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ABSTRACT

Stability Analysis and Controller Synthesis for a Class of Piecewise Smooth Systems

Behzad Samadi, Ph.D.

Concordia Unviersity, 2008

This thesis deals with the analysis and synthesis of piecewise smooth (PWS)
systems. In general, PWS systems are nonsmooth systems, which means their vector
fields are discontinuous functions of the state vector. Dynamic behavior of nons-
mooth systems is richer than smooth systems. For example, there are phenomena
such as sliding modes that occur only in nonsmooth systems. In this thesis, a
Lyapunov stability theorem is proved to provide the theoretical framework for the
stability analysis of PWS systems. Piecewise affine (PWA) and piecewise polynomial
(PWP) systems are then introduced as important subclasses of PWS systems.

The objective of this thesis is to propose efficient computational controller syn-
thesis methods for PWA and PWP systems. Three synthesis methods are presented
in this thesis. The first method extends linear controllers for uncertain nonlinear
systems to PWA controllers. The result is a PWA contyoller that maintains the per-
formance of the linear controller while extending its region of convergence. However,
the synthesis problem for the first method is formulated as a set of bilinear matrix
inequalities (BMIs), which are not easy to solve. Two controller synthesis methods
are then presented to formulate PWA and PWP controller synthesis as convex prob-
lems, which are numerically tractable. Finally, to address practical implementation
issues, a time-delay approach to stability analysis of sampled-data PWA systems
is presented. The proposed method calculates the maximum sampling time for a
sampled-data PWA system consisting of a continuous-time plant and a discrete-time

emulation of a continuous-time PWA state feedback controller.
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Chapter 1

Introduction

1.1 Motivation

Piecewise smooth (PWS) systems are multi-model systems that offer a good mod-
eling framework for complex dynamical systems. For example, many engineering
systems of practical interest have nonlinear components that can naturally be mod-

eled by PWS characteristics. Some examples are:

e Saturation [56], [32]

Dead-zone [32]

Backlash [73]

Electrical circuits with diodes [103], [22], [47]

Mechanical oscillators with clearance [77)

Moving parts with Coulomb friction [3]

To illustrate PWS systems, consider a nonlinear mechanical system consisting

of a box and a beam (Fig. 1.1) described by the following model



Ii‘l =9
—ugcos(zs) — gsin(zz) if zg >0

pg cos(z3) — gsin(zs) ifxg <0

&g =—(—x3 +u)
T

where 71 = 7y, T2 = Tp, 73 = 0, g = 9.8m/s* and p = 0.1 is the static friction
coefficient. u is the reference signal for # and 7 is the time-constant of the actuator.
The set of state space equations (1.1) is a special case of PWS systems in the

following form

z(t) = filz(t)) + gi(z(t))u(t), z(t) € Ri. (1.2)
where a subset of the state space X C R" is partitioned into regions R; for i=1,...,M
such that UM R, = X, R, N'R; =0, i # j, where R; denotes the closure of R;. In

the case of the box and beam system, the regions are defined as

Ry ={z € R®|zy > 0},

Ry ={z € R®|zy < 0} (1.3)

In general, PWS systems are nonsmooth systems, which means their vector
fields are discontinuous functions of the state vector. The PWS system (1.1) is itself
an example of a nonsmooth system. However, most of the classical methods for anal-
ysis and synthesis of dynamical systems concentrate on smooth systems. Dynamic

behavior of nonsmooth systems is richer than smooth systems. For example, there

Motor

Figure 1.1: Box and beam model



are phenomena such as sliding modes that occur only in nonsmooth systems. In
fact, even the definition of trajectories of a system must be generalized to describe
sliding modes of nonsmooth systems. Existing literature on nonsmooth systems
mainly concentrates on the analysis of the dynamics of nonsmooth systems, while

controller synthesis has not received much attention.

1.2 Objective

The objective of this thesis is to propose efficient computational controller synthesis

methods for the following subclasses of PWS systems:
e Piecewise polynomial (PWP) systems
e Piecewise affine (PWA) systems
e Piecewise linear (PWL) systems

The main focus will be on PWA and PWP systems. Figure 1.2 shows the relative
hierarchy of these classes of PWS systems.

It is desired to address the controller synthesis problems with convex optimiza-
tion techniques such as linear matrix inequalities (LMIs) and sum of squares (SOS)
programs. The reason is that there exist numericélly efficient tools to solve these
convex optimization problems.

In the following section, the relevant literature is reviewed to show what has

been done in the field and how the proposed methods relate to previous research.

1.3 Literature Review

A hybrid system is defined in [65] as a dynamical system with interacting continuous-

time-driven and discrete-event-driven components. The continuous part of a hybrid



Hybrid Systems

Piecewise Smooth Systems

Piecewise Polynomial Systems

Piecewise Affine Systems
Piecewise Linear Systems

Linear Systems

Figure 1.2: The class of PWS systems and its subclasses

system is usually described by a differential or difference equation and the discrete
part is described by a finite-state machine or a set of logic-based rules. Therefore,
a hybrid system has two distinct types of state variables: real-valued and discrete-
valued state variables. Modern computer-based control systems that act on physical
systems can be modeled by hybrid dynamical systems. As a result, the analysis
and design of such systems has recently received great attention. In the following
subsection, previous research on hybrid systems is briefly reviewed. The literature
on PWP and PWA systems will be reviewed in separate subsections to describe in

more detail the background of the proposed research.

1.3.1 Previous work on hybrid dynamical systems

Hybrid systems have attracted significant attention in recent years. Special Issues
on Hybrid Control Systems of the IEEE Transactions on Automatic Control (April
1998), Automatica (March 1999), Systems and Control Letters (October 1999), the
Proceedings of the IEEE (July 2000), International Journal of Robust and Nonlinear
Control (April 2001) and a new journal, Nonlinear Analysis: Hybrid Systems (March
2007) illustrate the fast pace of advances in this field. The development of a unified
and systematic hybrid systems theory is still a growing and vibrant research area.

There have been some important research efforts toward an overall unified model



[13,20, 58], a unified analysis methodology for a class of hybrid systems [20, 35], as
well as a unifying view for the subclass of PWA systems [66]. Reference [105] is one
of very few contributions toward a unified controller synthesis method that would
provide a systematic control design tool for a large class of hybrid systems and enable
designers to use the same methodology for a broad set of models and applications.
A great deal of attention and efforts in hybrid systems have been focused on the
modeling [11,46,111,126) and stability [15,19,35,61,79,91,93,128]. However, there
are also rﬂany results on control design methods for hybrid systems. Most of the

proposed controller synthesis methods fall into the following approaches:

e Supervisory Control: In this approach, continuous controllers are combined
with discrete logic. A supervisor is used to effectively switch between several

continuous control laws [60,74,127].

e Hierarchical Control: The controller is decomposed into hierarchical levels

and it can guarantee a certain performance [21,48, 86].

e Optimal Control: The optimal control problem is to find an input that drives
the system to a desired state while minimizing a cost function that depends
on the trajectory followed and the control input itself. Optimal control has
recently been extended to discrete-event systems [112] and hybrid systems

[20,23,28,50,113,114].

e Distributed Control: The control task is divided among a collection of
agents to increase reliability. These agents may communicate with each other

to transfer information related to their sensing and decision making [2, 84].

e Game theoretic approach: Control problems in this category usually re-
quire that all trajectories of the system satisfy certain properties. Properties

include safety properties (for example, requiring that the state of the system



remains in a certain safety set) and liveness properties (requiring that the state

eventually enters a certain target set or visits a set infinitely often) [10,125].

For a more detailed review on hybrid systems, the reader is referred to [5]
and [33]. In the following, we review the special case of PWP and PWA systems

and focus on the methods that have used the structure of these systems.

1.3.2 Previous work on PWP systems

PWP or spline approximation of curves and surfaces has been widely used in many
different scientific contexts and engineering applications [1,34]. However, the lack
of proper methods to check the sign of polynomials has prevented PWP systems to
be commonly used in the field of control systems. Recently, Ebenbauer proposed
analysis and design methods for polynomial systems using sum of squares techniques
in [37]. For PWP systems, one of the first attempts to design controllers was made
in [87]. Paul proposed in [87] to partition the state space of an affine in the input
nonlinear system into cells and to approximate the dynamics of the system in each
cell by a model that is polynomial in the state. A controller is then designed for
each cell using feedback linearization. A global controller is then formed by joining
the individual cell controllers. The proposed method was employed in [87] to design
controllers for a few examples of nonlinear systems. However, there is no guarantee
for the stability of the closed loop system because a switched system consisting of
stable subsystems can be unstable in general.

Recently, the class of discrete-time PWP systems was defined in [45] and a
new method based on Cylindrical Algebraic Decomposition (CAD) was proposed to
address the constrained finite-time optimal control problem for this class of systems.
This seems to be the first systematic approach to controller synthesis for discrete-
time PWP systems. However, according to the authors of [45], the method suffers

from excessive computational burden.



For continuous-time PWP systems, a stability analysis was proposed in [93]
and [85] using PWP Lyapunov functions. The advantage of the proposed method is
that the analysis problem is formulated as an SOS programming which is a convex
optimization problem. There exist numerical tools such as SOSTOOLS [95] and
Yalmip [76] to solve SOS programming problems efficiently. However, systems with
infinitely fast switching or sliding modes are excluded from the discussion in [93]

and [85]. This will be one of the main topics of the thesis.

1.3.3 Previous work on PWA systems

The roots of PWA systems date back to the pioneering work of Andronov (1901-
1952). Andronov’s first major piece of research into nonlinear dynamics concerned
what is known in Russian as the metod pripasovyvaniya, the technique in which
separate solutions for the various linear regimes of a PWL problem are joined to
form a complete solution - they are ”stitched together” as the graphic alternative
Russian term metod sshivaniya puts it. More details of Andronov’s research can be
found in [14].

The theory of PWA systems was also used in the analysis and synthesis of
nonlinear electrical circuits with most pioneering works done up until the 1970’s
[4,29,30,120}. In the early 1980’s, Sontag [117] developed a Piecewise Linear Alge-
bra mainly for discrete-time PWA systems. For continuous-time dynamics, a tech-
nique based on vector field considerations was developed by Pettit [92] to provide
a qualitative analysis of PWL systems. In the following, the analysis and synthesis

methods for discrete-time and continuous-time PWA systems are briefly reviewed.



Discrete-time PWA systems

Algorithms for computing feedback controllers for constrained discrete-time PWA
systems were presented for quadratic and linear objectives in [16] and [9], respec-
tively. Instead of computing the feedback controllers that minimize a finite time cost
objective, it is also possible to obtain the infinite time optimal solution for discrete-
time PWA systems [8]. These problems are formulated as Mixed Integer Quadratic
or Linear Programming. Even though these approaches rely on off-line computation
of a feedback law, the computation can quickly become prohibitive for larger prob-
lems. This is not only due to the high complexity of the multi-parametric programs
involved, but mainly because of the exponential number of transitions befween re-
gions which can occur when a controller is computed in a dynamic programming
fashion [16,69]. As a result, some methods were proposed to obtain controllers of
low complexity for linear and PWA systems as presented in [52-54]. In general, syn-
thesis methods for discrete-time PWA systems can be classified into the following

groups:
e Infinite Time Optimal Control [8,51]
e Finite Time Optimal Control [9,12,16, 78]

e Minimum Time Control [51,53,54]

Bilinear matrix inequality (BMI) based methods for stabilization [116]
e PWA control with performance [40,42,43]

The controller designed using any of these methods is typically much more complex
than the PWA system to be controlled. As an example, for a PWA system with 4
regions, the number of regions for the controller can range from 138 to 3904 [52].

In addition, one of the main drawbacks of the methods in [16] is the lack of an



a-prior: stability guarantee for the closed-loop system. This problem has recently

been addressed in [52].

Continuous-time PWA systems

Sufficient conditions for analysis of continuous-time PWA systems by searching for
a Lyapunov function to prove stability, can be formulated as convex optimization
programs involving LMIs [17]. These mathematical programs can then be solved
efficiently using polynomial-time algorithms [83]. The analysis methods are only
approximate in the sense that there are no guarantees that a Lyapunov function
can be found. However, if one is found, the result is unambiguous. This has been
the trend of research in the linear parameter varying approach to gain scheduling
(see [108] and references therein) and in the more recent work on the analysis of
PWA systems based on Lyapunov functions and LMIs [18,35,49,56,67,90,91,103].

The work on switched linear systems initiated in [90] is one of the first at-
tempts to apply Lyapunov-based methods to PWA systems. Following this work,
and its extensions to nonlinear dynamics [18], a unified approach to the analysis of
PWA systems and a class of hybrid systems was formulated in [35]. Several promis-
ing Lyapunov-based methods have recently been developed to analyze PWL and
PWA systems [49,56,67,91,98]. Some synthesis methods [55,56,67,101] have also
been developed. A specific technique for state feedback control of PWA systems
on simplices and rectangles was proposed in [55]. Synthesis methods using convex
_ optimization programs based on the analysis methods in [56,67,91] were developed
in [56,96]. The resulting controllers designed by these methods are either patched
LQRs [96] or cannot guarantee that sliding modes are avoided [56,96] and, there-
fore, are not provably stabilizing. In [97,103], a synthesis method based on BMIs
has been proposed for state and output feedback stabilization of PWA systems. The

method has the advantage of guaranteeing that sliding modes are not generated at



the switching and the controllers are therefore provably stabilizing. Another impor-
tant feature of this method for practical implementation of the controllers is that
continuity of the control input can also be guaranteed at the switching. However,
BMI problems are not generally convex problems and thus, are not easy to be solved
efficiently.

A very important subclass of PWA systems is the class of PWA slab sys-
tems [101], for which the partition of the state space is a function of a scalar vari-
able. Hassibi and Boyd [56] proposed methods for quadratic stabilizability and
Lo gain synthesis for PWA systems using PWL controllers. Three different algo-
rithms for PWA controller synthesis for slab PWA systems have also been proposed
in [101]. Tt has been shown that by considering an affine term in the controller, the
synthesis problem can be formulated as a set of Linear Matrix Inequalities (LMIs)
parametrized by a vector. Furthermore, it has also been shown that by relaxing
the problem to a finite set of LMIs, it can be solved efficiently to a point near the
global optimum. In addition, the global solution can be exactly found under some
conditions.

In general, design methods for continuous-time PWA systems can be classified

into the following groups:

Methods based on Hamilton Jacobi Bellman Inequality [{66,96]

PWL and PWA stabilization of slab PWA systems [56,66,101]

BMI-based PWA controller design methods for stabilization of generic PWA
systems [97,102,103]

PWL control with L, gain performance [26, 56, 66]

Considering the existing approaches for PWA and PWP controller synthesis, the

contributions of this thesis are stated in the next section.
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1.4 Contributions

This thesis addresses the following questions

e How can we design a PWA controller that keeps the performance of a linear
controller in a neighborhood of the equilibrium point and guarantees a larger

region of attraction?

e [s it possible to formulate the PWA/PWP controller synthesis as a convex

optimization problem?

e For a sampled-data implementation of a continuous-time PWA controller, how

large can the sampling time be?
Therefore, the main contributions of this thesis are

1. To present a unified approach for stability analysis of PWA systems with con-
tinuous and discontinuous vector fields. The Filippov definition is considered
for the solution of PWA systems and then a Lyapunov stability theorem is
proved. The importance of this theorem is to show that sufficient conditions
for the stability of a PWA system can be formed using a differentiable Lya-
punov function without any need for a priori information about attractive
sliding modes on switching surfaces. This is a great advantage over existing
stability results for PWA systems in the literature because obtaining this a pri-
ori information is difficult in general. Sufficient conditions for quadratic and
sum of squares (SOS) polynomial Lyapunov stability are then formulated as
convex problems. The SOS conditions are less conservative than the quadratic
conditions. It is shown in an example that the proposed SOS program can
prove stability where quadratic and differentiable piecewise quadratic (PWQ)

functions fail.
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2. To propose a two-step controller synthesis method for a class of uncertain
nonlinear systems described by PWA differential inclusions. In the first step,
a robust linear controller is designed for the linear differential inclusion that
describes the dynamics of the nonlinear system close to the equilibrium point.
In the second step, a stabilizing PWA controller is designed that coincides with
the linear controller in a region around the equilibrium point. The proposed
method has two objectives: global stability and local performance. It thus
enables to use well known techniques in linear control design for local stability
and performance while delivering a global PWA controller that is guaranteed

to stabilize the nonlinear system.

3. To introduce for the first time a duality-based interpretation of PWA systems.
This enables controller synthesis for PWA slab systems to be formulated as
a convex optimization problem. PWA L2-gain analysis and synthesis is also
extended to PWA systems whose output is a PWA function of the state (as
opposed to a PWL function). In addition, a convex optimization program is
proposed to compute a PWA differential inclusion for nonlinear systems for

which the nonlinearity is a function of one variable.

4. To propose a nonsmooth backstepping controller synthesis for PWP systems.
The main contribution of the proposed method is to formulate controller design
for a large class of PWP and PWA systems as a convex problem. The con-
troller synthesis problem is divided in two cases. The first case consists of the
construction of a sum of squares (SOS) Lyapunov function for PWP systems
with discontinuous vector fields. The second case addresses the construction
of a PWP Lyapunov function for PWP systems with continuous vector fields.
After constructing a Lyapunov function, controller synthesis for a PWP sys-
tem can be formulated as an SOS program, which is a convex optimization

problem and can be efhiciently solved.
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5. To propose a time-delay approach to stability analysis of sampled data PWA
systems consisting of a continuous-time plant and a discrete-time emulation
of a continuous-time PWA state feedback controller. The sampled-data sys-
tem is considered as a delayed system with a variable delay. Conditions under
which the trajectories of the sampled data closed-loop system will converge
to an attractive invariant set are then presented. It is also shown that when
the sampling period converges to zero, the conditions of the proposed theo-
rem coincide with sufficient conditions for the non-fragility of the stabilizing

continuous-time PWA state feedback controller.

The results of the current research were submitted to and published in a few con-
ferences and journals. The details of the publications is listed in the following

subsection.

1.4.1 Publications

The following publications contain the main contributions of the thesis

1. B. Samadi and L. Rodrigues, “Controller synthesis for piecewise affine differen-
tial inclusions: a duality-based convex optimization approach,” under second

revision for publication in Automatica.

2. B. Samadi and L. Rodrigues, “Extension of local linear controllers to global
piecewise affine controllers for uncertain nonlinear systems,” accepted for pub-

lication in the International Journal of Systems Science.

3. B. Samadi and L. Rodrigues, “Sampled-Data Piecewise Affine Slab Systems: A
Time-Delay Approach,” in Proc. of the American Control Conference, Seattle,
WA, Jun. 2008.

4. B. Samadi and L. Rodrigues, “Controller synthesis for piecewise affine slab
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differential inclusions: a duality-based convex optimization approach,” in Proc.

of the 46th Conference on Decision and Control, New Orleans, LA, Dec. 2007.

5. B. Samadi and L. Rodrigues, “Backstepping Controller Synthesis for Piecewise
Affine Systems: A Sum of Squares Approach,” in Proc. of the IEEE Interna-
tional Conference on Systems, Man, and Cybernetics (SMC 2007), Montreal,
Oct. 2007.

6. B. Samadi and L. Rodrigues, “Extension of a local linear controller to a sta-
bilizing semi-global piecewise-affine controller,” 7th Portuguese Conference on

Automatic Control, Lisbon, Portugal, Sep. 2006.

1.5 Structure of the Thesis

The thesis is structured as shown in Figure 1.3. Chapter 2 defines PWS, PWP and
PWA systems and presents a unified approach for stability analysis of PWS systems
with continuous and discontinuous vector fields. In Chapter 3, continuous PWA
differential inclusions are defined and sufficient conditions for monotonicity of PWQ
Lyapunov functions for these inclusions are proved. A two-step controller synthesis
method is then presented for a class of uncertain nonlinear systems described by
PWA differential inclusions. Chapter 4 introduces the parameter set and the dual
parameter set for PWA slab systems. It then provides stability and performance
analysis and synthesis tools for PWA slab systems. In Chapter 5, a backstepping ap-
proach to controller synthesis for PWP systems in strict feedback form is presented.
Chapter 6 addresses stability analysis of sampled-data PWA systems consisting of
a continuous-time plant in feedback connection with a discrete-time emulation of a

continuous-time PWA state feedback controller.
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Figure 1.3: Structure of the thesis
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Chapter 2

Lyapunov Stability for Piecewise

Smooth Systems

The main objective of this chapter is to present a unified approach to stability anal-
ysis of PWS systems with continuous and discontinuous vector fields. The Filippov
definition is considered for the solution of these systems and then a Lyapunov sta-
bility theorem is proved. The importance of this theorem is to show that sufficient
conditions for the stability of a PWS system can be formed without any need for
a-priori information about attractive sliding modes on switching surfaces. This is
a significant advantage over existing stability results for switched systems in the

literature because obtaining this a-priori information is difficult in general.

2.1 Introduction

There have been different approaches to construct a Lyapunov function to provide
sufficient conditions for the stability of PWS systems. For a survey of existing
approaches for stability analysis of hybrid systems and switched linear systems the
readers are referred to [35] and [75]. A general framework for analyzing stability of

nonlinear switched systems using multiple Lyapunov functions is presented in [25].
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It is shown in [56] that by searching for quadratic Lyapunov functions, sufficient
conditions for stability of PWA systems can be formulated as convex optimization
problems with LMI constraints. Finding a common quadratic Lyapunov function
for all linear modes is used to analyze the stability of switched linear systems under
arbitrary switching in [74].

However, there are stable PWA systems for which a quadratic Lyapunov func-
tion does not exist. Examples of such systems are shown in [66, p. 47]. Conserva-
tiveness of a quadratic form is the motivation for studying nonquadratic Lyapunov
functions. As an example, continuous PW(Q) Lyapunov functions were extensively
investigated in recent years (see [19,66,91,102]). However, it is a common misun-
derstanding in the literature to believe that if there is a continuous PWQ or PWP
function that is positive definite and decreasing with time along each vector field
of a switched affine system then the system is stable. A counter-example will be
provided in section 2.6.2.

A recent result in [88] shows that the existence of a common quadratic Lya-
punov function for the linear parts of a PWA system in every mode is sufficient
for exponential convergence of the system if the vector field of the PWA system is
continuous. Exponential convergence is defined in the same reference. The case of
discontinuous vector fields is studied in [89] and it is shown that the existence of
a common quadratic Lyapunov function for linear parts of the system is not a suf-
ficient condition for convergence. Necessary and sufficient conditions for quadratic
convergence of the special case of bimodal PWA systems are then derived.

