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ABSTRACT

Control of a PWA System Cascaded with a Nonlinear System: An
Application to a UAV Path Following Problem

Samer Shehab

Over the past few decades, there has been a significant need for the use of Un-
inhabited Aerial Vehicles (UAVs) in both civilian and military applications. Nowa-
days, UAVs are becoming increasingly popular to perform hard missions that include
surveillance, sensing (of, for example, chemical agents), acquiring weather data, and
reconnaissance over oceanic and remote areas. Motivated by such importance of
UAV missions, this thesis presents a new control methodology applied to a UAV
path following problem in the longitudinal plane. This control methodology takes
into account the actuator dynamics that is used to deflect the elevator of the UAV.
In particular, it considers a model of the Coulomb friction that exists in the dy-
namics of the actuator. For controller design purposes, the overall dynamics of the
UAV are divided into two sets of dynamics that are in cascade connection. One
set of dynamics describes the steering motion of the UAV and another set describes
the translational motion of the UAV, where both motions are in the longitudinal
plane. Each set is treated separately in the controller design. A piecewise-affine
state feedback controller is designed for the dynamics of the steering subsystem of
the UAV and a nonlinear controller is designed for the dynamics of the translational
velocity subsystem of the UAV. Stability of the novel cascade interconnection of
the two subsystems is investigated. Simulation results show the effectiveness of the

proposed control methodology.
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Chapter 1

Introduction

1.1 Motivation and Background

Over the past few decades, there has been a significant need for the use of Uninhab-
ited Aerial Vehicles (UAVs) in both civilian and military applications. Nowadays,
UAVs are becoming increasingly popular to perform hard missions that include sur-
veillance, sensing (for eg. chemical agents), acquiring weather data, and reconnais-
sance over oceanic and remote areas. Uninhabited aircraft have taken many names
and forms over their long history. They have been called UAVs, Organic Aerial
Vehicles (OAVs), Uninhabited Combat Aerial Vehicles (UCAVs), and Micro Air Ve-
hicles (MAVs), to list only a few. For consistency, the acronym UAV is adopted
throughout this thesis, but whichever the acronym used, such vehicles are particu-
larly useful in performing the beforementioned applications because they minimize
the risk of loss of human life, and they are able to perform monotonous duties for
long periods of time. Furthermore, the generally low cost of UAVs makes them well
suited for coordinated activities because a larger number of vehicles is affordable to

perform sophisticated tasks that one vehicle alone could not perform. A detailed



history of unmanned aircraft is given by Holder [17], McDaid [30], Munson [32, 33],
Wagner [52,53], and Werrell [54], to name only a few sources.

The introduction of UAVs into the aviation world has led to extensive research
on the design and control of autonomous UAVs to achieve specific mission goals. Of
utmost importance in UAV missions is the problem of path planning and path fol-
lowing. Some other problems of particular interest to researchers have been the
automatic control of a group of UAVs following a path in formation, as well as the
reconfiguration of a UAV formation [6]. Because of the nature of their missions,
UAVs might be required to perform certain maneuvers such as vertical loops or
changing altitude to avoid a collision with another aircraft. These maneuvers in-
volve large changes in physical variables. The dynamics of the UAV path following
problem are nonlinear. Linear controllers can be designed if the nonlinear dynam-
ics are linearized -around a certain operating point. The linear controllers are then
designed to stabilize the system while working around that operating point. This
obviously limits the operation of the system to a small region around the operating
point. However, as mentioned above, in most missions of a UAV, maneuvers with
large changes in variables such as pitch angle might be necessary. Therefore, for
such UAV missions, controller design cannot be handled effectively by linear tech-
niques. In contrast to linear models, piecewise-affine (PWA) models offer a global
approximation to a nonlinear system. The basic idea is that the whole state space is
partitioned into several regions, each of which has its own affine (linear with offset)
model. PWA models can thus be used as a good approximation to complex sys-
tems involving nonlinearities. This approximation is in fact exact for many cases of
practical interest since a wide variety of nonlinearities in physical systems are actu-
ally PWA. For instance, Coulomb friction, the dead-zone phenomena in DC motors

(and hydraulic actuators), and the characteristics of a saturated linear actuator are



piecewise-affine. As a step to make the system model more realistic, Coulomb fric-
tion and viscous friction are included in the actuator dynamics when formulating
the path following problem of the UAV in this thesis. The Coulomb friction is a
hard nonlinearity that is PWA; hence the primary motivation for using PWA control
in this thesis. PWA controllers have never been used in aircraft systems. Previous
work on advanced continuous-time autopilot design has concentrated on other tech-
niques such as adaptive control, neural networks control, gain scheduling, feedback
linearization and backstepping control. The next section details previous research

in autopilot design.

1.2 Literature Review

The design of autopilots for high-performance aircraft operating over a wide range
of speeds and altitudes was one of the primary motivations for active research on
adaptive control in the early 1950s [18]. This makes adaptive control one of the
techniques that has long been used in aircraft control systems. However, adaptive
control may exhibit local instability and complex nonlinear behavior when adequate
process information is not supplied to the parameter estimator [12]. Moreover, large
transients occur when the controller is switched on and the parameters have not
yet converged to its desired values. Because of the high transients, input saturation
can occur, which degrades performance and can even affect stability. Additionally,
the design and analysis of nonlinear adaptive systems is difficult and can lead to
relatively expensive solutions in computational terms.

Researchers in artificial neural networks (ANN) argue that most of the prob-
lems just mentioned in adaptive control can be mitigated using ANN [1, 21, 51].

Despite their potential in many pattern recognition applications, neural networks



require a great deal of computational effort in order to achieve a good set of fi-
nal weights. In addition, neural networks are sometimes criticized because of their
lack of repeatability when computing the weights for a particular problem, given
the high dependence of the final weights on the initial values of the weights. Once
the weights are found, another drawback of neural networks for control is that no
proof of stability is available. Furthermore, the relations between the input variables
and the output variables are not developed by engineering judgment. This inher-
ent ”black-box” nature of the operation of neural networks causes many engineers
to be reluctant of relying heavily on the results from a system they cannot truly
understand nor have intuition to modify.

Another popular method used in flight control for handling parameter vari-
ations is gain scheduling {22, 38]. This method partitions the flight envelope into
smaller regions, each of which has its own steady state operating point. The dy-
namics of the aircraft are then linearized around each operating point, and a linear
controller for each region is designed. A gain-scheduler is then applied to blend the
linear controllers together such that the transition between different regions is made
smooth. Obviously, one big advantage of the gain-scheduling technique is that it
allows the designer to use for each operating point all the classical tools for control
design and robustness analysis for linear systems. However, a major drawback of
using this technique is that it is often necessary to assume that both the scheduling
parameters and their time rate of change are measured because of stability issues.
However, this assumption occurs seldom in practice. Moreover, only the nonlinear
system behavior in speed and altitude is considered when using this method in flight
control; therefore, stability is only guaranteed for low angular rates [29].

Feedback linearization is another control method that uses feedback to linearize

the aircraft dynamics globally. A good introduction to feedback linearization can



be found in Slotine and Li [40], and Khalil [24]. Note that the essence of feedback-
linearization is to first cancel the nonlinearities appearing in the system dynamics,
and then to design a linear controller to stabilize the obtained linear dynamics.
Therefore, this method relies on the complete knowledge of the nonlinear plant
dynamics. This includes knowledge of the aerodynamic forces and moments, which
in practice are never known without uncertainty. So even though this technique
potentially allows the use of a single linear controller for the whole flight regime,
feedback linearization depends on full knowledge of the aerodynamic coeflicients to
completely cancel the nonlinear dynamics. Another disadvantage of using feedback
linearization is that some nonlinearities act as stabilizing to the system and can
contribute to faster convergence. Therefore, leaving such nonlinearities in the system
can have beneficial effects on system’s response and on the control magnitude [25],
[14].

Whereas feedback linearization control requires precise models and often can-
cels useful nonlinearities, backstepping control design offers a choice of design tools
for handling uncertain nonlinearities and can avoid wasteful cancellations of nonlin-
earities. Backstepping uses a systematic approach for the construction of feedback
control laws as well as Lyapunov functions. This reduces the difficulties encountered
in obtaining a control Lyapunov function (clf) for higher-order systems. Backstep-
ping is a recursive design procedure where the main idea is to let certain states act
as a virtual control to others [13,14,25]. A major drawback in backstepping control
is that the system has to be in a lower triangular feedback form for the recursive
design procedure to be applicable. Fontaine and Kokotovié, however, were able
to improve this procedure by proposing what is called dynamic backstepping [10].
Their method considers a second order system, which is a cascade of one subsystem

with a feedforward term and one subsystem with a feedback term. Their design



results in a dynamic control law; hence, the term dynamic backstepping is used.
The second order system can then be embedded into a higher order system by cas-
cading it with a lower triangular subsystem to which backstepping is applicable.
Although dynamic backstepping extends the class of systems to which backstepping
is applicable, its applicability to only a certain form of second order systems still
presents some limitations on using this method. Another issue with backstepping
control is the selection of the controller parameters. These parameters are tuned to
achieve good system response and performance. However, no systematic or optimal
way has been suggested for their selection.

