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ABSTRACT

Polyphase Structure-Based Approaches for FIR Mth-band Filters and Constrained Filter

Banks: Design, Implementation and Applications

Chao Wu, Ph. D.

Concordia University, 2007

Multirate systems, including Mth-band filters and filter banks, have greatly facilitated
the analysis, understanding and compression of signals. Polyphase structure plays an
important role in the study of multirate systems due to the fact that it provides a parallel
and very efficient implementation architecture. In this dissertation, some polyphase
structure-based approaches for the design and implementation of Mth-band filters as well
as filter banks are presented. The emphasis is placed on the development of new
structures that satisfy certain constraints and having low computational complexity.

A design algorithm for Mth-band filters is first presented based on the generalized
polyphase (GP) structure. Both the interpolation and linear-phase conditions are
incorporated in the proposed GP realization of Mth-band filters. By deriving a closed-
form frequency response specification for each of the constituent filters in the GP
structure, the design of the original large-tap FIR filter is simplified to the design of
short-length constituent filters to reduce the overall design complexity. The GP-based
approach is then extended for the design of Mth-band filters meeting certain regularity
requirements. To show the wide applicability of the proposed method, the design of 2-D
Mth-band filters via the GP structure is also considered. It is shown that by applying the

singular-value decomposition (SVD) to each 2-D subfilter in the GP structure, the

il



implementation complexity of the overall 2-D filter can be significantly reduced without
introducing a large error.

The second part of the dissertation is concerned with the development of new lattice
structures for perfect reconstruction filter banks (PRFBs) with certain constraints, such as
the linear-phase (LP) and the mirror-image symmetry (MIS). The innovative work is
based on the polyphase matrix representation of the analysis and synthesis filters, and a
key idea of devising basic building blocks that are capable of propagating the desirable
symmetry properties while being cascaded to generate the required lattice structures. Due
to the added constraints, the resulting lattice structures have fewer parameters, leading to
a speedy optimization design and a reduction in the heavy implementation burden.

It is proved that there exists a complete and minimal lattice structure for MIS-PRFBs.
It is shown that a class of well-known filter banks, namely, the cosine-modulated filter
banks (CMFBs), is a subclass of MIS-PRFBs, whose non-singular matrices are of sparse
coefficients. By introducing more prototype filters, in conjunction with a proper
modulation, new CMFBs with more parameters are generated. Combining the linear-
phase and mirror-image symmetries, a lattice structure with further reduced number of
parameters is also developed for MIS-LPPRFB. The designed MIS-LPPRFB is then
utilized as a block transform for image compression coding. Simulation results show that
the MIS-LPPRFB, despite its reduced number of parameters, offers a competitive
performance in terms of both the visual quality and the peak signal-to-noise ratio for

various images under a wide range of compression ratios.
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Chapter 1

Introduction

1.1 General

Over the past two decades, there has been a tremendous growth of research activities
in the area of multirate signal processing. Multirate systems [1]-[5] have found a wide
range of applications in many engineering fields, such as telecommunications,
electronics, and speech and image processing. The most frequent applications of
multirate systems are fractional sampling-rate alternation [1] and subband coding [2], [4],
in which the Mth-band filter and filter banks play a key role. For example, with a
fractional sampling-rate alternation, we may scale a speech, image, or video sequence to
different resolutions for various purposes. As such, the design and implementation of the
Mth-band filters and filter banks have received a great deal of research attention over the
last two decades.

Fig. 1.1 shows a simple, yet typical, multirate system that changes the input sampling

rate by L, /L,, where L and L, represent the factors of the expander and decimator,
respectively, and H(z) is a low-pass filter with a cutoff frequency specified by
M = max{Lu,Ld}. Hence, H(z) 1s often called the Mth-band filter, which is used to get

rid of the duplicated images caused by the expander as well as to prevent the occurrence



of the aliasing due to the subsequent decimation. Ideally, an Mth-band filter should have

sin(nz /M)

nrw

a sinc function type impulse response hA{n]= . Clearly, this impulse response

has an important feature that it gives a zero-crossing every M samples, namely,

h[nM 1= 6[n]. The above property is particularly useful when the Mth-band filter is

employed in signal interpolation by a factor of M, where M-1 new samples are generated

between every two consecutive input samples while leaving the original samples
unchanged. Thus, the property A[nM]=--J[n] is often referred to as the interpolation

condition. Although the interpolation property is desirable in multirate signal processing,
it is in general difficult to be accommodated in filter design. Most of the filter design
algorithms available in the literatures give only an approximation to the desired
frequency response, while very few methods concern about time-domain constraints such
as the interpolation condition. Therefore, it is necessary to develop a design method

satisfying both the desired frequency response and the time-domain condition.

Figure 1.1: Sampling rate conversion by a factor of L /L,

It is well known that the polyphase structure is essential in multirate signal processing |
applications due to its computational efficiency. The polyphase structure decomposes an
original direct-form filter into a number of parallel subfilters having sparse coefficients.
Taking the signal interpolation by a factor of two as an example, in which a half-band

filter H(z) is used after the expander, one can rewrite H(z) in polyphase structure as



H(2)=7"E,(z")+E,(z*), giving a two-branch polyphase structure as shown in Fig.
1.2(a). This implementation is not efficient since half of the coefficients in H(z) are

zeros. By invoking the Noble identity [5], this scheme can be redrawn as a more efficient
implementation in Fig. 1.2(b). Clearly, the filters in (b) operate at a rate which is one-half
of that of the filters in (a) while both the structures have the same number of coefficients.
Another advantage of the polyphase structure is that the interpolation condition can easily

be satisfied by implementing one of its parallel branches as - d(n).

(b)

Figure 1.2: The implementation of interpolation filter.
(a) Polyphase structure. (b) Efficient implementation.

Another important application of multirate systems is the subband coding, which is
widely used in speech and image compression. Most of physical signals in the real world
contain dominant low-frequency components and attenuate gradually as frequency
increases, as shown in Fig. 1.3. This unevenly distributed frequency spectrum can be
exploited for signal compression: one can split the entire signal into a number of subband
signals in the frequency domain using a multirate system and then adopt different coding
techniques to each of the subband signals. The coded subband signals can be synthesized
by another multirate system to reconstruct the overall compressed signal. In this way, a
large compression ratio can be achieved by allocating a different bit rate to each subband

according to the energy distribution.
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Figure 1.3: A typical signal with its energy concentrated in the low frequency region

The division and reconstruction of the subband signals is performed by a set of
analysis and synthesis filters, which constitute a so-called filter bank, as shown in Fig.1.4.

The input signal x{n] is separated to M subband signals by M analysis filters H,(z) with

frequency-selective bandpass responses. These band-limited subband signals are then
decimated by M so that the total number of samples per unit time is the same as the input
rate of x[n]. At the receiver end, i.e., the right-hand part of Fig. 1.4, the subband signals
are upsampled and combined by a set of synthesis filters F;(z) to form the reconstructed
signal x[n]. Generally speaking, the reconstructed signal X[n] is only an approximation
of the original input x[n]. The error can be of two types: one is the aliasing and distortion
error from the analysis and synthesis parts as well as the corresponding expander and
decimator, the other being the quantization error from the intermediate processing.

One of the major developments in filter banks is the recognition of the fact that,
through a proper design of the analysis and synthesis filters, all the errors apart from the
quantization can be completely eliminated. This feature is called perfect reconstruction,
which implies that the reconstructed signal is exactly the same as the input one except for

a delay, i.e., x[n] = x{n— D], if the errors caused by the processing of the subband signals



are ignored. Obviously, perfect reconstruction is a desirable and very attractive feature in
view of practical applications. It has been intensively studied, and various approaches
[41]-[50] have been proposed to guarantee the perfect reconstruction property. Similar to
the implementation of the Mth-band filters, filter banks can also be efficiently realized in
the form of polyphase structure. It was recognized, by Vetterli [41] and Vaidyanathan
[48] independently, that the polyphase representation results in a considerable

simplification of the theory of perfect reconstruction filter banks.

\)

Figure 1.4: An M-channel maximally decimated filter bank

The polyphase representation of the M-channel filter banks is depicted in Fig. 1.5,
where M analysis and synthesis filters are now represented by the respective polynomial

matrices E(z) and R(z). In the polyphase representation, the perfect reconstruction can

be equivalently expressed in a simple form, E(z)R(z) = zI. Moreover, based on the
polyphase structure, a lattice factorization has been developed for PRFBs [41, 48], where
the polyphase matrices are decomposed into a cascade form of invertible matrices and
delay matrices. In the lattice factorization, the perfect reconstruction is structurally

satisfied, while all the free coefficients are contained in the invertible matrices. With the



invertible matrices being characterized by a set of parameters, we can design a good
performance filter bank by optimizing the free parameters. The lattice factorization
approach not only exploits an unconstrained optimization technique for the design of
PRFBs, but also provides a robust and efficient implementation.

x[n]

x[n]

Figure 1.5: Polyphase representation of the M-channel filter banks

Although the lattice factorization enjoys many advantages, it is, in general, not
complete for PRFBs. The lattice factorization is said to be complete if and only if any
given PRFB can be factorized in the lattice form. The completeness guarantees all the
PRFBs are covered by the lattice structure and the “best” PRFB could be reached by
unconstrained optimization, at least in theory. The completeness is proved to be true only
for a subclass of PRFBs, namely, the PUFB (paraunitary FB) [53]-[55]. As such,
researchers have turned their attention to a class of PRFBs satisfying certain constraints,
such as linear-phase and pairwise mirror-image symmetry in the frequency response. The
linear-phase PUFBs have important applications in image processing and are intensively
studied in [68]-[74]. The mirror-image symmetry was first introduced by Nguyen et al.

[49] to reduce the complexity of filter banks. A complete and minimal lattice structure



was proposed for MIS-PUFBs in [50]. Compared to the linear-phase characteristic, the
mirror-image symmetry is a mild constraint, imposing very little limit on the choice of
the filter length and the type of symmetry. With only one-half of the number of
parameters in general PUFBs, the MIS-PUFB provides a similar performance. Based on
the development of an order-one building block, which enables to propagate both linear-
phase and perfect reconstruction property, Tran ef al. have extended the popular linear-
phase paraunitary filter bank (LPPUFB) to the linear-phase perfect reconstruction filter
bank (LPPRFB) in [74]. Although Tran’s structure has been proved to be not complete
[82], his idea has inspired us to study other types of constrained PRFBs.

With the above observation in mind, in this thesis, we would like to develop the
structure-based design and implementation techniques for Mth-band filters as well as
filter banks. The first part of the thesis focuses on the design of FIR filters, with an
emphasis on Mth-band filters having time-domain constraints, using the generalized
polyphase structure. The second part deals with the design and implementation of a class
of PRFBs with certain constraints, such as mirror-image symmetric PRFBs and linear-
phase PRFBs, with an objective of obtaining a complete and minimal lattice realization

structure.

1.2 State of the Art Techniques

In this section, we will review some of the typical techniques, which has been widely
used in the filter and filter bank design. This literature review not only serves as a
necessary background material in this field, but also supports the motivation of the

proposed work.



1.2.1 Design of General FIR Filters

Although we mainly focus on the design of Mth-band FIR filters in this thesis, it
would be helpful to briefly review some of the commonly used methods for the design of
general FIR filters. We will then point out the limitations of these methods and state why
they fail to design Mth-band FIR filters. Also, these methods may serve as good
references for the comparison of the performances of the filters designed via different
techniques including the proposed algorithm.

Window method [6], [7] is probably the simplest way to obtain an FIR filter, wherein
the impulse response of the ideal filter is truncated with a window function. Kaiser

window [6], which is actually a family of windows spanned by a parameter £, offers a

systematic way to design filters with various degrees of tradeoff between the transition
band, error ripples and filter length. Since the impulse response is obtained from the ideal
filter, the interpolation condition is automatically satisfied. However, the window method
is in general not optimal in any sense.

Optimal FIR filters should give the best approximation to the desired frequency
response under certain criterion with finite coefficients. Two commonly used optimal
criteria are the mini-max error and the least-squares error. A filter optimal in the mini-
max sense minimizes the maximum errors in the passband as well as in the stopband.
According to the optimization theory, the minimized maximum error tends to be evenly
distributed over the entire frequency band of interest, either passband or stopband, and
thus, has an equiripple frequency response. For filters designed in the least-squares sense,
the error energy, i.e., the square of the difference between the ideal and actual responses,

is minimized. Generally speaking, the filter designed in the mini-max sense avoids the



“overshooting” response near the cutoff frequency points, which quite often occurs in the
least-squares design. However, the least-squares design outperforms the mini-max one in
terms of the algorithmic complexity.

Based on the alternation theorem [15], Parks and McClellan [16] have proposed a
mini-max design algorithm, yielding equiripple linear phase filters. This method is very
efficient and allows us to systematically design a large family of linear-phase FIR filters
including differentiators and Hilbert transformers. Unfortunately, this method is not
flexible and fails to design filters with extra constraints.

Later, Vaidyanathan and Nguyen [17]-[18] proposed the eigenfilter approach, which
is optimal in the least squares sense. By formulating the objective function as the sum of
the passband and stopband errors, the optimal filter coefficients can be obtained from an
eigenvector of an appropriately formulated matrix. Moreover, the interpolation condition
can be satisfied by deleting the corresponding coefficients from the eigenvectors.

FIR filter design is basically an optimization problem. From linear programming [8],
[9] to the recent semidefinite programming (SDP) [10]-[13], the development of the
optimization algorithms makes it possible to design more complicated filters with large
taps and/or various time/frequency-domain constraints. SDP is primarily concerned with
minimizing a linear or convex quadratic objective function subject to linear matrix
inequality-type constraints. The wide applicability of SDP is attributed to several reasons.
(1) Most of the filter design problems, regardless of 1-D or 2-D, FIR or IIR, the minimax
design or the least-sqaures one, can be formulated as an SDP optimization problem. (2)
The extra constraints, such as the flatness and interpolation condition, can be well

accommodated by means of a linear matrix inequality. (3) An efficient and user-friendly



software implementation of various SDP algorithms is available. However, this
optimization method still has several uncertain issues such as the convergence, numerical
precision and the computational complexity.

1.2.2 Structure-based Filter Design and Mth-band Filters

Another major focus on FIR filter design is to develop fast and efficient algorithms
with an objective of reducing the computations for its design as well as implementation.
One of the successful ideas in fast filter design and implementation is to use the structural
decomposition.

Neuvo et al. have introduced the concept of interpolated FIR (IFIR) filter [19], where
a subfilter with sparse coefficients is cascaded by a relatively simple interpolator. With
the unwanted images of the subfilter being suppressed by the interpolator, IFIR is capable
of realizing large-tap narrow-band FIR filters with a less computational cost. However,
the IFIR concept only works for narrow-band filters.

To overcome this limitation, Lim et al. [20], [21] have proposed the frequency-
response masking (FRM) technique, which involves two complementary subfilters and
the corresponding interpolators. Using this idea, large computational savings can be
achieved, especially for filters with a sharp transition-band. In both the IFIR and FRM
methods, the expander has been used to give a sharp transition with a shorter filter length.

Observing that there also exists expander in the polyphase structure, Mitra et al. [22],
[23] have proposed the generalized polyphase (GP) structure, which can be regarded as
an IFIR with M branches. Through the insertion of a pair of Hadamard transform
matrices in the conventional polyphase structure, the original filter is realized by parallel

branches, each branch consisting of a so-called interpolator and an upsampled constituent
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filter in cascade connection. The authors have also investigated the frequency selective
property of the interpolators and provided a framework for obtaining the constituent
filter, the interpolator and the original filter.

In the design and implementation of 2-D filters, a parallel structure using singular-
value decomposition (SVD) has attracted a great deal of research attention [24]-[27]. By
applying SVD to the sampled frequency response matrix in the frequency-domain or the
impulse response matrix in the time-domain, a 2-D filter is decomposed into a set of 1-D
filters. In many cases, only the first few branches of the SVD realization are significant.
Therefore, those branches with small contributions can be neglected with a little sacrifice
in the designed frequency response.

At the same time, the Mth-band filter has attracted considerable attention for its
important role in interpolation, wavelets and filter banks. Mintzer [28], was the first one
to arrive at the necessary requirements in the frequency domain for the interpolation
condition. It was Vaidyanathan who realized that the interpolation condition can be
exploited to reduce the number of unknown coefficients and expedite the design process.
In [29], a half-band filter is designed based on the polyphase structure, where only one-
half of the coefficients need to be determined. The ‘trick’ of this method is that the
interpolation condition imposed on one subfilter contributes an ideal constant frequency
response and the frequency response of the overall filter is then fully determined by the
the other subfilter to be designed. Therefore, as long as the subfilter is designed to be
equiripple, the overall half-band filter is also equiripple. However, this result is not
available for general Mth-band filters, since there are more than one subfilter to be

determined.
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Noticing that the eigenfilter approach can be used to design optimal Mth-band filters
in the least-squares sense, an iterative procedure [30] was proposed to reach an optimal
Mth-band filter in the minimax sense. At each step, a weighting function is used to adjust
the error ripples of the eigenfilters. The design of Mth-band filters has also been extended
to the nonlinear-phase case [31], [32] as well as the 2-D case [33]. Some fast design
methods have also been proposed to generate a family of Mth-band filters from one
prototype Mth-band filter through modulation [34], [35].

1.2.3 Design and Implementation of General PRFBs

After the analysis and synthesis filtering in the filter bank together with the decimator
and expander operations, the reconstructed signal differs from the original input signal
due to three error sources: aliasing, amplitude distortion and phase distortion. It was
shown by Smith and Barnwell [36], and Mintzer [37] that for a quadrature mirror filter
(QMF) bank, a special two-channel filter bank, all the three distortions mentioned above
can be eliminated through a proper choice of the analysis and synthesis filters, leading to
a perfect reconstruction result. For the case of M channel filter banks, the conditions for
aliasing cancellation and perfect reconstruction are much more complicated. The general
principle of perfect reconstruction in the M channel case has been developed by a number

of authors [38]-[48]. The most commonly used PR condition is given by
R(2)E(z) =cz'I. Since then, the design and implementation of the PRFBs has been

intensively studied and several approaches have been proposed. In [42], the perfect
reconstruction condition is formulated as constraints in the time-domain. With the help of
polynomial matrix analysis, various decomposition methods, such as the lifting scheme,

LU decomposition and singular-value decomposition [43]-[47], have been proposed to
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attain PRFBs. The most popular way of designing and implementing the PRFBs is
through the lattice factorization [48]-[55], which decomposes the polyphase matrix of FB
into a cascade form of invertible matrices and delay matrices. While it is easy to verify
that the lattice structure gives a PRFB, it is in general not complete, i.e., not all PRFBs
can be factorized into the lattice structure. As mentioned earlier, the lattice structure has

been proved to be complete for a subclass of PRFBs, namely, the PUFBs, whose analysis

polyphase matrix satisfies E”(z”)E(z)=1 . Obviously, the PUFB is of perfect

reconstruction with a synthesis polyphase matrix as given by R(z) = z7*E”(z™"), where
K is the highest order of E(z). Vaidyanathan et al. [48] proposed a complete and

minimal structure which is based on the degree-one factorization (DOF) and peels off a
PU building block of McMillan degree-one from the polyphase matrix. The DOF is more
suitable for systems with a fixed degree. However, the McMillan degree represents a
minimum delay number as required by the system, which is usually not predetermined. In
practice, one may more often have a system with a fixed filter length instead of the
degree. Therefore, the order-based factorization is a more reasonable choice. For some
constrained PUFBs, such as linear-phase or pairwise mirror-image symmetry, complete
and minimal lattice structures have been developed based on order-one factorization
(OOF) [50]-[52]. In these structures, approximately one-half of the entries in the delay
matrices are pure delays. Observing this fact, the symmetry delay factorization [53] was
proposed, which covers both linear-phase and pairwise mirror-image symmetric PUFBs
as well as the CMFBs. In these structures, the building blocks reduce the order of
polyphase matrix instead of the McMillan degree. More recently, based on the SVD, Gao

et al. [54] have proved for the first time that the OOF is complete for a general PUFB
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without any constraints. Moreover, they have pointed out that there are redundant
parameters in the previous lattice structures and provided a simplified structure with the
number of parameters reduced almost by one-half. This structure was then further
simplified by Gan et al in [55].
1.2.4 Design and Implementation of PRFBs with certain Constraints

In addition to general PUFBs, those with certain constraints, such as linear-phase and
the pairwise mirror-image symmetry, have also been widely investigated. Linear-phase
PUFBs have very important applications in image processing and have been studied in
[68]-[86]. The study of LPPRFBs started from the two-channel case [56]. Although a lot
of effort has been made to obtain a solution for two-channel LPPRFBs, there are still
some open questions for the M-channel case. The famous DCT transform, which is
widely used in international standards for image compression, is a special case of the M-
channel FBs with a zero order. The lapped orthogonal transform (LOT) [68] of order one,
and the LPPUFBs [70] of an arbitrary order were then subsequently developed for higher
order LPPRFBs. A much simplified version of the LPPUFBs, called the GenLOT, was
proposed by de Queiroz [71], which includes the DCT and LOT as special cases. Trac et
al. then investigated the LPPRFBs with a variable length and obtained the necessary
condition for the existence of LPPRFB [72], [73]. Based on the development of an order-
one building block, which enables to propagate both the linear-phase and the perfect
reconstruction properties, Tran et al. have extended the popular linear-phase paraunitary
filter bank (LPPUFB) to the linear-phase perfect reconstruction filter bank (LPPRFB) in
[74]. From the block transform perspective, the LPPRFBs can be viewed as a family of

the generalized lapped biorthogonal transforms (GenLBT). The relaxation of the
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orthogonal constraint allows the GenLBT to have different analysis and synthesis filters,
which can be tailored appropriately to fit a particular application.

