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ABSTRAQT

‘On the Vanishing of the Iwasawa
Invariant X for Totally Real Fields

S

Nelson R. Petulante

According to a conjecture of Greenberg , the Iwasawa in~-
variant X\ vanishes for all totally real fields . Various
criteria are known which ;Erify this conjecture for special
cases provided cértain conditions are satigficd . One of
these criteria derives fr;m an unpubli;hed th;brem‘of Kisi-
levsky . In this thesis the strengths. and. limitations of
this cr%terion'are examined . Based upon computations for
severaI“;iJIjon paire (p,K) where p is a splitting prime in
a real quadratic field K, and upon similar computations for
several thousand pairs (p’',K’) where p’ is a splitting
prime in a real cubiec-cyclic fiel@ K’, it is found that
Kisilevsky’s criterion implies that X = 0 for all except a
rare number of the cases tested . On the other hand it is
shown that the criderion fails to determine the value of

X for infinitely many cases.

.
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List of Symbolye
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I . ' T

: rational jntegers

-

Z
QL : rational numbers
c .

field - of complpx numbers
'Zp ! ring of p-ad¥c integers
@, : p-adic metric completion of @
O : ring of algebraic integers of K
S5(K) : set of rational primes that split in K
"R[{x] : ring of polynomials in x ovéf the ring R
Mo Mihké\;skfunits of a number field (page
mp : p-Minkowski units 6: a number field (page 6 )

Gal(K/Q) : 'Galois group of K/Q

B : pr1me ideal 1lying over a rat1ona1 pr1me o) ’5_ \
F(p,X) : page 34 ' .,
(8> :-principal ideal generated by B )

g : empty set

AN, B, vV Iwésawa invariants (page.2 )

£(p,K) : 'page 6 t "
n(p,K) : bage 6 ‘ h
R(B) = R, ((B) : pege 4 S '
Rp([f) : Leopoldt’s p-adic regulator ; he

logp(ﬁ) : p-adic lodarithm

h(K) : class number of K

)AB,(x) : minimum polynomial Jof [

L, : Primitive m-th root of unity

-vp(c) D p- ad1c valuation of g e Q ' .

1 : identity element of a mult1p11cat1ve group \ @
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Lét p be a rational prime and let K be an algebraic num-

ber field. An infinite' tower of extensi‘ons K = Ko ch.
ch is called & Z\,~tower if Gal(Kn/K) = Z/p Z for &11~»

[l
'h v

n3» 1. ' : -

Denote by K.. the union U { K,: n 2> 0 }. Relative to the

system of restrictlon maps :

@ Gal(Ky/K) = 2/p"2 — Z/P"Z 2 GAl(K,/K) ,
( /__r_n_,l% |
P .where m»n, Gal(K./K) is isomo.rphic to the inverse 1limit of
. the family {Gal(K,/K): n » O}. It follows that Gal(K./K) =
\ Zp, , the additive group of p=-ad‘io integers. The extension
Ke./K is called a Zp-extension. ‘ |
* | Every number field K has at lea;st one Zé—extension,

.

nameiy the cyclotomic Zp—extension, vghicy can be construc-

ted as follows: | o

v Let q =4 ‘if Pp=2, ot.lherwise let q = p. Denote by B8,
the\ subfield ;3f Q(C‘ifn Y (uapiqug unless p = Zﬁd n=1)
which is cyclic of dedree p over Q. Then @ =,.fB°<;-. B,

; Bzc ... is a Zp—tower and B../Q is a Zp—extension, ;where!
B.=U {B,:n3 0} LeteKu.= KB.. . Then Ku/K is itself

a Zy-extension , called the ofcibtomic Zp-extension of K.
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Let K KeKecKec.,.. be a Z-towor; and let p"

denote the exact power of P d1vid1ng the class numbar of

LN

: Kn . According to a theorem lof Iwasawa [1 ] , there exist

integers » = x(p,K) 3 O , m = u(p,K) 3.0 and V.= V(p,K)
(known,%s the Iwasawa .invariants) such that o, = \n +/up +¥
for all n suffioiently large.
A conjecture of Iwasawa [2 ] holds that the invariant u
’ AY /
vanishes whenever K./K 1is the cyclotomic Z -extension.

This - has* been proved by Ferrero - Washington (3] in the

case where K/Q is abehan

On the other hand, it has been conjectured by Greenberg

[41. that A vanishes for all t;atally real number fields K.

o«
-

In thi thesis, heuristic evidence shall be given to
support Greenberg s bonjéoture, at least as it'pertains. to

quadratic and - cu'b1c~cychc fields. The compurtations‘- are

'based upon a criterion of Kisilevsky [ S ] ‘which enables the

conclusion that X\ = 0O whenevexj: th; «p-adic ~1fa1uation' of a

' certain regulator is.minimal.

-~
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Let K/Q- be a totally real abehan extension of dogree d,

oclass numbdr h = h(k) , and Galois group A= {gp..., o"}.

r .

By the Normal Bft';sis Theorem there. exists in GK an element ©

such that K = ‘Q‘(e)_mq {0y(6),..., oy(B)} is;e basis for K

.over Q. \ : T . o

> L] N o®

Denote by §5(K) the set of all ratlonal primes p that

split completely in K. If £(x) is the minimal polynpm.al of

£y

8, than, for all but fmrbely manyep € S5(K), Kummer’s lemma
implies that f(x) = (x— )...(x-rd) mogl p , where the roots
0 & rLG p-1 _are. distinct. .’ ,If (p) ‘-.-.-\Blj_!z . ..ﬁd‘ wher:; ‘

!l!1 PR ,ﬂid are the prime ideals of K lying over p , .theh ,

without 1loss of genérality , iff may be. assumed that
raif = {p,O-r;) , (is= J.\',’...,d)'.

By Hense'l's lemma there exist .in Z, eleménts 51 3 eees By

such that & = r modp (i=1,..,d) and #(x) =

’

(x—él")...(x—éd) where f’(x)—;lenotes the image -of f(x) in
z"‘ {x]. -
Let D = disc <c-,(e),...,o-‘ (8))-€ @ . Then , for all but

finitely many p e S(K), vp(D) = 0. Sinog the ideals 3i!.‘
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~are principal , there exists gsome « € 0!( suo_h‘that ’lh

o )
(o)) L

1’---,d)- °;

A} ‘. .'
v - ' ) ‘

4 L]

Smco {g (6),..‘.,"<r‘(6)} is' @ basis*for K over Q , there

‘exist o € Q , (i,J = 1,...,d) such that

™ . )

ndingly , -let &, € @, be defined by

S B

N R "
“i - E oij ej ‘ » n}J . . | . )

3

If g (D)‘ =0 then' &ée Z. . Since <r, (oc)..,: AR tph,

- exactly one of the oci , say oc‘ ; must satzsi'y “‘t = 0 mod P.a

There exlsts an’ uomorphism 95 Kﬂl Qp such t"mt ¢(o‘i(oc)) =

a
~

<, ., (1 7—:'1,:..-,,d) » and such that* vp(¢(f5)) = ordﬂl (<p> )
for all P €K.

¢

5

# o

{ From here on , if PBeEK , the. expression vp(/ﬁ) . will be

AN

understood to mean VL($(A)}. B

ha N

For any BEK. let .

(R = det(log ¢ Tia) -
R, g(#) = det(log o tp)



Q§§defmed _in terms of qthe value of the p—adw L-serles

s <
-~

'&er;tlg' of p . = ‘, o

-, . N 4

’
¥ , . 5 t, . '
-
-

whioh/f‘\ ether“with 1ts-'conjugates gdenerates ‘the full group
4

of units of O .,  then, Rp,K( R, (K) comqmdes with Leo- )

poldt's‘ p-—adic regulator. The Leopoldt p-a’dic regulator is

‘r[6].
/ ’
In gené{-al‘ if E 5 E(K) 'denotes tﬁe full group of unrbs

of 0’ and if F denotes the . subgroup of E generated by an

4.

arbltrary un1{t w€eE together“ with its conjugates and % 1;

, then R, y(w) = [E:FIR (K). A conjecture of Leopoldt [71
= holds that Rp(K) # 0 for all totally reai number fields K.

-
L]

This has been proven for K/Q abelian [31]. PR

As in section 1.1, let p-€ S(K), whege <Py =%, .8,

and let E” = E'(p,K) den‘ogg the group of all V€ GK" for

'which ord.ﬂ((v‘)) =‘6 fdr ;11 primes 'B¢-{Iil,...,53‘}

Thare;xmts m xE an element‘ (called a Minkowski unit)’

-

which together with its con.)ugates generates a subgroup M=

M(e) of fnute mdex in E . Denot.e by B = B(«) the sub-

g'r)o? ' ¢ Ed genera’ted‘;by « and ";i.ts conjugates (where, as
« ' . '

‘befors, () = %, ®"). Then M N B = {1} and E X B-is of finite
index\ in E' !‘} .'I‘hel,‘ index ¢ = [E': M X B] is bounded indepen-—

vhere a',teA‘, o 1 T3 1. If there exists mKau\}ut &

wl

P
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. For ariy nontrivial character X : A —— € where A =

-n

'Gal{K/Q) ‘and any p € K define

i

-

~

fx(p) = %K(Q)}ogpc(/&) ‘ -

Then , if f GE,' :

1
% ‘ - ‘ -1 . . ~ ’ - ’
Ry k(= Al Al #xm) -

. T, . 3 ‘ \

(for a proof see [8] ).

[}
» ~

‘Definition: Let ¢ € E be a Minkowski unit, and let M = M(¢)
< .

denote the subgroup of E generat.ed by £ and its cbn.jugates.

)

If p J[E:M(&)] then ¢ is'called a~ p\Mi\nk\o\:ki. unit. The,
: . -
~set of all p-Minkowski = units of K will be denoted by

m =M (lpossib}y the empty set) , while m- "K w:.ll

p~ "p,K
denote the set of all Minkowski units (never empty).

. )
- ) i ) . ,
) : *

In addition , define: .

AN

] n(p,K) = min { ?’p(Rp,K(e)_) ree m }

v 5

$(p,K) = nin min %“_.1 mm{,vp('fx(e))—.‘vp‘(iv’x(ocw )),}

(‘g@
~

o

il «

. The c:omputationfé"""“'n~ this thesis are based upon the
s ]
followmg tbeorem of K1s11evsky [S]. Let e, h, d, )\(p,K)

°

be ‘as abov@- | _ ,



»

Mm_, Let p e 8(K). Suppose that p{chd., If Z¢p,K) =

'd-1 then A(p,K) = 0. R ‘
[.
< a
‘ 1.3 N
- The main. task of th_is‘t‘hes'is is to compute n (p.K) and
&({p,K) for cé,rtain pairs (p,K). where p € S(K). . The compu—
R tet{ogs. | are simplified by taking 'note of some elementary .
properties of the regulator R = R, i and the related quan- 5
 tities f£(X,-), n and_£ . ' -
N . - - . - ’ . )
‘ i L]
xmgm_g_ Suppose m # ¢ If w €E and ¢ e-lp then,
©for. every X #: L . , ' , -
L fv(fx«o)) > v (f, €2y
Proof: -Let n = [E : M(¢£)]. There exist -integers ‘n“s , 8 gA;
‘8§ #1, such that o e SR
) . '
' : 5
‘ a , ﬂ&(a) ‘
) . , oo . 8€A o . .
_ R-LE o s
Thus . Vplfy(w)) = vpfpfx(w\)) - : - o
‘ _ .
) N = vp(f5lw)) . ’
. M 7 B
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w Ld

o . \ :
e —_ : 78 -
e = v (£, ( ‘le 8¢yt yy . '

= vp(—,zg.' nsfx‘( 3¢e))

_ . ¢ ‘ -1 " .
= V(3 ngX( 3TN 2y(e))

< -1 .
' = vp((§ ng X( ® ))fx(e? | 0 |

>~

z v (£.(E)) > '
. ' : P X
\/‘\A__"\/ . | ‘ ) X
. -~ S ) ‘ -
.lla‘l1:quup-/=#¢‘,and. E, & enpthen

S - i .
- , Vol (e)) = v (£, (7)) .

e

. Corollary (ii): 1If npf ) afxd z €M, then‘ _

- . o

$(p,K) = min Zlmin{vp(fx(f)).vp(f,‘((ocw))}

welk X
’ <+ ' ‘ ! /
Corollary (iii): If M, + @ and ¢ € ", then
i(p,K) = ,;z_;" mi_n{,"p(fx(e)),,vl‘,(f,{(oc))} |

Proof of (iii): Since Vp(fi.(‘”)) 2 vp(tx(e)r for all X ¥ 1,

f‘
7 -
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, 1

: the}\ 9in'{vp( f,:( L)), Vl‘_.,( fX( w) )}

»
]

min{vp( fx(e') ) vp(_fx(eg)+fx(w) )}

=. min{vp(fx(e‘).);vx?(fx(a))}

R

orol iv): Ifm % @ and £ e W, then

- (p,K) = vp(Rp;K(e)Y .

-
L]

' e ‘ - S e
Proof .olf (iv):. vp(Rp’K(e)) = TT?; vp(fx(.e))\ is minimal fog

. every & € W

R

p'

Proposition 1b: Let M # ¢ , then S S

<

p (2. K) 2 £(p,k) ? d-1

7

»

‘Proof‘:' Let € M. Then

v —

| O(f.K) = Vp(.R'(G))= %}VP\(fx(’t))

HEIK) = min{vy(£,(6)), vy (L ()]}
Bince min{v_(f,(£)),v (£, («))} < v (£,(2)) for each Xx*+1,

it follows that p»&. C . .



-
-

. To show thatf') Z > d-1 it suffices to show that-each of the |

terms
min{vy (£, (£)), V(£ () )'} 21

For any ﬁ‘e,e ,q@\(p(log‘ﬁ)‘i 1. ;I'hus v!?(f?}(p')) '= . -

VeE X(0)log o () > 1.

- Proposition lo: If PeE -then Vp(R(A)) = VL (R(ep)) for

‘every cel . ' .
‘ -1 . ‘
Proof: v, (R(A)) = v (|| 11 £ (80 -

| ' = :
%1 Vp( fx(ﬁ))

e
=]

‘8o it ‘suffices to show that’ \}p(f
. ~ : . : . ,

every X ¥ 1’?‘“)<

x(TB)) = VL(£,(P)) for

v (fy(op)) = vp(gAig(t)log Tof )

v

e PR
= V(= x(to ) logTp)

I

-‘ .
v (x( o) F X(z)log Th)

.' _~“. \““ ] ’\S__ - -
TS et

10

»
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- = v ine)
W: Let lp-+" @, €€ lp . There exist integers
r, & such that either r=0 and s=1 or r=1 ‘and 0¢3&a-2
such that &(p,K) = v (R(«fe®)).

