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The swirlmg, 1ncompressib1e flow withln a short vortex ‘chambet’
has buen studied analytically A:set of nop-,—dimensional eliffe'ential
. LT, - ' -~
equations are devekoped for the whole'vortex flow field whic{h is

r -

divided i((fo two{reglons- namely an annular and an "Inner’ rafrion. T S,

.
¢ . 3 [

Wormley analytical technique is further extended to lnclu%e an

-
.

apparent viscosity fox\the annular regiqn. The chm,que o*f
Q. &

separation of variable_s is applied to formulate-the equations of motion, .

- . - ~

in the inner ragion. Differeni:ial'equatior'zs -are solved numerically using

the Runge-Kutta method. All the fluid parameters including tife apbar?:t

’
)

) - r .
viscosity match at the boundary between the annular region and the inner
A'\I‘ N . ¢ . . . . . .
flow region of ,the vortex chamber. - .

1
.

- . l b

+ The analytical'results show the‘.variation.‘:of. the apparent vis—

. [

« )

-

. cosity) across the whole vortex chamber and show that the -

values of apparent viscosity seriously affect the 'velocity profile
° |

within the vortex chamber. In g&npar;lson with the existin\g experi-. -
V] . . . - H

r

mental data, the 'magnitude of the apparént vicosity is obTained and

further substantiates the earlier prediction by Kwok. o
P * .

'
.
'
4 3

é o : n e .

Flow c'haﬁ:acteristics and ‘velocity profiles for the whole chamber #* .

were analytically obtained for two-cell as well as for multi-cell

vortex flows. .
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. - NOMENCLATURE

r

function $(Z) "and its derivatives, ¢, %, 9—% '
MR\ - | -z .
: | . dy dzxp ’
functioen ¢(Z) and its. derivatives, ¢, <t —- .
_‘\ A . Ce ) dz dZZ ..
constant R '
chamber geometry factor R
1 ‘ e . '. ’ - .
friction factor X
» = " ’ P A:
ordinary diffea;ential equations representing flow _//
parameters ,
end wall friction eoéfficient:
velocity profile function .
PR B . .

‘axia), velocity. function

r -
. ..
velocity profile function ’ ‘
"radial velocity function RN .
« ’ ;~
chamber heifght, m. . ,
\. ; , . h ~ . . \
non-dimensional chamber, height = ponl .
. e - >
constant - s :
. ) N - )
. constant : ’ '
power index . - ) )
. | .
pressure, Pa oot
! ’ ’ o
‘ambient pressure, Pa 2. 3
) .
¢ ‘ . - A |
pressure at radius r,, Pa . : o % |

. i i
e ; .

a “non-dimensional- pressure = '(P‘:Pa) / pvi
control and supply £low rate, m3/s ,

direction from center to periphery
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o en it




A ' W »
= S ) directiqn from~'periphery to center
r, e exit r&dius',' m. . S s
T - ,charmb}er radiue, my / ) .
X, ¢, ' cylindrical coardinates .
7 R non-ddmensional radius = L\ . . ’
- " v ’ / e -
- ‘. ’ ’ 1 xﬂ‘e ' '
Re- . . noh-dimensional or_ifice radius = 5 1 .
. ) o . - ) e .
B o . ‘/ . ’, - r N
R, . non-dimensional chamber radius = _;o_
D i ’ ! - e - -
*' . - -
R . . non-dimensional radius in the annular region
‘ where u becomeé Zero .-
/ pv_r .
RE Reynolds nﬁm‘per = .
u, v, w . components of. velocity in Cart:esi\ij { >
- . coordinates, m/s".
y', v', w velocity fluctuation.s in Cartesian ‘
. . coordinates, m/s. o - .~
u o . .. ° radial velocity in tk??aﬁare region at r defined
. -, positive in ~r direction, m/s. - .
‘us‘ ‘ \ radial wvelocity coefficient in the boundary ],ayer
: region dafined positive in +“r direction, m/s.
wﬁa . ", radial velocity coefficient in the inviscid region ’
'/defined positive in +r direction. m/s. T,
u, v, W ./ non-dimensional velocity components in Y
. i . /- . cylindrical coordinates o
& L / . ) - . . ] ‘ . o
Uo .. P non‘-y-dit_mensional velocity at chamber periphery _
| ,/\ ., '
o Us non-—dimensional radial velocity coef. in the invis-
K ‘cid region defined positive in -r direction
= —uG/u . . ) . K
US , .. non-—dimenrsionaL radial velocity coefficient in the
‘ : . boundary layer region defined positive in >
¢ direction = -u /uo L e
I o ot -. o
e - . . . .
. ) X ] AT
— . N
¢ e P

C-
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z .

tangential velocity, m/s. .

. dimensionless parameter

t;angential'.velocity at r_, n/s. . : S

tangential .velocity in the inviscid region, m/s.

.
radial vélocity defified positive in +r dlrection, st
m/s, . S .
) . R '. ‘ [
s ey . )
.’ngi»al velocity, m/s. o . . . °

L . . v

-~
v f -

Cartesian .coordinates . - . . .

dimensionless radiagl (:oordinate in -—r'dlrection .
1 - r/r # ‘ -

) .
. .
. - .

iy

dimensionless axial coordinate
O o - N

P

z/re

-~ .
-

power index* . . )

Q(Zﬂvah

~.
’

. 3
vglocity prof le coefficients K - .
c6n§1;ant . B : * .
- 2 ) o e ’ ) '
non-dimensional circulation = v r/v r : : !
N O - §°" oo , RPN
. . o, ) T . !
boundary layer thickness, m. ‘. “ “ -

L .

L R

e

non-dimensionless bounda¥y layer thickness, .

= 26/h = 2877, T T T e,
\H L. /' ' ) ' A

. .
.

non-—dimens:Lonless boundary layer thickness at " .
- 6(1‘ ) ¢ o s
interface =

e - . . . ‘ -

eddy viscosity," N.§/m2 . . .
ratio of axial displacement to boundary layer ‘ - v
thiclcqess z«/& . . N

o .
A -

ratio. &f outer periphery tangent:ial fo radial
velccity v /u S . oL
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. K o INTRODUCTION .
- ’ ' 8~ ) . S ‘ . . ' - -~ P
| ! " ) o .
T 1.1 General S o : ’
- - \' i R N ‘ A .
< , ‘e v ., < s
o - - . _ P .
. In recent years, there has“been much interest-in the 0 -
v - e * ‘. T . - . e ot e - [
study of incompressible vortex flow, because numerous applications
~ ' ' ° 1] - »
| . utilizing thig phenpmengn have been evolved in such specialized )
[ N y fields as heat transfer, ‘gas'r.urbine, swir.l atoq,izers!. nuclear'
\ N * “ . ) r
' . T ors and meteorolo‘gy.‘ With the emergence of fluid controls )
' technology especially in the’ field ofe "f‘luidics"_, many ingeriious , . -

* 1deas and fascinating concepts have étimulat,ed further

interest in
- ,

the many passible applications of confined vortex motion. Fluidic

vortex devices which offer the most potential applications are ‘the

" vértex rate sengor (Fig. 1) aﬁd the vortq:é amplifier (Fi‘gs. 2 and 3),

. -
r

N '

e e

A-vortex rate sensor consists of “a thin cylindrical
VOLTex - o

. .

. ~d, 'Ag

subjected to rotation, flwid comi‘ng into the

conservatioy of anguldr momentum of fluid flow;

1. i -
chambgr with a poroug peripheral wall and;a plenum chapber external o

+

A central orifice serves as a sink. In the

{

to the porous %;2'11.“

absence of §py rotation, ;:he flow .in the c,hambe.r is radial from the

L > ' .,
porous.wall towards the central orifice. When the sensor is, -

v ¢ ?

voi'teic_ chamber through

. 3 4

the Ar;ous wall acquires the same tangential velocity as that of the

. b4

peripbery.‘ Due to the, presence of the. sink- hole and the ;effect of

~ M (4 -

substan}:ial L
R N

>s

R - . ) 4 i . : .
amplificgtion of the tangential velocit) is obtained ag the flow &




¢ - , o ..
. R < . ' —-Z . KR o
s - - )

. e . v . * . .
| A .. ]
.

spirals in towards the center. The general flow pattern resembles

that of the free vortex. However, due to the presence of inherent

viscosity in real fluid flow, the resulting flow is rather complex

‘ ) ; ’ ! e et it b e bt o T i e s i .

[

i : in nature, consisting of both a freé and a forced vortex in
' - L ey, ) :
o ‘ , Structure., . R ) T L

- e e . . /

- The pelg_fbrmance of a vortex rate sensor depends on the -

sensitivity of the pick-off devf‘be. In this particular case, the T,

3

- .
maximum fluid.tangential velocity-at the sink miust be sefsed in
- o

some way and the output is in turn used- to drive compatiblé fluid | - ¢

. " amplifjers. Therefore, if the maximuin. tangential velo

vortex'chamber of known geometric configurations ean be

mathemat:tcg:xl].jY predictéd, t}'le performance characteristic togethef‘

with various design parameters of the rate semsor can be

-

established. » ° 7 . ?

. “ _
@ o o
[ — " . .

7 ] . 5 Y The-worterx—ampiifiter—constsry of @ thin cylindrical:

_chamber with a wide slot cut radially into the periphery of the
¢ ' chamber for main supply flow and a relatively smaller, slot cut

.

tangentially to the periphery!for control flow. When there 'is no

, . . < R - M
; " control flow, the fluid fr#m the supply flow inlet leaves the :

%

chamber through a c 1 outlst orific? with low resistance. When

-

! ; control flow is introduced, the interaction of the poweryénd control |

. - ' jet \stheam results in significant changes. The tangential control
- e 3 . . e e
flow entprs the chamber and deflects the power stream away from it . . -
: L S : .
T ] - - K - " 5 o
‘ . . . ' ! . [ - [ e itan i - - -t e
e




A

Ia

' stream and the subsequent formation of vortex\prgguce two important -

~  properties of the flow field. First, as‘theninkéf tangential

-~ radial path to establish a spiralnpattern.,_?ye aeflgction of power

Ve&oéity—from~@E;jgiqgjiﬁcrea§E§j;Ehe 10w path of -the main stream

o e v AN '

- . L
lengthens. More resistance is therefore encountered by the flow as
. ’ .

m_it_spiralé in.. -Second, due to th2 conservation of angular'moméntum;
’ /

the fluid gceelgrates as the curvaturé of the flow path increases.

- >

buildup across the vortex chamber in ,a radial direction; in other

hd .

. ) words, the increase in pressure drop across the vortex chamber will
- ' J

result in a reduction of the main supply flow. This constitutes the’

/

—.. :V " ] A _. . \ ‘ .
basis of a vorfex amplifier operation. c

<

L) . u N

\

The fundaA@ntaL $luid flow equations describing the flow

- ' phenomena in the vortex chamber are so complex-.that most of the

engineers engaged in the design and development of vortex fluid.
. . -

R o

—==-se=—t-—amplifiers have resorted Yo the experimental approach. Better

*

: understanding of the vortex flow phenomena is necessary in order to__

develop a suitable mathemdtical model for des1gn purposes.

. .
» - r

' » 5 «
o ' B s T

A vast amourt of information on swirling flow phenomena
» . has been accumulated over the years. Many reviews and reports exist
dealing .with various aspecfs of this problem, among thém the ynik of
A T . [] >

Gartshome [1, 2], Donaldson and Sullivan [3], and Kiichemann [4].
~ M . (

Lewellen [5] has made an extensive review of the state.of knowledge
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graphy of over 400 references: In his exten51ve work, he rev1ewed

: . N '
. . 7 . ﬂ‘
i wvarious possible exact and approximate solutions of the axisym~

SNSISENESEEEESSe e Gt
U

~metxic Nav1er-StokesuequatxonS*related‘tﬁ coﬁflned vortex flows.

e e e . o

w_~—~~*»*~““: The derivat&ons-were discussed'anﬂ crltically:pompared with . .
’ ’ . available experimental data. In this reoort, a brief review of'the R B -
..... R - e T T CR—— I
p methoos and solutions in the literature that a:e mostwﬁglevaut to -
. ’ the present invegstigation of steeay; 1ncompressible, swirling flow. \ o
oL, will be presented. : . ' y ‘ '

: : N . A
. ° ql K ~ . ’ . "\\‘ \

In general, theoretlcal'aﬂélysié of vort

solving the Nav1e%?Stoke§ equations to obtain elther aéproximate or -

v

. exactt%olutions. A great deal of work h&s been done to obtain

approximate solutions to the Navier-Stokes équacﬂons for : ﬁ
+ . - . '
- incompressible swirling flow. The method of obtaining these R
‘ solutions involves the introduc;ion of perturbatioﬁ and subsequent -

B - t-eappugeseose ot bty

q - oo

"M_Nllnea:izationﬁof:tthresdlting equations.A ThieAheeﬁhiqne:wasfusedf***“‘;‘““'f

by Cortler 56], gelbot [7] and Newman -[8] qo investigate steady,

swirling flow motions. Lewellen [9] linearized the incompressible
. ' 4 - * 3y ’ T
' « Navier-Stokes equations and used the perturbation technique to obtain- T
1 o . “ hd - L
N the results for both the cases of non-rotating and strongly rotating J
™ - . )
: . ‘ , A 3 : . |
confined vortex flows. An analytical solytion for the axial decay of !
A . F T =
a given swirl was presented. : ' T
Y - ST .
O
’ St - With advances in.computer technology, numerical methods are ___'_ .
. o % -
S \} .
B © v A\ B - e
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. - - s 4,
-

3 v j ~bécoming mor% powerful in seeklng appr#ximate solutions. An approxi— 7

’

| ) ) .
; mate solution can generally be attempted either by solving the equations
. cT . ‘. , -~ o N
| . , S i -
| of motion numerically or. by introducing valid assumptic’ms to simplify e

the complex flow equations to a solvable form.
4 N . > -

L .

A3

' ~ b -
. " .

R In 1940, Burgers and R.ot"E"'[IO, 11] discussed the d‘issl—pation

. of a vortex of infini:t‘:e extent using the cylindrical coerdinates r, ¢
" . and z with the correspoﬁﬂing velocity componemts,vr, V¢ and Vz' They. - o
assumed axial’ ax,d radial velocities of the' form.V S -ar and V '-"'-'Zaz

\
which ‘led to an explicit soldtion for ‘V\ Later, Donaldson and

Sulllvan f3 12] lnt*nﬂ"f'oﬂ_afme;e—geaeral—case—cf—arm for V,, -

N : . .
S 1 namely, V -zf(r) Solutions applicable only to laminar vortex )
' l v - 4 < - . R

otion were.obtained numerically using the boundary kéndit,ions

e e

applled specifically to their problems.f"l?arris [13] studied bpth
theoretjcally and experimentally the int:eraction of a vortex with a .,

- -stationary surface, Examination of the ntmericel_res_ulgs over. g~_w:l,cle -

y Fr i i e A -
o I LI SR L e i
N . ,
J 0y
-
.
I Pl - : %’—‘——1

sensitiveness of the entire flow field .to the amount of ;éd’f.al flow.

'
¢ * .
. . ' %

" -

. An alternative approach that has been used to achieve exact
. ’ N / o
. . .
4 solutions is to make use of the method often connected with the t

P ’

.boundary layer tﬁeory by‘ger‘forming order of magnitude analjrsié to o
, v i . A , .
simplify the equat‘ions'«\of motion. N

* - . -

1 -

Recently, Mack []:4], King [15], Weber [16], Rot:t [17] and o N
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u—~—~—~———~—6strath‘aﬁﬁ'ﬂEﬁEf”TTET_EZGE*ESEEEEE;EE_;hé development of the

. + 9 o

boundary layer on a finite disc or on a vortex ohémber“énd @all‘for a

K - “ . >

o ) swirling flow. Long [19, 20] alse presented the ﬁ&ﬁgrical results of— =~ 7

- ~

Co. < N - L S e
- an integration by simplifying the equations of motion‘within the core
of a vortex. Mention should be made of the work of hormley 121] in .

.3 - . 3 . LI
which a momentum integral analysis is presented for incompressible, ‘

. % -~ . :
© steady, axisymmetric flow in a short vortex chamber. Only the T
. ' ~ :
annular region was studied in hig work with consideration being . ‘ vt
A} \ N N

given to the interaction occurring.betwegen the inviscid vortex flow
* ‘ ¢ ) ¢

- \ J anq the viscous end wall boundary'iayer. ‘ : . . et

: i - .
4 * . .
. . N N N
= . R S
: :
v . c .
. [ “ B .

