/8, 3/8)

3/8, 3/8)
1/8, 3/8)
3/8, 1/8)

1/8, 3/8)

3/8, 1/8)
1/8, 1/8)

1/83 1/8)

) 55-

alter translation

out““‘(578;~3/8;-}/8)

in

out (5/8, 1/8, 1/8)
out (5/8, 1/8, 1/8)

in

. 1in

in

in

in

i

3

in
in

in

-in

in

in

(3/4, 1/8, 1/4)
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and' we have, for the second order, the points (in 1/8) 2n/a

<]

and a's in units of '1/16):

W

EON NON o
; 3 .
11,1 o '
(3,1, 1) S R | . .
(3,3, 1) 3 , S
(3, 3, 3) 1 - (150)
5,1, 1) | 3 .
(5,3, 1) C3
(5, 3, 3) ]
(7,1, 1) ]

+ a
The next generation js required by the An(k) containing
cosines of a, , 4ky, 4k_; that requires the adjunction of the
point |
ky = (20/2), (1/16,1/16,1/16)
‘ , . . ‘ .
to the scheme. Combining Ky with the kz's of (150) one obtains, -

for the third order: , ‘
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> (4) . Status
Q.- in 1716 units ¥ 1/128 units

-
’

?

(1/8,1/8,1/8) 4'—T1. (1/16,1/16,1/16) = (3,3,3)
(a=1) t(3,3,1)

- (3,1,3)
-(1,3,3)

in BZ 1

dﬁ ‘
& (3,1,1)

1(1,3,1) 3
e R (]a]s3)
! - (,1,1)

(3/8,1/8,1/8) +T, (1/16,1/16,1/16) = (7,3,3) . 3.
(=3 N S (7,3, 6
: ‘ (7,1,3)
(5,3,3) .

: g Lo

S " (5,3,1)
(5,1,3) \
(5,1,1) :

(o]

/ (378,3/8,1/8) +T. (1/16,1/16,1/16) < (7,7,3)
{a=3) " (7,7,1
' o . oo T ' (79533)

D W W w

¢ (5,7,3)
R (7,5,) ° 6
T (5,7,1) °~ '
- - (5,5,3) 3.
(5,5,1) ‘ 3

(3/8,3/8,3/8) +T; (1/16,1/16,1/16) = (7,7,7) R
(a=1) | o (7,7,5) - ..
L (7,5,7) 3
(54,5,7)

O .

(7,5,5)
(5,7,5)
(5,5,7

N (5,5,5) in BZ 1
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S c 0 & %6 witsy sterus o ) in 17128 units
(578,1/8,1/8) +T, (1/16,1/16,1/16) = (11,3,3)  in 3
(a=3) - (1,3,1) 6
/ . (11,,3) '
. ‘o (9,3,3) 3
(11;1,1) ; 3
S (9,3,1) 6
s ' - {9,1,3) _
. ‘ (9,151) in .3
(5/8:3/8,1/8) +T; (1/16,1/16,1/16) = (11,7,3)  out (9,5,3)
(a=3)" (11,7,1)  out (9,5,1)
. . (1,50 surf . 3
‘ (9,7,3) surf 3
~ e (11,5,1) . surf 3
D - (9,7, surf 3
~ c T (9,53  in 6.
. , (9,5,1) in_- 6 °
., (5/8,3/8,3/8) +T, (1/16,1/16,1/16) = (11,7,7)  out 9,5,7) =~ '
(a=1) , (12,7,5)  out (9,5,5) ;-
et m (1,5,7)  out (9,5,5) ’
. ‘ C(9,7,7)  surf ® 1 .
E ' ) (11,5,5) surf 1
' . " (9,7,5)  surf "3
‘ *(9,5,N  surf |
' ’ ' ' (. 9,5,5) surf <3 -
N (1/831/8,178) 4T, (1/16,1/16,1/16) = (15,3,3)  out  (18,3,1)
(a=1) (15,3,1)  out -(13,1,1)
A . S Q5,1,3)  out  (13,1,1)
y . . (13,3,3). surf ]
! . : - C(15,1,1). " surf N N
- o 4 - 13,3,1)  surf 3 v
L 0 (13,1,3)7 surf. o
:”"/ ) . ’W’;\/J ' ~(13,1,1) , dn 3
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The BCC scheme now appears as follows: -

o
4

In units of 2r/a and for order (v =.1, 2, ...) the

)

-+ ' o

q's are . . '

. LY ’ .
(1,2%) (075 0,5 03)

Where 013; 0, %n?% are positive odd numbers smaller
than. 2°~1
'2\)'1

and the sum of any two of them shall not.exceed

k]

_ (the sum of any two coordinates shall. not e;c_ceed 1;

see Appendix I-for details):

¥

'Fornv = 1 the weighting factdr is 1. _ -~
For v > 1 the weighting factors are, in‘units of (1/2) (1/@/'2)
(where v is/the order- of approxjmationi

.and ) , ‘ 0

4 “ i hd

+

a) if the three coordinates are equal ' a=]

b)' if’any‘two'cooi‘dinqtes are equal

o

_.i) _the sum of any two components =1 o =1’
and ) ‘

ii) otherwise . ' a=3
c) .all three components are different .»
" ~» i) sum of any two components =1 a=3
and o . :
ii) otherwisé ' " a=6
’, ) s ‘. v
\ L]
. . L : L -
if.:, § '
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fhose formulas (147) and (148) correspond exactly to

_the points given in Chadi-Cohen (1973) anE!(_Lin-Chung_(1978) and
oal'ltim one to g to'any order in the apprcl\x‘imt\'on. But the

formulas (1'47) and (148) are not to be. found in these papers.
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Face Centered Cut_a‘_i c

RS

For zeroth(order‘A] ('IZ])= 0 given in G-21 (Appendix G)

*

-
requires, in units of 2I; for v =1
' a

T ?5]“,) =%, = (2, /2, 172) 4=

)

- ' ;
Since Az(Fl) does not vanish' (see G-23), the next point is IZ

determined by

It gives, solving {G-23): . .

'IEZ = (1/3, 1/4, 1/4).

Combined, using (120) they give in units of-} %—]-:

i a3 0 ) .
L0, )
(|3| ]' 3) -

A3, 3, 1) , " o

(.1, 3)/ . - L

X1, 3, 1) e
(—j(ao ]’ ])

SR O D PR S
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According to (J-1) and (J-2) (in Appendix J), the first four .
points lie outside thfz first Brillouin zone. To bring them back
in.the first Brﬂlo,uin Zone, a trjanslation of - Zn/a on each
coordinate is required ow{ng to the shape and the spatiallarrAange—

3

ment of the Brillouin zones. For v = 2 there are only two
£

. di fferent points after these operations are carried over ( in

units of (1/4) (2n/2)) for v = 2:

1/4

o'l
—
~
g
]
w -
~ N - -
and —
- -
- —
o e
R Q
[1] n
™~

3/4

These two points satisfy

£
. Am(if) =0

for m values up to 7. The next order is obtained by the

requirement -

A_8 (ky) = 0

—

.which sets k. = ('1-, l, ) (in units of 21) :
. 3 '8 8 =

as can be seen directly (in (G-35) (Appendix E) —

The combination, using (120), of‘i’3 with the two points (151)

o«

A )

.previously obtained leads to the third order points ("in units of

¢
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]

-

L] ? ) (
9’ 1 ) |
(3.

(3,

(3,

(1,
(3,
(,
(1,
0,

(67
12,247, (1,1,1)
kd » =(7,

(7,
(7,
(s,

3, 3)

3,1)7
1, 3) »
3, ) J
1, 1))
w0
1, 3)J
L)

3
v 3) (5,5,1)

3, 1)
1, 35}
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The point (7, 3, 3) lies outside the first Brillouin zone and.

. gives (1, 5, 5) when translated.
The FCC scheme now appears as follows:

1) In units of 2n/a the coordinates of each

f

of each point are given by

a, = (172%) (0, 05, 0,)
where 0 , 0,, 0, are odd numbers not exceeding 2 and v is the

oi‘dér of approximation,

2) For v = 1 the weighting is 1.
For v > 1 the weighting factors are,

in units of (1/8) (1/8"7%):

1 1f the 3 coordinates are equal
3 if two of the coordinates are equal

6 if the 3 coordinates are different

This is partially confirmed by Chadi - Cohen (1973).
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\

Descriptioniof Programs

As a first step., the Chadi-Cohen method was used to obtain
the numerical value of F defined in (74) and given explicitly
in Appendix l;‘; (F-11) for the simple cubic lattice, (F-19)‘for the
body centered\\cubic lattice and (F-25) for the face centered
cubic case. ,The extrapolation was done by fitting a third degree

polynomial to four points as described in Section 4-2.

"In the second step, the values of F for the corresponding

-

lattices were fed into (87) and (88) where four point extrapotla-

z

tion was agin used to evaluate the k summations.

‘ Using.(97), (98), (46) and (47) the numerical values of the

q's were obtained. : /

+

These procedures, of the first and second steps, are lattice

dependent. .

The third step is then to solve (65) and (68) for Be Thét‘
Tast procedure is a Newton-Raphson secant algorithm (Fréberg 1969)

and is 1attice independent.

The program names are given in Table 5-1 and their listings

are contained in Appendix L.

e
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PROGRAMS
LATTICES SC BCC FCC
Evaluation FSC FBCC FFCC
of F
4
Evaluation . T2SC T28CC T2FCC
of the q's '
Solution of > BETAC
Av= 1 (65) —- -
Solution of BETACP
A- =1 (68)
" Table 5-1¢ Program Names
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RESULTS AND DISCUSSION

Résul ts

Tables 6-1, 6-2 and 6-3 contain our results for the SC
BCC and FCC lattices respectively. The first column is the
system parameter f defined just after equation (1), the
second column is the equivalent number of -neighbours, the third
and fourth columns contain kB Tc/ J =1/ Be J obtained from
(.65) (tha@ for A=1) and from (68) (that is for A'=1)"
respectively. The fifth column is T, obtained from (82) using (74)
(74). The' sixth 'c‘olumn contains the values of T2 obtgined ‘
after knowing 5” and 522. by using (95). The last two columns

columns are Bn and 522 respectively.

Accordina to the large range of f analysed we plotted the
data on three graphs with different scales. The curves traced

on these graphs are discussed in Section 6-1-3.
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. 6-1-2 Behaviour of the T2's

We now compare‘the T2(511‘522) using (95) (after

- - *
P13 and Poo chosen were known from (97) and (98)) with

the T2 obtained directly from (82) and (74); the numerical

values of these functions are in Tables 6-1, 6-2 and 6-3.
Se

when f+ 0 or when f+ « gs can be expected directly from

the definitions. i
- t
. .The Tz's are plotted as functioqs of f in graph 6-4
The largest discrepancies are indicated by arrows on the ;*
graphs and are given jn Table 6-4, they a;e of the -order
e

The difference between the two Tz's vanishes either

of a few percent. One can then expect that our critical

temperatures differ, by the order of a‘few percent as well,

hen compared to series results.
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Table 6-4

Greatest discrepancies
between T, and Tz(p]1,pzz)’

lattice discrepancy
. sC | 6 %
BCC: 5.5 %
FCC ] 4.3 %
‘4
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6-1-3

83

1

Lattice-lattice scaling

A remarkable feature of the graphs 6-1, 6-2
and 6-3 is that the critical temperatures for éii three cubic

lattices lie on the same curve within the error one can

expect from the partial T2's assumption.
-

We éried to fit a first degree or a second degree
polynomial, b; least-squares, to thg whole data of,Tables
6-1, 6-2 and 6-3; neither of those fitted the data , to a
few percent, for the whole range. The best fit is, in féct
a second dégree po]yﬁomia] for the first paft of the |
data; i.e. roughly for Zy + fz2 not exeeding a few tens;

and a first degree polynomial for the rest of the range.
Using:
o ke T a=Y
and v - . (160)

z] + fz2 =X,

. the Tinear relation, obtained by least squares fitting,

\]

is - *

Y=mX+Db

e R e 4 e, S - e sk s et e % o it e
, e v T 5y
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where:

3
n

0.21265, *

(161) .
b

0.04846

that is the straight line on graphs 6-2 and 6-3.-

° " N . oty 4

The quadratic Ure]atién, a]sp‘fitted by least

~

"squares, is, with definitions (160): -

_ 2
X : ap‘+ a] Y + a2 Y
where:
ay = 1.28‘914 ‘ ‘ .
a, ='4.10293 - (162)
a, = 0.02345, ’ '

that is the curve appearing.on graphs 6-1 and 6-2.;

-

We therefore confirﬁ the “slight curvdtgre"ﬁcited'
by Dalton and Wood (1969). We also find "that the
curvature seems to vanish as the }alue/of’f (or
z + f’z) 'increasés, suggestingian.a,ymptotic

behaviour.
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- for wh1ch k T /J vanishes. The values of f for which

Negative values of f

L3 ' . ¢ . .

