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ABSTRACT

Experimental Investigation, Stochastic Modelling and Reliability

Analysis of Fatigue Behavior of Tapered Composite Laminates

Xuan Ning Guo

The present thesis contains the results of testing, stochastic process modeling and
reliability analysis of symmetric tapered laminates with pre-set delaminations. Two
laminate configurations, called lay-up A and lay-up B are considered. Lay-up Ais a
[0/+45/0/(145)3/+45/0]s laminate that is reduced to a [0/+45/0/+45/07]s laminate and
lay-up B is a [04/+45/0/(£45)3/£45/0]s laminate that is reduced to a [07/+45/0/+45/0]s
laminate Two locations of pre-set delaminations, at the center of the core layer and in
between belt and core layers in the thin side of lay-up A tapered laminate, are
considered. Two loading conditions, (a) cyclic tension-compression loading and (b)
cyclic tension-compression loading with 85% over tension load, are applied for the

fatigue tests in the present thesis.

A stochastic approach to model the fatigue damage development based on the test
data which has been developed and presented in an existing work is used in the
present thesis. The Markov Chain is used to represent the fatigue damage

accumulation in this approach, and the differences between the true probability

1t



distribution and the unconditional probability distribution (or predicted unconditional
probability distribution) of the fatigue response parameter are determined by using
different methodologies, that are, the Maximum Entropy Method (MEM) and,
Gaussian (single and bivariate) probability distribution and joint probability density
function. The test data on the fatigue response parameter are analyzed based on the

reliability function, hazard rate and failure density function.
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Chapter 1

Introduction

1.1 Literature review

1.1.1 Fracture mechanisms of metal and composite materials

In addition to the conventional metallic materials, laminated composite materials are now
being widely used in various applications for the past three decades due to their relatively
high strength/stiffness-to-weight ratio, elastic tailoring properties, inherent damping, and
capability of anti-corrosion. For example, the application of composite materials can be
found in power generation plants, automotive and transportation industry, construction

and civil engineering industry, and aerospace industry.

In metallic materials, fracture mechanism is normally concerned about how and where a
crack (or cracks) is generated and grows as well as the severity of damage caused by
crack growth that leads to final fracture. But the failure mechanisms and damage modes

for composite material laminates are more complex than that of metallic materials due to



their anisotropic material properties. One or more of the following failure modes are
encountered during any time of service life [1-3]: matrix cracking, de-bonding between
fiber and matrix, delamination, fiber cracking, and laminate splitting, etc. A number of
researchers derived various models to describe how the factors, such as composite
material (including fiber-dominated or matrix-dominated composite material, glass or
graphite fiber, etc.), geometry configuration (fiber orientation, stack sequence, tapered
laminate, etc.), fatigue loads (stress magnitude, stress ratio, frequency and overload), and
environment (thermo and humidity), affect the static fracture and fatigue behavior of

composite laminates.

1.1.2 Fatigue damage mechanism and life prediction of composite

laminates

For a new structure or new component design procedure, the original experimental data
regarding the mechanical properties of the material under both static and fatigue loadings
have to be available, which are the key issues of capability and reliability aspects during
service, especially for those fatigue data that are directly related to the life time of the
structure and component. Therefore, the fatigue behavior of composite laminates, which
have been largely investigated in recent years, is considered as one of the most critical

properties in automotive and aerospace engineering research and design.



In general, the three typical stages of composite material fatigue damage better show the
processes of strength/stiffness degradation and damage accumulation under various

cyclic loadings, as descibed by Reifsnider [1] and Jie [2], which are often called:

1)  Initiation phase,
i)  Stiffness and strength steady-degradation phase, and

iii) The phase of damage increasing that leads to fracture and failure.

They also mentioned the differences between the damage modes and damage growth
rates involved in these three stages although the damage modes and interactions between
damage modes can not be separately or precisely described in a certain phase. For
example, matrix cracking and fiber breaking are often observed in the initiation phase
that may trigger high damage growth rate; crack coupling, interfacial de-bonding,
delamination and its growth are the main damage modes in the relative steady-
degradation of stiffness and strength phase that occupies the most life time of service; the
major damage modes during phase iii) are presented as the rapid growth of delamination,
fiber concentrative breaking and local fracture, etc. with high damage growth rate that

leads to a complete failure.

Talreja [3] also mentioned that the damage modes showed quite the same routine
processes as Reifsnider [1] did in that the matrix cracking appears to be the first mode of
damage at the very beginning of service life, then the delamination occurs as a result of

stress concentrations at the intersections of matrix cracks and grows into the second



stage, and the large-scale of delamination and matrix cracking leads to fiber breaking and
this results in final fracture and failure in the third stage although the damage
accumulation and growth rate are always different due to loading history, specimen
geometry, stacking sequence and environment. Very often, ultimate failure of laminated
composites 1s caused by large-scale fracture due to fiber cracking at different locations of
delaminated layers. Therefore, the onset and propagation of delamination in composite

laminates is considered as the critical damage mode during fatigue service time.

Many researchers had worked out some approaches for fatigue damage tolerance and life
prediction under some assumptions in the past two decades. Among them, Hwang and
Han [4] introduced a new definition, that is called fatigue modulus dF/dN (fatigue
modulus F at N cycles), to calculate damage accumulation and life prediction of
composite material under single-stress level as well as multi-stress level fatigue loads by
using strain failure criterion. O’Brien [5, 6] proposed to establish a damage-
threshold/fail-safety approach to predict the tension fatigue life of composite laminates
based on the model of dG/dN (Strain energy release rate at N cycles), and it is further
applied for compression load conditions. Yang and his associates [7, 8] established a
residual strength/stiffness degradation model dE/dN (residual strength E after N cycles)
to calculate residual strength after N cycles or to predict fatigue cycles at failure for
graphite/epoxy composite laminates under tension-compression cyclic loading based on
an appropriate failure criterion. Many researchers, such as Wu et al [9] and Schaff et al
[10], used residual strength as a fatigue parameter to predict the fatigue life of composite

laminate. The model of da/dN (rate of delamination growth along with fatigue cycles:



crack length a at N cycles) was also used by Komorowski, Lefebvre et al [11] to
represent the fatigue damage accumulation and life prediction under the assumption that

the major damage mode is delamination.

1.1.3 Delamination sensitive factors of composite laminates in fatigue

service

Although the composite laminate’s final fatigue failure results from the combined failures
of several damage modes like matrix cracking, de-bonding between matrix and fiber,
delamination, laminate splitting and fiber fracture, the threshold and propagation of
delamination along the thickness of specimen is considered to be the major fatigue
damage mode as it directly leads to fiber breaking, laminate splitting and finally laminate
fracture. So the sensitive factors that lead to delamination initiation and accelerate its

propagation have been largely investigated in recent years.

1.1.3.1 Effectiveness of stacking sequences and tapered laminates

Among the specimen geometry configurations, two structures that are considered more
sensitive to initiate delamination are named in the literature as tapered laminates and
multi-angle orientation laminates, compared to the uniform thickness and unidirectional
laminates respectively, as concentrated shear stresses exist in the interlaminate in both
cases that may lead to Mode I (opening) and Mode II (shear opening) failure [12] under

simple tension load.



Many papers investigated the onset and propagation of delamination in the tapered
composite laminates under static or cyclic tension loading, and the test results were also
different for the different types of ply-drop and for different angles of tapered laminate.
Those ply- drop types that are presented in Fig.1.1 are often called: i) External-ply-drop-

off, i1) Mid-plane-drop-off, and iii) Internal-ply-drop-off [13].

Tapers
External-ply-drop-off Internal-ply-drop-off Mid-plane-drop-off
— > &
ﬁl /

Figure 1.1 Laminate types in terms of ply-drop-off

The Internal-ply-drop-off (see Figure 1.2) has proved to have the least interlaminar
residual stress in the ply-dropped area than that of the other two types of ply-drop-off and
this was investigated by Ochoa and Chan [14]. Murri, O’Brien et al [15, 16] analyzed the
delamination onset and predicted the delamination onset in unidirectional tapered
laminates (called hereafter as Internal-ply-drop-off laminates) by using FE (finite

element) model and have shown that the most likely place for an opening delamination



(Mode I) is at the junction of the tapered and thin regions, which is shown as a line
(BCD) in Figure 1.2 and that the growth occurs in both directions of tapered and thin
regions. Erian and Parnas [17] also proved that the initial delamination occurred at the
junction of tapered and thin portions and they predicted the growth along both directions
using interlaminar stress and strain energy release approach. Of course, from the methods
of stress analysis and FEM, it is easy to conclude that the larger the taper angle is, the

more sensitivity is for triggering delamination in that tapered area [18].

dropped plies Detamination

;‘%

Resin pocket

Figure 1.2 Typical schematic of symmetric tapered laminate with internal ply-drop

In another type of study for multi-angle fiber orientation of the graphite epoxy laminates

(02/ 8 2/— 8 5) (9 was 15°, 20°, 25°, 30°) under tension-tension fatigue load that was done



by O’Brien [19] indicated that the onset of matrix cracking in the central — 6 ° plies
always preceded the onset of local delamination in the © /-0 interface by calculation of

strain energy release rate. Therefore, the manufacturing flaws like air bubbles and
contaminations in the interlaminate, which are considered as a kind of pre-set
delamination in the laminate plates, are proven to be more dangerous than any other

manufacturing flaws in this study.

1.1.3.2  Effect of tension-compression cyclic load and over tension load

The composite laminate fatigue behavior under tensile loading depends mainly on the
properties of the fibers (along the fiber direction), while under compression loading, the
property of the matrix gets more influence. In another words, the interlaminar stresses
under compression load are more severe than tension load and certainly have more
chances to de-bond the interface between fiber and matrix or break the matrix directly,
which leads to delamination locally in any case, therefore, the compression load is always
regarded as more sensitive to generate delamination and accelerate the growth of
delamination than that of tension load during composite laminate’s service life.
Furthermore, the tension-compression fatigue load has significant influence on initiating
delamination at any weakened interlaminar and makes it grown faster than that of
tension-tension load, or further leading to buckling failure [20, 21] and global structural
failure. In order to prevent delaminating and buckling in earlier damage stages both under
static and cyclic loading, the anti-buckling guide had to be used in most experiments with

compression load. The anti-buckling guide is normally used in the relative high



compression load condition, whose stress ratio is in the range of R<-1 (tension-
compression load case) or R>1 (compression-compression load case) [22]. The
compression behavior of delaminated/buckled composite laminates dealt with an ideal
case of single delamination is largely investigated by use of FE method since the past two
decades, and then it was developed for the multi-delamination case by Woo-Min Kyoung

et al and Hiroshi Suemasu [23, 24].

The fatigue damage model and life prediction of unidirectional laminates under tension-
tension load have been largely investigated [4, 25, 26, 27] by calculation of fatigue
modulus and strain energy release rate under assumption of steady-accumulation damage
theory. With the increasing use of composite laminates in recent years, more and more
authors involved in the research composite material field of tension-compression loading
conditions. For example, Yang and Liu et al [6, 28, 29] worked out a residual strength
degradation model for fiber dominated graphite/epoxy composites under tension-
compression cyclic loading, and later on they also developed a fatigue stiffness
degradation model [7]. Jerzy P. Komorowski et al [11] derived a delamination
propagation rate (da/dn) as a function of strain energy release rate G to estimate the valid

service time under compression-dominated fatigue loading.

On the other hand, unlike the metallic materials for which the tension overload leads to
the creation of plasticity and damage retardation in the fatigue service, in the case of
composite laminates it definitely accelerates damage scale by heavily triggering the

various forms of damage modes, such as matrix cracking, de-bonding, fiber cracking and



delamination, comparing with the normal failures under normal tension-tension or
tension-compression loading. Only few researchers are working on that aspect to analyze

its effects on the fatigue behavior of composite laminates.

Overall, the tapered laminates are reckoned on less fatigue life than uniform thickness
laminates under cyclic loading, especially under compressive loads or even over tension
load based on normal tension-compression, since there are more chances of delamination
occurrence in the tapered area [14, 18, 25] during fatigue life. Joakim [26] and
Komorowski et al [11] proposed that the fatigue life is mainly related to the delamination
growth rate for the laminated composite, so based on that, it would be much more
interesting to know how the artificial delamination (pre-set delamination) affects the
fatigue life. And more interesting parts here would be, how the delamination sensitive
factors, such as multi-directional tapered laminates, compression load, tension overload
and pre-set delamination, synthetically affect the stiffness/strength degradation as well as
fatigue life. Some of these effects have been investigated and associated with some

experiments done in this thesis.

1.1.4 Environmental and frequency effects

The environmental conditions, on the other hand, are also considered as an important
factors to affect the composite laminate’s fatigue behavior as the fiber and matrix are
sensitive to temperature and humidity, but very often this kind of environmental problem

can be easily avoided by simply choosing high-temperature resistance composite material
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such as CSPI (Chung Shan modified Poly-Imide) [30] or painting the surface of

composite structures to prevent moisture absorption.

Ignoring the heat effects due to increasing test frequency, the strength and stiffness of
composite materials under strain-controlled fatigue test is proved to be a nonlinear
response of test frequency in the earlier studies of Stinchcomb, Reifsnider et al [31]. The
following studies by Sun et al [32] show that the frequency effects enter only in stress
controlled fatigue test and they have derived a stiffness equation as a function of test
frequency. Of course, another part of frequency effects on fatigue damage is from heating
that is generated by the increased load frequency. So Barron et al [33] concluded that the
effects of test frequency for the matrix-dominated orientations such as angle-ply on
fatigue behavior are much greater than that for the fiber-dominated laminates such as
unidirectional and cross ply specimens according to their experiments, and more
important is that they also proved that the test frequency effects on fatigue behavior are

mostly due to hysteretic heating.

1.1.5 Stochastic approach to model the fatigue damage process

Even though the above models for fatigue damage accumulation processes and fatigue
life prediction have been established and developed in recent years, it is still hard to
determine precisely how these failure mechanism damage modes, which are considered
very complex [1, 2, 3] as mentioned in the above, and their occurrences individually or

synthetically contribute to the composite laminate fatigue damage [3]. One complexity is
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how these failure modes and their occurrences contribute to fatigue damage that can not
be quantified precisely [3]. Other complexities, like failure mode changing from one to
another, crack jumping, many failure modes active at the same time and viscoelastic
response, also can not be presented precisely. Therefore, the Markov process modeling,
which can better represent the composite material’s fatigue damage accumulation process
under such mentioned complexities through the entire service, has been developed in the

recent years.

In the research paper by Bogdanoff and Kozin [34], the Markov Chain Model was first
proposed to represent the probabilistic behavior of the cumulative damage of fatigue
failure and fatigue crack growth of metals. Then Wen-Fang Wu et al’s studies [9] on
probabilistic modeling of Young’s residual stiffness degradation by using lognormal and
Weibull distribution showed a reasonable fit to the probability distributions of life times
that have been obtained from fatigue tests and service operations. But considering the two
limiting states of Weibull probabilistic distribution on the fatigue parameters, which are
satisfactory (no damage) and failure (completely damaged), they certainly could not
represent precisely the fatigue damage accumulation states. Moreover, the parameters
used in the above models were for the crack length as fatigue response parameter and the
parameters were estimated from test data by using statistical parameter estimation
procedures. The true probability distributions (both individual and joint distribution) as
well as the reliability of the above mentioned fatigue response parameters have not been

considered or calculated so far.
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The stochastic approach has been investigated in recent years for knowing or predicting
the possibilities of fatigue damage or distribution of fatigue response parameter during
cyclic tests. Ganesan’s [35] “Data-driven stochastic approach” precisely and truly
employs the probability distribution of fatigue response parameter at a certain damage
state and the estimated states are based on the establishment of a structural-level response
parameter, which is sensitive to various damage modes and is better to describe and
quantify the fatigue damage. This approach is used in the present work. Due to limited
test data, the individual and joint probability distributions corresponding to the
experimental data do not always follow certain distributions like Normal Distribution and
Weibull Distribution. Therefore, different standard distributions such as Gaussian
distribution, Maximum Entropy distribution, and the combination of these have been

determined and used in the present thesis.

