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Semi-empirical Approzch to the Description
of
Cround-state Rotalional Bands
of
Deformed Even-cven Nuclei
by

Norman Robert Lewis

A semi-empirical medel is proposed which permits an excellent
fit of level energies of ground-state pands in deformed even-cven
nuclei, In this model, the rotational energy is expressed as 2 poly-
nomial in u)z, LUB, u)u (w2 is the nuclear angular velocity). Each
nucleus is thus described by three ad justable yarameters;ﬂz s By, and ©,
which are determined by a least-squares £it of all the known levels.
The calculated energy levels and paremeters are tabulated Tor 88 even-
even nuclei, The range of validity of the model is discussed and coti-
pared to that of the VHI model, The role of the paramecter B is shown to
be that of modifying the nuclear softness, o . In contrast to the VII
model, it is shown that negative values of ¢ may exist for Hu > 2.3,
and may be obtained without requiring a negative grcund state moment

of inertia.
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ABSTRACT

A semi-empirical model is proposed which permits an excellent
Tit of level energies of ground-state bends in deforred even-eoven
nuclei. In this model, ihe rotaiionzl energy is expressed as a poly-
nomial in 012, LO3, u)u ( & is the nuclesr avﬂu1¢f vplbw\ty) Tach
nucleus is thus described by thrce ad justable P‘TﬂPeLC£o¢(€ s By and C,
which are determined by a leasi-squares fit of all the known levels, .
The calculated enercy levels and parameters are tabulated Ter £8 even-
even nuo]el. The range of validity of the model is discussed and
compared to that of the VMI model, The rele of the parameter B is shoun
to be that of modifying the nuclear sofiness, <7, In con? rast to the
VMI nodel, it is shown that nesative values of ¢ may oxist for
Ru>' 2,3, and may be oblained without requiring a negative ground-state

moment of inertia.



1., INTRODUCTION

In recent years the problem of the prediction of the nuclear
rotational energy levels has attracted considerable interest, One of the
main reasons is that the development of the high-resolution solid-state
8'detectof has made it possible to follow the rotational bands up to
as high as spin 18 (Stephens, Lark, Diamond)l. The new results showed
that the energies of the high-spin rotational states deviate from the
well-known rule of a rigid rotor, namely

2
Erot 55}é%;32_ (1.1)

where J is the effective moment of inertia and is independent of 1,
the nuclear spin, The trend, as revealed by the new measurements, is

that J increases with the spin I of the level.

A number of efforts have since been directed at under-
standing the deviations from the rigid rotor formula, There are two
general approaches. One involves a microscopic calculation usually
based on the second-order cranking model first suggested by Inglisz,
Corrections arise from taking into account the centrifugal stretiching
and the Coriolis-antipairing (CAP) effect first suggested by
Mottelson and Valatin3 (Udagawa and Shelineu; Bes, Landowne, and
Mariscotti5; Krumlindeé; and Ma.rshalek?). Others have tried to fit
the energy levels by two-parameter formulas of various formsa-lu.

Most of them can be derived either from the fourth-order cranking

model (Harrisg) or from the centrifugal stretching model, namely,



2 .
ro, (c-t) + 1(1+1)

}I =
rol —zd;m ( . .2)
aﬁ = O,
dt

with an assumed specific relation btetween the moment of inertia
and the general stretching variable t, Other two- or three-parameter
15,16

formulalions are based on a Taylor series expansion, however, the

convergence of these series is questionable,

In the work presented in this thesis we have followed a
semi-enpirical anproach in which we express B , as
rot

‘ 2 X'a S'.L"*
Y R CRE L (1.3)

where W is the nuvelear anzular velocity. The expectation value of the
N Bl Y . s .
angular mcmentum, <71Jx=;) » is then obtained using Feynman's
17 . - .
theorem end w is eliminated from the equations for Er . and
o

n N s s s o~ .

NWalW? ¢+ giving a three-pararcter expression for the rvotaticnal

energy. Ye employed a least-syueres fitting preocedure to determine

the btest values ol the parameters for each nucleus,

In Chapter 2 the nuclear theory related to the rotation
problem is discussed, The various efforts that have been made in
understanding the deviations from the rigid rotor formula (1.1)
are reviewed in Chapter 3, In Chapter 4 we proposz a three-parameter
semi-empirical model for the descrivtion of ground-state rotational
bands and compare it to other medels. It is found that our model
gives excellent results for the level energies, snd is characterized

by a parameter which serves to modify the nucleesr softness. Thus



negative nuclear softness may be obtained without requiring a

negative ground state moment of inertia,



2. COLLECTIVE MODEL OF THE NUCLEUS

2.1 Introduction

The shall model of the nucleus considers the motions of
individual nucleons in an isotropig average nucleay field genevated
by all the other nueleons. In many nuclel the existing combinations
of nuclear orbitals give rise to an overall sphericzl distribntion
of nuclear matters, tut in others this may not te so. Jn the latter
case the average field will not be given by an isotropic averagse
nuciear potential, In addition, the éo-operaiive motion of many
nueleons may result in collective oscillations of the nucleus as a
whole about some equilibrium shape, which will pley an ensential role

in the low energy spectra of the nucleus,

The shell model, in its simple form, ignores the important

nucleon interactions which are not contained in the averase field.
If the nucleus had the structure implied by the concept of a liquid
drop; 5t would always have its lowest enecgy for a spherical shape,
But the individual nucleons have the characteristic properties given
by the shell model which implies 2 systematic tendency for distortion
of the nuclear shape. The basic mechanism for this lies in the effect

- . 18 - . s
fhstwnmﬁdoutbyﬁmnwmm? .Asughammkmnmdmﬁgwmhm'me
nucleus exerts a centrifugal pressure against the walls of the
nucleus in its orbital. plane and tends to produce an oblate
deformation of the nuclear svrfece, Wnen the nucleus has a closed
shell configuration the deforning effects of many nucleons cancel

out because the orbitale are oriented equally in all directions,
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Where there are particles not in Tilled shells the 1lendency is for
the nucleus to adjust its surface to coincide with the density
distribubtion of these particles, If there were no opposing forces,
this centrifugal pressure would result in a nucleus with a space
distriution equivalent to that of the nucleons in the unfilled
shalls, There are, however, two effects working in'the opposite
direction. One is the difficully in polarizing the closed shell
core which strongly prefers spherical symmetry. The other is the
pairing forces of the extra-cere nucleons, When a nucleus has only
a few nucleons beyond a closed shell these effects over-balance

-

the distorting eflfects of

~t

-he last odd nucleon and the nuclear
equilibriua shape remains spherical, However, the nucleus do<s beconme
less resistant to shape changes, This softness is evident in the
decrease in the energy involved in collective vibrations aboul the

spherical equilibrium shave,

When sufficiently many particles are added outside closed
shells the spher.cal shape becomes unstable and the nucleus assumes
a spheroidal cquilibrium shape, When this occurs the collective
motions of the nucleus will be of two types: rotational and

vibrational,

It is possible to approximate these effects by replacing
the spherically symmetric binding potential of the simple shell
model with an adjustable anisotropic binding potential. There remain,
however, some significant residual interactions which arise {from

the pairing Torces between the nucleons cuiside the closed shells,



These tend to couple two sguivalent nucleons to a state of zero
angulsr momentum and ¢hus comnterzet the tendency of the individual

nueleons to deform the nuclear shaps,

The mozt importznt collective degrees of frecdom for the low
energy nuclear propertics arve expected to be those segsocisted with
oscillations in ghapoe with approximate preservation of the nuclesx
volue, The nuclear shape can bz expressed in sphorical harmonics az‘
fellouss:

) <

P\ (9}\1?} 2 Ro :;,“‘ ¥ \/:’f-'t c(;‘“ lff‘ﬂ ((J"iﬂ) } (2.1)
vhere Ro is ths cquililzium radins and Y%“is the normelized spherical
hzrronic of ordow Aj&. If wae mekes the sosurmption that {he constonts g
ere spall and that the frequenclies of the single perticle excitatiocus
are much greater than those involved in collective notions, we can
separate the total wavefunction into a part doseribing the particle
motion and a part describing the collective motlon, An spproximate
expreesion for the Hamillonian specifyirg the collective motion is of
the form

Hoor1 = Vp() + T (<) (2.2)