The constant 3, in (162) has a part1cu1ar]y

simple 1nté&bretat1on since it is the value of z.| + f22 " ' .

the system has a vanishing cr1t15a1 temperature can then : o
be eva1uated for the cubic lattices; they are g1ve:Lin s . »
Tab]e 6- 5 They'are extrapolations and as such are not .~' o -
re1ﬂab1e BCC and FCC values are out of the range

estimated” by Da]ton and Wood (19699. ' : s . ’

The negative values of f signify that there are N T ‘
competing'iqteractions between first and ;second neigh-

bours bﬁt ‘the system remains ferromagnetie} for values

ef'f 1ower“than those of Table 6-5 the system has no . _

. o

ferromagnetic transition. ' i SN ' S \\

- ——— Rl . [LSRY VI



o~ -
» , . i . ’ . ' 0
I' * v 4 ' ‘ 1 -
™ &% - ! . > . /) . 0 \ !
- ’ ‘ " , '.‘ 2
k ‘ . -
2 s, - P “ ? . . e,
| N - ~ . /. e ¢
) e y 4 \ N "/ w86 A
E ) hd - \4 v ’ -y
: N F %
- ’g - . ) ‘\. '/‘ B - *
! ( L \
| {
3 % ‘x - A .
~ | L ] ‘ A " )
s \ )
. ) _ Table 6-5
1 \\,\ ” - ‘
( 7 ) lowar limit of f
lattice present work Dalton & wood =
SC ) -0.39 -0.4 s f £ <0.7
BCC ~1.12 -0.8 s f s°-0.6
FCC -1.79 -1.0 sf s -0.7
L] ‘
N 4
e
/‘ , - -~ “
/ ¢+
1 Ty -y




K

' ] -< »
- . #
- _/ Vs
.
i
A ] ."s ¥ -
- /
s »
! » 87
' ¥ ) - .
. . . . Lt
) L , v

- Comparison with available data

" Series results

Tgb]e 6-6 contains the ratios of the critical
temperatures for the first and second neighq?urs’gygtem to

the critical temperature of the first neighbour system

(T(£)/T_(0)), calculated for the three cubic lattices

using Tables 6-1, 6-2 and 6-3. The ratios given by
Dalton and Wood (1969) also appear in Table 6-6
for comparison purposes. Dalton and Wood (1969)

bfoposéd:

T(£)/T(0) = 1 +m f

»

(163)

The ,last four lines in Table 6-6 give the para-
meters of (163) obtained by the Teast squares fitting of
a straight line to the data; the “third of these lines

is the difference, in percentage, between the Dalton

-and Wood slopes and ours; the last line is the coef-

ficient of correlation. Thé Dalton and Wood slopes are
not the slopes appearing in Eheir paper; we used their
data with our program (REGRE in Appendix L) since we do
not know how they calculated their -siopes. The straight:
lines on graphs 6-5, 6-6 and 6-7 are the Dalton and

F
and Wood -ones resulting from the above calculation.

3
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11 e . " The difference between the series calculation and

our metfiod decreases as the number of neighbouring sites

°

¥ . l

L .
taken into account increases, as was pointed out by
Dalton and Wood (1969). Our FCC results confirm that
tendency, as can be seen directly from Table 6-6 or from

the graphs 6-5, 6-6 and 6-7. g : "\w

We also remark that the critical condition A =1
leads to critical temperatures closer to those obtained
by series than does A'= 1; this was already pointed out

in other contexts by Girvin (1978) and by Frank, Cheung
and Mouritsen (1982).
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6-2-2 Hypercubic lattices
[

*
., Nath and Frank (1982) and also Nath (1984)

é;1cu1ated kB TC/J for hypercubic lattices of dimen-
sionality 4. to 30, using the i-6 relations, for first
neighbours oﬁly. Thejr results are in Table 6-6; they
. aré rewritten according-to our definitions of the

variables. Taking the number of first néighbours z

as an "equivalént number of neighbours", we can compare" -
“thefir results with ours. Their slope, given in Table

6-7, is.larger than gur main slope (161) by some 20 %;\
that discrepancy )annot be attributed to the aésumpt1ons
made in the theory; {t might be a clear effect of the

second neighbours on Tc'

~

-5,
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CoNag .
- 1
.
».
ﬂ ’ - /
Table 5-‘ .
Hypercubic Tattices
z- 1/8,9
8 -+ 1.687
10 2.210 .
12 : 2.722 .
14 3.229
16 3.733
18 4,236
20 4.738
30 7.243
40 97745
50  12.246 o '
60 . 14,747 .
‘‘slope - 0.251
intercept -0.289
correlation .9999958 ,
. &
¥ -
L. —
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Concluding remarks

We calculated the critical temperature for the

Ising ferromagnet, including second neighbours, using

a relatively simple method compared to series expansions.
That simplicity allowed us to go far beyond the values

(" .
of f in current literature, e.g. Tables 6-1, 6-2 and

6-3 compared to Table 6-6.

In ghe development of the method we derived formulas,
for the first time, to obtain the points and weighting
factors of the Ctédi and Cohen scheme.

The ﬁresent theory can certainly be applied to two
-dimensional lattices with similar success for the same
computer time. It would also be interesting to see, in
higher dinensfons. how the discrepancy between our slope
(161) and that of Nath and Frank (1984) or Nath (1982)

behaves.

&

¥
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Appendix aﬂ,EvaTuation of ¥r {exp (:501 Si)} o \

Starting with (52) in the denominator of (51):

[

Tr {exp (-56i Si)}

Tr{exp [(-éSi(J Jz1st PR zznd ) 1}

Triexp (-J,8S, 55$ exp (:41551 sz) -

K]
~ --- exp (—J1§Si Sj ).

o
E 4 \ .

x exp (-0,85,.5, ) =--- exp(-0,85. S, )} °

1 z

’ . 2

: - A
noticing that
\ x /

exp x = cosh x + sinh x =-cosh x (1 + tanh x)
exp (-JB S; $,) =cosh ( JB 8 sz)[ 1-tanh Jgs, sn]

with Si S2 =+ 1/4 and since cosh is an even function

-]

= cosh (BJ/4)[ 1 -tanh RJ S5 52] "

‘one has .

-
Al .

. (A-2) >

(A-3)

(A-4)

(A-5)
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. 3
.
.

Tr*1 exp (-8 oi:s;)}
Y

=Tr {T—]' cosh (@ J1/4)(1-'tanh g J],si Sj)

Li=ist ,
» . ' e
. Y
x nnd cosh (B J,/4)(1- tanh B 9, S, S, )3 ' (A-6)

or:

3

N ' . z ‘ z 3
Tr { exp (-B 0; S0} = cosh- (B 3;/4) cosh 2(B 3,/4)  (A-7)

. . v
4 I3 - N o
which is equation (54).
Y (,‘
o €, " s

? \ '

1‘- - . ;

» .
N } ‘;\ "
3 ‘ 0
- \.
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| | z, . . .
%8 M [cosh ¥ (52,/8) cosh | (8)/4)]

=(2%"/28

Appendix B: Evaluation of

. , e o
(+2"728%" [cosh | (59,/84cosh (83,/0)] -

Using cosh® x = (1/72%)(e* + &7¥)?

’ <
one has

' 2, 2,
cosh (BJ]/4) cosh. (BJ2/4)

Z.4z, _ 'z
= (172 ° “)lexp (83,/4) + exp (-BJ,/4)]
Z
xlexp (83,/4) + exp (-B0,/4)] !

) o 2 2, -)

CA1 exp_(8J,/4) exp (EJ}/4)A ’

. ‘ ‘24, - ‘ 22‘1" - )
x L C exp (B),/4) exp (-BJ2/4)u

where we used

2" P bP and €7 = nl/p!(n-p)!

w

@b)" = T ¢

n n
- p=0 - P P

TR -
-

© than

o

1 .

2n z]+z2 1 ) . o
/2 Ago Q“ exp (H-ZA)BJ :

(B-1)

(B-2)

(B-3)

(B-4)



oo e~ -

S S
pombgd

5 e

- A4
z .
2,42, z, 2z n
] 1 2 3
72 Z Z C,' € °[(z-22)%/8 + (2,-24)9,/4]
’ A=0 u=0 A H 1 Jh o 2N 2
¢ - ' ' L
. X exp B[(z] - 2u)J1/4f (z2 - 2u)az/4] (B-6)
‘which is equation (57)
+
2
* T——
N .




. Appendix C: from (61) to (62)

5o % oz oz, n.
) T2n= 22"[ T Z CA] cuz [D(k.‘u)] [(]-q_l])/(]+q]1)]

A5

»

-u+z,/2
X [(]‘QZZ)/(]*'sz)] " ]

. &0

z z
1 2 z. 2 -8+2./2
2n T 1,72 1
/[“1"1”2"2) o Lo e G [0 270049y,
. =0 €=0
x B1-q22)/(1+q22ﬂ“*‘z’2] (61)
the summations in the denominator can be written:
i 21/2 Z.I s
£ zp ' 2,/2 e
x I ¢ ((1=g,,)/(1+g,,)) ((14qy,)7(1-0,,))"  (C-1)

e=0

/2

. ' 2, 22/2
= (a7 T ((1-gy)/ (4az)

2y 2 Sz

X Z C] é ‘_'I 4 €
soo 6 ((14937)/00-q3)) x Lo C. ((1+q,,)/(1-q,,))

| (.C-Z) :

[ TP S




e

K

A6

' 2,6 ‘
Multiplying the & summation by 1 ! and the ¢ summation by
2, -¢
1 ! one has:

: 21/2 22/2

| ‘ Zp ¢
x [14((1+ay,)/ 0=y 01 Y (140,07 (140,03 2 ¢ (6-3)

z]+z2 z]/z 22/2
=2 ((]'q]])/(]+q]~| )) ((1'q22)/(]+q22)) v
Z Z
/[0-ay7) * (1-9,5,) © ] ’ (C-4)
2,42 v =242 -2./2 -2,/2 -2,/2
=21 2 () V() U (1egyy) 2 (14ay,) 2
(C-5)

T

-

Using (cls) in the summation of the denominator of (61):

\

F4 F4

1
" ,2N=-2,-2 -2n
T, = 29°517%2 (z,d,+2,9,) U N
2n 1M17°2%2 IR

2n -A+z]/2 A-z]/z r -u+22/2
X [D(l-u)] (]‘q'“) (1+Q]1) ‘(]'QZZ)

x (40222 (1405172 (14q 1172

/2 )22/2

Z
x(eayy) T (14gy, (c-6)

L .



o o

,

) - 2 2 A7
n-2,-2 1 2 Z z
1 72 -2n ) 2 2n: .
=2 (z)0y42,0,)" FF ¢ c® [0OwWIT
. ] ] 2 2 1'0 u'o A u ! < .
Z,-2 A Z,-u u
1
X (I'Q]]) “""q'”) “"qZZ) 2 (]+QZ2) . (c-7)
or finally:
z, z, *
-2,-2 1 72 2, 2 2n
- 1“2 1 ~72
Top= 2 é L€ € tTanhaw)/(z)0y42,,)] .
X A=0 u=0 ,
2, -\ 2,4
A A
X (1‘q-|-|) (“’q”) (]'QZZ) 2 (.Hqu)u (62)
whiqh is the result sought.
. ¢

?&i‘zzﬁxgxﬁa Rl
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Appendix D: 64 in (21)

dihtion (21) is, introducing J(0)/J(0) = 1:

<tanh? (8,9(0)0,/20(0))>/2 = <(0,/3(0))tanh (8_3(0)0,/23(0))>.
(p-1)

then, using (64) éirectly. (D-1) becomes:

4

Z Z" “U Hu
2 z,-A A 2
A Cu “‘qn) 1 (1+q-|~|) (]"qu) (1+q22)

i

A
~(z,42,41) F ] ¢
2 71 "2 AS0 =0

X tanhz[ecJ(O)D(A,u)/(z] 3+20,)]

) Zl-e . € 22-6 é
= 2-(2]"1'22) ZO Z (]"q”) (]"'q'n) (1-q22) (]+q22)
=20 §=0 ] o
x (2 w)(zy J; + 2, J,) }
x tanh [8.0(0) DOz, &y + 2, 9,1 (0-2)

Since J (0) = z, J] +z, J2 (see e.g., (14 and (1)),

2]

© . with rearranging:

Z 4 2, =\ 1.~ u
152 0 34 AU S

a

S .

x tanh 8.D(x ,u)[(1/2) tanh (scu(x.u))°-ZD(A.u)/zldﬁzsz)ﬁ =0

(D-3)
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~ A9
Or, substituting D(x,u) from (59):

2 -
2 z, Z Z, -\ : 2, -y
1 .72 1 A 1 u
Z s cx Cu (1"'q'”) (1+q'”) (1 "q22) (1"'q22)

x tanh (8 (/) [(2-20) + (2p-2) £1)

Vo 072) tanh (5, (9/8) L(zy-21) + (2,-2)8)

\

-‘[z1-2x + (2,-20)¢1/2 (2,4F2,) =0 : (D-4)
»

noticing‘\that the 1/2 in the double square bracket can be
taken out\\‘of the sunmation and then dropped, we have equation

(65). ‘ )

4
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Appendix E: (64) in (22)

Introducing J(0)/J(0) = 1.and rearranging, equation
(22) is:

2
<(0,/3(0)) tanh [8_3(0) 0,/23(0)]> = 2¢0,5/3%(0). (E-1)
Using (64), (E-1) becomes

. Z Z Z 4 Z,=A Z,~uU
2*(5*2)) z:) zs ¢,' €20 (1egy ) (1-05) 2 (14,0
A= ps=

' R ]
X ZQ(A.u)/(z]J] + 22J2)

x tanh [8.0(0) D(x,u)/(2)9; + 2,3,)]

Z] % 2 z 2,-8 2,-¢
_ Z,+2,. 1 2 1 J 2 \E
=2x2517%2 620 g Cs C.o (-ay9) ° (1+ayy) (1-9,,) (1+9,,)
, =0 e=0 .
) :
x [2D(x,u)/ (z]J] + 2202)] . (E-2)
this can be written
' 2, 2 2,=) y PRT u
T 1.1 - 1 Aoy 2
Lo (g b (14g,) (1=q,,) © (1+g,,)

A=0 =0
X ZD(x,u)/(z]J] + zzdz)

X tanh(BcJ(O)D(l.u)/(Z]J] + ZZJZ))

v - 4D (Au)/ (29 + 2,0,)]1 = 0 (E-3)

L ) .
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substituting D(x,u) from (59), using J, = 3, = fJ, and
(67), one has '
DN )/ (200 + 2,d,) = Cla,u)/4(zy + f2,) 5 (E-4
so that (E-3) becomes, using (66)
“ D
5 % -
I I oaw) € hu)/alzg + fz,)
x=0 u=0
x [ tanh (Bc dc(a,u)/8) - COuu)/(zg + f2,)] = 0 (-5)

Since 2‘(21 + fzz) # 0 it can be removed safely from (E-5)

and we have the result (68)

T R it i
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Appendix F: Lattice Green's Functions

We derive he;e the explicit forms of the lattice Green's

functions appearing in (74)

F o= (/M) 0-0(6)79(0)]" (74)
K ,
where:
.\J(.E)= QZ;St. znd J'”. exp [it.(§2'§1)] ] (] 3)
3(0) = J(z; + fz,) (14)

the dot product in the exponential is

ERAA) = KRR, KRR, + kBB, (F1)

The numerical values of the Green's functions were
obtained as functions of f by the .extrapolated Chadi-Cohen

(1973) method described in Chapter 3. The f=0 case can be

hteva1uated analytically (Watson 1939) and permits us to evalu;te

the.qualitj of the approximation. »
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F -~ 1: Simple Cubic Lattice

In the simple cubic lattice the first neighbours of

site i one easily seem to be (where a is the lattice constant):
!

