. R ‘ \.‘ ) - . . ‘n.\ “.\. , ' ) . ) ‘* . . " \\ _ . ‘ -
.« .. . . A FINITE ELEMENT STUDY OF THE EFFECTIVE. |, L
S oL o WIDTH OF SIMPLE AND CONTINUOUS T-BEAMS L.
t_ '1& ‘ o« ~ . ) L ) T, . .
. I RAMAPADA KAR, o T
- ' ’ MJ :'\ B N N . ‘e .t , o . _ A . ) ,
Q\\\ 4 . - . ’ . ) M / 3 . . _ . » o
. \‘ ~ "’ ' i s . , ‘.. \
. ) - ’, @ : » . /
[ » . . . - ) 4\\ ' . 1
h N . . RN |
' .. 9 . \\ v N " i . ' s ‘-.' ' ! |
| ‘ ' ) / "... " ‘ * ) .
.‘. . . - b :‘h\\ i ’ ' ) h ) . ’ ‘\~ . ’ ‘
. FE S . s o - ' T -
B " . -~ . N ". . . \ , , ) . ." . " ¢ -u .
o ' A DISSERTATION = . .
qo - . ‘ L . - . . ‘ . » .
N c . 0o in" the. - o i L ,
L : | . Faculty of Engineering ' - N
- s N ) . 5 ~ \,\“ o .!\. . p N |
o - A o : E o _ o
co : ) RN . "
‘ b & , . I v o o :
5 N e . @ C . ' ; L ’ iy ) . .
::'!ﬂ' T ' - . ' ) P ' " N L “ o R - ‘: @ | " ’ - \’ .
y . 1 1 1‘ ) ., Lo : 'u 1 .
. L ) .° A }% , . JRRTE ’
. Presented in partial fulf:.lment of the requlrements for: : :
CLoT . - the Degreé -of Master of Engineering at = .- -,

s AR - Sir George Williams Univer51ty . - .
.o ~. Montreal, Canada © ‘ L "

- ' B . .
.. " R }\ o , ‘ ‘ ‘

- . 2 .

- . ,

. ~ " - ~. . . \
N . N

: . . " B3 . ..

Su v
’
c

e

—
,
P

N
s
AY v
\.\- September 1973
) e h
. ' . N »
- . 7
1, . . . ST
- . , IR Ly
S * . « P -y
N IEEANA
+y - s "k KN ,:f:
I Y _ BN
ol [ )
. . o
. H . « - ¥ e .3
S AT ERN S
Aoy e Rrgs
) “’» 1 oo ~~€, ,
UL ) o e Ty S
,o ot Lrrr el RS
e g e e e
[ S A BN TN
T N R TR
S e Lo \
7 ; . ,,x-.,j >
i A - N pENS .,,%é R ,_ PR
~ s 3 i d 2
Fied na, \’ 1_ n
< ) ‘gJ \':ﬁ‘ t §~ % f\‘ ,&u‘;‘ gy
S



-
. - N -
' * ~ t
' - B . . . * ’ .
‘e ” , ‘ < . ‘.r‘ ~‘_' .Q
s
: ' . o ABSTRACT  *~ -

° r : ~ v, : .

L] ' ‘- e K]
- " - :
3 . -
P
. . +
Lo . o, - ]
. o P
N .
- ¥ v .
’ el ' ..
. V.
- k 2
- L]
- s .
-
B
‘ : . . .
” L. . + - ’
. . ;i 24
. R I .
N . v, i
Lo
N N
. ' )
« (]
.
Yy - \ . .
- . A - L
e~ = : W
. I H ¥
. .
. v, b <
> o [
. N B

. ot N
ae . A . .
. .
B * .
A ¥ .
& : - 1,
P “-, . * .3 L 2V
WLl AN \ ot P
AT R L T
. N B H R T
' . e MO T Ty
L RIS TR S S
: ot v i » AT PN
PR 2 . =h v AN
d . : <
P P e . R¥
IO R - i - . .
s M ~ I 9,4 > _1’1 . L ¢
R W . - ‘?‘?{3"; ':-’s‘:l}g}\\
? : K 2
1 RO PR E EIF g ke
kA . A G

N 7
CX N § o
Vg ;‘g,{ !

oy
oy
b

AN e S A
NN e i Lo e R S

i




' Ca ' ABSTRAGT L o

.' > B * I ’ ’ -1

- : A three-dimensional finite element study on, the , A

effectlve width of s1nmle and contlnuous T-beams is presented.

-~ A

\The 20-node isoparametwic solid elements are used,gor the -

: analysis.

o o
.

Classical approach of lnvestlgatlng these beams has

LY 1

also been rev1ewed\\‘ . . o [ "

o

- - a
.

‘Both methods are used to determine the distribution- - g

# ' of stresses in the flange of a number of beeaﬁs. The results

L

. . when compared, show close agreement. c

-

L The' effective widths of the beams determined by the : :

~> .

. cla531cal approach_and the finite element_techniqueﬂare—thenum—»—e
S o compared with those ~obtained by using the CSA Standard S S

A23.3-1870, Cdnadian Code For the besign of~Pla1n or Reinforc-

1] w

* ed Cogprete Structures. The results of comparison are found

'

o ' 'to be within the agceptable limits of pradtical design.
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Lo . . ,NOTATIONS

° - - )

" . : : The fo 1ow1ng list d%{;res the principal symbols a -
: n'f_ used in thid dissertation. Fo¥ convenience of reference, ] .

“a

these are summarized for each chapter individually. Other

symbols are defined in the text. ' y -
1 nv ‘ . . ’|
. ‘ Rectangular matrices are indicated by brackets L]

- ‘ "and column vectors by braces {1

o i

© L, .~ CHAPTER 2 L |
. ! ‘ : N . | v .
‘ ' b half the clear distance Bstween ribs . h
v b;f . . effsctlve overhanglng width- of flange
. b.s ’ eff;ctive width of flange for symmetrl_ -
- - : ) cally loaded ribs N ' %
' - esn effective. width of flange for symmetri- - f

« cally loaded ribs for ‘the n!th harménic
o" o width of rlb ' . Ny ‘,/
thlckness of flange C .ot . .

overall depth of T-beam : ' , o

Airy's strTss function . B o
a ‘ antlsymmetrlc part of the Alry 8- stress o o
' functlon F ‘ _ By, -
, ) . . }:3 ot
F . Co symmetrlc part .of Lhe Aity's stress fuRction =
 F for the n-th harmonic § : 5.
®

O F symmetric/p&rt of the Axry s stress function R

e »' R

}) L ,‘} - ‘span length of T~besm
o intensity'ofmiggaf
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< ' u,v “ displacements in the x \éﬁd y ' directions .
’ “ : respectively. R
. Zb . section modulus for the Yottom of rib
) : T Zpe : - section modulus of T-beam with actual flange
)\ ‘ width b replaced by bes ‘
| , an section modulus for the n=~th harmonic re—' -
i ‘ \ferred to line K ‘
Zo section modulus of the rib only
' Zt section modulus for the top fibre .
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Ixb . Ix aty=b»b .
! . - ' <!
Ovbn | Oub for the n-th harmqnlc i
| " 9%bn’ T maximum 0, .. . .
: ' o] 0. at y = b in the flange plate at midspan of .
. oxb bE
am -
) o \ L . .
an n-n:/L o PN . ‘ ‘ . oo ' . h
[l ™ - v “ ) , ’ . ¢t
: B %b/bo - ~ s o
Y ’ 2b/L . . , o -
%9 . 6 s . v' - d/do ) . ) m% :- A ‘ . ) “, T,
P ' An * bogn/? _ : : - ' : o
i . - ‘ Coon N '
‘ . * ' [ . . ) .. 3 .
". v i - - 1y & e ' i
R ’ X . s . ‘ ’ . 3
I {\f a] . . ® .

~
Fa
3

SRS

PR S
-
G

3 e
T gt
s,
v 7
N
-
.
.
.

- Yo

r:":«‘»«..:ﬁ:. P ‘733;’32 2
R N




g o ‘ . .: "1. . “. 1 .
e “ ) | . \ﬁ,i “a .
. . . ‘l )' i
- . - i
R4 I ' ‘ / ‘
- @ ’ ,- Q 2
* 'CGHAPTER 3 . : - v o C
L e [B] .7 . transformation matrlx relating stralns ’ "n
T and dlspLacements vooE i ' .
. : (D] constitutive (stress-strain) matrix
M ‘ . ° ~ M . i
o - {r} . vector of nodal forces ' ' -
/ N '
' ( [al -, ~ Jacobiap matrix¢ ) .
~ A ‘ ) n . .‘\
(k] . element stiffness matrix ‘ . ‘ |
. i
e [(xF overall stiffne§s matrix « 7 4
R LN] matrix of shape functions : LT A
. ‘ id ” &
| . N, shape function for node i - “ ' o
| . _vettor of load intensities ' o .
L ) A " ) v, ' )
‘ - {q} - vectoy of generalized displacementsi ™ T
4 ! - I S b
.o : {o} | . vector of tQ?rwork-equlvalent nodal forcesi ,
. . T v
L -
’ u,v,w ) ,dlSplacenmnts in the x,y,z z-directions .
" . - . respectively . . S
N e i ! ’ P i ° . . ‘ .
X Ys2 Ca¥tesian co-ordinates - . . i
L agBy, < . local coordinates - . Lo . N e
- {8} .. - vector of global- dlsplacements T
' ' . i ) : T . . ' , ”
{e} 3 vector of strains . s A

-

[} - «
. . {e} . - vector of stresses




v

. CHAPTER 1 . L
INTRODUCHTDN

3

Pl RA LA o A o :
f;;‘i i i G o L
2 oL i el 2 ; v
f@‘h o] L AR g a2 ity
Pt A o
DA Rty oy ¢!

s

PEERR IR

5 %
kr L



' CHAPTER 1

INTRODUCTION

-

In reinforced concrete design, the T~beam con-

stxtutes a very common and effective 1oad—carry1ng “element.
.4'

The flange and the rib of a T- beam are monolithically

«

connected,and the classical analysis of the flange rests on

separating it from the rib and ghen determining the stresses
by using the principles of contlnuum mechanigs . )
rw'

,
. i &

The Building Codes provide simplifiedgruIes for a
\ - v . .”! -, , N
practical design. The first step liesfin establishing what
. ' Y ' ] ‘,‘ R : o ;
i$ known as the effective width of a T-beam. *° -
! 3 . . . . ‘()

7/

The‘elementary theory of bendlng of beams predicts
a llnear distribution of the stress across any section. The

assumptlon phaq thegyplane section remalns plana after bending

is not) however, trye for T-beams With wfae flanges;

out 1ts wudth.; Flg. l l shows the stréss dlstrlb
flange, To simplify the calculatlon of the max1m m stress -
and deformation caused by the bendlng of the beam, the actual

width of the flangg is replaced by aphimaglnary 1dth b

referred to as the effective w;dth The longit dinal streg;
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and equel to the -maximum stress in the web. at the line of

\contacE, as indicated in Fig. 1l.2. - x

.