Here Vn(aO reofers to the potential energy of the nucleus as a
function of the shape defined by the cosfiicents «, The subscript, n,
refers to the group of quantum numbers spscifying the motions of all the
particles in a nucleus with a shape defined by the o<, The second term
gives the kinetic energy involved in small oscillations of the nuslesrw
shape, The predominant term 1s quadratic in the o4, and the normal

nodes of vibraticn are of the harmonic oscillator type. In general,

the oscillations in shaps of the lowest orderslx = 2, are of



prinary importance,

The variaticn of the Vn(wﬂ with nuclesr shape is determinsd
by the numbor of pacticles cutside the closed shell, the pertlculer
orbits uhich they £iil, ard thelr veszldual interscitions, For a
nucleus at a closed ghell the interparticle forces of the core
nucleons reselt in a strong preference fer spherical symmetry and
shape changes are firmly resisted, When a fow additional particles
are added there ig, o8 We hove seen, a compaetition batween nucl&ér
polarizution =nd pairiag forcez in increasing and decreasing nuclear
gtiffuoas towards shape changes, As more end nore particles are sdded
bayond the closed-shiell configwration the cohereut effects of mauy
particles ultinmately bring about a stabiliced deformation of the
nucleus in which a potential energy minimunm exists for a non-gpherical
shape. A stabilized non-spherical shape can be considered to be
achiecved when the shape changes associated with zero-point vibrations

are small compared to the eguilibriun deformatlcn.

For non-sphsrical nuclei, ths collective exciltailons
include not only vilrational oscillations but changes in orlentation

without change in shepe == that im, votaidlonzl excitatlon,
2,2 /3« and ¥ - Vibrations
In the idealized case of a nucleus with constant density

and a sharp surface, the nuclear surface would be defined by the

Oﬂgin the equation
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Here p is the projection of A on & space fixed avis, For small
amplitudes of oseillstions the encrgy mey be expanded in powsrs of

]
°QH and févkand one obteins, o & Tirst epproximation,

rofAon . Z &\ o g
!v“{;(\‘.k = ;511 ( “ 1’)\} J‘,\,‘(; + % ! '<A ! (‘aei’)

corresponding to a sst of independent ha_gonxc oscil-xu s with energy

guanta

N
hw, = F‘v'ﬁi’ (2.5)

The B vepresents the mass transport asucciated with the vibration. A
theorstical estinnte based on the surfece oscillatlions of an

jrrotational and incompressibie liguid drop would give
i 2 2

= Ay TT AR 2.6

4T (2.6)

)irrot Y
where AH is the rass of the nuwelous, The parameter C, represents
A

(3
an effective surface tension,

The sheps oscillations may be classificd according to thelir
multipole order Ao Tha lowsst froquencies are expecied to bs of the
quedzrupolo - ype (A= 2) since a surface deformation with A= 1

correspond . to & simple translational movensnt,

Let us now congider in more detall the possible types of
swrface vibraticn (of the quadrupole typs), Choosins the axes of our
co-ordinate system to coincide with the principle axes of an

ellipsoidal nucleus simplifies the coefficents <, as follows:

o4 = C{ -

21 2.1 = 0
o4 = K

22 T 2.2 °
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O<20 = /3 cos ¥

and
°<22 e'/_:_—‘ﬁsinb’

where /3 is a measure of the total deformation from a sphere a.nd
describes the deviation from rotational symmetry about the principal
axis of the ellipsoid, It can be shown that the expansion of (2,3)
under these conditions gives
R = Ro{i + /3 cos)',gzi,—r- (3 cos?0 - 1)

+F sinb//g?,,‘; sin’6  cos 2¥ } (2.7)
¥ ¥ = 0° the last term drops out, In this case, if /2 > 0, the
nuclear shape is a prolate spheroids; if A4 < 0, it 1s an oblate
spheroid. The term /3 - vibration refers to an oscillation in the
shape parameter /3 LIf 8 #  0° the circular cross section of the
nucleus perpendicular to the maln axis is changed into an ellipse, The
tern ) g vibration may refer to oscillations around a spherical
equilibrium shape, about a spheroidal equilibrium shape, or about
an ellipsoidal equilibrium shape, The common feature of these three
types is that the nuclear shape is ellipsoidal at the extremes of the
oscillatory motion,

2,3 Rotational Energies and the Moment of Inertia

At a considerable distance from closed shells the nucleus
becomes stabllized in a non-spherical shape under the influence of
the coherent effects of many particles in unfilled shells. It should be

noted that it is necessary to be far removed from closed shells
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Figure 1, Shape of the nucleus given by Equation (2,7) for deformation

with [3 positiva and ¥ = 0,
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for both neutrons and protons if conditions are to be favourable
for stabilization of the nucleus in a spheroidal shape. Such a
location is found among the heavy elements above szoa and among
the heavy rare earths between the mass numbers 150 to 195. In these

20
regions the nucleus acquires a prolate spheroidal shape .

For the strongly deformed nucleus the frequencies of .motién
which have to do with vibrational, and particularly with rotational,
excitation are lower in general than those related to intrinsic
particle excitation, In this case one can obtain an approximate
separation of the motion of the individual particles in the potential
field defined by the equililrium shape of the cors and the relatively
slow collective rotation and vibration of the entire aystem, In other
words, the complete wavefunction of the nucleus may be put as

,0 = ;k;wzf Y&e l)RoT . (2.8)
Here xpart represents the intrinsic motion of the nucleons which can
be expressed in terms of the independent motion of the individual

particles in the deformed field, )0 describes the vitrations of the

vidb
nucleus around the equililrium shape, and D,.,: describes the

collective rotational motion of the system as a whole,

The coupling scheme for deformed nuclei is i1llustrated in
Figure 2, The three important constants of motion are I, K, and M where
T (h 1(1 + 1) )is the total angular momentum of the nucleus with
component along the space axis Mix and component along the symmetry
axis X h, Each individual particle of angular momentum 'j‘ has a
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A

Figure 2, Coupling scheme appropriate for deformed nuclei, I is the
total angular momentum of the nucleus, K and M are the projections of_
T on the axis of symmetry 2' and a space fixed axis Z, respectively, R
is the collective rotational angular momentum, For the ground state and
for many low-lying states K is equal to L where - is defined as the

© projection of the total angular momentum of the intrinsic particle
motion on the symmetry axis,
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projection on the symmetry axis.ﬂ.i. Since E 3; = ; then
2 - =0 . The angular momentun of the :ollective motion is R, We
*I‘:hus obtain

(% {r@z+1) - &} 8, (2.9)
For the grouhd state and for low-lying excited states for which there is
no collective rotation about 2, K = AL, The total angular momentum
% J- N of the particle system is not, in general, a constant of
motion, The value of L for a single particle, -ﬂ—p, takes on half-
integral values, positive or negative, States differing only in the
sign of .n.p are degenerate since they are identical except for the
opposite sense of rotation, The particies £111 pairwise into states of
opposite ..Q.P with no ngt contribution to K from the pairs, Thus for
an even-even nucleus in its lowest state, K = 0, (K will be
different from (L for § - vitrations in which collective angular

momentum 1s contributed along the nuclear axis,)

The deformed nucleus may rotate with preservation of shape
and internal structure, Since R is always perpendicular to the
symnetry axis, all members of a rotatlonal band have the same value
of K,

Provided we can separate the Hamiltonian as ahove we can
express the nuclear rotational energy in a form similar to that of a
free rotor, 1,6,
2
w
£, =3/ (2.10)
where 1 is the effective moment of inertia about the axis of

rotation perpendicular to the nuclear symmetry axis and w 1is
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the nucleer angular veloclity, Alse, since R =o¢Ww , ye have,

using (2.9)s

“2 { P ,2‘
By = oA 1M - O S (2.11)
Using this formuia we sce thai the gpacings shiould ts
R, = By, /B, = 10/3 R = BgelBoy = 21/3 eteo.

? KZ/Z(?{. Soes not affect the level specings.) The possible quantun
states of the nucleus are restricted by the reflectlion symmetyy of the
deformation, which inpliecs that the stales labaled by (K,LL) must be:
conbined in a definite way with those labeled by (~K; «dL), Also,

the reflection symmetry about the vlaue passing throvgh the ceater of
the nueleus and perpendicular to ths a axis of symmetey laplies that the
colleetive motion has even parity and that t the parity of a nuclear
state is thus determined by that of the particie sgtructvre, Thls
synmetry condition limits the zeceptable states in the ground state
rotational tand of even-even nuclei to I = 0, 2, 25 cso0 €VER

parity.