A general PRFB can be achieved through a lattice structure, however, the
considerable number of free parameters and the highly complicated nonlinear
optimization have made the design and implementation a formidable task. Therefore,
certain constraints have been introduced to reduce the number of parameters. In Fig.1.6,
typical frequency responses of the analysis filters are illustrated. With the symmetry in
the frequency response, two types of filter banks have been proposed: one is the pairwise

image symmetric filter banks (MIS-FBs), the other is the cosine-modulated filter banks
(CMEBs). For the MIS-FBs, a constraint denoted as H,(z) = H Motk (z™") is imposed so

that the frequency response of the analysis filters are pairwise symmetric with respect to
the center 7/2. This constraint is introduced to reduce the parameters of the filter banks
and to expedite the design procedure with a mild sacrifice in the performance [49], [50].
To further reduce the number of parameters, a class of cosine-modulated filter banks
(CMFBs), which has a more stringent constraint, has been proposed [87]-[89]. Since the
frequency response of the analysis filters can be regarded as shift versions of one another,
it is possible to generate all the analysis filters from one low-pass prototype filter through
modulation. With only one filter to be designed instead of all the M analysis filters, the
design/implementation complexity of CMFBs has been significantly reduced. The cosine
modulated pseudo QMF systems were first proposed in [87], where the analysis and
synthesis filters are chosen so that only the “adjacent-channel aliasing” is canceled, and
the distortion is approximately a delay. Later, cosine-modulated filter banks with perfect

reconstruction property have been independently developed by Malvar [88], and
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Koilpillai [89]. These paraunitary systems retain both the simplicity and economy of the
pseudo QMF systems, yet possess the perfect reconstruction property. A more general
CMFB family with arbitrary filter lengths, biorthognal frame, and linear-phase, is then

further studied in {90]-[97].
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Figure 1.6: Typical frequency response of analysis bank

1.3 Motivations and Objectives

An 1mportant advancement in multirate systems is the invention of the polyphase
representation. This permits great simplification of theoretical results and also leads to
computationally efficient implementation. Based on the polyphase representation, many
algorithms have been proposed to obtain a fast and efficient structure for the design of
filters/filter banks satisfying certain constraints. Some of the advantages of the structural
decomposition-based techniques are as follows.

1. A large complicated system is decomposed into several small easy-to-handle

subsystems.

2. The resulting structure suits for a parallel and modular processing, which is

favorable in hardware implementation.

3. Additional constraints can be easily accommodated and structurally satisfied.

4. Part of the structure can be set to zero or discarded without severely jeopardizing

the performance, leading to a simplified realization structure.
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From the earlier review, we know that the interpolation condition is hard to
accommodate in most of the existing filter design methods, thus making very few
methods avatilable for the design of Mth-band filters. As for filter banks, although great
success has already been achieved in the lattice factorization of the polyphase matrix for
PUFBs, as to whether there is a complete lattice structure for general PRFBs, or for those
with certain constraints, is still an open question. The success of the polyphase structure
inspires us to proceed with the structural decomposition-based design and
implementation methodologies for the FIR Mth-band filters and MIS-PRFBs.

Although the polyphase structure may elegantly satisfy the interpolation condition for
the Mth-band filters, a direct design based on the polyphase structure faces some
difficulties. First, for a linear-phase filter, the subfilters in the polyphase structure are no
longer linear-phase, making it difficult to exploit the symmetry of the coefficients.
Second, the polyphase structure decomposes the overall filter into several branches, each
containing partial coefficients to be determined. Directly designing these subfilters
instead of the overall filter requires the frequency specifications for these subfilters,
which is the key issue to be solved for the polyphase-based design.

The first difficulty can be overcome under the GP framework, where the linear-phase
property is restored for the constituent filters. Therefore, it is possible to design these
linear-phase constituent filters without worrying about the phase distortion. However, in
[22], the GP structure is based on the Hadamard transform, which limits the branch
number to be of a power-of-two. Besides, it has been suggested in [22] that these
constituent filters be designed separately, i.e., only one subfilter is optimized at a time

while the others are kept unchanged. This scheme requires time-consuming iterations
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before reaching a final stable solution, since the optimization of each constituent filter
may depend on the other constituent filters. In order to design these constituent filters
independently, the frequency response specification for each of them should be
determined, and this is the key to the GP-based design technique. As such, it is necessary
to further study the GP structure with regard to the following aspects.

1. To construct new transform matrices as generalizations of the Hadamard matrix,
so that they enable the use of arbitrary number of branches.

2. To study the relationship between the original filter, the interpolators and the
constituent filters from the frequency response perspective, and derive, if
possible, a closed-form expression for the frequency specification for each of the
constituent filters.

3. To incorporate the interpolation constraint in the GP structure.

In the design of filter banks, although the perfect reconstruction property has been
thoroughly studied and many efficient approaches have been proposed for its realization,
these methods are in general not complete. Until now, the lattice structure has been
proved to be complete only for a special class of PRFB, namely, the parauintary filter
banks (PUFBs), and that for general PRFBs is complete for order-one only. Since there is
no lattice structure for a general PRFB, we would like to limit our study to a class of
PRFBs with certain constraints. In particular, we will focus on the study of MIS-PRFBs
and linear-phase PRFBs.

The MIS filter banks are of particular interest for the following reasons. (1) The MIS
constraint can be elegantly expressed in the polyphase form and imposes certain

symmetry property to the corresponding polyphase matrices. This kind of symmetry,
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further exploited by the lattice structure, can significantly reduce the complexity of the
filter bank. (2) The MIS is such a mild constraint that it loses almost nothing compared to
an optimal filter bank. What is more, unlike the linear-phase constraint which imposes
certain conditions on the choice of the filter length, MIS is valid for filter banks with
arbitrary length. This makes it possible to combine the MIS with other types of filter
banks so that the number of parameters can be further reduced. (3) Both the CMFBs and
the MIS-FBs utilize the symmetry property of the frequency response of the analysis
filters, except that the former is a more strong condition than the latter. It would be also
interesting to investigate the relationship between these two types of filter banks.
In this thesis, we focus our study on the development of lattice structures for
constrained PRFBs with the following objectives:
1. to investigate the completeness of the lattice structure for mirror-image symmetric
filter banks,
2. to reveal the relationship between CMFB and MIS-PRFB and generate a
framework encompassing both FBs, and
3. to develop a lattice structure with fewer parameters by combining the constraints
of linear-phase and mirror-image symmetry.
Another objective of this thesis is to apply the designed Mth-band filters and filter
banks to image interpolation and compression, by using the Mth-band filters to resize the
resolution of images and to study the application of the proposed filter banks as the

lapped transform in image compression coding.
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1.4 Organization of the Thesis

The thesis is organized as follows. In Chapter 2, we briefly review the background
material concerning filters and filter banks. Some of the state of the art techniques for the
design of FIR filters and filter banks are also presented. In Chapter 3, a new approach fér
the design of FIR filters based on the GP structure is developed with an emphasis on a
class of Mth-band filters satisfying certain constraints such as the interpolation and
regularity conditions. This GP-based approach is then extended for the design of 2-D
filters in Chapter 4. A simplified realization structure as a combination of the GP
structure and SVD is also developed. Chapters 5-7 focus on the lattice structure-based
design techniques for PRFBs with certain symmetry constraints. In Chapter 5, a complete
and minimal lattice structure is proposed for mirror-image symmetric PRFBs. The lattice
structure is based on an order-one building block that enables the propagation of both the
mirror-image symmetry and the perfect reconstruction from a lower-order filter bank to a
higher order one. In Chapter 6, cosine-modulated filter banks (CMFBs) are revealed as a
special case of mirror-image symmetric PUFBs with a sparse bidiagonal matrix. In
Chapter 7, the linear-phase and mirror-image symmetry constraints are combined
together to give a more simplified PRFB with fewer parameters. The resulting filter bank
is functioned as a lapped transform in the image compression application. Finally, the
main contributions of the thesis are summarized in Chapter 8, together with possible

future research directions.

1.5 Main Contributions

The main contributions of the thesis work can be summarized as follows.
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First, a GP-based design method is proposed for FIR filters. Several new transform
matrices are proposed as seed matrices to obtain a GP structure with arbitrary number of
branches. These matrices overcome the limitation of the commonly-used Hadamard
transform whose length is restricted to be a power of two. Then, an in-depth study of the
components in the GP structure is undertaken, yielding a closed-form frequency
specification for the design of constituent filters. With the derived amplitude
specifications, the constituent filters can be designed independently, thus simplifying the
design problem of a large-tap FIR filter to that of a number of short-length constituent
FIR filters. It is shown that using the derived specification along with a semidefinite
programming (SDP) optimization technique, a wide range of filters including general FIR
filters, Mth-band filters and those with certain regularities can be well designed by the
proposed GP-based approach.

The GP-based design is also extended for 2-D filters. A realization scheme that
combines the singular-value decomposition (SVD) and the generalized polyphase (GP)
structure is proposed for 2-D linear-phase FIR filters. With a small number of extra
additions, a high-order 2-D FIR filter is converted to several lower-order 2-D subfilters.
These subfilters are then realized using the SVD, yielding a parallel implementation
structure for each 2-D subfilter. Due to the energy compaction of the SVD and the
frequency-selective property of the GP structure, the number of parallel branches in each
2-D subfilter is significantly reduced without introducing a large error. It is also shown
that the various symmetries of 2-D filters, such as the quadrantal symmetry and the

central symmetry, are well preserved in the proposed GP-SVD structure.
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A complete lattice structure for perfect reconstruction mirror-image symmetric filter
banks is presented. An order-one building block is first developed to construct a higher-
order polyphase matrix of a class of perfect reconstruction filter banks (PRFBs). The
proposed building block is capable of propagating both the perfect reconstruction and
mirror-image symmetry properties during the order update of the polyphase matrix.
Based on a cascade of such building blocks, it is then shown that the lattice structure is
complete for a class of PRFBs that satisfy the mirror-image symmetry.

The cosine-modulated filter bank (CMFB) is also investigated as a special case of
PUFBs with mirror-image symmetry. CMFB is formulated as a cascade of a modulation
matrix and a polyphase matrix with a bidiagonal structure. Several new CMFBs are
developed by using multiple prototype filters in conjunction with a proper modulation
scheme. It is shown that when M prototype filters are used, a full polyphase matrix
representing a general PUFB can be obtained, thus providing a bridge connecting CMFBs
and PUFBs. It is also shown that with more free parameters involved in the CMFBs, one
can achieve a tradeoff between the performance of the filter bank and its
design/implementation complexity.

The application of the constrained filter banks in image compression is also
investigated. All the desirable properties, such as perfect reconstruction, mirror-image
symmetry, and linear-phase constraints are guaranteed by the proposed lattice structure.
Despite all these constraints and the reduced number of parameters, the filter bank
obtained from the proposed lattice structure still offers a competitive performance in both

visual quality and the peak signal-to-noise ratio (PSNR).
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Chapter 2

Background and Literature Review

This chapter introduces some basic notations and concepts involved in the
development of filters and filter banks. Some state of the art literature relating to the
proposed work are also reviewed, providing the necessary details of the relevant existing

design methods for the development of new approaches in later chapters.

2.1 Fundamentals of Multirate Systems

A traditional single-rate signal processing system includes basic elements like
multipliers, adders, and delay elements. In a multirate system, there are two more
elements, the decimator (downsampler) and expander (upsampler), as depicted in Fig.2.1.
With two new operations of downsampling and upsampling, the sampling rate of an input

signal can be rationally changed.

x[n] ypln]

(@ (b)

Figure 2.1: Multirate system. (a) M-fold expander. (b) M-fold decimator.
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Expander

An M-fold expander or upsampler takes an input sequence x{n] and inserts M-1 zeros
between two neighboring input samples. The output sequence y.[n] can be written as

x[n/M], if nisa multipleof M,
yelnl= 2.1)

0, otherwise.

In z-transform, the relationship of the output sequence and input sequence after the

expander can be obtained as

Y, (2)=X("). (2.2)
From (2.2), we have Y.(¢’”)=X(e™”) . This means that Y,(e/”) is an M-fold
compressed version of X(e’”), as seen from Fig.2.2(a) and Fig.2.2(b). The multiple

copies of the compressed spectrum are called images.
Decimator

An M-fold decimator or downsampler takes an input sequence x[n] and retains only
every M-th sample in the output sequence. The output y,[n] is given by

yplnl= x[Mn]. (2.3)
For the M-fold decimator, the frequency response of the output, Y,(e’”), can be

expressed in terms of the frequency response of the input X (e’”) as

. 1 M .
Y, (e’ = _M-Zx(e”“*mw ). 2.4)
k=0

The above frequency response is illustrated in Fig. 2.2(a) and Fig. 2.2(c). The graphical
interpretation is as follows: (a) stretch X (e’”) by a factor of M to obtain X (e’*’™), (b)

create M-1 copies of the stretched version by shifting it uniformly in successive amounts
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of 27, and (c) add all these shifted stretched versions to the unshifted version X (e’*'"),

and divide it by M.
A jw
X ()
| ' >
-2 ~7 0 V4 2%
(@)
\ "
Y, (e’?)
! | | ! >
-27 -7 0 4 2z
(b)
Y, (e’®)

-2 /1 0 7 2%

©

Figure 2.2: Frequency-domain effects of the expander and decimator. The Fourier
transform of (a) the input signal x[n], (b) the expanded signal y,[n] (M=2), and (c) the
decimated signal y,[n] (M=2).

Nobel Identities

The expander and decimator can be cascaded with a linear time-invariant system. In Fig.
2.3(a), a filter follows a decimator, and in Fig. 2.3(c), a filter precedes an expander. If the
filter has a rational system function H(z), we may get equivalent implementations of
Fig.2.3(a) and (c) as shown in Fig. 2.3(b) and (d), respectively. Notice that the filters in

Fig. 2.3 (a) and (c) operate at a lower rate, and therefore, they are more efficient than that
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in Fig. 2.3 (b) and (d). These relationships, called Nobel Identities, are very useful in the

analysis and implementation of multirate systems.

x[n] ninl x{n] nlnl
—» M H) —» = —»H)F—> iy
(@) (b)

x[n] ¥,[n] x[n] y,ln]
—» Hz) —» TMm > = —»{ TM » H(")—»
© @

Figure 2.3: Nobel identity. (a) A decimator followed by a filter. (b) Equivalent structure
of (a). (c) A filter precedes an expander. (d) Equivalent structure of (c).

Polyphase Structure
An important advancement in multirate systems is the invention of the polyphase
representation, which greatly simplifies the theoretical results and yields a

computationally efficient implementation. For a given filter H(z) , we can always

decompose it as

oo M-1 oo M-1
H(z)= hnlz™" = ;z"’ > h[Mn+11z =; ZE(Z")  (@25)

n=—oo n=-—oco

where

E/(z)= D hMn+1],0<1<M -1

Equation (2.5) is called the Type I polyphase representation. A variation of (2.5) is given

by

M-l
H(z)=Y z ™" R,(z") (2.6)
1=0
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where

R()= > HMn+M -1-11=E, , ,(2)

n=—oca

Equation (2.6) is called Type II polyphase representation, whose components R,(z) are

permutations of E,(z).

2.2 FIR Filter Design

2.2.1 SDP-based Filter Design

The semidefinite programming (SDP) is a recent major progress in the optimization
theory [11]. Some of the features of SDP include the following. 1. SDP is a convex
optimization which covers many available methods, such as the linear programming, as
special cases. 2. SDP can be efficiently solved through the method of interior points,
which outperforms others methods as a more powerful optimization tool. 3. In signal
processing, SDP has already been used to design a large class of 1-D and 2-D filters with
arbitrary frequency responses [10]. 4. Extra linear equality or inequality constraints can
be easily accommodated in SDP.

A typical SDP problem can be expressed as

minimize ¢’x (2.7a)
subject to: F(x)>0 (2.7b)
F(x)=F,+ > xF, (2.7¢c)
i=1
where ¢ i1s a known vector, x = [x1 xn]Tis the unknown vector to be determined,

and F, are known symmetric matrices and F(x)>0 denotes that F(x) is positive
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semidefinite at x. Note that the constraint matrix F(x) in (2.7) is affine with respect to

x . In [10], the authors have shown that the filter design problem under either mini-max

or least-squares sense can be formulated as the SDP problem given in (2.7). Assume
H, (™) to be the desired amplitude response. Define the impulse coefficients and
Fourier transform vectors as

h=[n©0) h®) - AWN-DJ (2.82)

ge®)=[l e ... givbef (2.8b)

Then the relevant parameters in (2.7) for the mini-max design are given by

x=|sn [ (2.92)
c=[L0,--0f (2.9b)
F(x) = diag{A(@), A(@,),, Aw,)} (2.9¢)

where 9, is the largest error at the sampled frequency @, (i=12,...,K) and A(®) is

given by

A(a)i):[ - ) y h g(em)—Hd(er,)}
h'g(e’™)—H,(e’™) 1

For the optimal filter design in the least-squares sense, the corresponding matrices can be

obtained as

x=[s,n" | (2.102)
c=[10,--0f (2.10b)
é‘l + }/ hTUl/2 ""(UI/Zq)T
F(x) = [(hTU”Z L 0T : (2.10c)

with
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U= [gex" ()do,
qa= [ H, ()

2 Y
7=[o"a] - [, do
where &, is the total squared error in both pass and stop bands.

2.2.2 Eigenfiler Approach

The eigenfilter design method for a discrete time filter involves the determination of
the filter coefficients as the eigenvector of a particular Hermitian positive definite matrix.
As opposed to other filter design algorithms such as the least-squares approach, which
requires the computation of a matrix inverse, the eigenfilter method only requires the

computation of a single eigenvector. Consider a low-pass filter with a passband

frequency @, and stopband @, , whose desired response is
1, O<ow=w,
H (w)= 0, W <w<x (2.11)

don'tcare, ®,<w<®,

To approximate H,(®) as given in (2.11), two quantities are considered, a stopband
error £, and a passband error £,. Both errors are measured in the mean-squared sense,

namely,

£ == ﬂ b'c(w)’ (w)bdw=b"Pb (2.12a)
T s

é = _71; f b I-c(w)] 1 —c(a))]dea) =b"Pb (2.12b)

where P, and P, are real, symmetric, positive definite matrices
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5

p-L L’ ()T (w)dw (2.13a)
T %

P, = 1 f [1-c(@)] [1—c(w)]wa (2.13b)
/4

Vectors b and c(@w) are the corresponding impulse response coefficients and the
frequency response vectors of linear-phase FIR filters, defined as
b=[rM) 20M-1) - 20M] (2.14a)
c@)=[l cosw - cosMof (2.14b)
The overall error is a linear summation of these two errors
E=af +(1-a)é, =" (P, +(1-a)P, b , 0<a <l 2.15)
where @ is a tradeoff parameter between the stopband and the passband performances.

Since the Hermitian matrix P = o®, +(1- )P, measures the error energy over both the

passband and the stopband, the optimal solution to the filter coefficients corresponds to
the vector b that gives the minimum value for £. Note that P is a real, symmetric,
positive definite matrix, the optimal b which minimizes & in (2.15) is simply the
eigenvector corresponding to the minimum eigenvalue of P by Rayleigh’s principle.
2.2.3 SVD Structure

For the design and implementation of 2-D filters, a parallel structure using singular-
value decomposition (SVD) has attracted a great deal of research attention [24-27]. By
applying SVD to the sampled frequency response matrix in the frequency-domain or the
impulse response matrix in the time-domain, a 2-D filter is decomposed into a set of 1-D

filters, namely,
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A=USV¥ => o, v =>fgf (2.16)
k=1 k=1

where A represents the impulse response or the frequency response of a 2-D filter, u,

and v, represent the kth column eigenvectors and o, is the corresponding eigenvalue.

From (2.16), the 2-D FIR filter can be realized by a set of 1-D subfilters, as shown in Fig.

2.4.

Figure 2.4: SVD-based realization structure

This SVD-based approach has many advantages.

1. A 2-D filter design problem can be simplified to the problem of designing 1-D
subfilters.

2. The SVD-based structure is very suitable for a parallel and modular
implementation, which speeds up the processing of 2-D signals as well as reduces
the computational cost.

3. With a properly chosen SVD, only the first few branches corresponding to the
larger singular values need to be retained, yielding a significantly simplified SVD
realization.

