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Abstract

A Skew-Normal Copula-Driven Generalized Linear Mixed

Model for Longitudinal Data

Mohamad Elmasri

Using the advancements of Arellano-Valle et al. [2005], which charac-
terize the likelihood function of a linear mixed model (LMM) under a
skew-normal distribution for the random effects, this thesis attempt to
construct a copula-driven generalized linear mixed model (GLMM).
Assuming a multivariate distribution from the exponential family for
the response variable and a skew-normal copula, we drive a complete
characterization of the general likelihood function. For estimation, we
apply a Monte Carlo expectation maximization (MC-EM) algorithm.
Some special cases are discussed, in particular, the exponential and
gamma distributions. Simulations with multiple link functions are
shown alongside a real data example from the Framingham Heart

Study.
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Chapter 1

Introduction

1.1 The linear mixed model

The key component driving the development of linear mixed models is the ability
of such models to handle data with non-independent observations; a data struc-
ture where predictor/response variables are measured at more than one level.
Such structure is common with repeated observations, notably longitudinal data
in medical studies where patient characteristics are measured over varying times.
Because of the imposed dependence between observations from the same source,
the presumed independence of errors in linear models is in turn violated and the
Ordinary Least Square method fails to capture the characteristics of coefficients.

The first improvement on the linear model to accommodate hierarchical data
was proposed by Fisher [1918], discussing the correlation between relatives through
Mendelian inheritance. Fisher proposed the addition of the random effects term
to the linear model, which in turn relaxed the homoscedastic condition on error.

Later, Robinson [1991] provided best linear unbiased estimates (BLUE) of the
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fixed effects and best linear prediction (BLUP).
To characterize the linear mixed model, define the different measurement lev-
els as units, and let Y; be an (n; x 1) of observed response variable for sample

unit ¢, ¢ = 1,....,m. Then Yj is defined as
Yi:Xiﬁ—i—Zibi—l—ei,i:l,...,m (111)

where X; of dimension (n; X p) is the design matrix corresponding to the fixed
effects 8 of dimension (p x 1), Z; of dimension (n; x ¢) is the design matrix that
incorporates the hierarchical variables as random effects, b; is the random effects
regression coefficients of dimension (¢ x 1) and € of dimension (n; x 1) is the
vector of random errors. Note that the terms in Z; represent a non-time variant
or categorical variables that constitute the hierarchical structure of the data.
Inferences from this model become slightly more tedious by the addition of
the random coefficient b; to the known error terms €. A general approach to
manage such complexity is by assuming independence between b; and ¢; as follow

where D = D(«), 1; = ¥;(y), for all i = 1,...,m are associated dispersion
matrices depending on reduced parameters o and - with possible variability
among -and within- individuals. Putting aside the independence assumption
between random effects and residual, the extra restrictiveness associated with
distribution function characteristics and structure of both b; and ¢; is deemed
to be unnecessary in many literature reviews. Although Butler and Louis [1992]

have recently shown that the normality assumption has little effect on the fixed
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effects estimates, this assumptions’ effect on the random effects estimates has
not been investigated until Verbeke and Lesaffre [1996]. They demonstrated
the use of a mixture of normals in estimating the random effects coefficients
by iterative means using the EM algorithm. Although their method has widely
expanded the boundaries of model estimation the drawbacks are more apparent
when observations depart from the normality assumption.

On the other hand, Zhang and Davidian [2001] adopted another approach us-
ing the semi-parametric form in estimating random effects by extending Gallant
and Nychka [1987] development of maximum likelihood semi-parametric estima-
tion procedures. Another iterative technique was demonstrated by Tao et al.
[1999], where they extended the work of Magder and Zeger [1996] by a predictive
technique, they also compared non-parametric maximum likelihood (NPMLE)
and smoothed non-parametric maximum likelihood(SNPMLE) to Newton and
Zhang [1999] predictive recursion algorithm (PR). Finally, Arellano-Valle et al.
[2005], expanded the boundaries of the normally distributed random effects coeffi-
cients and error to a skew-normal distribution, where the skew-normal character-
istics enhance the presumed distributions to include any slight departures caused
by skewness. Arellano-Valle et al. [2005)’s work was facilitated by the work of
Azzalini [1985], which constructed the distribution of a univariate skew-normal
via an additive mixture of normal and half normal distributions. Arellano-Valle
et al. [2005] expands on such concepts to deal with multivariate situations, where
they have explicitly characterized the likelihood function and used a constrained
expectation maximization algorithm (CEM) to systematically produce coefficient
estimates.

This thesis takes a new approach to modeling hierarchical multivariate distri-
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butions. In particular, given response variables Y;;, i =1,...n, j=1,...,n;,
we assume that Y; follows n;-variate distribution with a predefined mean and
variance-covariance matrix. We will model such distribution by using a n;-variate
skew-normal copula SN,,(.) and integrating the random effects in the mean struc-
ture of the copula. Furthermore, we chose the variance-covariance matrix >; to
be of an autoregressive structure in order to include the time-variant parameters.
Formally,

Yilbi ~ MV (n(XiB + b;), Zi(¢i, 1) (1.1.3)

where b; is the unit specific unobserved random effect, ¢; is the dispersion au-
toregressive time-variant parameter and 7(.) is a link function.

The thesis is organized as follow; Chapter 2 discusses the formation of the
univariate and multivariate skew-normal distribution. Chapter 3 introduces the
model and constructs the likelihood using a skew-normal copula within a GLM
framework. Chapter 4 discusses the use of numerical Monte Carlo EM-algorithm
to estimate parameters of the established model. Chapter 5 presents numerical

simulations and a real data example using the proposed model.

1.2 The skew-normal distribution

This thesis uses the following notations; ¢, (.|, X) and &, (.|u, X) to represent
a n-variate normal probability density and distribution functions respectively,
with location vector p and scale (n x n) variance-covariance matrix . Hence,
for p = 0 and ¥ = I, the previous notations would simplify to an n-variate
standard normal probability density and distribution functions ¢,(.) and ®,(.)

respectively. In addition, let SN, (.|, 2, A) and sn, (.|, 3, ) be a n-variate skew-
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normal distribution and density functions respectively, with skewness vector \.
Similarly, a n-variate standard skew-normal distribution and density functions
are represented by SN, (.|\) and sn,(.|\) respectively. Finally, let HN(.) be the
half normal distribution function.

The following two sections summarize previous work and advancements in

modeling a univariate and multivariate skew-normal distributions.

1.2.1 Univariate skew-normal distribution

Following Azzalini [1985], a random variable X has a skew-normal distribution

with skewness parameter A if density function is represented as

sny(z|A) = 2¢1(2)P1(A\x) (—00 <z < o0) (1.2.1)

similarly by

T —p
—)

sny(z|p, 0, \) = 201 (x|p, 0?) Py (A (1.2.2)

(—o<x <), po€eR, pu<oo,0<o<oo

Note that if A = 0 then the density of X in (1.2.2) reduces to a normal
distribution. The proof that equation (1.2.1) is a true density function comes

from the following lemma

Lemma 1.2.1 Azzalini [1985] Let f be a symmetric density function with respect
to 0, G an absolutely continuous distribution function such that G' is symmetric

with respect to 0, then

2G(A\y)f(y) (o0 <y <o) (1.2.3)
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is a density function for any real .

Proof Let Y and X be independent random variables with density f and G’,

respectively. Then

1/2 = P{X — \Y < 0} = By (P{X < \y|Y = y}) = /Oo GO ) dy (1.2.4)

—0oQ
Another characterization of the skew-normal is as follow

Proposition 1.2.1 Azzalini and Dalle-Valle [1996] If Yo and Yy are independent
N(0,1) variables and § € (—1,1) Then

Z =&|Yo| + 1+ &%) follows SNi(A(E)) (1.2.5)

_ A
where g = \/ﬁ

1.2.2  Multivariate skew-normal distribution

Extensions to the univariate skew-normal distribution in equation (1.2.1) was
first proposed by Azzalini [1985] and expanded further by Azzalini and Dalle-
Valle [1996]. Later on, many authors have worked on generalizing such findings
to include a family of multivariate and skew-elliptical distributions. This sec-
tion states some relevant results in chronological order, and concludes with two
advancements and their proof.

