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ABSTRACT

CYCLIC BEHAVIOR OF COHESIONLESS GRANULAR MEDIA
USING THE COMPACT STATE CONCEPT

Ali Noorzad, Ph.D.
Concordia University, 1998

Soil densification may lead to buildup of excess pore water pressure, which
causes the soil to lose its strength and resulting in, possibly, the instability of the system.
For this reason the concept of compact state, defined as the state that all granular will
eventually assume when subjected to large number of stress cycles, is postulated.

The proposed constitutive model used in describing the stress-strain
characteristics of the soil is the extended CANAsand model: an elasto-plastic material
with a non-associated flow rule along with the concept of bounding surface plasticity
possessing ultimate state and compact state. The model is capable of realistically
simulating stress-strain behavior of sands under monotonic and cyclic, drained and
undrained loading conditions. The numerical results indicate that samples looser than the
critical void ratio have a very high potential to collapse upon loading. Deposits denser
than the critical void ratio could also liquefy as the tendency to contract exists even in
these deposits. Dilatation manifests itself only if the deposit is subjected to large
amplitude cyclic loading. Such high stress loading cycles are not likely to occur very

often in nature.
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The present research focuses on the modification of CANAsand model (to
incorporate the compact state) and its application to two particular problems in the
domain of large displacements. These are:

(1) The quasi-static behavior of seabed sand deposit under the action of a standing
wave is investigated. The simulation results of seabed sands are given and the influence
of the wave amplitude and the wave léngth for a wide range of void ratio are discussed.

(if) An upper bound solution of the sand blow phenomenon that has received
attention of the geotechnical and earthquake engineers is also presented. The application
of the ID (Integro-Differential) technique for plane strain problems is discussed. Some
numerical experiments are carried out by the computer in order to provide an assessment
of the performance of a system composed of a surficial clay layer and supported by a

deposit of sand.
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1
INTRODUCTION

1.1 MOTIVATION FOR THE STUDY

Engineering is concerned with understanding, analyzing, and predicting the way in
which real devices, structures, and pieces of equipment will behave in use. It is rarely
possible to perform an analysis in which full knowledge of the object being analyzed
permits a complete and accurate description of the object to be incorporated in the
analysis. Understanding of the behavior of real objects, in particular soils, is improved if
intelligent simplifications of reality are made and analyses are performed using simplified
models.

One problem that has received an extensive attention in the field of geotechnical
engineering is the liquefaction phenomenon. Liquefaction is associated with large
deformation as a result of decreased shear strength in saturated cohesionless soils. A
phenomenon wherein a saturated sand loses a large percentage of its shear resistance due
to the monotonic or to the cyclic loading, and flows in a manner resembling a liquid until
shear stresses acting on the mass are as low as its reduced resistance.

Liquefaction of soil has been recognized as a major cause of substantial damages
to the public facilities, lifeline and residential buildings. Extension damages to port
facilities, utilities, highway and high-rise residential and office structures during

earthquakes have attracted geotechnical engineers to explore and study the mechanism of



liquefaction and its consequences in relation to large strains and instability of constructed

facilities.

1.2 STATEMENT OF THE PROBLEM

Engineering structures are subjected to “normal loading conditions” and
“exceptional loading conditions.” The exceptional loading conditions include transient
loads, which are variable in time as for their magnitude and direction. These transient
loads may be divided into two categories. First, those that must be treated as true
dynamic cases, such as earthquake loading. Second, those cases which, in view of their
rather slow, but nevertheless transient mode of action, may be treated as a quasi-static
situation. However, it is worth noting that certain differences exist between earthquake
excitation and ocean wave loading, although both are cyclic in nature.

Liquefaction problems are frequently encountered in the field of geotechnical
engineering. Two common problems in this field included: (i) wave - induced liquefaction,
(ii) earthquake - induced liquefaction.

(i) The ocean wave-induced response of seafloor deposits has received
considerable attention in marine geotechnical engineering. In view of the complexity of
the general problem and associated uncertainties many simplifying assumptions have been
made. Zienkiewicz and Bettess (1982) have shown that a typical seabed problem under
wave loading in which the period of wave is no shorter than 10 seconds and the wave
length is of the order of 10m, can be assimilated to slow-motion phenomenon. It may

therefore be rational to omit the inertia terms from the governing equations.



When ocean waves propagate over a seabed, they impose a periodical water
pressure on the surface of seabed. Although the real nature of ocean waves is very
complex, the wave-associated pressure on the surface of the seabed may be evaluated with
the relatively simple and generally most useful theory of ocean surface wave propagation,
namely the small amplitude theory known as the Airy wave theory. The approximation
with the small amplitude wave theory can be considered reasonable, when the fundamental
properties of a group of irregular waves are expressed by a superposition of the sinusoidal
waves.

The evaluation of response and the integrity of the soils in front of the structure
subjected to the action of wave storms for various nearshore installations involved in
ocean resource exploitation (buried pipelines, gravity and platform structures) as well as
coastal development (rubble mound and caisson-type breakwaters) is to be analyzed. This
is done as a free field analysis. That is, the presence of the protective unit is ignored and
the problem is soI.\.red as if no such structure existed. This simplifying assumption is the
most stringent condition imposed but is necessary in view of the rather complex nature of
the problem. The results obtained using this simplification are then used to interpret the
behavior of the structure.

(ii) Realizing the significance of soil liquefaction, a major task of the geotechnical
engineer is to determine the susceptibility of a particular site of interest to liquefaction.
When strong ground shaking or earthquake occurs, a film of water is created between the
sand deposit and the overlying thin loose soil deposit leading to the instability of the

system. Passage of earthquake waves opens fissures, violently forcing out the water and



with it Jarge quantities of sand. The loose soil layer may become liquid and subsequently
settle into a denser state. This phenomenon is known as sand blows, which has been
observed at many sites subjected to earthquake loading.

The production of sand blows or sand volcanoes begins at the base of the relatively
fine-grained surface soil layer and propagates to the surface, where they emerge
explosively some time after the vibratory disturbance that initiated the process. The
original ground surface underlying the sand blows is commonly depressed, owing to the
displacement of sand and water from the subsurface onto the surface. This mechanism of
sand blows has been observed to occur in nature in the few minutes foliowing an
earthquake.

Penick (1981) quoted an observer of the great New Madrid earthquakes: “Great
amounts of liquid spurted into the air, it rushed out in all quarters... ejected to the height
from ten to fifteen feet, and falling in a black shower, mixed with the sand.... The whole
surface of the country remained covered with holes, which resembled so many craters of
volcanoes....”

Prediction of this phenomenon requires an understanding of fundamental soil
behavior under earthquake loading conditions, which is typically of cyclic nature. The
study is of importance as it relates to the “dynamic liquefaction” of sand deposits. The
present study addresses this aspect and aims to develop a new method for dynamic
analyses in conjunction with the Integro-Differential (ID) technique (Poorooshasb et al.,
1996 a, b, and ¢). The ID technique is a simple analytical tool that can be used in the

evaluating and solving a certain problems encountered in geomechanics.



1.3 PURPOSE OF THE STUDY

The objective of the present study is to investigate the problem of soil liquefaction
and its consequences, such as the permanent deformation and large strains leading to the
instability of the structure. To study the above mentioned problems in a qualitative
manner, it is necessary:

e To describe a mathematical formulation for analyzing soil liquefaction and deformation

in soil system.

e To develop a constitutive model to define the behavior of the soil under various stress
and strain. Constitutive equations are derived by modifying of CANAsand model using
the new concept, the compact state, to assess the applicability of CANAsand model in

simulating the cyclic behavior of sand in loose and dense state.

e To establish efficient computational means of numerical approximation incorporating
the proposed constitutive model with the aid of the ID (Integro-Differential) technique

to find the distribution of stress and strain in the soil system.

It is obvious that meaningful answers can only be achieved if all three aspects are
simultaneously tackled. Bearing in mind the difficulties and limitations of the experimental
evaluations of the magnitude and patterns of stress-strain within a sample, the present
study is only concerned with information acquired from theoretical analysis and computer

tests in order to have a qualitative idea of the developed model.



1.4 STRUCTURE OF THE THESIS

The sequence of the material covered in this dissertation is as follows. The thesis
consists of six chapters. Following the introductory chapter which explains the objective
and scope of the study a review of some of the major works which have already been done
in the area of soil plasticity models is presented in Chapter 2 to introduce the motivations

of the present research.

In Chapter 3 the main characteristics of the critical state line are presented and
discussed. It is followed by introducing the concept of compact state. Then a brief
summary of the CANAsand model, which is based on the bounding surface plasticity
incorporating a non-associated flow rule, is provided. Next, the extension of the
CANAsand model is made using the compact state concept. Finally typical simulation
results of cyclic loading on sandy soils are illustrated and analyzed. This chapter serves as
an essential background for some of the material discussed in other sections of the present

study.

Chapter 4 is concerned with the nature of loads imposed by standing waves on the
seabed deposits. First it is attempted to review the historical development of the major
methodologies for the wave-induced liquefaction analysis while emphasizing the merits
and limitations of each method. The rest of this chapter consists of an explanation of the
elasto-plastic model used to provide an analytical solution to wave loading. The influence
of wave amplitude, wave length and the pertinent physical properties of the seabed deposit

under standing wave loading are discussed.



The mechanism of sand blows phenomenon is presented in Chapter 5. First a
briefly review of the ID technique, as it applies to the present study, is presented. Then
the dynamic response of a sand layer under horizontal earthquake excitation is investigated
using the ID technique. The resuits of the numerical simulation incorporating various void
ratios of the sandy layer are compared and discussed. The conclusion reached in relation

to the subject in question closes the chapter.

Finally, the main conclusions drawn from the present study are given in the last

chapter (Chapter 6), which also outlines the need for future research in this field.



HISTORICAL REVIEW OF
PLASTICITY IN SOIL MECHANICS

21 INTRODUCTION

Any material body deforms when it is subjected to external forces. The
deformation is called elastic if it is reversible and time independent, that is, if the
deformation vanishes instantaneously as soon as the forces are removed. The
deformation is called plastic if it is irreversible or permanent. The traditional soil
mechanics textbooks contain various definitions of plasticity. Materials whose shearing
resistance is independent of the degree of deformation are called plastic materials; the
term “plastic flow” indicates continuous deformation at constant state of stress (Terzaghi,
1943).

The treatise by Hill (1950) clarified the nature of plastic deformation in metals,
and the extent to which such deformations were amenable to analytical prediction.
Despite earlier usage in soil mechanics, there seems to be no good reason for departing
from the definitions of elastic and plastic components of deformation which are used in
other branches of solid mechanics. Elastic deformations are recoverable on completion
of a closed cycle of loading and unloading, during which energy is conserved. On the
other hand, plastic deformations are permanent, and as they proceed, energy is dissipated.
As a consequence of these different properties, during elastic deformations, increments of
strain occur in the direction of the increments of applied stress whereas during plastic

deformations, increments of strain occur in the direction of the current stress and during a



small increment are therefore only marginally affected by the direction of the stress
probe.

The start of the decade 1950-1960 formed a watershed in the development of soil
mechanics as a scientific discipline on two accounts. On the first account it heralded a
new era in laboratory testing of soils regarding both the quality of the data, and the
sophistication and variety of apparatus and experimental methods that have since become
available. Secondly, this period coincided with considerable research activity in the field
of plasticity theory. During the last few decades, there has been a continuous and
increasing interest in developing constitutive models of soils. Recent research in soil
mechanics is directed toward a better understanding of the stress-strain behavior of soils,

within the framework of the principles of continuum mechanics.

2.2  CLASSICAL THEORY OF PLASTICITY: A HISTORICAL OUTLINE

The history of plasticity theory dates back to 1864 when Tresca published his
yield criterion based on his experimental results on punching and extrusion which led
him to state that a metal yielded plastically when the maximum shear stress attained a
critical value. Since then, over 130 years, tremendous progress has been made by many
researchers who have established the cornerstones for the theory. Now developments in
plasticity theory is an active field of mechanics in general and of soil mechanics in
particular.

In classical plasticity, the failure surface is adopted as the yield surface when the
state of stress reaches that surface. A state of stress below the failure surface denotes

elastic behavior. Thus one-failure surface defines the yielding of the material. The first



attempt to formulate the stress-strain relationship for plastic deformation was made by
Saint-Venant (1870). He worked on the plane plastic strain problem using Tresca’s
criterion and assumed the work hardening to be zero. For the first time he proposed that
the principal axes of the strain increment coincided with the axes of principal stress. The
generalization of Saint-Venant’s idea for the three dimensional case between stress and
plastic strain rate was done by Levy (1871) and independently by von Mises (1913). In
1928, von Mises used octahedral shear or distortion energy criterion and developed a
constitutive relation based on the normality concept that relates the plastic strain rate 10
the yield surface. The von Mises yield criterion implies that the plastic behavior begins
when the distortional energy reaches a critical value.

Since Levy’'s work remained unknown outside of his country at that time, the
theory is called the Levy-Mises theory of plasticity and can be stated as follows:

e The elastic strain is so small as to be negligible.

e The direction of principal plastic strain increment tensor coincides with the

principal directions of the stress tensor. This is known as coaxiality.

£. =AS

i i 2.1)
where A is a proportional parameter, and is determined from the yield criterion, £;is the

strain rate and S;; is the deviatoric stress. The Levy-Mises equation is usually called the

flow rate of plasticity because it resembles the constitutive equation of a viscous fluid.

The flow rate is even generalized to imply any constitutive equation for plastic strain rate,

€7, and the plastic deformation is thus called plastic flow.
Prandtl (1927) and Reuss (1930) proposed relationships similar to Levy-Mises

equation for the plastic strain rate. Plastic deformation is isochoric and the rate of plastic

10



deformation is still assumed to be coaxial with the deviatoric stress. Equation 2.1 can be
rewritten in terms of plastic stress-strain relationship. That is, the following

proportionality under the principal strain increment and principal deviatoric stress can be

generated:
P 34 P .

§ _& _& _j (2.2)
Sl SZ S3

where subscripts 1, 2 and 3 denote the principal directions of plastic strain increments
and deviatoric stresses.

In the 1950°s major advances were made in the theory of plasticity by the creation
of (i) the limit theorem which was presented by Drucker et al. (1951, 1952), (ii) the
concepts of normality and (iii) the idea of the stability of a system, Drucker (1959). All
these have led to a rigorous basis for the theory and a platform from which other notable

developments have sprung.

2.3  PLASTICITY IN SOIL BEHAVIOR MODELING

Plasticity theory has to a large extent been developed on the basis of observed
behavior of metals, and the principles embodied in classical plasticity theory apply
particularly well for such materials. Various types of materials respond in quite different
ways to applications of stresses. This has not always been recognized, and many of the
principles of plasticity theory have often been used uncritically in the development of
constitutive models for materials which exhibit patterns of behavior different from those
observed for metal. This situation may have developed due to a lack of knowledge about
the behavior of such materials under general three-dimensional stress and strain

conditions. In particular, frictional materials such as soil, show behavior patterns quite

11



different from those of metallic materials. The time-independent behavior of both types
of materials may be characterized by elasticity theory, work-hardening and work-
softening plasticity theory. However, the differences in observed behavior result in
fundamentally different constitutive models for metals and frictional materials. The
major differences as well as the similarities in behavior of metals and frictional materials
are reviewed by Lade (1988).

Historically, the criteria for the yielding of plastic solids, mainly soils, had been
proposed by Coulomb (1773). The Coulomb criterion is certainly the best known failure
criterion in soil mechanics that takes into consideration the effect of the hydrostatic
pressure on the strength of granular materials. Utilizing the simple ideas of the theory of
perfect plasticity, Meyerhof (1951) proposed the conventional methods for estimating the
ultimate bearing capacity of footings. However, the implications of perfect plasticity in
the soil mechanics problems involving deformation are far-reaching and unexpected
(Drucker and Prager, 1952). Because the Coulomb criterion is not mathematically
convenient in three-dimensional situations due to the existence of corners (singularities),
the perfect plasticity model of the Drucker-Prager type (1952) is the simplest model
which approximates the Coulomb yield criterion.

Since most geological materials experience yielding from the very beginning, it is
necessary to define the yield function for the continuous yielding behavior leading
towards the failure, peak, critical or ultimate condition.

One of the major advances in the application of plasticity theory was made by
Drucker et al. (1957). They were concerned with the limitations of perfect plasticity

when applied to a frictional material with a Mohr-Coulomb failure criterion. The

12



limitation came about because the failure envelope was treated as a yield envelope, and
the normality condition implied an unacceptably large rate of dilation at failure.
Moreover, the implication was that this rate was always applied, which was in conflict
with the experimental evidence that in some cases soils reduce in volume during yield.
To overcome these deficiencies, they proposed the idea of using a “cap” type yield
function to define the continuous yielding of soils.

There are two important innovations in the Drucker et al. (1957) studies. The first
is that the introduction of the idea that the usual consolidation curve is a case of work
hardening stress-strain relationship, and to associate this with successive yield envelopes.
As a consequence of the first innovation, the second is that when the soil is an
isotropically normally consolidated condition, then an increase in mean effective stress
causes yield. This argument led to the proposal of a circular yield envelope fitted to the
Mohr-Coulomb envelope, or more generally a spherical cap fitted to the cone in principal
stress space obtained by revolution of the Mohr-Coulomb envelope. Insufficient
experimental evidence at the time did not allow a more elaborate choice of shape for this
additional part of the yield envelope. However, this work-hardening model was a major
step toward a more realistic representation of soil behavior.

The introduction of work-hardening plasticity into soil mechanics led in turn to
generation of the family of soil models Qeveloped at Cambridge. The additional feature
which has been an integral part of all these models has been the concept of critical state,
. Poorooshasb (1961) which had previously been referred to as critical void ratio (Roscoe
et al., 1958). The line of critical state is the locus of failure points for all shear tests under

both drained and undrained conditions. This line has the crucial property that at this

13



critical state large shear distortions occur without any change in state parameters. Roscoe
et al. (1958) emphasized the need to incorporate void ratios as an essential parameter in
the models.

Despite the use of plasticity concept and terminology in the work of Roscoe et al.
(1958), a complete stress-strain theory based on the theory of plasticity was not achieved.
Later, Roscoe and Poorooshasb (1963) studied the behavior of a sample of normally
consolidated clay when subjected to a triaxial compression test. They proposed an
incremental stress-strain theory for the medium and alluded to the possibility of applying
the concept of a potential function to facilitate the formulation of the flow rule. Although
their particular representation of the above function was incorrect, the paper led to the
valuable comment by Calladine (1963) who examined the experimental results and
showed that normally consolidated clay is a strain work-hardening plastic material.
Roscoe et al. (1963) utilized Callandine’s suggestion and established an equation of the
yield locus of a normally consolidated clay. The resultant yield locus had a bullet shape
in stress space and was derived by using a basic energy equation that specifies how an
externally applied energy is divided between that part stored and that dissipated. The
dissipated energy depends on the soil’s frictional constant so that this fundamental
parameter plays an important role in the construction of the model. This model was later
named “Cam-clay” by its developers, Roscoe et al. (1963).

The original Cam-clay model predicts larger shear deformations than those
observed for small levels of shear stress. In order to overcome this limitation, a modified
version of the Cam-clay model was suggested by Burland (1965) replacing the bullet-

shaped surface of the Cam-clay model with an elliptic shape and subsequently was
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extended by Roscoe and Burland (1968). The model is an isotropic, nonlinear elastic
strain hardening plastic model. The model presented by Roscoe and Burland (1968) is
called by them “modified” Cam-clay to distinguish it from the “original” Cam-clay
model. This *“original” model has been much less used for numerical analysis than the
“modified” model and the qualifier “modified” will be omitted subsequently.