4. A 2-D linear-phase FIR filter often has symmetric magnitude response. This
symmetry property can be exploited in the SVD structure to get linear-phase 1-D

subfilters and to further simplify the implementation structure.
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2.2.4 Generalized Polyphase Structure

The generalized polyphase (GP) implementation of FIR filters can be expressed as

[22], [23]
H,(z")
H@=[l % - ]pQ Hl(:ZL) =S R (0G, (Y 2.17)
HH.(ZL) h

where L represents the number of branches, P and Q are a pair of LxL inverse matrices,
H,(z") are the subfilters in the conventional polyphase structure, and F,(z), G,(z")

represent, respectively, the interpolators and constituent filters of the GP structure.
Obviously, F, (z)and G, (z) can be written in terms of P and Q as

L-1

F(2)=)Y P(,k)z"
1=0

G.(2)= Z_:Q(k,l)H, (2)
1=0

Fig. 2.5 shows the GP realization structure of an FIR filter, where the constituent filters
are implemented in the upsampled form. Hadamard transforms have been employed in
[22] to obtain the interpolators and constituent filters due to their computational
simplicity and frequency-selective property. Another advantage of the Hadamard
transform is that for linear-phase filters, unlike the subfilters in a conventional polyphase

realization, the constituent filters in the GP structure are symmetric.
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Figure 2.5: Generalized polyphase structure of an FIR filter

2.3 Lattice Structure of FIR Filter Banks

2.3.1 Filter Banks and Polyphase Representation
A filter bank is a collection of digital filters, with a common input and a common
output, as depicted in Fig. 2.6. The left-hand part of Fig. 2.6 is called the analysis bank,

where the input signal x[n] is passed through M analysis filters H,(z), which have

frequency-selective bandpass responses. The input x[n] is then divided by analysis filters
into several subband signals according to their frequency spectrum. These band-limited
subband signals are usually decimated to a lower sampling rate. The decimated subband
signals are then processed, via quantization, encoding, transmission efc., according to the
requirements of the particular application at hand. The right-hand part of Fig. 2.6 is
called the synthesis bank, where all the subbands are combined by a set of expanders and
synthesis filters F,(z) to form the reconstructed signal x{n]. If all decimators have the
same downsampling ratio, the system is called a uniform filter bank, otherwise it is said

to be nonuniform. On the other hand, the system is labeled to be critically sampled or

maximally sampled if ZZ:N%=1 , and oversampled if ZZ;N%>1 . For many
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applications, especially data compression, critical sampling is desired since it provides a
nonexpansive representation of the input. An oversampled filter bank has some
redundancy and thus is more robust, which is useful in digital communications systems.

In this dissertation, we focus on the maximally decimated uniform filter bank, where

Ny=N,--=N, =M .

\

Figure 2.6: A general multirate digital filter bank

The filter bank in Fig. 2.6 is not efficient, since all the filters operate at high sampling
rate. Using Nobel Identities in Fig. 2.2, a more efficient FB implementation, namely, the

polyphase representation, can be obtained,

HO(Z) i Eo,o(ZM) E()’](ZM) e E()’M_I(ZM) N 1
M@ || Be@D By B G ¢ e
H, (2) _EM_LO(ZM) EM——I,I(ZM) EM—],M—I(ZM )m_z—(M—l)
E(zM)

where E(z) is referred to as the analysis polyphase matrix. Similarly, the synthesis bank

can be written as
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[Fo(z) Fy(z) - FM-)(Z)]:

RO,O(ZM) RO,I(ZM) Ro,M—l(ZM) ]
M M M
[Z—(M—l) LMD 1] Rl,o(:Z ) Rx,l(:Z ) RLM_lz(Z ) (2.19)
_RM—I,() (z") Rys ") - Ryt iy (2" )_
R(ZM)

where R(z) is called the synthesis polyphase matrix.

xn]

x{n]

(b)

Figure 2.7: Equivalent polyphase representations of an M-channel filter bank. (a) Before
applying Nobel Identity. (b) After applying Nobel Identity

Thus, the M-channel maximally decimated filter bank in Fig. 2.6 can be represented by
Fig. 2.7 (a), which, by applying the noble identities, can then be simplified to Fig. 2.7 (b),
the polyphase representation. The filters are now operating at a lower rate. Notice that

the k-th row of E(z) contains the polyphase components of H,(z), whereas k-th column
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of R(z) is comprised of the polyphase components of F,(z). The combination of the

delay chain and the decimators at the analysis stage works as a serial-to-paralle]
converter, whereas the expanders and the delay chain at the synthesis side act as the
parallel-to-serial conversion.

2.3.2 Prefect Reconstruction and Paraunitary Filter Banks

By ignoring the processing block in the middle of the filter bank, from Fig.2.7, the

reconstruction signal X (z) canbe expressed in terms of the input signal X (z) as

. M- .
X(2)=) A(2)X(ze”'") (2.20)
=0
where
1 M-1 .
A,(z)=MZHk(ze’2’”’M)Fk(z), 0<I<M -1 (2.21)
k=0

Comparing the original input signal with the reconstructed one in (2.21), one can find

three types of errors introduced by the filter bank, the aliasing and imaging, the

72y s due to

amplitude distortion, and the phase distortion. The shifted version X (ze
the decimation and interpolation operations. We may say that X (ze/**’™) is the Ith

aliasing term and A, (z) the corresponding gain. The frequency responses of these shifted

versions would contaminate the original signal, causing aliasing and imaging. Even if the

aliasing error is cancelled, the original signal is still corrupted by the distortion function

A(). If |A0(z)[ is not a constant, we say there is an amplitude distortion, and if A,(z)is
not of linear-phase we say that there is a phase distortion. If analysis filters H,(z) and
synthesis filters F,(z) are deliberately chosen such that (a) aliasing is completely

canceled, and (b) the distortion function is a pure delay, (i.e., A, (z)=cz ™, c#0, n, is
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an integer), then the system is free of aliasing, amplitude and phase distortions. Such a

system satisfies X[n] = cx[n—n,], and is said to be perfect reconstruction.
With the polyphase representation, a filter bank is said to be perfect reconstruction if
its polyphase matrices R(z) and E(z) satisfy,
R(2)E(z)=z"1. (2.22)
Further, if the synthesis polyphase matrix is chosen as R(z) = z7*E”(z™"), where K is
the highest order of E(z), such that
R(2)E(z) =E” (z")E(z) =1, forall £ (2.23)
a special class of PRFB, called paraunitary filter bank, is obtained. The term z™* is to
ensure that the synthesis bank is causal. The popular DFT and DCT both belong to the

PUEFB. The following remarks regarding PUFBs can be made.

1. Paraunitariness is not necessary for perfect reconstruction. But if E(z) is
paraunitary, the choice R(z)=cz® E(z) results in perfect reconstruction.

2. The condition R(z) = ¢z *E(z) is equivalent to
filnl=ch[MK+M —1-n]
That is, the synthesis filters are the time reversed versions of the analysis filters.
3. PUFBs can be factorized into the lattice structure.
4. If the analysis filters are causal and stable, the synthesis filters will also be causal

and stable.

5. PUFBs can be used to generate orthogonal transforms.
6. The function H «(2)H (2) 1s an Mth-band filter.

7. The analysis filters are power complementary, namely,
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M-1 N
Z o !H . (e"")l = nonzero constant .

2.3.3 Lattice Factorization
One of the most efficient ways for the implementation and design of PRFBs is via the

lattice factorization [49]-[55]. The lattice structure decomposes E(z) of PRFBs into a

cascade form of invertible matrices and delay matrices. This approach provides a fast,
efficient, and robust implementation structure as well as an unconstrained optimization
means for the design problem. There are mainly two kinds of factorization approaches,
one is based on the McMillan degree, called degree-one factorization, and the other
based on the order of the polyphase matrix, called order-one factorization.

Degree-One Factorization

The degree-one building block is defined as
G(z)=I-uwu” + z'ou” (2.24)
where u”u =1. The corresponding inverse building blocks are given by
G'(z)=I-un" + zuu”, (2.25)
Since u is a nonzero vector, one can always find M-1 linearly independent vectors @,
(m=1---M —1) so that u”d,, =0. Using vectors i, together with u, we may form an

invertible matrix U such that
I 0
G(2) = U[ ‘(’) o }U”, (2.26)
z

where U = [ﬁ1 i, - W, u] is a non-singular matrix. The properties of the degree-
one building block can be summarized as follows:

1. It contains one unitary matrix and one diagonal matrix with a delay element;
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2. The transfer function is causal and has an anticausal inverse;

3. The transfer matrix is of degree-one.
With the degree-one building block, we can generate a more complicated PRFB with
degree r as,

E(2) =G, (2)--G,(2)G,(2)G, 2.27)

Order-One Factorization
The above degree-one factorization is based on the McMillan degree, which is
usually undetermined in real applications. In practice, we often have a system with fixed

filter length instead of the McMillan degree. Thus, the order-based factorization is more

applicable. In the degree-one factorization in (2.27), if the vectors {u j} (j=1,---r) of
different G ;(z) are linearly independent, we may merge them together, leading to a

general formulation of the order-one factorization (OOF) lattice structure as given below

1

Ez) = [J(UA,)U, (2.28)

i=K-1
where U, is an invertible matrix separated by the delay matrix A, (z) = diag(I Mo z“II,,_ ),

(0<r,<M), as shown in Fig. 2.8. For PUFBs with some constraints, such as the linear-
phase or pairwise mirror-image symmetry, complete and minimal lattice structures have
been developed based on the order-one factorization [50], [53], [70]. In these structures,
the order of E(z) instead of its McMillan degree is reduced by one at each stage. More
recently, based on the singular-value decomposition (SVD), Gao et al. [54] have proved
that for a general PUFB without any constraint, the order-one factorization is complete.

Moreover, by exploiting the Hermitian symmetry of each building block, they have
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derived a simplified structure with reduced number of parameters. Later, the number of

parameters in the lattice structure of PUFB has been further reduced by Gan et al. in [55].

Figure 2.8: Order-one factorization of the polyphase matrix

2.3.4 Parameterization

Parameterization represents a way to completely characterize the invertible matrix U,

by a set of parameters. These parameters can then be optimized to give a filter bank
according to the performance requirement. Several general requirements should be taken
into account to develop a good parameterization method. 1) The matrix should always be
invertible, even when the lattice coefficients are quantized. This is to avoid singular or
near-singular matrices during the optimization process. 2) The parameterization should
provide a fast implementation which has fewer multiplication and addition operations. 3)
Costly matrix inversion should be avoided. There are two good candidates for the
parameterization of the invertible matrix. One is the Givens Rotations, which used for a

unitary matrix, and the other is Lifting Scheme, which deals with an invertible matrix.
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A unitary matrix with real coefficients reduces to an orthogonal matrix. An M XM

orthogonal matrix can be completely characterized by M (M —1)/2 rotation angles &, ;

and M sign parameters as depicted in Fig. 2. 9.

Figure 2.9: Parameterization of a matrix. (a) Complete representation of M XM
orthogonal matrix. (b) Details of T, in which each criss-cross is a Givens Rotation.

As for the lifting scheme, with the Gauss-Jordan elimination process, it is not difficult

to prove that any M XM invertible matrix can be completely characterized by M (M —1)

lift steps a,, b,and M scaling factors ¢, as depicted in Fig. 2. 10.
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Figure 2.10: Parameterization of an invertible matrix via lifting steps

Although unitary matrix is parameterized by rotation planes, we can still realize the
unitary matrix in the lifting scheme, which is proved to be a more efficient

implementation. A plane rotation can be rewritten as two lifting steps,
cosd —sind 1 ajl Oja O

. = (2.29)
siné cosd 0 1|p 10 B

where a=-sinf/cos@, b=sinfcos@, a=1/cosf and f=cos@. With ¢ and S

being folded into the final scaling coefficients, the realization of a rotation plane is
simplified from four multipliers and two adders to two multipliers and two adders. In
practice, to avoid the occurrence of unacceptable large value when cos@ is close to zero,

three lifting steps, rather than two, are normally adopted

cosf —sinf 1 all 01 a
) = (2.30)
sind cosé@ O 115 1)J0 1

where a=(1-cos#)/sin@, b=sin@ . The implementation cost is then three multipliers

and three adders, which is still better than the four multipliers and two adders required for
the rotation plane.

2.3.5 Completeness
It is evident that the lattice structure (2.28) results in a PR system, with the inverse
R(z) being given by

R =[EQ = U TTA,Hu). 2.31)

i=1
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Conversely, a tough question remains, namely, is the lattice structure complete or is there
always a factorized form (2.28) for any given PRFBs? The completeness of the lattice
structure is a crucial issue in filter bank design and has been intensively studied by many
researchers. Generally speaking, the lattice structure is not complete for any PRFB. The
completeness was first proved to be true for the PUFBs in which the invertible matrices

U, in (2.28) are constrained to be unitary. Vaidyanathan et al. [48] proposed a complete

and minimal structure that uses the DOF to peel off a PU building block with one

McMillan degree from E(z). Later, for some PUFBs subject to certain constraints, such

as the linear-phase or pairwise mirror-image symmetry, complete and minimal lattice
structures have been developed based on the so-called symmetric-delay factorization

(SDF) [53]. In these structures, the building blocks reduce the order of E(z) instead of

the McMillan degree. More recently, based on the singular-value decomposition (SVD),
Gao et al. [54] have proved that the OOF given by (2.28) is complete for a general PUFB
without any constraint.

Although the lattice structure has been proved to be complete for PUFBs, it is not true
for a general PRFB. The degree-one factorization has been extended to the PRFB case,
resulting in lattice structures of the biorthogonal lapped transform (BOLT) [51], [52] and
the lapped unimodular transform (LUT) [46], [47]. However, the lattice structure of
PRFBs is complete for BOLT of order-one only. As such, researchers have turned their
efforts to a class of PRFBs meeting certain constraints. As an example, the linear-phase
perfect reconstructibn filter bank (LPPRFB) has been studied by Tran et al. in [74],

which is an extension of the popular linear-phase paraunitary filter bank (LPPUFB). The
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relaxation of the PU constraint to PR brings a degree of flexibility in the design of the

synthesis bank.

2.4 Filter Banks with Constraints

Depending on different application purposes, some extra properties are desirable. For
example, in image processing, all analysis and synthesis filters are expected to be of
linear-phase. To tradeoff between the complexity and the performance, some extra
constraints, such as MIS and cosine modulation are artificially introduced. Specific lattice
structures are developed such that these properties, together with the PR condition, are
automatically satisfied. Here, we introduce three constrained filter banks, linear-phase
filter banks, filter banks with mirror-image symmetric analysis filters, and CMFBs.

2.4.1 Linear-Phase Filter Banks

A filter bank is said to be linear-phase if all of its filters are either symmetric or anti-

symmetric, i.e., h, [n]=%h [N —1-n], where N is the filter length. In the case where all

the filters having the same length N=KM, the linear-phase property can be written in

terms of the polyphase representation as
E(z)=z"%*"DE(z™)] (2.32)
where D is a diagonal matrix with entries +1. It has been shown in [71] that the even

channel LPPUFBs with the polyphase matrix given by (2.32) can always be factorized as

1

1
E(2) = [[(@ WAWE, = [[G.()E, (2.33)

i=K~1 i=K-1

where
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E0=L[U° O}P J}, (2.34a)
200 VI J -1

@ = A Z)= (2 34b)
i [] ‘Ti Ed ( ) U II b -
u =7 . 2.340

In (2.34), U, and V, are the unitary matrices to be determined, A(z) is a diagonal delay

matrix, and W the butterfly structure. The lattice structure of (2.34) is illustrated in Fig.

2.11.

L

EXERRERE]
VY VYV VY Y

Figure 2.11: Lattice structure of linear-phase paraunitary filter bank
2.4.2 Mirror-Image Symmetric Filter Banks
Mirror-image symmetry imposes that the frequency responses of the analysis filters

H, (z) are symmetric about 7 /2. Let us consider a mirror-image symmetric filter bank
whose analysis polyphase matrix is given by

z"(L"l)Hk (-zY, evenM

, (2.35)
H,(-z2), odd M

Hy  (2)= {

45



where 0<k <M —1. When M is even, i.e., the even-channel case, assuming that all the
analysis filters have the same length L=KM, and the associated polyphase matrix has the

highest order (K-1), the symmetry constraint in (2.35) can be equivalently written as
E(z) =z *PDE(z T (2.36)

where

D:li 0 _IMIZj},T:__l: 0 _DIJMlz:t’
IM/Z 0 JM/ZDt 0

(__I)M/Z—l
For a mirror-image symmetric PUFB [50], the polyphase matrix satisfying (2.36) can

always be factorized as

E(Z) = GK_l (Z)GK_z (Z) ) 'G1 (Z)Go

1 2.37)
= [1(®.Ax)W)G, (
i=K-1
where
U, -V, U, -V, |II 0
‘I)i — i i ,EO — 0 0 M2 (238)
Vi Ui VQ Uo 0 DtJMIZ
The lattice structure characterized by (2.38) is depicted in Fig. 2.12.
> N _» “‘,: L
> S -
> i
> I
- - .
et e -
> e L

Figure 2.12: Lattice structure of mirror-image symmetric PUFB
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24.3 Cosine-Modulated Filter Banks
In this case, the impulse responses of the analysis and synthesis filters in a CMFB are

obtained from a prototype filter A[n] through the cosine modulation, namely,

b4 N-1 kff
= ~|n- ) L 2.
h,[n] 2h[n]cos[(2k+l)2 (n > )+( 1)) il (2.39)
fk[n]=2h[n]cos[(2k+l)—27[ (n—j'z‘l)—(—l)k—j , (2.40)

n=01---,N-1,k=0---,M -1
where A[n] is a linear-phase filter with length N=2mM. Note that the cosine modulation

has a periodicity of 2M, the corresponding analysis polyphase matrix can be written as

(2.41)

() =M C[A-J) —(I+J){ Gol=2) }

7'G,(-z%)

where

R )
! M M 2 2
G,(2)=diag(G,(2) G(2) - Gy, (2))
G,(2)=diagG, (2) Guu(@) - Gpyy(2)

Note that G,(z) represents the polyphase decomposition of the prototype filter. It is easy

to check that the synthesis filters are time-reversal of the analysis filters and the necessary
and sufficient condition for the cosine-modulated FB to be perfect reconstruction is then

given by [89]

~ ~ 1
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Obviously, condition (2.42) can be fulfilled by employing the following lattice structure

G, (2) mificosd, sing, |1 O 1
B 2.4
I:GM+k (Z):I g[[ sin ek - COSQk :[|:O Zﬁl :Dl:(__l)m:l (2.43)

With (2.42) and (2.43), the realization of the paraunitary cosine-modulated FB is then

of cascade form,

completed as shown in Fig. 2.13.

1 > G,(-z%)

- GM (_ZZ)

2 > Gl(_zz)

> GM +1 (—-Zz)

M -1 =GM—2(_ZZ)‘

Gy (27

M > G, (%)

G-z 2)

Y

Figure 2.13: Implementation of cosine-modulated filter bank with perfect reconstruction

2.5 Conclusion

In this chapter, we briefly present the background knowledge necessary for the

following discussions. Some of the literature works have been summarized as the
benchmark of our contributions. For general filter design, the PM method, eigenfilter

approach, and the SDP, provide an optimal solution under certain criteria, while
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structure-based methods, such as IFIR filter, FRM technique, and GP structure, give a
fast and efficient way in the design and implementation. Mth-band filter, a particular
interest in the thesis, is discussed in detail. To meet the interpolation condition of Mth-
band filter brings difficulty in the filter design. For the filter bank, most of the papers are
related to the lattice factorization of the polyphase matrix. The success of lattice
factorization in structurally satisfying different properties, has been proved in the PUFBs,
LPPRFBs, CMFBs, and MIS-PUFBs. Analyzing the success and drawbacks of these

works, we now proceed to propose our contributions.
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Chapter 3
Design of Linear-Phase FIR Mth-band Filters

based on Generalized Polyphase Structure

3.1 Introduction

Over the past decades, design of digital filters has been one of the most important
subjects in the area of digital signal processing, and digital filters have been extensively
used in many engineering fields such as telecommunications, electronics, speech and
image processing. In many applications, finite-duration impulse response (FIR) filter is
attractive in view of its inherent stability, linear-phase and being free of limit cycles.
However, the major drawback of an FIR filter is its large number of taps, which in turn
requires a large number of computations for its design as well as implementation.
Another concern is that for many applications, there are some particular constraints for
the desired filters. For example, an Mth-band filter should meet the time-domain

interpolation constraint #(Mn) =L Jd(n) in addition to its low-pass frequency response.

This class of filters has many important applications such as image interpolation and
frame rate conversion of video sequence [32]-[34]. The time-domain constraint makes

most of the existing design methods including the powerful Parks-McClellan (PM)
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method [16] invalid, since this extra constraint has not been taken into account in these
methods.

In this chapter, a GP structure based filter design algorithm is presented with
emphasis on the Mth-band filters. It is known that the time-domain constraint of Mth-

band filters can be easily realized by setting one of the subfilters as A (n) = J(n) in the

M branch of the polyphase structure. Noticing that the GP structure is a transformed
version of the traditional polyphase structure, the time-domain constraint can be
equivalently expressed in the GP structure. Moreover, as the constituent filters in the GP
structure remain to be linear-phase and have a significantly reduced length, they can be
designed independently and easily provided that proper frequency specifications are
available for these constituent filters. Therefore, the key to the GP-based design
algorithm is to determine the desired frequency specification for the constituent filters

[31] and to incorporate the time-domain constraint in the final design problem.

3.2 Mth-band Filter Design

An Mth-band filter has an ideal frequency response given by

1, 0fw<z/M

H(*)=
0, elsewhere

which leads to a sinc function type impulse response

sin(nz /M)
nw

hin]l=

Clearly, an important feature of that the impulse response is there exists a zero-crossing

every M samples in A[n], namely,
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h{nM ] =%-0[n] 3.1

The above property is particularly useful when the Mth-band filter is employed in signal

interpolation by a factor of M, where M-1 new samples are generated between every two

consecutive input samples while leaving the original input samples unchanged. Hence,
the property described by (3.1) is often referred to as the interpolation condition.