The aim of the present thesis is to use a stochastic approach to model and analyze the
fatigue damage accumulation processes for tapered composite laminates with the pre-set
delamination under the conditions of normal tension-compression loading and the normal

tension-compression load with over tension load.

1.2 Objective of the thesis

A better understanding of fatigue behavior of composite laminates is a key issue for the
reliable and safe engineering design. From literature survey, it can be observed that the

delamination through laminate thickness as well as its growth is identified as the major
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damage modes in composite material’s service life. Therefore, many researchers and
investigators work on how the delamination sensitive factors affect the fatigue response
parameters and how differences are influenced individually or synthetically by those
factors, but none of them conducted the following aspects, which are all investigated in

the present thesis:

a) How the thickness of core part of tapered laminate affects the fatigue response
parameter in terms of same overall dimensions of the specimen with different lay-

up sequences shown in Figure 1.2.

b) The effect of different pre-set delamination locations in the tapered laminates.

c) The effect of over tension load in terms of normal tension-compression load.

Accordingly, three phases of test with two groups of specimens in each phase have been
carried out in the present work. The organization of tests is shown in Fig. 1.3. Phase One
considered the tapered laminate specimens with same overall dimensions but with two
types of lay-up sequences, which are lay-up A that is a [0/+45/0/(£45)3/+45/0;]s laminate
that reduced to a [0/445/0/+45/0;]s laminate and lay-up B that is a
[07/4£45/0/(+45)3/+45/0]s laminate that reduced to a [0,/245/0/+45/0]s laminate. Phase
Two includes the tapered laminate specimens with the same lay-up sequence (lay-up B)
but with different locations of pre-set delamination; In Phase Three, a total of 40 tapered

specimens with same lay-up sequence (lay-up B) and delamination location (in between
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belt and core layers in the thin side) are tested under normal tension-compression fatigue
loading and normal tension-compression loading with regular over tension load, with 20

specimens in each group.

From reliability and safety point of view, the successful expression and prediction of
probability distribution of fatigue response parameter at a certain load cycle is considered
as a good reference for mechanical design. Therefore, the following two objectives are

also considered in the present thesis:

d) To use a stochastic approach to model and analyze the fatigue damage
accumulation processes in the tapered composite laminates with the pre-set
delamination under the conditions of normal tension-compression loading and

the normal tension-compression load with regular over tension load.
e) To analyze the reliability distribution corresponding to different load cycles of

the test data from Phase Three using the reliability function, hazard rate and

failure density function.
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Figure 1.3 Organization of fatigue tests
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1.3 Organization of thesis

The present chapter provides a brief introduction and literature review regarding failure
modes and fatigue damage calculation or prediction for the composite laminates, and
stochastic approach to determine the fatigue damage probability distribution and
prediction as well as reliability distribution. The scope and objectives have been

presented in section 1.2.

In chapter 2, the processes and procedures as to how the tapered composite laminates
with pre-set delamination have been manufactured and the experimental program
including three phases of tests with two groups of specimens in each phase are presented

in detail.

In chapter 3, the test results of first two groups of specimens with different stack
sequences are presented and it is shown that the specimens with thicker core laminate are
much stronger than the specimens with thinner core laminate. The next two groups of
tests concerning the effect of different locations of delamination are also presented and it
is shown that when the pre-set delamination is more close to the middle of symmetric
laminate, more fatigue damage will occur. The 5™ and 6™ groups of specimens with the
same location of pre-set delamination are tested under two load conditions: normal
tension-compression load (load condition one: LCO) and regular over tension load based

on normal tension-compression load (load condition two: LCT). The results are given and
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it is shown that the LCT has significant impact on the composite laminate’s fatigue

damage process.

In chapter 4, Markov process modeling is used to calculate the probability distribution of
fatigue damage parameter at a certain cycle and to estimate the probability distribution
after certain cycles. A MATLAB® code has been developed for this purpose. Different
ways are used to derive individual and joint probability density functions including MEM
(maximum entropy method) and Gaussian distribution. The advantages and
disadvantages of these methods are described in this chapter. The final part of this

chapter provides a sample application of the above investigation and discussion.
In chapter 5, Markov process modeling of reliability is presented based on reliability
function, hazard rate and failure density function. Further discussion about the reliability

of composite laminate is also provided in this chapter using the sample application.

The thesis ends with chapter 6, which provides conclusions of present thesis work and

some recommendations for future work.
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Chapter 2

Manufacturing and testing of composite laminates

2.1 Introduction

Symmetric tapered laminates with internally dropped plies are fabricated by using
NCT-301 graphite/epoxy prepreg and they are laid-up manually followed by a
vacuum-bag air-pressure autoclave cure. The two different types of lay-up
configurations with the same number of layers and same dimensions are
manufactured and tested in terms of the experimental program mentioned in the
previous chapter. Lay-up A is a [0/+45/0/ (+45)3/445/04]s laminate that reduced to a
[0/+£45/0/+45/04]s laminate, while lay-up B is [07/£45/0/(+45)3/+45/0]s that reduced to
a [07/+45/0/+45/0]s laminate. The specimen configurations A and B are shown by the
cross-section drawing in Fig.2.1 and the photograph of cross-section in Fig.2.2. The
typical difference between the two lay-ups is that lay-up A is with 18 core layers and
only 4 belt layers in each side of symmetric laminate while lay-up B is with 6 core
layers and 10 belt layers in each side of symmetric laminate. Based on the Phase Two

of experimental program, the two locations of pre-set delamination that was made by
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Figure 2.1 Tapered laminate configuration
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Figure 2.2 Photograph of specimen cross-section
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using TEFLON are marked by bolder lines in Fig.2.1, which is about 10mm wide and
at the Core center for one location (I) and in between Core and Belt layers for another
location (II). The Figure 2.1 shows a schematic diagram of the symmetric tapered

laminate with internal ply drops and two different locations of delamination.

2.2 Tools and auxiliary material

Bleeder ply
Air release agent

Release coating (liquid)

Vacuum bag Breather pl

Release film

Composite laminate
l_] /) a/ 1 N
I ~~_ Sealant paste

Aluminum plate

Figure 2.3 Typical laminate structure that is ready for autoclave process.

All necessary tools and materials are made ready before starting manual fabrication of
the composite laminate. The main tools are the marble roller, which is used to squeeze
the air from the interlayer by rolling on the prepreg surface; and a flat aluminum plate,
which is used to support the laminates; and an air release agent, which is used to

create vacuum in the vacuum bag with the vacuum pump. An iron is necessary to help
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plies stick together when the room temperature is relatively low. Many auxiliary
materials like release coating (liquid), bleeder plies, breather plies, release films,
vacuum bag films and sealant paste are used to build-up the laminate structure that is
the original specimen laminate, which is ready for autoclave process. The figure 2.3
shows the cross section of typical composite laminate structure prepared for autoclave

processing.

2.3 Manual lay-up process

Composite laminate is manufactured by hand lay-up of prepregs that are cut according
to the required size and fiber orientation. The detailed manual lay-up processes are
described as follows: first, the aluminum plate has to be cleaned before the release
coating is applied on the surface. After the coating dries, the first layer of prepreg is
laid-up according to stack sequence, and the marble roller is used (or warm iron
applied first in case of low room temperature) to roll and press the surface of prepreg
to make sure that air has been removed from interlayer, which could avoid any voids
or delaminations in the interlayer. After that, the sticky preventive paper of prepreg is
removed from the rolled prepreg and the second layer is laid-up. The above process is
repeated until the last ply is laid-up according to the specimen stacking sequence.
Then the release film, bleeder ply, and breather ply are placed on top of the laminate
and the vacuum bag is constructed by using sealant paste, vacuum bag film, and

release agent according to figure 2.3. Now the composite laminate structure is ready
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for cure in the autoclave.

24 The symmetric tapered laminate lay-up process

The symmetric tapered laminate fabrication process is a little bit different from the
above process. The symmetric tapered laminate is manufactured in two separate parts
namely the upper part and lower part. The detailed procedure is explained below as
shown in Fig.2 4:
1. First place the release film over the aluminum plate, which is used to
remove and tumn upside down the whole lower part.
1. Then lay-up the lower part starting from middle layer according to
stacking sequence as per lay-up procedure.
it Lay-up the dropped plies as per the required dimension of the specimen
configuration and keep the cut-off plies as fill-in layers for the missing
material part.
1v. After laying-up the belt plies, one layer of release film is placed over 1t
in order to remove the fill-in layers after curing process.
v.  Then the cut-off plies are laid-up over the release film in the missing

material area.
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Figure 2.4 The symmetric tapered laminate manufacturing procedure

Then remove the lower part from the aluminum plate and apply the
release liquid coat on the surface of aluminum plate.

Then turn the lower part upside-down (the middle layers will be on the
top) and place it on the surface of coated aluminum plate.

Continue to lay-up the upper part of tapered laminate as per stacking
sequence until the last ply of laminate is finished.

Repeat the sealing and vacuum processes as mentioned above. Then the

laminate structure is ready for the cure process.



2.5 Cure process in autoclave

Put the finished laminate structure in the autoclave, and connect the air release agent
with the vacuum pump. Then start the vacuum pump and make sure the pressure of
the vacuum bag 1s at 30 psi, and then close the door of autoclave with the bolts. Open
the valve of air pressure of autoclave until the pressure inside the autoclave reaches 80
psi, and then start curing program that is shown in Figure 2.5. In the curing process,
the temperature of laminate is increased from room temperature to 106°C within 40
minutes, and the temperature is maintained at 106°C for about 15 minutes. Again the
temperature is increased from 106°C to 145°C in 30 minutes and kept at that
temperature for about 50 minutes. And then the curing program will automatically
stop. The cured laminate in the autoclave should cool down naturally to the room

temperature with the autoclave closed. Now the laminate is ready for cutout and test.

The purpose of increasing the temperature from room temperature to 106°C and
keeping it constant for 15 minutes at that temperature 1s to allow the gases (entrapped
air, water vapor or volatiles) to escape from inside the laminate. Then increasing the
temperature from 106°C to 145°C and keeping it constant for 50 minutes at that
temperature allows the matrix to flow and for cross-linking of the resin. The main
purpose for maintaining a constant temperature at 145°C is to develop and build the

mechanical properties of the composite laminate.
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Figure 2.5 Cure process chart

Specimen configuration and preparation

orientation.

when compared to other dimensions.
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The specimen is cut by high-speed diamond wheel/water cooled cut-off saw in order
to avoid any surface defects/damage and keep free edge according to the following
dimensions shown in Figure 2.6. The fabrication method and testing of the specimen
meets the requirements of ASTM standards D 3479/D 3479M-96 and D 3039/D
3039M-00, although the specimen geometry is different from the ASTM
recommendation due to the small size of raw material used in the laboratory, which

could not be cut to obtain the recommended dimensions with 45 degrees fiber

The length and width of the specimen should meet the tolerance requirements of the

ASTM standards because these two dimensions will influence the test results much
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Figure 2.6 Test specimen dimensions

2.7 Fatigue test configuration and data collecting

The fatigue testing of the specimen is done using the MTS machine (computer
controlled hydraulic test equipment) with force-controlled mode. The hydraulic
controlled wedged grips with flat surface are used for gripping the test specimen
instead of manual fasten grips by using the tabs at specimen ends, which has been
proved to have high possibility to damage the specimen at root of tab or the shp
failure of specimen. The test specimen that is loaded by the hydraulic controlled

wedged grips in MTS machine is shown in Fig. 2.7.
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Figure 2.7 Photograph of test specimen in MTS test machine

In order to fix the fatigue test load parameters, the ultimate load of tapered laminates
with stack sequence A ([0/+45/0/(+45)3/+45/07]s laminate that is reduced to
[0/£45/0/£45/07]s) under the quasi-static loading has to be determined first. For
instance, 3 pieces tapered laminates with lay-up A were tested under the quasi-static
loading with 3mm/min ramp speed of test frame and the average ultimate load is
about 75,000 Newton. So the tension load of fatigue test is determined as 50,000 N
that is about 65% of the average ultimate load, and compression load is selected as

5,000 N when the stress ratio is defined as R=-0.1.

The following two load conditions are used for all the tests listed in the organization
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of fatigue test (Fig. 1.3) in the section 1.2, which are in terms of the ultimate loading:

® [oad Condition One (LCO: Normal tension-compression fatigue load):
Test frequency: 4 Hz;
Tension load: 50,000 N (65% of ultimate load);

Compression load: -5,000 N (i.e. stress ratio R=—0.1.)

® Load Condition Two (LCT: see Fig. 2.8):
Over tension load: 65 KN, that is about 85% of ultimate load;

5 minutes of over tension load for every one-hour based on LCO.

Over tension load diagram

Load (KN)

55 minutes 5 minutes

Load history repeated every hour

Time (minutes)

Figure 2.8 Load Condition Two: over tension load diagram

The following fatigue test phases are set-up in test according to the organization of
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tests (Fig. 1.3):

Phase One:
Two groups (groups 1 and 2) of tapered laminate specimens with same
overall dimensions but with different types of lay-up sequence (A and B) are

tested subject to LCO (normal tension-compression load).

Phase Two:
Two groups (groups 3 and 4) of tapered laminate specimens with the same
lay-up sequence (A) but with different locations of pre-set delaminations are
tested under LCO. The pre-set delaminations are in between Core and Belt
layers in the thin side of specimen and at the center of Core layers of

specimen as shown in Figure 2.1.

Phase Three:
Another two groups of tapered laminate specimens, groups 5 and 6, with 20

specimens in each group are tested under both the loading conditions (LCO

and LCT).

The test program is set to record 100 test data points within 2 seconds in every hour
for one data collection point, which includes two fatigue cycles in each group of data.

So a total of 40 groups of collection points are recorded for each specimen in the 40
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hours test period. Considering the stability of test system, the test program is also set
to start the data collection at 2800 cycles, which means that the 40 groups of data are
at 2800, 17280, 31680, ... , 578880 cycles respectively. The three parameters which
are recorded in each test data group are test times, forces and the displacements of

specimen.

2.8 Calculation using test data

Since the stress and strain are different at different locations of the specimen such as

the thicker side, thinner side and tapered area of specimen, the average stress and

strain are considered in the present thesis.

For calculating the average strain of the tapered laminate, the displacement and

loading length are considered, which is expressed by the formula:

£=£ 2.1
LO
AL=Y-7Y, (2.2)

where L, is the measurement of specimen’s loading length; AL is the

displacement difference, which represents the difference between the grip position at
any given time (Y ) and the position at zero loading (Y,), that is shown in Fig. 2.9.
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Figure 2.9 Specimen’s displacement at any given time in MTS machine

The average stress is defined as the force divided by average cross section of the
specimen:

o= E— 2.3)

where F is the force of tension or compression; S, is the average cross section of the
specimen that is calculated by:
S

S — thick +Sthin (24)

¢ 2
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where S, 1s the cross sectional area of the thicker side of the specimen; S, is

the cross sectional area of the thinner side of the specimen.

For example, from one specimen’s original data file that is listed in the table 2.1, one
can find from data point 16 that the load at that time point is 18 N that is close to zero,

therefore, Y, is 0.09707055 as defined in the above, and L, is 97.32 mm that is
the measurement of specimen loading length. And S, is known by the
measurements of S,,, and S, . So the average values of specimen strain & and

stress o are listed in the table 2.2 based on equations (2.1), (2.2), (2.3) and (2.4).

Table 2.1 The recorded original data of one specimen from MTS machine:

Dgta Time Position(Y ) | Load
points
Sec mm N

9 689.77252 -0.0132785 -4079.2393
10 689.77753 -0.0098301 -4044.7788
11 689.78235 -0.0132785 -4034.4409
12 689.78754 -0.0098301 -4017.2109
13 689.79254 -0.0098301 -3727.7444
14 689.79755 0.01775716 -2866.2368
15 689.80255 0.05224124 -1539.5154
16 689.80756 0.09707055 18.05347
17 689.81238 0.14879666 2182.1965
18 689.81757 0.22466162 4697.7983
19 689.82257 0.29362977 7358.1333
20 689.82758 0.37294316 10201.108
21 689.83258 0.45570493 13230.168
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Then the Young’s modulus is determined using the formula:

o=FLe (2.5)

where E represents the Young’s modulus.