Clissical works on effective width/ﬁy von .

.

-

Karman E%]’ and Chwalla [2] have been the basis of many | . T
other studies. Most of these theoreticei investigations .
essume that the flaﬁge plate. is very thin, compared to the'

ovérall depth of the beaﬁ. For a thin plate shear resistance ]
is more dominant than its bending action. Consequently,

.only the in-plane action of the flange is teken inte_ch-
sideration. The,pené}ng action of the flange in the longi-
tudinal direction is neglected. This assuhption,requifes that °
‘*~all'loads are eéplied in a vertical plene through the longi;t 'e |
tudinal axis of the web. Ie is' also implied that the-flange' I

ro i (

piate is connected to £he web, not across the thickness,

— - 4

but along a line of contact placed at the middle surface of
the plate; as shown in Pig. 1.2. T .

. . r - 3 ‘
. * ) 1 . ~

b Koepcke eﬁd_beneckea-[3] ‘have studied both the simple" “.;
" span and continuous beeﬁs and prov@de useful‘tables for eaeiei
"computation of the compressibe force -on the flange plate, . s
the maximuq)stress and the effective w1dth. Again, .only the . y
membrane action is consxdened Marguexre s [4] investi~ ‘<,f
gation ;ncludes both in—plane and bendlng actiop of the- - ;yf
.plate. Brendel '[5] has made a comparative study of the~: x  e}};ﬁ

effectlve ‘'width formulas in the reinforced concreté Codes of

variogs ‘countries. Several other authors _[6,7,8,9] pxoviée 4ifm9f"



' . - L e “ .

| N N . .r, /J _'\ ' ": —
Abdel~Sayed ﬁlO] concludes that the ratio of the "

cross-sectional area of the web to the c;oss-sectionel areé

of the plate has a significant effect on. the effective flange

» width. Due to the bending of the beam as a d&ole, the flange

1

plate also undergoes bending and the influence of such bend-
g ., : .
ing %s even more significant if Ahe ratio of the flange

thickness to the overall beam depth is cohéaratively large..

.In reinforced and prestressed concrete constructioh a ratio

-

of 1/4 is not uncommon.

Literature on the study of effective width of con-
tﬁnuoué beéms is scarde. Usually, the length between the two

p01nts of cOntraflexure in a span is treated as a 31mple

S L on

span. The,behavioyr of,the flange over a continuous support

is not well documenteé. In ceftain practical appliégtions,

lt is useful to know the dlstrlbutlon of ten51le stress
b,
7flange in the negative moment zone. ' o

7

along the w1dth of the

The objectives of this, dissertation are. threefold.

The flrst is to outline the classical approach for the analy-

0 v’

sis of 51mply supported T-beams. The second is to apply the
finite element technique to invest%gate the flange stresses
for both simple‘ano continuous span beams. A three-dimension-
el isoparametric g8olid element hasnbeen,ohosen for'this pur- e

.\

pose. The third is to c0mpare the results obtained by both t’i" ,QP

methods. <o ' I T . PP TR l P ;3. ;:;~;:?QQ



B c ' ED v . : . . v
9 . . + A .
: . i o 4 : . .
A - - . , ' N “ o,
P . ,' » ' ! ) * >
, A ‘. - . o
] ' * t
| ; o . LR ‘
. . = . B !
. N N .
14 1 '
" ' ° 1
- . * .
| ‘ o - .
| X \
l ’ '
‘ A R
) - .
| . N
3 3
»
. P -
-~ -
‘ , o ,
«
e
l a h - ’ B
I . T
. PR
. L) M - ~
(a) N froed ' § .
C. E 4 r N

o¥

pmrAes

Foo-

.

IS

o T,

IR

2
o

T
P
'P

b <X ST
5

Longi‘tudlnal Stress Dzstmbution in
the .Flange ’of T-Beam S




. P - s
T : * ‘ : ' : : A - ~ T
4 . e o R " . -, . . s - s
v ‘ * » * f q s’ C . ' . . 3 g
: . N : s . b v
. 4 : . . 5 2 - : P
. ’ I - . . . - ~ . . . .
) ' v . i. N B \
. N . e . ' . -
R N, ! . . . ; i
. “r L , §
' 1
\ . . , s - .
' © . \ N
v , o s .o . ) S o
1 M B -
: - ’ \ . f . ot
. A ' . . .
‘ - M N , .
> v - - ‘ i -
B N . ~ R \ .
4 . - . . » ‘0
: - * v N l . .
EASE . N N » ' 1
. . . - N
t LN [ . s o
. ‘ - .
. ™ * .
-
. . R
. . .
‘ -
{ b b . ‘ .
‘ - 3% -
B . b .
. . .
.‘___.E_..i ; .
- . . . i
. -
. // nS Ox i
. A . = N
- , | [ N
a . R
~ . - ' . -
h 1Y
3 -‘—1 ' .
. ﬁs‘ bl O .
e
. W

. . .-
l' ¥ ame,

OF JE

“... Contatt Line K— ) :

.
. e |
. o o .
. 5 o L . | ‘
~ B » ~ +
o A . v \
' — |
g ] |
- max .. L o ) o, ] ‘
» s ‘ 1 N J ] B
5 - ~ R ) Y s
. ) N '
M . . ‘ ’ te " ' * ' R
! M ' - L) . , "'r
R
. a . , . -
B .
.o ) .y s
PR . . \ . v . - ‘
] - -y W :'
. 4 ) 4 .
' ' co . N . .
. o . , . .



(RS

. .
. . . :
L - A . - ..
. - -
- '
.
h .
M ~
. . - o
L} * . »
- “
- - -
B .
s .
e -
- ’ L
N L &
. ~ R
. - . . . t .
0 .
L} N o
. N ~
- N “
- . ’ .0 //»
. . N N B
hd \
. R N
. e N,
. N .
AN
. ~ .
- . .
N oo R
- ~
¢
- .. N
- R T
. ° » . -~
- -
- . . . -
. N, .
- . > © 4
L. ) .
.
" .
4
e L .
- ’
-
w
. -

.
. I
\ -
m-
M .
.
g :

N o e
= ) - A uu;...mﬂ“
o v

] - W
&

]
B -
3] . R S
s
0. .
2 N
5 ,.;
[ &] .
.
.
.
. %
- ‘» P
u; ¢>\ ) ’
- : " I : ’
. M M - * ‘
. - - ' -
R . . - . .4
- . ) . e a0 . o
. , .
A » ~ - 1 *
* e .. .. N PN Nx_,
. LB . b PR v}.«»,f\uu.mwv:u&
- o & N R T T

Wi wey

B A

T st ey
L o




! " o M

; , CHAPTSR 2 ' -
' A

CLASSICAL THEORY OF T—BEAMS v

. e s . : :
) L | _ ,
{2:‘1 DERIVATION OF %FEI;)Q’,[‘IVE WIDTH

o s < (

o - N N
/'.@ )

g ) ' Consider a single 'spgn Abeam-'systefn consisting of a L
‘\k series of T—be‘a;ns. Loads' of equai intengity are applied 3
.in the vertical Blai’xe‘s passing thro(ugh_ t’h longitudinal ‘
axis of the ribs. Due to symmetry, tl;e flangevplate between

| two consecutive beams can be separated out for the purpose ’

'Y

of analysis, as shown in Fig. 2.1. It will be.assumed that ' -

the depth of the 'beam is small cohpared to the span- L and
P . A 1"
that strdight line distribution of bending stress is valid

!

for the ribs. For convenience of analysis, the flange plate

. . is assumed to be connected to the rib along. a line of contact

</ / 'K placed at.the middle plane 8f the plate, as indicated

’ i Fig. 2.1 (c). Shear stresses at the contact line force

the rib and the plate to undergo equal strain; satisfying the
compatibility conditions. The plate itself, ‘therefore, ‘nis
' in a state of two-dimensional stres.{.‘ ‘as 5h<‘3WhA in
. Figs 2.1 @. " S ﬁ o
. .o LN o

-

From the theory.of el’aét;.ici_ty, the eguat:i'oné 'bf o

equilibrium are..
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. X e XY o o o (2.1) ¢

-~ 5, - Xy Cyx .
’ : The strain-displacement relations are ) :
' u _ du | _ v | ._ Bu , dv *
Cr ST Sy T ay  Yay Ty e SEae
| | ‘1 L 2(14v) : e
.
‘ € (o -vo ) ; e = =(g.-vo.) ; EACAASN . (2.3 '
T X ( ) Yy E( Yy ) ny E Xy ) ) .
From Egqs. (2.2), the compatibility Edh'(é¢4) is obtained. . .
» ’ . n | | ' | '/l y ’
; bxé%) : 328 32’Yx ‘ ] . 4/' ‘ P ‘, . ',‘
; oy X L ="9 C(2.4) <« o
: ay} ax? . Ixdy - S
. Substitution of Eq. (2.3) into (2.4) yields ’ " - {
[ 321 3%c.  3%g d2c_ - a2g .. Lo
C o —F -2 Ay Xy Xy Xy ¥y aog(2.5) L

akay“u-- ay? -

23

t
. .. ' or

The equillbrlum Eqs. (2. 1) will be fulfilled by Expressing

Jqé,:ay,“?gy, by meaps of Alry s stress function F,»’ ‘;l;

X, RS S “ . . . S
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v. . . o" a “ ”1 { ’“‘ ’ \a
. . - ) % )

If ﬁqs. (2.6) are substituted into (2.5), the expression - T

® '

s

within. the parentheses vanishes, giving the 'governing differ-

o A,
ential equatién for the flange plate . . d
. . B . i , . ‘\‘ . ﬁ;ﬂ,{
- = 3'F’ 2"F 3'E ' SRR
L e——— 2 - + Y= 0 . (2.7) ot N
L, ax! ax?ay? "~ ay* ro. ' r,,/ )
‘THe stress function that satisfies this equation is )
+ m '.‘ ’ ' + ' ’ i -
F = n=l}';2&3.:.(Ancoshany+8ny slnhanyjcn31nhany+0ny coshany). “
. : - nm C
. s;naﬁx where a = T (2.8)
Referred to the y-ékis F .can be ‘broken into a sy%metrical
. . . . - 4
part: F and an antisymmetrical part Eaghas follows: ‘
. e M .
Fg = ﬁ(Ancospanthny 51nhany)51nanx .
T CT - ' T (2.9)

. ~ _ v \’ v . ‘ / .