Although the interpolation condition (3.1) is desirable in multirate signal processing,

it is in general difficult to be accommodated in filter design. For example, the most

commonly used PM method [16] for optimal FIR filter design utilizes the Remez search

algorithm based on the orthogonal space {cos(k@),k =0,1,---}. Having the interpolation

condition imposed on the impulse response of the FIR filter, however, the linear

independency of the basis function cos(kw) would be broken, making the PM method

invalid due to the failure of the Remez search. Similar to the PM method, most of the
existing design approaches are not applicable for the Mth-band filter design. Although the
design problem of the Mth-band filters satisfying the interpolation condition could be
solved by a constrained optimization technique, the incorporation of the extra constraint
might bring about some issues such as the convergence, numerical precision and
computational complexity of the optimization method. In [17] and [30], the Mth-band
filter has been designed by the eigenfilter approach, in which the optimal filter
coefficients obtained in the least-square sense are given as the eigenvector of the squared
error matrix corresponding to the smallest eigenvalue. Then, the interpolation constraint

is satisfied by deleting the related columns and rows from the squared error matrix.
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3.2.1 Half-band Filters based on Polyphase Structure
It is well known that the polyphase structure plays a key role in multirate processing
and interpolation due to its computational efficiency. Another advantage of the polyphase

structure is that the interpolation condition can easily be satisfied by implementing one of

its parallel branches as 4 d(n). Thus, it is intuitive to pursue the polyphase structure-

based design method for Mth-band filters. In what follows, we begin with a brief review
of the design problem of linear-phase half-band FIR filters based on polyphase structure
[28], showing that the subfilters of the half-band filter are still linear-phase and thus can
be designed separately and easily without phase distortion. We will then point out the
linear-phase feature of the subfilters is not obtainable when the polyphase structure is
applied to the design of general Mth-band filters, necessitating the development of a
generalized polyphase structure-based design technique.
With the interpolation condition on the impulse response, we can easily verify that for
a zero phase half-band filter, its length must be odd (2N +1). Writing the impulse
response into a two-branch polyphase structure, we have
h(n) = h(2n)+h(2n+1) = hy(n) + h (n) (3.2)

Obviously, both the subfilters A (n) and h (n) are of linear-phase, with lengths N +1

and N, respectively. The time-domain constraint of half-band filters are now imposed
only on the first subfilter, i.e., 4(n) =1d(n), yielding a fixed impulse response with
respect to a half-unity frequency response. Thus, all the parameters to be designed are
contained in the second subfilter 4 (n). Note that this subfilter can readily be designed
using an existing optimization technique, such as the PM method [16], so that the

upsampled frequency response of 4 (n) satisfies

172, 0<w<x/2
-1/2, #l2<w<7x’

H,(”?) ={
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Then, the sum of A,(n) and h (n) would give a low-pass frequency response. Obviously,

the overall half-band filter has an equiripple frequency response provided that A (n) is

equiripple. The whole idea is illustrated in Fig.3.1, where (a), (c) and (e) represent h,(n),

h(n) and h(n), while (b), (d) and (f) are the corresponding frequency responses,

respectively. It is observed that the overall filter exhibits an equiripple frequency

response as a result of equiripple i, (n).
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Figure 3.1: Half-band filter design based on the polyphase structure.
(@), (c) and (e) at left column are the impulse response of hy[n], i[r] and A[n],

respectively. (b), (d) and (f) at the right column are their corresponding frequency
responses.

Unfortunately, the above polyphase structure-based design is only available for half-
band filters and cannot be extended to an arbitrary Mth-band filter. One of the reasons
behind the failure of polyphase structure approach is that the subfilters of Mth-band
filters are no longer linear-phase in the polyphase decomposition. In [22], it has been
shown that the linear-phase can be restored in the GP structure. Therefore, it is
straightforward to extend the above polyphase structure-based approach to the GP
structure and apply it for the design of Mth-band filters.

3.2.2 Generalized Polyphase Structure

The generalized polyphase (GP) implementation of FIR filters can be expressed as

[22], [23]
H,(z")
L L1
H(Z): [1 Z—l Z—L-H]PQ H] (:Z ) — Fk (Z)Gk (ZL) (3.3)
. k=0
H,,(z")
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where L represents the number of branches, P and Q are a pair of LxL inverse matrices,
H,(z") are the subfilters in the conventional polyphase structure, and F,(z) and G, z")
represent, respectively, the interpolators and constituent filters of the GP structure.

Obviously, F,(z)and G,(z) can be written in terms of P and Q as

F (2= PUk)z" 34
=0
L1
G (2) =Y . Q(k,)H,(z) (3.5)

Hadamard transforms have been employed in [22] to obtain the interpolators and
constituent filters due to their computational simplicity and frequency-selective property.
Another advantage of the Hadamard transform is that for linear-phase filters, unlike the
subfilters in a conventional polyphase realization, the constituent filters in the GP
structure are linear-phase.

On the other hand, there are a few issues to be addressed in the GP structure-based
filter design using the Hadamard transform. First, since the size of the Hadamard matrix
is restricted to be even, the Hadamard transform-based decomposition applies only to a
small class of parallel structures with even number of branches. Therefore, it is
imperative to develop other transforms in order to obtain a general GP realization
structure with an arbitrary number of branches. Another issue of the GP technique is the
design of the constituent filters. It has been suggested in [22] that these constituent filters
be designed separately, that is, only one subfilter be optimized at a time while the others
are kept unchanged. However, this scheme requires time-consuming iterations before
reaching a final stable solution, since the optimization of each constituent filter may

depend on the other constituent filters. Moreover, in order to design these constituent
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filters independently, the frequency response specification for each of them should be
determined, and this is the key to the GP-based design technique.

Bearing these issues in mind, in what follows, we will develop a GP structure-based
design method for Mth-band FIR filters by proposing general transform matrices, as well
as deriving closed-form frequency specifications for the constituent filters. It will be
shown in the proposed method that the constituent filters of the GP structure can be

designed separately and the interpolation condition can easily be satisfied.

3.3 Proposed Transform Matrices

3.3.1 Seed Matrix

Although Hadamard matrix enjoys many desirable features such as simplicity and
frequency selectivity, the fact that the matrix order has to be even limits its applications.
Observing that the Hadamard matrix is constructed based on a simple 2X2 matrix, we
would like to propose some basic seed matrices of prime order, with which a general
higher-order matrix can be constructed using the Kronecker product. For the seed matrix,
the following requirements should be taken into consideration.

1. As linear-phase is a desirable property in many applications and is preferred in
FIR filter design, we would like to retain this property in the decomposed
constituent filters. Accordingly, the impulse response of each constituent filter
resulting from the proposed seed matrix should be either symmetric or

antisymmetric.
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2. To reduce the implementation complexity of the GP structure, the seed matrix
should be as simple as possible. It is expected that the transform matrix
contains only the elements 0, 1 or -1 to avoid multiplications.

3. As in the case of the Hadamard matrix, we would like the resulting
interpolators to be frequency selective. This frequency selectivity introduces
the “subband” meaning for each branch and measures the significance of the
associated subfilter on the overall frequency response of the FIR filter.

4.  The seed matrix should be invertible. This requirement is obvious as both P and
its inverse Q= P! are employed in the GP structure.

It is easy to verify that in order for the constituent filters to be of linear phase, the
column vectors of the transform matrix should be either symmetric or antisymmetric. Let

a gxq (q is prime) transform matrix be of the general form,

U(q+1)/2 0
R, = A[ 0 v (3.6)
(g-H/2

where U, and V,, are nonsingular matrices of order (g+1)/2 and (g-1)/2,

respectively, X is a nonsingular matrix of compatible dimension. By choosing X

properly, the symmetry of the row vectors of R, can be guaranteed. Here, the elementary
matrix A is introduced to interchange the row vectors of R, such that its column vectors
are also symmetric. In particular, we would like A to convert the row vectors of U,

to the odd row vectors of R, and that of V,

12 to the even row vectors of R_. For

example, if R . is of order three, A = . Then, the second row vector of U 42

S O =
— O O
S = O

58



now forms the third row vector of R, and the first row vector of V___,,, becomes the

second one in R,. Similarly, to obtain Ry, the following fifth-order matrix A can be

used,
1 0 0 0 0]
00010
A={0 1 0 0 0f.
0 0 0 01
001 0 0
From (3.6), the inverse of R can be written as
—_ — U—1+ 0 P
qu:zl[ <‘10“’2 - }A‘ (3.7
(g-1/2

It is expected that both U and V be chosen as simple matrices and X be selected

appropriately such that both R and R;l have symmetric or antisymmetric columns.

Here, X is chosen as,

I(q—l)/Z 0 J(q—l)/Z
= 0 1 0 (3.8)

J(q—l)/2 0 _I(q—l)/2
It is noted that the matrix given by (3.8) is the famous butterfly structure, which makes

the columns of R and R;’ either symmetric or antisymmetric. As such, we only need to

determine U and V in order to obtain R . and R;‘ . To make the transform matrix to be

both simple and frequency-selective, one may choose Hadamard matrices for U and V.

1
For example, by selecting U, = [l J and V, =1, one may get a 3rd-order seed matrix

which can be used for a 3-branch GP decomposition:
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11 1 Jroz o
Ry=|1 0 —1land R'=212 0 -2 (3.9)
1 -1 1 1 -2 1

In a similar manner, one may construct a Sth-order seed matrix by choosing U, =R, and

V, as the 2nd-order Hadamard matrix, yielding

11 1 1 1 1 2 2 2 1
11 0 -1 -1 22 0 =2 =2
R=1 0 -1 0 1| and R;1=é2 0 -4 0 2 (3.10)
1 -1 0 1 -1 220 2 -2
1 -1 1 -1 1] 1 -2 2 -2 1]

It can be verified that the proposed seed matrices R, and R, possess all the above-
mentioned properties. For example, the interpolators generated by R, and R, have the

frequency-selective property as shown in Fig. 3.2. The transform matrix contains only the
elements 1, -1 and 0. The elements of the inverse matrix are also simple, being O or
+27%, (K =0,1,2,---). It is also observed from (3.9) and (3.10) that both the transform

matrix and its inverse have the same sign and zero patterns, which may be exploited to

simplify the implementation.

(@)
Figure 3.2: Frequency response of the interpolators in the GP structure.
(a) 3-branch decomposition. (b) 5-branch decomposition.
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3.3.2 High-Order Transform Matrix

In a manner similar to the way that R, and R, are developed, one can get more seed

matrices of different prime orders. Using these basic seed matrices in conjunction with
the 2nd-order Hadamard matrix, a general high-order transform matrix can be obtained
using the Kronecker product, namely,

R, =R, ®®R, R, ®®R, R, ® OR, 3.11)

v v v
terms terms terms
H Hg

where R @ (k =1,2,---,K) represents the individual seed matrix of order g;. At the same

time, the inverse of (3.11) is readily given by

Ry =R;'®--®R,'®R; ®--®R;--R ®--®R} (3.12)

W
y1 terms terms terms
t Hy

Obviously, (3.12) reduces to the generation of Hadarmard transform only when the 2nd-
order Hadamard matrix is used as the basic element. It is clear that the higher-order
matrices thus generated still possess all the desired properties that the seed matrices do.
For example, with the 2x2 Hadamard matrix and the proposed 3x3 seed matrix, a

6x 6 matrix can be built as given below,

R, =R, ®R, =

Lol —_ — st P ek

|

Jot

p—

st
I

[

fum—
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R:-RieR:-L' 2 1 1 =21 (3.13)
A U S R, R | '
2 0 -2 -2 0 2

1 -2 1 -1 2 -1

L —

[y
o

It should be noted that the transform matrices meeting the aforementioned requirements
are not unique. For example, exchanging the order of the two matrices in (3.13) would
generate another transform matrix with similar properties.

Based on the proposed transform matrices, we can obtain a GP structure with an
arbitrary number of branches whose constituent filters are of linear-phase. Although there
are some other methods to generate a parallel structure such as [59], which is able to
restore the symmetric property of the polyphase structure, our approach based on the
proposed transform matrices provides a more systematic way of obtaining the GP
struture. Moreover, besides the restoration of the symmetry property, more desirable
features, such as the frequency-selectivity of the interpolators, are achieved in our
method. The proposed transform matrices could be regarded as an extension of the even-
order Hadamard matrix.

3.3.3 Incorporation of Interpolation Condition

We now proceed to incorporate the interpolation constraint into the GP structure. The
combination of the linear-phase property and the interpolation constraint requires the
filter length to be odd. Notice that in the above GP structure, we have assumed that every
subfilter has the same length and thus the overall filter is of length N =MK .
Accordingly, there are some requirements on the choice of N and M. Depending on the

parity of M, the discussion 1s divided into two cases: even or odd M.
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For odd M, it is feasible to have an odd N as long as K is odd. The interpolation

condition can easily be satisfied in the conventional M-branch polyphase structure by
setting one subfilter as A, ,,[n]=4-6ln—%1] . From (3.5), we know that the

constituent filters in the GP structure and the subfilters in the conventional polyphase

structure are associated through the matrix equation
H(z) =PG(z) (3.14)
where

H(z)=[H,(z) H,(2) - H,,@f

G@=[6,(2 G@ - G @I
By taking the inverse Z-transform on both sides of (3.14) and applying the interpolation

constraint on the conventional polyphase structure, we obtain
M-1
ZP(%,k)gk(n)=h(M_1),2(n):7’4~§(n) (3.15)
k=0

The above equation imposes a constraint on the design of the constituent filters g, (n).

Clearly, this constraint can easily be satisfied by designing the first (M-1) constituent

filters independently while leaving the last one as

1 1 M-2 '
gua(n) = m{ﬁ&n) - gP(l kg, (”)} (3.16)

As for even M, one cannot find any integer K such that N=MK is odd. However, we
can still obtain a slightly different GP structure by allowing the constituent filters to have
non-identical filter lengths. For example, let the overall filter length be N = MK +1,
where K is odd, we now have M-1 subfilters of length K in the polyphase structure except

for H,(z) of length K +1. The subfilter H;(z) has a fixed impulse response determined
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by the time-domain constraint and thus can be singled out and treated separately. The rest
of the subfilters with the same length K are then transformed into the constituent filters in
the GP structure. Notice that the transform matrix to be employed to obtain the GP

structure should have an odd order M-1.

3.4 Frequency Response Specifications for Constituent Filters

With Hadamard or the proposed seed matrices, it is straightforward to construct a
transform matrix and obtain a GP realization structure for a known FIR filter. On the
other hand, in order to simplify the design problem of a large-tap FIR filter, it is
necessary to derive the frequency response specifications for the constituent filters.
Unlike the conventional polyphase structure in which the subfilters are, in general, not
linear-phase, the GP decomposition leads to linear-phase constituent filters. This feature
also motivates us to design the length-reduced constituent filters directly without causing
any phase distortion. It is expected that these filters be designed separately and easily. In
what follows, a systematic way is developed to find the desired frequency specifications
for the constituent filters. Our discussion begins with the design of Mth-band filters, and
is then extended to general FIR filters.

3.4.1 Frequency Specification for Mth-band Filters

In this chapter, we assume that an Mth-band filter is decomposed into M branches

using the GP structure so as to get a closed-form expression for the amplitude

specifications of the constituent filters. Let us consider a low-pass Mth-band filter first.

As seen from (3.3), each constituent filter G, (e’®) is upsampled M times, which
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generates M compressed images. To get an ideal low-pass frequency response of the

overall filter, we expect the desired constituent filters ék (e’) to satisfy

1, 0Sw<zZz/MuUQCM -V)7w/M <w<2w

~ . Ml e 0, nIMLwl3nIM
H(e™)= ) F(e")G, (e™*)= : (3.17)
k=0 . :
0, QM -3)z/M Sw<(2M -)x/M
To this end, we define a set of functions E, (e’®) as
) l M-l
E (e")=—2 O(k.Dexp(jl). (3.18)
M i
Let G, (¢’) be given by
G (e")=E (e’"), ~n<w<n (3.19)
Note that the upsampled version of ék (e’®) can be expressed as
E, ('), 0Lw</IM UM -D)x/M <w<2x
.~ E, (e7 27"y, ZIM<@w<3nm/M
Goey=) BT _ (3.20)
E, (e/lorMDIMIy 2r-37IM < @0<2r-7IM

Substituting (3.20) into the first equation of (3.17) and noting that

M-1
D E,(/“*™M™))F, (¢’®) = 8(m), one can verify that the second equation in (3.17) is
k=0

satisfied, which implies that (3.20) gives exactly the desired specifications for the
constituent filters.

We now investigate the design of band-pass Mth-band filters. Considering that the
passband can be any of the M bands in the entire frequency domain, we have two types of

expressions for the ideal frequency response, namely
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1, 2izm/M <l <Qi+Dw/M

L i=0L- (M -1/2] (321
0, elsewhere

H(e'™®) ={

of,

L Qi+hz/M <||<26+D)7/M

i=01--,[(M-1)/2]-1 (3.22)
0, elsewhere

H(e™) ={

where I_xJ and l_x-l, respectively, denote the nearest integer less than or equal to x, and

the nearest integer larger than or equal to x. Obviously, (3.21) includes the low-pass
Mth-band filter as a special case when i=0. Using (3.19), it can be shown that the

specification of the constituent filters with respect to (3.21) is given by

- E (/@HHDIMy - 0<w<
Gemy={5t ) (3.23)
E (e/7PIMy - _r<@<0
and that with regard to (3.22) is given by
Gemy={5 ) (3.24)
E (e/ 0y g <@<0

3.4.2 Frequency Specification for General Linear-Phase Filters

Although our focus is on the Mth-band filter design, the proposed GP-based design
approach is also applicable to general FIR filters. In this case, the band edges may not be
exactly kz /M , and three typical situations are considered depending on the location of
the cutoff frequencies of the desired overall filter. Although the following discussions are
focused on low-pass filters, the results can easily be extended for the case of high-pass

and band-pass filters.
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Situation I: Consider a low-pass filter with the passband edge @, and the stopband edge
@, subject to @, + @, =27 /M . The transition-band width is then Aw =@, —@, . It can

easily be verified that the amplitude specification for the constituent filters is given by

E ("), 0so<Mo,

, (3.25)
don't care, Mo, <os<n

G, (&™) ={

where the region M@, < @< 7 of ék (e’®) falls within the transition band of the overall

filter.

Situation 2: If the low-pass filter in question has a stopband edge as @, < 7#/M , then the
region @, <@<7x/M of H(e’”), which corresponds to Mw, < @< of G,(e’®) falls
into the stopband. Therefore, the desired amplitude response Gk (e’®) can be modified as

E (") 0<swsMo,
G,(e’*)={don'tcate, M®, <w<Mao, (3.26)
0, Mo <o<r

Situation 3: A low-pass filter with its passband larger than #z/M , namely,

Rrx/IM < O, <0, < (R+Dz/M , where R 21 is an integer, is considered. In this case,

the overall frequency response can be regarded as an addition of R+1 parts, namely,

~ 0 o 1, in/M<Lo(i+OHx/M
H"(e™) = ,(i=01---,R-1) (3.27a)
0, elsewhere
and
1, Rr/M fw< @,
H® (e7*) ={don't care, 0, <0Lo, (3.27b)
0, elsewhere
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Let the specification with respect to each part in (3.27) be G (¢’®), (i=0,1,--,R). As
the overall filter is equivalent to a sum of R+1 filters, the specifications for the
constituent filters would be the summation of all G{’(¢/) . As for (3.27a), the

specifications corresponding to these band-pass Mth-band filters are given by (3.23) or
(3.24). With regard to (3.27b), the frequency specification corresponding to the passband
of the overall filter can be determined from either (3.23) or (3.24) depending on the parity

of R while that corresponding to the stopband is always zero, i.e.,

E, (/@00 0<w<Mo,-Rx
Glﬁ’” (') = don't care Mw,-RT<®<Mao,— Rz (3.28a)
0, Mo, —Rr<w<rn
when R is even, and
0, 0<o<(R+)7x-Mo,
G® (e) = don't care, (R+D7-Mo, <o<(R+Dx-Mw, (3.28b)
E, (e/\ @RIy R+Dr-Mo, <o<r

when R is odd. Thus, the total frequency specification for each constituent filter is given

by
G, (™) = ié,ﬁ” (e’) (3.29)
i=0

According to the above discussions, we have been able to convert the design problem
of a large-tap FIR filter into that of M lower-order filters. As the transform matrix Q has

symmetric or antisymmetric column vectors, it is clear that the design of lower-order

constituent filters belongs to the category of linear-phase filter design. Since the design
complexity of FIR filters is, in general, of the order of O(N ), where N is the filter

length, the proposed method is able to reduce the computational complexity by a factor of

68



M compared to a direct design of the original filter. It should be mentioned that although
the proposed GP-based method needs the calculation of the frequency specifications for
the constituent filters, this additional computation, with the help of the above closed-form

expression, is negligible in comparison to the overall design complexity.