Since there are 100 data points that are captured in each data group, there are 100
values of Young’s modulus available based on the 100 pairs of values of o and ¢
in each data group within two seconds as defined in the previous section. The Young’s
modulus of specimen at load cycle 2880 is defined as the slope of linear trend of the

100 data points that is 38815068059.20 Pa (38.82 GPa), which is shown in Fig. 2.10.

Stress of the test specimen (Pa)

-0.604 -0.00

{6 00E+08

T 5.00E+08

4.00E+08 |

~"2.00E+08 [

""" 1.00E+08 | ~

Linear trend formula:
"y = 38815068059.20 x - 2916254.96 ',

* Data points
— Linear trend

D 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.@16

-1.00E+08

Strain of the test specimen

Figure 2.10 Linear trend of 100 data points at load cycle 2880
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In the same manner, we can calculate 40 values of Young’s modulus from 40 groups
of data for one specimen in its whole fatigue life. Then the Young’s modulus values
corresponding to the fatigue load cycles for 20 specimens can be calculated and the

results are presented in the graph in Fig. 2.11.
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Figure 2.11 Young’s modulus versus load cycles
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Chapter 3

Fatigue test data and failure analysis of experimental results

3.1 Introduction

In order to investigate i) how the change in the numbers of core and belt layers in the
tapered laminate configuration; ii) how the locations of pre-set delaminations; and iii)
how the over tension load based on normal tension-compression load, affect the
strength and stiffness of composite laminates, the three phases of test that are shown
in Fig. 1.3 in the previous chapter had been planned and carried out on a uniaxial
hydraulic test frame (MTS) in the present work. The three test phases included two
specimen configurations (lay-up A and lay-up B), two locations of pre-set
delaminations (at the center of core layers and in between core and belt layers) and
two loading conditions (LLCO and LCT). There were at least three specimens of each
test group that were tested subjected to cyclic loading and the results were recorded
and analyzed accordingly, and for the test specimens whose data will be proceeded for
further stochastic analysis at least 20 pieces were tested for each group (groups S and

6).
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3.2 Effect of laminate configurations

The specimen groups 1 and 2 with two kinds of configurations, which are called
lay-up A tapered laminate ([0/+45/0/(£45)3/+45/0;]s that is reduced to
[0/+45/0/+45/0;]s) and lay-up B tapered laminate ([0;/+45/0/(+45)3/+45/0]s that is
reduced to [0,/£45/0/£45/0]s), were tested under fatigue LCO according to vPhase One

described in section 1.2.

3.2.1 Observations

The visual inspection of test specimens after 40 hours of testing shows that the
laminates with lay-up A were without any local delamination or de-bond of the fiber
and matrix, and did not even have visible failures, but Young’s modulus was gradually
degraded as load cycles increase. This was clearly shown in Fig. 3.1. For the
laminates with lay-up B, the Young’s modulus dropped largely after certain cycles,
although the initial value of Young’s modulus for both configurations almost had the
same level of values. It was also observed that a delamination at the tapered area
between core and belt layers in the thin side of specimen occurred in all three
specimens at the moment when Young’s modulus suddenly dropped, and then grew
between +45° layers along axial direction as load cycles further increased. The

expended delamination triggered some other defects such as de-bonding of fiber and
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matrix, and breakage of matrix and fiber, or some other local delamination occurred.
Therefore, from the moment of delamination onset, the specimen enters an unstable
stage, which means that the specimen could break at any time depending on
manufacturing quality of specimen, load conditions, and environmental conditions,
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Figure 3.1 Young’s modulus versus load cycles for laminates with lay-up A

For example, Specimen One with lay-up B represented with triangle symbol in Fig.
3.2 shows the typical fatigue damage accumulation process that was divided into
several damage stages, which are marked with circles a, b, ¢, and d. At each stage, the
change in the values of Young’s modulus was very small. But between the two
conjunction stages, a relatively big drop exists as load cycles increase until the final

failure. The explanation of this phenomenon, which was proved by observations, was
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that the delamination occurred and expanded at one side of tapered area of symmetric
laminate when stage changed from a to b; and then another delamination occurred in
the other side of tapered laminate after some damage accumulation with the growth of
primary-delamination, and this is explained by the large Young’s modulus drop from b
to c; and further damage accumulation triggered large scale of failures, such as the
delamination expansion along the axial direction of the specimen, some other local
delamination onset, fiber breakage along the delaminated layers, and layers splitting
etc. till the specimen was totally broken (see Fig. 3.3). The whole damage
accumulative processes were shown clearly as the drops from a to b, b to ¢, ¢ to d, and
finally to e and it lasted as long as 15 hours from the

primary-delamination-occurrence to the final failure of the specimen.
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Figure 3.2 Young’s modulus versus load cycles for the laminates with lay-up B

under LCO
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Figure 3.3 Photograph of the broken specimen with lay-up B

Specimen Two marked with round circle shown in Fig. 3.2 presents that the values of
Young’s modulus of laminates with lay-up B continuously dropped largely after
certain cycles until the final failure. The cumulative process, in this case, was 5 times
shorter compared to that of the specimen One, which means that this random damage
accumulation process could only last about 3 to 4 hours because the onset and
propagation of primary-delamination in the tapered symmetric laminate must have
triggered large scale of failures immediately, that leads to final failure which can be
read through the chart. One can also notice from Fig. 3.2 that the onset of
delamination for specimen Two is 3-hour-cycle earlier than that of specimen One
because of the uncertainties of environmental conditions existing in the test that are

mentioned above.

The damage accumulation process of Specimen Three was just in between Specimen
One and Specimen Two that lasted about 7 hours to the final failure after the

primary-delamination onset.
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3.2.2

Conclusions

From the test results of Phase One, the following conclusions had been drawn:

The initial values of Young’s modulus of tapered laminate with lay-ups A
and B are much similar as they both have the same ply groups, the same
fiber orientation angles, and the same overall dimensions with the
difference between them being the number of plies in the core and belt
layers of composite laminate.

For the same thickness of composite tapered laminate, the probability of
delamination occurrence could be largely decreased by increasing the
numbers of prepreg in the core layer and reducing the same numbers of
prepreg in the belt layer simultaneously.

The unstable and random damage accumulation process of tapered
laminate exists after the primary-delamination-occurrence, since the
primary delamination will trigger the large scale of failures when the
cyclic tension-compression loading is applied.

The area between the core and the belt layers in the thin side of the
composite laminate (around the point C of Fig. 2.1) becomes relatively
less stress concentrated by decreasing the numbers of belt layer and
increasing the numbers of core layer, even though that area still carries

more stress concentration compared to the other area in the specimen
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according to FEM analysis results from [9].

33 Effect of pre-set delaminations at different locations

In test Phase Two, the effect of pre-set delaminations at different locations of
composite laminates has been investigated subject to the tension-compression cyclic
loading. Therefore, two groups of specimens with lay-up A and pre-set delamination
(one group has pre-set delamination at the center of core layers near the tapered area
and another group has pre-set delamination in between core and belt layers near the

tapered area), were tested and analyzed together with the results from test Phase One.

3.3.1 Observations

All the three specimens with pre-set delamination at the center of core layers
delaminated along the pre-set delamination layer only after few thousand cycles, and
then entered the unstable damage process immediately as mentioned in previous
section. During that unstable process, it also showed the occurrence of various failure
modes. Furthermore, this unstable damage process occurs not only earlier but also
acts more severely compared to that in the laminates with lay-up B in Phase One. For
instance, the tests only lasted about 5 hours that is one third of minimum hours of life
of the laminates with lay-up B. But for the specimens with pre-set delamination in

between the core layers and belt layers near the tapered area, there is no delamination
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or other visible failures that occurred after 40 hours of test. The complete differences

among the two cases are shown in Fig. 3.4.
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Figure 3.4 Comparison of Young’s modulus values with two locations of delamination

3.3.2 Conclusions

Comparing the results from the above two test phases, one can conclude that:
® The initial strength and stiffness of various types of tapered laminates (with
lay-up-A or lay-up-B, with or without pre-set delamination, with different
locations of pre-set delamination) are almost at the same level.
® The closer the delamination occurs towards the center of tapered laminates,
‘the more severe the damage will be when subjected to cyclic

tension-compression loading.
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® There is not enough damage to initiate the delamination in the stress
concentrated area between core and belt layers even with the Teflon as the
pre-set delamination in that area for specimen group 3 under cyclic

tension-compression loading.

34 Effect of over tension load

Unlike metallic material, the over tension load shall trigger more failure occurrences
instead of producing plastic zone to prevent further crack growth in metal. This can be
proven by the following tests according to the test Phase Three of experimental

program described in Fig. 1.3:

e Two groups of test specimens (groups 5 and 6) with pre-set delamination
in between core and belt layers near the tapered area in lay-up A were
tested under LCO & LCT (Load Condition One and Load Condition

Two).

34.2 Observations

For the specimens under LCO, there were no visible failures in the tested specimens
after 40 hours of test, and the strength/stifftness was degraded gradually as the hazard

rate remained nearly unchanged. But when they were tested under LCT, the test
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results of laminates indicate that Young’s modulus drops largely with a relatively large
slope in the range of certain cycles. For example, from Fig. 3.5, one can see that the
slope in the range of 1000 - 200,000 cycles is bigger than that in the range from
200,000 cycles to the end for the specimens under LCT, because the 85% ultimate
over tension load may lead to the occurrence of some initial failures of laminates
(such as de-bonding of matrix and fiber, delamination, etc.). Although most specimens
were without any visible failures on the surface for both cases, few specimens under
LCT had cracks located in the tapered area where the pre-set delamination has been

placed.
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Figure 3.5 Comparison of Young’s modulus values corresponding to two load

conditions
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3.4.2. Conclusions

The conclusion we now have for the case of over tension load based on normal

tension- compression load is:
e The regular over tension load based on normal tension-compression load will
have big impact on the acceleration of the stiffness and strength degradation

of tapered composite laminates and shorten their fatigue life.

3.5 Discussion and conclusion

We may have the following conclusions from the above test results regarding Phases
One, Two, and Three subjected to cyclic tension-compression loading:
® The stress concentration in the area between core and belt layers may be
reduced by decreasing the number of belt layers. Therefore, the probability of
delamination occurrence as well as fatigue damage accumulation may be less
because of that change.
® The delamination plays an important role in fatigue damage process,
especially the locations of delamination. The closer the delamination is to the
center of specimen laminate, more severe the damage will be. Furthermore,
the specimen tends to become unstable as soon as the primary delamination
occurred.

® The influence of over tension load for composite laminates is different from
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that of metallic material in that it will trigger more occurrences of failure

modes so as to accelerate the damage accumulation and shorten service life.
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Chapter 4

Stochastic Approach to Model and Analyze Test Data

4.1 Introduction

Unlike the metallic material, the composite laminate has more complexity and
uncertainty during the entire service life in terms of its materials, configurations and
test environment. Some of the complexity and uncertainty is related to the damage
mechanism and failure modes, like de-bonding between fiber and matrix,
delamination, matrix cracking, fiber breaking, and laminates splitting, etc.; another
complexity and uncertainty is the occurrences of these failure modes and their
contributions to the fatigue damage, as well as the complexity and uncertainty in
failure mode changes, crack (fiber or matrix) jumping, simultaneous occurrence of
more than one failure modes, etc. The influences from these complexities and
uncertainties can largely affect the fatigue test results, but they can not be quantified
precisely. Therefore, the structural-level fatigue response parameter, which is sensitive
to various damage modes, is established and used to quantify the fatigue damage

process. The reciprocal of the Young’s modulus of composite laminate subjected to
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the axial tension-compression loading is used as a structural-level fatigue response

parameter in the present thesis.

A Stochastic Modeling methodology based on Markov Chain process has been
developed in the work of Ganesan [35] for the structural-level fatigue response
parameter to model and analyze fatigue damage accumulation in the composite
laminates considering the following two aspects: 1) the damage probability
distribution at any given cycles; 2) the prediction of damage probability distribution
after certain cycles. This methodology is applied in the present thesis for the tapered

laminates that were tested.

A finite discrete Markov Chain is established to quantify the fatigue damage
accumulation process in this approach. The differences between the probability
distribution of the fatigue damage response parameter obtained using different
methods such as the Maximum Entropy Method (MEM), Gaussian (Single and
Bivariate) probability distribution method and the statistical joint probability density
function are also presented and discussed in the present thesis. In the following
sections, the approach and methodology that have been developed by Ganesan [35]

are reproduced for the purpose of clarity and continuity.
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4.2 Markov process modeling of fatigue damage process

The fatigue test, no matter whether the material is metallic or composite, or what kind
of failure modes and their occurrences, is regarded as a damage accumulation process,
and it can be well modeled by Markov Chain in terms of the structural-level fatigue
parameter. For example, the test results of fatigue response parameters are considered
as the random variables since they always showed differences from specimen to
specimen due to the complexities and uncertainties that are presented in composite
material properties (batches) and the quality of laminate (manufacturing and process
parameters), failure modes and their occurrence as well as the service loading and
environmental conditions. So. when a number of specimens are tested, a group of
fatigue response parameter values that are called random variables, which fluctuated
as the load cycle increases, are presented as the fatigue process chain. The compliance
values of composite laminate (reciprocal of the Young’s modulus) corresponding to
load cycle values are used to represent the fatigue response parameter in the present

thesis.

4.2.1. Markov Chain

A Markov Chain Model has been established in the work of Ganesan [35] to simulate
the real cumulative damage process based on the establishment of the discrete set of

damage states corresponding to the fatigue cycles. That means at any particular
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number of load cycles #,, there exists the corresponding value of fatigue response
parameter C,. For any two numbers of load cycles n, and n,, there exists two
values of C, and C, respectively. The “Duty Cycle” (DC) {35, 37] is introduced
and denoted here as the repetitive deviation of two consecutive load cycles n, and
n,. Then the fatigue response parameter can be written as C, ., subjected to load
cycle n,, after m DC. Certainly, the whole range of fatigue response parameter

can then be divided into m number of equal or non-equal intervals, like (C,-C,),

-C,), where C

m+l1

(G -C,)),.. (Cy —=C)),...(C is the maximum value of the

m+l
fatigue response parameter. In another words, if the fatigue parameter at load cycle
n 1s in the range (C,, —C,), then the composite laminate is considered to be in the
damage state / when load cycle is at n. And if the load cycle is further increased,
then the damage stage of specimen is to be transformed from current stage to a
high-level damage stage until it reaches the maximum damage stage m in the range

of C,, —C,at the maximum load cycle n,_, . Also, the random variables of

m+l

specimen compliances C; are treated as non-homogenous because of their

continuous function of the number of loading cycles (no,nl,nz,...,nj_l,nj,...,nmax

) at
the damage stages (1,2,3,...,/ —1, /,...,m) of the entire service life. It is also noted that
the compliance of composite laminate as well as damage accumulation continuously

increase when DC is applied.

52



Figure 4.1 Finite Markov Chain diagram

As the two index sets, the loading cycles and the damage stages, are discrete and
finite, the fatigue response parameter process becomes a Finite Markov Chain. The
Finite Markov Chain, including discrete damage stages, fatigue response parameter
values, and repetitive constant DC that is shown in Figure 4.1, is established under the
following assumptions:

v" There is a repetitive constant DC.

v" Fatigue parameter values are discrete.

v" Damage accumulation in a DC depends only on the damage stage at the

start of that particular DC.

4.2.1.1 Concept of damage stage and damage state

Damage stages are regarded as a discrete damage accumulation chain in the service
life of specimen, which is directly related to the DC. Two parameters are available in
each damage stage called specimen compliance and corresponding cycles. The
compliance of specimen in further damage stage is counted on the former damage

stage after one DC. This means that whatever numbers of damage stages exist, the
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same numbers of Transition Probability Matrices are available. While damage states
represent the continuous ranges that can be divided by any number from minimum to
maximum values of fatigue response parameter, which only depend on how many
orders of Transition Probability Matrix one wants. The more states are divided, the
smaller range of each state is, and more precise the estimated probability distribution

will be. In other words, the value of response parameter in each damage stage will fall

only in a part of the whole damage states that can be shown in Figure 4.2.