Azzalini and Capitanio [1999] defined a multivariate skew-distribution by the

following non-unique notation

f(2lQ) = 2fi(2)Q(2) = € R* (1.2.6)
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where fi(.) is the density corresponding to a l-dimensional elliptical distribution,
defined in Definition (1.2.1), and @ is a skewing function such that Q(z) > 0 and
Q(—2) =1-Q(z), Vz e R*. Note that Q(.) could equally be represented by
Q(2) = v(u(z)), for some function u : R* — RN and some non-negative function
v:R — R, such that u(—2) = —u(z), Vz € R*, and v(—u) =1-v(u), Yu e R.

Also note, equation (1.2.6) is a generalization to (1.2.1).

Definition 1.2.1 Owen and Rabinovitch [1983] A random vector X = (X, ..., X,)
is said to have a p-elliptical distribution if it has a density function fx(zx) say,

then fx(z) can be expressed in the form of

Fx(a) = K g (0 = w7070 = )

for some function g(.) mapping from non-negative reals to non-negative reals, and
g(.) is independent of k. Q) is a positive definite matriz , and p is the mean vector.
Thus fx(x) is only a function of the quadratic form (v — p)TQ Y (x — ), which

is positive by definition.

Some advancements are represented in the work of Arellano-Valle et al. [2002],
where they generalized the previous findings in (1.2.6) to a class of skew-symmetric
distributions starting with a family of special C-class symmetric distribution,
where C' represents the class of all symmetric random vectors X with P(X =

0) =0 and | X| = (| X1],...,|Xn])T and sign(X) = (Wy,...,W,,)T being inde-
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pendent, and sign(X) ~ U, < uniform on {=1,1}™, such that

W; = i=1,...,m, ,U, ~ uniformon {—1,1}".
1 X, <0

(1.2.7)
Hence to obtain a density of any arbitrary skew distribution, the following

notations hold

f(zlam) = Kp  fo(2)Qm(2), Vze RF (1.2.8)

where

K,=PX >0) and Qn(z)=PX >0/Z=z) (1.2.9)

for some random vectors X and Z with dimensions m x 1 and k x 1 respectively,
and with joint distribution, in which that Z has marginal density f,. Note that
if X is a C-random vector then K,,, = P(X > 0) = 27 which transforms (1.2.8)

to

f(2lam) = 2™ fu(2)Qm(2), Vze R (1.2.10)

Finally, for convenience the following results are used in the later sections. A

modified version of Arellano-Valle and Genton [2005] states that

Definition 1.2.2 An n-dimensional random vector X follows a skew-normal dis-
tribution with location vector u € R", dispersion matriz ¥ (a nxn positive definite

matriz) and a skewness vector X € R", if its pdf is given by
SN ()10, 2, N) = 205 (|10, B)PL (AT V2 (2 — ), = € R (1.2.11)

Remark 1.2.1 Note that since the condition that ®1(—w) = 1 — ®1(w) for all
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w € R satisfies requirement (1.2.6) and hence is sufficient to gquarantee that

(1.2.11) is a pdf.

Azzalini and Dalle-Valle [1996] proposed a simplified parametrization to ®4(.) in
(1.2.11) of A in terms of an arbitrary n x n positive definite matrix A. Let us say

A=Y or A =1, ,such that STA71§ < 1 for some § € RN" then,

A2
Ne =2 9 (1.2.12)
V1—6TA-1S

Arellano-Valle and Genton [2005] representation of the multivariate skew-
normal distribution is basically a modification to (1.2.5) in Proposition (1.2.1),

combined with (1.2.12) yielding

Proposition 1.2.2 Arellano-Valle et al. [2005] Let W ~ SN, (\) . Then

a T\1/2 _ A
W =9|Xo| + (L, — 06 Xq, where § = —— 1.2.13
[ Xol + ) ! 14+ ATA ( )

Xo ~ N1(0,1) independent of X1 ~ N,(0,1)
Before proving the previous proposition the following lemma is needed.

Lemma 1.2.2 Arellano-Valle et al. [2005] Let Y ~ N,(u, X) and X ~ Ny(v,Q)
Then

Op(ylp + Az, )y (z|v, Q) = ¢p(y|p + Av, X + AQAT)
(1.2.14)

X Gy(alv + AATS (y — 1 — Av), A)

where A = (71 + ATS1A)~L



1. Introduction

Proof of Lemma (1.2.2) By letting 2 = y — u — Av and w = = — v, we have

after some standard algebraic operations

(z — Aw)"S 7z — Aw) + wTQ 'w = 2(2 + AQAT) 12

+ (w — AATS ) TA (w — AATE 1),

Noting that |2 + AQAT||A| = |2]|9].
Proof of Proposition (1.2.2) Let W = 6| X,| + (I, — §67)Y/2X,. Since
W Xo| ~ N, (8| Xol, I, — 667) where |X,| ~ HN(0,1) then by Lemma (1.2.2) it

follows that

fv(w) = /0 " 26 (w]ot, I — 567 ) (1)t — /0 " 26 (w]0, L) (1]6Tw, 1 — 67 5)dt
dTw

= 2%@)%(@

)

- _ s
Then W ~ SN, (\) with A = T

The following is another needed and useful proposition.
Proposition 1.2.3 Arellano-Valle et al. [2005] Suppose that Y|T =t ~ N, (u+
dt, V) and T ~ HN;(0,1) (a standardized half-normal distribution). Let ¥ =

U + dd”. Then the joint distribution of (YT, T)T can be written as

fY,T(ya t’(ga )‘> = 2¢n<y’,ua Z)¢1(t‘l/7 7-2>I{t > 0} (1215)
where
A"V y — p1) 2 1
S Trava T T T (12.16)

10
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Proof The proof for Proposition (1.2.3) follows directly from knowing that the

joint density of Y and T is

fY,T(ya t|6‘> >‘) = 2¢n(y|:u + dtv \Ij)qbl (t)I{t > O}

and from algebraic manipulation by integrating ¢ out we have

Oyl + dt, V) = én(ylp, T)P1 (v, 7°)

which concludes the proof. Consequently, the marginal distribution of Y of
(1.2.15) is given by
v
Fr (10, 2) = 26 (ylp, Z)1(2)
So far, the literature have presented multiple useful versions of constructing an
n-variate skew-normal distribution. Hence, to complete the set of findings and to

draw some useful characteristic of this distribution, the following corollary gives

the expectation and variance of SN, (.) and follows directly from previous results.

Corollary 1.2.1 Arellano-Valle et al. [2005] Let Y L+ SV2W, where, W ~
SN,(A). Then'Y ~ SNy (u, 2, X). Moreover,

2 2
EY]=p+ \/jEl/zc? and Var[Y] =% — =x1/256Tx1/2,
i ™

11



Chapter 2

Modeling the joint distribution

via a skew-normal copula

2.1 The model

Instead of building an additive model similar to one presented in (1.1.1) one can

consider a general multivariate distribution(MV) of the form

where Y;|b; is the response variable of the " unit at time t; = (ti1,...,tm,),
1 =1,...,m, 7 = 1,...,n;, the longitudinal data available for unit ¢ is then

Y, = (YooY,

iive ooy Yin,)T. Further, z; is a (n; x p) vector of explanatory
variables for unit ¢ at time t;, b; is the unobserved unit specific random effect and
B is a (p x 1) vector of regression coefficients to be estimated.

Assume the marginal densities Yj;|b; is a function of z;; , t;; , b, and S

12



2. Modeling the joint distribution via a skew-normal copula

via the same link function n(.). Therefore, let Fy,, (y;|vi;,ti;,bs, f) denote the
conditional marginal distribution function of the response variable Y;;|b;, and
Jv,; (Wizl@ij, tiz, bi, B) denote its density. We may assume for the sake of simplicity
that z;; does not depend on ¢; or b;. Further, let F,(b;|o7) ~ Ni(0,07) be the

distribution of the unit specific random effect with density f,(.|07).

2.2 Skew-normal copula

After characterizing the joint and marginal conditional distributions of Y;|b; in the
previous section, this section defines the general properties of a copula and more
specifically construct a skew-normal copula with the given marginal distributions
Yij|bi.