7

Proof: For any r, s 2 0 °

i

r_s "___ p ! /
vp(R(oc‘e )) = ;z;'!vp(’rfx(ac) + sf, (£)) :

¢(p,K) = %:1 min{v (f, (<)) .vpffx(e);}

’

So it suffices to find r, s of the requ-ired ‘type such-th
for every x+1, . A

v?(rfﬂ@,uuw mm{v (f (ec)) Vo (1' (c))}/ &

), /

-/,
. ‘Let’s agria're to say thaﬁ a pair (r,s) is ”p/ka& for x” if
. r, 8, X satisfy the above equation.' /f/
. < 4 . .
If vp(fx(e)) < vp(fx(“'” for all/ix#: ’1 thep (0,1) is
okay for all Xx ¥ 1.
Othervise th'erd is some character X' # 1 such that"

vp(f (2))= v (fx:(«.)) . ,l;ix r=1. If v (fx(e))



L

’

(1,s) is okay for xl, ...,5(“ . . A moment’s reflect‘ion shows

/
/

v,(£,(«)) for all X # 1 then (1,0) is okay for all X # 1.

Otherwise there must exist some 'x" such that vp‘(fxu(e)') <

Vp(fxn(x)) . Hence there are at most d-3 characters x' such

‘th&t 'va(f)’((e)) = vp(fx(oc)). .

R

Let ).(/l, .. .‘,xn (n € d-3) be thé -characters satisfying

. oy, 4
. vp(fxi(e)) = "p(fx‘("‘)) )

. 3
/

Q . '
)Suppdse a value s , 0 €8 £d-2 , - Acould be. found such that

that if s # O'mod p theén (1,s) is okay for all remain-

ing characters as well! , ¥

Hence the proposition will be completely pzjoved if it

-could be shown that theére exists s # 0 mod p such that

X1,s) is okay for X,,...,X,. Sincep >d (by hypothesis),
it suffices. to find s in the range 1 < s €d-2 such that

(1,8) is okay for X ...,X,.

Let . ]

oy

I N
wt

wvhere a, , b, (i =1,...,n) are units in "lp - ¥ suf-

i .
fices to.find s ; 1 <s %d-2 , such that

t

-

12



o, +sb,FOmod p (i=1,...n)

Each of these incongruences (of which there are at most
d-3) is satisfied b); all except possibly one value of s in‘
' the range 1 < s <'d-2 . Hence there is at least one value
of 8 in the r‘ange. 1€ 8 £d-2 which satisfies alll the

incongruences simultaneously.

Corollary (i): Let K ‘be a real quadratic.field_and let ¢
be the fundamental unit of K , then '

-
1

52, K) = min{vp(R(£)),Vp (R) @

-

Corollary (ii): Let K be a real cubic-cyclic field and let

LY

.¢& be a findamental unit for K , then

5{p.K) = “min{'vp(l?(’t-) ), vp(R(or.) ),Vp( R(ocf) )}

- AN

This chapter will conclude with a brief ,description of

the steps used to compute 1(p,K) and &(p,K).

" Suppose p € S(K) and M, # . Since v 2£> d-1 it ig

logical to, first compute 1 = vP(R(a)). To do this it is

I'4

13



}, .
necessary to find a p-Minkowski unit ¢ of K. Except for the
simplest fields thisk; not easy to do. ‘Given &, if it

turns out that 1 = d-1"Xas occurs in the great majority of

{

cases tested) then £ Q.-d—l and A= 0.

On the other hand if ‘9 >d-1 then ;l: . is  necessary to

compute §,by some ’other means. To do this , a,\generator o
must be found for the principal ideal ﬂ?h where B is a prime
.ideal lying over p. In practice if « € GK is'ohosﬂdﬂ%

that

h
NK/Q(&) = p

1

and vp(&‘) = h for some &i' (as defined in section 1.1) then
« generates !Bh for some prime B lying over p. In general
it is no easier to compute « than it is to coni:ute £. Given

« , £ is effectively determined by the formula‘

Ay . Al

E = min{vp(R('or.re' )}

/
wvhere either r=0and s =1 or r =1 and O <8 £d-2.

' .
o +
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,note a prima that splits in K.

A TChapter 2 .

©

Throughout this chapter K will denote a real quadratic
field Q(f_) where D > O is square-free , and p > 2 will, de~

,/

¥

#

"To compute 7 and & for the pair (p,K) , it is nec:fsa
. // . ‘
to £ind a fundamental unit £ of 6’. This can be accomplish-

ed qu1te afficiently us1ng the well-known cont1nued frac-

-

t1on ulgor1thm L

A

Let ¢ ;“§+flﬁ be the fuadémentﬁl unit of K where ‘a—, f

are integers (if D =.2, 3 mod 4) or half-intéders (if'D 1
. . ‘ o . .
mod '4) . Then '

v -
S
¥ - - -

n= VP(R(z)) f Vp(loEPE) &

To compute vb(logpa) it is useful to observe that

vp(légpe) = vb((prl)logpe)

~ N -

p-1
VP(}QSP(17(1f€ ))

p-1
= vp(l & ).

" 15
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Y,

Thus the problem is reduced to that of finding an ap-

proximation to the image of & = e+fJD in Z,- Bvidently it

<

? . . .
suffices to find the ;mage'of VD in Zp. By the Hensel fot—.

ing theorem one has only to find a solution of x2 = D mod p

then refine to Zp ,
'
e S

5,4‘ ::l:‘}f‘

N
vised for solving x? = D mod .p.which is , in my opinion , a
gather good one ; especially since it can be modified to

solve x" = D mod p for n > 2 , provided a sglution is.known

to exist.” . ‘-

2.2

N

<

Y

Suppose D is a quadratic residue mod p . To find a solu-

tion of x2 = D mod p , proceed as follows:

-

. First choose a quadratic non-residue & mod p . It is

thought thaf this cén always Lbé done in ‘O(iogzp) steps

although the proaf depends upoﬁ the Generalizéd Riemann

‘Hypothesis [10] . The rest of the algorithm is easily seen

-to be of order O(log p).

P
9

N .
.
. : A
- s A ‘/ﬁ

Let p-1 = 2°;m where m = 2n+l. is odd, Let 1 €t €8 be

the largest integer such tﬁgt
'6 A

R .
F) by
» -

B . .
- iy . - -

I

Based upon the ideas in [ 9] , an algorithm can be de-"



-t .
” - . |
D"’ Wz "o 1 mod p "
v, . -
- s If t = s, then
‘ N v
a 2a : )
D" s x* = 1 mod p - N
L .
’ x"= %1 mod p )
o " . ‘\ i ' ,'“ f
x2n+l = '-!,,Lmod P ‘
- ) \ Dﬂ"l’ E tx mOd P . .
¢ - . .
- ’ , - ) ' B |
' Therefore both roots of D = x? mod p ' are obtainable by
‘.1 n a powsr algorithm of order Otlog P). |
."On the other hand , suppose t <s , Letc, =1, § = 2.
o ) ‘ i ~. ‘ . ’ : ’
o 'They R . Lo
' :,‘ - A ) I.‘? e .
o p-nz bt 8 tp-1/2 _c_tp-12"
U pP s -1=gt P fgh® mod p
Lo - | T /
R R . R ' ¢ ( _1.)2-1 J
,( s o mga " mod p
2
where o, = cC,+ %5, . .
_ . - S
0‘. L
- '
‘b‘” !
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. st
' N 1
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o F »
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A

In general , if k » 1 and if g j
SR ek
D(p 1)2 = gc’k(p l“)2 mod‘p
: v / R " [ERY
Then !
. 0 P
e o
| r1omte (ke : iy o ke1)
pter112" o g Ckim)2 mod B o,
" N ! ..
: ' (T30 :
. e Ser /2 fip=12 ' mod
‘ - . . .
« 3 2 if the + sign holds
where RV ) -
' 1 if the -~ sign holds
P AN ’ ‘
Therefore '
43
L -t-(k) y ok
p'P-t!Z g CxetPmli2 mod p (2.21)
/ whet;e.c =c +' Iz]ks '
k#1= Ck - k+1 )
v o - (5-t) S
, Since s 2t 21, (p-1)2 ' is even , so let
° " | -(g-t) =1
-1)2
= 8‘8‘ L ! ’
v /
' &
.. 18
L



, then . : : . -
s - (5-t) :
(p-112 - g(p 12 ‘mod p

5

(obtained from (2.21) by.letting k = s-t-1). Thus:

’

other hand, if n > 1 then}z must be computed independently.

~
&

-

i
' D* = :,'2 mod p .
' where m = (p—l)z—’\z 2n+1 . If x is a solution of D = x>
~ mod p then’
"
. 5 X = 2ymod p
. \ . : . .
xznx = ¥y mod p
O [}
, .
% . D™ = tymodp.’
The last congruence. determines both solutions of D = x?
. . .
mod p .. . .
A
' L z.3
"If n(p,K)-= 1 then #(p,K) =1, and so A =0 . On the

' 18



, mod 4) oi" the equgtion

1
.

To do this , & generator‘ « € dK must be found for ﬂio prin- 1

Y

cipal 'i‘dea,l B" where W is a prime lying over p and h 'is the

class number of K'. It suffices to find « € GK such that

4

» g =xp" ‘e

. anqa B {(a)’. The prot;lem‘ reduces to findin'g solutions x, y

in’ integers (if D'= 2, 3 mod 4 ) or half integers (if. D & 1.
’ x2-Dy?=2p" " ¢m | (2.31)
such that p* Xy . .

If a solution of (2.31) is known to exist , an algorithm:

based upon the Yeyelic method” , (sée [11] for details) al-

B

‘ways yields a sqlution.

7 * i

For example, suppose a solution is known to exist of the

°
»

equation v

< L]

x2 -Dy*=m . o (2.32)

P

For simplici:ty,‘ assumeathe‘nt D a!‘ 1 mod 4. Since (2.32)‘*(8 a )

sglution in integers ¥ , ¥y, D must be a quadrat/i‘é .residue

- mod m . Let r be a solution of . N

Darzmodm ‘ ' ¥

L



1(Iii" u, v is a solution of o '
’
. mu?+ 2riv + m(rZo)pvi =1 - (2.33)

-

"then x = mu+rv, y = v is a solution .of (2.32) and (x,y) -_--'1,,

Thus , to solve (2.3"2')‘, it suffices to _have available a—. .

method for solving ' T .

d .
au2+buv+cv2=1‘.“ ‘

"A concrete example may best suffice to_.illustrate how

the cyclic method works:

L
&

Suppose a solution in integers;)ko ,h"x; is sought of the

equation

o

> 3

—7xf + 4x, x, +49x12 =1 ' (D

2

. * > et . . .
. N, va -
Not;e ‘l;hat‘ \&> X, is a necessary . condition for a solu- .

~tion to "exist . On the other hand , if. .xo 3 2x} then

_7x°2+4x°x1 +9x3 €£0. So let x, = x,+x, where x, > x\CO.

Substituting this value for x in (1) produces:

2 ' 2. . ,
6x, — 10x x, - 7x, =1 ~‘ . (2)
: | 22 2 ;
If.x+ < x,” then .6351-10xx:‘c2-7x2 <0 , while if x, > 3x,

\ C - 21



‘2 2 ,
. then Sx‘—19x1xz-7xz > ;.. So let x, = 2x2+x3.where x, >
C X, P o . Substitut@hg in (2) produces:
T 5
3x2 + 14%. % + 6x>= 1 3
| “dx; 4 1, 4 6 = e
§ ' . / X o/l
One final substitgtion with x,:= 5x,+x, begets: '
.2 2 - C '
* Xy = 16x3xq T 3x, = 1 - (@)‘
N . Ce ' ’ ) ’1

The last équqyion has the obvious solution. xg =1,
x,= 0 . A solution of (1) can now be recovered from the
sequence of e@uations X, = 5§3+xq, X, = 2xz+x3, Xy = xl+xz.

~
N . v .
’ - 3
L - ‘ *
' .

Using the aldgorithms %esoribed above together with some

A

other stahdard‘ number-theoretic’ routiﬁeé (see Appendix B

for program listings) we were able:tp compute TN (p,K) and

&(p;K) for all fiqfds K = QD) and all spliépihg primes -

P in tﬁg‘;anges:n : . , B *
(1) - '3<pD <4111 - ; 3<p <5647 -
(2) " 4< D <497 Y 3€p £104729

ﬂ "

R { ] " K

1



-
-
L4

Tables summarizing the ‘redults';of these computétiong are

given in the first part of Appendix A,

' ’ No-discrepﬁncies have been found betv!eeﬁ these tables.

<

and the tables.of. Fukuda and Komatsu [12] , which coyér the

range: . ]
- 3 €D <£2000. 7 T p=23, 5, 7
v B N . - '
s ., , ’ : . . ' Y
- .In Chapter 4 I shall-take up a discussion of aw unex-
pected- heuristic found in connection with the quadratic
' ‘case. . T .
L ‘ ’
r " > £ ¥ R
o
- - Ko ‘
. - 1“‘ QA
v e ~ s
’ s /
4 !
~ , ' L] 0 ,
s
i i :
. - - * " * )
K * 1l
- n..» & : :n » ‘“
‘+ - ‘ —. S . : f
4 N N f
’ . h ’ & -
L ‘ L 23
oyt \ o
[ v .., ’, @ °
‘. l‘\r ‘ * ' , ~
5 :



Let =1 mod 3 be a rational prime ‘and let K=K‘l denote
. the unique cubic-cyclic field of ,coriductor Q. This means~_
that_q is the smallest positive integer such that‘: Ke Q(C&)

wvhere 63‘ is a primitive q-th root of unity. The discrimin-
n‘ \\ 2
ant of K‘i is exactly q .
| gt T '
c’

-~

L] . L]

There exists 6 € ©, , 'and rational intggefs a1l mod 3 ,

«

b> 0, such that:

-2 .
(i) a + 27b° = 4q

(ii) The minimal -polynomial of 0 satisfies

. 274 (x) = 27x > + 27x> + 9(1-q)x - q(a+3) + 1

(iii) {1,0,0(0)} is a Z-basis for .G where ¢ is a gener-

o

ator of Gal(K/Q). s

t’o
(iv) The discriminant of /ue(x) is ¢ b .~ ‘ ﬁ
' 5 .
For .a proof’ of these statements and related facts
see [13].

e o
. It is known that there exists a unit £ €0, (called a

fundamental unit) with the property that € together with

ot T /_w 24



. \ C its c.onj‘ucates denerates y'tﬁ:he 'full‘hgroup of units of GK.

7 For 'all-exoox'a'b a small number of values of m , Marie Nicole
Gras [14] has computed the numbers a, b ; the coefficients,
of the minimal polynomial MelX) of . the fundamental unit of
K, : and the oclass number h=h(K)) fof all cubic-cyclic
fieids of oconductor ;n<4000. The only values of m
for which Me(x) was not computed were those producing

N coefficients of m(x) of a size too large to be handled
by the FORTRAN language. The smallest such value.of m is
m=818. '

/

a.2° °
/.’\ fay TSV

- ) i \\

As before , let K'=K¢i denote the unique cubic-cyclic

field of prime conductor q. Assume that a, b, (%), dnd -

h= h(K) are given.” A rational prime p splits eomp.letely in

K1 if and ohly if p#q and p is a cubic residue mod q.

o

. Assume that an isomorphism K13 —-—3 Qp has been establish-

ed , where B is a prime of K liing over p.
Ifp GGK is s\uch that NKIQ(Q) = ip" for some n20 , then

" o . 2
Rp,_l((p) = logpo 1ogpc'(0)10dpcr‘(l3°)



where o‘GGaﬁ(K/Q), c+1. To compute vp(R(o')). it is usefu]
to note that

.