In the Cam-clay model the elastic and plastic behavior is completely specified by
only four basic soil constants: the compression index (4 ), the swelling index (x), the
frictional constant (M), and the position of the critical state line (g ). It is also assumed
that yield loci and plastic potentials are identical and elliptical in the p:q effective stress

plane;

f=w=(q/p) -M*{p/p)J1-p/p,)]=0 (2.3)
where y is plastic potential and f is yield surface. p, Is a strain-hardening parameter
and scales the size of any particular member of the family. The yield locus was found by

integrating a linear relationship for dilatancy of the soil, i.e.,

d p
o S S | (2.4)
de? M*®-n’ p

where de)(=def +def)and de](=2/3(de/ —des))are the plastic volumetric strain

and plastic triaxial shear strain respectively. p is the mean effective stress and q is the

deviator stress, which are defined as:
1
=3(0,+207) (2.5)

q=0,—0; (2.6)

where o, is the major principal stress and &, is the minor principal stress.
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DiMaggio and Sandler (1971) proposed the cap model that is similar to the
critical state model, except that a composite failure yield surface replaces the critical state
line. Again, the yield surfaces allows for continuous yielding (a movable cap) whose
position is a function of the plastic volumetric history of the material, and at failure, the
failure envelope is used as separate yield surface. The model is based on isotropic
plasticity with associated flow rule and its mathematical formulation satisfies the
Drucker’s postulate for stability, uniqueness and continuity. The cap model was initially
developed for sands but later has been extended to other materials such as clays (Sandler
et al., 1976).

Both the Cam-clay and Cap models can suffer from various limitations: (a) for
states of stress below the critical state line, only compressive volumetric strains are
predicted, and dilative strains are predicted only if the locus of the critical state points is
used as yield surface. Since many materials exhibit volume increase (dilation) before the
critical state or peak stress is reached, the model cannot predict such behavior; (b) the
yield surface is circular in the principal stress space; (c) the hardening or yielding is
defined through total volumetric plastic strains (or void ratio), thus the definition of
hardening does not include the effect of deviatoric plastic strains; (d) the yield surface
intersects the mean effective stress (p) axis orthogonally. Hence, the coupled effect of
the mean pressure on shear strains is not included; and (e) if the failure surface is used in
computations, the model involves singularity at the intersection of yield surface and
failure surface, which may cause computational difficulties.

In view of the above limitations, the isotropic hardening model cannot reproduce

the hysteretic behavior under unloading-reloading path. In such a model, the yield
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surface expands uniformly with plastic deformation, so that the size of elastic region,
controiled by the maximum stresses that have been applied, becomes very large. Only
elastic deformation is allowed in the isotropic hardening models during unloading.
However, it is generally observed from many soil tests that during unloading, both elastic
and plastic deformations occur before the stress is fully reversed. Experimental
observations show that truly elastic response is probably only associated with rather small
changes in stress after a change in stress path direction: kinematic hardening models
allow this character of response to be reproduced.

Prager (1955, 1956) first introduced the idea that yield surface translates without
rotation in the stress space in the direction of the strain increment. This model, known as
the kinematic hardening model, was improved upon by Ziegler (1959). Ziegler (1959)
modified Prager’s hardening rule and assumed the rate of translation to take place in the
direction of the reduced-stress vector. Later Iwan (1967), starting from a one-
dimensional model, generalized it for multi-dimensional cases in the stress space by
assuming a collection of yield surfaces arranged in a series-parallel combination instead
of the usual single surface. Each one of the yield surfaces obeys a linear work-hardening
law of the Prager (1956) type, but the combined effect gives rise to a non-linear
hardening law and can effectively model the Bauschinger effect. Independently, Mroz
(1967, 1969) proposed a similar model introducing the concept of a field of work-
hardening moduli. This field is defined by a configuration of surfaces of constant work-
hardening moduli in the stress space. To do so, he postulated that the response of
material is governed by a collection of nested yield surfaces, wit-h each surface obeying a

linear kinematic hardening rule. He also proposed a new rule of kinematic hardening,
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which is different from those of Prager and Ziegler. However, because of the results
obtained in some experiments by Philips and Tang (1972), the adequacy of the different
kinematic hardening rules perhaps should be reconsidered.

The idea of these nested yield surface kinematic hardening models can be
introduced with the aid of circles in the o, —o, plane, as shown in Fig. 2.1. Figure
2.1(a) shows the surfaces at the initial state and the loading path OE and unloading
followed by the reverse loading path EK. Conversion of the qualitative model shown in
Figure 2.1 to a quantitative model requires assumptions about the way in which the yield
surfaces changes in size and translates on any particular stress increment. It is desirable
that translation should allow yield surfaces to touch but not to intersect. It is convenient
to assume that all the nesting yield surfaces have the same shape. Hov?evcr, some care is
necessary in setting up the equations because in general the yield surfaces will change in

size at the same time as they translate (Hashigushi, 1986).
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Figure 2.1 Ilustration of multi-yield surfaces model
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Isotropic and kinematic hardening (mixed hardening) occur simultaneously that
may provide a more realistic representation of soil behavior under reverse, and
particularly cyclic loading condition (Chen and Huang, 1994).

Joyner and Chen (1976) studied the application of the Iwan/Mroz multisurface
model in calculating the response of earth dams subjected to earthquake loading. The
model performance has been found to be particularly promising for such cases. Later,
within the same multisurface framework, Prevost (1977) formulated a constitutive model
for the undrained behavior of clays under both monotonic and cyclic loading conditions.
He utilized the von Mises type of nested yield surfaces with the associated flow rule.
Each yield surface was allowed to evolve through a combination of isotropic and
kinematic hardening rule. Prevost (1978) has also extended his undrained model to that
for drained conditions, by taking into account the effect of hydrostatic pressure on the
shape of the yield surfaces. In this model, it is assumed that the current size of yield
surface and the hardening modulus are functions of the plastic volumetric strains or the
plastic shear distortions. Therefore, the model allows each surface to translate and
expand as plastic loading occurs. A non-associated flow rule is adopted for the inner
surfaces, while the associated flow rule is used for the outermost surface. Strain
softening is admitted for the outermost surface only.

In a subsequent paper, Prevost (1985) proposed a multi surface plasticity model
which accurately describes shear non-linear hysteretic behavior, including shear stress
induced anisotropy. Yielding is controlled by a family of nested yield surfaces which
describe cones in principal stress space with circular cross sections perpendicular to the

hydrostatic axis as shown in Figure 2.2. A non-associative flow rule for the dilatational
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component of stress, depending on the effective stress ratio, allows dilation and
compaction under shear stress. In using multiple conical yield surfaces it is possible to
realistically model soil with a vanishingly small elastic region by diminishing the size of
the inner yield surface. However, for a stress path that follows the axis of the yield
surfaces, the model allows soil to deform only elastically. Also, the model does not
accurately characterize the plastic behavior of soil under hydrostatic loading. Later Lacy
and Prevost (1987) modified the Prevost’s model to include volumetric yielding of soil

under hydrostatic loading.

Figure 2.2 Conical yield surfaces in principal stress space
A kinematic hardening model in which 10 nesting yield surfaces are introduced is
described by Prevost and Griffiths (1988). They used yield surfaces, which are cones in
principal stress space with a common apex (which may or may not coincide with the
stress region). In deviatoric (constant mean stress) planes the cones all project as non-
concentric circles. Prevost and Griffiths (1988) also assumed deviatoric normality of
plastic strain increment vectors, but a nonassociated flow was assumed to govern the link

between volumetric and distortional effects. In order to allow volumetric strains to occur
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under isotropic compression, an innermost yield surface of zero dimension, located at the
current stress state, was assumed. Movement of this yield surface is accompanied only
by volumetric plastic strains. A great deal of initial anisotropic information can be
included in the choice of positions and sizes of 10 yield surfaces, and a lot of detail of
stress history can be memorized by the model.

All of these models discussed have definite advantages, however none have the
smooth transition from elastic to fully plastic state for reversed loading which is observed
experimentally on most materials. Among the new concepts in plasticity is that of the
“bounding surface”, originally introduced by Dafalias and Popov (1975), using the plastic
internal variables concept and subsequently in a more general formulation by Dafalias
and Popov (1976) and independently by Krieg (1975) in conjunction with an enclosed
yield surface for metal plasticity. Compared with the multisurface model, this model
uses only two surfaces, namely, a bounding surface and loading surface, defines a
continuous variation of the plastic modulus between these two surfaces (rather than a
piecewise constant plastic moduli field which was discussed earlier by Mroz (1972) and
applied to analyze plastic strain accumulation under cyclic torsion and tension). The
bounding surface bears a similarity with the outer surface used in the field of work-
hardening moduli formulation, but it is not equivalent and in geperal provides a simpler
constitutive model. |

Much simpler models of anisotropic strain-hardening plasticity have been
developed for soils based on the bounding surface concept introduced earlier for metals.
A bounding/yield surface plasticity formulation for soils was fully developed by Mroz et

al. (1978, 1979) within the triaxial space of critical state soil mechanics. This is further
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elaborated by Mroz and Norris (1982). The extended fcrmulation, covering a general
stress state, is presented by Pietruszczak and Mroz (1983). The bounding surface,
referred to as the consolidation surface, is assumed to reflect isotropic properties of the
material and is constituted, in a natural way, by the initial consolidation process. Since,
dense granular materials show a strong tendency to dilate prior to failure. Mroz and
Pietruszczak (1983) generalized the Pietruszczak and Mroz (1983) model to include this
effect in the contest of a combined volumetric-deviatoric hardening. In this extended
version, applicable to sand, the bounding surface (referred to as configuration surface) is
assumed to reflect the degree of initial compaction of the material. Consequently, the
extent of this surface, prior to imposition of any external load, depends on the initial void
ratio.

Two different direct bounding surface formulations within the framework of
critical state soil plasticity were also presented qualitatively by Dafalias and Herrmann
(1980) for the case of zero elastic range and quasi-elastic range (Dafalias, 1979). In
Dafalias and Herrmann (1980) model the bounding surface formulation were used to
describe the behavior of clay under cyclic loading by abandoning yield surface (zero
elastic range) within the bounding surface. They used a simple radial mapping rule in
order to define the variation of the hardening modulus. For each actual stress point
within (or on) the bounding surface, a corresponding conjugate or “image” point on the
surface is specified as the intersection of the surface with the straight (radial) line
connecting the origin with the current stress point. The actual hardening modulus is then
assumed to be a function of the hardening modulus on the bounding surface, at the

conjugate point, and the distance between the actual stress point and its conjugate. A
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generalization and further analysis of this model were developed by Dafalias and
Herrmann (1982, 1986) in a general stress space by means of stress invariants under
various conditions of monotonic, cyclic, drained and undrained loadings. They also
showed that their proposed model has the ability of reproducing observed behavior of
normally and over-consolidated clay in the triaxial space. In a subsequent development,
Anandarajah and Dafalias (1986) extended Dafalias and Herrmann’s isotropic model to
an anisotropic model for clays by incorporating a rotational hardening (Hashiguchi, 1979)
and a distortional hardening. For anisotropically consolidated soils, the initial yield
function and plastic potential in the stress space undergo a rotation as a result of previous
anisotropical stress history. It may be considered that the subsequent yield surface
expands, translates, and rotates in the stress space when general loadings are applied to a
soil sample. It was shown that the results obtained from the model under triaxial
undrained loading and K, loading/unloading condition agree quite well with those
measured experimentally.

The aforementioned developments by Prevost (1977 and 1978), Mroz et al. (1978,
1979 and 1981), Pietruszczak and Mroz (1981), Dafalias and Herrmann (1980, 1982, and
1986), and Anandarajah and Dafalias (1986) employed some new concepts of plasticity
in order to develop constitutive models within the framework of critical state soil
mechanics. In other words, it was shown that the critical state framework is an
appropriate framework to construct a reasonable model for clays. Such a conclusion is
hardly applicable to granular cohesionless media. Recognizing the limitations of critical
state models in simulating the behavior of sands, many investigators have attempted to

modify the basic ingredients of critical state models. These efforts have led to
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developments of numerous constitutive models for cohesionless soils during the last two
decades. In the following a brief review of major developments will be presented.

It is usually assumed in classical plasticity theory that the plastic potential
function takes the same form as the yield function, i.e., associated flow is employed.
Experimental evidence from tests on several types of frictional materials have clearly
indicated that the use of associated flow rules results in prediction of too large volumetric
expansion. To characterize the volume change correctly, it is necessary to employ a non-
associated flow rule. The plastic potential surfaces therefore do not coincide with the
yield surfaces. Poorooshasb et al. (1966, 1967) were among the first who showed that the
deformation of sand in the triaxial shear defines a family of yield loci in the stress space
which is completely different from the plastic potential curves established for the same
sand. Poorooshasb et al. (1967) have suggested a method of approach for determining
the yield loci using triaxial shear tests. This method consists of performing triaxial
drained tests employing different stress paths involving loading, unloading and reloading
and marking, in the two dimensional stress space, the points at which yielding begins to
occur. By connecting these points, it is possible to find the function by which a yield law
is defined. Poorooshasb et al. suggested that an approximate description of the yielding
of sand could be obtained by assuming that the yield loci were lines of constant stress
ratio 11 =q/ p =constant. Later, Poorooshasb (1971) has shown that for the sand he
tested using a triaxial apparatus the yield function is determined uniquely irrespective of
the density and stress path given by:
f=n+mLnp 2.7

where m is a constant and for a particular sand he used it was chosen 0.6.
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Tatsuoka and Ishihara (1974) followed the same procedure that was proposed by
Poorooshasb et al. (1967) to define the yield function on loose samples of Fuji sand in
triaxial compression. They concluded that the yield loci change to some extent
depending upon the density of the sample, with looser samples requiring greater deviator
stress to cause yielding under a given mean principal stress. Based on their observation,
it was found that the type of yield loci suggested in Granta gravel model (Schofield and
Wroth, 1968) does not appear to duplicate real behavior.

Based on experimental studies on Monterey No. O sand in cubical triaxial tests,
Lade and Duncan (1973) concluded that the normality condition is almost satisfied on the
deviatoric plane, but not on the triaxial plane. From these observations, Lade and
Duncan (1975) developed a non-associative elastoplastic model, based on the failure

criterion which can be expressed in a simple combination of stress invariants, i.e.,
f=I'-xI,=0 (2.8)
where /; and I; are respectively the first and third invariants of the stress tensor, and kis
a value of stress level at failure depends on the density of sands.

From experimental observations, Lade and Duncan (1975, 1976) introduced the
plastic potential function y that is expressed in a similar form to that of the yield
function. The plastic strain increment vectors can in fact be determined from this plastic
potential function.
v=I'-Kk,I,=0 (2.9)
in which x, has a constant value which depends on a given stress level and is related to
the directions of the plastic strain increment in the triaxial plane for both the triaxial

compression and extension conditions. Comparisons between the results predicted by



equation (2.8) were in a good agreement with the published results of the cubical triaxial
tests performed by Ko and Scott (1968).

Later Lade (1977) modified his original model to include the post peak behavior
of dense sands by introducing an empirical work-softening law in addition to the work-
hardening law previously used in the original model. In this model, a spherical yield cap,
similar to those of the generalized cap models, was added in the original model to allow
for continuous yielding of the material. These two different kinds of yield loci are used
to describe the yielding properties of shear strains and dilatancy. In this isotropic double
hardening model, it is assumed that these two kinds of yielding take place independently:
there is no coupling between shear deformations with accompanying dilatancy and
deformations due to isotropic compression. In reality, there is probably some kind of
coupling between these two different kinds of deformation. This two-surface model also
involves a singularity at the intersection of the cap and failure surface.

Recently, Kim and Lade (1988) and Lade and Kim (1988a and b) have proposed
the use of single surface yield (and potential) functions for describing hardening or
continuous yielding of geologic materials. This approach is considered similar to the
hierarchical single surface (HISS) approach developed previously by Desai et al. (1986)
and recently implemented in a finite element code (Desai et al., 1991).

The nonassociated flow rule in Lade and Kim model (1988) is derived from a
plastic potential whose shape in the principal stress space resembles a cigar with an
asymmetric cross-section. Yielding occurs along a single, isotropic yield surface shaped
as an asymmetric teardrop and the yield function is expressed as the product of two

functions. The yield surface describes a contour of constant plastic work because plastic
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work is used as the hardening parameter (Huang, 1980). The transition from hardening to
softening occurs abruptly at the peak failure point.

There are some differences between Lade and Kim model and Desai et al. Model,
e.g., (1) Lade and Kim approach defines a separate failure surface, which in the HISS
approach is a subset of the compact single surface function, (2) the number of constants
in Lade and Kim model required is greater than in the HISS approach. For instance, the
total number of elastic and plastic constants in the &;-nonassociative model
(Frantziskonis et al., 1986) is 8, whereas for the comparable nonassociative Lade and
Kim model is 12, (3) the damage/softening response in the HISS approach is based on a
consistent definition of damage function that leads to incorporation of damage due to
microcracking and discontinuous nature of the material damage and subsequent softening
(Frantziskonis and Desai, 1987), whereas in the Lade and Kim approach, softening is
incorporated in the continuum sense involving contraction of the yield surface.

Nova and Wood (1979) developed a constitutive model for sand in axisymmetric
conditions. The model is characterized by a single yield surface with isotropic hardening
and a non-associated flow rule. Hardening depends on both volumetric and deviatoric
plastic strains.

Vermeer (1978) proposed a double hardening model similar to that suggested by
Lade (1977) using Rowe’s stress-dilatancy relation (1962). Row originally deduced his
stress-dilatancy relation from minimum energy considerations of particle sliding. A
distinct feature of Vermeer’s model was the shape of deviatoric (shear) yield surface,
which was chosen in accordance with the experimental findings of Poorooshasb et al.

(1966, 1967) and Tatsuoka and Ishihara (1974). Similar to Lade’s model (1977), the
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major shortcoming in Vermeer’s model was the assumption of elastic response during
unloading and reloading which made the model not suitable for simulation of the cyclic
behavior of sands. Difficulties arise, however, when stress path change directions.

Ghaboussi and Momen (1979, 1982) were among the first who developed a
material model that is capable of representing the cyclic behavior of sands. Their
proposed model consists of a failure surface and a yield surface. The conical type of
failure surface forms an asymptotic envelope of the yield surface, which undergoes a
combination of isotropic and kinematic hardening. A non-associative flow rule is used
and the volumetric plastic strain and dilatancy of the soil are determined by a semi-
empirical rule. It was shown that the model simulation of undrained tests was capable of
representing the experimental results, which were reported by Castro (1969) and Ishihara
et al. (1975) with a reasonable degree of accuracy only if the membrane penetration
effects are included. It was also found that membrane penetration could significantly
influence the results of undrained tests.

In a recent work, Lade and Inel (1997) developed a rotational kinematic
hardening model, which incorporates rotation and intersection of yield surfaces. The
basis for the rotational kinematic model is an extension to isotropic single ﬁardening
model (Kim and Lade, 1988; Lade and Kim, 1988a and b). This elasto-plastic model
employs a nonassociated flow rule derived from a plastic potential whose shape in
principal stress space resembles an asymmetric cigar with smoothly rounded triangular
cross-sections in octahedral planes. During primary loading the isotropic teardrop shaped
yield surface is active. When stress-reversal occurs, the pseudo-hydrostatic axis defining

the position of the rotated kinematic surface passes through the stress reversal point. In
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this manner, both the orientation and the size of the kinematic surface is determined by
the stress reversal point. The capability of the new model was examined by comparing
predictions with experimental data for stress paths involving large stress reversals in the
triaxial tests on loose, cylindrical specimens of Santa Monica Beach sand (Inel and Lade,
1997). Within the scatter of test results, the proposed model was shown to capture the
behavior of sand with reasonable accuracy.