Definition 2.2.1 Nelsen [1999] C : [0,1]* — [0,1] is a d-dimensional copula if
C is a joint cumulative distribution function of a d-dimensional random vector

on the unit cube [0,1]? with uniform marginals.

For example, in a bivariate case C' : [0,1] x [0,1] — [0, 1] is a bivariate copula
if C(O,U) = C(U,O) = 07 C(L“) = C(U,l) = u and 0(9173/2) - C(x17y2) -

C(y1,x2) + C(x1,22) > 0 for all [z1,y1] X [x2,y2] C [0,1] x [0, 1].

Definition 2.2.2 Dodge [2003] Suppose that a random variable X has a contin-
uous distribution for which the cumulative distribution function is Fx. Then the

random variable W defined as
W = FX (l‘)

has a uniform distribution.

13



2. Modeling the joint distribution via a skew-normal copula

Considering definitions (2.2.1) and (2.2.2), a skew-normal copula specifies the
joint distribution of Y;|b; with specified marginal distributions Fy;, (y;;.) as follow,
let

Zij ~ SNl(b’u 17 )\l])

at time ¢;; for unit ¢, then

Zi = (Zila e 7Zij7 e ,Zini)T ~ San(bzl, Ei, Az)

where ¥; is a correlation matrix, which has all its diagonal elements equal to 1,

and 1 = (1,...,1)". For modeling the contribution of Y;|b;, the results obtained

in (1.2.11) allow us to utilize the standard formation of a copula in Definition

(2.2.1) and define a multivariate skew-normal copula as

where wu;; ~ uniform(0, 1).

From Definition (2.2.2) we have Fy, (yi|.) ~ wi; similarly SNi(zi].) ~ wi,

therefore we can write

Yy = Fy, (uij|.) = Fy, (SN (249)].)

(2.2.2)
Zi; = SNy H(ui;) = SNy Y (Fy, (yi5].))

14



2. Modeling the joint distribution via a skew-normal copula

Therefore, the joint distribution function of Y;|b; is modeled as

FYi(yila e Ying |, B, b, Ei) = SNni(SNf1<FYi1(yil‘wila B, bi))> <.

Ling s 57 bz)|b11> Eia )\z)
(2.2.3)

The corresponding skew-normal copula density function conditioned on b; is

- aF i1y« oy Ying | Lis abiaxi
in(yilw"ayini|xi76’bi’zi’>:H Yl(yl 8y1 6 )
- OSN,, (SNT (Fy,, (yirl), - - SNT (B, (Yim, )01, 5, Ai)
OYi1 - - - OYin,
“r OSNTH (Fy,, (yis].)

= 81, (210, - - - 5 Zing | bi1, By Ay) H

j=1

- Sy, (Wiglzig, B, bs)
— Snni(21i7 ey zzn1|bz]-a Zza/\z) H S’I’LJ (z]|bj1 )\)
j=1 1\<~i5|Yiy Ly Nij

(2.2.4)

8.%']'

where z;,; = SN Y(Fy, (yi:].)|b1, 1, \i;), the density function becomes
J 1 ij J J

1 fy Wil i, B, 0:)
2 5,61, B, ) = s (210, 2 bil, B ) [ snl(zj'!bljl Aij)
17 |Yiy L5 Aij

"~ (2.2.5)

Iy (Yits -+ Ying

The unconditional skew-normal copula density function is

xiaﬂa Z’L) = /sz(yllv <oy Ying

in (yu, <o Ying i, 3, b, Ei)fbi(07 Uz?)dbi (2-2-6)

where fb(ov UI?) ~ N1(07 UZ?)
Note that the joint distribution of the response vector Y;|b; has not yet been ex-
plicitly defined, all what is required so far is to explicitly define that the marginal

distributions fy;;(y|.). These results demonstrate that one can choose a cop-
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2. Modeling the joint distribution via a skew-normal copula

ula representing the joint distribution function of any multivariate distribution
by having all the marginals distribution functions specified. For this thesis we
define the marginals as as a member of the exponential family distributions, as
explained later in section (2.4). The next section proposes a modification to the
correlation matrix ¥; to include the time dependence variable. Later we propose
a GLM framework for the response variable.

To conclude this section, the following summarize our model. Fori=1,...,m

and j = 1,...,n; our model is of the form
Yilbs ~ Fy,(-|zi, B, 05, b, 5i),  Yij|bi ~ Fy,; (2, B, bi, i)

FYZ(|.I‘Z,§, bl‘, tz) = San(Zz|bz]-7 EZ‘, /\i),where Zz = (Zih ey Zini)T
Zij ~ SNl(bia L, >\ij)> Y = Fz‘;1<SNl(Zij’bia 17)\1']')\%75»51'7751', Ei), b; ~ Nl(-|013)

To facilitate comparison to other similar models, the model of Arellano-Valle
et al. [2005] is stated as

Yi = Xlﬁ -+ Zlbl + € (227)

bi%SNQ(OaDyAb)a ei%SNni(O7¢i7)\ei)7 i=1,...,m

where b; is independent of ¢; and,

Yi|b; " SN, (XsB + Zibi, ¥, Ae,) (2.2.8)

16



2. Modeling the joint distribution via a skew-normal copula

2.3 Autoregressive correlation matrix

To produce a more plausible model one needs to take into account the different

sources of random variation within observations. Such random variations could

be generally specified by the following.

(1)

(iii)

Random effects: by sampling at random from a population, multiple
aspects of behavior could persist stochastically. Such is the case when the
average level of the response variable varies widely between different time
intervals. At some moments there could be a very low response, others could
have a higher response. Such behaviors could produce some bias within the

error.

Serial correlation: different observations from the same variable sam-
pled at different time intervals could be highly correlated. For example, a
patient’s blood pressure measure repeatedly over time in a medical study.
Therefore, one needs to take into account a regressive correlation structure

of the error.

Measurement error: a general random error could be accounted for be-
tween observations. When two measurements are taken simultaneously from
a source, there could be a slight variation between them which causes a ran-

dom error.

Note that the random effect source of variation is already accounted for within

the model as a random intercept b; in (3.2.6). Therefore, we would only consider

integrating the serial correlation and the measurement error effects. The variance-

17



2. Modeling the joint distribution via a skew-normal copula

covariance matrix ¥; presented in (2.1.1) could be modeled as a function of time

and a dispersion variable ¢; as

As a result, assuming an additive decomposition of the above sources in the

variance-covariance structure letting
Yij = Wiyit, - - - Yig-1), tij) + €3 (2.3.2)

where W;(.) is a linear function composing the source of variation generated from
the serial correlation to previous observations. Here, let ¢;; 8N (0, 0621,) be sample
of n; independent copies of a stationary Gaussian process with mean zero and
variance o7, that represents the measurement error.

Since the response variables is of the form Y;|b; = (Yi1, Yia, . . ., Yin, ), define, H;
as m; X n; matrix with (j, k)™ element hyj. = p;(|t;; — tir]), hijx is the correlation
between Y;; and Yj;, represented in the function W;(.) above. Also, let I; be n; xn;
identity matrix. Since the marginal distribution of Y;|b; in (2.2.2) are assumed to
have the same distribution family, the variance-covariance matrix of Y;|b; is easily

constructed as

Var(Y;) = olH; + ol I; (2.3.3)

18



2. Modeling the joint distribution via a skew-normal copula

Now, o2 is the variance of each y;; and the correlations amongst the Y;’s are

determined by the autocorrelation function p;(.) as

Cov(Yyj, Yie) = o7 pi([tij — tir]) (2.3.4)

The simplest form to express the serial correlation above is to assume an
explicit dependence of the current Y;; on predecessors Yj;_yy, ..., Y1, which could
be modeled using n'" order autoregressive model. For example, considering a first

order autoregressive model as

Yij = GYii—1) + €ij (2.3.5)

where ¢;; as defined in (2.3.2)

Note that it would be difficult to give a closed interpretation of the a pa-
rameter if the measurements are not equally spaced in time or when times of
measurements are not common to all units. One way of solving this issue to

implement an exponential autocorrelation function p(.), where

Cov(Yy;, Yir) = e %ilt—tul (2.3.6)

Furthermore, the correlation between two response variable becomes

Corr(Yi;,Yi) = e~ Piltii—tixl (2.3.7)

This correlation structure would later be used to construct a correlation coeffi-

cient matrix X; = ¥;(¢;,t;) that could represents the bivariate relation between
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2. Modeling the joint distribution via a skew-normal copula

marginal response variables Y;;|b;, henceforth, implemented in the copula struc-

ture.

