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Abstract

Wing Tip Vortex Dependence with Angle of Attack

David May

This study examines Wing Tip Vortex flows, in the Near to Far Field. A Viscous
Incompressible simulation of the NACA 0012 (with an aspect ratio of 6, operating
at a free stream Reynolds number of 6.84¢5) was made. This simulation used the
Spalart-Allmaras Turbulence Model combined with Wall Functions. Wing
performance characteristics, of Lift and Drag Coefficients, as calculated
numerically are compared with the values as obtained by Prandl conventional
Lifting Line Method together with the airfoil section data; the difference in Lift and

Drag coefficients between the methods is obtained.

The Tip vortex parameters are compared with available, current, experimental
data. Once the validity of the model is assessed, the fluid structures and dynamical
processes are described, with the aid of solution visualizations. Characteristics of the

flow that have not been studied in open literature are presented.

An analysis is conducted regarding the dependence of the Tip Vortex characteristics
and their variation with Angle of Attack. Aspects of the, low wing loading, analysis
of Moore and Saffman are summarized and assumed to apply in the Far Field

Regime. Then, dimensional analysis is used to present reasonable arguments for the
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scaling of the observed Near Field data. A balance of these two scaling laws is made
and is shown to apply in what will be called the Intermediate Field Regime, where
dependence with various vortex characteristics display a logarithmic variation with

Angle of Attack.
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1 Introduction

The fundamental methodology in the design of a lifting surface is that if fluid elements
on the upper surface travel relatively faster than those of the lower surface, then lift will
be generated. It is well known that, if the fluid far outside the wing boundary layer is
irrotational, then Bernoullis equation at one point near the upper surface and another near
the lower surface will result in a pressure difference. Via Boundary Layer Theory, the
pressure in these regions may be used to approximate the pressure directly on the wall
that is responsible for lifting the surface. For a high aspect ratio (very long) wing, the
pressure distribution at any spanwise station should be identical, but for the fluid in the
vicinity of the wing tip, there is an inherent three-dimensionality to the flow. In this
region the flow senses the pressure gradient, as imposed by the center portion of the
wing, and as a result, there is a secondary component of flow in the direction of this
gradient.

Certain aspects of this secondary flow may be immediately obtained. The gradient in
velocity, as created by the wing, and for the most part concentrated in the boundary layer,
is conveniently quantified with the use of vorticity and, its integrated value, circulation.
Due to Helmholtz, and his inescapable conclusion that vorticity is divergence free (it is to
be noted that this is a kinematic property independent of fluid or flow), we understand
that total, integrated, vorticity generated in the wake is, necessarily, equal to that bound to
the lifting surface. We note that, not all the vorticity is in the streamwise direction,

however, far enough from the wing most of it will be. Of course, energy is required to



sustain the motion of the wake; this energy is supplied by the lifting body and is felt by it
as a major component of its drag. This drag component is a necessary evil, as is clear

from our discussion, and is implied in its name “the drag due to 1ift”.

Expressing vorticity as a material quantity is useful; it allows us to understand why as the
particles move, the vorticity attached to them induce an additional convection on the flow
field. This interaction creates the tendency for vorticity to concentrate and to generate a
swirling motion in the flow. This well known behavior is observed in the mixing layers
(or shear layers) of jets, as created by buoyancy or otherwise. This flow manifestation,
that is responsible for concentration of the vorticity, is known in technical jargon as the
rolling up of the vortex sheet and as it rolls-up it creates an ever more tightly wound
spiral. Finally, fluid friction due to viscosity, gives this sheet a finite thickness and allows
it to form two completely coherent vortices of opposite rotational direction. Eventually,
the two vortices distance themselves from the wing, as a result, the tangential velocity
profile has no external geometry to scale with and so it becomes self-similar and
axisymmetric. These vortices are often quite strong, particularly in the case of heavily
loaded wings, and have a tendency to induce a downward motion on each other.
Meanwhile, they will consistently decay, smearing their vorticity over the flow field,
reducing the magnitudes of their velocity, until some other mechanism, of stochastic

nature, causes them to be no longer identifiable.



This is the basic underlying process, however, there are many details to this process,
which are yet to be fully understood. It is the aim of this thesis to take us further into the

tip vortex by identifying some of its underlying mechanics.

2 Computational Setup

The computational component of this study was conducted using a commercially
available CFD software package, FLUENT version 6.1.22. These computations were
carried out on a single PC that contained a Pentium 4, 2.80 GHz processor and 2 Gb of
RAM. FLUENT uses the discretized control volume technique to calculate the fluxes of
various quantities through the domain. The meshed domain allows these integral
equations to be turned into equivalent algebraic systems that are then solved numerically.
This is achieved by applying the governing equations to the individual cells that compose
the computational domain; the last yields discrete equations that conserve each quantity
over the cell. FLUENT is a tool and this is the method in which it was used, only minor
attention was put into modifying parameters that affect the discretization; the objective of
the numerical work was to gain inspiration and insight into the physical processes that are
occurring. Table 1 summarizes the various options chosen in formulating the

discretization and model flow.



Table 1: Solver Settings

Settings
Solver Type
Precision Single
Solver Segregated, implicit formulation
Space 3D
Gradient option Cell based
Time Steady
Discretization
Pressure Second-Order
Momentum Second-Order Upwind

Pressure-Velocity Coupling  SIMPLE
Modified Turbulent Viscosity First-Order Upwind

Flow Model

Energy No

Viscous Spalart-Almaras, Strain-Vorticity Based Production
Density Constant

Molecular Viscosity Constant

2.1 Reynolds-Averaged Navier-Stokes and Turbulence Model
The equations being approximated are continuity and the incompressible Reynolds

averaged Navier-Stokes. Using indicial notation, these are,
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Where u; is the i™ component of velocity, x; is the i ™ spacial component, p isthe

pressure and v is the kinematic viscosity. When a variable has an overbar it indicates its
mean value and when it has an apostrophe it indicates its variable component, such that
u =u +u'. The turbulence model used in the present study was the Spalart-Allmaras
model [1]. The model has terms that modify the turbulent viscosity based on the

production, destruction, amplifying and damping at the wall.
2.1.1  Turbulence Modeling

The significance of the turbulent viscosity is based on the Boussinesq approximation; this

approximation states that,

Oox. Ox 3 ox

Jj i i

- 6;; au_j 2 ou,
—puu; = p ——+—=|——| pk+p,—

however in the Spalart-Allmaras model the second term is simply neglected so that we

may express the Reynolds stresses by,

g = | B O
puu; =H, . ox

J H



Where p is the density, and u, is the turbulent viscosity. The Boussinesq assumption

immediately models the turbulence as being an isotropic quantity that affects the flow in
a fashion similar to that of viscosity, namely, the effect of the turbulence is to diffuse the
momentum. Note that the Boussinesq approximation achieves nothing to the effect of
closing the system of equations, it simply allows for the modeling a more physically
meaniful quantity, the turbulent viscosity, rather than tackling the Reynolds stresses

directly. Closure of the system is the objective of the Spallart-Allmaras model.

The Spalart-Allmaras Model is a one-equation model that achieves closure empirically
for the turbulent (eddy or effective) viscosity. It does this directly, without solving for
length scales, in a manner, which was inspired by the Baldwin-Barth model. Also, just
like Baldwin-Barth it is popular in thé aerospace industry, probably because of its relative

simplicity and moderate success in modeling many useful flows.

The transport equation for the Spalart-Allmaras model is,

2
O (5542 (o7 1| 8 OV v
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Defining the following values,
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The turbulent viscosity is then obtained from,




B, = pVf,,
The turbulent viscosity production is obtained from,
Gv = Cbl p§ ‘7

where C,; and « are constants, d is the distance from the wall, and S is a scalar value

which is a function of the deformation tensor. In FLUENT two options are given for
calculating this value of S . First option is the one originally proposed and it is calculated

as,

where,

We see that only near the walls is the production of turbulence a function of the vorticity,

whereas further from the wall this functional relationship decreases.

A modification of this function, proposed by Dacles-Mariani et al. [2] during a study of

tip vortices in the near field proposed the following,

§ =20,Q, +C,,, min(0, 25,5, - 22,0;)

.., defined as

with the mean strain rate, S,
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2\ 0x; ox
Doing this has the direct effect of reducing the production of turbulent viscosity in
regions were the measure of vorticity is greater than the measure of strain. Such a case is
encountered in the viscous core of a tip vortex, where it has been noted that turbulence is
damped in this region of near solid body rotation, and thus low strain. It was for this very
reason that the modification was proposed and as a result has been tailored to this specific

case. Because of this, it was decided to use this option in the present study.

Defining the following quantities,

v
Sk?d?