3.5 Mth-band Filters with certain Regularities

In some applications, one has to deal with filters that satisfy special requirements in
time and/or frequency domain. For instance, interpolation filters with certain regularity
are of particular interest in the construction of wavelets and have been extensively
studied [61]. A filter is referred to as an interpolation filter of K-regularity if (i) its
impulse response satisfies h[Mn] :ﬁé'[n], where M represents the interpolation factor,
and (ii) the amplitude response H(w) as well as its first (K-1) derivatives have zeros at
the aliasing frequency points @ =27/ M ,(qg =0,1,...,M —1) . In this section, we present
a GP-based design method for this class of filters with an emphasis on deriving a set of
time-domain constraints for the constituent filters in the GP implementation. Then, the
design of the constituent filters turns out to be a constrained optimization problem.

As the constituent filters in the GP structure are related to the subfilters in the
polyphase structure, our discussion is conducted first for the conventional polyphase
structure. We will then extend the resulting constraints for the constituent filters. Let us

consider an N-tap causal FIR filter, whose conventional polyphase realization is given by
M-1 N/M-1 M-1 N/M-1

H()=>z" > hMn+13z7™" =2z" D hlnlz™™" (3.30)
1=0

=0 n=0 n=0
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where N is assumed to be a multiple of M and [ is the subfilter index. The regularity

constraints for the subfilters A [n] are given by the following theorem.

Theorem 3.1: A linear-phase filter is K-regular iff the impulse response of each subfilter

in (3.30) satisfies
N/M-1
> (- By hnl=(a-1y 1M™, (3.31)
n=0
(r=01...,K-1;1=01,...,.M —1)
where

a=M-1)/2, f=(N/M-1)/2 (3.32)
As the constraint is given in the form of the moment of the impulse response, it can be
termed as the moment constraint.
Proof: We first prove the necessity by mathematical induction. From the regularity
definition, for r =0, we have

1, =0

(3.33)
0, wo=2m/M,q=1,....M -1

H(a)):{

As the filter is of linear-phase, its amplitude response can be written in the polyphase

decomposition form as

N-1
H((l)) — Zh[n]e—jw(n—(N—l)IZ)
"0 (3.34)

M-1 N/M-1

— e-ja)(N—l)/Z Ze—jwl Zhl[n]e—jan
n=0

1=0

From (3.33) and (3.34), we get
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M N/M-1 7]
h[n
2 o] 1
NIM-1 0
w, | [n] |- : (3.35)
NiM-1 0
th—l[n]
| w20 |

where W,, is the M-point DFT matrix, whose elements are given by
W, ], =exp(=j2mpq/ M), (p,q=01,...M —1). Solving (3.35) leads to

N/M-1
Y hlnl=UM ,(I=0},..,M~1) (3.36)

n=0
which obviously satisfies (3.31) for r=0.

For r =1, we need to calculate the first derivative of the amplitude response,

fa—)H((o) = _]‘IE(" — (N =1)/2)h[n]e @rN-D12)

n=0

(3.37)
M1 N/M-1 NIM-1
=— jel oD/ Ze_j“"( D Mn—phnle”™ + > (I-a)h, [n]e”jm"j

=0 n=0 n=0

In obtaining (3.37), we have used the fact MF+a =(N-1)/2. From the regularity

definition with regard to the first derivative, we have

iH(a)) =0, (¢=0,1,...,.M —-1). (3.38)
dC() w=27mg/ M
Using (3.37) in (3.38) gives
N/M-1 N:/M—l
W, -( ZM(n—,B)h,[n] + (- Ziy[n] )=0 (3.39)

Substituting into (3.39) the result from (3.36) with respect to r =0, we have
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N/IM-1

D= Phln}=(@-H/M*,(I=0]1,....M -1). (3.40)
n=0

Thus, we have completed the proof of (3.31) for r =1.

We now assume that (3.31) holds till » =k —1, namely,

N/M-1

Z(n—ﬂ)’h,[n]z(a—l)’/M’”, (I=01...M-1,r=01,...,k-1) (341

and prove that it is also true for r = k. Clearly, the (k-1)th derivative of H (@) is given

by
dk——l
d — IH(w) ( ])k -1 ~je(N- 1)/22(’? Mﬁ a)k lh[n]e jon
M(il N/M-1 (3.42)
=) ey e Y M= B+ U= ) e
1=0 n=0
By using the binomial expansion,
k-1
[M(n-p+-a) CLM@n-gf -y
g=0
and the regularity definition —~—C-l—~H "(w) =0, (3.42) can be rewritten in matrix
da)r w=2my ! M
form as
N/IM-1 N/M;

W, - ( [M(n ﬁ)]“ hn]|+ Zc,fla a)* Z[M(n A " hn] =0 (3.43)

n=

which leads to

N/M-1 . k-1 N/M-1 -
Y Men-pY hinl==-Cl (- Y [M@n-p " hin] (3.44)
n=0 g=1 n=0

Substituting (3.41) into the right side of (3.44), one obtains
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N/M-1

Y -p hinl=(@-DIM* (1=0],...,M -1), (3.45)
n=0

which implies that (3.31) holds for r =k . The induction can be continued up to the

(K —1)th derivative of the amplitude response as required by a filter with K-regularity.
On the other hand, by using (3.31) in (3.35), (3.39) and (3.43), one can verify that the

first (K-1) derivatives have zeros at aliasing frequency points, implying that (3.31) is also

a sufficient condition for a filter with K-regularity. O
Using (3.29) and (3.31), we can get the regularity constraints for constituent filters in

the GP structure, as stated in the following corollary.

Corollary 3.1: A linear-phase filter is K-regular iff the constituent filters g,[n] in its GP

implementation satisfy

N/M-1

> (=B glnl= Y Qt.I@~1) /M (3.46)

(r=01,..,K-1; k=01,....M -1)
Remarks:

1. Due to the symmetry or antisymmetry of the columns of Q, the corresponding
constituent filters G, (z) are either symmetric (even k) or antisymmetric (odd k).
Exploiting this symmetry property, we may further reduce the number of
constraints in (3.46) by one-half. Recalling that a¢=(M -1)/2 and
p=(N/M-1)/2, both sequences (n— )" and (¢—1)" are symmetric when r
is even, or antisymmetric when r is odd. As such, for odd k and even r, both sides

of (3.46) sum to zero. Similarly, (3.46) is trivial when k is even and r odd.

Therefore, only one-half of the constraints in (3.46) need to be incorporated in the
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design of the constituent filters G, (z).

. With the constraints in (3.46), the design of the constituent filters is converted to a

constrained optimization problem, namely,

gn(ng é= Z g, (e’ -G, ()

(3.47)

N/M-1

st zo(n ~BY g [n)= gQ(m,l)(a —y M

with k+r being odd. When the first M-1 constituent filters are solved using

(3.47), the last one can be readily determined from (3.16).

3.6 Simulation Results

In this section, several linear-phase FIR filters and Mth-band filters are designed

based on the proposed GP structure. The design results are compared to those obtained by

the direct SDP design and the eigenfilter approach in terms of the maximum error as well

as the design complexity. It is shown that our GP-based design gives a nearly optimal

performance with considerable savings on the computational complexity. The designed

Mth-band filter is also employed as an interpolation filter for image resizing.

3.6.1 Design Examples

According to the discussions in the previous sections, the proposed design method

mainly contains the following steps.

(1) Choose a transform matrix of a proper order in accordance with the length and

type of the filter to be designed.

(2) Determine the desired frequency specifications for each constituent filter of the

GP structure.
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(3) Incorporate the time-domain interpolation condition in Mth-band filter design.

(4) Include the regularity condition for Mth-band filters, if required, as part of the

constraints for the optimization problem.

(5) Solve the constrained optimization problem using an existing optimization

technique.

Since the frequency specifications of the constituent filters may have arbitrary shape
instead of the normal piece-wise constant shape, the semidefinite programming (SDP)
proposed in [10] is employed for the design of the constituent filters. As a powerful
optimization tool, SDP covers a large class of 1-D and 2-D filters with arbitrary
frequency responses and can easily accommodate extra linear equality or inequality
constraints. By utilizing a user-friendly Matlab software for the implementation of the
SDP optimization technique [98, 99], several design examples are completed in order to
validate the proposed GP-based design approach.

Example 3.1:

In the first example, a conventional low-pass linear-phase FIR filter is designed to
validate the derived closed-form frequency specifications for the constituent filters.
Assume that the filter is of length 64 with the passband and stopband frequencies given

by ®,=037 and @, =0.347 and a two-branch GP structure is employed for its

realization. As the stopband cutoff frequency @, is smaller than #/M (M =2), the

frequency specification in Situation 2 of Section 3.4 should be applied. Using (3.25) and

the second-order Hadamard matrix, we obtain

tcos(w/4),  |w{<0.67

0, 0687 <|wf<7 (3-482)

Gy(@) ={
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- L <0.
{2 sin(w/4), @] <0.6x (3.48b)

G(w) =
@) 0, 0.687 <|w|< 7
The resulting amplitude responses of the designed filters G,(w) and G,(®) are depicted

along with the ideal frequency specifications in Fig. 3.3(a) and 3.3(b), respectively. Since
the maximum error is minimized, one can see that the amplitude error is equiripple. The

frequency contribution from each branch F, (@)G,(2w) is depicted in Fig. 3.3(c). It 1s

noted that the two frequency contributions add to unity in the passband and to zero in the
stopband. The overall frequency response of the designed filter as well as that obtained
directly from the Parks-McClellan (PM) minimax design is given in Fig. 3.3(d). The
maximum amplitude approximation error is 0.00139 for the PM method and 0.00141 for
the GP method, clearly indicating a similar performance of the two methods. A brief
analysis of the approximation error of the proposed method and its comparison with the
optimal PM method are provided at the end of this section. It is observed that the GP-
based design does not yield an equiripple amplitude response, especially in the stopband
even though each constituent filter is designed in the minimax error sense. This is due to
the frequency response images generated from the upsampling of the constituent filters
with respect to the transition band, which cannot cancel each other completely. However,
this phenomenon of amplitude fluctuation in the stopband can be improved by slightly
modifying the frequency specification for one of the constituent filters as seen in the next

example.
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Figure 3.3: Frequency responses of the filters in Example 3.1. (a) Designed G,(w) vs.

its frequency specification. (b) Designed G,(@) vs. its frequency specification. (c)
Contributions from two branches. (d) The overall filter vs. that designed by PM method.

Example 3.2:

Here, we consider a highpass 4th-band filter of length 119 with a sharp-transition
specified by @, =0.77, @, =0.87. From the discussion in Section 3.3, the 4-branch GP
structure must have one 29-tap constituent filter with the fixed impulse response

g,[n]=6[n—14] and three 30-tap linear-phase constituent filters to be designed. Using

the 3rd-order transform matrix in (3.9), the frequency specifications for the constituent

filters are readily given by
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G, (@) =1/4(cos((@—67)/4)+1/2),
G, (@) =1/4sin((w—-671)/4), (3.49)

G, (@) =1/ 4(cos((@—6m)/4)—1/2)

we (0,0.87)

As mentioned in Example 1, the “don’t-care” region corresponding to the transition band
of the constituent filters would cause the amplitude response of the designed filter to
fluctuate in the stopband. In order to alleviate this problem, one can use a modified
specification of the last constituent filter once other filters have been designed. For

example, when G,(z) and G,(z) are designed according to the above specifications,
their actual frequency response can then be taken into account in the design of G,(z).
The frequency specification of G,(z) is modified as

1/4(cos((w—67)/4)—1/2), 0<w<0.87

[174(cost@-6m/4-1/2)-Gy(@)-G(@)] 087<0<7 (3:50)

G,(w) ={

This modification helps to reduce the peak design error in the stopband of the overall
filter that is contributed by the transition band of the constituent filters. The amplitude
response of the designed filter, which is almost equiripple, is shown in Fig. 3.4. As
pointed out earlier, most of the existing design algorithms do not consider the
interpolation constraint. To make a fair comparison, we also design the overall fourth-
band interpolation filter via SDP. The frequency response of 4th-band filter directly
designed by SDP is depicted in Fig. 3.5. The time-domain constraint is imposed as the
additional equality constraint to the SDP problem. It is seen that the directly designed
fourth-band filter has a maximum error of 1.5662e-005. Compared with the optimal filter,

the maximum error of our GP-based fourth-band filter is 2.1063e-005. Since the overall
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filter is given by the synthesis of the constituent filters through the transform matrix, the
overall response is no longer optimal in the minimax sense, even though the constituent
filters are designed to be optimal in the minimax sense. However, except for the mirror
images of the narrow transition band, the errors at most of the frequency band are
comparable to the optimum. We should also point out that in the direct design, the time-
domain constraint is just numerically satisfied and brings extra burden to the optimization
algorithm, while in our GP-based approach, the time-domain constraint is structurally
satisfied with fewer coefficients to be determined. In our simulation, under the Pentinum
2.4GHz and 769M memory environment, the execution time for the direct approach is
4.2656 seconds while only 2.4844 seconds for the GP-based approach. This saving in the
execution time is due to two aspects. First, instead of imposing the extra time-constraint
in the direct SDP, the interpolation condition is structurally satisfied and used to reduce
the free coefficients. Second, the design of the shorter length constituent filters would be
easier than that of the large-length original filter. The maximum errors and execution
times for highpass fourth-band filters with different lengths designed via GP-based

approach are compared with those achieved by the direct SDP method in Table 3.1.
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Figure 3.4: Frequency response of the high-pass 4th-band filter in Example 3.2, designed
by GP-base approach

Figure 3.5: Frequency response of the high-pass 4th-band filter in Example 3.2 designed
directly by SDP
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Table 3.1: Comparison of maximum errors and execution times for highpass 4th-band
filter designed via the direct SDP and the GP-based approaches

Maximum error Execution time (seconds)
Filter Direct SDP GP-based Direct SDP GP-based
length
119 1.5662e-005 2.1063e-005 4.2656 2.4844
99 9.6670e-005 10.2658e-005 3.2813 1.5256
79 4.2118¢-004 4.8965e-004 2.9688 1.0484
59 0.0026 0.0027 2.1719 0.9566
39 0.0122 0.0123 2.0469 0.8755
Example 3.3:

In this example, a set of 75-tap fifth-band interpolation filters with different

regularities is designed. The cutoff frequencies are @, =0.187 and @, =0.22z . Each of

the filters to be designed is decomposed into five branches with the transform matrix

given by (3.10). According to Situation 1, we get the amplitude specification for each of

the constituent filters as

C~;0(a)) =++2cos(@/5)+2cos(2w/5)

G, (@) =—2sin(w/5) - 2sin(2@/5)

G,(®) =1+ 2cos(2w/5)

sin(@/5) — Z2sin(2w/ 5)

63 (a)) =

2
5
L
5

G, (@) =L —2cos(@/5) +2cos2a/ 5)

|l <0.97

(3.51)

Using the above specifications in conjunction with the equality constraint in (3.46)

pertaining to different regularities, each constituent filter can be designed by the SDP

optimization technique. In order to satisfy the interpolation condition, only the first four

constituent filters need to be designed and the last one is readily given by (3.16). The

resulting overall frequency responses of the designed filters with regularities 1, 2 and 3

g1




are depicted in Fig. 3.6(a). The frequency responses in the passband are zoomed in Fig.
3.6(b). It is seen that the degree of flatness near w =0 and the attenuation at the aliasing
frequency points @ = 0.4z and 0.87 are dictated by different regularities. It is noted that
both the flatness of the passband and the attenuation at the aliasing points of the stopband
significantly improve when the regularity is increased from 1 to 2, while room for further
improvement from regularity 2 to 3 is limited for the filter designed under the current
specification. For the purpose of comparison, we have also designed the same 75-tap
filter using the eigenfilter method [17], but without the regularity constraint. The
resulting frequency response is illustrated in Fig. 3.7. The maximum frequency error of
the filter designed by the proposed method is 0.0365, whereas that for the eigenfilter
approach without regularity is 0.0869. It is also clear that the proposed approach gives a
nearly equiripple frequency response in the stopband except at the frequencies of kz /M

(k=234) in contrast to the eigenfilter method. This is due to the fact that the

constituent filters in the GP structure are designed in the minimax error sense with the
SDP technique.

Table 3.2 gives a comparison of the maximum error of various filters with different
taps designed via the proposed method constrained by regularity 1, as well as the
eigenfilter approach without the regularity constraint. It is seen that the proposed method
always gives a smaller maximum error despite the additional regularity constraint. It
should be emphasized that even though a high regularity is imposed in our approach, a
similar maximum error can be achieved which is consistently superior to that of the

eigenfilter method.
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(a) | (b)
Figure 3.6: Frequency response of the Sth-band interpolation filter in Example 3.3 with
different regularities. (a) Overall response. (b) Low-pass details.

Figure 3.7: Frequency response of Sth-band low-pass filter in Example 3.3 designed by
eigenfilter method.

Table 3.2: Comparison of maximum errors for the lowpass Sth-band filter designed in
Example 3.3 via the GP-based and eigenfilter approaches

Filter length Maximum error
GP-based Eigenfilter
95 0.0227 0.0458
85 0.0283 0.0645
75 0.0365 0.0869
65 0.0492 0.1064
55 0.0698 0.1402
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3.6.2 Error Analysis

In order to evaluate the design accuracy of the proposed method, the error
performance of our method is now compared to that of the direct design of the overall
filter.

Taking the 1-D filter design as an example, the approximation error of the kth

constituent filter can be written as
£,(e")=G,(e’*) -G, (e™) (3.52)

Then, the resulting design error in the overall frequency response is given by

£(e’®) = H(e™)— H(e'") = Y F,(e")e, (™) (3.53)

k=0
It is known that in the mini-max design of a low-pass filter using the PM method, the
maximum error is a function of the product of the filter length N and the transition
bandwidth Aw. In the GP-based design, considering the fact that the filter length of
constituent filters is reduced by a factor of L while their transition bandwidth expanded L
times in comparison with the original direct-form filter, we infer that the maximum
design error of the constituent filters should be comparable to that of the original large-
tap filter provided that the mini-max design error criterion is employed for the constituent
filters as we have done. The frequency specifications of the constituent filters have a
smaller abrupt drop in the transition band in contrast to a regular low-pass or high-pass
filter, which drops from one to zero. Taking this into account, we may estimate the peak

error of the kth constituent filter by

& =[G, (@,) -G (@)e,, =G, (@))€, (3.54)
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where €, is the maximum error from the mini-max design of the original direct-form

filter. Using (3.54) in (3.53), we can obtain

L-1
le(e7)| = IZ F,(e")e,
k=0

L = .
< Zle (ejm)gk! = Z’Fk(ej“’)Gk(a)p) dir
=0 k=0 (3.55)

w’ (e”)PQw(e’”)

=+ Eyp S %”WHZHW(“’IJ )Hz Eair = Ear

where w(e®)=[1 7@ ... &V

. The above equation indicates that the
maximum error of the GP-based design is not greater than that of a direct mini-max
design method. Although (3.54) and (3.55) are not strictly-proven error bounds, we have
found that they give a pretty accurate estimation result. Table 3.3 lists the peak errors

estimated using (3.54) for the constituent filters in Examples 3.1-3.3 along with those

from the actual SDP design of each filter. It is seen that they are quite consistent.

Table 3.3: Comparison of the estimated and actual design errors of the designed
constituent filters

Estimated peak error | Actual design error

Example | g, 0.0165 0.0155
Mg 0.0084 0.0084
& 0.0137 0.0168

anple g, 0.0136 0.0125
g, 0.0012 0.0015

& 0.0077 0.0087

&, 0.0048 0.0046

Brample g, 0.0144 0.0178
c 0.0508 0.0491

&, 0.1226 0.1171

g, 0.0501 0.0485

& 0.0117 0.0146
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3.6.3 Image Interpolation using Sth-Band Filter

Images and video sequences often have to be scaled to different resolutions for
various purposes. The resolution of a digital image is determined by the number of pixels
and naturally, image interpolation can be employed to increase the resolution/size of an
image. We now use the Sth-band interpolation filter designed by the proposed GP-based
method to resize a test image. A 15-tap fifth-band interpolation filter is designed. The

passband and the stopband cutoff frequencies are @, =0.157 and @, =0257 ,

respectively. The impulse and frequency responses of the designed filters are depicted in
Fig. 3.8, which obviously meets the requirement of the Sth-band filter in both time and

frequency domains.
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Figure 3.8: 5th-band interpolation filter. (a) Impulse response. (b) Frequency response.

The images are taken at two resolutions, one at 480-by-640 (imagel) and the other at
1200-by-1600 (image 2). Image 1 that has a lower resolution is interpolated to generate
an image with a higher resolution. Image 2 can be regarded as the original image to judge
the quality of the interpolated image. Image 1 is upsampled by a factor of 5, followed by

the designed fifth-band filter and then downsampled by 2. The sampling ratio is then 5/2,
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giving the resized image a resolution of 1200-by-1600. The interpolated image is
depicted in Fig. 3.9 and the difference of the interpolated image and the original image 2

is shown in Fig. 3.10, which clearly shows a high interpolation quality.