- . F = i(cn51nhqny+Dny coshany)51nanx . , oY
Replacing the bracketed terms in (2.8) ‘and (2.9) b £ 05 o )
“and I respectively;ﬂone obtains : . o ‘

‘r r‘, "‘ ~ N -- ) ‘ . .' M & -
. Bl ¢ % . . « * . .
L ' ' ) F. = g‘fn:sisanx , ) ‘ - :
a\ﬁ/ . h . s ' B .
, Fg = £ _sina x SN (2.10)
n . ]
. o ? .
Ce des F, .= ﬁb‘fnasmaﬁx e ’ S
. ° & ) o : ) ? ¥
! Using Eq: (2.6), the~streésessin the plate are "




v ) s 0 . - - L.
. . " ; 3 ‘il ) ~‘l * » ' b ® '
i i ’ ) 10- i o
¢
v, . . ! . ‘ ,
l . ‘ ’ . 2 .- » ] S .
'w 4 ‘. N ' »
., . azf '
C ., g, = I n sina_x . . o
‘ , .. ' n dy* ' , NS
- 14 o ! v '\
) 7 ’ w:o s -h .
“ . = e 2 i C b é . f "
dy L £ a pSine x ! (2.1&&
n 5 -
t . ‘ :‘
‘ g as : ~
xy == 7 g a cosunx - )
n .
N o S
If both the ribs are equally loaded, o, will be symmetric
‘about the x-axis 3nd its distribution will be as shown in
Fig. 2.2. '

v \

Replacing the o -diagram by an equivalent rectangle,

the effective.width is defined as -
. - ”‘- +, . b ~. : .
L b, 0, = o 9, dy 2 (2.12)
(Y s ’
p

It is evident that along the x-axis, the symmetry;axis,

thg shear:stresg Txy'= 0. ' \ .

- Substitution of (2.11) into (2.12) yields -

’ . N

b . b a¢. - S

v =
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* ’

52( S) sinanx
n dy? y=b .

» P

This shows that along the span length L, effective width

-

be is a function of x. Expression on the right-hand side of

th. (2.14) conta;ng the unknown constants An and B . These

4

constants are determlned from- the boundary condltlons of the

B g [

plate. - -

t ' 0 ,
2.2 BOUNDARY CONDITIONS FOR THE FLANGE PLATE
' . ’ , . C.

-~

o

.beams, if any, are rlgld 1n thelr oﬁn planes but offer no

3
19 \
U M
o1 ¢ '\\, ,\ ~,1 1“{ "1
Rk ';gf T
vl &)

,\'“ 3} g}‘ '{'\.}.::\ Frass
O IV kst ! @‘./{‘g"\ i L, vl
I A St "’FY\ N SR
i{*{‘}""r‘ﬂ:i'iﬁ\ ‘1:;‘&,,.,"‘. "k\ﬁf" AR

Pk ‘év {x i

A
kb x;fi s
«.\.:‘r"‘? lé%."

e
’ ‘: PN RN
5 g }‘*"ﬂ‘ 2

s,
\




o Sinqe]Ehe displacement - v along the whole length of

. i AN
the ‘end beam is zero, it also $ollows that

. N - ®
. -
.
s

5 | ‘l " . : | . L
¢ .._X = = = = ' . ‘
. . 5y ey E (cy vo_) 0 . .
> . . o .
- 2 * " ’ V! . Y ‘ te .
Substitution of (2.15) gives Oy = 0. Hence the boundary
' conditions are at x = o, and x = L'are . .- 2. o
. < . . . . :~~. .
« \\\ . ] 2 ! Q‘ ’ ) , ~
oo : ‘ o, = 2E "= "0 :
- N ' . ayz . . 20
. : ! . .
- . ‘ | 0 (2.18)
. 2 - . - ¢
, g =2EFE "o .
) Y  ax? : :

[N - R } \ . e ’ )
: . It will be noted that fbr x= 0 and x =L these
conditions are 1mmed1ately satlsfled for each term in the

¢ [

' L expression for ‘E "in Eqn. (2.8).

*

. . . To estab;xsh the boundary condltlons at the -connectioh
L » to the rlbs, it is noted that due to vertical loadzng ‘the’ '
‘ .flange plates on either 51de of ﬁhe rib prevent any horlzontal

displacement of the contact 11ne K; An addltional requirement

- is that the.longltudlnal strain

line K is the ‘same. However, i




- o . v , ’ ; ' .. Al
. i . "
e " thts second condition does not explicitly enter the formula-
X tion. So for y = # b, v.= 0; It follows then, ﬂ"
, - N ¥ .
, v _ ’0 ' Co.
. ) _ . (2.17) -
R ! )
1 ) - ax?
. B i L. -
L ' Using Eqns. (2.2), (2.3) and (2.6}, and after proper differ-
| To- ‘ent—i%i‘t'i'on the following two equations can be obtained
o { -“ ; ) ) * h )
: ) ° 2 ‘f,‘ Y 20 3 Gndem
gxgy - %(“‘a‘& VY T % ~E i 2as
g AL SRR 4 oy? 3x? oy .
Te T 32w L 3f% . 2(1+v) Txy . 2(14v) B %F ,
axay ,-+ 2 - E ax A E . ~«'(2.1.9) N
Coax? - P ax? a3y ,
- ) T ) . i “ ’ s
i Subtracting (2.19) fror@(Z(lS) L
. I 2 3 ) 3 . ‘ N . , ' T
J - B3V 2 F ¢ oty S2E | : (2.20) [
Jax? ey’ ax%ay :
. & ‘
Using Eqns. {(2.17) and (2.20) an equivalent boundary cdndition v
‘6 ‘ . ‘ a ' .
for v = 0 is ' ' ‘ o g
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2.3 EFFECTIVE WIDTH DUE TO HARMONIC LOADING
' ON RIB. : ' .

wr Y -

The bending moment induced in the beam due to the

loading is expressed by means of the Fourier series. The

rib is simply supported at x = 0 and "% = L. The Fourier

.

expression for the bending moment is?®

‘ —

o«

M(x) = L. a
n=l"2'3ﬂ?.

. 'dZM(X) — . : . .
Since ———= = p(x), each term -a, sina x of the bending

. dxz . . ‘ — r
moment can be associated with a sine loading 'p(X).

I3

If we now consider o, for each individual Fourier

v

term n only, then in Egns. (2.13) and (2.14), the summation

!

sign disappears and the effective width fox each harmonic

reduces to o : ‘




¥

When thé constants An' and an 3re jmcorporated, the above

equations shaw that th.é effective width .b_ for each individ- .

uval harmonic n is indepéndent of° x and is constant ai.ong

- the span L. .
‘ ; ) S o T
. If the loading p(x) on both the ribs ‘(Fig. 2.3) is
. of equal intensity., Oy is symmetric along the y-direction. ‘
Hence, from Egn. (2.9) S . ) _
. i s ¢
) ) )' . ) * . . N [
. ) - - : L
P F}fs- ,(An cgshany + Bx}y si\nhany)e':lnanx -
- , Imposing “the boundary condition (2.21), we obtain
% ~ . -for each term S . _
0 . . g { ,
C \ ‘ 3
B o N ) & K4 o g
: , , Ao  sinha b + B (3 nnhptnb tab coshanb)' -
_ ) . . . ' N & . .’fv . .
° . N - (.2+v) [Anan'sinaﬁb/l- Bn(q;nhqnb + a b cosha b);l‘= 0 v
’ ' to - ' ‘ 5 o .. B ) S
- . . .
! . " On simplification . . , ,
{ . g ' , # 11 ; * '- T .
o ‘ o = -V, _ e -
; | B . . \ An Bn -———an (m apb Cdthdnb) ' ‘ (2.25) ) ‘

It follows -that s ‘ - T o

\

df’ o
ns .
( dy )b =B
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2 (cosh2a b - 1) ‘ l

The fimiting values are as follows:

LY

- o Pes T I T Y, T n1r[(3+v)s:.nh2a B=2(T#)a,bT ,
- c 1+V n n_
|
| (2.26) .
~ ' : 2(cosh2anb - 1) .- ]
_ = b B IFsmBEZe b=z (IO BT .
n n . n - 4
_ : 4 “ ) < .
: R o L (2.27) |
’ ' o ) }

(i) Por a flange plate that is very wide compaf'ed
to the span L, Egn. (2.26) gives for

\ b - w2 . L :
- L7 Pes TIW " Thm. (2.28)
(ii) If thé span L is large ‘;:oiupared- to the flange
/ ‘ width, it fcdllows from (2.27) that for . A

- y . . - 1 . ,
. o~ . .\ . . . RN

o
+
O-

, by +b LoT2a29) &

N

. .
. . - LI

X . . . , i
S ..5{'

‘It is to be. noted ‘that the constant B '~which serves . ’

to satisfy the strain compatibility o:E rlb and plate at the

. :

J contact line K, vanishes in Egns. . (2 26) and (2 27).

then, the effective wa.dth b

- e ’N.;.‘nd'
. "i 3 “h ibﬁ
z‘:&h apaciug "b*v;‘“

“’f\ o \xu ¥
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.+~ w 2.4 FLANGE STRESS DUE TO HARMONIC LOADING : : ,
A ON RIB _ : S ’ -

. ' ’ ,

.

To obtain the stress distribution in the flange plate
it is necessary first'to determine 0,y the longitudinal
< . . ' . X
stress at.the contact line K between the plate and the rib.

Once %b " is derived, éimple relations can be ‘established for

the distribution along the y-direction. L -

A

" It follows from Egns.(2.26) and (2.27) that for a

particular harmonic, the effective width be *is constant

[

aldng the length of the beam but. gets qmalier as n increases. ., .