The collective motion which gives rise to the nuclear
rotation is essentislly different frem that of a rigid body, and the
effective moment of inertia, f , is somewhat less than the rigid body

moment, j given by

rigid ’
j -_-'21-'1,'&1%2(1-&-031’:’ +0u4<’32+ Yo (212)
rig,id _5_ o L . / ° / seo °
In the early development of the collectlve nedel; estimates of.
were based on a hydredyusmical model of nuclear motion (to be
discussed later), For the irrotational fiow of zn incompressibdle Fluld,

this model estimates the momeat of inertia by the folloving

equatlons
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q

2
= ZANR [ (2.13)

2
»G' i:r.'rot 5 0

vhere 5 is a deforretion parenster of a sphercid given by

(% = b AT 2R 1,06 ar (2.14)
3% 5 R, Ro

Here, R is the mean nuclear radius and <4 R is ths difference totieen
o

the major and nincr somi-axis of the spherold. However, the values of
(,;{ found experimontally are usually two or three times higher than

¢
J syrot and much clozer than ypredicted to (jri-

cia Hence, exnerimentally

" -
9E)

< (j -(f 4

irrot of rigid .
2

<y
one observes that 13 ',‘_‘;,1
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3, PHENOMENOLOGICAL kODELS OF NUCLEAR ROTATION

The rotationzl formuloz given in Chapter 2, based on the
concept of a firse rotor, can give precisely correct values for the
gpacing of rotational levels only 4f there is complete seprration
of rotationzl from vikrstional and intrinsic motions, That this is not
alvays the case is evident from the observed deviations in the
spacings of the rotational levels from the I(I + 1) law, which will
predict a valve of 10/3 for Ry, (the ratio of Ey to EZ)' It i3 observed
that in many cases Ru is less than 10/3. Tals leads to the following

clagsification of Ru regionss

I. Rotation Region: 3 <Ry € 333
II, Transition Region: 2.0 < RL;, < 3
I1I. Vibration Region: 2 { Ry $ 2.4,

It should be noted that R4 = 3,33 corresponds to the ideal rigid

rotor, while RQ = 2 corresponds to the ldeal quadrupole vibrator,
3,1 The Hydrodynamical liodel

Many models have been introduced to describe this departure
from the I(I + 1) dependence, One of the first wes the hydrodynamical
model of Bohr and Mottelsongi. They added aw extre torm proportiomal
to IZ(I + 1)2 to the expression (2.11) in crder to %ake into account
rotation-vitration coupling, Thus we have (¥ being zero for the ground
state of even-even nuciel

2 2
B, = ANI+1) + B T(1+1) (3.1)

2
vhere A = h /2<2 and B is the rotsilon-vivesatlon coupling constant



sinilar to that fourd in moleculor spectroscopy, The paremeters, A and
B, are determined from the experimental rozitions of the first two
excited levels 2+ and U4+ iu the grownd state band, It hasz been
generally believed timt the experimental energy lovels can be
accurately reprcduced by cquation (3.i), although the secord texm
represents only a firct-order correction snd highor-ordsr terms should

also be considered,

In the hydredynumical modol the peramoter B may be related to

the angular velocitldes of the /3 - and ¥ - vitrations through the

relation
]
B = 4 A7 + 12 83 (3.2)
thecret (n o, )2 T u}:;—)-z

whore wg and w,-g are the angulor velocities of the X and /3» - vilrations,
respactlvely, However, it was fourd that the empirical values of ;3
obtained from curve fitting were Qifferent by an order of magni‘i:u:iezz
from those calculated from (3.2), Tt was coon found necessary to add
the next order correcticn term, proportionsl to 13 (T + 1)3, to obtain a
more satisfactory description of relatively high cpin statesz3. Hathan
and Nilssonzu have included even the terms of highsr orders thus giving
an infinite series of the forfn ,

Epot = AI(I+1) = B I+ 1)2 v+ 1) — .., «(3.3)
Discussions of possible approaches to this are given by Gupia and

2
SOOd. 50
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3.2 The Asymmotric Roter Nodel

Since it was found that the power series expansion (3.3) 1n
(I + 1) was inadequate, several approachss have besn made based on a
more precise troatment of rotation-vibratiom coupling. Up to this point
it was assumed thot the shape of the nuclous in iis ground state

. 26-28

possesses axial symsetry. Davydov and his coworkers have congidered
the consequcnces of dropplng this assumption. First, Davydov and
Filippov26 consifered the rotaztional states ¢f a nuclous with an
ellipeoidal sheps under the adisdatic approzimation that theie was no
interchange of energy with the intrinszic or vitrationsl states during

rotation, The Hamiltonian for such a rotavion is

Il

< 4T
H TSI ON (3:4)
i1 9 S {07 % }s‘/;
_h’.‘. Az \ P
where A =—"- and B is a mass parameter. The J, are operators of the
s

{
projection of the nuclear anguler nomentum J on the axes of the

co-ordinate system which are chosen to correspord to the principal axes
of the ellipsoid, For & =k 0 or /3, (3.4) represents the rotation
of an asymmetric top. At ¥ = 0 we have a 2+, 4+, 6+ series of states
which is identical in a1l respects to the ground state band discussed
in Chapter 2 with the energy spacings follo#ing the I(I + 1) rule, As
the deviaticns from axicl symmetry increase, the level energles also
increaze slightly. (For example, tho axial syrmmetry increases from

86 G
¥ = 160 to J = 250 totween 051 ° and 031)2

.) The minimum value for
Ru turns out to be 8/3, It is found that the parameier ¥ is simpiy
related to EM/EZ . (Here E,, is defined as follows, There are found

2 :

nuclel between the strongly deformed and "meglic numbar” nuclel with a
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near-harmonic pattern vhich is characierized by a second excited state
wlth an energy cpproximately twtes the energy of the first exclted
state and I = 0, 2, o¥ I, The second exclited 2+ state is usually
denoted by 2°¢+ cnd its energy by E2° o) A study of the tranching
ratios Lrtwsen ithe ¥ - vitrationel (X = 2) ard the ground siate
bonds in the Framework of the same nodel yiclds values of 3/ renging
from 120 ‘o 230 for the same nuclel, suggesting & enall inconasistency

29

in the oxislly asymmetric nodel which is not easily renoved

The fact that most cf the gquantitios predicted by the
asymmotric rotor model are closely related to ¥ whieh is in turn
related to Ez, /E2 has encouraged & muiber of comparisons of experisental
data as & function of this energy ratio. The nogt significent results are
those of I'Eallmanng o showed that for even-even nuclel with widely
differing H, 2, ond B, values tho enorgy ratlos EG/EZ and Ea/m2 »
plotted ageinst ELa,/Ez , 15c on two "universel’ curves, This 7indirg
suggests that the cround-ctate bands ray indicate featurss which are

common to nuclei lying both ineide and outside the deformed region,

The asyrmetrie rotcr model has been extended to include the
effects of interacion rotational and vilrational modes by Davydov and
Chabanze. They assume that the nucleus has an equilibrimm value of /J‘
and of v about which it can execute vitrations. The problem is to
deternmine the coupliné of these vilrations to the rotation as provided
by the centrifugel forces, 4 puranmeter /L ig intrcduced vhose value

serves a3 a guide to ths extent of this coupling, ¥ith the ald of this

/ .
paraneter /J~ and the older parancier ¢ , Davydov snd Chaban were
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able to make many significzut correlations of oxperimental spectra

for a wide range of nuclei,
3,3 Models Based on Centrifugel Streichin
A=

As was pointed cut in Chapter 1, new metheds for measuring
energies showed that {the level spacings at higher I arxe smaller than
those given by the I(I + 1) rule, This decrease in the energy spacing
nay bas attributed to an Increase in the momont of inertia cf o At hlgher
I the momant of inertia appsars to approach a "rigld" value, I»iorinagaBi
introduced the parameter “softness”, defined as the puvientegs
increase of the moment of ineriis vor unit change of angular momentum,
and discussed the fornm of dependence on this quantity on I as a

function of N and Z,

3¢3,1 Tho Semiclaszsical liodel

One explanation for the increase of the momsnt of inertia
as I increases is that at hisher angular momenta the deformstion ( ﬂ )
increasesgz (/w’ stretching or centrifugal stretching), The seni-
classical model of Diamond, Stephens, aad szai'teckiaz, based on this
assunption, lesds to an expression for the energy as the sum of a
.potential energy term and o kinstic (rotat:!.onal) energy terms