SOS polynomials were also proposed as candidate Lyapunov functions. In fact,
quadratic Lyapunov functions are a special class of SOS Lyapunov functions [94]. In
addition, by using the SOS approach, it is possible to analyze the stability of systems
with nonlinear polynomial vector fields. Stability analysis tools based on the SOS

decomposition for classes of nonlinear systems, hybrid systems, switched systems,
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and time-delay systems are presented in [85]. In the same reference it is proposed to
use PWP Lyapunov functions for hybrid systems, which is a generalization of PWQ
Lyapunov functions. However, systems with infinitely fast switching or sliding modes
are excluded from the discussion in [85].

Although there is a vast amount of work on stability of switched linear and
PWA systems, sliding modes or infinitely fast switching are not usually considered
in the literature. Important exceptions are the references [19,66,89,103). In [19], it
is proposed to add the sliding modes and their associated sliding dynamics to the
modes of the system before doing the stability analysis. However, this needs a-priori
information about the sliding modes of the system, which is typically hard to get. In
another approach, an extra condition is introduced in [66, p.64] to extend the analysis
to systems with attractive sliding modes. However, one needs to identify potential
sets in which sliding modes can occur and then the corresponding condition can be
formed and added to the analysis problem. This might again be hard and make the
problem complex if there is no previous information about sliding modes. In [103],
a synthesis method based on BMIs was proposed for state and output feedback
stabilization of PWA systems. The synthesis method includes linear constraints on
controller gains to guarantee that sliding modes are not generated at the switching.
Finally, reference [89] has addressed sliding modes but has concentrated on the
specific case of common quadratic Lyapunov functions for bimodal PWA systems.
A question that still remains to be answered is when the necessity to check the
existence of unstable sliding modes of a general PWA system can be removed.

Based on the aforementioned limitations, this chapter will present a nonsmooth
Lyapunov stability theorem. This theorem applies to PWS systems with continuous
or discontinuous vector fields. The theorem states that a sufficient condition for the
stability of a PWS system is the existence of a C! positive definite function that de-

creases with time inside each region. The importance of the proposed theorem is to
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show that by using a C* Lyapunov function, no additional condition is needed to ad-
dress potential sliding modes of PWS systems and, therefore, no a-priori knowledge
about sliding modes is necessary.

This chapter is structured as follows. PWS systems are defined in section
2.2. In section 2.3, a stability theorem is stated and proved. Sufficient condtions
for monotonicity of nonsmooth functions and dissipativity of PWS systems are de-
scribed in sections 2.4 and 2.5, respectively. PWA systems and PWA slab systems
are then introduced in sections 2.6 and 2.7, respectively. For PWA systems, as the
first choice for a C! Lyapunov function, a quadratic form is considered in subsec-
tion 2.6.1. Then, PWQ Lyapunov functions are discussed in subsection 2.6.2. As
a counter example, it is shown that it is possible to find a PWQ positive definite
function which is decreasing with time in each region for an unstable PWA system.
A proposition for SOS Lyapunov functions is then proved in subsection 2.6.3. It is
also shown by an example that it is possible to find an SOS Lyapunov function for a
PWA system which does not admit any quadratic or C! PWQ Lyapunov functions.
PWP systems are then introduced in section 2.8 and a stability proposition based

on polynomial Lyapunov functions is presented.

2.2 PWS Systems
The dynamics of a PWS system can be written as
z=f;(x), z € Ry (2.1)

where z(t) € X C R" is the state vector and the initial state is 2(0) = zo. A subset

of the state space X is partitioned into M regions, R;, ¢« = 1,..., M, such that

RiNR; =0, 04 (2.3)
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where R; denotes the closure of R;. The function f;(z) : R; — R” is continuous

and locally bounded. The Filippov definition of trajectories is considered for the

solution of (2.1) (see [44] and [66]).

Definition 2.1. (Filippov solution) A continuous function x(t) is regarded to be a

Filippov solution to (2.1) if it is a solution of the differential inclusion
z(t) € F(x)

where

F(z) = colfilz)li € Z(x)}

co stands for the convex hull of a set and
I(z) = {ilr € R;}.

Note that if © € R;, then ‘
Flx) = {fi(x)}.

Example 2.1. Consider the following simple scalar differential equation
&= —sgn(x),z(0) =1
It can easily be seen that the differential inclusion (2.4) becomes
i € —SGN(x)

where SGN 1is the set-valued sign function decribed below.

{-1} , forz<0
SGN(z) = { {+1} , forz >0
1,1} , forz =0
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2.3 Lyapunov stability

In this section, a Lyapunov stability theorem is proved for nonsmooth Lyapunov
functions. This theorem forms the theoretical framework for using piecewise smooth
Lyapunov functions in stability analysis of nonlinear systems. There are other non-
smooth versions of Lyapunov theorems in the literature e.g. [24, 31, 59, 106, 118].
However, certain conditions in these theorems (such as, for example, the conditions
on the Dini derivative, the proximal subdifferential or the upper bound of the Lya-
punov function) are difficult to check or not needed in the cases described in this
thesis. The objective of Theorem 2.1 will thus be to extend the standard Lyapunov
stability theorem in [70] to nonsmooth Lyapunov functions and to fit the framework
needed in this thesis. To the best of the author’s knowledge, this theorem in this
exact form does not appear in the literature.

Consider the following autonomous nonlinear system

z(t) = f(z(t)) (2.11)
where z(t) € R™ is the state vector, the initial state, (0) = zo, is bounded and
f X — R™ is piecewise continuous and bounded in X € R"™. The following the—v
orem describes sufficient conditions for stability of system (2.11) in the sense of
Lyapunov based on a continuous Lyapunov function that is not necessarily differ-
entiable everywhere. Because of its importance, the theorem is proved here. The
proof combines the proof of the standard Lyapunov theorem in [70] for stability and

the proof of the nonsmooth Lyapunov theorem in [31] for asymptotic stability.

Theorem 2.1. For nonlinear system (2.11), if there exists a continuous function

V(z) such that

V(z*) =0 (2.12)
V(z) >0 forallz #x* in X (2.13)
1 <ty = V(I(tl)) > V(I’(tz)) (214)
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then x = x* is a stable equilibrium point. Moreover if there exists a continuous

function W (z) such that

W(z*) =0 (2.15)
W(z) > 0 for all z # z* in X (2.16)
t1 <ty = V(z(t1)) > V(z(t)) + /ttz W (z(r))dr (2.17)
and |
2]l = co = V(z) » 00 (2.18)

then all trajectories in X asymptotically converge to x = x*.
Proof. For stability, we Want to prove
Ve>0,30(e) >0 st. ||zo—z*||<d=|lz(t) —z*|| <&, V>0 (2.19)
Following [70], for a given ¢ > 0 we choose r € (0, ¢] such that
B, = {alle —a*| <r} C ¥ (2.20)

Let o = miny;_z+=r V(z). Then o > 0 by (2.13). Take § € (0,a) and let Q5 =
{z € B,|V(z) < 8}. Then €4 is in the interior of B, (Figure 2.1). If 2o € Qg then
(2.14) implies that z(t) € Qg for all t > 0. As V() is continuous and V(z*) = 0,

there is a 6 > 0 such that ||z — z*|| < J = V(z) < . Then
Bs = {z|||lrt —2*|| <6} C Qs C B, (2.21)
and zg € Bs = 29 € Qp = x(t) € Q3 = z(t) € B, = z(t) € B.. Therefore
[zo —z*|| <0 = |jJz(t) —z*|| <7 <e,Vt >0 (2.22)

This implies that z = z* is a stable equilibrium point.
To prove asymptotic stability, following [31], we show that z(t) converges to

z* as t — oo. It follows from z(0) = xp and (2.17) that
t
V() + / W(a®)dr < Vizg) (2.23)
0

22



Figure 2.1: Geometric illustration of sets in the proof of Theorem 2.1.

Then (2.13), (2.16), (2.23) and the fact zp is bounded imply that V(z(t)) and
fot W (xz(t))dr are bounded. Because V(z(t)) is bounded, it follows from (2.18) that
|z(t)|| is bounded. Since f(x) is bounded in X, z(¢) is bounded and z(t) satisfies a
global Lipschitz condition on t € [0, +00) with constant L.

Assume that z(t) fails to converge to z*. Then for some £ > 0 there exists a

sequence of points ¢; tending to infinity such that
lz(t;) —x*|| > e, 1=1,2,... (2.24)

Without loss of generality, possibly by selecting a subsequence, the sequence
t; can always be chosen such that

£
lti-l-l — til > iz (225)

Since ||z(t)|| is bounded, there exists a A > 0 such that ||z(¢) — z*|| < A
Consider
Ay ={zl 5 <llo -2l A} (2.26)
A[g,,\] is not empty since A > ¢ > £. Let > 0 be such that

T € Aig \ = Wi(z)>n (2.27)

Such 7 exists because of (2.16) and the fact that A 5 is not empty. Consider ¢

such that |t — t;| < 5. Since z(t) is globally Lipschitz continuous with constant L,

23



we have

la(t) — (el < 5 (2.28)

Inequalities (2.24), (2.28) and the following triangle inequality
l2(t) = 2| 2 lle(t:) — 2| = [l2(t) — =(&)ll (2.29)

imply ||z(t) — 2*|| > § and consequently x(t) € Ajs s Therefore, from (2.27)

tit 57 ne
/ W(z(r))dr > — (2.30)
t;— & L
2L
and then using (2.25) and (2.16)
tit1 ne
W (x(r))dr > T (2.31)

ti_1
This would imply that fot W (z(t))dr diverges as t — oo, which is a contradiction
with (2.23) and the conclusion that fot W (z(t))dr is bounded. This proves that z(t)

converges to x* as t — oo. O

*

Remark 2.1. In this work, the equilibrium point x = x* is said to be globally
stable if all trajectories in X, the domain of nonlinear system (2.11), asymptotically

converge to x = x*.

The next section presents conditions to verify the monotonicity of nonsmooth
functions. Using these conditions, one can verify (2.14) and (2.17) for nonlinear

system (2.11) without needing to know the trajectories of the system.

2.4 Monotonicity of nonsmooth functions

In this section, sufficient conditions for monotonicity of nonsmooth functions of
state variables along the trajectories of a piecewise smooth system will be provided.
In the following, the concept of generalized gradient is introduced. Note that the

monotonicity conditions can also be described by the Dini derivative (such as it
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is done in [106]). However, in this chapter, the theorem of Rademacher [31, p.
93] is used to define the generalized gradient. This definition will be employed
to formulate the monotonicity condition for continuous piecewise quadratic and

piecewise polynomial functions.

Definition 2.2. [81] For a locally Lipschitz continuous function V : R™ — R, the

generalized gradient is defined as

dcV(x) = econv{ lim VV(z;)|z; — z,x; ¢ N} (2.32)

1—+00

where N 1s the set of measure zero where the gradient of V' does not exist.

Proposition 2.1. (Section 2.4 of [24]) Let F : R* — 2%" \ @ be continuous and let

V :R™ — R be Lipschitz continuous. V is nonincreasing along all solutions of
T € F(x) (2.33)

of and only if
Vz € R",Vf € F(z), max{p” flp € 0cV(z)} <0 (2.34)

2.5 Dissipativity

Consider the following piecewise smooth system

& = fi(x) + g(2)w, £ € R;
(2.35)
y = h(z,w)
where x(t) € R™ denotes the state, w(t) € R™ is the exogenous input and y(t) € R™
is the output. The functions fi(z) : R; — R, g,(z) : Ry — R and h(z,w) :
X x R*™ — R™ are continuous in z and locally bounded.
In this section, the notion of dissipativity is defined. Roughly speaking, a

system is considered dissipative if the amount of energy that the system can provide

to its environment is less than what it receives from external sources [110].
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Definition 2.3. [110] The system (2.35) is said to be dissipative with supply rate

W (y,w) and storage function V(x), if V(x) is a nonnegative function such that
i2
b= V)4 [ W) > Vi) (2.36)
t1

Two propositions are provided in the following to describe the sufficient con-
ditions for the system (2.35) to be dissipative in two cases of discontinuous and
continuous vector fields. The importance of these propositions lies in the fact that
to check the dissipativity of the system, it suffices to verify a condition on the stor-
age function, the supply rate and the vector field of the subsystem in each region
separately. There is therefore no need to examine the storage function in one region
with the vector field of another region, which would make the problem much more

complicated.

2.5.1 Piecewise smooth systems with discontinuous vector

fields

Proposition 2.2. (Smooth storage functions) The piecewise smooth system (2.35)
is dissipative with a storage function V(z) and a supply rate W(y,w) if V(x) is a
nonnegative C* function, W (y,w) is a continuous function in y and for all z € R;,

t=1,...,M and any w € R™

VV (@) (fi(x) + gi(x)w) < Wy, w) (2.37)
Proof. The inequality (2.37) can be rewritten as
T
wiw | [#@ e ] 239
—W(y,w) 1

By appending time (¢) to the state vector of the system (2.35), we have the following

differential equation

B I LR S (2.39)
t 1
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In the following, using Proposition 2.1 the following function

S(z,t) =V(x)— /Ot W (y, w)dr (2.40)

is shown to be non-increasing along the trajectories of (2.39). The fact that V(z) is

a C! function implies that

VV (x(t))
9:.5(z,t) = conv T —t (2.41)
—W(y(t), w(7))
Let z(t) be a Filippov solution of (2.35). Therefore, x(t) is a solution of the following

differential inclusion

z c conv fi(z(@®)) + gi(z(t))w(7) e T(x), Tt (2.42)

¢ 1
Note that if z(¢t) € R; and w(t) is continuous at ¢, the vector field of (2.35) is

continuous and we have

| | fila®) + gz ®)w(r) (2.43)

¢ 1
Since (2.38) is satisfied for any w, it follows from (2.41) that (2.34) is satisfied for the

differential inclusion (2.42). Therefore by Proposition 2.1, S(z,t) is nonincreasing

along the trajectories of (2.35) in X i.e.

b < 1o = Via(ty) - /0 Wy, w)dr > Via(ts)) — /0 Wwdr  (2.44)

Therefore (2.36) is satisfied and the system (2.35) is dissipative with storage function
V(x) and supply rate W(y, w). O

2.5.2 Piecewise smooth systems with continuous vector fields

Proposition 2.3. (Piecewise smooth storage functions) The piecewise smooth sys-
tem (2.35) is dissipative with a storage function V(z) and a supply rate W (y, w)
of
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e V(x) is a nonnegative continuous function where
V(z) =Vi(z),z € R; (2.45)
where V; : R; — R is a C* function,
e W(y,w) is a continuous function in y,

e the wvector field of the system (2.85) is continuous in z, i.e. for any i,j €

{1,..., M} such that R; R, # 0,

filz) = fi(z)

gi(z) = g;(z) N

o forallz €Ri,i=1,...,M and any w € R™
VVi(@) T (fi(z) + gi(@)w) < W (y, w) (2.47)

Proof. The inequality (2.47) can be rewritten as

T
VV.(z )+ gi(x)w
(z) filz) + gi(z) 0 (2.48)
—W(y,w) 1 ,
By appending time (¢) to the state vector of the system (2.35), we have the following

differential equation

o I R (2.49)

¢ 1
In the following, using Proposition 2.1 the following function
i
S(z,t) = Vi(x) — / Wy, w)dr,z € R; ’ (2.50)
0 .
is shown to be non-increasing along the trajectories of (2.49). The fact that V(z) is
a piecewise C! function implies that |
VVi(z(1))
0.5(z,t) = conv i €Z(x), Tt (2.51)
—W(y(t), w(r))
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Let z(t) be a Filippov solution of (2.35). Therefore, z(t) is a solution of the following

differential inclusion

i c conv fi(z(t)) + gi(x(t))w(r)
i 1

Consider the following two cases

1 €I(x), T — t} (2.52)

o If z(t) € R;, we have

9:5(x,t) = conv - VW®)
’ —W(y(t), w(r)) |

[ 93 ] € conv{ [ Fa(®) + ailz@)u(r) } T — t} (2.54)
{ 1

Since (2.47) is satisfied for any w, it follows from (2.53) that (2.34) is satisfied

and

for the differential inclusion (2.54).

o If z(t) is on the boundary of two or more regions i.e. z(t) € ez, Ri, it

follows from (2.47) that for any j, k in Z(z),

F AT I ; AT )W
V() fi(z) + gi(z)w | 0 255)
| -W(y,w) | i 1 |
VVi(z) fe(z) + gr(z)w <0 (2.56)
| —-W(y,w) | | 1 |
In addition, the continuity condition (2.46) implies that
T T
{ VVi(a) } { filw) + gu(e)u } | v ] [ £@)+ i@ } o
_W(va) 1 —W(y,w) 1 -
(2.57)
and
T T
[ VVi(a) ] [ £5@) + gy ] ) [ VVi(a) } [ u(e) + () } Iy
-W(y,w) 1 —W(y,w) 1 -
: 2.58)
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From (2.55-2.58), it follows that (2.34) is satisfied for the differential inclusion
(2.52).

In conclusion, by Proposition 2.1, S(z, t) is nonincreasing along the trajectories

of (2.35) in X i.e.

b <ty = Vi) — /0 Wy, wdr > V(a(ts)) — /0 Wiy w)dr (259

Therefore (2.36) is satisfied and the system (2.35) is dissipative with storage function

V(z) and supply rate W (y, w). O

2.6 PWA Systems
A PWA system is described by
= A;x + aq, for x € R; (260)

where A; € R™", a, e R" fori =1,..., M. It is assumed that a; = 0 for ¢ € Z(0).
Therefore, the origin is an equilibrium point of the system. A subset of the state
space X C R" is partitioned into M polytopic regions R;. Each region is constructed

as the intersection of a finite number of half spaces

where E; € RP*" ¢; € RP and = represents an elementwise inequality. Each
polytopic region R; can be outer approximated by a (possibly degenerate) quadratic

curve &;

R C e = {z|zT EFAEz > 0} (2.62)
where A; € RPFDXPi+Y) s 4 matrix with nonnegative entries and

— Ez €;
E; = (2.63)
0 1
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A parametric description of the boundaries between two regions R; and R; where

R:NR,; # 0 can also be obtained as (see [56] and [103] for more details)
7—3_1'- 07_2} g {a:|a: = F%jS + fij, s € Rnﬂl} (264)

In this chapter, following [66], the following notation is considered

T
Ve e R", T = (2.65)
1
Equation (2.60) can then be written as
z(t) = Aiz(t), z(t) € Ry (2.66)
where
— Al a;
A = (2.67)
0 0

In the following, three types of candidate Lyapunov functions are examined

for stability analysis of PWA systems.

2.6.1 Quadratic Lyapunov Function

Perhaps the simplest candidate for a C! Lyapunov function is the quadratic form
V(z) = 2T Pz (2.68)

where P = PT > (. The following proposition describes the sufficient conditions for

the stability of the PWA system (2.60) using a quadratic Lyapunov function.

Proposition 2.4. (Sufficient conditions for quadratic Lyapunov stability) If for a

given decay rate o > 0, there exists P = PT > 0 satisfying

[ PA;+ ATP < —aP, ifa; =0 and e; £ 0

{ PA;+ ATP+ ETANE, < —aP, ifa;i=0ande; =0 (2.69)

{ PA; + ATP+ EFNE; < —aP, otherwise
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fori=1,..., M where

— P Onxl
P= , (2.70)
len 0

A; € RPxPi gnd A; € RPFVXPAY haye nonnegative entries, z = 0 is asymptotically

stable for the PWA system (2.60).

Proof. Consider V(z) = 2T Pz as the candidate Lyapunov function. For this func-
tion, VV(z) = 2Pz. In the following, the regions R; will be divided into three

groups:
1. If a; = 0 and e; # 0, we conclude from (2.69) that for all z € R”

VV(z)T4iz = 22TPAxx
= 2"(PA;+ Al P)z

< —azTPz=—aV(z) (2.71)

2. If a; = 0 and ¢; = 0, R; = {z|Eiz > 0} and for any A; € RP¥Pi with

nonnegative entries and for all z € R;
e EF N Ex > 0 (2.72)
In this case, (2.69) leads to the following inequality for all z € R;.

VV()TAix = 22TPAx

= $T(PAi+ A;FP)IE
< —azTPz— a2 EFNEx
< —az'Pzr=—aV(x) (2.73)

3. If a; # 0, we have R; = {z|E;z > 0} and similarly to the previous case,

condition (2.69) implies that for all z € R;
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VV(2)T(Aiz +a;) = 27TPA;T

~ (P4 + ATP)z

IA

—afTP:Ts - fTE;»I‘/—\iEif

< —ai'Pi=—az"Pz =—aV(z) (2.74)

In summary, forallz € Ri,i=1,..., M,
VV () (Aiz + a;) < —aV (z) (2.75)

Therefore using Proposition 2.2, the system (2.60) is dissipative with the storage
functinon V (z) and the supply rate —a'V (z). Therefore, considering (2.40), S(z,t) =
V(z)+ fot aV (z(1))dr is nonincreasing along the trajectories of (2.60). This implies
that the conditions of Theorem 2.1 are satisfied and all trajectories of the PWA

system (2.60) in X asymptotically converge to z = 0. O

Remark 2.2. In Proposition 2.4, the origin is not required to be the equilibrium
point of all the subsystems the PWA system (2.60). This makes Proposition 2.4
different from the common Lyapunov function approach in [75] which requires the

origin to be the equilibrium point for all vector fields of the system.

Proposition 2.4 provides sufficient conditions for quadratic stability of PWA
systems as a set of linear matrix inequalities (LMIs). LMIs can be solved efficiently
using interior point algorithms implemented in software packages such as Yalmip [76)

and SeDuMi [121]. The following examples illustrate Proposition 2.4.

Example 2.2. Consider the following Piecewise Linear (PWL) system:

Az, z9>0
i = (2.76)

Agx, 15 <0

33



where

-1 =2 -1 2
A = , Ay = (2.77)
2 -2 -2 =2
For this system, we have:
E1=[01],E2=[0 -1] (2.78)

Solving the following LMIs based on Proposition 2.4

(
A{P + PAl + AlE{El < —aP

{ AIP+PA;+ \ME{E, < —aP (2.79)

| P>0, A1>0, A2>0

where o = 0.1, yields

0.6002 0
P = , A1 =1.1329, Ay = 1.1329. (2.80)

0 0.5817

Therefore x = 0 is asymptotically stable. It is interesting to note that this system has
an attractive sliding mode on the negative side of the x1 axis (Fig. 2.2). However,
no separate condition was considered to check the existence or stability of the sliding

mode.