In Fig. 2.4, the beam is qymmetricallykloaded with the -bending

-

momk#t M= M, sin a,X. Clearly, the bending stress at the
midspan . L : - i
t o . Lo :
\ - M , ) . v
o = 2 (2.30)

oxb - ‘zbe o

- ) K

‘where 2 is the section modulus. In computing Zpat the - |

be
actual flange width b ' is: replaced by an effective width

bes for which' the stress Ooxb 18 ?onstant{ Egn. (2.30) is

valid for points at which the bénding momernit for each harmonic

N is maximum, i.e., in general, at x = —%H . . The stress , . Y

1y

Oy}, at any arbitrary x is
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(2.9) can then be expressed as
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On differentiation
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and y = b, one dbtaiks
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K ., . Uxb o . Sinhanb

B B = —
Y . n [+ } 3+\) > ; ) ' ’ T
St L . n' yERY coshanb’sa.nhanb anb . . y ‘ |
‘ . f . ' L) ‘ L
) Hence —c ~ S ,
‘ o . (—2£ cosha y + ysinha_y)sinha b . .
/ . : : Oub %n n , n n .
, ‘ Fns' = - 3Ty : — sina_x (2.31) |
- ' i : ’ n ,-i-;gc?shanb snnhgnb -.anb_ ' SR / |
. L [(Chs+2)COShany + yan51nhany]§Lphanb - S
. . 0% = Oup Y RETT : : sine, x £2.32) .
T mcoshanb suxhanb - anb o , -
\ f . ’ I C ) ) , ' o
4 nS : . . . ) >
. (-TnCOShany + yslnhany)51nhanb oo .
. g = =~ 0_,0Q sinao_x (2.33) -
‘ Y ., Xb'n . %—:-”coshgnb sinha b - a b n .
v ‘ , " < K4
- ¢ . , .. u‘\ N
2.5 PROCEDURE TO COMPUTE STRESSES IN THE
. FLANGE - - :
| ' * ' ' J A ’ o .
8 ‘ The basis fo determin‘ip the stress in the flange °
. o plate iies in coniputing the ox? for each individual harmonic -
u ) " " of the bending moment and ‘'then summing them up to obtain the - ’
»~ . o ' . . . -
o . desired distribution. - ' j w7 " :
‘ ’ Co b t- v . - _ ’ )
.’,“. ° - ! . - . 'r i 5
i‘ ' From the diménsions of the T-beam shown in Fig. 2.5, . P

the ﬁollowinﬁ}a\xrameters» are first determined '
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A systematlc procedure fer computing the stresses will be des— s s

n 3
. N i

. crlbé@wfor an example caseqof ‘distributed load on the’ biam The “

. [
. bendlng moment in the beam is flrst expressed as & Fourier

-

. . ¢ -

. Sine seriesxf

4

s - ! az _ 2 o _ 2' oc . i 3 .
) MO(E) : M, (E)pL® = va n£1 ﬁn(a) = pL nilans:Ln(mrE) (2.35)

. . . T3 o

. -] ! . 4 s
" . e e e .

: . . where te t = X _ e

. L ‘ e

: . . ro . . oL T3

- . N /‘ M

© - i -

-

; . Jrom Eqn. (2.27), the constant effective width for : .
g ‘the n~th harmonic is .obtained as .o ~ ‘
"i\‘ " B

.
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va . b oo .4

. , ‘ cosh(nmny - 1)
. % b nny - (3+v)sinh(nmy) - (l+vinmy

]

’ -
f -

- , . L] ’
Assuming Poisson's ratio g '
v I -

. Y N
1y \ g 1
- -

" . L e 1
. _ v Z

[

v .
. ~ . -

1
7

. % =] 24 cosh (nmy)

' , n_ \nny 19 sinh(nmy) -
- . . - ‘/'

(nnY)’ - (2.36) QL:‘

P ’

¢

’ ‘ The section modulus for the rib only is.

) o - b a2 ~
. g = 90
- o 6 : -

\
.

Referring to the contact line K, the siction modplus of the -
; ’ .

" ) T-section for ‘the n-th harmonic can be expressed as -

. - N [(1+A_BS) (1+A_88%) + 31 B&(1-8)2]
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Since the effective flange width for the n-th harmonic is . B

\ S . & . T T '

alfeady known from Egn. (2.36), the ¢corresponding compressiver

R  force per unit thickness of the flange is

'I’ N Cn(g) = O%bn besﬁL’ {‘

The summation of individual 'oxbn(g) and C _(§) yields the ' ]

| . maximum stress E%b and the corresponding comptessive force. - '
‘ [} . f & . 14 N

- T(E) = £ o, (&) . -
. xb n=1 XPRn -
‘ . i . . 1 “
| C C{e) = -, C(E) | S
’ o a ‘ n=1 SR

i
.

4

By tﬁe_definition of effective width, it follows that for a .

given £ .

or: ' ‘ ' o {2.40)
1

-

. 1 . “
, . - ’ be = — 2 Ixbn Pen + o R
S %b . . - .

4

Qj

o
Once o, . is determined from Egn. (2,38), the distribution
of o, along _y-direction can be -easily obtained using

. Egn. (2.32). . ' i . . ~

®
‘
r

The expressmons abova for o, have ‘been derived for,“

the. m;ddle surface of the flange plate, i. e.; at the cogzgctj
S .

Qline. K;‘ ‘1o obtain’the streases at Ehe top and bottcm fib:ea

SRR . :xf

ef the T—section, dcrxesponding section modulix«are used

D
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. . . These are, for top and bottom respectively, . ,
; : . ' . ‘ , - \ .o T o7 ‘

’ . A

R _ (14288) (1+2B6%) + 3AB8(1-8)% |
;o ' 1+ Apé?

. |
.
. .

. | o= g feass®) + mss-s?
P 1 +:}86(2 - 6) L |

L.~ Hence, for each harmonic, the stresses at the top and bottom )
+ fibres of the web are a ' - : "
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. The above "proced\ure has-been'used to ddtermine the stress = - _. .0
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2.6 ANALYSIS OF THE EXAMPLE BEAMS

2
. »
i

3

Three simply supported T-bé%ms with dlfferent cross-

sectxonal dlmen51ons tave been analyzed for a uniformly dis-

tributed‘load of p = 1000 lbs per linear foot. The flange .

widths have been varied to study the variation of ;ongitudinj
al stress in the flange alond the width. _ The dimensions and

loading are shown in Figs. 2.6 and 2.7. The bending moment

- N

‘for the beam is expressed as a Fourier sine series

. . -

mE = BLD (g-gh)
B, z:l M (&)

‘e

n%l an.51n‘(nn5)

4(1°~ cosnm)

The constant -
) ‘ n?l

3

2 1 = caand | .
pL | n§1,3,5 . 40 scc:smr) sin (n7E)
O L ] n’nw .. ] o

¥

ﬁhﬁi . ) ,_l_ "'.
’ ‘n” n-§113'5..., ns““sin(nﬂvg)

f

) Followinq the procedure in Section 2, 5,{a small
©
ter program was writtenmio calculate the lonqitudinal

A ‘ — M‘?“’u‘; }qy
* ‘\'32,«* il:‘..‘, 4 ”;.
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. B ! .
i
. . .
. ‘

'

v ' F%{ each harmonic n, the stress at the midsurface of the plate ©
. R - . ;\.

-

is obtained from Eqn. (2.38) aé
- / ) . .\
- ) ﬁrf .
. o o] = 4pL° 1 = gin(gg)'

z L2
o™ n?d

v

»

'

Summation was

-

one f£#r twenty harmonics only.Egn. (2.32)
was used to compute the

Tstribution of o along’the y-axis. The
effective width be has also been éalculatea from Egn. (2.40).
Finally, stress distribution:at the toplfibré of the T-section
is determinea using Eqn. (2.41). Stresses at the bottom
surfa%e are'obtained(by linear interpolation. fThe results "are

presented in Table 2.l.
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TABLE 2.1 Lo

L ' Longitudinal Stresses Oy in the:Flangé T
. . A "~ - Plate at Midspan - ‘“Classical Method i . .
‘ | o . | < - -
. , | ’ ' .7
: o [ >
. . - ] kS
£ 2 B : L
Top surface .17 !;:_________‘“ . i . _
Middle " —p—— —-— . 1 ’
| Bottom " — E , ‘ H ) ‘;
R O l | .
:.
-4 A :
[ ’ - - % . ‘\
. B 0.0 .2 .4 .6 -8 | 1.0 i
T : ” 1
| Top |-12.4 | -14.1-19.7 [-29.9 |-45.8 |-68.9 | |
BEAM 1 | Mid, |- 7.0 | - 8.0 |-11.1 |-16.9 [-25.7 |-38.5 | ~
. o BOt. - 106 . - 109 - 2.5 - 3.;9 - 506 "'8:1
* .
- . . ) ® L
: . : 5 TOP -4907 "'50.8 :-5401 "_59-6‘ _67.3 "'7704_( . .
B BEAM 2 | mMid. [-29.3" | -30.0 [-31,9 |-35.0 |-39.5 |-45.4 o
L F : Bot. |- 8.9 |- 9.2 |~ 9.7 |-10.4 |-11.7 |-13.4| ~  °
i . . ‘ : S 3 ‘
| Top . |-101.9 | -102.3| -103.3} ~104.9(-107.2|-110.2| CL
3 | M. [- 66.8| - 67.1 - 67.7|- 68.8|- 70.3|- 72.2 .
Bot. |- 31.7 = 31.9~- 32,1~ 32.7|--33.4f- 34,2}, ..

Stregses are in psi
"-"  compression :
"+" tension T
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.., CHAPTER 3 | .

, " FINITE ELEMENT METHOD -

‘3.1 GENERAL

»

In the last fmfteen years,the\-d/m;em of the fmlte ) :

element method has been almost explosive. With the avail-

ability of high-speed/electronic computers éx;d with the grow-

ing interest in numefical methods of engineerin[a‘nalysis, /
the fini.te element technique has proven to be an extremely Qg

. powerful tool for solving problems of complex geometries and

loading, where solution by the classicals metﬁods become
b impossible. Although originally developed for structural

. . é‘nalysis», the method has been successfully’ extended to other

.

®

j[ fields of engineering. Numerous works have been published
{' S on the development of the method. :A.comprehensive' ) - ‘ -/
! bibliography can be obtained in t}';e btextbooks.[11,12,13,14,15].

; Special purpose copfefences [116,17!] have been devoted ex- - ~

clusively to the application of the method. K ' ) . o

- !
o

The "technique is based on the concept of replacin§ Lo
‘ the actual continuum by a mathematical model made up of 4 e

structnral elements of finite size. Various elements have T
been developed for the solution of problei'ns in-the fields

‘of two or three-dz.mens:.onal elast:.c:.ty. The analysis :m thJ.s &"

'.dxssertation uses a three-dlmensmnal solid element. Clough [16] 4]



B ’ '
~

tetrahedron and hexahedron elements. . The important conclus-

o

ion was that the 20-node isoparametric hexahedron is v%stly

<

superior, with regard to its structural properties, and also

in terms of its general applicability.
! 1

The isoparfametric element concept has been'adva;ce&'by

Irons, Zienkiewicz' d Ergatoudis [18,19]. In this tyﬁe of

elemgnt the dlSplacem nts and the geometry are deLcrlbed in

' |
Thus, i¥ the displacemeht field is a guadratic polynomial,

< |
the faces:of” the element are described’ by the same functions.