Related to autopilot design, the problem of path following for autonomous
vehicles has received a significant attention in the past decade. For example, in [37]
trajectory tracking of UAVs is addressed using the tracking-error model presented
in [23] where the equations of motion are expressed with respect to a fixed reference
frame. The approach in this thesis will however be significantly different. It will
use the path parameterization method suggested in [43] to transform the problem
coordinates to an error space. This error space is formed by the distance between
the UAV and a reference point to be tracked on the desired path and the velocity
heading error. In [43], Soeanto et al. have proposed a parameterization method
that allows the rate of progression of a virtual target along the path to be an extra
design parameter. This extra degree of freedom overcomes singularity problems that
may arise when the position of the virtual target is defined by the projection of the
actual vehicle on that path, as it was done in [31]. Furthermore, global convergence
of the actual vehicle trajectory to the desired path can be achieved using the method

from [43].



1.3 Proposed Methodology

As mentioned previously, the Coulomb friction in the actuator dynamics is a PWA
nonlinearity. This urges the use of PWA control, which requires first to find a PWA
approximation of the nonlinear dynamics in the model. However, the path following
problem has nonlinear terms that involve the product of two variables that are in
the domain of the nonlinearity. Approximating such nonlinear terms with PWA
functions may increase the complexity of the PWA control design. To avoid this,
the dynamics of the UAV in the longitudinal plane are divided into two sets: one set
describing the translational velocity dynamics of the UAV, and another set describ-
ing the steering dynamics of the UAV (the term ‘steering dynamics’ is chosen to
denote the dynamics of the UAV that are used in the controller design to steer the
UAV to the desired path in the longitudinal plane). Each set is treated separately
in the controller design. Furthermore, the UAV path following problem is mddéied
in four different cases with increasing level of complexity and, correspondingly, in-
creasing practical relevance. The model in case one has only steering dynamics, but
no actuator dynamics are included. In case two, the dynamical model used in case
one is augmented to include the dynamics of the actuator that causes the elevator
deflection. In cases three and four, the dynamical models used in case one and
two, respectively, are augmented to account for the translational velocity dynamics.
Therefore, cases three and four have a cascade interconnection between the steering
and translational velocity dynamics of the UAV. A nonlinear controller is designed
for the translational velocity dynamics in cases three and four to drive the transla-
tional velocity to a desired value. On the other hand, a PWA controller is designed
for the steering dynamics in all four cases. The objective of the PWA controller is to

steer the UAV to follow a specified path in the longitudinal plane. PWA controllers



are scheduled controllers that have the advantage that no assumption on the time
rate of change of the scheduling parameters is necessary. Instead of continuously
scheduling the gains such as in gain scheduling, PWA controllers switch among a
finite number of gains. One of the main advantages of using PWA control is the fact
that many of the hard nonlinearities that exist in dynamical systems are actually
piecewise-affine. For example, the dead-zone phenomena that exists in a DC motor
that is used to actuate the control surfaces in some aircrafts. Due to the static
friction at the motor shaft, rotation will only occur if the torque provided by the
motor due to some voltage input is sufficiently large.

Dead-zone is a phenomena caused by static friction. Static friction imposes
a minimum force or torque required to initiate motion from rest. There are also
other types of friction that exist when the system is in motion such as the Coulomb
friction and viscous friction. The Coulomb friction is a function of the sign of the
velocity, whereas the viscous friction is directly proportional to the velocity and
goes to zero at zero velocity. As a step to make the system model more realistic,
Coulomb friction and viscous friction are included in the actuator dynamics when
formulating the path following problem of the UAV in Chapter 3. Figure 1.1 displays
the relationship of Coulomb and viscous friction with respect to the velocity. In the
two regions R; and R, friction is represented by affine functions. R; and R, cover
operation with negative and positive velocity, respectively. For more details on
modeling friction in physical systems or machines, the reader may refer to [2,3].

Owing to the above considerations, the advantages of using the proposed PWA

control methodology are now summarized.

1. Using knowledge from linear control design. In Section 4.1, a linear controller
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Figure 1.1: Coulomb and viscous friction.

is first designed to stabilize the system in a neighbourhood around the equi-
librium point. This controller is then extended to a PWA controller, which

covers the whole state-space [39].

2. A systematic way for finding a Lyapunov function that proves global asymp-

totic stability of the closed-loop system.
3. A systematic way for finding the controller parameters.
4. The method can be extended to output feedback control design [46].

5. PWA models can be regarded as exact models to some hard nonlinearities
(dead-zone, actuator saturation, and Coulomb friction) that appear in physical

systems, such as in UAV actuator dynamics (DC motor).

1.4 Objectives and Thesis Contributions

The objective of this thesis is to design a Lyapunov-based controller to make the
UAYV follow a desired path in the longitudinal plane. This controller is designed
to overcome the Coulomb friction, which is a hard nonlinearity, that exists in the

actuator dynamics of the elevator of the UAV.



The main contributions of this thesis are the following:

e The first successful application of the PWA control methodology to a flight

control problem.

¢ Proposing a novel architecture for controller design consisting of a cascade
interconnection of a PWA control subsystem (to control the steering dynamics
of the UAV) with a nonlinear control subsystem (to control the translational

velocity dynamics of the UAV).

e Modeling the Coulomb friction that exists in the actuator dynamics of the

elevator in a piecewise affine framework.
e Dividing the path following problem dynamics into four models

1. Proving stability of the closed-loop system for the first three cases

2. Showing good control performance through simulation in all four cases

1.5 Thesis Outline

The outline of the thesis is as follows:

e Chapter 1 presents the introduction, objective and contributions, and thesis

outline.

e Chapter 2 describes aircraft dynamics and some of the coordinate systems

and angles commonly used to describe the equations of motion of an aircraft.

e Chapter 3 formulates the model to be used for the path following problem
of a UAV in the longitudinal plane and states the assumptions used in that

model. The model also incorporates the dynamics of the actuator that is

10



used to deflect the elevator. Moreover, the path following dynamical model is

divided into four models with increasing level of complexity.

Chapter 4 proposes a new control design procedure for a system composed
of two subsystems that are in cascade connection: one subsystem representing
the steering dynamics of the UAV, and another subsystem representing its
translational velocity dynamics. The stability of the overall system is also

investigated.

Chapter 5 presents the simulation results obtained after applying the con-

trollers found in Chapter 4 to the models obtained in Chapter 3.
Chapter 6 states the conclusions and future work.
Chapters 3 and 4 are mainly based on the following two conference papers:

. S. Shehab, and L. Rodrigues, “Preliminary results on UAV path following
using piecewise-affine control,” Proceedings of the 2005 IEEE Conference on

Control Applications, pp. 358-363, Toronto, Canada, August 28-31, 2005.

. S. Shehab, and L. Rodrigues, “UAV Path Following Using a Mixed Piecewise-
Affine and Backstepping Control Approach,” Proceedings of the Eighth IASTED
International Conference on Control and Applications, Montréal, Canada,

May 24-26, 2006. Accepted for publication.
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Chapter 2

Modeling Preliminaries: Aircraft

Dynamics

This chapter starts by introducing some of the coordinate systems and angles com-
monly used to describe the equations of motion of an aircraft in flight. Then, the
full aircraft dynamics will be introduced. Most of what is presented in this chapter
applies to aircraft in general, not only to UAVs. Moreover, the chapter will only
cover what is needed in this thesis; [9] and [34] may be referred to for a more detailed

explanation of aircraft coordinate systems and dynamics.

2.1 Axis-Systems and Aircraft Orientation

Four right-handed axis-systems are commonly used to describe the equations of
motion of an aircraft in flight. These are known as the body axis-system, wind axis-
system, stability axis-system, and inertia axis-system. In the body axis-system,
the axes are fixed to the aircraft and move with it, whereas in the stability axis-

system, the x-axis is the perpendicular projection of the relative wind on the plane

it

12



of symmetry of the aircraft. In the wind axis-system, on the other hand, the x-
axis points into the relative wind. Moreover, the angle between the stability x-axis,
Zs, and the body x-axis, x, is defined as the angle of attack «, whereas the angle
between z; and the wind x-axis, z,,, is called the sideslip 8. The total velocity
vector \7;, points along x,,, and is at an angle -, called the flight path angle, from the
horizontal plane (see Figure 2.1). The inertia axis-system is used when formulating
the equations of motion of an aircraft. If Earth is regarded as flat and stationary
in inertial space, then any coordinate system attached to it can be considered as
an inertial system in which Newton’s laws are valid. The Earth with its x-axis
pointing to true North, z-axis pointing vertically down, and y-axis completing the
right handed triad will be used as an inertial reference frame when deriving the
equations of motion of an aircraft in Section 2.2. The Earth reference frame {E} as

well as the angles o, 5, and v are illustrated in Figure 2.1.