Although numerous constitutive models have been developed during the last
decade, a few of them possess interesting features and are worthy of mentioning. The
term “generalized plasticity” was introduced by Zienkiewicz and Mroz (1984) in an
attempt to provide a basis for the formulation of general plastic models without the need
to think in terms of yield surfaces and plastic potentials. Although the models that
emerge have ingredients of their own which are ra;her similar to these. Classical elastic-
plastic models can be seen as special cases of these generalized plasticity models, which
in turn also have close similarities with bounding surface plasticity models. Instead of a
yield surface dividing stress space into elastic and plastic regions, a field of unit vectors is
defined in order that unloading processes (which are not necessarily elastic processes)
and loading processes can be distinguished. This also allows loading processes to be
strain softening ones. Instead of a plastic potential, two fields of unit vectors are defined,
which specify the flow rules for loading and unloading processes, respectively.

The application of generalized plasticity to the generation of model for the cyclic
loading of sands in axisymmetric triaxial tests is presented by Pastor et al. (1985). Pastor
and Zienkiewicz (1986) and Pastor et al. (1990) discuss the details of this formulation

and show how the typical behavior of sand under complex loading can be reproduced
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with physical constants identified (8-10 is sufficient for most sands). To account for both
initial and stress-induced anisotropic fabric, Pastor (1991) introduced an extension of
Zienkiewicz and Mroz (1984) model for isotropic granular soil which was previously
applied to sands under earthquake loading conditions and showed good agreement with
experimental results (Zienkiewicz et al., 1985; Pastor and Zienkiewicz, 1986) and
centrifuge model tests (Zienkiewicz et al., 1990). Pastor’s (1991) approach to the
modeling of anisotropic behavior is accomplished by introducing a new set of “modified
invariants” which are dependent on stress and on a tensor which is a measure of material
microstructure. These invariants are used in definitions of loading-unloading direction
and of plastic modulus. Model predictions have been checked against experimental data
on Fuji River sand reported by Yamada and Ishihara (1979, 1981) that exhibits a very
strong initial anisotropy caused by the natural process of deposition through water, and
shown to reproduce behavior satisfactorily.

Two surface plasticity theory would be one of the most reasonable and the
simplest models to describe the anisotropic hardening. Poorooshasb and Pietruszczak
(1985, 1986) proposed a generalization of the deviatoric hardening concept in the context
of bounding surface plasticity. They developed a two-surface mode! for sand extended to
the general effective stress space incorporating a non-associative flow rule and the idea of
reflected plastic potential (Pande and Pietruszczak, 1982). In this formulation the
bounding surface reflects the isotropic properties of the material and is assumed to be
created by any active loading process imposed upon virgin material. For all stress
histories confined to the interior of the bounding surface, a simplified memory structure

(similar to Dafalias and Popov, 1975) has been incorporated in which only the events
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maximum load intensity reflect upon subsequent material behavior. Such one-level
structure is modeled by introducing the concept of a “yield” surface which encloses the
elastic domain (usually infinitesimally small) and incorporating the framework of
kinematic hardening, i.e., allowing this surface to move within the domain enclosed by
the bounding surface. In Poorooshasb and Pietruszczak (1985) model, the kinematics of
the yield surface is formulated in such a manner as to ensure a smooth transition (without

intersection) with the bounding surface. The simplified scheme is shown in Figure 2.3.

State Boundary \ Bounding
Surface Surface
A
Origin of Yield
Stress Space Surface
Conjugate
Yield Surface Conjugate Stress

Point

Figure 2.3 Bounding surface, yield and conjugate surfaces

Once the appropriate evolution law has been formulated, the response of the
material is described by the flow rule implemented in the context of the actual “yield”
surface and the local plastic potential. The proposed model has been proved to be
applicable for both loose and dense sands, in particular, liquefaction can adequately be
simulated. The model is fairly complicated mainly because of the kinematic of the yield
surface, mostly due to incorporation of Lode angle in the formulation of the yield surface
and the bounding surface. An alternative scheme has been proposed by Pietruszczak and

Stolle (1987) by considering a circular section (independent of the Lode angle) for the
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yield surface in the p plane. This modification simplified the kinematics of the yield
surface, however, the complexity due to local potentials was not removed.

Bartlett (1986) also developed an isotropic bounding surface plasticity model for
sand within the framework of critical state soil mechanics. He assumed associated flow
rule and with the bounding surface given by an elliptical shape in the effective stress
plane, closely similar to that of the Cam-clay yield locus but with a modification to allow
the model to take account of different ratio ¢/p mobilized at failure in compression and
extension (and for other non-axiymmetric combinations of principal stresses) and also to
allow the bounding surface not to pass through the origin if desired. The size of the
bounding surface is assumed to depend only on plastic volumetric strains. A radial
mapping rule was used to find the image of current stress state on the bounding surface.

Motivated to provide a unified critical state approach, Crouch and Wolf (1994a
and b) and Crouch et al. (1994) proposed a volumetric plastic strain hardening
formulation based on the bounding surface plasticity model for isotropic clays by
Dafalias and Herrmann (1986). The new features are both radial and deviatoric mapping
rules to define the loading surface and the use of an apparent normal consolidation line
for sands. A non-associated flow rule incorporating a subelliptic plastic potential surface
and a kinked (bilinear) critical state line is used. A series of simulations showed
satisfactory agreement with the experimental strain-controlled triaxial compression data
on Sacramento River sand reported by Lee and Seed (1967) over a wide range of cell
pressures and initial void ratios for both drained and undrained tests. The proposed
model, however, had no provision for sufficiently accurate cyclic loading response

simulation.
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More recently, Manzari and Dafalias (1997) developed a constitutive model for
sands in a general stress space. The two-surface formulation of plasticity in deviatoric
stress-ratio space is coupled with the state parameter concept (Roscoe and Poorooshasb,
1963; Been and Jefferies, 1985) as an essential variable arising in a critical state soil
mechanics framework. In the process, these two independent are coupled together on the
basis of modifications of the recent proposition by Wood et al. (1994) relating peak stress
ratio and state parameter. The model also includes features such as softening of sands at
states denser than critical as they dilate in drained loading, softening of sands looser than
critical in undrained loading, and the pore-water pressure increase under undrained cyclic
loading. It was shown that the model is capable of simulating the material response
under monotonic and cyclic, drained and undrained loading conditions.

In closing, in the last two decades rapid progress has been made in developing of
elasto-plastic models for the solution of complex geotechnical engineering problems. In
view of the recognition of the need for realistic constitutive models for reliable solutions
of the problems, activities toward theoretical and experimental research and
implementation of the models have witnessed significant continuing growth. Despite the
apparent diversity of the various models, unifying trends may exist. Possibly the most
attractive feature of the models is their simplicity and their foundation on concepts and
data which are well established and understood by the geotechnical engineering
community. As J.W. Gibbs wrote in his letter of acceptance of the Rumford Medal in
1881: “One of the principal objects of theoretical research in any department of
knowledge is to find the point of view from which the subject appears in its greatest

simplicity”.
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3

THE COMPACT STATE OF THE
COHESIONLESS GRANULAR MEDIA

3.1 INTRODUCTION

The behavior of soils under conditions of dynamic loading is of obvious interest
to structural engineers. Earthquakes are among the most disastrous natural phenomena,
which cause major destruction and damage to various types of structures. The resistance
of cohesionless soils tends to decrease under earthquakes, particularly when the soils are
saturated. It is to be noticed that the cohesionless soil is brought to a critical state,
resulting deformation could be unlimitedly large, producing a flow type failure and
sudden loss of strength in short-term loading and hence this condition is called
liquefaction in the broad sense of the word. The term liquefaction was used for the first
time by Hazen (1920) to explain the mechanism of flow failure of the hydraulic-filled
Calaveras Dam in California. Although this term was originally used to describe the flow
of an earth dam under static gravitational loads, it was later extended to dynamic loads.

It is generally observed that the basic mechanism of liquefaction in a deposit of
loose saturated sand during earthquakes is the progressive build up of excess pore water
pressure due to application of cyclic shear stresses induced by the upward propagation of
shear waves from the underlying rock formation. A soil element in level ground is
subjected to a confining stress due to the weight of the overlying soil prior to any
earthquake loading. When a number of cyclic loading is applied in the event of an

earthquake, the element of sand tends to reduce its volume. However, since the duration



of the cyclic stress application is so short, there is not enough time for drainage of water.
At this state, the pore water pressure builds up to a full extent in which it approaches a
value equal to the initially existing confining stress, thereby reaching a condition of no
effective stress or intergranular stress as if they were floating in water.

Increasing concern of damage and destruction caused by liquefaction of sandy
soils subjected to earthquake loading has arisen the need for investigating the mechanism
in which loss of strength is recognized as a result of progressive development of pore
pressures within saturated sand, to prevent or mitigate future seismic damage. Attention
was focused on the liquefaction problem for the first time as a result of wide spread
ground failures during the 1964 earthquake in Niigata, Japan. Most of the damage in
Niigata can be attributed to liquefaction induced by the earthquake. The recent example
in North America is the extensive damage caused by liquefaction in the Marina district in
San Francisco during the Loma Prieta earthquake of 1989 (Finn, 1993).

Recent major shaking events such as the 1995 Hyogoken-Nanbu earthquake in
Kobe, Japan, demonstrated the damaging effects of liquefaction and associated reduction
of soil strength. Liquefaction-induced failures during the recent earthquake at the
reclaimed port island in Kobe, caused financial losses that were estimated in the billions
of dollars. Elgamal et al. (1996) utilized the surface and downhole acceleration records at
Port Island, Kobe, Japan during the 1995 earthquake to investigate the involved dynamic
site response characteristics. Those records were used to obtain direct estimates of the
corresponding soil shear stress and strain histories. The analysis showed that at shallow

elevations, soil stiffness and strength were found to sharply decrease during the
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earthquake, presumably due to excess pore-pressure buildup, indicating a liquefied
condition.

The mechanism of liquefaction for the case of sand is now well understood and
the susceptibility of its occurrence can be estimated with a reasonable degree of
confidence. The present state-of-art on liquefaction behavior of cohesionless soils has
come to a stage that reasonable estimates of liquefaction potential can be made based on
laboratory testing or even from simple field investigations and experience during the past
earthquakes, as well as numerical and analytical solutions.

Terzaghi (1956) was among the first who attempted to explain liquefaction
phenomenon. He referred to the phenomenon of sudden or static liquefaction of loose
sands due to minor triggering mechanism as spontaneous liquefaction. Castro (1969,
1987) defined liquefaction as the behavior of saturated, loose sand when increasing pore
pressures due to undrained shear decrease the effective stress resulting in a reduction in
the shear resistance to a constant value, called steady state.

A number of different methods are available for the analysis of the dynamic
response of saturated cohesionless soils to seismic loading. The methods differ in the
simplifying assumptions that are made in the representation of the constitutive relations.
The cyclic stress approach and the cyclic strain approach are the theoretical and
experimental work, which commonly used for evaluation of liquefaction potential of
soils. Cyclic stress approach may be classified into two main categories: total stress
methods and effective stress methods. Seed and Idriss (1967) reported the first total
stress analysis of saturated sands subjected to earthquake loading. Cyclic stress approach

(Seed and Idriss, 1981) is based on the premise that the development of pore water
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pressure in saturated sand subjected to a given cyclic shear stress history, is mainly a
function of relative density and the initial effective stress acting 6n the sand. The total
stress approach is unable to take into account the influence of pore water pressure
generation on the shear stiffness of the soil.

Since 1976, there has been growing interest in the development and application of
effective stress methods of dynamic response analysis due to the potential deficiency of
the total stress approach. (Finn et al, 1977; Zienkiewicz et al, 1978; Ishihara and
Towhata, 1982; Dickmen and Ghaboussi, 1984). However, because of a lack of data
from suitably instrumented structures in the field it has not been possible to validate the
quantitative predictive capabilities of the methods.

Dobry et al. (1982) introduced cyclic strain approach as an alternative to the
cyclic stress approach. This approach is based on the premise that pore water pressure
build up during shear loading is controlled mainly by the magnitude of the cyclic shear
strain. They concluded that relative shear modulus rather than relative density is the

main parameter controlling pore water pressure build up in the field.

3.2 BACKGROUND

3.2.1 The Concept of Critical Void Ratio

The phenomenon of sand changing its behavior from “solid” to “liquid” was
recognized in the early stage of soil mechanics’ development. The potential for
liquefaction of saturated sands under seismic loading conditions has been extensively
investigated. One of the first attempts to explain the liquefaction phenomenon in sandy

soils was made by Casagrande (1936) and is based on the concept of Critical Void Ratio
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(C.V.R.). Casagrande coined the term “critical void ratio” or “critical density,” which is
the void ratio or density of a soil subjected to continuous shear under neither dilating nor
contracting behavior. Roscoe et al. (1958) extended the Casagrande concept of critical
void ratio and critical density by defining a state, at which the soil continues to deform at
constant stress and constant void ratio. Any further increment of shear distortion will not
result in any change of void ratio. Realizing that this particular situation was a special
case in the state space, Poorooshasb (1961) called it the “critical state.” It has been
suggested that an element of soil undergoing uniform shear distortion eventually reaches
a critical state condition in which it can continue to distort without further change of void

ratio or of the effective stresses.

3.2.2 The Steady State of Deformation

Utilizing the Casagrande’s concept of critical void ratio, Poulos (1981) introduced
the concept of steady state of deformation as “the state which the soil mass is
continuously deforming at constant volume, constant normal effective stress, constant
shear stress, and constant velocity. The steady state of deformation is achieved only after
all particle orientation has reached a statistically steady state condition and after all
particle breakage, if any, is complete so that the shear stress needed to continue
deformation and the velocity of deformation remains constant.”

Poorooshasb (1989) discussed that the “steady state of deformation” and the
“critical state” both are in fact identical and represent a state of a sample, which it may
attain ultimately. He noted that the definition of steady state adds the additional

requirement of a state of continuous deformation. Zero velocity is also a constant
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velocity, which can not be excluded from consideration. Thus Poulos’s condition
regarding zero velocity can not be met with. Also as pointed out by Been et al. (1991),
this definition of the steady state does not state that velocity should be constant (i.e., is it
constant shear strain rate?) or what the value of velocity is. Available data suggest that
the velocity of deformation has no effect on steady state conditions (McRoberts and
Sladen, 1992). To avoid all confusion it is proposed to use the term the ultimate (critical)
state for the simple reason that if all samples were distorted far enough they would tend
towards the ultimate state (Poorooshasb, 1989).

It is worthy of emphasizing that what Poulos refers to as the “state” is not the
same context as it was used by Poorooshasb (1961): it doesn’t refer to the “state of the
sample.” In this regard, Poorooshasb (1989, 1991) defined the state of a sample of a
cohesionless granular medium by the entire set of its pertinent state parameters. Any
quantity that is directly measurable at the moment of examination without reference to
the previous history of the sample is a state parameter. The importance of the combined
influence of the void ratio and confining stress as state parameters on the sand behavior
was indicated by Roscoe and Poorooshasb (1963) in conjunction with the planning of
model tests reproducing the prototype behavior in the laboratory.

Based on the above discussion, it is justifiable to use a single term, “the critical

state,” for both the critical and the steady state of sands in the remainder of this study.

3.2.3 The Critical State Line

The locus of all critical state points from drained and undrained tests lie on a

unique line, called the critical state line. A unique critical state or steady state line does
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exist for a given sand independent of stress path, drainage condition, testing method (e.g-
stress controlled versus strain controlled), initial density, and sample preparation method.
Castro and Poulos (1977) state that the position of the critical state line is a fundamental
soil property. Poulos et al. (1988) investigated the behavior of very uniform, fine,
angular, quartz sand composed of tailing from tar-sand operations. All samples were
tested under isotropic and anisotropic consolidation conditions, strain-controlled as well
as load-controlled and both drained and undrained tests. The experiments demonstrated
the existence of a unique critical state line.

Ishihara et al. (1991) established the critical state line of Toyura sand from a
series of consolidated undrained triaxial tests. Been et al. (1991) showed the uniqueness
of the critical state line for Erkask sand based on a relatively extensive series of
laboratory tests. In addition, the effect of stress path, sample preparation and stress-
controlled loading were examined for both loose and dense samples under drained and
undrained conditions. It was concluded that the critical state line is independent of fabric,
stress path and sample preparation method for the range of test conditions and sands
examined, implying that the critical state line is unique for a void ratio regardless of
whether it is reached by drained or undrained loading. Moreover, experimental results
reported by Ishihara (1993) have shown that the critical state line is unaffected by the
initial fabric as long as the soil mass is homogeneous.

Kuerbis et al. (1988), Vaid et al. (1990) and Vaid and Thomas (1995) have
suggested that there exists a difference between extension and compression critical states
due to inherent anisotropy. Alarcon-Guzman et al. (1988) also argue that the initial

anisotropy affects the location of the critical state line. Been et al. (1992) discussed that
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this proposition can not be extended to imply non-uniqueness of the critical state line.
Based on several undrained extension and compression tests, no substantial difference
was found (Been et al., 1992). Results indicate that the apparent difference between their
results may stem from the quasi-steady state being taken as the critical state (which it is
not) and the limitation of the triaxial tests to determine the critical state line for dense
sands.

Recently, Zhang (1997) conducted a series of experiments on Unimin sand.
Based on experimental evidence, there is no distinct difference between critical state
behavior and quasi-steady state behavior. It is shown that an important respense in the
so-called “quasi-steady state behavior” is the post-phase transformation increase in shear
resistance under triaxial undrained loading condition. However, this post-phase
transformation in shear stress is not an inherent behavior of sands, but it caused mainly
by end-restraint. These studies reveal that the critical state line is unique and independent
of stress path, fabric, confining stress level, etc (Zhang and Garga, 1997).

Castro et al. (1992) investigated hydraulic fill from the lower San Fernando dam
and had testing performed by four independent laboratories. A variety of testing
procedures was employed to determine the critical state line for this soil: drained and
undrained tests on isotropic and anisotropic consolidation samples, compacted moist
samples, pulivated samples, and samples consolidated from slurry. A compilation of the
results suggests a unique critical state line.

Sasitharan (1994) studied the behavior of loose reconstituted samples of Fraser

River delta sand. The results of his studies on isotropically consolidated monotonic
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undrained and drained triaxial compression tests show that the critical state line in the
stress state plane is a straight line passing through origin.

The undrained behavior of Fraser River and Syncrude sands under multi-axial
loading conditions has been investigated by Uthayakumar (1996) utilizing hollow
cylinder torsion device. The specimens were reconstituted by water pluviation. The
effective stress conditions at critical state have shown to lie on unique straight line, which
pass through origin, regardless of the direction of major principal stress, intermediate
principal stress level and the consolidation history, hydrostatic or non-hydrostatic. It is
also unaffected by the rotation of principal stress.

Verdugo and Ishihara (1996) also conducted a series of triaxial tests carried out
under both undrained and drained conditions on the standard Japanese Toyoura sand. It
was shown that the locus of critical state achieved through drained conditions of loading
to be coincident with the critical state line evaluated by means of undrained tests. The
experimental results strongly indicated that the initial confining pressure does not affect
the critical state or ultimate condition.

The conclusion is that a unique critical state line exists which is independent of
the methods of sample preparation, drainage conditions, or stress path. Although, before
the ultimate (critical) state is reached, the soil behavior is strongly dependent on several
factors such as stress path, drainage conditions, initial state parameter and initial fabric.
The conflicting experimental evidence is due to different initial fabrics that affect the
tests in an unknown manner (Been et al.,, 1991). Therefore, it is required to develop a

unique experimental method in order to produce the field fabric and loading path in the
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laboratory. However, at present, this is not possible to quantify initial fabric or inherent

anisotropy of sand sample because of unknown the laboratory and field fabrics.