‘N 2 _ - _ _kz }
Vp(R(B)) = vp(log (1-¥)) - log (1-o(¥))log,(1- (1))

. P 1 . 5
. where §'=1-p € pZ . Sihoe each of the terms log(1-71),

log(1-e(¥)) , log(l-¢2*(F)) can be expanded in 'a power

series' , the highest power of p dividing R(B) equals the

highest power of p dividing a rational expression in ¥,

s (¥), oX(n). Thus vp(R({i)) is effectively -computable '

provided a sufficiently’ accurate approxi\m\A‘tiop is obtain-

able  to the imagek of p and its conjugates -in Zp.

If /Ap(x) is the minimum polynomial of g and if p does.
not divide disc(;) then i (x) =0 mod p has three distinct
roots 0 €r,, r,, r, <p. l'3y Hensel’s lemma these roots can
' be refined to solutions of /uB(x)‘=0 in.Zp. Thus to compute
the image of B and its conjugates in Zp it is desirable to

ha\}e ayailable a method for solving /.cb(x)‘ =0 mod p.

’

3.3

In this section I will describe a method for obtaining
' the roots of a cubic congruence f(x) =0 mod p provided it
js known that the polynomial f(x)€ Z[x] splits into dis-

atinct linear factors mod p.

26
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Te i“llustrdte the method , suppose f(x) =x‘—‘a°x2—b°x-c, ‘
and suppose it is known that f£(x)=0 mod p. has three dis- .
'ti'not roots , a situstion that arises whenever p ‘*dis\c('f)
and p splsifs completely in the splitting field of f£(x). To °
.. avoid trivialiti s assume that p27, and ¢, # 0O mod p. If x
is iin.wor;e‘ of tfae roots of f(x)=0 mod p , then

W @,
a

H
1

z , ) . ) .
a,x + byx + (X mod p . (1)

_ll_dulbiply through by, x: -
x" = a*oxa + bﬁxz +%°'$€ mod p A . (2)
. -~

Sub‘stitute in (2) the ‘expression for xa‘g_{ven by (1):

q» . ' )
© x = (a,+yx  + (a b +c,)x + a_c, mod p - (3)

i
-,
-

-

Mul 'ply through by x again , and sufastitu_te in the~néw

: <, 3 .
congruence the expression for x given in (1), and so on...

-In general if

&

a+n 2 )
> 4 sa,x +bx+c, mdp
then :
3en+t _ 2 . ‘
‘ = apa¥ +th,,x+tc,, modp |

a7



s 1

/,‘where . . _
an*‘ ' a6 ’ 1 o n h
bpyy = b, Y 1 L
*'-\ ‘ ) cn'kt' 2 , -co ) 0 0 c'\ -
. ° 1
-Even better:
. * > *
’ e an+y
Qs a, 1 0. f,
, Bryy b, . 0 1. be

Chet

u.. . Q ' .' ' -/’;& LT

. If n=(p-T)/2 ‘then by Fermat’s Little Theorem:

0 0 Co ' b

/\ . . - Pl
L e -
aen - (pe1)/2 , T
% = 'x = %1 mod p <.
a ~ ) . . « - -~
’ And- so N
‘ ax’ + bx +c, = *1 .mod p (3.31)
. * . .
\‘ .
\ SV ' : < ,
m ~ The original cubic congruence has thus been reduced to
\ | _ tv}o quadratic congruences. Unless a,=b, 20 mod p and

ep = *1 mod p., all the roots of f(x)=0 mod p must be
among the roots of (3.31). These roots ‘can be obtained
L ' ‘ »

using the method deséribed in section 2.2 .

N v
’ ! .
|
@ ! B



What if it should turn out that a,zb,=20 mod p and
//on = 1 mod p, then what ? Evidently this cannot happen un-’
less all the three roots of f(x)= O mod p are either quad-

ratic residues or quadratic nonresiduesamod P. ——~——

To ?ifcumvent this problem define a new polynomial
'£,(x) = £(x+1). - Apply the above algorithm using £, (x) in-
stead of f(x)f Should the same problem arise , let £,(x)'= k
£, (x+1) and so on. By the same reasoning as in section 2.2,
it should ge possible in approximatély | 0(log’p) steps to
find a polynomial f,(x) having both a quadratic residue and
-a quadratic nonraid\:le among its roots. )

P~

The above method has been successfully implemen#ed in

(p,K) where K is a cdbic-oyclic field and p is a splitting

prime. For details see the program listings in Appendix B.

Although the details are harder to visualize, it: appears
possible to - generalize the above method to solve - congru-
or\xces of the form F(X)=0 mod p where f£(x) ié a polyhomiél

. /’ !

:

of degree n=3 .

the program GREEN3 which computes 7 and £ for certain®pairs.

A3

*



'If §,£ 0, and p splits in - K=Q() , the above method for

finding the image of § and its conjugates in 2, works vell

provided that p does not'divide ‘the diseriminant of-/ug(x).’

If p |disc(/4g) then aﬁ‘alterhﬁte approach is called for.

~

A feasible strategy is to find an " elément p' = c,+c/p+

o, € (:[(3) sudft that v (disc(my’))#0 . Then gy (x) =0

mod p as tbree.distinct roots which can be found using*the

\ .
algorithm of section 3.3 . By Hensel’s lemma these roots

can be refined to the images of p’ and its conjugates ‘in
Zp . The image of B and its conjugateé in Zp'can then be
recovered from the relation p’ = c°+c'p+cz;}z

y' ) ——

Based upon ideas from his Phd Thgsis [1S]>, Dav1d Ford

has developed an algorithm which functions precisely as

desﬁiiked in the preceding paragraph. This algorzthm has
'. 2 5 <

ncorporated in GREEN3. For further detg1ls refdr to
GLOBAL PROCEDURE NEWPHI in Appendix B.

LY

‘ ,\

3.5 S

So far nothing .has been said about the‘pfoblnm of find-
, . . h
ing a generator « for the principal ideal B where B is-a

-

30
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N

- p/ime Of K lvinc above p. If the cléss mignbei“ X
/ - |

/" tices. to find '« € O such that | C o
o . . . o . ,ﬂ " = t s a T
. - i NK/Q(“) p N o
. . ) A . .
N ‘ Using the Z—bas:.s {1,0,0(8)} defined in section 3. 1 , if
hY \ " =x+y9+zcr(9) ,, and if 1u9(x)= x -tx? +sx-n , then/ .
o ' ’ : 7 \

K/o“"’ = x" + n(y*+2®) + tx(yra) ¢ sx(yea 2y

r -

e ’ dzy +eyz + fxye _ (3.51)

. .
’
° .
. . 1 - -
»n . .
. R ‘. ‘o
.

where —‘_l:he coefficiants d, e, f<&Te determined by _

:.r‘ . A
~ 7.2d = st - 3n + 5.
»~ . - . ,
. -~ . ‘ N
. ' 2 =st - 3n - & e
. ' L. vy . " ;
f =t -s S .
- . ) - ' S
8 = disc(,u.e) ° ,
and where § correspohds to the choice oneGal(K/é) by the
‘squation: . ‘
-
e .
/ & = (6-0(6))(c(0)-c?(0))(6-0%(0)) . L
/\? N . .° ‘
- . » S
‘ At present, no simple computationa? strategy seems to be
known fdr sollving equations of type (3.51) . Since it is
LN " known that a solutmn existﬁ’b one might try lookmd for a
N N
solution near the origm on the lattice Z
- )

31

)
: c



y

€

The -integer procedure NF3SOL (s8s Appendix B for de:
tails) starts at the oPigin , moves cut along the yz-plane

using an exhaustive search routire , and along'tha x~axis

‘using a binary search routine , until a solution cf t%lSl)

is eventually encountered. Unfortugtely thi; type of search
éan be a costly one . For this reason it was necessary in
our applicaﬁion’of this pfﬁbedure'to*imp}emen% cpn%rols to
abort the search if more than a reasonable length of time

had‘elapsedik g

7

Under these éontrols , solutionsg of (3.51) werelfound , .

where ‘required , for all except foutr of the pairs (p,K)

n -

tested. For these foér pairs the Valués of §(p,K) and hence
of ‘A\(p,K) remain undetgrmined; ‘ d

»

3.6 S

>

—

" Based upon the data given in [i14] , the proééam GREEN3;
(see Appendix B) was put to werk, computing n(p,K) and’

. £(p,K) for all pairs (p,K) where.l@?Kg is a real cubic-

cyclic field of class number h =1 and.of prime conductor q

"in the range . = | " ?

d

..., T £ aq €907

' and-where p is a splitting prime in the range

- 5 < p <10,000 .

1]

. . o g
)

e

- — -



L

There.are 75 realvcubic—cyqlib fieids with cléss‘number
1 and conductor q in the rangé 7<q£907 , and thére are
1227 primes in the rangde 5$\p <10,000 . Only 33 pairs- (p,K)
were found ;vith n(p,K) ?"3, For fouqr of the\s'e‘ pairs , NF3SOL '
failed to find a solution of (3.51) aﬁdkso s(p,K) reﬁains

undetermined . ‘For all except these four ﬁairs it was found

that £(p,K)=2 and so A(p,K) =0 .

_The results of the cubic . computations ‘are summarized in

Table VI (Appendix B)- .

. -
]

yo
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. ‘ Chapter 4 e

4. 1

L

-

For all except a E§i9 number of the )pairs (p,K) tested

by GREEN2 and GREEN3 it has been fougs that £(p,K) = d-1..
By Kisile&sky's,Tbeoreml(section 1.?5 , \p,K) = 0 for all
except these rare cases. One might ask : Jjust how rare are
the cases for whtch \Kisilevéky’s Theorem f;ils(to imply
that » = 0 ? Are there only finitely many such cases ?

'Fix a rational prime p. Let %(p,x) denote the family of
real quadratic figlds Q(yD) such that b .is ;quare-freq )
D<x, and p splits in Q(/D). Wh&t is the probabiiity of

.

finding K € %¥(p,x) such that n(p,K)>1 ?
The remainder -of this thesis is devoted to these and

X ) *
related questions. Throughout this chapter K will denote a

real quadratic field and p will denote an odd prime that
p .

”
3 n j

4. 2

splits in K.

s

For a given pair. (p,K) where p is an odd splitting prife
* in a quadratic field K , Kisilevsky’s Theorem fails to de-
termine the value of X(p,K) if either (i) the class number

h(K) ig divisible by p or (ii) ;wrh(K) and £(p,K) 2 2.
\ o

34
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T
To answer the first question above, we shall construct,

"for a fixed prime p, an infinite class of fields K such
thaéjkisiléysky’s Theorem f;ils to determine' the value of

Ap,K). Two lemmas are needed:

-
t

"

Lgmgé;l; Let p be an odd prime. Let u(n) = 4p2qﬁl tn' =
‘ ‘ : 4 o .
0, 1, 2, ... ). There exist infinfﬁgly many distihpt fields i

of the form Q(/u(R)). . . ‘ -

\ o

N

"~ \.\L/ :
Proof : The lemma follows easilyl from a result of C. .
R \ )
Stewart [16] which (in diluted form) says: 1let r, s, u0),
u(}) be integers and u(n) = ru(n-t)*su?%-?), (n >'2). Let

A , B ba the roots of x?

-rx—s = 0. Provided A #B , set
a = ((u(l)-uC0)A)/(A-B) and b = (u(0)B-u(1)){(A-B). Suppose
abAB # 0 nnb‘A/é is not a root of unity. Let qXu(n)) denote

the greatest square~free factor of uln). Then

qCun)) = Cin/(lognr?)t?

where C, d are positive constants independent of n.

! | ’ ’ ; /

Now let p be the given odd’%rime. Set uw{(0) = 5, u(l)

4p*+1 , r = p°+1 , s = -p®. Then u(n) = ru(n-1)+su(n-2)

4p2"+1. The conditions of Stewart’s Theorem are easily seenf

| 2
@o‘be satisfied and thus it follows that there exist infin-

itely many distinct fields in the sequence of fields

K, = Q(vuln)),

? 5’(5
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T

*f

then §(p,K) 2 2.

Acknovledgement : The proof of the above lemma is due to

William 'Atlgms‘ of the University of Maryland who show‘od me
how to apply Stewart’s result to this pfc%leth._
Lemma 2 : Let p be an odd prime which  splits in K. Suppose

P kdoes not divide the class number h of K , and suppoée

there exists an algebraic intdger B € K such that N(p) = p

and v (8) =r. If p{r then &(p,K) = min{v,(loge),v (logs)}

.where ¢ is the fundamental unit of K.

Proof : The conditions on p imply that <p> (the principal

ideal generated by p) = Br re B is a’prime ideal lying
&N

over p. So (ph) = (ﬂ’s‘h )r wvhere !Bh is principal. If Bh = (),

ther; Bh = o st vhere & ’j the fundamental unit .of K and

t € Z. Since p/{ r, we may choose « such that p4{t. Then
v . '

E(P,K) 'min{vp(logac),vp(loge)}

R r t
= mm{vp(logoc‘ ),vp(loge )}

H

mim{v, (logx¢*),v (loge® )}
. ) h o t
= mm{vp(logB ),vp(loge ).}

= min{vp( log8), vp( loge)}

Proposition 4a: Let wu(s) = ap’°+1 (s = 1, 2, '3, ...) -and
K, = Q(/u(s)). For larde snough s , if pihk) and pfs

L . . 36
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Proof;: Let q(s) denote the "squﬁre-frée part of 'u‘('s) and

‘let ¢ = x+y/q(s) be the fundamental unit of K_. Let

LW = Zps + Ju(s) = '298 + ch(s‘)- . 2R
' . . -
vhers u(s) = c‘zq(s)l.' Then
) s . s ¥
N(w) = (2p° + Ju(s))(2p” - Ju(s))
= 4p% - (4p* +1) = -'1' R

which implies .that w, = et for some t 2 1. Let us first
sht\:V( that for s sufficiently large vp(loge) z 2.
Note ‘that Ju(s) = .1 mod ps'zp so that w =*1 mod pszp.

) o .
"Theréfore : _ -

) - .y .
vp(logw) = vpgw ' 1) 2 s

\
Since w = £® it follows that

A

vp(loge) + v (t) 36

If v, (ge) €1 then v (t) 3 s-1. But this renéps

impossible the equation

- ¢
2Ps +7cfq(s) = (x + yJ/a(s))

- . ' yJ
for s large enough. Thus we have ‘shown that vp(loge) z2 for
‘larée enough s. )l - < v

. //
/ .

Y
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On the other hand, let g = (1+/u(s))/2 (this is an inte-

éer‘in KS because u(s) ;s of the form 4N+1). Then p = O or
1 mod pszp, depending upon’ which square ro§ hof u(s) is
represented in ip! Without loss‘Qfgeneralitx//z;sume that
8 = 0 mod psZp (then B (conjugate of B)'E/{’mod p’Zp). We

have N(B) = —pzs, andlqp. by lemma 2, if p{ s then
5(p,K) = min{v,(loge),v,(1dgm)}

But vp(logB) =‘vp(1983)“.
_ =p-1 _ >
=v (3" -1y ,
. \ | :"
. Therefore ;(p,Ks)'> 2.