1+C¢ %
e st
w3

The destruction term is modeled as,

~\2
\%
K/ = Cwlpfw(g)

The constants were calibrated based on the values that are observed in many of the
common aerodynamic flows seen in the aerospace industry; the model is not by any
means universal but is well tailored to the problem that we are interested. The constants

have the following default values,



Cy =0.1355,C,, =0.622,0, = %4,C,, = 7.1,
_Cu  1+Cy

wl 2
k Cy

C

,C,, =03,C,, =2,k =0.4187

These values were used in the present study.
2.1.2 Wall Modeling

Although not originally included in the model, FLUENT has implemented the turbulence
model to incorporate wall functions so that mesh does not need to be as fine in, viscous
affected, wall regions. This is done in anticipation that the sublayer need not be resolved

to achieve a reasonable approximate solution.

Complete resolution of the boundary layer, near the wall, requires a relatively large
number of cells. This becomes increasingly impractical as the Reynolds number of the
flow is increased. A well-established, semi-empirical, alternative is to use modeling of

the wall effects.

When the mesh is fine enough to resolve the laminar sublayer, the wall shear stress is

obtained from the laminar stress-strain relationship:

Where u is the velocity parallel to the wall, u_ = T the square root of the wall shear
\} P

stress divided by the density and is called the shear velocity, y is the distance from the



wall and u is the viscosity. If the mesh is too coarse to resolve the laminar sublayer, it is
assumed that the centroid of the wall-adjacent cell falls within the logarithmic region of
the boundary layer, and the law-of-the-wall is employed:

L £242) < Lnfey)
u. K u K

T

K is the von Karméan constant (0.4187), and E = 9.7393

It is shown, in Figure 2-1, that the test case under study has values of wing y* < 200 at

all locations on the wing. This is safely within the logarithmic region from the point of

view of turbulent boundary layers on a flat plate with an applied pressure gradient.

2.25ex02
2.00e-02

L.75ex12
1.50ex02

1.25e~12
wlall o
Yp us 1.00ex02. -
7.50e-01 4
5.00e-11 -1
2506711 Lo
Lole-) T — W Y Sy ey Y . }
1 1.5 1 1.5 2 2.5 3
Position (m)

Figure 2-1: Wall Y*

2.2 The Meshed Computational Domain
A three-dimensional unstructured tetrahedral mesh was used, several screen shots

depicting the general character of the mesh are displayed in Figure 2-2, Figure 2-3,

10



Figure 2-4, Figure 2-5. The choice of the tetrahedral mesh was made based on the
objective of capturing the three-dimensional nature of the tip vortex. The mesh

constructed originally has 1817521 cells and 317122 nodes but is subsequently put

through a single adaption to eliminate the outlier values of y*.

A computational domain that approximated the effects of an external flow was needed.
On the rational basis that the main geometry affecting the structure of the tip vortex must
be the characteristics of the tip itself, it was suspected that the computational domain
would not need to be especially large to preserve this structure (Another testament to this
is the size of many of the wind tunnels used in Near Field tip vortex experiments [2], [3],
[4], [5] and the computational domains of other tip vortex studies [6], [7], [8], [9],[10]). It
was finally decided that the domain would be 30 chords in length, 20 chords in width and
10 chords in height; this is on the safe side, however, the mesh in much of the far region
is very coarse. Additionally, it could be argued that it was also desirable to reduce the
effect of the approximate boundary conditions. The wing had a half span of 3 chords and
was placed five chords from the inlet. Since the computational domain was very large,
and since most of the gradients are in the vicinity of the wing and in its wake, size
functions had to be used in the mesh to ensure efficient computation. Particular care was
taken in the location near the tip to ensure accurate prediction of the flow structure in this
vicinity; at the tip the cells were given a start size of 0.0046 chords. Also the size

functions were used near the leading and trailing edge to capture the gradients. After

sufficient initial convergence was achieved a single adaption on the values of y* was

undertaken, doing this ensured a y* < 200, which is safely expected to lie in the overlap

11



region, and therefore the Law of the Wall is, expected to be, a valid approximation. We
can also note from the figure that the y* in the vicinity of the wing tip is on average lower

than that on the rest of the wing.

V&"‘\
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Figure 2-2: Mesh Section 1
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Wing Tip

~ Figure 2-3: Mesh Section 2

i

Figure 2-4: Mesh Section 3
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Figure 2-5: Mesh Section 4

2.3 Boundary Conditions
The application Boundary Conditions in FLUENT is a trivial matter. At the inlet to the

domain a uniform velocity, 10m/s was given, its value in turn fixed the Reynolds

number, since the fluid is assumed to be air. The exit condition was simply given the
reference pressure, 0kPa so that the value of pressure throughout the domain would now
be offset based on the exit value. The no pénetration and no slip conditions were imposed
on the wing such that velocity normal and tangential to the surface was eliminated. The
surface, that the wing was fixed to, was given a symmetry boundary condition, such that
variation of all quantities perpendicular to this surface is zero. The extents of the
computational domain, shown in Figure 2-6, far away from the wing, were given a value

of zero shear stress at the wall, in other words, the fluid was allowed to slip along the

14



surface but only motion tangent to this surface was permitted. It is to be observed that,
this is actually mathematically equivalent to the symmetry boundary condition. These

boundary conditions are summarized in Table 2.

Symme
try Outlet
Wing
Inlet
Far Field

Figure 2-6: Computational Domain

Table 2: Boundary Conditions

Surface  Boundary Conditions

Wing Wall

Inlet Velocity Inlet

Outlet Pressure Outlet

Far Field No Shear, Wall

Symmetry Symmetry

15



24 Convergence
Convergence was monitored by looking at the values of the residuals (see Table 3) as
well as monitoring values of Lift Coefficient, Drag Coefficient, and Moment Coefficient.
Because of the large computational domain, where for the most part the flow was
uniform, residuals were required to reach very low values before convergence was
obtained for any coefficient. As a result of this, the criterion for convergence was that the
residuals be decreasing monotonically and that all three coefficients have converged. The
validity of the Lift coefficient and Drag Coefficient (it is observed that the moment
coefficient is quite low) are assessed in what follows. Their values are in Table 4,

Table 3: Residual Values

Residual Value

Continuity 4.45E-07
x-velocity 3.60E-08
y-velocity 1.31E-08
z-velocity 1.21E-08

Turbulent Viscosity 3.95E-08

Table 4: Wing Performance, Obtained in Fluent

Coefficient Value

Lift 0.705553

Drag 0.061936

Moment 0.007547
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This is a convenient time to comment on the choice of tetrahedral mesh, and its difficulty

to conform to the true wing shape. Its effect is to create light roughness on the surface of

the wing, particularly on the leading edge, as can be seen in Figure 2-7. Recall, the

objective is to be able to resolve the tip vortex, this being said, the choice of mesh was a

foreseeable and justifiable trade-off.

Figure 2-7: Wing, Depicting Roughness
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Figure 2-8: Airfoil Section Data [11]

We may obtain a reasonable approximation to the true value of C; using conventional
PLLT (Prandl Lifting Line Theory). It is shown, in Figure 2-8, that the two dimensional
lift slope is given by, |

a, =2n
Using this, we may now solve the Lifting Line equation, using the Collocation Method as
outlined by Bertin in his classic textbook on Aerodynamics[12]. That is, for the case of a

rectangular wing, this equation takes on the form,

(a_o Z]a sing, = ﬁ: Ay, sin((2n - 1)¢,. (j—;{ %)(2n - 1) +sin g,

AR 2 prt

written for i =1...N
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Where 2 = —~cos¢ varying between is a transformation fixing the spanwise
s

position. AR is the aspect ratio and «a is the (geometric) angle of attack. This equation is
a statement that the lift is contributed to by, a geometric angle of attack, as well as, an
induced angle of attack, resulting from the downwash. We evaluate this equation at

N spanwise positions defined by,

&, =£(L) written for i =1....N
2\ N

We then obtain a system of N, such that we may solve for the unknown coefficients 4, .
Once we have done this we may solve for the lift loading using,

C,

C, [ﬁjﬁ; Ay, sin((2n 1))

Where C, is the sectional lift and C, is the lift of the wing. Below, in Figure 2-9,

contains the lift distribution as calculated by this simple method. The various curves

correspond to N =1,2,3 & 7. It is shown that we have spatial convergence for the Load

Distribution evenat N =3.
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Figure 2-9: Span Loading Distribution, from PLLT Collocation Method, for various
levels of truncation, N=1,2,3,7

This loading distribution, as obtained by the PLLT method, can be compared to the one

that was achieved in the numerical simulation, as is shown in Figure 2-10. This was done

by dividing the half span into equal sections and integrating the lifting component of the

pressure on each individual section to obtain the local lift coefficient, corresponding to its

spanwise location.
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Lift Loading of NACA 0012 wing, AR=6

A FLUENT, Spalart Alimaras

0.2 e P T

Figure 2-10: Comparison of the Lift Loading
The value of lift as calculated by this method is given by,
C, = An(4R)
The lift as calculated by the PLLT collocation method, for these values of N is,

Table 5: PLLT Lift Coefficient

N Ay CL

1 0.036149 0.681393

2 0.041434 0.781013

3 0.041832 0.788515

7 0.041926 0.790286

Which shows convergence for of the Lift Coefficient.
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When comparing this with the Lift Coefficient as obtained from FLUENT this yields a

difference of

0.79 - 0.71
C,di = |
, difference | 01

‘100 % =10.1%

This is within the acceptable difference, for the prediction of lift of a three dimensional
wing, considering the approximate means of calculation and the effect of the roughness
on the leading edge. When looking at the two dimensional lift curve we see that there

could be a possible departure from linearity for this particular case.