L . - B Many investigators have attempted to interpret the™ . .

S

. ; L
experimental results obtained from actual wviscous vortex motion. .

<o

- - ‘,Einstein and Li [22] used the pardmeter of apparent ‘viscosity to S e

g " represent complex ‘turbulence énq viscous effects in actual vortex PR
. . . ) i -
’ ) . - ,”;W
flow. Rott“LV}lwglgéfg%§§g§§§d,gheﬁinc1usion*df*fhé'v&riﬁb[e eddy - - -

VisCos1ity 40 explain-phenomena associatéd with natural meteoro- . '

AN

N

) logical, disturbances, 'while Squire [23] assumed the turbulent eddy

’
L]

viscosity to be proportional to the vortex strength (ng;»}:-,»wheyg“m4""’““““““
$ - : ‘. ’

n is some exponent) in his study of the decay of the trailing vortex
. -\ . . hcd

. s&stém,begind an airplane. Ross [24] studied especiglly‘th tie-

e ‘.
) :, bulence level in ¥ortex chambers and determined an effective tur- - -4 .
) bulent=to- nar shear ratic fanging from 10 to 103.b Lately, : - ~

Kwok [25] achieved a closed form solution of the NaviervStoke\ék Tt




I3

@
3

I ) R \ .
Elow wkthin a thin cylindrical chamber of aspect matio 50+ He also

-

“« o, . [N '

discussed that the apparent viscosity v#ries throughout the vortex

7 flov. Thinh [26] developed an analysis of the confined vortex motion
V. o '

| .
\Uang the concept of apparent viscosity. 0n17 the apnular region of

B s ~
) - . a
1

the:vortex chamber'was studied. By comparing’ the existing experi-

mental data yith theoretical results, Thinh was able to establish the .

v N - .

‘velat{onship between apparent viscosity with the velocity prpfiles

within the annular region of the vortex chamber.

L] 1

-

%, The present investffigation is a continuation of Thinh's

work [26] extended—infb—the—inner—tvre regjon of a confined vortex

: flow.' This was initiated following an interesting finding from

» 1 “

Kwok's work [25]. 1In his work, Kwok obtained a closed form solution
o ‘q
of the Naviér—Stokes equations for confined vortex flow. Two cases

! -

were treated: flrst, the general case where the éxial velgcity in -

_*—~M~H-~__~_HFP___,#M,gxlL»core~of~%he—vortex—is conéiﬂered enendenf nn-xad&as, amd

second, the apecial case where-axial velocity ﬁ% assumed uniform ‘He

*.
introduced a nontdimensional pardmeter a which is defined as the ratio

matic viscosity and h iq the chamber height. It was interestlng to/
X learn from Kwok's experimental measurements that flow im a vortex ) |

. \
* _ chamber of aspect ratio 50 corresponds fairly cldséiyAto that & j |

& ! * T
: predicted by a theoretical curye calculated from a =1.8Y .In othgr

v ‘words, this repfesenqg a value of apparent kinematic viscosity of

' approximately 600b v, where v is the kinematic viscosity of the
. @ . \ - R




operating fluid.. Such a magnitude of apparent viscosity has been

o " surmised for some time, as évident from Schlicbtiné [27] who wentions °

¢ - »

that t... the effects caused by it (turbulent mixing motion) are as

if the viscosity were increased by factors qﬁ one hundred, ten

thousand or even more". Thinh [26] substantiated Kwok's finding hy
1 . N ¢

‘developing an analytical study of the wortex mMotion in the annular

region with the apparegt viscosity factor. The numerical gofﬁtions
‘were compared with those of existing experimental.measufements by ' ,
Savino [28]. The analyti®al results proved that the values of . .

. . apparent viscosity sg;io@sly affect the velocity brofiies within the

T
o - ‘1 +
varies from 7000 u at the vortex chamber periphery to 4500 u at ‘the

L}
-~ . vortex chamber. The results also show that the apparent—viscosity

- K]

. ., orifice exit plane, where u is the operating fluid viscosity. The

? .
. . 4

main intention’ of the presqnt‘investigation is. to®ontinue studying’

v .

K T the beQ9V109r~o€ the apparent vis?gsify in the inner core region of e
— . thews N - —
’ ) sl A il St
e —— - T T e ‘
‘ 1.2 Outline of thé Investigation & .

P

.

o .

' g l’Ihe aim of the present study is to investigate

anal tijfll§ the swirling flow of a short ¢ylindrical fhamber of -
. v ) .«
ve largé adpéct ratiq (ratio of chamber diameter to chamber -height). -

R - . r'y
* ~

'

: The main objegtivg of this inve;tigatidn is to develop
' ’ ) \

explicit mathematical relationships betwaen various flow parameters
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of confined vortex flow in short cylindrical chambers. The amalysis

L

_ . .

q ) .
will be caryied out by dividing the whole vortex .flow'field into two’
. i

separate regions, namely the outer -and inner regions. 'The boundary
. ~
' conditi®ns at the interfdce are matched by assuming, that the-

- tangeatial velocity, the tangential shear and the: static pressure
. d 4
remain continuous. Theoretical analysis yill be matched with o

7/

publfshed experimental data to establish the magnitude and . °

" behaviour of the apéare'nt viscosity throughout the flow field. It is

v . N N . 4

’ believed that the results will bg of engineering interest when .

. - .
» -
- . .

» predicting flow patterns for many vortex flow phenomena. L .

1

The results of the investigation will be presented as:

fqllo;;s: !

) N
Thmwucal modek’for inccwe,

=== )i T swirlinz leJL_ﬂf__&—-ShG-Et—-eTﬁ;.uuL.LLdL chambetr which has a small é .
P e —
exhaust-orifice ‘be presented in Chapter 2. sWormley's ®

theoret;ical technique [21] ¥or turbulent flow will be adapted and

§ ' extended to include the apparent viscosity facto for e annular ! o
> “ ' LI S
. rofiles will

"region., Appropriate boundary conditions. and velo

be dlscussed. For the innex core re%ton, the technique of.

s ' separation of variables will be used to “transform the equations of'

' -
motion into a set of ordinary differential equations which can be

solved by numerical methods. * ‘ ‘ K 2R *

* L . -
.
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R / . . — ’ ' ; .
».'““ = ' ﬂ cfﬁ{ﬁ&nf p?esents adgéaaed de;drig;gld;__d; the S
. ’ expe?ﬁnental 1nv¢=idtigation conducted by Sav(mo and Keshock [28] and-
) \ ){uh [29]. “Both theoreticai and experimental results w1ll Be : |
; ‘ ) compared to obtain Eﬁé\bes\ f1t for the annular region. Also,.

A »

quantitatlve comparison will be made with results obtained for tl'ge‘

{f flow field in the inner core region to fully establlsh the

magnitude and behavictur of apparent viscosity of confined vortex

a

~ flow in short cylindrical chambers with 1aée aspect ratio.’
. ’ 2 1 : :
. . S - R
T . { ~
) * Multi-cell vortex will be discussed in-Chapter 4.
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] CHAPTER 2 - _
. 1 . 2
- 3 T , ‘ . , “ . . ’ . . N
- .- THEORETICAL ANALYSIS "/ e C
‘ ) . . C
2.1 Initial Assumptions of the Flow Model . " : * I
e (Y R [ .M - . . ‘ ,

A ~ . ) . ' oy
In order to gain insight into the very complex phenomena-~of g
. . . \ X S :
- confined Vortex flow in a short cylindrical chamber, it ts ‘essential

that the Navier—Stokes equation be solved directly. However, the

Navier—Stokes equations are dlstinguished{the scarcity of their y

solution due to the- highly non—-linear characteristic of ¢ ..ha'

<
¥

. o 4

.

mathemgtica,l expression. ‘As a result, certain realistic assumptions

~
[ . »
‘must be,made to reduce th@se equations to a solvable form. ’
I > v
. - v
. In thls investigation of vortex flow in?,u'he a}rmular and core ot
.. e

regions, Ithe flév_s_aamemaméﬁm ble. It is
T
i

also assumed that the vortex flow axis&&mr‘i‘des:w;x.h:ghe_geameﬂl

axis of the e‘lindrical chamber. . d i Yo '
. .7 o : ,' \ o
2.2: Equation of Motion . T, ; ‘
M ~
o Y - S F

Neglecting body force, the Vavier-Stokes equation for" the mean_ . ..

motion of 1ncompressib1e‘:urbulent flow in Cartesian coo;dinates is '

. given in Schlichting [27] as: L ‘ -~ . :
" ‘ :‘ - ¢ ° !4' . a
. ¢ — o W
. ) \ S
oL ) A ' L. - e e T IIn L TLUIE T il
T T T T T >\- o ¢ l—’ hd N - , - - . '

.f ) P \/R e o
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S .
) du du duy _ _.P_ . u'? . du'v' . du'v’ . ‘
) Y, p(uax + viy + waz) ‘ V(uVu) p( 3y " ez, ) (1a)
» ) ) . ——rme———p
¥ (WY 4 Y BV 3D L gooeButy! L av'2 a%'xa') (1b)
) Plugy © Viy T Vi v iEY BVVS T PiTeR ay 3z =
< Ly : * ]
aw IW oW Su w' . av'w' | Bw'? '
b v g = _R + - +
pluls * vy BB V(uvw) - p 5y ) 11\c)
s Lo s
R '\._y"( 2 - 2 2 s \
. , vhere v2= e 3,30 (2)
: , ax2, 3y2 az? v "
’ N - b N
- . x !
; Eqn (1) is identical with the steady-state Navier-Stokes .
» P . ’ ( T
ﬁﬁequatiens for 5 at t ere are additional T
terms depending on the turbulence of the stream The:£1low ~ ) . »
fluctuations may be interpreted as addTtional surface stresses and i

\ .Y ~ .
4 » L4

Equn. (1) can be éxpressedias:

7 _
},*_@9_’54_.9_}%'9&—1—9&;*"""(35 _

_1_ + Y(uWv) + (.3_'5..1 +i§§- + E_T.Lz_) (3b) \
- ] \ ‘
va'w-e-g, ) .._..a.P.+ V( Vw) +(M+M+§g_§) - (3c)
3y 3z [ N ax 3y ez - é&ﬂl
. ) I ., m_{_ﬂ

- \ | e ot -

- -1t -is-noted that the components of the mean velocity of

turbulent flow satisfy the same laminar flow equations, except: that
T . -
: the 1aminar stresJas must be increased by the additlon of "apparent",

0 Y

or Reynolds stresses, in the turbulent flow. Assuming that the .
X Y . =
= : USRS ‘,.,_,_,/_.___L_‘_._“,k;‘__ﬁ——»‘_.,
’w“—a":—“ B . ' . - ‘/"« C '
‘ . ‘ / ' . ! ‘ . - R 0 , ]




apparent s‘tresses', which are caused by the eddy viscosity

.

" n

Q, the |same influence on flow as ordinary viscous stresses have on

lammar flow, and also assummg that the apparent v1scosity varles

-
AN

13 .

.'

rop, V(vaVu)

oy dz,  p Ix

v v 1 3p
vV—t w—= - = + 7
3y 3z .o p 3y (va"v)

where the apparent kinematic viscosity is

pt e
P

-

o

(See Appendix A)

" (4a)

, > In the cylindrical coordixfate sy'stem, r, ¢ and z denote the

. have

+ -7 throughout the whole fa.eld of interest, Eqn. (2) may be written as\

by [

,.

\ mdxalﬁaagenﬂa&:—aud—mrmm?s*f‘ Und v,

tand V

/. N .

r a9dr.

LN ol

gV T
V —_E __L +v

.3‘7’;“—:” "1“.; AQ*Vr du_
Iz T poar pr 3T
.'au e Y y \ L \
22 s 3413
pr 3r dr pAt|r dr
—_ T o

’ -
apparent _viscosity" as a function of radius ,ciar‘ be expressed. as:

oLt

present “the velocity composents in the respective dlrections. For

axn.symmetric flow, all the deg:l;vatives w:Lth.arespect to ¢ will vanish,

Eqns. (4), representing the motion for the incognpressible fl}xid with




° . tav av ) Ve 3V .

. b4 z__l3p, 1. 3 Ve S z .
. —Z 4 —2 = 4 = 2 + == .
y Ve Tor Yz 3z . p 3z - pr dr [‘”ar(‘az 'c)r)] T
) ’ * . 2).! BZ\V .
. a 2 o~ -
’ - + — 5 ' . (6¢c) . (
‘ p 3z - | . .
and the continuity equation becomes: . x I
R K . - ’ g
- » ( B
3v : N
1 3 z . \ . :
= — +— =
r 3r (rVr) 3z 0 (6d)
\ L4
N * . ’
.} "i’ §
2.3 Introductiox; to Dimensionless'Varjables . T
‘ i - . . - ‘ 1
. N 4 . g %
NPt b . . 8 *
To Further generalize-the—prebiem,—afl the variables of Eqn. (6) - - - '
s ! o
- are' made dimensionless. A reference length, T which is the radius
of the ex{t orifice of the vortex chamber, is used- to reduqe all the
radial difj nsions, the axial length z, and the boundary layer thick- .
‘ness & to Wimensionless coordinates.
8 . _ . ’ |
R
The radial, tangential, and the axial components are made . e
dimensionless by comparing them to the peripheral ta‘pgential l
. ~ o e .
yelbcity \'ro. In .the annular region, the tangential velocity- ! - .
* . ' . ) _ .
component vg is introduced in another ndn-dimensional term, called B SR
. ' , A B P
e e = - - o - ’ A
- . o e T -»~—"“"—’v_“'~—‘_’_——‘".v"_ ______ v

‘ *
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4’\' s a2 ; c ! . \ b . , ‘ s
: c, T B T T . . ~15- ’ - oL
4 - - [ . - . . > - y - ) ’
- . ) . . . -
. ¢irculatian, by referring it to the circulation at the periphery '
a . LN ’ ! PO I . . N - .
- ' . VoTgn . _— " - , .
N " ' ( 4 . . “ a \ . ) * I3
B . [ 4 ’ ‘ .
¢ <
O AR The static pressure is also made dimensionless by comparitg
. . - Cop
W A - "*1t:~ to twice’ the value of the dynamic -head and the apient pressure.
. - Similarly, referencé dimensidit y, which.is the operating ffuid” - —- o -
. v - visc051ty, is used to nbrmalize the apparent visc031ty ua. . ,
- . ., -, R . a, '*,‘ ' .
s ) \ . . - . . ‘: )
B These ﬁon—d:{menilonal variablgs are defined as: . ®
. [ ’!‘. - N , - , < v - - - '
LA : v, = - L . S O T
r - - e R v o v L I’e - -] .
L. ] »
d A . " . .
N V ; g,,,}’-! ’)", . ~ ] . <
y . ) - ! v = T L B *H '=‘I1.7.;. o : ' .
. . . . te .
» . ’
N
B . VZ . [ .
P r .
‘ W = = R = = » ! ' v ‘
- T BRI ok S Y s
. . ’ ‘ ' s
Id » . . °
N ug ) ro_ v e, (7)
- . U6 = - -;.. . ] Ro = ..;.. @
‘ - N Y [a) - 7 0
A N, ° T \ ,
¢ # ¢ R ’ . .
. . 5 )
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v U, =t~ Ca == : ~
. . % R Te \ / . . .
2 4 - - . ‘ - . \
) - P-P * R
Y _ a - _ 28 _ 2% .
. N P = o 5 = &= 22
- V2 s . h"' . H - . -
N p fe) ' - ¢ 4
. N a4 . ' . - . v #
- . . . e : .
a4 ‘ - ; + "i" _ V‘Sr » . . »
". ant—— - . ? .
‘. =, ol I voro - e . - - )
- N - ﬂu‘;‘? ’
" ' ’ L‘ . ~ - . ) ’ ’ . ) . -
. R I A Reynolds number is defined as: ., cs . .
x | ' Y \ 3 :
- . ( v . -
\ . . s ok .
” Q 3 * 3 . . .
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The equation of mbtlon ai: ately
each flow region in- the next SECtanS. . . 0 * ~
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2.4 Bounda‘?y Conditions ‘ _
T 13 . o
In ogder to produce éontinugus swirling flow, fluid gust be ST
' injected tangentially at.the periphery of the vortex chamber. If a
- Iy Y ‘-i !
sufficient number of evenly-spaced injection nozzles are used to
""nixéxintain the axisymmetric flow pattern; the t_a'ngential velocify at \
sthe periphery should be exactly equal to the exit velocity of the : .
injection nozzle. This ' therefore.defines .the first boundary .
condition at the p)eriphery of the vortex chamber. In non- ) 1
dimensional form, this condition can be expressed 'as: K
» ’ [ R Ld s
R= R, RUES® 'S V=l' P=P, (8) .0
M [} ) . ‘\\ ’
where Ry, U and P_ are mn-dimensional radius, radial velocity and
; . X y
pressure at the periphé—ry:‘ . o :-a,;?r’“‘ -

r~

y N
In the case of swirling inviscid fluid the tangential

-
-

velocity inc)eases to infinite at the! center of a vortex. However,
o > -
in reel fluid flew where ﬁscosity is involved, thegtangential

-

velocity will regach its maximum at some distance from the 'chambgt‘
. ' - .
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axis and 'decreasés rapidly (mtil\ig vanishes at the center. In other

words, both the radial and gan’gential velocity components in actual

flow must vanish at the center. This conditidn is defin.e.ij?;a_r,he#,f

follc;wing équation: L I
: . . . . ¥ .
R=0 U= 0 v=0 ' ___ .. - (D
1 -7 e —
' . G \ &
2.5 Classification of Two Flow Regions v C

- N “

To simplify the problem,/ the vortex flow within the chamber is .