3.3 OBJECTIVE OF THIS STUDY

More than half of the Canadian population is exposed to a significant seismic
hazard. Both the eastern and western regions of Canada have active seismic zones and
face the risk of major losses due to earthquakes (Finn, 1997). This potential seismic risk
has motivated Canadian engineers and scientists to engage in earthquake engineering
research. Damage patterns from major earthquakes in Canada, such as 1924 La Malbaie
(M = 6.5) reported by Hodgson (1945), 1925 St. Lawrence reported by Hodgson (1950),
1988 Saguenay, 1989 Ungara (M = 6.3) and more recently 1997 Quebec city (M =5.2) in
Quebec (among others of eastern earthquakes) show that there is a continuing need for
sustained research in earthquake engineering, especially to understand the cyclic behavior

of the cohesionless soil subjected to dynamic loading.

Although in the past few decades, extensive research efforts have been made to
describe the conditions causing the development of liquefaction in cohesionless granular
media, only a few comprehensive models have been developed that can be used in the
analysis of geotechnical structures under seismic loading. This is partly due to the fact
that the behavior of cohesionless saturated soils subjected to cyclic loadiné is much more
complex than that of monotonic loading. Therefore it was felt necessary to base the
studies on the more fundamental characteristics of soil deformations, i.e. elastic and

plastic strains, in order to understand the mechanism by which liquefaction is induced.
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The so-called critical void ratio line plotted in the e vs. In p space shown in Figure
3.1. The symbol e represents the void ratio of the sample while p is the mean effective
stress. This concept, discovered by Casagrande (1936, 1975), for many years played a

very important role in the field of earthquake engineering and soil liquefaction.
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Figure 3.1 Casagrande C.V.R. line for Sacramento River Sand (After Lee [1965],
as reported in Holtz and Kovacs [1981])
It had been proposed that if the natural void ratio of a specimen at a depth below
grade, where the mean effective stress was p, produced a point to the right of the C.V.R.
line, e.g., point A in Figure 3.1, then liquefaction would be imminent in the event of an
earthquake. However, if the values of e and p were such that they were represented by a
point to the left of the C.V.R. line, e.g., point B, then the soil would have to dilate upon
shearing, producing negative pore pressure in the event of an earthquake which would

lead to a momentary strengthening of the sample. Liguefaction would, therefore, be



prevented. This is the aim of the present study: to shed some light on the validity of the
above proposal. This is done with the aid of a new concept called the “compact state”,
which was conceived after recalling the results of some experiments by Wroth (1958) and
using the so-called one gravity similarity lawe.

The remaining portion of this chapter is written in the following sequence. First,
a brief discussion of similarity law is presented. Then, a historical review of the
CANAsand model as a constitutive model for cohesionless granular media is described.
After that the concept of compact state is given, followed by a mathematical formulation
of the compact state, recently proposed by Poorooshasb and Noorzad (1996), Noorzad
and Poorooshasb (1997). In subsequent sections, a qualitative description of the
usefulness of the compact state will be illustrated. The behavior of a cohesionless
granular subjected to a cyclic simple shear loading process, together with some numerical
examples will be discussed. In analyzing these examples, the development is very simple

and straightforward.

34 LAWS OF SIMILITUDE

For materials such as soils for which the stress-strain behavior is not fully
understood, an attempt is often made to obtain approximate solutions to problems
connected with the stability and deformations of the media by carrying out full scale or
model tests. Usually cost restricts the investigation to testing on the model scale and
many solutions to soil mechanics problems have been, and still are, derived from this
procedure. It is therefore surprising that little work has been done to establish any

fundamental rules or laws that must be obeyed before the model test results can be
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extended to the prototype. Without such laws, the use of model test results to determine
the behavior of the prototype may be seriously misleading on a qualitative, much less a
quantitative, basis. However, when applying the results of a small-scale model test to
predict the behavior of a prototype structure, simply scaling the test results to the ratio of
geometric size is not sufficient.

On the basis of both theoretical and experimental consideration, Roscoe and
Poorooshasb (1963) proposed one such principle some thirty years ago; they used the
piece wise linear theory for soil deformation. Although that mode of description of soil
behavior has been overshadowed by the more sophisticated description of theory of
plasticity, their conclusions appear to have stood the test of time. They applied critical
state principles to tests on remolded clays and artificial soils made up of steel balls and
indicated by means of a formula that the effective void ratio (denoted e) to the critical
state line at the initial mean stresses must be the same for the model and the prototype. In
other words, they concluded that any two samples of a given soil when subjected to
geometrically similar stress paths will have the same strains, provided that the difference
between the initial void ratio and the void ratio at the critical state at the same normal
stress is the same for each sample. This similarity principle has been shown to be valid
for many real and artificial soils and forms the basis of a widely used method of
normalizing test data which has been described in detail in the textbook by Atkinson and
Bransby (1978). Roscoe and Poorooshasb (1963) also wrote, “it is believed this theory
(similarity principle) can be extended to apply to cohesionless soils.” Recently,

Poorooshasb (1989, 1995) has provided a rigorous demonstration of this law within the

context of plasticity theory.
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Scott (1989) discussed the results of centrifuge testing and examined concepts and
scaling relations for 1g and higher with respect to the applicability of the model in order
to assess prototype behavior. Scott used the same approach as Roscoe and Poorooshasb
(1963), but exchanged the void ratio difference for the density index (relative density).
Casagrande (1975) showed that for a given sand, the shear strength at critical state is only
the function of void ratio. Therefore, the critical state strength of the sand can be
uniquely determined from its void ratio, regardless of sample preparation methods,
loading modes, strain rate and stress path (Poulos et al., 1985).

However, in agreement with a suggestion of Castro and Poulos (1977), Been and
Jefferies (1985) showed that the density index is not a constructive parameter for
evaluating soil behavior. Instead, the void ratio difference may be “a first order steady
state parameter with widespread applicability on the engineering design of sand
structures” and that sands “tested under different combinations of void ratio and mean
effective stress, behave similarly if test condition assure an equal proximity to the steady
state.” Ishihara et al. (1991) recognized the importance of the void ratio difference when
extrapolating results from shaking table testing to full-scale situations and criticized the
use of the density index as a parameter for this purpose.

Altaee and Fellenius (1994) showed the importance of the effective void ratio (e')
by the results of tests on sandy samples subjected to identical stress paths. They
concluded the principal requirement to have comparative behavior for a model and
prototype at different level of stress is that the initial soil states must be at equal

proximity to the steady state (critical state) line.
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This completes a brief discussion of similarity law, which is used for the first

hypothesis of compact state.

3.5 THE CANAsand MODEL

3.5.1 A Historical Background

CANAsand is a constitutive model, which describes the behavior of cohesionless
granular media such as sand and grains. It is a constitutive model that for the first time in
geomechanics established that the plastic flow of a cohesionless granular medium follows
a non-associated rule. Poorooshasb et al. (1966, 1967) advocate the existence of a
potential function (the plastic potential) from which the ratio of the components of the
plastic strain rate with respect to each other could be evaluated and a yield function
which together with a proportionality factor decides the existence, or otherwise, of these
strain ratios and their exact magnitude.

Poorooshasb et al. (1966, 1967) showed that the yielding of sand in triaxial
compression defines a family of yield loci in the stress space that does not coincide with
the surface of equal plastic potential for the same sand. This finding appears to have
stood the test of time and is very simple to use.

In order to determine the yield loci, they conducted a series of triaxial drained
tests employing different stress paths involving loading, unloading and reloading. It was
found that soil samples yielded during the loading path and behaved more or less
elastically upon unloading. During reloading, the elastic behavior continued up to a
certain level of deviatoric stress and after that yielding started again. Poorooshasb et al.

(1967) suggested that in a stress space, one could assume that the point at which yielding
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starts during reloading and the point from which soil is unloaded lie on a unique yield
loci. Therefore by connecting these points, it is possible to experimentally find the yield
loci. An approximate description of the yielding of sand could be obtained by assuming
that the yield loci were lines of constant stress ratio (i.e. f =1 where 1 is the stress ratio,
g/p; p and q are the stress parameters) in view of its consistency with the behavior of an
isotropic cohesionless granular medium composed of non-breakable hard particles.

Based on these experimental studies, Poorooshasb (1971) later suggested the yield
function for sands as f =1 + m In p where m is a constant for a particular sand. Note that
if m = 0, this equation becomes identical to the previously proposed equation, in view of
its simplicity. He also showed that the above equation closely reproduced the yield loci
of the specific sand he tested irrespective of the density and stress path.

Poorooshasb and Pietruszczak (1985, 1986) presented an extension to the original
CANAsand model to account the cyclic behavior of sand. They proposed a two-surface
model in which a cone type yield surface was considered to move within the domain
enclosed by a geometrically similar bounding surface (Krieg, 1975; Dafalias and Popov,
1975; Mroz et al., 1978; Mroz and Pietruszczak, 1983). A purely kinematic hardening
for the yield surface and an isotropic hardening for the bounding surface were considered
in the model applicable to both monotonic (virgin) and cyclic (non-virgin) loading
conditions. The formulation was based on the theory of plasticity incorporating a non-
associated flow rule and the concept of reflected plastic potential (Pande and
Pietruszczak, 1982). The direction of plastic strain vector during virgin loading was
defined by a global and a local plastic potential, respectively. As long as the loading

process does not experience a stress reversal, the bounding surface expands until a
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limiting state (failure) is reached. Upon stress reversal, however, the behavior of the
material is predominantly governed by yield surface, which is enclosed, and indeed
guided, by the bounding surface. If the stress reversal continues until the stress point is
once again on the bounding surface and tends to move outside it, the entire stress reversal
history is erased from the material memory. It should be emphasized that even during
stress reversal programs, the size of bounding surface does not remain constant. It can
expand or shrink depending on the mode and a variation of the plastic strain. A
comparison of the predicted behavior and observed responses for a number of undrained
loading programs carried out on a typical cohessionless granular medium. It was shown
that the model performance was in agreement with the experimental data.

The original CANAsand model suffered from major shortcomings; it lacked
generality. It could only simulate simple loading path such as monotonically increasing
stress paths. It was virtually impossible to make realistic predictions of the behavior of
the medium during a cyclic loading program. Through modifications over the years it
can now simulate very complicated stress paths such as stress reversal and account for
what is known as the “static liquefaction.” It is now a unified model that includes such

concepts as the “critical state,” the “state boundary surface” and “the compact state.”

3.5.2 Notations and Definitions

The central issue in CANAsand model is that the flow of material must be
described in terms of state parameters; the effective stress and the void ratio of the sand
element. The state of a sample of a cohesionless granular medium is defined by the

entire set of its pertinent state parameter. Any quantity that is directly measurable at the
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moment of examination is a state parameter. If it is judged to be a player in the particular
constitutive law under investigation, then it is called a pertinent state parameter
(Poorooshasb, 1991). Stated otherwise, a state parameter is any quantity associated with
the sample that can be measured without reference to the previous history of the sample.

Stress tensor is measured in terrss of its effective components given by:

o, =0 —ué 3.1)

if if i
where u is the pore water pressure and §; is the Kronecker delta. The state of the sample
is represented by a set of four quantities which consist of e, the void ratio, and three
parameters related to the invariant of the stress (or its deviation) tensor. From the first
invariant of stress tensor I, and the second and third invariant of the stress deviation
tensor J, and Js, the quantities p (hydrostatic component), ¢ (deviator component) and e

may be defined as follows:

p=[1/‘/§;11=6n’ (3.2)
and

q=1J, /N2 ; T, =(s;5:)" (3.3)
o= _;Sm-'(’:;?]s )3 Iy = (558 56)'"” G4

where s;; is the stress deviation tensor defined as:

s =0; —%6,‘,‘5,,.

P

The angle @ is analogous to Lode’s angle and its range is from -1t/6 to /6.

Thus the state space in its simplest form is four-dimensional with the axis

representing the set of quantities (e, p, g, 6)-
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3.5.3 The Ultimate State Surface

Another fundamental concept, which plays an important role in the development
of CANAsand model, is the ultimate state concept. It is emphasized that the ultimate
state surface is nothing but the generalization of the critical state line as defined
originally. In a four dimensional state space of (p, g, 6, €) the “line” would conceivably
transform into a “surface.” The main reason for the change of the name of this particular
surface from critical state to ultimate state is that the use of term “critical” was more than
anything else, a historical accident. There is absolutely nothing “critical” about it.

The concept of the ultimate state, which also known as the critical state,
postulates the existence, in the four dimensional state space, of a surface for which
unlimited distortion of the sample may take place without any change in the state
parameters. This surface is referred to as the ultimate state surface. Stated analytically,
there exists a surface:
p=plegq, 6 (3.5)

such that for all states on this surface:

T Y = 0 3.6
Jde OJe OJde O€ (3-6)

where parameter £, which is not a state parameter, represents the distortion of the sample
and is derived from the second invariant of the strain deviation tensor. There exists an
abundance of experimental evidence to suggest that at least under uncomplicated testing
conditions (e.g. triaxial or simple shear testing) the hypothesis regarding the existence of

the ultimate state surface, as described by Equation 3.6, is not irrational.
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Graphical representation of the ultimate state surface (Equation 3.5) in a two
dimensional space of a sheet of paper is virtually impossible. Nevertheless, if a
relationship can be found between two of the parameters, then one of the state parameters
appearing in Equation 3.5 may be eliminated and the results are expressed, for example,
by the equation:
e=e(q.60) 3.7
Equation 3.7 is the equation of the ultimate state surface. It is possible to construct
contours of equal e in the stress space as a graphical representation of the ultimate state
surface. The ultimate state refers to a state of the sample at which unbounded non-
reversible distortion can take place in the sample without any change of state.
Conceptually all samples, if sheared far enough, would ultimately attain this state. It has
the advantage that it can be represented in a two dimensional space by an isometric image
as will be seen later. It is also emphasized that it holds true if a one to one relation can be
found between two of the state parameters at the ultimate state.

One such relationship is the Casagrande equation that has been shown graphically
in Figure 3.1 and can be expressed by the following function:

e=e, —A.In(p) (3.8)

where e;, is the value of e corresponding to a p = 1 kPa; A represents the slope of the line
shown in Figure 3.1. In other words, it is postulated that, at the ultimate state, a unique
relationship exists between the parameter void ratio, e, and the mean stress component, p,
and that this relationship is governed by Casagrande’s equation. Note that if the slope of
the Casagrande “critical void ratio” line in the e-In (p) space, the coefficient A, is zero

then the model is reduced to the original CANAsand model.
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3.5.4 The Compact State Surface

Wroth (1958) conducted a series of experiments on samples of a cohesionless
granular medium composed of one-mm diameter steel balls. The samples were tested in
the simple shear apparatus and subjected to a large number of stress reversals. Wroth
observed that as the loading proceeded, the sample became denser, and after a number of
cycles, the steel balls, which had been placed in the apparatus in a random pattern,
rearranged themselves in an absolutely regular triangular pattern. A regular triangular
pattern is equivalent to the most compact form of assemblage of spherical particles. This
observation, which is the basis of the thoughts presented in this study, was only reported

in Wroth’s thesis and did not attract the attention it deserved.

Granular media are not, in general, composed of equal diameter spherical
particles and hence, can not form a regular pattern. Nevertheless they can rearrange

themselves in such a way as to lead to a more compact state.

There is no doubt about the fact that the compact state exists. However, to make

it a useful concept in analysis the following two hypotheses are made.

1. The compact state traces a line in the Casagrande space of e vs. in p parallel to the
C.V.R. line. This hypothesis is necessary if certain laws of similarity which have
been proposed and tested (see e.g., Roscoe and Poorooshasb [1963], Scott [1988]) are

to be obeyed.
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2. At the compact state, the response of the granular sample to a stress change is
reversible. That is, it behaves as an elastic material. At the compact state, the
interlocking between the particles is so strong that slippage does not take place.
Consequently, plastic deformation, which is the result of particle slippage, does not
occur.

In view of the first hypothesis stated above, a close tie exists between the ultimate

(critical) state and the compact state. Consequently, the relationship between the void

ratio and p at the compact state may also be written in the form of:

=e_—A.In(p) (3.9)
where e. = e; — c and c is a constant value representing the vertical distance between the

compact void ratio line and the C.V.R. line as shown in Figure 3.2.

Figure 3.3 shows the isometric representation of the ultimate (critical) state
surface in the (g, 6, €) as determined by Poorooshasb (1989). Poorooshasb and Noorzad
(1996) postulated that the compact state also lie on a surface in the state space and this
surface is parallel to the ultimate state surface. Also shown in this figure is the isometric
view of the compact state surface that is similar in shape to the former surface. This is a
direct consequence of the first hypothesis and conforms to the law of similarity for a
cohesionless granular material when subjected to the range of loads likely to be
encountered in soil mechanics.

The usefulness of the concept of compact state will become apparent in the next
section, which discusses the behavior of a cohesionless granular media subjected to a
cyclic simple shear loading process. The reason for choosing a simple shear loading

process is that the formulation of the coastitution law in the general stress space is rather
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complicated. Arguments can be presented more clearly in the stress space associated

with simple shear.

3.5.5 The State Boundary Surface

All possible states that an element may assume are enclosed within a boundary
called the “state boundary.” Obviously such states can be represented by a surface in the
state space which is called the state boundary surface (SBS). Note that all the states that
can be assumed by a sample are contained within the state boundary surface by definition

(Poorooshasb, 1961).

It is emphasized that not all points of the state space “enclosed” by the state
boundary surface are accessible by a sample; rather, those points, which are not enclosed,
are inaccessible. Thus during a loading process the sample may follow a path on, or
within the volume bounded by the state boundary surface or ride it. It may not, however,
cross it. This surface is very useful in describing the strain softening in conjunction with
the ultimate state surface can provide a framework within which a unified constitutive

law may be formulated.

Figure 3.4 shows the state boundary surface plotted in the (p, ¢, €) domain; i.e. for

an e = constant situation. As shown the ultimate state and the compact state trace a curve

on the state boundary surface.
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3.6 MODELING THE NON-LINEAR SOIL BEHAVIOR
3.6.1 Preliminaries

There is an interest in developing even more reliable and comprehensive but
conceptually simple and computationally efficient constitutive models for soil to solve
geomechanics problems. The aim of this section is to present a simple but realistic
mathematical formulation for sands. It is demonstrated that the proposed model can lead
to acceptable results over a wide range of void ratios. This section also contains a
comprehensive series of simulations covering the behavior of very loose to very dense

sands over a wide range of void ratios under cyclic loading.
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3.6.2. Constitutive Formulation for Cyclic Simple Shear of Sand

The stress space associated with the simple shear has two components, which are
denoted by & (equivalent to p) and © (equivalent to g) Roscoe et al. (1958). Thus, the
state space has (G, 1, €) as its reference axes. The parameter e deserve some attention. It
is called the effective void ratio and is measure of “compaction” of the sample. Roscoe
and Poorooshasb (1963) demonstrated that the difference between the initial void ratio
and void ratio at the critical state at the same mean stress level could be used as a scaling
factor in model testing. Soils with similar values for this difference (effective void ratio)
can be expected to behave in a similar manner. This difference has been termed state
parameter by Been and Jefferies (1985), who also presented empirical data that support
the validity of Roscoe and Poorooshasb’ concept.

Poorooshasb (1989) suggested the use of the term, “effective void ratio,” e  as:

e=e., —e=¢, —AIn(c)—e (3.10)
where e, is the void ratio on the Casagrande C.V.R. line at equal (6) value. Figure 3.2

shows a graphical representation of the effective void ratio.

In the (o, 1, €) space, the state boundary surface assumes the form shown in
Figure 3.5. In this figure, two angles are shown which represent two fundamental
constants for the material. The first is the angle of friction associated with the ultimate
state and is denoted by ran™u. The second is an angle associated with the degree of
interlocking of the particles and is denoted by ran™'§.