Figure 2.1: Ilustration of the angle of attack «, the sideslip angle 3, the flight path
angle v, and the reference frame {E}.

The orientation of the aircraft relative to the Earth-fixed frame {E£} can be
described using a set of angles called Euler angles. Figure 2.2 shows how to get
such orientation from three transformations using z-y-x Euler angles. {E} is first

translated parallel to itself until its origin coincides with the origin of { B}, then it

13



is rotated through three consecutive rotations performed in the following order:

1. Rotation by an angle 9 around ozg to obtain the new axes oxp, and oyg,.
2. Rotation by an angle 6 around oyp, to obtain the new axes oxp, and ozg,.

3. Rotation by an angle ¢ around oxp, to obtain the body-fixed frame {B}.

Figure 2.2: z-y-z Euler angles.

It is often necessary to rotate from {E} to {B}, such as when one wants to
obtain the absolute velocity in { £'} in terms of the velocity components of the aircraft
in {B} and the Euler angles (1,0, ¢). This can be achieved by left multiplying the
velocity components of the aircraft in {B} by the rotation matrix ZR. Based on
the rotations illustrated in Figure 2.2, SR can be obtained as (see page 102 of

reference [34])

cosfcosy singsinfcosy — cosdsiny cos ¢ sinb cosy + sin ¢ sin
ER= cosfsiny sin¢sinfsiny + cospcosy cos¢sinfsiny — sin ¢ cos P

—sin 6 sin ¢ cos # cos ¢ cos @
(2.1)

14



Another important relationship is the one that relates the time rate of change
of the Euler angles (z/J, 0, qﬁ) with the angular velocity components of the aircraft in

{B}. This can be determined to be [34]

) 1 singtanf cos¢tané| |p
=10 cos ¢ —sin ¢ ql s (2.2)
¥ 0 singsecl cos¢secl| |r

where p, g, and r are the components of the angular velocity vector of the aircraft

in the reference frame {B}.

2.2 Equations of Motion

In this section, the previously defined frames {E} and {B} are used to derive the
equations of motion of an aircraft. Before proceeding, however, the following stan-

dard assumptions are made:
1. OXp and OZp are in the plane of symmetry of the aircraft.

2. The origin of {B} is chosen to coincide with the center of gravity (CG) of the

aircraft.
3. The aircraft is a rigid body and has a constant mass.
4. {E} is used as the inertial reference coordinate system.

The equations of translational and rotational motion of an airplane can be obtained
from Newton’s and Euler’s laws of motion. Newton’s law states that the sum of all
external forces acting on a body must be equal to the time rate of change of the

linear momentum of its center of mass. Newton-Euler’s law of rotational motion, on
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the other hand, states that the sum of all the external moments acting on a body
must be equal to the time rate of change of its angular momentum. These laws can

be represented as the two vector equations

d V
z F=m—-— T{E} (2.3)

d H
Z MCG_ CG {E} (24)

where,
d v d Vv

dtT!{E} T!{B}+ W X VT (2.5)
Heo= / 7 x(@ % T)dm. (2.6)

In (2.6), H cc denotes the moment of momentum around the CG, m is the
mass of the aircraft, and 7 is the moment arm from each element mass dm to the

CG. The linear velocity V7 and angular velocity w of the aircraft can be written as:

VT: u ib +v jb +w kb (27)
W=p iy +q o +7 ky (2.8)

where 45, 7, and kp are unit vectors along xy, v, and z;, respectively. The external
forces and moments acting on the body of the aircraft are shown in Figure 2.3 and

represented as

F=F, i, +Fy Jy +F; ky (2.9)
M= M, iy +M, j, + M, k, (2.10)

By substituting (2.7) - (2.10) into (2.3) and (2.4) and using the previously
mentioned assumptions, the translational and rotational equations of motion are

obtained (see [9] and [34] for more details)
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Figure 2.3: External forces and moments.

Translational equations of motion:

m(d + qw — vr)

I

Fy
F, =m0+ ru — pw)
F,

m(w + pv — qu)

Rotational equations of motion:

Mx - mp - sz'f’ + (Jz - Jy)q"’ - Javzpq
M, = Jyq+ (J. — J.)pr + sz(p2 - TZ)

(2.11a)
(2.11b)

(2.11c)

(2.12a)
(2.12b)

(2.12¢)

The force components F, F,, and F},, consist of gravity, aerodynamic forces

such as lift and drag, and the engine thrust, which is used as a control force. The

moment components M, M,, and M, consist of moments around the CG caused by

the external forces. Of particular interest are the moments caused by deflecting the

control surfaces on an aircraft in order to control its attitude. For example, one of

the control surfaces is the elevator at the tail of the aircraft, which provides control

of the angle 6 (pitch attitude) of the aircraft in the vertical plane. The parameters

Jz, Jy, and J, are the mass moments of inertia of the aircraft about its z, y, and
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z axes, respectively, and J,, is called the product of inertial. Both the moments
of inertia and the product of inertia depend on the shape of the aircraft and the

manner in which its mass is distributed. These parameters are given by

Je = /(y2 + 2%)dm (2.13a)
Jy = /(r2 + 2%)dm (2.13b)
.= / (z* +y*)dm (2.13c)

Jor = /(xz)dm (2.13d)

2.3 Longitudinal Motion

Aircraft dynamics are often divided into two important motions, the longitudinal
motion and the lateral motion. Longitudinal motion occurs in the plane of symmetry,
or vertical plane, of the aircraft. Lateral motion, such as yawing and rolling, displace
the plane of symmetfy. A very common approach to flight control design is to
control the longitudinal motion and the lateral motion separately. This separation
of equations allows the designer to reduce the complexity of the control design.
Therefore, equations (2.11)-(2.12) are broken down into two sets of equations: one
set for the longitudinal motion and another for the lateral motion of the aircraft.
The UAV path following problem presented in Chapter 3 will only concentrate on the
longitudinal motion for which the aircraft only moves in its zz plane. In other words,
there are no side forces, no roll motion around x;, and no yaw motion around 2.
This means that p = r = v = 0. Taking this into account, the equations of motion

become

I There also exist Jzy and Jy, as products of inertia. However, since the z — z plane of the
aircraft is assumed to be a plane of symmetry, these two products of inertia are equal to zero

(see [9]).
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Longitudinal equations of motion:

1

= —(F,) — .

U m( z) — qW (2.14a)
1

p = —(F. .

W m( 2) +qu (2.14b)
M,

] = — 2.14

i=7 (2.14c)

In Chapter 3, the UAV path following problem is formulated. A parameteri-
zation method for the path to be followed in the longitudinal plane by the UAV is
first presented. Then the UAV dynamics, which also include the dynamics of the

actuator used to deflect the elevator, are presented.
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Chapter 3

UAYV Path Following Problem

Formulation

In certain missions, UAVs might be required to perform maneuvers such as vertical
loops or changing altitude to avoid a collision with another aircraft. A collision

avoidance incident is illustrated in Figure 3.1.

Figure 3.1: Collision avoidance.

To be able to perform such maneuvers, a path must be planned and a controller
that ensures the path is followed must be designed. As explained in the introduction,
this controller cannot be linear because of the large changes in the relevant physical
variables such as the pitch angle. In this chapter, a path parameterization method
is first introduced to transform the path following problem coordinates to an error

space. Then the UAV dynamics as well as the dynamics of the actuator that is
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used to deflect the elevator are presented. When the Coulomb friction, an inherent
PWA hard nonlinearity, is included in the actuator dynamics, PWA control design
is the appropriate tool. The controllers designed in the next chapter will be applied
to the dynamics presented in this chapter, and simulation results showing a UAV
following a circular path in the vertical plane will be shown in Chapter 5. The
assumptions listed in Section 2.2 will also be used in this chapter. However, three

more assumptions are added in this chapter. These assumptions are:

e Assumption 1: the dynamics of the vertical component of the velocity, w,
are neglected. It is assumed that w is kept small. This assumption will be

validated in Chapter 5.

e Assumption 2: the moment M, around ¥, caused by the elevator deflection

is only a function of the elevator deflection and the UAV velocity.

e Assumption 3: the lift component caused by the elevator is neglected (this

lift component is small compared to the gravitational force).

3.1 Path Parameterization

This section is based primarily on the work described in [43]. For a UAV to be able
to follow a path, the distance from the vehicle to the path and the angle between
the vehicle’s velocity vector and the tangent to the path should be reduced to zero.
This suggests that the kinematical model of the UAV be derived with respect to a
Serret-Frenet frame {F'} that moves along the path ({F'} is defined by two vectors:
one vector tangent to the path and another vector normal to the path). Figure 3.2
shows a UAV and a trajectory (c) to be followed in the z-z vertical plane. Point

P is the origin of the Serret-Frenet frame {F'}, which moves along the desired path
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of the vehicle (trajectory (c)). Point @ is the position of the vehicle. It can either

be expressed in the inertial frame {E} by the coordinates q = [z 0 2]T, or in the

T

moving frame {F'} by the coordinates r = [z; 0 2;]*. The heading angle of the

Figure 3.2: Path parameterization description

UAYV velocity and the orientation of the Serret-Frenet frame are represented by 6,
and 8., respectively. Both these angles are measured with respect to the x-axis of
the inertial frame. Denoting by s the signed curvilinear abscissa of P élong the
path, define c.(s) as the path curvature and t as the tangent vector at point P on
the path. For a circular path of radius R, ¢, = R™! is constant, and the rate of
change of s with respect to time, $, is also constant.