’ . . R { .
divided into two distinct régions namely the outer annular region

.

where r 3r2r, is bounded by the periphery of the vortex chamber and

the interface of the central orifice. The inner region where .

0<r<ry is.bounded by the central orifice (Fig.%4 ).~

’ »

~ Numerical solutions are sought first; for the annular region and
then for the inner core region with matching boundaty conditions' at

‘ 2
the interface where ? = r,. It is assumed that the wall static

¥ <+

,p{'éssure, the tan'gentiaq. velocity and tangential shear remain.

continuous across -the matching surface. Due to the particular con~

»

figuration for the ‘vortex: chamber used in this case, the axial

Q

velocity component in _the outer annular region is assumed .to be

Yy

~

Y

A ]

negligible-as compared with the radial ar;d,. tangential veloclt)[ com—

ponents. a ‘ . . N
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In the irner c¢ore region, since 'there exists a central orifice,

[

the axial wvelocity therefore cannot be negleéted. The problem

therefore becomes méch more complicated.-

| ~

1

2.6 Quter Annular Eiegion i 4 | -
.. \ K ) - f ] } ., . ) .. .
2.6.1 The Flow Model - . )

. The flow within the outer annular region can be divided into’

two main’ regions: region 1,'called“th€‘ developing flow rggtbw and
region 2 called the developed flow region (Fig. l;), similar‘t:'o the

system described by Kwok, et al [31]. Flow region 1 extends from

!

the chamber's outer peri‘phery to the point in the chamber at which

~ ©

all flow has entered the chamber end wall boundary layers (R=R )

.

Flo__,_r_e,gicn -2-extends from-R to the~chamber exit. Within these two

regions, the flow is subdiyided into a boundary layer- fibw on the ",

’ ) . : ‘II;.

chamber end wall, and an inviscid flow at the chamber mid-plane.

the invisgid flow region, flow is uniform and the tangential and

L}

radial v_el.qgj._t_:y” components are assumad—»tonbe-funct:toHS‘"Uf’r‘_E)‘ﬁly. In

e

the boundary layer flow region, the flow is dependent on both r and z

Al

and the apparent viscosity is assumedeto be a yfunction of tangential

-

velocity :!.n‘t'he inviscid region., Strictly speaking, the apparent

viscosity should be a function of the velocity vector rather than the -

’ taﬁgential velocity component alone. Howeyer, in this particulz};

- \ e e \_.,»
case, the tangential velocity component is mdch greater than either

_ the radial or the axial velocity components. In order to simplify
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' t}le' analysis; -the-above assumption is made. . )
. . . , ~ / * R . ’
L - e
. o ! :
Since the analysis of the flow in_r_.;ib reglon }s restricted to

e T o e n e :
t e e -

3

short vortex chambers, v, is very small and the static Pressure is

' essentialf constant in the. annular region and Eqn. (6c) is .
B :—‘ - ;l:;l;;r;ated. Makinguse o?/ thefboundéi;y_'—layert v ~“y per oi:'ﬁlirfé;
N “o + order of magnit\ud\e.-analysis, as discussed_ by Schlicting [27] agd—-—
: »:1; : DIOOKES: l”J"U—_J_:‘Eqns. (6a), (6Y)-and (6d) car;'l;; expressed_ as-.k ) .
. W y2 v av.7 - ..
o é’r“s}r"‘%*"z—aff"%%*%g—g[;ﬁ] Ao
o 4 pS
o e e e - . -
' \ ,._
land the fontinuity equatdon beci)mezi: ) * e - L
oV, “1_ ;x;z LT
(o TErEr 0 - (2)

The momentum equations for the flow in the in%iscid region are

' jn-the-forms———— —-—- - - - :
- ~ - 1 — — — - — X
’ I N N S R
: - u v -
o~ . ) ‘ - ﬁ
| TR . (13)
j § r r \p 3r . )
] —
T “. ’8\;6 ué.v(s . . . ' . o
BT 0 ‘ T
- - . .
' L
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2 6.2 Velocit:y Prcxfiles ! -
b
? . - — . \ ‘;
i In nrder—t—e—obtain a solurion to the®set of equat.ions (8--12’) 'y ' o

€ I —

it is necessary to know the veloclty p,rofiles In this case, the
s, "
?' ) oo tangential and radial velocity profiles take the same formvas

L I

. e —

“:;—presented in Woxmley s work f21]: o oL e
% :f’? x :
- . L3 q . -t,"’ . ] i o ] N
e . 0szg6 : oo
o A £(n) (15)
. _ B v <=muﬁf(nn~) * us.g(n) - | (16)
> B - o ' . .

. V= u ‘_‘*' sy

Where n = z/§ and f(n), g(n) are’ the velocitv nrofﬂe_ﬁuaet-ieﬁs.—tha

o ) *, satisfy the following conditions: o . S 5 -
. . :' . ) oA . L L o B i -
- - _ £(6)-=—0 g0 =0
° . . ‘ :\ . (19)
CEW =1 .- g=0 =

. . ,
. . J t ' ¢ 3
| .

It is noted that the tangentigl velocity profile is \a single

profile while t:he radial profile consists of two separate profiles.

|,

The u f(n) part represents 'the contribution of the radihl flow =~ *

: profile due to radial flow in the inviscid‘ region and u.g(n) part *

. !
) .
.
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- S an \ -
fr —— - - gg:g_s,ents_xhe_ce%ﬁba&en—of—saconqary Tlow induced into the .
} ©
i . boundary layer by the. strong inwa;d pressure gradlent which exigts in = . - - -
_ . - —thé c¢hamber for vb/ur;;i Smce the tangential.Reynolds numbers ‘
(p vbro/p) for this type df flow are generally in the :range Jf 104 to
1
~ : 106 then the familiar 1/7 power law distribution [27] can be applied

. - in- the-mumerical calculation of f (). The choice of g (n) is

’ dictated by the fact 5_355 (m =0 jfbran* wl—wMoreovm‘”’ the f‘i‘FEt"

. derivative of g (n) is alsd zero’for-p--= 13 -Consequently, the ~ -

* expression for f “n) tnd g (n) are showit as . N LT J)
N h , .
'. . ) ° .
° 20; '
' ¢ )('Jf w?‘j
/ v
£} N and
2 ! ® $ .
: . - o (21) -

‘ 'It_ is convenient to. introduce” here -the definition of the -~

- ) - - L 1 - : 3
| _ K constants of integration which will be ,useful later in making the set
IR NN o o :
- | —of-equations (10-14) non-dimenvyionalized, ’ T
‘ 2 o —_— : N ] . ) ' ~
\ ) ‘ ' - ) ) »
) ' L The constants of integration are defined l as; - — "
R -\ LT N T (1 '
. = 2 = 2 3
. . i .Y £ (n)dn D0 ) )
. T (8] : R
—— Ty , LI / R . )
e : o e #22). .
) L= £(n) g(n)dn o, @, = |, 8 (n)dn ,
S Jjo ° . . . ¢
. . 1 k]
s - % , '05 = 1’ f(n) dn ‘ . .
n ~ ! o .
. . . ~
’ oo
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\ ‘ » Substituting Eqns. (18) and (19) into Eqn. (20), the numerical
‘values of 7“1"‘ Goy d3', A°‘4 and a5 are gbtained as - \
‘ ° o, < 77778 S 31337
S 1 e - - 3 p
. a =..3%04 @, = 43914 L oL T
'3 > v \ o = .87500 N . S J

() 2.6.3 ¥Formulation of Flow ) ;
in the Annular R“g_ginn —— -
A Y i ~ ‘\ ) g ° ‘ j N
. ; ’ ’-"‘\}’:

i
In this region, the apparent viscosity is selected as a Lt

SN
function of tangen.tial velocity as follows:
_ ' o . . a \. . s /
, o o MgEERvetx, o (242 SN
’ where Kl K and n are constants to be determined later by comparing
_ analytical résults with erimental data. T -
¢ r ~
- _When Ghe flow is.assumed to be symmetric about the chamber
‘ mid-plane, the following boundary cor;ditions are adapted' .
l/ - . v - = - — - - ) ~ . ‘ s
( | at z= 0 - V.=V, ,\r¢ 0 o .- (25)
: ‘ - 3V_ S
! —_; 11— ’ - - —-—-—- = ——i: ! )
at z 2 .Yz 5z PP 0 (26)
¥
o . _ - ! NS
» F at r = r; Vo= mu, vqs voJ,Vz 0, p= L 22) '
4 “ s
e - . .
- “
: /X !\\\
’ N, 4




|
|
' \) - - - - S o [, I
A
\) ,l e \ .
| .’ ' , 23 '

g . ) ey @ - - ! N‘_‘;__ e o PR

- : _ Sl‘he set-of -equations (8-—12) is solved Ey using the approximate

R
’ »
| A ' - momentum integral method of Schliclting’ [27], subjected to the
| boundary’conditions in Eqns. (25), (26) and (27). .
- Pt T e .
i . . A ’/ ) . .
i . . . ) ., "’// ;? 0
; _ ' Jhe/cﬁinuity' equa.tion (12) is integrated from z = 0 to _
i~~r' . z.* h/2 to have the follofnng form: ' . . -
o~ s - [p/2av—— h%2——V;_.—~4—“—(‘:—“”J T
| B ( 3T dz* -_; L e . (28)
- 0 s .

AN

|
[ 3
; : The boundary layer momentum equations are obtained by inte- o -

h_,r,#____g;at—tag—»’&qﬁs%—and (TI)”é‘Efoss the boundary layer-

Q Vl_2 Ty § . T &av_ — V,w e . .
5 %7 % o (V¢ =V )dz - ug (‘""" + —*')dz L
- —-——l‘:‘ - - —— o — ] -
. § . : .
\Y . R
Poes csap 1l 8 _
_.’":;L,:”; % ar +'pJo 9z (Ega )dz (29)
w ‘ ’
¢ \’}
,-_,i } . %
{6 v Vl) § V.V (a wv_ v .
— dZ*Z[‘———idz-—vx (Ar‘+_.r_. ____________ —
o or i, 5 — 8T T
- /' d ,' ; T .
\/ ]i r5 9 ov s
— ~1 B A
p Io 9z (ua E)z)dz c A, (30?

A ‘ N .

. \ .
where uﬁ“?/ Vg are the. velocity compaonents in the inviscid region.

® ’ »
. :
The momentum integral equations for the inviscid region remain “

the same'a as Eq{ns. (13) and (14) since allfquantit;legvare functions

¢

-
o
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o When V and q,:_glve_n Pl_Eqns.*(lS )__and. —(~I—6—)T - ?re- SUbs:ti'tutEd”*_“‘”“‘ - e R

into the momentum integral equations agnd the constants of the

integration. a's are Jefinedms in Eqn.

[}
. @

equations for flow region 1 are obtained, ‘as ‘follows: h

- 2
(22), five non—-dime\ns. ional

1) Continuity equation: . . ' - .
e T ) 2 - U o . =
. - 43 du _ du - N
- ta, U - - o T
. _ ‘ [asU o, U US!—— ol + (1 -3y1 -—-:n_dR + a8 =52 o -
| e T = g gy tasU r @ -9DU] . (33) .
r=4 N ) ' .
. ~ 1ii) Boundary layer radfal momentum equation: .
= 7 — ~~——~—w‘-———-—-~—-—— -—— .—>-———~' \ ——
2. 2 2748 :
~ + . - - )
B A R A A T
. . - ’ d‘uﬁ i . _
' e OB + dp i
, _ + [2a GU + ZachUs - ag UG] 7&: G,Eﬁ ‘
. v & .
' . e au :
N < [2(!2 6 - ?46U§ + 20,36Us] "‘a—i B
' s 2 '2 * ’ * *'
. . 1 [alGRo r - 2 . : R
\ TR R T T 9080 - 20,8040, - a8y, .

Ve s
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iii)

Boundary layer tangential momentum equation:

A3
7 [0,U * 0,0 - aty - ay y &8 _ [ g\_{;?] Us. e
e B T 5T T ST w ey 581 3¢ , \’
- . ) dUS ' )
: “legf -l
= 8 = = = _ .
=4 [u]_GUG %ZGUSJ ar [mlGU(s a,8u_ + a8U; + a4GUs]
r . dR R
. _ o o
_ b Ky YORO] B 4r K, ‘
7h2p€v 'R 7ﬁh2vo'é— + v v
e o e = .
: L ; ,
i¥) . Inviscid radial momentum equation: | _
A ) l ~ . ) 2 2 = ‘
S, Y. du; . . ,
' +p =S 0° . _/dP
- dR 3 & %
» \ , R '
____________ LA '_{___' S
v) Inviscid tangential momentum equaition: . _
——— e e oo TONER y
o ‘ T e
) Us g = 0
? N - )

&

A The values of thesg u

UGCRO)P = l.‘O, US(RO') =0

nknowns at-R = RO' are:
.0, I‘(Ro.) = 1.0, ) o




by Wormley [21] except for the expressions relatkd
9 >

' : 3
to shear stresswhich, -in this- case;—include the eddy viscosity as a

result of the turbulence. It should be noted that flow region 9‘

e e - i

»starts at a point where the radial velocity in.the inviscid 'région

ot

_reaches zero, i.€. U= 0. &,

-
—

A probleui exists'at X = 0 in starting the solution mumerically
- - . / -

" because of the factor § in the denominator of thé shear stress terms

A3

in the eqdations for flow regions 1 and 2. The values of the
. . ‘ ' \..-/ . -
unknowns for the initial step were obtained from the work of Rott

Q

[17] who derived expressions valid for small X for the sécondary flow

. .
Ny . v

in the bo\mdary layer and the boundary la);er }:hiclmess, as follows: .

Pl

_ ' 21'Q Cf@‘l’/s .
. T SR LA v ' - 39y <
A ‘v‘ .