Based on a series of tests on 1-mm diameter steel balls tested in simple shear

apparatus, Poorooshasb (1961) noted a fairly simple relation for state boundary surface,
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which can be expressed in terms of state parameters. Thus, the state boundary surface
may be expressed analytically by the following equation:

T=(U+6.e)o (3.11)
Note that at states “looser” than the ultimate state, e’ is negative and the value of t/6 < .

This factor plays a very important role in the deformation response of the medium as will

be seen later on.

A shear stress t

compact
state line

effective void ratio e’

State Boundary
Surface

ultimate (critical)
state line

normal stress o

Figure 3.5 State boundary surface in the (o, T, € ) space
The strain increment components, associated with T and o, are denoted by d€ and dv and
represent respectively the shear strain increment and the volumetric strain increment.
Each component is, in turn, composed of an elastic (reversible) and a plastic (non-
reversible) part, i.e.:

de =de® +de?, dv=dv®+dv’ (3.12)



The elastic parts are related to the stress increment via moduli G (shear modulus) and K
(the bulk modulus). In a first (virgin) loading of a specimen, the plastic strain increments

are given by the following relations:

de’ h—(id‘t +— of do),

Jt dt do
dv h—(afdt+ fda) (3.13)
ot Jo

where # is a function of state, ¥ is the so-called plastic potential and f (= t/G) is the yield
function. Within the yield surface the material behaves as an elastic material; once the
stress point approaches the surface and tends to move outside, the material behave as an
elastic-plastic material. The stress ratio T/ occurs several times in what follows and
therefore it is denoted by the symbol 7).

This formulation carries an error as it ignores the curvature of the yield surface,
i.e. it is not composed of rays with slight curvature emitted from the origin of the state
space shown in Figure 3.4. This is in variance to what was proposed in the original
CANAsand model although Poorooshasb (1971) did report the curvature of the yield
surface. The magnitude of the error is very small, however, and the convenience it
affords in the computational phase is enormous.

The plastic potential function ¥ has a general form:
¥ =c¥Mn,e)-0,=0 (3.14)

If it is stipulated that ‘i‘(O,e’) =1, then op represents the abscissa of the point of

intersection of a ¥ = constant contour with the ¢ axis. A particular form of the plastic

potential is the expression:
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¥ =0c.exp(n/u)—0,=0 (3.15)
which is independent of e¢’. Its use is very common at present and, in view of its
simplicity, it will be used in the examples given below.

This completes a description of the response of the soil during the virgin loading
of the sample. To deal with stress reversal, two additional concepts are employed. The
first is the concept of “reflected plastic potential” and the second that of the bounding
surface (Dafalias and Popov, 1975) which distinguishes between virgin loading and
secondary loading (such as stress reversals and cyclic loading). The behavior of the soil
within the bounding surface is guided by the properties of a point on the bounding
surface. During virgin loading the bounding surface moves (expands) as the stress point
traces a curve in the stress space. During a stress reversal the yield surface moves within
the bounding surface and its kinematic is guided by two particular stress vectors known
as the conjugate and datum stress vectors located on the bounding surface respectively.
The intersection of these stress vectors and the ® plane passing through the current stress
points are known as the conjugate and datum stress points.

Referring to Figure 3.6, let AB represent a portion of the plastic potential contour
passing through the current stress point. Then by definition, the reflected plastic potential
is the contour A’B’ which is the mirror image of AB about the line passing through the
origin of the stress space. Thus, in a stress reversal process, the plastic strain increment

vector is given by:

a‘P af of
| -
de " 3¢ at —dT+— 3o do),
af of
P 3.16
dv ar a —dT +—=— pp do) (3.16)
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Figure 3.6 a) Reflected plastic potential, b) Bounding surface and the position of
the datum and conjugate stress point.

Note that here the loading function & is replaced by A, to indicate that a stress

reversal is in progress. The magnitude of A, is related to the value of k. associated with
the conjugate stress point on the bounding surface, (see Figure 3.6b) through the
equation:
h, =R"h (3-17)
where R is defined in Figure 3.6b and n is the coefficient of the interpolation function
which must be determined empirically. It is observed that the material response is not
particularly sensitive to mild variation of the n parameter.

As mentioned before, the loading factor k is a function of state. To incorporate
the second hypothesis given at the beginning of this chapter, i.e., at the compact state the
plastic strains are not present, the factor 2 must satisfy the condition that:

e—>e h—0 (3.18)
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Thus, if a new parameter of e” = e- e, is defined, then A = & (<, G, e), where h (1, G, 0)=0
can be accepted as a rational formulation. The simplest form that the function 4 can have
is:

ae .nsss [‘F% + ‘Pi 12

h= (3.19)
(Msas -n)* ¥,

where:

v, =2 ¢, -

ot ’ 7 dc
Here a is a constant and 14 is the stress ratio T/ ¢ at the state boundary surface. This

function clearly satisfies condition 3.18 and in addition follows the so-called hyperbolic
form of the deformation response. These types of functions describe the strain-hardening
behavior only. This concludes a very brief description of the consiitutive law for

cohesionless granular media subjected to simple shear loading.

3.7 TYPICAL SIMULATION RESULTS

In this section the results of some simulations are presented. A single set of
material constants is considered in simulating the cyclic simple shear behavior of sand in
both loose and dense states under a constant cell pressure. In the particular heuristic
examples cited in this study, the specific material constants appearing in the equations
and used for evaluation are as follows.

Constants associated with the state boundary surface appearing in Equation 3.11

are )L = & = 0.745. These values indicate an angle of friction for the medium equal to

36.70 for the ultimate (critical) state and 47° for the compact state. Graphical



representation of the ultimate state line and the compact state line as well as those of
plastic potential contours are provided in the upper right hand side of Figure 3.7.

Typical material parameters corresponding to the Casagrande C.V.R. line
(Equation 3.8) are e; = 1.45 and A = 0.13. Constant c employed in e. = e;x — ¢ of Equation
3.9 is ¢ = 0.45. Furthermore, select constant a in Equation 3.19 equal to 0.05 and
constant » in Equation 3.17 equal to 2. It should be noted that for the present choice of
parameters, the shear modulus G was assumed to be equal to 50c.

All the reported “test” results (i.e., computer test results) are under a constant
normal stress of 100 kPa, at pressure, which the Casagrande equation provides a void

ratio of 0.85.

3.7.1 Drained Response

The result of numerical simulation of a test on an extremely loose sample having
an initial void ratio of 1.15 is presented in Figure 3.7. As a matter of fact, this range of
void ratio infrequently exists in nature. However, at low pressures, Casagrande C.V.R.
line (Figure 3.1) predicts unrealistically high values of void ratio. Therefore, it was
chosen to demonstrate the capabilities of the model in verifying the proposed
formulation. In this test as in the subsequent ones, the sample was subjected to 25
loading cycles (unless, of course, the sample failed). The most noteworthy feature of
Figure 3.7 is the reduction in void ratio of the sample during the first quarter cycle of
loading. It appears as if the whole structure of the skeleton of the specimen collapsed. In
fact the reduction in the void ratio during the first quarter cycle (about 0.3) is larger than

the reduction during the next 24.75 cycles (about 0.25). The result also appears to be
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closely comparable with the experimental results performed and reported by Youd

(1972). It is observed that after a number of cycles, there was little or no influence on the

amount of void ratio reduction.
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Figure 3.7 Response of a very loose sample (eo = 1.15) to cyclic loading

The test was repeated (Figure 3.8) using a denser sample (e = 1.05) which,
nevertheless, had an initial void ratio larger than the value given by the Casagrande
equation (e = 0.85). Again the reduction in void ratio in the first loading cycle is

remarkable. The results obtained herein are in agreement with the conclusion presented

by Silver and Seed (1971).
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Figure 3.8 Response of a loose sample (eo = 1.05) to cyclic loading

In both tests, the amplitude of the loading process (maximum value of shear stress
imposed) was rather high, being equal to 71.4 kPa (as compared to 74.5 kPa for the
ultimate state). That is why both samples immediately tended to approach the ultimate
state upon loading, a fact that has been verified experimentally time and again. Thus, in
the next test, the value of the amplitude of the load was reduced to a smaller value of 54
kPa. The results are shown in Figure 3.9. It is seen that now it takes the sample about
four cycles to reach the value of the void ratio given by the Casagrande equation. Again
as the number of cycles increase, the sample tends to contract reaching the compact state

eventually. The final void ratio after 25 cycles of loading (e = 0.65), however, is not
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much different from that of previous test (0.6) in spite of the fact that the amplitude of the

load is smaller.
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Figure 3.9 Response of a very loose sample (eo = 1.15) to cyclic loading
(Maximum shear stress, 54 kPa)

All the above tests were conducted on loose samples. Thus, the next computer
test was performed on a sample with a void ratio of 0.75, which is denser than ecus= 0.85.
Figure 3.10 shows the predictions corresponding to the e = 0.75. It may be noted that,
although the sample still contracts (its void ratio decreases as the number of cycles of
loading increases), nevertheless, the degree of contraction is not high. That is, after 25

cycles of loading its void ratio has decreased by 0.16 as compared to the first specimen
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(Figure 3.7), which had a reduction in the void ratio of 0.55. This appears to be contrary
to a belief that dominated the field of geomechanics for some extended period during
which period it was advocated that deposits denser than the Casagrande critical void ratio

would aot, in the event of an earthquake, liquefy.

. 2085

80

SBS |

Figure 3.10 Response of a medium dense sample (eo = 0.75) to cyclic loading
(Maximum shear stress, 71.4 kPa)

The question now arises that if even dense samples, such as the one just described,
contract during cyclic loading, how is it that Casagrande’s criterion survived for as long
as it did. That is, do dense samples dilate (increase their void ratio) during cyclic loading
under any circumstances? The answer is that they do so provided the amplitude of the
loading cycles is large enough. Figure 3.11 clarifies this point.

Consider now a very dense sample (e = 0.65) which is subjected to a high
amplitude cyclic load of 85.6 kPa. At the initiation of each cycle, there is a small
tendency for the sample to contract. As the magnitude of the imposed stress increases,

the sample dilates and the overall effect is an increase in the void ratio of the sample. At
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some stage, however, (at a void ratio of 0.73, see Figure 3.11) it reaches the state
boundary surface and fails. After this limit if the straining continues, say in a strain-
controlled test, the sample would ride on the state boundary surface and behave as a work

softening material.

e Ca:O.SS
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-
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Figure 3.11 Response of a very dense sample (eo = 0.65) to cyclic loading
(Maximum shear stress, 85.6 kPa).

These results have rather serious implications. Therefore, was Casagrande’s
criterion, which for so many years dominated the field of geodynamics, correct? The
answer is partly. Samples looser than the critical void ratio have a very high potential to
collapse upon loading. In the context of foundation engineering, loose sand deposits
whose void ratio are higher than the critical void ratio would certainly liquefy if the
seepage of water were somehow prevented or slow down.

Deposits denser than the critical void ratio could also liquefy. The tendency to
contract exists even in these deposits. Dilatation (increase in volume) manifests itself

only if the deposit is subjected to large amplitude cyclic loading. Such high stress
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loading cycles are not likely to occur very often in nature. Thus, a complete dynamic
analysis must be performed to determine if a particular stratum is likely to liquefy and, if

so, would it lead to catastrophic failure.

3.7.2 Undrained Response

Up until now, consideration has been given to the behavior of cohesionless
samples in drained tests. To see the effect of cyclic loading on undrained behavior of
saturated sands, still another series of tests were conducted whose results are shown as

follow.

Since liquefaction takes place under essentially undrained conditions then two
more tests were performed under the undrained (constant volume) conditions. The first
test, the result of which is shown in Figure 3.12, was performed on a sample looser than

the critical void ratio.

The stress path associated with this test shows a peak in the first quarter cycle and
under stress reversals develops very large pore water pressure and the sample liquefies

after two cycles; that is, the normal effective stress acting on the sample approaches zero.

For the sample denser than the critical state, Figure 3.13, development of the
positive pore water pressure is not as pronounced and the sample does not liquefy.
Instead it reaches the compact state and behaves as elastic solid. This does not mean that
samples denser than the critical void ratio would not liquefy. Rather, that their tendency

to liquefy depends on their position in the state space relative to the compact state.
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Figure 3.12 Undrained simple shear test on a sand sample
looser than the critical void ratio, e =1.0
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Figure 3.13 Undrained simple shear test on a sand sample
denser than the critical void ratio, e=0.7
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3.8 CONCLUSION

The concept of compact state postulates the existence of some states at which the
element ceases to behave as an elastic-plastic material and would behave as a simple
elastic material. At the compact state the particles are so interlocked that under normal
loading conditions they would simply behave as a solid. Needless to say that the compact
state represents the densest possible state a granular can achieve.

The fact that the “compact state” exists cannot be disputed. However, the
properties attributed to it by the two hypotheses stated at this study need to be established
experimentally. The available experimental data (similarity principles and increase in
sample stiffness with an increase in the degree of compaction) indicate the relative merits
of these hypotheses.

The compact state, as qualified above, is a useful concept in deriving the
constitutive law of deformation of cohesionless granular media. It is believed that the
compact state concept can be very useful in formulating the behavior of the cohesionless

granular media when subjected to a stress reversal loading process.

Based on the present study the following conclusion may be drawn. If the
representation of the void ratio of a sample from a sand deposit falls above the
Casagrande line, then the liquefaction of the deposit, when subjected to dynamic loading,
is certain. If, on the other hand, the representation indicates a point below the
Casagrande line, it does not mean that the deposit is safe. The safety of the deposit
against liquefaction depends how far the state point is from the line presenting the

compact state, the magnitude and duration of the earthquake it must withstand.
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MODELING WAVE-INDUCED LOADING
OF A SEABED DEPOSIT

4.1 INTRODUCTION

Shoreline protective structures are subjected to the action of waves that can exert
forces of significant magnitude. Stability and deformation of the seabed in response to
ocean wave loading is an important consideration in the design of near-shore structures.
Water wave propagating over a permeable seabed will induce a cyclic pressure, which may
be significant in shallow water. The wave-induced pore water pressures and associated
effective stress field in the seabed may be sufficient to cause liquefaction conditions in the
soil.

The interaction of ocean and sea floor is a very complex problem and all methods
for assessing stability are based on extensive simplifying assumptions. Waves significantly
influence the planning and design of shore protection structures and other coastal works.
An adequate understanding of the fundamental physical processes of surface wave
generation and propagation must precede any attempt to understand the mechanics of
wave motion in the nearshore areas.

Water waves propagating on the ocean may be considered to consist of an infinite
number of wave trains having a constant amplitude and wave length. Passage of such an
array of waves on the sea floor creates harmonic pressure waves on the seabed, increasing

the pressure under the crest and reducing it under the trough.



In general, actual water-wave phenomena are complex and difficult to describe
mathematically because of non-linearities, three-dimensional characteristics, and apparent
random behavior. However, there are two classical theories, one developed by Airy
(1845) and other by Stokes (1880), that describe simple waves. The Airy and Stokes
theories generally predict wave behavior better where water depth relative to wave length
is not too small.

This chapter presents an overview of the previous works related to the analysis of
wave-induced loading. It is followed by a brief description of wave characteristics. Then
the linear wave theory for determining the wave-induced pressure at sea bottom (mud line)
is introduced. Finally, modeling of a seabed deposit subjected to the action of standing

waves is presented.

4.2 LITERATURE SURVEY

Many investigators have been attracted to the problem of assessing the transient
stress field and the variation of pore water pressure. Some others have considered the
development of the progressive pore water pressure caused by the cyclic shear stress.
These investigators have made various simplified assumptions in order to study seabed
response. In various approaches, the sea floor has been considered as either a one-phase
(total stress theory) or a two-phase (effective stress theory) medium by uncoupled or
coupled schemes.

The simplest theory for evaluating the transient pore pressure in the seabed due to
wave loading was developed by Putnam (1949). He analyzed the flow induced in a rigid
and non-deformable saturated porous bed by the pressure field. @ He assumed

incompressible flow with an isotropic permeability, the validity of Darcy's law and
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hydraulic isotropy. Under these conditions, he showed that the governing equation for the
pore pressure in the soil is the Laplace equation.

The total stress solution in uncoupled analyzes could be determined by elastic
theories from Boussinesq’s classical solution for a two-dimensional plane strain surface
loading. Fung (1965) has given expressions for the amplitudes of the total stresses in a
semi-infinite homogeneous isotropic elastic medium similar to Putnam’s problem under a
static sinusoidal loading.

Henkel (1970) was one of the first to provide the application of limit equilibrium
methods to wave-induced instability of marine slopes. He assumed the sea floor to be a
one-phase medium and performed the stability analysis along a circular failure plane. His
contribution is historically important because he demonstrates conclusively that the
pressure changes on the sea floor induced by storm waves could be a significant factor
affecting seabed stability. Since this study was concerned with cohesive materials. the
stability of the bed could realistically be analyzed based on a total stress analysis. As such,
this study did not address the problem of wave-induced flow within the bed.

Sleath (1970) extended the Putnam analysis to include anisotropic permeability.
He demonstrated that the theoretically predicted pore pressures induced by water waves
over a porous bed compared favorably with results of small scale laboratory experiments.
However, Sleath’'s work was confined to the prediction of pore pressures induced by
water waves.

Moshagen and Torum (1975) presented a theoretical model for the bed pressure
response assuming a permeably and rigid bed containing a compressible fluid with

hydraulic anisotropy. The pore water pressure in this case is governed by the heat
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conduction equation. The assumptions of a rigid soil skeleton and compressibility of the
fluid together are unrealistic and lead to an excessive rate of pore pressure attenuation
with depth, as shown by Prevost et al. (1975). Assuming that the pore water pressure is
equal to the change in the octahedral normal stresses in the elastic continuum, Prevost et
al. (1975) concluded that the pore water pressure is the same as the one obtained from the
Laplace equation and, therefore, is independent of the permeability of the soil. This
approach is, however, not physically consistent. Liu (1977) following along the same
method investigated the effects of stratified permeabilities.

The above analyses neglect the mechanical properties of the soil, so that there is no
coupling between the deformations of the soil skeleton and the pore water pressure
response. Such uncoupled analyses contrast with more completed analyses based on
Biot’s theory of consolidation (1941). Biot (1941) established the mathematical theory
governing the behavior of saturated porous media with a single fluid phase for linear
elastic materials by a straightforward physical approach.

Pore water flow, volume change, and deformation occur simultaneously in real soil
beds. Taking the assumption of deformability of the soil skeleton and the interaction of
the solid and fluid phases, different researches have carried out studies by applying the
general theory of three dimensional consolidation (Biot, 1941). Yamamoto (1978) used
Biot’s theory to solve for not only the pore pressure response, but also the effective
stresses and their distribution in the seabed due to the passage of waves for a saturated
soil bed of both infinite and finite depth with isotropic permeability. Madsen (1978)

presented a general theory for the transient pore pressures and effective stresses, using
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Biot’s equation for a poroelastic two-phase medium of infinite depth with anisotropic
permeability.

Yamamoto-Madsen final governing equation was a linear differential equation of
the sixth order and did not contain the properties of the sand skeleton, or the water, or the
permeability of the sand. Yamamoto (1983) introduced the effects of Coulomb damping
and nonlinear shear modulus via the Hardin-Dmevich (1972) formulas using the Biot
model and obtained good correlation with experiments.

There is a unique one-to-one relationship between the predicted response and the
applied load at any time. Therefore, the design storm wave condition in the coupled
effective stress analysis is specified in terms of a single wave with the largest amplitude.

A computer program was developed by Siddharthan and Finn (1979) for the
analysis of transient pore water pressures and effective stress due to wave loading. It is
also based on Biot’s equations and extends the capacity for analysis to layered soils with
hydraulic anisotropy and variable depth. The program evaluates the stability of the sea
floor under the wave-induced effective stress system using the Mohr—Coulorr;b failure
criterion.