We can use the PLLT method along with the airfoil section data to approximate the value

of the Drag Coefficient. This is done using,

C,=C,; +c,
Where ¢, corresponds the two dimensional profile drag of the aerofoil section. C,, is
the drag induced by the downwash. c,, using Figure 2-8, is approximately (we have to

extrapolate slightly because the curve does not extend that far),

¢, =0.021

Next, we calculate the induced drag from the PLLT collocation method using the

expression,

Where,
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The relevant values for calculating this quantity are displayed in

Table 6,

Table 6: PLLT Coefficient Values

D Apma (2n-1AxniYAL

~

0.0419256 1

N

0.0050992 0.044377

W

0.0010787 0.00331

LN

0.00030514  0.000371

L

0.00010508  5.65E-05

(=

3.8352E-05 9.2E-06

7 94899E-06  6.66E-07

5 =0.048124
2 2
c, = C, (1+8) _0.79%(1+0.048124) — 0.0347
’ ARrm 6m

Then calculating the total drag coefficient gives,
C, =0.021+0.0347 = 0.0557
The difference between this one and the dne calculated in Fluent is,

IO'OS‘; (;52'062 IIOO % =10.7%

C ,difference =

This is, for our purposes, an acceptable difference when considering the uncertainties

involved in caléulating the Drag Coefficient. This general agreement in the two methods,

one using simple PLLT collocation and the other using FLUENT incompressible
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turbulence code instils some confidence in a converged solution and that it is yielding

valid results.

3 Computational Results

One of the earliest analysis, still relevant to this day, is the work of Hoffman and Joubert
[13]. They developed a method, which parallels the turbulent boundary layer, to explain
the distribution of circulation throughout the region of the tip vortex (see also Phillips
[14] for similar results). Up to their time, individuals had compared their experimental
results with the work of Newmans [15] laminar flow theory. Their data would be curve fit
and the value of the effective viscosity would be calculated based on this curve fit. This
primitive method was not very successful and now a basis of comparison has become

Hoffman and Jouberts circulation model. That is,

Inner Region,

Overlap Layer,

Then an Outer “defect” Region,

L,-Tr_ _[r
=)

4 o
Where subscript ‘c’ indicates the core value and subscript ‘o’ indicates the asymptotic far

value and the radius where 99% (arbitrarily) of this value is achieved. We see that the
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inner two regions satisfy a universal self- similarity whereas the outer region need not

(and does not).

Below, in Figure 3-1 and Figure 3-2, are shown the circulation profiles obtained in the

numerical study (this circulation was calculated by integrating the vorticity over the

surface), this profile is taken at % =1.2, it is seen that both the inner region and overlap

region, in the near field, both obey the universal law to high accuracy. It is observed that
the inner region is at a slightly lower slope than that predicted by the universal profile,
but other than that it agrees with the predicted profile satisfactorily. Also shown, in
Figure 3-3, is the, azimuthally averaged, tangential velocity as computed from this
circulation profile, when compared with the magnitude of the cross-flow velocity taken at
given angular sections it is seen that the average profile is representative of these

individual profiles. It was observed that the core radius of the tip vortex occurs at

approximately % =1 = 0.07.
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Figure 3-3: Average Tangential Velocity

Presented below, in Figure 3-4, Figure 3-5, Figure 3-6, Figure 3-7 and Figure 3-8, are

€

contours of streamwise vorticity &, , which have been non-dimensionalized, , Where

[}

¢ is the cord and U is the free stream velocity. Compared are those obtained from the

numerical study, and those from an experiment performed by Birch [5]. The experiment
was performed in a wind tunnel; also, the computatibnal wing and the experimental are of

different aspect ratio. Despite this it is apparent that the structures of the contours are

similar. The contours correspond to locations along the wing, % =0.5,0.75,0.9,1&1.5.
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Figure 3-6: Numerical & Experimental Vorticity,
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o

The worst agreement occurs at the nearest streamwise location, whereas, the furthest
streamwise location is in very good agreement. Overall, it seams that the computational
results have higher values of the vorticity. This can be partially attributed to the larger
aspect ratio of the computational wing; higher aspect ratio wings exhibit more abrupt
changes in loading at their tips, because of this, they will be more likely to shed more

intense vortices from their tips than wings of lower aspect ratio. This qualitative
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reasoning is consistent with the results of a wake prediction schemes, like those of Betz
[16], or Rosso [17]. Also, the experimental grid on which the velocity is obtained is
coarser than the computational grid on which the velocity is calculated; since numerical
differencing is required to calculate the vorticity (on the computational or experimental
- grid), the high values achieved on the wing are then lost in the inability to resolve the
high gradients. This presents another likely reason for deviations in locations of high

vorticity.

Shown below, in Figure 3-9, are the filled contours of vorticity. The vortices begin to
form close to the leading edge, this is attributable to the fact that this is the location along
the wing that contributes most to the lifting of the surface, i.e. this location is the most

aerodynamically loaded.

Francis and Kennedy [18], who invesﬁgated the Near Field, also noted similar
observations to the ones obtained in this study. They used helium bubbles to visualize the
process and make a very accurate detail of the roll-up. They remark the presénce of
swirling secondary flow first presént right near the leading edge, this progresses along
side the wing. Also, at approximately 60% of the chord, the vortex moves to the top of
the wing and inboard. Also, see the work of Ghias et al. [10] for a recent account of this

behaviour, obtained in a Large Eddy Simulation (LES).

Fluid, near the leading edge, in the vicinity of the tip, has the largest secondary pressure

gradient and, in accordance, a secondary component in the flow is present. The large
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pressure gradient creates an accelerating boundary layer in the cross flow direction with a
very high velocity gradient, or vorticity. This can be seen, in Figure 3-11, where a large

spanwise component of shear stress (which has been non-dimensionalized with the free

stream dynamic pressure), VZT—ZUT , is beneath the wing, in fact it is the highest value
PYUy, '

that can be found on the wing. The boundary layer then separates from the wing surface
and its high velocity gradient turns into a high vorticity vortex. Even at a distance of one
tenth of the chord the vortex has accumulated, roughly, over half its circulation; This is

shown in Figure 3-10. These contours were calculated by integrating circular contours of

vorticity; the radius of the contours was three times the core radius found at % =1.2 that

is, r =3r,

5/ This corresponds to % =0.21. As the fluid is convected downstream it

accumulates more vorticity, shed from the wall. As we move downstream the strength
increases but the vorticity in the core decreases, because these sections of the wing do not
contain as abrupt changes in loading and because the high vorticity from the leading edge

is conducive to mixing and has had a chance to diffuse.
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Figure 3-9: Vorticity Contours 2Uc
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Figure 3-10: Roll-Up Process
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Figure 3-11: z-component Wall Shear Stress, I/_ZT—ZUT , Pressure Side
PU,

As shown in Figure 3-12, the vortex out board of the wing scrubs the side, inducing a,
Vefy light, downward shear force, as it climbs up the tip (the magnitude of this force is a
very small fraction of the total lift). The local minimum, of the vertical component of
skin friction (which has been non-dimensionalized with the free stréam dynamic

Ty

pressure),
2pU

> » on the side of the wing, shows the approximate projected position

of the vortex center, as it rises. At about 80% of the chord, the entire outboard vortex has
climbed on top of the wing and has merged with the secondary vortex. Shown in Figure
3-13, the wing feels a large change in the spanwise shear stress directly under the vortex,

at this chord position.
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Figure 3-13: z-component Wall Shear Stress, I/Z;ZUZ—' Suction Side
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The circulation of the inner region reaches its final value, just about, at the end of the
wing. However, because there have been no abrupt changes in wing loading, the vorticity
is distributing itself evenly. Even though the circulation has been continuously
increasing, because the peak vorticity has been decreasing, the magnitude of the peak

cross-flow velocity remains relatively constant during the entire roll-up process, at about
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half the free stream value. Refer to Figure 3-14 for contour of cross-flow

velocity, ,/u yz + uz2 / U, , where u is a particular velocity component and the subscript

refers to the direction of that component. The peak magnitudes compare well with

experiments conducted by Birch [5] (see Figure 3-15).