-4 R :Yk
\ .. . _
N gi U——="0.686 AVX

1] 8 . o N , \ c

N z
where ) ‘ :
- phu |-1/4
< C . f o
. £ 2y ]
' ¥} - r x = 1 - _E___
[ ] r ‘
. N o N \
% ) -
i . s oo e -
4q ° t *a (
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"_ I =~ . ——t
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¥ ; |
fr= ,0225 |
‘ . B ’ |
1
. v . ' - -
! * - A= ._2. * ;
| — u ’ |
; : e 0 - ) .
- R
: 2.7 Inne.r’ Cdre Region ‘ ; '
% v .
% ~ i L
e —2.7.1 " The——Fm‘Mb_d‘T
T ° Gf? - . R s
- T _ In the :{nner core region the velocity component v, ‘is by no >
~jieans negligible due to the axial pres”sure differences across the
T . ) ) ' )
}[_ central orifice. The fundamental equations describing the three
: dimensional flow phenomena in non-dimensional form' of ‘equa&ns
(6a—6‘d) are: ’ }
Radial Momentun Equation: s e ' B
g _v2 ol s o2 ul ra 2w :
3R R Z 33 RE R OR - | RE.R 9R R’ -
® 7‘\ " ' W w2 ‘
| - -A 311.3 A3 U - — T
B S — RE“‘:J'RJ(;K“JR"( T2 - (40)
. . '
. - .Tangential Momentum Equation: s = =
| - ’ ‘¢ e )
‘ ' & »
r v Sy W v 12 fPaa ol 2 v ¢
. ) BR R 9 RE 9R { R 3R RER 3R 2 .
| f . ‘
“ L ﬁ B 2 ~ \ L -
! 1 ‘ + ...é..a__yb > o (41) .
' RE azz. .
V N . f 1 - ~
| - ' ' ’
| -, - ’
5 : o
e e e gy o T T T T T
i o B o v . , .
\ . i
} [N J "’k -
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Axial Momentum Equation:

’ . '
N '” ’ \ '2.].1 é - P
a W W _ AP 3 AW AUx| <« “TA W
- pOARE —— — e - + o—— —
U " ¥z T iz T RER AR ["AMQR, , az)] RE (42)
. ) . and Continuity Equation: =~ - o —”, ST |
‘ ¥ 4 N
|
: Lt
‘, )
2,7.2 Velocity Profile o ‘

[

Due to the’ highly non—lmear characteris tics of equattons

(40) to (43) certain realistic assumptions must be made in order to

seek the solutions to the problem.' .. IR
Applyding the technique of separééion of variables, the . * .
velocity and pressure functions are assumed to take tbeffollowing T
forms: - T N C .
. U-=¢(2)-6(R) _ .- | (44)
't : )
. @ v -re , T e
N ’ - e y \.
L = P =P(R) £r(2) ° ] (2.7)
. oo - ., K
where the functions -¢'(~i‘)"‘and ¥(2) will be detern‘;inedlby matching the
boundary conditions alcng the Z direc:tion at the. interface between
the annular and core f].ow regions (see Appendix A) Thg function -l

e e i e = T

I ) S “ '




1 ’ 'viscosity wap sdccessfully established. The axial velocity Yuncti‘c:'gf k

u v *29_ .o tee

.
1 - ! ‘s .
N .

e - "

., . )
ra .
,G(R}, ”A(#) and -F(R) therefore V\Iill epresent the‘velocity com-

ponent§ witkin the inner core region+of the vortex flow field. -

>
N . - * ’
. 4 ‘
. . .

’ t - 5 -

. The assum’ption made®in the-tangential velocity function (45) was

based on the work of Kwok et al [31] where a ’relatldnship tween the ‘.

'& .
tangential velocity at m‘id-plane of a vortex chamber and the apparent .

» v -
‘ (46) has been used ‘previously by Donaldson aBd Suillvan [3] to -describe
the Vortex flow field. It was found t*ét by, using different comstant ' | /
a \galues, a series ofgsolutlons for the axia? velocity profile ‘could be
; . T R N\

obtained. gThese wére_d__scr_ibﬁd_as_—m . vortex f¥ow. Movre

LA .
R w ~ l" . > - Y

“ description as well as physical interpretation of this phenotenon will

. ® . > :
Eqnsv (45) and (47). were tdaken - i |

) be'prles\ented in the following .Chap't:'er., ,
. L . a t . - B
- v - atter‘manyf Selﬁstions. It was f that only undeér these forms the ' 4 .
R . o . a°‘ . ) . ) »
N\ boyndary -conditions at the interflaca can be xﬂgtched. . . ’ oL
- ' 'A' IS . L4 t, s . € . Y ' : v .
4 — ) SO L et
, 3 . T ] & . N 1‘ . , . . @':‘..;:"
. %Substi{:ution of Eqns. (44) - (47) inte Eqns. 540) - (43) - CEE
] i . . L2227
w givest ¢ T . o . .' LYY
) Radial Momentum Equation. - / . - o
“’Adzc .0 duA 1‘_4_§+¢‘GRE~d_g'i,}_d¢ ZF-REdqb Q_G,,‘ )
. - RE' 2 RE aR ° R ,dfz_’——uw —dz ——y ;
A —~~—-~r-———'—_’.‘”‘""bdR — = A
i [FN . l\
| . S 2 ° dp s L
N : - R (48) '
o . . o 2m’ dR ‘
— N > ‘\“A . ( o . .
: . 1 ‘:,'Q &‘ g * ' \ ' ] . e \
. P ’ Tangentlal Momentum EQuation' N ST e o /;
- o~ r ‘\ 3 Y R ~ " o
MO U] S .“.“A.] S a1 .dh . \
) ’ " Row, dR e d RE*um-l, dZZ P
. . ’ a A ‘e A
\\ ’ V‘ -~ . , - o
Yy, 2oL e - > ~ * - ! A
k ' ’ . ¥ T s v
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Axial Momegtum Equatiop:

Pl

. ' P -
AAdF 20-1* .2 (2Z) 2a(a-1) _a-2 .
B ~ -— o (G—— + + St e ————————
’ . 279G + az” " F 7 RE 2 W,F |
A .
. * . W o
> el [a ( “\sz‘ +; —SF dF il.‘.‘_‘.
-RRT7 (a7 2 Py aR dR. dRj * ﬁj
- 24
" du ; Y
b , & - -éi g_G. !
. , dz (R¢—gr "G * w,R dR} o (50)
i - W
. and Continuity Equation: -
L ‘ .
. ¢ 4 - . -
. o[3 ~az®lr = g .g5)
*
r s = i}
2:7.3 Boundary Conditions o
N L e
. \g’he boundary condition 2t t:he centér, of the vortex is defined
¢ ° . [ |
. by Eqn. (\1{ ,
. \ﬂ"&tr U=10 V=0 _‘-.,(9)

g = o e = wmw meh e

e mtas L e ate x

Using expressions for tth-&diﬂLaniiangen:—ial—velemﬁW

‘shown in Eqns. (44), (45), Eqn. (9). can be writt’n as:




¥. , s LN
- ° ] =31- 3
) * o . |
; = ) = o0 *
’ R=0 G(o) 0 - ¥ACo) | ) gS’Z)
. ' " Matching the static pressure;"the tangential velocity and ;Lts first
. derivative bef:ween the interface of the annular and the core flow
’ ' . J Tm— *
p ! rregions, the results can be expressed in the following. 2:quations:
. v » F \
- = = vay . P=p y - ¥
— BTl U=, ) Ty . 6Y
. = e - P =' P '
k=1 TP T (1) 4
- where 8 is a constant: .
‘ ~
277.4 Formulation offFloECin;‘tb.e;CoteﬁRegcn
11 T
‘From Appendix.A it can be jseen that the function ¢( p) &
'-} \p( >their first and second derivatives are calculated directly ;ffiﬁr*MW-—WM -
! ' respectéto the interface conditions at any location. of Z. Eqns. (48) o
- st
°to (51) then become a set of ordinary differential equations With ’ ,
only one dependent parameter R. /
1 ‘ [y
R ) ¢ SOt S VU U R - - .
e - ""_“ R D \' " - q . = N .
Let . A= ¢ (2) ~ | ) :
. - _ deé -
i Bl T3 -{55)
' a2 RS L.
R e i ‘gz‘?“‘“ B :
I e
4 . Lo ’ . .
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) and o B = w(Z) ‘ . /
‘ dw ™ ‘ !
° Bl = "Z . -~ . (56)
° 2, " s I
” . Bé_= _d._‘zk - .
' . az® o .
Eqns. (48) to (51) become: ’
' -
Radial Momentum Equation: . R
! (. RS R !
’ . . * ' -
o My a%c A [ s LA P - S
— gyt ML R IC ‘. »
u a ' . |
: A [ Z%F *RE A] \ Co
- . + - A e S G_ . s ' |
; I}‘E AZ LN 1 -R2 v ]
‘ ‘ ]
‘ R . N | \ 5 |
R 1“Zm dR ) .
My ) . ) > \
) Tangential Momentum Equatic;n: .
\+ " . ' . .
\ _ABG[}__E__duA],_,_ZaFB_ 3, ,
m | R p, ‘dR ml o m1
- M A My "M RE ,
2 (4 a?; - -
) —B—[ = [ - - Wl S S ‘v
\ RE| mtl { d m 2, 2 ml m .
B N A 7RSO R _
- - B —\ ,
RE_m 'dR ) ]
. B R!JA [y ’
\ - 1
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i Axial Momentum Equation: '
‘l ‘3 ¢ o o
’ ) ar_ .- ~
. ¢, dF , - 20-1 (z)  2a¢b-1) _a-2
- L + -
. L4 AZ G aR aZ F Ta@T ‘ RE Z ]JAF
/ . .
e 4
' -2 dn
) 1. [ o d°F dF ,  aF ! A]
, - azt gl A
R RE [Z (hy R w2 AR P@RTER
) « P . ¢
R ,
. ) Q. . R)
: A dG 3
- —2 4 + at
n 4 [RG dr T MAG T AR ] 0
® . .
. .. and Continuity-Equation: , ' 7
A 1 . T °
Q- 4
46 6 _ az F(R) = 0
. dR R A . .
~ _l: ~ . . n o ‘
In rorder.to solve Egns. (57) to (60) numerically, it 'is
. ' necessary to. t;ransform them into tlge following forms,
/ g ) q : 2
n
P N - 3 = _A
_ Let X; = R ) Xt (e
] * X, =G(R) (b) X, = F(R) ()
) \ ! (61)
. . .
- = ig Y - = .g'_F. . .
X3 =@®w - @ exw @
' ]
o, ‘ . .
X, = HA(‘R) (d) Xg = P(R) (h)/ .
T e T and L Eeen t1ation of Eqn, (61a) gives: _
’ ' . * - - & K3
¢ - — - e R _'x L,
r * .._._l. = 1

drR : ,
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L4 I{ 0
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. From continuity Eqn. (60) ,” X3 can be found as: | /
- -l : i
6 , ¢ “ag® ™ . - -
] — + — " - ' )
dR " R-TE TR =0 ' (63)
or - . . :
dX2 C - -'3{-2. . aZa-l . }
‘ dr 3 X . A 6 e (64)
’ . v - ) “ .
' Differentiation of X3 gives:
¢ ' .
*
&y X X ol , -
® 2% X% G (62)
xx % _ 2 :
r .
‘ Combining Eqns. (61d) and (61-e) yields: ’
© _ ’ . P
: X, - d
- ) i dr X5 . ©6
o . i L i '
£ T Sﬁﬁstituting Eqns. (ﬁ) into » ,.«’fﬁ Eqn. (58)
gives:, s ’
) . N
"Xs=:’;_§§[.1__mi§} s (.’:’2'_1_) %
dR n xl XA 2 B m . w
_Z(\‘BlREx . [mXS_'_'l—m‘_ 2] .
) w6 X, mX Tux) s o (67)
¢ T ' . ‘ :
g . " Also combining Eqns. (61f) and (61g) yields: ‘ : Y
: . N I ‘ ;
e e LT / |
' . —— . - L]
4 ' ] ‘. . . . ’
¢
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Axidl and radial momentum Eqns. ‘(59) and- (57) ;xow‘ca'n be

, - \

arranged to, give: »

1’4

. . . a-1 2 v
d7=_)_(1_~X7X5-AREX2X7+aREZ Xg L
. dR Xl §4_ . X4 X4 - "
’ ' E » . ' ~ J
| RE dP . A X ‘ N ' -
N (@) _ Zae-1) o LM ["zs+x-+§J 69y
2°x, dz z2. 6 2t L% 3% !
: dx AX " x, . ‘ :
8. % A Xy ‘
@R T REG2 " RE [ZXS * X, t-AX, Rt] X3
) * ’ ~ : .)
X 2®REX . 2
4 6 A B
’ ) -ﬁ lAAZ - X[L. Al B :2--| xz * .. 2n‘ ’ - (70) -
L= v ‘\1-' A1A4 » .
- » -

The static pressure P(Z) of Eqn. (47) may be expressed in

.

the form:

4

P(2) = c(z® - B2, (1)

~

'yhere C is a constant. This 19‘ based on the work of Kwok [25] and
Donaldsen andfSullivan [3] in which a similar function P(Z) was

. found. Kwok reveals that C is a constant depending on the geometric

[}

configuration of t‘he—vorpex chamber. In this st a constant C .

. will be used whereyy thexgiven boundary conditions are satisfieds

-

. - 13

' \ ‘ The derivativé'of'P(Z)'with respect to Z tﬁen becomes:



h dp(z) _ ,
@ T

-~

(72

[N

” Eqns. (62) to (72) can be solved by numerical methods with /
/,/ } . *
4 0 o ' ) - .
m;at:cped results at the interface between ﬁhe annular and the core
‘ . s .
f ’ region as initial conditions. |
|
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CHAPTER 3

) | o

/COMPARISON OF ANALYTICAL RESULTS WITH'EXPERIMENTAL DATA
. ‘ .
<k _ . v
3.1 General

°

»

In order té establdish th‘magnitude and behaviour of the

e

apparent viscosity, valid experimental data must be chosen to set a

guideline for matching the proposed andlytical solution. A ,

Y

\

Itrerature search revealed that few' detailed measurements have been

' .o . . i
made for a confined vortex flow within a short cylindrical, chamber

- 1
[ ]

of low aspect ratio. _ vl

\

< [

~

o

Some relevant experimental investigar)ions have been ,reported
! - R - }

by Kendall [32], Savino and Keshock [28], Donaldson and Snedeker

[33], Donaldson and Williamson [34], Kwok [25], Wormley [21] and - '
Luh [29]. . ’ y

The experimental investigations of Kendall, Savino and\\, .

Keshock, Donaldson and Snedeker involved the study of vortex rhotio_ns

within. cylindrical chambers of various aspect ratioswhere ths

inirial swirl was.induced hy rotation of the chamber or by peri-

.ghziﬁiy aligned guide vanes. The most significant experimental’ -

-

finding in all these investigations was; the presence of reverse fibw

for high initial “ewirle and the presence of a high degree of tur-

i
by
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bulence. Donaldson and Williamson [34] later conducted detailed

measurements of vortex flow in an annular cylindrical chamber of

aspect ratio 6 and fouéé that the velocity distributions éorres- 0
' ponded closely *to those found by Rendall. Kwok'{ZS] reported

experﬁmenial data on‘a vortex .chamber with diameter to chamber

height ratid df 50, with ‘radius ratios re/ro at 0.1 and 0.2. He
-~ , ' ' ' g
observed the existence of reverse flow and variation of apparent

v

kinematic viscosity within the vortex chambert‘
. \\ v ’ - i
. - .

-

) Wormley_Lgl] cggé@gggd experimental inbestigatigns_of cén="

o A

L ?
« fined vortex flow in the annular region of short cylindrical chambers

of aspect ratio of 7. The pressure profiles for various exit radii

—matched his analytical results fairly closely. Wormley alsp made a
- Y 4 '
comparison of his analytical velocity profiles with data published

by Savino and Keshock [20]. ~ The comparison, limited to one specific
case, showed that his analytical results for tangential and ial
velocity distributions Q§Eched those of SaQino and Keshockls experi~

s

menta] data reasonably well.
. /\ . ’
v v ) o B
Luh [29] reportéd‘u(gerimental measurements on a 25.4 cm”

\ vortex chamber with independently controlled iangential and radial

-~ .

]
-~ flow inlets. Detadled meapfirements of the velecity profile at the
- [ ’ R

4

s

--—‘T>\\gfffififffiif@the extenddd orifice-also revealed the existence of a

strong reverse axial floy near the chamber axis.
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3. )2 Savino's Experimental Set-Up
i and Data Reduction N
- ’ -
l - The experimental study by Savino and Keshock in the annular .

@ >
v region was conducte‘d'with two main ob;]ectives: 1) to make accurate

measurements of the radial and tangential velocities of a confined

vortex in one particular geometry and, 2) to determine wh rs
are responsible for the xesulting profiles. .

- ‘ ' /- ’

- .

) The experimental set-up- consisted of a ‘cylindrical chamber of

aspeét ratio .9 as wsx:‘nownw:{.n~ Fig.—5+ -A@eries—of 4§ ‘tarrgéri tially -

aligned guide vanes imparted a higﬁ;girl to tHe air as it passed

into the container.: frou the inlet plc;num chamber.' Air was dis-~

R .
WP * 1 &

chai:ged g&rough a 5.08 cm.diameter exhaust tubé centered in one end

will. The other end wall was constructed with static wall taps ‘and -

. .« - . J : -

probe ports to measure static pressures and to sense magnitudés and
e ! / .

directions of velocity vectors at 7 radial stations where r is equal

‘ \ to 2.54, 3:81, 5.08, 6.35, 7.62, 8.89 and 11.43 cm.