Mei and Foda (1981) modified the mass and momentum conservation equations of
the solid skeleton and the pore water by using several assumptions. They modeled the
seabed response to waves as a superposition of an elastic response of one-phase medium
and a seepage flow near the bed surface. The seepage flow is appreciable only in a thin
layer, namely boundary layer, near the bed surface. Solutions for both regions were

obtained, and the final solution was given as a sum of both solutions.
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An analytical solution for the problem of cyclic pore pressures caused by sea
waves in a poro-elastic half-plane was proposed by Verruijt (1982). He defined a
characteristic wave parameter in terms of the wave length, the wave period, and the
coefficient of consolidation to identify long and short waves. It has been shown that the
phenomenon of consolidation due to surface wave on a porous bed is determined mainly
by this parameter.

Finn et al. (1983) have shown analytically the ocean wave propagation induces
oscillatory shear stresses in the seabed. They have concluded that in a finite layer, there is
a difference between the results of coupled and uncoupled solutions near the lower
boundary, with the coupled solution showing increases in pore pressure and shear stress in
that region. Also, the finite layer solution is dependent on the permeability, even in the
case of hydraulic isotropy. Hydraulic anisotropy appears to have little effect on the shear
stress distribution with depth. They proposed the uncoupled analyses are desirable for
compact fine sands; however, for many other cases, the transient pore pressures and
effective stresses can be determined from the simpler uncoupled analyses.

For short-period waves, Tsui and Helfrich (1983) have suggested that the Stokes’
second-order theory gives a closer prediction of bottom pressures on the surface of sand
layer. In practice, the general uncertainties with geometrical and soil parameters are such
that it appears adequate to use the sﬁnple linear wave theory to predict bottom pressures
due to waves.

Okusa (1985) has developed the same simple analytical solution as Madsen and
Yamamoto (1978) in which the governing equation was reduced to a linear differential

equation of the fourth order in terms of the stress and pore pressure components. Using
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his solution, he discussed the effects of harmonic ocean waves on unsaturated sediments in
horizontal seabeds. Later, Okusa and Yoshimura (1987) carried out a stability analysis of
a very gently sloped plannar sea floor. The general solution of the problem of flow
through poro-elastic media and their deformation is presented by a linear combination of
the solution of the Fourier’s equation and the diffusion (consolidation) equation. A
possible failure mechanism is assumed to be a circular arc slip failure. They showed that
the harmonically varying stress field on the sea floor induced by a plane traveling surface
wave loading may be enough to cause sea floor slides.

Gatmiri (1990) developed the linear elastic analysis of the coupled effective stress
and pore pressure to a submarine sediment with sloping surface. He also considered the
response of an inhomogeneous seabed to wave loadings and showed that the effect of a
soft layer near the sea-soil interface is very important. Later, Gatmiri (1991, 1992, 1994)
has extended the non-linear behavior of a saturated permeable seabed under transient
loading by applying the finite element idealization. He considered the effect of the stress
level and induced deformation on the soil stiffness by introducing the hyperbolic Hardin
and Drnevich (1972) behavior model in the field equation.

However, none of the above-mentioned response analysis accounts for the residual
pore water pressure and permanent deformation. The residual pore pressures are induced
by the cyclic shear stresses generated by the differential loading of the seabed by the
bottom pressure varying harmonically in time and space. The wave-induced progressive
pore water pressure has been subject of many studies. In the case of cyclic loading applied

to a seabed by waves, a proper analysis of the effects of these pore pressures on the
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stability of the sea floor requires account to be taken of the simultaneous generation and
dissipation of these residual excess pore pressures.

Seed and Rahman (1977) have proposed a method for estimating the magnitude of
the residual pore water pressures. They represent the complex pattern of storm waves by
packets of uniform harmonic waves, with the height, period, and length of the wave being
specified for each packet. The shear stresses generated by each wave type are computed
assuming elastic behavior. Later, El-Zahaby and Rahman (1993) presented a general
semi-analytical method for the analysis of seabed response under two-dimensional
progressive, standing and short-crested wave. The seabed is idealized as poroelastic
medium of finite thickness filled with a single compressible fluid with anisotropic flow.
The coupled process of fluid flow and deformation of soil skeleton is formulated in the
framework of Biot’s theory.

The wave-induced liquefaction of seabed has recently received attention of the
marine geotechnical engineers. It may occur in sand or silt deposits, thereby exerting
damaging influences on the nearshore structures. The term “liquefaction™ refers to the
possibility of a soil undergoing continued deformation due to the build-up and
maintenance of high pore water pressure as the cyclic axial stress is applied and eventually
approaches to a value equal to the initially applied confining pressure (Seed and Lee,
1966) or producing an axial strain of about 5% in double amplitude (Ishihara, 1983,
1993). The common procedure to evaluate the resistance of soil to liquefaction is to test
soil specimens by means of the cyclic triaxial test apparatus.

Christian et al. (1974) presented an analysis for the evaluation of liquefaction in

soils subjected to the direct action of waves. They showed that liquefaction can result in
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the flotation of pipelines. The observed failure was due to the liquefaction of the backfill
material, which was in very loose condition.

Lee and Focht (1975) have presented simplified analyses for evaluating the pore
pressure response in connection with the studies of the Ekofisk oil tank. In their analysis
the effect of pore pressure dissipation is considered in an approximate way. Their work
was probably the first to investigate the problem of ocean wave-induced liquefaction
utilizing the principle established for the solution of seismic liquefaction problems.

Seed and Rahman (1978) developed a methodology in which generation and
contemporaneous dissipation of excess pore water pressure during strong wave loadings
can be evaluated. An uncoupled scheme was adopted. This was accomplished by solving
the usual continuity equation of flow in conjunction with a pore water pressure generation
model proposed by Seed et al. (1976). The effective stress was computed assuming
elastic behavior. The residual pore water pressure is not uniquely related to the
instantaneous values of wave-induced stresses, but depends on the intensity and duration
of the storm and on the drainage characteristics of the sea floor. Under these
circumstances, the design storm wave condition in Seed’s liquefaction analysis is specified
in terms of the wave height, number of waves and duration.

A computer program which has been developed by Siddharthan and Finn (1979) is
a generalization of the Seed and Rahman method and includes the effect of increasing pore
water pressures during a storm on the shear and bulk moduli. Later, Finn et al. (1983)
extended this approach to stability analyzes of the seabed deposit on the basis of the

effective stress principle.
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Nataraja and Gill (1983) developed a simplified procedure for ocean wave-induced
liquefaction analysis and examined a few case histories for evaluation of their procedure.
In this procedure, the existing solutions from the theory of elasticity are used to estimate
the cyclic shear stress distribution resulting from the passage of a wave train. The existing
data on cyclic shear strength of liquefaction under seismic loadings are modified and
extended to estimate the cyclic shear strength of liquefaction under wave loading
conditions. It can serve as a first step in determining whether a sophisticated analysis is
required.

The effects of the principal stress axis rotation on the response of a clean sand
have been extensively investigated by Arthur et al. (1980) by means of a specially designed
flexible boundary shear apparatus. It was shown by Ishihara and Towhata (1983) that the
change in shear stress induced in the sea floor deposits by waves traveling overhead
involves a continuous rotation of the principal stress axes. Later, Ishihara (1983), Ishihara
and Yamazaki (1984) have indicated that the principal stress axes rotation could be an
important factor influencing the pore water pressure build up during cyclic loading.

Ishihara and Yamazaki (1984) developed useful charts to evaluate wave-induced
liquefaction but didn’t include the contemporaneous dissipation effects by assuming the
seabed deposit to be a homogeneous elastic half-space. They also demonstrated that
cyclic change of shear stress included in an elastic half space by a harmonic load moving
on its surface is characterized by continuos rotation of the principal stress direction, with
the deviator stress remaining constant. This contrasts with other time dependent stresses

caused by earthquakes.
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Rahman and Jaber (1986) developed a drained analysis for the wave-induced
liquefaction showing that the effect of dissipation may be quite significant and should not
be ignored.

Siddharthan (1987) outlined an approach to compute the sea floor response to a
storm wave group. The sea floor soil was modeled as a nonlinear porous effective stress
dependent material. Dynamic effects such as inertia and damping are included in the
approach. A computer program was developed to analyze the sea floor response. The
approach includes the effects of the residual pore water pressure when the largest wave in
the storm applies loading on the sea floor. The procedure adopted to compute residual
pore water pressure is based on the Seed-Rahman (1978) in which contemporaneous
generation and dissipation of residual porewater pressure is considered. He also showed
that the inclusion of damping, inertia and anisotropic permeabilities is not important
relative to ocean sands.

In an attempt to analyze the liquefaction susceptibility of the sea floor deposits
under wave action, Poorooshasb et al. (1987) have carried out the finite element nonlinear
coupled analysis for standing wave loading in which the sea floor was assumed to be a
saturated porous medium simulated by a two-surface plastic model (Poorooshasb and
Pietruszczak, 1985) for the solid phase. It was probably the first time that the wave-
induced seabed response was investigated by elasto-plastic effective stress analysis step by
step following the wave loading history. Later, Poorooshasb et al. (1990) extended a
simultaneous solution (direct integration) scheme for analysis of the seabed deposit

subjected to standing wave action by finite element method in which the two surface

84



plastic constitutive model is adopted. Results from the coupled nonlinear analysis predict
that liquefaction may indeed occur for certain loose deposits.

Yang (1990) predicted the susceptibility of liquefaction of the sea floor under
storm waves at a pipeline site in Lake Ontario and Ekofisk tank in the North Sea using a
simple constitutive model based on the generalized plasticity-bounding surface
formulation. The model is capable of simulating both loose and dense sand behavior under
monotonic and cyclic loading, drained and undrained conditions.

Zen and Yamazaki (1990 a) presented a liquefaction criterion in which the
dominant factors on the liquefaction are the wave-associated bottom pressure, the
oscillatory pore pressure in the seabed and the vertical effective stress at calm. In a
companion paper, Zen and Yamazaki (1990 b) studied the wave-induced oscillatory pore
pressure experimentally and proposed an elementary analysis to evaluate the wave-induced
liquefaction in partly saturated sediments. Zen and Yamazaki (1990) also suggested that
the one-dimensional uncoupled analysis is applicable to the estimation of liquefaction
potential when the wave length is large enough compared with the thickness of permeable
seabed. Zen et al. (1991) observed that scouring near the edge of the breakwater is
associated with the wave-induced liquefaction in partly saturated sediment due to
oscillatory pore pressure. Later, Zen and Yamazaki (1991) observed wave pressure and
pore water pressures at the surface and pore water pressures in the subsoil in both a one-
dimensional model ground and the field. Their record manifests a delayed response of
subsurface pore water pressure after the loading of surface wave pressure. The important
feature in these approaches is the degree of saturation of the soil. If the soil is completely

saturated, no phase lag in the pore pressure response and amplitude decay of oscillatory
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pore pressure at different depths, relative to the pressure fluctuation above the seabed are
anticipated.

Rahman (1991, 1992) formulated the conditions necessary for wave-induced
instability through simplified analyses. He showed that a fully saturated seabed with
cohesionless sediments may experience liquefaction associated with progressive buildup of
pore pressure in the region of vulnerable water, and also, a partly saturated seabed may
also experience liquefaction associated with oscillatory pore pressure. The liquefaction
potential increases with the decrease in degree of saturation and with the increase in wave
period.

Nago et al. (1993) investigated the dynamic behavior of loosely sand bed under
wave motion experimentally. They observed two types of liquefaction in their experiment,
namely, the sustained liquefaction due to the build up of excess pore pressure and the
cyclic transient liquefaction due to the damping of amplitude and phase lag in the pore
water pressure. The surface layer of sand layer is densified through these two types of
liquefaction and reaches a stable state.

An elasto-plastic constitutive model was used by Oka et al. (1993). This model
incorporates both the transient and progressive pore water pressure for an effective stress
analysis of the wave-induced liquefaction of the seabed. The governing equations are
obtained through an application of the two-phase mixture theory by Biot (1941) using a
U-P formulation (Zienkiewicz and Bettess 1982). An elasto-plastic constitutive model
along with the concept of nonlinear kinematic hardening rule is formulated to describe the

stress-strain behavior of granular materials under cyclic loading. It was found that the
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seabed liquefies more quickly in two than in one-dimensional case, presumably, due to the
rotation of the principal stress axis.

Recently, Yang et al. (1994) have presented an elasto-plastic constitutive model
for the traveling wave-induced response of sea floor deposits. An artificial boundary is
suggested to deal with the unbounded domain problems. It has been used for the analysis
of seabed response to traveling wave with success.

Almost all of the literature cited above recognizes the wave-induced liquefaction
phenomena. However, little work has been done towards using the elasto-plastic effective
stress analysis along the concept of bounding surface plasticity. An attempt is made to
incorporate the non-linearities of soil behavior as described by the extended CANAsand

model (including the compact state concept) in forthcoming sections.

4.3 WAVE CHARACTERISTICS

Any adequate physical description of a water wave involves both its surface form
and the fluid motion beneath the wave. A wave that can be described in simple
mathematical terms is called a simple wave. Sinusoidal or simple harmonic waves are
examples of simple wave since their surface profile can be described by a single sine or
cosine function. A wave is periodic if its motion and surface profile recur in equal interval
of time. A progressive wave, as the name implies, progresses across the ocean, so that
successive crests pass a fixed station. Two progressive waves of equal period and height
which are propagating in exactly opposite direction is defined as standing wave. Water
waves are considered oscillatory if the water particle is described by orbits that are closed

or nearly closed for each wave period.
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The most fundamental description of a simple sinusoidal oscillatory wave is by its length
L (the horizontal distance between corresponding points on two successive waves), height
H (the vertical distance to its crest from the preceding trough), period T (the time for two
successive crests to pass a given point), and depth d (the distance from the bed to the

stillwater level) as shown in Fig. 4.1.
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Figure 4.1 Definition sketch for a progressive wave

The water surface profile { was given as a function of position and time by

¢ =%Cos[27r(z ;)}%Cos(Nx-wt) 4.1)

where N and ® denote the wave number and wave angular frequency respectively.

The wave speed or celerity C is the speed of the wave traveling through the fluid

(C=L/T). It is convenient to work with the wave angular frequency @ =27 /T, wave

number N=27/L and thus (C=w/N) too.
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4.3.1 Linear Wave Theory

The most elementary progressive wave theory, referred to as linear wave theory
(Stokes of first approximation), was developed by Airy (1845). This wave theory is of
fundamental importance since it is not only easy to apply, but also reliable over a large
segment of the whole wave regime. Mathematically, the Airy theory can be considered as
a first approximation of a complete theoretical description of wave behavior.

Linear wave theory can be developed by the introduction of a velocity potential
@ (x, z, t). Horizontal and vertical components of the water particle velocities are defined
at a point (x, z) in the fluid as U=d¢/dx and W=d@/dz. The velocity potential,
Laplace’s equation and Bernoulli’s dynamic equation together with the appropriate
boundary conditions provides the necessary information to derive the linear wave theory
formulas.

Two serious difficulties arise in the attempt to obtain an exact solution for a two-
dimensional wave train. The first is that the free-surface boundary conditions are
nonlinear and the second is that these conditions are prescribed at the free surface z = ¢
which is initially unknown. The simplest and most fundamental approach is to seek a
linear solution of the problem by taking the wave height A to be very much smaller than
both the wave length L and the still water depth d, 1.e. H<<d. The wave theory, which
results from this assumption, is referred to alternatively as small amplitude wave theory,
linear wave theory or Airy wave theory.

According to this theory, the pressure at any point within the body of the water
may be given by the equation;

Hcosh[N(z+d)} . - ,
2 cosh(Nd) sin(Nx-ax) (4.2)

P=pwg(z —d)+pwg

where p, is the unit mass of the water and g is the acceleration of gravity. In the above

formula, the first term is hydrostatic pressure and the second term is the hydrodynamic
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pressure due to particle acceleration. The values of N and © in equation (4.2) can not be
arbitrarily chosen, but are derived, as foliows, from the basic solution of the small -
amplitude wave theory (dispersion relationship);

w*=gNtanh(Nd) 4.3)

in which N = 2n/L, ® = 21t /T. The above equation can also be written in the following

form;
1T i 222 @4

4.3.2 Wave-induced Pressure at Sea Bottom
At the seabed elevation, z = 0, the exerted water pressure (i.e. the pressure exerted

due to wave action alone) is given by;

H 1
P=y d+y, X __ 1 ___Cos(Nx-wt 45
At S Cosh(Nd) ( ) 4-3)

where 7, is the unit weight of the sea water. The amplitude of pressure exerted on the

sea bottom due to the traveling wave is given by

H 1
P = - 4.6
at 2 Cosh(Nd) (4.6)

The above equation relates sea floor pressures to wave characteristics for a wave
traveling at speed of C=L/T. In the case of standing waves which are the combination of

two traveling in opposite directions, the corresponding hydrodynamic equation is;

H cos(Nx) . .

P= ————=Sin(wt) = P, cos(Nx)sin(wt 4.7
p”g2cosh(Nd) in(wt) = F, cos(Nx)sin(wr) 4.7

Such a situation is observed in front of seawalls. It is emphasized that for the shallow

water wave the magnitude of 2rtd/L is less than Y% whereas for the deep water waves its
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value is greater than . Equations 4.5 and 4.7 are sufficiently accurate to be used as the

loading boundary conditions imposed on the surface of the seabed.

44 AVAILABLE APPROACH TO ANALYSIS OF WAVE FORCES

With the objective of developing simplified analysis for the wave-induced
liquefaction of the seabed, the Ishihara’s method, which is most popular and reliable for
obtaining such soil responses, is briefly presented. Ishihara (1983), Ishihara and Towhata
(1983), and Ishihara and Yamazaki (1984) proposed an analysis which, while somewhat
elementary, it is possibly the only method that can conveniently be handled by a practicing
engineer.

Consider water waves propagating over a seabed. At the instant when the crest of
a wave is positioned directly above the soil element being considered in the sea bottom, a
positive vertical pressure will be exerted, but when the trough is located above the soil
element, the resulting stress will be a negative vertical pressure. Consequently, there
oceurs a cyclic excursion of the vertical stress during wave propagation through a distance
of one wavelength. In the intermediate instant when the point of zero wave height comes
right above the soil element, it will be subjected to a horizontal shear stress. This
horizontal shear stress also changes its direction back and forth in the course of the wave
propagation, inducing another cyclic alteration of shear stress in the soil deposit.

The most fundamental assumption in Ishihara’s analysis is that boundary loads are
transmitted to the seabed surface in total, i.e., not as a pore water pressure on the surface.

Stated otherwise in this analysis it is assumed that an infinitely flexible and completely
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impermeable sheet covers the seabed surface. Thus the exerted water pressures are

treated as ordinary loads acting through an impermeable boundary as shown in Figure 4.2.
/\\//\/? -

Flexible impermeable sheet

|

Fig. 4.2 Graphical representation of the fundamental assumption in Ishihara’s analysis

The solution domain itself is treated as a homogeneous elastic material and the
Airy stress function (¢ = Ar@sin@) is used to evaluate the stress components at a given

point at a given instant of time. Assume that a harmonic load

2r 2z ) 4.8)

P(x)=P, cos(—d —t
L T

is distributed on the surface of an elastic half-space, where P, is the amplitude of the load.

The vertical normal stress, &, , horizontal normal stress, &,, and shear stress, T, , induced

in the half-space by this load are determined according to Yamamoto et al. (1978) and
Madsen (1978) as

o, = P,(1+ Nz)exp(— Nz)- cos(Nx — ax)

o, = P,(1- Nz)exp(— Nz)-cos(Nx — a¢) 4.9)

T, = P,(Nz)exp(—Nz) - sin(Nx — o¢)

92



assuming the origin of the coordinate system on the sea floor and the z ordinate pointing
downwards into the solution domain.