B(B) = 3¢ (3 -@)° +{1@+1)/2 5 ()] (3.5

where 5 is the nmoment of inertia in terms of Bz. In zddition,
the equilitrium corndition EE, / 3/3; = (¢ is applied to obtain the value

of ﬂ: o With this medel a good fit may be obtained for bands of
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strongly deformed nuclel, assuning the roelation given by the
; éf ~ 22y . s
hydrodynamical model ( /2 %), Howaver, buads outcide the deformes
32

region carmot he Fitted by this methad with reasonable accuraey,

In view of this, the deformaticn parametex /3 was replaced by
a general stretching veciable t in (3, 5) and it vas assumed that the

d i
monent of inertia could be expressed as ¢ ~~ t 3 different values

2
o s -2
for n were chosen by Gifferent suthcrs. Drapsr ¢t 2l,” have taken n as
a non-integer parametsr to be determined separately for each nucleus,
Their resulis indicate that the best n values rangs frem 0,7 t0 2.8 &
32 . 10 11
Diamond et 2l.” , Hoszhowskl , and Socd have used a guedratic

Z
dependence, j 2 ¢ . the same as that given by the frrotational

flow model,

3,3.2 The Veriable Monent of Inertia Model
Mariscottl ct 5,1’.12 have assumed 2 linear dependence -/ ~ %
as an enpirical fact bzsed on the stuﬁ:,'33 of the goreral relation
g 22 ", This is oquivalent to taking the mement of inertia,cf’l » itself
as the general variable t. They then arrive at the variable moment

of inertia model (VMI),

The level energy is thus glven by
. 2 -
5 (7)) = 20 (-0 #4 1as /S ] .6)
subject to the equilibrium conditlon
an(é)/ad = o, (3.7)

: V<
The relation (3,7) determines the moment of inertla J I (given in
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2 j :
unite of 1\’1 ) for each state with spin I, ¢ is a puranctes defined ag

the "ground state moment of inertie and C (> 0) ig the vresioring
3353 U

force constant” . The model is succesciul in Justifying Hulimaun's

curves, in going beyond the range of validity of the agyuinetric

rotor model, in predicting the lovels of groundestate binds {they

present data showing the predletlions of the VMI model for the ensrgy

levels of 88 even-even nuclei), and in fitting the rotational tends

btuilt on Y- vilrational states in even-even nucloel,

For each spin I there exists an equililiium velus of the
variable 5 detormined from (3.7). Using both (3.6) and (3.7): & cubic
in /51 is obiained which has one real root for any finite valus of (:
and C,

3 . . i
£t - e =0 (3.8)

Equation (3.8) combined with (3.6) yields ths following expression fow

= LiTvi) { ¢y el
E, ol SR T¥ ol (3.9)
: 1
From (3.8) the "softness"3 of the nucleus turns out to be
i A (3.10)
o= |55 = e
do Al dg 20 Zec %
The quantity ¢, which may be taken to be a parameter,
provides a convenient mocde of discussing the range of validliy of
of
the VMI model, Befining r1 = j I/"'o » we have from (3.8)
r} - 2 = T HI+1) (3.11)

In the sdizbatic limit (rigid roter), & = 0 end hence ry = 1.



Thus,

B (0=0) = I(I+ 1)/2f° (3.42)
In this iinit, RI = EI/E2 is

R(0=0) = ng__%;_z_) (3.13)

In the oppoasite cxtrene in the 1linit of very seft muclel d7 — o0

and from (3.8) we have

. k7
z = {0y - (3.14)
We then heve
E(eee) = 3 [1I+ 1)} (3.15)
b o 4
vhich leads to ,
R () = [ _m(za)} : (3:16)
I L 6 '

Hence the range of validity of the VHI model 1o
<3
REET)JRESE NI (e N . ()
6 X =
In the cass of I = 4 this gives
2.23 ¢ B, £ 3033 (3.18)
which is greater than that of the Davydov-Filippov model ¥here
2,67 < R, { 3.33 (see Sec 3.2),

G, Scharff-Goldhaber and A.S, Goldhab2r35 further extended the
VMI model toward the megic nuclei by permlittlng negative values of the

parameter j, . For large negative values of (i they obtain Ru’”’f?.O/é =
1.82, which leads them %o the following classification.

2,23 ¢ Ry <3.33 1 Deformed Reglon
1,82 < Ru<2.23 : Spherical Region
1.00 < th (1,82 Megic Reglon

. . .. d
In the deformed region the ground state noment of imertla o is
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positive, while in the spherical reglon it is negative, They introduce
the notion of "internal stross” cr "rigldity” to interpret the
significauce of 52 { 0, Tne lerger the negative value of rff s the nore
firnly the ehzil siructure resists departure Irom spherical symmetry,

[} 4 -
The fast that < changes sign at R, = 2,23 while C remains positive,

&
means that ¢ bezeomes negative, This is not mentioned at all by
Schraff-Goldhaber gt _?:}?50
36
Mariscotti , who also discusses the extended VHMI model,
develops three solutions for the rotational energy., For two of these
solutions ¢ goss from a value of zero at EI,L = 3,33 to +f at

Rh = 2,23 , Then there is a discontinuity in o ag it jumps to =
snd then back to zero at RI;, = 1,825 , The third scluticn gives the
same O down to RLL = 2,23 tut for Ry £ 2.23 it remains snazll and
negetive (X 10”4). Hariscotti slmply statos that for Ry 2 2,23,
C/ é;g represents the softness, thus avoiding an interpretation of

negative J ,
3,4 The Cranking Model

The second nain approach to cxplain the inerease in angular
momentum with spin is the cranking rodel as developed by Inglisz. If
the rotational motion 1s slow compared to the intrinsic motion
(adiabatic condition), we can consider the energy reguired to rotate the
systenn with its internal motion unchanged. Formally we transform the
intrinsic Hamiltonjan to a rotatinz co-ordinate system, which

introduces a new ternm, F:& W, if the angular velociiy of the system
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is o about the x axis and h J is the total snguler momentwa, The chauge

in energy due to this term is the rotational encrgy awd the monent of
o~ 2

inertis, 5,, ig tuico the coefflcsnt of W , If second~order

adiabatic perturbetion thoory is used one oblains

i< Llu»!o)i ,
% \> ——— ‘ 3¢
J = = E, (3.19)
vhere the labol'{ runs over all the intrinsic states of the system, and

E, is the total energy of the gtate ¢t ,

If, for the intrinsic states, one substitutes into (3.19)
chell-medel states of individusl particles moving in orbits aprroprizte
to a deforret well, one obiains the rigid body moment of 1ncrﬁ1af o
This 1ed‘Harris9 (1#P4) to extend the cranking model by including
higher order terms in W, He bvegins by considering a rotating, deforned s
self-consistent potential well which, in the laboratory system, has a
tine-dependent Hamilionian I and state functlon % which is a solution
of the eguation

HY = 1+ 3¥/3 ¢ (3.20)
Assuming that the nucleus is rotating about the x axis, (3.20) 1s
tranasformed to the intrinsic nuclear veference fiame in vhich the
wave functlon ig P where
Yo=uw Y (3.21)
‘Substituting (3.21) into (3,20) gives a new Schrodinger equation
H Y =< (3¢/3t) (3.22)

"~
where H is given by

"o

Nos U (HU -4 au/et) (3.23)

A stationacy solution for (3.21) for which one can write
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r~ Catd
:ﬁr‘ &.9 o= ) e D
s {: } (3 ¢2LL)

Since U is given by
U = exp(-idewt) (3.25)
equation (3.23) may be written
ﬁ wm EXP g £ J, wt,/ H :?)‘F ,{- 5"/{; ~L,j:' - LLI, 3
= Ho - W j}.v = 12‘/0 - //fl (5.26)