' . [
3 K

. .
’

“The experiment was cofiducted at a velocity ratio gf 10,
[ ¢ i . -,
defined as the ratio of tangential to radial velocity at the outer

- -

periphery. At r = 14.25 cm, the mass flow rate was 0.095 kg/s at an

"absolute pressure of 106.7 cm of mercur)w" A 3-tube pitoet probe w was _

I e

oS S i "

W
used because it ‘is very sensitive to yaw and- permits accurate

’

° € - \

velocity vector determination. The meaSUrement of the mass flow rate®

- ' " (\J\&c
through the test section was conducted with a calibrated ori ice




s B ‘LQO— . .
'l . AN

.plate accurate to within 0.5 per cent. The radial static pressures

- ~

were measured relative to each other with a bank of water manometers

-
-~

. LI .
wvhose accuracy was within 1.27 mm. .
’ o '/0
) ) -

The experimental results are shown’ in Figs. 7 and 8 for tan-,

-

-~

gential and radial velocity distributions. These results are used

\\ B >
-

for comparison with the axfalytical results in the outer annul?r

regi‘on . ' . ’ ’ '

\ . : .
3.3 Luh's Experimental Set-~Up and Apparatus’

.
3
~

ie major objective of the experimental study by Luh:[29] is T

to measure accurately the velocity profiles—at the exit plane of the

~ LY

vort:‘ex' exhaust core region. In his study, Luh utilized a vortex

chamber whicl'i ‘was designed by employing aycoencept similar to that of

_the vortex amplifier used in fluidic technology €Fig. 6) . The-main

&

flow through the radial SL;pply flow inlets and tangential flow inlets

[y

are equivalent to that of the power flow and control flow in fluid . -
(]

amplifier terminology respectively. ) ' . '

L)

S e —

" The 25.4 cmﬁamte;—wnﬂex«chambeﬁsmﬁﬁt_ N

:Ldentlcal tangent}.al nozzles, each 556 cn in diameter. Flow is dis-

A

cha,rged into the atmosphere through a’ central exhaust port, The
exhaust port is designed to fadilitate insta lation of various sizes - °

‘and shapes of outlet. The experimentjzl data illustrated in this



haust outlet. Experimental results are shown for the supply flow

:}rarf oE".566 cu.m/min. and tée control flow rate gf .283 cu.m/min.

O ' . \
o ;o ;‘ |
The end wall on.the side of the' outlet port |was f?bricated

‘with 4 total of 22 wall s&a'tic pressure taps at various tidial

1

;;osi i‘.ons. All the pressure taps were 0. 016 cm in'diameter. A

fiv‘e-hole 3- dimensional probe (manufactured by United Sensor _agd

€ontrol Corp., Model No. DA 125) was used and is capable of measuring

yaw and pitch angles, ,static and total pressures simultaneously with

good accuracy. ' T 3

- . . t

The experimental results are shown in Figs. 15ito 18, These
. . L. Iy . : L .
. f v . ’
results are’used to compare quantitatively:with the analytical:
. * \ .

results in th‘e it}ner core region of the vortex flow fie‘;.d.
L i

. ‘ ' \

.. -

‘o . ' ‘ \r

\ L .

‘3.4 Results and Dis'cus% .
' 3.4.1 Coﬁparisbn witWhSavino's

Experimental Data of the Anngéar Region

r - : -

. The sets of equations (33) to (38) and 15;3) tu { WEFE

T solved numeri_cally__usins—tbewkaage—lﬁrtta *mtegra't‘ion e thi T In

o |

study;ng the flow §ield of the annular region, the ana}yt cal

results were used to compare with published experimental data of

k]

Savino [28] in order to clarify the fact that the apparen]t viscosity



e
1

\ region; u_ = K,vo+K_, where K antss |
- ] o A}

Pl

é * .

oy

does, in fact, vary throughout the vortex chamber and at the same

v

time, to determine the magnitude of "the E“pparent viscosity.

.
A
\‘ - A ey . .-

- . oF i -
. To carry out the critical comparison, the following pro- .«
} ) »
" A - @ .
cedures/%q;e used: —~—— .

o - - - ~
1. The apparent viscosity was aSsumed to be a function of

tangential vélocity 'at the mid-plane in the annular

» Q
r ,
1 1
. R ’/" !

/
4

O 2, By a-trial and error method, the constants Kl’ K2 and n
b Y
/

were sélected so that the analytical results would give a

good matc - : o¢k experimental data. *

The magnigudg of the apparent' viscosity u, was then ‘ »

oy +
" computed,
i ’

4
L

,

e -

3. The "analytigal results were superimpose'd on Savino and

e Keshock's experimental 1:és-ults, as shown ir; Figs. 7 and 8. .
‘ ) _ﬁIn this‘ case,:\they are the tangential and radiztl ve];ocitzly
. ) ' \ ‘ais:'tributilons 4t 4 stations .,along. the chamber radius. The
constants Kl’ KZ and n‘\were t:hen defi{:Ed.' , 4 _

3 2

¢ -

¢

bn&—ﬁhmn‘s’t‘é'ﬁts Kl, Kz\fmd n are defined, the \{elocity'

components, the static pressure and other conditions can be c¢omputed.,

. ot |

.The boundary values at the edge of the annular region were-later -~ ~ 77 77

o - - - T

" used as the initial conditions for the second part of the, FORTRAN
- — c MY

8 (.

\
.



Ce . programmg to analyse the flow field of. the inner core region.

H C, ~ - .
« & c

T s ' The match}'ﬁg of the analyﬁical tangeﬁtial and radial velocity
. . g
- dlstrlbutious to Savino's experimental dataias shown in Flgs. 7 and

,8~ indlcated t:hat there are some dlscrepancies espec:lally at the

- - ‘c @ ‘
/\ ‘ \ ‘ radial s¢atione close to the exit orfrtflce. This di,.sc,repancy can be

-

gxﬁlain‘ed by the fact that the flow in the vicf_nity of the gentral - ©

¢ ' o 0 ' - .
. F) . . ‘ .
;_,”,’__,__LQXLE‘_QIJ i i exif axial velogity dist-
A A ' o ¥ . .' » o -

ribution, and'~t_3ne theoretical model does not take intv consideration™ -

¢

[}

, t  the axial ve},gocity ‘component.
. ' \ T ) . x \“ ’ PES

- I N °

B f
3 . . v
- ~

N : AR .
Fig. 7 shows that the ,tangen;iai ve}ocity distributions : .
. [ - v B
match ver); well with the experimenea:l data, espe’c:i:a‘lly at the .

e

’ - b “ N .
. stations w@%ﬂ' is equal to 2 and 2.5. The CangZantial flow shows

. almost perfect matching between the boundary layer thickness of

€ [N : a

theoretical analysis and experlmenCaHata. However, comparison (
k "~ the ra~d1a1 \velocity dlstributions sHown in Fig .8 do not give%qquite
. <

: as’ good a matching, especially msxde the boundary layer region. It

A . -
4 -

.1s suspeated that’ this may be due to iﬂstrumentation error when ©

N -

Q.

S, measuring the flow, and to the fact that the radidl veloc:lty was - '

~ A ¢

=~ .
small compared tp tangehtial velocity in the vicinity of the exit ‘
4
4 ., L HRtY ' .
orifice. Furthermore, the radial velocity is more likely to be - 4 -
] ' . ! .
2 \-‘ ’ - ‘ ‘c -
affected by the eéexit axial velocity distribution because of the
1 > M t '
- e ' M “ . - .
relatipnship governing the continuity equation. Figs. 8c and 84
. . - ~ - . é N ) 9
show a better match for radial velociky distribution. Thiskhelp‘s to .
’v . . . . e A ’ . .
. - . . . N 1 -
e .o - © ' l ~ o 3 ". ) ‘,
¢ ,a/ o R ’ o S , )
n ) . ‘- . "7 ! ' . ) ~ . . K o . ,
NN, S e . . v U S .
- L e e e
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N .

substantiate the previous argument that these two stations afe far
\ . .

from the exit orifice and therefore are less affected by axial flow.

»
~

3

Fig. 9 shows the an‘cal flow propex;sies wifhin the

<
dnnular region of the vontex chamber\using qu; (24) for apparent

viscosity. The non-dimensional stati{ pressure distripution is’

shown in Fig. 9a; this dhows that the pressure decrea;es slowly

from the chamberApgriphery_ta_gbcue—ha}£-way~a10ng—the—thamb§%; then

P

decreases rapidly as the flow approaches the exit orifice. This is

v

a very interesting result, indicating that the flow«is méving

towards a much more favourable pressure graé}ent region. near the -

\://exig prificé. This is, 4n fact, confirmed by the results shown in .

Y

.. .

o

1

Figs! 9b and 9c for the boundary layer thickness distribution .and

the behaviour of the apparent viscosity.

-

Physically, it means that

“ L] v
the vortex flow is drawn towards the centre and accelerated in accor-

. . o
dance with the law of conservation of angular momentum; this

acceleration makes the turbulence fluctuations lesg important and
- » e

provides a favourable pressure gradient Fegion near the exit orifice.

- .

N L
The dimensiénlegs boundary layer thickness is :.shown in Fig.

and its behaviour displays %ome ingérest hg features.
S

boundaryulayer-distriﬁurioq is shown to increase as Ebe flow-moves

» inward; it reaches a maximum and then decreases slowly towards the

v

'

centre of the vortex’ chamber.

\ ¢ e

' ¥ ‘
when the gluid is moving toward$ the central exhaust, a more favour-
. A . . - .

This may be explained by the fact that

§

s
.

9b -t

_ The analytical
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-

v . 5 L}

able pressure gradient develops due tq the rapid increase in the mag-

nitude of both the tangential and radial ve16éity components.
.
o Schlichting [27] reported a simi;Er type of solution for flow in a

converging channel where he indicated a decrease in boundary layer

thickness. !

Fig. 9c represents the behaviour of the apparent viscosity in

-

the annular reg;gg_92,é_Ygztexﬂchamber~for~6ﬁr fﬁ?égiigation. The

apparent viscosxty decreases from 7000u.at the periphery to 4500y at

the exit plane, This substantiates Kwok's [25] prediction that L
7, R

’

’ Ll - 14
the apparent viscosity appears to vary with somewhat higher wvalues
nearing the periphery of the chamber and gradually decreasing

-towards the central orifice." He bredicted that the magnitude of the
Tond » :
.apparent viscosity for a short vortex chamber would be in the
3, .

L

. t 4 ‘
vicinity of 6000y, where y is the normal fluid viscosity. From the

physical standpoint, it may be expkined that the flow initially

entering the vortex chamber resembles flow along concave wails. The

[
destabilizingi effects of centrifugal forces create stationary Taylor-

o

.GBrtlér vortices along the wall of the chamber and therefdre generate

%igh‘turbulence; accordingly, the_apﬁarent viscosity at the peri-

- -

phery is also high. As flow épproachgs the central axis, vortex .
. ‘. ' 2 .
motions become more symmetrical and there_is a large reduction in

o
+

the effect of .eddy viscosity in the central regidn {8, 35].

éoupled with the effect of a favourdble presggre gradient, the
‘.

* apparent viscosity at the orifice exit plane'is therefore lower. 1In

A




\
)

this annular region, the empirical equation of apparent.viscosity,

H; = .Ol/v§/3 +  _,00075, is found to provide excellent predictions |
‘for flow parameters in short vortex chambers. ' ' 0

® . ’

- a

3.4.2 Analytical "Results of. the Inner Core Region
e
« + Based on Savino's experimental data at the interface between

the -annular and the core regions, vortex flow in the inner core region

was predicted analytically using equations derived in 2.7.4 and shéwn

in Fig. 10 to fFig. 14. The velocity distributionsxreyeal that these

results are sim}lar to the solutions’ obtained by Donaldson’and

hd L)

Sullivan [3] for -the two-cell vortex flow of £ype III which is con-~ .
.sidered.to e of sbecial integest since.most strong vortex flows
v tésted in the laboratory as‘well as‘manx-me;eorological phenomena suchv ..
as hurricanes and ééfnadoes all exhibit such two-cell vortex flow
cgaraéteristics; It should be emghasized that the theoreéical -
kﬁ\\* analysis ;f this study is completely different from that of Donaldson

and Sullivan [ 3] where laminar flow was assumed. In this study, a - e
variable appareﬁt.viscosity is assumed and the radial and tangential '
- - 5
~¥elocity profiles are functions of both R and Z directions.

Analytical results were obtained for eleven stations for aif-
. S *

! -




. ' ) h!
ferent axial positions of the vortex chamber. Three stations were

chosen in the top boundary layer region\;orrespondiug to the top wall

*
regior A (see Fig. 4). Five stations were selected in the mid-plane

* . . -
region B and again three stations were chosen in the exit orif}ce_
> ) * - v PR t.
region C. Since analytical results for the stations in each region

have very #&imilar trends of chéracteristics; only one typical -set of

LN

results for each région is presented.

_’_»__’/—«
e T

[

s
4 .

Fig.” 10 pfesents the results of the axial velocity components

.

at different planés A, B and C of the chamber as shown. These -

e

figures show some interesting facts about the axial flow for this

q

. type of two-cell vorteg flow configuration. First, they all indicate

positive (outward) flow at or near the interface between the core and
, v ‘ . :
. the annular regions and then strong negative (reverse) flow pear the

center. Physically, it means that according to the?brinciple of .

conservation of angular momentum, the tangential velocity component
. - * N Yy c .
increases as the flow spirals itswway towards the center. The radial

«

velocity also inéreases as the‘radial velocity coﬁponents ?ﬂve
inwards because of the decregse in the radial cross section area.

) The increase in tangential and radial velocity components will
. e . therefore result in 'a decrease in static pressuie which eventually
. J , ‘ ) -
will reach a level below that of the ambient. At that moment, the

| ambfent air will be sucked into the core to form a strong reverse -
! [ s \
flow. ‘f > . ‘
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, The géial flow nead the top wail of ' the chamber as indicéted‘
by curve A, has a strong reverse. flow entering at the center of the’
vortex chamber and mostly turns into radial flow in a manner similar
to that of radial flow of a jet wheo imp%nging on‘é flat plate. The

numerical solutions for the velocity components near th® top wall are

" very difficult as can be appreciated when the wall shear is taken

-~

N}

o

into consideratlon tocether with complex flow equations. Considerable —— — —

R e = v

computer time was consumed and in particulat the initial slope of the
axial velocity fugction F(R) is extremely critical. Curves B and c
illustrate the radial distributions of the .axial velocity at the
mid-plane and exit orifice regions respjctively. The magnitude of

'

positive axial flow at plane C is obviously higher than that of" ‘A and

-

B; it represents the conversion of all the radial velocity components ;

<

into the axial veloeity in that plane plus all the axial velocities

from the planeés above. It Tt should be noted that special prefautions

have been taken in the.computation to check out that the continuity

\

: &
equation at different planes is satisfied.

The radial distribution of tangential velocities for planes

A

nkar the top wall (A), the mid-plane (B) and the or@ce e;:it {(C¥ are

shown in Fig. 11. As explained above, the tangené&al velocity shows

-

. . , .
trends of increasing rapidly in the inner core region according to the
' -~

principle of conservation of angular momentum. It must however

satisfy the boundary conditions at the axis of the chamber &here \

tangential velocity should be eqyal to zero. Fig. 11 shows that .the )

o

[
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t \ » 5 °
tangential flow near the top wall increases rapid%y to a maximum at

radial location of about R=0.1, then decreases, also rapidiy, to zero

at the axis of the chamber. The boundary condition is therefore

satisfied. The tangential velocity distributions at the mid-plane B
reach a much higher magnitude than that of A because they are less - ‘

affected by the wall shear, ' : )

. - ———

From the physical standpoint, the flow_ in the:“eye" of the

vortex defined as the region inside the maximum tangential velocity,

exhibiting an essentially solid-body~like flow pattern may be
t

- 1

explained by the fact that the axial reverse flow which is being

e

sucked! into the vortex core region has no angular momentum initially.

As the flow enters into the cent?r'rggion and the region'very near the

top wall, it receives more and mokgﬂgpgglg;,momentnm)from~thE’V6ff§§T“—-i:-—ﬂg

e e =

_—— - i

I /
flow. The total tangential momentum in théhmeye" is imparted to it by

o

fluid vfscosity and some other co?plex momentﬁm exhange phenomena
observed in turbulent flow. In many experimental investigations of
confined vortex flow of liquid, in particﬁiét, the wofk of Kwok and
S Farag [36], the air core in the "eye" regioﬁ has the physical con-
figuratibn idepﬁihal to that }epresenteh by the theoretical results

shown in Fig. 11.