Conpliance (fatigue response paraneter)

Figure 4.2 Damage stage and damage state in Markov Chain for one specimen

4.2.2.  Transition probability function (TPF)

As a result of the Markovian property and non-homogeneity of the stochastic process,
the probability at any damage stage is mathematically represented using the

Conditional Probability Density Function as
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P (my5m) = plc(nj) =j/ an—l = iJ; non 4.1

where p,(n,,,n,) is the Transition Probability Function (TPF), which is denoted as
the probability distribution of the specimen compliance (fatigue response parameter)
entering a new damage stage j at loading cycle », from its current damage stage
i at loading cyclen, . Based on the definition of the conditional probability density

function, joint probability density function, and Bayes’ theorem, then the TPF

between damage stages i and j can be recast in the following formula:

P{{C(C(nk) < C,; IN[C(C(nk) < C,, ]}
P[C{C(nk) < C,,,]

pij(nk—l’nk)z 4.2)

As the specimen compliance at any load cycle is a random variable and then

compliances C,_,C, at load cycles n,_, and »n, denote two correlated random

variables. Then the individual and joint probability distributions can be re-written in

terms of individual probability density functions fck_l(ck_l) and f_(c,) forrandom
variables of C,, and C,, and joint probability density function . . (cp56) for

these two correlated random variables. Then the equation (4.2) of TPF between the

damage stage i/ and j can be determined as following:
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Ciit Cina
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Cis
'[C. ch (c,)dc ,

(4.3)

pxj(nk—l’nk) =

where f (c,,) represents probability density function of random variable C, at
damage stage / to i+1 or n_ cycles, and S. . (¢,y,¢,) represents the joint
k-1Ck

probability density function of two correlated random variables C,, and C,.

4.2.3. MEM for calculation of individual probability density

function

Maximum Entropy Method (MEM) [36] is used for the calculation of individual
probability density function from the above equation (4.3), as it is a closer match with
the true distribution (relative frequency histogram) instead of other probabilistic
methods like Weibull, Gamma, etc. because of fewer specimens’ values (20
specimens’ values in each case) and relative dispersion of the data values. The

individual probability density function can be calculated using MEM as shown below:

f, ()= CX[{/IO + iﬂic};_l } (4.9)

i=]

where 1,(i=012.p) are the MEM coefficients (the mathematical details are given in

[36]); p is the order of moment used in maximum entropy distribution calculation.
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In most cases, the combination of random variables always tends to become a normal
distribution when the number of random variables increases due to the Central Limit
Theorem of probability theory [38, 44]. Therefore, another consideration of
calculation of individual probability density function is the Gaussian distribution,

which is presented as follows:

(- o]’
2

1
fCH (ck—l) - O‘\/ﬂ exp{— } (45)

where o and g represent the standard deviation and mean value of compliance

values at a given cycle.

4.2.4.  Calculation of joint probability density function

The joint probability density function f (¢, c,) comresponding to two random
k-1Ck ’
variables C, and C,, of specimen fatigue response parameter at n, ,,n, cycles

can be calculated and presented by following ways based on different approaches.

4.2.4.1. Joint probability density function estimation

The joint probability density function estimation for a pair of specimens’ time-history
records from two stationary random variables x() and y(r) [37] is given by the

following equation:
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NX,Y
NW, W,

floy)= (4.6)

where N, , is the number of pairs of data values that simultaneously fall within
these two narrow intervals W, W, that stands for the range of damage states

(C,,C,)and (C,,C,, ), and N is the total number sets of specimen compliance. As

in case of joint probability density function of specimen compliance at load cycles

n,, and n,, the above equation can be re-written as

NCK—I .Cx

J (ck—l,ck )= N

s 4.7
where N, ., represents the number of pairs of specimen whose compliances
simultaneously fall within these two damage stages i and j , and N is the total

number of specimens tested.

4.2.4.2. Bivariate Gaussian distribution

Another method of estimating joint probability density function is considered by
using Bivariate Gaussian probability density function for two random variables X
and Y (representing compliances C, and C,, at n,, and n, cycles

respectively), which is written as below:
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X— xX—p Y—H Y—H
)’ =2p( )= .

I . 1 2
f(x,y)—maxayﬁj;exm 2(1—p2)[( . . o )+( - )1}

(4.8)

where o, and o, are standard deviations of variables X andY, and p ,u, are
the mean values of those two variables, p stands for the correlation coefficient
between X and Y. Then the integration of the above density function at any small
rectangle area of two variables X and Y (or damage stages we divided in the

above) can be determined.

4.2.4.3. Combined methods and discussion

Compared to the histogram of real frequency for specimen fatigue response parameter
at certain load cycles, the most accurate method is to combine the joint probability
density estimation and Gaussian distribution. For example, if the relative frequency
distribution of specimen fatigue response parameter at load cycle & and its next
cycle k+1 are represented using normal distribution, then bivariate Gaussian
distribution method will be applied for joint probability distribution at load cycles &
and k+1; while, if the frequency distributions at load cycle % and its next cycle
k+1 show non-reasonable match with any standard distribution, then joint probability

density estimation method is applied.

But considering small number of specimens in the test, the method of equation (4.6) is

always selected as a more accurate way to calculate the joint probability density
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estimation since the less number of test specimens and dispersal of data could largely

influence the estimated probability density functions.

Furthermore, the divided damage states can be increased by the use of combined
methods, which then more accurately represent the probability distribution (see the

examples and more discussion in section 4.5).

4.2.5. Transition probability matrix (TPM)

Transition Probability Matrix is defined as generalizing the probabilities at all damage

stages, denoted by[[1(r,_,,n,)] , when the load cycle is increased from n,, to n,.

Then the TPM can be written as

~pn(”k—l,nk) Pz (nk—l,nk) -+ P (nk—l,nk)—
Pan) pp(n_m) . . Py, (nk—l,nk )
[n,y,m)]= . L : (4.9)
P ) Pra(mym) - o P )|

where m is the number of damage states in the whole fatigue life of specimen and

Pum(mm) denotes TPE. Since the specimen’s fatigue response parameter values at
cycles increasing from n,_, to n, will be within the full damage state range, the

sum of probabilities of any row of TPM is equal to unity, that is:

Zpij(nk—l’nk) =1 i,k = 1,2,3,...,m;nk >0y (4 10)
=
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And since we assume that the damage accumulation is increasing from cycles n, | to
n,, so the probability of p,(i>;)=0 is always true. Furthermore, when the
specimen has entered the new damage state from statem, p,  can not make a
transition to any other future stage and so p, . (n,_,n,)=1. Then TPM can be rewritten

as

—pll(nk—l,nk) pu(man) . . py, (nk—l,nk)—
0 Pu(mn) - o pan(m, ny)
M(n,_,,n)]= 0 0 . . (4.11)
0 0
i 0 0 1 |

4.2.6 M-step transition probability matrix

Based on the Chapman-Kolmogorov Theorem and the non-homogenous Markov

Chain property, the Transition Probability Matrix from load cycles », to n, thatis

called M -step transition probability matrix can be calculated by the TPMs at all

previous damage states, which are denoted by [[I(n,n)] , [[I(m.m)] ..., [, -

The equation is given below:

[M(ry,2,)] =TT, )% [T, 1)) % ... x [[T(n,, -, m,,)] (4.12)

where [[1(»,.,,n,)] denotes TPM from load cycle n,, to n,; [[I(#,n,)] denotes
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M-step transition probability matrix (M-Step TPM), and the physical meaning here is
that the probabilities of specimen fatigue response parameter in any of the damage
states 1,2,3..,m at load cycle n, is given by the initial state of specimen at load

cycle n,.

The unconditional probabilities of the fatigue parameter in any of the damage states,

when load cycle is increased from n, to n,, are denoted by [HU (ng,n,, )] that can

be derived from equation (4.12) using the given initial damage state distribution:

119 (14, ,)] =[THO]x [T, m)] [Ty, 1)) ook [T,y om,)] (413)

where [H(O)] represents the probability distribution of fatigue response parameter of

specimen in any damage states at load cycle n,.

4.2.7 Prediction of probability distribution of fatigue response

parameter

In order to predict the probability distribution of fatigue response parameter after
certain cycles, we need to determine the procedure for estimating the TPM, when the

specimen enters a new damage state, which is given as follows:

v Determination of appropriate constant DC for the fatigue response parameter
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in the whole damage range. Say dividing into » number of damage states.
v" Calculation of each TPM from initial damage state to the final damage state
by using MEM, Gaussian distribution or/and combined methods in the

previous section. Say m number of TPM will be available.

v" Then there will be m number of probability values of p; available. For

example, the value ofip,2p,3p,....mp,. . Certainly these numbers can be

considered as constituting a random variable, and it is assumed that this
random variable follows Gaussian distribution.

v Then use Gaussian Distribution Model to predict the transition probability
matrix at further damage state. For example at m+1 state, the
py(n,,n,,)=2Zg40,; +; where Z, stands for the value of the
standardized random variable when reliability is 90%, which is
approximately equal to 1.3 [35]; o is a standard deviation of the values in
all known transition probability matrices and g, is the mean value. In this
way, the TPM for further load cycle increasing from n, to n,,, is finally

obtained by calculation of each p;(n,,,n,,,) -

Then the Transition Probability Matrix for further load cycle that is increased from

n, to n,, can be re-written as following:

m
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—pu (nm,an ) P, (nm,nm+l ) - . P, (nm,nm+l )—
0 P (nm,”m+1 ) - - DPa, (nm,”m+1 )
[[(n,,,n,.)]= 0 0 . : (4.14)
0 0 . .
i 0 0 - 1 |

Similarly, the predicted unconditional probabilities of the fatigue parameter at m+1

state (after another DC from damage statem ) can be derived from equation (4.13):
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4.3 Flow chart and organization of MATLAB program for

computing TPMs

Test data

preparation

Y

Determination of damage states
(determine the orders of TPM)

<&

A 4

Set-up bounds for fatigue
response parameters

A 4

Calculation of Pyj(ny.;,ng)
and TPM

Sum of each row No
of TPM equal to

unity?

Calculation of m-step TPM, unconditional
and predicted unconditional probability at a
given load cycles

End
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4.4 Modeling of fatigue test data

The stochastic modeling and analysis procedure described in the above is illustrated
by fatigue test data from tapered composite laminate with pre-set delamination under
load conditions: LCO and LCT, which are marked as Load Condition One and Two in
sub-section 2.7. The compliance of composite laminate specimen corresponding to
the load cycle is taken to be the fatigue response parameter and the N-C chart
(compliances versus cycles) from 20 specimens under LCO is plotted in Fig. 4.3 and
the original data are selected with 9 damage stages and they are used for further
stochastic calculation is listed in table 4.1. The true probability distribution of fatigue
response parameter at certain cycles and the estimated (predicted) probability

distribution after certain cycles are presented in the following chapters.

—— specimen
2.55E-11 compliances

2.53E-11

251E-11

2.49E-11

247E-11

Compliance (1/Pa)

2.45E-11

4

2.43E-11 + + t } t t t
2800 - 60400 132400 204400 276400 348400 420400 492400 564400

Fatigue load cycles

Figure 4.3 Specimens’ compliances versus load cycles under load condition of LCO

66



L9

$91040 PEO[ JULISJIp je saouerdwoo uawoads Jo UoTeIASD pIEpUE]S o) fW AJCLS

souerjdwos s, uswoads oY) JO anjBA WINWIXBW 9Y) 4y souel[dwod s, uswroads 21} JO aN[BA WINUITUTW 9} 4
8%1910°0 $S9S10°0 Y1LS10°0 8LES10°0 [£0S10°0 €L8710°0 LETFIO0 1€2210°0 980£10°0 | «ATALS
*%x68€S'T LTEST L8TS'T 1725 7815°C TTIST vL0S'T 9¢6Y'T SS8Y'T 0T

LLEST 9¢€5C £0€S'T 687S'C TE€LST 6615°T S11ST $o61°C 116¥'C 61
6v£S°T ¥1€5'T 69TS'C SLIST 1015°C £€0S'C £96¥'C 128¥'C PELY'T 81
0veEs'e 12¢S°C 082S'T LETST 8615°C £T1ST LY0S'T Pl6v'C 1284°C LI
20€$°C 79T8°T L0OZS'T 79152 8TIS'T 990$°C 0108°C 006t'C 99T 91
£¥TS'T L81ST LSIST 7905'C 9v0$'C L10S°T 996%'C SS8Y'T ELLY'T ST
v178°C 00T8'T 6v15°C LLOS'T §T0S°T 1005 £T6¥'C 86LY'T 11L¥T ¥l
01Z§C 1916°C 0118 L60S°C £905°C S664°C 9884'C 8ELY'T 6LSY'T €l
907S'T 9516'C T1s'T £015°C ¥90$°'C L66V'T L16Y'T SLLY'T 1994'C 4t
§0TS'C LYIST 9805 1505'C L0O0S'T LS6V'T 6064°C SLLY'T 90LY'T 11
$816°C ST 150S°C 0861'CT S6¥'T 816+'C EP8YT L89Y'T SSSH'T 01
£pIST 016 7508°C S10§'C wer'e 1984'C 8LY'T OvLY'T €I9%'C 6
EPIST 9716'C 1L0S'T $E05'T 866¥'C vE6Y'T SS8Y'T 8I1LY'T £964'C 3
6€1$'C $805°C vS0S°T T86¥'C 0S6V'C £684'C vI8¥'C S691°C SSSP'T L
¥60§'T 8805'C 0T05°C 686¥'C 0c6Y'T LT6Y'T 8987'C 9p8Y'T 69LY'T 9
L90S°T 8106C 8961'C P16V'T 016t PESY'T T6LY'T 169%'C €791'T S
SH0S'T $00S°C 816¥'C 958%°C LY8¥'T 06LYT 91LY'T 639%'T $69%'C 12
L66V'T £961°C (AL &4 6L8%'C (443 4 LILY'T PILY'T LLOY'T OLYY'T £
LY8¥'T L18Y'T S6LY'T 69L¥'T 6TLY'T 6994'C 9791’ (443 *SYIY'T 14
L8LY'T LLY'T STLY'T 669%'T 959t'T veov'C £8S¥'C 1S’ 8SHY'T I
$3[9Kd 00PH9S | S219K2 00PT6Y | SAIOKD 00Y0TY | SI9A0 QOY8YE | SS19K0 00K9LT | SIIPKD 00YHOT | SOI10K0 0OYTET | SAI9K0 00¥09 | S919A0 008z | uswroads

0’1 JO uUonIpuod peol 3y} Ispun $3[042 proj Jurpuodsarios pue (ed/] 11-01x 1) eyep souerduwoo [ewSuio susuroads 07 oYL i1t 9[qEL



4.4.1 Case 1: Confrontation with test data corresponding to load

condition LCO

The clear procedure for calculation of the true probability distribution of compliance at a
certain load cycle and the prediction of probability distribution at further damage state

corresponding to LCO according to MATLAB computing flow chart is listed below:

Step 1:

Determination of approximate constant DC: 9 damage stages are selected including
initial damage stage, which are divided in the whole 564400 load cycles lifetime by
approximately constant value of DC (It can be seen from the damage stage values,
except the first value, that the approximate value of DC is 72000 cycles), that are
2800, 60400, 132400, 204400, 276100, 348400, 420400, 492400, 564400; that means
9 out of 40 groups of recorded data (mentioned in chapter 2) are selected for

computing process.

Step 2:

Determination of damage states from the whole values of fatigue response parameter:

8 same size damage states are divided in the range from minimum value of
compliance 2.4445x10™"! (1/Pa) to maximum value of compliance 2.5389x 10 (1/Pa)

of the test specimen, that is (2.4445, 2.4563), (2.4563, 2.4681), (2.4681, 2.4799),

68



(2.4799, 2.4917), (2.4917, 2.5035), (2.5035, 2.5153), (2.5153, 2.5271), (2.5271,
2.5389). The requirement of the selection of bounds or the number of damage states
for the whole range of compliances is that the sum of probability densities in any row
of transition matrix must be theoretically unity, or should be within 10% tolerance. If

more damage states are used, the probability distribution will be more precise.