(¢ta, 0, 0 )

R, -R) = (0,2,0) A,(F-VZ)

(0,0, za)

and there are z1=6 of them. The second néighbours of site i

. !
are given by

(za, 2a, 0 )
(ﬁk - ﬁi) = (%a, 0, ta)l

t 0, ta, *a)

(F-3)

and there are z, = 12 of them,
\\
For the first neighbours only, using (F-2) in (F-1) together
with J1.£= Jand a = 1 we get:,
) z]‘
3 F  exp [ik. (R, - R,)
3= !

1

AT exp (1kx) + exp (‘-ikx) + exp (1ky) + exp (-1ky) |

+exp (ik,) + exp (-ik,)] (F-8)

= 2J[cos kxn*cnsu‘ky *cos kz] . | (Fv.s,)
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For the second neighbours let us first remark that we will ’

~have terms of the form, with a = 1:
-
expli(k +k,)Jrexpli(k - k) Itexpli(~k + k )Irexpli(-k -k )]

' (F-6)
O where y,v =X,yor zbutuy # v

= exp (iku)exp(ikv‘)-b exp (iku) exp (-ikv)l+ exp (-iku) exp (ikv)

+ exp ('iku) exp (-ikv)

(F-7)
= 4’ <:oslu coskv . (F-8)
The second neighbours cﬁntribution will consequently be:
4f) [ coskx cosk‘y + cosk, coskz + cosky coskZ] . (F-9)

With (F-9) and (F-5) in (13) (for a = 1),

2
J(k) = 20 [cosk, *cosk, +cosk,]

+41) [cns'k xSk +cosk, cosk '+ cosk  cosk , ] (F-10)

and (F-10)' in (74) gives:

Fg = (1/N) ) [ 1-(2[ cosk +cosky tcosk ] .
¢ [ -1
+Hf [coskxcosky +cosk  cosk +cosk.y cosl&])/(G + 12f)} ( )
F-11

which is the Green's function for the simple cubic 1att1’cg

including first and second neighbours values of Fsc as functions

of f are given in the following Table F-1.
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Table F-1 |

Green's function as a function of f. The numerical
evalyation was made with the method described -in Chapter 4.

(extrapolating ordé}s 3,4,5,6)

F £, F

f ‘ sC ) . } sSC
-2 2.75145 .07 © . 1.43292
-.15 2.04036 08 1.42386
-1 1.76064 .09 1.41533
209 “y.72370 R 1.40730
-.08 1.69071 ‘2 a§.347dﬁ
-.07 4 .66100 . .3 - 1.30981=""
-.06 11,6343 4T ©1.28511
-.05 1.61008 5 1.26793
-.04 1.58798 . .6 " 1.25557
-.03, 1.56777 g 1.24647
.02 1.54923 8 . 1.23964
-0 1.53215 .9 : 1.23445
-1.E-9 1.516385445619 1, S < 1.23046 -
1.E-9 . 1.516385445619 2. . - .1.21910
.01 150178 3. 1.22213
.02 1.48822 4, ~lazm
.03 1.47561 5, . 1.23231
.04 146385 6. | ' 1.23700
.05 "1.45286 7. | 124123
.06

1.44257 8. o 1.24503
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" Table F-1 cont'd.

| : e _

f " " Fee. f“' - | Fee ©
9. ¢ 1.24843 000.. . 1.33757
10, o afsiso o om0, 1.34186
15. 1.26332 30000, | ' '1'.343§4 .
20. : 1%71a2 . 100000, U 1.3443
30. .20 300000. . 1.34455
100. : 1.30730 . 1000000.. - 1.34462
-300. 1.32178 3000000. .1.34465
400, s 1.32448 10000000, - S 1.34465
1000. . 11.33132 100000000. 1:34466.
. ¥ . . R

§
lew

.
I3

The exact value (Watson 1939) is, for f = 0, 1.5163860 ---".

7

R .‘ ut
S 'y
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F-2: Body Centered Cubic Lattice

The first neighbours of site i in a BCC lattice are given
by : ,
R, - R) = (2272, a/2, 22/2) o (F12)

There are z, = 8 of them.

1

The second neighbours are given by:

Chtre (mnoy
“ ( ‘0‘,ia, 0)
/ C - 0, 0;+a”) ,J

There are z, = 6 of them.

One can remark, here, “tht éhe second néighbour: structure' of
t;1e BCC lattice is exactly the.same as the SC first peiéhbour ‘
structure (see, e.g., ;duation (F-é)); the contribu:t;ioﬁ of |
the second neighbdprs to.J(k) can be written directly from “
(F-5) with the proper poﬁplﬁng épns,tant, and with a = 1:

2£) ( cosk 4 COSky.f cosk, ) ’. ‘ - (F-13‘)

e
S e g g S e s e - I

by

5 s e o



= Al 8“

The first neighbour contribution to the J(K) 'is:

#

J J  exp [ik. (ﬁj - Ry
j= 15t neighbour. '

L}

J gxp[ i(kx+ ky +‘kz)/2],+vexp [ i(kxf‘ky - kz)/2]

e [ 1 [k, =k +k,)/2 fexp [ 1 [k, - k, - k,)/2]

+

T+

exp [ ik *+ k. + K)/2 +exp [ 4 (-k, + k= K)/2]

-+

exp [ i(-k, - ky + k)72 + exp [ 4 (-k, = k= k;)/2] {
' ‘H(F-1()

=J [ yz] exp (ikx/2) + tyx] exp (-ikx/Z) | (Ff15) |

where the symbol [yz) represents :

exp [ i (ky + kz)/2] + exp [ i (ky - kz/2]
texp [ (kv k)/2) +exp D3 (k- k)20,
; By factorization of [yz], (F-15) is:

J = {lyz] 2 cos (k /2)} . L (FA6)

By a similar process:

[yz] = 2 cos gky/z) 2 cos (kZ/Z);’(F-]7) and the contribution
of the first neighbours to J(i) is with (F-17) in (?916)5

o _ . ‘
8 J cos (k /2) cos (ky/2) cos (kzlzj,.' | ‘ . (F-18)




@

-

Collecting (F-18), (F-13) in (74) one has,

FBCC = (1/N) g [1-['4 cos (kx/Z) cos (ky/Z)/ cos (k;/Z)
’ K.

.-l
+ f ( cos k'x +‘ cos ky + cos kz)]/(4 + 3f)]

The values of that function are“given in Table F-2 as a functfon

4
of f.

2\
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(F-19)

!




(orders 3,4,4,6 extrapolated)

Green's function as a function of f for BCC lattice.

A20

S TG e R T

¥

f Faec f Faec
.6 ~1.86442 .05 1.38296
4 1.56395 .06 1.38106
.3 1.49742 .07 1.37921
.2 1.45152 .08 1.3774)
15 1.43362 .09 1. 37564
R 1.41821 1 1.37392
.09 1.41539 .2 1.35878
.08 1.41265 3 1.34670
.07 1.40998 , 4 1.33695
.06 1.40738 .5 1.32901
.05 1.40486 .6 1.32249
.04 1.40240 7 1.3
.03 1.40001 .8 1.31266
.02 1.39768 .9 1.30896
.01 1.39541 1. 1.30589
J1.E-9 1.39320403023 2. 1.29390
.E-9 1.39320402979 3. ‘ 1.29534
.01 1.39105 4. 1.30033
.02 1.38895 .5, 1.30623

. .03 1.38690 6. 1.31218
0 1.38491 7. 1.31789

e S 4 21 1
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- .Table F-2 cont'd.

Faec

f F

1000..

BCC
8. . 32326 -3000. 1.49927
9. .32827 10000, 1.50926

10. .33293 30000. _ 1.51370
15. .35190 100000, 1.51554
20. .36580 {/ 300000. 1.51610
30. .38512 ' 1000000, 1.51630
*100. 43463 3000000 1.51635
300. .46558 10000000. 1.51637
400. 47149 100000000. 1.51638
48609 '

* The exact value (Watson 1939) is, for f =0, 1.3932039297 ---.

§

— e B I
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F - 3: Face Centered Cubic Lattice

The structure of the first neighbours of site {1 is

given by:

( ta/2, ta/2, 0 )

R‘j -Ry = (za/z, 0,2a/2) . (F-20)
(0, +a/2, saj2)

there are Zy = 12 of them. The second neighbours of site i

are given by:

g. -%. = (2a,0,0 )
(0, #a, 0) ) (F-21) -
(0,0, x@a)

" There are z, = 6 of them. One can readily see, comparing (F-21)

with (F=2), that the structure of the second neighbour in the
FCC lattiqe is identical with the SC lattice’s first neighbour
structure; their contribution to J(;) is then, with a =1,

directly from (F-5):

[N

2fJ (cos k, + cos ky, + cos k) .o (F-22)




e

For the first neighbour contribution:
bz] :
> -+ -+
J I exp [k (Ry - Ry)]
J=1

=J exp [ia (kx + ky)/Z] + exp [fa (kx - ky)/2]

+exp [ia (- + k )/2] + exp [ia
+ exp [ia (-kx‘+ kz)/z] + exp [ia
+ exp [ja (-kx + kz)/Z] + exp [ia
+ exp [ia ( Ky + kz)/z] + exp [ia
+ exp [1a ('ky + kz)/2] + exp [ia

‘ Collecting (F-22) and (F-24) in (74):

A23
(-, - &,)/2]
(-k = k,)/2]
(-k, - k,)/2]°
(K, - k,)/2] | .
(wky = k2l (F-23)

FFCC = (1/N) g [ l-[2({cos kx/2) cos (ky/2) + cos (kx/2) cos (kz/2)

k

+ cos (ky/z cos (kz/2)) + f (;os
-1 \
/ (6 + 3f) J

I

The values of FFCC

k, + cos k. + cos k)]

y

(F-25)

are given in Table F-3,
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Table F-3
Green's function as a function of f fér.f(;uzc ]att;éé.
(orders 3,4,5,6 exprapolééed)*
F. Free S e
. -.06 1.36096 W5 ‘.‘ . 1.26365
RN _ 3 1:;58094 6 1.25446
-.08 1.35528 g 1 28665
.03 1.35250 y 8, 1.24000
n : -;ozr a X 1.34985, SN oo 1.23430
V -0 1.:723 - 1,0, 122942
1.E-9 o T.3eennasoas 2. i;gosqg
1.9 . 1.384661144536 3. o 1.20814-
.0 R K1Y U R S 1.20816
.02 ©+ 1.33968 5. - f4.214¢§
.03 . 1.33727 6. _, v 122149
.04 1.33890 7. 7 1.22885¢
05 1.33259 . 8. . ©1.23540
.06 ' 1.33033. 0. a 1.24194
C 7 1.328m 0. 12812
.08 o7 1.32%93 . 15, , 1.27409
.09 1.32380 20, 0 1.29%7
W1 . 1.32172 30, 1,32140
2. 1.3029 100, - 1.3
3. 1.28745~ 300, 1.44026
.4“~ ‘ .27452° f“ 400, 1.44909

P— [ . v JUCIPSR

R .
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8‘ Table F-3 cont'd
N Free f Fecc
1000. ° 1.47095 300000, 1.51595
3000. o T.A8072 -1000000. 1.51625
° . 10000. ©1.50570 3000000. '1.51634 :
“e, 30000. 1.5123 10000000. 1.51637
. —100000 1.51512 100000000. 1.51638
" ° 1000000000, " 1.51638
» The exact value given bthatsor) (1939) is, for the case f = 0,“ s
1.3446611832 ---.
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Appendix G: Symmetrized Plane Waves for Cubic Lattices,

First Few Functions

Symmetrized plane waves are difined by (102):

A, ) = § exp [KR]  m=1,2,,.. (102)
w=¢_ | ~

To evaluate these summations we will need to know all
the vectors, in a given lattice, havihg a given maghitude.
) We.first describe the algorithm we need for that purpose and ]

then give the results.
‘et
Then we derived the first few functions for the three
cubic Tattices. The lattice c0n§tant *a® is equal to 1 in
eQery case. We treat the simple cubic case in some detéi1; for

the other lattices, the'ca1cu1ationtbeing very similar, we give‘

¥
“only the results.