Example 2.3. Consider the following system:

A1Z‘, 9 >0
i = (2.81)
Azl‘, To < 0
where
1 -2 1 2
A= , Ay = (2.82)
2 =2 -2 =2
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Figure 2.2: Trajectories of a stable PWA system with a sliding mode

T2

Figure 2.3: Trajectories of an unstable PWA system with a sliding mode

For this system, E; and Ey are defined as in Fxample 2.2. The LMI set (2.79) is
infeasible in this case. In fact, although A; and Ay are Hurwitz, there exists an

unstable sliding mode and system (2.81) is unstable (Fig. 2.3).

2.6.2 Piecewise Quadratic Lyapunov Function

For stability analysis of PWA systems, PW(Q functions are less conservative than
quadratic Lyapunov functions [66]. However, PWA systems with sliding modes are
not usually considered in the literature of multiple Lyapunov functions. The reason

is that the existence of a continuous positive definite PW(Q function that decreases
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with time inside the regions is not a sufficient condition for stability of a PWA

system. This is shown by the following counter-example.

Example 2.4. Consider the PWA system (2.81) and the following PWQ Lyapunov
function candidate.
tTPix, z3>0
Viz) = (2.83)
asTPgas, 9 <0
The following set of constraints is a sufficient condition for (2.83) to be continuous,

positive definite and decreasing with time inside the regions.

o Continuous at x9 = 0:

[1 0](P1—P2) (1) =0 (2.84)

e Positive definite:

P >0, P>0 (2.85)

e Decreasing with time inside the regions:

4
A{P1+P1A1+)\1E1TE1 < —alP

J A§P2 + P2A2 + )\gEgE2 < —OtPQ (286)

L A1 >0, A >0, a=0.1

One solution of the above problem is

[ 18073 —1.0745
P] — y
| 10745 14261
[ 1.8073 1.0745
P2 — )
| 1.0745 1.4261
A = 0.5755, Ay = 0.5755. (2.87)
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V(z) in (2.83) is a continuous PWQ positive definite function that decreases with
time inside the regions of system (2.81). However, system (2.81) is unstable. There-

fore, the existence of such a function is not a sufficient condition for stability.

In [66, p.64], an extra condition is introduced for PWA systems which have
sliding modes. However, the limitation of this method is that it requires previous
knowledge of geometrical properties of the sliding modes. One way to solve this
problem is to use C! PWQ Lya;punov functions, Which is also proposed in [66, p.
84].

Consider the piecewise quadratic candidate Lyapunov function continuous at

the boundaries and defined in A by the expression
V(z) = 2T Pz, for r € R, (2.88)

where P, = PT € R("+)x(*+1) and
i = ' (2.89)

with P, € R™*", ¢; € R" and r; € R. To simplify the notation, define

~ Fyi fir
B |l 1Y (2.90)
0 1
The following proposition describes the sufficient conditions for the stability

of the PWA system (2.60) based on a PWQ Lyapunov function.

Proposition 2.5. (Sufficient conditions for PWQ Lyapunov stability) Let there
exist matrices By = PT defined in (2.89), Z;, Z;, A; and A; that verify the following

conditions for alli=1,..., M and a given decay rate o« > 0
e Conditions on the vector field:
a; =0, if 0 € R, (2.91)

(Ai— A))F; =0, if Ri(\R; #90 (2.92)



e Continuity of the Lyapunov function:

FE(P - P)F; =0, if Ri[\R; #90

e Positive definiteness of the Lyapunov function:

qi:0> Ti:o) ZfOEﬁz
P,>el, if0€ER,; ande; # 0
Z; =0

) ZfOEﬁl andeizo
Pi - EszlEz Z el

e Monotonicity of the Lyapunov function:

PA;+ ATP, < —aP;, if0€R; and e; # 0
A >0

(2.93)

(2.94)

(2.95)

(2.96)

(2.97)

(2.98)

, f0ER; ande; =0 (2.99)

PzAz + AITPl + EiTAiEi S —(IPi

. if0 &R,

Then all the trajectories of (2.60) in X asymptotically converge to x = 0.

(2.100)

Proof. Consider V(z) = 2T P,z for z € R; as the candidate Lyapunov function. It

follows from (2.64) and (2.93) that for any z € R; ﬂﬁ], Vi(z) = V;(z). Therefore

The rest of the proof is divided into three parts:

1. If a; = 0 and e; # 0, we conclude from (2.95) that for all z # 0 in R;

V(z) = 2TPax > ¢|jz]* >0
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and from (2.98) that for all z # 0

VWiz)T4iz = 22TPAiz
= xT(PA; + AfP)x

< —az'Pz = —aV(z) (2.102)

2. If a; = 0 and ¢; = 0, we have R; = {x|E;x > 0} and for any Z; € RP*P: and

A; € RP*Pi with nonnegative entries and for all ¢ € R;

tYElZ,Ex > 0 (2.103)

tTEfNEx > 0 (2.104)

In this case, (2.96) leads to the following inequality for all z # 0 in R;

Vi(r) = zTPx

> "B} ZiBw + el|z])®

Y

ellz]]* > 0 (2.105)
and (2.99) leads to the following inequality for all  # 0 in R;

VVi(z)T Az = 2aTPAx

= 2% (PA;+ AT P)x
< —azrtPx— xTE;F MNE;:x
< —az'Pz = —aV(z) (2.106)

3. If a; # 0, we have R; = {z|E;z > 0} and similarly to the previous case,

condition (2.97) implies that for all z # 0 in R;

Vi(z) = Pz

> IVEIZ;ET + ||z

v

ezl > 0 (2.107)
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and condition (2.100) implies that for all z # 0 in R;

VV}(JU)T(Aiz—I—ai) = 27'PA;T

= ZV(PA; + AT P)z
< —aZ'Pi—-i EfNFE;z
< —ai'Pi=—aV(z) (2.108)
In summary, for all z € R; and for i = 1,..., M,
Vilz) > e (2.109)
VVi(z)T (Aiz + a;) < —aVi(z) (2.110)

Therefore using Proposition 2.3, the system (2.60) is dissipative with the stor-
age functinon V(z) and the supply rate —aV(z). Therefore S(z,t) = V(z) +
f(f aV(x(r))dr is nonincreasing along the trajectories of (2.60). This implies that
the conditions of Theorem 2.1 are satisfied and all trajectories of the PWA system

(2.60) in X asymptotically converge to z = 0. 0

PWQ Lyapunov functions are less conservative than quadratic Lyapunov func-
tions. However, it is stated in [66] that for the following PWA system, it is not

possible to find a C! PWQ Lyapunov function although the system is stable.

p -
-2 =2
Al_’E == .’L‘, TIo > 0
| 4 1
ie (2.111)
[ 2 2
Aszx = x, To <0
{ | -4 1

In the next section, it is shown that a polynomial Lyapunov function exists for this

system and can be found using the proposed method in section 2.6.3.
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2.6.3 Sum of Squares Lyapunov Function

In this section, it is proposed to consider a sum of squares polynomial as a Lyapunov
function candidate. For a tutorial about recent system analysis techniques based on
the sum of squares decomposition see [85]. A sum of squares polynomial is defined

in the following.

Definition 2.4. [94] A multivariate polynomial p(x1,...,x,) = p(z) is a sum of

squares, if there exist polynomials py(x),. .., pm(x) such that

p@) = Y pie). (2112)

SOS polynomials p(z) are globally nonnegative. Although ;\ferifying nonnega-
tivity of a polynomiél is an NP-hard problem [81], the SOS condition can be formu-
lated as a convex problem in polynomial coefficients [94]. However, note that not
all nonnegative polynomials are SOS. In the following proposition, nonnegativity of

SOS polynomials is used to construct a Lyapunov function for PWA systems.

Proposition 2.6. If for the PWA system (2.60), there exists a polynomial V(x)
satisfying
V() — A(||z]|?) is SOS. ‘ (2.113)

— VV () (Aix + a;) — Ti(2) " (Biz + e;) — oV () is SOS for all 4. (2.114)

where A : RY — R* is a strictly increasing polynomial function, A(0) =0, a > 0

and T; : R® — RPix! 45 q vector of SOS polynomials, x = 0 is asymptotically stable.
Proof. Conditions (2.113) imply
V(z) > Al«l*) (2.115)
Condition (2.114) leads to the following inequality
VV(2)Y(Aix + a;) < —Ty(2)" (Biz + e;) — oV (z) (2.116)
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Since I';(z) is a vector of SOS polynomials and E;z +e; > 0 for all z in R;, we have
Ti(z)T (B +e) >0, Vz €R; (2.117)

Therefore (2.116) and (2.117) imply
V()T (A + a;) < —aV(z) <0, Vz € R,z #0 (2.118)

Thus, using Proposition 2.2, the system (2.60) is dissipative with the storage functi-
non V(z) and the supply rate —aV(z). Therefore, considering (2.40), S(z,t) =
Vi(z)+ fot aV (z(7))dr is nonincreasing along the trajectories of (2.60). This implies
that the conditions of Theorem 2.1 are satisfied and all trajectories of the PWA

system (2.60) in X asymptotically converge to z = 0. O

Remark 2.3. The parameters of the Lyapunov function can be computed by solving

the SOS program in Proposition 2.6 using Yalmip [76] and SeDuMi [121].

Example 2.5. Consider the PWA system (2.111). There is no quadratic orC' PWQ
Lyapunov function for this system [66, p.84]. However, by solving the following SOS

program we can find a sixth order polynomial Lyapunov function.
V(z) —0.001||z])* is SOS.
—VV.(A1z) — T'1(z)(z2) — 0.01V (z) is SOS.
'—VV(AQZ‘) - F2($)(—$2) - 001V(1‘) 18 SOS
where T'1(.) and T'y(.) are fourth order SOS polynomials. This is a convex problem

and can be solved by SOSTOOLS [95] or Yalmip [76]. One feasible solution to the

problem is
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Figure 2.4: The SOS Lyapunov function

Vi(z) = (—0.0589z; —0.0567z% — 0.00143z12, — 0.0222
—0.00269z% — 0.00147z1x3)% + (0.00102z, — 0.0323z,
—0.0651z122 — 0.002652%x5)° + (—0.0156z; + 0.0253z% — 0.025723
+0.0018223 — 0.00207x123)% + (+0.00717x, — 0.00439z7 — 0.00863z3)*
+(—0.0095722 + 0.00474z,22)? + (—0.0036:1:%@ +0.0011823)?

+(~0.00166z7 + 0.002322,23)* + (0.0012423) + (0.00104z3)*  (2.119)

This SOS Lyapunov function is shown in Fig. 2.4. Trajectories of the system (2.111)
and contours of the SOS Lyapunov function are shown in Fig. 2.5. Notice that there

is a stable sliding mode in this system.
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Figure 2.5: Trajectories of a stable PWA system (black) and contours of the Lya-
punov function (gray)

2.7 PWA Slab Systems
A PWA slab system can be described by
z=A;x+a; forxzeR; (2.120)

where A, € R™", q; € R". It is assumed that a; = 0 for ¢ € Z(0). Therefore,
the origin is an equilibrium point of the system. The slab regions R;, 2 =1,..., M

partitioning a slab subset of the state space X C R™ are defined as
Ri=A{x| 0; < Crx < 0431}, (2.121)

where Cr € R™™ and ¢; for i = 1,..., M + 1 are scalars such that
o1 <09 <...<0Op11 (2.122)
Each slab region can alternatively be described by the following degenerate ellipsoid
Ri=A{z | |Liz+ L] < 1} (2.123)
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where L; = 20z /(0541 — 0;) and I; = — (0441 + 05) /(0541 — 04).

We are interested to know if all possible trajectories in X asymptotically con-
verge to the origin. Note that the right-hand-side of (2.120) is not necessarily con-
tinuous and therefore there might exist attractive sliding modes. The following
proposition provides sufficient conditions for the stability of system (2.120) based

on Theorem 2.1.

Proposition 2.7. All trajectories of the PWA slab system (2.120) in X asymptot- |
weally converge to x = 0 if for a given decay rate o > 0, there exist P € R™" and

A €ER fori=1,..., M such that

P >0, (2.124)
AP+ PA; + oP <0, Vi € Z(0), (2.125)
/\i < 0,
ATP+ PA;+ oP + NLTL; Pa;+ MLLT . fori ¢ I(0)  (2.126)
< ?

Proof. Consider the candidate Lyapunov function V (x) = 2™ Pz for the PWA slab

system (2.120) where P > 0. Consider the following function
t
(e t) = Viz) + / oV (2(7))dr, (2.127)
0

where o > 0. In the following, we will show that S(z,t) is nonincreasing along the

trajectories of (2.120):

1. For z € R; where i € Z(0), multiplying the inequality (2.125) by zT and z

from left and right, respectively, implies

VV(z)T Az + oV (z) <0, for z € R;,i € Z(0) (2.128)

2. For z € R; where i ¢ Z(0), it follows from the constraint (2.126) that

VV () (A + a;) + oV (2) + M(|| Liz - L]|* = 1) < 0, (2.129)
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Since A; < 0, conditions (2.129) and (2.123) imply
VV(2) (Aiz + a;) + oV (x) < 0, for z € Ry,i ¢ Z(0) (2.130)
Now, it follows from (2.128), (2.130) and Proposition 2.2 that the system (2.120) is
dissipative with the storage functinon V(z) and the supply rate —aV (z). Therefore
S(z,t) is nonincreasing along the trajectories of (2.120). This implies that the

conditions of Theorem 2.1 are satisfied and all trajectories of the PWA slab system

(2.120) in X asymptotically converge to z = 0. O

2.8 PWP Systems

The dynamics of a PWP system can be written as follows.

where z(t) € R” denotes the state vector and f;(z) € R™ are polynomial functions
of . The regions P;, 1 € Z = {1,..., M}, partition a subset of the state space
X C R” such that UM, P; = X, P,NP; =0, i # j, where P; denotes the closure of

P;. Each region is described by
P; = {z|Ei(x) = 0} (2.132)

where E;(z) € RP: is a vector polynomial function of z and > represents an elemen-
twise inequality.
Proposition 2.8. If for the PWP system (2.131), there exists a polynomial V(z)
satisfying

V(z) — A(l|lz]|*) is SOS. (2.133)

— VYV (z) fi(z) — T () Ei(z) — oV (x) is SOS for all i. (2.134)
where X : RT — RT is a strictly increasing polynomial function, A(0) = 0, a > 0

and T; : R® — RPix! js g vector of SOS polynomials, x = 0 is asymptotically stable.
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Proof. Condition (2.133) implies
V(z) > Ml=[*) (2.135)
Condition (2.134) leads to the following inequality
VV(z)T fi(z) < =TT (2)Ei(x) — oV (2) (2.136)
Since T'y(z) is a vector of SOS polynomials and FE;(z) > 0 for all z in P;, we have
I'T(z)Ei(z) >0, Yz € P; (2.137)
Therefore (2.136) and (2.137) imply
V() fi(z) < —aV(z) <0, Vo € Ri,z #0 (2.138)

Thus, using Proposition 2.2, the system (2.131) is dissipative with the storage func-
tion V(x) and the supply rate —aV(z). Therefore, considerong (2.40), S(z,t) =
V(z) + f(f oV (z(r))dr is nonincreasing along the trajectories of (2.131). This im-
plies that the conditions of Theorem 2.1 are satisfied and all trajectories of the PWP

system (2.131) in X’ asymptotically converge to x = 0. O

2.9 Conclusions

In this chapter a general nonsmooth theorem for stability of nonlinear systems was
stated and proved. Then, sufficient conditions for stability of PWA slab systems,
PWA systems and PWP systems were formulated as convex problems subject to
LMIs. The importance of the results of this chapter is to show that sufficient condi-
tions for the stability of PWA and PWP systems can be formed without any need
for a-priori information about attractive sliding modes on switching surfaces. This
is very important given that such information is very difficult to obtain for complex
systems and, even when this information is available, it might lead to unnecessary

conservativeness.
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Chapter 3

Extension of local linear
controllers to global piecewise
affine controllers for uncertain

nonlinear systems

A. two-step controller synthesis method is proposed in this chapter for a class of
uncertain nonlinear systems described by piecewise affine differential inclusions.- In
the first step, a robust linear controller is-designed for the linear differential inclusion
that describes the dynamics of the nonlinear system close to the equilibrium point.
In the second step, a stabilizing piecewise affine controller is designed that coincides
with the linear controller in a region around the equilibrium point. The proposed
method has two objectives: global stability and local performance. It thus enables to
use well known techniques in linear control design for local stability and performance
while delivering a global piecewise affine controller that is guaranteed to stabilize

the nonlinear system. The new method will be applied to numerical examples.
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3.1 Introduction

Linear control theory provides a variety of well established tools to guarantee robust
stability and performance [36]. The controller is, however, valid only locally if the
controller is designed for the linearization of a nonlinear system. In fact, the linear
controller may not even stabilize the nonlinear system if the initial condition is far
from the linearization point. On the other hand, most of the methods in nonlinear
control theory address global asymptotic stability but not necessarily performance.
Designing a controller that has both a large region of attraction and a good local
performance is therefore one of the most interesting research problems in nonlinear
control theory [80]. Having this problem in mind, a two-step method is proposed in
this chapter to design a piecewise affine (PWA) controller for uncertain nonlinear
systems described by piecewise affine differential inclusions (PWADI). The objective
of the proposed method is to design a controller to satisfy a local performance
requirement and to globally stabilize the nonlinear system. The method extends a
linear controller designed for performance to a globally stabilizing PWA controller.
One of the main advantages of this method is that it can be employed in many
practical problems for which linear controllers currently exist without changing the
local performance of the system.

The structure of the proposed method is shown in Figure 3.1. In the first
step, a robust linear controller is designed for the linear differential inclusion (LDI)
that approximates the local behaviour of the nonlinear system in a neighbourhood
of the desired operating point. Then, a PWA controller that coincides with the
linear controller in a region around the equilibrium point and globally stabilizes
the nonlinear system is designed in the second step. Since the design approach is
based on finding a piecewise quadratic Lyapunov function, it is only approximate
in the sense that there is no guarantee that a Lyapunov function can be found. If

one is found, global stability is guaranteed. Otherwise, the method is inconclusive.
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In spite of their approximate nature, Lyapunov-based methods for PWA controller
design appear to work well in practice and have been widely used in the literature

40,56, 66,96,103,104].

" Local Linear
Differential —
tnclusion

Uncertain
Nonlinear -
System
Global v Global Stability
Piecewise Affine ———>
Differential x Inconclusive

! Inclusion

Figure 3.1: Structure of the proposed PWA controller design method

The main result of this chapter is proved in Theorem 3.2. The contribution of
this result is to provide the theoretical framework for extending a local linear con-
troller to a global PWA controller based on piecewise quadratic Lyapunov functions.
In previous research, reference [103] has also used piecewise quadratic Lyapunov
functions to synthesize PWA controllers. However, the method of [103] does not en-
able one to extend a local linear controller to a global PWA controller. Futhermore,
it is assumed in [103] that there is one equilibrium point for the dynamic equations
of each region. The equilibrium points of all regions are then selected a-priori by
solving an optimization problem. It is also required that each of the equilibrium
points be the extrema of the corresponding sector of any candidate Lyapunov func-
tion. By contrast, Theorem 3.2 now shows that it is in fact not necessary to compute
those equilibrium points. This has the important advantage of relieving the designer
from this tedious and non-intuitive task.

Note that a PWQ function is not necessarily differentiable everywhere and
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therefore it is a nonsmooth function. Despite this fact, none of the previously exist-
ing approaches to PWA controller design have developed a nonsmooth theory nor
have they considered using well-developed nonsmooth analysis theory in the litera-
ture e.g. [31]. By contrast, in this chapter, we depart from previous approaches to
PWA controller design by using Theorem 2.1, a Lyapunov theorem for nonsmooth
Lyapunov functions. The theorem has the advantage of including the standard Lya-
punov stability theorem in [70] as its special case for C! Lyapunov functions. The
proposed PWA controller in this chapter has the additional advantage of coincid-
ing locally with a robust linear controller designed using linear control methods. It
therefore combines local performance with global stability. One important appli-
cation of the proposed method can thus be to extend the region of convergence of
existing linear controllers for nonlinear systems.

The rest of this chapter is organized as follows. An illustrative example is
employed in section 3.2 to clarify the need for the proposed method. Section 3.3 then
explains the proposed method which consists of a robust linear controller design and
its PWA extension. Finally, PWA controllers are designed for numerical examples

in section 3.4 and conclusions are drawn in section 3.5.

3.2 Illustrative Example

In this section, the following nonlinear system is used to illustrate the design proce-
dure:

=0.5(1—-2% +u (3.1)

The open loop system has two equilibrium points (figure 3.2), one at « = —1 (un-
stable) and the other one at z = 1 (stable). The goal is to design a controller so that

for any z(0) € X = [—4, 4], the trajectory of the system asymptotically converges
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to z* = 1. It is also required that for any z(0) € (0, 2), the following cost function

J= /OO[Q(:E — 1) + Ru?|dt (3.2)

be minimized where ) =2 and R = 1.
To achieve this goal, continuous PWA functions o;(x) and o2(x) (Figure 3.3)

are first defined so that
t € conv{o;(z) + u, o2(x) + u} (3.3)

where conv stands for the closed convex hull [107] of a set and o1(z) and oy(x) are

affine in z inside each of the following regions:
R1=(-4,-2),Ro =(-2,0),R3 =(0,2), Ry = (2,4) (3.4)

In R (where z* is located), the dynamics of the system are described by the
following LDI,

t € conv{—1.6(x — 1) +u,—0.4(x — 1) + u} (3.5)
Defining z =z — 2* =z — 1, we have
z € conv{-1.62+u,—0.4z +u} (3.6)

An LQR controller can be designed for (3.6) using the design method for robust
linear controllers described in subsection 3.3.1. The resulting controller for Rj is
then described by

u=-—1.07z + 1.07 (3.7)

Figure 3.4 shows the phase plane of the nonlinear system in feedback connection
with the linear controller. It can be clearly seen that the system still has two
equilibrium points. Therefore, although the closed-loop system locally satisfies the
required performance measure, it is not globally stable. In the following sections,
a method for extending the designed LQR controller to a PWA controller will be
presented. It will be shown in section 3.4 that the resulting PWA controller has the

same local performance and, in addition, it is globally stablizing.
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Figure 3.2: The phase plane of the open loop system.