The inertial velocity of point @) expressed in {F'} is

R day _ (dp + dr + (we X ) o, (3.1)
(@),- (@), (3),

where the rotation matrix from {E} to {F} is

cosf, 0 —sind,
FR=1| 0 1 0 . (3.2)
sind, 0 cosé,

The inertial velocity of P expressed in {F'} is

(%‘;)F =5 (t), = [s 0 O]T- (3.3)
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The inertial velocity of @ in {E} is

(@), o T

while the velocity of @ in {F} is
dr T
<E) =& 0 4] - (3.5)
F

Since 0, = c¢(s)3, the cross product term of (3.1) is

0 Iy CC(S)‘ézl
(We xT)p = |eg(s)s] X | 0] = 0 : (3.6)
0 21 —CC(S)le

Combining and rearranging equations (3.2)—(3.6), equation (3.1) becomes

#1 = dcosl,— zsinf, — c.(s)sz — § (3.7

Z = &sinf.+ zcosb, + c.(s)sz; (3.8)

The inertial velocity of point () is

z cos 6,
=Vr , (3.9)
Z —siné,
where Vr is the body-axis speed of the UAV. Defining now 6 = 8, — 8, and substi-

tuting (3.9) into (3.7) and (3.8) yields

0 =q—cs)s (3.10a)
1 = —c.(5)521 + Vpcosh — § (3.10b)
21 = c.(8)$x1 — Vpsin, (3.10c¢)

where g = 6, is the pitch rate of the UAV. Next, the path following dynamics of the

UAV in longitudinal motion are presented.
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3.2 UAV Dynamics

Assumption 1 is used in this section. Even though it is not valid for a general
trajectory, this is a simplifying assumption for this research and is a reasonable
assumption for small angles of attack. The UAV in longitudinal motion is shown
in Figure 3.3. Fr is the engine thrust, and D is the drag force which is opposite
in direction to the velocity of the UAV. The moment M, is assumed to be only a
function of the elevator deflection ., and the velocity Vr (Assumption 2). Moreover,
the the lift component caused by the elevator is neglected (Assumption 3). Such

assumption is particularly good for aircrafts with tails (see page 33 of reference [9]).

Figure 3.3: UAV in longitudinal motion.
The time rate of change of the velocity Vr is described by
mVp = Fr — D — mgsiné,, (3.11)
where m is the mass of the UAV, and g is the gravity. The drag force D is given by
1 2
D= §CDpSVT, (3.12)

where p is the air density, Cp is the drag coeflicient, which is assumed to be constant,
and S is the wing area [9].

The time derivative of the pitch rate is given by
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;= 3.13
i=7 (3.13)
Equation (3.13) can also be expressed in terms of é. and Vp as
. 1CL,pSViz.
— LoV Te s 3.14
s (3.14)

where Cp, is the tail lift coeflicient, S; is the tail planform area, z. is the moment
arm from the elevator center of pressure to the CG, and J, is the moment of inertia
of the UAV around the y, axis. The next section will describe the dynamics of the

actuator that causes the deflection &..

3.2.1 Actuator Dynamics

A DC motor is used to provide the elevator deflection d,. The actuator dynamics
are thus formed by modeling the DC motor as well as the mechanical connections
between the output shaft of the motor and the elevator. The mechanical connections
are formed by a small disk mounted on the motor output shaft with radius r and
with negligible moment of inertia. This disk is connected to the elevator by a
mechanical rod with negligible mass and negligible moment of inertia. A schematic
of the elevator and actuator is shown in Figure 3.4, where V,, denotes the voltage
applied to the armature of the DC motor, J,, is the rotor moment of inertia of
the DC motor, w,, is the angular speed at which the output shaft of the motor is
rotating, 7, is the motor torque, b, is the torsional viscous damping of the motor,
and F is the Coulomb friction torque. J, is the moment of inertia of the elevator.
H, is the elevator hinge moment, which is an aerodynamic load that the motor

torque has to overcome to produce d.. H, is defined as [9] by equation 3.15.
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Elevator, J

Electng Motor
™
V:m

Figure 3.4: Schematic of the actuator and elevator.

1
m:iqwaﬁ% (3.15)

where C},, is the coeflicient of the elevator hinge moment, which can be expressed
as Cj, = bd., where b is a constant, S, is the area of the portion of the elevator that
lies aft of the elevator hinge line, and ¢, is the chord measured from the elevator
hinge line to the trailing edge of the elevator.

By modeling the DC motor! with its external loads, the following dynamics

for w,, and d, are obtained

2
(Jm + (dL) Je> W + by + dLHe + Fosgn(wm) = knia (3.16a)
@:%%, (3.16b)

where d, is the distance shown in Figure 3.4, k,, is the motor constant, ¢, is the

armature current, and k,,i, gives the motor torque 7T,,.

!The modeling of a DC motor can be found in most books on modeling of physical systems
such as [7] and [11].
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The rate of change of 1, is given by the following electrical equation

L£§f+aRﬂa::Vﬁ-—K;wm, (3.17)

where k. is the back electromotive-force constant, L, is the armature inductance,
and R, is the armature resistance. The electrical dynamics of the motor are usually
fast as compared to the mechanical dynamics and can be neglected. Thus, the
inductance L, in (3.17) can be neglected. Taking this into account and substituting

the value of i, from (3.17) into (3.16a), the actuator dynamics are obtained

r\? k.k r k
(Jm + (d_e> Je) Wy, = — <bm + R ) Wy, — Zi—eHe — Fosgn(wp,) + R—an

(3.18a)

be = —Wm, (3.18b)

For reasons that will be explained in the next section, the dynamics of the UAV
in the longitudinal plane are divided into two sets of dynamics: the translational
velocity dynamics and the steering dynamics. Moreover, four different cases are

presented, each of which has its own dynamical model and assumptions.

3.2.2 Translational Velocity and Steering Dynamics

As mentioned earlier, given the hard nonlinearity in the actuator dynamics that is
used to deflect the elevator, a PWA controller is sought for the UAV path following
problem. For this controller design, a PWA approximation of the nonlinear dynamics
has to be found first. However, equations (3.10b) and (3.10c) have nonlinear terms
that involve the product of the velocity Vi with a nonlinear function in the variable

6, such as the term Vrcosé in (3.10b). Approximating such nonlinear terms with
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PWA functions may increase the complexity of the PWA control design because there
are two variables in the domain of the nonlinearity. To avoid this, the dynamics of
the UAV are divided into two sets: one set describing the steering dynamics of
the UAV in the longitudinal plane, and another set describing the translational
velocity dynamics of the UAV. Each set will be treated separately in the controller
design. Such separation of dynamics has been used in other control methods. For
instance, in [14,15] backstepping control is used with the assumption that the time
derivative of the aircraft speed is neglected. In other words, V; was assumed to be
constant. In [13], on the other hand, a backstepping design for flight path angle
control is presented where the airspeed control is handled separately using results
from the literature on linear quadratic control design and p-analysis. To use the
backstepping control design procedure, it was necessary to separate the dynamics
of airspeed in [13-15].

In this thesis, the UAV path following problem is modeledv in four different
cases with increasing level of complexity and, correspondingly, increasing practical
relevance. In the first case, the velocity V7 is assumed to be constant and equal to
Vr,... Moreover, no actuator dynamics are considered, and the moment M, in (3.13)
is taken as the control input. In case two, the model used in case one is augmented
to account for the actuator dynamics given by (3.18), and the input voltage to the
DC motor, V,,, is taken as the control input to the model. Moreover, M, is replaced
by its expression that is a function of the elevator deflection and the velocity. Thus,
equation (3.14) is used instead of (3.13). In case three, the dynamical model used in
the first case is cascaded with the dynamics of the velocity Vr given by (3.11), and
the engine thrust force Fr is used to control the velocity Vi to a desired value. The
dynamics in case four, on the other hand, will be formed by cascading the dynamical

model used in case two with (3.11), and similar to case three, the engine thrust force
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Fr is used to control the velocity Vi to a desired value. The next chapter presents
the control design for each of the four cases, as well as a stability proof for each
of the first three cases. Chapter 5 will present simulation results for each of the
four cases showing the effectiveness of the proposed control methodology. Table 3.1

summarizes the level of complexity encountered in each of the four cases.

Table 3.1: Four cases with increasing level of complexity
[ | Actuator dynamics | Cascaded system |

Case 1 No No
Case 2 Yes No
Case 3 No Yes
Case 4 Yes Yes

Now, the dynamical model used in each case is presented.