M‘\ 3

" In the preceding éection it was shown that for'a fixed

p:theré exist infinitely many fields K such that eitﬁ%r‘f

pl h(K) or &(p,K) 2 2 (in eitherlcase Kisilevsky’s Theorem

fails to determine the valdﬁ‘of\)\(p,K) )ﬁs The &nalogous
question for n(p,K) is Qﬁe&her , given a fixed p , there
exist infinitely many K such that n(p,K) 2 2. Note that
this queséion is unre}ated to Epe divisibility pbqpertigs

&

of h(K) relative to p.

a8

-

iy
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Proposition 4b: Let. p 2 5 and let n > 1. There exist in-
finitely many real quadratic fields K such that n(p,K) = n.

3

Proof : Let g be a primitive root for a 1 powerg of p . Let

_._--/ <

r, be the least p051t1ve solution of the linear congru-

®
]

n-1{ n~-1

+
2% " 41 mod p"*!

Observe that r, = t]1 mod p'is impossible if p 2 5.
g =

- -

S

For m = 1, 2, ‘3,... set a(m) = r, +mpn” , u(m) = a(m)z_

+1

and let q(m) denote the greatest ‘square-—free art of u(m).
Since a(m)+1 = r, +1+mp " and r_ +1 is relatyé: prime to p,

it follows by Dirichlet’s Theorem on primes in arithmetic

progressions that a(m)+l is prime fdr infinitely many m .

Therefore q(m) > Ju(m) for infinitely many m.

Let £ = 'x+y,/q(m) denot;.e the fundamental unit of Q(/u(m))
a(m)+ch(m) where u{(m) = czq(m).

and let w = a(m)h/u(m)‘

Then N(w) = m(m)2 -u(m) = 1. Therefore w = e for some t 2

‘But if m is chosen suchithat q(m) > \/u(m) , then a(m) = J <

u(m)+1 € q(m) , making the equation s

a(m) + cfa(m) = (x + qu(m))t

impossible unless t = 1.



fields: K = @(Ju(m)) such that'

v
-—

We have shown that there exist infinitely many distinct

a(ﬁ)+JGTES = & is the
w

fundamental wunit of K . It only remains to show that

n(p,Km) = n for each of'these fields. In other words , it

only remains to show that vp(ap-’-l) = n for each of these
fields : , o
-\‘ A . 2
/ u(m) = a(my® - 1 o
, N >
= ro2 - 1 mod p"“Zp"\ N
7w '
n-1- : n-1 ‘ .
=@® +2+8® H/a-1 mea ™'z
n-1 n-1 ) )
=@ -¢® 17/4 wod 2"z
- n-1 _.n-i n+t ’
Julmy = +(@® - &% )/2 modp"z,
¢ “
- 1pn "1 n+1
So ¢ =a+ Ji(m) = & mod p " Z Therefore

o . '
which implies that n(p,Km) Zn .

congdruence

-+l

On the other hand the

40



n-1 )
also implies that f t = gtp tp-12 mc:d';g"'l Zp . But .since
) \
€ is a primitive root for all powers of p

-

£p" Vp-1) nel,
g # 1 mod p z. .
. 3 R p
Therefore n(p.Km) = n. exactly. <
4_4 ] o
S

.
- 3

' ‘ As in section 4.1, let ¥(p,x) denote the family of real
) quadratic fields K = Q(Jﬁ). such that‘ D is square-free ,
D < x, and p splits in Q(VD) . Denote by N(p,x). the cardi-
na;ity of %(p,x) and by n(p,x) the number of fielﬂs K in'

\ LT
¢ .F(p,x) such that n(p,K) 2 2 . Let

%(p) =)‘L_J‘$(p.x)

' Themgztual probability prob(p) .that n(p,K) =2 for a

field K selected at random from %(p) is by definition

‘prob(p) = lim P{R,X) .
‘ - o ¥ N(p,x)
: Starting from a naive point of view, it would seem fair-
" % 1y easy to form an estimate' of pnd%(p) . In the absence of

stion indicating otherwise , it is not unreason-

k)

3

41 .
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- able to expect that for gifferent fields K € %(p) the fun-
. damental units ¢ = £(K) should be randomly di;tribqted mod
p2 Zp. That is , naively one would expect that for any a # O

mod p the event -

-

E e(K) = a mod pzzp

v
4

"should occur with probability independent of a . In parti-

cular , the events

o’

[ ! .
s‘pH_ & 1 mod pzzp

should occur wjith probability

ol |1
P‘-P TP

How w'ell‘;does this expected fiéure_compﬁpe with comput-

ed estimates of )‘prob(;;) ? According to the data in Table II

(see Apgendix A) vwhich gives N(p,x) and n(p,x) for-all
— N

primes p in the range 3 <p < 547 . with x = 4111, the esti-

‘mates for p =3, 5, 7 are as follows:

A3

prob(p) ' 1/p

prob(3) ~ 262/835 ~ .280 | .333
prob(5).~ 197/1031 ~ .181 . 200 | o

‘- prob(7) ~ 150/1091 ~ .138 .143

/

42
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_oiple at work which makés the convergence very slow.

~ous doubt on the conjecture that prob(p)

by

It.is seen that the computed estimates for prob(p)iq3}~
fer significantly from the expected ?igures“at the rigﬁt“,
which‘is‘ somevhat of a ﬁystery. The same reasoning that -
leads us to expect that prob(p) = 1/p also leads us to ex-
pect th;t the convergence of n(p,x)/N(p,x) to prob(p)
should be ratberrfapid as x-—soco., One is led tb co;clude

that either prob(p) # 1/p or there is some unknown prin-
% ‘ } , .

kS

n

Subsequent computatioﬁs at‘the University of Maryland

iusing the SPERRY UNIVAC mainframe (research'sponsored by

Lawrence Washington) have tp}ned up the following figures

< A
for p=3, 5§ and x = 1Q +1 . {
a ] ,

-

n(3,10 +1)/N(3,10°+1) ~ .3187

n(5,10° +1)/N(5,10°+1) 'w .1975" ﬁ% :

Although these figures are closer to the expected values
of prob(p) , there is still enough difference to shed seri~

1/p .

o

43
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o

Table III

-
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Y
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Con't;en'tz-. .

Lists all pairs (D,p) in the range
3 €D <4111 , 3 S®.< 547, for which
nN{p,K) 2 2 , where p  is a splitting
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for which &(p,K) 2 N,

Lists ‘all pairs (D,p) in the ra;xge
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p P ETA XI b P ETA XI © D
731 53 2 1 .851 11 2 1 . 971 251
731 229 © 2 1 854 17 2 1° . 973 .11
733 03 3 1 854 -29 2 1 977 11
734 5 2 2% 857 29 2 1 977 3
, 741 521 2 1 Bs1 43 2 1 977 193
-« 742 43 2 1 862 11 " 2 1 978 311
T4 3 2 2% 862 139 2 1 979 3,
~- 749 29 .2 1 862 163 2 1 979 79
749 37 2 1 863 29 2 t 982 17
749 73 27 1 863 293 2 1 983 103
7;; 122 1 gss 3 2 1 989 7.
791 7 2. 1 gy 5 Y2 1 . 989 19
754 3 2 1 871 3 2 1 . 991 23
755 v 2 1 871 109 2 1 994 3
76 72 2 1 874 3 2 1t 995 - 7
760 5 2 1 874 S5 2 1 ‘997 3
763 17 2 1 877 3 3 1 - 998 37
763 29 2 1 878 19 2 1 - 1002 17
767 7 2 1 876 23 2 1 1006 3
767 17 2 1 881 5 2 2% 1007 509
767° 283 @@ 1 gg6 3 2 24 1009 3
L7700 173 2 1 890 29 2 2% 1011 101
770 269 2 1 897 59 2 1 1015 149
71t 7 2 1 897 229 2 1 1023 211
71 W 2 A1 898 13 2 - 1 1027 3
773 11 2 ot 899 23 2 1 1031 S
777 13° 2 1 903 293 2 1 1034 197
778 53 2 1 910 19 2 1 1037 211
-+ 778 433 2 1 911 53 2 - 1 1039 11
778 461 2 1, 17 17 2 1 1041 S
779° 109 - 2 . g, 920 19 2 1 104t 13
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D P ETA

D P ETA  XI D P ETA XI X1
1102 271 . 2 1 1226 - 53 2 1 1322 13 2 1
1103: 7. 2 1 . 123r 5 2 1 1322 19 2, 2
1109 37 2 1 1231 711 2 1 1322 251 2 1
1109 233 27 1 1237 3 2 1, 1327 19 2 1
1114 5 2 2 X 1237 197 2, 1 L1327 23 2 1
1111 19 2 1 1241 11 2 1 1329 11 2 1
1111 227 2 1 1246 3 3 1 1330 3 4
1114 3 2 1 1246 47 2 1 1330 17 2 1,
1114 13 2 1- 1246 151 2 1 1330 347 2 1
A114 79 2 1 1247 7 2 1 1333 3 2 2
1115 113 2 1 1247 U 2 1 ¥333 107 2 1
1115 277 2 1 1247 . 89 2 1 1338 41 2 1
11177 3 3 1 1249 3 2 1 1339 . 3 3 1
1117 199 2 1258 3 3 1 1339 S .2 1
1148 17 2 1 1258 11 2 2 % 1339 127 2 1
1119 43 2 1 1258 23 | 2 1 1342 13 3 1
1121 7 2 1 1259 17 2 1 1342 37 2 1
1126 . 3 2, 1 1261 3 2 2 X 1342 149 2 1
1131 11 2 1 1261 5 2 2 X 1343 31, 2 1
1133 271 -2 i 1261 409 -2 1 1346 197 2 1
1135 ° 3 -3 1 1265 3t 2 1, 1347 23 - 2 1
1135 17 2 1 1265 N1~ 2 1 1350 5 2 1
1135 491 -2 g 1267 17 2 1 1353 7 2 1

‘1146 89 .2 1 1270 ,157 2 1~ +-135% 71 2 1
1147 29 2 1L\ 1270 29 2 2%+ 1354 449 2 1
1153 3 2 2 X 1271 173 2 -1 1358 167 2 1
1154 83 | 1273 109 2 1 1361 31 2 1
1162 3 I 1279 5 3 1 1365 11 .3 1
1165 3 3 ‘ﬂ‘ 1279 11 2 14 1366, 5, 2 1
1167 13 2 1 1281 5 2 2 x 1366 13 2 1
1169 11 2 1 1283 47 2 1 1367 71 2 1
1171 7 2 1 1286 131 2 1 1370 29 2 1
1173 167 2 1 1286 439 2~ 1 1370 223 2 1
1181° 47 2 1289 5 2 01 1373 7 3 3
1181 61 2 1 1294 3 2 2% 1373 5 19 2 1
1191 5 2- 1 1294 41 2 ¢ 1 1374 131 2 1
1194 5 3 1 1297 3 2 1 1374 311 2 1
1194 7 -2 1 1297 101 2 1 1379 - 67 2 1
1194 151 2 1, 1299 11 2 -1 1381 13 2 2
1195 3 2 1 1301 S 2, 1 1383 7 2 X 1
1195 131 2 1 1303 11 2 1 1383 31 2 1
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' F 1 2 3 3 P 1 2,3 4
3 935 82 7 1 239 1227 ., . .
5 1041 38 1 241 1245 ., .
7 109t 29 2,.. 251 1245 ., .
11 1143 -3, 257 124% v v
, 13 1160 3 o . 263 1234 , .
17 1179 4 ., 269 1250 . . .
. 19 1187 2 [ ) 271 1227 Y 1 (] [3
. » 23 1195 1. . 277 1249, .,
44 29 1208 3. . . ,281 1241, 0
- /( 31 ‘ 1211 * 1] [3 .‘ ‘293 1237 » ] [
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* 41 1218 ] ) ] 307 1247 * ] [
43 1222 » » ] - 311 1222 . e »
1219 . . 313 1244 o, ,
(’gg 1228 1 . . 17 1247, . 4
YS9 1226 . . 331 1242 . b
- 61 1231 y . + 337° 1244 ) . .
67 : 1231 ' ] ’ ) ’ 3’7 1241 ] [ .
71 1224 ] () [ 349 1243 P ) L) . \ .
73 1229 . ., 353 1243 . . .
79 1229 * + [ Lo 359 1226 (Y 4 .
83 1232 ., . ., 367 ©1240 . )
89 1238 1 . . 373 1250 . . .
v 97 1240 . . 379 1246 S . . ™,
o 101 1235 . . 383 1224, . :
103 .1228 . . . 389. 12500 .+ ..
o 107 1232 * ¢ e 397 251 . " .
N v . 109 1237 t o: D L~ 401 1 A8 ’ ’ 3
™ ' C113 1236 0 4 T 409 1244 . .
. 127 1232 . ., A19 1233 ., .
131 1237 ] [3 [ - 421 1243 ] S '3
137 1236 .. . 431 1226 . v . . -
S 139 1237« 433 1235 . . ‘
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e . 181 1243 . . . 479 1227 . 4 o
A 191 ’1229 ’ L] [} 12‘7 [} [} [}
N ,(’w:\193 1241 ”o [ } \:§ 1246 [ / [ “ .
N 197 1236 0 . . ‘ ~ 1241 . » . -
™6 1235, . 503 1232 J . .
211 1246 v . 509. 1247 .« . . .
223 1236+ o e . §521% 124 T
- " 227 1237 . . - 523 1243 . .
el T 229 1243 . . . . 541 1243 ., .
A 233 1248 ., . 547 1249 ., .
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The following table lists 211 pairs (DyP) in the ranse -
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TABLE Vv

3¢ D 497y 3 &P 104729 for which gta(PsK) > 1y where
eal auadratic field of discriminant D.
t tge\éx reme right
N —

K 1s
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15
19
23

C 026

3
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3y
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91
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329 71 2 1
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Blobal
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BEGIN

Q

COMMENT --. GREEN2: Comrutes eta gnd xi -
v for a feal ouadrggiéfit;%di

Vg

TOCHAN 12

INTEGER DLIHIDrH!PLIH!P!XIIETAQTvJvKOLvU!G!Uv
) ArBrCrXo Yo MoNtEsFoTOsT11T250

ARRAY ECyXCL1:100+1:103y PRINEC1:1003;
EXTERNAL INTEGER PROCEDURE SQGRTj . s

EXTERNAL INTEGER PROCEDURE JACOBIL:
EXTERNAL INTEGER PROCEDURE POWMOD;

- EXTERNAL TNTEGER FROCEDURE SPLIT

EXTERNAL. INTEGER PROCEDURE QFSOLN? -
EXTERNAL INTEGER FROCEDURE VALQEXS) .

PROCEDURE WRITH2(V);

INTEGER T»UV3 :

1T REM U $=V / 103 : .
WRITEN(O/Ty1); . -
URITEN(O s 12

END;

_PROCEDURE MWRITET(W))

JINTEGEP VsQyHiMeSs T

0 != 10¥V + 3 / 6§ .
Q REM T = .
Q REM § =
H REM M :=
WRITEN(OyHs0);}
WRITES(Cr*t*)§ WRITN2(M) i ,

MRITES(0»®!*)5 WRITN2(S); C .
WRITES(0,*,*)5 WRITN2(T) . L .

