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ABSTRACT

On the Stability of the Absolutely Continuous Invariant Measures of a
Certain Class of Maps with Deterministic Perturbation

Ivo Pendev

Keller [8] showed the instability of the absolutely continuous invariant measure
(acim) for a family of W-shaped maps. This instability is the result of the invariant
neighborhood of the fixed turning point at 1/2. The construction of these W-maps,
for which the Lasota-Yorke inequality fails to prove stability, has recently been gen-
eralized. In the Eslami-Misiurewicz paper [4], a map was defined, whose third iterate
has a fixed turning point at 1/2, raising the question of the stability of the map.

The goal of this thesis is to show the stability of this map. We define a family
of deterministic perturbations of the map and express their invariant densities as an
infinite sum with the purpose of showing that the normalized invariant densities are
uniformly bounded. This result is used to show the stability of absolutely continuous

invariant measure of this transformation.
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Chapter 1

Introduction

The question of stability of an absolutely continuous invariant measure (acim) arises
from the introduction of perturbed maps. Given a transformation 7 with its invariant
measure f, and a family of perturbed maps {7.}.>o with the corresponding invariant
measures {f}e>0, the question is: assuming the distance of 7 and 7. approaches 0,
does f. — f ase — 07 Maps satisfying this property are called acim-stable maps. The
existence of the acim has been established by the famous Lasota-Yorke inequality [11].
For piecewise expanding maps on intervals, with slopes greater than 2 in magnitude,
this inequality guarantees that they have an absolutely continuous invariant measure.

Keller [8] introduced a family of maps W, ;. depending on three parameters, such
that in the limit these maps are approach a W, map with slopes equal to 2. Keller
concluded that this map is not acim-stable. This kind of behavior is caused by the
existence of a small neighborhood around the fixed turning point at 1/2 which stays
invariant under perturbation. It was conjectured that this kind of construction of the
perturbed maps is the only way to show that acim stability fails.

This conjecture was proven wrong in [4] and [12]. In [4] the authors posed the
question whether the map 7 : [0,1] — [0,1],7 = (z+1/2)x[0,1/2] + (2 — 2z)x[1/2, 1],
with invariant density f is acim-stable. This question was motivated by the third
iteration of 7, which has a fixed turning point at 1/2.

The main goal of this thesis is to prove the stability of the absolutely continuous



invariant measure for this map. We define a family of deterministically perturbed
maps {7, }>o with the corresponding family of their invariant densities { f.}e>o and
show that 7. — 7 almost uniformly:.

The family of the normalized densities of 7, is denoted as {J?e}ezo' We show that
]Z is uniformly bounded, which implies that it forms a weakly precompact set in L.
Lemma 2.6, [1], says that given 7. — 7 almost uniformly and f. — f weakly in L',
then P,f = f. Hence, as ¢ — 0, any convergent subsequence of ﬁ converges to f,

the unique invariant measure of 7. This proves that lim. ﬁ =f.

In Chapter 2 we review basic measure-theoretic properties. Then the invariant
density of 7 is calculated. We define deterministic perturbations of 7, 7.. We state the
Lasota-Yorke inequality and elaborate on the nature of our problem. We also state
Lemma 2.6, [1], upon which the proof of the stability of the absolutely continuous
invariant measure of 7 is based.

Chapter 3 deals with the general formula of { f.}, the family of invariant densities
of 7.. This section is based on the work in [6] where a formula is developed for the
invariant densities of piecewise linear maps of the unit interval.

In Chapter 4, we show that f. and JZ, the normalized invariant measures of 7., are
uniformly bounded. The acim-stability of 7 is proven.

Recently, two different papers, [5] and [7] offered an answer about the stability
of the acim for the map defined above. In [5], the Lasota-Yorke inequality [11] was
improved for piecewise expanding CY'! maps. The constraints in the Lasota-Yorke
inequality were a motivation for the work done in [7], where it is shown that the har-
monic average of slopes is sufficient for Rychlik’s theorem [1] to hold. The conclusions

of these two papers are outlined in Chapter 5.



Chapter 2

Measure-Theoretic properties of
Maps of Intervals

In this chapter we present some basic notions of measure theory upon which the intro-
duction of acim will be established. In addition to this, we introduce the Frobenius-
Peron operator which plays an important role in dealing with acims and we introduce
a special class of maps on intervals, called Markov maps, for which we have a very

convenient representation of the Frobenius-Perron operator.

In the last section of this chapter we introduce the idea of acim and we talk
discuss their existence and stability. We also elaborate on the main problem of this
thesis, and how this problem originates from the related question about the acim of

one-dimensional transformations.

2.1 Measure Theory

Definition 2.1. A collection of subsets B € X s called a o-algebra if the following
conditions are satisfied:

(a) X € B,

(b) whenever B € B, then X\B € B,

(c)if B, € B, forn=1,2,..., then US>, B, € B.



Definition 2.2. A real valued function p: B — R is called a measure on B if:

(a) p(B) >0 for any B € B;

(b) for any sequence of disjoint sets {B,}, B, € B,n = 1,2,..., u(UX,B,) =
> et M(B).

The triplet (X, B, u) is called a measure space. In the case where u(X) = 1, we

are talking about a probability space or a normalized space.

Definition 2.3. Let (X, B, 1) be a measure space. We call a function f: X — R a
measurable function if for all x € R, f~'(x,00) € B, or, equivalently, if f~*(B) € B

for any Borel set B C R.

Definition 2.4. Let u and v be two measures on the same measure space (X, B).
Then v is absolutely continuous with respect to w if for any B € B, u(B) = 0 implies

v(B) = 0. In this case we write v << [i.

For two measures v and pu, such that v << pu, the following theorem states a

possibility to represent v in terms of p.

Theorem 2.1 (Radon-Nikodym Theorem). [1] Let (X, B, ) be a measure space and
let v be a finite measure on the same space such that v << p. Then, there exists a

unique f € LY X, B, u) such that for all B € B,

v(B) = /B fdu.

The function f is called the Radon-Nikodym derivative.

Definition 2.5. [1] Consider the normalized measure space (X, B, pn). For a map
7 : X — X we say that T is nonsingular if and only if for any B € B such that
w(B) = 0 we have u(t71(B)) = 0.



Definition 2.6. [1] Let (X,B,u) be a measure space. We call a transformation

7: X — X a measure p-preserving transformation if

u(rH(B)) = u(B),

for all B € B. Equivalently, we say that T preserves measure j or p is T invariant.

Example 2.1. Consider the transformation T : [0,1] — [0, 1] defined by,

%
L o< r< i
T(l‘)—{ T+ 5 sz_:vzi

T 2242 ifi<a (2.1)

We will show that T does not preserve the Lebesgue measure .

Figure 2.1: The inverse image of the set B = [0,0.6] under the transformation 7(x)

08

04

02

Let B = [0, x|, where x < 1/2. Then 7 1(B) =771([0,z]) = [1—£,1]. We can see

that the Lebesgue measure of the preimage of B is not equal to the Lebesque measure

of B:

P (B) =a -5+ 1- (1= 5= S da=u(B). (2.3)

We conclude that T does not preserve the Lebesgue measure.

5



Here we use Devaney’s definition of chaos and we show that the map 7 from

Example 2.1. is a chaotic map.

Definition 2.7. [2] Let A be a set. We say that T: A — A is a chaotic map if: 1) T
has sensitive dependence on initial conditions; 2) T is topologically transitive and 3)

periodic points are dense in A.

In order to clarify the definition above, we state the following three definitions:

Definition 2.8. [2/ A map 7: A — A has sensitive dependence on initial conditions
if there exists 6 > 0 such that, for any x € A and every neighborhood N of x, there

erists y € N and n > 0 such that |7"(x) — |7¥(z)| > 9.

Definition 2.9. /2] A map 7 : A — A is called topologically transitive if for any pair

of open sets U,V C A there exists k > 0 such that 75(U) NV # ().
Definition 2.10. /2] A point x € A is called a periodic point of period n if T"(x) = x.

In [13] it was shown that if a certain map 7 has a point of period 3, then we can
say that 7 is a chaotic map. Looking back at Example 2.1, we can easily see that
7(0) — 1/2, 7(1/2) — 1 and 7(1) — 0. Since 7 has a point of period 3, we can

conclude that 7 is a chaotic map.

Consider 7 : X — X to be a chaotic map. Then, because of the sensitive de-
pendence on the initial conditions, the map is unpredictable, i.e., for almost every
x eI, I C X, it is impossible to predict the set where the n-th iteration of the map
7 will belong. However, we can ask whether the trajectory visits certain sets more
often than others. In other words, we are interested in the average amount of time

the trajectory of a map spends in a certain subset.



Definition 2.11. The characteristic function of a set B C X 1is defined as,

win={3 425 oo

Let 7 : (X,B,u) — (X,B,u) be a measure preserving transformation and let
B € B. Then, the total amount of the first n iterations of x under 7 that visit the
subset B is equal to 31—y xp(7*(x)). Consequently, the relative frequency of the

points 7(z), i = 0,1,...,n — 1 that visit B, is defined as,

o1
lim —
n—oo N,

S (@), (2.5)

when the limit exists.

Theorem 2.2 (Birkhoff Ergodic Theorem). [1] Suppose 7 : (X,B,u) — (X, B, u)
is a measure preserving transformation, where (X, B, ) is o-finite, and f € L' ().