The energy elgenvalues in the tvwo systems are also casily related

- ': s b SIRN (3027)
= E + wd L i\‘:)\' ! \i)/

Equation (3.2%4) iz then solved vsing (3.26) with tasis states taken s
statlonzry states of Ho s and with H treated as o pertuwwbaticon, The

usual cranking model (Inglis) reculis from sscond-order perturbation

theory, Harrils includes terms up to fourth orxder inm H', The result is

4 l\T ¥ ¥ 2 1€
E = E _wf»;' el & fm){mld, [e)

2 o - Em

B R AL S YD S ET A [ XN

mﬂP (LC‘ "‘-,71 )(50 —L.ﬂ }/IL"f "‘E;’)) (3:28)
< i . N
P Y CGIE M LYi éwmm)l
GERUAT AT S e
A1l terms containing w contribute to the rotational energy. Equation

(3.28) may be writien as
E = EO + %‘ j(cfd) 6")2 (3.29)

g (W)
ard bl dy
(70 ] Zf)n Kﬁ_’ﬂ_?fﬁ (3.31)

where

/

2
do + 3CW (3.30)

i

d‘u’) -L’O
with 7 y‘ 4(.‘..1. lu‘/\rlfd;;/flf.:dfujffp_[j_)l/
Co= 2 b T e, v S sl o
¢ . e
/4 r”; /\//ﬁ“"/:’/\'[ —
ot C'J{& Lred [.; — ,‘:. )’,—’
17 Ral?7] 7
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Also one obtains ‘ o)

VT = wlde 2o/ (3.33)
It is evident that a diffevent effective noment of inextla enters inbo
the calculétion of encrgy and angulur momentum wien highsr-order terns
are retainzd in ég{CU), The usuzl cranking mcdel treaiment leads to
(3.30), but hers one has a result fardf which depends on the degree éf
rotation, This is sinllar to the theory of Davydov and Chaban although

no interaction between rotationsl and vibrational medes is explicitly

introduced,

Hzyris proceeds to obtaln the main results of the abtove
without resortinz to porturbzticn theory, by employing a “seli-
consistency" argument via Foynman®s th@orem17 (see Apperdix 4). The
results exe

Ly

2 2 b
B, = 307 (f 30w+ 5007 5 0) (.4

» L
2 4 3D +,.,) (3.35)

v,

{1(z + 1)}/‘= w(f, +2cw
vhere 5?0, C, D5 ... are adjustable paramsters. In principle; (L) may
be eliminated from these two equatlons leaving one‘equation for Ero
as & function of nuclear spin I, Harris presents energies for even-even
nuclei obtained from empirical curve fittings to the experimentally

observed levels in which he has retained two and three perameters,

respectively, in the eguations (3345 3.35).

It may be shown that the Harrls nodel and the VMI model are
equivalent, The two-paraneter Harris model reduces to

i/n ‘ .
{1(]:-1» 1)}/ = w(jo ro20w ) (3.36)
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2 4 q 2
Bl = % YU 30w, .
I zw (g 3¢ w) (3.37)
If the moment of incriia (j‘ I is defined as
R R
Ji = fxaey) (3.38)
N
one obtains from (3.36)
y £
‘}({I = (;i T 26" w?
o
g q (] .
= 4.+ 2c Krx1) (3.39)
¢ I
or, equivalently,
3 /;72 (/ ¢
041 '3’14; -2¢ I{1+1) = © (3.40)

which is identical o (3,8) if

1]

"Wt ‘j ! g
¢ = tfic e g o=, (3.81)
Using (3.39, 3.41): one may write (3.37) as
' 2,4 . 2
= Ly H )
EI 2 Q (éI + C )o

Substituting  from (3,38) one obtains
(3.42)

Using (3.41) one finds that (3.42) is identical to (3.9).
3.4 Models Employing Taylor Series Expansions

b
Gupta 3 has developed a nuclear-sofiness (¥S) model in which

he treats the moment of inertia (5{1 as a function of spin I and
z

expands j 1 about its ground state value § for I = 0, This'

o

¢
leads to
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- i‘«. T{x+1)

m
-
{

?'f(/I I} 2 {09 \'L qu Yo )
= F‘bf'@‘ B 1) ) "‘: '!'(.-335-:"’%': iii“.:.{, 1 4 ';(3014-‘3)
r: f_'i?*-’ k(, }j}; /20 (/ \&'I/ &z c;j,/;:i:‘ Jf
x T(X+t)

Collecting the various temms in this expansion in terms of Morinaga's

softness paramncster , he obtains

i —
E = I J ‘_'I:‘Q‘J-) J— .—-2' e - /_L - ”;’_!" i “'w_v__o:_.,‘I -+ \s)
(3.4%)

I G N . 3 N » S - - ) K
Lok L+ep I ,lr(}.:{-:‘.’:z’ LraiX 401

where 0, :
L5 LG T
g = = Ffe | pm o= eetm Sn 0 e L0 0l
g oar oy CRT v gt T sa (3.45)
[ g
7

Treating / o’ €30 G

obtain & loust-squarves fit to the experimental data, Resulis fer

s eeo &8 shjustable parameters allows hin to

two- and three-parameter fils are given for 1C2 even~even nuciel, His
resulis for two psramelers sre comparable to those obtainmed by VMI,
Gupta did not discuss the convergence of his series nor the relative
megnitudes of his terms,

Satpathy and Satpathyié have formulated a shape fluctuation
(SF) model in which they write .

B, = BY@) + 3 () 1@+ . (3.46)

They then expand ‘]O(I) in a Teylor series about I = 0 and further

I
expand E and B about \TI==O to obtain
(v /50 (/BE‘?
E. = E + Ij9L et +
| ekl seo
I I=0 L5/, ol
ot LW 4t
+ {B( \f' ) I:‘/'-’,!J'I; I(I + 1)
=0 NP W Vize I

+ (s, + I¥8") (1 + 1)

A~ E + ITE

o
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E + B I(1+4) + 1Y¥YE + 1V¥B I(T+1)

(o] 02 __3 v
al + bi- + CI (3:47)

i

where the three adjustable parameters a, b, and ¢ are given by
P
a =B + YE
o) . .
1] .
b =B + VB (
o .
4
c = YB

The three-paraneter fit they obtain is comparable to CGupta's three-

u

18)

W

pavemeter NS model. Satpathy et al. also do mot discuss the convergence

of thoir series or the relative magnitude of va rlous terms,
3,5 Expansions in Powers of Huclear Spin

As was indicated in Sec, 3.i, for the region of strongly

deformed nuclei there is sanction for writing the rotational energy
as a power series in I(I + 1), |

E. = (1 + 1)/2d —BI%I+M2 +  oee(3.49)
For the most strongly defcrmed nuclel we have 2 a“l B ~v 10“3. Therefore
for I = 10, the second term iz only 50% of the first, By contrast, we
f£ind that at the end of the deformed region 2(5IB ~ 10°2. Thus
mathematical convergence failé at I ~i0, To dezl with this problenm
Das, Dreizler, and Klein38 have proposed an anharmonic vilbratlon
‘model (AVI) in which they expand the excitation energy as a polynomial
in I rather than in I(I + 1). Their energy can bes written as

B o= al+ kI(I+ 1) (3.50)
where a and k are adjustable paramaters, Their results are better than

the VMI model in the vilration region bul not a3 good in the rotaticn

reglon,
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In the viltwrational reglon and in the bezimning of the
transition reglon, in the medel of Das gt g;QB?, the first term
dominates, while the secound and third are in competition, In the
rotation region and the end of the transitlion region thelr first two
terms are in competition but their third term is definitely smaller,
They claim that their analysis of the HPA and the VMI model ylelds the
facts thzt the pover series in v is dominated by one term in the
rotation region btut that the first two terms compete in the vitration
region, They conclude that to obtaln a precision it in the vibration
region requires a formulation with more thazn two parameciers, It is in-
teresting to note that Ejir139 arrived at (3.59) on purely empirical .

grounds,

Marshalekuo has develeoped e microscople cranking model for
vibfational nuclei, He claims, as a result of a microscopic calculation,
that, for spherical nueiei (vibrational region), an expansion in I
rather than in I(I + 1) is more likely to converge, Truncation of his

expression to accomodate two paramsters also ylelds (3.50).