2.4 GLM framework for response variable and
the maximum likelihood

We have already defined implicitly the joint distribution of the response variable
Yi|b;. Moreover, we have modeled such joint distribution using a skew-normal
copula by implementing a fist order autoregressive correlation structure using an
exponential autocorrelation function. For the sake of completeness and rigor, at
this stage we need to explicitly characterize the expression of the distribution
of Y;|b; defined in (2.1.1). To allow flexibility, this thesis establishes a general
expression for the distribution being a member of the exponential family of dis-
tributions. Later on, both the exponential and gamma distributions are used in

modeling and simulation with different non-linear link functions.

2.4.1 Exponential family of distributions

Consider an over-dispersed exponential family of distributions, which is a gener-
alization of the exponential family and exponential dispersion model of distribu-
tions. It includes those probability distributions parameterized by 6 and 7, whose
density functions can be expressed in the form

b(0)"T (y) — A(6)
d(r)

fy(yl@,7) = exp { + B(y, T)} (2.4.1)
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2. Modeling the joint distribution via a skew-normal copula

where T'(.),b(.),d(.), A(.) and B(.) are known functions and € is the parameter
relating to the mean of the model, 7 is the dispersion parameter.
Furthermore, we consider a link function 7(.) that relates to the mean of the

model by
E(Y|b;) = n(X5 + b;)

The above general distribution structure include many known distributions;

for example, Exponential, Gamma, Pareto, and Poisson distribution.

2.4.2 Response variable as an exponential distribution

By assuming the marginals of the response vector Y;|b; follow an exponential

distribution as

A() = Tog(A)
B()=0 (2.4.2)
B(Y,) = =5 = nlayf+b)

Yi; > 0= p=n(xyB+b) >0

then

fyv, (Wijleij, bs, B) = eXp{Wyiibi) —log(n(xyiB +0:))}, wi; >0 (2.4.3)

where log is the natural logarithm.
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2. Modeling the joint distribution via a skew-normal copula

2.4.3 Response variable as a gamma distribution

Similarly, by assuming the marginals of the response vector Y;|b; follow gamma

distribution as

Yij
Ty, (Wijla, k) = exp —EJ — Ao, k) + B(yij  k)} yi; =0

B(yij) = (k — 1) log(yij)

Ao, k) = klog(a) + log(I'(k))

(2.4.4)
Fk)y=(k-1)! k>0
E(Y;;) = p=ka =n(z;8+ b)
Yij >0, k>0=p=mn(w;B+b)>0
then
k i Tii +bi
(s + bi) § (2.4.5)

—log(T'(k)) + (k —1) log(yz-j)}

2.5 Graphical examples

This section presents a variety of bivariate contour plots to compare the ap-
proximation of the method proposed in section (2.2). Mainly, a gamma density
function is used under multiple configuration of shape parameter k and correla-
tion p. In figures (2.1), (2.2) and (2.3) when p = 0, the contour plot is generated
using two independent gamma densities; when the p # 0 the contour is generated

using the copula method in (2.2) and (2.2.5).
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2. Modeling the joint distribution via a skew-normal copula

(a) For p=0 (b) For p=0.1 (¢) For p=10.5 (d) For p=10.9

Figure 2.1: Contour of a bivariate gamma distribution using the proposed copula
method in (2.2) and (2.2.5) with shape parameter k = (2, 3)7, scale a = (1,1)T
and different values of correlation coefficient p.

(a) For p=0 (b) For p=0.1 (c) For p=10.5 (d) For p=10.9

Figure 2.2: Contour of a bivariate gamma distribution using the proposed copula
method in (2.2) and (2.2.5) with shape parameter k = (2,5)7, scale a = (1,1)T
and different values of correlation coefficient p.
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2. Modeling the joint distribution via a skew-normal copula

O)ELONIEL  BA .

(a) For p=0 (b) For p=0.1 (¢) For p=10.5 (d) For p=10.9

Figure 2.3: Contour of a bivariate gamma distribution using the proposed copula
method in (2.2) and (2.2.5) with shape parameter k = (5,5)7, scale a = (1,1)T
and different value of correlation coefficient p.

The similarities between figures produced using the two methods are very
apparent. Moreover, the application of copulas allows more flexibility, where any
correlation structure could easily be modeled even when the joint distribution is

not explicitly defined.

2.6 Likelihood function

The setting of longitudinal data over several units with repeated observations has
an additive characteristic of the log-likelihood across units. In particular, given m

units as ¢ = 1,...,m and the model setting in (2.1.1) , we have the unconditional
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2. Modeling the joint distribution via a skew-normal copula

likelihood function as

i, By Ziy Miy i) £, (0, o2 )db;

L@D=H/&@hwm

= /f{{f}@(?/ila---ayim

e - i \Yig|Lij, abi
:/H{S?’Lm(zh,,sz|bll,zz,/\l)nle](yﬂIx] 5 )}fbl(o,af)dbz
i=1

xi, B, 2, Nis bi)}fb¢(07 op)db;

P OLET R )

_ /HLZ-(/B, Aiy 0, b)) £ (0, 02) by
. (2.6.1)
where L£;(8, A\, o, X;]b;) is the conditional likelihood. The exchangeability of the
product and the integral comes as a result of the independent assumption between
units, similar to the independent assumption of errors in cross-sectional data.

The complete conditional log-likelihood transforms to

0B, \, o0, X|b;) = log { TT (8. X, 0, i) £, 0, ag)}

=1

I
NERRNGERNNGE

log {in (yih coo s Ying | T4, B, 25, i, bi)fbi((), Uz?)}

log{snni(zh',...,zmi]bil,zi,/\i)H 32]1((,2‘]‘:5‘]1 )\“))
J=1 15 |Yiy Ly Nij

Jo, (0, U?)}

£1(57 >‘ia Oy, Ez|bl)
1

-.
Il

(2.6.2)
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2. Modeling the joint distribution via a skew-normal copula

where from (2.2.5) we have

Ci(B, Niy X, 0, |bi) = log(fy; (it - - - Yin,

i, 57 Zi? )\ia bz))

+ log(fbi(()’(jb))

= log(smm, (i1, - -, 2im, i1, S, X)) + > log(fy, (islbis B, 245))
=1

- Z log(sn1(zij]bi; 1, Aij)) + 1og(fi, (0, 00))

j=1
(2.6.3)
Note that we have delayed characterizing completely the log-likelihood func-

tion above to Chapter (3), where we introduce the MC-EM algorithm. Chapter
(3) also specifies the exact form of skew-normal density functions implemented

in simulation, as well as the exact form of marginal densities Y;;|b;.
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Chapter 3

Numerical computation with

EM-algorithm

3.1 Monte Carlo based EM algorithm

The expectation-maximization algorithm is an iterative method for maximizing
the likelihood function. It consists of two steps from which the naming is derived;
an expectation (E-step) and a maximization step (M-step). The E-step computes
the expectation of the log-likelihood function over the given set of parameters
6 € © and an unobserved parameter u with assumed density function g(ulx,@).
The M-step computes a new set of parameters that maximize the expected value
of the log-likelihood function found earlier in the E-step. Those two procedures
alternate on the path to find a set of parameters that maximize the likelihood
function. Furthermore, let 6 donate the model parameters when complete-data
is available; hence, ¢(0), 6 € © donates the complete-data log-likelihood function

and Q(0|0") the expected complete-data log-likelihood. Therefore both steps are
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3. Numerical computation with EM-algorithm

as follow
e E-step: Computes Q(0]60)) = E,jyn [€(0)|0] as a function of 6.
e M-step: Find 80V such that Q7 |0")) = maxeceQ(6]6).

Theoretically, the log-likelihood function ¢(.) under the found parameter set ()
should converge to a local or global maximum.