\ !
The mainm objective in using isoparametric elements

for structural idealization is to achieve a glven level of
solution accuracy w1th the smallest number of degreeé of free-
dom. This is particularly 1mportant in tkhe analysis Pf solids,
where'§hree-dimensionél idealizatioﬁ introducésna vaé‘ number
of degrees of freédom in the conventional finite element
apg;oach. Elements based on rectangular brick ogfer e ;d-
vantages of 'simple geométry and'iﬁpréved'propeftﬂes. bne of
the reﬁ}ned extensxons of the/brlck is the 20-noded e @ment
with quadratlc edge. A better modelllng of curved bo ndarles
can, thus, be achieved with such elements. -In order to pre--
scribe quadratlc varlatlon unlquely, one addltlonal npde on
eachfsxde is needed The presence of mld-51de nodes, howeVer,

tends to increase the bandwidth of the equation ayst which

-in turn, increases the computatiqnal affort for a; solution.~;

WS spiliear




One of the ways to reduce this.effort is.to.formuiate elements
with less numbers of nodes, but with a larger number of
.degrees of freedom at~eech node. The resulting overall séiff—
. ness matfix for the structure will then héve~e:n3rroy bande
width. A fuller discussion of the various types of elements
is beyond the”scppe,pf this work. In this Qissertation; the

: ‘ N
20-noded isoparametric hexahedron is used. For the sake of

completeness, the formuia@ion of th%s element is described in

detail. - R

° 3.2 FORMULATION OF THE 20-NODE
' ISOPARAMETRIC- HEXAHEDRON

- 3

The fi;?tesiep in the formulation of the element stiff-

ness matrix ig the selection of a suitable set of shape functions
o . ° . *
to define the variation of displacement components in terms of

]

the nodal- values -of these~funé§ions. A shape function, also

- -

‘. known ae the'interpolationifunction, may‘be defineéﬂgs a .

dxsplacement pattern hav1rg the value :bf unity at one node

. N
‘and: zZerg at all the other nodes. . -

i ’’

4 o

The shape functions are spec;fled in local coordinates,

a,B,Y w1th the orlgln of the system at the . centr01d of the

element,as shown in Fig. 3.1. Thls local cobrdlnate system

is such that the element is bounded by faces withacoordinate
values a =t 1, B = % 1, Yy = & l., Thus, ln the 1ocal coon~

dinates, the element is .a cube wzth mid-edga nodes. In the
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,

. . s
| \>hrbitrary; oﬁlg.the topology .of the cube.is retained.“'Eacﬁ ) G
} ed?e of the hgxahedron is alquadiatic curve in space defined“L f‘, f
by the positiPns'Bf tﬁe.three nbﬁes associated with 1he kdge. R
« The rélationship between the local and_glsbal Cartes-:
,;an coordinates is .
’ 20 . - .
| X = izl Nix. - | | .
: ‘ . 20" ‘
i\g} y = izl Niyi' i (3.1) ,
' l’ - . <
. 20. - ,
: , SRR S S
. wﬁ?re Xjs ¥j0,2; are the coordinates othhg i#;zmgode of v

'thexhekahedron in. the global syétem.  The qan;afic shape

functions Ni, for the nodal numbering scheme of Fgg. 3.1,

are given by " . ' '
. M M ‘_;) .

. . . - PR

Y 1 . .- . | , ‘ L
. N, = 3(1 tgaai{(l +‘B?i)(;*+ Yyi)(uai + Bﬂi + YY; - 2? .
\\,‘ - " - , ' o ) ' W }, ’ ‘ |
o ”fOr -« ‘i = 1' 3' 5' 7‘, 9' Il, 13‘, ‘15 ‘p LN |
"‘ .u r‘ ' ..‘ . ) w ‘ . I + " . ) . ‘ . i - 'i | (3-‘2)':{
K " . . a= .]; - _ 2 ) 'w; - W , '~' . ,: -
SN =20 - af) 1+ BB+ YY) ey
- . . -t 3 i v )
" for " i =12, 6, 10, 14 R
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f | < B , | .
AR Ny = R e (- B vy [
Dt . i T i i - \
.o . for 4= 4, 12, 14, 16 ) ) o
- : . - . o "(3.2)
1 1T .2 ' -
- Ny = 71 4+ ax) (1 + BB - v7) o i
for: i = 17,18, 19, 20 . % T
. . b .
- — Sy E .
The equation system (3.1) can be written in matrix.
. form as B ) . ‘ . - i
, T ' ;’/ ‘
: x0T @ o k) \
C, - y$ = o™ T T (v} (3.3)
] . | < n, ) : .
) z L{o}"’ 01 W |z} ‘

.
N

'
L

_ .~ *  where" , ' W
PR T ¢ . ' ’ -
PR . {N} =‘[N1 Nz -........Nzo] -
~ N . / -
’ r & ’ f
| ) ahd . :4 .
- , ‘ T . ’ .
! ! L. {Xn}‘ = [XI Xz -booo.oooxzoj -
. ‘ o ' The hexahedron element has three genéralizgd &isplace-
' . ments at each of the nodes. These are the three displace- '
A ' ment componenté u, v,cw in the X, ¥, 2 directions,

regpectively. 'The functional representations are

’

e



v 20 . ' ’4

S - wv = I, Ny, ' . b (3.4)
, i=2 7 Lo , g
20 . .
©w = I N.,w,
, LY i=1 11 ¢
» .
where u;,v;, w; are the 'displacements of the i-th node. It
is noted that identical skiape functions Ni are used-to
describe the element geometry and the nodal displacements.
Egs. (3.4) are éonveniently expressed as ‘
r~ i - ‘ -
“lu N; 0 0 N O 0 ...N290 © 3
' . . . &
v = 0 N; O 0 " N2 0 ...0 ° Nzg-0 {q} - 1
I w 0] ' 0 N, Q 0 Nz2...0 0 N2 ~ - ‘
. = [N]{g} ot : (3.9 I
where - , - , S ]
P ~{q}T =. [u;- vy w; uz-vz w see UB0 V2o w2 o] ' o
o » By definition, the strains in 'a three-dimensional ' /
solid afe givem\by the der_iva_t.:ives' of the. displacements: ‘ - L

L P
e
G ¥ & oavar 75,
Skl p g
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- £ .- By '
- e ow
< = { Ju
| ny -g—i +
~ . v
Yyz 2 _—
- . ow ;
: Yzx =
L’ " L . l:‘
By differentiating Eq. (3.4) appropria®ely, the
- strains can be expressed in terms of the nodal(displacements .
as:" =l
1 -
. . - . ' ) )
é - ' v . ‘
‘ {e} =.[ [B11[B2] ........[B20] I{q} = [Bl{q}
; ) ~ 4 (3.7) “‘ '\\ A 4
| ’ * | ’
: Eo * where ’ ’ “
° |
: oNdi |1 L
[Bi] 9z . R ~
o S 0 1)
\\_" v ONi ‘ e
: s , 9y , S |
i i © | aNi 0 - oNi \\ L S
: . S~ ) Laz : 09X ) ' —_—
e . ' From Eq. (3.7), it is seen that the [B] matrix .
:‘:"; . Lo et b . . . . ~ N ] » "rl.‘
£j~ contains ‘the first derivatives of She shape functions with re- :
f.. .7 - - . spect' to the global, coordinates. N, is defined in terms T

. v . ) '
of the local coordinates a, 8, vy and there are no explicit - -

"o
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equations for a, B, y .in terms of x,'y, 2. Hence, to obtain’

the required derivatives the chain rule of differentiation is

L

employed in an inverse sense, as follows:

[ [ -1 T [ A [ w
aNi 3x  dy © 9z | |oNi : ANi ;
aa( ‘90, d0 oo 9xX K X

doamivy _ loax 3 pz | ) oNil _ aNi
ONi d 3 3z INL ’ ANi ) - .
oY '?ﬁ§c 5% Y dz 3z
L i L i
) . J L J

.
e *

. The derivatives in the local coordinates appearing
on the left-hand side of the above equation can be evaluated
from the relations

(3.2). Since x, ¥y, z are explicitiy \

given by the geometric ‘relations (3,1)., the matrix [J] can

be\found explicitlylin terms of the local coordinateg. The

séuare matrix [J] ‘is called the Jacobian matrix. Hence;

th? terms required in the strain matrix [Blare found from . .1
Eq. (3.8). | o '
. - ) , ‘1 o ’
. /Qyi W . ANi . :
. _ 9X ) ‘ a0 ,
. aNi S, AR LA ) (3.9)
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. ' o The 3 x 3 Jacobian matrix - [J] is obtained numeri-
- - . . ! . . & . s v K
' cally from ) MR - . ( _ '
, - .. o

. —— p— - -

X1 Y1 2

Ay

e ¢ » 0

N2 ~ ST
‘ 38 R T—a X2 Y2 22 (3.10) )

. 3 x 3 . : :\. ' .

. 2 EEL 253 cese EEEL “X20 Y20 Z20

s L .

,_1
[N
| S—
il
Wl wl Q2
m‘z alz_
Qo
lz
N

- ‘ 5

3 x 20 . 20 %.3

4 ° ' J//' . @ ’ i /’;’/J///’—T—’/
. . =

i . - ISt ¢ . ' . -

”

. The stress-strain relationship for an elastic solid '

:

hay be written as . .

.. .

S {72 }= o} = [OHeY Cay C

q

& - ; L J . .
N A : .
i /\ ) 3 . ’ ' ) N 2 N T
N . ' ' .
: € - . ) : ) K . - . : ‘v’lﬂ«;_{:‘:‘ ° .
;; where {o} is the stress vector corresponding to the strains o
{e}, and ‘for an isotropic material . . P Lo T o
, / ) ‘3"' ’ ’ . ‘ ', . " “‘", X
R
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Hence, Eq{':(3.12) becomes

. . s »

. ' i

n

‘ ‘11 T L
Ikl = 00 [(B]" [DICB] det [J]

:
TILS
A

e :}‘\*:‘ .
70 ;("4»_'! M
BT s A TR Ll

Fl

dadgdy

o any
SR
&R

A
AT
ekt 2
e s
%13 €
AR I

L

o~

SR

Y, i
RS Gk

3

, 43' . . Ll . ;7 ' f.
. . o
: . . . . ; .
I/‘
. L )
‘ A S K
R 1-v A \Y ‘0 0 0 .
) V. 1=v v o0 0 . 0o
‘ vy, 1iv 9 0 0 -
. E o : L .
CYIFT(I=2W) | 0 o o 2 o o
0 o 0o o £ o
. 0 0 d— 0 ¥ 0 1;2\’ ‘
L o1 ' —
The element stiffness matrix may now be formulated from the -
° strain energy relationship and is expressed in the general x
T form [12,13] - N L ‘! T <
ceee o - k1" = s (81T [D1(B] av e - (3.12)
] . v : . -
> . ‘ ) v" - ’
Since tgg_strain matrix [B] is eﬁpressed in local coordin-
ates a, B, y, it is necessary ,to carry out the integration
‘e ' in the local coordinate space, whichvinvolves the determin- i
ant of the Jacobian matrix [J]. Thus, a differential volume
L . element ° - ‘ o . B _ o
; Y s @y = dxdydz .=. det [J] dadBdy (3.13)




ExPlicif form of the integral above is of a complex

.

nature and numerical integration is required. Ah-'efficient

method of performing this integration is to use Gaussian

P L

‘ quadrature. !