Then, there exists a function f* € L' such that

n—1

LSS @) = 1 i ae

k=0

Furthermore, f*or1 = f* p-a.e. and if p(X) < oo, then fX frdp = fx fdp.

As we shall see later in this chapter, our study will rely heavily on the idea of
densities. For certain one dimensional maps, especially those that exhibit chaotic be-
havior, the study of certain properties becomes much easier if we study their invariant

densities. Here, we define the notion of density.

Definition 2.12. Let (X, B, i) be a measure space and define the set D(X, B, i) as
D(X,B,u) ={f € LYX,B,u): f>0and ||f]; = 1}. (2.6)

A function f € D(X,B,pn) is called a density.



2.1.1 Precompactness of densities

Let (X, B, i) be a measure space and let F be a set of functions in £P. The notions
of strong convergence and weak convergence are defined in [1]. We define strong
convergence as: f, — f in LP-norm < ||f, — f||, = 0,n — 4o00; and we say that
fo — f weakly in £P,1 < p < +o00 & Vg € LP, [ fhgdu — [ fgdu where Ilj—i— é = 1.
We state the notion of precompactness of sets in L? [10].

Definition 2.13. The set F is called strongly precompact if every sequence of func-

tions {fn}, fn € F, contains a strongly convergent subsequence {f,,} that converges

to some f € LP.

Definition 2.14. The set F is called weakly precompact if every sequence of functions

{fn}, fu € F, contains a weakly convergent subsequence {f,, } that converges to some

felrr.

In definitions (2.13) and (2.14) we write f instead of f, because f € L? rather
than f € F.

The following lemma [3], states a condition for weak precompactness of sets in L.

Lemma 2.1. If g € L' is a nonnegative function, then the set of all functions f € L'
for which
|f(z)] < g(x), forx € Xa.e. (2.7)

is weakly precompact in L.

2.2 Functions of Bounded Variations in One
Dimension

The famous Lasota-Yorke inequality, stated in the following section, relies on the

notion of functions of bounded variation. In this section we define what it means for



a one dimensional function f to be of bounded variation.

Let I = [a,b] be a bounded interval on the real line. We define a partition P in
the following way: let a = ¢ < 1 < ... < x,, = b be a sequence of points and denote
I; = [x;_1,x;); then P = {I;} is called a partition of [a, b] and the points {x¢, x1, ...z, }

are called the endpoints of P. We also write P = P{zo, x1,...25}.

Definition 2.15. Let f : [a,b] — R and let P = P{zo, x1,...x,} be a partition of the
domain of f. We say that f is of bounded variation on [a,b] if there is an M > 0

such that for all partitions P,

ST @) = flao)| < M. (2.8)

Definition 2.16. For a function of bounded variation f : [a,b] — R, the number

Viewf = supp{ > |f(zx) = f(x1)[} (2.9)

1s defined as the total variation or simply the variation of f.

2.3 Ergodicity, Mixing and Exactness

We extend our study of measure-preserving maps by introducing the notion of ergod-
icity. Ergodic maps are a special type of maps that need to be studied on the whole

space. This restriction becomes clearer once we define what an ergodic map is.

Definition 2.17. [1] Let 7 : (X, B, ) — (X, B, ) be a measure preserving transfor-
mation. If for any invariant set under 7, B € B, either u(B) =0 or u(X \ B) =0,

we call T an ergodic transformation.

Ergodicity along with the notions of mixing and exactness are the three most basic
features of maps with irregular behavior. Here we define the concepts of mixing and

exactness and we state the connection between them.



Definition 2.18. [1] Let 7 : (X, B, ) — (X, B, 1) be a measure preserving transfor-

mation on a normalized space. If

n—00

n—1
1 ,
lim (ﬁ Z |/L(A N7*(B)) — M(A)M(B)|> =0, forall A, B € B,
=0
we call T weakly mizing, and if

lim p(ANT7"(B)) = pn(A)u(B),

n—o0

then we say that T is strongly mixing.

Definition 2.19. [1] We say that the map 7 : (X, B, u) — (X, B, ) is exact if

lim u(t"(B)) =1

n—oo
for any B € B with T-invariant measure u(B) > 0.
It is known that if 7 is strongly mixing, then 7 is ergodic, and that the exactness

of 7 implies strong mixing. The following proposition uses this idea to show that the

map defined in Example 2.1 is an ergodic map.

Proposition 2.1. The map 7 :[0,1] — [0, 1], defined as,

1 o< 1
H(z) = T+ Z'f(z_:v<2,
—2r+2 if ;<x <1,

18 an ergodic map with respect to the Lebesque measure .

Proof. Let us denote I = [0,1], [; = [0,1/2) and [, = [1/2,1]. Let a,b € I and

a',b € Iy such that a < b < o’ < V. Since,

p(r(la, b)) =b+1/2—a—1/2=>b—a= pu(la,b]), and

p(r([a V) = | = 26 +2 + 2" — 2] = 2(8' — o) = 2p([d, V),

10



we can say that the measure is being preserved on [0, 1/2) and gets doubled on [1/2, 1].

In addition to this, we note that every interval B C I; gets mapped to Iy and,
moreover, once an interval is mapped on the left branch of 7, the next iteration maps
the interval to the right branch, the one that doubles the measure. Hence, there exists

an n such that 77(B) D [1/2,1], which implies that 7"1(B) = [0, 1].

Figure 2.2: The image of the interval [a, b] = [0.45,0.52] and 7([a, b]) = [0.95, 1], such
that p([a,b]) = 0.07 > 0.05 = u(7([a, b))

toufb)
taufa)

04

02

The only difficult case happens when p(7(B)) < p(B). This occurs only when
B = [a,b], a < 1/2 < b such that 1/2 —a > 2(b — 1/2). Let u(B) = p + ¢, where
p=1/2—aand ¢ = [b— 1/2]. In order to obtain the measure of the image being

smaller than the measure of the interval, we let p > 2q.

Then, 7(B) = [1 — p,1] and hence u(7(B)) = max(p,2q) = p < u(B). Then,
3(B) = [0,2p],73(B) = [1/2,1/2 + 2p],74(B) = [1 — 4p,1],75(B) = [0,8p] and
so on. We notice that all of these intervals stay away from the critical interval
B* =[a,b],a < 1/2 < b, and at most after one step the measure gets doubled. That

means that there is an n such that u(7"(B)) = 1.

11



We have shown that 7(z) is an exact map which implies that this map is strongly

mixing, which proves the ergodicity of 7. O]

2.4 Frobenius-Perron Operator

2.4.1 Motivation

One of the essential tools used in the study of absolutely continuous invariant mea-
sures is the Frobenius-Peron (F-P) operator. Here we give a short introduction of

this operator and in the following section we state its precise definition.

For a chaotic one dimensional map 7 : I — [, it is impossible to follow the
trajectories of the consecutive iterations 7" when n — oo. Instead of dealing with
every single iteration {7"}5°,, we can try to find the probability of 7™ falling into a
certain subinterval I; of I. In other words, let us divide the interval I = [a, b] into m
subintervals where I; = [z;_1,2;], a = 29 < 21 < ... < &, = b. For the map 7, the
probability with which 7(x) € I; is equal to the probability of z € 77'(I;). If f is the

probability density function of the variable 7(z), we can write the last statement as

/ fd\ = / fdx,
Ii 7'_1([1')

where A is the normalized Lebesgue measure on I.

For 7 being a non-singular map and f € £!, let us define,

W) = / o fdA. (2.10)

Since 7 is non-singular with respect to A, A(;) = 0 implies A(77'(I;)) = 0. Thus,

w1(1;) = 0 which means that p is absolutely continuous with respect to A, i.e., p << \.

12



Then, by the Radon-Nikodym theorem, there exists a function ¢ € £, such that for

any measurable set I; C I,

w(I) = /1 & d. (2.11)

k3

We let ¢ = P.f. Then from (2.10) and (2.11) we obtain,

/ fd\ = / P, fd\.
T_l(li) Ii

2.4.2 Definition and Properties

Following the motivation in the previous section, we can give a precise definition of

the Frobenius-Perron operator:

Definition 2.20. [1] Let (X,B,u) be a measure space and let 7 : X — X be a
nonsingular transformation. For any f € L', we define the value of the Frobenius-
Perron operator P.f as the unique function in L' such that for any A € B the

following equation holds:

/APde“:/TuA) fdy. (2.12)

The most basic properties of P, follow directly from the definition of the operator

itself.

Lemma 2.2. [1] For any nonnegative fi, fo € L', and any nonsingular transforma-
tions T : I — I and o : I — I, the Frobenius-Perron operator P has the following
properties:

1) P, f: LY — LY is a linear operator, i.e.,

P(cifi+ cafo) = ciPfi + 2P fo

13



for ci,c0 € R;
9)P.f >0, for f >0

3) P, f preserves integrals, i.e.,

/I P, fdj = /I Fps

4) Proof =P, oP,f. In particular, Ponf =PI f.

The following Lemma states a very important relation between P, and the density

of the measure p that is 7-invariant and absolutely continuous with respect to the

measure \.

Lemma 2.3. [1] Let 7 : I — I be a nonsingular map and consider a nonnegative

f* e LY. Then P.f* = f* i.e., f* is the fived point of P, if and only if p is

T-invariant where p is defined as:

u(A) = /A frdx.