Figure 3-14: Cross Flow Velocity Contours ,/u yz +uz2 / U,

0.8

x, ™2, +,0=4
O,a=8,0a=i0

04 Faa=12,0,a=14

8 ‘ . ze

Figure 3-15: Birch, Tangential Velocity [5]
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Also, it is well known that, the rotation of the fluid creates centrifugal forces that impose
a radial pressure gradient. The pressure outside the fluid is fixed and serves as a boundary

condition; this results in the fluid inside the vortex having a pressure that is below the

externally imposed pressure.

- Figure 3-16: Static Pressure Contours _p—_pz
1/2pU,
The low pressures displayed in the non-dimensional static pressure contours, 7’;—_—5}% ,
Py

(see Figure 3-16) where p is the static pressure and p,_ is the free stream static pressure,

clearly depict the presence of the two vortices; by the time the vortex leaves the trailing
edge the vortices have merged into one and the pressure contours are very nearly

axisymmetric, even though the velocity contours are less so. It can be shown, by
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inspection of the Navier-Stokes equations, that small velocity perturbations will be

balanced by even smaller pressure perturbations.

Because much of the fluid in the tip vortex has been in the wing boundary layer, where
dynamic pressure is low, it is defective in terms of total pressure. When the vortex has
left the wing, the (total pressure) losses in the core will be, on the order of, over half its

dynamic pressure, as can be seen in Figure 3-17.

1/2pU,°

. ‘ Pu—P ux2+uy2+u22
Figure 3-17: Total Pressure Loss, | ————— |+| 1 — , Contours

Since the tangential profile is dictated by a nearly universal profile of all trailing vortices
and the static pressure is dictated by this, the difference between the tangential velocities
contribution to the total pressure and the actual total pressure (which is dictated by total

pressure losses of the boundary layer) contributes to the axial velocity excess (or defect).
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As a result, the axial velocity has been known to exhibit either surplus or deficit with

respect to the free stream value, depending on the amount of losses.

Bachelors’ theory [19] is a statement of this; the pressure, dynamically, links the
tangential velocity and axial velocity; the celebrated equation takes on the simple form,

© 2
ux2 =U,’ +J.—1——41:—)dr ~2AH
d or

(2}
Where AH is the total pressure losses divided by the fluid density and all other terms
have been previously defined. The terms on the right represent, the contribution to the
axial velocity from the free stream, the contribution to the axial velocity from the
swirling motion, and the decrease in the axial velocity due to the presence of losses,

respectively.

The axial velocity contours, u /U, , of Figure 3-18, as well as the loss contours show us

that the tip vortex is rolling up the wake as it leaves the trailing edge of the wing. This
behavior is responsible for the erratic overshooting and undershooting in axial velocity
data in the near field seen in experiments (see Figure 3-19); every time an entire
oscillation is seen, it may be assumed that a layer of wake has been crossed. It is also
interesting to note that even though the tip vortex is rolling uf) wake, when taking the
vorticity contours into consideration, it is shown that the addition in strength of the vortex

is small and only contributes to its outer layers.
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Figure 3-19: Birch, Axial Velocity [5]
Below are presented two isosurfaces of vorticity, Figure 3-20 and Figure 3-21; the first

one is a high vorticity isosurface, the structure depicted are the two separate vortices. The

second isosurface is of much lower vorticity and it depicts the Roll-Up of the, so-called,
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vortex sheet. Again, this depicts that the final tip vortex will gain the majority of its

strength from the structures created by the leading edge, and while still on the wing.

Figure 3-20: High Vorticity Isosurface

INSh 2

Figure 3-21: Low Vorticity Isosurface
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4  Analysis
In 1972, Moore and Saffman [20], [21] produced a theory describing the variation of
vortex characteristics with wing loading and downstream position. This theory and its
results are summarized in what follows. Their work was restricted to laminar flows with

low wing loading,
vy <<U,
where v, is the tangential component of velocity and U is to represent the free stream

velocity, found away from the wing. By dynamical necessity, resulting from this
restriction, the axial velocity perturbation will also be small,

u=U_+Auz=U_
where, u represents the axial velocity and Au is the perturbation of axial velocity from
the free stream value. This allows them to turn the threc dimensional problem into an

unsteady two dimensional problem where,
t=U_/z
where z is the axial position to which a given particle has convected in time ¢. Local tip

loading is assumed to take on the form,

r,=2Ty)x"™"
Where #» is a dimensionless constant,I", is the circulation at a given section, x, inboard
from the wing tip. I, is the circulation of the root section, that we should observe will

scale linearly with angle of attack, if it is low enough, andy has the same units as x' ™.

Based on this, a sheet of strength, x , where,

i
B
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is shed from the wing. All of this is quite palatable and more or less in line with potential
flow theory. By dimensional considerations, they then assume that the circulation in the

tip vortex is of the form,
L =20,y )ar)™
r is the radial distance from the center to a given point in the vortex and Ais a

dimensionless scaling factor. The tangential velocity follows as,
Ty fA)™
v, =T/(27r) =————( 5.0 r=pBr™ , say,
T
Since vortex lines move with the fluid, their displacement will be,

- = [)’r""

; =
1/n+l
%
‘AQ

A0 is the tangential displacement of a given fluid particle at radial position » and time

t. Considering this is the case, it is then reasonable that the vortex length scale as,
e ()™

if there is an approximate balance between radial pressure gradient, Z_P , and centrifugal
r

force. This results in,

When this is integrated from zero to infinity; these approximations are in line with a
boundary layer problem, in that, the pressure in the viscous core is being imposed from

the inviscid portion. The next step can be effectively summarized in arguing that these
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conditions are imposed far away from the core (# — « ) and linearized boundary layer

type equations in cylindrical coordinates are solved.

From this, the tangential velocity decays as,

Ve =0.49/3(i) (RE)®
c

and the core grows as,

0.5
r, = 2.92(fj (RE)™
C

cis the wing cord and RE =U /v is the Reynolds number flow parameter with v

being the kinematic viscosity. The significance of these results to the present study are
that the tangential velocity scales linearly with angle of attack and that the core radius is

altogether independent of the angle of attack.

The conditions used in the derivation dictate the region of applicability of these
expressions. It was the restrictions of small perturbation that allowed for the
transformation of the three dimensional problem into a two dimensional one and that
allowed for the applicability of the linearized equations of motion to apply. It has been
shown very clearly by Batchelor (summarized later) that variation in axial velocity is
necessary when there are large tangential velocities. Under these conditions the
transformation of Moore and Saffman break down. Therefore, the regions of applicability
are restricted to locations of low tangential velocity. This implies, that the expressions
apply far enough from the wing (large streamwise distance and large Reynolds number)

that the velocity has decayed to an acceptable level and that this critical distance, at
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which it will begin to apply, decreases with decreasing wing loading and, therefore, with

decreasing lift ahd, furthermore with the angle of attack.

4.1 Dimensional Analysis

It is desirable to obtain the dependence of the vortex with angle of attack, as the
tangential velocity becomes increasingly higher. For this purpose, it will be
hypothetically increased to the point that it is many orders of magnitude larger than the
streamwise component,

vy >>U
This will be done to the point that the upstream streamwise component, U _, is negligibly

small and its only functional importance is that it implicitly aids in.the generation of lift.

Now that the problem has been set up, we may list all variables and parameters of
primary importance and we construct the most general form of our functional
relationship. For the time being we have placed only one characteristic parameter
describing the geométry of the tip, and have designated it to be TG. It may be assumed
that its dimensions are that of either length or area. Also, for the sake o.f simplicity, the
main source of shear stress is due to the, molecular, kinematic viscosity, and for this

reason the only flow parameter will be the Reynolds number; this will be generalized in a

subsequent section.

vy = fu(r,r,;L,p,v,cb,TG)
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Where L is the lift, p is the density, & is the span, 7, is the location of maximum

tangential velocity, called the core radius and all other variables have been previously
defined. For this purpose, four dimensionless groups are sufficient, (when considering
that the core radius is a variable which is to be expressed as a function of all other

variables). We shall restrict ourselves to cases that scale as follows,

PV920b

« F
7 = fi(RE,, TG ,r—)

c

where RE, = v,r, /v For this case and TG™ = TG/cb , as we can see, the streamwise

velocity does not scale with the tangential velocity; this is justified because the

| magnitude of the tangential velocity is so great that a variation in streamwise velocity
will not be felt (when maintaining the lift constant). Then, by dimensional necessity, it
must scale with lift. It is iminediately apparent that the pressure gradient (as producéd by
lift) is the driver of the tangential component of velocity and if it were not present the
tangential velocity would identically be zero. When we consider, by analogy, the flow
around a sharp bend in a channel, the streamlines are quite similar to the streamlines of
the tip vortex projected in the cross-flow plane (see Figure 4-1). In fact the dimensional
analysis yields similar parameters. The flow in the loss affected (defective in terms of
total pressuré) region, which is going to make up much of the core region, is attempting
to negotiate the bend. Since the bend is sharp, a local region of large pressure gradient is
created (or in the case of a flat tip two local regions of large pressure gradient), which
causes separation of the secondary flow (or two local separations). This separation is

what initiates the tip vortex (or two coherent vortices, initially, on the flat tip).
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Figure 4-1: Stream Lines, Projected into the Cross Flow Plane [18]

Since it is well established that in a conduit,

Ap o« pU?
Ap being the pressure drop across the bend and U being the mean velocity. By analogy,
for the case of a tip vortex in the near field, taking a projection in the cross-flow plane
yields,

Ap pv(,2

Where the characteristic pressure difference, Ap, is,

where we see /' is the average sectional lift. This analogy for the pressure difference is
valid if the sectional lift coefficient is relatively constant up until the vicinity of the tip,
such that /'= /', where the “vicinity of the tip” is of the same order of magnitude as the
size of the vortex. As a result, large tip loading is required to make this analogy valid. For

this, hypothetical case, this is consistent with the requirement that the tangential velocity
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be extremely high, since it is required that the circulation on the wing change very

abruptly to cause this intense vortex.