Ishihara’s analysis is not exact for three reasons. First, his analysis does not
include the contemporaneous dissipation effects. In other words, the stress components
(Eq. 4.9) are total stress components. Also note that these components do not contain
terms involving the elastic parameters such as E, the Young’s modulus and v, the
Poisson’s ratio, a situation common to plane strain problems of linear elasticity.

Second, Ishihara’s approach is only statically admissible. That is, the total stress
field expressed by Equation 4.9 satisfies only the boundary conditions of the problem and
the incremental equations of the equilibrium;

9o , 9 _
ox d

(4.10)

ot .. +80': -0
ox &

The displacement field obtained from this stress field (Eq- 4.9) is unlikely to satisfy

the kinematic constraints. Third, Ishihara did not consider initial in-situ stresses.

4.5 MODELING SEABED DEPOSIT SUBJECTED TO STANDING WAVES
Standing waves may be formed easily when a train of progressive waves is
reflected by an impervious vertical wall and the reflected waves are superimposed on the
incoming waves. This situation occurs often in front of the ocean side of composite
breakwaters. The shearing resistance of cohesionless seabeds, being frictional in nature,

may be reduced to zero due to progressive build-up of pore water pressure. The pore
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water pressure may become high enough to reduce the effective normal stress to zero.
This phenomenon, implying a total loss of strength, has been termed liquefaction. The
behavior of cohesionless seabeds under standing waves has therefore received serious
attention related to the stability of near-shore structures that might be easily affected by
liquefaction phenomena. The purpose of this study is to represent a theoretical framework
for analyzing liquefaction of loosely deposited soils under the action of standing waves.
The present section is organized into four separate parts. First the general
equations for determining of cyclic stresses due to wave loading are derived. This is
followed by mathematical formulation of the model to describe the stress-strain behavior
of granular materials under cycle loading. Then the governing equation of seabed deposits
subjected to standing waves is presented. Finally, the applicability of the proposed model
is examined by some numerical examples. In what follows, compressive stresses and

compressive strains are taken as positive.

4.5.1 Development of Cyclic Stresses under Seabed due to Wave Loading

The computation of actual cyclic stresses developed under the seafloor as a result
of a passage of a wave train is a complex task. The resulting pressure distribution on the
seabed will also be in the form of a cosine/sine wave. This loading can be reasonably
approximated by plane strain conditions. Existing solutions from the theory of elasticity
can be suitably modified to estimate the cyclic stresses under wave loading. The stress
components in Cartesian coordinates, at a point x, z, in an elastic half space due to a

vertical line load of intensity P is given by the following equations;
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0. =—cos’ & 4.11)

2P . 2
o, =—cososin" (4.12)
nr

Consider an element, d&, at a distance, &, from the middle of a wave loading as

illustrated in Figure 4.3.

Still water

Figure 4.3. Cyclic stresses due to wave loading on seabed

Load density, Q, at any point on the wave can be expressed as follows:

n
= bk 2 4.
Q=P cos( 21 ) 4.13)

where £ =dtana and d€ = d, da. Using r=

» Equations 4.11 and 4.12 may
cos” ot coso

be rewritten as:

o.= 2.icos4 o 4.14)
=

o, =—2£coszasin2a (4.15)
d
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where d is the depth of water and «is the angle between r and the z-axis.

Substituting P =Qd& for P in Equations 4.14 and 4.15, the following equations

are set up for the stress components at a point, x, z, under the wave loading:

P= Qii da = P,d cos E d‘: (4.16)
cos o 2] jcos“ &

do .. =g—licos =% cos*ada
= T 21

c.. =£€°—f%cos Etana cos® ada (4.17)
I 21
In a similar way it may be shown that:
o, =2—Pir/2cos ™ ana lsin? ado (4.18)
T 2l

These equations can be evaluated for various values of ¢ as a function of r.
Usually principal stresses have been written with subscripts 1, 2, and 3 specifying the
major, intermediate, and minor principal stresses. Then in the remaining part of the

present chapter the subscripts 1 and 3 will be used for the o, and o, , respectively.

4.5.2 Constitutive Modeling of Soil with Cyclic Plasticity

To describe the characteristics of the cohesionless seabed deposit, constitutive
equations are derived within the framework of bounding surface plasticity theory along
with the concept of compact state. In accordance with the concept of two surface
plasticity, the proposed model consists of an inner (yield) surface and outer (bounding)

surface. The bounding surface serves as envelop of many possible positions which the
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yield surface may reach during the process of deformation. The yield surface undergoes a
combination of isotropic and kinematic hardening while the bounding surface expands
until a limiting state indicating possible states of failure in the material is reached. A non-
associated flow rule is used in the derivation of the equations.

The state of stress is given by the two parameters as:

p=(0,+20,)/\3 (4.19)
and
q=/2/3(c,-0,) (4.20)

In what follows, the term stress stands for effective stress unless otherwise noted.
In the effective stress theory proposed by Terzaghi (1943), the deformational behavior and
failure conditions of the solid matrix is only dependent on the effective stress. This
assumption is generally valid for saturated soils.

An increment of strain is represented by the set of quantities of &;, and it is

assumed to be the additive decomposition of an elastic strain increment and a plastic strain
increment part. In the absence of rate-dependent behavior, the strain rates can
equivalently be used instead of strain increments, i.e.;
E;, =€ +E] 4.21)
The upper indexes e and p refer to the elastic and plastic strains respectively. The
upper dot denotes the rate. The elastic strain rate for an isotropic body is assumed to be
completely described within the framework of the generalized Hooke’s law where two
material parameters such as Young’s modulus E which is a function of p, e and a

Poisson’s ratio, v, which is a constant:
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g = %Kc'r,., —%a,.jd-,d (4.22)

ij
where ;denotes the identity tensor of order two, ie., the Kronecker delta. The

summation convention applies to the repeated suffices. The plastic part of the rate of

deformation tensor is defined as:

£ =<i> aa;’ (4.23)

i
where yis the so-called plastic potential and A is an incremental quantity. It is
sometimes called the loading index or the plastic loading function. The magnitude of the
parameter A depends on whether the sample is experiencing loading, unloading or a
neutral loading. The symbol < > stands for the Macauley bracket, i.e., <i>=A1if 120
and <A>=0if A<0. The value of A1 can be obtained from the so-called consistency

condition. The loading index, 1, is expressed by the following equation:

A=h(f190,,)0 ., (4.24)

where h is a strain-hardening parameter and f is the yield function. In its simplest form,

the yield locus is a straight ray passing through the origin of the stress space. The yield

function is given by the simple expression:

f=n=q/p 4.25)
If the plastic potential is taken as a function of the stress tensor and is assumed to

be smooth anywhere in the stress space, then the Equation 4.23 specifies a unique

direction for the plastic strain increment in whatever direction the stress increment is
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applied. This is indeed observed experimentally. This observation is the permit to use

v in the constitutive equation that is expressed as

y = pexp(n/n,) (4.26)
where 17, =22 sin@, /(3—sin@_), @_ being the angle of the friction associated with the
critical state of the medium. The critical state is a state of (o;,e) where continuous flow

can take place without any change in the state of the medium.

The strain parameters compatible with stress parameters p and g are:

v=(g +2& )3 (4.27)

€ ='\’%(él "és)
where v is related to the volumetric strain rate as is € to the shear strain rate.

Note that the rate at which work is performed is pV +q€ =0 €, +20,6;. The

plastic volumetric train rate and the plastic distortion during virgin loading are expressed

as:

vP = A[l=-n/n Jexp(n/n) /M (4.28)
g” =All/n_Jexp(n/n.) /M

where M = [(l,'/nl)z +(wnl)z]/2 . The factor M is used to normalize the gradients of ¥ .
The comma denotes the partial differentiation with respect to the suffix following. Having
defined the plastic potential, it is required to determine the factor A for loading

increments. To this end, it is postulated that the magnitude of A is in direct proportion to

the yielding rate f , which is equal to 7} from Equation 4.25, i.e.,
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1= hn 4.29)
where h is a strain hardening parameter with a magnitude depending on the stress level.
To evaluate the value of 4 it is necessary to establish, experimentally, the form of a plastic
base curve relating the parameter £°to 7. A simple conventional compression test is
sufficient for this purpose. For loose sands, this curve can be approximated by the so-

called hyperbolic relation which has the form €” = an/(n, —n) where a is a constant to be
determined experimentally and 77, will be defined later. From this equation, the plastic
distortion rate is obtained as:
&r =lan, 1, ~n*hi

But &” =A[l/n_Jexp@/n.)/ M =hexp(n/n_Yyi/n.M . Equating these two

values of €7, the magnitude of & is evaluated as:

M
h= fﬂi’]—f-Tz—exp (-n/n.) (4.30)

(77 f -1
Note that as 7 tends toward 7, then & tends to infinity indicating the sample has

reached its failure stage. Using these equations, the plastic strain components are
calculated and added to the total elastic strains in order to obtain the strain path.

During the passage of waves, an element of soil in the seabed would be subjected
to a number of stress reversals. Considering the stress reversal process, the plastic flow is
described by evolution of the yield surface, which is created inside the boundary surface.
Upon stress reversal, the yield surface is initially tangential to the boundary surface at the

stress point. For subsequent loading, if the stress remains inside the yield surface, the
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response of the material is elastic. Beyond this range, irreversible deformation takes place
and the yield surface moves within the domain enclosed by the bounding surface.

To account the behavior of medium under such loading conditions, it is therefore
necessary to modify the set of Equations 4.23, 4.26, 4.29 and 4.30 with the two additional
concepts. The first is the concept of the bounding surface. To express this idea
mathematically, let us introduce an interpolation function relating s to h. where /. is the
value of k& at the conjugate stress point which is on the bounding surface and a datum
stress which is also located on the bounding surface. The datum stress point is “opposite”
to the conjugate stress point and is the intersection of the line joining the conjugate stress
point, a point on the axis of the bounding surface with the mean stress equal to that of the
conjugate stress, and the yield surface on the opposite side.

A number of extrapolation functions are currently used. The one used in this study

is expressed as

h= h‘,( %,, ) 4.31)

where & is the distance between the datum and the stress point and J,is the spatial

distance between the conjugate stress and the datum stress. 7 is a positive constant and it
is considered to be 7 in this study. Note that when the stress point is at the beginning of
the stress reversal process, & =0and hence 2 = 0. When it approaches its conjugate
h => h_the material behaves, once again, as a virgin soil. Let 1, be the highest level of n
experienced during the loading process. Then the conjugate of the stress point with

coordinates (g, p) located on the stress path is a point with coordinates (=4, p) where;
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3-sing,

- (4.32)
3+sing,

q = pn,

@ being the angle of friction of the soil. The inclusion of factor (3—sin¢_)/(3+sing,)is
to ensure that the conjugate of the stress point is contained within the envelope prescribed
by the Mohr-Coulomb failure criterion. The datum stress point which is located on the
1, ray is with coordinates (g”, p) where ¢" =17, -p.

The second is the concept of reflected plastic potential which is the reflection of

the virgin curve about the 7 constant line passing through the current stress path. The

components of the unit vector normal to the reflected curve are obtained using simple
coordinate transformations.

Realizing that # is a function depending on the state of the sample and considering
the effect of the compact state in which there are not plastic strains at the compact state,
the following condition must be met for the factor A;

e—e h—0 (4.33)

comp ?
where e is the void ratio of the soil and e..m, is the void ratio at the compact state.
In order to choose a suitable and simple form for the 4, it is considered in the

present model to be of the following form:

pp = 8T Ceomn 1y (4.34)
@, -m'M

where a is a constant, 7, is the stress ratio at the state boundary surface and is defined as:
nf = nc + (T'cump -nc)(ec -eo)/(ec —ecamp) (4’35)

Teomp 1S the stress ratio at the compact state and is written
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_ 2\/5 sin O comp

= 436
n"’"‘l’ 3—sin ‘pcump ( )

where @, is the angle of friction at the compact state, e is the initial void ratio and e_is
the critical void ratio which is given by
e. =e, —Alog(p) (4.37)

Obviously the value of M in the Equation 4.34 is evaluated at the conjugate stress. Here it

should be noted that the role of e—e

comp

in Equation 4.34 is to satisfy the condition defined

in Equation 4.33 and in addition follows the hyperbolic form of the deformation response.

4.5.3 Governing Equation of Poro-Elastoplastic Beds to Standing Waves

The load exerted on the seabed surface due to the action of standing waves would
be a sinusoidal nature of fairly long periods of action and may be expressed as

P = P,cos Nxsinwr. Thus, it is rational to omit the dynamic terms from the equations of

equilibrium. Considering the medium is to be isotropic and homogeneous and the flow to

be governed by Darcy’s law, the equation governing the flow can be written as;

kU __¢ (4.38)
Y. 02

where k is the coefficient of permeability of the soil, 7, is the unit weight of water, U is
the pore water pressure and € is the volumetric strain rate.
The stress-strain relationship for the elasto-plastic skeleton is written as;

1-2v [o_l +26'3]— 3(1—2V) U
E E

(4.39)

E; = hﬁy’,‘ + 2‘!’,:;, }1 +
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The stress-strain characteristics of the seabed sand has to be incorporated in the
equation of continuity. Substituting the above constitutive equation into Equation 4.38

leads to the following:

oU U
—=A B y
ot 9z* * (4.40)
k E o, 1
where =— + . .
Yo 3(1 - 2V) (1 -n)h (Wp‘ + 2",,5'] )

_h(y,, +2y, )G, —NnG;)/ 0y +(1-2v)(0, +20,)/E
- h( =MW, +2¥, ) 03]1+3(1-2v)/E

and B

An elasto-plastic body must obey the equilibrium equation,

G;.,=0

gy

For this problem, the above equation may be written in the form:

0'1=‘/'z+2—YLF£ Fcos[ﬁtana]coszoda sinowr-U
. 3 2L

. (4.41)
o, =k, yz+ %{I_(Fcos[%tana]sinl ada) sinwt-U

where 7’is the effective unit weight, k,is the coefficient of earth pressure at rest and has

been chosen equal to 1—sin @, .
Since the process is assumed to be constant volume then y=0. After

differentiating Equation 4.41 with respect to time, the above relations take the form

g, = r.He FCOS[E tan a] cos? ador {cosat —U
/4 o 2L

(4.42)

G _22Ho Fcos ® iana |sin? ade |coswr—U
} T o 2L
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The Equation 4.40 is the governing equation for the response of a shallow depth
seabed sand stratum subjected to the action of standing surface waves. Boundary and
initial conditions have to be taken into account for solving the governing equation. The
initial condition can be given as;

U(z,0) =v,.(d +2),0, =v%, 03 =k,0,
The boundary conditions to be satisfied by a solution to the governing equation are

written
UpperB.C. @ 2=0 U=7.d +%siu o

Lower B.C. @ z=z 90U /9z=0

The governing equation together with the initial and boundary conditions may be
solved using the finite-difference (FD) method. Finite difference method is one of
numerical techniques, which is a common procedure employed in geotechnical
engineering. Thus, the governing equation will be discretized spatially with the forward
finite difference method. An accurate and stable solution can always be expected if the
time steps are made sufficiently small. Therefore in this approach a time interval of 0.02

sec is applied to ensure that the stability condition of 0< Ar/(Az)?> <1/2is met. This

method provides a small truncation error throughout the solution domain.

4.6 FD SIMULATED RESULTS AND DISCUSSION
In this section typical plane strain finite difference model simulations of a seabed
deposit subjected to the action of standing waves are presented. In a parametric study, a

homogeneous, isotropic soil is assumed. The thickness of seabed is set to 10 m and the
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water dept at 10 m. The base is considered rough, rigid and impermeable. Drainage is
only allowed from the seabed surface. The assumed parameters of the wave are T = 10
sec, L=100or 20 m and H = 2, 4 and 5 m. Material parameters for the proposed

constitutive model are:

v=02, 7, =98kN/m’, k=10~ =10""cm/sec, G, =2.70,
a=005, ¢, =30°, ¢,,,, =451 =03, ¢, = 1.4

Different void ratios are employed varying in the range of 0.6-0.9. The value of

c=e,—e.,, =04Iis chosen.

comp

It may be noted that, in contrast to some metal elasticity, the elastic moduli are not
constants for soils. In most cases they are pressure sensitive and in this study the variation
of the Young’s modulus is assumed to be E= 10p. The simple dependence of the E to the
mean effective stress satisfactory accounts for more realistic behavior of sand.

To illustrate the basic feature of the proposed model, several computer tests on
saturated sandy soils with a wide variety of void ratios have been performed under wave
loading. Note that all “tests” start from the hydrostatic axis, i.e., g =0. In this study,
although the wave length is assumed to be 10 m or 20 m, a relatively wide range of the
void ratio is used to investigate the effect of loose to dense sands subjected to the action
of standing waves.

The result of a typical dense sand with a void ratio of 0.6 is depicted in Figure 4 4.
For this test, the amplitude of wave loading is equal to 2m and the wave length is 10m.
Wave characteristic is represented in the upper left part of this figure. Figure 4.4a is a plot
of the effective stress path at three different depths at 1m, 6m and 10m. Also in this figure

the trace of state boundary surface at the critical state and at the compact state as well as
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those of k,line and hydrostatic line are shown. The evolution of the deviator stress with

respect to the axial strain for the corresponding depths is illustrated in Figure 4.4b. Figure
4.4c shows the change in mean effective stress against the void ratio of elements at various
depths in the seabed.

It is observed that the element at 1m behaves more like an elastic continuum. The
behavior can be explained in considering that it characterizes the passage from the elasto-
plastic behavior to the elastic one. The behavior may be observed on the stress path as

well on the e-p state path.
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Figure 4.4 The response of a dense sand bed
(a) the effective stress path at different depths, (b) the corresponding stress-strain curves,
(c) the e-log p graph and the position of the elements during cyclic loading.

This observation is the result of the second hypothesis of the compact state

concerning the elastic behavior at this state. As shown in Figure 4.4b after about 10
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cycles of loading the axial strain did not exceed 0.5%, even for the elements at 6m and
10m. The axial strains are very small: they fall within the axial strain range of -0.5% and
+0.5%.

The wave conditions used in the first example are for a wave length of 10m and a wave
amplitude of 2m. In the second example the wave length was increased to 20m without
changing other parameters. The effect of the wave length on the response of dense sand
bed can be viewed in Figure 4.5 for the same sand bed. Comparing Figure 4.4 with Figure

4.5, it is found that there is no significant effect by increasing the wave length to 20m.
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Figure 4.5 The response of a dense sand deposit for the L=20m
(a) effective stress paths, (b) stress-strain curves, () the e-log p graph.

The next computer test was performed for a loose sand with a void ratio of 0.8.