4, THREE PARAMETER SEMI~-EMPIRICAL APPROACH

h,1 General Solution and Parameters

We choose to write E in the laboratory frame as a polynomial

in Wup to wl& :
: T 7 - “
+ KXW 4+ AW 4 YW +§w (W30 (g 4)

E = B
o
where
o = (3_5)
ow/w= o+
= 1[0 )
ﬁ z G_JQ“'N:Q* (‘&.2) N
1 [
Jy = 3 Grd;w =0+
1 (8)
o = A\ AwYo=os
For time-reversal invariance, we impose the condition on E that
E(w) = E(w) (&.3)
which implies that Q"E n a“E
(55)....s 0 (35, . o8
Also, analyticity of E at w = 0 requires that '
( JE ) 3E . (4.5)
aw wWos = w=0~

Relation (4.5) and (4.4) require that o< = 0 in (4.1).

For a description of the nucleus, consider a rotating,
deformed, self-consistent potential well, In the laboratory system
one has a time-dependent Hamiltonian H and a state-function )b such

that

= 13
Y 15_‘15_ (1.6)



We can tranzform (4.6) to ihe intrinsic nucleor referencs freme, The

vave functicn in the lattor systen is }0 vhere

Vel - (5.7)

Substituting (4,7) into (4.6), onc obtains & new Sehrodinger equation

HY = 1 OV < (4.8)
R |
vhere
g = U -1{HU -1 f}g_ﬁ_} : (4.9)
* 4t

Ve now toke a stationary colution of (4,8). 1,c. ome for which
Y = ©Y¥ - (4,10)
Noting that U is given by
U = omp(-1 9, wt) (#.11)
(assuning that the nucleus is rotating about the x exis) equaticn
(5,9) may be written as |

~d

H

t

oxp(t wat) H exp(-1 wat) - W,
= l{o . (JJJx
= H - N (4,12)

The energy eligenvalues axe related by

E = {Plf)
~

-l

) | (4.13)

He now express the expectation velue of the anguler momentwa as the

= E+w<\?§‘]‘xl\:

polynomial

CHLY) = fwed o eS8
Thus (4.13) and (4,54) give

E = E + wz( £+ ¥w +5"*"¢) (k.15)

Therefore



~s e
e ' v \ &

E - k4 2w + 2070 ¢ 4 8w .
auw gw

3

(4,16)

Applying now Feynman's theorem (sco proof inm Appendix A) which stotes

that for a stationary solution of

H(w) Y(w) = B(w) Y(w)

one lios , o .
~e . L a
3 TR RN
o= () HT)
g W 'SELER S R
we obtain
o = /oy ik \:'
3« - (T
aw
From (%,4%), (4.16), and (4.19) we have
a . % ?
2 \,‘ - e K
A?r‘- 2 /3\ U e 20 W N g s L
qd
But (k.1) gives ’
noee \{ fL ‘ P 5 wj
“".LE': R 2 ﬂ W +2dw R .
3w

Equating coefficents of like terms in (4,20) sad (4,21) gives

o = 0 (as required)
/3 = /‘23 /2
Y o= 23 /3

Putting

in (4,1) and (4.14) gives, respectively
Ve
E = E + U.)z(jo +« 4L BU % 30(.02)
° e

)

BT 1
V)= w (J, + 3B + 20w

(4.17)
(k,18)

(4,19)

(4 .20)

(#.21)

(4,22)

(4,23)

(4,244)

(4,254)

Since ( WJXJ |> = 1/;(-1“:;1) s vwhere I is the apin of the band

head, we may begin with
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(¥

2 . 2
By = (jo + BBW 4+ 30W°)  (4.248)
[T , A2y (ko
JI(T +1) = w (3’0 + 3BW + 2C0W7)  (4.258)

The nuclear angulsx velocity, (W, muy be eliminated fron
these equaticns, leaving one eguatlon for E . as a fuietion of nuclezr
xXrot
spin I, doperndent on the ithreo para;netersg ¢ By, and C, Solving

W,
equation (4,253), a cubiec in (U, gives throe rcots (W, W ) and ()Jz

where i/ ‘ K7
Sl rovwoma
UJ:.."’_-E,..*'}{"I' + /;é-i'qj} +{-r -r2+q3%)
2 G L2 D 27 2 ¥L 27
— % (,264)
2m/3 2 3 {
W= _-8_ + e { e S Y A0 R U
2C U BT )
.7;' o U Py 4 0 ?/5
+ eu‘ 1/3 {-—r -/::2 + r.;3 !g ) (4,26B)
2 b 27 4u,
it ; b3
W= _-B ' /3[:‘.-‘._ ﬂ,._’izi +_.C£ {
2 G R 27 ),
2ir1/3 2 . 3¢
e {:::_ -ifizv__ + ..sis L (&.26c)
2 b 27)
vhere
r = 33 - (S;Q B - YI(T+1) (8.27)
4 c? y 2 ¢
2
@ =4, -38
2¢ by ¢4
From (4,258) for I = O we have either
W= 0 (4,284)

or / 2 v
U = =3B # 4 9B = 8400 (1}?8}3)

. 4 ¢
That ) = 0 for I = O corresponds to the root (4,264) can be
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seen as follows. We note that the parameters ({ o? B, and C caleulated
by the computer in each case are suchh that one alweys has

98 < 8docC (4.29)
The condition (4,29) implies that the roots (4.,28B) are complex,

2
Moreover, the condition, 9B < 8 270 ¢, implies that

a > °((jg (%,30)
6 C
which gives
2 o >0 . (#.31)
b 27

From equation (4,31) we see that the root (4,264) 13 ve2l (I > 0)
(the roots (4.26B) and (1+,26G) ave then couplex), Therefors, for

I = 0, the root (4.26A) gives =10,

Wle now consider some alternate expressions for Erot vhich
are of interest, First, we define the effective monent of inertla,
j » throuzh the seni-classical relation

JI(T+1) = 6«‘).4(/ = l,l)(dd + 3BW 4+ 236‘32)
° (%32

)

With this, we may write (14+.24B) as
; p 2
w2 (J0+u3w+3cu3 )

rot
o2 §
=°_“i_((/l+Bqu+ cw?)
2
L
1.6, E. ., = (z+1) + %BU~’3 + 3CW (#.33)
ro 2 4
Now consider .
2 b
(-3- 50) = 9Bzuoz s B +<%Bw3 + »!;cu.‘/
8¢C 8cC (ha2)

Comparing (4,.33) and (4.54) gives
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2 2
rot"(éf-(f]) LT+ d -g__z_a_zw - B
e 27 8¢
or, using (b 39)

( ) *I(1+1) - 93 11+ 1) - BfI(z+ 4k - (k35)
PE

24 8¢ ,?
This form of the expression for Erot will prove useful in our
discuscion of nuclear softness, If B = = 0, 1t is noted that (4,35)

rcduce° to the VMI expression for Eroﬁ°

Using (4.32), the exprossion for E ot 2Y 2lso be written as

= 1w 3 )
B = 3w (jo + ABW + 30w )
=20 (f + Bw ¢ w?)
= :_[_(_'E__.’:i (U + Bqﬁ_:‘!) + g I('(-ﬁ-?)/\.
0 [ o 5
2 g \ o “w o/ 3
i.e.
/
E.ot u__:gu(:cj ) ( 1 + B> (1:&) + ¢ I(z + 1)} (4.36)
7 s 3
24 ¢ J

This demonstrates that Erot nay be expressed as a polynomial in
I(I + 1), It is seen that (4.36) reduces to zn alternate VHI

expression for Erot if B= 0,

Equation (%,36) could be used to provide a description in
g d o
terns of the three parameters ‘Jo’ B, and C with 27 = (6}0, B, ¢),
independent of ), This form for B ot suggests that one may write

/g
B = = A (1T 1)} (4.37)

rot Nz
This 1s qguite plausidlo since, as has boen noted, an expansion in
I(I + 1) gives good results in the rotation region while an expansion in

I gives gocd results 4in the vilraticn region, As will be showm,



(4.36), or, analegously,(t.37), gives an expansion in a quentity whick
s "in between" I and I(I + 1), Such an expansicn wiil naturally give

good fits in both regions,

We now investigate the possiblé thysical significance of the
three parumeters appearing in the expression for Erot‘ Fron (4,29) and
. ; P ;