The following factors can largely affect the calculation results or the match
percentages with the real distributions when one chooses the numbers of damage
states:

¢ Dispersion of test data in each damage stage, and

e Computing methods, which are mentioned in sub-section 4.2.4.

For example, the damage states can be increased to 13 by the use of combined
methods for calculation of joint probability density function and/or individual density
function comparing with either only using MEM or Gaussian method and additionally,
the damage states increase to 20 because of the dispersion of test data (smaller
standard deviation) in LCT is declined at each damage stage (Examples are shown in

sub-sections 4.5.1.3 and 4.5.2).

Step3:
Derive probability density functions based on the individual compliance values at

each damage stage by using MEM of equation (4.4). The judgment of selection
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numbers of damage states is prior to the sum of probability densities in any row of the
transition matrix that must be theoretically unity, which however, for practical
purposes may be within 10% tolerance range. The numerical integration method as
well as the first four statistical moments is applied to calculate the probability
distribution of single-variable of compliance ¢, , ata certain cycles of damage stage.
The A, values, which are calculated by equation (4.4) in terms of 9 damage stages,
are listed in Table 4.2 and probability density functions at damage stage of cycles

2800 can then be written by substitution of A, values from Table 4.2:

)

C280¢ (02800) -

expl(-4.98x10°) + (8.21x 10" ) x x +(-5.08x 10™) x x* +(1.40x 10™) x x* +(-1.44x 10" ) x x*

where x stands for a compliance value at any damage state.

«Densﬁy' : o

A3 2 . 245 24
. Faligue damage parame

Figure 4.4 Maximum Entropy density function of damage stage at 2800 cycles
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Table 4.2: The A, values at different damage stages under LCO based

from Table 4.1

on the data

Cycles(stages) Ao A A, A A,
2800 --2.2332E+8 | 3.6209 E+8 | --2.2016 E+8 | 5.9493 E+7 | -6.0287 E+6
60400 5153 E+7 | 83536 E+7 | -5.0785 E+7 | 13722 E+7 | -1.3905E+6
132400 -8.0949E+7 1.3044E+8 -7.8822E+7 2.1169E+7 -2.132E+6

204400 -4.9919E+7 8.0384E+7 -4.8541E+7 1.3028E+7 -13112E+6
276400 -3.4055E+7 5.4765E+7 -3.3027E+7 8.8524E+6 -8.898E+5
348400 -4.5092E+7 7.2306E+7 -4.348E+7 1.162E+7 -1.1646E+6
420400 -1.513E+7 2.4307E+7 -1.4644E+7 3.9213E+6 | -3.9378E+5
492400 -1.1371E+7 1.8346E+7 -1.1099E+7 2.9844E+6 -3.009E+5
564400 -2.1026E+7 3.3752E+7 -2.0318E+7 54356E+6 | -5.4532E+5

Note: E+n represents x10" for any value of n

The density function for each damage stage can then be plotted based on equation

(4.4). For example, the two probability distribution charts (Figs. 4.4 and 4.5) plotted

in MATLAB based on the function f. (cyq) and fc . (Ceou00), Which are the

Maximum Entropy density functions for damage stages at 2800 cycles and 60400

cycles:
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e - Note: e-n represents x10™ for any value of n
.35 - k L 4 : :

meter cnmpllance(me 11

Figure 4.5 Maximum Entropy density function of damage stage at 60400 cycles

Step 4:
Determination of joint probability density functions. The 8 damage states mentioned
in the above have to be used to define the rectangle regions to estimate the joint

probability matrix at certain duty cycles by the following methods:

1) Joint probability density function estimation (refer to section 4.2.4.1): the

integration of equation (4.7) can be written as

_“- fck . (o€ e dey = f f act —2% e Cradey- (4.16)

where C,_,C,, C,,C,,, representthe damage state range from C, | to C, and
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from C, to C,,, respectively.

For example, at damage stage of fatigue cycle 2800, the numbers of specimen’s
compliances fall in the damage state rectangle range such as from 2.4445 to
2.4563 and from 2.4563 to 2.4681, or from 2.4563 to 2.4681 and from 2.4681 to

2.4799 (X 10" 1/Pa). Then in this case,

N, (2.4378,2.4514),(24378,2.4514) 1 N, (24378,2.4514),(2.4514,24651) _1_ ~0.05

—=0.05 ,
N 20 N 20

5

N 1
2.43782.4514),(2.4651,2.4787)
¢ i _— = 0.05 .
N

2) Bivariate Gaussian distribution (refer to section 4.2.4.2): similarly, the integration

of equation (4.8) can be rewritten as

[ e Ccmcdede, = [ [ flene)dende, @)

J

where f(c,,c,)=f(x¥).

3) Combined methods (refer to section 4.2.4.3): TPF p;(n,_,n,) between damage
states / and j at any load cycle k& can be calculated by either method 1)
MEM or method 2) Gaussian Distribution, in terms of the conditions for selecting

the suitable methods as discussed in sub-section 4.2.4.4.
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4.4.1.1 Calculation methods based on the ways of calculation of

TPF

4.4.1.1.1 Method 1)

The following steps (from Step 5 to Step 8) are the calculation procedure by using
Joint probability density function estimation equation (4.16) for calculation of the
numerator of equation (4.3) and MEM method for the individual probability density

function calculation for the denominator of equation (4.3).

Step 5:

Calculation of transition probability matrices based on the calculation results in steps
3 and 4 by applying the equations (4.16), (4.3) and (4.9). The 6 non-zero entries of
transition probability matrices at 7 damage stages in terms of 8 damage states are

listed below (the numbers marked with underline are beyond the 10% tolerance):

Note: the rows that have all entries as zero are not given in the following

[[1(2800,60400)] =

Rowl 03109 0.3109 0.3109 0 0 0 0 0
Row?2 0 0 1.0421 0 0 0 0 0
Row3 0 0 03331 0.6661 0 0 0 0
Rowd4 0 0 0 0.5121 05121 0 0 0
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[T1(60400132400] =

0.8983 0 0 0
0 0.2865 0.7163 0O
0 0 0.5459 0.5459
0 0 0 1.0343
0.6369 0.6369 0 0
0 0.2312 0.6937 0
0 0 0.3253 0.6505
0 0 0 0.6385
0 0 0 0
0 1.0844 0 0
0 0.3544 0.7088 0
0 0 0.4024 0.6036
0 0 0 0.5811
0 0 0 0

Row2 0
Row3 0
Row4 0
Row5 -0
[T1(132400204400)] =
Row2 0
Row3 0
Row4 0
Row5 0
Row6 0
[T1(204400276400)] =
Row?2 0
Row3 0
Row4 0
Row5 0
Row6 0
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0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
03192 0 0
1.1384 0 0
0 0 0
0 0 0
0 0 0
0.4358 0 0

0.4748 0.4748 0



[I1(276400348400)] =

Row3 0 0 1.0291 0 0 0 0 0
Row4 0 0 0 0.7422 02474 0 0 0
RowS5 0 0 0 0 0.7805 03122 0 0
Row6 0 0 0 0 0 0.6764 03382 0
Row7 0 0 0 0 0 0 0 0.6701
[T1(348400420400)] =

Row3 0 0 0.6653 0.6653 0 0 0o 0
Row4 0 0 0 0.2839 0.5678 0 0 0
RowS5 0 0 0 0 0.7206 0.3603 0 0
Row6 0 0 0 0 0 0.6191 0.3095 0
Row7 0 0 o 0 0 0 0 1.0524

The physical meaning of the numbers in the TPM: for instance, in the first row of
[11(2800,60400)] , it can be seen that p;;=0.3109, p;2=0.3109, p;3=0.3109, and so on.
This means that, after DC (load cycle from 2800 to 60400) in the first state of
specimens, 31.09% of specimens’ compliances remain in the first damage state of the
range from 2.4378 to 2.4514x10" 1/Pa, 31.09% of specimens display the
compliances increase to the second damage state of the range from 2.4514 to
2.4651x10"" 1/Pa, and another 31.09% of specimens display the compliaﬁces

increase to the third damage state of the range from 2.4651 to 2.4787x10™"! 1/Pa, and
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no specimen falls in higher level of damage state more than that, which are all

represented as zero. In the same manner, the numbers in the second row and the rest

of row of TPM can be interpreted.

Further observations from the above TPMs can be shown in below:

The numbers of first row (Rowl) of [H(60400,132400}] are all zero, which

means that the-re are no specimens whose compliances fall in the first damage

state after one Duty Cycle. As the Duty Cycle increases, the damage states as well

as compliances of specimens increase, too. This also indicates that every

specimen gets damaged when further DC is applied. Moreover, it can also be

explained that any of F,(n,_,n,) are equal to zero when i>j.

The range of maximum and minimum values of specimens’ compliances can be

easily obtained from the numbers of TPM at/between two conjunction damage

stages. For example, from[H(6040Q13240()], one can see that the specimens’

damage state is from 2 to 5, and the corresponding compliance values are from

2.4514 10 2.5060x10™"" 1/Pa.

The total of some of the rows are beyond 10% tolerance. The reasons are

explained as follows:

v Data collection (number of data): the more data we collected, the probability
density function could better match the real distribution.

v" The dispersal of collected data could largely influence the estimated

probability density functions, which could be more accurate if all the data are
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within a small range (or relative low standard deviation).

V" The selection of damage states also affects the transition probability matrix

calculation results.

we have to use small number of damage states for probability density
function calculation, which would be better match the real distribution. So
the finer the damage states we choose (in case the same group of data), the

less accurate result may be obtained.

Step 6:

Calculation of m-step transition probability matrices.

In terms of small group of data or more dispersed data,

Based on the calculation

results from step 5, the equation (4.12) then can be re-written:

[[1(2800420400] =[I1(2800,60400)]x [[T(60400132400)]x

Then the non-zero entries of the transition probability matrices are given below:

[[1(2800,420400)] =

Rowl 0.1802 0.2212
Row2 0.0168 0.0652
Row3  0.0054 0.0309

Rowd O 0.0077

0.2096

0.4493

0.3655

0.2811
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0.1222
0.3718
0.3948

0.4007

x [[1(348400420400)

0.0516

0.1731

0.2740

0.3724



Then the unconditional probabilities of compliance at load cycles 420400 in this case

are listed below based on equation (4.13), and its histogram is presented in Fig. 4.6:

I[1° (1, m,)|=|[1¢ (2800420400 =
=[T1(2800)] < [T1(2800,60400)] < [T1(6040013240) x......x [T[(276400348400)]

=10 0 0.0345 0.0668 0.3546 0.3470 0.2250 0]

0.4

0.35 7

24
w

0.25 7

Relative frequency
S e
(%] N

=4
-

0.05 1

2.4378 2.4514 2.4651 2.4787 2.4924 2. 506 2,5196 2.5333

Fatigue parameter (compliance in 10™"' 1/Pa)

Figure 4.6 Histogram of unconditional probabilities at fatigue load cycle 420400 in

terms of 8 damage states

The relative frequency of specimens’ compliances at certain load cycles that is called
the real distribution is defined based on the percentage of the number of specimens
whose compliances at this load cycles fall in each range of damage states out of total

specimens. For example, there is only one specimen whose compliance falls in the
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third state at load cycle 420400, then the relative frequency at this state is 0.05 (1/20).
In the same manner, the rest of relative frequency values at load cycle 420400 (or
damage stage 6) with 8 damage states can then be calculated and listed below:

(0 0 0.05 0.10 0.30 0.35 0.20 0]

The histogram corresponding to these unconditional probabilities distribution

compared with the real distribution is plotted in Fig.4.7.

0.4 method 1 real

0.35 7

0.3 7

0.25 7

0.2 7

0.15 1

Relative frequency

0.1

0.05 7

2.4378  2.4514  2.4651 2.4787 2.4924 2.506 2.5196  2.5333

Fatigue parameter (compliance in 10! 1/Pa)

Figure 4.7 Histogram of unconditional probabilities versus histogram of real

distribution at cycle 420400 in terms of 8 damage states

The match percentage at each damage state can be calculated using unconditional

probabilities divided by real distribution at this state, that is:
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p./pip. 2D,

(4.18)
lp,—(p.~p)V PP <P,

pm =

where the match percentage at certain damage state is p,; p, is unconditional

probability at this state; p, is real frequency at this state.

Then the overall match percentage is the average of non-zero match percentages
corresponding to all damage states. For instance, the non-zero match percentages at
damage states 3, 4, 5, 6, 7 are 0.69, 0.664, 0.987, 0.991, and 0.875 based on equation
(4.18) at load cycle 492400 in terms of 8 damage states, so the overall match
percentage with the real frequency is 84.14 %

((69%+66.4%+98.7%+99.1%+87.5%)+5=84.14%).

Step 7:

Estimation of further damage stage probabilities after further DC at load cycle 449280.
Based on the above processes, 6 TPMs are derived by using 6 sets of fatigue
parameter values (compliance) that correspond to the 6 damage stages. And any 5

transition-probability-functions in 6 TPMs are assumed as constituting a random

variable and shall follow a Gaussian distribution rule. For example, lp,, 2p;, 3p,,

4p,, 5Sp; are assumed to be the constituting random variables, then 6p; is

determined (estimated) by the following Gaussian distribution equation as the

reliability is set to 90%:
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Py =200y + 4y 4.19)

where z,, is approximately equal to 1.3 when the reliability is 90%, O, H; are
standard deviation and mean value of the above variables respectively. Then the
estimation of transition probability matrix at load cycle 492400 can be finally

determined. The non-zero entries of rows and columns are listed below:

1420400492400 =

Rowl 0.1216 0.1216 0.1216 0 0 0 0 0
Row2 0 0.4786 0.7511 0 0 0 0 0
Row3 0 0 0.6524 0.7304 0 0 0 0
Row4 0 0 0 0.5612 0.5995 0 0 0
Row5 0 0 0 0 0.8153 03421 0 0
Row6 0 0 0 0 0 0.7248 0.3039 0
Row7 0 0 0 0 0 0 0.5406 0
Step 8:

Calculation of the unconditional probabilities at load cycle 492400 by applying

equation (4.13). The initial damage stage distribution[[1(2800)] , which is determined

from relative frequency at full range of damage states (8 states), in this case is:
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[[12800)] =[0.15 035 030 020 0 0 0 0]

Then the predicted unconditional probabilities of the specimen compliances at load

cycle 492400 are given below by equation (4.13):

1 (2, m,)] =

[0 0 0.0225 0.0627 0.3292 0.3729 0.2271 0]

The histogram corresponding to the above result is showed in Figure 4.8.

0.4 frequency
0,35 o

124
w
.

e
N
%]

L

=
N

0.15 e e

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Relative frequency

=
-

0.05 1

2.4378 2.4514 2.4651 2.4787 2.4924 2.506 2.5196 2.5333

Fatigue parameter (compliance in 10! 1/Pa)

Figure 4.8 Histogram of predicted unconditional probabilities based on method 1 at

load cycle 492400 in terms of 8 damage states.

By calculation of relative frequency, the real distribution of specimen compliances in
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terms of 8 damage states at load cycle 492400 (or damage stage 6) is:

[0 0 0.05 0.05 0.30 0.35 0.25 0]

So in this way, the two probability distributions of fatigue parameter, which are
obtained from (i) analytical estimation and (ii) from the test data, can now be

compared and their histograms chart is shown in Figure 4.9.

estimation

0.4 using method1
) E real frequency

0.35

o
w
.