The EM-algorithm has been used widely in literature under different naming
conventions. Nevertheless, one of the earliest explanations of such method was
published by Dempster et al. [1977], where they generalized earlier attempts
and sketched a convergence analysis for a wider class of problems. Since then,
numerous uses of such method have been unified under the name of EM-algorithm.

An advancement of Meng and Rubin [1993] studies computational difficulties
encountered while computing the M-step, where they proposed smaller maximiza-
tion steps over the parameter space. They argued that instead of maximizing the
whole set of parameters one can maximize in a sequential manner a subset of
parameters independently, while the other subset is held fixed. Such modifica-
tion is called a constrained maximization step (CM). Theoretically, as long as
the maximization is applied on the whole set of parameters the algorithm should
reach convergence. This modification is referred to as an ECM-algorithm.

A second important advancement to the EM-algorithm was proposed by Wei

and Tanner [1990], and is called the Monte Carlo EM algorithm. By applying
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3. Numerical computation with EM-algorithm

the law of large numbers on the E-step above, one can approximate Q(6]6(") as
QU618 = El©)60") = [ 60l wg(ule. 0)du

1B (3.1.1)
= Z 00 |u®)
t=1

where v is the unobserved variable and R is relatively a large sample size.

It is important to mention the work of Wu [1983] which studied the conver-
gence properties of the EM algorithm. Wu [1983]’s work elaborates on Dempster
et al. [1977] by clearly indicating a set of conditions that govern the convergence
of EM-algorithm to a stationary point, whether a global or a local maximum.
Some of those conditions are; insuring that Q(6]¢') defined (3.1.1) is continuous
on both § and ¢'; the set of parameters to be estimated 6’ belong to a compact
space, let’s say )y; and the log-likelihood is bounded. The bound condition of
the proposed log-likelihood depends severely on the initial starting point of the
EM-algorithm, where it involves terms like log(|3;|) — —oo for very small |3;],
shown later in equation (3.2.13), where |.| is the determinant. Heuristic method
of initiating the algorithm from different starting points was successfully used by
Arellano-Valle et al. [2005], and considering the similarity of our model to theirs,
a similar approach has been used here. Nevertheless, more analytical research
has to be undergone in order to prove theoretically the compactness of €2y and
the continuity of Q(0|0’), especially for the dispersion parameter ¢; in (2.3.1),
since it is shown to be convoluted in the term |¥;|. This thesis would mainly
focus on implementing the EM-algorithm heuristically with hope to show more
theoretical convergence characteristics in the future. The following two sections

offer an elaborate explanation of the application of those two advancements to
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3. Numerical computation with EM-algorithm

the proposed model above.

3.2 Applying the MC E-step

Let 60 = (8™, ZET),UIST), /\Er)) be the parameters of the r* EM iteration, then

the E-step for unit ¢ at (r + 1) EM iteration is

I
—_

o 12 0D,
gz(9|$wyzabz)sz\zz(blyzl’g )dbl (321)

R;
Z elxmym i

where bgj ) is the 4% sample generated from the distribution of b;|2;, 8, R; donates

the number of replication on the i*" unit. Hence,

QU1 = 3 Qu(616) (3.2.2)

So far we haven’t explicitly defined the distribution of b;|Z;. Nevertheless, we
have mapped the response variables Y;|b; to a skew-normal copula in Section (2.2)
using a standard skew-normal marginal distributions as in equation (2.2.1) via
the link in (2.2.2). Similarly, we can use a conditional skew-normal distributional
as Z;;|bi ~ SNi(b;, 1, \;j), which by Azzalini [1985] and definition (1.2.2), for each

j, has its pdf in the following form

fzi510,(2i510i) = 2601(235]bi, 1) @1 (A (255 — bi)) (3.2.3)
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3. Numerical computation with EM-algorithm

Alternatively, by Proposition (1.2.3), we can write for any given v;
Zijlvi, bi ~ Nu (b + 0503, 1 — 7)) (3.2.4)

V ~ HN1(07 1) b; ~ N1(07‘72)

where

1+

Similarly, in a multivariate case, take Z;|b; ~ SN, (b;1,%;, \;), where 3; has

61’]’ —

all its diagonal elements as 1, we have
Fzb (za bil, S, M) = 26, (z1]bid, D)@y (A8 2 (2 — bi1)) (32.5)
and arguing as earlier, we write

Zi|vi, by ~ Ny, (b1 + S22670;, 5221 — 26512 (3.2.6)

(2

v; ~ HNy(0,1), b ~ N1(0,07)

where

Ai

14+ )\;TFM

w25 —
Proposition 3.2.1 given the settings in (3.2.6) then the conditional density func-
tion of b;|z;, v; is specified by

bi|zi,vi ~ Nl(Tzle\Iji_1<Zi — 23/25;{1)2'),7}2) (327)
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3. Numerical computation with EM-algorithm

where

1
= (1T = S - 5por)
b

Proof Algebraic manipulation with conditional densities yields

fbi\zi,vi _ fZi,bi,Ui . fzi|bi,vifbifvi . fzi|bi,v¢fbi . fzi|b,~,vifbi (328)

fzi,vi B fzi|vifvi B fzz‘\vi N ffzilbi,vifbidbi

now by the assumption of independence between b; and v;, and noting that

sz‘|Ui :/fziwiyvifbidbi

_ / N7 (b1 + 22870, U)NP(0,02)dbi By Lemma (1.2.2)

(3.2.9)
- / N (212870, U, + 1oAY NP (721707 (2 — 212 670,), 72)db;
=NZ (212570, U, + 16217)
we have by (3.2.8) and (3.2.9) and Lemma (1.2.2)
Nz (bl + 212570, W) NP0, 02)
fbi\zi,vi =
fZi\Ui
NS0, U 4 1T )N (1T (2 — B 07w), )
Faito (3.2.10)
_ fzz\vz X Nfi<7i21T\I];1(zi B 23/25:1)1)7 7—1‘2)
B fzi\vi

= NI (AT (2 — B, 65,), 72)

(]

Moreover, by applying algebraic manipulation to equation (3.2.7), and using

the proof results of Proposition (1.2.3), we have

bi|zi ~ SN (Tgfmglzi, 72 (1 + 73(1%;123/25;‘)2) : Abi) (3.2.11)
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3. Numerical computation with EM-algorithm

where 72 and U; as defined in (3.2.7) jand A, = —7 170 '5}/%67,
For clarity, after the modification proposed in (3.2.3) and (3.2.5), the log-

likelihood function in (2.6.3) is now defined as

i i b)) + > log(f (wiglbi, B, 7))

&(57 i, 24, Ob; |Yiy Ti, bi) = 10g(5nni(2i17 ceey Ring
j=1
= "log(sn (z]bi, Aij)) + og(£3,(0, 03))

j=1

(3.2.12)
By the characterization in (3.2.4) and (3.2.6) that are found through Proposition
(1.2.3), we can introduce a dummy variable v; ~ HN(0,1) and rewrite the log-

likelihood as

b1+ X267, ;)

7

gl(/87 )\ia Eia O—bi

Yi, Ty, b’L) = log(Nni(Zila <oy Ring

+ D log(f, (yigbi. B, :7))
j=1

— > 1og (N (zi5b; + Gijvi, 1 — 675)) + log(fy, (0, 04))
=1

1 1

+ > log(fy,, (wislbi, B, wi5)
j=1

] 13N (2 — by — Givy)?
2 ] 1— 2y _ = 1j i ij Vi
3 2l 05) =5 2
Jj=1 Jj=1 v
2
= Lioglon) - 12
b

(3.2.13)

where §;; = \/1\:7, and |X;| represents the determinant. ¥; = 23/2(1—5;‘5?)21-1/2
ij

1/2 cx s
and X./°0F = ——=2L—.
Lot A/ IHAT N
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3.3 Applying the M-step

This step maximizes Q(0|6)) to produce an update estimate #7*". Consider

the score function

0 0
- Yy — = . (r)
55 Q010) 89;@1@\9 )
m R w (3.3.1)
_ —Z. EPNAC))
—Z' gl Ol i, br7)
i=1 j=1

Following the results obtained in equation (2.6.3), and by setting 6 = (53, oy, X;, \;)

we have partial derivatives as:

B " 1 1 29
Q0| = - 3.2
doy (618r) Z Ri( 20, oy ) (332)

A2 2 R b?(])
o2 = EZ > & (3.3.3)
=1 j=1
Moreover,
0’ UNEUNS NV T 1
——=Q(0]0")) = — = - = 3.3.4
&75@( 67) ZZ R¢(202 o ) (3:3.4)
=1 j=1
I = ~B( Laep)) =25 (335
v do} - 20} o
where (.) is the Fisher information coefficient, and,
Q16" —0 (3.8.6)
Gabaﬁ N o
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62
8580,)

QB0 =0 (3.3.7)

Moreover, since the term involving the parameter ¢; in the log-likelihood is sep-

arate from terms involving  and o}, we have

02 02 O? H2
56057 = 5550, 201 = 55,5591 = 3545

QBl)=0  (3.3.8)

Form (3.3.4), (3.3.6), (3.3.7) and (3.3.8), the Hessian matrix is

2Q(0.)  9?Q(01)  9°Q(0].) 92Q(0].) 0 0
B2 9B 9B op?
— | 22QUl) &2QUl) &?°QU) | — 92Q(01)
H(0) 903,08 do? 90,09 0 do? 0 (3.3.9)
Qo) 2?Q(0)  9%Q(0l) 0 0 82Q(01)
| 9908 99y, 992 L 992

The subsections of section (3.5) present a closed form of the parameter § max-
imization scheme. Moreover, since the partial derivatives of the other parameters
are not quite trivial, a grid search algorithm is applied to maximize the likelihood

over the parameter space.

3.4 Algorithm

The algorithm consists of the following steps

(i) Obtain an initial estimate of () from the complete likelihood case and set

" =o0.
(ii) At the (r + 1)-th iteration, obtain MC sample on b;.

(iii) At the (r + 1)-th iteration, obtain the updated estimates 601 using com-
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3. Numerical computation with EM-algorithm

plete data optimization technique as

o+ — arg max Q(6|6™)
ocr

(iv) Continue steps (ii) & (iii) until convergence.

For more details see algorithm (1) in appendix (.1).

3.5 Special cases of EM algorithm

This section presents a compete E-step and M-step for the distributions consid-
ered in section (3.2) and (3.3) under different link functions 7(.) by following the
GLM framework that is proposed in section (2.4). In each section an explicit
marginal density function of Y;|b; is stated along with the log-likelihood charac-
terized in (3.2.13) and some partial derivatives. fy, (3;;].) represents the marginal
density of unit i, observation j of the joint density Y;|b;, D(.) is a diagonal matrix

and [(.) is the Fisher information coefficient.

3.5.1 Exponential marginal density with link n(z) = e*

fyi;Wigliz, bi, B) = eXp{n( 2 og(n(xyB+ b))}, yy >0 (35.1)

z;; B+ b;)
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1 1

1 & 18 (25— by — 0ij0;)?
1 1 1— 52 1 1] 4 i Vi

fz‘(@ iy 2is Ob;

+ Y A-yye P =y - by}
j=1

13
| _ 2%
2108(00) = 53

(3.5.2)
)‘ 1/2 * Okt 1/2
where §;; = W, and |¥;| represents the determinant. ¥; = ¥./°(1—076;")%,
1/2 * >\i
and X;/70f = W
Therefore, the marginal partial derivatives defined in (3.3.1) become
a —x;;8—b;
a/B (/6 )\27 217 Ob;|Yi, IZ? 7, Z xz]{yz] i } (353)
82
gt A i oy, i b Z —a e " (3.5.4)

T, b > Z Z o (3.5.5)

=1 j5=1

; E(a/@z 57)\1727470-11

B=—(XTX)"' X" (log(D™(Y)1) + bI) (3.5.6)

where 1 = (1,1,...,1)T.

3.5.2 [Exponential marginal density with link n(z) = 2?
fyv; (Wijlwij, bs, B) = exp{% log(n(zijB +0:))}, wi; 20 (3.5.7)

37



3. Numerical computation with EM-algorithm

1

1 i 9 1 (Zij — bl — 5ijvi)2
5 jzllog(l 51'3‘) 5 Z (1 — 53])

+ > {=ui(@iB + bi) 7> — 2log (x3;8 + bi)}
j=1

1 102
— 5 log(oy) — 552
T

2
(3.5.8)
where §;; = A— and |3;| represents the determinant. ¥; = 21/2(1 SDIN n1/2
1/2 ¢ \;
and X,/ 707 = ——H/\,-T/\i
Therefore, the marginal partial derivatives defined in (3.3.1) becomes
3€~(ﬂ iy 2iy 0p|Yiy iy b)) = —i?m{ Yij - ! } (3.5.9)
aﬁ i\My Niy iy Ob|Yiy Liy Vi — v (x1]5+b1)3 $Z]B+bz o
0? - R 1
g li(B N, B oy, i, b)) = = Y20, L — 3.5.10
862 (/Ba Ub|y x ) 2; xzy{(£ijﬁ+bi)4 (:EZ]/B_{_bZ)Q} ( )
Zm: E( (B, Ny 24y ob |y, 2 )> :iii (3.5.11)
- @ﬂQ y Ny ~Hiy iy Ly Vi p e (:E”,B—i-bz)Q
3.5.3 Exponential marginal density with link n(z) = 2~
—
fvi; Wiglwiz, bs, B) = exp{———"—— —log(n(zyi8 +b:))}, v; >0 (3.5.12)

n(zi;8 + b;)
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3. Numerical computation with EM-algorithm

(ﬁ? )\17 El; Ub
1 & (235 — by — 830;)?
- l 1— 52 . iJ i i Vi
7=1 = 1]
+ Z{—yij (ij B + b;) + log (zi; 8 + b;) }
j=1
1b;
— 5 log(an) — 257
(3.5.13)
where 6;; = \/%, and |¥;| represents the determinant. ¥; = 21/2(] DI »1/2
1/2 * >\i
and X;/70f = e
Therefore, the marginal partial derivatives defined in (3.3.1) become
TR Z { } (3.5.14)
iy 24iy O l7xZ7 7, Tij\Yi a1 -J.
CE i s ”/3 b
82 T 332

(B, Ny X4, 0w, Yy T4, b)) = — Z — (3.5.15)

= (zij B+ b;)?

m 62 m
1(B) = Z _E<8_ﬁ2£i(57 iy 2y O, | Yis Ti, b ) Z Z xwﬁ + o) (3.5.16)
i=1

=1 j=1

3

G = (XTX)'XT(D"Y(Y)1 — b1) (3.5.17)
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3. Numerical computation with EM-algorithm

3.5.4 Gamma marginal density with link n(z) =

Similar to the above, using equation (2.4.4), we have

Ty, Wizl iz, bi, B) = exp{ — JeelwiaPbi )y k(xi;B + b;) + klog(k)

— log(D'(k)) + (k — 1) log(yi;)}

(3.5.18)

and the unit ¢ specific marginal log-likelihood defined in (2.6.3) becomes,

fz‘(ﬁ? iy 2is Op;

1 1

1 & 1A (22 — by — Gig0n)?
ot 1 1— 2y _ = iJ 4 ig Vi

+ Z{—ke(*x”’&bi)yij — k(B + b;) + klog(k)

1 152
2] 2t
5 log() — 5 o2

(3.5.19)

A 1/2 * oo 1/2
where 6;; = TA%’ and |X;| represents the determinant. WU; = 3./7(I —670;")%;
1/2 ¢4 _ i
and X,'79 = Wirsvw

Therefore, the marginal partial derivatives defined in (3.3.1) become

6
a/@ (67)\172’”05 |ylal‘za ’L kalj{yZ] I”B b 1} (3520)

2, b ) Zk% (3.5.21)

i=1 j=1

Z E(GBQ Bu)\wzwo-b

=1

and similar to equation (3.5.22), we have
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3. Numerical computation with EM-algorithm

B=—(XTX) X" (log(D™(Y)1) + bI) (3.5.22)

3.5.5 Gamma marginal density with link n(x) =

Fyi; Wijlzig, bi, B) = exp{ — k(x5 + b;) 2yi; + 2k log(i; 8 + b;)