If a function fg}) is to be integrated between the

| .

| limits [-1, 1], then the approximate value of the integral
E can.be found by réplacing the in; grand as follows -

l ) .

l

. 1o
J £(x) dx,

]
-
k>

< ,
f(aj)

»

where wj are the weighting coefficients, f(aj) the value . ’
of the functions at specified points‘ aj. and N the

number of Gaussian points. Tables of Gauss points and

.

» weight coefficients can be.found in textbooks On numerical

~ [
7 &

methods. Hence, the stiffness matrix in Eq. (3.14) now
becomes. o ) -

MZ
I o1
Z

i

. k] = . 5 .|a RN [B] [DI[B] - (3.15) .
- c - 1=l i= l k- | Il]k ' l R .

where ]3] = det [J]. s : oL T

s
. ., - N .

In this dissertation, N = 3 is used.. It will be ' - x

n noted ‘that |[J| and tRe terms in [B] are all functions of S

the Gaussian integration points, The streSSvstfain‘hatrix

’

[D] is aségmed constant throughout the volume.
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Since the stiffness method of analysis uses the force--

displacement relations at the nodes, any distributed load on
. " .

, ,an element must be replaced by a set of nodal Pbrces. 1In
! ' : !
f ° 1
simpler elements these nodal forces are sometimes'assiggsd
o intuitively. But for higher order elements, such as those

used .in this work, it is essential that joint loads be con-

&

S 45 . ’
. : . . J -
S " 3.3 WeRK.EQUIVALENT NODAL FORCES o : : e

sistent with the energy principle employed to derive the ele-"

If a surface loadihg pi{x,y,z) acts en the surface

[}

S of the element, then the equivalent joint loads are found
" by equating the work done by the surface loading to the work"

aone by the joint loads for an arbitrary set of nodal dis- N

-

, Placements on S. These loads are termed the work equivalent

Va &

loads. It can be shown that for a surface loading, the joint

ment stiffness properties. ' o '

- v ' :
!

I6ads are , L ' .

f

|

} _— @} = s (N1"4p} as ! (3.16) B
j . - 8 g ' ‘ : :

- where {Q} is the vector-of the load'cémponents. . Numerical . ' "

¢

P " dintegration is required to obtain the vettor.. Eor‘instahce,
: , . s ‘ ‘

o F 3.2 shows one rectangular face containing the. eight nodes&;, e
- r ’ : SR
t ) IT the pressure 1ntensxt1es at the nodes are p; pz, eeey L yﬁ
r\" . N .,. L . ,‘;’2
R * then the work equivalent load vector for the element under St

- ;33é2h351on is glven by the following matrlx equatlon.
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vector.

_displacements. : . | S

3 - - p— . . : - - r 9 .

P | . 6 2 3 2 -6 -8 -8 -6/ p1 - ‘ ' .
Ntor | "l2 6 2 3 26 -6 -8 -8 | | pe |
Pa 3 2 6 2. -8 -6 -6 -8 |ps
[Py ‘aI%O” 273 /2 \6\’ e 76 : ph" «*ﬁ?ﬁ)
| es -6 -6 '-8 -8 32 20°16 20| |ps
Pe -8 -6 -6 -8 20 32 20 16| |ps ‘ .
e, -8 -8 -5 -6 16 20 32 20| |p7 | -
Pe 6 -8 -8 -6 20 16 20 32| |ps | °
N e , : 1 L

14

. A similar procedure is used for body forces and

v

thermal loads.

N

3.4 ASSEMBLY AND SOLUTION OF EQU}LIBRIUM :t
EQUATIONS :
€ : I
o ' ' i , ! . . ’
When all the element stiffness matrices [k] and

the corresponding load veétors {0} have been generated,

LR A

they‘age then properly superposéd to:give the finai“set of

equilibrium equations for thé nodes of the entire structure.

Concentrated loads, if any, are also assembled in Ehe load

. -

The equations can be represented in matrix form

as ) ] ’ ’l .

.

.7 M8} = (F),

- . 3

where ' [K] is'thg\overail stiffness matrix of the structure,

{F} is the applied load ygctbr and {4} 4is the vector of

L T .

’
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At this stage,. known diéplacemeﬁt boundary conditions

are introduced into the equations ahd the system solved for . a

. the u

nown displacements. ' C " ,
- “ R -
' . 3.5 COMPUTATION OF STRESSES AND STRAINS. ' ¢ | - ﬁﬁ
’ ) . ’ " [ _;m*.

l'\. G - At . . .m e
: : With the nodal displacements determined, the strains

\

< s

~ are found from Eq. (3.7)

<
——

g ) \

e} = [BMq .

£

-

&

. where the matrix [B] is a function of the local coordin-

- ©

ates o,B8,y at the point where the strains are to be evaluated.

~ ¢

‘It will be noted that for each point ‘in.the body where the" L\\N

' strains are to be computed, a separate matrix [(B] is . .

required. : ' ‘ &

v

Stresses are.now found from the stress~-strain

relation (3.11) °© : o . RS

— (o} = [DIe) - . -

- .
- ® N ‘ “
¢ . . ot L .
4 - . - .
.

3.6 DESCRIPTION OF COMPUTER PROGRAM S e

- ‘ [ .

~

¢ 3 .o

The compﬁter program developed'for the‘ﬁh;eé-dimen--g

- B . » .
sional finite elemeny analysis is' described very brigfly.«
The system consists of thrée main line programs linked. ' et

together and written iny FORTRAN for a° CD954°°_éONEUter;Fo#t;

- . . -




49

) .intermediate data handling, auxiliary storage is used. Each
individual program calls a number of subroutines w;vhich form

the basic modules of the system. The flow.chart in Table 3.1

shows the functions-of the main phases of the program.

- -
- ~

' ' For the -specific problem in this digsertation, a few

.

.

‘

e
speci features have been-:introduced in the program,

& .
b

. / primarily to reduce the amount of input data, and secondly,

to minimize ‘the computational. effort. For instance, thé

3

coordinates of o\ﬂ.y a few nodes are input, while the“majority

are génerated automaticalily: " Since numerical integration is s
‘required, the ge"ne_r;':ltion of stiffness matrixs can be time- &
consuming. If two or more elements are identical in éll
respects, the stiffness matrisx is¢generated olklly once, thus

. o . ' saving computer time. Only - -the upper triangular part of .
v Wt ’ N

-, J the matrix is generated and stored in a vector form.

'

r

Y

Various sequences of operatibns to obtain this

-

- matrix have been suggested in the literature §20]. Theo?' -
‘ -, . procedure used in. this program consists of loops over all

the Gauss points, e€ach loop containing the following steps:-

IR (1) Evaluate %gi, etc., "at the integration points.'

(2) Form the Jacobian matrix [J)] ;'find its detef}nin- "

ant and inverse.-

"(3) Form the [B] matrix.
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. X i B
) v ¢ - b B ) L [ N
“‘ . . . . q‘ - . ] . - . 49? ]
(4)” Evaluate (817 [D][BJ, and muItlply each term - T -

’

. by IJI and by the correspondﬁhg welghtlng ' ;

; coefflcient o _ o~ “
ce y - .- ] | 4 -
. @ (* . } . ’"’ . . . ) © . ,
", . (5). Add to the stiffness matrix. ) ' e } -
‘,:' . e N l - .’ . . . . .
Y, . The solution prggedure a opted in thissprogram is

<, -
based on the Gaussian ellmlnatlon and. is subject to a maxi-

f v

mum semi-bandwidth. However, for effigiency, the assembly

. < . ;

and elimination of the equatlons go hand-in-hand [12, 21 221]. ‘

» (’“ T . . v e

The stlffness equatlons for a node are elxﬁlnated as soonfas
they are completely fqrméd. Io,achieve this end, the node ' .

- /\: ' . *
numbers.of‘an.elememt are first sorted, Yo have the smallest

‘
L

node number as 1ts flrst node. The elementé are thén.oydered T

so. that a}I the flrst node numbers are in sequent1a1 order. o
0 ;\ \. &
. Thus, ‘thé assembly w111 stop automatlcalby whenever the flrstf

node number of an element ls ‘larger than the!node numberd , -

. . =, . ‘ L4

gV that is currently belng solved. . S a
.. . - £ . : o - s .
.h? . _" . . . ' . . .

?,;—\\\\ Having recovéred,the displaéements)'the stresses at

+ , ]

the element nod s‘are then computed Due to the fact that - |,

1

any one node m be common to a max1mum of eight elements, an

. averaging proce e is,uged."Thé final stresses at_ a node
e

C are obtained as the average of the stresses calculated from -

.:ell'the‘elements oonnected'to/it.;

e
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=

3.7  TESTING OF THE COMPUTER PROGRAM \ - :

- Q | : ‘D‘
- ’ . To verlfy gpe progréh a number of sample problems

®©

»

have been’ successfully so%ved by the program. One of these

is a simple cantilever loaded with uniform compression on
! . ‘ . ar
its end face. The same problem was also solved by Marlon-

Lambert et al [17] -using the same element. ‘The_deflec—

, tions, stresses and reactions obtained in this study are

-
v

identical ta theirs. AP ‘ ) oo, .
e ' ’

»
(3

3.8 ANALYSIS OF SIMPLY SUPPORTED T-BEAMS

”

- - N . . : . PR
f -

The three. beams chosen for the ‘finite element analysis .

o

R " are the same as those used in the clagsical egeatmenf. " The
Ty - s, .

’

dlmen51ons and loadlng are shown %n Flgs. 2.6 and 2.7. It

) w111 be noted that the unlform loadlng of 1000 lbs pér ft is

) applled on the rib only., Due to symmetry, only & quar—

&

ter of the ﬁhree-dimensional configuratioh of the beam*ie
S ‘analyzed using the hexahedron solid eléments.‘ The ﬁgtchedA
P ~ @rea in Fig. 3.3, shows the portion analyzed. ,Finite*elemenq '

-idealization corisists of dividing this area’into four seg-

L3

' nté, each seqﬁent being composed of five hekahedrons. The S

- . écheme is pT

Flg. 3.4." The total system, thenb/ S

consists of 20 elements and 188 node%, wi -3 degrees of freedo

|
at.'edch node. Boundary COndlthnS haye- also lncluded con- L ﬁ
1 A . .
!

Etxaints in the z:directlon{ at the free e gejgf'phe over#

¢ ..