0.25 1

@
N

0.15

Relative frequency
o

0.05 1

2.4378 2.4514 2.4651 2.4787 2.4924 2.506 2.5196 2.5333

Fatigue parameter (compliance in 10" 1/Pa)

Figure 4.9 Histogram of predicted unconditional probabilities based on method 1

versus histogram of real distribution at load cycle 492400 in terms of 8 damage states

The overall match percentage of estimated probabilities distribution comparing with the real
frequency distribution at load cycle 492400 in terms of 8 damage states based on Method 1)

is 85%.
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4.4.1.1.2 Method 2)

Gaussian probability distribution is used for TPM calculation of both individual
probability density function and joint probability density function at each given
specimen compliances at a certain damage stage. Then the equation (4.5) and the
equation (4.9) are used to determine the individual and joint probability density
function. The calculation procedure should follow the steps from 1 to 8 mentioned

above.

For example, the detailed calculation of the individual and joint probability
distribution at first damage stage of 2800 cycles is presented below in terms of 8
damage states, which are divided in the whole range of specimen compliances
(2.4378 to 2.5469x10™"! 1/Pa). Since o,y are equal to 0.0131 and 2.4658based on
the compliance data at cycle 2800 listed in table 4.1, then the individual probability at
first damage state (from 2.4378 to 2.4514e-11 (1/Pa)) is equal to 0.1199 by
integration of the equation (13) from 2.4378 to 2.4514e-11 (1/Pa). The joint
probability distribution for the first damage state rectangle area, where X is from
2.4378 to 2.4514e-11 (1/Pa) and Y is from 2.4378 to 2.4514e-11 (1/Pa), is equal to
0.010 by integration of the equation (4.8) based on o, o,, K, 4, and p are
known from the compliance values at 2800 cydes and 60400 cycles, and they are

0.0131, 0.0122, 24658, 24763 and 09068 respectively. Finally,

0.010

2800,60400) =
Pul QO ) 01199

=0.0838 is determined according to equation (4.3).
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Similarly, the rest of p, (280060400) can be calculated and the probability transition

matrix from load cycle 2800 to 60400 can be determined according to equation (4.11)

as below (with non-zero entries):

[I1(2800,60400)] =
Rowl 0.0838 0.7232 0.1924 0 0 0 0 0
Row?2 0 0.1909 0.7212 0.0871 0 0 0 0
Row3 0 0 0.3544 0.6103 0.0316 0 0 0
Row4 0 0 0 0.5417 0.4352 0.0091 0 0
Row5 0 0 0 0 0.6954 0.2607 0 0

Then following the above mentioned steps, we can get the rest of the probability

transition matrices as listed below (non-zero entries):

[[T(60400132400)] =
Rowl 0.2546 0.7214 0 0 0 0 0 0
Row?2 0 0.2550 0.7083 0.0354 0.2438 0.0615 0 0
Row3 0 0 0.2462 0.6874 0.0473 0 0 0
Row4 0 0 0 0.2643 0.6812 0.0542 0 0
Row5 0 0 0 0 0.2424 0.7019 0.0556 0

Row6 0 0 0 0 0 0.1985 0.7465 0
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[[1(132400204400)] =

Rowl 0.3369
Row2 0
Row3 0
Row4 0
Row5 0
Row6 0
Row7 0
[[1(204400276400)] =
Row?2 0.6747
Row3 0
Row4 0
Row5 0
Row6 0
Row7 0
Row8 0
Row8 0
[[1(276400348400) =
Row?2 0

0.6630 0 0

0.3828 0.6172 0

0 0.4413 0.5587
0 0 0.5074
0 0 0
0 0 0
0 0 0
0 0 0

0.3961 0.6038 0

0 0.4767 0.5232
0 0 0.5630
0 0 0
0 0 0
0 0 0
0 0 0

0.5261 04735 0
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0.4926

0.5745

0.4368

0.6492

0

0.4255

0.6356

0.3506

0.7288

0.3644

0.6854

0.2708

0.7972

0.3145




Row3 0 0 0.5804 04191 0O 0 0 0

Row4 0 0 0 0.6411 03582 0 0 0
Row5 0 0 0 0 0.7041 0.2952 0 0
Rowb6 0 0 0 0 0 0.7647 0.2346 0O
Row7 0 0 0 0 0 0 0.8187 0.1807
Rowg 0 0 0 0 0 0 0 0.8634

Then the unconditional probabilities of compliance at load cycles 420400 in terms of
8 damage states based on method 2 are calculated by using equation (4.12) and they

are given below:

[H” (ny,n, )]= [H” (2800,420400)]:
=[IT(2800)]x [[1(2800,60400)]  [[1(6040013240)] x .....x [[1(276400348400)]

=[0 0.0051 0.0494 0.1882 0.3310 0.2818 0.1151 0.0211]

Similarly, the corresponding unconditional probabilities histogram versus real

frequency histogram is plotted in Fig. 4.10.

As one can see, there is a big difference between the unconditional probabilities
distribution calculated using method 2 and the real distribution from Fig. 4.10. the
reason is because several numbers in its TPMs largely exceed the 10% tolerance,

which are marked with underline.
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Figure 4.10 Histogram of unconditional probabilities based on method 2 versus

histogram of real frequency at load cycle 420400 in terms of 8 damage states

Following the calculation steps of Step 7 and Step 8, the estimation of non-zero TPM

at load cycle 492400 is presented below:

[[1(420400492400)] =

Rowl 0.1964 0.6814 0.0729 0 0 0 0 0
Row2 0 0.4026 0.6646 0.0398 0 0 0 0
Row3 0 0 0.4715 0.5998 0.0247 0 0 0
Row4 0 0 0 0.5605 0.5295 0.0221 0 0
Row5 0 0 0 0 0.6499 0.4773 0.0211 0
Row6 0 0 0 0 0 0.6035 0.4321 0.1944
Row6 0 0 0 0 0 0 0.6295 0.5310
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Then the predicted unconditional probabilities of the specimen compliances at load

cycle 492400 are given below by equation (4.15):

[0 0.001 0.0149 0.0918 0.2654 03604 02771 0.0704]

The histograms for the predicted unconditional probabilities obtained from method 2

comparing with that obtained from method 1 and the real frequency are plotted in Fig.

4.11.
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Figure 4.11 Histogram of predicted unconditional probabilities based on methods
land 2 versus histogram of real distribution at load cycle 492400 in terms of 8

damage states
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It is observed from Figs. 4.9 and 4.10 that there is a big difference between the
estimated distribution and the real distribution, especially in the damage state, for
which the real frequency is zero but the estimated frequency using method 2 is
non-zero. The reasons for that are: 1) the specimen compliances distribution or joint
distribution are assumed to follow Gausian distribution, but the reality is that the
compliances at some damage stages follow and some do not; and 2) the data marked
with underline from the above individual TPMs at different load cycles are far from

10% tolerance.

4.4.1.1.3 Method 3)

Combined method is the combination of method 1 and method 2. That is to select the
more accurate TPMs from method 1 and method 2 or to select method 2 in the case
where the frequency histogram charts are more like normal distribution (see Fig.4.4),

then we could get the result closer to the real data.

For example, we select the following TPM from method 1:

[[1(204400276400)] =
Row?2 0 0 1.0844 0 0 0 0 0
Row3 0 0 0.3544 0.7088 0 0 0 0
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Row4 0 0 0 0.4024 0.6036 0 0
Row5 0 0 0 0 0.5811 0.4358 0

Row6 0 0 0 0 0 0.4748 0.4748

The following TPMs have been selected from method 2:

[[1(2800,60400)] =
Rowl 0.0838 0.7232 0.1924 0 0 0 0
Row2 0 0.1909 0.7212 0.0871 0 0 0
Row3 0 0 0.3544 0.6103 0.0316 0 0
Row4 0 0 0 0.5417 0.4352 0.0091 0
Row5 0 0 0 0 0.6954 0.2607 0

[[1(60400132400)] =
Rowl 0.2546 0.7214 0 0 0 0 0
Row2 0 0.2550 0.7083 0.0354 0.2438 0.0615 0
Row3 0 0 0.2462 0.6874 0.0473 0 0
Row4 0 0 0 0.2643 0.6812 0.0542 0
Row5 0 0 0 0 0.2424 0.7019 0.0556
Row6 0 0 0 0 0 0.1985 0.7465

([1(132400204400)| =

Rowl 0.3369 0.6630 0 0 0 0 0
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Row?2 0 0.3828 0.6172 0 0 0 0 0

Row3 0 0 0.4413 0.5587 0 0 0 0
Row4 0 0 0 0.5074 0.4926 0 0 0
Row5 0 0 0 0 0.5745 0.4255 0 0
Row6 0 0 0 0 0 0.6356 0.3644 0
Row?7 0 0 0 0 0 0 0.6854 0.3145
[T1(276400348400)| =
Row?2 0 0.5261 0.4735 0 0 0 0 0
Row3 0 0 0.5804 0.4191 0 0 0 0
Row4 0 0 0 0.6411 0.3582 0 0 0
Row5 0 0 0 0 0.7041 0.2952 0 0
Row6 0 0 0 0 0 0.7647 0.2346 0
Row7 0 0 0 0 0 0 0.8187 0.1807
Row8 0 0 0 0 0 0 0 0.8634

The calculation results based on equation (4.12) and the corresponding histogram
charts (Fig.4.12) based on methods 1, 2, and 3 are given below along with the

histogram of real frequency at load cycles 420400:

[T (9, 1,,)|=11Y (2800420400 | =

= [[1(2800)] x [[1(2800,60400)] x [[1(6040013240)} x .....x [[1(276400348400)]
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Figure 4.12 Histogram of unconditional probabilities based on methods 1, 2, and 3

versus histogram of real frequency at load cycle 420400 in terms of 8 damage states.
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Figure 4.13 Histogram of predicted unconditional probabilities based on methods 1, 2, and 3

versus histogram of real frequency at load cycle 492400 in terms of 8 damage states
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Similarly, the predicted unconditional probabilities distribution histogram obtained
using combined method (method 3) at load cycle 492400 together with those obtained

using other two methods are shown along with real frequency in Fig.4.13.

4.4.1.1.4  Method 4)

Another rule of calculating TPMs, that is by using Gaussian distribution to compute
the joint probability density function and using MEM method to calculate the
individual probability density function, is also conducted in the present thesis. But the
result 1s far beyond the tolerance, and this method is therefore omitted for further

discussion.

4.4.1.2 Discussion and conclusion

Gaussian method (method 2) calculation could be more accurate only if the individual
and joint probabilities distribution of specimen compliances follow the normal
distribution, while the MEM method (method 1) works very well in the condition of
no big change of probabilities between any two conjunction damage stages, either
increase or decrease. The probabilities distribution result calculated from method 3

(which is called a combined calculation method) by choosing the appropriate TPMs

(p;(ney,n,)) from both methods 1 and 2 is closer to the real frequency compared
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with that obtained using other two methods, as one can see from Figs.4.12 and 4.13.

Therefore, by using method 3, a good match with the real frequency can be shown

when the damage states are increased. For example, the Figs.4.14 and 4.15 present the

histogram of unconditional and predicted unconditional probabilities distribution

based on method 3 compared with the results of other two methods along with real

frequency at load cycle 420400 in terms of 13 damage states. The non-zero match

percentages of method 3 (comparing with real frequency) versus that of the other two

methods are presented in the table 4.3.

Table 4.3: Non-zero probability match percentage comparing with real frequency

Match
percentage

unconditional probability
distribution at load cycle

unconditional predicted
distribution at load cycle

percentage

420400 492400

Damage method 1 | method2 | method3 | method 1 | method 2 | method 3

states(1x10™! 1/Pa)
2.4707~2.479 none | 0.3860 | 0.9240 | nome | 0.1920 | 0.5720
2.479~2.4873 | 03420 | 0.8320 | 0.6020 | 0.1380 | 0.7020 | 0.9700
2.4873~2.4955 | 0.6860 | 0.7530 | 0.8810 | 0.8380 | 0.1820 | 0.2320
2.4955~2.5038 | 0.6640 | 0.7220 | 0.7007 | 0.8820 | 0.8567 | 0.9560
2.5038~2.5121 | 0.6660 | 0.6071 | 0.9349 | 0.5397 | 0.7490 | 0.9750
2.5121~2.5203 | 0.7327 | 0.8293 | 0.8180 | 0.5750 | 0.8195 | 0.8015
2.5203~2.5286 | 0.6780 | 0.8840 | 0.5310 | 0.8193 | 0.7307 | 0.9787
2.5286~2.5368 | 0.3920 | 0.9020 | 0.4740 | 0.5100 | 0.2500 | 0.7300
overallmatch | o 5000 1 7304 | 07332 | 0.6146 | 0.5602 | 0.7769
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Figure 4.14 Histogram of unconditional probabilities based on 3 methods versus
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Figure 4.15 Histogram of predicted unconditional probabilities based on 3 methods
versus histogram of real frequency at load cycle 492400 in terms of 13 damage states

As one can see from the above two charts, the result from either method 1 or method
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2 1s far from the real frequency distribution both in unconditional probabilities
distribution and predicted unconditional probabilities distribution. Therefore, we may

have the following conclusion from the above two charts:

® The calculation results from the dispersal data (with less standard deviation)
will have good match with real frequency distribution in terms of higher
number of damage states.

® The combined method (method 3) shows much improvement in matching
with the real distribution even though some data from TPMs are still beyond
the tolerance.

® [f more specimens are tested, more accurate calculation result will be

obtained according to statistical philosophy.

4.4.2 Case 2: Confrontation with test data corresponding to LCT

A total of 20 specimens were tested under LCT, which is the regular over tension load
based on normal tension-compression load. The 20 specimens’ compliances versus
load cycles are listed in the table 4.4 and the plot of specimens’ compliances versus

load cycles is presented in Fig. 4.16.
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Table 4.4: The compliances (x10™"" 1/Pa) of tested specimens at different load cycles

under LCT
2800 60400 | 132400 | 204400 | 276400 | 348400 | 420400 | 492400
Specimen| cycles | cycles | cycles | cycles | cycles | cycles | cycles cycles
1 246516 | 2.49472 | 2.5141 | 2.53315 | 2.54449 | 2.55135 | 2.55869 | 2.56659
2 247768 | 2.5025 |2.52778 | 2.54293 | 2.54842 | 2.5569 | 2.56407 | 2.56737
3 2.45482 | 2.48672 | 2.51867 | 2.53887 | 2.54617 | 2.55086 | 2.55844 | 2.56868
4 245784 | 2.49138 | 2.51243 | 2.53474 | 2.54757 | 2.56108 | 2.56567 | 2.57002
5 2.49246 | 2.52149 | 2.53908 | 2.5485 | 2.55282 | 2.55862 | 2.56138 | 2.5705
6 2.46982| 2.498 |2.53168 | 2.54346 | 2.55053 | 2.55575 | 2.56263 | 2.57066
7 2.46109 | 2.48593 | 2.50563 | 2.53034 { 2.54437 | 2.55166 | 2.56055 | 2.57185
8 2.45832 | 2.48859 | 2.52256 | 2.54162 | 2.55198 | 2.55705 | 2.56408 | 2.57226
9 2.47903 | 2.50852 | 2.52995 | 2.54089 | 2.55073 | 2.55521 | 2.56559 | 2.57377
10 2.44874 | 2.47422 | 2.5093 | 2.53239 | 2.54992 | 2.56764 | 2.57233 | 2.57645
11 2.48037 | 2.50965 | 2.53574 | 2.54841 | 2.55373 | 2.56094 | 2.56936 | 2.57691
12 2.46421 | 2.48605 | 2.52351 | 2.5399 |2.55103 | 2.55658 | 2.56702 | 2.57702
13 2.47471| 2.50453 | 2.563162 | 2.55295 | 2.55826 | 2.56438 | 2.57028 | 2.57781
14 2.46717| 2.48903 | 2.52852 | 2.55084 | 2.56028 | 2.56958 | 2.57805 | 2.58266
15 24732 | 2.4944 |2.5314212.55183 | 2.5653 | 2.57586 | 2.57808 | 2.58451
16 248373 | 2.50777 | 2.53895 | 2.55906 | 2.56401 | 2.57041 | 2.57861 | 2.58811
17 2.4779 | 2.50655 | 2.54676 | 2.56387 | 2.57118 | 2.57714 | 2.58243 | 2.59029
18 2.45536 | 2.4857 |2.53403 | 2.55733 | 2.57008 | 2.57738 | 2.58497 | 2.59063
19 2.48533 | 2.51657 | 2.54526 | 2.5637 | 2.5714 | 2.5849 |2.58985 | 2.59183
20 2.48953 | 2.51236 | 2.5541 | 2.56408 | 2.57384 | 2.57997 | 2.58689 | 2.5932
STDEV*|0.01249/0.012458| 0.0128 (0.010834/0.009733/0.010514{0.009859| 0.008874

STDEV*: the standard deviation of specimen compliances at different load cycles

As the value of standard deviation of fatigue parameter (specimen compliances) at
each damage stage (load cycles) is reduced compared to the data from LCO, the
calculation result of both unconditional and predicted unconditional probabilities
distribution for Case 2, in terms of the same number of damage states used in the
above, should be then much better than that of LCO. For example, with 13 damage
states, the match percentages of the unconditional and predicted unconditional

probabilities distribution for combined method (method 3), which are 94.67% and
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95.02% respectively, are far better than that of LCO and their histograms obtained
using the three methods versus real frequency distribution are presented in Figs. 4.16
and 4.17. Moreover, as one can also see from charts, the results calculated using the

other two methods are also improved in this case.