‘6@ - 2: Symmetrized Plane Waves

¢

The vectors in the first shell, in a sip§1e cubic Tattice,o* ‘
are, in units of a (see Table K-1): ,
(£1,0,0) ‘ .
§=“l (0, +1,0) e (- D N
(0,0, 1) ‘ | |

© —

v v .
e —— - —— O maeme e taamay R e W oeied e~ w
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b

and we have, with (6-1) in (102):
o P , .
ﬁLA+(t)f exp (ikk)+ exp (-th)+ exp (iky)+ exp“(-iky)

+exp (ik,)+ exp (-ikz)

“or, using: cos x = [exp (x) +>éxp (-x)Y/2, ‘ (G-Z)

Ai(F) = 2 {cos kx + cos)ky +Lc?s.kz) "(6-3)

J For m = 2 ‘the vectors in thevshé11 are; from Tahle K-1:
T (w1,£1,0) "
R= (£1,0,21) S (6-4)
(0, s, £0) |
. 5‘52 () = FXP (lkx) exp (1ky) + exp (-Tkx)hexp (igy)

a.“" + exp (1kx) exp (-iky)+ueip (-ik*) exp (-igy)

exp (ikx) exp (iﬁz)'+ exp (}ikx) exp (}kz )

+

+

exp (ikx) exp'(-ikz) + exp (—ikx) exp (-ikz)

+

exp (iKY) exp”( ikz),+ exp (-iky) exp ( ikZ)

£-

exp (iky)‘exp (-ikz) + exp (Tiky) exp (-ikz)

¢

« ‘ <
After factorization and using (G-2) it is: \

Aé(F} = 4 gcos k, cos ky + cos k, cos k, + cos k_cos k). (G-S&\

Y

‘For m- = 3, the vectors in the shell are, from Table K-1:

R=(t1,21,:1) (6-6)

‘W d
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(G-6) in (102) gives:

A3(i?) = exp[ i(k, + ky + k)] +exp [i(k + Ky k,)]
+ exp[ i(kx - Ky + kz)] + exp [i( Ky= kyf kz)]
+ ?xp{ 1'(kx - ky + kz)] + exp [i(-kx+ ky- Kz)] ’
+ eXp[i(-kx - ky+ kz)] + epri(-kx-'ky - kz)] (6-7)
which is, after factorization and using (G-2),
A3(?) - 8 cos k, cos ky cos k, (6-9)
For m = 4 the vgctors are
(+2,0,0)
R=  (0,:2,0) - (6-10)
, I 4
(0,0, +2)

The structure js the same as for m = 1 except for the = 1;

consequent]y'A4(%) = 2 (¢os 2k, + cos 2k, + cos 2kz) (6-11)

y

For m = 5 the vectors are of a new symmetry type;for Table K-1:
(+1,22,0) )
, N \ "xy pair"
’ o (x2,21,0)
->
R = (i]’ 0,12) "z pair‘" } i
(2,0, £1)" . o (6-12)
(0,21, +2) 0
"yz pair"
(0,+2,£1)




t

" For the xy pai} we have terms of the form

29

El

oo 2
exp [1(|§x + 2ky)] + exp [i(kx - 2ky)] + exp [i(-kx + Zky)]

%%exﬁ'[i(-kxj 2% )] +exp [1(2k > k)1 + exp [i(2k,- k)]

+ exp [1(-2kx +-Ky)] + exp ;i('ZKx' ky)]
=4 (cos kx cos Zky + cos 2kx cos Ky)
Consequently, with xz and yz pairs:
AS(K) = 4] cos k, cos Ky + oS 2kx cos ky
+lcos kx cos 2kZ + cos.2kx cos kz

.+ cos ky cos 2k, + cos Zky cos kz] | . (6-13)

Form = 6, . .

—
H
—

-
+
—

L
I+

2)
UD . C o (618)
1) |

=
n
-
+
—
-
i+
N
-
+

—
1+
n

-
i+
—

-
1+

and Aﬁ(f( = 8 (cos k, cos Ky cos 2k, +cos k  cos Zky.;os k,

3

y

o4
n
L ——
I+ +
~N ~N
- -
[=] I+
-
N
+ -
N 5
o
el A
-
2
”
-
@D
N
—r
(=]
—
. [

+ ee%-ka‘hos k, cos kz) t (G-15) o

]

\

=



. .
’ = v )
¢ . 4 Iy
: 4 » ‘ _ ‘ | ST
et RPN A30
and A7('ﬁ) =4 [ cos 2k cos 2k, + cos 2k, cos 2k + cos 2k,, cos Zkz_J'
‘ » ‘ o o (6-17).
t Form=28 ‘ (
‘% /(‘iZ,iZ,i"l). ﬁ‘
z (2, £, x2) ]
_ (21,22, +2) , ’ (6-16)
3%?‘ - . - J(*. 3, 0, 0) . v - ) s
. " N - 9. ’ : . . .
, (0,0,3) .
¢ " “ ' ' L N
and AB(F) =8 [<.:os 2kx cos 2k‘y cos k, + cos ‘ka cos ky cos Zkz
| + cos k, cos 2ky cos kz]
2 N A
o'é" p _
+ 2 | %os,3kx“+ cos 3ky + cos 3k?.) . (6-19)
. © and ;ﬁon. ’ .
o i e . s
R . . FCC Symmetrized plane waves ’
. = , ‘ AN
' For m = 1, from Table<(K-2), in units of a:
¥ . . ‘
. - (11/2,i1/2,?) f
R=" (21/2,0,212) - . (6-20)
(0,21/2, = 1/2,) o o
LT
. ! \ c ’ ’
- ) £ .
hd [ o

. »
ra . R T / L L A i -
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s a

and Ay (K) = exp [1 (k, + k /2] e [1 (kyk, /2]
+expli (-, + k)21 +exp [T (k- K )/2] + exp [i (K, + k,)/2]

~ + exp[i (k); - kz)/é] + exp [i (‘-.kx - kz)/.z] + exp ti (-kx - kz)/2]
+expli (k, + k)21 + exp [ (k, - k,)/2] +exp Li '(-k, + k,)/2]

]
s

+ exp ti (-ky - k,)/2]

_or, ,
ﬂ ‘HA] (k) = 2[ cos (k,/2) cbs(k /2) + cos(«kz/é]
+ cos(k,/2) cos(k,/2)] (6-21)
d Form = 2 .
H (s, 0,0)
R= (0 :1,0) | : v (6-22)

.(0,0,;1) J ’

which # the same situation as m =1 in SC, therefore,

A,(K) = 2(cos k  + cos ky +cos-k) . .. .(6-23)
For m.= 3
v 7 : ’
‘ (+1, £1/2, £1/72) °
R= ( 2, £ 1,+1/2) (6-24)

1/
(+1/2, £1/2, £+1)

- - e et v e —— e e ittt e mrtatn & e a var aomin

o
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which gives, in a shim;l‘la‘irvfas(hib;n as for m = 6 4n sc,
' Co K ‘ ' . 3", ' D N

| A3(?) = 8 [cos kx cos(ky/?)~‘cos,(;k:z.{2) z+’ cos(lki/Z)‘cos ky co§(kz/2?
_ o+ cos(kx/?) cos(kylz) cos k,) . (6-25)
* . Form=4 ( in units of a)
(£+1,+£1,0) )
. t=" (1,0, ¢1) " (6-26)
- h , ‘(0;;1,11) . ‘
The situation is identical with.m = 2 in SC.
Therefore, )
Aa(k’) = 4 (cos k, co§ ky + cos k, cos k, + cos k_y cos k,)  (6-27)
Form=5
(+3/2,:1/2,0) .
(172, + 3/2, 0)
R = (+3/2,0,t1/2) -~ (6-28)
(+1/2, 0, * 3/2 )
(0, %32, :1/2) ‘
(0, +1/2, ¢+ 3/2)
. *

- —— i ey e gt o gy L cwmler et s o—
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The situation is similar to m < 5 {n SC and; by analogy with @ . -
,'»A-S('E) = 4“[c'os(a3kx/mz) cos(k'y/Z) ,+‘uc“‘os,(k;//2”) ‘qu(3k&/25<‘* .. {
. N P ’ “ , ot oy P o -. i o g Coe® -
! ° o T o, ¢ ' v‘ ) ‘a :‘ N . -’(‘v’ Co e ¥ .-: 2Tk ‘n Dl
q # c‘bis(‘VkafZ)‘- os(k,/2) + cos;(“kx/"Z)wQ,Q.s(z‘&klebé/\) Do e T
o +.ico‘s(3’ﬁy'/2')‘ cos(k,/2) cos(ky/Z),,éd's(3knz‘/2)] ol (6229)
. . [ . e , > o n"(’ ‘ : . ." @ PR ( ‘ ¢
© . Form =6 u S n ;
R=" (21,+1;,+1) . (6-30) ¥ .
. " As form=3insSC, o SR
)r '_"J : . o i ' . N . ! ‘ i ‘ . o
A.B(K)l 8 cos k, cos ky icos k . ”(9,31)‘ .
Form=17 - L
(=3/2,21,x172) . . ‘

—
I+
w—t

-
+
7

~

N

L J
I+

‘ yz2) -
R= (za,:V2, £32) " (6-32)
32 ) |

By
.«;
I
—)
~
L
-
i+
b
)
I+

—_
+

/2, ¢ 3/2,£1)
1) ‘ : ’

—
I+
w

~
nN
I+
—

~
N
-
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and, after substitution into (102)

~

A7(I) = 8 [cos (3kx/2) cos ky cos(kz/Z) + cos(kx/Z) co§(3ky/2) cos k

+ cos k. cos(ky/Z)‘gos(3kz/2) + cos(kx/Z) cos ky cos (3kz/2)

+ cos (3kx/2) cos(ky/Z) cos(kz) + cos kx cos (3ky/2) cos(kz 2)]

(6-33)
Form = 8, in units of a:
(+,0,0 )
R=. (0,:2,0) \ (G-34)
(0,0,+2)

which has the same symmetry as m = 1 in SC, consequently, ﬁéglgc-
ing k by 2k in (6-3): - 2

, AB(I) = 2(cos 2k, + cos 2ky + cos 2k,). (6-35)

Form= 9

I+
[#%)
-
o
-
+
(9%
—~—

=+
"

(6-36)

o
-

I+

2
-

H+

w
—

- —— N ——— - ——— ”~
I+ i+
& — #
- -
H+ 1+
rs —
- -
4+ +
— ol
N g

4+
ek
i+
—
I+
F-3
—

2
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The first three points have the m = 4 (FCC) symmetry and the ‘
° 7

last three points have the m = 3 (FCC) symmetry; therefore, using
(6-27) and (G-25): ’

Ag(i?) ='4 [cos(3k,/2) cos(3ky/2) +.cos(3k,/2) cos(3kz/2)
+ cos(3ky/2) cos(3kz/2)].
+ 8[cos(2kx)_cos(ky/?)cos(kz/z) + co; (kx/Z) cos(Zky) cos(kZ/Z)
+ cos (k,/2) cos(ky/2) cos(Zkz)] (G-%?)

BCC Symmetrized Plane Waves.

Following the same procedures as for SC and FCC lattices one

has:
%W

A] (k) = 4 [cos‘(kx/2) cos‘(lfy/Z) + cos‘(kx/Z) cos(kz/z)

+ cos(ky/Z) cos(kzlé)] l (6-38)
Az('k) = 2[ cos k, + cos ky + co$~kZ] - {6-39)
A3(-b:) = 8[ cos kx cos(ky/Z) cos(kz/z) + cos(kx/‘2) cos k‘y cos(kz/z)
Es cos(k,/2) cos(k,/2) cos k,] . (6-40)
Aéiﬁ')- = 4[ cos kx cos ky + cos kx cos kz + cos ky coS kz] (6-41)

»



fom
'

A36

14

'A5(I) = 4[ cos (3k,/2) cos(k,/2) + cos (k,/2) cos(3k /2)

4

+ cos(3kx/2) cos(ky/2) + cos(kx/Z) cos(3kz/2)

 + €0s(3k,/2) cos(k;/2) + cos(k,/2) cos(3k,/2)] (6-42)

<>
‘Ae(k) = 8 cos kx cos ky cos kz (G-43)

A7('l?) =8 cos(3kx/2) cos ky cos(kz/2) + cos(kx/2) cos(3ky/2) cos kz

]
+ oS kx cos(ky/z) cos(3kz/2) + cos(kx/z) cos ky cos(3kz/2)

——

+ cos(3k,/2) cos(ky/Z) cos k, + cos k cos(3ky/2) cos(kZ/Z)]

(G-44)

AS(-I:) =2 [ cos(ka) + cos(2ky) + co&szz\)] (6-45)
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Appendix H: Cubic Point Group Operations

We give here a quick way to get the cubic point grou‘ﬁn‘
representations in 3 x 3 matrices as needed in the Chadi and

Cohen method.

Starting with the point (a,b,c) (see Figure H-1) and
considering the plane reflections through plans xy and nz
one gets the points (a,b,-c) and (a,-b,c); reflection of one
of these ‘points through the same plane leads to the point
(a,-b,-c). The four points obtained belong to the symmetry
sub-group of the point (a,b,c) as well as the points generated
if we rotate that rectangle around the n ones by 90 degrees.
We have, in fact, the eight symmetry points of (b,c) in the two
dimension square lattice symmetry. The three dimensional
cubic symmetry also in\;olves rotations around y and 2 ones.
Rotating the first 8 pc;ints around the y ones by 90, 180 and
270 degrees we get the subgroups SG1. SGII and SGIIT successively.
Rotations by the same-angles around the z ones generate the sub-
groups SGIV,SGII and SGV. Reflection through any plane (of the
cubic symmetry) will generate no ne\n; pm"nt. We then have the
whole set of symmetric points of (a.b,c)‘ according to the cubic
or octahedral symmetry, The operations of the .cubic symmetry
point group are then simply the operations re]atinghan_y of the‘ 48
points .generated to the point (a,b,c). They are easily written

directly from Figure G-1; for example the matrix transforming
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{a,b,c) to (c,~b,a) is

0 0 11/a c
0 -1 0jb -b
0 0f\c a

1

|

the whole set of matrices T1. is:

0

0 -1
0 W

]
1

0
0
0
0
-1
0
0
-1
0
ol
0
0
50
-1
0
-1
0
of
0
: (
-1

0
1
0
1
0
0
1
0
0
0
0
1
0
1
04

0
0
0
1
0
0
0
0
0
-1
0
1
0
0
]

0
0
0
-1
0
0

4
-1

0
0
-1
0

b

-1

0
0
1
0
0
0

1

| |

0
0
0
0
0
0

-1

0
0

1

0
0
1
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.the whole set of matrices Ti

cont'd.
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Appendix I: First Brillouin Zone of Body Centered
Cubic Lattice.