Proof. Assume p is 7-invariant, i.e. for any A € B

(1 (A)) = p(A).

/ FodX = / FrdA.
T-1(A) A

However, by the definition of the Frobenius-Perron operator we have

/ f*dA:/PTf*d)\:/f*d)\.
=1(A) A A

Since this holds for any A € B, we have P, f* = f*.

Then, by (2.13),

Now, we assume that f* is a fixed point of P, i.e.,

/ frd\ = / P, f*d\, for any A € B.
A A

14
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By definition (2.20) and equation (2.13) we have

/fdA APJWAz[AwaA:MfRM)

Hence, we conclude that p is invariant under the transformation 7. O]

2.4.3 Representations of the Frobenius-Perron Operator

For one dimensional nonsingular transformations that are piecewise monotonic, the
Frobenius-Perron operator has a very convenient representation. Moreover, based
on this form of the F-P, the study of this operator and its fixed points becomes
easier when we deal with so called Markov maps. In this section, we define the
class of piecewise expanding maps as well as the Markov maps and we derive the

representation of the Frobenuis-Perron operator for these classes of maps.

Representations of the Frobenius-Perron Operator for Piecewise Mono-
tonic Maps

Definition 2.21. We call the transformation 7 : I — I, I = la,b], a piecewise
monotonic transformation if there is a partition of I,a = ag < a; < as < ... < a, = b,
and a number r > 1 such that:

1) 7 is a C" function on each subinterval (a;_1,a;),i = 1,...,n, that can be extended
to a C" function on [a;_1,a;],i =1,....,n, and

2) |7'(x)| >0 on (aj—1,a;),i=1,....,n.

This class of functions allows a very convenient and useful representation of the
Frobenius-Perron operator. Let I; = [a;—1,a;] and 73(x) = {7(z) :x € ,},i=1,...,n
Since T is piecewise monotonic, we can find 7, (z) for each 1 <4 < n. Call 7;(I;) = B;

and hence 7, *(B;) = I; . Then for any Borel set A in I,

qmﬂzoq%&mm, (2.15)

15



where the sets {7, '(B; N A)}, are mutually disjoint.

Then,by the definition of P, we have

/Pde/\ :/ fdX :/ fd\ = Z/ fd.
A 7=1(A) U 7 H(BinA)) e .

Using a change of variables, the last expression can be written as

n

\/APTf(x)d)\ = Z f(Ti_1($))|(Ti—1<$))/|d)\

=7 JBinA

=3 [ # @) @) e o)an

N /A Z F @)l (@) [xs, (z)dA

-1

_ )
= [ X e

i=1 T

Hence, since A is arbitrary, we are allowed to write a more concise version of the

Frobenius-Perron operator for piecewise monotonic maps:

n -1

Pot) = 30 L @) 216

i=1 i

A

Example 2.2. Recall the map 7 from Example 2.1. Here we will derive the Frobenius-

Perron operator for this map. Let I} = 1[0,1/2] and Iy = [1/2,1]. We define

Y

1
Tl(x):x+§if0§x§

—_ DN =

1
Tg(l‘)_—2$+2if§<$§

16



Consequently, 7 '(z) =z — L and 75" (z) = 1= £. Since |7{(z)| = 1 and |7}(z)| =
2, using (2.16) we write the Frobenius-Perron operator for the transformation T as

1 T

Pof(2) = f(z — )X + 5 (01— ). (217

2.4.4 Markov Maps and the Matrix Representation of the
Frobenius-Perron Operator

Conveniently, the Frobenius-Perron operator can be represented as a finite dimen-
sional matrix for a class of transformations known as Markov maps. In this section
we define the Markov maps and the corresponding representation of the Frobenius

-Perron operator.

Define the map 7 : I — I, where I = [a,b]. Let P be a partition of I given
by a = ag < a; < ... < a, = b and for ¢ = 1,...,n denote the subintervals I; as
I; = (a;,a;—1). The map 7 on each I; is called 7;. A map 7 is called a Markov map
if 7; is a homeomorphism from I; onto a connected union of intervals of P. Such a

partition is called a Markov partition with respect to 7.

Definition 2.22. Let 7 : I — I be a piecewise monotonic transformation and let
P = {1}, be a partition of I. We define the incidence matriz A, = (ai;)1<ij<n,

with entries

{ 1 ’Lf[] C T<[z’>7
aij =

0 otherwise .

Note that if 7 is Markov, then a;; = 0 means that I; N 7(I;) contains at most only
one point, more precisely an endpoint of ;.

When we are dealing with piecewise linear Markov transformation, the Frobenius-
Perron operator has a very simple matrix representation. In the rest of this section
we will show this representation of the Frobenius-Perron operator and we will use it

to find the fixed point for P, f that was calculated in Example 2.2.
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Let us fix a partition P on I and let S denote the class of all the functions that

are piecewise constant on the partition P. Then,

fes if and only if f= meh,

for some constants ,...,m,. This f can be also represented as a column vector

= (7, ..., m)T.

Theorem 2.3 ([1]). Let 7 : I — I be a piecwise linear Markov map on the partition
P = {I;}",. Then there exists an n X n matriz M, such that P.f = M7/ for every
f €8 and 7w/ is the column vector obtained from f.

The matriz M, is of the form M; = (m;;)1<i j<n, where

aij _ ALN (1)) o
17 - ) 1§7 §7
T T T b=t

where A, = (aij)1<ij<n 1S the incidence matriz induced by T and P.

Proof. Recall the equation (2.16), and let us define the function f by

1 ifx € I,

f@) = xn (@) = { 0 othervvl];e (2.18)
Then, the Frobenius-Perron operator can be expressed as,

Pf(e) = 3 ) ), (219)

— |7(77(2))]
Since 7 is Markov, the range of 7; ! is I; and
1 ifi=k,

xn (77 (2) = { 0 otherwise . (2.20)
Thus, we rewrite (2.19) as

P f(z) = 7' (7 (@)™ Xr ) (@) (2.21)
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Since 7 is a piecewise linear function, 7] is a constant on I;. Moreover, since 7, Y(z) €

I}, we state Perron-Frobenius operator as

Prf(x) = 7™ Xeai (). (2.22)
We represent f as
f = Zﬂ-kXIk = (7T17 "'77Tn)T-
k=1

Then, we use the property of linearity of the Frobenius-Perron operator from Lemma

2.2, and equation (2.22) to write

PTf(.%') = PT(ZWICXIIC (l‘)) = ZWkPT(XIk (l’)) = ZWMTIH_IXM(I}@)(J")' (223)
k=1 k=1 k=1

Thus, we have expressed the P-F operator as a step function on the partition P, i.e.,

P.f € §. That means that P,f can be expressed in terms of a column vector. Let

us say P, f = (dy,...,d,)T.

Let « € [; and let P, f = d;. The k-th term in (2.23) is equal to 7x|7;| ' whenever

x € 1,(Iy), i.e., whenever I; C 74(I;). Now we define

A]k _{ 1 if Ij C Tk(lk),

] 0 otherwise

as well as the n x n matrix
M7 = (mr) = Dl
Then, for z € I;, we rewrite (2.23)
Prf=d;= En:ﬂ:(mjk)
k=1

and since P.f = (di, ...,d,)7T,

dy T
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Example 2.3. We continue working on the map 7 from Example 2.1. We define the
partition P = {1, I}, where I} = [0,1/2] and I, = (1/2,1], and respectively we define
n(r) =2+ % on Iy and (x) = —2x + 2 on Iy. Since 71 is a homeomorphism of I

onto Iy and 5 is a homeomorphism of Iy onto Iy U I, we see that 7 is a Markov map.

Moreover, since T7(I1) = Iy and 7(I3) = I U I, we define the incidence matriz for

the map T,

01
W

The map has slopes 1 and —2 on Iy and Iy respectively and so the matriz M. is of

|

As we know, the invariant density of T is the fixed point of P, f. From Theorem 2.3,

the form,

M, = {0 1] and MF = [0

1
3 1

N[ =D | =

1
2

the solution of P.f = f can be obtained by solving

T, _
M_m=m,

where ™ = [my, m)T. Hence,

1
0 ? | , or ™ = 1 and m = 2.
1 5 T2 Up)

Hence, the unique normalized invariant density of T is given by

(L2)
Z?:l A1) L % +2-3

If we look back at the Example 2.2, we we can see that the density defined as

2/3 ifx € 0,1/2),
= { 4/3 ifze[1/2.1]. (2.24)

is indeed the fized point of P,f, where P, f is defined in (2.20). In order to check

this result, we can see that if v € I, then (1 —5) € [1/2,1] and f(1 — §) = 4/3, so
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P.f=1/2-4/3 =2/3 = f. On the other hand, if x € Iy then (x — 1/2) € [0,1/2]
and soP.f =2/3+1/2-4/3=4/3 = f.

Now let us recall Lemma (2.3) and use it in this example. We have found a

function f such that P.f = f. Thus, the measure

H(A) = /A fdx (2.25)

18 invariant under the transformation T and it is absolutely continuous with respect

to .

2.5 Existence and Stability of Absolutely
Continuous Invariant Measures

In [11], the authors showed the existence of invariant measures for piecewise expand-
ing C? transformations. Here we state the original result as well as the inequality
contained in the proof of the theorem that became known as the Lasota-Yorke in-

equality.