Observed in the non-dimensionalization is the requirement that the characteristic
dimension of the tip scales with the planform area. Also, any subsequent tip dimensions
that would be included in the analysis would also need to scale with this, or possibly,

with a previously defined tip characteristic.

Also we notice that there is no dependence on the aspect ratio. Since the loading is heavy,
the sectional lift coefficient towards the cen’;er of the wing is approximately constant; in
this case, the effect (on the tip vortex) of further increasing the span is negligible. This is
justifiable because towards the centerline there is negligible change in span loading, and
then, no vorticity is shed from this section. For this reason, in this particular regime, the

functional relation between the tip vortex and the aspect ratio is negligible.

This may be expressed more conveniently as,

' 2

1 (v, .« 7
—| =1 = m(RE,, TG ,—
CL(UJ Jn(RE, rc)

In this case we see,

Vo |_ 0.5 «
[-(—,—J—(CL) fH(RE,,TG", )

o

Restricting ourselves to the case where we are operating at a low enough angle of attack

we would see that,

CL =ao(a__ao)
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And our expression takes on the relatively simple form,

o-=(a-a,) 16" )1, (RE, )GH &

x©

Immediately, an assumption has been made that a separation of variables solution is
possible. This is because we are constraining ourselves to a specific regime of the flow,
namely, this scaling is asymptotically approached as the tip vortex strength becomes
high. For this reason, we expect this scaling to be approached at higher angles of attack

and lower Reynolds number and streamwise position.

Similarity in the radial direction has been modeled to scale with the core radius, the
location of maximufn velocity; this is a good similarity variable, which has been observed
to be successful in tip vortex flow experiments as well as other types of vortex flows.
This is because an isolated vortex has no external geometry to scale with and would have
no preferential ability to change profile. In the near field, unfortuhately, this self-
similarity is not as strong as what is observed far away from the point of tip vortex
genesis. This lack of perfect coherence results from the presence of another characteristic
geometry, namely, the wing. For this reason, values of core radius and peak tangential
velocity sited in the above expressions actually correspond to the circumferentially

averaged values when compared to the experimentally observed quantities.

We see that square root variation serves as an asymptotic state; if there was flow only in
the cross flow plane (with the same pressure gradient being applied) it would be satisfied
exactly (as has been observed in other pressure driven flows), however, the increased

presence of the streamwise component, as a result of the process of decay or the
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reduction of lift, act to reduce the ratio of v, /U, , in a manner which causes the value of

the exponent to increase until it reaches another asymptote, of linear scaling, as obtained
in the work of Moore and Saffman. Their results are summarized in the form,

% (a-a,) (RE—]G(—] @

o ¥

c

It is assumed that the profile shape has not significantly changed from the near to far field
regime, this could be revisited in future studies. Shown in Figure 4-2, Figure 4-3, Figure
4-4 and Figure 4-5 are various profiles, which are shown to all scale with different

exponents, all varying between 1 and 0.5.

Also, when looking at the profiles, we make the observation that the data becomes more
scattered as the approximate value of exponent decreases, this is consistent with the

notion that as the exponent decreases we are approaching the point of vortex initiation.

It should be explicitly stated that, perhaps, neither of these scaling laws are satisfied in
any given experiment, however, the claim is that as the tip vortex strength is increased a
square root variation is approached, whereas, at lower vortex strength a linear variation is
approached. Because the first regime, of square root scaling, requires higher tangential
velocities, it is approached when we are closer to the wing, before the decay process has
taken effect and, also, as the lift, and.thus, angle of attack is increased (but still when it is
below its stalling condition). Whereas, the second regime, of linear scaling is approached

far away or at low angle of attack.
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Figure 4-2: Devenport, Tangential Velocity [26]
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Figure 4-3: Higuchi et al., Tangential Velocity [27]
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Figure 4-4: Birch, Tangential Velocity [4]
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Figure 4-5: E}-Ramly & Rainbird, Tangential Velocity [28]
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4.2 Intermediate Regime

Now that the lower and upper asymptotes have been obtained, it remains to match these
two conditions, such that, the region where these two regimes are in balance may be
obtained. In what follows, a general mathematical analysis is carried out; any physical

interpretation to the variables is postponed until the results are obtained.

In general, if scaling is as,

Vo m
—=a, F,G
U E 12

o

in, what we choose to call, the asymptotic Near Field regime, whereas if,

expresses the asymptotic Far Field regime, assuming that the variable, G , does not
change in either case. A deviation from the Far Field regime would probably be very well

expressed by,

A

Vo _
U——f(n)G

o0

Where, n = a%:
3

And a deviation from the Near Field regime would probably be very well expressed by,
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@, FaG — = glo,"F, |0

w©

Vo

b =(£-g(¢))

-

Where, & =a,"F,
For conditions which are balance with these two regimes, we should expect,

fn)=¢-g(¢)

Taking the derivative with respect to, o, and then multiplying by a,

Fm)on , _ 05  og§) %
on da, ° oda, ° OE da, ©

o (n) (5 og(&) éj

___rI:m —L2 77

on 74
We observe that the left hand side is, at most, solely a function, 7 , and the right hand
side is, at most, solely a function of, £ . Since this is the case both sides are actually equal

to a constant. For this reason we obtain,

These two equations may be integrated to obtain,

fn)=Kin(n)+B
g(6)=¢-Zin()+ 4

m

this yields two separate, but equivalent, expressions for the tangential velocity,
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2 (L)~ )6 - (mlo) +8)6 | )

o0

Now, we take our above states, equations (1) & (2), as approximately satisfying the
asymptotic conditions required for the intermediate region to be modeled by the
- equations presented in (3).

Upon comparing with the expressions in (1) & (2) it is shown,

m=05,a, =a-a,,F, = £(1G")f,(RE /f3 RE,,%/ G G(/)

A, B and K are all “pure” constants, for this restricted case. However, expressing the

velocity in terms of the Far Field variables, n = a% , is more convenient because, at a
3

given stream Reynolds number, it is clear that the Far Field variable varies linearly with
angle of attack (Recall F,, = f,(TG" )f, (RE, ) is a function of v,... etc, which vary with

angle of attack).

Let us assume that the dimensional analysis that has been performed does not sufficiently
satisfy the conditions for a given experiment. Perhaps other flow parameters are needed
to sufficiently describe the test conditions, namely, a turbulence parameter. Let it be
observed, that there are but two minimum requirements for the above model to apply,
they are,

1) That the Near Field and the Far Field have different scaling, with angle of attack,

this was demonstrated in the figures above to be a fundamental quality.
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2) That the Near Field and Far Field scale with different variables (or functions),

what has been called F,, and F;. This can be easily satisfied by the fact that in

the Near Field the tip vortex is a function of the specific tip geometry. Whereas,
far away from the wing the tip vortex should only feel the effective “lifting line”,

which is solely a function of the wing planform shape and not the tip shape.