3.3 Extension of a Linear Controller to a PWA
Controller

This section proposes a method to extend a local linear controller to a global PWA
controller. The method consists of two steps. In the first step, a robust linear con-
troller will be designed for a nonlinear system that is affine in the input. In this step,
the designer can benefit from well established methods for designing robust linear
controllers to make the nonlinear system locally stable and to satisfy a performance
requirement in a neighbourhood of the desired equilibrium point. In the second step,
the objective is to design a PWA controller that coincides with the linear controller
in the neighbourhood of the equilibrium point and guarantees global stability of the
nonlinear closed-loop system.

Consider the following nonlinear system

i = f(z) + gla)u (3.8)
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x
Figure 3.3: PWA differential inclusion

where x € X C R” and u € R™. Let
T € conv{oy(x,u),...,ox(x,u)} (3.9)
where o, (z, u) is defined as
0oz, 1) = Az + ay + Biu, x € Ry, (3.10)

with A4;, € R™" ¢, € R*", B, e R™™ fori=1,...,. M and k = 1,...,K. The
polytopic regions R; are constructed as the intersection of a finite number of half
spaces

Ri={z|Ex+e; 0}, fori=1,..., M (3.11)

where E; € RP*", ¢; € RP* and > represents an elementwise inequality.
The objective is to stabilize system (3.8) to x = z* while satisfying a perfor-
mance requirement for x close to x*. The two steps of the proposed method will be

presented in the following subsections.
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Figure 3.4: The phase plane of the system with the linear controller.

3.3.1 Step 1: Robust linear controller design

The first step is to design a robust linear controller for the LDI describing local

behaviour of the nonlinear system. Consider a region R;+ such that
x* € R
The dynamics of system (38) in this region can be described by the following LDI.
% € conv{Ap.x+ ape + Bioul k=1,...,K} (3.12)

Changing variables to z = = — z* and assuming a state feedback control input

u = Kz + ki yields
z € COHV{(Ai*K + Bi*nKi*xZ + $*> + Qjr + Bi*nki*l K = 1, ceay }C} (313)

To make z = 0 an equilibrium point of the system, the following condition must be
satisfied.

(Ai*n + Bi*nKi*n)x* + Aj* e + Bmki*n = 0, K = 1, ceey K (314) '
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The closed-loop dynamics of the system can then be written as
z € COHV{(AZ‘*N + Bi*KKi*K)Z[ k=1,... ,’C} (3.15)

The matrix gain K, can be designed using robust linear control methodologies to
satisfy desired design objectives for the differential inclusion (3.15). The affine term
of the controller k;« can then be computed if the linear equation (3.14) has a solution.
The choice of the required performance measure depends on the application. In this
work, a robust LQR is designed for the LDI (3.12) using the following result taken
from [64].

Theorem 3.1. [64] Consider the cost function
J= /0 T (TQx + T Ru)dt (3.16)
where Q > 0 and R > 0 for the following LDI
z € conv{A.z+ Beulk =1,...,K} (3.17)

where z € R™ and uw € R™, If there exist S andY so that

S>0 (3.18)
SAT+A.S+YTBT+B.Y SQY? YTRY? -
QY2s —I, 0 <0 (3.19)
RV?y ' 0 ~In,

fore=1,...,K , then for u = Kz where K =Y S}, we have
J < 2(0)T5712(0) (3.20)
0

To avoid the dependency of the upper bound of the cost function on initial

conditions of the system, it is proposed in [64] to assume that the initial condition
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is a random vector with zero mean and identity covariance, i.e.,

E{:(0)} = 0

E{z(0)2(0)T} = I (3.21)

It is shown in [64] that Trace (S~!) is an upper bound on E{J}. Therefore it
is proposed in the same reference to solve the following optimization problem to

minimize the upper bound on the cost function.

max Trace ()

subject to  (3.18) and (3.19) (3.22)

This optimization problem can be solved using SeDuMi [121] and Yalmip [76] to
compute the controller gain K;«. The affine term k;» can then be coniputed by

solving (3.14). The controller in region R can then be written as

_ _ x
u = K;»T, where K;» = [Ki* ki*} and T = (3.23)
1

The next step is to find a PWA controller that coincides with the linear controller

(3.23) in R;» and guarantees the stability of the closed-loop system in X.

3.3.2 Step 2: PWA state feedback design

The second step is to extend the robust linear controller to a PWA state feedback
controller that stabilizes the nonlinear system (3.8) at the equilibrium point z*. A

PWA control input of the following form is considered for this purpose
u=Kax+k = Kif, for z € R; (324)

where

K; = [ K; ki ] (3.25)
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The closed loop system is therefore described by
i = f(z) + g(z)(K;z) for z € R, (3.26)

Consider the piecewise quadratic candidate Lyapunov function continuous at the

boundaries and defined in X by the expression
Viz) = T Bz, for z € R; (3.27)

where P, = PT € RU*+1x(n+1) and

_ P g
- ! (3.28)
@ T
with P, € R™*", ¢; € R" and r; € R. To simplify the notation, define
- Ain Qg ] — Bin — E fz j x*
Aim = 7B7:K = 7Ej = ? ’ ’j}* = (329)
0 1 0 0 1 1
_ 1 0 I -z I —z*
1= = (3.30)
—z* 1 i 0 1 —*T pTg*

The following theorem describes sufficient conditions for the existence of a
continuous piecewise quadratic Lyapunov function of the form (3.27) and a PWA
controller of the form (3.24) that coincides with the robust linear controller in the

region where z* lies and guarantees global stability.

Theorem 3.2. Let there exist matrices P, = PL defined in (3.28), K; defined in
(3.25), Z;i, Z;, Miw and A, that verify the following conditions for alli =1,..., M,
k=1,...,K and for a given decay rate o > 0, desired equilibrium point z*, linear

controller gain K;» defined in (8.23) and ¢ > 0

o Conditions on the PWA controller:

f(i = Ki*, Zf x* € ﬁi (331)
(Aix + Bi KT =0, if 2" € R, (3.32)
(A + BuKi)Fy = (A + B; K Fy, if Ri[ \R; #0  (3.33)



e Continuity of the Lyapunov function:
F(P=P)F;=0, f Rif \R;#0 (3.34)
e Positive definiteness of the Lyapunov function:

P#* =0, ifz* € R (3.35)

P>el ift* € Ry, Eix* +e; #0 (3.36)
Z; e R™™ Z, >0 —

: ,if z* € R;, Exz*+e;=0 (337)

P, — EfZ,E; > eI

Z; € Rirt)x(n+1) 7. ) _

. T ER (3.38)

P, — E;TZZEl > el

e Monotonicity of the Lyapunov function:

for i such that z* € R;, EBiz* +e; # 0,

B(Ain + BinKi) + (Ain + BinKi)TPi < "“aPi (339)

for i such that z* € R;, E;x* +¢; = 0,
Ay € R Ay = 0

(3.40)
R(Am + BZK,K’L) + (Auc + B’inKi)TIDi + EiTAinEi < '_ajji ‘
for i such that z* ¢ R,
A/_\in € R(n-l—l)x(n-l—l)’ Ain =0
= (3.41)

I_Di(lein + an}:—(z) + (Ain + Binki)TI_Di + E?Aanz < —aj_ji
Then for the nonlinear system (3.26), all trajectories in X asymptotically converge

to x = x*.

Proof. Consider the change of coordinates z = x — z* or equivalently

™Y
Il

8
S]]

(3.42)
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IN]



where

_ I -z _ I z*
T, = , I = (3.43)
0 1 0 1

With this change of variables, the differential inclusions (3.9) with the control
input u = K,z + k; for x € R; is transformed into

2 € conv{oi(2),...,0%(2)} (3.44)

where 07(z) is defined as

z

UZ(Z) = Al 2+,ad%, 2 € R;, (3.45)
fori=1,...,M and Kk = 1,...,K where
B= | (A BuROT (3.40
0 O
and therefore
A, = A + Bi K, (3.47)
aj, = (A + By Ki)x* + az + Bicks (3.48)
Polytopic regions R} can be written as
R ={z|Efz+¢ =0}, fori=1,.... M (3.49)

where E? = E; and ¢ = Ejz* + e;. I R, ﬂﬁj #0 (ie. RiOR; #0) it follows
from (2.64) that
VY € nﬁiﬂﬁj, ds € Rn_l, x = Fijs+ fi; (350)
Thus
VzeR;(\R;, Is R, 2= Fys+ f; — 2 (3.51)
and one can define I = Fj;, f% = fi; — " and

(2

_ Fz 15 -
0 1 :
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For the candidate Lyapunov function V*(2) = V(z), for 2 € R? (ie. € R; ) we

have
VZ(2) = Vi(2),
where
Vi()=3"Pz=7"T, PT,'z2=7"Pz
and thus
P Pz q P ‘ Pix* + ¢
i = panand
q;f‘T ri x*TB- + qlT :c*TB:c* + qlT:c* + :c*TqZ- +r;

satisfies the conditions of Proposition 2.5.

o Conditions on the vector field:
— It follows from (3.32) that if z* € R; i.e. 0 € R?

A ik B, z*
0 0 0

This is equivalent to af, = 0 and therefore (2.91) is satisfied.

— Using (3.33), for i and j such that R;[\R; # 0 we have

and therefore from (3.46) and (3.52)

Thus (2.92) is satisfied.

o Continuity of the Lyapunov function: It follows from (3.34) that

(3.53)

(3.54)

(3.55) |

In the following, it is shown that for any x € {1,...,K}, the PWA gystem 2 = oZ(z)

(3.56)

(3.57)

(3.58)

(3.59)



and from (3.52)

Fi (Pr—PHF;=0,if R;(\R; #90

Therefore (2.93) is satisfied.

e Positive definiteness of the Lyapunov function:

— The condition (3.35) can be rewritten as

Pil'* -+ q; = 0 .
, if 2" e R,
gFfz*+r; =0
and therefore from (3.55),
=0
¢ f0eR:
ri =0

Thus (2.94) is satisfied.

— It follows from (3.36), (3.55), (3.62) and (3.49) that

P?>¢l, if0€R; and e # 0

Therefore (2.95) is satisfied.

— It follows from (3.37), (3.55), (3.62) and (3.49) that

P? —EYZFE; > eI, if0€R; and e* = 0

Therefore (2.96) is satisfied.

— The condition (3.37) can be rewritten as

T."PT, -

zx zx

and then from (3.54), (3.49) and (3.30) that

=T

2T

ETZ,ET; > T, IT,,'

Piz — EZZTZZEZZ > €

Therefore (2.97) is satisfied.
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e Monotonicity of the Lyapunov function:
— The condition (3.39) can be rewritten using (3.49), (3.55) and (3.56) as
PPAL + AL PP < —aP?, f0eRE, e #0 (3.67)

This is equivalent, to (2.98).

— It follows from (3.40), (3.49) and (3.55) that
Pl + ALP? + B MEP < —aP?, f0€R, ande? =0  (3.68)

Therefore (2.99) is satisfied.
— Multiplying (3.41),by T;T and T;;! from left and right yields

T, P A + By K)T,, + T,  (Aiw + Bin Ki)T PT,!
(3.69)
+ T PETAGET < —oT Y PT;}

Since T,'T,, = I, the condition (3.69) can be rewritten as

T T PT T (Ai + B KT + T  (Aie + Bin K T T PT!

L~ 2T

(3.70)

Note that from (3.43), it follows

_ - I —x Aix + Bic K ai + Bigk;
Tza:(Ain + BinKi) =
0 1 0 0

[ A + BiK;  aiy + Bick;

0 0

Now using (3.71), (3.70), (3.46), (3.49) and (3.54), we have

R —.T = — T —

P?A? + A7 PP+ Ef ME? < —aP? if0¢ R, (3.72)

Therefore (2.100) is satisfied.
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Since all the conditions of Proposition 2.5 are satisfied, it can be concluded that for

any k € {1,...,K}, the PWA system z = ¢%(z) is stable at the origin (z = 0) and
Vi) > ez z e R; (3.73)

VVi(2)T(Afz + af) < —aVi(z),z € R, (3.74)

fori=1,..., M.

The differential inclusion (3.44) can be described as

2= fz), z € R} (3.75)
where
K
fil2) =) welt) ALz + af,) (3.76)
k=1
and w,(t) > 0 for k =1,...,K and all t > 0 are piecewise smooth functions such
that

D wet)y =1 (3.77)

From (3.76) and (3.74), it follows

VVE (@)Y fi(z) < —aVi(z),z € R, (3.78)

Now using Proposition 2.3, the system (3.75) is dissipative with the storage functinon
V#(z) and the supply rate —aV?*(x). Therefore S(z,t) = V*(z) + f(f aV*(z(r))dr
is nonincreasing along the trajectories of (3.75). This implies that the conditions
of Theorem 2.1 are satisfied and all trajectories of (3.75) (the nonlinear closed loop

system (3.26)) asymptotically converge to z = 0 (z = z*). O

Remark 3.1. Theorem 3.2 shows that there is no need to assume that there is one
equilibrium point for the dynamic equations of each region and to select them a-priori

by solving an optimization problem (such as it was done in [103]).
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Remark 3.2. The conditions in Theorem 3.2 include bilinear matriz inequalities
(BMI) which make the problem nonconvex. Reference [124] showed that the problem
of checking the solvability of a BMI is N'P-hard. The complexity of the synthesis
problem increases with the order of the system, the dimension of the partitioned
space and the number of regions. However, PENBMI [71], a recent software package
providing algorithms with local optimality guarantees, can be used in practice to

search for a local solution to the problem as it will be shown in the next section.

3.4 Numerical Examples

Example 3.1. For the illustrative example in section 3.2, a PWA controller is
designed to extend the region of convergence of the robust LQR controller. A feasible
solution to the synthesis problem described in Theorem 3.2, was calculated using
PENBMI [71] and Yalmip [76]. Figure 8.5 depicts the resulting piecewise quadratic
Lyapunov function. The designed PWA controller (Figure 3.6) is described by the

following gains.

Ky = [-4.08 —0.437), K; =[-3.32 1.07]

Rs = [-1.071.07], Ky =[2.45 —5.97] (3.79)

Note that the PWA controller coincides with the linear LQR controller in (0,2).
Figure 8.7 shows the phase plane of the closed-loop system consisting of the nonlinear
system in feedback connection with the PWA controller. Notice that the closed-loop
system has now only one equilibrium point in X = [—4,4] and it is stable for all

initial conditions in X.

Example 3.2. Consider the following simple PWA system (adopted from [96] with

slight modification)
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Figure 3.5: The computed Lyapunov function - Example 3.1

T = X

where g(x1) is the PWA function depicted in Figure 3.8. It is desired to stabilize the

origin (1 = x2 = 0) for this system. The local performance criterion is
() = / 422(8) + ()2 + u(t)2dt (3.81)
0

At first, a PWA controller was designed by applying the synthesis method proposed
by [96] using PWLTOOL [57]. Figure 3.9 shows the trajectories of the closed loop
system. It can be seen that, in this case, the PWA controller designed by PWLTOOL
does not stabilize the origin even locally.

We then employ Theorem 8.2 to stabilize the origin and to extend the following

LQR controller with the cost function (3.81) to a PWA controller

Cu = —3.2361x; — 3.1376x, (3.82)
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Figure 3.6: The designed PWA controller - Example 3.1

Figure 3.10 depicts the trajectories of the closed loop system. The PWA controller
stabilizes the origin while it coincides with the LQR controller (3.82) for the center

region (—1 < z1 < 1).
Example 3.3. Consider the following second order system

Ti = I

iy = —x1+ 0529 — 05222, +u (3.83)

Figure 3.11 shows the trajectories of the open loop system. A linear controller u =
—198x1 — 101zy can extend the region of convergence to the origin as depicted in

Figure 3.12. However, there still exist initial conditions in

I
X = —30 < 23 < 30, —60 < z3 < 60 (3.84)
T2
for which the trajectories of the system do not converge to the origin.

To design a PWA controller, the nonlinear system (3.83) should first be in-

cluded by a PWADI. This is done by computing upper and lower PWA bounds on
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Figure 3.7: The phase plane of the closed-loop system with the PWA controller
(solid) and the linear controller (dashed) - Example 3.1
the nonlinear function h(x) = 0.5z2x, and then substituting this nonlinear function
in (3.83) by its PWA bounds. Figure 3.13 shows the regions (triangles) for which
the PWA bounds were computed.

A PWA controller was then designed that satisfies all the conditions of Theorem
3.2. The corresponding piecewise quadratic Lyapunov function is depicted in Figure
8.14. The trajectories in Figure 8.18 clearly show that the PWA controller enlarges

the region of convergence.

3.5 Conclusions

This chapter proposed a two-step synthesis method to achieve both local perfor-
mance and global stability for a class of uncertain nonlinear systems. In this method,
a local robust linear controller is first designed for a neighborhood of the desired equi-
librium point to satisfy a local performance requirement. The local linear controller

is then extended to a PWA controller to globally stabilize-the nonlinear system.
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Figure 3.8: PWA function - Example 3.2
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Figure 8.9: Trajectories of the closed-loop system for the PWA controller proposed
in [96] - Exzample 3.2

69



T2

I

Figure 3.10: Trajectories of the closed-loop system for the proposed PWA controller

- Example 3.2
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Figure 3.11: Trajectories of the open loop system - Example 3.3
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Figure 8.14: Piecewise quadratic Lyapunov function - Example 3.8

The PWA controller locally coincides with the linear controller and therefore has

the same local performance.
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Chapter 4

Controller synthesis for piecewise
affine slab differential inclusions: a
duality-based convex optimization

approach

The main contribution of this chapter is to introduce for the ﬁrst time a duality-based
interpretation of piecewise affine (PWA) systems. This is a key concept to enable a
convex formulation of PWA controller synthesis for PWA slab differential inclusions
using a new convex relaxation. A convex optimization program is also proposed to
compute a PWA differential inclusion that includes a nonlinear system for which the
nonlinearity is a function of one variable. Therefore, by formulating the synthesis
problem for PWA differential inclusions, the proposed method can also guarantee
stability and performance for the original nonlinear system. Another important
contribution of the chapter is to present stability and performance analysis and
synthesis results that extend PWA Lj-gain analysis and synthesis to PWA systems

whose output is also a PWA function of the state (as opposed to a piecewise-linear
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function). To this end, the definition of the regions of a PWA system is generalized
in this chapter. These results work even when the PWA systems include sliding

modes. Numerical examples illustrate the new approach.

4.1 Introduction

Controller synthesis for Ly-gain performance of PWA systems has attracted growing
attention in recent years [40-42]. Reference [40] formulates the Lo-gain controller
synthesis problem for uncertain PWA systems as a set of LMIs based on a piecewise
quadratic (PWQ) Lyapunov function provided that the structure of the PWA con-
troller is constrained. Reference [42] proposed a methbd to design PWL controllers
for PWL systems based on a PWQ Lyapunov function to limit the Ly-gain of the
system. The method was later extended to uncertain PWL systems in [41]. How-
ever, the approaches in [40,42] and [41] do not use any S-procedure in the design
process, which means that each closed-loop subsystem of the PWL system has to
be stable and this makes the proposed methods conservative. Attractive sliding
modes are also ignored in [40,42] and [41]. There is therefore no guarantee for the
closed-loop system to be stable in general. In addition, no method is proposed to
obtain bounds on the uncertainty for nonlinear systems that are approximated by
PWA systems.

A very important subclass of PWA systems is the class of PWA slab sys-
tems [101], for which the partition of the state space is a function of a scalar
variable. The synthesis of PWL controllers for stability and performance of PWA
slab systems is formulated in [56] as a‘ set of LMIs.. Reference’ [100] applied PWL
Lo-gain controller synthesis to the problem of inventory control of production sys-
tems. Additional constraints were introduced in this chapter to limit the control

input. However, for PWA controllers, it is said in [56] that ” It doesn’t seem that
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the condition for stabilizability using this type of input command can be cast as an
LMI”. Reference [101] showed that by considering an affine term in the controller,
the synthesis problem for PWA slab systems can be formulated as a set of LMIs
parametrized by a vector. Three different algorithms for controller synthesis have
been proposed in [101] and the bisection method has been used to find the controller
that maximizes the decay rate of the trajectories.

However, no convex optimization problem has been proposed for PWA con-
troller design for stability and performance without limiting the structure of the
controller. To fill this gap in the literature, this chapter formulates PWA controller
synthesis for stabilization as a set of LMIs. Then, this formulation is extended
to Lg-gain controller design. These results are based on a new key concept - the
dual parameter set - that is introduced in this chapter for the first time. In addition,
PWA slab differential inclusions (as opposed to equations) are considered here. This
enables the design for stability and performance of nonlinear systems that can be
included by a PWA envelope. Furthermore, for nonlinear systems for which the
nonlinearity is a function of one variable, a convex optimization method is proposed
in this chapter to compute the PWA envelope that includes the nonlinear system.

The structure of the chapter is as follows. The definition of Ls gain of a
nonlinear system and PWA differential inclusions are introduced in section 4.2 and
section 4.3, respectively. A convex optimization method is then described in section
4.3.1 to compute a PWA envelope for a class of nonlinear systems. Stability and
performance analysis are presented in section 4.4. Section 4.5 addresses stabilization
and Lg-gain control design. Finally, numerical examples are shown in section 4.6

and conclusions are drawn in section 4.7.
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4.2 Mathematical Preliminaries

Consider the nonlinear system

&= f(zx) + g(z)w
y = h(z)

(4.1)

where f(z) and g(x) are defined almost everywhere and bounded for bounded ||z|.

The Ly gain from w to y is defined as

sup lyllz (4.2)
0<|lwll2<o0 ||w“2

where the Ly norm of a signal z is defined as

00 3
l2lls = [ / zT(T)z(T)dT] (4.3)
0
and the supremum is taken over all nonzero trajectories assuming z(0) = 0.

Lemma 4.1. [7] The nonlinear system (4.1) has finite Ly-gain less than v > 0 if
there exists a locally bounded storage function V : R — R, such that V(z) > 0 for

allz € R*, V(0) =0 and
vt > 0,V (z(t)) < V(o) + /t W (r)dr (4.4)
0

for the supply rate W (r) = —|ly(7)|I3 + ¥*|lw () |l5-

4.3 Polytopic PWA Slab Differential Inclusions

Polytopic PWA slab diffefential inclusions are a generalization of polytopic linear dif-
ferential inclusions in [17]. A polytopic PWA slab differential inclusion is described
by

&= Az, t)z + a(z,t) + Bu(x, t)u + By(z, t)w

(4.5)
y=C(z,t)z + c(z,t) + Dyu(x, t)u + Dy(z, t)w
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where z(t) € R® denotes the state, u(t) € R™ is the control input, w(t) € R™ is
the exogenous input and y(t) € R™ is the output. The initial state is z(0) = zq. It

is assumed that system (4.5) satisfies

t € conv{A;.x + a;, + By, u+ By, w,k =1,2
{ ! for (z,w) € RY  (4.6)
y € conv{Ci.z + ¢ix + Dy, u+ Dy, w, k= 1,2}

where conv stands for the convex hull of a set and R}, i =1,..., M are M slab
regions partitioning the cross product of a slab subset of the state space X ¢ R"

and the space of the exogenous input W defined as
REW = {(z,w) | 0; < Crx + Drw < 0i11}, (4.7)
where Cr € R™", Dr € RY>™ and o; for i = 1,..., M + 1 are scalars such that
01 <03 < ...< Op41 (4.8)
Each slab region can be described by the following degenerate ellipsoid
REW = {(z,w) | || Liz + i + Myw]|| < 1} (4.9)

where L; = 2Cr/(0441—03), li = —(0i41+03)/(0i41—0:) and M; = 2Dg /(0441 —03).