2 62E-11 [ Specimen
. -

2. 60E-11 1
2. 58E-11 1
2.56E-11 1
2.54E-11 1

2.52E-11 1

Compliance (1/Pa)

2.50E-11 T2

2.48E-11 T

2.46E-11 7

2. 44E-11 t t t t t t + f
2.80E403 6.04E404 1.32E405 2.04E405 2. 76E405 3.48E+05 4.20E+05 4. 92E405 S.64E+05

Fatigue cycles

Figure 4.16 The plot of fatigue parameter (compliances) of 20 test specimens

Obviously, the test data from Case 2 is improved, i.e. the data dispersal declined, so
that the number of damage states can be further divided into 20 states (or even more).
The histogram charts of unconditional and predicted unconditional probabilities for
specimen compliances at load cycles 420400 and 492400 in terms of 13 and 20

damage states are plotted in Figs. 4.18 and 4.19.
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Figure 4.17 Histogram of unconditional probabilities based on 3 methods versus
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Figure 4.18 Histogram of predicted unconditional probabilities based on 3 methods
versus histogram of real frequency at load cycle 492400 in terms of 13 damage states
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Figure 4.19 Histogram of unconditional probabilities based on 3 methods versus
histogram of real frequency at load cycle 420400 in terms of 20 damage states
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Figure 4.20 Histogram of predicted unconditional probabilities based on 3 methods
versus histogram of real frequency at load cycle 492400 in terms of 20 damage states
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4.5 Discussion and conclusion

A stochastic approach [35] to model and analyze the test' data on the fatigue response
parameter of composite laminate is used in the present thesis. The fatigue damage
accumulation process can be well represented by Markov process modeling subjected
to the structural-level fatigue response parameter. Four calculation methods of the true
probabilities distribution regarding fatigue response parameter in terms of the number
of damage states are also described and discussed in the present thesis, that are
Maximum Entropy Method (MEM), Gaussian (single and Bivariate) probability
distribution for individual and joint probability density function, and combined

method.

The summary of improving the probability distribution compared to the real

distribution is listed below:

> Improving the dispersal of data: which could have a closer result comparing
with the real frequency if all the data are within a small range.
The value of standard deviation of compliances at different damage stages
with two load conditions are listed in the Table 4.5. As one can see from Table
4.6, the estimated probability distribution results from load case 2 are much
better than that from load case 1 as the data from load case 2 has less

dispersal.
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» Combined method is considered as an efficient way to improve the estimated
probability distribution if the test data can not be improved.
For example, Method 3) always has better results compared with the other two
methods, which are presented in the histogram charts in the above.

» Data collection (number of data): the more we collect, the probability density

function could better represent the real distribution of data.

In another words, the number of damage states (which can be precisely quantified the
fatigue damage accumulation process as the number of damage states increase.) can
be increased by improving the dispersal of data, using combined method and

increasing the number of test specimens.

Table 4.5: The specimens’ compliance standard deviations versus damage stages in

two loading conditions

2800 60400 132400 204400 276400 348400 1420400 1492400

damage stage cycles  icycles cycles cycles cycles cycles cycles cycles

case 1: compliance
STDEV under LCO [0.013086 | 0.012231 { 0.014237 | 0.014873 | 0.015031 | 0.015378 | 0.015714 { 0.015655

case 2: compliance
STDEV under LCT | 0.01249 [ 0.012458 | 0.0128 |{0.010834 | 0.009733 | 0.010514 | 0.009859 { 0.008874
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Table 4.6: The match percentages under two loading conditions in terms of 3 numbers

of damage states

Match percentage

Unconditional
probabilities
distribution at load

Predicted
unconditional

probabilities

actual frequency

cycle 420400 distribution at load
Damage states cycle 492400
13 damage states | LCO: match percentage with 0.7332 0.7743
actual frequency
13 damage states | LCT: match percentage with 0.9467 0.9502

20 damage states

LCO: match percentage with
actual frequency

Far from the actual
distribution

Far from the actual
distribution

20 damage states

LCT: match percentage with
actual frequency

0.8263

0.9357
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Chapter 5

Reliability analysis of tapered composite laminate under cyclic

tension-compression loading

5.1 Introduction

There is no doubt that it is important to evaluate the damage and degraded properties
accurately to ensure that the structures or components operate with high reliability
during their service lives. It is also important to evaluate the performance of the
structure in advance so that the maintenance or replacement of components can be
scheduled before catastrophic failure. Therefore, the fatigue data as well as reliability
data of the system plays an important role in engineering design phase regarding the
safety purposes, especially for the system that could not be repaired or reworked after
start of service. And the analysis and quantification of hazard rate (or failure rate),
which is one of the very important terms of system reliability indices is also necessary

and needed before further reliability discussion.
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5.2 Typical reliability index: Hazard Rate

The basic concept of hazard rate is described as the instantaneous percentage of the
numbers of failed specimens in As, period to the number of survived specimens at

time ¢,, which is expressed by formula:

1 = NS(ti)—NS(ti +Ati)
" Ns()xdy,

(5.1)

where Ng(z;) represents the number of survived specimens at times , and

Ng(¢t, +At;) stands for the number of survived specimens at time, + Az, .

Based on the above description, the hazard rate between two conjunction damage
stages in present tests can then be rewritten in terms of composite laminate specimen

compliances:

(Ci — Ci—l )

- 52
‘ Ci-lx(ni—ni—l) ( )

where A, is the hazard rate from load cycle n, to » C,,C,, are specimen

i+l

compliances at load cycles n, and n,, respectively.

Unlike the specimen compliances, the individual specimen hazard rates under LCO
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computed by equation (5.2) do not show either continuous decrease or increase in Fig.
5.1. But, when we look at the average hazard rates of 20 specimens at each damage
stage load cycles for both loading cases, a continuous decrease is observed as the load
cycle values increase. The average hazard rate at one load cycle value is calculated as
the sum of individual hazard rates divided by 20 (20 specimens). One can assume that
this trend will somehow be coincident with the typical U-shaped hazard rate of
component service life that is shown in Fig. 5.4 when the test specimens are

continuously tested until total failure [34, 38].

1. 80E-07

Hazard rate

60400 132400 204400 276400 348400 420400 492400 564400
Fatigue load cycles

Figure 5.1 The individual hazard rates of 20 specimens under load condition LCO
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Figure 5.2 The average hazard rates under two load conditions (LCO and LCT)
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Figure 5.3 The average compliance under LCO and LCT
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Figure 5.4 Typical chart of hazard rate in component service life

It can also be observed that:

The Hazard Rate value for LCT (with over tension load) is three times than that
of LCO. In the graph (Fig.5.2), the slope of the line of load condition 2 is more
when compared to load condition 1 during the manufacturing faults phase,
which indicates that the damage speed with over tension load condition is fast
when compared with normal tension-compression load condition during the

same period.

In the two damage process phases(Fig.5.2) , the phase I from start of test to
about 300,000 (or) 400,000 cycles where the hazard rate decreases continuously
is called the “manufacturing faults” or “burning-out” process ,which happens

due to some early failures such as matrix crack, de-bonding, etc. Then the phase
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iii)

5.3

IT which starts from about 400,000 cycles is called as the “normal service life”
process, where the hazard rate remains constant and will last for a quite long
time. This process is also called as the typical damage accumulating process
which indicates that specimen’s damage keeps constant at each Duty Cycle. In
the phase III (which cannot be seen in Fig5.2 but in Fig.5.4) the hazard rate will
continue to increase until final failure that is called “wearing” or “failure”

process.

The initial failures or manufacturing faults occur regardless of the loading

conditions within some range of load.

The hazard rates in both cases become stable and constant at almost same level
and same load cycles and also the damage accumulation speed of both cases
remain at the same level, but their compliance values are at different ranges as

shown in Fig.5.4.

Although the hazard rates from both cases remain constant at same level after
some load cycles, the reliability from load case 2 will be less than that of load
case | because of the high hazard rate during the manufacturing fault phase,

which means more damage occurred at that period.

Markov process modeling of hazard rate

In order to simplify the results of unconditional and predicted unconditional
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probabilities distribution of specimen hazard rates, the data only from over tension

load condition (load case 2) is considered and presented hereafter in present thesis.

Based on equation (5.2), 20 specimens’ Hazard Rates from various load cycles under

LCT are computed and presented in Table 5.1.

Table 5.1 HRs* under LCT at different cycles (1x10® 1/cycle):

specimen | 132400 | 204400 | 276400 | 348400 | 420400 | 492400 | 564400
cycles cycles cycles cycles | cycles | cycles | cycles

1 21.4525 | 27.0045 | 12.7706 | 6.9245 | 3.9450 | 4.0901 | 3.0411
2 15.3869 | 20.9279 | 9.0207 | 6.0862 | 3.0217 | 56716 | 5.4105
3 20.2207 | 9.6889 | 5.1528 | 2.3543 | 3.1556 | 1.4982 | 4.9453
4 14.8818 | 20.6128 | 11.1982 | 7.3313 | 5.7173 | 1.1970 | 3.4640
5 18.0648 | 19.6920 | 12.7802 | 9.6143 | 9.6517 | 2.5369 | 2.2245
6 23.6912 | 11.7349 | 12.3331 | 7.0301 | 7.3654 | 2.4892 | 2.3548
7 21.8225 | 15.8339 | 10.0623 | 4.1715 | 7.2918 | 2.6597 | 1.0618
8 15.3826 | 22.0356 | 12.2601 | 5.1399 | 5.0450 | 4.5781 | 2.4836
9 17.3914 | 14.0304 | 8.3242 | 2.9985 | 4.6216 | 3.8947 | 1.7875
10 20.6524 | 11.8651 | 6.0058 | 5.3787 | 2.4394 | 5.6421 | 4.4283
11 22,5605 | 17.8448 | 11.1390 | 3.9935 | 2.5583 | 4.1272 | 5.5589
12 10.8086 | 18.7261 | 6.4626 | 3.8607 | 2.8426 | 3.7389 | 4.3521
13 16.8038 | 17.2686 | 11.0008 | 2.6865 | 3.4668 | 4.4308 | 5.1169
14 20.4943 | 14.4387 | 6.9397 | 2.8994 | 3.9213 | 4.5665 | 4.0812
15 20.9200 | 15.0228 | 11.7020 | 2.8888 | 3.3226 | 3.1955 | 4.0690
16 20.8179 | 10.7895 | 10.5240 | 6.2176 | 3.7445 | 3.9957 | 4.2882
17 20.0733 | 22.2805 | 9.3310 | 3.9599 | 3.2195 | 2.8509 | 4.2273
18 17.5227 | 11.0064 | 13.6969 | 7.7010 | 3.9794 | 4.8389 | 6.1293
19 21.3772 | 18.9587 | 10.4942 | 5.6613 | 2.7593 | 3.8184 | 4.4309
20 15.9208 | 23.0748 | 5.4270 | 5.2867 | 3.3079 | 3.7253 | 3.3878

HR*: Hazard Rate
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Then the same rule of 8-step TPM calculation procedure mentioned in the previous

chapter is followed, but here p,(n,,n,,) will have some difference comparing to the
cases in chapter 4, that it is not always zero when i>; since the individual hazard
rate doesn’t decrease continuously. For example, the numbers marked with underline
in non-zero TPM under LCT in terms of 10 hazard rate divisions should be zero if the

hazard rate continuously decreases:

[[1(2800,60400)]=
Rowl 0 0 04772 0 0 04772 0

Row2 0.1263 0.1263 0.1263 0.2527 0.1263 0.2527 0.1263

Row3 O 0 0.5235 0 0.2617 0.2617 0

Row4 0.1776 0.5328 0O 0.1776 0O 0 0

Then one can get the unconditional and predicted unconditional probabilities of
specimen hazard rate corresponding to load cycles 420400 and 492400 in terms of 10

divided states, which are illustrated in Figs.5.5 and 5.6.

[T (2800420400 =

[0 0 0 0 0 0 0 0.1049 0.7627 0.1457]

Predicted [[TY(2800492400)|=

[0 0 0 0 0 0 0.0098 0.1976 0.6303 0.1605]
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5.4 Markov process modeling of reliability

Markov process modeling of reliability can be done according to the procedure
mentioned in chapter 4. The true unconditional probabilities distribution and
predicted unconditional probabilities distribution for composite laminate fatigue
reliability at a given load cycle can be computed from three methods of reliability
calculation, which are basically calculated from basic reliability concept, hazard rate
and failure density function. Furthermore, the results under both cases of load

conditions are also considered in present thesis.

5.4.1 Markov process modeling of reliability function

From strict probabilistic concept, the reliability is defined as the probability of a
system’s ability to perform its operations, or probability of loss of a system’s property

as time goes [38, 44].

In case of the composite laminate fatigue test, using the strict probabilistic concept

the following formula in terms of the initial Young’s modulus £, at load cycle 0 (i.e.