+ klog(k) — log(T'(k)) + (k — 1) log(y:;)}

(3.5.23)

and the unit ¢ specific marginal log-likelihood defined in (2.6.3) becomes,

1 1
(B, Nis Ziy 00, | Yi, T4, bi) o —3 log || — 5(%‘ — bl — 21‘1/25:%)qu;1(%’ — bl — 23/255%')

ng

1 & 9 1 (2ij — bi — i)
5 jzllog(l ) 5 Z 1= 5%)

j=1

+ Z{—]{Z(:L’UB + bi)_2y¢j + 2k log(xijﬂ + bz) + k:log(k)

—log(T(k)) + (k — 1) log(y;;)}

1 1b?
~ _ 20
(3.5.24)
Y _ /2 « grtyyl/2
where §;; = JinT and |X;| represents the determinant. W, = ¥./°(1—0;0;")%,
V2er  a
and X;/79 = T

Therefore, the marginal partial derivatives defined in (3.3.1) become

o) Yij 1
Aiy Bi, 0b|Yi, i, by) 2kz; ’ 3.5.25
o1 o Bo orly Z A SR I g
= -k Azazw iy Ly 3.5.26
5 - (B ) = zz s (8520)
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3. Numerical computation with EM-algorithm

3.5.6 Gamma marginal density with link n(z) =

Similar to the above, using equation (2.4.4), we have

fvi; Wisl i, bi, B) = exp{ — k(zi;8 + bi)yi; + klog(zi;B + bi)+

klog(k) —log(I(k)) + (k — 1) log(ys;)}

(3.5.27)

and the unit ¢ specific marginal log-likelihood defined in (2.6.3) becomes,

fz‘(ﬁ? iy 2is Op;

1 1

1 & 1A (22 — by — Gig0n)?
ot 1 1— 2y _ = iJ 4 ig Vi

+ Z{—k(%jﬁ + bi)yij + klog(xi8 + b;)+

j=1
klog(k) —log(I'(k)) + (k — 1) log(yi;) }

1 1b?

— 0] i

2 Og(ab) 20_2
(3.5.28)
where d;; = \/%, and |3;| represents the determinant. ¥; = 21/2(] 5*5*t)21/2

V2er  a
and X,/ 707 = Wirsvw

Therefore, the marginal partial derivatives defined in (3.3.1) become

8 1
(/87)\1’2170-5 |ylaw17 ’L kaZ]{ yz] } (3529)
T3+ b;

m 82 m n;
I(B)Z‘Z—E(aﬂ2 (B, N, S, 0, |y, 4, b ) ZZ o B+b) (3.5.30)

i=1 j=1
and similarly

B = (XTX) ' XT(D"Y(Y)1 — b1) (3.5.31)
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where 1= (1,1,...,1)7
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Chapter 4

Simulation and application

4.1 Simulation design

To assess the efficiency of the proposed likelihood and model above multiple
key statistics are needed. Two different model setting are chosen for inference
and assessment, a univariate model and a bivariate model. A unified simulation
structure is selected as the number of units to be fixed to 5, such that i =1,...,5,
and under each simulation the number of observation is chosen randomly from
uniform distribution n; ~ U(50,250). Once the number of units and observations
per unit are decided, the per unit variance-covariance matrix is constructed as a
first order autoregressive model as in (2.3.6), with a choice of ¢; = 0.15 Vi. Note
that in the case of ¢; = 0 the autoregressive structure reduces to an independent
multivariate distribution. Finally, o, = 2.

The following two subsections discuss the model specific settings.
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4. Simulation and application

4.1.1 Univariate model

X; is generated from N, (0, I,,,xn,), ¢; = 0.15 Vi, f =3, and b; ~ N1(0, 0 = 2).
Moreover, the time difference per observation within each unit is set to a unit

difference, i.e, in (2.3.6), e~%* %! would reduce to

e~ Piltij—tir| — |J | (4.1.1)
1 if j =k

Therefore the response variable is generated from

Y; ~ MV (X8 4 b;), Ei(¢4)) (4.1.2)

with a chosen multivariate distribution and link function as in section (3.5).

4.1.2 Bivariate model

This model investigates the convergence under an extra binary variable ¢;;, which
in some cases could represent a measurement deviation under th existence of
certain events. Here t;; = 1 for 7 < 150 and ¢;; = 0 for all 7 > 150. Similarly
as above X; is generated from N,,(0, L, xn,), ¢ = 0.15 Vi, B3 = (3,2)T, and
b; ~ N1(0,0, = 2). Moreover, the time difference per observation within each

unit is set to a unit difference. The response variable is then is generated from

Vi o MV (([ X3, 6]8 + bi), Zi(di)) = MV (n(3X; + 26 + b;), Si(i))  (4.1.3)

The original correlation matrix ¥J; is used alongside original values of \; and b;
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4. Simulation and application

to simulate a set of random variables Z;|b; defined in (3.2.5). Using those random
variables and the inverse transformation method introduced in (2.2.2) along with
the desired marginal densities and link function to generate Y;|b;. Finally to
initialize each simulation we set the initial vectors to 5(®) =0, )\EO) =0, 07 =1
and gbgo) = 0.5. In each iteration, the Monte Carlo sampling from b*)|Z is set to

300 and gradually increases while algorithm (1) is run until convergence.

4.2 Simulation under special cases of link and
distribution function

Similar to section (3.5) and the special cases presented, this simulation presents
both models, a univariate and a bivariate, under an exponential link function
n(x) = e".

Note that all tables in this section represent a simulation of 100 Monte Carlo
data sets, where MC Mean and MC SD represent the Monte Carlo mean and
standard deviation. MSE represents the average standard error between Monte
Carlo simulation and the true value of the parameter. EC represents the empir-
ical coverage probability computed using Fisher information matrix assuming a
95% confidence interval. True values are shown in parentheses (.) next to the

parameter symbol, i.e, 5(3) implies original § parameter is set to 3.

4.2.1 Exponential marginal density

Before jumping to a complete simulation analysis, figure (4.1) below depict the

convergence approximation graphically of the proposed model under a single sim-
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4. Simulation and application

ulated data set, using a univariate model with an exponential link and distribution

function. In addition, (4.2) depicts similar analysis under a multivariate model.

0.10 0.12
I
0.10 0.12
I I

0.08
I
0.08
I

0.06
I
0.06
I

0.04
I

0.04
I

0.02
0.02
I

0.00
L
0.00
L

(a) A single replication (b) 100 MC replications

Figure 4.1: A univariate model with an exponential link and distribution function,
where the log density of Y versus log(n(.)) are plotted on the x-axis; in bold and
dotted lines respectively. (4.1a) compares a single replication of the estimated
model versus the real model, while (4.1b) is a 100 Monte Carlo replications versus
the real model.

Moreover, table (4.1) and (4.2) represent the parameter estimation under the

univariate and multivariate model respectively.

Table 4.1: Univariate model under and exponential distribution such that E[Y;] =
pi = eXP+0 and a variance-covariance matrix ¥;(¢) with ¢; = 0.15, Vi

Parameters MC Mean MC SD MSE EC

3(3) 2.91 0.02 00l 054
E[b](0) 0.08 0.18 - -
4(2) 2.15 041  0.19 0.99
$(0.15) 0.45 023 015 0
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0.04 0.06 0.08 0.10 0.12
I

0.02

0.00

(a) A single replication

0.02 0.04 0.06 0.08 0.10 0.12

0.00

(b) 100 MC replications

Figure 4.2: A multivariate model with an exponential link and distribution func-
tion, where the log density of Y versus log(n(.)) are plotted on the x-axis; in bold
and dotted lines respectively. (4.2a) compares a single replication of the estimated
model versus the real model, while (4.2b) is a 100 Monte Carlo replications versus

the real model.

Table 4.2: Multivariate model under and exponential distribution such that

E[Y;] = p; = eXif*h and a variance-covariance matrix ¥;(¢) with ¢; = 0.15,
Vi

Parameters MC Mean MC SD MSE EC

51(3) 3.03 0.16 _ 0.002 0.99

5(2) 1.53 0.64  0.63 0.20

E[b)(0) 20.04 0.0 - -

ob(2) 1.99 043 018 0.93

(0.15) 0.38 019 009 -

4.2.2 Gamma marginal density

Similar to the earlier subsection, this section offers a graphical example of a

single simulation under an exponential link function and a gamma in figure (4.3)

distribution with shape parameter k = 3. To be concise only simulations under
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4. Simulation and application

a multivariate model are shown.