It is assumed that a;, = 0 and ¢;, = 0 for ¢ € Z(0,0) and k = 1, 2 where

I(z, w) = {i] (z,w) e R} (4.10)

The following subsection will formulate the computation of PWA envelopes
for a class of nonlinear systems as convex optimization programs. These envelopes

will be used to design PWA controllers for nonlinear systems.
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4.3.1 PWA envelope for nonlinear systems

In this subsection, a numerical method is proposed to compute a PWA envelope

(bounding differential inclusion) for the following nonlinear system
t = Az+ Byp+ Byu+ Byw, z(0) = o,
qg = Crx+ Drw (4.11)
y = Cz+ Dpp+ Dyu+ Dyw

where £ € R™, u € R™, w € R™, y € R™ and the vector p € R™ is a nonlinear
7 3 y p

function of the scalar ¢ € R
p=f(a), (4.12)

with f(0) = 0. It is assumed that f(q) is measured at a finite number of sampling
points ¢ for k=1,..., N,.
The objective is to find PWA vector functions d1(¢q) and d(q) defined as

0.(q) = Ag,.q+ aq,., for o, < g <oy, k=1,2 (4.13)
for i =1,..., M such that

f(q) € conv{61(q), 02(q)} (4.14)

and §,(0) = 0, kK = 1,2. It is also required to make the bounding envelope as
tight as possible. Given g; fori =1,..., M + 1, the computation of the bounding
envelope consisting of 1 (¢) and d2(q) can be formulated as the following optimization

problems.

1. Optimization problem to compute d:(q):

min Skt || Flge) — 61(au))|I?
Ag;1+99;1
st.  0i(q) = Ag g+ aq,, for o, < ¢ < 0441,
61(qk) < f(qk), for qr > 0

d1(gr) > f(ax), for g <0 (4.15)
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2. Optimization problem to compute d2(g):

min ket 1 F(g) = 2@ ) I
9;2:99;2
st 02(q) = Ay + ag., for o; < g < 04y,
da(qr) > flgr), for gz >0

d2(qr) < flar), for g <0 (4.16)

Continuity of §;(q) and da2(q) can be written as a set of additional linear con-

straints on A, and aqg, as
qu‘no-i-i-l + Qg;. = Aq(i+1)n0-i+1 + L TR (4'17)

for it =1,...,M — 1 and x = 1,2. The quadratic optimization problems (4.15)
and (4.16) (including constraints (4.17) if needed) can be solved efficiently because
they are convex. The nonlinear system (4.11) can then be embedded in the PWA

differential inclusion (4.6) replacingi p = f(q) by the inclusion (4.14) where

A=A+ BpAqua Qi = Dplg,, , B

Ujr

= Bus
Bwi,.: = Bwa Cin =C+ DPA%N Cik = Dpaqm’

DuiK = Du; Dwm = Dy

The next section addresses stability and performance analysis of PWA differ-

ential inclusions.

4.4 Analysis

In this section, stability and performance analysis of PWA differential inclusions are
considered. The concept of the parameter set of a PWA differential inclusion is also
introduced. This concept will be used to derive equivalent sets of conditions for the

analysis.
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4.4.1 Stability analysis

In this section, the following PWA slab differential inclusion is considered

t €conv{A;x +ai|k =1,2}, z € R, (4.18)

where L; € R>™ I, e R, R;NR; = 0 for i # j and UMY, R; = X. It is assumed

that a;, = 0 for s € Z(0) and k = 1, 2.
Definition 4.1. The parameter set of the differential inclusion (4.18) is defined as

Ain Qi
0= i=1,... M k=12 (4.20)
L, I

We are interested to know if all possible trajectories in X' asymptotically con-
verge to the origin. Note that the right-hand-side of (4.18) is not necessarily continu-
ous and therefore there might exist attractive sliding modes. This prevents us from
using standard Lyapunov theorems. The following proposition provides sufficient

conditions for the stability of system (4.18) based on Theorem 2.1.

Proposition 4.1. All trajectories of the PWA slab differential inclusion (4.18) in
X asymptotically converge to x = 0 if for a given decay rate o > 0, there exist -

P=PTeR" gnd \jxs €R fori=1,..., M and k = 1,2 such that

P >0, (4.21)
ATP+ PA, +aP < 0, Vi € Z(0), (4.22)
)\in < 07
ALP 4+ PAy 4+ aP + A LTL; Pay + Ml LT . (4.23)
<0,
CLZ;P + )\mlle )‘m(l? - 1)

for i ¢ I(0).
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Proof. Consider the candidate Lyapunov function V (z) = 2T Pz for the differential
inclusion (4.18) where P > 0. It follows from Proposition 2.7 and the inequalities

(4.19), (4.21),(4.22) and (4.23) that
VV(z)T(Anz +an) +aV(z) <0, for z € R;, (4.24)

and

VV(fL')T(AfoL' + aig) + OiV(.T) < 0, for x € ﬁz (425)

Therefore by performing a convex combination of (4.24) and (4.25)

VV(z)Tf+aV(z) <0, for z € R;,Vf € conv{A;.x + aili € Z(z),x = 1,2}
(4.26)
Now, it follows from (4.26) and Proposition 2.2 that the differential inclusion (4.18) is
dissipative with the storage functinon V' (z) and the supply rate —aV (z). Therefore

the following function
t
S(z,t) =V(x) +/ aV(z(r))dr, (4.27)
0

is nonincreasing along the trajectories of (4.18). This implies that the conditions of
Theorem 2.1 are satisfied and all trajectories of the differential inclusion (4.18) in

X asymptotically converge to z = 0. (I

In the following, the new concept of the dual parameter set of the differential

inclusion (4.18) is introduced.

Definition 4.2. The dual parameter set of (4.18) is defined as

AT LT

T

0= i=1,...,M, k=12 (4.28)

aj, L
The importance of the dual parameter set is that if we write the LMIs in
Proposition 4.1 for QT, the resulting LMIs are stability conditions equivalent to

those of Proposition 4.1. This is shown in the following.
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Proposition 4.2. All trajectories of the PWA slab differential inclusion (4.18) in
X asymptotically converge to x = 0 if for a given decay rate o > 0, there exist

Q=QT e R™ and ;. €R fori=1,...,M and k = 1,2 such that

Q >0, (4.29)
A@Q + QAL +0Q <0, Vi €Z(0), k=1,2 (4.30)
i < 0
AiQ+ QAL + aQ + Minai;ai QLT + winliai 0 (4.31)
<y,
LiQ + wislial i (12 — 1)

fori ¢ Z(0) and k =1,2.

Proof. The conditions of Proposition 4.1 and Proposition 4.2 will be shown to be

equivalent with the change of variables Q = P, u;, = /\;. Multiplying (4.21) and

(4.22) by Q from the left and right leads to (4.29) and (4.30) respectively. To show

that (4.31) is equivalent to (4.23), we multiply the matrix inequality in (4.23) by

the following matrix from both sides

Q 0
(4.32)
0 1
to get the following inequality
QAL + A;.Q + aQ
(47 -+ %leL;T
1 T in
+-LQLTL:Q <0 (4.33)
T 1771, A2 -
Uiy T ;{i:lszQ Tom (i —1) ]
Using the Schur complement, inequality (4.33) is equivalent to
1 5 ,
2-1)<0 (4.34)
Mix
1 1
QAL + AiQ +aQ + IQL?LiQ — (ai + —fliQL?)
1
pi(12 — 1) Yal + rliLiQ) <0 (4.35)
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Replacing (12 — 1)~! by the following expression
(-t =—1+80-1)"" (4.36)
leads to the following inequality after some manipulations.

AinQ + QA;I,; + aQ + Mmama;l; - (QL;T + :u'inliain)
1
— (I} = 1)"L:Q + packiag;) < 0 (4.37)

Hix

From (4.34) and the fact that p;. < 0, it follows that

Using the Schur complement once again, inequalities (4.37) and (4.38) are equivalent
to (4.31). Therefore, all the constraints of Proposition 4.2 and Proposition 4.1 are
equivalent and all trajectories of the PWA slab differential inclusion (4.18) in X

asymptotically converge to x = 0. O

Proposition 4.2 will be used in section 4.5 to formulate the PWA controller
synthesis problem as a convex problem. In the next subsection, the L,-gain analysis

of PWA differential inclusions is discussed.

4.4.2 Lo-gain analysis
In this subsection, the Lp-gain analysis of the following system is considered

& € conv{ Az + aix + By, w, &k = 1,2}, (x,w) € RV

y € conv{Ci.z + ¢ + Dy, w, k = 1,2} (4.39)
It is assumed that a;, = 0, ¢;x = 0 for 7 € Z(0,0) and x = 1,2. It is also assumed
that the PWA function Ci .z + ¢;x + Dy, w is continuous in z for xk = 1 and 2.

Similar to the case of stability analysis, the parameter set of (4.39) is defined in the

following.
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Definition 4.3. The parameter set of the differential inclusion (4.39) is defined as

Ainl Qixy mel
¢ = Li I, M, i=1,...,M, k=12, kp=1,2 (4.40)
i Ciliz Ciliz Wikg

The following proposition describes sufficient conditions for the differential

inclusion (4.39) to have a finite Ly-gain less than v from w to y.

Proposition 4.3. For a given vy > 0, the PWA slab differential inclusion (4.39) has

a finite Lo-gain less than /2y from w to vy if there exists P = PT € R™*™ such that
1. P>0

2. for i €7(0,0), Ky =1,2 and ks = 1,2,

AiﬂlP + PA,, + C’E;ZC’MQ *
<0 (4.41)
Blme + Dg‘wcm 2T+ ngszm

3. there exists Aigyp, < 0 fori ¢ 7(0,0), k1 = 1,2 and ke = 1,2 such that

AL P+ PA,,
+CFL Cix, * *
+Ninira LT L
ag;lP + cﬁzcim, + Nikiralili Niking (ll2 -1+ c;f',;zcmz * <0
B, P —y2I
+DJ.Ci, Dy, Cie + MimamsiMT | +DI Dy,
Firira MTL; F Ainy e MTM;

(4.42)

Proof. Consider the storage function V(z) = zTPx for the differential inclusion

(4.39) where P > 0.
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1. For i € Z(0,0), inequality (4.41) implies

VV ()" fr + lmall® = 22 llwlf® < 0 (4.43)
YV ()" f2+ lwall® = ?llwl® < 0 (4.44)
VV ()" f1 + llg2l® = llwl* < 0 (4.45)
VV(2)" fa + llg2ll* — ¥llwl®* < 0 (4.46)
where
fi = Anz +an + By, w (4.47)
f2 = Az + aiz + By, w (4.48)
11 = Caz +ca + Dy,w (4.49)
Y2 = Cpz + cig + Dy w (4.50)

From (4.43) and (4.44), it follows
VV ()" f + [yl = wll* < 0 (4.51)

for any f € conv{A;.x + By, wli € Z(0,0),x = 1,2}. It also follows from
(4.45) and (4.46),
VV (@) f + g2l = *llwll* < 0 (4.52)

Consider y € conv{y;,y2} so that
y=ay + (1 - a)y (4.53)
where 0 < o < 1. One can write
lyll* < 2(a®lynll* + (1 = @)lly2ll*) (4.54)
From (4.51) and (4.52), one has
Iyll* < 2[0” + (1 = a)?J(=VV ()" ++*[[w]?) (4.55)
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It is easy to verify that for 0 < a < 1,

a2+ (l-a)<1 (4.56)

Thus,
lyll? < 2(=VV(2)Tf +¥?[lw]}?) (4.57)
2VV ()T f + llll? = 2 [lwl <0 (4.58)

2. For ¢ ¢ 7(0,0), it follows from the inequality (4.42) that

VV (@) fu+ llyl? = Y2 lwll? + X (| Liw + 6+ Myw| = 1) <0 (4.59)
VV ()" fa + lyill? = P2 Nwl® + Xar (| L + 1 + Myw||* = 1) <0 (4.60)
VV ()" fi + llyell = V2wl + Maa([Liz + L+ Maw||* = 1) <0 (4.61)
VV (@)™ fo + [lyell® = Vlwll? + Miza (| Liz + b + Myw|[* = 1) <0 (4.62)
Since Ajgyr, < 0 for k3 = 1,2 and k2 = 1,2, the expression (4.9) and the
inequalities (4.59)-(4.62) imply that inequalities (4.43)-(4.46) are satisfied for

z € R; and i ¢ Z(0,0). Using the same arguments as above, one can conclude

that the inequality (4.58) is satisfied z € R; and 4 ¢ Z(0,0).

Therefore the PWA differential inclusion (4.39) is dissipative with the storage func-
tion 2V (x) and the supply rate W(z, w) = 2v?||w||* —||y||?> and the Ly-gain of (4.39)

from w to y is less than v/2v. O

The dual parameter set is defined in the following. Note that, in this chapter,

we consider polytopic PWA slab differential inclusions. Therefore [; = IT is a scalar.

Definition 4.4. The dual parameter set of (4.39) is defined as

Aijf;l LZT Ci£2
37 = ol L ol ||i=L.. M m=12 m=12; (4.63)
T T T
Bwinl Ml Dwi~2
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The following proposition shows that the Lo-gain LMIs for ® in Proposition
4.3 are equivalent to the Lo-gain LMIs for ®T.

Proposition 4.4. For a given v > 0, the PWA slab differential inclusion (4.39) has

a finite Ly-gain less than /2y from w to y if there ezists Q = QT € R™" such that
1. @ > 0,
2. fori €Z(0,0), k1 =1,2 and ky = 1, 2,

A‘l’.rﬂQ + QAZ;] + Bwinl B’Uj;inl *

<0 (4.64)
Cir,@Q + Dy, BT —+?1 + D, DY

Wikg winl Wikg wing

3. there exists pi ey < 0 fori & T(0,0), k1 = 1,2 and k2 = 1,2 such that

~

Aile + QAg;l i
+B’UJ1‘N1 B'E;inl * *

Flikyrp Giry a/g;l

L,Q+ MiBg;;m + uinln2liaz;1 Hiriro (lzz - 1) + MiMiT *
Cin, @+ Dy, BT 1
1K W, e ik
2 2 P Wik Dwmz MiT + Likiko licim +Dwin2 ngz
F ik ko Cirkca a/iq.‘;l T
+Nin1ngcinzci,€2
(4.65)

Proof. In the following, it will be shown that the conditions of Proposition 4.4 and
that of Proposition 4.3 are equivalent with the change of variables Q = 42P~! and

Lirixs = 5——. Multiplying (4.41) from both sides by the following matrix

Ai:c:l K9

0
< (4.66)
0 I
leads to the following inequality.
QAL +724i,Q + QCL, Ci *
Y QAL T 7 A, @ + QUL Ci,Q -0 (467)
2 RT T 2 T
V*By,., + Dy, CiQ ~v*I + Dy, D,
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It follows from applying the Schur complement that

— 7’1+ Dy, Du,, <0 (4.68)

Wikg

VQAL, + 7" A, Q + QC,Ci,Q — (7’ By, + QC, Duy,)

(—721 + D’l’EiKQ Dwinz)—l(’ygB’l’Einl + Dginz C1K2Q) < 0 (4'69)
Using the matrix inversion lemma [68], we have

1 1
2 T -1 __ T -1
(=71 + Dy, Du,,)” = —;2‘([ - ?Dwm Dy,,)
1

_ (I + DT (I - Dy,, D2 )‘1Dwm2> (4.70)

,7/2 wi"Q wir{g

Replacing (4.70) into (4.69), after some manipulations we get

Ai; Q@ + QAL + Bu,, B, — (QCix, + Bu,, Dy, )

1K1 Wiy T Wiy 1K2 Wiy Wikg
(—=7*I + Du,,, Dy, )" (Cins @ + Duy,, By, ) < 0 (4.71)
From (4.68) and the fact that nonzero eigenvalues of D;l;mg Dy,,, and Dy, 1Tvi,<2 are
equal, one can conclude
~¥°I + Du,,, Dy, <0 (4.72)

Applying the Schur complement to (4.71) and (4.72) yields inequality (4.64).

The steps of the proof for inequality (4.42) are similar. If one writes (4.42) as

*
v <0 (4.73)
77[121 1,022
where
AT 0 P 0 P 0 Aim ik
1,011 _ 1K1 +
ag‘{l 1 0 _ )\inzlng 0 _ )\ile K9 0 1
C‘E‘{Q L;I‘ I 0 Cinz Cika
n (4.74)

CT li 0 )‘immI Li li
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P 0
=BT 0] +[ oz Mr ]
iK1 0 —AiN21N2 w2 0
0 I 0 D,
Yo =-"I+| DI_ MT ]
? 0 Nixiral M;
and multiply it from both sides by the following matrix
R 0
0
0 Liring
0 I
Then, using the following matrix inversion
-1
) I 0 D,
=y I+ [ Dy, M ] ’ =
0 Nigrrs! M;
o | 1 0
- = I+[D;£m2 MZ-T](V
7 ’ 0 /J"iKlKZI ]
D,
- " [ DI MT ])‘1
Mi Wikg %

(4.75)
)\in1521
(4.76)
(4.77)
ez (4.78)
| M,

and the Schur complement, after some manipulation, we get (4.65). Therefore all the

constraints of Propositions 4.4 and 4.3 are equivalent and the PWA slab differential

inclusion (4.39) has a finite Lo-gain less than v from w to y.

O

Proposition 4.4 is an important result, which enables us to formulate the Lo-

gain synthesis as a convex optimization problem in the next section.

4.5 Controller Synthesis

In this section, PWA controller synthesis for PWA slab differential inclusions will

be formulated as a convex optimization program.
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4.5.1 Stabilizability

Consider the following PWA slab differential inclusion.

z € conv{A;.x + a; + By, ulk = 1,2}, £ € R,
(4.79)
We seek a PWA control signal of the form u = K;z +k; for z € R; to stabilize (4.79)

to the origin. It follows from Proposition 4.2 that there exists a control signal
u=Kix+k;j r € R; (480)

such that all trajectories of the PWA slab differential inclusion (4.79) in A" asymp- -
totically converge to x = 0 if for a given decay rate o > 0, there exist ) € R™*"

and p; € R such that

Q >0, (4.81)
AwQ+ QAL + B, Yi + V"Bl +0Q <0, (4.82)
for: € Z(0),k = 1,2 , and
i < 0 (4.83)
[ 4.Q+QAL 7
+B., Y; +YB]_
+aQ + Miama}; *
+a; ZEBY + By, Zial, <0, (4.84)
\ +B,, W;BT_ )
LzQ + 1110,;];;
3 ,u'm(l'? - 1)
+, 2T BT |
for ¢+ ¢ Z(0) and k = 1,2 where
Y; = KQ (4.85)
W; = wkik] : (4.87)
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The main problem in designing a PWA controller using constraints (4.81)—(4.87) is
the equality constraint (4.87) because it prevents the problem to be formulated as

a convex optimization. We propose two methods to overcome this difficulty.

1. Convez relazation: The first approach to formulate PWA controller synthesis
as a convex program comes from the observation that considering u; < 0 and
(4.87), we have

W; <0 (4.88)

Therefore the term B,, W;B, in (4.84) is always negative semi-definite and
can be omitted to make the problem convex. This idea leads to the following

proposition.

Proposition 4.5. There exists a PWA controller of the from (4.80) such
that all trajectories of the PWA slab differential inclusion ({.79) in X asymp-

totically converge to x = 0 if for a given decay rate o > 0, there exist

Q= QT € R™" and u; € R such that for all i € Z(0) and x = 1,2

Q > 0, (4.89)
AiQ+ QAL + B, Y, +Y,"Bl +aQ <0, (4.90)
and for all i ¢ Z(0) and k = 1,2
i < 0 (4.91)
([ ao+oal ) 1

B, .Y +Y,"BI
+a) + ,uiai,{aiz
K +ai,€ZiTB1£K + BumZian }
LiQ + pilial,

+; Zl-TB;*’: .

, (4.92)

,U«in(lzz - 1)
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2. Trace heuristic: Equality constraint (4.87) can be written as the following

rank minimization.

min Rank X;

W, Z (4.93)
s.t. Xi = < 0

Z5

A well-known heuristic to solve the rank minimization problem (4.93) is to
maximize the trace instead of minimizing the rank (for a negative semi-definite
matrix) [39]. Using this approach, the following proposition formulates suffi-
cient conditions for the existence of a PWA controller for differential inclusion

(4.79) as a convex optimization problem.

Proposition 4.6. There exists a PWA controller of the form (4.80) such
that all trajectories of the PWA slab differential inclusion (4.79) in X asymp-
totically converge to x = 0 if for a given decay rate o > 0, there exist

Q= QT € R™™ and y; € R such that the following optimization problem

M
maxz Trace X; (4.94)
i=1
subject to
Wi Z;
X;= <0,¥: ¢ Z(0,0), (4.95)
Zz'T L

and (4.81)-(4.84) has a feasible solution such that

wiW; = 2,27 (4.96)

For both Propositions 4.5 and 4.6 , the PWA controller gains can be computed as

K, = v,Q! (4.97)
0 if 1 € Z(0)

ki = (4.98)
l-};Zi otherwise

In the next subsection, Lo-gain PWA controller synthesis is formulated as a

convex optimization problem.
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4.5.2 Lo-gain synthesis

In this subsection, the objective is to design a PWA control signal of the form (4.80)

to limit the Lo-gain from w to y for the following differential inclusion

& € conv{A;.x + aiy + By, u+ By, w| k =1,2},
y € conv{C;.z + cix + Dy, . u+ Dy, w}, (4.99)
for (z,w) € R>W = {(z,w)] | Lz + I; + Mywl|| < 1}

Similar to the case of stabilizability, the same convex relaxations can be used to

yield the following propositions.