Figure 3.10: Difference of the interpolated image 1 and image 2

To demonstrate the effect of the designed Mth-band filter on image interpolation, the test
image is also interpolated via the cubic spline method [100] and the Mth-band filter
designed using the eigenfilter approach [17]. With image 2 as the reference image, the
peak signal-to-noise ratios (PSNR) of the three interpolated images achieved through
cubic spline method, Mth-band filter designed by eigenfilter approach and Mth-band filter

designed by GP-based approach, are 29.28dB, 31.16dB and 31.16dB, respectively.
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Obviously, the proposed interpolation approach outperforms the cubic spline method.
Although the proposed GP-based interpolation gives a PSNR similar to that achieved by
the eigenfilter method, the former performs better in visual quality. The detailed
difference between the two images is amplified by 8 times in Fig. 3.11. It is seen that our
filter yields a much more clear edge whereas the eigenfilter method suffers from ringing

artifacts at the vicinity of major edges.

(©

Figure 3.11: Details of the interpolated images. (a) Eigenfilter approach. (b) GP-based
method. (c) Difference of (a) and (b).
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3.7 Conclusions

A GP structure-based method for the design of linear-phase Mth-band FIR filters
satisfying the time-domain interpolation condition has been presented. Some new
transform matrices have been developed as an extension of the commonly-used
Hadamard matrix, allowing for the use of arbitrary number of branches in the GP
structure. Closed-form frequency specifications for constituent filters in the GP
realization have been obtained, making an independent and fast design of short-length
constituent filters possible. The proposed GP-based method has also been extended for
the design of a class of interpolation filters with certain regularities. Using the SDP
optimization technique, the proposed method has been V.alidated through various design
examples and compared with a direct mini-max design of the original large-tap FIR filter
as well as the eigenfilter approach. It has been shown that the GP-based design yields an
approximation error similar to that obtained from a direct design of the overall filter by
the same optimization algorithm, while reducing the computational time to a considerable
degree. The designed 5th-band filter has been applied to the interpolation of a test image
and compared to the cubic spline interpolation method as well as the 5th-band filter
designed via the eigenfilter approach. Our simulation has shown that the proposed GP-
based Mth-band filter gives the best interpolation result in terms of the PSNR and the

visual quality.
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Chapter 4
Design and Realization of 2-D Linear-Phase FIR

Filters based on Generalized Polyphase Structure

4.1 Introduction

In the proposed GP-based design technique, the overall filter is decomposed into
several constituent filters which can be designed separately. Since the design of short
length constituent filters is in general easier than that of the large-length original filter,
we would like to extend this method to the case of designing 2-D filters in which the
computational complexity is a more critical issue. With the basic ideas such as sampling
and polyphase decomposition that are well established in the multidimensional multirate
systems [5], we will develop in this chapter the GP structures for 2-D FIR filters and
extend the GP-based design method for 2-D Mth-band filters. Most of the material
developed in Chapter 3, including the transform matrix and the closed-form expressions
for constituent filters, can be extended for the 2-D case. We will also investigate a joint
GP and SVD (singular-value decomposition) realization structure for 2-D Mth-band

filters.
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4.2 Design of 2-D Mth-band Filters based on GP Structure

In this section, we extend the 1-D GP structure for the design of 2-D FIR filters.
Similar to the 1-D filter design discussed in Chapter 3, our objective here is to obtain
closed-form frequency specifications for 2-D constituent filters. For the sake of notational
simplicity in specifying a 2-D passband, our discussion is focused on a class of 2-D
filters, namely, Mth-band FIR filters.

4.2.1 2-D Generalized Polyphase Structure
A 2-D FIR filter whose impulse response is given by A[n], where n=[n, nz]T, has

a Z-transform of the form

H(z)= Zh[n]z““) “4.D

new
where z=[z, z,]", 2z =z'z)?, and Wdenotes a set of two-dimensional integer vectors
within the support region of the filter. Unlike 1-D signal sampling, the theory behind
sampling of a 2-D signal is fundamentally more complicated because of many different
ways to choose the sampling geometry. While the sampling of 1-D sign can be fully

determined by a scalar M, the sampling of 2-D signal is based on a 2-by-2 sampling

1
matrix M. For example, given the sampling matrix M :[l 5 } , the sampled points

! 1 ~-1|n

would be t = L"} = [1 5 :l[ 0] The sample locations are given by vector t, which are
1 n

integer linear combinations of the columns of the sampling matrix. The graphical

illustration of the above sampling is demonstrated in Fig. 4.1. The original signals are

dotted in Fig. 4.1(a) and the downsampled version is marked with red in Fig. 4.1(b).
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(b)

Figure 4.1: The set of sample points. (a) Before sampling. (b) After sampling.

With the introduction of the sample matrix, one can establish all the concepts, such as

expander, decimator and polyphase structure, for the 2-D signals. By using a 2X2

o &,

nonsingular sampling matrix of integers, M:{ }, one can get a polyphase

a, a,

realization of 2-D filters as [5],

H@= Y H,(efz8, 220 b 2)

kewvM”)
where k =[k, k,]" and & (M") is the set of all integer vectors in the parallelogram
area generated by M"x, as seen in Fig 4.1(b), with xe [0,1)>. The number of integer
vectors in V(M" ), namely, the number of subfilters, is determined by L = [det(M)[ .
Based on (4.2), the L-branch GP structure of a 2-D filter can be constructed as

Hy, (425,47 23°)
a0 O 0y
H(Z):[z(‘ko) z(—k1) Z(_kl‘_l)]PQ Hkl(zl Z2 ’Zl ZZ )

a [7% a a,
HkL_l (272,75 2,°2,")
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L-1

F. ()G, ("2, 7 2*) (4.3)

k=0
where
L-1
F (z)=) P(,k)z™’
=0
represents the 2-D interpolators and

L-1
G (325,225 = Y Ok, DH, (225, 7" 25")
1=0

the 2-D constituent filters. In particular, when M is a diagonal matrix, the interpolators

are separable and (4.3) can be simplified as

1
-1
i} o z
H(zl,zz)=[l le Zl( ' l)]PlQlH(Zlal:ZgA)szz :
o (4.4)
Zz(a’zt 1)
o -la,~1

= F, (z, )le(zfl 7234 ), (2,)

0 I=

bl
il

In what follows, we focus on the design of 2-D Mth-band filters based on the GP
structure given by (4.3).
4.2.2 Frequency Specification for 2-D Mth-band Filters

With the realization of 2-D GP structure, we need to get the frequency specification

for each constituent filter such that it can be designed separately. The passband region of

a 2-D Mth-band filter can be specified by a symmetric parallelogram SPD(ZM ™),
generated by M x, with xe [-1,1)* and |dct(M)| =M . In order to get a closed-form

frequency specification, we define a set of 2-D functions

E (e)= fg(z,k)ef“"‘” (k=01 ,M~-1) (4.5)
1=0
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where @ =[w, @,]" . Letting
e((x)) = [Eo(ej‘”) El(ejm) Ez(ejm) EM_1(ejm)}7

f(O))=[FO(ej")) Fi(ejm) Fz(ejw) FM_1(ejm)]7

it can be shown that

£ (@e(@—-2MTn)= 3 exp(j27k M Tn))= MS(n) (4.6)

ke (M)

Assume that the constituent filters have the following frequency response

G () = —Ml-—Ek ™) @.7)

Substitution of (4.7) into (4.4) and the use of (4.6) lead to the corresponding overall

frequency response given by

H(e™®)=G, (e™°)F, (™)

-

M-1
D E (e")F, (™) =1, oe SPD(AM™)
k=0
M-1 r .
_ E, (/™ ™YF (*)=0, e SPD(EMT)+22M n,
k=0
M- ' . . )
D E (/™M ™ )F, (e”)=0, oeSPD(AM™T)+22M n,,
(k=0

4.8)
0, elsewhere

_ {1, oe SPD(ZM ™)
Since (4.8) is the desired frequency response of a 2-D Mth-band filter, we conclude that
(4.7) gives the frequency specification of 2-D constituent filters exactly. As such, the

design problem of Mth-band 2-D filters is now converted to that of a number of lower-

order 2-D constituent filters.
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Example 4.1:
Consider a 16 x16 2-D diamond filter with a transition bandwidth of 0.17. Note that

this filter can be obtained from a 2-D half-band filter with a sampling matrix

1 -1
M= L | :l . The amplitude response of the 2-D filter can be written in the GP form as

H(@,@)=2cos(@ /2)Gy(@ + @,~a} +@,)-2sin(@ / 2)G (@ + @~ +a@,) 4.9)
From (4.7), we obtain the amplitude specifications for the two constituent filters as

G,(e™) =cos|(@, — w,)/4]/2 (4.10a)

G,(e’) = —sin[(w, — w,)/4]/2 (4.10b)
Using (4.10) and the SDP optimization technique, the two constituent filters are designed,
giving their amplitude responses, as shown in Fig. 4.2(a) and 4.2(b). The resulting

amplitude response of the designed diamond filter is depicted in Fig. 4.2(c). The
maximum approximation errors produced by the SDP for G, () and G,(e’) are 0.017

and 0.013, respectively, which yield a maximum design error of 0.023 for the overall
diamond filter. We have also designed the diamond filter directly by the SDP
optimization and have found that the maximum error in the passband is 0.021 and that in
the stopband is 0.017. It is also found that the execution times for designing the two
constituent filters are 7.9689 and 8.3439 seconds, respectively, whereas that for direct
design of the overall filter is 26.0469 seconds, implying a nearly 40% reduction in
computational time is achieved by using the proposed method. Note that this
computational saving is more appealing as the size of the filter and the number of

branches in the GP structure increase.
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4.3 Realization of GP Structure combined with SVD

For the design and implementation of 2-D filters, a parallel structure using the
singular-value decomposition (SVD) has attracted a great deal of research attention [24],
[27]. By applying the SVD to the impulse response matrix in the time-domain or the
frequency response matrix in the frequency-domain for the design problem, a 2-D filter is
decomposed into a set of 1-D filters. The SVD-based approaches have many advantages.
One of them is to exploit the energy compaction of the SVD and utilize only a few
branches corresponding to the largest singular values, yielding a significantly simplified
SVD realization. Generally, a filter is frequency-selective. However, this property is not
exploited in the SVD simplification. Recall that in the GP structure, if the interpolators
are frequency-selective, each branch would have a limited subband frequency
contribution to the overall filter. In this section, a new GP structure using SVD is
proposed for 2-D filter realization [103]. In the new structure, the 2-D constituent filters
in the GP structure are further decomposed via the SVD. The proposed structure prevails
in the following aspects:

1. The various symmetry properties normally available in a 2-D impulse-response
matrix can be exploited and elegantly realized in the corresponding 1-D
constituent filters by using the SVD. This symmetry can be used to save
computing storage and arithmetic operations for filter coefficients and succeeding
processing.

2. The GP structure forms a frequency-selective subband for each constituent filter.
This feature can be well combined with the energy compaction property of the

SVD so as to further reduce the number of branches in the SVD realization.
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4.3.1 2-D Separable GP Structure with SVD

Consider a 2-D impulse response A(m,n) of size M XN with its z-transform

H(z,,z,). In order to obtain a separable GP structure, let the sampling matrix be given
K 0 e : :
by M = [ 0 L} , where both K and L are positive integers. Assuming M to be a multiple

of K and N a multiple of L, then separable interpolators are obtained, and (4.3) can be

simplified as

1
-1
_ (K- z
H(Zl’zz):[l A A l)thH(zxK’ZzL)szz 2
o @.11)
K-1L-1 X .
= ZZEk (2)Gu(z »27)F(2y)
k=0 I=
where H(z[,z}) is a rectangular matrix with elements of 2-D subfilters,
H00(Z1K’Z2L) HO(L-l)(ZlszzL)
H(z,z,)= : : (4.12)
H 1o (ZIK ) Z;) o H ey (ZIK > ZzL)

The pre- and post- interpolators and the constituent filters, E,(z;) , F,(z,) and

G, (z.z;) , are given by

K-l ] L-1 i
E (z))=Y P (i,k)z", F(z,)=Y P, j)z;’ (4.13a)
i=0 j=0
K-1L-1
Gu(z'52)=2 2 0, (k. DH (2,230, (j,1) (4.13b)

1 J=

With the transform matrices {P,,Q,} (i =1,2) being two pairs of inverse matrices, the

delay chains corresponding to z, and z, are then transformed into the column and row
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interpolators, denoted as E, (z,) and F,(z,) in the above, respectively. The original 2-D

filter is then divided into KL 2-D constituent filters G,,(z,zy) of size (M /K)x(N/L).
From (4.11), it is easy to verify that if the original 2-D filter is of linear-phase and the
column vectors of the transform matrices P, and P, are symmetric or antisymmetric,
then the corresponding 2-D constituent filters are also of linear-phase.

Performing the SVD on G,(z,,z,) and up-sampling z, by K and z, by L, we obtain

r-1 «
Gu(zF,z25) =Y @ (zF)¥) (z1)) (4.14)
=0

where ®,,(z ) and W/ (z}) are the column vectors of the corresponding unitary

matrices. Using (4.14) into (4.11) yields a new realization structure for the overall 2-D

filter, namely,

K-1 r—1 *
H(z),2,)= E (z )CI)kl (Zl (\Plil (ZzL)) Fi(z,) (4.15)

k=0 i=0

t“"

T
o

The proposed realization structure is depicted in Fig.4.3 in which a 2-D filter is
eventually implemented with a set of 1-D filters. Some advantages can be observed from
the proposed realization structure. First, the computational complexity of the SVD
implementation of the lower-order constituent filters is much lower than that of the
original high-order 2-D filter. Accordingly, the overall computational cost can be reduced
by performing the SVD on each constituent filter in the 2-D GP structure. Second, as will
be shown, the linear-phase and other symmetry properties of 2-D FIR filters can be well
retained in the 2-D constituent filters. Third, with the frequency-selective property of the

interpolators in the GP structure and the energy compaction feature of the SVD, more 1-
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D subfilters/branches can be discarded without causing a large error in comparison with a

direct SVD realization of the original FIR filter.

Figure 4.3: A 3x2 GP structure of 2-D filters combined with SVD

In [25], some SVD expressions for the impulse response matrix of 2-D linear-phase
filters have been obtained by exploiting various symmetry properties and appropriate
matrix transforms. Those SVDs are capable of producing 1-D linear-phase subfilters with
similar symmetries. By applying the matrix transforms proposed in [25] to the 2-D
constituent filters in the GP structure, one can easily verify that the linear-phase and
symmetry features of the original 2-D FIR filter are well preserved in the resulting 1-D
subfilters in the proposed GP-SVD realization.
4.3.2 Design Examples

A few examples are presented in this section to demonstrate the performance of the
proposed realization technique. The 2-D filters to be realized are designed by the least-
squares design method [10]. The designed filters are then realized with the proposed GP-
SVD structure, each containing a number of branches. The insignificant branches are

neglected, which will significantly reduce the implementation cost while causing only a
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small approximation error. The maximum error resulting from the omission of those
sections will be computed and compared with the direct SVD with the same realization
cost.
Example 4.2: A Quadrantally Symmetric Fan-Shaped Filter:

A 16x16 quadrantally symmetric fan-shaped filter is designed. The magnitude
specification is depicted in Fig.4.4, with 1 indicating the passband and O the stopband. A

2 x 2 GP decomposition is carried out based on the Hadamard matrix given by

R bl d R} N (4.16)
= an = — .
S . | o201 -1

With (4.11) and (4.16), we can get the 2-D constituent filters as

gulm,nl=h2m2n]+ h2m2n+1]+ h[2m+1,2n]+ h[2m +1,2n +1]
gplm,nl=h2m2n]—h[2m2n + 1]+ h[2m+1,2n] - A[2m+1,2n +1]
g lm,n]l=h2m2n]+ h[2m2n+1]-h[2m+1,2n] - h[2m+1,2n+1]
8xnlm,nl=h[2m,2n]—h{2m,2n+1]-h{2m+1,2n]+ h[2m+1,2n+1]

4.17)

Since the filter to be designed is of quadrantal symmetry, its impulse response must have
hm,n]=h{M ~1-m,n}=hlm,N —1—-n]=h{M -1-m,N —1—n} (4.18)
Using (4.18) in (4.17), we can verify that the impulse responses g,[m,n] possess four

types of quadrantal symmetry,

A1 AIJ Al - AIJ
Typel: A= ; Typell: A= ;
JAI JAlJ JA| - JAIJ
A, A A, -AJ
Type III: A = ; Type IV: A= . (4.19)
_JAI —"JAIJ _JA] JAIJ

Next, we show that the quadrantal symmetry can be elegantly realized with the SVD.

Since all the four types of symmetry are closely related, we only investigate Type I
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symmetry. In this case, the symmetric matrix A in (4.19) is similar to B through an

orthogonal matrix Q,

B=QrAQ=| A O (4.20)
B 1o o '
where
11 1
— 421
Q Z[J _JJ 4.21)

The SVD of B can be written as

U, 0SS, 0}V’
p|U R A (4.22)
0 U,[0 0]jo0 V,
whereU,, S, and V, constitute an SVD of 2A,, and U,, V, are arbitrary N/2XN/2

orthogonal matrices. Left-mulitplying by Q and right-multiplying by Q both sides of

(4.22) gives an SVD of A,

T
A=l U U S 0y, (4.23)
2|JU, -JU,| 0 ofJv, —Jv,

In (4.23), not only the eigenvector is of symmetry, but also one-half of the eigenvalues
are automatically zero, which greatly simplifies the realization cost. In order to show the
efficiency of the proposed structure, the realization errors caused by neglecting the
smallest branches are compared with that of a direct SVD decomposition of the original
2-D filter. The comparison is made at the same computational complexity, i.e., the two
versions of SVD realization have the same number of 1-D filter coefficients. For
example, if one branch is dropped in the direct SVD structure, then two branches are
omitted in the proposed structure in order to keep the same complexity of the 1-D

subfilters. The maximum errors in the amplitude frequency response with respect to
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different numbers of branches used in the structure are listed in Table 4.1. As the
designed filter has a quadrantal symmetry, there is only a total of 8 non-zero singular
values. The frequency responses for the two realization structures are depicted in Fig.

4.5(a) and (b), respectively, where 4 branches are used in each realization.

Figure 4.5: Frequency response of the quadrantally symmetric fan filter designed in
Example 4.2. (a) Realized by GP structure combined with SVD of four branches. (b)
Realized with a direct SVD of four branches.
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Table 4.1. Maximum amplitude errors of the two realizations in Example 4.2

Number of Proposed GP-SVD Direct SVD
Branches Used Structure Implementation
4 0.2190 0.2433
5 0.1638 0.1527
6 0.1027 0.1168
7 0.0580 0.0833

Example 4.3: A Centro-Symmetric Fan-Shaped Filter
A 15x15 centro-symmetric fan filter is designed, with the frequency specification
depicted in Fig.4.6. This fan filter is decomposed into a 3x3 GP structure with the

following transform matrix

11 1 1 2 1
R,=[1 0 —1|withry=L2 o -2 (4.24)
1 -1 1 4 1 -2 1
For a centro-symmetric filter, its impulse response satisfies
hlm,n}=hM—-1-m,N—-1—n] 4.25)

The symmetry condition in (4.25) leads to the following relationship for the components
in the polyphase structure,

hij[m,n] =h[3m+i3n+ j]

. (4.26)
= hM ~1=i=3m,N —1= j=3n] = hyy_ys ,[K =1—m,L—1-n]

Using (4.26) along with the transform matrix in (4.24), it is easy to see that the

constituent filters g [m,n] also have a centro-symmetry, namely,

A= A JALd 4.27)
A, JAJ

By using the orthogonal matrix Q in (4.21), the matrix B can be expressed as
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B=Q'AQ= A +JA, 0 @.28)
- 10 A, -JA, '
Assuming that the SVD of B is given by
U, O0fS, ofjv: o
B= ! r (4.29)
0 U0 S, 0 V
from (4.28) and (4.29), we obtain the SVD of A,
u U Js, ofv v T
A= 114, 2 1 ; 2 (4.30)
2(JU, -JU, o0 S,1Jv. -JVv,

Similar to the quadrantally symmetric case, the eigenvectors in the above SVD are either
symmetric or anti-symmetric. Also, the centro-symmetry is always guaranteed even if
some of the branches are discarded. The maximum amplitude error caused by dropping
the insignificant branches in the proposed GP-SVD structure as well as that from a direct
SVD realization of the designed 2-D filter are given in Table 4.2. Clearly, compared with
a direct SVD implementation with the same computational complexity, the proposed

method gives a smaller distortion.