Case one:

In this case, Vr is assumed to be equal to Vr, . and M, is used as the control input
to steer the UAV to the desired path. Thus, the UAV path following model will

only have steering dynamics given by

o Steering dynamics:

0= (3.19a)

0 =q—c.(s)s (3.19b)
Iy = —c.(s)$zy + Vr,  cosf — & (3.19¢)
21 = c.(s)$xy — Vo, siné. (3.19d)

Case two:

Here the actuator dynamics are added to the steering dynamics of case one, and V,,,,

the voltage input to the DC motor, is taken as the control input to the system. Let
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and ¢4 = dr—e. The model used in this case is as follows

o Steering dynamics:

2
. lKele'uatorVT

5 7, Je (3.20a)

0 =q—c.s)s (3.20Db)
be = Catim (3.20c)
Wy = Jmim [— (b + c2)wim, — 1 VS — Fesgn(wy,)] + :im Vi (3.20d)
&1 = —c.(8)$21 + Vrcosh — § (3.20e)
Z = c.(s)$xy — Vpsinb. (3.20f)

Case three:

In this case the steering dynamics are the same as in case one with M, being the
control input. However, the dynamics of the velocity Vr are added. Therefore, the

model used in this case has steering and translational velocity dynamics as follows

e Steering dynamics:

i = Afy (3.21)
0 =q— c.(s)s (3.21b)
&1 = —c(s)$2y + Vpcosf — § (3.21c)
2 = c.(s)sz1 — Vpsin 6. (3.21d)
o Translational velocity dynamics:
Vi = %(FT — D —mgsind,). (3.22)
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Case four:

Here the steering dynamics in case two are augmented to include the translational

velocity dynamics. Thus, this case includes both steering and translational velocity

dynamics as follows

e Steering dynamics: same as (3.20)

o Translational velocity dynamics: same as (3.22)

For cases three and four, Figure 3.5 displays a block diagram showing the

interconnection between the steering and translational velocity dynamics.

UAV
steering dynamics

& - V.
v UAY E—
yanslational velocity dynamics
By y dy 'W;l‘:"
or ¥,

Figure 3.5: Block diagram for the cascaded system

In sum, this chapter presented the steering and translational velocity dynam-
ics of the UAV path following problem in the longitudinal plane. Moreover, four
different cases with increasing level of complexity have been modeled. Chapter 4 will
include the synthesis of a PWA state-feedback controller and the design of a nonlin-
ear controller that are used to control the steering motion and translational motion
of the UAV in the longitudinal plane, respectively. Chapter 4 will also present sta-

bility results for the overall cascaded system (the steering dynamics cascaded with

the translational velocity dynamics) for case three.
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Chapter 4

Controller Synthesis

In Chapter 3, it was shown how the dynamics of the UAV path following problem
can be divided into two sets of equations: one set describing the steering dynamics of
the UAV, and another set describing the translational velocity dynamics of the UAV
in the longitudinal plane. Moreover, the UAV path following problem was modeled
for four different cases. This chapter will present the design of a PWA state-feedback
controller that is used in each of the four cases to drive the state vector z of the
steering dynamics to its closed-loop equilibrium point z.. A nonlinear controller
design will also be presented in this chapter to find the thrust force Fr that can
make the velocity Vr converge to its desired value Vp,  for cases three and four.
Finally, the stability of the closed-loop system in cases one, two, and three will be
proved. Figure 4.1 shows a block diagram with the interconnection between each of
the closed-loop systems of the steering and translational velocity dynamics. For case
three, the input to the PWA system is M., whereas for case four it is the voltage
input of the DC motor.

The controller synthesis presented in this thesis is Lyapunov-based where a

candidate control Lyapunov function (an energy-like function) is searched for. This
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Figure 4.1: Interconnection between the two closed-loop subsytems.

function is a scalar function and is denoted by V(z), where z is the state vector
of the system. V(x) can be thought of as representing the energy contained in
the system. Intuitively speaking, if energy is dissipated from the system, then the
system itself must be moving towards the equilibrium. This approach of proving
stability is called Lyapunov’s direct method (or second method), which can be found
in any introductory textbook on nonlinear control, such as those by Slotine and
Li [40], and Khalil [24]. Before proceeding to the formal control design for each
of the steering and translational velocity dynamics, let us introduce the following

preliminary definitions.

Definition 1 o scalar function V(z) is said to be

o positive definite if V(0) =0, and V(z) >0 forxz #0

positive semidefinite if V(0) =0, and V(x) >0 forxz #0

negative definite if —V (z) is positive definite

negative semidefinite if —V (x) is positive semidefinite

radially unbounded if V(x) — o0 as ||z|| — oo.
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4.1 PWA State-Feedback Controller Design (Steer-
ing Dynamics)

From Chapter 3, four cases were modeled, each of which has steering dynamics. To
be able to find a PWA controller, a PWA approximation of the steering dynamics
must be found first. The space of variables in the domain of the nonlinearity should
thus be partitioned into simplicial’ cells. The reader is referred to [45] and the
references therein for details on how to obtain such a partition and piecewise-affine
approximation of a class of nonlinear systems.

In the PWA controller design, the translational velocity Vr is assumed constant
and equal to Vr, . Thus, the steering dynamics used for the PWA controller design
are the same for cases one and three. Additionally, in cases two and four the same
steering dynamics are used in the PWA controller design. Let z = [q 0 z; z]7 be

the state vector in (3.21). System (3.21) in state-space form is

q 00 0 0 q 0 Jiy
6 10 0 0 0 —c,8 0
1 0 0 0 —cs| im Vrcosl — s 0
# 0 0 c.s O 21 —Vrsind 0

Now let z = [q 0 8. w,, 1 21]7 be the state vector in (3.20). System (3.20)

in state-space form is

1The convex hull of a set S is the smallest convex set that contains S. A simplex in R™ is
defined as the convex hull of n + 1 affinely independent points. For example, a simplex in R is an
interval, and in R? is a triangle.
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q 00 3 — 5 0 0 0 q 0 ]
0 10 0 0 0 0 0 —ce3 S ——
Miotal
b 00 0 Ca 0 0 S 0 0
- V2 (bm-+c2) + F, (wim) +

. —C1Vp —(bm-+c2 — e SgN\Wm
wm O 0 Jmtotal Jmtotal 0 O wm Jmtotal 0
1 00 0 0 0 —c$ xq Vrcosf — s 0
2 00 0 0 s 0 21 —Vrsiné

(4.2)
Three nonlinear functions are found in the steering dynamics of the UAV.
These are the sine and cosine functions, which are functions of the state 8, and the
Coulomb friction, which exists in the actuator dynamics and is a function of the sign
of the angular velocity w,,. The Coulomb friction function, F_ sgn{w,,), is already
a PWA function defined based on the state w,,. This was illustrated previously in
Chapter 1. The sine and cosine functions, on the other hand, must be approximated
by PWA functions. The grid chosen to approximate the nonlinear functions by PWA

functions based on the state variable 0 is taken as

0, = {—W,—ﬁ,—ﬁ,——ﬂ—, l,z,ﬁ,w} , fori=1,...,8
2" 4 303042

Figure 4.2 shows the PWA approximation of sinf and cos @ using the above
grid. After approximating the sine and cosine by PWA functions, the resulting

approximate dynamics for each of (4.1) and (4.2) will then be PWA described by
z(t) = Aix(t) + a; + Biu(t), for z(t) € R,, (4.3)

where matrices A4; € R™*" q, € R™ and B; € R™*™ are constant within each R;.
The polytopic cells, R;, ¢ € T = {1,..., M}, partition the state space X C R"
such that R; N R; = @, # j and UX, R, = X. Following [16, 19, 35], each cell
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Figure 4.2: PWA approximation of sinf and cosf.

is constructed as the intersection of a finite number (p;) of half spaces and can be
expressed as
R; = {z| E;z > 0}, (4.4)
where T = [xT 1]T and F; € Rpix(nt1),
Any two cells sharing a common facet will be called level-1 neighboring cells.

Let N; = { level1 neighboring cells of R;}. A parametric description of the bound-

aries can then be obtained as
ﬁi 07?,—]' Q {EjS + fij l S & Rn_l}, (45)

fori=1,..., M, j € N;, where R; denotes the closure of R;, Fj; € R®*("~D ig a full
rank matrix and f;; € R". This parametric description of the boundaries is depicted

in Figure 4.3 below. Furthermore, it is assumed that R; can be outer approximated
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Figure 4.3: Polytopic regions R;, K; and boundary.
by a (degenerate) quadratic curve ¢; defined as
g; = {z|z7 S,z > 0}. (4.6)
One possible configuration for S; is [39]

7

where A; € RP:HDX(P:+1) jg o matrix with nonnegative entries and

len l 1
E;, = e RiHx(+1) (4.8)

E;

In this case, it is said that S; defines a bounding ellipsoid for region R;. For PWA
systems of the form (4.3), we will now review the PWA synthesis algorithm developed
in [39,45]. The goal is to stabilize the equilibrium point z. for system (4.3) by

designing a PWA state feedback control law
u=K;z, forz(t)cR; (4.9)

where

K; = [Ki m,] ) (4.10)



and —Kpm < K; < Kpim, with K7, being a vector of upper bounds for the entries

of K;,i=1,..., M. Replacing (4.9) into (4.3) yields

where 4; € RmDX(+1) and B; € RHDX™ are

_ Ai a; — B;
A = ., B, = . (4.12)

0 0 0

The controller will be designed by searching for a globally quadratic candidate

control Lyapunov function defined as

T
x P —Pxyl |z T

V(z) = =17 Pz, (4.13)
1 —zIpPT 7 1

where P = PT > 0, and P and Z are as follows

To design a stabilizing PWA controller for system (4.3), the following con-

straints and controller synthesis algorithm are used [39,47].