4 L] KNy
oW - "

o " hanging part of the'flanée,te prevent the ‘develdpment of
. , s & ‘ ) X y; ’ , o o . L .
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“ .

antielastic curvature. Flange Stresses at the mid-épén of
. , g
the beams are presented in Table 3.2. . .

P
. <

£

*. 3.9 ANALYSIS OF CONTINUOUS BEAM - . K T -

e -

’ <

A .
.

The tws-span continﬁéhs beam chosen for finite °
element analysis has the sam; cross—sectional‘prbpepfies“aé
that of Beam 2, in Fig. 2.6, f%g.:3}5”shows the dimensions of

T thg;test beam. A uniforimly distributed'load of 1000 1bs

éer linear ft is applied on both the spans.. Due to symmetry,

only the hatched area ABCD need be analyéed. _Fig. 3.6 in-

dicates the discretization scheme. . Proper boundhry copd{:j‘-‘““‘~<\ﬁ

tions are prescribéd to simulate the continuogus support.

[ . ' L -~ B
The stresses at the top and bottom gurfaces of the ‘
7 Xlande plate are tabulatgd in Tables 3.3 and\3.A.-

~

’ e . . , v |
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TABLE 3.2 ” . .
. ‘ ' Longltudinal Stresses Oy in the Flange Plate -
ya at midspan: Finite®Blement Method ‘
Top surface\ qa) @ CP @P _;____‘__“__-
= Middle " T ) ..._..-_........1..] : o
Bottom " T . .
L -
'
) : | Location - ‘
, — k.
, Top |-28.3 |-31.1 [-41.1 [-55.9.{~72.6 {~74.7
_BEAM’ l Mid. - 3.6 - _12-4 - "'39 "70 "42.5@
_Bot. | +21.1 {+20.0 |+16.5 |+ 9.4 |~ 7.1 |{-11.9
“ [\ . .
« Top |-62.7 |-63.7 |-67.0 |-72.9 |-79.7 |-82.1 ’
) BE}AM 2 , Mid. | -28.2 - -32.6 - |~-45.2 -4778
i Boj. |+ 6.2 |+ 5.3 [+ 2.0 |- 2.5 |-11.3 |-15.1 ,
. ol |
., ) N . . T ‘
. _Top |=-107.3{-107.5|-108.5 ;11035 ~-112.8|-114.7
'BEAM 3 | Mid. |-"66.7| - |- 63.2] - - 72,21~ 74.2]
' BOT. | -26.3 |=26.5 |-27.6./428.9 {- 32.3|~ 35.2
, » Al N
NOTE: Stresses are in psi d a '
¥-"  compression ’ - .
"+"  tension : S o ST -
‘ '
. B
‘l°' : W+




. © TABLE 3.3 .

i

Top Surface Stresses for Two-Span Beam:
F:Lnite Element Method -

< - . <

| ;-@®@@§

3/ I
3 S|
ik H
I I DR . -
. “} T' m.: -
A ! - i &
¢ > ‘ - Locati
x ) ocation
T o F
. @ @ | Q @. '® ®
. . 0,125 . 1-14.3 - -17.9 ~  |=27.3|-29.4
.25 -25.9 |-27.4 [-31.1 |-38.8 [-47.5 | -50:6
.375 -32.9 | -~ [-37.1 | - |-49.7|-51.9
.50 - 1-29.6 |-30.6 |-34.0-|-38.8 |-45.1 |-47.5
2. 625 ~-18.7 | - |-2L.2°] "~ ° |-<31.4 [-33.9
'0?5 '!' 6-0« + 5¢0 + 4.9' -: 1-6 - 8.4 -10l9
.875 |+26.4 - +30.6 - +45.8 | +47.8
: ’ 1;9 v |+29.1 [+33.3 +3?.a' +62.8 {+86.5 [ +92:8
NOTE: ' 'Stresses are in psi = .
"-" compregsion
. . "+" - tension._ . ’ RN

4 .
y.
- —l"
. T




v
v
X

60

TABLE 3.4

2

-

. - Bottom Surface Stresses for Two-Span Beam:
Finite Element Method

-

&.

-~

'
i

compression
"+" tension

~

T« 3 v 3 S
~ | 1 RER
- [] ©
3 - i
. ’ -- :'ﬁ, N t ’ '—\ "7 “-
' ’ ; Location
x - -
L 1 2 3 -4 | 5° 6
: 0.125 + 4.9 - + 2.9 - -5.5 |~ 7.6
.25 |+ 6.0 |+ 4.9 | + 1.4|- 2.3 |-10.0 | -13.4
. .315. s|l+ 91| - +6.1f. - |-7.5 | -11.8
.50 + 6.2+ 5.0 | +2.2- 0. 9.1 | <115
625 : “|{8.1]| - +5.8/ -11-4.7)-38.5
22 .75 - 1.7}|- 0.8 ] - 0.6/-0.7\|~0.9 | - 5.5
.875 . |-12.4 - | - 9.0 - N+7.8 |+13.1
1.0 -~ 9.0 |- &2 | - 5.0]+ 3.0 {+13.6'| +2573
- 2 . L -
NQTE: Sﬁyésses aré,in psi ) - ,

\:‘,’\
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CHAPTER 4.

DISCUSSION OF RESULTS

s e e pe

, - [y : ] , . -
. ' . .
:

o' ° - Stresses in the flange'of T-beams have beeﬁ(studiedf
. &

by"the classical method and by the finite element technigue
using 20-node isoparametric solid elements. Longitudinal

\ " stresses o, atTthe midspan of the beams shown in Tables .. o

[l

2.1 and 3.2, are plotted in Figs. 4.1, 4.2.and 4.3, to

rr

provide a compatatiﬁe baﬁisl Stress variations at the top,

middle and bottom surfaces of the:.flange plate are compared.

. » f
¢ R @
P

It is seen that near the rib, stresses obtained from
both methods are in"good Agreement. However, for wide . \

flanges, away from the rib,. there is a'marked(differenee,

©

particularly for the topland bottom surfaces. This "is f(
.. attributed to. the fact that the classical method assumes §:~
only the ln-plane actlons of the flange plate whlle in the

finite element treatment, bendlng of the plate ig”also taken °
1nto account.
i . . ) B . ' [d

« >
. i

Thef d th of the flange plate in the examples is

6 1nches, Wthh iss not guite as thin as that requlred by the

cla551cal method F&kyxl

’ face of the plate, as can-be seen in Flgs. 4:1 and 4 2. The.

-

. 'average’ streqs_:;/ang\p01nt along the flange across, lts

thickne&s .can b oﬁta;ned from the stresses at‘th}Amiddle/ e




(24

62
-,) ) £
; surface, which for both methods are clearly shqwn to be in
close agreement. For Example 1, the flnlte element results

are_Vpresented as a stress block in Fig. 4 4. R

Effective widths for the three beams are listed in

‘Table 4.1. Calculation of b, by the classical method has been:

o

described in Chapter 2.° In the case'of finite elemeﬁt

analysis, the total compre551on on. the overhang is. first

.

obtalned from the volume of the’stress' block computed by

numerical integration. This compressive force is then divid-

—

ed by the product of the flange thickness and the maximum

- stress at the middle surface of the flange plate, yielding the

effective width of the overhanging portion‘of"the flange. A

third set of values has been computed from the requ;;ements ‘

4

of the Canadlan Code- for the De51gn of Reinforced Concrete

Structures Csa Standard A23:3 - 1970. ¢

o _ For Beam 1, whidh has the Widest flange, the classical
- approach givés a slightly higher value of the effective widthﬁ
'For the other cases, the agreement is excellent. The~effec-

" tive width of a T-beam is also dependent upon the type of

r

loading.- The Code, however, does not make any_dlstlnctlon in
" ) LG5 ‘ !

o ‘this:regard. Considering the Wwide range of variables that

has to be covered by. the Code, it is evident that the Cof

¥

values of bé are within the range of practical design

purposes;

o

. : .7 [ l
a °  Rib stresses at the midspan, tabulated in Table 4.2
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-

.

b

P

: also reflect the observatlons made above. ‘The stresses at - *

v )

the ottom ‘of the rlb are in excellent agreement ' ; /
N - N ' R ' ;
. - .Q 3 . B
Compressive forces on‘the~flange a;e.presented in : \\\N
s, N . . °a N el

. ® rable 4.3 Teble 4.4 rbrovidesxa t':oinparhti"v'e ‘é;u‘ide to ’t’h_g Lo

RN

‘midspan°deflections. It is noted that the_;lnlte element
analy51s also lncludes the deflectlon due to shear. In the
other two~approaches,~the deflectlons ‘are computed, assuming

that the Sffectlve width 13 at the ‘midspan is constant

¢

throughout the length of the beam, Wthh is not; strlctly

A

true. Effectlve w1dths vary along the length of the beam. )
. ' * . & , . r

The values obtained, however, are within the acceptable range:
£ « e , t * *

a -

,For the cont*kgous beam, the f1n1te element _analysis hqs

. ,,J

i prov1ded a clear plcture of .the distribution of Iongltudlnal
stresses acposs the width of the flange. ‘Strjsses at the top
surface of the flangemhave been plotted in Fig. 4.5. Stress

% . - R : ‘
pa terns for the section over the cohtinuous support are shown:-
”, . 1A .

‘1n Flg. 4?6. Effective widths be at varioqus sections are '

’/;lso listed gn Table 4 5. Thesetare‘oompered with the value

3 . LN <
T » r 0 - . ‘.

- obtalned from the Code. VariﬁtionUOf the'ratib b /b’ along

“*»

-

: the length of the.{fam is shown in Flg. 4.7,

B LY + “
o - . o™
. - . . y
[4

@ . At'tbe point of oontraflexure,~whefe~the bending
L 4 - e

stresses are zero, the usual -concept of effective width as
‘ L "

defrned lj/Eq 2. 12) loses its signlflcance and does not

- " e
thls po;Ln J:he curve ;Ls, left ﬁndefined. Since in reinforced * -

s ' ‘
0N 1 NI . ’ ' “ , A S . P
- . o,

serve any practlcal purpose _Hence, in the ne;ghbourhodd of 'w,'




- T

concrete de51gn ten31on is taken by the steel relnforcement,

: <

the questlon of effect1Ve flange width over the suppoﬂ&-ddes

I

not arise. However, for steel plage co tructlon this .
information is useful - .7 2t ‘
* ‘ c ’ 2 , K
"  Table 4.6 shows that the maximun. stresses in the :
-l 4 v
flange obtalned by using the Code are about 20% larger than
those glven by the flnlte element analy51s. Thus, for this
'partiqulaq(;est case, the effective width computed on the
basis 'of the Code,. provides a larger margin in the maximum
J ) ’ ® ’ - ‘ . i
stresses. It is recognized, however, that the Code has to
’ 1 ‘ . R + ‘ . ’ ¥ PR
make provision for a safe Fargin'for a-wide variety of load- .
‘- ' /’, : N , o b —‘l ’ ’ 4 -
* ing cases. . ~. . . . . .
‘ ’ ‘:: " * ‘;’
v » , t )'
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' . * ' CHAPTER 5

- : . - ) a , ‘ CONCLUSIONS.