Proposition 4.7. For a given v > 0, there exists a PWA controller of the form
(4.80) such that the PWA slab differential inclusion (4.99) has a finite Ly-gain less
than /2y from w to y if there exist Q = QT € R™™ and p; € R, such that for all
1 €Z(0,0) and k; = 1,2 and kp = 1,2

Q >0, (4.100)

AimQ + B
+QA;, +Y"BI *

iK1

Y;

Uinq

+B,. BT

Wiky Wik

<0 (4.101)

CiK,zQ + Duinz)/;:

+D,. BT

Wirg Wikq

DT

Wikg = Wirgy

—v2I+ D
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and for all i ¢ Z(0,0), u; <0, k3 =1,2 and ko = 1,2

Aile + B Y;

Uinq
+QAL, + YT By

Uiky
T . T
+Bwir~:1 Bwinl + ’uq‘a,inl a"iK,l * *

Qi ZiTBuTm1 + B, Zal

Uirq 1K1

+B WiBT

Uinq Uiny

LiQ + MiB'lfirzl

pi(l2 —1) + MM *
+uilia£ + liZiTBg;N

Ciy@ + Dy, Y Dy, M —4*I + Dy, Dy, .

T T T TRT
—|—Dwm2 me + 1iCiky @y, F il Ciry F1iCixy Cirey + Cing Z; D

(3 ui,v‘,

Ciko ZiTBuT;Nl + Dui'{2 Ziagﬂ +;D Z; +D ZiC-T

uing K2

(4.102)

Uirg

Proposition 4.8. For given v > 0, there exists a PWA controller of the form
(4.80) such that the PWA slab differential inclusion (4.99) has finite Ly-gain less
than /2y from w to y if there exist Q = QT € R™™ and y; € R such that the

following optimization problem

M
max »  Trace X; (4.103)
i=1
subject to (4.100)-(4.102) and
Wi Z
ZiT M

has a feasible solution that satisfies
wiW, = 2,2 (4.105)
Note that the PWA controller gains can be computed /usiﬁg (4.97) and (4.98).
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Figure 4.1: The computed bounding envelope for a scalar function

4.6 Numerical Examples

Example 4.1. In this example, we consider the surge model of a jet engine taken

from [72]. The model is described by the following state equations.

o 3..2 1.3

| (4.106)

x'zzu

Using the proposed method in subsection 4.5.1, a bounding envelope is computed for

1

the nonlinear function f(x1) = —3z3 — 123 which is shown in Fig. 4.1.

By substituting the PWA bounds in (4.106), we get a differential inclusion with

Rlz(-—4 —2.5), R2=(—2.5 —1),
R3=(~1 1_5), R4=(1.5 4.0),
[ 19 1 [ 2013 -1 |
Allz 3 A21: )
0 0 0 o0 |
[ 50938 —1 [ 1413 —1
Az = , Ay = ;
|0 0 o0 0 |
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[ 31519 [0
apn = ) a1 = )
0 K
[ _18.978 0,601
azy = y aqy = ,
0 0
90,465 —1 [ 38912 —1
A12 = y A22 = )
0 0 0 0
[ —644 -1 3.034 —1
A32 = 5 A42 = ;
0 0 0 o
94.861 [ o
12 = y ags = N
0 K
[ _16.759 [ 6.925
a3y = 3 a4 =
0 0

The approxzimation error of the nonlinear function is considered as a distur-
bance input (w) and the objective is to limit the Ly-gain from w to xy. Using the
computed PWA approzimation, the nonlinear system (4.106) can be described by the

following differential inclusion

t € conv{Ayz+ a; + Byu+ Byw| k=1,2}, T € R,
y = Cx+ Dyw+ Dyu (4.107)
where i =1,...,4, k =1,2 and

1
B, = ) ,C=[1 o],Duzo, D =0 (4.108)

Using Proposition 4.7, the following PWA controller was obtained for~v = 0.2 using
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I3

Figure 4.2: Trajectories of the closed loop nonlinear system
SeDuMi [121] and Yalmip [76].
Ky = i 1036.3 —40.37 |, k1 = 280.40

K, = | 769.20 —30.27 , k2 =0.03

K; = L899.15 ~34.97 |, k3=0

Ky = | 597.57 —23.57 |, ka=—17.39 (4.109)

Figure 4.2 shows the trajectories of the nonlinear system (4.106) in closed loop
connection with the PWA controller. The contours of the storage function are also
shown in Figure 4.2. Note that the PWA controller designed for the differential

inclusion is guaranteed to stabilize the nonlinear system.

Example 4.2. In this example, we consider a nonlinear system with a discontinuous

vector field. The model is described by the following state equations.

i1 =f(x1) — 2sgn(z1)ze + w
.’tg :2|$1l — 2172 +u

y=r1+r2—w (4.110)
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Figure 4.3: The computed bounding envelope for a scalar function

where f(z1) = —x1—0.523. Using the proposed method in [109], a bounding envelope
is computed for the nonlinear function f(x1) which is shown in Fig. 4.3. Trajectories
of the open loop system are shown in Fig. 4.4. Notice that a sliding mode exists on
z; = 0.

The objective is to design a PWA controller u to limit the Ls-gain from the
disturbance w to the output y. Substituting f(z1) by its PWA bounds in (4.110),

one gets a PWA differential inclusion with

Ri=(-4 —2), Ry =(-2 0),

Ri=(o 2) R (e o

Using the PWA approzimation proposed in subsection 4.3.1, the nonlinear system

(4.110) can be described by the following differential inclusion

r € conv{A;.x+ a;x + Byu+ Byuw}, T€R;

y = Cz+4 Dyw+ Dyu (4.111)

98



Figure 4.4: Trajectories of the closed loop nonlinear system
wherei=1,...,4, k =1,2 and

1
B, = ,C:[1 0],Du=0, D, =0 (4.112)
0

Using Proposition 4.4, one can solve a set of LMIs using SeDuMi [121] and Yalmip
[76] to compute v = 1.2 for the open loop system. The following PWA controller can

then be calculated using Proposition 4.7 to achieve v = 1 for the closed loop system.

K1 = L—22.4985 —83.6140}, k1= 10.7609

K, = :~31.6286 —117.2289}, ko =0

Ky = :~25.6282 —96.8814], k3 =0

Ky = :—35.2165 —114‘3215], k4 = 0.0489 (4.113)

Figure 4.5 shows the trajectories of the nonlinear system (4.110) in closed loop
connection with the PWA controller. Note that the PWA controller designed for

the differential inclusion is guaranteed to limit the Ly gain of the nonlinear system.
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Figure 4.5: Trajectories of the closed loop nonlinear system

4.7 Conclusions

In this chapter, an interesting duality relation was revealed in the LMIs describing
sufficient conditions for the stability of PWA slab differential inclusions. This con-
cept was then employed to find the duality relation for the Lg-gain design. As a
result, the definition of the regions of a PWA slab system was extended, the L,-
gain controller design was formulated as a set of LMIs and this design method was
extended to PWA slab systems with an output that is also a PWA function of the
state. The new method presented in the chapter enables stability and performance
analysis, as well as controller synthesis, for a large class of nonlinear systems as a

solution of convex optimization problems.
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Chapter 5

Backstepping Controller Synthesis
for Piecewise Polynomial Systems:

A Sum of Squares Approach

This chapter addresses backstepping controller synthesis for piecewise polynomial
(PWP) systems. The main contribution of the chapter is to formulate controller de-
sigh for a large class of PWP systems as a convex problem. Integrator backstepping
is proposed as the principal design step in constructing Lyapunov functions for PWP
systems in strict feedback form. The controller synthesis problem is divided into two
cases. The first case consists of the construction of a sum of squares (SOS) Lya-
punov function for PWP systems with discontinuous vector fields. The second case
addresses the construction of a piecewise polynomial Lyapunov function for PWP
systems with continuous vector fields. After constructing a (piecewise) polynomial
Lyapunov function, controller synthesis for a PWP system can be formulated as an
SOS program, which is a convex optimization problem and can be solved efficiently
using available software [76]. The new synthesis method is applied to two numerical

examples to illustrate its effectiveness.
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5.1 Introduction

PWP or spline approximation of curves and surfaces has been widely used in many
different scientific contexts and engineering applications [1,34]. However, the lack of
practical methods to check the sign of polynomials has prevented PWP systems to
be commonly used in the field of control systems. One of the first attempts to design
controllers for PWP systems was made in [87]. Paul proposed in [87] to partition
the state space of a nonlinear system that is affine in the input into cells and to
approximate the dynamics of the system in each cell by a model that is polynomial
in the state. A controller is then designed for each cell using feedback linearization.
A global controller is then formed by joining the individual cell controllers. The
proposed method was employed in [87] to design controllers for a few examples of
nonlinear systems. However, there is no guarantee for the stability of the closed loop
system because a switched system consisting of stable subsystems can be unstable
in general.

Recently, the class of discrete-time PWP systems was defined in [45] and a
new method was proposed to address the constrained finite-time optimal control
problem for this class of systems. This seems to be the first systematic approach
to controller synthesis for discrete-time PWP systems. However, according to the
authors of [45], the method suffers from excessive computational burden.

For continuous time PWP systems, a stability analysis was proposed in [93]
and [85] using piecewise polynomial Lyapunov functions. The advantage of the
proposed method is that thevanalysis problem is formulated as a sum of squares
(SOS) prografnming which is a convex optimization problem. There exist numeri-
cal tools such as SOSTOOLS [95] to solve SOS programming problems efficiently.
However, systems with infinitely fast switching or sliding modes are excluded from
the discussion in [93] and [85].

The main contribution of this chapter is to propose a backstepping technique
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to construct control Lyapunov functions for a class of PWP systems. The proposed
method formulates the control synthesis problem for PWP systems in strict feedback
form as an SOS feasibility problem. The synthesis of PWP controllers is formulated
for two cases. The first case addresses the construction of (SOS) Lyapunov func-
tions [85] for PWP systems with discontinuous vector fields. The second case deals
with the construction of piecewise polynomial Lyapunov functions for PWP sys-
tems with continuous vector fields. After constructing a (piecewise) polynomial
Lyapunov function, controller synthesis for a PWP system can be formulated as an
SOS program, which is a convex optimization problem and therefore can be solved
efficiently.

The chapter is organized as follows. Integrator backstepping is addressed in
section 5.2. Controller design for PWP systems in strict feedback form is then

described in section 5.3. Finally, a numerical example is demonstrated in section

0.4.

5.2 Integrator Backstepping

Before introducing the recursive backstepping controller design, integrator back-
stepping is presented in this section for its simplicity. Consider the following PWP

system

= fi(z)+ gi(x)z, z € P; (5.1)

where z € R", z € R?> and P; fori = 1, ..., M is defined in section 2.8. Assume that
there exist a stabilizing polynomial controller z = v(z) and a Lyapunov function
V(z) which proves the stability of the closed loop system. Consider adding an

integrator to this system, which yields the following PWP system
t = fi(z)+g(x)z, z€P;
z = u (5.2)
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The objective is to design a controller to stabilize the augmented system (5.2). In
the following, two approaches to this problem are discussed. The first approach
is to construct an SOS Lyapunov function for the case of a PWP system with
discontinuous vector fields. The second approach builds a piecewise polynomial
Lyapunov function for the case where the vector field of the PWP system (5.2) is

continuous.

5.2.1 PWP systems with discontinuous vector fields

Consider the PWP system (5.1). Assume that there exists a polynomial control
z = y(x) where y(z) € R™ is a vector of polynomials so that v(0) = 0 and V(z) is

an SOS Lyapunov function for the closed loop system verifying

V(z) — Az) is SOS
=~V ()" (fi(x) + gi(x)y(x)) — Ti(z) " Ei(z) — aV(z) is SOS

(5.3)

fori=1,..., M and any o > 0, where A\(x) is a positive definite SOS polynomial,
['i(z) is an SOS vector function and E;(x) is defined in section 2.8. Consider now

the following candidate Lyapunov function for system (5.2),

Vy(z,2) = V(2) + 5(z = 7(2))" (z = 7(2)) (5.4)

Note that V,(z, z) is a positive definite function. To compute a PWP controller, one

can write
VY, (2, 2)" [ fe) o)z } —VV (@) (filx) + g(2)2)
(2= 1@~ D 1) 1 g (a)2)
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=VV(2)"(fi(z) + gi(2)v(x)) + YV (2)  g:()(z — 7(x))

+ (=1 - DD 10) + i)

=VV(2)" (fi(x) + gi(2)7(2)) + (z = v(@)lu + ¢/ (2)VV (2)

_ dy(z)
dx

(fi(z) + gi(x)2)] (5.5)
Using the following expression

u(e, ) = 2@V @)+ 2 (1) 4 0@2) - L —r@), (59

and the SOS constraints (5.3) leads to the following inequality

filw) + gi(x)2

u(z, z)

VV,(z,2)" < —aV,(z,2) — Ti(z)  Ei(x) (5.7)

Therefore it follows from (2.137) that for € P;andi=1,..., M

ilx) +gilx)z
VV,(z,2)" file) + gulz) < —aV,(z,z) (5.8)
u(z, 2)
From (5.8) and based on Proposition 2.2, it follows that the PWP system (5.2) with
the following controller
dv(x
d

u(e,2) = ~gF @) + D (@) 1 a@)e) - 2 —a@), P (59

is dissipative with the storage function V,(z, z) and supply rate —aV,(z, z). There-
fore it follows from Theorem 2.1 that the PWP system (5.2) with controller (5.9) is
asymptotically stable.

In summary, integrator backstepping consists of two steps:

e Lyapunov function construction: The candidate Lyapunov function (5.4) was
constructed using a known Lyapunov function V (z) and polynomial controller

~(z) for the PWP system (5.1).

e Controller synthesis: The control law (5.9) was designed to make the candidate

Lyapunov function (5.4) decreasing with time.
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5.2.2 PWP systems with continuous vector fields

Assume that the vector field of the PWP system (5.1) is continuous for z € & and

there exists a continuous PWP control z = y(z) where
Y(z) =v(z), = € P; (5.10)
where v;(x) € R™ is a vector polynomial so that the continuous piecewise polynomial
V(z) = Vi(z), x € P; (5.11)

where V;(x) is a polynomial function verifying the following constraints

Vi(z) — AT (z)E;(z) — A(z) is SOS
~VVi(@) T (filz) + gi(2)vi(x)) — I (2) Ei(z) ~ aVi(z) is SOS

(5.12)

for s = 1,..., M where « is a positive scalar, A;(z) and I';(z) are SOS vector
functions and F;(x) is defined in section 2.8. In the following, the objective is to
construct a PWP Lyapunov function and a PWP controller for the PWP system
(5.2).

e Lyapunov function construction: Consider now the following candidate Lya-

punov function for system (5.2)

Vi(z,2) =V, (x,2), z € P (5.13)
where
Vol 2) = Vila) + 5z = 3(@) (= ~ i(x) (5.14)

Note that V,(z, 2) is a continuous piecewise polynomial function because V(z)

and y(z) are continuous piecewise polynomial functions. To compute a PWP
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controller, we write

W ™ | FO IO Gy (@) + o))

u

+ (=)~ 2 ) 4 g2

= VV;(2)"(fi(z) + gi(2)i(2))

D) (10 + 0@)2)] (5.19)

~—

+ (2 = %(2)) fu+ gi(2) T VVi(2) -

e Controller synthesis: Using the following expression

di(z)
dz

(filz) + g:(2)2) — = (2 — (), (5.16)

u(z, 2) = —gi(x) T VVi(z) + 5

the SOS constraint (5.12) and also (2.137) leads to the following inequality

YV, (z,2)" file) + ()2 < —aVi,(z,2) (5.17)

u

for x € P;and i = 1,..., M. Therefore if the following controller

dryi()
dx

6

2

u(z, z) = —gi(2) " VVi(z)+ (filz)+gi(2)2) = (z=(x)), = € P; (5.18)

is a continuous function for x € X', based on Proposition 2.3, the PWP system
(5.2) with controller (5.18) is dissipative with the storage function V,(z, z) and
supply rate —aV,(z, z). Therefore it follows from Theorem 2.1 that the PWP
system (5.2) with controller (5.18) is asymptotically stable. However, there is

no guarantee that the control input in (5.18) is continuous.

The more general case of recursive backstepping controller design for PWP

systems is formulated as a set of SOS programs in the next section.
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5.3 Recursive Backstepping Controller Design

In this section, a recursive PWP controller synthesis method is proposed for strict

feedback PWP systems of the following form

f

%1 = f1i,(21) + 915, (T1) 22, for 1 € P,

. T

Iy = fziz(xl, 582) + gzz’z(xl, $2)$3, for € P2i2
X2

j : o (5.19)

R T2
Tk = frip (21, T2, . .., Tk) + Grip (T1, T2, . . ., TR)u, for . € Pri,

Tk

\

where the state vector of the system (5.19) is divided into k subvectors:

T
T2

T = eR", z; € R™, (5.20)

Ty

with Z§=1 n; = n. For each j € {1,2,...,k}, the regions Pj;; for i; = 1,..., M; are

disjoint sets defined as

_ . -
Pji; = Eji(z1,...,2;) = 0 (5.21)

Z;j
where Ej; (z1,...,2;) € RP is a vector polynomial function and > denotes an
elementwise inequality. For a given j, the regions Py, for i; = 1,..., M; partition

the projection of the state space X C R™ onto the (zy,..., ;) space.

Assumption 5.1. It is assumed that for 1 < j; < jo, the projection of each region

Pijaiz, for iz, = 1,..., Mj, on the (xy,...,2;) space is a subset of only one of the
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regions Py, forij, =1,..., Mj,. In other words, for each 1 < ja <k, j1 < j2 and

i;, €{1,..., Mj,} there exists a unique numberi(j1, ja,i;,) in {1,..., M;, } such that

I I

€ Pj2ij2 = € lei(j17j27ij2) (5'22)

L L2 L

Assumption 5.2. [t is also assumed that

where L
Iy
Ij(l‘l, e ,:Cj) =41 € Pjij (524)
[ %7

In what follows the stabilization problem for PWP systems in strict feedback
form is discussed for two cases of PWP systems: discontinuous and continuous vector

fields.

5.3.1 PWP systems with discontinuous vector fields

To design a PWP controller for (5.19), we start from the following subsystem

1 = fi4, (IE1) + g14, (561)332, for z, € Priq, (5.25)
with iy = 1,..., M. It is assumed that there exist a polynomial Lyapunov function
Vi(z1) and a polynomial controller zo = v1(z1) such that for iy =1,..., My

4
71(0)=0
Vi(0) =0

§ Vi(z1) — M) is SOS
—VVi(z1) T (fra,(@1) + 915, (1)1 (1)) = Ty (21) T By (1) — aVi(z1) is SOS
Flil (LL‘1) € RP1 is SOS

(5.26)
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where o > 0 and A(z;) is a positive definite polynomial.
Next, a polynomial controller should be designed for the following subsystem

1 = fu,(x1) + g1y (1) 22, fOr 21 € Py

| o (5.27)
T2 = fai,(T1, T2) + goi, (@1, T2)T3, for € Poy,
)

Note that if fo;,(x1,z2) = 0 and gy, (1, z2) = 1, this would be an integrator back-

stepping problem. The design process consists of two steps.

1. Lyapunov function construction: Consider the following Lyapunov function

Va(a1, 12) = Vi(z1) + %(562 ~(z1)) (22 = n(z1)) (5.28)

2. Controller synthesis: The synthesis problem can be formulated as the following

SOS program.

Find z3 = Yo(x1, T2), Taiy(x1,12)
s.t. —Vu, Va(z, :cz)T(fu(l,z,iz)(SEl) + 91i(1,2,i2) (z1)x2)
— Vs Vo(@1, 2)" (foiz (21, 72) + goip (21, 72) 73)
—Tgi, (1, 22) T oy, (1, 2) — aVa(z1, z3) is SOS,
Tas, (21, 22) is SOS

72(0,0) = 0 (5.29)
where ip = 1,..., M and ~(z1,z2) is a polynomial function of z; and x,.
If this SOS program is feasible then the procedure can be repeated for the

next steps by adding the dynamics of z3 and so on.

Assume that all the SOS programs in the backstepping procedure are feasible
and we reach the last step with the following candidate Lyapunov function.

1

Vi(z1, .y oe) = Vec(zy, - ) H5 (me—vioa (@, - - ,ﬂfk—l))T(Iis—%—1(I1, s Th-1))

2
(5.30)
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where yx_1(x1,...,2k_1) is a polynomial function. Note that Vi(x1,...,x:) is also
a polynomial function. The final controller u = ~(z1,...,zr) Will not be used
to construct another SOS Lyapunov function. Therefore it does not have to be

continuously differentiable. One can hence search for a PWP control of the form

X1
U= Yo (T1,. ., T), for | 1| € P, (5.31)

ka

for iy, = 1,..., My. In case that all gy, for i, = 1,..., M} are invertible, this step

of the controller synthesis can be converted to integrator backstepping. In general,

this step can be formulated as the following SOS program

Find U= Vi, (71, .., Tk), Trip(T1,...,Tk)
s.t. =V, Vi(zy,... ,Ik)T(fu(Lk,ik)(iEl) + 910(1,k,i) (T1)72)
~Vao Vi1, ., 26) T (Faiz i) (€1, T2) + 92i(2,k,ix) (T1, T2)3)
— =V Vi, k) T (fri (1, - ) Gy (0, - T )
Tk (1, ., 26) T Eri, (1, - . ., k) — aVi(z1, . . .,:;k) is SOS,
Lii (1, .., zx) is SOS (5.32)

for i, = 1,..., M. The following theorem shows that if the SOS program (5.32) is
feasible then the PWP controller (5.31) stabilizes the PWP system (5.19).

Theorem 5.1. Let there exist polynomial functions Vi(x1) and vi(x1) satisfying

(5.26) and let Vi(zy,...,x;) for j =2,...,k be defined as

Vi(zy,..yz5) = Vo, 25-1)
1

525 = (e, j-1)) (@5 = vja(@n, .. 250))
(5.33)
where ‘
7 arguments
vi(0,...,0)=0, j=1,... k—1 (5.34)



Also assume that the PWP control (5.31) satisfies the conditions of the SOS program
(5.82). Then the PWP control (5.31) makes the trajectories of the PWP system

(5.19) in X asymptotically converge to the origin.