Figure 4.6: Design specification for centro-symmetric fan filter in Example 4.3
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Table 4.2: Maximum amplitude errors of two realizations in Example 4.3

Number of | Proposed GP- Direct SVD
Branches | SVD Structure | Implementation
Used
6 0.1994 0.2318
7 0.1446 0.2264
8 0.1353 0.1736
9 0.1052 0.1515
12 0.0965 0.1381
13 0.0754 0.1008
14 0.0241 0.0691

4.4 Conclusions

In this chapter, a GP structure-based technique has been extended from 1-D to 2-D
and used to design 2-D Mth-band FIR filters. Based on the 2x2 sample matrix, a 2-D
GP structure is developed. Frequency response specifications for 2-D constituent filters
have been derived so that the design problem of a large-size 2-D filter can be simplified
as that of a number of short-length 2-D filters. It has been pointed out that the proposed
GP-based design is more advantageous when the size of the 2-D filter is large, in which
case a direct design of the 2-D impulse response would be much more computationally
expensive compared to a small-size 2-D filter. Moreover, a realization technique using
the GP structure in conjunction with the SVD has also been proposed for 2-D FIR filters.
Owing to the frequency-selective property of the GP decomposition and the energy
compaction of the SVD, a high-order 2-D filter can be simplified as a number of short-tap
1-D FIR filters. It has been shown through numerical examples that the proposed GP-
SVD structure is superior to the direct SVD realization of a 2-D FIR filter in terms of the

maximum approximation error caused by discarding the insignificant parallel branches
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for the same number of coefficients of the 1-D constituent filters. It has also been shown
that the linear-phase characteristic as well as other symmetry properties that the original

2-D filter has are retained in the resulting 1-D subfilters.
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Chapter S
Perfect Reconstruction Filter Banks with Mirror-

Image Symmetry

5.1 Introduction

Filter banks (FBs) provide effective ways to process signals for the purposes of
analysis, understanding and compression, and therefore, have been widely used in many
fields such as signal processing, communication and control [1]-[3]. A filter bank is said

to be perfect reconstruction (PR) if E(z)R(z) =I. Obviously, perfect reconstruction is a

desirable property. As one of the most efficient methods for the design and
implementation of PRFBs, lattice factorization has received a great deal of attention over

the past two decades [48]-[53]. A lattice structure decomposes E(z) of a PRFB into a

cascade of invertible matrices and delay matrices. This approach provides a fast,
efficient, and robust structure for the optimization design as well as implementation of

filter banks. A general lattice structure based on order-one factorization is given by
1

E(2) = [[(UA, @)U, (.1)

i=K-1
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where U, is an invertible matrix separated by a delay matrix A,(z) = diag(IM_,i,z"I,i),
(0<r,<M). It is evident that the lattice structure (5.1) gives a PR system, if R(z) is

chosen as
K-1
R(2)=[EQT" = U; ] (A, zU;) (52)
i=1
As the elements of ®, can be parameterized and designed by an optimization technique,
the lattice structure provides a fast, efficient and robust design and implementation of
PRFBs. On the other hand, a tough question remains, namely, is the lattice structure (5.2)
complete, or does there always exist a factorization as (5.2) for any given PRFB? The
completeness of the lattice structure is a crucial issue in filter bank design and has been

intensively studied by many researchers. The lattice structure was first proved to be

complete for the PUFBs, in which the invertible matrices ®, in (5.2) are restricted to be

unitary [50], [53].

Although the lattice structure has provided a good solution to the design and
implementation problem of PUFBs, it does not work so well for general PRFBs. The
difficulty lies in the proof of the completeness. The degree-one factorization has been
extended to PRFB, resulting in lattice structures of the biorthogonal lapped transform
(BOLT) [51],[52] and the lapped unimodular transform (LUT) [45],[46]. However, the
lattice structure for PRFBs is complete for BOLT of order-one only. As such, researchers
have turned their attention to a class of PRFBs satisfying certain constraints. For
constrained PRFBs, Tran et al. [74] have studied the linear-phase perfect reconstruction
filter banks (LPPRFBs) as an extension of the famous linear-phase paraunitary filter

banks (LPPUFBs). The relaxation of the PU constraint brings more flexibility which can
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be exploited for different purposes. Although Tran’s structure is not complete [75], it
provides an excellent guideline as to how lattice structures for constrained PRFBs are
developed. His work triggers a question: is there a complete lattice structure, even though
not for general PRFBs, at least for PRFBs with certain constraints?

In this chapter, a class of constrained filter banks is studied. A complete and minimal
lattice structure is developed for PRFBs whose analysis filters are mirror-image
symmetric. The rest of the chapter is organized as follows. In Section 5.2, the lattice
structure of MIS-PUFBs is first briefly reviewed, based on which a simplified structure
with fewer parameters is derived. Section 5.3 focuses on the development of a complete
lattice structure for even-channel MIS-PRFBs. To this end, a basic invertible order-one
building block, which propagates both the PR and mirror-image symmetry properties
from a lower-order polyphase matrix to a higher-order one, is developed. It is proved that
the lattice structure based on a cascade of such building blocks is complete as well as
minimal. In Section 5.4, a lattice structure for odd-channel MIS-PRFBs is developed,
where an order-two building block that propagates the PR and MIS properties during the
order update of the polyphase matrices of the filter bank, is proposed. Section 5.5
addresses the design problem of MIS-PRFBs, including the parameterization of the lattice
structure, the optimization of free parameters and the formulation of the cost function. A
few numerical examples are provided to compare the proposed MIS-PRFB with other
types of filter banks such as the general PRFB without any constraint, the LPPRFB and

the MIS-PUFB. Finally, Section 5.6 gives some of the concluding remarks.
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5.2 Lattice Structure of MIS-PUFBs

A filter bank is said to be mirror-image symmetric (MIS), if its analysis filter H, (z)

is symmetric about 7/2 with H,,_,_, (z) . This symmetry can be described as
Hy, ,@=2%"H (-z"), (0sk<M-1) (5.3)
where M is the number of channels of the filter bank and L=KM is the length of each

analysis filter, K being an integer. When M is even, the symmetry constraint in (5.3) can

be equivalently written in terms of the polyphase representation as

E(z) =7 *PDE(z )T (5.4)
where
1
D=|: 0 _IM/z]’ T—|: 0 _DtJM/z:}, Dt_ -1
IM/2 0 JM/ZDt 0
(___1)M/2—1

Note that the order of the analysis filters in (5.4) has been permutated to facilitate the
mathematical derivation. The mirror-image symmetry described by (5.4) has been applied

to PUFBs in [50], resulting in a lattice structure for the polyphase matrix as given below:

Ez) = [[@A@)G, (5.5)
=K-

i 1

where



It is interesting to note that the orthogonal matrix @, and G, contain all the free

parameters to be determined, and the delay matrix A(z) involves the delay operations

only. The lattice structure given by (5.5) has already been proved to be complete and
minimal, but it contains redundant parameters. By exploiting Hermitian symmetry of the

matrices involved in (5.5), a simplified structure has been obtained in [54], namely,

AU, 0
E(ZFH([ . U]Q,-A(Z)Q,-]Go (5.6)

i=K-1
where

o -[C S
1S,

14

with C, and S, being diagonal matrices whose elements are given by

[C,.]k’k =cosa,; and [S,.]k,k =sina,
respectively. All the matrices on the right-hand of (5.6) are orthogonal except A(z). As
seen from the structure of diag(Ui,Ui) in (5.6), the simplified structure has been able to
reduce the number of free parameters to nearly one-half in comparison to ®, in (5.5).

However, there are two Q,’s involved in each stage of the lattice structure as required by

(5.6). We would now like to further simplify the structure of (5.6) in order to reduce the
implementation complexity.
According to the C-S decomposition [55], [101], an M XM orthogonal matrix A

can always be decomposed as

A =diag(X,, X, )=diag(Y,,Y,) (5.7)
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where X, and Y, are (M — p)X(M - p) orthogonal matrices and X, and Y, are pxp

orthogonal matrices. Here, p can be any integer between 0 and M. The matrix X in (5.7)

is given by
IM_zp 0 0
=l 0 C -S
0 S C
when 2p <M , and
C -S 0
x=|S C 0
0 0 L,u

when 2p>M , in which C and S are pxp diagonal matrices with entries
[C]k,k =cosa, and [S]k’k =sin¢, . Applying the C-S decomposition (5.7) to the

orthogonal matrix @, in (5.5) and letting p =M /2, X, =X, and Y, =Y,, we have

U, oTc, -STv. o
D = (5.8)
: {0 U,}[si C, }{0 V,]

Substituting (5.8) into (5.5) gives

e Tr([0 0TC —STV. 0], ¢
@=Illlo uls c 1o v @)%

By interchanging the two matrices diag(V,,V;) and A(z) and combining diag(V,,V,)

with diag(U,_,,U,,), the above equation can be rewritten as
1
E(2) = [ ] ldiag(0,,0,)0,A2))6, (5.9)

i=K~1

where
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G, =[‘f° iﬂdiag(l,m)
VO UO

This simplified lattice structure is depicted in Fig. 5.1. It is clear that the structure in (5.9)

is the same as that in (5.6), except that only one Q, is needed in each stage of the lattice

structure, thus reducing the implementation complexity to a certain degree. Moreover, the
further simplified lattice structure in (5.9) is also complete as a result of the
straightforward use of the C-S decomposition into the complete structure in (5.5).

The above discussion on the lattice structure is for MIS-PUFBs that have identical
analysis and synthesis filters and therefore, the derived simplified structure is shared by
the analysis and the synthesis banks. For PRFBs, however, it is in general difficult to
develop a complete lattice structure for both the analysis and the synthesis filters. As a
matter of fact, to the best knowledge of the author, no disclosure of any complete lattice
structure for general PRFBs or the PRFBs with certain constraints has been found in the
state of the art literature. In what follows, we will focus on the development of complete

lattice structures for a class of PRFBs that are mirror-image symmetric.
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N o wm R W = o

Figure 5.1: Simplified lattice structure for MIS-PUFB

5.3 Lattice Structure of MIS-PRFBs with Even Channel

We first investigate the lattice structure for MIS-PRFBs with an even number of
channels. As the analysis and synthesis filters in an MIS-PRFB are closely related to
satisfy the PR and MIS conditions, it is necessary to reveal the relation between the
polyhase matrix of the analysis bank and that of the synthesis bank. The result is stated in

the following Lemma.

Lemma I: Given the analysis polyphase matrix E(z)=zi:1Eiz"i of an MIS-PRFB,
which satisfies E(z)R(z)=I and (5.4), the corresponding synthesis polyphase matrix
R(z), 1.e., the inverse of E(z), must be of the form R(z)zzl:lR,.zi and satisfy

R(z) = ZX"TR(zHD.

Proof: Using E(z2)R(z) =T and (5.4) and noting that DD = —I, we have
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I=R(z)E(z) =R(z"E(z™)
& T=R(HEEHT
& T=-R(zHDDE(HT

(5.10)
oT= _ZK—IR(Z—I)D(Z—(K—I)DE(Z—I)T)
o T=-7""R(z")DE(z2)
& TR(2)E(z) = -z""R(z")DE(z)
With TT =1, the last equation in (5.10) can be written as,
R(z)=z""TR(z")D (5.11)

Obviously, the constraint in (5.11) imposes the mirror-image symmetry on the synthesis

filters. Without loss of generality, we assume R(z)= _K’ R.Z' . Substituting it into
g y ik, N g

(5.11), and evaluating the terms of the highest and the lowest powers of z on both sides of

(5.11), we have

K-1-K, =K, and K -1+ K, =K, (5.12)
which gives K, =0 and K, = K —1. Therefore, R(z) = Z:Rizi i

The above Lemma indicates that the mirror-image symmetry on the analysis filters
would automatically lead to a similar symmetry on the synthesis filters. With the

knowledge of E(z) and R(z), we would like to develop the lattice structure for MIS-

PRFB. The idea is to conceive a building block such that a higher-order analysis
polyphase matrix can be generated from a lower-order one while the MIS and PR
properties are propagated. It is also expected that the inverse of such a building block can
be employed to generate in a similar manner the lattice structure for the synthesis
polyphase matrix of the filter bank. This idea is similar to the development of LPPRFBs

in [74], with the linear-phase constraint being replaced by the mirror-image symmetry.
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Suppose we already have an M-channel FIR mirror-image symmetric PRFB, with the
analysis and synthesis polyphase matrices of order-(m-1) being given by E” " (z) and
R"™(z), respectively. Define the order-m polyphase matrices as

E™(2) = G()E" ™ (z)

R™(2) =R"(2)G™(2) (5.13)
where G(z) and G™'(z) are a pair of inverse propagation building blocks of order-one to
be given by

G()=A,+7'A,

G7'(z) =B, +7B, (5.14)
The problem is to determine {G(z),G_l(z)} such that {E('")(z),R(’”)(z)} also gives a
mirror-image symmetric PRFB.

If E"”)(z),R('”)(z)} is of mirror-image symmetry, we have

E™(z)=z"DE"™(z")T
R™(2)=z"TR™(z")D (5.15)
From (5.14), we get
E™(z") =Gz HE" " (z™)
R”H=R"" (G (z™) (5.16)
Recalling that {E(’"_l)(z),R(m'l)(z)} is mirror-image symmetric, i.e.,
E"V(z) = 7" "DE" (z )T,
R () =z""TR" " (z™)D (5.17)

Substituting (5.16), (5.17) into (5.15), one can obtain
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G(DE"™(2) =~z"'DG(z")DE" " (2)
R"(2)G™(2) =R (2)DG7'(z")D (5.18)
Since {E(’"‘“(z),R(m'D(z)} is perfect reconstruction, we may safely remove them from
both sides of (5.18). Thus, {E’"(z),R"’ (z)} is mirror-image symmetric if and only if
G(z)=-z"'DG(z™")D
G7'(2) =-DG7'(z™)D (5.19)
Substituting (5.14) into (5.19), we have
G(z)=A,-z'DA,D (5.20a)
G'(z)=B,—zDB,D (5.20b)
What is now left is to determine the unknown matrices A, and B, such that
G(z)G™'(z)=I. To this end, it is required that
ADB, =0
B,DA, =0 (621
According to Sylvester’s rank theorem [102], from (5.21), it follows that the ranks of A,
and B, must satisfy the relation
r(Ap)+r(B)<M (5.22)
The rank inequality (5.22) imposes a condition on the selection of A, and B,. To

maximize the number of free parameters of the filter bank, the total rank is set to the
maximum value M. On the other hand, considering that there is, in general, no preference

in choosing the number of free parameters for either the analysis or the synthesis part,
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one can reasonably assume that A, and B, have equal rank, namely,

r(A,)=r(B,)=M /2. Therefore, we choose A, to be of the following form

11U U
Ao—ﬁliv Vj} (5.23)

Substituting (5.23) into (5.20a), we may write G(z) as

G=|UtEV U=V
V2| V=70 V+7'U

_1fu =v]T 0TI 1 (524
J2lvoujo -1 1 '
=DA(z)W

where

o U V] awoft O] wo [T
v ul"T e 1T T Bl-1

Comparing with (5.20a), the order-one building block given by (5.24) is of a product

form, which significantly facilitates the inversion of G(z). It is seen that A(z) is a

diagonal matrix with one-half of its entries being a pure delay, and W is the well-known

butterfly structure. In particular, both A(z) and W are nonsingular with their inverses

being readily given by

o 4 I 0
AT (2)=Az )=L) ZI:I

wi=w LT 1
V201 1
It is also noted that all the free parameters of the order-one building block G(z) are

contained in @, which is to be determined. Evidently, G(z) is invertible if and only if

@ is nonsingular. Writing the inverse of @ as
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qu:[‘{ Y} (5.25)
-V U

where U and V satisfy

UV-vU=0 (5.26)
with (5.25), we obtain G™'(z) as
G =WAEC O

1T -ITI o] ©
V20 1o al-v

U V vV -U

=l 1tz - ~

U V -V U

Comparing (5.20b) with (5.27), the matrix B, can be determined,

UV
B,=|_ . 5.28)
0 {U VJ (

} (5.27)

<

Obviously, the rank of B, is not greater than M/2, confirming that the rank inequality
(5.22) is satisfied. Thus far, we have reached a pair of order-one building blocks, i.e.,
G(z) in (5.24) and G™'(z) in (5.27), for the analysis and synthesis polyphase matrices
respectively, which is capable of propagating both PR and MIS properties.

We would now like to construct the lattice structure for MIS-PRFB based on the
order-one building block. Accordingly, an analysis polyphase matrix of order K-1 can be

written as
E(Z) = GK——I (Z)GK—Z (Z) : 'Gl (Z)GO

= [[(®.A)W)G,

i=K-1

(5.29)

120



where G;(z)(i=1,...,K—1) is the order-one building block given by (5.24) and G, a

constant matrix satisfying the mirror-image symmetry

G, = Uo "Vo IM/2 0 (5 30)
’ Vo Uo 0 FJMIZ .

With (5.29), it is easy to get the corresponding synthesis polyphase matrix R(z) as given

below

R(z) = GglﬁG;‘(z) =G;' _ﬁ(WTA(z" )@;') (5.31)

Fig. 5.2 depicts the lattice structure (5.29) and (5.31) for the analysis as well as synthesis

parts of an eight-channel MIS-PRFB. It should be noted that each stage G,(z) (or

G;'(z)) of the lattice structure has the same form, except for the initial one G, (or G;").

[F——— =

~N o W =

IEEEERET

(—
11—
2}
3—
4 —p
s—wf
66—l
7—

YYYVYY

(b)
Figure 5.2: Lattice structure of even-channel MIS-PRFB.
(a) Analysis bank. (b) Synthesis bank.
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The above discussion indicates that an MIS-PRFB can be constructed by a cascade of
a number of lower-order building blocks. We now address the converse issue, namely, for
any given MIS-PRFB, does there always exist a factorization form like (5.29)? The
answer to this question is provided in the following theorem.

Theorem 5.1: For any even-channel FIR mirror-image PRFB with all analysis filters of
length L=KM, the associated analysis polyphase matrix E(z):zi:lEiz“i satisfying
perfect reconstruction and (5.4), can be factored as (5.29), while the corresponding
synthesis polyphase matrix R(z) is given by (5.31).

Proof. The proof is inductive. Assume that we have an order-m polyphase matrix

E™(7) = ZZOA .z~ satisfying the PR condition and the mirror-image symmetry. From
Lemma 1, the inverse of E”(z) can be written as R"™(z) = ZZO B,z'. The key idea is to

show there exists a pair of invertible matrices G(z) and G™'(z) that peel off the order of
R"™(z) and E"(z), respectively, by unity each time they are employed, i.e.,
E"P(2) =G (2)E™(z),
R"P(2) =R (2)G(2). (5.32)
Moreover, we would like the left-hand side E”™(z) and R™?®(z) of (5.32) to retain the

desirable perfect reconstruction and mirror-image symmetry (PR-MIS) properties so that
the order-reduction procedure in (5.32) can be repeated until the zero-order polyphase

matrices are reached. According to the discussion in Section 5.3, the order-one building

blocks G(z) and G7'(z) given by (5.24) and (5.27) are capable of producing PR-MIS

R"™(z) and E“ (7). Substituting (5.24) and (5.27) into (5.32) yields
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m-l _ ) ﬁ
E" ()= Az" =] 2
= U

L PO n YU U vV -V
R"V(z2)=>'B,7 =[ Bz [ :|+z_l[ D (5.33)
; pary V'V -U U

m

<) <
+
F“‘—L‘I
o <
S
e
e
TN
i
>
NI
~

By evaluating the coefficients of the terms z and z™ on both sides of the above

equations, we obtain the following conditions:

p| v Y A, =0 iy | ¥ YA,,,:O
-V U U Vv
vV -V . U U

i) B, =0 iv)B,, =0.
-U U vV Vv

Now, the problem reduces to proving that there exist U,V , U and V such that the

above four conditions are met. It is easily observed that conditions i) and iii) are to
guarantee the causality of E”(z) and the anti-causality of R™™(z), while conditions
ii) and iv) are to reduce the orders of E”(z) and R"(z) by unity.

We first examine conditions i) and ii). From the PR and MIS properties, we have

BA, =0 (5.34)
A,=DA, T (5.35)

leading to
BA, =B DA T=0=BDA, =0 (5.36)

In a manner similar to the previous rank discussion, we can choose

r(A)=r(B,)sM/2 (5.37)
which implies that the dimension of the null space of A, is larger than or equal to

M /2. Accordingly, one can choose M /2 linearly independent vectors from the null
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space of A, to form [V —0] such that condition i) is satisfied. As for condition ii), by

substituting (5.35) into condition i) and noting that D{ VV .“fJU:lD = [g g}, we obtain

V o "Ubat-0Y YiaT-05|Y Yo -0
-V O 0V R

Therefore, the U and V chosen to satisfy condition i) also meet condition ii).
Next, we come to the proof of conditions iii) and iv). With the perfect reconstruction

property, we have BjA, =0, implying that the row vectors of B, belong to the null
space of A . From condition ii), the matrix [ﬁ V] consists of M /2 linearly
independent row vectors of the null space of A . From (5.37), we also know that the

rank of B is not greater than M /2, which means all the row vectors of B, can be

expressed as a linear combination of the row vectors of [f] V]. Accordingly, B, can be

written as
U Vv
B, =X/|_. _ (5.38
’ ‘[U V} )
where X is an M XM matrix. Using (5.38) and recalling that UV - VU =0, we have
vV -V U V|V -V
B, =X, g Y =0 (5.39)
-U U U v|{-U U

thus justifying condition iii). Similarly, writing B, as

B, =X, v .U
-V U

where X, is an M XM matrix, we obtain
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Bm[U U}:x{ v ‘P}{U U}:o, (5.40)
Vv ¥ o|v v

indicating that condition 1v) is satisfied.

The above discussion indicates the G(z) and G~ (z) given by (5.29) and (5.31) can
always reduce the order of PR-MIS R (z) and E"(z) by unity while preserving the
PR and MIS properties of the resulting lower-order polyphase matrices R™™(z) and

E™™(z). Clearly, this order-reduction-based factorization can be repeated until a zero-
order polyphase matrix is reached.