('The BCC first Brillouin zone has the shape, see Aschroft

‘& Mermin (1979); in units of 21
. - a

Fig I-1
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Considering only the so called irreducible Brillouin

zone, the part of the zone with all positive coordinates:

Fig 1-2
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o

the plane defined by the points (1,0,0), (0,1,0) and

(172, 172, 1/2) is defined by equation x + y = 1. The

region of space on the same side, of that plane, as the origin
9 ,

(and including that plane) is defined by the inequality

X+y<l. . ) (1-1)

5

Similarly one can write, for the points (1,0,0), (0,0,1) and
(172, 172, 1/2):
e ‘ ) o
x+2¢<1 ' B (1-2)\
and for the points (0,1,0), (0,0,1), (1/2, 1/2, 1/2):

y+z<1 . ' (1-3)
The irreducible Brillouin zone is, the;efo}e defined by the
three simultaneous inequalities (I-1), (I-2) and (I-3). The
complete Brillouin zone is defined by (x, y and z are‘in

2/a units)

dx| + yl <
|x] + |z] <1 (1-4)

a

lyl +1z] <1

“?“’6



by

rd

. ER s e

,‘;'J"t

“
i

L . Add

Appendix J: Analytical Geometry Description of the First
" Brillouin Zone of the FCC lattice.
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".The irreducible (all coordinates pos%tive) part of.

FCC Bifiﬂpm‘n zone can be seen in Figures J-1 and J-2 since the FCC

Vel .
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is the intersection of a cube, with faces‘parjaﬂe] to the anes
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to be inside the cube a point (x, y,ﬁg) must éatiéfy (in

units of 21n/a) ' \\

! \

A
—

[x]
ly|
|z]

[ 728
—

(3-1).

A
—

and to be inside the octahedran and the condition is (in units

of 21/a)

Ix| + Iyl + 2| < 3/2 . (3-2)

sigce, for the irrgducible BZ, the octahedron part is limited
by the plane x:+ y +2=3/2 or can be seen directly from
Figure I-1. The condition that (x, y, z) must satigfy to
be]ong to the FCC and BZ as (J-1) ?nd (J-2) together.

t

b e et ot
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Appendix K: Cubic Lattices

We collecthere some useful proper{ies of the cubic

lattices used throughout this thesis.

A48

“

K-1: Number of Sites at a Given Distance from the Origin in

[

Cubic Lattices.

" A Bravais lattice is definéd by (Ashcroft & Mermin
' Chépter 4):,
1' u( N . /
§‘= ny a; +n,+nyag

where Nys Moy Ngare integers, a; are basis vector of 'the

lattice:

(K-1)

(k-2)

X; y; z; are real numbers and ?, 3, X are the usual Cartesian

unit vectors.

The distance, in any Bravais lattice, between the or

and a given site characterized by Ris given by:

> 2 : 2 2
RIS = (myxy + ngxy + ngxa)™ + (myy + ngy, + nyy3)

+(nyz) +nyz, + "3‘5)2

[

.

igin

(K-3) .



In the simple cubic lattice, the basis vectors are

usually taken to be:

("iyi zl')~= ’(3,0,0)
(0,a,0) - © o (K-4)
(0,0,a) |

where a is the lattice constant.
which gives for the distance between the point ‘(n]a, n,a, n3a)

LS

and the origin:

<+ ] " .
R1Z=p2 02+ nlspd) . (K-5)

H
V

. -2 2 2 . .
Since Ny, Ny Ny are integers n] tn, + Ny will als‘o be an

integer. The number of points at a given distance in a simple
cubic latticel is then equal to the number of ways to obtain a ¢
particular integer ( ]ﬁlz /a2 ) as a sum of squares of other
integers. For example if one wants to know the number of
neighbours at a distance Y3 a in a simple cubic lattice one
simply has to find all the integer solutions of the Diophantine

a3

equation:
2 2 2
3 n-] + nz + n3 ‘ ,

the obvious result is Ny =Ny, =ng= t 1
which gives 8 different solutions i all; and there are 8 sites

at distance ¥ 3 a fromorigin in SC.

-
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i

The computer algorithm we used is ‘to search, in loops, all ‘

.-1-:?:‘

solutions of such equations and to count, them.

The- Diophantine's equations for the two other cubic 1att1ce§//

are, for BCC, taking

a, =al 3,=a) 3. =(a/2)T+3+7%)
1 2 3 ! ,
-+ ARt
2 {
4 IR| canl g anl 4 a2 g
7 = n] +4n2+ 3n3+4n]n3+4r72 n3 (K-ﬁ)
‘and for FCC, taking .
20147
+ _a -
3, =5 ( 3 + I)
a, =5 (T+1)
» : -
Z‘]RZI ='n$ + ng + ng tgn, tmng 40, N, (K-7) ©

]
)

Results are in the'following three tables, Typical points are
all positive number solutions encountered in the process; all
solutions can be generated from these points by application of

thé ggpic point groups symmetry operators given in Appendix H,
ot
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Table K-1 .

Simple Cubic ‘Lattice

IRI2 Number of Sites Typical Point (s)
) " in Units of a

1 6 ‘ (1, 0, 0)

2 12 (1,1, 0)

3 8 - (1,1, 1)

4 (2, 0, 0)

5 24 . (2, 1, 0)

6 24 (2, 1, 1)

7 0 . B

8 12 {2, 2, 0)

9 30 (2, 2, 1) (3, 0, 0) .
10 28 " (3,1, 0)

1 24 . (3,1, 1)

12 8 (2,-2, 2)

13 t 24 \ (3, 2, 0)

14 a8 (3, 2, 1)

15 ) -

16 14th shell 6 (4,0, 0)

17 48 \ (4,1, 0) (3, 2, 2)
18 36 } (4,1, 1) (3, 3, 0)
19 | 24 (3,3, 1)

20 18th snen'5 24" (4, 2, 0)

i
s I

|
|
|
|

|

{

et
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Table K-1 7

Simple Cubic Lattice cont'd s
IR Number of Sites Typical Point(s)
—
a
21 48 4, 2, 1)
22 ] 24 (3, 3, 2)
23 ‘0 -
24 ' 24 4, 2, 2)
25 ' 30 (22nd shell) (4, 3, 0) (5, 0, 0)
26 o : (4, 3, 1) (5, 1, 0)
27 . 32 (3, 3, 3) (5,1, 1)
28 0 -
29 72 (4.3, 2) (5, 2, 0)
30 48 (26th shell) (5, 2, 1)
3 . 0 S -
32 12 (4, 4, 0)
33 48 "4, 8,1) (5, 2, 2)
34 48 (4, 3, 3) (5, 3, 0)
35 48 (30th shell) (5, 3, 1)
36 30 4.4, 2) (6, 0, 0)
37 24 (6, 1, 0) -
8 72 (5, 3, 2) (6, 1, 1)
39 0 - ‘
40 o 28 (34th shell) (6, 2, 0)
41 96 ~ ' (6, 2, 1)(5,4,0)(4,4,3)
42 48 (5, 4, 1) '
43 24 , (5, 3, 3)
a“ 4 . (6, 2, 2)
5 & 72 (39th shell) (5, 4, 2) (6, 3, 0)




Table K-1

Simple Cubic Lattice cont'd

A53

IRI2 Number of Sites Typical Points

22

46 48 (6,3,1)

47 0 -

48 8 (41st shell)  (4,4,4)

49 54 ' (6,3,2)(7,0,0) _
50 84 (5,4,3)(5,5,0)(7,1,0) -
51 48 (5,5,1)(7,1,1)

52 24 (6,4,0)

53 72 (7,2,0)(6,4,1) -
54 96 (7,2,1)(5,5,2)(6,8,3)
55 - 0 -

56 48 (6,4,2)

57 48 . (7,4,4)(7,2,2)

58 24 (7,3,0)

59 72 (7,3,1)(5,5,3)

60 0 -

61 72 (6,4,3)(6,5,0)

62 96 (7,3,2)(6,5,1)

63 0 S

64 6 (8,0,0)

65 (8,1,0)(7,4,0)(6,5,2)

96
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Jable K-1 7\

Simple Cubic Lattice cont'd-

|Rf : Number of Sites Typical Points
— S *
a /
. /, .
66 96 . (8,1,1)(7,4,1)(5,5,4)
67 24 L (7,3,3)
68 48 (6,4,4)(8,2,0)
69 96 . (8,2,1){(7,4,2)
70 48 (6,5,3)
n- 0 o -
72 36 ~ (6,6,0(8,2,2)
73 a8 : (6,6,1)(8,3,0)
74 120 : (7,4,3)(7,5,0)(8,3,1)
75 56 (5,5,5)(7,5,1)
76 24 ' | (6,6,2)
77 96 - (6,5,4)(8,3,2)
78 .88 (7,5,2)
73‘ 0 b .
80" 24 : (8,4,0) : .

[ G, Y YT o3 g e = , . et et
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’ Table K-1 .
éim;ﬂe Cubic Lattice cont'd.
(] . I
'Tﬁ}z - " Number of Sites Typical Point(s)
— .
a.y
N , 81 : 102 (6,6,3)(7,4,4)(8,4,1)(9,0,0)
(‘ B2 a8 (8,3,3)(3,1,0)
l 83 R 72 (7,5,3)(9,1,1)
84 48 (8,4,2)
_ 8 - 48 (7,6,0)(9,2,0)
‘A ‘ , ~' 86 i ]zor (6t5:5)(7i6’])(9)2:])
" 87 0 -
2 88 ‘ 24 (6D6!4)
89 144 (7,6,2)(8,4,3)(8,5,0)(9,2,2)
Y90 ’ 120 (7,5,4)(8,5,1)(9,3,0)
/ : :
, - ~. 48 ,3,1
- 91 : 4 (9,3,1)
92 0 -
93 Y (8,5,2)
95 . . 0 -
96 ‘ 24 (8,4,4) ‘
’ 97 48 (6,6,5)(9,4,0)
98 = 108 (7,7,0)(8,5,3)(9,4,1)
’ ‘99 72 (7,5,5)(7,7,1)(9,3,3)-
100 30 *(8,6,0)(10,0,0)
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Table K-2
Face Centered Cubic Lattice >

lﬁlz ' Number of Sites - 'Typiéal Point (s)
"a'f in Unites of (a/2)

' ‘ \ : .
0.5 \\ ) 12 (1, 1,-0),

1 _ 6 : (2, 0, 0)

1.5 g 24 (2,1, 1)

2 _ 12 (25 2, 0)

2.5 , 24 (3,1, 0)
3" : 8 (2, 2, 2)

3.5 : 48 ‘ (3, 2, 1)

4 6 - (4, 0, 0) .
4.5 ' 6 (3, 3,.0) (4,7, 1)
5 . 24 » (4, 2, 0) |
5.5 24 (3, 3, 2)

6 oo (4, 2, 2)

6.5 : 72 ' (4,3, 1) (5,1, 0)
7 0 _ "

7.5 48 ‘ (5, 2, 1)

8 C2 (4, 4, 0) )
8.5 . a8 (5, 3, 0) (4, 3. 3)
9 a0 (4,4, 2) (6, 0, 0)
9.5 : o7z (5,3, 2) (6,1, 1)
10 R (6, 27'0)

—
'
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Table K-3
‘ k4 “

Body (}entered Cubic Lattice

_151_2’ ( Number of Sites Typical Point(s)
a2 - L . , in Units of (a/2) w{f
’ : = . |
0.75 8 . a, 1,1
1 . 6 Y (2, 0, 0)
. 2 . a2 T (2, 2, 0) .
- 275 . | 24 o (3,1, 1) . ,
3 8 (2, 2, 2) ’
4 , 6 (4, 0, 0)
4.75 " 24 (3, 3, 1)
- 28 . v - . (4, 2,0
e 0L 24 C (4, .2, 2)
6.75 : 32 (3, 3, 3) (5, 1, 1)
12 (4, 4, O
48 (5, 3, 1)
30 (4, 8, 2) (6, 0, 0)
24 (6, 2, 0)
24 (5,-3, 3)
24 (6, 2, 2)
"8 . (4, 8,4 )
© as? (7, 1, 1) (5, 5, 1) -
24 (6, 4, 0)
48 (6, 4, 2)
72 ; (5, 5, 3) (7, 3, 1)
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1] J '
Number of Points in Cubic Subgroups . - .

@

If the absolute values of the coordinates of a point are
all eqhai.’that point belongs to a sbbgnoup of the, cubic ' ’

point groﬁﬁ cohtaining 8 points as can beageen directly.in
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T ' - ., If the absolute values of two coordinates of a.point are . ¢

[

equal (with the third being different) ‘that point belpngs to a

cubic symmetry subgroup containing 24 points (see figure - e )
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If the absolute values of the 3 coordinates of a point
. are all-different then that point belongs to the subgroup of
the cubic point group which contain 48 elements i.e., which
i <N is’ the cubic point group itself. e
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PROGRAM FSC (INPUT,OUTPUT)

DIMENSION C(2000),GY4),X(A),pN(4,4),DD(4,4)

CONTINUE

PI=3,141592654
NN=3

C NN IS THE STARTING ORDER

15

102

105

20

READ *,F
IF (F-1.1E+9) 15,
DO 102 III=1,4,1
N=NN+III-1 -~

-

20 20

TH=PI/((2.0**N)*2.0)

- LI=(2%(2**N)) -1

DO 6 M=1,LI,2

“C (M) =COS (TH*M)

CONTINUE

CALL CALC (LI,NU,C,F,GREEN),

G(III)=GREEN ~
X(III)=1.00/LI
CQNTINUE

105 LL=1,4,1

DN (LL,1)=X (LL)**3

DD (LL,1)=DN(LL,1)

DN (LL,2) =X (LL) *X

(LL) *

DD (LL,2)=DN(LL,2)

DN (LL, 3) =X (LL)
DD (LL,3) =X (LL)
DN (LL, 4) =G (LL)
DD(LL,4)=1.0
CONTINUE -

CALL DET4 (DN,RN)
CALL DET4 (DD,RD)
FF1=RN/RD

T2=0.25*(1.0-(1.0/FF1))

PRINT *,F,FF1,T2
GO TO 10
CONTINUE

END

SUBROUTINE CAIC (LI, NENS/FiFF)
DIMENSION C (2000} .