Proof. 1t follows from (5.26) that V4(x1) > A(x1) and since A(z1) is positive definite,
Vi(z1) >0, if 21 #0 (5.35)
From (5.33) we have

Vilzy, ..., o) = Vi(z)

k
1
+ Z '2'(33j = Yj-1(z1, - ,xj—1))T(ij —Yj-1(z1, .-, Tj-1))
3=2

(5.36)
Therefore Vi (z1, ..., x) is nonnegative. Now assume for some 1, xs, . .. and zx, we
have Vi(z1,...,zx) = 0. It follows from (5.36) that
Vi(z1) =0 (5.37)
and
szyj_l(xl,...,a:j_l), ]22,,k‘ (538)

Now, from (5.34) and positive definiteness of V(1) it follows that z; = 0,22 =0, ...
and zx = 0. Therefore Vj(x1,...,zx) is a positive definite function.

From (5.21) and (5.32), it follows that
Vsz(a:l, ... ,.Tk)T.iZ < —aVk(xl, ceey l'k), for z € Pkik; e=1..., My (539)

Now, from Proposition 2.2 it follows that the PWP system (5.19) is dissipative with
the storage function Vi(z1,. .., zx) and supply rate —aVi(z1, ..., xx). From the fact
that Vi(z1,...,zx) is a positive definite function and Theorem 2.1 it then follows
that the trajectories of the PWP system (5.19) in X asymptotically converge to the

origin. 1
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5.3.2 PWP systems with continuous vector fields

In this section, it is assumed that the vector field of PWP system (5.19) is continuous

for £ € X. 1t is also assumed that for the following subsystem
Iy = ful (IE1) + 914y (.Tl).fl?z, for T € Pli]) (540)

with 4; = 1,..., My, there exist a continuous piecewise polynomial Lyapunov func-

tion Vi(z1) and a continuous PWP controller zo = y;(z1) with

Vi(z1) = Vi, (@1)
, for z; € P, (5.41)
(1) = 114, (21)

such that ~y;, (1) and Vi;, (x;) are polynomials and for iy = 1,..., M

4

V1(0) =0

1(0)=0

1 Via(@1) = Mgy (21) T By (1) — A1) is SOS

—VVii, (21) " (fae, (21) + 913, (m1) 103, (21)) = Taiy (21) T Bysy (21) — @V, s SOS
L Ay, (z1) and Ty, (x1) are SOS

(5.42)
where o > 0 and A(z,) is a positive definite polynomial.

Then, a PWP controller should be designed for the following subsystem

T, = f1i1 (1‘1) + gliil (1‘1).272, for r; € Pul

' ' ) (5.43)
XTo = fziQ (l‘l, 1‘2) + gzi2(l‘1, 1‘2)173, for c P2i2
Z2
Considering the following PWP Lyapunov function
Z1
‘/2(1'1, :L'Z) = ‘/21:2 (‘Tl) x?); € PQiz (544)
I
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where

1
Vaip (21, 22) = Vi1 2,i0) (@1) + Q(m - 71i(1,2,i2)(331))T($2 — Y14(1,2,i) (£1)) (5.45)

the synthesis problem can be formulated as the following SOS program

Find T3 = Yai, (21, 22), Dosy (€1, T2), Cigyan (X1, 22)
s.b =V Vo (o1, 22) T (fra.) (1) + g1601,2,) (21)72)
— V3 Vaia (T1, 22) T (faip (21, T2) + gosy (21, T2)T3)
—Tgs, (21, 22) T Foiy (21, x2) — Vs, (@1, 22) is SOS,
[y, (x1, 22) is SOS

Vain (T1, T2) — Vaiy (T1, T2) = Cinginy (%1, T2) Baigyiny (21, 22)  (5.46)

for io, = 1,..., M, and all 45 and 42 in {1,..., Ma} such that Ps;,, and Ps;,, are

neighboring cells and Fajy,4,, (21, £2) = 0 contains their boundary, i.e.

— — x1 '
P2i21 N P2i22 C E2i21i22($11 x2) =0 (5'47)
o)

In addition, 7a;, (21, x2) and ¢;,,;,, (71, 22) are polynomial functions.
If this SOS program is feasible then the procedure can be repeated for the next
steps by adding the dynamics of z3 and so on until zx. If all SOS programs in the

backstepping procedure are feasible, a continuous PWP controller

H3)
U = Vi, ($1, <o 7xk)a for € Pkik (548)

T

can be designed using the final SOS program
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Find  u =y (21, .., 2k), Thie(T1,. .., Th), Copgina (@1, - - -, Tk)
s.t. “vakik (Il, S ﬂfk)T(fu(l,k,z‘k)(Il) + gli(1,k,ik)(I1)l‘2)
=V Viir (T1, - - -, l“k)T(fzi(z,k,ik)(Il, T2) + G2i(ak,i) (X1, T2)T3)
— e = Vo Vaie @1, - 20) T (fri (21, - - Th) + Griy (%1, - - -, T )0)
T (1, .., k) Briy (21, - . . 24) — aVig (21, - . ., 1) is SOS,

Fkik(-Tl, ce ,a:k) is SOS

Frig, (X1, Ty - k) + Grig, (21, T2, - -+, Th)Vhiy, (21, - .+, Th)
*fkikz(xl’ T2,---, xk) + gkikz(Ila X2,.., CL'k)’)/kik2(1'1, .. ,xk)
= ciklik2($17 sy xk)Ekiklim ($1, Ceey .Tk)

(5.49)

for ix, = 1,..., M, and all 44y and ixe in {1,..., My} such that Py, and Py,
are neighboring cells where vy, (z1,...,z%) and ¢, i, (z1,. .., 7x) are polynomial

functions.

Remark 5.1. The equality constraint in (5.49) is equivalent to the continuity of the
vector fields of the closed loop system. Therefore, if the vector field of the open loop
system is discontinuous, the controller should be discontinuous to make the resulting
vector field continuous. Note that the final controller will not be used to construct a

Lyapunov function.

Theorem 5.2. Let there exist a PWP function Vi(x1) satisfying (5.42) and Vi (1, . .
for 3 =2,... k is defined as

Vi(z1, .. z5) = Via(m, ..., x5-1)

1
+ale =yl 2;-1)) (x5 = i@, 2500))

(5.50)
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where

7 arguments

~(0,...,0)=0,5=1,....k—1 (5.51)

Also assume that the PWP control (5.48) satisfies the conditions of the SOS program
(5.49). Then the PWP control (5.48) makes the trajectories of the PWP system

(5.19) in X asymptotically converge to the origin.

Proof. Tt follows from (5.42) and (5.21) that Vi(z1) > A(x1) and since A(zy) is
positive definite,

Vi(zy) >0, if 21 #0 (5.52)
From (5.50) we have
Vk(ﬂ?l, ceey xk) - ‘/i(xl)

k
1
+ 5z = vz, zj-1))" (@5 = -1, ., 250)
-

(5.53)
Therefore Vi(x1,...,2x) > 0. Now assume for some zi,zs,... and zx, we have
Vi1, ..., zx) = 0. It follows from (5.53) that
and
Xj =’7j_1(.’E1,...,.’L'j_1), _7 =2,...,k) (555)

Now, from (5.51) and positive definiteness of V;(z1) it follows that z; = 0,2, =0, ...
and xzy = 0. Therefore Vi(x1,...,zx) is a positive definite function.

From (5.21) and (5.49), it follows that
VeVilzy, .. zn)Te < —aVi(z, ..., 21), for 2 € Pr,in=1,..., My, (5.56)

Now, from Proposition 2.3 it follows that the PWP system (5.19) is dissipative with

the storage function Vi(z1, ..., zx) and supply rate —aVi(zy, ..., zx). From the fact
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that Vi(z1,...,2x) is a positive definite function and Theorem 2.1 it then follows
that the trajectories of the PWP system (5.19) in X’ asymptotically converge to the

origin. (Il

5.4 Numerical Examples

Example 5.1. Consider the following PWA system:

—0.25z; + 0.05z5 if 11 < 0.2
i1 = ¢ 0.lz1+0.05z — 0.07  if0.2 <y < 0.6

—0.221 + 0.05z5 +0.11  if 1 > 0.6
iy = —20z; — 30zs + 24 + 20u (5.57)

T
The objective is to stabilize the system to x4 = [0.6429 0‘3714] . Consider

Vi(z1) = 3(z1 — 0.6429)* and the following system

—0.25z1 + 0.05z4 Zf zy < 0.2
1 =19 0.1z; +0.0520 — 0.07 if02<z, <06 (5.58)

The following expression for xo can stabilize this system to 1 = 0.6429
Ty = y(x1) = 0.3714 — 4.8344(x, — 0.6429) (5.59)
Considering the following candidate Lyapunov function
Va(21, 22) = %(xl — 0.6429)? + %(xg — 0.3714 + 4.8344(z; — 0.6429))%,  (5.60)

the following PWA control input can be computed for the whole PWA system using

the method presented in subsection 5.3.2.

—0.35009 — 0.1216z; + 1.2572z5, 21 < 0.2
u=1< —0.34175 — 0.20165z1 + 1.2603z,, 0.2 < z; < 0.6 (5.61)
—0.3784 — 0.13739z; + 1.2567z2, 1 > 0.6
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Figure 5.1: The trajectory of the closed—loop PWA system for z(0) = [0.1 0.5]7

The trajectory of the closed-loop PWA system for x(0) = [0.1 0.5]7 is shown in Fig.

5.1.

Example 5.2. Consider the single-link flexible-joint robot in Fig. 5.2. The dynamic

equations of the robot are given by [115]

jfl = I9 (562)
MglL K
j?g = — g Sil’l(.’El) - ——(131 - I3) (563)
I I
. T K 1
Tq4 = ———(—]i —+ 7((131 — ."133) + ju (565)

where x1 = 01, 19 = 91, T3 =0y and x4 = 0y. u is the motor torque and Ty = fa(x4)

denotes the motor friction which is described by [119]

xT

2
T = bpxq +sgn(za) (ch + (Fom — Fom) exp(—j‘)) (5.66)
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Figure 5.2: Single-link flexible-joint robot

The numerical values of the parameters are given as follows

2
M = 0.25kg L=1m I= M3L

K = 7.47Nm/rad J = 0.216kgm? g =9.8m/s
cm = 1.27rad/sec F..=12Nm F,.,=1.75Nm

bm = 0.17Nm/(rad/sec)

Fig. 5.3 depicts the state response of the open loop nonlinear model of the robot with
the initial condition Tg = [r 0 0.87 0]T. It can be seen that the system converges
to a limit cycle. The limit cycles due to friction forces are investigated in [119]. In
this example, the objective is to stabilize the nonlinear model at the origin.

To build a PWP model, there are two nonlinear functions that should be ap-

prozimated by PWP curves. The function fi(z,) = sin(x,) is approzimated by the
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Figure 5.8: State variables of the nonlinear model - open loop

following function for z, € [—m, 7]

0.4031z% 4 1.24647; — 0.0211 -7 <z, < — %

A

filz1) =

2m 2m
7S:C1§7

—0.4031z% + 1.246421 + 0.0211 Z <z <7

(5.67)

The nonlinear function Ty = fa(xy) in (5.66) is approximated by the following PWP

function for x4 € [-8, 8]

. —0.0057x3 4 0.087322 — 0.2472x4 + 1.8056 14 > 0

fa(za) =
—0.0057332 — 0.08733:2 —0.247224 — 1.8056 x4 < O

(5.68)

Next, the PWP approzimation of the nonlinear model (5.62)-(5.65) can be written

in the strict feedback form (5.19). To start the controller synthesis procedure in

subsection 5.3.2, we first consider the following system

i1=$2
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fi(z1)

0.8976 3.1/16

Figure 5.4: PWP approzimation of fi(zx)
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Figure 5.5: PWP approzimation of fo(xs)
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with

P = {z1|71 € R} (5.70)
The linear controller xo = —2x, is considered in this step to make the quadratic
Lyapunov function Vi(z1) = 223 decreasing with time.

In the second step, the following PWP system is considered

T1 = X2

.’1','2 = — I 1($1) — 7(.’[1 - 1'3) (571)

with the regions defined as

2
Poy = {[E] — << —771—,.’112 € R} (572)
2 2
Poy = {[E] —'—; < I < *71,1'2 € R} (573)
i1 |27
'P23={[x;] 7<$1<7T,$2€]R} (5.74)

FEach of the following polynomials, using (5.47), describes a set that contains the

common boundaries of the corresponding regions

2T

Eoip(x1, 20) = 21 + - (5.75)
27
Eas(x1,x) = 21 — I (5.76)

Considering the Lyapunov function Va(z1, 72) = 522 + 3(x2 + 231)? and solving the
SOS feasibility problem (5.46) for the PWP system (5.71), the following controller

1§ computed

0.26137 +0.85161z1 — 0.1zy  [32] € Poy
T3 = Y21, 22) = ¢ 0.56043z1 — 0.122 (2] € Py (5.77)
—0.26137 + 0.8516121 — 0.122 [1] € Pa3
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For the next step, the following PWP system is considered

X1 = T2

. Mgl - K

Ty = — Ig f1($1)—7($1—373)
I3 = T4

with the following regions

- 9
Ps 2{ zé] —T<a < —‘%71,.’172 €R,z3 ER}

L %3
Mo 2 2m
Pay = z - — — R R
32 {ng] 7 <ri < 7,x2€ , X3 €

[z 2
P33={ m;] —ﬂ-‘ <I1<7T,332€R,I3€R}

LT3

7

and the following polynomials for the common boundaries

2
Es15(z1, 22, 3) =21 + 2
27
E323(I1, I2,$3) =1 — —7*

|

(5.78)

(5.79)
(5.80)

(5.81)

(5.82)

(5.83)

Considering the Lyapunov function Vi(z1, T2, x3) = 525 + 3(x2 + 221)% + 3(23 —

y2(x1, 22))? and solving the corresponding SOS feasibility problem for the PWP sys-

tem (5.78), the following controller is computed

,

x4 = y3(x1, T2, 23) = 4

\

2.1731 — 77.5789x, — 75.8241z5 — 803 [z

T3

.’1)1-

— 801, — 75.8241x5 — 80z [z

z3

x1 ]

—~2.1731 - 77,5780, — 75.8241z; — 8075 |

123

€ Py

€ Psy

& P33
(5.84)



For the next step, the following PWP system is considered

1 = T2
. Mgl -
£y = == fi(w) = T(21 — 2a)
I3 = T4

o K 1
x4=—é(7i)+7(m1—x3)+ju

with the following regions

1 2
m2:l il < I <7T,$2€R,$3€R,1‘4>0}

2m
*7T<$1<—‘"7—,$2€R,$3€R,$4>0

27 27

~—7—<$1<7,$2€R,$3€R,I4>0

7
2m
—7T<.’E1<—7,$2€R,$3€R,$4<0

2 2
~~71<$1<77T,$2€R,$3€R,$4<0

2w
23} —7—<$1<’R’,$2€R,l‘3€R,$4<0}

and the following polynomials for the common boundaries

27
Enz(x1, 22,23, 74) =21 + ~
E414($1, X2,T3, $4) =T4
Eio3(x1, 22, T3, x4) =1 — -272
Eio5(x1, 22, T3, 24) =4
Eaz6(x1, T2, 23, T4) =T4
Eus(x1, 22, 23, 24) =21 + 277r
Eys6(x1, 22, T3, T4) =21 — 2—775

(5.85)

(5.86)
(5.87)
(5.89)
(5.89)
(5.90)

(5.91)

(5.92)
(5.93)
(5.94)

(5.95)
(5.96)

(5.97)

(5.98)

The structure of the regions of the PWP system (5.85) is shown in Figure 5.2. This
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Figure 5.6: The structure of the regions of the PWP system (5.85)

figure shows that, for example, the image of the region Pso on the (x1, x2) space is a
subset of Pas.

Considering the Lyapunov function Vy(x1, z9, 73, 24) = %x% + %(mg +2x11)% +

5 (@3 — Yo(x1,22))? + (x4 — Y3(x1, 72, 23))? and solving the SOS feasibility problem
(5.49) for the PWP system (5.85), the following PWA controller is computed

/ - KT
737.0 — 9786331 - 110401‘2 - 13111'3 — 1627334 T1 To T3z T4 S P41

r 1T
—106101‘1 — 11040332 - 131101‘3 - 1627334 Ty Xy T3 X4 S P42

- T aT
—736.2 — 978621 — 110405 — 1311023 — 162.724 | z, 25 23 x4 | € Pis

- 1T
736.2 — 9786x1 — 11040z, — 13110x3 — 162.5x4 X1 T2 T3 T4 € Pu

- T
—10610z; — 11040z — 131105 — 162524 5 2 s 75| €Pis

- T
| ~737.0 - 97862, — 11040z, — 1311025 — 162521 | 2 a5 a5 24| € Pis
(5.99)

Fig. 5.7 shows the states of the nonlinear system in feedback connection with the
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PWA controller (5.99) with the initial condition zg = [r 0 0.87 0]7. The system
converges to the origin in 4 seconds. However, by examining the transient changes
of the control input in Fig. 5.8, we realize that the input is very large. Another
possible controller is a PWP controller. Next, a PWP controller of third order in
x1, first order in xa, first order in x3 and third order in x4 is designed. Considering
the Lyapunov function Vy(z1, Ta, T3, 74) = 525 + 3 (22 + 231)* + 3 (23 — 72(21, 22))2 +
%(x4 — v3(x1, T2, 23))* and solving the SOS feasibility problem (5.49) for the PWP

system (5.85 ), the following PWP controller is computed

u =11.46 + 832.0z, — 44.25z5 — 169.923 + 23.74z172 — 10.6625 — 10.42221,
— 149025 + 24.93x123 — 10.94:1:%:53 — 1753z, — 0.08227x 24 — 0.3943%5714
— 0.42312324 + 0.0136422 + 0.1917222, + 0.34652 2014 + 0.36702 2374
— 0.008023z,22 — 0.01344x925 — 0.014272322 — 0.001407x5
T
for [ 1 To T3 T4 ] € Py

(5.100)

u =966.82; — 70.87zy — 0.0071z2 — 0.009167x125 — 4.058z3 — 3.835z2xy — 1518z
—0.01287z123 — 4.1133%333 —17.92z4 — 0.6414z124 — 0.61522024 — 0.65452374
+ 0.009332 + 0.062973:%4 + 0.1x12004 + 0.1121 2324 — 0.01316x1:1:i
— 0.01344x923 — 0.014272322 — 0.00140725
T
for [ Ty To T3 T4 ] € Pa

(5.101)
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u = ~ 10.69 + 832.02; — 44.25z5 + 169.922 — 23.752125 — 10.662° — 10.4222x,
— 149023 — 24.952,23 — 10952213 — 17.54x4 — 0.637174 — 0.29467524
— 0.306223 % x4 + 0.0137125 — 0.42932%x, — 0.2568117974 — 0.279717374
— 0.0184x1 22 — 0.01344z522 — 0.01427x325 — 0.001407x3
T
for [ T1 To T3 Ta ] € Pus
(5.102)
u =10.69 + 83211 — 44.2525 — 169.922 + 23.74z125 — 10.662° — 10.4222z,
— 1490z3 4 24.932123 — 10.9422 23 — 17.3624 + 0.6347114 + 0.29847924
+ 0.312324 — 0.01362x% — 0.432823 x4 — 0.26717224 — 0.28251, 7374
—0.01852z122 — 0.01349292% — 0.01431z522 + 0.001045273
T
fO’I" [ 1 X9 T3 T4 ] E7344
(5.103)
u =966.8z1 — 70.87zy — 0.0071x2 — 0.009167x129 — 4.05823 — 3.834723x,
— 1518z3 — 0.01287x125 — 4.11x%x3 — 17.74x4 + 0.64772124 + 0.62152014
+ 0.6612z324 — 0.00887722 + 0.0624x224 + 0.09985z1 324 + 0.108621 2324
—0.01324z122 — 0.01349292% — 0.01431z375 + 0.001045z]
T
for [ 1 Tg I3 Ia ] € Pus
(5.104)
u=— 11.47 4 832z1 — 44.25z5 + 169.92% — 23.75z, 25 — 10.662° — 10.42z32,
- 1490I3 - 24951‘11‘3 — 1095$?I3 - 1735I4 —+ 008544I1I4 + 039761‘2I4
+ 0.42662324 — 0.013582% + 0.194622 24 + 0.3493x1 2274 + 0.37217374
— 0.008z12% — 0.013492925 — 0.01431 2322 + 0.001z)
T
for [ T1 T2 I3 T4 ] € Pus

(5.105)

128



Fig. 5.9 shows the states of the nonlinear system in feedback connection with
the PWP controller with the initial condition xo = [r 0 0.87 0]T. The system
converges to the origin a bit slower in comparison to the case of the PWA controller.

However, Fig. 5.10 shows that in this case the control input is much smaller.

5.5 Conclusions

In this chapter, the strict feedback form for PWP systems was introduced. Using
backstepping, controller synthesis for this large class of PWP systems was formu-
lated as an SOS program, which is a convex optimization problem. The synthesis
problem was addressed in two cases: SOS Lyapunov functions for PWP systems
with discontinuous vector fields and PWP Lyapunov functions for PWP systems
with continuous vector fields. One of the main advantages of the proposed method
is that it addresses PWP systems with discontinuous vector fields regardless of pos-

sible attractive sliding modes.
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Chapter 6

Sampled-Data Piecewise Affine

Systems: A Time-Delay Approach

This chapter addresses stability analysis of sampled-data piecewise-affine (PWA)
systems consisting of a continuous-time plant in feedback connection with a discrete-
time emulation of a continuous-time state feedback controller. The sampled-data
system is considered as a continuous-time system with a variable delay. Conditions
under which the trajectories of the sampled-data closed-loop system will converge to
an attracting invariant set are then presented. It is also shown that when the sam-
pling period converges to zero, these conditions coincide with sufficient conditions

for non-fragility of the stabilizing continuous-time PWA state feedback controller.