Constraints on the Lyapunov function

Positive definiteness of the candidate control Lyapunov function is guaranteed by
V(z) >0, forx=#0,

This inequality is satisfied by the following constraint

P>0. (4.14)

38



The following inequality ensures the decrease of the candidate control Lyapunov

function over time
dV(z)
dt

< —aV(z), (4.15)

where a > 0 is a bound on the decay rate for the candidate Lyapunov function.
Using the description of the cells (4.6) and the S — procedure [5], it can be shown
that sufficient conditions for satisfying the above inequality for each region R, are

the existence of matrix P, and matrices A; with nonnegative entries satisfying

Constraint on the Control Input

Continuity of the control input at the boundaries can be enforced by u;(z) = u;(z)
for z € R; ﬂﬁj, ie.

[_(ili‘ = Kj.’fl, for x = Eijs + fzj

For this to be satisfied, the following constraint in each region should be con-

sidered [39,47]:

where F}; is defined as
_ Fij o fi
F,=1 " Y. (4.18)
0 1

Desired Closed-Loop Dynamics

The control design will start by searching for a linear local controller to achieve the
desired closed-loop dynamics in the region where the closed-loop equilibrium point

() is located, R;«. Consider the dynamics of the system in this region
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Introducing a new variable z(t) = z(t) — z yields
2(t) = Apz(t) + Apey + az + Bpul(t). (4.20)
We assume that there exists a vector m;« satisfying
Bysmg + Apzg +ap = 0. (4.21)
Thus, by using the control input
u(t) = Kpz(t) + mys, (4.22)
the closed-loop dynamics in region R;« are now
2(t) = (Ap + Bin Kix)2(%). (4.23)

The matrix gain K« can be designed using linear control methodologies to satisfy
desired design objectives based on stability or performance measures. In this thesis,
a Linear Quadratic Regulator (LQR) is used to find K;». The weighting matrix
@ € R™™ and the scalar weighting factor R € R of the LQR used for the UAV path
following problem will be given in Section 4.1.1.

The affine controller for region R, is thus given by

Ky = [K m] (4.24)

The LQR in the region holding the equilibrium point was designed to satisfy
requirements locally. The closed-loop dynamics of the system in this region can
serve as a reference model for the closed-loop dynamics in other regions. Using the
method proposed in [39], an upper bound on the norm of the difference between the
closed-loop vector field of all regions and that of the region holding the equilibrium

point is minimized. This can be formulated as minimizing # > 0 satisfying
|A; + B, — (Ap + B K| < 8. (4.25)
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Controller Synthesis Algorithm

The synthesis algorithm for finding a PWA state-feedback controller for (4.3) is as

follows [39):

1. Design a local linear controller for (4.23) by choosing a controller gain K« for

region R+, with m;. fixed by (4.21).
2. Given x4 and «, fix K;» and m;», and solve

min 3

st (4.14),(4.16), (4.17), (4.25),
B3>0, P=PT >0 A, >0, (4.26)
~Kpim < Ki < Kpim,
forieZT={1,...,M},

where > and < mean component-wise inequalities.

Remark 1 The solution to this problem will be the PWA controller that minimizes
the norm of the difference of the closed-loop vector field of all regions to the closed-

loop vector field of the region containing the equilibrium point. (W

Remark 2 The constraints in the synthesis problem (4.26) include a set of Bilin-
ear Matrix Inequalities (BMIs). BMIs are nonconvex constraints and this makes
them hard to solve. Several numerical algorithms have been proposed to solve BMI

problems locally and the one used here is implemented in the software package

PENBMI [26]. O

If (4.26) is successful in finding a controller and a Lyapunov function, the
following results can be established to prove stability of the closed-loop system of

the steering dynamics given by each of (4.1) and (4.2).
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¢ Steering dynamics given by (4.1): cases one and three

Theorem 1 For system (4.1), assume the Lyapunov function (4.13) is defined
in X C R™. If there is a solution to the design problem (4.26), then the
PWA approximate closed-loop system is locally asymptotically stable inside
any subset of the largest level set of the control Lyapunov function (4.18) that
15 contained in X. Furthermore, if X = R™ then the asymptotic stability is

global.

Proof: First note that the open-loop PWA dynamics are continuous. Further-
more, the B matrix is the same for all regions, and the controller input u is
designed to be continuous at the switching boundaries. Thus, the closed-loop
vector fields are continuous at the switching boundaries. Therefore, no slid-
ing modes are generated at the switching boundaries. Following [39] and the
arguments used in the proof given in [46], if there is a solution to the design
problem (4.26), then the PWA approximate closed-loop system is locally as-
ymptotically stable. If X = R", since V is radially unbounded, the asymptotic

stability is global. U

¢ Steering dynamics given by (4.2): cases two and four

Theorem 2 Assume there are no sliding modes at the switching boundaries.
For system (4.2), assume the Lyapunov function (4.13) is defined in X C R™.
If there is a solution to the design problem (4.26), then the PWA approxi-
mate closed-loop system is locally asymptotically stable inside any subset of
the largest level set of the control Lyapunov function (4.18) that is contained

m X. Furthermore, if X = R" then the asymptotic stability is global.
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Proof: Since it was assumed that there are no sliding modes at the switching

boundaries, the proof follows from the proof of the theorem and the arguments

in [39,46]. O

Remark 3 Finding a global control Lyapunov function with V < 0 every-
where for all vector fields gives the guarantee that the system is stable for
any switching [27]. Alternatively, the conditions in [46] can be used in the

synthesis to guarantee that sliding modes are ruled out in closed-loop. O

For conditions under which the controller found also yields stability of the original
nonlinear subsystem (steering dynamics) from which (4.3) was approximated, the

reader is referred to [47].

4.1.1 PWA Controllers
Steering dynamics given by (4.1):

The bound « on the decay rate of the candidate Lyapunov function used in the

PWA controller design is taken as one. The LQR parameters are as follows:

10

o O O
e}
- O O
o O O

0 01

and R = 100. The globally quadratic Lyapunov function found after solving (4.26)

for the dynamics given by (4.1) is shown in Figure 4.4.
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Figure 4.4: Lyapunov function for the steering dynamics of cases one and three.

The PWA controller found is

K, = :—6.3844 5.8438 —0.0477 0.1331],
K, = :—6.3844 —4.3543  —-0.0477 0.1331:,
K; = :—6.3844 —0.0829 —0.0477 0.1331:,
Ky = :~6.3844 —5.8215 —0.0477 0,1331:,
Ky = :—6.3844 —5.8128 —0.0477 0.1331:,
Ke = :—6.3844 1.3957 —0.0477 0.1331],
K, = :——6.3844 4.2989 —0.0477 0.1331],

my = 14.2868, m, = —1.7323, m3 = 1.6224,
my = 1.0215, ms = 1.0206, mg = —4.6410,

my = —9.2013.

Steering dynamics given by (4.2):

The PWA controller design previously presented in this chapter is based on first

designing an afline controller to stabilize the system in a neighborhood around the
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equilibrium point, then this controller is extended to PWA controllers, which cover
the whole state-space. However, since w,, = 0 is the equilibrium value for w,,,
linearization about the equilibrium point is not possible because of the sgn function
associated with the Coulomb friction. This was solved by running the algorithm in
(4.26) twice. The first run was for positive w,, with the same grid for the angle 8 used
in case one to approximate the nonlinear functions sine and cosine. The Lyapunov
function found from that run was then fixed and (4.26) was run for the second time,
but now for negative w,, and with the same grid for # as before. Each run for
(4.26) will give seven controllers, yielding 14 controllers in total, seven controllers
for positive w,, and other seven controllers for negative w,y,.

The reason for fixing the Lyapunov function after the first run and using it
for the second run of (4.26) is to obtain guaranteed stability of the overall steering
system when the controller switches among the controllers designed for positive and
negative wy,.

The bound o on the decay rate of the candidate Lyapunov function used in

the PWA controller design is taken as one. The LQR parameters are as follows:

1 00

o o o o O

o O O O

o O O e
o o o O
- o O O O

and R = 100.
The globally quadratic Lyapunov function found after solving (4.26) for the
dynamics given by (4.2) is shown in Figure 4.5.

The PWA controller gains found for positive w,, are
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Figure 4.5: Lyapunov function for the steering dynamics of cases two and four.