°

P
.{’ o

L

. =
The results of the radial velocity distributions are shown in .

Fig. 12., The positive sign used for radial flow indicates the fluid

7

\ . 4” . '
flow d}#éction towardsthe genter. At the region of the top wall,
P . S )
-4 . . a



curve A, the radial velocity near the center has a rather high
o M »
» value, This is quite reasonable ‘since the strong incoming axial flow
has to change its direction when &@tructed by the closed top wall of

the chamber. .

‘ wl.'
According to the analysis substantiated by experimental data,

all the outflow from the amnulax region passes through the top wall

» —

e ““amlflce reérons Therefore, the magnitude of a radial

velécity for plane B at the interface {s zero., Fig. 12 shows that

most of the radial flow component is negative (i.e. away from t

" "

center) so that the entrained flow in the "eye" can make its way out

" of the chamber as shown in Fig. 13. For the top wall and exit orifice -

regions represented by curves A and C, there are positive radial
1

Fay

Tb.e vortex flow conf,ig.l.‘xration as shown in Fig. 13 was first
theoretically desc'ribed by Donaldson and Sullivan [3] as a ';fwo-cell;"
vortex. The negative axial velocity at the center coupled with strong
positive axial velocity near_ the interface induce strong secondary

vortex in’the core region. It may be imagined that the secondary

vortices aré grouped in the form of a "doughnut" with its geometric

. . _
axis corresponding to that of the vortex chamber. This flow pattern

is superimposed with the tangential 'veldcity components shown in

[}

Fig. 11. It can be seen from Fig..13 that the reSerse flow entering

the center region eventually works its wey out and mixes with the o’ut-

ot
LN

[} }
\h

Y3

velocity compomnents indicating the net flow leaving the annular regidn.



" increase rapidly as it approaches the chamber axis. As exi)lained

]

- bulence was generated; therefore, .the apparent viscosity at the

<

<

- flow from the annular region. The reverse axial flow component around

" a point 7vrvhere they become zero. Fig. 12 and Fig. 13 substantiate this

L

er- -

the axis of the chamber has maximum kinetic energy as it ent;ars the

inner core region. When it impinges on the top plate and converts tha

) . L4

axial velocity component to a radial componment, the res\ultant.velocity.
virtually "pushes” the incoming flow from the anndlar region. The
positive radial velocity from flow iegving the anfmlar region and the

[ N

negative radlal velqcity from the engraineglnflo/w must_eventually yeach ™

argument. ' ’ 2
. ) N '

r Tkgis I%iglrly complex flow configuration represents strong ’
momen tum e:‘cchangeé and the magnitude \)f the apparent viécosity is
theor‘eticall}’r predicted as presénted in Fig. l4. /It 1is very
interesting toJ note that its béhaviour 'agair‘n co%firms 'pr’ecblictions

“made py Kwok [25] and Sc\hlichting [27]. Kwok predicted ﬁha't the
apparent viscosity would decrease as the flow )ﬂ/o'ves inward ‘and would . .

~ I3

before, the flow initially entering the vortex chamber in the annular

region resembles flow along concave walls. Due to the existence of
the Taylor-Gortler vortices along the wall of the chamber, high tur-
periphery is very high. As flow approaches the central axis, the a

vortex motion becomes more symmetrical and there is a large reduction

<

:&p the effect of eddy viscosity. Coupled’with the effect of a

.

". favourable pressure gradient, the apparent viscosity in the inner

<
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region therefore becomes still lower. - N
‘ .

It is no‘ted however, that the cm.rve representing the apparent
viscosity of the top wall region reaches a minimum ‘value corresponding
to the maximum radius of the vortex eye region. The apparent viscéasity
u: ‘ increases rather dramatically as the flow approaches “the 'axis of the .
f#i’ﬂwreTﬁaﬁFéi. " The other two curvés re—px_:esent the apparent yisco!ity

2, .
'for the center and exit orifice regions. The minimum value of the,
-~ apparent viscosity occurs at the point corresponding to the ‘maximum
tangential velocity. The magnitude of the apparent vis.cosity in the
' . :

/ , flow region inside the eye of the vortex is so high that it forces the

wf *
vortex motion into a solid-body xotation.

.

- [}

3.4.3 Comparison with Luh's Experimental Measurements

XY
'

.

. The vortex flow in the outer annular and inner core regions

~- -—— —of Luhits vortéex chamber —wés“predi'ckt—ef& aﬁ;l;aéally using equations
) x

derived in.2.7.4. Results at the mid—planeﬁ and exit orifice regions

wereqgbtained foxr the' inner core region. These analytical results

N are used to compare with the only available experimental results by
Luh which were measured at the outlet of a 8.89 cm cyl:‘Lndrical pipe ©
. , , dov}h;tre‘am of the exhaust port.‘ However, by carefully working on both)\\\)
/ . ‘sets of theoretical and eﬂpgrimental@ata it was possible to recon- ;//
struct the actual floy. pattern in the vortex corg région. ,This‘ o .
* A}
' - e}ercise'serves to proviée ¥ better ungerstanding of the complex
, ‘ - »




v

flow pattern. ' : -

; ' ' 2 o

(« Based on the procedure developed for matching Savino's

experimehtal data with the theoretiéal analysie, the technique was

_ applied in comparison with Luh's data using his wall st:_ati'ﬁ pres'sure;

N

measurements in the annuilar flow region. The ma,tghingﬁnfmtheoretical’";E_*-
¢ N

e e
°

e

e - .

”p—réis;sure distribution with his experimen;:al results is shown ‘1;1

Fig. 15a. Once the wall pressure curve is theoretically identified,
¢ .

. I
the boundary layer thickness and apparent viscosity distributions can y-
L '

" be ﬁredicted_ using ‘Eqns. (33) ter (38). Althoxfgh Luh's experimental

vortex chamber is not exactly identical to that of Savino's, they both

achieved very similar vortex flow configurations described earlier as
o ~ ’

.of t.he two-cell type. Both the boundary layer thickness and apparent *

viscosity exhibited simfilar characteristics.

3

-

The empirical‘expression for the apparent viscosiﬁy based on
2 .

1 2
With this expregsion, the fluid properties at the iﬁt’erface between the

. i . __»g‘_k»’»——)‘—*‘—""
Luh's data is.ua = Kl\rfs1 + K2" where n.=--1/3, K;~= .01 and K, = -.002.

annular and inner core regi;m can be established. These data are then
* o

used as the initial ¢onditions for theoretical prediction of flow

xpattem4 .:f.n the core flow region. As mentloned earlier, in matching v

.

the annular and core flow regio‘ns, all fluid flow ptroperties (i.e. ,
pressure and velocity components) must be continuous and the shear
force as' well must be exactly equal as both sides of the interface.

. . .:“

o

v
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1

Both theoretical and experimental data of the axial, tangen-
tial and radial yel'bcity distributions are shown in Figs. 16, 17 and .
s .18 respectively. Based on these results, the actuval vortex flow

pattern is graphically presented in Fig. 19 to illustrate the actual

¥

complex flow pattern. The theoretically predicted axial velocity

distributions-at planes B and C as shown in Fig. l&show«basi:iatl?a

- T ~

" “two-cell vortex flow characteristic quite similar to the cases preg- -
v

dfeted by Savino. As flow enters the.vortex chamber at cross~section

C, the revergg axial velocity near the central axis is quite\stt:ong.
' 3

As the reverse flow reaches plane B, some of the reverse axial

velocity component has to chan’ge to radial component as illustrated

. ) . f
" in Fig. 19. As a result, there is a marked, decre‘:ase in the maghiltude
L]

of the reverse, axial velocity. from plane C to B. It is also quite/
’ . } .
obvious to expect that the positive axial velocity (outflow) com-—

ponent at plane C should be higher than that of B because all the net .

L ] -

outflow of the chamber }mcluﬁing all the entrained flow in the core’

+ ‘ .“ - .
passes through plane C, while only part of the-net flow goes through
" plane B. - . ' = “
7/
. It is also of interest to note that there is a "hump" in the‘

“ . L e ) -
positive axial velocity distribution in plane C. Physically, it can
I S

ve seex{ that.the entrained velocity at the core must find its way out

}
of the.chamber and also all the flow from the annular region of the

]

vortex chamber must leave through the same plane C. These flows are’ :
- ¢ 3 g

moving In at an bpposite radial direction as illustrated in ‘Figl. 19y

»

*

<
=T
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consequently, the ﬁositive axial velocity distribution ,resemtil/es

that of a "camel's back".. The theoretical prediction of axial

velocity distribution which agrees so well with simple physical
reasoning of this hlghly complex flow pattern is mqst' encouraging.

- Unfortunately, there is no available. experimental da—ti at pla;nﬂ—B }_——’”‘

W‘f data presented by Luk is dt D which‘ls !

8.89 downstream of the chamber exit plane C. .
- - . ~

From Fig. 19, ‘it fs not difficult to envisage that the
positives axial velocity component is i’xighest at plane D.." The two-~
celled vox‘te)g, as described earlier, resembles- that of the wise coils

in the shape of a "doughnut". The secondary vortices are of the

j» - "forced" nature and the positive axial velocity component at plane D,
- o ' . . )
?

will undoubtedly exhibit solid body rotation characteristics as shown

e
’

by Luh's experimental data in Fig. 16. ' .

R X8

rd

e ’ Fig. 17 sho;.«rs the analytigal results foi: tangential® v-elo’city” o

. . 4
at the mid~plane and the exit recrion of the inner core region. It

also shows the experimental tangentlal velocity of Ref. [29] at the

L)

exhaust port of the extended cylinder. The analybical tangegtial
v velocity in the inner core. region has similar trends as that of
' Savino's and both cases exhibit the same two-celled vortex charac~

. 5 .
teristics. Tangential velocity components have a higher magnitude in

plane C than in B, From previous discussiion fo# flow in the annular

¢ . L©

. region, it cap be seen that most flows are\leaving that region \b{ough' l
- “

S
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.

i

L. the upper and lower boundary layers. Therefore, totn} tangential
momentum carried by flow in"rplane c won.lda definitely be higher than

that of.the mid-plane at B because of the additional'tangentiel

A

! nomentum carried by flow :throuéh the lower ‘boundary.

. - e ¢ v B .
. ' @ " %  ———

. Wgent—ial~vehmmrmm the
extended cylinder measured atgplane D-is very much lower than.that of .

the theoretically predicted value at the vortex chamber exit (plane

-
-

C). The measurement of tangential velocity component indicates the

tc LN

trend ‘that the fow initially decreases very rapidly until it reaches :

the region where the axial );everse flow/starts., The reverse or - ' ) N

entrained flow which is being sucked Anto the core of the vortex has
no Initial éangent:ial momentum apd as a result, all its tangential

momentum is imparted to the exhaust flow, Therefore,—it4ds

L4

reasonable to expect that the Vortex motion _tﬂis region resembles
B
that of a s'olid—body rotation as also shown from the experimental data. -

. - - Due to the high turbulence level associated With flow 1eaving the , "'-_

N

chamber and the transfer of tangential momentup from the exhaust flow -

- into jthe, entrained flow, it is reasonable to expeqt that a signgfican_t'
. ) o ‘ :

drop in the magnitude of €angential veloedty component can be exiaec‘t;ea

at plane D, However, further e:-tperi.mental investigation‘s would ie‘ '

+

-

required and theoretical analysis in. the cylindrical extension sect:ion
N of the vor{:ex exhaust port region should be carried out to better

understand ‘the phenomenon. ) \ ’ »
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C . : Flg\. 18 shows the expdrimental radial velocf®y components at
. ,

+

' L7 ’ ¢ I ! 2 "
« &he exhaust pprt of a 8‘.89 cm cylinde;@;supe’rimposed on the analytica\l

: X, ‘l(s:xlts cdlgylated at the mid—plane and at the ex:Lt ofiflce of the

A vor.tex chamber. The&agnitude of f*adial velo%ty components in t e
. \inner core region in plar}_es B ard C are very smald and behave in a

+  .magner very eimilar to ‘;:hat deécrilae(l fuor'lSavino's,‘ case. The ' »

'.o Yoy,

measured data shown.in F&g. 1B jindicate the radlal velocitsy component:

.o .
‘e

fluctuates from hegative (away from the denterl to posilive (Eowards

the center) and then to negat!we again. -Although the actua»l mag—
"\ . . » . . C» ‘.\. . <

nitud® of the radial véldclt{(, component is rather small they are
\ e— .
transformed 1nto streamline flov pattent’s together with the axial -
*velocify, component as illustrated in Fig. 19‘ Blﬂbining the -

®

existmg expex;imerftal data and the results of the analytical a vivid

. ! »

¢

¢
) ‘descript'ioh of the real flow configuration of the two-cell vortex
Voo .o ) 0

et

flod patte’rn 1s presented. : ' . .

-' Iy ~ , N ) N . e ‘ "
oy e . . % 7 . " . R . .
' Fig.'"20 shows-the apparent viscosity distributions at planes .
- ] : ) © N * .

'¥ and C for: experismental data of Ref. [29]., The curves indicate a

. . -~ F. . , . . L ‘¢
o graduaf»decrease’_ in apparent viscosity as flew is approaching the .

. Fy b » . e 4 *

. ceénter. ' Thé ratg of decrease tapers ¢gff when reverse ¥low region ° /’! ,
b - .2 ~ “e ‘ . v - . 3 . :‘

- ° * . . v... - . .
starts. 'However, *asvthe vortex flow approaches :the center, there is a

Y .

’

' dramatic increase in the apparent viscosity since ghe’ tangentlal i
o " : T ¢ »
! ¢ h]

\v"elocity component ‘would 1ne\zitably become ze-ro at tbe center, of the :

“ \‘ - B N ,' N

- 2 ¥ Lo -

vorte}‘ _ . « . . s




Theoretical results cjn the distribution of apparent viscosity

as showh in Figs. 14 and 20 represgnt a first ever attempt tW

the magnitude of tt;e apparent viscosfty in the Jinn‘er core region of a

complex vortex flow péttem. The gredua&. decrease in appa;:ent vis—.
-~ \cositz as flow leaves the annulat region does seem to make sense from

the physical standi:oi'r;t. As flow swir154 in towards the ce,nter,"tan-

@ ’

gential velgcity im;reasee‘and achieves a much smoother and more ‘sym-
4 ph ;

’,

g me‘tt’ical' flow pattern.' Moreov[:r, the increeee in velocities creates

" a low presuiite core Yegion, and' the favourable pressure gradient
p . , And

+

further dampens the turbuﬂence. «It may dlso h.e noticed that there is

A v ~ L
& . . . =

* . a significant change’ in the decrease rate as well as the mei{;nitude of

o 'l ‘ ‘.

the apparent viscos:.ty when the revarse flow starts. This may be
+ s
Waimed by the fact' that the entramed flow 1n thé core of the
e . «

{ ' vortex has very low turbulence to start With and #ts vortex motiop is

( . actually "forced“ by .the exhapst vortex flow from the annular region.
‘ ‘

Therefore, it is quite’ reasonable tfo expect that the actual magnitude

o of the apparent viscosity will be rather low. A ‘ ,
g ‘ \ .
® . .r
. ¢ . ‘ b ‘£ / ’ L
’ In real vortex flow, the tangential velocity component im the \

A
]

» ¥ ‘ . . Ly
region mear or .,at‘@xe ceriter, must vanish., .This is in contrast with -

.’ . ’ ) 1
an ideafized inviscid free vortex solution where thé tangential

velocity at the‘ center of the vortex reaches infinity. It is there-~
., . P

[ii fore Mt surprising to see that sthe theoretically predicted magnitude-

) ' Cor - ’ @ T T~

of the épparﬁht viscosity shoo ts up dramatically. Some complex form
- &

LT of ‘momentum exchange Hechanism must have taken place to slow down,the
) ) flow veloc1ty at the center. ‘ , .
- % ' o ' ( . 1 .
e . i .

g




, finite scale qof laboratory apparatus.