4.3 Core Tangential Velocity

The Far Field and Intermediate Field regimes may be generalized as taking on the form,

9 1 * E
A

2 o)

where,

*

a = 2%E inthe Far Field
3

a =K ln((—x—E—J + B in the Intermediate Regime
3

Evaluating (4) at its maximum results in v, =v, .., G( % ) =G(1),

[4

vG,max L: *
u. o) %[

G(l) will be given its physical interpretation in a subsequent section. Data is presented in
Figure 4-6 and Figure 4-7, displaying the value of (4b) in all three regimes. The constants
K and B can be assessed from such a sample. It is a relatively easy matter to assess the
value of K, which is found to be X = 0.5. The value of B is much more difficult to

approximate (and probably much less “universal), but is approximated at B = 0.77 .
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Also observed is how the very Near field data is seen to fit into the defect region. As the

angle of attack is decreased or the streamwise distance and Reynolds number increased

the points slide down the curve until the asymptotic, low wing loading, solution of Moore

and Saffman is reached.

vG,max 1

U, G()

mial Curve

Variation of Tangential Velocity with Angle of Attack

DOBirch Bombardier Wing RE=163000 x/c=1.5
X Birch Bombardier Wing RE=325000 x/'c=1.5
© Birch NACA 0015 RE=530000 xc=1.5
ABirch Cambered RE=530000 xc=1.5

O Devenport NACA 0012 RE=530000

X Anderson (fig7) NACA 0015 x/c=2 flat RE=?

a, 10
Fy

Figure 4-6: Variation of Tangential Velocity with Angle of Attack, Semilog Scale
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Figure 4-7: Variation of Tangential Velocity with Angle of Attack

4.4 Curve Fitting

The curve fit on the data could be a transcendental function of the form,

ve 1
v

s o 1 ( B ) v, 1 ve 1 Uw&
£ =0 —texp|~-—c|exp| L —|-1--L—-
F, U,G K U, GK U, GK 2

for small values of tangential velocity an expansion about Yo 1 =0 yields,

o0



o, v, 1

ZE-0 4O
F, U,G

which is in total agreement with the far field expression.

Now that we have established the ability of this function to approximate the Far Field
behavior of the tip vortex it is required to show that it may also be used to approximate
the intermediate regime. To do this, the approach taken will be to choose the value of, ¢,
such that the square error between the curve that has been proposed and the logarithmic
model is minimized in the region of applicability. It is observed, experimentally, that the

logarithmic region occurs between (‘;—eé = B and l‘;_eé = 2B, therefore, this will be the

o« 0

domain over which the error will be minimized.

To do this we need the total error, therefore, we integrate (add up) the local error over the

. . . v, 1
domain of interest, denoting u = Z]—"——

oo

N 2
e—zf ex (ﬂ)—u+ex (—Ecj €x (l)— -l——l—(.—— du
)P Tk Uk )™ k) "«

We wish to find the value of the parameter, ¢, which minimizes this error. In order to
achieve this we find the root of the first derivative of the error function with respect to c.

The first derivative is,
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R kB by

next we set it equal to zero and solve for the value of ¢ that allows us to obtain this

minimum. Doing this yields, ¢ equal to,

(note that in this expression Log denotes the natural logarithm, in this thesis Log, usually, denotes the base 10
logarithm and Ln is reserved for the natural logarithm)
5 4b
2 [2801:.3 9§g 225}’ +180EPk 0PV K k2D K kb2 53 1me b 13 4e k k3]
kI‘:’g[ 2b 3b 2b
5 [451:%121:2 k+56b3k-Bb2 VK k13602 k2:24k3- 36K k3 24be K k3 48be & k312e k k3 246K 1 24e k k4]

b

with the values of B and K as previously determined, this yields the value of
¢ =0.91766 . This value could satisfactorily be used in the curve fitting of the data in the

figure above. This curve is displayed in Figure 4-8 below; also shown below, in Figure

4-9, is the value of the square error betwee (‘;—"—1— = B and Yo 1 = 2B, again, it is

0 o

more than satisfactory for its desired use.
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Figure 4-8: Variation of Tangential Velocity with Angle of Attack, Implicit Function
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Figure 4-9: Local Error, Implicit Function

One unattractive aspect of the proposed curve is that it takes on an implicit form. Because
of this, it does not lend itself to algebraic manipulation. To alleviate this problem we will

propose a polynomial curve fit of the form,

E.__l_=9.‘_E_+}6:ai 3
Uoo G 1:; i=2 1:3

which, contains five undetermined coefficients. It is desired that our proposed curve be

linear in the far field and logarithmic in the intermediate regime. It is observed,
experimentally that this linear regime ends at about B/2 and from this point the
logarithmic regime begins shortly. The logarithmic or Intermediate regime then extends

until the Near Field regime begins, which has a square root dependence with angle of
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attack but is multiplied by the Near field variables. In this particular curve fit we reduce

. by g O . .
the error with respect to the logarithmic curve up until —= =3B . In this case our error is,
3

2 . 2

B/2 6 i 38 6 !
ezj‘ Qg _ 9‘£+zai9_‘£_ da—E+j Klnﬁzz+3_“_5+zai9£ dl %e
‘\F, |F, & \F F, F. F, 5 '\ F F,

B/2 3

we then minimize this function and solve for the parameters a,, that allow for the

minimization. These parameters are going to be expressed as a function in terms of K and

B. To do this we construct the system,

Oe _o fori=2.6
oa,

3

and solve it. This gives the following functional relationship for the parameters,

(note that in this expression Log denotes the natural logarithm, in this thesis Log, usually, denotes the base 10

logarithm and Ln is reserved for the natural logarithm)

aZ 3=
b3
15676416 BZ
{5'(B5E243E S - 5ET26IE0E 1472240 X Log[] « T1I52832 X Lag[3] + EESEIEI K Lag[] - BEINSED X Lag[16] « 7112448 K Log[64] +
14535820 K Lag[E]})

a3 1=
1
T asam1s3EEd
{5 (2ETTLEES B - PALIBORLOE ~ 7BLEE0N X Log [2] » 125411378 X Log[2] « 293308488 X Log (4] - $5722880 X Lag [16] +
2SEEFIL0 K Lag[64] + 44008320 K. Lag[B])):
ad iz
1
23514624 B4
(55 [143€595 5 « 10303360 K - 352112 ¥ Log[2] « 5225072 K Log[3] + 1448832 K Leg[4] ~ 2227640 K Log[16] + 1693840 K Leg [64] +
148080 X Tog[B] )} )
al iz
1
" 2¢6802E528°
{31 (21362775 5 - 166UBBIE0E <~ T1ZE000 K Log (2] + BI607EEZ K Lag[2] » 2607876 Lag¢] - 38513600 X Lag[1€] +
2PE3E200 X Ing[64] « 1BE18B00 X Leg[B])) &
af iz
3
17777055744 B

{715 {F4BESAS T - F1007120E ~S78440 K Lag[2] + 10450044 X Log[23] + 3556224 K Leg{4] - 5334336 X Log[16] « 3F51260 K Leog [68] +
194TI20X Tog[B]) )+ :
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When we plug in K =0.5and B =0.77 we obtain the numerical values of the parameters
( see Table 7 ). The advantage of having the symbolic form of the parameters is that the
polynomial expression should be able to support minor modifications to the universal

constants, once further experimental data is made available.

Table 7: Polynomial Curve Fit Parameters

Parameter Value

a -0.3245
a3 0.315528
a4 -0.3709
as 0.176842

a¢ -0.02865

Presented in Figure 4-10, Figure 4-11, are plots of the curve and plots of local errors.

Recall, the local error is the curve compared with the desired curve, this kept in mind, we

compare the curve with a the linear regime from 0 < Yo 1 < % and with the
u,G

0

logarithmic curve from % < ;—"é <3B
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Figure 4-11: Local Error, Polynomial Function
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It seems suitable at this time to present another result that was achieved during the
preparation of this thesis, that is, the ability to approximate the inner and overlap vortex
region of the Hoffman and Joubert circulation profiles with the use of the Vatistas

n profile t22] [23]. The task is to determine the value of » that yields a good
approximation to both regions, namely the region of solid body rotation aﬁd the that for

the logarithmic region.

The logarithmic region of the profile has the following form and universal constant.

%ﬂ =2.1410g(%c)+1 or % =(%)_1(2.14log(%j+1)

experimental results will, with a good level of accuracy, adhere to this law in the range

of, say, 0.5 < % <2.5.

The inner region of the Hoffman and Joubert profile has the following form and universal

constants,

in the range of, say, 0 < % <0.5

The Vatistas model has the'form, when non-dimensionalized with core values

or,
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it is simply a matter of matching the inner region to the Vatistas model to yield,
n=1n(2)/1n(1.83)=1.146

When this function is plotted along with the universal profiles of Hoffman and Joubert it

is observed that both universal inner and universal overlap regions are adequately

approximated by one expression, this particular value of parameter n was able to

approximate both universal constants.

Vortex Inner Region

% % ;2.14log[/rc)+1

n=1.146

0.2

0.1 1 7 1‘0
rC

Figure 4-12: Vatistas, Circulation Profile, Semilog Scale
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Figure 4-13: Vatistas Circulation Profile
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Figure 4-14: Local Error, Vatistas Circulation Profile
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As we can see, in Figure 4-12, Figure 4-13 and Figure 4-14 the agreement is very good

until about % =1.75. Also, as with any idealized vortex model, the core circulation is a

fixed fraction of the total circulation. This property is in disagreement with the outer
defect law of Hoffman and Joubert, which states that the outer law is not universal and is
observed to be a function of the outer variables. However, what we do observe is that, for

the Vatistas model,

1%6 = (2)f146 =1.83 or F/ro ~0.546

So that 54.6% of the circulation is rolled up into the core. Again, this is a good
representation of the results obtained in the experiments. This justifies the use of
n =1.146 as a suitable idealized vortex for the purposes of modeling the characteristics

of the trailing tip vortex.