Ky = :—13.4344 —2.0501 —1.9875 -0.5895 —0.0263 0.1389] ;
Ky = :—13.4344 —1.1486 —1.9875 —0.5895 -0.0263 0.1389} .
K; = :—13.4344 2.1085 —-1.9875 —0.5895 —0.0263 0.1389} )
Ky = :—13.4344 —8.5965 —1.9875 —0.5895 —0.0263 0.1389] )
Ks = :—13.4344 ~1.4632 —1.9875 —0.5895 —0.0263 0.1389] )
Ke = :—13.4344 0.7146 —1.9875 —0.5895 —0.0263 0.1389] )
K; = :—13.4344 1.3039 —1.9875 —0.5895 -—0.0263 0.1389] 5

my = 1.3265, my = 2.7426, m3z = 5.3007,
my = 4.1797, ms = 3.4327, mg = 1.7223,

my = (.7966,

and the PWA controller gains found for negative w,, are

46



Ky = :—13.4344 —2.1267 -1.9875 —0.5895 —0.0263 0.1389] )
Ky = :—13.4344 —-1.2171 —-1.9875 —0.5895 —0.0263 0.1389] )
Ky = :—13.4344 1.9642 —1.9875 —0.5895 —0.0263 0.1389] )
Kn = :——13.4344 —8.5965 -—1.9875 —0.5895 —0.0263 0.1389J 5
K = :—13.4344 —1.5188 —1.9875 —0.5895 -0.0263 0.1389] )
Kz = :—13.4344 0.7830 —1.9875 —0.5895 —0.0263 0.1389] )
K = :——13.4344 1.2269 —1.9875 —0.5895 —0.0263 0.1389] 5

mg = 1.3583, mg = 2.7870, m,0 = 5.2856,
miqy1 = 41797, mig = 34385, mig = 16307,

mi = 0.9333.

4.2 Nonlinear Controller Design (Translational Ve-
locity Dynamics)

In Section 3.2.2, four different cases for the UAV dynamics have been presented.
In each of the four cases, the PWA state-feedback controller designed according
to the method from the previous section is used to control the steering dynamics
of the UAV path following problem. Vr was assumed to be equal to Vr, in the
PWA controller design. Cases three and four, however, have translational velocity
dynamics represented by (3.22) for which a nonlinear controller is designed in this
section to make Vp converge to its desired value. This controller is designed using
feedback linearization.

Recall from Chapter 1 that the essence of the feedback linearization control
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method is to cancel the nonlinearities appearing in the system dynamics and then to
design a linear controller to stabilize the linear dynamics. This can of course happen
provided that the system is in feedback linearizable form or could be transformed
to such a form [24,40]. This condition is satisfied for the translational velocity
dynamics given by (3.22). Thus, using feedback linearization, the control input Fr
in cases three and four is used to render the dynamics linear, and make Vr track its
desired value Vr,__.

Now, a nonlinear controller based on feedback linearization is designed for the

translational velocity dynamics in each of cases three and four.

Nonlinear controller: case three

Assume that (4.26) is successful in finding a globally quadratic Lyapunov function
for the steering dynamics, which we will call Vj;eering. It will be shown in the proof
of Theorem 3 presented in the next section that the following control law can be
used to make Vr converge to Vr, = as well as to achieve global asymptotic stability

of the cascaded system:

! kve . 8‘/3 eerin
T L(Vr — Vi) + D + mgsin8, — m#g(m), (4.27)

Fr= 5

where k,q > 0 is a tunable gain, and g(z) is a function of z = [¢ 6 z; 2]T, which
is the state vector used for the steering dynamics in (3.21). Note that the term
aV“‘L”"ﬁg(ac) in (4.27) exists because Vieering 18 continuously differentiable with re-

oz

spect to the state x.

Remark 4 The term mgsind, in (3.22) depends on 6, which is constructed by
integrating the pitch rate ¢ of the steering dynamics in (3.21). Since sinf, is a

bounded function between —1 and 1, canceling the term mg sin 6, using (4.27) should
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not cause the control signal Frr to become high. This, from a practical point of view,

is necessary to avoid actuator saturation. g

Nonlinear controller: case four

A nonlinear control law that can make the equilibrium of (3.22) globally asymptot-
ically stable (GAS) is

mkvel

Fr=——

(Vp —Vr,..)+ D + mgsiné,,, (4.28)

where kye > 0 is a design parameter. Taking Vieioeity = %(VT — VTdes)2 as a control

Lyapunov function (clf) for (3.22) yields
%elocity = *kvel(VT - VTdes)27 (429)

thus Vvel,m-ty < 0 and Vieoeity > 0; therefore, Vi = Vi, is GAS according to
standard Lyapunov theory [24,40].
The same comment as in Remark 4 about canceling the term mgsin 6, using

the control force in (4.28) also applies here.

4.3 Stability of the Overall Cascaded System

Case three:

It will be shown in the proof of the following theorem that the control law given
by (4.27) can be used to make Vr converge to Vr,  and the closed-loop system is

globally asymptotically stable.

Theorem 3 Consider the system (3.20). If there exists a feedback control input M,
as a solution of (4.26), then this control input and the control force Fr given by

(4.27) render the equilibrium point of the closed-loop system GAS.
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Proof: First, note that by a similar reasoning to the proof of Theorem 1, sliding

modes are ruled out in closed-loop. Let us write (3.21) in the following form
& = f(z) + 9(z)Vr + gu(x) M. (4.30)

Now we augment (4.30) with the translational velocity dynamics to obtain the fol-

lowing augmented system

T = f(z) + g(z)Vr + gn(z) M, (4.31a)

. 1 '
Introducing the error variable
vV = VT - VTdes? (432)

where Vr,__ is constant, and differentiating with respect to time yields

1,

v=Vp— Vg, = —(Fr — D — mgsiné,). (4.33)

m
System (4.31) can now be rewritten in terms of the error state as

T = f(x)+g(z) v+ Vr, ]|+ gu(x) M,
() + (=) [v + Vr,,,] + gu(z) (434
v =L(Fr - D —mgsind,).
If there exists a feedback control moment M, as a solution of (4.26), this control

moment guarantees that the function Vy defined as
av?steering
Vv =—2— /(@) +9(2)Vr,, + gu(2) M.} (4.35)
verifies
vV < _a‘/steering- (436)

A candidate control Lyapunov function for the overall system is thus proposed by

augmenting Vieering as follows

1
V — ‘/steering + §V2. (437)
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The derivative of (4.37) along the state trajectories of the system (4.34) is

V= Dy

_ 6Vst5;—”"g {f(z) +g(z) [v+ Vr,.,] + gu(@) M} + v {%(FT — D —mgsin 9”)}
= Sheeerina { f(3) + () Vi, + 9 ()M}

iy {‘r"’s:ta;;mwag(x) + L (Fr—D— mgsin@v)} ,

(4.38)
where all the terms containing the error state v have been grouped together. Using
(4.32) and (4.35), this last equation becomes:

8‘/:9teering 1 }

V = VV + (VT - VTdes) { am g(CE) + ;n_(FT —D— mg sin 91,) (439)

Assuming a feedback control moment M, was found that satisfies (4.36), the control

force Frr in (4.27) then guarantees that
V <0. o (4.40)

Therefore, condition (4.40) yields global asymptotic stability of © = z, and v = 0

given that V is radially unbounded. U

Case four:

The control force Fr found for case three was able to make the translational velocity
Vr converge to its desired value V7, _, as well as to guarantee stability of the overall
system (steering dynamics plus translational velocity dynamics). This was possible
because we were able to put the steering dynamics in (3.21) in the form given by
(4.30) to which a backstepping argument can be applied. However, it is not possible
to do that for the steering dynamics of case four, which are described by (3.20),
because of the square of the velocity term that exists in (3.20a) and (3.20d).
Figure 4.1 shows the velocity Vr, which is the output of the translational veloc-

ity dynamics block, entering the steering dynamics block. Since the PWA controller
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to the steering dynamics was found with the assumption that Vy = Vi, the ques-
tion to be asked now is how much the steering dynamics will tolerate perturbations
from Vr as input without affecting the stability of the overall system. This is one
of the interesting applications of the concept of input-to-state stability (ISS) [24].
However, to the best of the author’s knowledge, no ISS results exist for PWA sys-
tems. Since this is not the scope of this thesis, the PWA controller and the nonlinear
controller obtained for case four will only be evaluated through simulations with-
out any proof of the global asymptotic stability of the cascaded system. Chapter
6, however, will review how the concept of ISS can be used to prove stability of
interconnected subsystems.

In the next chapter, simulation results for each of the four cases will be given.
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Chapter 5

Simulation Results

The system parameters used in simulation are:

Table 5.1: UAV parameters.
l | value | unit |
mass: m 18 Kg
moment of inertia: J, | 3.5 | Kgm?