" vortex phenomena. When the pressure differential at the exit of the

-

CHAPTER 4

MULT?—CELL VORTEX FLOW . '

4.1 Generalh : L . ‘

R ] -

In analygipg";énfined vortex flow in thé inne; core region, the
axial velocity érofiié has been assumed to be W= ZQF(R)‘hhere o is a
positive integer. 1In the previous analysis, o has been assumed to be

unity and namely a two-cell vortex flow confi%uration.is obtained.
. L 'Y - .

Donaldson and Sullivan [3] also achieved the prediction of multi-cell
N ‘

vortex flow configuration in their theoretical analysis. Howevei,.
A

there is no follow-up of the investigé?i:n because they believed that

these vortex pﬁenomena may, in”all possibility, not be true in the
) N

The analysis developed for this investigationAwhich'héa been -
successfully used as a tool to explain the two-cell type vortex flow

can also be ﬁsed g%“iqalytically predict the Plow fields of multi-cell

)

vortex is very high (i.e. both the supply pressure to the vortex .

chamber and the back pressure are high);‘it is reasonable to expect
"l";ﬁ’ ~
that the variatlon of the ax1al velécity component along the axial

coordinate Z will also be correSpondiqgly high. In other words, the *
0 * . ) ' v

! M N \
\

N <
. * -
. “ +
° - . . v
/ . 3
P 3

%
*
<
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e

,exponent o can easily be greater than unity which is the value . .
. “wa

assumed for two-cell vortex flow solution. In this Chapter, a
L3 ’ -~ N ¥ M
theoretical investigation of computer programming of vortex core:flow
. ¢ .
for o equals two and three is described. The theoretical results

are plotted and analysed.

4.2 Analytiecal Four-Cell Vortex Flow' .

£

When- W = ZZF(R), analytical results of the axial, tangential

and radial velocity distributions are calculated, based on Savinp's

< o

‘experimental data at the interface between the annular and the core' e

Y , .
- region, and are shown in Figs’ 21, 22 and 23 réspectively. Based on
, .

these résults, a schematic diagram of the flow pattern is constructed .

.

and shown in Fig. 24, _ -

s .. ”r . . - kY

9 N *-

As stated previously, when the back pressure is very'high, and a

very strong swirl is associated with the vortex flowz then a siqﬁation

Y

. may develop where the\axial vélocity.is very much a function of ‘the .
7 - .
- . > a . .
. axial coordinate Z. In the\case of W= ZZF(R), it can be seen from

Fig. 21 tﬂat a very strong positive outflow compaqnent is realized

around the axis of the vortex flow. Initially, the large pressure

'

gradient between the ambient and the voftex core flow region starts a

I | ‘ | -
very-styong reverse flow. Flow entering the vortex core from the

ambient must find its way out of the chamber. As indicated in Fig. 24, °

3

. the net vortex flow leaving the annular’regiqn coupled with the

1]

v
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entrained reverse flow creates a four-cell vortex f%ow configuraglpﬁf
Thé flow may be visualized as containing two concentric dgughnut
}ﬂmped vortex rings, Qiih one iﬁside the other. The outer doughnut
consists of a series of "forced vortices" where rotation is energized
by the éxit flow from the annular region and the eﬁtraine& flow
tﬁrough the core. Depending orgthe strengt}; c;f the outer ring .
vortices, they induce the.rotation of the inner vortex ring whose
rotation is in the opp;site direction to the outer vortices as illus--

trated in Fig. 24. Superimposed on these vortex rings is the tangen-

tial velocity distribution shown in Fig. 22.

- “"
The very high tangential velocity component near the axis
\

indicates a severe drop in static pressure., The low static pressure

coupled with- high ambient back pressure results in strong entrain or
' v o r

reverse Eich .In other words, the stronger the vortex flow leaving

the annular region, the stronger will be %he entrained flow. This

has a direct effect on the strength of the fbrcqﬁ vortiées of the '

outer vortex ring in the core region. The vortices in the inner vortex

oy

ring are in turn "induced by tHe vortices of the outer ring in a manner

(4
similar to that of a gear train with each consecutive gear rotating in

) ’ .
opposite directions. The direction of rotation can also be realized-

from the radial Qelocity distribution curves shown in Fig. (23.

%
\

In order to better understand the radial velocity distribution

o

curve, it may be instructive to consider the projected linear velocity

"~ * N

.
B
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. (] T .
of a point moving around a circular path as in simple harmonic
] : .

motion. The magnitude of the velocity of the point when it is pro-
4 v

-’

jected onto the plane perpendicular to the path must nécessarily
. / »

resemble that of a sine wave. Curves in Fig, 23 cleariy indicate

(<]

-

such a trend and substantiate the interpretation of the flow model

shown in Fig. 24, . . . n

n P
*r

N

o
-

Theoretically predicted ;ppdrent viscosity (Fig. 25) ;pdicétes
the‘gengral decreasing trend simil;r to that of the previous two~cell
model. Howevef, the magnitude of apparent viscosit§ in the outer
vqrtgx q&ng is higﬁér’than that of the inner ring whose,flow consists
entire%y of the entrained (révgrse) flow which haé a much lower tur-
bule;ce level, The flow in'the outer vortex ring consists pértly of
the~entrained flow and partly of the.turbulgnt exhau?% inW‘from the
annular i;gion. The apparent viscosity at thaé point is tﬁerefore

higher. As the éomputer program dalculates the point near or at the

center of the vortex, the tangential velocity musﬁ approach\zero at
» ;"

the center according to the boundary coniiqion. fSince the apparent %
- - - i .

{

viscosity is considered to be.an inverse type fupction of the tan-
] . ; . . '

gentlal velocity component, its magnitude has to{assume'a dramatic

. \
increase when the tangential veldcity component approaches zero.
. . .

. .

’

.
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4,3. Analytical Six~Cell Vortex Flow ’ ‘ !

Fig. 26 presents analytical results of the velocity distri- s
butions for the vortex flow based again on Savino's data when o is
. - . . * .
equal to 3 in the expression for axial velocity distribution.. The

complicated flow pattern is coristructed based on the velocity fistri- .

bution curyes and is shown in Fig. 27. The, graphical six vortex
rings superimposed on the main swirl flow while the previous case,
v

where a = 2, has only four rings. f’lfhe(dqughnut shaped rings have -

-4 generally the same characteristics and rotate in alternating #

A

‘ £ - . " a2 . "
directions similar to the cases described ear&r, except in this con-~ ,

figuration where six rings are involved. K

The e#xial veloci'ty distribution shows Qa very cstrong reverse .flow
occuring at the axis o£ the chamber. This phenomenon may occur when
'there is a large pressure differential between the ambient and the
.center of the vortex core. The six-cell f}ow configuration is clearly

-

indicated by the axial and radial velocity é:ombonents. The strength -
. v '2)“ " .

. of the vortices in different doughnut rings lis mainly dependent on the
entrained flow in the center of the vortex. In this particular case, ™~
the smallest vortex ring in the center has the maximum velocity.

| s |
' B !
. " Superimposed on these vortex rings, is the strong tangential
velocitx component. In this case, it is clearly identifiable that the
. K
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2
tangentialivelocity reaches 'its maximum at R = 0.2.{ The gntrained

flow in the central coz;—inside the point of maximum tangential

velocity assumes the ""forced" vortex flow configuration. Theoretical
¥ 3 7

“~

prediction of the apparent viscosity in Fig. 28 shows the similar

3

decreasing trend as that for the two- and four-cell models. However,

the decreasing trend .reverses itself when the tangential velocity

4 -

reaches its maximum. , _
Py v

. .
It is doubtful whether this type of six-cell vortex flow con- .

figuration will be realized in'actual praciice. In most cases, the

magnitude of velocity components will be so high that they easily

reach beyond the sonic speed. When this happens, effects of cdmpres—\
¢
sible flow and shock wave phenomenon will take place. However, purely

" from the academic'ppint of-view, it is interesting to noteé the \
: & < e
capability of this anaiyticq; model to predict such a complex vqrtex" .
Sy . A
flow configuration. ’ . .

®
.

o
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. Cosity variation across the whole vortex chamber. In comparisgn with

CONCLUSIONS S

The swirling, incompressible flow’in a short cylindrical chamber
has been investigated analytiéally and the results compared with

Savino's and: Luh's experimental data.- Based on these comparisons, it \

4] -

v

is possible to understand the behaviour and magnitude of the apparent

. . \
viscosity for confined vortex flow inm both the annular and the inner

*

core regions. ,
- . i ()
! ° ’ ~

“ .
™ .
The theoretical phase of the investigation was'concerned with the

development of a non-dimensional set of differential equations for the
: : R ’ :
- vortex flow within a short cylindrical chamber. The whole vortex flow

field was divided into two regions, namely an annularaﬁnd'an inner

2
.

r}egion. Wormley's analytical technique was further extended to include

the appareﬁt viscosity factor for the annular region. The technique:of'

1) s
separation of variables was applied to formulate the equations of N
. R ‘ .
. & v
motion in the inner core region. Differential aguations were solved - 1\1

. - 1Q . ,
numerically using the Runge~Kutta method. "All the fluid properties
iﬁcluding the apparent viscosity were matched at the boundary’ between
. ' A .
- the arnular regign and the.core flow rééion of the vortex chamber,

3 ‘

The analytical results show the actual trend of, the apparent vis- - . =~

’

the existing experimental data,’ the magnitu&es of the épparent vig-

cosity yere obtained and further substantiate the earlier prediction

\ . . -



. .
“ ) .
g .4 . “ -
& . 1
o —66- N .
. . , _ .
by Kwok [25]. .
Flow charadteristics and velocity profiles for the whole chamber .
‘ ‘ - [ R
| : were analytically obtained for two-cell as well ag for multi-cell T
vortex flows, . . . .
o . ) '
o ‘l{ '
-p= :
~~ -
0 * E S
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annular and inner core flow regions. i :

T .

' - L]
[y

Let o be the non-dimensional boyndary layer’ thickness at,, the

. in,terface where R=1: ~ 7 - . . . a
R — = . -
N e\ r

— : o - 5u» = uA(l) . B
’ ! . . ‘ 1 v . - 'c '
v . (o] . \ ) [ .
) C "" ‘ r L4 . ) : . -
i ' . u (1) S
’ ‘ 2 v .
4 f) )
. : 4 3 * . . . P o ]
T T e ’ - - - (1) : _ ‘ - —
. - s . '
C3 o
v e s e e et o
» ) o o :
e e J— — - : i ) B
a) T 0< 2'g 5e . o -
e R e \ - >
’— ’ - "
. , . ~ :
(] ‘- « /;
: 1 " : N h!]




o GRS

. Q

| . C
" ‘ U1 N
. . v n " ' dZ 76é Z/G'e

- 41" . ’
. Y -
/ ' Cu'TeA WL R B
) ot , daz? ) 4987

v. —]:: , .
bi]d

o

-8
7

3 1 1
Y, ) e ' C =} °1.69 ¢ £
TN = 212 TN Y ST (T
- RN H g [H + Ls ] - z[
i e e e "Sh
' <
» ‘_ - ;6_ ) .7 - ) ‘_Aé
() 2 27T, L9 Sy 3 s
dz 7838 ry $ ’
- - = & ‘("e LT '7663 ;T_;QE_Z__~L;_
m———- S —.—— — — - .
= N -1-.3-\
.2 . o > C I
a9(z)_ _6_ "2 , 1.69 “3

'2 t

[ .‘" r ']- l- . r ) - §. .
hd Q 2 ]
- e 2Tk 120 g 1 15~~.§:}"— -7
[ 5—
& N e e
o . _
— S
I S . -




. - P 6 - »
‘ « b) 5 < zi o ) ’ ' ‘
‘' \ e ~ ~ (H - Ge). / IS
— , ,’
’ h :— h —#‘.‘\ . A .'v z ='
- > . \ U (2) C.l
. ,‘ ’ ‘ dl[l( ‘2
‘ qv(z) | du(z) _
. . \ % L az 2"
. o . az
- * ——© . -
D » ’ .
o o ' o,
: ' ’ $€z) = ¢ :
.2 .\
' i - : . . '\\
= “ 2
. ‘ ~d¢§zl =476(2) 0
U\ ‘ - v . 7‘d . | —aé 7 )
_ _ " .
— ,J;,) H —_§¢ \. P2 2 -.:
A e’ S 4XH
) L -
- — §—— —¥igy=—gtH -2
; 1 =
- - = - [
R - e ————f - — ms—
v doz _ % [w-
oo ) T T dz N
: . . &1L e
- ¢ ' ’ 0 " » ’ f
(TS S SRR
: . i dw@ _ 56 .y
: 2 ﬁ"
. 4z 498 °
S _...._' - ‘ . { ] — 3 § - i oo s - — - _—
_ 5§
- ‘?‘ . . » h N
. . e S S .\ e o e







. e V] . 6
o . . .. .
5 | . v J | -
| " APPENDIXC * & o
‘ V.. * ° .COMPUTER PROGRAM . [ _ .
"C.I FLOW CHART . S .
'_' . ) 1 ‘ T ) ' ¢ °
L s N START| - . " :
\ | joo
3 . N . »
'; Read and write input .
_ -Select K2,K| n
- o Calculate initial values at periphery (R=Re) . :
X(R), S(R), U(R), Us(R), T'(R), P(R), LLA(R) " '
N 1%
_ : _____|_Print output ;;
I - <F .Calcu‘late starting values (R= Ro-AR)
‘ _ XIRJ, S(R), UR), Us(R), T(R), P(R), ILa(R)
i : - . Print output ) "
IR — e !~ - 7 - ’ v
e N F+mfenmn lcaiculmﬂn~~—-—»‘ LsiboN —
. [ i
. X(m mm U(R), 'M%R%—P%H—fiﬁm?“w —
N
- \
Print, output
R= (Ro-AR). rR*
- /
= - P TN
“ ; ' Flow region 2'calculaf_ion__ e ff/Sutg-\l o
¢ I | %R, ETR), UIR), Us(R), THR), P(R), Ly R) L\ roufind}——-- .
' I - N
‘ R Print output o
| . LR= R'f,l T -
¥ . ) ] , ° ‘ ‘
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“Calculgte velocny functions *
b(2), Y(z) & their derivative

N R
SgledT éonstant, C

for pressure calculation

Select initial $lope

commus o, o2
' Selact & for cell-type vortex
s | R . ’—N\
Determine & normalize —-———-——: Sub- \’
interface. conditions - — — —\ routine, .
.3 . \_’/ . ( '

'
xu-p\;‘ ] ‘
N . N -~ - - - - - T
®

for F(R) - ,
I'd \
: /7 Sub-Y| - -
. Print output " '\rou?me} :
e e—— e R 1 e s

Calculate flow parameters: )

R(RY, G(R), AL (R), F(R), P(R), LRI VIRIWIR)

Print
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C.2 LISTING —? - ' ‘ .

. PR03RAM TUGON(INPUi;ﬂUTPUx TAPERQ= IKPUT,TAPES 1= OUTPUT)
[ C hd t
' DIFMTEQNS. Iow : ,
) X YP(8,100), 3Y(R) » RAUVACS),° ST(T), JA(5), .
j X* Y(§,100), AY(g8) wvu<xon> ZAC®, RS(5),
/ X cyg9> P?ES(S) VELR(5) ~, Q(Rr), P7(100) a

[
b

S X, 'G‘Wﬂ““m) VELT(5) COf\(?) ¢ ”
A C '
‘ ' ComMmmon
K . X /BLK1/ AL1,AL2,AL3, AL, ALS XA XN,V0,U0,XH, XLanm,
S X H, RHO, BN' R0
T X /BLKR/ REY A, 41 \3‘;31 3z, -\L Z En DPZ G2 DDRZ
X /BLKS/ XY(4 ‘3) =

KB LKA 4a<5> » BBy, GC(5) , posy

"I READCE0;501) LasTRUN
. IF(LASTRUN.EQ IRS) 2,3 - 3 ,
. 2 STOP .. , e L
i 3 READ(60,502) —_— ,

READ AND WRITE INPUT - -

QO Q)

o jaMM&QﬂM)?%REH#@ﬁ@J%%F e

" = READ(K0,504) RHO, XMU xp_sﬂ—aqu - <
RZAD (60,504) ST > . )

" " READ(60 514> zZA g

P ANr N i1 1\;{?

llL.'i‘l\‘)U J(lq, LALE 2 X

READC60,504) 3AMA TN A

: RFAD(SO ,504) Con *
. . - READ(&0. »204) PERC,PEA,PEAL PEAz -
¥ § ‘*RE‘Q')(GO y531Y PE3, PERI],] F39 . ‘
S¥¥ FORMAT(3¥25.5) n

- PRINT 503 . - - \
. S PRINTwSOI . . - .