(#.32) it is evident thatf (1=0) = 4 o+ Thus j is the "ground
: o

state moment of inertia", Woiingz that the expectation value of the

S RIREY "y N
nuclear angular momentum is given by < ¥Fidsi = g/i(I 4+ 1) and that

<j is the rotationzl analogue of a mass we ses thut the term I(T + 1)
2.
in (4.35) represents the rotational kinetic energy, Similarly ve may
Vi s 2
interpret the term (in (4.35)) (4 - ) as rerrosenting the potentisl
8C

bad

- 1, )
energy of the muclsus due to rotationsl stretehing, The constant 1/4 C;
appears as & "restoring force constant”, in effect measuring the slope

of the potsntial encrgy curve,

It remains to interpret thz terms containing the psramcter B,

First, we demonstrate that the condition

JI(I +1) = wd = w(jo + 3BW + 2cu(si) 2)
_ o3

n I’\:‘
implies the equililrium condition PEfJ¢ = 0, From equation (4,33) we

get
oo L a¢ 2 2
4E = -I(I+1) 3) + 3BWw + 2¢cw”. (4.38)
3 2.7 3w 2

But from (4,32)

= 3B + how- (%.39)

X

[E))
Using now (4.39), we have for (4,38)
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éf_: +3_)_(3B+L+cu)+33u>2+2cw3
Juw 2 d 2
1 (. i 2 \3
= -»2«(.0 (3B + LoW) + g}sm + 2 ¢ @
= 0 (4,40)
Hence
dr = o for 6111 , (4.41)
ad
gince
dp = 3 dw (bb2)
a4 aw bf ;
This demonstrates that / (L +1) = ¢ 43 cquivalent to the
equilibveiun condition ZaB,u; = 0, Feon (B 35) we haxc
JE = ¢ -y o+ OB T(T+1) + B iT(T ) (T + 1). (4.k3)

35 Lo Le }3 &,h« 2()‘-’2

Using the equ&librium cordition, (ucvi) and rearrunginé w2 obtain
L /i
515 -;/ 3’ +9 3B ,)I(I 1)+ 12 Bcz (I + z)!- 26y 1(1+ i)=0
0! , / ' (b )

4] ~
From this equation ¢ can bz expressasd as a function of the parameters
q -
ja, B, and G and of the nuclear spin I. Ye may now derive from (4,4%)
' N
an exprescion for the nuclesr sofinoss , O dofined as the relative

increase of the moment of inectia with the anvular rmomentun I,

Explicitly

~

i 2
= 24 ° c - 9 B (4.45)

i g
3
<

Noting that the VMI value for ¢ is CTV‘MI =2 C/jz ,

Temd

i

[
KR

PR R
AL IR S

L.\‘
lal
it
=~

(4.45) may be put as

- - 2
“vuz *%r : CRLY
& .

(o]



It is thus evident that the paremeter B moedifies the nuclecar softness
by reducing it somevhat below that glven by the VHI model, A decrease in
vgofiness" would lower ithe rotatlional ensrgy levels since the nucleus is
nore resistent to deformation and thus would not acquire a large

roment of inertia, This is also related to the fact that the terms
deperdent on B in (4.35) sre negative, thus reducing the energy. This is

. ;3/2
obvious for B ¥ 0, but for B £ 0, the last term, u&_L'L(£ +4 )5 » would be
J3

positive but its effect would be much sraller, compared to that of the

term - ‘9 32 T(T + 1) which is ncgative regeidless of th2 sign of B
8 ¢ g2

becauss of the larger power of j occurinz in the denominator. (Note that

the computer caleculstions indicate that )/ > B)
4,2 Range of Valldity

We now determine the limits of validity of our semi-cmpirieczl

approach, Defining » = g/gc we obtain from (U,44)

5 u 2 { " \3/7.- ‘ 2
T er +9B rI(T+1)+12BE(I(I+4)} -2Cr I(T+1)=0
# Kl 773 (4.17)
° ‘}9 (io
This may ba put in terms of 0 as
3/
2 3 2
r - r”+g_g I(I + 1)x(1 - x) + 12 BC {I(:n + 1)) =01 I(1+ 1)

J g2 (%.18)

For the case of hard, well-deformed nuclei, O -—> 0 implying that

B—* 0 and C — O from equation (4.45), Hence (4.48) reduces %o

:a:5 - ru'= 0Oor r =1, That 152{ =jo . Thus fren (4,36)

Bpot( 67> 0) = I_(._I.._“;;.ll | P (1,49)
2 4 o



L

which corresponds to the energy of a rizid rotor, and

nu(c‘wzv 0) = 30 = 3.33 (k.50)

3
vhich is the rigid rotor limit,

For the case of |¢°[—> <8, we have /Z?,o/ -~ @ and hence

[r}«-a co , Bquation (4.48) can be put as

= - r + 2_?___(__.;_3;_2 (I + 1) + 42 BG f1(x + 1)§%= ¢ I(1 + 1) (4,51)
r a{’; o r j g
Since B, C £< { and ! rl-+ o, thiz reduces to
22 o (I +1)
or
~ {orr+ )} | (4.52)
Thus iz
S~ 50{6'1(1' * 1)'} . (1.53)

td
Substituting this value of (J into (4.36) gives

Y
Er (1t »m) {_Q_LJ + B«T(I + 1) + C {T&T + 1), (4,5%)
i3 '3, - it oYE
2§, 0" ” 25 2 & 240 O

But since » <7 {O’I(I + 1)} and ixi-»c¢ the first term will

dominate because it has the lowest power of ¢ in its denominator,

Thus
Bg(lele) oz {3 ™ (1.55)
2 Jo o=
Hence ,
34(151' we) = <_zgq)= 2,23 . (4.56)

Thus the range of validity of our model is the szme as that of the

12 )
original VHI model , namely 2,23 £ R, £ 10/3.
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4,3 Calculations and Results

We have evaluated the energy levels, Erot’ (using equakions
(k.,24B)and (4,25B)) for the same 83 nuclei, covering the rotatlon,
transition, and vibration reglons, as considered in Reference 12, The
results are presented in Tavle I, The parametes: é{o' B, and C, for
each nucleus conzildered, were determined by a leasi-sgueres fitting
procedure (see Appendix ¢) involving the energies of all the known
spin states, In Table I, the first row gives our calculated energles,
exyrosced in keV, for levels up to five states beyond those experimentally
known, The second row gives the experimental energles, wihich uere taken
from Reforance 12, and the thied row gives the cnergles as celeulated
using ths VHI modeliz. The R, value (Rh = E(I = E+)/E(I = 24+)) for each

nucleus is also included,

As can bz seen, the reoulis are excelleant for all reglons
(rotation, transition, and vibration), being, in tho vast majority of
cases, better than those predicted by the VMI model, This is dus
primarily to the improved fitting of the high spin states, The above
conclusion is born out by a cémparison of the sieighted sum of squares
(¥ss) for our values with thgse given by the VMI model, (WSS =

2;, [Eexp(I) ~-Etheor(1)} / Eexp(I) ). This is presented in
Table II where the first coclumn gives our WSS value for esch nucleus
and the second column glves the USS values for the VHI model, For
almost all cases our WSS values are atl Jeast an order of magnitude

smalier then those obtained on the basis of the VMI model,
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P

In many cases the resulls of the VMI model lie outside the limits of
exporimental errcr while ours 1%e within, (A listing of the expori-
mental errorg for the nuclel considered is presented in Reference 12,)
Thug if we take, as the experimental encrgy values for a given set of
levels, the outside experiuental 1imit to celeulate the WSS (atill
using the same paramaters), the WSS value obtained is not apprecizbly
different, whereas an appreciable difference would ba found for the
VMI model for those cases whore the calculatod ensrgles lie outside

the limits of experimentsl exror,

It may be argued that the improved fitting of the energy
jevels obtained in our case is due to the eppearance of an extra
parameter compared to that of the VMI model. However, the additicn of
any srbitrory tern to the VHI model would bring only an insignificant
improverent, The fact that our chodce of the new additive term,
dependiqg on the parameter B, does lmprove tha USS valuss, in many
cases by Tour or five orders of magnitude, suggests that our specizl
choice of this term extends the VNI nedel in the most consistent

mannexr,

It should be stressed at this point that our medel is quite
different from the extended cranking ncdel due to Herris, It does not
give the same results as would be obtained simply by taking the next
two terms of the Harris series as an additional correction, This is
evident from the great difference betwzen our values of j?o and C
ag compared to the values of those parameters which enter formally

in the same way in the Harris nodel.