SU=0.0
NU=0 N
DE=3.0+6. -~
DO 1 I=14%§€2
CI=C(I)
DO 1 J=1,LI,2
CJ=C (J)

.DO 1 K=J,LI,2

. - A6l
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CK=C(K) ~

F((I.EQ.J).OR. (I.EQ.K)..OR. (J.EQ.K)) GO TO 3 '

AL=6

GO TO 4
AL=1

GO TO 4 .
AL: 3 -t fz'"\_
CONTINUE '

//;FT(I.EQ.J).AND.(I.EQ.K).AND.(J.EQ.K)) GO TO 2

" - AA=CI+CJI+CK '
BB=2.0*F* ( (CI*CJ)+ (CI*CK) + (CJ*CK) ) R

RJJ= (AA+BB) /DE
TE=AL/ (1.0-RJJ)
NU=NU+AL , ,
SU=SU4TE . ‘ y

. CONTINUE . . - .

FF=SU/ (NU*1.0)
RETURN

END
SUBROYTINE DET4 (DD,R) .

REAL J,I,K,L,M,N .
DIMENSION DD (4,4) -

°

A=DD(1,1) ‘ g
B=DD(1,2)
C=DD(1,3)
D=DD (1, 4)

E=DD(2,1)
F=DD(2,2)

G=DD (2, 3) o S

H=DD(2,4)

1=DD(3,1) o L

J=DD(3,2) - o

K=DD(3,3) , »
5700(3,4) ' | L, :

M=DD(4,1) . T C .. -
N=DD(4,2) - ‘ .

0=DD(4,3) ' <\\\,// .o
P=DR(4,4) o

Pl= (A*F-B*E) * (K*P-0*L) .

P2= (C*E-A*G) * (J*P-N*L) . o
P3= (A*H-D*E) * (J *O-N*K) *

P4= (B*G-C*F)* (I*P-M*L) -

P5= (C*H-D*G) * (I*N-M*J) ' é , ‘
P6= (D*F-B*H)* (I*D-M*K) -

<



’ . -
ReP1+P2+P3+P4+P5+P6
c ’
RETURN
" END .
. 3 -l
”» ! 1 .
.
i '
o . 3 o ‘ :
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¢ ¢ ‘\4
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PROGRAM FBCC (INPUT,OUTPUT)

eXoKe!

C CHADI-COHEN EXTRAPOLATED ON FOUR POINTS,
C FOR BODY CENTERED LATTICE
o
. C CALCULATES THE "F(1)"
c N

DIMENSION C(2000),G(4),X(4), DN(4 4) ,DD(4,4)
10  CONTINUE

PI=3.141592654

. DO 101 1J=1,4,1

G(1J)=0.0
101 CONTINUE
NSTART=3 .
Cc READ * NSTART
C NSTART 1S THE STARTING ORDER
READ *,F

IF (F-1.1E+9)15,20, 20

15 DO 102 III=1,4,1
NU=NS?ART+III—1

. LIM=2% (2**NU)
| TH=2*PI/LIM

LIMD=LIM-1
pO 6 M=1,LIMD,2
C(M)-COS(TH*M/Z 00)
C(M+1) =COS_(TH*M)

6 CONTINUE '
CALL CALBCC (LIMD,NU,C,F,Gl,IPTS)
G(III)=Gl
X(III)=1.0/(LIM*1.0)

102 CONTINUE
DO 105 LL=1,4,1
DN (LL,1)=X (LL)**3  °
DD (LL,1)=DN (LL,1) ‘
DN (LL, 2) =X (LL) *X (LL) , !
DD (LL,2) =DN (LL, 2)
DN (LL, 3) =X (LL)
DD (LL, 3) =X (LL)
DN (LL,4) =G (LL) }

, DD(LL,4)=1.0

105 CONTINUE _ ,
CALL DET4 (DN,RN) ,
CALL DET4(DD,RD)
FF1=RN/RD
T2=0. 25*(1 0-(1.0/FF1))
PRINT *,F,FFl,T2
GO TO 10 .

20 CONTINUE

L}



C CALCULATES A 4*4 DE

t

~

END

SUBROUTINE DET4 (DD,R)

TgRMINANT

C SENDS THE RESULTS_ BACK IN R

J

C

'REAL I,J,K, L,M,N

DIMENSION DD (4., 4)!

A=DD(1,1)
B=DD(1,2)
C=DD(1,3)
D=DD (1, 4)

E=DD(2,1)
F=DD(2,2)
G=DD(2,3)

H=DD(2,4)

I=DD(3,1)
J=DD (3, 2)
K=DD(3,3)
L=DD(3,4)

M=DD (4,1)

. N=DD (4,2)

0=DD(4,3)
P=DD (4,4)

|
|

Pl= (A*F-B*E) * (K*P-O*L)
P2=(C*E-A*G) * (J*P-N*L)
P3= (A*H-D*E) * (J *O-N*K)

'P4= (B*G-C*F) * (I1*P-M*L)

P5= (C*H-D*G) * (1*N-M*J)
P6= (D*F-B*H) * (I*0-M*K)

R=P1+P2+P3+P4+P5+P6

RETURN
END

SUBROUTINE CALBCC(LIMD,N,C,F,FF,;IPTS)
C CALCULATES THE "GREEN'S FUNCTION INCLUDING
C THE SECOND NEIGHBOURS FOR BODY CENTERED

.C LATTICE

c

C IPTS IS A, COUNTER OF POINTS_ AT WHICH THE
C FUNCTION 1S EFFECTIVELY CALCULATED

DIMENS 10N C(2000)

IPTS=0

SU=0.0

NPO=2* (8** (N- l))

LIM=LIMD+]

A6S
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s
DE=4.\D+3.0*F
DO 1 IX=1,LIMD,2
CX2=C (IX) ' ©
CTX=C (IX+1)

DO 1 IY=1,IX,2

CY2=C(IY) °

CY=C(IY+1)

DO 1 I1z=1,1Y,2 )

CzZ2=C(12) . , .

IF (IX+IY-LIM) 2,3,1 ‘ '
AL=6.0 '

IF ((IX.EQ.IY).AND. (IY.EQ.IZ)) GO TO 4

IF (IX.EQ.IY) GO TO 5

IF (IX.EQ.IZ) GO TO 5

~IF (IY.EQ.I2) GO TO §

GO TO 6

AL=1.0

GO T0 6 A

AL=3.0 “ ( P S
GO TO 6 ' .

AL=3.0 , |

IF (IX.EQ.IY) GO TO 7

IF (IX.EQ.12) GO TO 7

IF (IY.EQ.I1Z) GO TO 7.

GO TO 6 L .
AL=1.0 1

- CONTINUE

IPTS=IPTS+1 . .o ~
AA=4,0*CX2*CY2*C2Z2 : '
BB=F* (CX+CY+C2) )

RJJ= (AA+BB) /DE

TE=AL/(1.0-RJJ)

SU=SU+TE

CONTINUE

FF=SU/(NPO*1,0)

RETURN

END
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PROGRAM FFCC (INPUT,OUTPUT)
Cc . '
C
C{ CHADI-COHEN PROCEDURE EXTRAPOLATED ON 4 POINTS
C {TO CALCULATE THE GREEN'S FUNCTION FOR THE
C FCC LATTICE ‘
c .
: DIMENSION C(2000) ,G(4),X(4)
C
10 CONTINUE
PI=3.141592654
NSTART=3
C NSTART IS STARTING ORDER HERE
READ *,F .
IF (F—l.1E+9) 15,20,20
15 po.1 1=1,4,1

G(I)=0.0 ”

X(I)= .
1 CONT INUE ,

DO 2 1=1,4,1<”’ ‘

N=NSTART+I~-1

LIM=2* (2**N)
TH=(2.0*PI) /(LIM*1.0)
LIMD=LIM-1
NU=0
DO 3 M=1,LIMD,2
C (M) =COS (TH*M/2.00) : \
C (M+1) =aCOS (TH*M)
3 CONTINUE
CALL CAIC (LIMD,NU,C,F,G(I))
. X(I)=1.0/LIM
2 CONT INUE
X1=X (1)
X2=X (2)
X3=X(3)
X4=X (4) ,
X12=X1*X1 : . -
X22=X2*X2
X32=X3*X3 . ,
X42=X4*X4 . : -
X13=X12*X1
' X23=X22%X2 o , -4
X33=X32%X3 '
© X43=X42%X4
CALL DET4(X13,X12,X1,1.0,X23,X22,X2,1.0,X33,X32,X3,1.0,
1X43,X42,X4,1.0,DETDEN)
CALL DET4 (X13,%12,X1,G(1),X23,X22, X2,6(2) ,X33,X32,X3,6(3),
1X43, X42,X4,G (4) , DETNUM)
GF=DETNUM/DETDEN
T2=0.25*(1.0-(1.0/GF))
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PRINT *,F,GF,T2
GO TO 10
20 CONTINUE
END
o SUBROUTINE DET4(A,B,C,D,E,F,G,H,I,J,K,L,M,N,0,P,R)
REAL I,J,K,L,M,N
Pl= (A*F—B*E)*(K*P—O*L)
P2=(C*E=A*G) * (J*P-N*L) -
P3= (A*H-D*E) * (J*O-N*K)
P4= (B*G-C*F)* (I*P-M*L)
P5= (C*H-D*G) * (I*N-M*J)
P6= (D*F-B*H) * (1*O-M*K)
R=P1+P2+P3+P4+P5+P6
RETURN
END
SUBROUTINE CALC (LIMD,NU,C,F,FF)
DIMENSION C(2000)
INTEGER OJ
5U=0.0
NU=0
C NU IS THE TOTAL NUMBER OF POINTS IN
C THE ORDER UNDER CONSIDERATION;
C IT IS EQUAL TO LIM
LIM=LIMD+1
DE=6.0+3.0*F ,
DO 1 1X=1,LIMD,2
CX2=C(IX)
C CX2 IS_THE "HALF-ANGL
CX=C (IX+1)
DO 1 1Y=1,1X,2 .
CY2=C(1Y)
CY=C(IY+l) -
DO 1 1%=1,1Y,2
C22=C(12)
C2=C(1Z+1)
IF ((IX+IY+IZ)-(3*LIM/2)) 10,10,1
-10 CONTINUE
0J=6 ' 4
IF ((IX.EQ.IY).AND. (IY.EQ.IZ)) GO TO 2
IF ((IX.EQ.IY).OR,. (IX,EQ. .OR. (IY.EQ.IZ)) GO TO 3

GO TO 4
2 0J=1

GO TO 4
3 0J=3
4 NU=NU+0J

AA= (CX2*CY24CX2*CZ2+4CY2*CZ2)*2, 0
BB= (CX+CY+CZ)*F

RJJ=(AA+BB) /DE :
TE=0J/(1.0-RJJ) o
SU=SU+TE
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CONTENUE
FE=SU/NU
RETURN
END
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PROGRAM T2SC (INPUT,OUTPUT)

INTEGER 21,22

DIMENSION C(3000),G(4),X(4)
DIMENSION H (4)

DIMENSION D(4,4)

t

JK=1

21=6

22=12
PI=3.141592654

DO 11 I=1,3,1

G(I)=0.0
H(I)=0.0 ,
CONTINUE
PRINT 199
PRINT 199
PRINT 200

FORMAT (1H )’

PRINT 199

CONTINUE

READ *,F,F1,T2

JK= JK+1

"IF (F.GE. (2. E08)) GO TO 100

DO 15 NN=]1,4,1
N=NN+1

C STARTING ORDER' IS EIXED HERE

15

69

70

TH=PI/(4.0*(2.0**N))

LI= (4% (2**N))-1 0
DO 6 M=1,LI,2

C (M) =COS (TH*M)

CONTINUE

X (NN)=1. 0/((LI+1)*1 0)
CALL CALC(LI,C,F,F1,GG,HH)
G (NN) =GG

H (NN) =HH
CONTINUE
DO 69 I=1,4
DO 69 K=1,3
D(I,K)=X(I)
CONTINUE
DO 70 K=1,4,1 .
D (K, 4) =G (K)

' 1
el
k% (4-K)

-

CONTINUE

"A70

FORMAT (3X,1HF,10X,3HT2D, 8X, 3HT2P 8X,4HT2NR, 7X, 4HT2NX
1,7X,3HP11,8X, 3HP22 8X, lHX lOX lHY)
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71

72,

201

100

CALL DET4 (D,DETNUM)

DO 71 K=1,4,1 - J
"‘D(K,4)=1.0

CONTINUE ’ o
CALL DET4 (D, DETDEN)
T2NR=DETNUM/DETDEN -

DO 72 K=1,4,1y .

" D(K,4)=H(K)

CONTINUE
CALL DET4 (D,DETNUM}
T2NX=DETNUM/DETDEN !

"B11=(T2NR*Z1-0.25) /( (21-1) *1. 0)

P22= (T2NX*22-0.25) /( (22-1) *1.0)
Ql1=2.0*SQRT (ABS (P11)) °
Q22=2.0*SQRT (ABS (P22) )

, T2D=0,25* (1.0~ (1.0/F1))

T2PA=0,25*21+Z1% (21-1)*P11l
T2PB=(0.25*%Z2+22% (Z22-1) *P22) *F*F
T2PC=2, O*Zl*ZZ*SQRT(ABS(Pll*P22))*F
T2PD Z1*Z1+2*Z1* L 2R F+Z 22X LR FAF

. T2P= (T2PA+T2PB+T2PC) /T2PD
"PRINT 201,F,T2D,T2P,T2NR,T2NX,P11,P22

FORMAT (G9 2 2X, 8(F9 6 2X))
IF ( (INT (JK/5. 0)) EQ. (JK/S 0)) PRINT 199

"GO TO 101

CONTINUE
END '
"‘SUBROUTINE CALC(LI,C,F Fl G,H)

’\

" DIMENSION C(3000)

REAL NU
- REAL J1Q,J2Q
SUG=0.0 ~ -
SUH=0,0
NU=0.0 S, ,°
DE=3.0+6.0*F -~
DO 1 I=s1,LI,2 "
CI=C(I)
"bo'1 J=1,1,2
CJ=C (J) :
DO I1.K=1,J,2
CK=C (K)

IF((I.EQ.J) .AND. (I. EQ K) .AND. (J.EQ.K)) GO TO"2
IF ((I.EQ.J).OR. (I.EQ.K).OR. (J.EQ.K)) GO TO 3

AL=6.0
GO TO 4
AL=1.0

GO TO 4 | O SN

AL=3.0 ° ) L
CONTINUE a8

AA=CI+CI+CK -~ °

I3
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3 - ' :
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BB’Z O*F*((CI*CJ)+(CI*CK)+(CJ*CK))

‘RJJ = (AA+BB) /DE \

CFQ=1.0/(F1*4 0*(1 0- RJJ)) - e
NU=NU+AL ! . : b
JleAA/_.B 0 . '
JQQ=BB/(6.0*F) o ' )

R / - ' 3 o
ﬂ-e : ., y N -

TE1=J1Q*J]Q*CFQ*AL

. TE2=J2Q*J2Q*CFQ*AL

SUG=SUG+TEl - o
SUH=SUH+TE2 ,

CONTINUE - - o
G=SU ’ N g “~ 1 v, ) v
H=SUH/?€ ' ) A ' ‘
RETURN

"END P » -

SUBROUTINE DET4 (DD,R) W s

REAL I,J,K,L,M,N S ,

DIMENSION DD(4 1) KA
it

A=DD(1,1) R

 B=DD(1,2) , , !