Table 5.2: Path parameters.
| | value | unit |

c. | 0.008 | m™t

5 20 m/s

Table 5.3: Motor parameters [36].
| | value [ unit |

K| 220 x 102 | Nm/A
K. | 229 %1072 | V/rad/s
K, | 35x1076 Nms
R, 0.71 Q
Jm | 71 x1078 | kg x m?
F, 56 x 1073 Nm
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The Simulink block diagrams of the cascaded system for case three and four

are shown in Figures 5.1 and 5.2, respectively.

4
[ vl
‘.’_x_éﬁg««m««) T . Mty
;

Tportast

Subosstemk

ot gt St

Figure 5.1: Simulink block diagram for case three.

The main objective of the controllers found in Chapter 4 is to drive the distance
between the UAV and the desired path as well as the difference between the heading
angle of the UAV’s velocity vector and the orientation of the Serret-Frenet frame to
zero. This is accomplished by driving the error states, 6, x;, and z; to zero. Note
that in simulation, the PWA controller found after solving the controller algorithm in
(4.26) is applied to the original nonlinear steering dynamics in each of the four cases,
and not to the PWA approximate dynamics in (4.3). In simulation, the velocity gain
k, is taken to be 5, and the desired velocity Vrges is taken as 20m/s.

The initial conditions used in simulation for the four cases are as follows:

Case one: zp = [0.3 0.4 12 8],
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:

Figure 5.2: Simulink block diagram for case four.

Case two: zo = [0.3 0.4 0.1 3 12 §]7.
Case three: 5 = [0.3 0.4 12 8], and Vg, = 10m/s.
Case four: 2o = [0.3 0.4 0.1 3 12 87, and Vg, = 10m/s.
Figure numbers of the simulation plots for all four cases are shown in the

following table:

Table 5.4: Figure numbers of the simulation plots for all four cases.

| | 0,21, and z; | q | Vir | UAV following a circular path |
Case 1 | Figure 5.3 | Figure 5.4 - Figure 5.5
Case 2 | Figure 5.6 | Figure 5.7 - Figure 5.8
Case 3 | Figure 5.9 | Figure 5.10 | Figure 5.11 Figure 5.12
Case 4 | Figure 5.13 | Figure 5.14 | Figure 5.15 Figure 5.16

Figures 5.3, 5.6, 5.9, and 5.13 show how the error states in all four cases

converge to zero, thus confirming that the UAV is following the desired path. The
pitch rate, on the other hand, converges to a steady state value equal to ¢.$. This
is shown in Figures 5.4, 5.7, 5.10, and 5.14. Figures 5.11 and Figure 5.15 show the

velocity Vp converging to its desired value.
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It is important to validate how strong Assumption 1 made at the beginning of

Chapter 3 is. The component of the velocity on z, is defined as

w = Vpsina, (5.1)

where « is the angle of attack. w was simulated in the simulink model of case three,
and the time history of w is shown in Figure 5.17. The maximum value of w is about
4.3m/s. This value is 20% of the value of Vr. This shows that it is still important
to consider the effect of w for future work. Note that w might be even larger for

other kinds of paths.

~ 0.4

x, (m)

~o 5 10 15 20 25 30 ) 40 45 50

Figure 5.3: Case one: time histories of the error states.
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Figure 5.4: Case one: time history of the pitch rate.
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Figure 5.5: Case one: UAV following a circular path in the vertical plane.
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Figure 5.6: Case two: time histories of the error states.
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Figure 5.8: Case two: UAV following a circular path in the vertical plane.
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Figure 5.9: Case three: time histories of the error states.
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Figure 5.11: Case three: time history of the translational velocity.
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Figure 5.12: Case three: UAV following a circular path in the vertical plane.
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Figure 5.13: Case four: time histories of the error states.
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Figure 5.15: Case four: time history of the translational velocity.
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Figure 5.16: Case four: UAV following a circular path in the vertical plane.
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Figure 5.17: Time history of w (using the simulink model of case three).
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Chapter 6

Conclusions and Future Work

This thesis has presented a new control methodology for a UAV path following
problem in the longitudinal plane. The dynamical model of the UAV in that plane
incorporated the dynamics of the actuator that is used to deflect the elevator. To
reduce the controller design complexity, the dynamics of the UAV were divided into
two sets: one set describing the steering dynamics of the UAV, and another set
describing the translational velocity dynamics of the UAV. Each set was treated
separately in the control design. Moreover, the UAV path following problem was
addressed in four different cases with increasing level of complexity and, correspond-
ingly, increasing practical relevance. In the first case, the velocity Vr is assumed to
be constant and equal to V7, . Moreover, no actuator dynamics are considered, and
the moment M, was the control input to the system. In case two, the model used in
case one is augmented to account for the actuator dynamics, and the input voltage
to the DC motor, V,,, was taken as the control input to the model. Moreover, M,
was replaced by its expression that is a function of the elevator deflection and the
velocity. In case three, the dynamical model used in the first case was cascaded

with the dynamics of the translational velocity Vr, and the engine thrust force Frp
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was used to control the velocity Vi to a desired value. The dynamics in case four,
on the other hand, were formed by cascading the dynamical model used in case two
with the translational velocity dynamics, and similar to case three, the engine thrust
force Fir was used to control the velocity Vr to a desired value. PWA functions were
used to approximate nonlinearities that appear in the steering dynamics in each of
the four cases.

A PWA state-feedback controller has been designed for the steering dynamics
in all of the four cases. A nonlinear controller was designed based on feedback
linearization for the translational velocity dynamics in cases three and four. The
PWA controller found after solving the controller algorithm in (4.26) was simulated
in feedback with the original nonlinear steering dynamics in each of the four cases,
and not with the PWA approximate dynamics represented by (4.3). Simulation
results showed the effectiveness of the proposed.control methodology, where the
desired path was followed in all four cases.

In conclusion, PWA functions were used to approximate the nonlinearities ap-
pearing in the steering dynamics and to model the Coulomb friction in the actuator
dynamics of the elevator. The PWA controller synthesis is a systematic method for
finding the controller parameters and a Lyapunov function that proves global as-
ymptotic stability of the closed-loop system. However, the complexity of the PWA
control system increases with the increase of the number of regions needed for ap-
proximating the nonlinear dynamics in the system. Minimizing such number of
regions is still an open research topic.

The main contributions of this thesis are:

e The first successful application of the PWA control methodology to a flight

control problem.
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e Proposing a novel architecture for controller design consisting of a cascade
interconnection of a PWA control subsystem (to control the steering dynamics
of the UAV) with a nonlinear control subsystem (to control the translational

velocity dynamics of the UAV).

e Modeling the Coulomb friction that exists in the actuator dynamics of an

elevator in a piecewise affine framework.
¢ Dividing the path following problem dynamics into four models

1. Proving stability of the closed-loop system for the first three cases

2. Showing good control performance through simulation in all four cases

Stability of the overall cascaded system was proved for case three because it
was possible to put the steering dynamics in (3.21) in the form given by (4.30). On
the other hand, this was not possible to do for case four becéuéé of the square of
the velocity term that exists in the dynamics for this case. Furthermore, it was
mentioned how the concept of ISS can be used to prove stability of interconnected
subsystems. However, to the best of the author’s knowledge, no ISS results exist for
PWA systems. This could be investigated in future work. As a motivation to this,
the concept of ISS is briefly explained here. It is highlighted how one could use ISS
to prove the overall stability of two cascaded smooth nonlinear subsystems. Assume

the following two subsystems [24]

&y = fi(z1,72) (6.1a)
Ty = fox2) (6.1b)

Figure 6.1 shows the interconnection between (6.1a) and (6.1b) where x5 from

(6.1b) works as an input to (6.1a).
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Figure 6.1: Cascade interconnection between two subsytems.

The question to be asked now is how much (6.1a) will tolerate perturbations
from x5 as input without affecting the stability of the overall system. Assume that

f1 and fy are locally Lipschitz in z = [z; )7, and that

il = fl(CEl, 0) (62&)

&y = fo(xa),

have GAS equilibrium points at their respective origins. Then, the following theorem

is stated [24], which can be used to prove stability of two interconnected subsystems.

Theorem 4 Under the stated assumptions, if subsystem (6.1a), with x4 bie@ed as
input, is input-to-state stable and the origin of (6.1b) is globally asymptotically stable,
then the equilibrium of the interconnected system (6.1) is globally asymptotically
stable. 0

Proof: See [24].

Unfortunately, PWA systems are not Lipschitz and therefore this result can-
not be used for such systems. In addition to investigating the ISS of PWA systems,
possible extensions of the work done in this thesis include studying the effective-
ness of the controller in the presence of actuator saturation and plant parameter
uncertainty. More general trajectories for UAV missions with the dynamics of the
vertical component of the velocity could also be addressed in future work. Further-
more, feedback linearization was used in this work to find a nonlinear controller

for the translational velocity dynamics. However, in Chapter 1 the disadvantages
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of using feedback linearization were mentioned. Therefore, future work could also
concentrate on finding other control techniques to avoid the disadvantages that exist
in feedback linearization. Finally, experimental results to validate the models are

also important to be considered in future work.
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