Theorem 2.4 ([11]). Let 7 : [0,1] — [0,1] be a piecewise C* function such that

inf |7'| > 1. Then for any f € L', the sequence
n—1
1
L5
n
k=0
converges in norm to a function f* € L'. This limit function has the following prop-
erties:

a) f>0= f*>0;
b)f) frdm = [ fdm;

c)P.f* = f* and the measure du* = f*dm is invariant under 7;
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d)The function f* is of bounded variation and, moreover, there exists a constant c,
independent of the choice of the initial f, such that the variation of the limiting f*

satisfies the inequality

1

\V 7 <elfllen.

0

where \/Z f denotes the variation of fover [a,b].

One of the conditions required by this theorem is that there is a number N such
that s > 2, where s = inf |7/|. We denote 7V = ¢, which is also a C? piecewise map.
The measure of each subinterval I; = [a;_1, a;],7 = 1, ..., ¢ of the map ¢ is denoted by
m; = m(1;). In order for the Lasota-Yorke inequality to hold, we need |¢}(x)| > s
for each i. We also denote 1; = ¢; ' and o;(x) = |¢}(z)|. Then the Frobenius-Perron

operator for the map ¢ is

Py f(x) = Z f(Wi(x))os(x)xi(x),

where y;(x) is the characteristic function of the interval I;.

Theorem 2.5 (Lasota-Yorke inequality). [11] For a piecewise expanding C* map T

on the interval I = [0, 1] the following holds

1 1
\/Pof <255\ 1 +allflles, (2.26)
0 0

where a = (K + %), K = E?;((lgg)' and B = minj<;<4,(m;).

2.5.1 Stability of Absolutely Continuous Invariant
Measures for Piecewise Monotonic Transformation

The problem of the stability of acims poses the following question: instead of, being

given a piecewise expanding map 7 and its invariant density f, what happens with
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the invariant densities of the family of perturbed maps {7.}, when € > 0 is very small?

This can be stated in the following definition:

Definition 2.23. Let 7 : X — X be a piecewise expanding map with its correspond-
ing wnvariant density f. We say that T is acim-stable if lim. o 7. = 7 tmplies that
limeo fo = f, where {7.} represents a family of e-perturbed T maps, and {f.} their

respective invariant densities.

The Lasota-Yorke inequality (Theorem 2.4) establishes the existence of an acim
for maps with slopes strictly greater than 2 in magnitude. The problem studied in
this thesis originates from a problem posed by Keller [4]. There, the author studies a
family of maps that have slope equal to 2 in the limit and hence the standard Lasota-
Yorke inequality cannot be used. This family of maps has another interesting feature.
Namely, the point 1/2 is a fixed turning point which causes interesting behavior of

these maps.

The main characteristic of these W-maps is the fact that as the parameters get
very small, this family of maps converges to the unperturbed W-map (Wj), but their
acims do not converge to the one of Wj. Keller concluded that this behavior occurs
because of the invariant neighborhood around the fixed point 1/2, and conjectured
that this construction is the only way that the acims will not converge to the one of

the unperturbed map.

In [4] and [12] this conjecture was proven wrong: it was shown that for a family of
W,-maps, all with slopes greater than 2 in magnitude, as a — 0, W, — Wy, f, does
not converge to f, the invariant density of Wy. The same behavior of this map was
concluded in [2], where the authors presented a different family of perturbed three

parameter Markov W -transformations. In this paper, the question raised is whether
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the map 7 = (z + %)X[OJ/Q] + (2 = 22)x11/2,1) is acim-stable. The question is inspired
by the third iterate of the 7-map, since looks similar to the W-map with a turning,

fixed point at 1/2.

Figure 2.3: The graph of the third iterate of 7

08
06
04

0.2

In Chapter 4, we answer this question by introducing a family of perturbation
maps {7.}.>0. Below, we define the notion of deterministic perturbation and the
necessary Skorokhod metric on 7, but first we define 7, the class of all piecewise

expanding transformations.

Definition 2.24. [1] Consider the interval I = [a,b] with the normalized Lebesgue
measure . on 1. We say that the map 7 : I — I belongs to the class of maps T if:
a) T is piecewise expanding map, which means that there ezists a partition P = {I; =
lai_1,ai],i=1,...,q} of I such that ; := 7|1, 1s C* and |7}(x)| > s; > 1 for any i and
for all x € (a;_1,a;);

b) g(x) = m is of bounded wvariation, where 7'(x) is the appropriate one-sided

deriwative at the endpoints of P.
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Definition 2.25. Let 7 : I — I be a transformation and {1,} a family of maps
on the same space. We say that {1,} is a small deterministic perturbation of T, if
ds(1,7,) — 0 as n — oo, where dg(11,72) is the Skorokhod metric on T (I), defined

as

ds(m1,m2) =inf{0 >0:3A C [ and o : [ — I such that \(A) > 1 -,

o is a diffeomorphism, Ti|a = o0 0|4 and VY € A, |o(z) — x| < 0,

m—l < 6}

Lemma 2.4. For each ¢ > 0, the map 7. : [0,1] — [0,1], defined as

[ (A+202+Li—¢ if0<uz

<3
Te(®) = { 20—z) if3<z< i, (2.27)

represents a small deterministic perturbation of the map T = (x+1/2)x|[0,1/2] + (2 —

2x)x[1/2,1]. The graph of this map is shown in Fig. 4.1.

Proof. Here we show that that dg(7,7.) — 0 as € — 0, where dg(7,7.) denotes the
Skorokhod metric. For that purpose, we have to find a diffeomorphism o, that will

satisfy the conditions of the metric mentioned above.

The function o is defined on I = [0, 1], such that 7.|4 = 7 0o g|4 for A C I. Since
on the interval [1/2,1], 7. = 7 we define o(z) = x on Iy = [1/2,1]. On [0,1/2], ¢ has

to be a linear function and hence on Iy, we write o(x) = az + b, for a,b € R. Then,

1 1
TOO‘=a17+b+§:(1+26)JZ+§—€=T€,

or,

a=(1+2€) and b= —e.
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Hence, 7|4 = 7 0 |4 where,

(1420 —€ if0<z <],
U(x)_{ r ifs<x<l1

Taking A = I, the Lebesgue measure A(4) =1 > 1—¢ for § > 0. Let e < . Then,

forx € I, |o(z) —x| =0 < 9, and for z € I1,|o(z) — x| = [2ex — €| = |e(22 — 1)| < 4.

1 1 1 2
Moreover, on I, m—l =0 < 6, and on I, m—l = gL = |55 <2e<0.
Hence, ds(m1,72) < 2¢, and therefore dg(71,72) — 0 as € — 0. O

Our goal is to express f,, as an infinite sum. In this way, we can show that the
normalized densities ﬁ are uniformly bounded, which, by Lemma 2.1, implies weak

precompactness in £

Definition 2.26. For 7., 7 € T we say that 7. — 7 almost uniformly if for any e > 0,
there ezists a measurable set Ac C I, \(Ac) > 1 — €, such that 7. — T uniformly on

A..

Lemma 2.5. The family of perturbed maps {7.}e>0 defined in Lemma 2.4, converges

almost uniformly to the limiting map 7.

Proof. Let A, = A C I such that, on the set A, 7 — 70 as ¢ — 0. Then, for x € A,
|Te(z) — 7(2)| < |7e(x) = Too(x)| + |Too(x) — 7(z)| (2.28)

< [r(a) = 7o 0(@)] + Mlo(z) - ], (2.29)

where M = 7'(z*),2* € (o(x),z) U (x,0(x)). By Lemma 2.4, since dg(7,7.) — 0, the
first summand of (2.29) approaches 0 and |o(z) — x| < § — 0 as ¢ — 0. Hence, we

conclude that 7. — 7 almost uniformly. O
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The following lemma says that if we can establish that 7. converges to 7 almost
uniformly and f. — f weakly in £!, then the invariant density of 7. converges to the

invariant density of 7.

Lemma 2.6. [1] Assume that T, converges to T almost uniformly. Let f. be a fized

point of P, = P, i.e., Pof. = fo. If fo — f weakly in L', then P, f = f.

In [9], the authors state a stability theorem of isolated eigenvalues of the linear
operators satisfying the Lasota-Yorke inequality. A family of linear operators (P.).>o
is considered on the Banach space (B,]| - ||). These operators satisfy the following

conditions: there are constants C, M > 0 such that for all ¢ > 0,

[Pllex < C1M ¥ € N; (2.30)

there are Cy,C3 > 0 and o € (0,1),« < M, such that for all e > 0
1PE fllsv < Coa®[[fllBy + CsM"||f]|zr Vn e NVf € B; (2.31)
as well as
if z € o(P.),|z| > «, then z is not in the residual spectrum of P,; (2.32)

and there is a monotone upper-semicontinuous function ¢ : [0,00) — [0, 00) such that

e > 0if € > 0, where ¢, = 12dg(T, 7¢), and

[[Po — Pel[| < e — 0, (2.33)

where for any bounded linear operator P: B — B, |||P||| := sup{|Pf|: f € B,||f|| <

1}.
Let us assume that the Frobenius-Perron operator P of a piecewise-expanding map

7 and the family (P,)eso corresponding to the family of perturbed maps 7. all satisfy
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the conditions (2.30)-(2.33). The “closeness” of 7. to 7 is defined in the sense of the

Skorokhod metric.