Since the outer component of the profile is of limited use it serves us to approximate the
Vatistas profile with a precise polynomial fit of low order. This simple approach achieves
this. First the denominator is expanded, about the core radius, and terms of order greater

than two are disregarded,

T mnr-l—({%)1)+(1—%)((%)—1)

Second, this expression is multiplied by the numerator to yield the final expression.

() s+ () )-)-2)) )
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This yields a very good approximation over the entire Inner region and Logarithmic

region (see Figure 4-15 and Figure 4-16)
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Figure 4-15: Local Error over Logarithmic Region, Vatistas Circulation Profile,

Finite Expansion
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Figure 4-16: Local Error over Inner Region, Vatistas Circulation Profile, Finite

Expansion
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4.5 Tip Vortex Intensity

The general circulation at a given radial location is calculated as,

2n
r=[u,a' -G(LJ-rde =2 -Uma'G[L]-r
0 rc rc

The logarithmic velocity variation can be used to calculate the circulation,

=2n -Uw(Kln(“%,a j+ B)G(ri) .

Or we may use the general polynomial expression for the velocity profile to obtain an

expression for the circulation on the Far Field and Intermediate Field regimes,

N i
I'=2n -UwZai(iJ G[I—J~r
i=1 173 L~

Now we can evaluate the circulation at any multiple of the core radius, » = k - r,

I, =2n-U,a'G(k)k-r,

cs‘|“

It is interesting to evaluate this function far away from the origin where the profile attains

the potential vortex profile. This can be done assuming the self-similarity of the profile

extends to the outer region (which is admittedly just approximate) such that,

o] AL

rC
therefore,

© k-k-rC
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= o |(59)

_Eo__._zzN: a_(a/)i .
27Z"Uwrc i=1 ! F3 ( )

or strictly in the Intermediate field regime,

FO (a/)
— % =K In E + B
2x U r, F, (50)

We see that the same proportionality constant that scales the maximum velocity scales

the dimensionless vortex intensity. If the left hand side were plotted for a given wing,
Reynolds Number, and Streamwise location, the same varition with angle of attack
should be obtained as the one which was obtained with the 'tangential velocity.
Fortunately such data can be found, see Figure 4-17 and Figure 4-18, and its presence

serves not only to validate equation (4) but equation (5) as well (see figure below).
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Figure 4-17: Variation of Vortex Intensity with Angle of Attack, Semilog Scale
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Figure 4-18: Variation of Vortex Intensity with Angle of Attack
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We may also use the expression for the circulation to gain a useful observation about the
model which we have chosen to use. We can use the expression in (5) to non-

dimensionalize the circulation. To do this we divide the circulation by (5) to yield,

Aol )

Which shows that our results are indeed consistent with that of an idealized vortex model.

Also we observe that,

T4 =60)

This value was obtained in curve fitting the maximum velocity in equation (4). As a

result of this we may write an expression for the maximum velocity as,

vG,max — (1—/ )a *
U, Lo

If we decided to use the n =1.146 vortex model for the calculation of (1% ) this would
0

yield,

Vg N o :
" =0.546) a,| £

© i=1 3

over the logarithmic regime,

Voman _ 0.546(1( 1n(0‘% )+ Bj
U F3

e 0]

The effect of this is to obtain a very simple model which only requires the curve fitting of

one variable, namely, F;.
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4.6 Axial Velocity

Batchelors analysis [19] of axial flow in a trailing vortex is still used to this day (see
Spalart [29] or Anderson and Lawton [3]) the model can display velocity excess or deficit
(which is only attributed to boundary layer friction on the tip) yet has no explicit

mechanism to explain the effect of angle of attack which has been displayed.

His model uses Bernoulli’s equation with losses along a streamline,

2 2 2
£+U°° +AH=£+—(u )
P 2 P 2

And the Radial Momentum for axisymmetric vortex flow,

P, - P _ T V02 dr
p y F
The final assumption made by Bachelor is that the far pressure boundary, perpendicular
to the vortex line, is equal to the free stream value,
F,=F,

Noting that, for axisymetric swirling flows,

I'(r)y=v,r2n

u’ = Uoo2 + ]'O—J—zﬂr—z)dr -2AH
4 (2717) or

The second term on the right hand side represents the increase in axial velocity due to the
swirling of the flow whereas the third term represents the decrease in axial velocity due

to friction.
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Although his analysis may contain valid assumptions when off the wing, when on the
wing, a better approximation is that the wing itself imposes the perpendicular “far”

pressure, i.c.

upper

1 2
P, =F =C,,.,§PU°° +P,
This gives the modified results,

. @ 2

The addition of the last term on the right takes into account a further increase in axial

velocity due to the lower pressure imposed by the wing.

It is also of interest to note that if there is no swirl (I' = 0) or losses (AH =0), our

expression becomes the conventional expression for the coefficient of pressure,

Additionally, if we are not on the wing the coefficient of pressure is zero and we revert

be to Bachelors expression.

This expression can be put into a more convenient form by inserting the expression for

the circulation which we obtained previously.

I = FOG[LJL =a"2n -UwG£Ljr
r. /r I

c c c
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2
T 1 dr? el d r
J-(zm)z i r=(U°°a ) J r—zz;(G(r—jr] dr

Then performing the following transformation

I
ro=—
rC

rdr’ =dr

Immediately, a relationship is obtained,

2
[-‘L] =(1- AR -C,)+V-a"

U 1 2
o —pU
2P ©

Where,

If in the Intermediate Field regime then

2 2
M) a-=2E e v (km(%/ )+B
U 1 2 P F,
* Eono

Or using the polynomial to approximate the entire Far to Intermediate regime,

(&) =0- ; Lcor(So(94)]

Let’s take the analysis further by placing some simple algebraic vortex models into the

equation; for example,
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the n =2 model would yield,

the Lamb model would yield,

Lets note that the value of the function ¥ is comparable to (but not equal to) the loss-less
profile, as can be seen in the plot of Figure 4-19, corresponding to the Lamb model and

the n =2 model.

Figure 4-19: Variation of V with Radius, (the function with the higher peak is the

Vatistas model and the other is the Lamb)

From thin airfoil theory (i.e. for a flat plate at low angle of attack),

Aa,’
Cpu:_(‘ aE +AaEJ

4
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c—Xx
Where, 4 = =
cxX—Xx

Characteristic measurements of the axial velocity are typically taken at the centerline.
Therefore it is useful to evaluate the expression at the centerline. Doing this gives the

expression,

2 2
L N O (P [E ) +7(r* =0)-a”
U 1 2 4
® Eono

When we are off the wing, i.e. C,, =0, we revert to Bachelors equation; the final form of

the expression for the centerline axial velocity, off the wing, is for example,

for the n =2 Model,

(umax ]2 AP, T a2
o =1 +—a
2

U 1 2
© —pU
2P ©

Similarly, for the Lamb Oseen [24] [25] Model,

2
(ﬁ&) 1o ok
U, 1 2
EPU”

It is reasonable to ask whether the values of V(r‘ = O) as calculated by these idealized
vortex models are representative of what may be obtained in an actual tip vortex. Or

rather, how sensitive is the value of V(r' = 0) to deviations from these ideal vortex
profiles. This would be useful so that if the data is curve fitted for values of V(r* = O),

we will know if the values obtained are indeed “physical”. Since V(r*) is an integral, the
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use of a piecewise linear profile, that is approximately characteristic of the tip vortex

should serve our purposes sufficiently. First we rewrite V(r') as,

p= ] Vot f o

- dr
and propose,
/T, = (T, /T, )4r" from 0<r" <R,
I/T, = (T, /T, XBlog(r")+1) from R, <r" <R,
I/T, =1forr" >R,
We can take the transition R, as the location of minimum difference between the first

and second region. Or where,

O (4r ~ (Bloglr*)+1)

, =0
or

.
r =R,

Corresponding to,

0.5
R=[_B 1
21n(10) 4

The second radius of transition can occur at the intersection of the second and third
region,

1-T, /T,
R, = 10 BTe/To)

Then evaluating V for this piece wise model yields,

r/r{ Vo o +y/

+1) dr’
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Co o ainy BUR, =R YR, + R, B +1n(100)- 2B, 1n(R, )+ R, In(R,))
V(r - 0)" (rc /Fo) (2/1 (Ro )_ 2(R0R1 ln(l 0))2 J

If we plot the value of V(r* = 0) as a function of (1"c / 1"0) inserting the universal values

of 4=1.83and B = 2.14 we obtain the following plot, shown in Figure 4-20,

25 ¢

15 ¢

05 r

! : : L Circulation Ratio
02 04 0.6 0.8 1

Figure 4-20: Variation of V,, with Circulation Ratio

Note that, (Fc /T, ) =1, corresponds to the Rankine Vortex. It can now be anticipated that

we expect values in that range, noting that the analysis performed was rough and is just to

give us a feeling about the problem at hand.