Figure 4.6 shows the response of loose sand utilizing the same wave conditions of the first
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example. The element at 10m approaches the state of instability, which is associated with

large strains.
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: Figure 4.6 Behavior of a loose sand on the wave-induced response (L=10m)

(a) effective stress paths, (b) stress- strain curves, (c) the e-log p graph

For the next test, the wave and soil conditions employed in the third example were
kept the same, except for a new wave length of L=20m. As shown in Figure 4.7, again it

can be observed that the wave length does not affect the response of loose sand

significantly except for the sample at 1m.
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Figure 4.7 Behavior of a loose sand on the wave induced response (L.=20m)
(a) effective stress paths, (b) stress- strain curves, (c) the e-log p graph

In order to investigate the effect of the wave amplitude on the response of loose sand, two
more tests were performed with wave amplitude of 4m and Sm. Using the same wave and
soil conditions shown in Figure 4.5, the effect of the wave amplitude is considered with
the elasto-plastic model. The stress paths for elements at various depths, Im, 6m and
10m, and the corresponding stress-strain behavior for the same elements are plotted in
Figure 4.8 and 4.9. It is interesting to note that the seabed experiences large distortions
more quickly in the second (with the wave amplitude of 5m) than in the first case (with a
wave amplitude of 4m), due to higher value of the wave amplitude. This has a distinctive
difference on the behavior of loose sand when compared with the results of previous

example. It can be concluded that the passage of large amplitude waves on the
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Figure 4.8 Response of a loose sand with wave length of 10m and wave amplitude of 4m

(a) effective stress paths, (b) stress-strain curves, (c) the e-log p graph
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Figure 4.9 Response of a loose sand with wave length of 20m and wave amplitude of Sm

(a) effective stress paths, (b) stress-strain curves, (c) the e-log p graph
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surface of the sea may also produce relatively large displacements of soil on the sea
bottom. It should be noted here that although the wave length in the second case is
increased to 20m, the wave amplitude has the dominant effect on the seabed response.
Another test was performed for the same wave and soil conditions employed in
producing Figure 4.6, except now for a very loose sand with a void ratio of 0.9 in order to
evaluate the seabed response to the various void ratio. The result is illustrated in Figure
4.10. After one cycle of loading, the soil tends to be unstable and experiences large
distortions. The test was repeated for the very loose sand with the same values of wave
and soil parameters except the wave length, which is again set equal to 20m. The result is

shown in Figure 4.11.
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Figure 4.10 Behavior of a sand in very loose state (e=0.9) with L=10m
(a) effective stress paths, (b) stress-strain curves, (c) the e-log p graph
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Figure 4.11 Behavior of a sand in very loose state (e=0.9) with L=20m
(a) effective stress paths, (b) stress-strain curves, (c¢) the e-log p graph

Upon comparing Figure 4.10 with Figure 4.11, it is found that the wave length
does affect the response significantly and the soil experiences a total failure at about one
half cycle of wave loading. The importance of the wave length in affecting the soil
behavior can thus become apparent.

The analytical procedure presented in this study provides a means for evaluating
stability of sea deposits against wave-induced instability. There is no doubt that the
proposed model possesses several drawbacks and limitations. For example, it does not
take into account the kinematic constraints. However, the main advantage of the model
seems to be its simplicity that can conveniently handle different conditions, which may be

observed in practice. It also overcomes the deficiencies of Ishihara’s method in
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considering elasto-plastic behavior of soil and initial in-situ stresses. It is also found from
the examples given in this study that loose sands have been shown to respond differently
from dense sands to the same wave input. For the two different sands the nature of the
solution clearly exhibits the expected feature that effects of void ratio are more
pronounced for the very loose sand. The solutions are the free field solutions, since
inclusion of structures in the analysis would make the problem much more complicated. A
free field solution can provide a valuable information for geotechnical considerations in the
offshore structure design. Hence, engineering judgment should be exercised in assessing

the seafloor response and its effects on the structural response.
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NONLINEAR DYNAMIC ANALYSIS
OF A UNIFORM SAND LAYER

5.1 INTRODUCTION

The behavior of cohesionless granular media under dynamic loading is one of the
most important problems facing geotechnical engineers. The effect of earthquake shaking
for soils is primarily the development of volume changes that lead to settlements. These
occur as a result of the pore pressure build up at some depth. If the upward gradient is
large enough, the following water will buoy up the soil particles. It is more likely,
however, that the flow will break through to the surface in places where the topmost
stratum is especially thin or where there are cracks or other weaknesses in the superficial
soil. The water, which may flow violently, usually brings considerable sand particles with
the water creating a pile of sand around the vent, referred to as a sand volcano.

Earthquake-induced settlement could develop as a result of water migration to a
zone of soil, which becomes looser than prior to earthquake and then causes, the failure.
Migration of water could occur through short distances as a film of water just underneath
the impermeable top layer so that only thin layers could loosen.

This chapter is written in the following sequential sections. The first section of the
present study summarizes the past work on the sand blow phenomenon. Then, a brief
description of the ID (Integro-Differential) technique that is used to analyze the problem is
presented. It is followed by derivation of the governing equation of the problem. Finally,
the simulation results of the proposed model are illustrated. In this section the distortion

of the shape of the soil layer as a function of time and the stress-strain behavior of soil at



different depth are demonstrated. Numerical simulations have been carried out to identify
the typical trends in the response of cohesionless soil in a broad range of void ratio

subjected to dynamic loading.

5.2 REVIEW OF PAST WORK

The high incidence of liquefaction during earthquakes, together with its potential
for damage, has made the phenomenon a prime subject of concern in earthquake
engineering. Due to its complexity, the mechanism of the liquefaction phenomenon is not
yet completely understood and a large amount of research is still being done.

In the last few years, two aspects of the liquefaction problem have generated a
great deal of discussion and motivated significant research. The first aspect relates to the
conditions necessary to produce unlimited flow of the liquefied soil in the field under the
action of gravity loads such as those occurring in a slope or beneath a structure. The
second aspect of the problem relates to the developments of sand blows (also referred to
as sand volcanoes) due to eruption of water through cracks, holes, etc. which carries with
it fine sand particles. Water flow existing locally at the ground surface transports
considerable suspended sediments that settle and form a conical sand deposit. In extreme
cases, water has been observed to spout out to heights of 1.2-1.5m above ground, and the
sand volcanoes can be as large as few meters in diameter.

Sand blows are a well-known phenomenon in geotechnical engineering. However,
only a few attempts have been made to extract information from sand blows left behind by
liquefaction. The first plausible basic mechanism underlying the development of sand
spouts is that presented by Housner (1958). He suggested that an earthquake liquefies the
underlying soils, which thereafter consolidate as does a compressible soil under an applied
load. Analyzing the resulting process by Terzaghi’s consolidation theory, Housner (1958)

calculated the quantity and flow rate of water that would emerge at the ground surface.
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He also demonstrated that the large gradients needed to cause sand blows when a deep
layer of soil develops high pore pressure in a uniform soil deposit. This theory was
followed and elaborated on by Florin and Ivanov (1961). They developed a model that
predicts the upward movement of the lower boundary of the soil with zero effective stress,
which they referred to as the “compaction front”.

Based on laboratory experiments, Scott and Zuckerman (1973) showed how the
excess water produced by liquefaction makes its way to the surface by an unstable process
of cavity formation and then of channel formation in the upper layers. Lenses of water
may develop near the bottom of an overlying cohesive layer. If the cavity approaches the
ground surface, the pressured, soil-laden water in the cavity may break through almost

_explosively to form a waterspout or sand volcano, bringing sand with it from the liquefied
zone. Scott and Zuckerman (1973) also showed that the presence of a finer-grained layer
of soils overlying the liquefiable zone is necessary for the formation of sand blows.

In the same line of thought, Muir and Scott (1981) analyzed the patterns of the
sand blows during the 1971 San Fernando, California earthquake and 1979 Imperial
Valley, California earthquake. They observed that the greater the thickness of the layer
overlying the liquefied soils, the fewer and larger the blows because the break through of
the first vents inhibits the concurrent development of cavities. In a thick layer, fewer
cavities reach the surface. Venting of the liquefied soil may be influenced by the presence
of animal holes, burrows, or man-made openings such as trenches, ditches and water
wells. The path of the surface is generally not vertical, but complicated, depending on the
nonuniformity or anisotropy of the soil.

In order to establish a framework within which one can understand the soil
response during earthquakes, Castro (1987) proposed a classification of the types of soil
behavior on the presence of “driving” shear stresses in the soil from static loading existing
prior to the earthquake. The term *“driving” refers to those shear stresses that are required

for static equilibrium. He concluded that sand blows occur under zero driving shear stress
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and are more likely to be observed in soils with low blow counts, i.e., looser soils in which
higher pore pressures would develop for a given earthquake and also would compress
more and thus release more water during densification.

It should be noted that sand blows and associated sand volcanoes are also
observed at the bottom of excavations in sandy soils below the groundwater level,
downstream of dams and other water retaining structures. Piping of the sand under large
upward exit gradients creates the sand blows. The physical mechanism of the formation of
sand volcanoes in these cases is similar to the one that occurs during and after

earthquakes, except that the source of the hydraulic gradients is different.

53 INTEGRO-DIFFERENTIAL (ID) TECHNIQUE

An important class of problems in the field of geotechnical engineering may be
analyzed with the aid of a simple integro-differential (ID) equation by Poorooshasb et al.
(1996 a, b and c). The ID technique is a simple analytical tool that can be utilized in the
evaluating and solving a certain type of situation encountered in geomechanics. It is called
the ID technique because it involves the evaluation of an integro-differential equation
depending on the type of problem.

The technique is recently developed for the first time in solving some geotechnical
problems and applied to the examination of the performance of a system of vertical piles.
The other applications of this method have been made to axisymmetric problems, e.g.
analysis of piled-raft foundation (Poorooshasb et al., 1995), design of inclined piles
(Poorooshasb et al., 1998), and also plane strain problems (e.g. Poorooshasb et al., 1997).

The calibration of the ID technique was carried out against some other numerical
techniques, e.g. CRISP Program (Britto and Gunn, 1987). The agreement between the
results from the ID technique and those obtained from CRISP Program, which uses finite

element method is considered satisfactory.
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The ID technique is simple to understand and straight forward to apply. The
requirements of computational facilities in applying the ID technique are minimal in
comparison to other numerical methods. The general validity and the effectiveness of the

ID technique, applicable to different geotechnical problems have been established.

54 MATHEMATICAL FORMULATION OF THE PROBLEM

Sand blows have occurred in many Ilocations during earthquakes. Different
mechanisms have been suggested to account for the behavior of sand spouts. Several
different theories have been advanced on the analysis of sand blows, however, there are
few studies in modeling this phenomenon in order to mitigate the severe damage caused to
structures. It appeared, therefore, that a necessary to develop a model of the soil behavior
during earthquakes loading.

Let u be the displacement of a typical point and T the shearing stress. From the

dynamic incremental equation of equilibriur, the following equation is shown to be hold,

g o’ (5.1)
where v is the unit weight of the soil and g is the gravity. z and ¢ are the space and time

variable. Differentiating both sides of Equation 5.1 with respect to time results in

ot y d%u
L 5.2
% (5.2)

Noting that ¥ is too small and for small strain theory it can be neglected. @ Now

integrating the right hand side of Equation (5.2) with regard to z yields;
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(5.3)

where £ is a dummy space variable. The relation between the shear stress rate and strain

component can be expressible in the form

=G, E=C 54

where G., is the elastic-plastic shear modulus. G., is not to be treated as a constant: it is a
variable, which may be a function of space parameter z. In general it can also be a
function of time and the stress level. This type of non-linearity will not, however, be dealt
with here.

Upon substituting Equation 5.4 into Equation 5.3 yield the required relation viz.,

ot 2a(&.t
ﬁ:a( )j "(5 ) e (5.5)

where a(z) = y/ gG,,(2) . The developed formulation is intended to serve as the basis of
numerical procedure proposed in the next section for the analysis of sand blows. Note
that the governing equation (Equation 5.5) must be solved with the appropriate initial
boundary conditions, which are explained later.

The governing equations developed here along with the boundary conditions are
not sufficient to solve the problem in soil dynamics. Thus constitutive equations are
necessary to make the problem well posed. Constitutive equations have significant impact
on the solution of any boundary value problem in soil mechanics and must present a
realistic modeling of the soil behavior.

Constitutive models based on plasticity formulation have contributed significantly
to the development of analytical procedures. However, several important aspects of
dynamic soil behavior are not yet incorporated into these models, including sand blows.

There is a need to investigate the effect of sand blows on the response of system subjected
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to ground motion. The CANAsand model, which is based on the boundary surface
plasticity incorporating a non-associated flow rule, has been shown in recent studies to be
capable of modeling the response characteristics of sandy soils subjected to monotonic and
cyclic loading (Poorooshasb, 1994). The model proves applicable for both loose and
dense sands. In the present work, the CANAsand constitutive model developed in chapter
3 is used to represent the stress-strain behavior of granular cohesionless media under

dynamic loading.

5.5 THE NUMERICAL SCHEME

Equation 5.5 may be written in its finite difference form as

ai + 1, j) —a(, j) a(i, j—1)—2a@, ) +u(i,j+1)
= A
Az a(z) Z (Ar)” d

The numerical scheme employed to evaluate the governing equation is simple and

(5.6)

will be demonstrated briefly here. In this scheme the solution domain is covered by a finite
difference mesh, which is shown in Fig. 5.1.

Referring to Fig. 5.1, it is assumed that the mesh has j, ,  columns, spaced regularly

max

at At intervals, and i, rows, spaced regularly at Az intervals. Let Az be kept constant

thus AE = Az. It is the object of the analysis to evaluate the magnitude of & at each and
every point of the mesh. This is done by first deriving the coefficients of a set of linear
simultaneous equations fora(l),4(2),...s(n ), where n_,. = (i, ~1) * jooe Hoae e
Jnae 1 the total unknown to be determined.

Consider the situation at node (i, j) with a node identification n= (i-1) j, .+ j. The
objective is to find the values of constants a (n, 1), a (n, 2)...a (n, n)...a (n, n_,+ 1) so
that one of the equations of the set corresponding to the node » may be found as;

a(n,Du(l) +a(n2)a(2)+...a(n,n)u(n) +a(n,n+ Da(n+ D+...= a(n,n_, +1) (5.7)
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Figure 5.1 Finite Difference (FD) mesh

With the aid of the last results and recalling Equation 5.6 one can write

aGi+ 1 ) —al, j) = Y atm, Plitm, j—1) = 24m, j)+a(m, j+1)] (5.8)

m=]

(m—1XAZ)" _ y(m-1)(AZ)
(Ary’ £G.,(2)(a)’

where o(m,j) = o(z) and the nodal number assigned to

the point (m, j) is s = (m-1)jmax + j. The node directly below the (m, j) will have a nodal
number of r = M jmae +j. It remains to express Equation 5.8 in a form suitable for coding.

That is, to reduce it to a number of simultaneous algebraic equations. Thus Equation 5.8

can be rewritten as;

i(r)—i(n) = ia(s)[d(s — 1)~ 2u(s) + (s + )] (5.9)
s=1

The scheme is fully explicit. In the present study it is considered as 7/32 in order to

get an accurate picture of the situation, where T is the period.
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Equation 5.9 must be solved subject to the following initial and boundary condition

@t=0 u=o0,0=%
@z=0 u=o (the surface is assumed free of shearing stress)
@z=z ua=aywcoswt

where a, is the amplitude of the wave of periodic sine function and @ is the angular wave

frequency (radians/sec).

5.6 SIMULATION OF EARTHQUAKE INDUCED SETTLEMENT

Due to the lack of experimental data necessary for a calibration of the constitutive
equations, the model parameters can be considered as follows. The elasto-plastic shear
modulus Gep characterizes the elastic-plastic response of the material and is assumed to
be a function of the current state of effective stress and some index parameters identifying
the current state of the sand such as void ratio. In the present model, the relationship is

chosen to characterize the variation of this moduli, namely

G, =1/t (5.10)
Gz (nj -n)-

where 11 =7/0 and Gg is the elastic shear modulus. The variation of G¢ with ¢ and void
ratio can be estimated by the following equation.

e -ecam
G = 200(1 -——”-] (5.11)
e, —e

comp

where e is the void ratio and e_,,, is the void ratio at compact state. e, is defined as the

limit of the state boundary surface and is given by
e, =e

4 ncamp
) comp —

Ll ncamp

where 7, and 7,,,,are related to the ¢@_and @,,,, which are respectively assumed to be 30

(5.12)

and 45 . c is the vertical distance between e.and e, in e-log p graph and in this study

may be chosen as 0.4. The value of 7, is expressed as
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Ny =M. ‘*'&:—e(nmmp -n.) (5-13)
where e_is the void ratio at critical state and is written as €. =¢; —Alogo . The value of
er and A are considered 0.95 and 0.1 (in log base 10) respectively.

There are two parameters in the model formulation which describe the hardening
law for plastic moduli, @, n. These parameters should be found by trial and error
procedure in order to achieve the best results of drained tests. Based on the second
hypothesis of compact state ensuring non plastic behavior at compact state the value of a

is determined.

a=0.1e-e,,,) (5.14)
The plastic hardening exponent, n is considered to be of the following form:
4e—e.,n
n= 12~—(———”) (5.15)

c

In the present research, the numerical simulations are restricted to dry sand or
saturated sand deposits with very high coefficient of permeability. The simulations
correspond to the dynamic response of the sand layer with a thickness of 10m under a
sinusoidal loading of the natural frequency of 2 cycles/sec. and the amplitude of 0.02.
Duration of strong motion is considered 8 seconds (16 cycles) with a maximum

acceleration of 33% applied at the base in plane strain loading condition.

57 RESULTS OF NUMERICAL SIMULATIONS

Earthquake vibrations may induce settlements in non-cohesive soils. The amount
of these settlements can be estimated using the proposed model. In order to evaluate the
performance of the model the sandy soil is considered with a wide range of void ratio
varying 0.46 - 0.9 from very loose to very dense sand. The first simulation is related to a
very dense sand with a void ratio of 0.46. Figure 5.2 shows the evolution of settlement
during the strong earthquake. The stress-strain behavior of the soil at depths 3 mand 8 m

are illustrated in Figure 5.2a and b. The variation of the void ratio against depth is given
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in Figure 5.2c. The solid circles indicate the initial void ratio and the open circles
designate the conditions after cyclic loading. Also shown the critical state line and
compact state line in this figure. The soil displacement pattern is plotted in Figure 5.2d.
This figure shows the distorted shape of the sand layer at various times.

It can be seen that after 16 cycles, the soil had a settlement of 5.8 cm. It is
important to note that because the void ratio of the soil was close to the void ratio at the
compact state, therefore the soil behavior is elastic as shown in Figure 5.2a and b. This is

consistent with the second hypothesis reported in Chapter 3.
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Figure 5.2 Model simulation of a very dense sand
a) stress-strain at 3m, b) stress-strain at 8 m, c) void ratio versus depth,
d) soil displacement pattern.



For the next computer test the value of void ratio is increased to 0.5. Again the
soil behavior seems to be elastic but there is some plastic strain at 8 m, although the soil
tends toward the compact state line. Since the sand is looser than the previous one, the

settlement is increased about 40%, that is 8.1 cm as shown in Figure 5.3.

b
- strain
. . - 30 kPa, stress 30 kPa, stress
void ratio " .
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° \
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o \
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[0 I 2] 1 4! 8|
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Figure 5.3 Model simulation of a dense sand
a)stress-strain at 3 m, b)stress-strain at 8m, c) void ratio versus depth,
d) soil displacement pattern.

The result of the test on medium sand (e = 0.6) is presented in Figure 5.4. Itis
evident that as the void ratio is increased the soil behaves elasto-plastic rather than elastic

behavior. In this case, the settlement becomes 16.9 cm, i.e. about 100% more than the

case for e=0.50.
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Figure 5.4 Model simulation of a medium sand
a)stress-strain at 3 m, b)stress-strain at 8m, c) void ratio versus depth,
d) soil displacement pattern.

The response of the loose sand with void ratio of 0.7 is shown in Figure 5.5. The
settlement progressively increases until it reaches 25.8 after 16 cycles of earthquake

loading. As expected by increasing the void ratio the settlement of the soil layer increases

too.
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Figure 5.5 Model simulation of a loose sand
a)stress-strain at 3 m, b)stress-strain at 8m, c) void ratio versus depth,
d) soil displacement pattern.

In the test carried out on the loose to very loose sand (e=0.8), the response under
the strong shaking with a maximum acceleration of 0.33g is similar to that of loose sand.
In particular, the settlement increases up to 40.6 cm and the maximum stress reaches 15
kpa at 2% of strain. This is due to the fact that the void ratio is close to the critical state

line as shown in Figure 5.6c.

128





























































