6.1 Introduction

The research work on continuous-time PWA systems has concentrated on Lyapunov-
based controller synthesis methods [56,66,96,101,103]. However, none of these ap-
proaches would be applicable directly to controller synthesis for computer-controlled
or sampled-data PWA systems. This is the scenario mostly encountered in applica-

tions given the flexibility of control implementation in a microprocessor.
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Although linear sampled-data systems are a well-studied matter [27], con-
troller emulation for systems with possible discontinuities at the switching, such
as sampled-data PWA systems, has not had many research contributions. In fact,
only recently these systems have started to be addressed in the literature in refer-
ences such as [6,62,63,99,122,123,129]. The approach by [123] established that,
under certain conditions, the controllable subspaces of a continuous-time switched
linear system and its discrete-time counterpart are the same. Canonical forms of
switched linear systems based on controllability are presented in [122]. The refer-
ence [129] considers stability analysis of switched systems that can switch between
a set of continuous-time plants and a set of discrete-time plants but does not han-
dle sampled-data systems involving a cascade of a discrete-time system between
a sample-and-hold and a continuous-time system. Furthermore, it does not ad-
dress controller design. The approach by [6,62,63] was probably the first where
the term ”sampled-data PWA systems” is used, although the systems described
in this work do not posses the typical structure of a continuous-time plant being
controlled by a discrete-time controller. The problem addressed in [6,62,63] is one
where the controller ié continuous-time and the switching events are the ones con-
trolled by the system logic inside a computer. In other words, in these systems
it is assumed that the designer has command over the switching times of the sys-
tem, which does not occur often in practice. For this class of systems, reference [6]
presents a probabilistic analysis of controllability. The preliminary study of [62,63]
is interesting as it highlights important limitations of current discrete-time PWA
control methodologies when applied to the control of a physical continuous-time
system. As mentioned in [62] unexpected phenomena such as chattering can occur,
depending on the switching times. This increases the interest in studying computer

implementations of controllers designed in continuous-time. Reference [99] addresses
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the classical structure of a sampled-data system whereby the system is continuous-
time and the controller is being implemented (emulated) in discrete-time inside a
computer. However, the sampling time must be constant.

This chapter departs considerably from previous research by addressing sta-
bility analysis of sampled-data PWA systems using a time delay approach. In fact,
the discrete-time PWA controller is seen as a continuous-time PWA controller with
a delay that varies with time. Using a Lyapunov-Krasovskii functional, LMI condi-
tions are derived as sufficient conditions for convergence of the sampled-data PWA
system trajectories to an attracting invariant set. One of the advantages of the pro-
posed method is that it can be applied to sampled-data PWA systems with variable
sampling time as opposed to [99] that deals with a constant sample time. A very
important and interesting property of the LMI conditions proposed in this chapter
is that when the sampling time converges to zero, these conditions coincide with
LMI conditions for non-fragility of the continuous-time PWA controller. Therefore,
to implement a continuous-time PWA controller in discrete-time, it is required that
the controller be robust to variations in the controller parameters. This in itself is
a very interesting result. |

The chapter starts by the stability analysis of the sampled-data system when
a continuous-time controller is emulated in discrete-time. A numerical example is
included to show the performance of the proposed method. Finally, the chapter

closes by stating the conclusions.

6.2 Stability of Sampled-Data PWA Systems

Consider a PWA controller of the following form
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for the PWA system
T = Az +a;+ Bu, forz e R, (6.2)

with the region R; defined as
R; = {IlEﬂ? +€; > 0}, (63)

The closed-loop system is assumed to be asymptotically stable. It is also assumed
that the vector field of the open loop PWA system (3.10) with u(t) = 0 is continuous
across the boundaries of two or more regions and a; = 0 for i € Z(0).

If the PWA controller (6.1) is implemented as a digital controller and is con-
nected to the PWA system (6.2) through a sample-and-hold, the closed-loop system

can be described by
I(t) = AZ:L‘(t) +a; + B(KJ:L‘(tk) + kj), (64)

for z(t) € R; and z(tx) € R; where t; for k € N is the sampling time and ¢, <t <

tr+1- The closed-loop system (6.4) can be rewritten as
#(t) = Aix(t) + a; + B(Kiz(te) + ki) + Buw, (6.5)
for z(t) € R, and z(tx) € R; where
w(t) = (K; — K)z(te) + (kj — ki), z(t) € Ry, z(tx) € R; (6.6)

The input w(t) is a result of the fact that z(t) and x(tx) are not necessarily in the
same region.

Following [82], the time elapsed since the last sampling time will be denoted
by

p(t) =t —tr, ty <t < tpp (6.7)
and 7ps (7p) is defined as the maximum (minimum) interval between sampling times.

D <tggr —tx < T, Vk €N (68)
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Consider a Lyapunov-Krasovskii functional of the form
Vzs, p) = Vi(x) + Valzs) + Va(zs, p) (6.9)

where

x(t)

z,(t) = y e St <t
l‘(tk)

Vi(z) = 2TPzx

/_ /t+ i (s) R (s)dsdr
Va(zs, p) == (mar — p)(a(t) — z(tr)) " X (2(t) — z(tx))

VQ(I'S)

I

and P, R and X are positive definite matrices. Therefore, the Lyapunov-Krasovskii
functional V (x5, p) is positive definite. At the sampling times, V(z,, p) does not
increase because Va(zs) and Vi(zs, p) are non-negative right before each sampling
time and they become zero right after the sampling time [82]. It can be shown that

V (zs, p) satisfies the following inequality
Ain( P2l <V (2s, p) < 0allas|* + oy (6.10)

where

2
Oe = Mmax(P) + 2(Tar — £)Amax(X) + %MAW(R),
2

Jp = T_sz“)\max(R)’

where Apin(.) and Apax(.) mean the minimum and maximum eigenvalues of a matrix,

respectively, and

R = arg max Amax(Rij) (6.11)
A7
Rj=| KIBT |R [ A; BK; a;+ Bk; ] (6.12)
al + kJTBT

The main result of this chapter is now presented. -
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Theorem 6.1. For the sampled-data PWA system (6.5), assume there exist sym-

metric positive matrices P, R, X and matrices N; fori=1,..., M such that

e foralli € Z(0),
Q + 1My + T My; < 0 (6.13)

) N W
Qo +7mmMy; T
0 <0 (6.14)

™ [ NT 0 ] —TmR

o foralli¢ Z(0), A; >0,

ﬁi +TMM1i +’TMM22' <0 (615)

Qi + Tar My ™ | 0
<0 (6.16)

where
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_ 4 -
KTBT
kIBT +af
BT

1 AT
- -1 KIBT

0 kBT +af

| 0 BT
Let there be constants Ag and Ay such that
lwll < Axllz(te)ll + Ak

Define

and the region

o = VAAY:
g = —VI2k
Vo — /7Ak

©p = {zs llzsll < po}

for some positive constant 8 < 1 that verifies

A <
Y

on

X[I -1 0 0]

(6.17)

(6.18)

(6.19)

(6.20)

Then, all the trajectories of the system (6.5) in X converge to the following invariant

set

= {xs! V(xs’p) S Uaﬂg + Ub}

Proof. The proof is divided into two parts.

(6.21)

O

1. First, it is shown that the inequalities (6.13), (6.14), (6.15) and (6.16) are

sufficient conditions for the following inequality to hold

V(xs,p) < —nzizs +yw W
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for , < t < tx41. Since Vi(z) = 2T Pz, one has
Vi(z) = TPz + 2" Pz
Va(zs) can be written in the following form
0
V(e = [ gt

™

where
1
ot r) = / 7(s)Rib(s)ds
CJtr
Thus, since p = 1 for tx <t < tgi1,
© 9

‘/2(-756) = 5}9(

t,r)dr

—TM

The expression

2 glt,r) = T (ORe(t) — 7(¢ + ) Ri(t +7)

then yields

Va(zs) = mnei T (t) RE(t) — /t_ & (s)Ri(s)ds

(6.23)

(6.24)

(6.25)

(6.26)

(6.27)

(6.28)

From (6.8) one has p < 7 and considering the fact that R is positive definite,

this leads to
. t
Va(ws) < mard T (1) R (t) — / 7(s)Rib(s)ds
t—p

Since R is positive definite, for any matrix N; € R"*?" one has

| 7(s) =T (N | { et } [ £e) } >0

-I R NFz,(t)

and therefore

—i(s)TRi(s) < zT()N;R™INTz,(t) — 22T (£) Nii(s)
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Integrating both sides from t — p to ¢t and using (6.7) yields,
i
—/ #(s)"Ri(s)ds < prT(t)N;R-INTz,(t)
t—p

—2zT ()N, [ I -1 ] zs(t)

(6.32)
It follows from (6.29) and (6.32) that
Va(zs) < 7maTRi+ prI N;RINTz,
~2TN | 1 -1 ] s (6.33)
For V3(zs, p), since p = 1 for ¢, < t < ty41, one can write
Va(zs,p) = —(2(t) — 2(tx)TX (z(t) — 2(tx)) + 2(rar — p)(2(t) — 2(ta)) " X i(2)
(6.34)

From (6.23), (6.33) and (6.34), it follows that a sufficient condition for (6.22)

is the following inequality

TPz + xT Pi + 33T R + pxl N;RTINT z,

~20TN: | 1 -1 |z,

1
+2(Ty — )zt Xz

~I
+nziT, —ywTw <0 (6.35)
For ¢ € Z(0), one has
;= [ A BK, ] o + Bw, (6.36)
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for z(t) € R; and z(tx) € R;. Replacing & from (6.36) into (6.35) yields

[ p AT
(|| ta e 2|1 o]
o
+7u ' R[AZ- BKi]+pNiR‘1NiT
| KIBT
N1 1 ]- fI N
I
Lo
I
+(TM"P) g X[Al BKz:l
T
+(mp)[ X[I ~1]+n1)xs
KTBT

P
+x3{ Bw+'wTBT[P ()]xs
0

AT
+TMCE;F . } RBw + myw™BTR [ A; BK; ]xs
K'B

~I
+mwT BYRBw — yw™w < 0 (6.37)

I
+(tmr — p)z, [ :l XBuw + (13 — p)w™BTX [ I —1 ] Ts

Since (6.37) is affine in p, if it holds for p = 0 and p = 75, then it is satisfied
for any p € {0, 7p]. For p = 0, the inequality (6.37) can be written as (6.13).
Using Schur complement for p = 737, the inequality (6.37) can be converted

to (6.14).
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For ¢ ¢ Z(0), one has

T = [Ai BK; ai+Bki]fs+Bw, x E€R; (6.38)
where
Ts
Ty = (6.39)
1
It follows from (2.62) that
ET 0| _ | Eiel||«
[ T 1 ] A; > 0, x€R; (640)
el 1 0 1 1

where A; >~ 0. Using (6.38) and (6.40), a sufficient condition for (6.37) when

z € R; with ¢ ¢ Z(0) can be written as

P AT
z, 0.[,41- BEK; ai+Bk,~]+ KTBT [Poo]
0 al + kI BT
I _AiT i i
+m| KTB | R| A BEK ai+Bki]+p[N’}R*l[NiT 0]
af + kFBT ’
o e
_M[”o]_ T B P
| 0] | 0
I

+(ta—p) | =1 X[Ai BK; ai+Bki]
0

AT 100

+(me=p) | KFET | X[1 1 0]+nlo 1 0]z
af +kTBT | 000
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+Z,

+mmZ, | KFBT | RBw+Tyw B'R [ A; BK; Bk +a ] Zs

0
EF 0
_ Ez 0 €;
+ mqw"BTRBw — ywTw+2Zr | 0 0 | A T, <0 (6.41)
. 0 01
e; 1

Inequality (6.15) is equivalent to (6.41) for p = 0 and using Schur complement,,
inequality (6.16) is equivalent to (6.41) for p = 7as. Since (6.41) is affine in p,

inequalities (6.15) and (6.16) imply that (6.41) is satisfied for any p € [0, Ta].

In conclusion, (6.22) is satisfied for ty < t < tyx41, £ = 0,1,2,... and any

xGRi,izl,Q,...,M.

. In the second part of the proof, it will be shown that for a given for 0 < 8 < 1,

() is an attracting invariant set. For any zs ¢ (), one has
V(xs, p) > Oatiy + 0y (6.42)
It follows from (6.10) that ||z,|| > we and therefore (6.18) leads to
Vonllzll > vA(Axllzsll + Ax) (6.43)
It follows from (6.17) and (6.43) that

Onzlx, > ywTw (6.44)
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The inequality (6.22) can be written as
V(zs, p) < —(1 — O)nala, — Onale, + ywTw (6.45)
for 0 < @ < 1. Therefore it follows from (6.44) that
V(zs,p) < —(1—0)nzTz, (6.46)
and from ||zs|| > up, one has
Vi(zs,p) < —(1— 0)nug, fér te <t <tpin (6.47)

Therefore V(z,, p) decreases between the sampling times for ||z,|| > uy. As it
was mentioned earlier, V (zs, p) also decreases at each sampling time. There-
fore there is a finite time ¢’ such that z,(t’) € ®, and therefore from (6.18),

one has V(zs(t), p) < oau? + ob, which means z,(t?) € Q. Therefore, ) is an

attracting invariant set.

1
Remark 6.1. The upper bound for ||wl|| defined in (6.17) can be obtained as
Ag =  max [K;— Kl
2,j=1,..., M

Note that for the case where K; = K; and k; = kj, Ax = A = 0 and (6.20) is

automatically satisfied. In this case w = 0 and py = 0.

Remark 6.2. For ryy — 0 and

_ P 0 —PBK;+1
P= , N; = , X =(8-2)I (6.49)
0 0 ~1
where 3 > max(n,2) and
mo=nt (6.50)
B—=n



the inequalities (6.13), (6.14), (6.15) and (6.16) are reduced to the following in-

equalities for all i € Z(0)

(A; + BK;)TP + P(A; + BK;) +n.I PB

<0 (6.51)
BTP —~1
and for ¢ ¢ Z(0)
i I 0 ]
(AZ“FBI—(Z)TP"FP(AZ"FB —i) +E1-TAZ'EZ’ + 7 PB
00 <0 (6.52)
BTP -1

Conditions (6.51) and (6.52) are sufficient conditions for input to state stability
of the continuous-time PWA system (6.2) with the following condition satisfied for
V(z)=z"Px

Viz) < —nezTz + yw?w (6.53)
This result establishes that the continuous-time PWA controller should satisfy a
very important property: non-fragility. In other words, if there exists an error w
in the implementation of the continuous-time PWA controller (6.1) as shown in the

follounng
ult) = Kz(t) + ki + w(t) (6.54)

and the norm of w is bounded, the norm of the state vector x(t) remains bounded.

6.3 Numerical Example

Example 6.1. A state space model was built for an experimental two degrees of
freedom helicopter in [38]. In this example, a simplified version of the pitch model

of the experimental helicopter (Fig. 6.1) is considered. This model is described by
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Figure 6.1: Pitch model for the experimental helicopter [38]

Table 6.1: Parameters of the helicopter model
Parameter | Value Unait
L, 0.0283|  kgm?
Mpeli 0.9941 kg
legn 0.0184 m
legz 0.0289 m
Fin 0.0008 Nm
Fou 0.0041 | Nm/rad/s

g 9.81 m/s?
the following equations
551 =XT2
. 1 .
vy

(6.55)

where x1 and xo Tepresent pitch angle and pitch rate, respectively. The values of the

parameters are shown in Table 6.1.

The PWA approzimation of the following nonlinear function in (6.55)

f(x1) = —Mmpeiilegag c08(x1) — Mperilegzg sin(zq) (6.56)

146



ts then computed based on a uniform grid in xq.

The resulting approzimation 1is

shown in Figure 6.1. A PWA model is obtained by replacing f(z1) by f(z1) in

(6.55). The PWA model is described by the following equations

, 0 1 0 0

= T+ + U forx € Ry
i 5.3058 —0.1447 22.2968 35.3012
[ o 1 0 0

T = x+ + U forz € R,
i —&.1786 —0.1447 —3.1208 35.3012
[ 0 1 0 0

T = x+ + U for x € Rs
| —10.5751 —0.1447 —4.6265 35.3012
0 1 0 0

T = T+ + U forx € Ry
_ 1.9210 —0.1447 —12.4780 35.3012
[ 0 1 0 0

T = T+ + U forz € Ry
| 10.7980 —0.1447 —29.2108 35.3012

[ o 1 0 0

T = x+ + u for z € Rg
i 5.3058 +0.1447 22.2968 35.3012

0 1 0 0

T = x + + Uu forx € Ry,
| —8.1786 +0.1447 —3.1208 35.3012
[ 0 1 0 0

= x+ + u forx € Ry
i —10.5751 +0.1447 —4.6265 35.3012

0 1 0 0

= T+ + U for x € Ry
i 1.9210 +0.1447 —12.4780 35.3012
0 1 0 0

T = T+ + U for x € Ry
i 10.7980 +0.1447 —29.2108 35.3012
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X1
where x = and

v

3 3
Rlz{x|—7r<x1<—?7r,x2>0} Rgz{xl—j‘<$1<—%,$2>0}

5
R3:{$!—%<$1<%,$2>0} R4:{$Ig<$1<~351,$2>0}
Rs ={:r|—?-)57I <x <m,xe >0} Re ={x|—7r<x1<—?)5£,x2<0}
R7={x|—§5z<x1<—%,x2<0} Rg={$l—%<$1<g‘,x2<0}
Ry ={xl% <x1 < '35—7]-,172 < 0} Rio ={:r]§5E <mi <mz2 <0} (6.57)

The following PWA controller is then designed to stabilize the origin (x1 = x9 =0)

for the PWA system (6.57) using the backstepping method in subsection 5.3.1.

u = — 0.2919z, — 0.1092z, — 0.6313, forx € Ry
u =0.0900z; — 0.1092z2 + 0.0887, for z € R,
u =0.1579z, — 0.1092z, + 0.1314, for z € R
u=—0.1961z, — 0.1092z, 4+ 0.3538, forx € Ry
u = — 04475z, — 0.1092x9 + 0.8278, forx € Rs
u=—0.2919z; — 0.1092z5 — 0.6319, forz € Rs
u =0.0900z, — 0.1092z, + 0.0881, forxz € R
u =0.1579z, — 0.1092z5 + 0.1308, for x € Ry
u=—0.1961z1 — 0.1092z, + 0.3532, forz € Ro

u = — 0.4475x1 — 0.1092z5 + 0.8272, for x € Ry

Using Theorem 6.1, a sampling time for discrete time implementation of the pro-
posed PWA controller can be computed so that the closed loop sampled data system
converges to a bounded invariant set. In this example, we consider n and vy as opti-
mazation parameters. However, to provide a larger upper bound on Ak, we require

that n > v and vy > 1. Now, solving an optimization problem to mazimize Ty subject
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Figure 6.2: PWA function - Helicopter model

to the constraints of Theorem 6.1 and 1 >« > 1, one has

7%, = 0.1465, 5 = 4.2403, v = 4.2403 (6.58)
30.4829 2.4706 44.9622 9.0745

P= , R= » (6.59)
2.4706 4.4771 9.0745 3.1994

499.9799 11.6429
X = (6.60)
11.6429 24.1825
Figure 6.1 shows the trajectories of the nonlinear model (6.55) in feedback connection

with the continuous time PWA controller. The trajectories of a sampled data PWA

controller with a sampling time of 0.1465 second is shown in Figure 6.1.

6.4 Conclusions

This chapter has presented stability results for closed-loop sampled-data PWA sys-

tems under state feedback. PWA sampled-data systems were considered as delay
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Figure 6.3: Trajectories of the nonlinear Helicopter model - continuous time PWA
controller

T2

_25 1 1 1 1 L

Figure 6.4: Trajectories of the nonlinear Helicopter model - sampled data PWA
controller
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systems with variable delay. The result for PWA systems is equivalent to the non-
fragility of the continuous-time PWA controller when the sampling time converges

to zero.
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Chapter 7

Conclusions

The contributions of this thesis are summarized in this chapter. Potential exten-
sions of the proposed methods are then discussed. Finally, open problems for future
research are presented. The focus of this thesis has been to develop efficient compu-
tational controller synthesis methods for PWP/PWA systems. In the following, the
fundamental questions raised in Chapter 1 are revisited considering the contributions

of this work:

e How can PWA controllers be designed to keep the performance of linear con-
trollers in a neighborhood of the equilibrium point, while guaranteeing a larger

region of attraction?

Chapter 3 proposed a two-step synthesis method to achieve both local per-
formance and global stability for nonlinear systems that can be bounded by
PWA differential inclusions. In this method, a local robust linear controller
is first designed for a neighborhood of the desired equilibrium point to satisfy
a local performance requirement. The local linear controller is then extended
to a PWA controller to globally stabilize the nonlinear system. The proposed
method iscast as a set of BMIs and is not a convex problem. An open prob-

lem for future research is: Can the PWA extension of linear controllers be
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formulated as a convex problem?

e Is it possible to formulate the PWA/PWP controller synthesis as a convex

optimization problem?

There are two contributions in this work toward answering this question: PWA
controller synthesis for PWA slab system in chapter 4 and PWP controller

synthesis for PWP systems in strict feedback form in chapter 5.

— In chapter 4, an interesting duality relation was revealed in the LMIs
describing sufficient conditions for the stability of PWA slab differential
inclusions. This concept was then employed to find a duality relation for
the Lo-gain design. As a result, the definition of the regions of a PWA
slab system was extended, the L,-gain controller design was formulated as
a set of LMIs and this design method was extended to PWA slab systems
with an output that is also a PWA function of the state. The new method
presented in chapter 4 enables stability and performance analysis, as well
as controller synthesis, for PWA slab systems as a solution of convex
optimization problems. The new concept of dual parameter set was the
basis of the development of convex controller synthesis for PWA slab
systems. However, the dual parameter set of PWA slab system does not
necessarily define a PWA system. The open problem is: What is the dual
of a PWA system?

— In chapter 5, the strict feedback form for PWP systems was introduced.
Backstepping controller synthesis for this large class of PWP systems was
formulated as an SOS program, which is a convex optimization problem.
The synthesis problem was addressed in two cases: SOS Lyapunov func-
tions for PWP systems with discontinuous vector fields and PWP Lya-

punov functions for PWP systems with continuous vector fields. One of
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the main advantages of the proposed method is that it addresses PWP
systems with discontinuous vector fields regardless of possible attractive
sliding modes. A very useful extension of the proposed method is back-

stepping controller synthesis for PWP differential inclusions.

e For a sampled-data implementation of a continuous-time PWA controller, how

large can the sampling time be?

Chapter 6 presented stability analysis results for closed-loop sampled-data
PWA systems under state feedback. These results were obtained by consid-
ering PWA sampled-data systems as delay systems with a variable delay. In
chapter 6, it is assumed that a PWA controller is given and then the maxifnum
sampling time is computed as the solution of a convex problem. An interesting
extension would be a convex PWA controller synthesis method to guarantee

stability of the closed-loop sampled-data system for a given sampling time.

Based on the previous observation, the proposed extensions of the current

research are as follows:

1. To develop a backstepping PWP controller synthesis method for PWP differ-

ential inclusions in strict feedback form

2. To develop a convex PWA controller synthesis method to guarantee stability

of the closed-loop sampled-data system for a given sampling time
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Finally, two fundamental open problems to be solved are

1. Can general PWP/PWA controller synthesis be converted to a convex prob-

lem?
2. What is the dual of a PWA system?

Analysis and synthesis of PWS systems thus seems to be a very rich field of study.
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