Theorem 2.6 ([9]). Suppose that (P¢)e=o is a family of linear operators on B satis-

fying (2.30)-(2.33). Fix 6 > 0 and r € (o, M) and let n := 15’;3/’;. Then n > 0 and

there are constants €y = €o(d,7) > 0,a = a(r) > 0,0 =b(d,7) > 0 and d = d(5,r) >0

such that for 0 < e < ¢ and z € C Vs,

1(z =P~ fllsy < al|fllsv + bl|fl|cr for allf € B (2.34)

and
I[(z =P~ — (2 = Po) || < @!(cll(z = Po) " Hpv +dl[(2 = Po) H[3y).  (2.35)

Let A be an isolated eigenvalue of Py such that |A\| > «. Then 0 can be chosen
very small so that Bs N d,(Py) = {\} and we define
1

o) .= (z — P.) 'dz. (2.36)
2m dBs(\)

Corollary 2.1. With the same assumptions as Theorem (2.6), if X is an isolated
eigenvalue of Py with |A| > 0 and if 6 > 0 is such that Bs N6, (Py) = {\}, we have:

1) There is a constant K1 = K1(d,7) > 0 such that H]HEM) — H(()A"S)IH < Ky -9l
for all e € [0, €).

2) There are constants Ky = Ky(5,r) > 0 and 8 = 6o(r) > 0 such that [|TI™M f|| gy <
Ko - [T f| o for all f € B,6 € (0,6 and € € [0, 6]

3) If 6 € (0,00], then rank(HE’\’(s)) = rank(HE{\’é)) for € very small.
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Chapter 3

General Formula for Invariant
Densities of Piecewise Linear Maps

In [6] the author developed a formula for the invariant density of a linear map 7 :
[0,1] — [0, 1], where the only restrictions on 7 are that the map is onto and eventually
piecewise expanding.For this class of maps the invariant density can be represented

as an infinite series.

3.1 Definitions and notation

As it was already mentioned, we are dealing with a piecewise linear map 7 : [0, 1] —
[0,1]. There is no restriction on the slopes of the branches as long as |(7")'| > 1, for
some n > 1. By N we denote the total number of branches of 7. K represents the
number of not onto branches and L represents the number of branches that do not

touch zero and one. Obviously L < K < N.

We also define three sequences of numbers: the length of the branches «; with
0<a; <1andi=1,..N; the heights of the lower endpoints of the branches v; with

0<7v <1—q;andi=1,...N; and the slopes of the branches ; with : = 1,...N and

Bi # 0.
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Depending on the lengths of the branches and the heights of the endpoints, we
group the branches that are not onto in three different groups: “lazy” branches are
the ones such that v; + a; = 1; “greedy” branches are the one such that v; = 0; and

the ones such that 0 < ~; and v; + a; < 1 are called “hanging” branches [6].

For example, let us look at the graph of the piecewise map ¢, whose graph is given
in Figure (3.1). The first two branches are examples of “hanging” branches, the third

one is “greedy” and the last branch is an example of a “lazy” branch.

04

02

Figure 3.1: The graph of the map of ¢

Here we define the points ¢; that play a crucial role in deriving the invariant density
of 7. The points ¢; are the endpoints of the domains of the shorter branches that
do not touch zero or one (or simply not onto branches). Since one ¢; can represent
two endpoints for two different branches, we define a pair (¢,i), c € [0,1], 1 <i < N
and c is one of the endpoints of the interval I;. We also define the index function on

points: ¢; : j(c;, k = k).

We define ¢; to be the endpoints of the not onto branches such that either: they
are the right-hand side endpoints of increasing or the left-hand side endpoints of the

decreasing 'greedy’ branches; are the left-hand side endpoints of increasing or the
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right-hand side endpoints of the decreasing ’lazy’ branches; or the both endpoints of
the ’hanging’ branches. We enumerate them in a way that ¢; < co < ... < ¢k, such

that (c,7) < (d, k) if either ¢ < d or ¢ =d and j < k.

We also group ¢; into two disjoint sets. W, contains the ¢; that are the upper
endpoints of the ’greedy’ branches, the right-hand side endpoints of the domains of
the "hanging’ branches and the left-hand side endpoints of the domains of decreasing
"’hanging’ branches. On the other hand, W, contains the ¢; that are the lower endpoints
of the ’lazy’ branches, the left-hand side endpoints of the domains of the "hanging’
branches and the right-hand side endpoints of the domains of decreasing ’hanging’
branches. Also we group ¢; into U; and U, depending on whether ¢; is the left-hand

side or the right-hand side endpoint of the domain I; of a certain branch.

The endpoints of of the domains of the branches are denoted by b;, where b; = 0

and b; = ‘%—h + ...+ ‘gj—j‘, for J = 1,2,..., N + 1. Depending on the slopes 3;, we

define the set of numbers A = {ay, as, ...ay} in such a way that:
if B; > 0, then a; = B;b; —v; = Bjbj1 — (v + a;), and

if ﬁj < 0, then a; = ijj — (’}/] + Oéj) = /ijj+1 - Vj-

The set A gives a convenient way of representing the map 7 in the following way:

T(x) =B - — aj.

Finally, we define the cumulative slopes for iterates of points as follows:

Bz, 1) = Bjt),

Bx,n) = p(x,n—1) Bjrn-1), n>2.
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3.2 Formula for the invariant density of 7

We define the §(condition) that equals one whenever the condition is satisfied and it

is equal to zero otherwise.

Definition 3.1. Let S be a matriz (S; ;)1<jk<k+1 With entries

Sij= i W(Ci m [6(B(ci,n) > 0)6(7™(¢;) > ¢;) + 6(B(cs,n) < 0)0(T"(¢;) < ¢5),
for c; € U, and all ¢;, and,

Sij= g m [5(5(Ci,n) < 0)0(7"(c;) > ¢j) +0(B(ci,m) > 0)0(7"(c;) < ¢5),
for ¢, € Uy and all c;.

Definition 3.2. Let Id be a (K + L) x (K + L) identity matriz and let v =[1,1,...1,1]

?

be a K + L-dimensional vector. Let D = [Dy, ..., Dk 1] be the solution of the system
(=S +1d)D" = Dyv” (3.1)

where Dy s either zero or one.

We also define,

s ~ f x[0,z] for >0
X'(Bx) = { X[z, 1] for 8 < 0. (3.2)
Now we state the main theorem of [6] that gives us the invariant density function

for eventually expanding, piecewise linear maps.

Theorem 3.1. ([6]) Let T be an eventually expanding, piecewise linear map. Then
system (3.1) always has a non-vanishing solution. If 1 is not an eigenvalue of S, then
with Do = 1. If 1 is an eigenvalue of S, then at least with Dy = 0. Let

h=Dy+ Y D ZX C”C;l (ci)) +> D ZX |/BCZC’“ ’)| (Ci)), (3.3)

c; €Uy n=1 c el n=1
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where the constants D;,i =1, ..., K satisfy the system (3.1). Then h is T-invariant.
If all values 7(¢;),1 = 1, ..., K+ L, are different, then the inverse statement also holds.
In particular, the system (3.1) is uniquely solvable (i.e., 1 in not an eigenvalue of S)

ifminlngN |/BJ| > K—f- L+ 1.

Example 3.1. Consider the family of maps {7.}es0, introduced in Lemma 2.4. For

each €, T, is defined as

n@%:{O+%ﬂ+%—eUO§x§; (3.4)

21—2) ifi <z <1

From the graph of 7, [Figure 4.1], it is obvious that N =2, K =1 and L = 0. The
length of the branches are oy = %—i— e and as = 1. The slopes of the the corresponding
branches are given by = (1 + 2¢,—2), and the heights of the lower end-points are

given by v = (3 —¢,0).

From the values of By and [y we derive the corresponding digits A = (ay, az) such

that

1 1
&1:Blb1_’}/1:(1+26)0—(§—5):_§+67

and as = fPoby — (2 + ) =—2-1/2 - (0+1) = —2.

Since there is only one branch of 7. that is not onto, there is only one ¢; = (0, 1).
That means that W, = {c1}, Wy =0, Uy = {¢1} and U, = 0. The cumulative slope is
giwen by 5(0,1) = 3 +¢, 8(0,2) = (3 + €)%, (0,3) = —2(3 + €)? and so on. Since
U ={ca} and U, =0, and since 7*(0) > 0 forn = 1,2, ..., i.e., 6(7™(0) < 0) =0 for

any n > 1, S is represented by the constant

[o¢] 1 .
S, = ; B0 [6(8(0,n) < 0)§(r™(0) > 0)]. (3.5)
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Using this fact, we rewrite the system (3.1) for the map 7. as

(—=S.+1)D = 1.

Then the invariant density of the map 7. is given by,

B — X°(=5(0,n),7"(0))
h—1+D; B0 .
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Chapter 4

Deriving the Invariant Density for
Te

The main goal of this thesis is to show that 7 is acim-stable (Definition 2.23). We

recall the family of deterministically perturbed maps 7,

1 _ if0<
7 )_{ (1+2)z+5—¢ if0<a

<1
= -2
21 —z) if§ <z <1,

and try to express the family of measures f..