ENn= ‘ ~v\

PROCEDURE DISPLAY(Xs2)#

INTEGER Xi BOOLEAN Z;
SFACE(02 32 WRITES(0+Z)5
WRITES(Oy® = *)7 MRITEN(O+X+0)
ENDj



*PROCEDURE REPORT(X»YsD)3j

JINTEGER XsY«DyA»ByNj ' ’
IF D = 1 MOD 4 THEN

. . X-Y/21R

. X%kX - YXYXD '/

=@ B =Y
N b= XXX - Ythn,
SPACE(0»3)5 WRITES(0s'NC®)i
IF A ¢ 0 THEN uereuto,a.o).
IF B < 0 THEN ‘ ,
. WRITES(0s"-*) T
ELSE IF B > 0 AND A & OTHEN g ‘ .
WRITES(0y*4%)5 - ~
IF B ¢ 0 THEN :
BEGIN :
iF ABS(B) # 1 THEN WRITEN(0,ABS(B)»0); ‘ , \
WRITES(0s'w®) S :
END} ) S
WRITES(0s*) = *)i WRITEN(O/N;0)

ENDG | , o ) : i? a

FROCEDURE HEADER; ’ N
WRITES(2)*The followind table lists all pairs (4F) found ')3
LINE(2¢1)i ~

WRITES(2y*for which eta > 1.")}

LINE(2+1)

WRITES(2y"An asterish at the extrene ridht indicates that ")}
LINE(Zy1) '

WRITES(2y*xi > 1 {(Kisilevsky’s criterion not aPPIicable).');
LINE(2/3) 5 '

t= Y 1
4

- 4
o on
L

>

’

- WRITES(2,* i Y ) .
WRITES(2," ETA X1y
LINE(2,2) ' :
END; .

{e
]



C:::;==<;~\;

‘PROCEDURE STATS(M»Z)i
ARRAY MC214 - BOOLEAN Zi
WRITEC(2,1277

- WRITES( The followind table lists freauencies of values for ')5
) WRITES(2¢2)% WRITES(29*.%)i )
LINE(2:+3)% !

WRITES(2+* PY)i
FOR L != 15,4.210 DO WRITEN(2/Ls5)i

LINE(2/2)F | >
. FOR K i= 1s.,,.9PLIN DO ’
, . BEGIN |
P != PRIMELKI} . TN
WRITEN(2/F13)

FOR L = fre4s910 DO

IF MLKsL] = O THEN

" WRITES(2y* ) .

ELSE , ,
WRITEN(2)M[KyL1yS)$ - .

N LINE(2y1) T ‘ , o
~ ENT! . :
END;

" INPUT(1,*AINTABLE.DAT®)

Nl S © READN(1sDLIM}# READN(1,PLIM)}
' CLOSE(1)3
INPUT(1y*BIPRIME.DAT*); ) '
. READN(1+P) . . '
d IF F - 1 < PLIN THEN PLIW t= P - 1; .
: g * READN(1/P)3 .
FOR 'K $= 1vessrPLIN ‘DO READN(1+PRIMELK])}
CLOSE(1) 5 ,
LINE(Os1) 5
: "MRITES(O»*DLIM = ")} WRITEN(O»DLIN»0)j
s LINE(O21)3 :
: ITES(OS *PLIN = *)F WRITEN(O»PLIN/O); <
- LINE(Os1)5

i

FOR K $= Lvs00oPLAN DO
FOR L $= 17.44210 DO

ECCKsLY $= 0 ! XCCKsLI 3= 0}
OUTPUT{2s *NELINTABLE. TXT*)}

INPUT(1s *BIQUADCL .DAT®)

-
4




0 1= TINES T1 3= TOS

FéR‘J $= 15444 9DLIN DO
 BEGIN .

1F J = 1 MOD 500 THEN HEADERS}

READN(1sD)5 READNC1rH)j

CIF D= 1 HOD 4 THEN'

T t= 2 "
ELSE L
T

»
’

.o
n
[y

¢

Fi=1 1L t=-4 ..

IF D =5 THEN
CE $=1 )
ELSE |

L ¢= QFSOLN(150s-DsTsEsF)3

CLINE(Os1) ‘

DISPLAY(Jy*J*)5
DISPLAY(Ds*D* )5
IISPLAY (Hy *H')}
DISPLAY(T,"T")}
REPORT(E)FyD)
LINE(Os2)5 ‘

LFOR K $=-144,09PLIN DO

BEGIN

P t= PRINECKYY = -

IF JACOBI(D/P): = 1 AND
NOT P DIVIDES H THEN

————BEGIN

WRITET(TINE-TO0);

@ t= PTHS
U := BPLIT(DyPyH)S
ETA 1= vALuexSi.r,T.n.P.uw;

DISPLAY(Dy*D")}
DISPLAY(Ps*P*)}
DISPLAY(Q,*Q")¥
DISPLAY(Us"U")i
*IISPLAY(ETA» "ETA®)}

-



B ¢

L

H
:
L
I

IF MiNXU & O MOD P THEN

1

) ’ | -
= 28U} = UxU - D 7 QF

Qi

QFSOLNCAsBICrTosXrY) 5
SART(LXQ+DEYRY)§ N i= Yi
45;' WHILE P DIVIDES M AND P DIVIDES N DO
' : T O MisH/PUINI=N/ P

’

XI = VALOEX(MsNsT+DsP»U)

ELSE IF M~-N%XU % 0 MOD P THEN
XI = VALGEX(M»—=NsTsDsPyl)

“ ELSE
XI t= 0
IF XI > ETA

). ' : DISFLAY(XI»*XI*) WRITES(O,®

THEN X1 3.’519i

s . . IF X = 0 THEN WRITES(O0y* 777°)i

| = WRITEN(2,0510)
- . WRITEN(2/P110)3
WKITEN(2/ETAY10)

. - ) " WRITEN(2:XTy

10)3

IF XI > 1 THEN -
WRITES(?»y  %*)

ELSE IF XI =

0. THEN

WRITES(2,*  7%); T

\ © . LINE(ZeD)
~ E o . END
' = ', ELSE

\ ' XI 3= 1j

" REGIN

FOR L 3= 11000910 DO

- e e IF ETA >= L THEN .

L ECIK,L]

t= ECCKsL] + 1}

IF X1 >= L THEN

- ‘ . XCEKsL
S o END;

# LINEOD
. " END

ENDS -

= XCOKsLY ¢ 1 - °

<L) b



¢

T2 1= TIMES TL 8=t T2 . :
LINEXO 1)} R
WRITESC0s*  LAST:  *)i MWRITET(TR-T2)$
WRITES(0»*  TOTAL: - %)} WRITETCT1-T0)j
LINECO+1)5 - : DG

-

N

-

IF J = 0 MOD S00 THEN

AL S

STATS(ECs "eta®) ! h
STATS(XCy *xi*) !
WRITEC(212)
/ ', END;- ’ - . \
‘ . CLOSE(: . , z
Lo CLOSE(2) S / .
B ENN - B
£ | R .
a ' ~ 0
.t , 1 )
. Sy
) - {.
' i [}
o ‘
E * I - .
- ‘
- - —_— /-
L ' i
) '
] , , M [
¢ . Cor

»l
(<



?ii ™~ F - ‘\«‘ o} ”
A . o ¥ ' N
% )
P f \
N . ’ \ .
BEGIN - ' \ B

5‘ ¢ . . . ', . ) ‘ X

' . COMMENT -- GREEN3: Comrutes ets and xi for a . :
S N « * real cubic cuclic held. <. \
a ' . LOCHAN 102035 P -

INTEGER IMIN» IHM(rKcRCHANv

o e 2, . OLIMsGNRSFLIMIFNRsQMPy - ¢ X ‘
N © o QFAF(BF o TF UF 1HF, NGP s ETAs XT s oY slrXo Y2 ‘ ,
ca . REGEsREGAYREG1s/REG2/REGY; NE
- : . ARRAY FyBLO033Yy RsSTL1I3Y | : e \

A
LS : . IR o
EXTERNAL INTEGEF PROCEDUKE POWMOD; ~ '
/‘ % EXTERNAL INTEGER FROCEDYRE DISC3i - E o A
. ; *.  EXTERNAL INTEGER .PROCEDURE REG; L A
> EXTERNAL PROCEDURE FOL3RTS i _ . e
' . EXTERNAL PROCEDURE NPF3SOL} : \
tis ‘ ’ 4 } ’ “ o ' -
. .PROCEDURE VALETA} . . T .0
- [ ’ e " ) . ‘ .
>/(/, - YO M =725 Vv L& R7MY - REGE 3= 04 g e
Lo~ T ' i . . ‘ . Py
' ' , . : PO '
P p o WHILEV DIVIDES REGE DO v . - _ :
. N Ce ,'BEGN,‘ ‘ . . o
. SR N+ 1i V'i= PRV . ) éihl% .
, . PDLJRT(F;P,H R4 A S
L I REGE &= REG(Os110/RyPyM) - %, . e

- Ry j"~; 5~n; _ ) _ o T G
* W.,’ ‘ . .o T“ . ’ ‘.‘rg a : ' ? . -_;‘ ’ :/
. NS'..‘“‘II" “. . E o‘ n - 1 ) . . ‘ r “ ( %,’l‘ /.,,

. y cL . A . 4
. ., i . .- i . X
_ END: ‘e : ° f . ~ , . N,
- ‘ e “ £ ¢ A
+
- . “ v . v 1 v -~
-~ , i . . . . . . . o )
. © Y, . .+ PROCEDURE: VALXT; N
» - .
e - ‘ . < ,
T, "o . o, T
o s 25 P“H; v v ) ‘ _ .
- )  REGA. t= 03 REGI 1= 0§ ; : '
. REG? i< 0§ RES3 $= 0} .
v ) .. -
; n. . ; - ) . . ~
‘ 1 = .
¥ : . « \ M
. - bl S t »
.
] « v . !
- / LA § !
. 2 N B a"‘: ,
L4 . ' -
1 5 ) . - ,
o 2 * A ‘ '. { ¢ ) L ' } - ¢
CR e, - - R
2 : L
LY . -
2 ’ A e 4 Lo ,
- ' . Y' ‘v R “
LI ‘\ - ~ . . ’ -
] ' ! A . i .
’ » -~ g /
3 - - k]
N ' > o \ . . wv v
7 * P » B ' ’
“; PR \ . “ \ . c q' . - . B_7 .
s - v !
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.
.
\ L
= X
2
-
o
v
€
-
‘ .
- } '
4 '

"ﬁenné .

UHILE U DIVIDES REGA AND
v DIVIDES REG1 AND
v DIVIBE™ REG2 AND
v DIVIDES REG3 DO “

BEGIN h

Mi=H4+ 1§ V= PRV}

POLIRT(FsPyMsR)§
P0g3RT(G:PaHvS)5
"REGA 3=‘REG(XoYinSerH)§

RC1I%SC1D6

1013 3= 2]

REG1 = REG(X»YrZyToPiM)j

CTOLY ¢= RL22$SC135 TL2) &=

REG2 i= REG(XsYsZrTePrH)i

TE1D 4= RE3IASLIDG ° T(2) te

REG3 &= REG(X1YrZyToPyH)
- T4
END o

FPROCEDUYRE QMARK3
SPACE(KRCHANI 3) 4.
‘WRITES (RCHAN»"?727%)
ENIIY.

LINECOs1)i
WRITES(0s'Outrut (0=TT’1 =LPy 2 DK)'
READN{OsRCHAN)? .- -

LINE(Os1)i . .
WRITES(Qs'IMIN £ *)3 ’
READN(O+ IHIN) ;
WRITES( 0 * THAX
keanico, 1naxy 5

"
%

b .
")

= RL21%S(2]1j

RC31S[2;

H

RCIIXSL235 - TC3] &=

o

TC3) ¢= RC3IRSL3IN;

.
L.

TC31 ¢= RC1JSC325 .

RC21XSL31F ’

°



»

" IF RCHAN =1 THEN C

RCHAN = 2 !} QUTPUT (RCHAN, *LP} Q.EEN3 TXT )
ELSE IF RCHAN = 2 THEN

-RCHAN 1= 2 1. OUTPUT(RCHANo'DK GREEN3 TXT*)$
LINE(RCHAN:A) ' Co
WRITES (RCHAN»* ’ﬁIN IHAX Vi
LINK(RCHAN/ 1T i~ ’
- FOR .-A;&ln,xnax no HRITEN(RCHANtUoé)v

T LINEARCHANY2) 3

,uﬁitE’?EUt 50 -

w

. BEGIN .
LINE(O»1)5 .
‘WRITES(Os* @ = '*)i
READN(0»D); _
WRITES(0s* P* = *)§ , .
READNCO+P)§ ' ‘

: | .

LINE(RCHAN)1)5 7 . .
WRITES(RCHAN»* ~© @ P ETA  XI X
'LINE(RCHAN, 1)

INPUT(1»"BICUBCL.DAT® )} '
RERDN(I:FLIH)!