Young’s Modulus at the beginning of fatigue test) and the modulus at any load cycle

E, is derived:

R(n)= i (5.3)
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Therefore, the reliabilities at different load cycles are computed and listed in table 5.2

based on equation (5.3) (£, is considered as Young’s Modulus at load cycle 2800 as

it may not be stable at exactly 0 cycle):

Table 5.2 Reliabilities at different load cycles based on basic reliability concept under

LCT:

Specimen 2800 60400 132400 | 204400 | 276400 | 348400 | 420400
cycles cycles cycles cycles cycles cycles cycles
1 0.9878 0.969 0.9601 0.9554 | 0.9527 | 0.9499 | 0.9478
2 0.9912 0.9765 0.9702 0.966 0.9639 | 0.9599 | 0.9562
3 0.9885 0.9816 0.978 0.9764 | 0.9741 0.9731 | 0.9696
4 0.99 0.9822 | 0.9726 | 0.9673 | 0.9645 | 0.9612 | 0.9569
5 0.9897 0.9759 0.967 0.9603 | 0.9537 0.952 0.9504
6 0.9865 | 09783 | 0.9697 | 0.9648 | 0.9597 | 0.958 | 0.9563
7 0.9876 | 0.9765 | 0.9694 | 0.9665 | 0.9615 | 0.9596 | 0.9589
8 0.9912 0.9757 0.9672 0.9636 | 0.9601 0.957 0.9553
9 0.9901 0.9802 0.9743 0.9722 0.969 0.9663 | 0.9651
10 0.9882 0.9799 0.9757 0.9719 0.9702 | 0.9663 | 0.9632
11 0.9872 0.9747 0.9669 0.9641 0.9624 | 0.9595 | 0.9557
12 0.9887 | 0.9756 0.971 0.9684 | 0.9664 | 0.9638 | 0.9608
13 0.9904 0.9783 0.9706 0.9687 0.9663 | 0.9632 | 0.9597
14 0.9883 | 0.9782 | 0.9733 | 0.9713 | 0.9685 | 0.9654 | 0.9625

15 0.9881 0.9775 | 0.9694 | 0.9673 | 0.965 | 0.9628 0.96
16 0.9882 | 0.9805 | 09732 | 0.9688 | 0.9662 | 0.9634 | 0.9605
17 0.9886 0.973 0.9665 0.9637 | 0.9615 | 0.9595 | 0.9566
18 0.9915 0.977 0.9692 | 0.9641 | 0.9601 | 0.9593 | 0.9569
19 0.9878 0.9745 0.9672 0.9633 | 0.9614 | 0.9588 | 0.9557

20 0.9909 0.9747 0.9709 0.9672 | 0.9649 | 0.9624 0.96

Then again following the 8-step probabilities distribution calculation procedure, the
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unconditional and predicted unconditional probabilities distribution of reliability at

load cycles 420400 and 492400 are illustrated in the Figs.5.7 and 5.8.
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Figure 5.7 Histogram of unconditional probabilities of reliability at load cycle 420400
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cycle 492400 based on reliability function in terms of 10 divisions

The change in laminated specimen reliability as the load cycle increases can be
expressed from Fig.5.9 that 2.94% of specimen’s reliability falls in the range of 0.969
to 0.974 at load cycle 420400 while only 1.06% of specimen’s reliability in that range
at load cycle 492400; 12.36% of specimen’s reliability falls in the range of 0.965 to
0.969 at load cycle 420400 while only 6.28% of specimen’s reliability in that range at
load cycle 492400; similarly, 46.29% of specimen’s reliability falls in the range of
0.956 to 0.960 at load cycle 420400 but 58.32% of specimen’s reliability is in that
range of load cycle 492400, and so on. It can be noticed from fig.5.9 that the
maximum relative frequency of reliability falls ;mder the low range of reliability as

the no. of load cycles increases.
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Figure 5.9 Comparison of reliability distribution at load cycles 420400 and 492400 in

terms of 10 divisions
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5.4.2 Markov process modeling of reliability based on hazard rate

The reliability of specimen at any load cycles can be expressed by knowing 1, from

equation (5.1):
R(n) = exp[-[;" A(£)d<] ' (5:4)

where R(n) is the reliability at load cycle n,, the — [ A(£)dé can be rewritten in

terms of various hazard rates at different damage stages as following:
b 4ds = [*a@de + [4,de+ [a@ds v [7 2,608 (5.9)

where n,n,,...,n, denote the load cycles at damage stages 1, 2, 3,..., n.

Then based on the hazard rates data from table 5.1, the reliabilities corresponding to

the load cycles based on equations (5.4) and (5.5) are calculated and listed below.

119



Table 5.3 The specimen reliabilities at different load cycles based on hazard rates

under LCT:

Spec. 2800 60400 132400 204400 276400 348400 420400
cycles cycles cycles cycles cycles cycles cycles

1 0.9877 0.9687 0.9598 0.9551 0.9524 0.9496 0.9475
2 0.9912 0.9764 0.97 0.9658 0.9637 0.9598 0.956
3 0.9884 0.9815 0.9779 0.9763 0.974 0.973 0.9695
4 0.9915 0.9769 0.969 0.9639 0.96 0.9591 0.9567
5 0.9896 0.9757 0.9668 0.9601 0.9535 0.9517 0.9502
6 0.9864 0.9781 0.9695 0.9646 0.9595 0.9578 0.9562
7 0.9875 0.9763 0.9693 0.9664 0.9613 0.9595 0.9587
8 0.9912 0.9756 0.967 0.9634 0.9599 0.9568 0.9551
9 0.99 0.9801 0.9742 0.9721 0.9689 0.9662 0.9649
10 0.9882 0.9798 0.9755 0.9718 0.9701 0.9661 0.9631
11 0.9871 0.9745 0.9667 0.9639 0.9622 0.9593 0.9555
12 0.9887 0.9754 0.9709 0.9682 0.9662 0.9636 0.9606
13 0.9904 0.9781 0.9704 0.9685 0.9661 0.963 0.9595
14 0.9883 0.978 0.9732 0.9711 0.9684 0.9652 0.9624
15 0.988 0.9774 0.9692 0.9672 0.9649 0.9627 0.9598
16 0.9881 0.9804 0.973 0.9687 0.9661 0.9633 0.9603
17 0.9885 0.9728 0.9663 0.9635 0.9613 0.9593 0.9564
18 0.99 0.9821 0.9725 0.9671 0.9644 0.961 0.9568
19 0.9878 0.9744 0.967 0.9631 0.9612 0.9586 0.9555
20 0.9909 0.9745 0.9707 0.9671 0.9648 0.9622 0.9598

Again, the Markov process modeling is done using the above reliability data. The
8-step calculation method written in chapter 4 is followed here. The unconditional
and predicted unconditional reliability probabilities histogram with 10 reliability

divisions at load cycles 420400 and 492400 are shown in Figs. 5.10 and 5.11.
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5.4.3 Markov process modeling of reliability based on failure

density function

In the same manner, the failure density function at load cycle # can be written as

below based on its definition:

En _En+
S = Ean G0

0

where E,E,,E,, stand for initial Young’s modulus, Young’s modulus at load cycles

n&n+1 respectively. AN denotes the load cycle deviation between n andn+1.
The failure probability at load cycle n is determined by:
F,=["fde+ J:’fzd.§+ J:Jgd§+...+ [ f.a¢ (5.7)

where n,,n,,..n, denote the load cycles at damage stages 1,2,3...n.

Then the reliability at load cycle n in this case is given by:
R(n)=1-F, (5.8)

Based on the equations (5.6), (5.7), and (5.8), the following reliabilities data can be

calculated from the original data listed on the table 4.1:
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Table 5.4 The specimen reliabilities at different load cycles based on failure density

function under LCT:

specimen| 2800 60400 132400 204400 276400 348400 | 420400
cycles cycles cycles cycles cycles cycles ccycles
1 0.9878 0.969 0.9601 0.9554 0.9527 0.9499 | 0.9478
2 0.9912 0.9765 0.9702 0.966 0.9639 0.9599 | 0.9562
3 0.9885 0.9816 0.978 0.9764 0.9741 0.9731 0.9696
4 0.9915 0.977 0.9692 0.9641 | 0.9601 0.9593 | 0.9569
5 0.9897 0.9759 0.967 0.9603 0.9537 0.952 0.9504
6 0.9865 0.9783 0.9697 0.9648 0.9597 0.958 0.9563
7 0.9876 0.9765 0.9694 0.9665 0.9615 0.9596 | 0.9589
8 0.9912 0.9757 0.9672 0.9636 0.9601 0.957 0.9553
9 0.9901 0.9802 0.9743 0.9722 0.969 0.9663 | 0.9651
10 0.9882 0.9799 0.9757 0.9719 0.9702 0.9663 | 0.9632
11 0.9872 0.9747 0.9669 0.9641 0.9624 0.9595 | 0.9557
12 0.9887 0.9756 0.971 0.9684 0.9664 0.9638 | 0.9608
13 0.9904 0.9783 0.9706 0.9687 0.9663 0.9632 | 0.9597
14 0.9883 0.9782 0.9733 0.9713 0.9685 0.9654 | 0.9625
15 0.9881 0.9775 0.9694 0.9673 0.965 0.9628 0.96
16 0.9882 0.9805 0.9732 0.9688 0.9662 0.9634 | 0.9605
17 0.9886 0.973 0.9665 0.9637 0.9615 0.9595 | 0.9566
18 0.99 0.9822 0.9726 0.9673 0.9645 0.9612 | 0.9569
19 0.9878 0.9745 0.9672 0.9633 0.9614 0.9588 | 0.9557
20 0.9909 0.9747 0.9709 0.9672 0.9649 0.9624 0.96

When compared with the reliability data based on hazard rate, it is observed that
reliability data got from both methods have only minor difference. For example, the
reliability is 0.9885 for specimen #3 at load cycle 2800 calculated from failure
density function and 0.9884 calculated from hazard rate. Therefore, the unconditional

and predicted unconditional probabilities distribution at load cycles 420400 and
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492400 in terms of .10 reliability divisions based on failure density function are

exactly the same as the results from hazard rate indicated in Figs. 5.10 and 5.11.

5.5 Discussion and conclusion

One can observe that not only the reliability results at a given load cycles are almost
the same, which were obtained from three methods namely the basic concept, hazard
rate function and failure density function, but also the results of unconditional and
predicted unconditional probabilities distribution based on the above three methods

are the same as seen in Figs.5.12 and 5.13.

Comparing the reliability results from load condition one (normal
tension-compression load) and load condition two (over tension load) in Fig. 5.14, it
shows that the average reliability corresponding to load cycles for load condition two
(the average value of reliability is determined by sum of 20 specimens’ reliabilities
divided by 20) drops faster than that for load condition one, although both of them

have same level of hazard rate after about 200,000 cycles.

It is more interesting to compare the reliability and hazard rate for both load
conditions from Fig.5.15 (combination chart of Figs. 5.2 and 5.14). One can see that
the reliabilities from both load conditions keep on decreasing as load cycle increases

no matter whether the hazard rates decrease, remain stable, or even increase.
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Chapter 6

Conclusions and Recommendations

6.1 Conclusions

The symmetric tapered composite laminates were made using Graphite/Epoxy
with manual lay-up and with variety of configurations and different locations of
pre-set delamination, and tested under two fatigue load conditions. In the present
thesis, a stochastic and reliability approach has been used based on the test data,
with the aim of determining the composite laminates fatigue behavior and the
statistical distribution of fatigue damage accumulation process. The conclusions

are listed below:

v" It has been proved from test results that the strength and stiffness of
symmetric  tapered  composite  laminates with  lay-up A
([0/145/0/(£45)3/+45/0+]s laminate that reduced to [0/+45/0/+45/04]s) that
has a thicker core layer but thinner belt layer is much stronger than lay-up

B ([0,/£45/0/(£45)3/£45/0]s laminate that reduced to [0,/+45/0/+45/0]s)

127



which has a thinner core layer but thicker belt layer.

It has been proved from test results that the locations of pre-set
delamination in composite laminate specimen will affect the fatigue test
results largely. It has been shown that when the location of pre-set
delamination is closer to the middle of the symmetric tapered laminate, the
damage is more severe and damage speed is faster.

Unlike metallic materials, the over tension load will produce the broad
failure of composite laminates instead of building-up plastic zone to resist
further growth of crack. The test data corresponding to any load cycles in
chapter 3 show that the strength and stiffness of composite laminate with
over-tension load is less when compared with normal tension-compression
load and from chapter 5 the test data show that the specimen’s reliability
with over-tension load drops faster when compared with normal
tension-compression load.

Markov Chain modeling of fatigue damage accumulation process has been
carried out based on fatigue parameter (specimen compliance) as well as
the true probability distribution. The probability distribution at a given
load cycle is computed and presented in present thesis. Four methods have
been used in calculating TPMs based on appropriate number of damage
states, such as the Maximum Entropy Method (MEM), Gaussian (single
and Bivariate) probability distribution and joint probability density

function, and combination method. The results show a reasonable match
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6.2

with the actual probability distribution.

The reliability of test specimens is computed and analyzed using three
parameters, which are reliability function, hazard rate (or failure rate
function), and failure density function. The results show very good match
with the actual reliability status.

The Markov Chain modeling for hazard rate and reliability of test
specimens is also established and developed in present thesis, and the
results illustrate that the reliability for the specimens under load condition
two (with over tension load based on normal tension-compression load)
drops faster when compared with that of load condition one (with normal
tension-compression load), no matter whether the hazard rate decreases,

Increases or remains stable.

Recommendations

It would be very interesting if one can go for further research focusing on the

following related works:

v" The laminate specimen can be tested until total failure under the two

loading conditions. Based on this, we can get the complete hazard rate
and reliability curve instead of getting just a part of these curves as

presented in the present thesis.
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v' Estimate the number of cycles at which the Young’s modulus (or
compliance) of specimen will drop below the critical Young’s modulus
(or exceed critical compliance), and determine the corresponding
probability distribution.

v" Predict the reliability distribution at the load cycles when the laminate

specimen fails completely.
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Appendix A

MATLAB program

AAMMMAIN PROGRAMAAA
%%Method 2: Gaussion calculation method for both joint and individual probabilities% %

clear all;

clc;

global p1 p2 p3 p4 ww 0 01 02 03 04 05;
format long;

KIC=1;

fl=0;

%% % %% %% INPUT THE NO. OF MOMENTS %% % % % % % % % %0 % % %
for KIC=1:6

d = datakic(KIC); % Supply the data

D=d(KIC,:)

M =4; % Number of Moment
Nsamp = length(D); % Total number of samples
Nrecd = 1;

t= 1:Nsamp;

X= D(Nrecd,);

0% Fo %o %6 Fo FoTo Fo To Yo Fo To Fo To To Yo Fo Fo %o o To Fo %o Yo Yo Yo To Fo Fo Fo Fo o Yo o Jo To
g = datakjc(KIC);
G = g(KIC,:);
Nsampl = length(G);
Nrecd1l=1;
Jj= 1: Nsampl;
Y= G(Nrecdl,j);
To %o e %o To To T To Fo %o Fo To T To %o Fo To To Fo Yo Te Fo To o Te Yo Yo o Yo Yo Yo Fo Fo Yo Yo %o Yo
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%% % %% % %symbol defined for Gaussian joint probability density function

P6 = corrcoef(D,G) %correlation coefficients of two variables
ww = P6(1,2)
pl=mean(D)
p2=std(D)
p3=mean(G)
pd=std(G)
Pp--n=mmmmmmmmmmmm e PLOT
% subplot(311)
% plot{ ARG(:,4),DENS(:.4),-+")
%o
%
% % Plot the density curves for "n" iterations %
% xlabel(‘fatigue damage parameter: compliance(10e-11/pa)’) %
% ylabel('Density Function')
% grid
%

% subplot(312)

% hist(D,7);

% grid

%o define damages stages limits

% % Ptransition probability matrix%% %% %

T1=0; %%% to check whether the individual probability density
at a certain cycles is equal to unity

Q1=0; %%% to check that whether the whole area integration are
becoming to unity for joint gaussian distribution

QA1=0; %%% (actually b matrix) to check whether the sum of
each row is equal to unity

X1max=2.6006; %%% the range of damage states
X1min=2.4478;

%%% % transition probability matrix calculation

N=8 %the number of damage states
p=Xlmin;

for k=1:N

T = quad(@myfun1,p,p+(X1max-X 1 min)./N)
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TI=T1+T

r=X1min

QA1=0

for m=1:N

if m>=k;

Q = dblquad(@myfun,p,p+(X1max-X1min)./N,r,r+(X1max-X 1 min)./N)
if 0.001>Q; Q>=100
Q=0

end

Q1=Q1+Q

else

Q=0
end

QA=Q./T

a(k,m,KIC)=QA; % % Jotransition
probability matrix% % % % %

QA1=QA1+QA;
r=r+(X1max-X1min)./N

end

b(1,k,KIC)=QAl;
p=p+(X1max-X1min)./N

end
end
%% % prediction calculation% % % % % %%
for u=1:N
for v=1:N
for w=1:6

C=a(u,v,?)

end
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f(u,v)=0.78*std(C)+mean(C) %% calculation of probability matrix
prediction

end

end
a1=[0.4,0.45,0.15,0,0,0,0,0]
a
a0=a(:,;,1)*a(:,:,2)*a(:,:,3)*a(:, 4)y*a(:,:,5)*a(:,:,6)*f  %%m-step transition probability matrix
b
f

a2=al*a0 %% unconditional probability at last load cycle

oo %o %o o %o To o To %o Te %o %o Yo o To To o Fo Yo Fo o Fo Yo Fo To To %o Fo %o To To %o Fo To T To To o Fo To To %o

AMASUB PROGRAMAMA

function s = myfun(x,y)

global p1 p2 p3 p4 ww;

S=
exp((-1./(2*(1-ww.A2)))*(((x-p1)./p2)."2-2*ww*(((x-p1)./p2)*((y-p3)./p))+((y-p3)-/p4)."2)) ./
(2*pi*p2*pd*sqrt(1-ww.A2));

function t = myfun1(x)
global p1 p2;
t = (1./(p2*sqrt(2*pi)))*exp (-0.5*((x-p1)./p2)."2);
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