06

04

0.2

Figure 4.1: The graph of 7. for ¢ = 0.05

We recall from the previous chapter that the invariant density is given by
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X'(B,x) = { i[m, 1] for 8 < 0. (4.1)

4.1 Estimates on the Constant D

We follow the trajectory of 7.(0), stating the intervals in which 77(0) belongs for
i =1,2,3...1, where [ is defined below. Let I; = [0, 1] and I, = [3,1]. Then 7(0) € I,
72(0) € I, 73(0) € I}, 74(0) € Iy, 75(0) € Iy, 75(0) € I, and the iterations of 7.(0)

will follow this pattern up to a certain iteration.

Figure 4.2: The first 8 iterations of 7.(0)

06

0.2
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We define the [-th iteration as the first time 77(0) will abandon this pattern, i.e.,

TZ(O) € Il,[2,11,12,12,11,[2,[2,[1, ... for 1 S 1<l Then,

= 6(B(0,n) < 0)§(7™(0) > 0) 1 1 1
Se = =0+0 04+ —
; 30, n)] TS 20? Ta 2 T T B4 208
+ ! +0+ ! + ! +0+ +
23(1 4 2¢)* 25(1+2¢)*  25(1+ 2¢)® 27(1 4 2¢)>
1 1 1 1 1 1 1
= 14+ )4+ — (1 4+ ) — (1 4+ —
g2 T2t TR et @)t et )t
= L, (1+ 1) L, ! - ! + ]+
—2(1 + 2¢)2 47 12(14+26)3  23(1+2€)3  25(1+2)5 7] 7
%(l—;)ftimes
Since, m < zi for any 7,7 = 1,2, ... we can bound S, by
1 5,1 1 1
k1 oo
I RN RO 5(8(0,n) < 0)6(r™(0) > 0)
AR SRR Y T I—

where k= [2] — 2.

Next we need to calculate how big is the tail of S, i.e., what happens with this

sum after the [-th iteration. The cumulative slope up to [ is L }l73

1
2(1+26)2 [4(1+25)
Hence, S, is bounded by

1 1 -3 — 1
1+ 2¢)? [4(1 +2€)] Z 18(77(0),4)| (4.2)

j=l+1

1 5¢N1
1.2 L\2i-1
Se < 2+4i21(2> a0
The following lemmas will be important for bounding S.:

Lemma 4.1. For [ =min{j > 1: 7/ abandons the pattern}, the following holds:
a) lim._,ol = 400,

C) hmeﬁo m =1.
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Proof. a) The third iterate of 7, is given by the formula:

( —2(1 + 26)2(3: - 1_:26) if z € ’ 1+26)
A0 +20( — 1) 1o € [p5 ity
—22( 1+2 J+1/2—¢ ifzx € 1114266)) 1/2),

—8(x—3/4) ifz € [5/8,3/4),

A(+26) (= 3/4) i@ € [3/4, 5755,

2+4-7e+6¢2 ]
1+2 )2 )

[0
[
breeen)
2 (x) = 4(1 4+ 2¢)(x —5/8) — 1 if w € [1/2,5/8), (4.3)
[
[
5

—2(142€)?z+2+Te+ 66 ifz €

\

Observing the graph of 7.*) (x), we see that 73(0) = 2¢(1 + 2¢) and that the next
iterations are below 1/2 and they land on the line y = 4(1 + 2¢)x — 4e. This behavior
coincides with the defined pattern where every third iteration is less than 1/2. The

orbit will abandon the defined pattern the moment when the third iterate will be

greater than 4(1114266). We define m = min{i : (73)" > 111426 }. This means that we can

-3

prove lim, o/ = +o00 by proving that lim. o m = +oo, where m = ==.

Figure 4.3: The first 4 iterations of 73(0) for e = 0.015

04

02

In order to see when the third iterate of 7, will be greater than (+—4 we use the

4(142€)°
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general formula for iterating a linear function. If T'(z) = az + b, then
T"(x) = a™z + bz a’t
i=1

In our case x = 2¢(1 + 2¢) and the third iterate up to [ has the form

m

7™(2e(1 4 2€)) = [4(1 + 2¢)]™[2¢(1 + 2¢)] + (—4e) 2[4(1 + 26)]7 1.

=1

Then we can express the following inequality:

7™ (26(1 + 2€)) = [4(1 + 2¢€)]™[2€(1 + 2¢)] + (—4e) 2[4(1 +26)]7 > ﬁ, or,
[4(1 + 2€)]™(2€)(1 4 2¢) — 4e {1 1__[445(111226217”] > 4(1114266) ,or,

de 4e[4(1 + 2¢)|™ 1+ 4e
+ 2 7or7
1T 4(1+2¢)  1T—4(1+2¢) — 4(1 1 2¢)

[4(1 + 26)]™(2€) (1 + 2¢) —

—26(16€% + 14e + 1 1+4 4
41+ 20" €(16€” + 14e + 1) > +4e e or,
—(3 + 8e¢) 4(142¢) 34 8¢
2¢(16€? + 14e + 1 3+4
41+ 20" €(16€” + 14e + 1) > + 4de or,
3+ 8e 4(1 4 2¢)(3 + 8¢)
3+ 4e
4(1 4 2¢)|™ >
W+ 291" 2 s S mea T a1 "
344
m - 1In[4(1 4+ 2¢)] > In o ,or,

8e(1 + 2¢)(16€2 + 14e + 1)

111[ 3+4§ ]
m > 8e(1+42¢€)(16€2+14e+1)

- In[4(1 + 2¢)]

Taking the limit as e — 0, we get

e—0 e—0

— — _ 2
limm > lim In(3 4 4¢) — In(8¢) — In(1 4 2¢) — In(16€* + 14e + 1) |
Inf4(1 + 2¢)]

_ . In(3 + 4¢) In(8e)
or, limm > lim — = +00.
=0 e—0 | In[4(1 4+ 2¢)]  In[4(1 + 2¢)]
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Since lim,_,gm = —+o0 then, lim._,¢l = +o0.

b) As in the proof in a), since 7 : [0,1] — [0, 1], we will find the relation between

[ and € by solving the inequality:

7™(2e(1 + 2€)) = [4(1 + 2¢)]™[2e(1 + 2¢)] + (—4e) i[zx(l +26)]"t < 1, or,
1 —[4(1+2¢)™
1 —4(1+ 2e¢)

[4(1 + 2¢)]™(2¢)(1 + 2¢) —4€|: } <1,or,

4 4 m
€ €[4(1 + 2¢)] <1.or.
14112 1—4(1+2e)

[4(1 4 2¢)]™(2€)(1 4 2¢) —

U1+ 20" [—26(166 + 14e + 1)] < de

—(3+ 8¢) BEET

4(1 4+ 20" < 3 +4de

= 2¢(16€ + Lde + 1)

1-3 3+ 4e
41+ 2605 <
A+290% = s g 1)

, 0T,

[4(3 + 4€)(1 + 2¢)]?
26(16€ + Lde + 1)

[4(1+26)]' <

4(3 + 4e)(1 + 2¢) or
2¢(16€% + 1de +1)" 7

[In4(1+2¢) <3In

4(3 4 4e)(1 + 2¢)

IIn4(1 + 2¢) < 3¢l
a1 +2¢) < Seln o e e 1y o

In 4(344¢€)(142¢)
el < 3¢ 2¢(16€2+14¢e+1)

- In4(1 + 2e¢)

Taking the limit as € — 0, we get

2(3+4€)(1+2¢)

lim el < lim 3¢ €16 f1de+1)

—_— 4.4
=0 =0 In4(1+ 2e¢) (4.4)
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or,

i el < Tim 3 In2(3+4¢) In 1+/ZQ/v Ine In(16€* 4 14 0
S (T 1 20) " AT+ 20 WAL+ 20 a1 + 20)

3¢In2(3 N
or limel < 11m —lim —————
€0 n4(1+ 2e¢) =0 In4(1 + 2¢)

limel < —1i 3elne
or lime im ———
=0 e—0In4(1 + 26)
c)
1 -
lim ———— = lim(1 + 2¢) ™" = lim e (14207 5 o~ lin (14+2€)
=0 (1 +2€)t >0 e—0 e—0
Now,
In (1 4 2¢)

lim [ — !1n (1 +2€)] = lim [ — 1(2€)

e—=0 e—0 2e ] -

lim [(—2le) In (1 + QE)i] = lim(—2l¢) - lim [In (1 + QE)i}.

e—0 e—0 e—0

Then, we can write

lim [ = 1In (1 + 26)] = —2lim(le) - nlim(1 + 2¢)2 = —21im(le) - In(e ™) = 2lim(le).

e—0 e—0 e—0 e—0 e—0

(4.5)

Using the first part of Lemma (4.1), we can conclude that,

lim [ — /In (1 + 2¢)] = 0. (4.6)

e—0
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Hence,

—Il1n (142¢)

1
=lime =’ =1.

lim ———
e—0 (1 + 25) e—0

]

Lemma 4.2. Consider the map 1.(z) on [0,1]. Then, the following two results hold:
a)The trajectory of 0 does not visit the left branch for more than two consecutive iter-
ations, i.e., for any i = 1,2, ..., if 7/(0) € I, then either 7:71(0) € I or 777%(0) € I,
and,;

b) For any i > I4+1, for the cumulative slope 3(7%(0), 1), the following holds: W <
(3)

N
[N

Proof. a) We take into consideration that,

€
14 2e¢

([0,

) =01/2 - 1/2] € [ 1/2),

and

7e(]

12 = (/2,1

Then, for any 77(0) € I, either 7/(0) € [0, 155:) or 72(0) € [15,1/2]. If 7/(0) €

1/2], then 771(0) € [1/2,1]. Hence if 7/(0) € [+5-,1/2], then the next image

[1—1-26’ 14-2¢€”

lands on the right branch.
If 7/(0) € [0

then 7771(0) € [—5-,1/2] and 777%(0) € [1/2.1]. Hence if 7/(0) €

T3l
) 14+2ed) 1+2€?