The valueg of the par:umtersj o® By, and C obtaired for the
various cases are presented in Celumns 3-5 of Toble IIX. It is seen

4 w2 i -5 w2
that generally o 410 keV 3 B Y 4 40 keV

- =3
sy amd C 40 7 keV

For most nuclei, the valuss of j ° and C are comparable to those predlct-
152
ed by the VHI model. Two notable excepticns are Ga (Ra = 2,20) end

156
Er Z (Rh~ = 2,32) for vhich our theory gives (?’ < 0, This is in

“o
accord with the discussion in Section 4.2 where it was pointed out that
for nuslei with Rh ™ 2,2 we have (™ -« yhich, from (4,52), inplies

r < 0, But since 6‘;’:» 0, this means that for this case, u? o € 0, Vith
respect to the results for the new perameter B, there apnesrs to be

no preference in the sign (+ or -) » although, as previously nentionsd,

2
this is of little consequence since B anpears as B in most places,

Column 6 of Table IXI gives the values of the softness
parameter, « » as predicted by our model, With a few exceptions, most
of the nucleil in the rotation region (3.0 < IQ& £ 3,333 faxr from
closed-shell nuclei) have approximately the same valve for
as ypredicted by the VMI model, since, for these nuclel, B is quite
small ( ~’ 10"6 keV-z) and the correction to the nuclear sofinsss is
negligible, For most nuclei ih the transition and vitration regions
(nuelei near and approaching closed shells) our nodel prodicts o< O,
This is seen more clearly from figure 3 in which we have plotted <~
(on a logarithmic seele) versus the mass number 4, The nurbers in
brackets refer to the Ru velues of the given nuclei, We note thot in the
reglon A = 92 to A = 112, €= (7, . , and that the curves show the

' 4an
discontinuitios at N = 98, 104, and 108 as discussed by Mariscotti et ol -
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Figure 3, The nuclear softness, O (on a logarithmic scale), plotted
against mass number (A) for values of constant atomic number (2).
The numbers in brackets refer to Ry, values,
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The anomalous behavior at N = 98 had been previously observed by

Stephens et 3;01 who speculsted, as a possible explanation for this
effect, that the paiving correlations zre reduced because of the

large enerzy gap in the Nilssen diagram between the levels of

g - (98 neutrons) and % ¢ , Hore recently, Duckwcrthuz showved that

breaks sre also seen ot N = 98 and N = 508 in the plot of double neutron
separation energies as a function of reutron number, However, outside this
region where Ru { 3 and whore N and/or % bogin to approach magic

number valucs, the value of ¢ becoumes negetive, This transition in the
value of ¢ occurs most noticeably in the region H = 88 to 90 vwhore the

nuclel go from an alnost spherilceal shepe to a well-deforned ons,

The significance of "“negative softness", which occurs in our
model, as well as in the VMI model, is not yet wnderstood, From the
graphs presented in Pigure 3 onz can possibly conclude that the
"degree of softness” is related to nuclear shell structure and
thus to palring forces In the nucleus, It would appeaxr that &

microscopic calculation might provide a better physical plcture,

In Figure 4 was have‘plotted graphs of the effective moment of
inertia,;f , versus nuclear spin, I, for a Tow repregentative nuclei
from the rotation, transition, and vibration regions. The numbers in
trackets glve the Ru velues in each case, From these graphs it is seen
that: \

q
(1) the 4 , values increass in a fairly regular fashion.

with increasing Ra,
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180
(1) for well-deforned, stable nuclei, e.g.» HE j

i1s almost constant as I increases,
(ii1) the nuclei with the most drzmatic relatlve incroase
of g with respect to I are those with small C‘I?} o and Rl& 2 2,23
(iv) despite the fact that many nuclei have 2 negative
value of ¢ their 5 versus I curves rescmble those having posltive
values of ¢ in as much as ths slope is cosicernead
(v) thosas nuciei which appear to heve ad /ax <0

from the graph, have & 20,

A situztion similar to that in (1*»') above has been reportod by

35 . - . 120
Schraff-Coldhaber ¢t 21,  4n which they predict 4 i < 0 for Te

i20
while their ;f versus I grarh for this lsotope resembles that of Xe

for which C\'MI % 0. It is hoped that once the concept of negstive
softness is understood that these paradoxes appearing boih in our
approach and in the VMI model may be resolved, A complete listing of the
effective moments of inertia for each spin state for all the cases
consideresd is given in the first colunn of Table IV, The values are
given in order of increasing spin, I = 2+, bt, veo o (The value for
spin I = 0 is not given as this is equal to j o’ the values of which

were presented in Table III.)

A measure of the discrepancy between j o and ¢ is <g‘,

¢ 1 A [\
defined by ¢ = 4 -4 o . Values of ¢ for each spin state of each

s

nucleus are presenteg in Column 2 of Teble IV, A8 a genexal rule it is

o

seen that high values of 2 correspond to small Rl& values and vice versa,
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Figure 4, The effective moment of inertia,éy » Dlotted against
nuclear spin I for representative nuclei from the rotation,transition,
and vibration regiona, The numbers in brackets refer to Rb values,
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We have presented in Appendlx B a list of the succossive terms
of (4.,24B) for eazch spin state for all the nuclei considered, In the
rotation reglon, the first term is dominant and tho second two are
elther successively smaller or are in competition. (One exception is

162
Er <R4 = 3.2) for which the second term is the dominsnt term of the
threeo) This surgests that, at least for thiz region, ths last two
terns in our expression may represent corrections to the rigid rotor
formula, (1.1), which is to bs expscied, as for 3.0 < Ru‘ g’3,3
we are near the rigid rotor linit,

In the transition region, one finds that, for many ceses
considered, the socond term is the dominant {term of the three, Tho two

108 i5

i5
exceptions are Pd (R, = 2,4) and Er (R, = 2,7) uhere the third

L L

term is dominant, In tho vibration reglon, the third term is eithor
dominant, or is comparable to the second term, the first term bsing
much smaller. Thus the rigid rotor description is not at all valid in

these regions and the second and third terns in ocuwr expreasion fcr

E

rot B2V not be considered to be simply corrcctions to ths rigid

rotor formula for 2.23 ¢ R, § 3.0 . A similar analysis of the
38
relative magnitude of the various terms is alco glven by Das et 2l.

(as discussed in Section 3.5); but there is no one-to-one correcspeandence

betuween his terms and our terms,
L L4 Conclusions
We have provided a semi-empirical description of the ground-

state bands of 88 cven~evsn deformed nuclei, The energles predicted by

our approach provide better fits than other models as evidenced by



7h

our W8S values, Although three parameters are employed, this is

more than compensated for by the much improved results, especiaily for
the high spin states. The treatment is completlely general in that it
is independent of the manner in which the vaxriation in ¢? takes place
(e.c. @ -stretching, decrease in pairing emergy, etc.). Also, since
our expression for Erot is in the form of a polyrcmial, we do not

hsve to worry about the convergence problem inhercnt in the power
series {or perturbation gories) expansions as employed by Harris,

Satpathy, and others (as previously dlscussed),

In addition to the greatly improved fits to the experimental
data we have introduced a aprameter, B, whose significance is unique
to our approach in that it modiflies the nuclear softuess, a, Through 1%,
the role of ¢, as discussed in the VNI model, is extended, It is hoped
that a microscopic investigation will provide further insight into tho

concept of nuclear softness.

As a further extension of this work, it would also be of
interest to see how the parameter B affects the theoretical predictions
of the values of nuclear quadrupole moments and the levels of those
nuclear excited states which do not belong'to the ground-state band,

Celes /5 - and ?)/-vibrat‘.onal bands.



Appendix A

Proof of Feynman's Theoren
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Feymman's Theorem states that if H()\) depends on a

L
parametexr /\ + and ";( )\) is an eigenfunction which is normalized to

unity +then

A e (N)
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Appendix C

Listing of Curve-Fitting Program Employed to Obtain

Three-Faraneter Fit
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