PREHT 502 .
WRITE(S1,505) R0, RE, H, U0, Vo, P0, u* ~
. WRITE(K1,512) RHD ;mU,X; T = L
- : WRITE(51,505) ST , x
WAITE(61,514) 74 :
WRITE(61,505) XH1,DRI,T09, AL, 021, DTaL, TT0) -
WAITE(61,505) 3114 - S
o WRITE(S1,505) Coy , e
_A  YRITE(1,505) PER,PE4, prap, pEas -
WAITE(51,581) PE3,PED] , P33
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J o i 4 e
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= JQT73 > ¢ W . .
| IL2= 35704 .
: 7 AL3z 31337 i )
oALAT 439147 "
N "TAL5T L87500 N ‘ .
P A TR ~
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. TaLz 1,-RE/R0 o ‘ S S
' FLO = WxSO./RHN- - 2 , e
fa)
C INITIAL CONDITINNG. o
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. CHEes WARZ gy S
ST DZ = =P71 S . . -
. c . N -
oo . KK=1 ., ‘ S < ) -
) 13 XAzZAKK)
v PRINT 509, X4,3M / : \ ;
. “ PRINT 510 : (] v ,
- . YOl )= 0, \ —
T Y2, D= 0. L !
o Y3, )= 1.0 _ * ,% ‘ ‘
. YU D= 0. . .
‘Y5, 1)= 1,0 o
Y(8, )= POx33. 196 144, /CRH Q*xo) N\
- . DELP= 1, — ' A
. UPL= 1.0 : o ‘ ~7
o us¥= 0., _ o0 . .o
3 w______j,_.,_4,__2\MU~\_",Axcvcs 13RO/ CL y= YO L, 1)) okt - —
R . qmu<1>_£ﬁnuuA/y“uﬁ, e —— B
R(1) ="70q N = == L S
PRIN'T 508, R, (Y(M,!), 1,55 ,uPy usn,a LP RMU(I)
1 4 e C _ - .
P:.O225 ° .
" Y(1,2)= XA . . R
. . CF= F/ (RHNxH/ 17 o< U0/ (2 , %50 ) ) xx 05« ' . -
B Y2, 2D = (13 1%2 %R0/ Hk CFxS AR T(XH) /) (LAt ?5>*x—~a~*‘ LT T
: L YC4,2)7 LRBA%XL W% SART (XH) ) :
Y(3,2) = (1.=,125%Y(2,2) - ”7R*Y(2,2)*V(4 2yys -
I (l.=,25%Y(2,2)) M - .
Y(5 233} g , . S
' P« =Y(3,2)/X4% (Y(3,2)-Y(3 l))-XLxﬂk*ﬁ/(l.-XH)**S - S,
] LoxY (5, D*x2 . o
e — " (8,2)= XH&STH +Y(6,1) &, L '
NELP= Y(”,?)/Y(@\I) . e,
PR Y (3, 2% (1 =Y (1,2)) . S
] LSz A (4,2)%CLo-Y(L,2)) C N :
. I xuas xae(yes,2)«Uhr =Y (1, 2)))%%XN 47y ‘ : :
Pa CORNUCR) = XHUA/ZYNU , * g -
o= R(2) = RO % (1, =Xu)
; B PRINT 508;R(2), (Y(N,2),721,8),LPH, LSt QL*‘,xMU(Q) SR
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C L ° Ty .
-2 HEAION OF»2 VEL, COMPONENTS FLOW.
e J=2 S ) ' , ) /
- I = '

e A CALL S0l (el ), vcz,00, %3, ) v<4 02, ves, LT WY (8,0, 113
L5 Ay - Y (M, 2+ s S XV (1, 16)

S B0 BYMM) = YQM, J) +0, SkxH s XK (2,0

15

S~

D05 M=1,8 /
I = 2 - ,

CALL sgi cavcny, aye2), 4?(;), AYCA), AS), Yo, 11 .
DO 10 ix1,85 " o o T Y

II =73 , '
CALL soL, (3Y¢l),; 8Y(2), aycs) BY(4),J3Y(S) vBY(S) I
DO 15 M=,6 -

SYay = YQW )+ XH xvcz 1) A

\

II = 4

20

CALL Sor ch61> cY(2), CY(S), CY(ay, CY(5), 74(5), I

. JJdzdH] Lo ! - ;
D0.2C M= Ly o
YCH, Jd) = Yca sd)+XH/6 x(YV(l MY+ 2 HXK(2, M) "y

1 +2.*Xk(3 M) XK (4 1)) > ;

Ty

- "DELP= Y(S JJ)/V(G l) o

50
. ___.__‘L~-~.2‘q

ROID = RO%C1L=YCl,d0)) L,

UPH= v(§ JJ)*(I.-Y(J ydJ)) ' s~ - . '

USN= Y(4 JJ)*(I.-YC! JJ )y - ) . -
XMUA= X4*(Y(5 JJ)*VO/(I e=Y(l JJ)))**XN+BN”\ .

RMUCIJ) = XMUAAnﬂJ 4 ’ v BE— T

IF(Y(?*JJ)) 52,52,5C . o ’

IF(YCL,Jd) .EQ, TOL) [0 TN 24 . y

IF(Y () JJ).:T TOLY 22, 24 UL T TN S T e s
‘XH = TOL # Y(I D) ' Co ’ L o -

IT = 1 g , o ; N ) -
G50 To 4 S

24

PRINT 506, R(JIY, (Y(M,dJ) M= l.G) UPNS USH DELRRMU-¢IDH

I+ \I\I.J«Jf.hq OL) Gﬂ 10 47

J="JJ y o R
Ir- 1 - L Lo .' B )
.80 Tn 4 o — s = : N
CONTINUE ., - ~

Y(3,J) = 0, ‘ . ’ e
I1=1 ‘ \\\\ ’

CAu“srw<V<1Ln ?(9‘n.vasﬁp7V(A#u,ycqﬁgj%%s,d

I.T.5
y VT

. N

2 CY'(y = Y<n DI+ XHk X¥ (3, . ),”_~'~v-,_,nﬂm_

DO35 1121 y 6 ) .
AY () = Y(A J)+0,5% XN F ISR : .
IT -2 =~ e

CALL Snv(avely, xycz) 5 AY(3) ,AyC4) | AY(S),QY(G),II) .

DO 40 ¥=1,4 ‘ ~ “
BY (1i) = Y(u,J)+C % XM x XK(2,M) :
II = 3

CALL qrwcav<1> »BY(2),3Y(3) »3YC4) 3V(5> qv<e> yIDD
D0 42 M= I,

IT = 4




CALL SOK(CY({1),8Y(2),0Y€3),3Y(4),CY(5),0Y(6),11) ”

-~
o -,

s

JIJ: J'r‘l
. DN 45 M=1,6 . . « i
— 457Y G, Jd) = v, d)+ KH/S (=< GO CL, D+ 2.*XY(2,M)+2.* SN
=, 1 XK ¢ 3 ORI A TN ST . .
ORI = °nk(1 -v(i ,Jd)) ) ' )
SDELPz V<s JJ)/V(G 1) - , . N .
UPHz Y (3 JJ)*(I ~YQ1 sddde - N~ : " S
- USH: Y e, 0% (=YL ,dd) ) - : -
X o XolUAT XAR(Y(S JJ)»vnxcl =Y (1,J4Y))) k% XN+ Y .
it A RNUGID) = xMUA/XNU - \ ¢ o o
=P TF(Y(1,Jd) ,EQ,TOL) R0 TO 44 , : N e -
% TR eYCL JJ).ui TOL) 44, 45 . . N
44 XH = TOL - Y, . S
. - . IT = 1 ' ¢ o ) Vo -
S PRNNSE E s , 7CSE O— - ( -
: 46 PRINT, 506,3(Jd), (YY), =] €> upy an DELP, ?VU(JJ)
Ir(Y(l,JJ)a_Q.loL) an o’ 47
J= JJ N
7 II: J
0 TO 34 ' <
—4 F-EONTIHUE 4 —
c DETERMINING AND NOAMALIZING INTERFACE COMDITIQNS "
C .
) PAM3 = 14,7 % 32,19€ x 4z /(?quVn**o>
: .° POI = PD %32,198 %144,7(3%N % VQ *%2)~_ PAMB -
REY = RHO/32.196 & VO % RE/(12 ,%XHU) . ot =Y
! JAS) = JJ . L . -
c JAA)Y = Jd-t : e N
o : JAC3) = JJ-2 . s if
JA(2) = JJ-3 o : . . -
———— - —'-‘J¥(l7“' JJ<4 : _
: RS = 1. , &
¢ . BS(a) = ASES>—+—¥H/RE g - I
4&4n-—3u4r+%mu%: : . :
- ., RS(2) = R5(3) + rHl/“L AU .o A
SRS = eq<?> +. XH1 /R SR v
DO 75 1- 1,5' ’ ' - o -
K = Jacn o 2 -
PRES(ID = Y(S,K) % UNxx2/VMwx2 - PANR
75 RAEUACID .= RYNCE) « j
CALL - Vay (5 SRS, ilA) .
/..MU =3 *qx(4>x?q<5)xx9 +2 *?R(A)qu<5>+“cca> .
- s e DL BALE VAN (5, 8S PAESY - - = e e e
. ’ DPR = 3 kA\(4)*?S(5)«x° +2- xﬁ3(4>*§f(5>+ 0(4) E
v : C . , . ' . . L T )
. El = L /7 o . ‘
E2 =.R./7, v
CE3 15,77, ' . - o .
v . . EA T -80/7, ‘ . o
Es " = =-13,77, . : _ » .
. Bl =20 T, o . a , o L
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. 64 Ichz & THEZ) 46,70 .%él -y

1

N = Jd

PEFINING VELOCITY FUNCTIONS Afn DERIVATIVES

@ '77‘\\V .. : ' '
XZ = Xz+D7 «£§¥ - -
80 RI = R8(5) ' Kt T
THEZ = y(2,h)rH/2, /a~ ) W
. HTEZ -fﬂ'TP- R TR
IF(XZ,RT JHTEZ) ‘&2 64 . ;
€2 X7 = HF*XZ : : ) . ~
50°TO 70 ' ,

66 X7 = Ht‘--’(Z\ Ty
630 To 70

70 nn Q2 1 = 1 5 . . : -

- K.z chz)_“w SRS Lt S
VDEL = VOxR0xY (5 yK)/RCK) :
UDEL = ~U0okY (3, , ‘ o
USE = -UnxY(4 y) | r S~
THET A = v¢(2 K)*H/o ./RE - 2 o
ETA“: XZ/THgTQ ‘ c

FETY = ETA**gl : -

G0 TD 83 : , o, :
81 ETA = 1\ ' . “

FETY = ’
83 GETA = 1 so*Frrx*cx “ETA)esx2 - .
MR UDEL*FET$+USE*§ETA o

= VDEL#FET4
© T VELT(I) = vy
82 VELR(I) = U/v0 : - ——

CALL van(s,Rrs, vELR) - - N
DVELR -75~*aqc4>*?e<5)*x°+z *BB(AlARS£5>+CC(4L/*~/*“

c €4 ’.*Vﬂﬂ (5, ,QQ ,T]ﬁLT) SomTIon ,__,_

[

DUELT = 3okad (ad RS (5% 242 *32«4)*RS(5)+CC(4>
EN = RM“Q(S)}EWUELT/(”M’M;U 'T'l:\

THE = Y(2,8J) % H/2,/RE % '
HTE. = H/RE - THE - L
THE2 2 THE %2 ' ‘ i . ~
- THE3 = THE 3 . R
§ UDEL = =U0 «.v(3,na) . .

USE = -U0 % v(4, eJ) L
VDLL S V0 % R0 % Y(5, NJ) /3E

C2 = .~ UDEL Vo ‘ R ST
~C3 = -USE/Vp Y S
T80 Z - HE - : ;},
.= 7 o+ ')7 s’ ’
& = 7/THE : . .
IF ( 7 ,LT.THE) 25,90 ‘

= VNEL AT U(.’\'J)X*"_N/UO =

85 AAQ = C2 *ZE*xVI H ! sc*,3*<75 *E1+ZE**E3 - 2,XZEx%E2)

A1 7 J14288% ”O/THF* TEskE
| + 3,62143 w7 EkkE2-3 R

VS/THE*( 24145*25**F4
_G*ZL**EJI S




o : ) ’ ‘ - . ’
' C ') { Iy
[ ’ ’ N . [ .‘ .

.' 3 ' " c-8
S AA2 = .12245 *"?/T}'L9*Zr**F5+u3/°TH 2% (-, 906°4*L‘;*k £5
1" + 4, 13R7RZE*xE] =, 5‘1?4* ZZ%x4)
. 8 = CI%xZExxE] . L ,
‘ S BI Y T 1279R %JT/THER 75%=E4 3' R : .
‘ 32 .= -.l?2A5*CI/THF°x7E*xr5 > ‘e
GO TO 105 o <
9Q IFCZ.LE,HTE) s%,100 - . . ,
95 140z C2 i _ ¢
AMLzo, 0 b - .
M2z o, ' ' . e
.3 = 01 ‘ oL , _
Bl =0, + S C
e N .BZ:.O. x\ ,‘_.:. . -
) G0 TO 105 e . R
© 100 ZE = (eT - 7)/sfHE . )

A0 = C?*'ZES&EI#l.39*CS‘=!<("V*>¢<"1+""

441 = 14288 % C2/THE s 2% %%xEpa-( ﬂﬂa&w%**é— -
I ""47_3.82145 *ZEX*E2 - 3,36286 %} ZE-x%T[) .
AA2 ==-,12245% /THEOxZZ**LS+CS/H“ 2% (4, 2069 4% ZEx% 5

+ 4, 13‘?7‘5' %7 ZkkE | - .551‘34*7"’**[‘34) '
Cl %ZE *xF| I
s+ 14288 %C| /THE*ZEx*E4: ¢ . ‘ *
=« 12245%C1/THE2 %75 ==<E5 d '

AAQ/DET A

!

.“;.h

’.n:; EEBRACE i o Sty aye | '

AA1/3FT A , . , -
AA2/BETA v . T

c
C - © - ——— e _,-_
PRINT 525 )

< PRINT 560, 7,4, Al A2,873 1 32”‘1‘ ;
L -1

o
&Y
"ot

L I Y ¥ H—’
-

] - - —— e T s e f g = B - W s
ey .- v

- s
A & wif e ol AT —

H—PERS AT 0o TIT 107 . .
, YP(6,1) = (WV“L?+§*?ET4)/(XL*L*X(AL 1)) -
. G0 TO tes S
<107 YP(R, 1) =, PEXT ’ B ‘
Az PEY - C . | ~
Al ‘= PEA] - C )
- A2% pzae : : . ' -
3 = PER

PE3t - . e . R
82 PE32°

w
L
o

108 DPRZ = 0, - —— = o
‘- PZ(1) = PIES(5 ) LT ' ‘
. YP(2,1) = PRES(5)-PPz . .
KKK="1 - _ . S : T
115°34 = GaMA(KYY)Y : : ‘
YP(7,1) = 173 o - :
DR=111 Ct . o o .

ToD1 = Tny : ¢’ ' e ‘ A




o ' e .f. ‘ X «. €9
G?, z xzf}rq +qu=mxz‘< WL=1,)/74 L
~ . 7 = pmm*() SV : ,
- . PRTHT 52¢, AL,3ET3,EN,%3,C0N (L) be e
g PRINT 560, LHI’,UDE,I;.,US wDL.L ')Pz,.zf‘y BPRF32,PAMB -
- C . e P
J = "1 o ! © T ' ..
T PRI{ 535 SR .
‘ ) Y. C. - ‘ < . . ’ : .- -
e bRy Axya2, 1y ' T . C
) UT = B/Y. (45 1%=EN -~ - o f -
UZ = ZakALXYP(S, 10 ‘ | A S
- L ( .
;m,,r 560, -’(YP(H J) M= 1,8), YR,VT,VzZ,PZ(1) . .
e ‘ " / .t 2 . Lo .
o c . S
-, _,__“_'M__~~—-DP?Z Oy LT T T e I
<L w0l C120LCONTTNUE L o - Rt T T T
o \ L - .. DQIleZ M= 1,3 T . o ’
CLeT et 122 c;wvs), YP(-m Jd ‘ ~ d
s IT ’
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