[0, 155¢] then after two iterations the image lands on the right branch.

b) The cumulative slope 5(7°(0),1) for every i > [ + 1 is defined as
B(r'(0),1) = B7(0) - 7/(777(0)) - T/ (773(0)) - 7(77(0))

where $*(0) is the cumulative slope up to the [-th iteration. Then,
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1 1 1 1 1

BE ). )] 18O HEO)] [ EO)] )]

(4.7)

Grouping every three consecutive multiplicands after [ and following (4.2,a), we

get

- . - . _ < 7
I (O] | (AT 0)| | (e (0))] T 2(1 + 2€)?

for j = 1,2.... Then from (4.6), we obtain the desired inequality

S DR SRR S S
IB(T40),4)] = |B*(0)] 2(1+2€)% 2(1+2€)2 2(1 + 2¢)?
LI
B=)] 2 2 2 7 |B(0)] 25

forc > 1+ 1.

Proposition 4.1. For anye >0, -4 < D < —3.

(4.8)

Proof. We start by bounding the constant S, from above. Using Lemmas (4.1) and

(4.2) we can rewrite the inequality (4.11) as

k1 00
1 5¢11 1 1 s 1.
Se < = e ~\2i—1 3 “\3
3 12205 2(1 + 2¢)2 [4(1+2e)] 25
1=1 j=l+1
I 5 1 1—(3)k 1 1 =3
=-+-(2--- i)+ -1 1°.
2 4 T T o 202 (T 20)

By Lemma 4.1 ¢), lim,_,g [m} 3 =0, and hence for small e,

(4.9)

(4.10)

(4.11)



On the other hand, for small e,

s>+ .t .t 1 I (4.12)
CT2(1426)2  2(1+26)3  23(1+2¢)3  23(14+20)4 T 87 '
Substituting (4.11) and (4.12) in (3.6), we obtain a bound on D:
—4<D< -3 (4.13)
O]

4.2 Estimates on the density f.

Proposition 4.2. For the deterministically perturbed map 7., the following holds:

a) its invariant density f. is uniformly bounded, and uniformly bounded away from 0;

b) the normalized invariant density ]Z 15 uniformly bounded.

Proof. a) From the definition of x*(f3, z), we express

s ngy — )Xoy for —5>0, { X[o,rn(0) for f <0,
—B(0,n),7"(0)) = = 4.14
X*(=8(0,n),7(0)) { Xinoya for — B <0. Xy for g>0. (419
Then,
i X(=80,n), 7(0) _ X, Xp0u | Xort) | Xprio) |, X L
= |6(0, )] 160, 1) 18(0,2)] ~ [8(0,3)]  [B(0,4)] "~ [5(0,5)]
_ X—el] | Xp—e2e21] | X[02(c42¢2)] | X[0.5+e48¢40(3)]
1+2  (142¢)?2  2(1+ 2¢)? 2(1 + 2¢)3
S Xi-e1] = X[0,+e+8¢34+0(3)] - 1
T 142 2(1+ 2¢)3 2(1+ 2¢)%
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The last inequality along with the bound of D in (4.12) enables us to give a proper

upper bound on the invariant density f.,

1

On the other hand,

ixs(—B(O,n),T"(O)): Xp©)1) | X)) | Xorso) | Xoro) | XiP©u
(0,n)] 160,n)] ~ [B(0,n)]  |B(0,n)|  |B(0,n)| "~ |B(0,n)|

n=1

_ X—el] | Xp—e2e21] | X[02(c+2¢2)] | X[0.5+e48¢40(3)]
14+2¢  (142¢)?2  2(1+4 2¢)? 2(1 + 2¢)3

1 1 1 1
<
T2 (04207 201422 21 +20p T
< ! + ! +1+1+1+1+1—|—1—|—
1+2  (1+2)2 2 2 22 23 23 24
2(1 + 2¢) 1 1—4 1
1Y 2 () 4+ I
T (14 2¢)2 Z lzl;l 1+26 4(1+26)) |B(74(0),1)]
8(1 — (1/4)h) 1 1 IR N
< 1 : . 1y
T12e " 5 Toig2 aitad)’ 121;1(2)3
For small € the last inequality approaches 1—37, ie.,
— X 7(0)) 8 17
<241+ -=— 4.16
Z |5 @ n)| 3T (4.16)
Using (4.15) we give a lower bound on h,,
17
—16:1—3-3 < fe. (4.17)

Finally we can conclude that
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1
—-16 < f. < —5 (4.18)

b) Once we have shown that f, is bounded and uniformly bounded away from 0,

what remains is to show that that the normalized density ﬁ is uniformly bounded.

Let ]76 denote the normalized density f.. From (4.17) we have

—/16d>\ < /fed/\ < —/1/2d)\.

Taking the absolute value, we obtain

1/2 < /fed)\‘ < 16. (4.19)

Inequality (4.18) implies that the normalized density ]Z is bounded by

inﬂfe’ 7 Sup‘fe‘

T <[fe<T/—,

‘ffgd)\‘ 'ffed)\

inf|fe| 3 Sup|f€|
TR 1/2

1 ~
— < fe < 32.
32 J

4.3 The continuity of the invariant density of 7

In the previous section we proved that the normalized invariant densities ]76 of 7. are

uniformly bounded. In this section we use Lemma (2.5) to show that the normalized

density of 7. converges to f as € — 0.
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Proposition 4.3. The map 7 : [0,1] — [0,1], 7(z) = (x4+1/2)x[0,1/21 + (2—22) X[1/2,1]

18 acim-stable.

Proof. Since ]76 is uniformly bounded, by Lemma 2.1 we say that {fg} is weakly
precompact in £'. Hence, {]76} contains a weakly convergent subsequence {ﬁn} such

that f. — f, f € L.

Since 7. — 7 almost uniformly (Lemma 2.5), by Lemma 2.6 we conclude that
P.f = f, the unique, invariant normalized density of 7. Hence, the whole family

f. = f weakly in £1.
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Chapter 5

Theoretical Proofs

Recent papers have extended the study on the stability of acim for piecewise expand-
ing maps. In this chapter we elaborate on the work done in [5] and [7], where an

answer to the problem in this thesis is also offered.

As we saw in Chapter 2, the Lasota-Yoke inequality is satisfied for piecewise
expanding transformations with slopes strictly greater than 2. In [5], the authors de-
veloped a more general Lasota-Yorke inequality where the condition s = inf |7/| > 2
is improved. In other words, the constant 2s~! in (2.26) in replaced with a smaller

one. In this paper, a class of piecewise expanding C'''! maps is defined as follows:

Definition 5.1. We say that the map 7 : I — I, I = [0,1] belongs to the class of
piecewise expanding CY' maps T (I) if it satisfies the following conditions:
a) There exists a partition P = {I; = (a;_1,a;),1 = 1,...,q} such that 7; := 7|y, is
monotonic, C', and it can be extended to the closed interval [a;_1,a;] as a C* function;
b) 7/ is Lipschitz, i.e., there exists a constant M; such that |7/(z) — 7/(y)| <
M|z — y| for al x,y € I;;

c) |mH(x)| > s; > 1 for any i and for all x € (a;—1,a;).

Similarly, a family of maps {7.} C T ([) if the above conditions are satisfied with

uniform constants s; and M;. We define s* := minj<;<, s; and M := max;<;<, M; and
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we define the §-condition, which helps us to differentiate the hanging branches of 7

from the others:

0F = Opr(at )0y —{ 1 if 7(a) ¢ {0,

where 7(a;) denotes lim, , + 7(x). The new version of the Lasota-Yorke inequality

is given by:

Proposition 5.1. /5] Suppose T belongs to the class of piecewise expanding CYt maps
on I. Then, for every f € BV (I),

M 2maxi<i<q i /
P, f< ; =124 d 1
Voo s SV o [ g [, 6

where

max{&’z1 éj} ifi=2,...,q— 1

Inequality (5.1) contains the improvement of the original Lasota-Yorke inequality

(2.26) in terms of the coefficient

1
max{ +n,}§a<1,a>0. (5.2)

1<i<q S;

The condition (5.2) is satisfied in the following case:

Theorem 5.1. [5] We say that the inequality (5.2) holds for a transformation T €
T(I), or for an extension (7*,I*) that has (7,1) as an attractor, if the following is
satisfied:

1
— +
S; Si+1

<a<l, fori=1,..,q—1. (5.3)
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The following two theorems, given in [5], state the existence and the stability of
absolutely continuous invariant measures of maps 7 € 7 (), for which the condition

Maxi<i<q {Si + m} < a < 1 is satisfied.

Theorem 5.2. [5] If a map T € T (I) satisfies the inequality (5.1) with the coefficient

maxj<i<g {s% + Ui} < a <1, for some a > 0, then for any f € BV (I) and n € N,

" . K+237!
122w < el + (14 572 Yl
where K := M/s* and 8 := minj<;<, m([;). Furthermore, T admits an acim with a

density of bounded variation and P, : BV (I) — BV (I) is quasicompact.