FOR FNR = 11...1FLIH DO

-’ ~

BEGIN

READN(1,0F) 5 READN(1,AF); READN(1,BF);
READN(1,TF)3 READN(1/UF)) READN(1/HF)j

IF GF = . O THEN

BEGIN : o
 LINE(RCHANs 1)} ,
. 7. IF RCHAN # 0 THEN LINECO/1);
no FOR W t= QF /P DO WRITEN(RCHAN /W16
©. . IF RCHAN # O THEN ~
.. WRITEN(0»OF)0) ! WRITES(0s%1*) !
U MRITEN(OsPs0),! LINE(O)1)i -
7 S o



FLO1 = -1j S g .
FL13 := UFs o
© ' FL2] t= -TFj -
: FI33 2= 13 ) :
. \ N 1

VALETA
w0 URITEN(RCHANIETAS&)3 - . . ¢

IF ETA > 2 THEN

‘ BEGIN- © =
. NF3SOLCAFsRF)QF sHF » ININS INAXsXo Yo ZoP) S
’ CAF X =Y =2 = 0 THEN e
R QMARK
.o o " ELSE
| BEGIN ‘ S
© GLOJ = (1 - 3%GF - QFXAF) /. 273 .
6L11 t= (1 - OF)- / 3 R
621 i= 13 D
. GE33 $= 1§ - .
, VALXIS | | -
IF XI > ETA THEN XI 1= ETA
FOR W t= XIsXyYsZ DO WRITENCRCHANsW+6)
END B
A END ’
v " ELSE
R XI $= 2 1 WKITEN(RCHAN»XI16) 7
R x( B . . - ‘ L. ‘
0 LINE(RCHANS1) i ”
L END |
L ENDi o » N . .
o tLeseany - M \
. END}i '
A LINE(RCHANY1)} CLOSE(RCHAN) | . :
EN[}'," T, , . . )
® : o ; ' \/
i )
: &+ l . | an
y \;" . :" v



GLOBAL INTEGER PROCEDURE GCD(XsY)$
. \ COMMENT -- Returns abs(dcd(xsy))}
\ INTEGER X»Y3 VALUE XsY3

WHILE Y ¢ © DD '

N REMX3=X/1Y)
v X 4t

BCL $= ABS(X) - ’

- i

Y

END
. . [ -

.BLOBAL INTEGER PROCEDURE‘SQRT(N)S'

i:‘ COMMENT -- Returns Csart(n)l;

N .
- INTEGEF NeXvY$ $

X 1= 2y Y ¢

WHILE Y

' D

- WNILE Y

T X ¢
L BORT ¢=

4 2

Y = X¥X§i ~

0 |
Y £ N/ 28X 1Y i= X&Xi

END

=" INTEGER NrMsXpYyAsBs@5
Xd= N5 .Y 3= Mi A 2=Yi B =05

WHILE Y
» Q! !
: : +0RY ) X

X -X = Y
=-A+ 0%B ) A =0 B

A

IF X < 0 THEN
- REM INV i=.-A /7 N
. ELSE |

’

END

R
-

GLOEAL INTEGER PROCEDURE INV(NIHD 5

REK INV t=-a"7 K v

2

COMMENT -- inviN = abs(dcd(NsH)) (mod M), abs(inv) < Mj



GLOBAL INTEGER PROCEDURE JACOBI(N»P)i

'COMMENT -~ Returns (N/P) = -1y 0y +1j
/" INTEGER N1P 1My ST} '

Wiz 15 T = Pi REH S 1= NJ Pl
IF 5 = 0 THEN - ER
‘ Vis o 2

[N

. ELSE WHILE S # 1 10

IF 2.DIVIDES § THEN. .
BEGIN ' “

IF T = 3HOD 8 OR T = 5 HOD B THEN W i= -W
S =5 /2 e
END | .
ELSE 5 \
BEGIN vd S S
IF S = 3 HOD 4 AND T = '3 MOD 4 THEN W i= -W}
S 4=t Ti REM S t=§'/ T
’ ENDi : ' o
JACOKI $= W o
o 'r s
END : |
< »
o . . .. 0
GLORAL INTEGER EROCEDURE POWMOD(KsMiV)j /

K ‘COMMENT -- Returns x = k"™a (mod v)}
. .

INTEGER KsMrQsRrVsX2Y§

Y $= 15 Y i= Ki Q $= M} ‘
WHILE QG > 0 DO .. “,
BEGIN . _ S
Q REM R t= Q@ / 23 ; -
_IF R = 1 THEN ! .
: REM X 3= Y%X / Vi .
¥ IF Q > 0 THEN .o

REM Y $=2 YRY / V
M/ END} :
POWKOD 3= X

X N -
END - .
- ¢ - -
[N . ‘
e v
i ' s
) " ‘% \
-~
3 . *
v



1Y

L 2%

" GLOBAL INTEGER PROCEDURE SPLIT(DsPsN);
COMMENT -- Solution of ¥=2 = D (mod p~n)i
INTEGER DsPyNsGoFrHy JoKsLoHsQ2R1S2ToUs Vo M}

EXTERNAL INTEGER PROCEDURE INV;
EXTERNAL INTEGER PROCEDURE JACOBIj
EXTERNAL INTEGER PROCEDURE POWMODS

IF D 4 0 MOD P THEN

BEGIN

COMMENT -- £ = (2"w)th rt of 1j

F t= FOWMOD(DsMsP)$ t= 0}
WHILE F ¢ 1 MOD F DO
REM'F 2= FXF / P | W i=-W + 1}

IF W 3 0 THEN o
SR : S
" ELSE , '
BEGIN
b= 25 :
. WHILE JACOBI(G/P) & -1 DO G i= G + 1j
T 1= 2°(5-M)%M; ‘
K i= POMNOD(GsToP)i' H $= INV(KsP)}
F t= POWMOD(DsMsP); :
K $= 2°W; b= K / 25 U = 1%
) FOR J = Orvrerl-1 DO
BEGIN
IF POWNOD(Fs»TsP) ="-1 MOD P THEN
REM F $= FXPOWMOD(HsUsP) / P!
A, K=K -U;
2% s

ENDY -
T 22 2~(8<w-1)smMax; A
Y t= PONMOD(GsTsP) ¢
© END§  ° :
=H+1/ 25 S
EM U = VEPOWMOD(DsT»P) / P}
OMMENT -- uku = D (mod P)? 7



mm

SPLIT t= U |

) ‘ ' K
END ’
ELSE SPLIT &= o SR

ENL

GLOBAL INTEGER PROCEDURE FUNDUN(DsX»Y)3$

COMMENT ~-- Finds Xr Y such that IN(XtYw)l = 1. .
. If D =1-mod 4! w = (147t(D))/2 and v = 2p-a.
K " Otherwise! "W o= rt(D)r v = P,

f‘ In either case! p/a is 3 converdent of wy» and
‘ r/e ==> rt(D)i )
N ' INTEGER TX+YsEsFsToVsWsZsAOsROsR1»R2100,01,023
. L r;)
EXTERNAL INTEGER PROCEDURE SGRTj ,
\ IF D= 1 HOD 4 THEN T =2 ELSE T = 14l .
K2 ¢=1 - T3¢ Rl ¢=T3 @2 3= 17 Q1 = 05
E = SORT(TATAD); t= 03 R
. WHILE ARS{Z).% 1 DO . \ '
a , W.'= RIXR1 - Q1%Q1%D ! C
', ~ F 1= SIGN(E) - SIGN(W) / 2! cr
e $= E + F - R1%R2 + 01%02%D "
AD := v/ Nl o
RO := AOXRL + R2'! R2 $=: R{ 1 Rl $=¢ RO !
00 i= AOXG1 + 02 ! @2 i=: @1 ! Q1 $=% QO ' ~
z :- RIXR1 - DXQ13A1 / TAT | T .
, . E = -Ej _ . ' o *
e X = RLA U - TI01 7 TH - y
AYY = Q1 - L -
FUNDUN $= 2 & o
ENp A
! ..
RS , *




du. falld

A PR

an?

(j;‘

N

.

GLOBAL INTEGER PROCEDURE QFSOLN(AsBsCyToXrY)3

COMMENT -- Returns u if Axx ¥ Bxy + Cuy
or Axy =~ Bxuy ¢+ Cuy
= tfe

[

"INTEGER

. BO

with abs(u)
ArBaCo DrEve,Tr

u
Uy

Hn

AD1AL1YA29AT»BO B, BZvB3!COvCIrC2vC39
RO/R1)R2/R3+S0¢51+952+53+00,Q2:X1Y}

EXTERNAL INTEGER FROCEDURE SQRTj

INTEGER PROCEDURE NEWO(AsBsE)}

INTEGER

ArByES ¢

IF 4 < O THEN

NEW
ELSE

= -B - E / 28

NEWQ (= -BR + E /7 2%4A

ENDS

I' 1= BXB - AXAXCS
NEWO(AsBIE)}
1; R1 3= Q0;

Qo0
RO
50
A0

0
A
B
co c
Q2
R2
§2
A2
B2
c2

1
0

TP Se BT PH P GG TE Lo T g SS Lo

LI (T N I A | I | 2 B T I | S 1)

NEWQ (A

Ai A3
-B7 B3
Ci €3

i 81 = 15
PoAl
i Bl
iy C1

*axf0 + Bj

L 4

-r -e

i R3
i S3

-
-0 MY N

s 28 | w0 oo o8&

*® eawe I Nl W H N1 N

D 3D 9 N~ e

= SORT(D)

G i= TRTS

ARQOXQ0 + B%QO + Ci

.

¥Q2%02 - B%02 + Ci
XAXQ2 - B
i

"WHILE ABS(A1) & 1 AND ABS(AL) & G AND
ABS(A3) & 1 -ANG ABS(A3) & G DO

-

BEG
AD
RO
R
Al
B1
c1
A2
R2
'R3
A3
B3
- C3
END

IN

=} AlS

=! R1}
0%x@0 + R1j

BO t=% Bij
S0 1= 813

R

A

2¢A0%d0 + BO}
oL :
A3 B2 1=t B33

' R33  §2 i=! 3¢
-R2%@2 + R3}

-e oo

2!A2102 + B23

A2 ’ L\

@ 90 GS g ¢ 0P ¢® o0 v 000000

co

et

+ C1j

ao ¢

€2 i=} C3}
02 i= NEWQ(A2)B2+E)i

83 i= 52802 + S3; .
A2R02802 + B2%02 + C2; -

NEWQ(AOyBOSE)
S1 i= S0xQ0 + Sij '
0%Q0%00 + BO%Q0 + Lo}

AR



X

IF ABS(AL) = 6 THEN
X ¢=R1L VY i=811 OFSQLN = Al
ELSE IF ABS(A3) = G THEN
: = R3I ! Y i= 83 | QFSOLN (= A3
ELSE IF ABS(A1) = 1 THEN ‘
X i="TkR1 ! Y i= T¥S1 ! QFSOLN = GlAl
ELSE )

X ¢= TeR3 ! Y i= TxS3 ! QFSOLN i= GXA3

END o

. [ 4
\

GLOBAL INTEGER PROCEDURE VALREX(AsByCoDyPyU)j

. COMMENT -- P-adic:valuation of (x"(e-1) - 1)y
v = (A + Bert(D)) / Cy U = sart(D) (mod p)i

INTEGER ArEsCrDsPrUsH1Q9sR9SsVrUWsXsZs

EXTERNAL INTEGER PROCEDURE INVi
EXTERNAL INTEGER PROCEDURE POWMOD

[

INVOZXUSF) 5
0

’ . '

nwon

Ui H ¢
Py Z 3

ee oo

d

WHILE @ DIVIDES Z [0 o
WisD-Xxx/Q! :
EM U 4= HXW / P ! .
X+ Qxy |
P Q ‘ e,
POWHOD(A+BRXsP-150) ! _,
POWNOD(C+P-1+0Q) ! :

EM Z $= (R - §) / 0j y,

¢

*

4

+

4
Ta
.
.

"B ouow

R
X
L
R
s
R

ioW = CH \ ‘
HIKE PNDIVIDES Z DO »
7322 /7P VU =V ¢
WHILE"F DIVIDES ﬁino
Wi=W/P 1 Vi=VY - 2:(9 - 1);
VALQEX ="V
s . N , * ]
ENIP . ~ '
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. .

GLOBAL INTEBE# PROCEDURE KDELTA(X!Y)S

COMMENT -- Kronecker’s delta functioni

INTEGER X»Yi

IF X =Y THEd
KDELTA i= 1

,GW
ELSE

KDELTA 1= 0

END

t

GLOBAL . PROCEDURE IDENT(A)j
COMMENT -- Set A to be the identity matrixi

INTEGER I+JrLsHi ARRAY AL2]5

'EXTERNAL INTEGER PROCEDURE KDELTA

L $= LOWBD(2sA); T

e
H i= HIGHBD(°yR7}

DRI:= iooo'HDD
9RJ:= looo'HDD
ACISJY t= KDELTA(IsJ) R
ENR
-
: ‘ 2
1}
"
» |
:\"
v

B-17



)

"FOR .1

‘ E“D " 4 : R }

- b

" GLOBAL INTEGER PROCEDURE DET(A)}

QDH&ENT - Determinant of nagrix A
ARRAY AC2); INTEGER I»JsCoDsLsH}

L ¢

LOWBD(2+4) 4 ’ .

H t= HIGHBD(2/)A)$ : '
b = 1

FOR J $="LyssorH DO L /
BEGIN v
FOR I != J+1’0}0!H DO
WHILE ACI)J3 % 0.DO
1= ATJeJdd /7 ALINJY Y
" ROW(JsA) t= -ROMWCJsA) + CXROWCIsA) |
ROM(IrA) - t=! ROWCJIIA) S
. D t= ACJr»JIXD .
ENI;

DET-!= D . :
END

H |
|

'GLOBAL PROCEDURE COMPANCFsA)F . -

"COMMENT -- Set A to be the comeanion

matrix of the polunomial P+

INTEGER IsJeNi- ARRAY FCIJWA[2]$.

" EXTERNAL INTEGER PROCEDURE KDELTA3

- £z

" $= HIGHBD(1,F)3i

Olooo'N‘i DU
Or X ) IN'I DO

FOR J 3=
IF-J ¢ N-1 THEW

ACTsJ] = KDELTACIvJH1) -
ELSE S
ALYI+J3 = -FLIY -

!



-

GLOBAL. INTEGER PROCEDURE NQUOT(XsY)

: . COMMENT -~ Normalized auotient @ of x and us
O . such tﬁat Ix/w - al <= 1/2¥

INTEGER XIY; . /‘ R

4 i o ' ' ¢

e _: IF SIGN(X) = SIGN(Y) THEN
NQUOT 3= 28X + Y/ 28 .
ELSE
.,_,.,¥~*';4;-. © NRUOT 1= 28X - Y/ B o
- ’ '~ END® : ‘

SR AN

GLORAL PROCEDURE ROWRED(As»RHsCH)$
INTEGER RyCrQsRLsCLs/RHsCH} ARRAY AL21j

/

COMMENT -- Reduces the matrix A to triandgular formi

- .. EXTERNAL INTEGER PRDCEE&}{r;aUDTi'

RL $= LOWBD(1+A); _CLA= LOWBD(2,A)}

FOR' C = CLyssssCH DU
BEGIN
FOR R = CélvesssRH DO
"WHILE ACRyC) # 0 I : '
@ = NOQUOT(ALCsCIsALRsCY) ! . B . -
ROW(CrA) - = ROWCCrA) - OSROW(RrA) 1 -
ROW(CsA) =1 ROM(R)A)} _ :
IF ACC,CI < O THEN ‘ '
ROW(CrA) = -ROW(CIA)} , T S
. FOR R t= RLsviirC-1 DO T e
© IF ALRsCY & O THEN . b : ;
v W0 = NOUOTCALR/CIALCIED) 1
- *ROM(RYA) 2= ROW(R)A) - QEROW(CIA) S

L'}

- END . R R
E-Nn L] LY (. .T(s - \

. .
. K . .
. - ASEU
B ' . . Lo
A »

-

P
LT

T T 2,
S ES
- i .

-
PR .

- .

’
2
A Y

© B-18

~
’



CLr e ’ B
.GLOBAL PROCEDURE MATINV(XsYsD)}$ '
; » . . . Pl
COMMENT -- Set Y/D to be the inverse of
the UPPER TRIANGULAR matrix Xi
®INTEGER DsIsJsKi ARRAY X»Y[21j
EXTERNAL - PROCEDURE IDENT;
J
P t= HIGHBO{1,X)}
IDENT(Y) S ‘ .
FOR I = 0!...}-!( DO . ,° a
YEISID 8= D / XCI0123 o, -
FOR I 3= 1s4040K DO .'I', Co
FOk J%= I-1y I-2y4s009 0DO0 . =~
YCIsJl i= -ROM(I)Y)RCOLUMN(DYX) / X[JsJd
END - ‘ C
S ' vy ’
i/

' GLOBAL ARRAY PROCEDURE MATPHR(AsKyPsM)C214 , -

L COMMENT -- Returns B = A"k mod p~m-where

A is an n by n matrix and P is primej
- INTEGER K:+FrMsNi  ARRAY AL215
EXTERN;L‘PRQCEhURE IDENT;
N 12 HIGHBD(15A)}

BEGIN b ,
INTEGER HrsQoRsVi  ARRAY BrXCLiN»1INI3

3 ,'.
Ny . -~

CIDENT(X)$ B i= A} R 1= Ki V d= P°Mi

WHILE @ > 0 DO
o __ BEGIN - ,
. " B REM R =0 / 2§

‘ IF R = 1 THEN L
- . CREM Xoi= BEX / Vi !
IF @ > 0 THEN S
o REM B'%= BXB / V .. . : S
Cote ENDG . o Ze, -
R ' L e L g5
© .+ TMATPWR =X - PR iﬁ?@‘ o
| ‘ END o LT "' | ~
N o . END "
e L §
‘ ‘.
o , ' 1' f K
5 A R I



v ' = - ‘ .