0.04 0.06 0.08 0.10 0.12
I I I I I

0.02
I

0.00
L

(a) A single replication

(b) 100 MC replications

Figure 4.3: A multivariate model with an exponential link and gamma distri-
bution function, where the log density of Y versus log(n(.)) are plotted on the
x-axis; in bold and dotted lines respectively. (4.3a) compares a single replication
of the estimated model versus the real model, while (4.3b) is a 100 Monte Carlo
replications versus the real model. The shape parameter k£ = 3.

Table 4.3: Multivariate model under a gamma distribution such that E[Y;] = p; =
eXiftbi where k is the shape parameter and is fixed to 3. A variance-covariance

matrix 3;(¢) with ¢; = 0.15, Vi

Parameters MC Mean MC SD

5:.(3) 2.97
52(2) 1.15
E[b](0) 0.11
$(0.15) 0.33

4.3 An application

0.06
1.14
0.11
0.45
0.27

MSE EC
0.003 0.92
201 0.1
0.42 0.96
0.11 -

For comparison reasons we consider the same data set that Zhang and Davidian

[2001] and Arellano-Valle et al. [2005] have both used, in particular, the Framing-
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4. Simulation and application

ham Heart Study, which consists of longitudinal data for a wide set of cohorts.
Zhang and Davidian [2001] used a linear mixed model approach to study the
change of cholesterol levels over time within patients. The set includes 200 ran-
domly selected participants along with their gender, age and cholesterol levels,
where the cholesterol levels are measured at the beginning of the study and every

two years for the total of 10 years. The model they used is
}/ij - ﬂ(] + ﬁlsexi + ﬁgagei + Bgtij + b()i + bh‘tij + €ij (431)

Here Y;; is the cholesterol level divided by 100 at the j™ time for unit i and ¢;;

time—>5

v . . iid .
5, with time measured in years from baseline. €;; ~ N1 (0, a?); age; is age

is
at baseline; sex; is a gender indicator(0 = female,1 = male). § = (f1, 52) are
the fixed effects coefficients, and b; = (bg;, by;) are the unit specific random effects
coefficient.

Since the modeling approach proposed in chapter (2), takes into account the

ti; variable as a part of the variance-covariance matrix Y; then using similar

variables proposed in previous paragraph the modified model would be
Y; ~ MV(ﬁlagei + 5286$i + bi, Ez(gbl, tij)) (432)

b; here is the unit specific random effect proposed first in equation (3.2.4); ¢;; is

time—>5
10

as in previous paragraph , and the correlation coefficients are defined as

Corr(Yi;,Yi) = e~ itii (4.3.3)

modeling is performed with a gamma distribution and an exponential link func-
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4. Simulation and application

tion as in subsection (3.5.4).

Figure (4.4a)represents a histogram of cholesterol levels of the 200 randomly
selected patients with the solid line as the fitted model under the proposed set-
tings. Moreover, figure (4.4b) shows the same histogram versus a 100 MC repli-

cations of b;.

[ T T T T T 1 [ T T T T T 1

100 150 200 250 300 350 400 100 150 200 250 300 350 400
cholesterol levels cholesterol levels
(a) A single replication (b) 100 MC replications

Figure 4.4: Fitting of Framingham Heart Study cholesterol data with model
(4.3.2) using an exponential link and gamma distribution function, the shape
parameter k£ = 3. The solid lines are the fitted model, while the histogram shows
the frequency distribution of cholesterol levels.

Similar to the simulation section above, table (4.4) presents the parameter
estimates and standard errors which are calculated as SE(6 = L
( MLE) v/ I(OmLE) ’

where [ is the Fisher Information coeflficient of the maximum likelihood estimate

of parameter 6.
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4. Simulation and application

Table 4.4: Fitting of Framingham Heart Study cholesterol data with model (4.3.2)
using an exponential link and gamma distribution function, the shape parameter

k= 3.

Parameters Estimate SE
01 0.002 0.0005
B2 0.22 0.02
oy 0.996 0.045
10) 0.05 -
-log-likelihood  -1966.86

AIC -7.93657

BIC 5.2567

Intuitively, one seeks comparison results with different models. As mentioned
earlier, Arellano-Valle et al. [2005] has fitted the Framingham Heart Study choles-
terol data under a mixture of Gaussian and skew-normal distribution for the
random effects and residuals. The additive structure of the model is shown in
equation (4.3.1) with a bivariate random effect, while the presented model in
(4.3.2) uses one. For this reason, table (4.5) presents a numerical comparison
of average mean square error (Ave MSE) of two of Arellano-Valle et al. [2005]’s
models to the presented copula-driven model, where the average is taken over

10000 runs.

A.V Model 1 A model with independent multivariate normal distribution for
errors and multivariate skew-normal distribution for random effects with

)‘b = (>‘b17 )‘b2)T‘

A.V Model 2 A model with independent multivariate skew-normal distribution
for errors with common shape parameter between groups and multivariate

symmetric normal distribution for the random effects.

The estimated coefficients are presented in Table 3 in Arellano-Valle et al. [2005].
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4. Simulation and application

It is clear that the average MSE of Arellano-Valle et al. [2005] surpasses the fit
of the proposed model; keep in mind, that Arellano-Valle et al. [2005] model have
an extra random effect and parameters to estimate. Nevertheless, this is the first
step to estimate mixed models via a skew-normal copula, and future research is
inevitable for better fits, and most importantly, for the integration of a random

effects design matrix.

Table 4.5: Fitting of Framingham Heart Study cholesterol data comparison table
with Arellano-Valle et al. [2005]

Factor AV Model 1 A.V Model 2 Copula Driven-Model
Ave MSE 0.3415 0.3539 3.691
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Chapter 5

Conclusion and final remarks

After characterizing the univariate and multivariate skew-normal distributions in
Chapter (1), we were able to use such findings to construct a skew-normal copula.
Chapter (2) works out all the details needed to simulate a general multivariate
distribution. Later chapters apply these findings to the exponential family distri-
bution, and present a complete derivation of the likelihood for a gamma and an
exponential distribution under different link functions. The numerical approxi-
mations and results in chapter (4.1) confirm the premise of this paper.

In future research, one can investigate different prior distribution functions
for the b; parameter in equation (3.2.4). For example, considering a skew-normal
distribution for the random effects. Another possibility is to consider different
distributions for b; between units in longitudinal data, the possibility of such
structure comes from section (2.6) where the additive characteristic of the likeli-

hood permits such dynamics between units of data.
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Appendix A

.1 MCEM algorithm diagram

A more detailed step-by-step walk through to the algorithm presented in section

(3.4).

Algorithm 1 MCEM algorithm

Initialize 60 = (30 = 0,5 = I, 03, = LA = 0)
Run steps (i)-(iv)

(i) Set all R ={Ry, Rs,..., Ry} to desirable large numbers.

(i) Generate v\” and Z” B v{” A?) from (3.2.6).

(iii) Generate an R; Monte Carlo sample for b50)|Zi(0), v§°) as in (3.2.7).
(iv) Compute Q;(0]0?) as in (3.2.1), and Q(A|0?) as in (3.2.2)

For the selected distribution function F(.) and the link function 7n(.) run the
following convergence loop in next algorithm number (2).

95



. Appendix A

Algorithm 2 MCEM convergence loop

while Q9|6 +1)) > Q(0]0)), for r > 0 do
(1) - Compute the M-step as in section (3.3) as follows

(a)  Compute S +Dgiven 4.

(b) Y = argmaxy Q0100 SHD).

(2) - Compute the E-step Q(0|0"+1)) as in (3.2.2) given the new "+,

(3) - Check the while condition is still valid. If valid continue, otherwise
reset Br+D = B0 and 9+ = (),

(4) - Generate Zl-(r+1)|bgr),vi as in (3.2.6).
(5) - Generate a new Monte Carlo sample b ™| Z"™ v, as in (3.2.7).

(6) - Repeat steps (1) - (6).
end while
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