C=DD(1,3) : A
D=Du(;,iL, - "
E=DD(2,1): ' . ® _ '
F=DD(2,2) M . P
G=DD(2,3) - :

H=DD (2,4) ' *

1=DD3,1) . .
J=DD(3,2) o '
K=DD(3,3) . ’
L=DD (3, 4)

: i - ;
M=DD(4,1) ¢ C
N=DD (4,2) - BN
0=DD(4,3)’
P=DD (4, k)

'Pl'(A*F-B*E)*(K*P-O*L).

P2=(C*E-A*G)* (J*P~N*L).

P3= (A*H-DMg) * (J *O-N#K) : )

P4= (B*G-C*H) * (I*P-M*L) ,
2= (C*H-D*G) * (I#N-M*J) “« L, @
4 Po=1{D*F ‘

- ’
’ [} s . v o .-.ﬁ . f .
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¢ 11 CONTINUE - ‘ ' . ' v
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. 59 CONTINUE

" PROGRAM T2BCC (INPBUT,OUTPUT) .

7

INTEGER z1 %2 - N ¢
ADIMENSION C(3000) G(4),X(4)
DIMENSION H(4), D(4 4)
z1=8 )
2=6 ' , v
1=3.141592654 - .
.DO 11 I=1,4,1 . : :
G(I)=0'.0 '
~ H(I)=0.0

«

PRINT 199
. 'PRINT 210
20" FORMAT (25X, 3HBCC) .
PRINT 199 ’ ,
PRINT 200 . ' > .
00 - FORMAT (3X,1HF,10X,3HT2D,8X,3HT2P,8X, 4HT2NR, 7X, 4HT2NX
©1,7X,3HP11,8X, 3593;)

99 F AT (1H ‘)
INT 199 ¢ .
01 CONTINUE
J=1 :
222 CONTINUE .. .
READ *,F,GF,TTT : Ak
J=J+1 . Lo

' .IF (F-1.1E+8) 99,100,100 % ‘
9  'CONTINUE . - -
DO 15 NN=1,4,1 Co g
" N&NN+3 e '

* LIM=2%*N L T . o
. @ LIMD=LIM-1 \ . N - .t
- *TH=2,0*PI/LIM : ‘ ToNe .
DO 6 M=1,LIMD,2 , L L
'C(M)-COS(TH*M/Z 0 . - S
* C(M+1)=0OS (TH*M) & . .
CONTINUE K ey /
. X (NN)-=1, 0/(LIM*1 0) T . ’
. CALL CALBCC(LIM,C,F,GF,GG, HH), ,
G(NN)=GG- " .
+ H (NN)=HH * .
5 CONTINUE , - . :

DO 70 F 1,4,1

-



201

100

D (K, 4) =G (K)

CONTINUE -

CALL DET4 (D,DETNUM)

DO 71 K=1,4,1

D(K,4)=1 . ’
CONTINUE <

CALL DET4 (D,DETDEN)
T2NR=DETNUM/DETDEN -

DO 72 K=1,4,1

D (K, 4) =H(K) .
CONTINUE '

CALL DET4 (D,DETNUM)
T2NX=DETNUM,/DETDEN
Pll=(T2NR*Z1-0.25) /( (21-1) *1.0)
P22= (T2NX*22-0.25) /( (22-17*1.0)
Q11=2.0*SQRT (ABS (P11))
Q22=2.0*SQRT (ABS (P22))
T2D=0.25* (1.0-(1.0/GF))
T2PA=0.25%*21+21*% (21-1)*P11
T2PB= (0.25%22422* (22~1) *P22) *F*F
T2PC=2.0%Z1*Z2*SQRT (ABS (P11*P22) ) *F
T2PD=Z1*%Z1+2%21*Z2%F+Z22* 22%F*F

T2P= (T2PA+T2PB+T2PC) /T2PD &Q
PRINT 201,F,T2D,T2P,T2NR,T2NX,P11,P
FORMAT (G9.2,2X,6 (F9.6,2X))

IF ( (INT(J/5.0)).EQ. (J/5.0)) PRINT 199

GO TO 2222

CONTINUE

END A

SUBROUTINE CALBCC(LIM c,F,GF,G,H)
DIMENSION - (3000)

REAL NU ‘

REAL J1Q,J2Q

SUG=0.0 .

SUH=0.0 ,

NU=0.0 ' - ‘
DE=4.0+3.0*F ' ’ .
LIMD=LIM-1 ' TN
DO 1. IX=1,LIMD,2 ’

CX2=C (IX) o
CX=C (IX+1) o ’.

DO 1 1Y=I,IX,2 ~

YP=C (1Y) . , R
=C (I¥+1) o /j\\\ M
DO 1 12=1,1Y,2 . ( .
Cz2=C(12) : AR .
Cz=C(I1Z+1) - "
IF (IX+IY-LIMy*2,3,1 .,

. AL%6,0 -~

*
>

IF ((IX EQ.IY) .AND. (IY EQ IZ)) GO TO 4

A75
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> CALCULATES A 4X4 DETERMINANT

- B=DD(1,2)

A76

t
IF (IX.EQ.IY) GO TO 5 .
IF (IX.EQ.IZ) GO TO 5 - S
IF (IY.EQ.IZ) GO TO 5 '
GO TO 6
AL=1.0 :
GO TO 6 \
AL=3.0 » :
GO TO 6 v
AL=3.0
IF(IX.EQ.IY) GO TO 7
IF (IX.EQ.IZ) GO 'TO 7
IF {IY.EQ.IZ) GO TO 7 .
GO TO 6 . { L. N
AL=1.0 -
CONTINUE
AA=4.0*CX2*CY2*CZ2

BB=F*(CX+CY+C2) . 1
RJJ= (AA+RB) /DE _ o
CFQ=§m0:3GF*4.0*(l.O-RJJ)) - ‘ )

NU=NU+AL \
* J1Q=AA/4.0

J2Q=BB/ (3.0*F)
-ACTUALLY THESE ARE THE J(Q) /J(0)
TE1=J1Q*J1Q*CFQ*AL
TE2=J2Q*J 2Q*CFQ*AL o , '
SUG=SUG+TE1
SUH=SUH+TE2
CONTINUE
G=SUG/NU
H=SUH/NU :
RETURN T
END - ’ . :
'SUBROUTINE DET4 (DD, R}

v

'SENDS THE RESULT IN
REAL I,J,K,L,M,ﬂgﬁ ®
DIMENSION ‘)D(4,4) :

A=DD(1,1)

' ' C=DD(1,3)
D=DD (1, 4)

. .y \ ! .
E=DD(2,71) : A
F=DD(2,2) . S )
G=DD(2,3) :
H=DD (2, 4)

. 2 ‘
1=D0(3,1) .
J=DD(3,2) °




.--n\o-

-

a

K=DD(3,3)
L=DD (3, 4)

M=DD (4,1)

N=DD (4,2) '

0=DD(4,3)

P=DD (4,4) ‘
Pl= (A*F-B*E) * (K*P-O*L)
P2= (C*E-A*G) * (J*P-N*L)
P3= (A*H-D*E) * (J *O-N*K)
P4= (B*G-C*F) * (I *P-M*L)
P5= (C*H-D*G) * (I *N-M*J)
P6= (D*F-B*H) * (I*0-M*K)

R=P1+P2+P3+P4+P5+P6
/ u
RETURN
END | i

¥
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PROGRAM T2FCC (INPUT,OUTPUT)
INTEGER 21,22 {
DIMENS ION C(3000) G(4) X(4)
DIMENSION H(4)
DIMENSION D(4,4) ' .
21'_‘12 N . *
22=6 , .
PI=3.141592654 :
PRINT 199
PRINT 210
J=1 ' ' :
210 FORMAT (25X,3HFCC) - P
PRINT 199 :
PRINT 200
200  FORMAT (3X,1HF,10X,3HT2D,8X,3HT2P,8X, 4HT2NR, 7X , 4HT2NX
1,7X,3HP11, 8X, 3szz)
199 FORMAT (1H )
i PRINT 199
101  CONTINUE
1000 CONTINUE = . .
READ *,F,GF,T2
j J=J+1
/ IF (F.GT. (1E08)) GO TO 1001 SN
! DO 15 NN=1,4,1 Cr
; N=NN+3 .
! LIM=2%*N R ‘
‘ LIMD=LIM-1 .
P TH=2.0*PI/LIM
, NU=0 .
DO 6 M=],LIMD, 2 . ‘
C (M) =COS (TH*M/2.0) “
C(M+1) =C (TH*M) -
6 CONTINUE .
X (NN) =1. 0/(LIﬁ;l 0) - ’
CALL CALFCC (LIM,C,F,GF,GG,HH) o
G (NN) =GG
H (NN) =HH T k .
15 CONTINUE '
DO 69 I=1
DO 69 K=1
D(I,K) =X (
69 CONTINUE , -
DO 70 K=1,4,1 ‘ it
D(K, 4) =G'(K)
70 CONTINUE
CALL DET4 (D, DETNUM)
DO 71 K=1,4,1
D(K,4) =1 _ . e
71 CONTINUE ) - ' »
. - CALL DET4 (D,DETDEN) "

N 4

1 ‘ ' .
1 ' . ~
. .

4,
3,
) ** (4-K) -

r
’
I
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201
100
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T2NR=DETNUM/DETDEN
DO 72 K=1,4,1

D (K, 4) =H (K) :
CONTINUE ' . . .~
CALL DET4 (D, DETNUM) ’

T2NX= DETNUM/DETDEN

P11=(T2NR*21-0.25)/( (21-1)*1.0) :
P22=(T2NX*22-0.25) /( (22-1)*1.0)
Q11=2.0*SQRT (ABS (P11))
Q22=2.0*SQRT (AB3_ (P22) )

T2D=0.25*% (1.0~ (1.0/GF))
T2PA=0.25%21+21% (21-1) *P11

T2PB= (0.25%22422* (22-1) *P22) *F*F
T2PC=2,0*21*22%SQRT (ABS (P11*P22)) *F
T2PD=Z1*Z1+2*%21%Z2*F+Z 2* Z2*F*F

T2P= (T2PA+T2PB+T2PC) /T2PD

PRINT 201,F,T2D,T2P,T2NR,T2NX,P11,P22 '
FORMAT (G9 , 2% 6(F9 6, §X))

A79

IF ((INT(J/5.0)) ,EQ. (J/S 0)) PRINT 199 . . N
CONTINUE . .

GO TO 1000

CONTINUE ' ' -
END :

SUBROUTINE CALFCC(LIM,C,F,GF,G,H)
DIMENSION C(3000)

REAL - NU

REAL J1Q,J2Q . _
SUG=0.0 ~ )

© SUH=0.0

U=0.0

"DE=6.0+3.0*F N, «

LIMD=LIM-1 . -

DO 1 IX=1,LIMD,2 ‘ ,
CX2=C (IX) :

CX=C (IX+1)

DO 1 I¥=1,IX,2

CY2=C (IY) : i ]

CY=C (I¥+1) ' e,

DO 1 I2=1,I¥,2 ‘

C22=C(12)
CZ=C (IZ+1)
IF((IX+IY+IZ)—(3*LIM/2)) 10,10,1

CONTINUE

0J=6.0 !

IF( (IX.EQ.IY) .AND. (IY.EQ.IZ)) GO TO 2

IF ( (IX.EQ.IY) .OR. (IX.EQ.1Z).O0R. (I¥Y.EQ. 1z)) GR\TO 3
GO TO 4

0J=1.,0 :

GO TO 4

0J=3.0

T Ay e S W e
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NU=NU+OJ

AA= (CX2*CY2+CX2*CZ2+CY2*C22) *2.0

BB= (CX+CY+CZ) *F ‘

RJJ= (AA+BB) /DE

CFQ=1.0/(GF*4.0* (1. O-RJJ))

J1Q=AA/6.0 ~
J2Q=BB/ (3.0*F) . ’
CFQOJ=CFQ*0J

TE1=J1Q*J1Q*CFQOJ

TE2=J2Q*J 20*CFQOJ

SUG=SUG+TE1

SUH=SUH+TE2

CONTINUE )

. G=SUG/NU ,
H=SUH/NU o B
RETURN ‘ .
END
SUBROUTINE DET4 (DD,R) ‘ - ,
REAL I,J,K,L,M,N .
DIMENSION DD(4 4)

A= DD(l 1).' ‘ ./
B=DD(1, 2) //
C=DD{(1,3)

D=DD (1,4) ’ ' /

»

E=DD(2,1)
F=DD (2, 2)
G=DD(2,3)
_H=DD(2,4) '

I=DD(3,1) f - -
J=DD(3,2) ,
K=DD(3,3) > : ’
L=DD(3,4) . ‘

M=DD(4,1) . o .