. ¥ INTEGER AyRsCi - W

~7 | DISC3 = AXARBSR - AXBABKB - AXARARAIC - 27%CKC + 1BSARBAC
o v — E

. END ‘
* -

- ’ o .
U é . ' & ’ A
. : 5
GLOBAL INTEGER PROCEDURE DISC(F)3

3 COMMENT -- Discriminant of fi o (

. INTEGER I5JsNi ARRAY FL113 ‘ . (:\\ o
o N t= HIGHBD(1+F)i i oy .

3 » - T

« REGIN ' ‘ :

» ARRAY AC1INLINDS

\J

P EXTERNAL INTEGER PROCEDURE DETH

“FOR I 1= 1y..4oN D0 - . '
FOR J = 114000 N DO ‘

| © . JIFI = I'THEN . - , ..
’ - . . - ‘ »

~ : ACIsJ] i= (N—J+1$tF[N-J§;]

’

ELSE IF J < N THEN . .

< .o ACEIJ] 15 ACT=1p 0411 = ALI-101I8FIN-J)

ELSE : to- A
ALLIJY b= -ACI-1 AFIN-935 .

R 0 ‘. ’ ) l" /

e bISC = DET(A) ‘ R

FNIv | Lo e

ENTt

B-21



GlOBAL PROCEDURE NF3SOL (AF BFId&!HF!IL'IH'X!Y!Z/P)’

e

"INTEGER Ar.ar.uF-HF.IL.xH,P,x.Y.z;

COMMENT -- Inrut?

Output!

°

INTEGER ﬁvaCvU’EiFrIvJiK!L!N!_S!T!XL!XHrﬂYvDZG

INTEGER PROCEDURE:
INTEGER XyVi

¥,

Field paraneters AFoBFvOFvHF deternining the

totaslly real cubic-cwclic ftield of rrime -
conductor QF and class number HWF.,
ILefW ¢ Low and hisgh bounds on I+

.

-~ P % aprine to be rerfesented by the Aorm- ~

fOPI of the field. - .

L]

Three c\b!fxczents XiYsZ -which satjsfy the
eauation lnornforl(XoYrZ)l P

CLG(XsY)

IF Y < 0 THEN TN
IF X < 0 THEN "
CoCLB =X+ YHL/Y ; ‘
ELSE : ~
CLG =X/ Y - . ’
ELSE . -~
IF'X < 0 THEN .
, CLG = X / Y h
ELSE °
, CLE t= X +Y-1/%
END'
-INTEGER PROCEDURE FLR(X 1tH .o
"INTEGER X»Yi : .
IF Y < 0 THEN el
CIF X < 0 THEN ' '
FLR $= X / Y N
ELSE : '
FRi=X-Y-1/Y -
ELSE ‘
IF X < 0 THEN : ‘ .
, FLR =X -Y%1/7Y .
" ELSE b
FLR ¢= X 7 Y
END} g &
S .
o)

| %3
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L4

4y

PROCEDURE SGRTQ(NvR1vR2)v
COMMENT =- r1 <-- flr(sart{n)),
12 <-="cld(sartin))i

INTEGER N+R1IR2s X1 Y} '
X 1= 1% =15
WHILE Y < N DO
X t= 28X™1 Y i= 4%xY;
WHILE Y ¢ N DO :
X 8= (Y, + N) /7 28X ' ¥ i= XKXj
Rl = Xi ) :
IF Y = N THEN
R2 =X
ELSE : ~
R2 t= X + 1
END3}

. INTEGER FROCEDURE NF(W)$ °
INTEGER Wi ’
UNF = WENEW 4 ARV + B&W + C
ENU; "
PROCEDURE INTRVL(RLs»RH) 3
INTEGER RL/RHsRMsFLoFHsFNi
FL t= NF(RL)§ FH $= NF(RH)}
IF FL = 0 THEN
XL, ¢= RL ! XH 3= RL
ELSE IF FH = O THEN v
- XL t=RH ! XH.$= RH
ELSE WHILE RH - RL > 1 DO
EEGIN
KM $='(RL + RH) / 2j
FM~ t= NF(RM)}
IF FM = 0 THEN .
RL := RN ! RH

VALUE

= RM

XL t= RM | XH i= RM
. ELSE IF SIGN(FM)
. R
ELSE
© RH =
_END .
ENI

= RM ! kL }= FH-

RM | FH = FN

= SIGN(FL) THEN

. -
‘4

RL o RH#

1

&



P

R

L4
L]

A

L1
PROCEDURE, NORMVAL (EPS ) ’
INTEGER - EPS ¢+ UsRDLsRDHsR1Ls R1H;R2L s R2HsRIL » R3H;
IF XL & XH THEN
BEGIN - ,
Atz (Y 4 2)KTH .
B t= (YEY + ZX2)%5 ¢ (YSZ¥F)} ‘
'C-i= YEZE(YED + ZXE) + (YSYSY + ZSISZ)AN + EPSKP;
SORT2(ASA-3¥BsRDLIRDH) G
RIL $= FLR(-A-RDHs3)i RIH $= CLG(-A-RDL»3)}
R2L $= FLR(-A#RDL¢3)i R2H t= CLG(-A4RDHs3)j
INTRVL(RLHVR2L)§ o :

IF XL & XA THEN N

~ BEGIN

«

Ut= R2H - RiL} ™ . K

RIH t= R2H + U3

WHILE NF(R3H) < 0 DO
U iz 2x0 ! R3H = R3H + Uj

- INTRVL(R2H/R3H) § ‘

IF XL & XH THEN . v
REGIN H
U- 5= ‘R2H - RILj
R3L 3= RIL - U7

. WHILE NF(R3L) > 0 DO 5
. A $= 2%U | R3L $= R3L - Uj
JINTRVLCR3LIRIL) RS
END ! ’ o 3
END L ‘
END ]
END} .’

B-24
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t v . )
2
.

-13 LN
(1 = QF) /3%
(3XQF + QFKAF - 1) 7 27;

(SXT - 3XN + QFBF) / 25 :
(SXT - 3kN - QFXRF) / 2¢ ‘ K g“
172 - §i ‘

ve oo s ®* o0 e

L]
MMo X w -

1 ILi XL = 1 XH = +1j

i
.1"/\\

© et
tt

x
-
I3

UHILE Xt # XH AND£I‘<— IH Do
» BEGIN

-4
"‘l
| =1
=
=

+DY
. NORMVAL(-1) | . .
< * NORMVAL(+1)$ .
y DZ 3=t DY; DZ = -7
ENDS ‘ .
=T +1 , T , '

‘:;/

x:=orvnb¢z: o , ,

£3°




. ¥

»

<

STEP1}

4

. STEP2:

STEF3:

- ARRAY

INTEGER N+P«EsDELTAS

of di
Z-order ¥

¥

/

ARRAY FL11/MC21%"

f in ZCx1y» » primesr e the r-adic valdation
(f)r» ORDMP returns '3 basis of & 'p-maximal’
the field Qluly v 3 root of f(x).

An

order is "p-maximal® if its index in the maxiasl
orded of Qful is not divisible by pv The basis

is returned as rolunonials in 'uy with coefficients

in the arrag My 211 having denominator DELTA.$.

EXTERNAL INTEGER PROCEDURE GCDj}
EXTERNAL PROCEDURE IDENTS
EXTERNAL FROCBDURE ROWREDj
EXTERNAL PROCEDURE MATINV;

"N =/ HIGHBDL1,F) .,
| - -

BEGIN
1]

"

v v\ : |

INTEGER I»JKsLyDISCRyPHAX 0S5 UsULS

DISCR §= P Ej
IDENT(ID) 5
FOR I %= 0y, N-2 IO

ROW(I,COMFF) 3= ROW(I+1,IDYi

FOR J &= 0v,..oN-1 DO
COMPFIN-1+J
M 3= ID0§# DELTA 1= 1}

= DISCR¢
= 15

.P L3
I

Lee S

K’
U
IF
AN

D
A .
2 DIVIDES DISCR
' DIVIDES K THEN

FI
u

I U & 1 THEN
EEGIN

M4TINV(MsB)DELTA) S ©

T t= HxCOMPFXBj}

t= -FLJI’

= PXU ! PHAX i= P |
!

t= DELTAXID; °

FOR = OvseesN-1 DO ‘
. MATRIX(2:3+W,1I) i= MLI,01%B}
FOR J i= 1yseerN-1 DO

REGIN

‘= BXT / DELTA;
FOR I != OssesoN-1 DO

MATRIX(2,39W5 1) 1= MATRIXC2,3,W,I) + NCI»JI%B

END;

W'i= W / DELTA"2j

ID!COHPF!B)T:SP!JU[O%N-lvO?Nfllr
! A[dﬁﬂﬁgflvotN-lly WIOIN-1y0IN~-1s0IN-11}

g



STEPAL

Q = P; K 3= 13
WHILE @ < N DQ
2 %= PxQ ! K

STEFSE

+ I'd
AV

. IF PHAX >
BEGIN - .

SP t= OxID; . - L/

FOR I 3= Ov.vesN<1 DO /

FOR J ¢= Osv0.rN-1 DO f

FOR K $= OyesesN-1 DO = ./
S8PLIyJI $= SPLIvJ)
+ VECTOR(3+MyI+K)SVECTOR(2) W/ JsK)

END}

FOR I $= OsvseoN-1 DO

. RON(IsA) $= UXRD ; ~
. IF P, DIVIDES U THEN/ -
BEGIN o S

Ut = u/pi
IF P > N THEN T-1i= SP.
ELSE '
BEGIN
FDR ¢ = Ov..ovN 1 DU
‘%Eblﬂ“h\

v © FOR
CDLUHN(JoB) i=

"COLUNN(JsB)XMATRIX(2) 30 u.J) -

S . EN[’!

FOR T 4= O0sseorN-1
ROU(N+11A) i=-

END; o

FOR I t= OsseoerN-1
COLUMN(I/B) i=
MATINV(BsJUU) ¢,
FOR [ veesrNFL DO )
BEGI : ‘ o
= JUXHKA RIX(213vU-K)tB / Ui !
L r- 0!
FORK t=/0s.0ssN-1 DO
FOR J : 05000!"'1 DD
ALL/PK] = TLI»Jd] ¢ L =L ¢ 1

ROM(IrA)S

ENDV

ROWRED( Ay

S K = 14,

FOR I IS 0!000!"'1 DO
K #= ALI»IIXKj

"2-1iN-1)5 o

nTeew \/«




W

STEPé!

IF K 4 1 THEN

Q

%

END
END.

END

BEGIN ) -

DELTA = KEDELTA$ P - o

DISCR $= DISCR / K"24 ‘ -

MATINVA(MATRIX(2+1/AY»BsK)3 . S o

M = BEMS ' X : ‘ ) . S

L i= DELTA} . , : L

FOR I ¢= OrveorN-1 DO i ‘ .

FOR J &= Qloo_&!l Do . ’ ©
L $= GCD(HCIsJIsl)$ . ‘ . , .

~IF L > 1 THEN . \ L .

DELTA $= DELTA/L | ¥ 3= M/L} .
6070.STEP2 * -~ ‘ o ‘ ‘ RN
END o . -

v
.

.
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- ~

GLDBAL PRDCEDURE NEUPH*CF:P!GvHvD)v

aq

COHNFNT -~ Given cubxc nininal rolunomial f(x) of thotao
P primey p dividind disc(f)r finds rhi in Q(theta)
with uxnxnal rolwnomial dt¢x)y with p not dividing

D disc(d)y and polunomial h(x) with qenonxnator de’

" such that theta = h(ehi)/dj

INTEGER F)Di ARRQY F1GrHL1DS

»

. INTEGER JvknGerEvDBthDEHIvDFSI?

-

ARKAY  NPHILO:33,
CTHE,CPHIvCPSIrTPHIvTPSIvIDyHBAStO 2,043y
AFSIC0:3,0:2
BPSI[9:3103335

ROOLEAN HORMSE; N

EXTERNAL ;krsssn PROCEDURE DISCS  °
EXTERNAL INTEGER.PROCEDURE 6COT
EXTERNAL INTEGER PROCEDURE NQUOT;
EXTERNAL PROCEDURE ORDNF;

EXTERMAL PROCENURE IDENTS S
EXTERNAL PROCEDURE COMPAN: :
EXTERNAL PROCEDURE HORROR; 1 -

" INTEGER PROCEDURE VAL (X)}

INTEGER X,U) VALUE X§ .

IF X = 0 THEN ) ‘ . .
vVi= -1 Lt

FLSE. L e
REGIN |
Voi=.05 .
WHILE P DIVIDES X no .
w X3z X/ PEV =V ¢ 1 e
END; { - ‘

vaL = ' - ce

Eng: - , - '

A

B~-28



v TPHI ¢= TPSIXTFHIG.

reenTan ‘ ;o
TEMI =715 -DPHI = 13 WPHI = Fi
hnng_P DIVIDES DISC(HPHI) DO

~ BEGIN G -
E 1= VAL(DISC(NPHI)) 4, o e | \
ORDMP(HPHI 1P/E/HBAS/DBAS); |

> COMPAN(MPHI»CPHI) T ‘\~.!.;“

» CPSI ¢= MBAS[2,01%ID + MBASC2,1JXCPHI + MBASL2,2I1XCPHIXCPHIG

COMMENT -~ CPS1/DBAS is PSIy where PSI belonds to
0 adJoined the companion matrix of PHI}

ROW(OsTPSI) $= DBASXDBASKCOLUMN(OsID)}
ROW(1,TPSI) 3= DBASXCOLUMN(OsCPSI)3
ROW(2,TPSI) = COLUNN(OsCPSIZCPSI)i |
DPSI i= DBASKDEAS; - b

‘ , , . < o ;
COMMENT -- TPSI/DPSI is the chamde-of-basis matrix between 3

basis of rowers of PHI and a basis of rowers of PSI}

. < .
COMMENT -~ Reflacg PHI by PSIé -

o

MFHILC3)

=15 - . )
MPHIC2] 3= -~ CPSIC0,0] - CPSIC1y1] - CPSIC2y2] / DBAS;
¢= CPSICO,01XCPSIC1»1] ~ CPSICO,1]XCPSIC1,0]

MPHIC1Y
‘ "~ T+ CPSILO,0IXCPSIC2+2] - CPSILCO,»21%CPSIC2,0]

’ + CPSIC1,11%CPSIC2,2] - CPSIL1,21%CPSIL2,1]
‘ / DBASXDBASS

MPHI[O0] = - CPSICO,0)%CPSIC1,1)XCPSIC2,27
{ ’ + CPSILO0,01%CPSIL1,23%CPSIL2+1])
- CPSICO0s11XCPSIC1+21%XCPSIC2+01]
- ¥ CPSICO,1I%CPSICi,01%CPSIL2,2]
.) <ot - CPSILO,21%CPSI(1,0]%CPSIL2,11]

+ CPSICO0,21%CPSIC1+13%CPSIL2,0]

/ DBASXDEASRXDEAS

DPRI = VPSIRDPHIN

_ oo
. END; fo. 0 T
' ¢ . -
G 1= HPHI} o
i
F -
’ ) .
)



o
a

.y : ¥ .