Theorem 5.3. [5] Consider the one parameter family of maps {7 }e>0, where {7c}e>0 C

T (I) uniformly. Suppose that there is an o, for which the condition, max;<;<, {S% +
m} <a<1,0<a<1issatisfied. Let f. be a T.-invariant density whose existence is
satisfied by Theorem (5.2). If ds(7e,70) — 0 as € — 0, then the following statements
hold.

1)The family {f}eso is relatively compact in L' and any of its limit functions is
a To-tnvariant density.

2) If 79 is ergodic, then so is 7. for small € and f. — fo in L' as e — 0, (i.e. T
is acim-stable).

3)If 1o is weakly mizing, then the eigenvalue gaps of {Pr }e, for small enough €, are

uniformly bounded, i.e., 0 < v < 1—|\§|]. As a consequence, there exists a constant

C > 0 such that for all small enough € and all densities f € BV

1P = feller < CA =)"[[fllBv- (5.4)

Example 5.1. The last theorem offers another way of proving the stability of the

map T = (x + 1/2)Xp01/2 + (2 — 22)Xp/2,1- We observe the third iterate of 7. =
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(14 2€)x +1/2 — €]xj0,1/2] + (2 — 2x)X[1/2,1), whose graph of T2(x) is shown in figure

(5.1). This map is represented by the piecewise equation

( —2(1 + 26)2($ - 1—E26) fo € ) 1+2€)
4(1 + 2€>(ZE - 1j25) fo S 14+2¢” 411—:4266))
—2 o — o) +1/2— € if 2 € [5), 1/2),

—8(x —3/4) ifx € [5/8,3/4),
/4 555,
24Te+6€2 ]

414 2¢)(x —3/4) ifx €
—2(142€)*x +2+Te+ 66 ifz €

[0
[
[
(z) = 4(1 4+ 2¢)(x —5/8) —1 ifx € % /2 5/8) (5.5)
3
[

2(142¢)2

04

02

Figure 5.1: The graphs of 73(z) and 73(z)

The partition on which 73 is defined does not converge to the partition of 5. In
other words, if P = {I1,...,Is}, I, = (a;-1,a;), i = 0,..5 , and P. = {If,..., IS},
I = (a5_y,a), i =0,...7, are the partitions of 7> and 73 respectively, then a$ -+ a; as
e — 0. Hence, we cannot directly apply Theorem (5.3).

In order to solve this problem, we define a map 7(z) that has 72(z) as an attractor

in the following way: We extend the interval on which T (z) is defined, such that
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5 (x) @ [af, as] = [af, as], where ¢5(a§) = a5 and g5(as) = af. The functions g5 and g5

are nothing else but the first and the last branch of 72(x), i.e, g5(x) = —2(1+2¢)?*(z —

5:) and g5 = —2(1+42¢)’x + 2+ Te+6¢>. The fact that s, = s7 > 2 guarantees that

73(z) is the attractor for 7 (x).
Let st = |(17)i| for i = 1,..,7. Since s > 2, fori = 1,...,7, and for every
€ > 0, we can say that condition (5.3) is satisfied, which implies that condition (5.2)
18 satisfied.
Similarly, using 7°(x) we define 7(x) : [ag,a7] — lao,a7], with |g] > 4/3
and |gh] > 4/3 so that condition (5.3) will be satisfied, and T3(x) : [0,1] — [0,1]
will be its attractor. The map 7*(x) is piecewise expanding on the partition P =
{a0,0,1/4,1/2,5/8,3/4,1, ar}.
The map 7. () is also piecewise expanding on the partition Pe = {a§, 155, 4(1114266 1/2,5/8,

3/4, 22+17$66 as}, and 77 (x) C T ([a§,as]) for every e > 0. Ase — 0, P. — P and

dg(m*,7F) — 0.

Hence, using Theorem (5.83), we have proven the acim-stability for the map 7*. As
73 is the attractor of T*, we obtain the acim-stability for 3. Since T is an exact map,
it has a unique acim which means that the stability of ™ implies the acim-stability of

T.

While in [5], a stronger Lasota-Yoke inequality was proven, in [7] the authors
showed that the harmonic average condition is sufficient for the use of the Rychlik’s
Theorem. That way, we can prove the acim-stability of the map 7 without evoking
the Lasota-Yoke inequality.

The class of piecewise expanding maps 7 is defined in Definition (2.21). Moreover,

suppose that 7 satisfies the condition (5.3), here denoted as

3 56)

sH:. max { —|—
17 4= 1 S’L_l
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Figure 5.2: The graphs of 7* and 7 shown in [5]

Let ¢ := ming<;<,—1 m({;). It is important to note that in order to calculate ¢, we do
not take into consideration the first and the last subinterval of the partition. We also
define g, = W, for each n such that (7")" is defined.

Let P = \/"J 77{(P), and P = P, For a measurable subset A of [a,b], let
P(A)={JeP:ANJNA)>0} Let v, = > jcpm SUP Gn-

For J € P we define ostﬁ = maxy ﬁ — minjy ﬁ, and we define

1
d, = max 0sc;—. (5.7)
Jepm kad

Definition 5.2. We say that a map 7 € T(I) satisfies the summable oscillation
condition, or T € Ty, if

Y d, <D< +oo. (5.8)

n>1

Here we state the original Rychlik’s Theorem and then we explain how a piecewise
expanding map 7 that satisfies the harmonic average of slopes condition, satisfies the

assumptions of the Rychlik’s Theorem.

Theorem 5.4. [7] A piecewise expanding map T on an interval a,b] admits an ab-

solutely continuous invariant measure if it satisfies the following conditions:

53



1) There exists d > 0 such that for any n > 1 and any J € P™,

sup gn, < d -inf g,; (5.9)
J J

2) There exists ¢ > 0 and r € (0,1) such that for any n > 1 and any J € P™,

m(r"(J)) < €= Z supg <73 (5.10)
Jepn()

8) =2 jepsupy g < +oo. Moreover, if f is an T-invariant density then

d
e(l—r)

fllo <M

(5.11)

Theorem 5.5. [7] If 7 € Ty~ and satisfies the harmonic average of slopes condition

sy < 1, then it satisfies the assumption of the Rychlik’s Theorem.

Theorem 5.6. [7] Let the family {7,},~0 C Ty satisfy the assumption of Rychlik’s
Theorem in a uniform way, i.e, with the same constants and ., — 75 almost uniformly
as v — 0. If 7o has exactly one acim, then f, — fo in L' asy — 0. In the general

case every limit point of the family {f,}, as v — 0, is an invariant density of To.

Theorem 5.7. [7] Let 7, € T,y > 0. Let the invariant densities of {f,} >0 be
uniformly bounded in L. If 7, — 79 almost uniformly as v — 0, then any limit
point of {fy}y=0, as v — 0, is a o-invariant density. If {1, f - m} is ergodic, then

£, = fo in L.

o4



Example 5.2. Recall that in Example (2.3) we have found that the probability density
for the map 7 = 79 = (x +1/2)X[0,1/2) + (2 — 22) X[ /2,1] @5 fo = %X[O,l/Z] + %X[l/gyl]. The
question being posed in [2] is whether this map is acim-stabe i.e, whether the family of
densities { fc}eso of the family of maps {7T}eso, where 7. = ((1 +2¢e)x+ % - 6)X[071/2] +
2(1 — x)x[/2,1] converges to fo. As we said, Theorem (5.6) gives us a tool to answer
this question without referring to the Lasota-Yorke inequality.

Here again, it is easier to work with the third iterates of T and 1.. Since T is exact
it means that 72 is also exact and has the same stability of the absolutely continuous
invariant measure. Hence, if we prove that 7 is acim-stable, then we conclude the
same for T.

The third iterate of T given by,

dr if x €1]0,1/4),
—2x+3/2 ifxe(l/4,1/2),
(x) = 4x —3/2 ifx €[1/2,5/8),
“8r+6 ifzel5/8,3/4),

4(x —3/4) ifx € [3/4,1].

On the partition P = {0,1/4,1/2,5/8,3/4,1}, d, = max cpm ostﬁ = 0 which
implies that ), -, d, =0 < 00, i.e, 7o € Tx2(I). Moreover, since the slopes of 73 are

S1=83=585=4, 8 =2and sy =8, sg <1 fori=1,.5, it satisfies the conditions

of the Rychlik’s Theorem.

Now we observe the third iterate of 1., given by equation (5.5) and whose graph is

shown in Figure [5.1].

We define the partition P. = {0, 5, 41114265), 1/2,5/8,3/4, 22113265 1}, on which 73
is piecewise expanding. Note that as e — 0, 5. — 0, 41;;426 — 1/4 and 211326) — 1.

The absolute values of the slopes of T2 are s1 = s3 = s7 = 2(1 + 2€)?, 59 = 84 = 56 =

4(1 4 2¢) and s5 = 8 and hence, as € — 0,

—>3<1
S — .
By

%)



Here again Zn21 d, = 0 < oo and we conclude that T3 uniformly satisfies the
summable oscillation condition and the harmonic average condition. Since 12 — T3
as € — 0, the family {t2}c>0 satisfies the conditions of Theorem 5.3. Since T3 is

acim-stable, we conclude that the same holds for T.
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