=DD (4,2) . ?>~§:;\
\§§DD¢4,3) ‘ ‘ S

P=DD (4,4) : ,

P1= (A*F-B*E) * (K*P-0*L) N
P2=(C*E-A*G) * (J*P-N*L) : S
P3= (A*H=-D*E) * (J *O-N*K)

P4= (B¥G-C*F)* (1*P-M*L)

P5= (C*H-D*G) * (I *N-M*J) ' . :
P6= (D*F-B*H) * (I *0-M*K) : . -

R=P1+P2+P3+P4+P5+P6

RETURN S A xS ‘
END S : cor
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PROGRAM BETAC (INPUT, OUTPUT) \T\\

INTEGER 21,Fz1,22,Fz2
I=1
PRINT *,1H -
PRINT *,7H ,3HA=1
PRINT *,1H
21=12
22=6
: 21=6, 22=12
C: 21=8, 22=6 . ‘ ‘
) FCC: 21=12,22=6
. : IF (21.EQ.6) PRINT *,7H , 2HSC
IF (21.EQ.8) PRINT *,7H ., 3HBCC
\ IF (z1.EQ.12) PRINT *,7H / ,3HFCC
" PRINT *,1H
‘ PRINT 640
640  FORMAT (13X, 1HF,13X, 4HBETA,7X, 6H1/BETA 11X,3HP11,11X, 3HP22
I 1,11X, 3H011, 11X, 3HQ22)
PRINT *,1
C
BETA=1.00
999 CONTINUE
READ *,F,T2D,T2P,T2NR,T2NX:,P11,P22
I=I+1
IF (F.GE. (3.1E04)) GO TO 1
PREB=0.00001
. FZ1=0
F22=0
RI=0.0
RJ=0.0
RESI=0.0
RESJ=0.0
* CALL FACT (Z1,FZ1)
CALL FACT (22,F22)
Q11=2.0*SQRT(P11) .
Q22=2,0*SQRT (P22) -
F2=F*F
C ‘NEWTON-RAPHSON FOR BETA STARTS HERE
150 CONTINUE
I=BETA
&*BETA/2 0
165 LL FUNB(BJ 1, zz Fz1,F22,F,Ql1,0Q22, RJ)
171 CALL FUNB 1,22,F2z1,F22,F,Q11,022,RI)
IF ( (ABS (B -BI))-PREB) 160,161,161
161  RK=(RJ-RI)/(BJ-BI)
BJ=BI
BI=BI-RI/RK
RJ=RI

[~
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C NEW RJ=OLD RI AND THEN CALCULATE THE NEW RI
. C BY "GO TO 171"
’ GO TO 171

160 BETA=BI

REI=I*1.00

IF (INT(REI/5.0)~-(REI/5.0)) 641 643,641
643  PRINT *,1H
641  RINV=1, OO/BETA
' PRINT 642,F,BETA,RINV,P11,P22,011,022
642  FORMAT (10X,G9.2,4X,6 (F9.6,5X)) -

GO TO 999
1  “QONTINUE .
PRINT *,1H \
PRINT *,1H
PRINT *,1H
STOP

END
SUBROUTINE FUNB (BK, 21,22, le 22,F,Q11)Q22,RR)" ,
INTEGER FLA,FLAZ1,FMU quzz, 721,F22 :
) INTEGER z1,zz / '
SIGMA=0.0 ‘ /
LZ1=21+1 7’
DO 500 LLA=1,LZl,l
_ *  LA=LLA-1
' CALL FACT (LA,FLA)
LAZ1=21-LA ‘
CALL FACT (LAZ1, FLAZl) ~
Lz2=22+1
DO 500 EMU=1,L22,1
MU=LMU-1
CLAMU=Z1*1,0-2,0*LA+F* (22-2*MU)
CALL FACT (MU,FMU)
MUZ 2=22~-MU
CALL FACT (MUZ2,FMUZ2)
CLAZ1=FZ1/ (FLAZ1*FLA)
CMUZ2=FZz2/ (FMUZ 2*FMU)
PAR1=(1.0-Q11)**LAZ1 '
PAR2=(1.0+Q11)**1A
PAR3=(1.0-Q22)**MUZ2 “
. PAR4= (1.0+022) * *MU -
QLAMU-CLAZl*CMUZ?*PARl*PARZ*PAR3*PAR4
X=0.25*BK*CLAMU
IF (ABS(X)-650)510,520,520
. RETURN
520 PRINT *,5HFUNB.
510  XA=EXP (X)
XB=EXP (-1.0*X)
THX= (XA-XB) / (XA +XB)
TERM=QLAMU*THX * (THX~ (CLAMU/ (Z1+ (F*22))))
SIGMA=SIGMA+TERM




1
M

[T " R R

500

C.TABLE OF FACTORIALS NEEDED

13

[~ BN, |

0w o

11
12

* CONTINUE

RR=SIGMA
RETURN
END

SUBROUTINE FACT (NN,FACTN)

INTEGER FACTN

IF (NN) 1,1,13
CONTINUE

Go.ro (1,2,3,4,5,6,7,8,9,10,11,12) NN~

FACTN=1
RETURN
FACTN=2

.RETURN

FACTN=6 &
RETURN
FACTN=24
RETURN
FACTN=120
RETURN
FACTN=720
RETURN
FACTN=5040
RETURN
FACTN=40320
RETURN .
FACTN=362880
RETURN '
FACTN=3628800
RETURN
FACTN=39916800
RETURN
FACTN=479001600
RETURN

END

A83



PROGRAM BETACP (INPUT, OUTPUT) L . V

c

C * CALCULATES BETA CRITICAL AFTER.PLl AND P22; .. -

C WITH A'=l RATHER THAN A=1l, . L S

C THE ALGORITHM IS "NEWTON-RAPHSON-SECANT" e :

C ' .

D ‘ S
INTEGER 21,Fz1,22,F22 ' .
I=1
'PRINT *,1H, R
PRINT *,7H" ,4HA'=1 SR
PRINT *,1H o . ~
21=12 N
22=6

C SC: 2l=6, 22=12

C BCC: 21=8, 22=6

C FCC: 21=12, 22=6
IF (2Z1.EQ.6) PRINT *,7H , 2HSC

, IF (2Z1.EQ.8) PRINT *,7H » 3HBCC

IF (Z1.ED.12) PRINT *,7H , 3HFCC ‘
PRINT *,1H : ¢

, PRINT 640

640  FORMAT (13X,1HF,13X,4HBETA,7X,6H1/BETA,11X, 3HP11 11X, 3HP22

- 1,11x,3HQ11,11X,3HQ22) , .
PRINT *,1H . ’
+  BETA=1.00 S

999  CONTINUE
READ *,F,T2D,T2P,T2NR,T2NX, P11,P22
I=1+1

- IF(F.GE. (3.1E04)) GO TO 1
C

"C REQUIRED PRECISION FOR THE NEWTON RAPHSON IS SET HERE:

PREB=0.00001 -
FZ1=0 , ,
F22=0 —
RI=0.0 \ / {
RJ=0.0 _ o)
RESI=0.0 ' ‘
RESJ=0.0" _
CALL FACT (21,F2Z1)
CALL FACT(Z2,F22)
Q11=2,0*SQRT (P11)
Q22= 2u0*SQRT(P22)

-

F2=F*F"
C NEWTON-RAPHSON FOR BETA STARTS HERE 0
150 CONTINUE
BI=BETA
BJ=BETA/2.0 ‘
165 CALL FUNB(BJ,z1,22,F21,F22,F,Q11, Q22,RJ)
171  CALL FUNB(BI,zl1,22,Fz1,Fz2,F,Q11,Q22,RI)

.
yo , - . . .
.

;?



©

161

C BY

160

643
641

642
1

IF((ABS(BJ BI))-PREB) 160 161 161 .
RK=(RJ-R1)/ (BJ-BI) . ) :
BJ=BI :

BI BI-RI/RK

-

Tooa

“ I . ,
c NEW RJ= gtn RI AND THEN CALCULATE THE 'NEW RI
"GO TO 171" '

GO TO 171
BETA=BI
REIZI*1.00 . h
IF(INT(REI/5.0)—(REI/5.0)) 641 643 641
PRINT *,1H ‘ YA
RINV=1. 00/BETA ’ :
PRINT 642,F,BETA|[RINV, Pll P22,Q11,022 ‘

FORMAT (10X,G9.2}4X, 6(F9 6 SX)) r

GO TO 999 .

CONTINUE

PRINT *,1H 4 ' e .

PRINT *,1H -

PRINT *,1H

STOP

END" .

SUBROUTINE FUNB (BK,%1,22,F21,F22,F 011, sz RR)
INTEGER FLA,FLAZ1,FMU, quzz FZl F22

INTEGER 21, 7.2 v

SIGMA=0.0 . _

LZ1=21+1 } i 5
DO 500 LLA=1,Lz1,1 - . e
LA=LLA-1 °
CALL FACT (LA,FLA)
LAZ1=21-LA " .. S
CALL FACT (LAZ1,FLAZ1) .
LZ2=22+1 ' ' ’

[

DO 500 LMU=1,LZ2,1 ' .

MU=LMU-1 - Qv
CLAMU=Z1*1.0-2.0*LA+F* (22-2%MU) - '

¢ALL FACT (MU,FMU)

MUZ2=22-MU . . ‘

CALL FACT (MUZ2,FMUZ2) . . L e
CLAZ1=FZ1/ (FLAZ1*FLA) : .
CMUZ 2=F22/ (FMUZ 2*FMU)

PAR1=(1.0-Q11) **LAZ1 R
PAR2=(1.0+Q11) **LA . :
PAR3=(1.0-Q22) **MUZ2 . - : j

PAR4= (1 40+Q22) * *MU S »
QLAMU-CLAZl*CMUZZ*PARl*PARZ*PAR3*PAR4
X=0.25*BK*CLAMU

XA=EXP (X) .

XB=EXP (-1.0*X) :

THX= (XA-XB) / (XA+XB) T \ s,

a

ot




e

)

o .+ SIGMA=SIGMA+TERM{ "
& 500 CONT INUVE )

RR=SIGMA fk}.

RETURN
END

\ ) .
.“ ’
W ‘lﬁ' Y
L4 - ?' ' ’ ey
7’ ‘ 1,
Vd \“ 1" ¢ '
N ™ ~A86 -
DN - '

\' 7
T TERMtQLAMU*CLAMU*“THX (CLAMU/(Zl+!'ZZ)))v . . -

\ i ' .
\ ‘ ‘ .

SUBROUTINE FACT(NN FACTN) " ' ' o3

INTEGER FACTN

C TABLE OF FACTORIALS NEEDED

IF (NN) 1,1,13
CONTINUE

[
W

FACTN=1
RETURN ‘
FACTN=2
RETURN
FACTN=6
RETURN >
FACTN=24
RETURN
FACTN=120
RETURN
. FACTN=720
RETURN
FACTN=5040
RETURN
FACTN=40320
RETURN ’
FACTN=362880
RETURN
FACTN=3628800
. RETURN
FACTN=39916800
RETURN .
FACTN=479001600
RETURN
STOP
END

O O ® N N T e W o

»
-
N O~ O

R e Ay - - mhe s - - - - s

GO TO (1,2,3,4,5,6,7, 8 9, 13,&1 ,12)° NN , v

47
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“C - .
C LINEAR -AND QUADRATIC REGRESSION

C
C.

15

¥ * -
! !

[+

PROGRAM REGRE(%NPUT OUTPUT)

RERL INTER

o
i

¢

DIMENS ION X(200) ,Y(200)
I=0 . .
CONTINUE -
I=I+]1

CONTINUE .
READ *,ENN,TCF

CONT
IF (ENN-18) 10,10,20

IF (ENN-900000) 15,5,5 o
INUE .

C GREATER THAN F=] VALUES ONLY
C 10,10,20

20

X(I)ﬂTCF

Y (I)=ENN |
qérTo 1
CONTINUE

NB=I~-1

PRINT * 3HNB= NB

S%1=0.0 r

5X2=0.0

5X3=0.0 o

5X4=0.0 :

8XY=0.0 )

SX2Y=0.0 .

SY=0.0

DO 2 J=1,NB,1 .

A=X (J) N

A2=A*A

A3'A2*A , 1

Ad=A3*A

SX1=SX1+A

SX2=SX2+A2 .

SX3=SX3+A3 ,

SX4=SX4+A4

B=Y (J)

SXY=SXY+A*B |

SX2Y=5X2Y+A2*B

, SY=SY+B

' CONTINUE
1-NB*(SX2*SX4-SX3*SX3)

D2=SX1* (SX2*SX3-5X1*5X4)

D3=SX3* (5X1*SX3-5X2*SX2)

D=D1+D2+DN3

CCl=NB* (SX2*SX2Y-SX3*SXY)

*

-

. - .
- 2
~
-
-
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e

I

L

c CC2=SX1* (SX1*SX2Y~SX2*SXY]
CC3=SY* (SX1*SX3-5X2*5X2)

AA2= (CC1-CC2+CC3) /D
CN=SY-AR2*SX2
CM=SXY~AA2*SX3

. AA1l= (NB*CM-CN*SX1) / (NB*SX2-SX1*5X1)

RAQ= (CN-AA1*SX1) /NB

1

<
-

99

PRINT 89

»

FORMAT (1H )

PRINT
PRINT
PRINT

99
* SH

,9HdUADRAT;a

PRINT
PRINT.
PRINT
PRINT
PRINT
PRINT
PRINT
CN=SY
CM=SXY

99

*, 3HAO=,AA0
* 3HAl=,AAl
* 3HA2=,AA2

N

99
*'SH
*,5H
99

,6HLINEAR
, BHINVERTED

[y

| AAlw (NB*CM-CN*SX1)/(NB*SX2-SX1*SX1)
AAO= (CN-AA1*SX1) /NB

'SLOPE=

INTER=AA(Q/AAL
PRINT *,6HSLOPE=,SLOPE /

1/AAl

/

PRINT *,10HINTERCEPT=, INTER

END

D T ————
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