A

COHPAN(F:CTHE)- .

4

" COMMENT -- Caner that.d anrahilates PHIG

CPH1 1% TFHIC1,03%ID + TPHIC1,»1JXCTHE + TPHI[L}2J!CTHE!CTHE5
CFSI = GLOJXDPHIXDPHIXDIFRIXID +- G[lJtDPHI*DFHItﬁP

HORMSG = FALSES

FOR ) 4= 0”00072 | Ut} I

‘

FO"' K = 0"c0’t DD

+ GL2IXDPHIXCPHISCPHI '+ GI3)X

IF CPSICJyk] % O AND NOT. HORMSG THEN .
. MORROR(*Error expressing nxn/Pol Phil®) I

“RORMSS 1= TRUES

/

COMMENT - Express TNETA‘in lgrus of PHIS

TPS. t= TPHI¢ CPSI = DPHIXID;

FOR K {= 01.,,92 DO S
FOR J t= K+1s4ss92 DO ’( ~‘\
WHILE TPSI[J;K] $£0 DO

Q= NQUOT(TPSI[Kih] TPSILJeK]) !
ROWK,s TFSTY . RpN(K TPSI) - Q¥ROW(JSTPST) !

io.

ir TFSIC1s11 < O THEN

ROWC1,TFSI) = - ROW(1,TPSI) !
FOM(1,CFS1) T=—- KOW(1,CPSI)}$
=T
°°¢0992 DD .
GCD(K:CPSIL1yJ1)j

F
4
L
L3
4

SIC1¢17}

o«

ROU(K:CPSI) - QX¥ROW(JyCPSI) !

ROW(K,CPST) i=
ROM(K,TEST) 1=t ROW{J,TPSI)
ROWEKsCPST) f=i ROW(JICPSD) S
b= 1 K 3= 2 L
t= TPSILJsKI; R 4= TFSICK)KIG -
ROW(JsTPSI) $= REROW(JSTPSI) - QRROW(KsTPSI)i
© . ROUCJrCPSI) i= RXROM(JS>CFSI) - QXROWCKiCPSI);

H = ROQ(l;CPSI) / Ki D i= TPSIC1+41 ./ Ki

COMFAN(F sCTHE) §

= 3

@ItCPHItCPHIi

-]

‘CPHT = TPHIL1:01%ID + TPHIC1»1JKCTHE + TPHIC1»2]1XCTHEXCTHES

CPS1 1= HCOJXDPHIXDPHIXID 4+ HC1IXDPHISCPHI + HU2)KCPHIXCPHIG .

Q 3= DPHIXDPHIXD} )
ORNSG := FALSE; -

JEFOR J 4= Orauer2 DO

.

FOR K . 0v.ve92 DO~

IF CPSILJsK] & QRCTHELJ9K] AND NOT HORMSG THEN :

HORROR(*Error expressing theta
HORMSG i= TRUE

ENB‘

in terss of Phi!'{



. BLO AL PROCEDURE POLSRT(ORGFyF ORGHrORGR)v

C HHENT--Returns aphroxxnat1ons nod £ n to the- roots rlsr2er3
of f(x) in Zr) with the..numbering chosen sg, that'

Ar1=r2)(r2-r3) (r1-r3) = sart(disc(f)) > 0j .

INTEGER PrORGHMi ARRAY ORGF,ORGRC115 . . /

TEGEK DyGrHALsJsKyHrVsMsArEsCrALyBLIC1oDTIORGY,ORGD} |
ARRAY FCO131y ORGTCO!2Ts RySC1(3Ts TC113018315 ) 3 "
EXTERNA, INTEGEK 'PROCEDURE SQRT$ ' . *
EXTERNALNINTEGER PROCEDURE -DISC3 PR
EXTERNAL INTEGER PROCEDURE SPLITi
EXTERNAL INTEGER PROCEDURE INV; . _

-EXTERNAL NTEGER PRDCE&URE JACOBI §
EXTERNAL ARRAY PROCEDURE MATPUR[I 3,113

EXTERNAL PROCEHURE NEWPHI; -
NAL PROCEBURE HORROR;

' - L. 4 T .
/,/’VQTEBER PROCEDURE JAC(NsP)} ~ - ° - .
NTEGER NsP3 . VALUE Ni - :

/" WMILE N'€ 0 DO'REM N ix (Nt P) / Pi co

IFN= o non P THEN, .

JAC 3= 0 -

. ELSE ce .

: JAC, !z JACOBI(N,P) - .o
NG i : ﬂ’

INTEGER PROCEDURE FO(X)) S
INTEGER X ' ~

REM FO 1% FEIIXEXKX 4 FL2IAXEX 4 FI1IRX + FLOJ / v o

END: _ .

INTEGER "PROCEDURE FN(X)y A , .
. INTEGER Xj ' : o
REH FN 1= XKXIX + AKX + DRy + c/e

ENDS

1N1FGER PROCEDURE ORGFN(X) - . St

INTEGER X!
KEM ORGFN {= ORGFL3IXXXX%X + 0RGF[2]$X¥X + ORGFL11%X" + ORGFLOI / DRGY

. ENDG - , ‘ .

e-[l

- R ¥ . B-32.



¢ \ , ~ .
. BOOLE‘N PROCEDURE MODFAC(X»YeZ)} > - Y
’ CONMENT -~ Confirm that X1sX2:X3 are - ) o :
the roots of Y(x) mod I}
INTEGERIZrSYﬁlrSYH 'SYM3: ARERAY X:YL13$ &

SYMI = XCQ1 4 XU21 + XC3)} _
SYM2 t= XC1IXXC21 +.XC1I8XL3] + XC2IXXE34
 SYM3 = x:11xxr23xxt33e e
MODFACS 3=, (SYMI = -Y(21 NOD Z) AND - - .
% - (SYM2 = YI[1J NOD Z) AND
(5YM3 = -YL01 MOD 2) 4 ~ d
r ENDS RS - :

PROCEDURE SOLVELS

COMMENT. ~~ Finds r2y r3, divén f(r1) = 0 mod Pj
INTEGER B1sC1sD1sE14B15 - -
Bl := ‘A + RL133

cl Rtizzecxl + AIRCA
I i INV(24P)§

(Aex b= SPLIT(EY T
.- a7 REM R[21 15-(-B1 + G1)XD1 / P} O ‘
- REK . RE3 2B1 - G1)%D1 / P : - ~
B END : .
PROCEDURE SOLVEQS " ~ S .,
COMHENT -- Finds R[11» given SC1] 4 O aod Pi
_ INTEGER D1/+E1sGLsHIT" ¢
D1 t= INV(2XSL11,PYF~
FOR H1 3= =151 DO’ °
- KEGIN | | . .
E1 t= S[2D%KSL2] - 4¥SLilR(SLIIHH1)} : .
IF FN(R[11) # 0 THEN L '
IF JAC(E1sR) & -1 THEN ’ - "
. BEG ‘ . . -
G1 != SPLITIE1.+Psl)i : S
. REN RL21 = (<S[2]1 + GLI®DL / PF
REN'RC31 ¢s (=SC2] - 61)&D1 / Pi
IF. FN(RE2J) = O THEN RL1) i='RI2D}  °
' IF FN(RC31) = 0 THEN RC11 = RL3) L ' ,
- © END oo . ~§§; ‘
. END | :
END3: . ' ? n
# - ¢
: B-33
% ' v



. »* ; ‘ ) I “
. .. X -
a ~ N 4
. ~ [ ]
< ] LR - - .
% . , X ‘
- ' {" e &+ r” . . .
. . PROCEDURE LIFTj g <y R
(Y < COMMENT -- Lifts roots spd P to roots’ mod PN} - W
‘ « . INTEGERK WL, J/Ki ARBAT G,UL1:3Ds UsWE1:341130 -
T o : ‘ ;
S VELo1d t= 15 VE1s2] t= 1; VI1s3] 1= 15 .-
VI2,13 = RE2I4RC3TF VL2021 = REIMRC3T5, VE2,3] 3= RC1J+RC21:
VL3s1) t= RC2I¥RI3TG , VE392) := RUIJIRC3I; VE3GFD 1= RC1YXRC2TG
W1e1d 3= 15 WC1e23 t= 03 uc4.3 = 04 o
WE2y10 1= 05 WE2021 i= 15 WCRs31 3= 03 X
WE3:13 8= Q& WC3s2) i= 0

. 2 [3:374= 15 =~ ° .
.'-___/7 \ ’ r ) :* {
FOF\ I 3= 1y4ee0d IO ¢
BEGIN
K 12 INV(VLIIDsP) b )
REH ROM(I,V) t= KEROM(I,V) 7 P e
REM, ROW(IW) 1= KXROW(I,W) / Fi
FOR J = 1'000!3 DO ‘g;"‘

_ \ IF J #.1_THEN' . ®
- ' K 3= VLJeID .
’ CREM ROWLJIV) t= ROM(JIV) - KEROW(INV) / P !
o REM ROW(JsW) t= ROW(JoW) - KEROW(I:W) / F
END3 ' ‘. b "
- L FOR H = 1y..,,/H-1 DO .
N BEGIN
K t= P Hi ‘ “ L,
- - UETY = ROIT 4 RE2D 4+ RC3D 4+ A / Ki - ‘
_ -/ Ur23 1= RC1IARC2] + RC1IARC3D + RE2ILREID - B / K )
;o 4 UC3) 3= RCIDKRC2IXRC3D 4 C /7 K
R-t= R = K¥Wxu <
‘ ( {1 TN °
END: N :
NEWPHI(ORGE + Py FyORGT»DT) 5 ) .
, | SPJOREE et . | |
e K= DTj. M i= ORGM;  ORGV := PDRGMi  °. U
ORBD = SRRL(DISCLORGFI)s - oL |
L WHILE f DIVIDES.K DO . .
2 K'te K /J; CREN RS \
v :4ﬂ$’n= Wts (P -7 /2 3
A = FI215 B t= F[1)5 C-{= FLOJ}
I t= SORT(DISGHF)); B : .
. ) K $= 05 RU{Is 03 ~SC1D i= 05 SI3) i='0f R ‘
. 3 '
oy -
1 v ‘
A ¢ ¥

. S o "~ B-34



TN

+

b

W
W
N
F
)

- IFK &

.\ N o P4
"l.-
uHILE FN(RT1D) 4 0 DO
KEGIN '
K = Kl .
) REﬁ Ci=(A+B+C+ 1)/ Vi &
REM B &= (B4 2%A + 3) / V3
REM A i= (A + 3) / Vi
IF C = 0 _MOD P "THEN
. RI11 =0
~ ELSE IF W > 0 THEN
REGIN .
TC1r11 8= -A3 TC1r2] $= 15 TC1,3) i= 04
TC2:1) 8= -Bi TL292) 4= 07 TU2,3] ¢= 1j
TC3rld = -Ci TL3,2) $= 0§ TL3,3) ¥= 03
REN S &= MATPUR(TsW/PsM)SCOLURN(LIT) ./ Vi .
. IF SC11 ¢ 0 MOD' P THEN SOLVEQ
. END )
END} )

. - { . : -
SOLVEL’ LIFT# *
FOR J 2 100093 DO - . .3
7/ REM R[JI ¥= RCJI ¥+ K / Vs

IF NOT MODFAC(RsFiU) THEN . .
_HORROR(*0hs no!!! Roats of wmin Pol rhi wrongd!!!®);

‘COMMENT ¢-- Corvert roots 6f new f to roots of original fi
K 1= INV(DTIO)G W b= B™(K-ORGH)} o,

FOR J = 1'00«'3 Do . ; [/f\ b

> "REGIN

‘ ' ' L
REM H i= K%(ORGT[O] + ORBTIIJXR[J] + 0RGT[2 3R J]tR[JJ) AT

IF W DIVIDES H THEN -
. DRGR[JJ"' H/ W
ELSE"
HORROR(® Esad"'
END;

4
Inrossible denosinatort!!*)

IF NOT MODFAC(URGR»ORBF;ORGU) THEF
HORROR( Hin pol theta not fa tpr;zed PPOP@?IU'!")v

FDR.J = 113 10 ., ]
WHILE ORGRLJ].< O DO, _ : \
ORGR[J t= DRGRCJI + ORGV# :

1 W
HILE W DIUIDES ORGD DU U = PKU, .
5 15 z ‘ ’
192 10 .
I+1r0 0023 DO y
" K$(ORGRLIJ - ORGRCJI)S .
RGDI MOD U THEN 'ORGRC11] {=$ ORGR(2] -

[
]
H '
0OR :
Ok H
H

1
J
K

ot n u

*ENT! Y
.

,
ox



VAR -
DAY
iR AN

GL'O

COM

BAL INTEGER PROCEDURE LN(WsPiMsN)5 .

MENT -- Finds the imade of ) ‘ "
s + 5”2/2 + $"3/3 + viv t s n/n {mod P"m)
where =1 - uw(p=1)ry n>= 1§ .

INTEBER WsPiMsNsVsIsLs VALUE Uf ) ‘ ~

EXT

EXT
EXT

Y =

ERNAL INTEGER PhDCEﬁURE POWMOD$

ERNAL INTEGER PROCEDURE INV3
ERNAL PROCEDURE HORROR}

M3 -

IF U = 0 THEN' ' Coa

ELSE

»
Lo

FOK

CREM L 1= (L + INVCIVIRL™I) £ Vi

REN

CEND

= 1 - POUHOD(UvP I!U)v

HDRROR('LN(O) is not défined!!!®) oo

HHILE’P DIVIDES W DO W-i= W / Pj
I = 11...!N.I|0 .

*
LN =L /v

i

GLOBAL INTEGER PROCEDURE RES(XsYsZyRePyH)§ ]

Con

EXTERNAL rnrssta PROCEDURE LN

Ui

U2
ue

RE
END

MENT ---Arproximation to the P-adic resulators

'ARRRY RE135 INTEGER XsY3ZsPyMi ARRAY UL1$333 .

1= %4 YtR[lJ ¥ Z¥RC215 R S

1= X + YSR(2] + ZXRC3D; . I

1 t= X + YARL3D 4 ZXRO1D o .
LN(Utl] PyHrN-2)"2 - LN(Ut:ﬂ.P,u.n 2):LN(U£31,P/nﬁn 2)

.
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