\ . "A ~ " . . . ‘ v ) . <
\_h‘J . , . . : . . R ~

T~ _ \ . A computer program has been developed for the three-

oo 4
. d:.mensi&onal finite element analysis of T- beams us;.ng the 20—

node oparametric hexahedron element. Thé classical method,\

a <

taking. into accdbunt only the membrane action (o'f(.the flange

0 . . : )
’ o of the T-beams has -also been outlined. ) oo

~ Y . : y .

»

Both methods were used to analxze a/mmber of 51mply

o

supported beams. A two~span contrnuous beam was also. analyzed
’ L -

v

o* , o by the finite element technique. ‘
. i = . * . ' e i
' . ) .

X The eff"e:ctiv'evflange width and the distribution Of
longitudinal stresses in the flange were investigated The -
‘d

results were compared ‘with those obtalned by us:.ng the. re-

' quirements of CSA Standard A23. 3 1970 ‘ .

o

Based on this gtudy, the t:ollowing conclusitms’ .
are drawn.’ ‘ ) .o Y ' ‘
‘,'_y-" ! .': 5 ’ . .
ST s (1) : T-beams.%ith" wide and atively thick fl%nges

: ~

‘_7:\‘ ' - ,..can be readily invest gated by finite element method
L ’ ué‘xng the three—dlmenslpnal elements.. It permits

. ) . . . ! ~ . . \,. p . .
i . a cloger study of the bending‘ effect of the flange.

AN

“

;1 {(2) :Fox Eimply supported T-beams w:,th a’ moderate flange

i

1:hL:I.<:)<neszshl the classical treatment prov:.des a. . ." BRI
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' S \ -‘911_1)’. the membrane action of the flange plate is ‘ o
) Lo o accounted for. ‘ -+ ’ o BN o - ]

\ . ) 1 . . L.

. ! i - . ‘ I ‘ . o .
o " (3) The values of effective width given by CSA \{ oL
- ¥ - Y M .
. « ¥ . "\? ! . . . N
‘ . Standard>A23.3 /_'3.370, provide stresses within..the
' ) A . ( . . )
. 4 » . . .
e ‘ C - acceptable limits of practical design. . * .
v '\ j [ oL o s ) ‘ ) - ’ > ' R ) ., L
) ) l , ) ~. - . ¥ - . . . ‘. "\ . k
S - . - . s . L . - .'\ )
> . ’ ' . ’ h . i . ™ . L B |
. . . ' -y » . " . |
‘ i . _ o ) I\ - - K . L M . .
N x . N . ) . 4 M . N " . | R -
: I S . o s
. ) ) . . - . . o '
‘ | T - to : . R W i :
T ' <0 M ’ - . b . +
B ° .. . L : o ) . ,V( . . o i * . .
- .- C . i : e ’_ . ' N J{ . . . . M B
. . . .. - o ¢ -
Lt . ~.,~’_ : . 1 , L - ", - ) ,

. . R
. \ ., 4 X PN
’ * . . . te !
: ' * P e . <
. . . .- o, T e . ' K
P - ! ” . Lo "
. - . .
. B 1y o x« .
. .
S R N . . k4
—~ . .
TR . . . . .
v Lo . . . . - 3 O . ) ,\J‘
' ) ? * T . . x . . ]
= o . . o' . . . = .
N R . . . .
- ' . ' . ~ L e . “
. L -~ S . * M - 5 : - e cos,
) . ' . o -
,
« -
. t .
) 2 -
- . . . " - .
. . '
. * " Y N
» C Wt LT
. ., . . . ~
-
. . ] LT . N
-, - . .
. . st . e ,
N . . : .
S U~ SO,
.« . . .
. L N : . oy
- 1 ‘. .. .
. : .
. . X Y e K A s
3 ! ks ., R 4 N N "
T A ool ‘ ; s
h':‘i'\?“ R e N Rl . R (I A S
IS A o - . . - T B 1
D I I i e
st bl el Ve Yo, ' N ¥ N -l
i S S T T A P
( et A ;
d

BENE g, +
Fat e A e R TR
Ty sy G
S S _‘?S«uﬁ- e

R
S AR Gl
% xﬁﬁ.‘ a nt' ‘;’ St

G

(e




[} - . . .

: . - REFERENCES S St

N B va,

. . . N
" 1 ' . . y < - N : A
. .
. - - N . .
- .o . " ©
. o . a - .
M - - . . i . . ! Tee .
. . . . \ c . o
\ . e o . . i e N
5 . . . s - »
. 0] M
. N . . ~ « . N -
” ¢, . . S N s
N ) . AN - , . . N -
.. . . B . LI Lo ‘ . ) ’ I . ’
. » : \ . . .
- . . . L L
* |8 ' ' - ' . ¥ r
. E * oo . ' ' '
R - * . . ' : * .
* I ‘ " AN - . T

e

N RSN

. e e PR
L L B
S L e

= R R AR T P ¢
PR IR S e
e N h A :"'3;{ .

ety )l

. pre e, b S g
: SERL 3 B L e v e . B st e
A ‘;‘ttfp‘)‘g e Pt e e B 0
. Ay e K
W RN Y S R Wis 4
R A CERIEENE Chiges el L 5 b e
L TR S uf".\‘,"“* e he L e e, ',.’,&,,’r i BRI
s S Mo ST T e s TR
3 e ¥ e T e el O R s Y
wEAR RETTE Srpa LW i e bt v Ty Tl
b X E L Tt L RN b A
OO, e N AR DI T COR L M B AR Y o KN
BN N ; : R YL 5
AN k LERRE Gy
EUA RN L
e s A8
R

XXy

5
e
T
15 '



s ! ~ R ' 1
! - - ) '

, (13 - Von Karman, Th., Die Mlttragende Brelte, Angust- .
. FOppl-Festschrift, 1924, pp.114-127. I .

Lﬁ R - " _REFERENCES ' .= o
|

| s - [2] , Chwalla, E., Die Formeln zur Berechriung der voll
. ‘Mittragenden Breite Diinner Gurt - und Rlppenplatten, .
' Der Stahlbau,- 1936, p.73. . '

|
{ - (3] Koepcke, W., and Denecke, G;, Die Mitwirkénde ' o,
- . Breite der Gurte von Plattenbalken, Deutscher R
| ., Ausschuss fiir Stahlbeton, Heft 192, Verlag Wilhelm .
L . - Ernst & Sohn, Berlin, 1967. . ) /*; L -
Y [4] ‘ Marguerre, K., Uber dle Beanspruchung von Platten-
N - tragern, Der Stahlbau, 1952, pp. 129z132.
. = ‘ ) ) . .
‘ [5] Brendel G., St;ength of the Compression .Slab of
¢ T-Beams -Subject to Simple Bending, Journal of the . SRS
L American Concrete Instltute, Vol 61 1964 :
' i ‘ [6] Dlschlnger, F., Taschenbuch fir Baulngenleure, vol.1, ’ _‘
, Sprlnger Verlag, Berlln, 1955, pp.842-847. . -
" (7] * Girkmann, K., Flachentragwerke, Sprlnger Verlag, Wien,
. ~ 1963 oo - ———
T B (8} - Tlmoshenko, ‘,.and Goodler, J. N., Thebry of Elastl-
o ‘ c1ty, McGraw-Hlll Book Co., 1951 . '
) .o [9] -Beton—Kalender 1972 Vol. 1, Verlag, Wllhelm Ernst, & ’
* - ﬁohn, Berlin, 1972, pp.63l- 634 L. .

910] Abdel—Sayed G., Effective Wldth of Steel Déck Plate
. in Bridges, Proceedings of the American Society of
- . Civil Englneers, Vol. 95, No. ST7, July, 1969 P

-
B}

(2N

{11]- Przemieniécki, J. S., Theory of Matrix'st;dbtural . o
‘ Analysis, McGraw—Hlll, N.Y., 1968 ) ' S T

-[12j Zlenkléw1cz, 0.C.;, The Finite Element Method in " e
‘ Englneerlng Sc1ence McGraw—Hill 1971. - T b

“[13]  Desai, C.S., and Abel, J.F., Introduction to the , .~ s.

oo Flnite Elemenﬁ Method, Van Nostrand Reinhold Co., 1972 o

- [14] Holand, I., and Bell, K., Ed., Finxte Element Méthods
. " Y4n Stress Analysis, Taplr, Trdhdheim, Norway, 1969.



) - -[157 . Tottenham, H. and Brebbia, ¢g., Editors, FiniEp
T ' Element Techniques in Structural Mechanlcs, ectures
: _ "presented at Southampton Unlver51ty in April, 1970.
Stress Analys'is Publishers, Southampton, England. . e

[16]1 - Proceedings, of the Symposium on Applicatioﬁs-of Finite .
Element Methods in Civil Engineering, VanderHilt -
University, Nashville, Tenn., 1969.

[{17] . Proceedings the‘Speciality Conference on Flnite
Element Methods,in Civil Engineering, MCGlll UnLVer— .
51ty, Montreal; Canada, 1972. .

A L

[18] Engatoudis,J.G., Irons, B.M. and Zienkiewicz, 0.C.,
Three-Dimgnsional Stress Analysis of Arch Dams and
Their FS8undations, Proceedings of Symposium on Arch. -
Dams, Instltutlon of Civil Engineers, LondowQAIQGB. .

R 1

- [197 Ergatoudis, J.G., Irons, B. M.aand Zienkiewicz, 0.C., C

Curved Isoparametric.Quadrilateral Elements for

Finite Element Analysis, International Journal of

Solids and Structures, Vol. 4, No. 1, Jan. 1968. o .

[

[20] ., Luft, Rene W., Roesset, Jose M., Connor, Jerome J.,
Automatic Generation of Finite Element Matrices, '

- " Journal of the Structural DlVlSlon, ASCE. vol. 97, S

No. - STL, *Jan. 1971.0 - _ ' :

‘e

[21] Melosh, R.J., and Bamﬁord "R.M., Efficient Solution . g
: of Load—Deflectlon Equations, Journal of the Structural
Division, ASCE, Vol. 95 No. ST 4, Apr. 1969 PP.661- * -~
676, . :
| s I N . - ~
1223 Irons, B.M., A Frontal Solutlon Program for Finite
Element Analy51s Internatlonal Journal for Numerldél
Methods in Engi eeang, Vol. 2, No. 1, Jan. 1970, ‘
o pp.5-32, . ' *

L— v