In the restricted case, that the total pressure loss is relatively constant over a range of

angles of attack it should be possible to curve fit the data to the form,
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4 [(umx UV K, T :

=a
KZ

Where, K, = (1 — A%Z pU? ],Kz =V are curve fitted values.

Again expanding this over the appropriate regimes yields,

s T5T (0t ) )

In the Intermediate Regime, Or

[(u,w /t;( ) - X, } - (‘2“((%‘ ))

as a curve fit covering the entire Far Field To Intermediate Field regime.

This yields an estimate of the function V(r* = 0), as well as, total pressure loss. From

Figure 4-21 and Figure 4-22, we see that this rule is observed to sometimes hold. There is
difficulty in the low angle of attack region to fit the curve, surely because the total

pressure loss must drop to zero as the angle of attack is decreased or as we increase

distance from the wing (increasing F;).
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Figure 4-21: Variation of Axial Velocity with Angle of Attack, Semilog Scale
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Figure 4-22: Variation of Axial Velocity with Angle of Attack




4.7 Circulation

The results of equation (5) are encouraging and helpful, however, circulation and core
radius are both dependent variables and it would be more desirable to decouple this

relation with the use of an auxiliary relationship.

This can be done using evidence that has shown that the tip vortex strength scales, as a
fixed fraction, with a characteristic circulation bound to the wing itself, as result making
it independent of angle of attack (see Desabrais and Johari [30] or Astolfi et al. [31] for
data of this type). Such a characteristic circulation could be the circulation at the root
section. In this analysis we will choose the characteristic circulation to be the average

circulation of the wing, this can be stated as,

_1"0 =y = fn[Re,ij
c

rbound

From the Kutta-Joukoski theory,
Iﬂbaund = % Uooccl

Integrating this across the span will give us an expression for the average circulation

across the section,
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This shows equivalence between scaling with bound circulation and scaling with total
lift, if independence of angle of attack was observed in the previous case, it should be

observed in this case as well. This could also be expressed in the form

= _ Ugcaoa;
bound ~
2

Assuming data of the type proposed, we may express the tip vortex strength as,

I aag
/4
U,c 2
Which shows that, for a given wing, there is equivalence between scaling the tip vortex
circulation with bound circulation and obtaining independence of angle of attack and the

total circulation of the tip vortex to be a linear function of angle of attack (see Birch

[4][5], Anderson [3], or Shekarriz [6] to name a few).

We can also remark that mathematical estimates of loading at the tips of wings are
usually seen to be expressible as linear funcﬁons of root circulation. If this tip loading is
of the order of the tip vortex circulation and assuming that the root circulation is a linear
function of angle of attack (if the wing is long enough) we are left, by dimensional
reasoning, that the tip vortex circulation scales with the wing circulation. This is,
essentially, the analysis used by Moore and Saffman to obtain the circulation distribution

in the vortex.

We see that all these statements are totally equivalent, based on what has been observed,
in summary we may say that the tip vortex strength at given Reynolds number and

Streamwise location is a linear function of Angle of Attack,
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L, Ko
U, - ©)
K= }, dfbound
da

this value of k can be either measured directly (see Figure 4-23, the value of k to be
used in subsequent calculations are the slopes of the lines shown in the table), or the
value of the bound circulation may be approximated using whatever method is desired

(one example being the relations presented above) with the value of y being estimated as
best as possible; the value of y has been quoted as ranging between 66-80 percent. Let us

make the observation that there is nothing wrong (although probably not very common)
that this value exceeds 1 since we are dealing with the average bound circulation, as

opposed to the root circulation.
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Vortex Circulation with Angle of Attack
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Figure 4-23: Variation of Tip Vortex Circulation with Angle of Attack

Two additional points could be made about k. First, k¥ has often been shown not to be a
strong function of Reynolds number (see Anderson or Desabrais for examples of this),
however, for purposes of generality we shall leave it as one. Second, x will no longer be
a function of streamwise position once roll-up completes, this being due to the fact that
the divergence of vorticity is always zero, or equivalently, circulation is constant along a
vortex tube. This is a kinematic property, independent of the flow conditions. Once decay
ensues the circulation of the vortex does not decrease, the vortex simply grows, diffusing

its vorticity. For this reason « is constant after roll-up.
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Displayed in Table 8 is the value of k as obtained for the data displayed in the figure.

These values will be used in subsequent calculations.

Table 8: Rate of Change of Tip Vortex Circulation with Angle of Attack

K

Birch Bombardier Wing RE=163000 x/c=1.5

2.1
Birch Bombardier Wing RE=325000 x/c=1.5
1.541
Birch NACA 0015 RE=530000 x/c=1.5
1.354
Birch Cambered RE=530000 x/c=1.5

1.75

4.8 Core Radius
Going back to equation (5) and inserting (6) we can obtain a simple expression for the

variation of the core radius with angle of attack,

a/
r_,_._KF/ F3
2r *

c a

(7a)

in the Logarithmic regime,

) 4” (Kln(a%)+Bj 7o

- =
or over both the Far Field and Logarithm Field regimes,
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rC

o

c

_ KF/
- 2n N
2

(7b)

(74)

a

Using the value of k as calculated by the tip vortex circulation section and the value of

the function F, , as obtained in the curve fitting of the core velocity, we obtain the

following predictions (Figure 4-24 and Figure 4-25) for the value of core radius.

()
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Figure 4-24: Variation of Core Radius With Angle of Attack, Semilog Scale
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Figure 4-25: Variation of Core Radius With Angle of Attack

The three curves correspond, from bottom to top to, that calculated from the polynomial
expression, the purely logarithmic curve, and thirdly the core radius was calculated from
the transcendental curve fit that was proposed. It is seen that even though these curves
were able to approximate each other with little error, they vary appreciably when used to
calculate the core radius. Although the numerical values corresponding to the measured
core radius do not correspond to that which are predicted, the order of magnitude is
predicted and the trend of increasing core radius with angle of attack is explained. Also,
this result presents an improvement from Moore and Saffman with respect to the
dependence of the core radius with angle of attack, their theory predicts that the core
radius is independent of angle of attack. It can be seen that their solution is

asymptotically attained as the angle of attack is decreased.
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5 Concluding Remarks

The thesis investigated the fundamental properties of Tip Vortex flows. It conducted this

study from the Near to Far Field and, in the process defined an Intermediate Field.

It used FLUENT in its Viscous Incompressible simulation of a finite wing with a constant
NACA 0012 airfoil cross section. The Spalart-Allmaras Turbulence Model combined
with Wall Functions was selected and was shown to yield reasonable results. When
compared with, a simple, Prandl Lifting Line Theory and airfoil section data Lift
Coefficient, for the finite wing, was predicted within 10.1% and Drag Coefficient was

predicted within 10.7% . Also, wing loading distribution is very well predicted.

The Tip Vortex, in the Near Field obtained in the simulation, is observed to adhere to
Hoffman and Jouberts universal circulation profile [13] and vorticity contours compare to
those obtained by in [5]. The development of the Tip Vortex is described; the tip vortex
generated has tangential velocities on the order of half the free stream value and it is
observed that it initiates with two vortices forming very near the Leading Edge like those
of [2], [8], [9] and [18] to name a few. There are total pressure losses because the fluid
composing the tip vortex has been in the boundary layer and these losses affect the axial
velocity. The axial velocity gradient is large and comparable to those found in [3], [4], [5]
and [26]. Also, shear stress on the wing was useful in tracking the trajectory of the

vortex.
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The thesis included an analysis that helps explain the dependence of the Tip Vortex
characteristics and their variation with angle of attack and downstream distance. The, low
wing loading, analysis of Moore and Saffman [20] is used as the asymptotic Far Field
Regime. Dimensional analysis presents reasoning for a hypothetical Near Field. A
balance of these two scaling laws is made and is shown to apply in an Intermediate Field
Regime. In the Intermediate Field, various vortex characteristics are shown to vary as a
logarithmic variation with angle of attack. The expressions obtained are shown to hold
well for the peak tangential velocity. Once the approximation of universality of the
external proﬁle is assumed, an expression coupling the circulation and the core radius is
obtained. This is used to obtain an expression for the axial velocity; under the assumption
of constant total pressure losses over a range of angles of attack, the expression obtained
is shown to be in agreement with experimental data, under this restricted case. Also, the
Core Radius is decoupled with the use of an auxiliary relationship for the Total
Circulation that assumes, justifiably, that it scales linearly with angle of attack. The

resulting expression for Core Radius is in qualitative agreement with experiment.
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