We now proceed to show the minimal property of the proposed lattice structure. A
structure is said to be minimal if the number of delays involved in the structure is equal to
the degree of the given transfer function [1]. With the mirror-image symmetry, the degree
of the system function (5.29) can be easily calculated below,

deg(E(2)) = deg(E(2)]) = degl *|D[E(:™)|T])
= M (K ~1)~deg(E(2)])

(5.41)
leading the degree of the system to M (K ~1)/2, where deg(-) represents the degree of a
transfer function. On the other hand, in our factorization, there are (K —1) building
blocks G,(z), each having M/2 delays. As such, the total number of delays of our
structure equals the degree of the transfer function, thus justifying the following theorem.
Theorem 5.2: The factorization in (5.29) is minimal, i.e., the resulting lattice structure is
realized with the minimum number of delays.

We now make some comments on the above results regarding MIS-PRFBs in comparison

to general PRFBs without MIS as well as the PUFB with MIS.

1. Noticing that
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one can fold the butterfly structure W into the matrix ®@',. Therefore, (5.29) can be

simplified as

E()=[]G' (G, = [[(@,A)G, (5.42)

i=K-1 i 1
. Comparing the resulting building block in (5.39) with that in (5.1) for a general PRFB

without MIS, one can see that the mirror-image symmetry has led the invertible

matrix @' to a special form of {V' _U' }, thus reducing the number of parameters

by one-half. Also, the number of delays in A(z) is fixed to M /2 instead of r,

ranging from O to M.

. Unlike the MIS-PUFB in (5.5), where @, is an orthogonal matrix, @', in the MIS-
PRFB (5.29) 1s, in general, an invertible matrix, implying that (5.5) is a special case
of (5.29). This result is quite obvious since the MIS-PUFB is a special case of MIS-
PRFB. Although the lattice structure can be simply reached by replacing the
orthogonal matrices in (5.5) for MIS-PUFB with the invertible matrices in (5.29) for
MIS-PRFB, we have to emphasize this is not a straightforward extension. The major
contribution in this section is to prove, for the first time, that the lattice structure is
complete, i.e., the factorization as (5.29) is not only necessary but also a sufficient

condition for the analysis matrix of MIS-PRFBs.
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5.4 Lattice Structure for MIS-PRFB with Odd Channel

For an MIS filter bank with an odd number of channels, the symmetry constraint in

(5.4) can be equivalently written in its analysis polyphase matrix as

E(z) = ¥ "DE(-z )T (5.43)
where
0 0 I,
D= 0 1 0
Iy 00

Although the MIS constraint given by (5.43) possesses a similarity with that given for the

even-channel case, the derivation of the lattice structure for the odd-channel case would
be significantly different due to the replacement of E(z™') on the right side of (5.4) to
E(—z™") in (5.43). In what follows, we first show that the order-one building block no
longer exists for the odd-channel case.

Assume that an order-m polyphase matrix E®(z) is generated from a lower order
matrix E”(z) using a order-one building block G(z) as given by (5.19), namely,
E™(z) =G(z)E" " (z) . Following the idea of obtaining G(z) in the even-channel case
and considering that both E™(z) and E™™(z) satisfy (5.43), one may impose the MIS
property on the propagation matrix G(z), i.e.,

G(z)=z"PG(-z")P (5.44)
Using (5.19) in (5.44) and comparing the coefficients with respect to the zero- and first-

order terms of z on both sides of (5.44), we obtain

~PAP=A,and PA,P=A, (5.45)
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It is obvious from (5.45) that the only solution to A, and A, is a zero matrix, implying
that the order-one building block G(z)=A, +z"'A, does not exist for odd-channel MIS

filter banks. Therefore, the basic building block should at least be of order two.
To facilitate the analysis of the perfect reconstruction of the filter bank, we would like
the order-two building block to be factorable, i.e., it can be expressed as a product of two

order-one building blocks,

G(2)=G, (2)G,(2)=(A,+z'A))B, +z7'B,) (5.46)
=AB,+z"(AB, +A,B,)+7A,B,
Using (5.46) into (5.44) and evaluating the coefficients of the polynomial function of z,
we have the following relations,
AB,=PABP,and A B, =-PA BP (5.47)

Note that all the matrices involved in (5.47) are of odd-dimension and any matrix

with odd dimension can be expressed as

Q g, Q
Q=|q¢, 7
Q, q; Q,

where Q, is a square matrix of size (M —1)/2, q, is a (M —1)/2 -dimensional column
vector (i=0,1,2,3), and y is a scalar. To facilitate the construction of A, and B,, we

now present a two-step scheme. In the first step, we treat all the matrices involved as

Qo Q1
QQ Q

even-dimension matrices like Q :[ } by ignoring their center column and row

vectors and then construct even-dimensional A, and B, to obtain a shrunk G(z). In the
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second step, the missing central column and row vectors are taken into consideration to
complete the construction of the odd-dimensional G(z).
Considering that the constraint in (5.47) remains true for the shrunk even-dimension

version, one can let

A,=PAD and B, =-DB,P,

o
o4

to simplify the construction of A, and B, while meeting the requirement of (5.47). Thus,

where

G(z) can be established as
G(2)=6G,(2)G,(z) (5.48)

where

0 1 0 -1I
G,()=Ay+ }A[ }

10/ °1 0
0 -1 [0 1
G,(z2)=B,-z" I O}BO[I 0} (5.49)

It should be pointed out that although the order-one building blocks in (5.49) have the
same form as that in (5.20a), except for the replacement of D in (5.20a) with P in (5.49),

the shrunk order-two building block G(z) of the even-dimension case could not have

been obtained by a straightforward cascade of two order-one building blocks as (5.20).

129



We now determine A, and B, in a manner similar to that in the discussion of the
order-one PR building block in Section 5.3. It is clear from (5.46) that G(z) is PR if and

only if both the order-one blocks involved are PR. Accordingly, we assume that A, and

B, each have a rank of (M —1)/2, resulting in

AO{U U},B():[X Y} (5.50)
VvV X Y

Substituting (5.50) into (5.49) yields

GO VT o
“U%y ule a1 -1

Gt T 0Tx ¥ <ot
"OT 1fe 1)y X 651

Thus far, we have obtained the transfer function of the shrunk even-dimensional order-
two building block. We now construct the complete odd-dimensional building block by

adding a column and a row in the center of G(z) obtained above, namely,

Uy -ViL,, 0 0 Ly 0 I,,

G=(u! a« vi| 0 1 0 0 V2 o
V v U 0 0 Z—IIMIZ Iy 0 L,
(5.52)
L 0 IL,,[L,, O 0 X x
x 0 N2 0|0 ' o0 |xX g ¥
Ly 0 L, O 0 Z_IIMIZ Y y -Y

By expanding G(z) in (5.52) as an equivalent form in (5.48) and using the constraints in
(5.45), one can have

U =v U =V, X ==y, X, =Y,
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As a result, an order-two building block that is capable of propagating both PR and MIS

properties for odd-channel MIS-PRFB is finally obtained as

G(2)=Y,AQ)Y, (5.53)
where
U u V
Y =|vV a v'|, (5.54a)
V u U
X x Y
Y, =y B ¥ | (5.54b)
Y x X
I[M/ﬂ 0 0
A= 0 7 0o | (5.54c)
0 0 Z—ZI[MIZ-I

In (5.54), ¥, and ¥, are invertible matrices and A(z) is the modified delay matrix of

odd dimension. Obviously, the inverse of the order-two building block, which can be

used to generate the synthesis part of the filter bank, is simply given by
G(2)="T;' AT (5.55)

With (5.53) and (5.55), the analysis and synthesis polyphase matrices of the MIS-PRFB

of odd channel can be constructed by cascading a number of order-two building blocks as

E(Z) = GK—2 (Z)GK-4(Z)' : 'G3(Z)G1(Z)Go >
R(2)=G;'G ' (2)G3 () G 1, (2)G e, (2), (5.56)

where G, is a constant matrix satisfying MIS-PRFB condition
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U up VoL, 0 0
G,=|v, a v, 0 1 0
Vo w, U 0 0 IJy,

and G;' is the inverse of G,. The whole lattice structure for odd-channel MIS-PRFB is

shown in Fig.5.3. Recalling that each building block in the above polyphase matrices is
of order-two, the order of both the analysis and synthesis banks must be even, implying
that all the filters involved in the MIS-PRFB must be of odd length. It should be
mentioned that the polyphase structure obtained as (5.56) for odd-channel filter banks is
in general not complete, since the factorized form of order-two building block in (5.48) is
not necessarily obtainable for any given MIS-PRFB. However, it can be verified that the
above lattice structure is minimal, as summarized in the following theorem.

Theorem 5.3: The factorization given by (5.56) is minimal, i.e., the resulting lattice

structure for odd-channel MIS-PRFB is realized with the minimum number of delays.

G

IV VT
I
T

Figure 5.3: Lattice structure of odd-channel MIS-PRFB

5.5 Design of MIS-PRFBs

In addition to the PR and MIS properties that are guaranteed by the proposed lattice

structure, some other desirable features, such as large stopband attenuation and coding
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gain, should be considered in the design problem so as to obtain high-performance filter
banks for practical applications. In this section, we will parameterize the invertible
matrices @, and optimize the free parameters of the lattice structure by employing the
stopband attenuation and the coding gain as a cost function to complete the design of
MIS-PRFBs.
5.5.1 Parameterization

We now represent the invertible matrix @, with a set of parameters. Several general
requirements should be considered in a good parameterization scheme. 1) The matrix
must always be invertible, even after the quantization of the lattice parameters. This is to
avoid the occurrence of the singular or nearly-singular matrices during the optimization
process. 2) The parameterization should give the fewest possible parameters and lead to a
fast implementation. 3) Matrix inversion should be avoided in order to minimize the
computational complexity. Two commonly-used parameterization schemes, namely, the
singular-value decomposition (SVD) [74] and the lifting scheme [84], [85], have been

proposed in literature. For the SVD scheme, an invertible matrix ®, is written as a
product of two orthogonal matrices and one diagonal matrix , ®, = U,I',V,. Since each of
the two M xM orthogonal matrices can be factorized into M (M —1)/2 rotation angles

and there are M diagonal entries in T';, the total number of free parameters of ®, with

the SVD representation is M>. As for the lifting scheme, with the Gauss-Jordan
elimination process, it is not difficult to prove that any M XM invertible matrix can be

completely characterized by M (M 1) lift steps and M scaling factors [84]. Both the

SVD and the lifting scheme provide a robust invertible matrix and have the same number
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of free parameters. However, the lifting scheme outperforms the SVD in the following
aspects. First, the implementation cost for the lifting scheme is less than that of SVD. A
lifting step requires one multiplier and one adder, whereas each plane rotation in SVD

involves four multipliers and two adders. Thus, the realization cost for an invertible

matrix under the lifting scheme is M* multipliers plus M (M —1) adders, compared to a

total of 2M > —M multipliers and M (M —1) adders for the SVD structure. Secondly, the
coefficients in the lifting scheme can be approximated by dyadic values, i.e., rationales in

the format of k/2” (k and m are integers), which is favorable in view of hardware
implementations. In what follows, we will focus on the lifting parameterization scheme
and show that the number of free parameters in the proposed structure can be reduced as

a result of the MIS property.

Taking the even-channel MIS-PRFB as an example, the invertible matrix @, has

i

V,

4

-V
been specialized as @, = { ':l due to the mirror-image symmetry. It can be shown

that ®, is invertible if and only if the complex matrix U, + jV, is invertible with its
inverse being given by ﬁi - j\~7,.. As a result, the parameterization of the invertible
M XM matrix @, is equivalent to that of the £ x4 complex matrix U, + jV,. Noting

that this complex matrix can be parameterized to M /2 real-valued coefficients, the

number of free parameters is reduced by one-half compared to M? parameters required

by a general invertible matrix.
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5.5.2 Objective Function
In our design, the stopband attenuation as well as the coding gain is used to form the
objective function for the optimization of the free parameters, namely, the overall criteria

for the maximization problem is given by
Coverall = 71Canalysis + 72Csynthesis + 73Ccoding gain (5 S5 7)

where ¥, (i=1,2,3) is the weighting coefficient, C

analysis

the stopband attenuation of the

that of the synthesis ones and C,

coding gain

analysis filters, C the coding gain of the

synthesis

filter bank. Among these criteria, the stopband attenuations are defined as

M-

Copaysis =—1010g ; Lgk l H, (e ja))lz do

M-1
Csynthesis =-1 Ologlo Z LQ ’F;c (ejw)lzdw (5 5 8)
k=0 k

where the stopbands are set to be
Q, =[0,max(, (k—0.6)7/M)| |7z, minez, (k +1.6)7/ M)
The coding gain, which measures the energy compaction capability of a filter bank, is

given by [104],

0.2

=10log X (5.59)
10 (Hkﬁ:)lo'fk fk”2)1/M

where o represents the variance of the input signal x{n], o the variance of the kth

X

C

coding gain

subband signal x,[x] and H £ "2 the norm of the kth synthesis filter. It is worth-mentioning

that (5.59) is the generalized version of the conventional coding gain defined for PUFB.
It has been modified for PRFB by incorporating the norm of the synthesis filters [106].

The input signal x{n] is assumed to be the commonly-used AR(1) process with the
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intersample autocorrelation coefficient p=0.95. In this paper, a nonlinear unconstrained

optimization technique termed as fininuc provided in Matlab software is used to solve the
maximization problem in (5.57), in which equal weights are considered.
5.5.3 Numerical Examples

With the PR and MIS structurally satisfied by the lattice structure, we may determine
the parameter coefficients by the unconstrained optimization with the given objective
function.
Example 1: Four-Channel MIS-PRFBs

In the first example, several four-channel MIS-PRFBs with different filter lengths 4,
8, 12 and 16 are designed and compared with other types of PRFBs such as the general
PRFB without any symmetry constraint and the LPPRFBs in [74]. To make a fair

comparison, the delay matrices for the three types of filter banks are fixed as

A(z)= diag(I S o ,2), the only difference among them being the invertible matrix
®,. In the general PRFB, ®, has M’ parameters, whereas in the other two it contains

only M?/2 parameters. The stopband attenuation and the coding gain of the three types
of filter banks designed under different filter lengths are listed in Tables 5.1 and 5.2,
respectively. It is seen that, regardless of the value of K, the stopband attenuation of MIS-
PREB is comparable with that of the general PRFB, but much better than that of the
LPPRFB. The coding gain of MIS-PRFB is also better than that of LPPRFB except for
K=1. Also, for the three types of filter banks, as the order K increases, the stopband
attenuation increases linearly, while the gain of coding improves only marginally. This
result is natural, since a longer filter length gives a better stopband attenuation, while the

coding gain, measuring the ability of energy compaction, is more relevant to the number
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of channels. Fig. 5.4 shows the frequency response of the analysis and synthesis parts of
the resulting three types of filter banks of length 8. It is interesting to note that the general
PRFB tends to have a nearly mirror-image symmetric frequency response, even though
no such symmetry has been utilized in the design. The LPPRFB gives a poor
performance in terms of the stopband attenuation, although it has a reduced number of
parameters. As a compromise, the MIS-PRFB has decreased the number of free

parameters by one-half while providing as a good performance as the general PRFB.

Table 5.1: Stopband attenuation (dB) of PRFB, LPPRFB and MIS-PRFB with different

filter lengths
K PRFB LPPRFB MIS-PRFB
1 9.5115 9.2884 9.7755
2 18.8216 15.0978 19.0840
3 27.5564 17.5530 27.9373
4 30.8569 20.2468 31.0289

Table 5.2: Coding gain (dB) of PRFB, LPPRFB and MIS-PRFB with different filter

lengths
K PRFB LPPRFB MIS-PRFB
1 7.6426 7.5825 7.5516
2 8.2083 7.9605 8.1361
3 8.5163 8.2157 8.3493
4 8.6912 8.3693 8.4781
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Figure 5.4: Frequency response of four-channel PRFBs.
From top to bottom row, (a) and (b) for PRFB, (c) and (d) for LPPRFB, (¢) and (f) for
MIS-PRFB, respectively. From left to right column, (a), (c) and (e) for analysis filters
(b), (d) and (f) for synthesis filters, respectively.

2

Example 2: An Eight-Channel MIS-PRFB

In the second example, an eight-channel MIS-PRFB having 16-tap individual filters is
designed, resulting in the amplitude response of both the analysis and the synthesis filters
shown in Fig. 5.5. For comparison, we have also designed an eight-channel MIS-PUFB
with 16-tap filters and shown its amplitude response in Fig. 5.5 together with that of the

designed MIS-PREFB. It is found that the stopband attenuation of MIS-PRFB is 17.7494
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dB in the analysis bank and 18.4446 dB in the synthesis bank, and the coding gain is
9.7614 dB. The stopband attenuation and the coding gain of the MIS-PUFB are
17.7692dB and 9.8412dB, respectively. Clearly, the MIS-PRFB and the MIS-PUFB both
provide a similar performance in terms of the two criteria employed despite the fact that
the MIS-PREB is a more general case where the analysis and synthesis banks could be
designed separately to meet the requirements of particular applications. It is also noted
that the eight-channel MIS-PRFB has a much better coding gain compared with that of

the four-channel bank of the same filter length.
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Figure 5.5: Frequency response of eight-channel filter banks with length 16. (a) Analysis
filters of MIS-PRFEB. (b) Synthesis filters of MIS-PRFB. (c) Analysis and synthesis filters
of MIS-PUFB
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Example 3: A Three-Channel MIS-PRFB

As another example, an odd-channel MIS-PRFB is designed to complete the proposed
lattice structure. Recalling that the order of an odd-channel MIS-PRFB has to be odd, the
number of channels is set to 3 and the length of the individual filters chosen as 9 in this
example. The designed MIS-PRFB has its amplitude response as shown in Fig. 5.6, in
which the stopband attenuation is found to be 12.0135 dB in the analysis bank and

12.3226 dB in the synthesis part, while the coding gain is 6.3842 dB.
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Figure 5.6: Frequency responée of a three-channel MIS-PRFB.
(a) Analysis filters. (b) Synthesis filters.

5.6 Conclusion

The lattice structure of perfect-reconstruction filter banks with mirror-image
symmetry has been investigated. By developing an order-one building block that is
capable of propagating both the MIS and the PR properties, a complete and minimal
lattice structure for an even-channel MIS-PRFB has been obtained. It has also been

shown that the basic building block has to be at least of order two to construct the lattice

140



structure of an odd-channel MIS-PRFB. Using the lifting scheme in conjunction with two
optimization criteria, the proposed MIS-PRFB has been designed and compared with
general PREBs, linear-phase PRFBs and MIS-PUFBs. Simulation results have shown that
the proposed MIS-PRFB is superior to the LPPRFB with the same number of free
parameters in terms of the stopband attenuation, while it is comparable to the general
PREB of the same filter order which however has twice the number of free parameters as
the MIS-PRFB does. In comparison with the MIS-PUFB, the MIS-PRFB has relaxed the
unitary requirement to the invertible one while yielding a similar performance in both the

stopband attenuation and the coding gain.
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Chapter 6
Cosine-Modulated Filter Banks with Perfect

Reconstruction

6.1 Introduction

As seen in Chapter 5, the design and implementation of PUFBs is a formidable task
due to a considerable number of free parameters and the highly complicated nonlinear
optimization involved. As such, Nguyen et al. [49] have introduced the MIS property on
PRFBs, which is able to reduce the number of parameters by almost one-half. Fig. 6.1
shows the frequency response of a typical M-channel filter bank, where the entire
frequency is evenly divided into M bands by analysis filters. This uniform separation
endorses certain symmetry on both the analysis and synthesis filters. Note that the
frequency responses of the analysis filters are symmetric about the center point 7/2.
Moreover, each analysis filter is a frequency-shifted duplication of the same prototype
filter. This observation has triggered the idea of using the cosine-modulated filter banks
(CMFBs), where all the analysis filters are generated from identical low-pass prototype
filters through a proper modulation [87]-[89]. With only one filter to be designed instead

of all the M analysis filters, the design and implementation complexity of CMFBs has
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been significantly reduced. The CMFB with perfect reconstruction, which belongs to

PUFBs, was proposed by Koilpillai et al. [89],

A
Ho(gjm) H1(ejm) HM/2—1(ejm) HM/z(ejm) HM—x(ejw)
of &2 = Z_A x Z K Mbr T o
M M 2w 2 2tw e @

Figure 6.1: Typical frequency response of an M-channel filter banks

Although it is quite obvious that the CMFB also satisfies the MIS property, the
relationship between the MIS-PUFBs and CMFBs have not been explicitly investigated.
From the modulation perspective, a MIS-PUFB has M independent analysis filters while
a CMFB contains only one, leaving a gap between them. In this chapter, we attempt to
fill this gap. First, we show that the implementation structure of CMFB in [89] is
redundant. By exploiting the linear-phase property of the prototype filter, the lattice
structure of the CMFBs is rewritten and simplified in the form of order-one factorizaﬁon.
Based on this factorization, CMFB and PUFB are then encompassed in a uniform
expression. Under this framework, the computational simplicity of CMFBs is explicitly
demonstrated via the unitary matrices with bidiagonal sparse coefficients. Then, by
introducing more prototype filters, in conjunction with a proper modulation, new CMFBs
are generated, whose unitary matrices have more parameters than the bidiagonal sparse
one in the conventional CMFB. In this sense, the CMFBs are generalized and a bridge is

built between the CMFB and MIS-PUFBs.
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6.2 CMFBs and MIS-PUFBs

6.2.1 Conventional Implementation of CMFBs

In [89], the analysis filters /4 [n] and synthesis filters f [r] are given by

_ oo Z(, N=1) 7]
hk[n]~2h[n]cos_(2k+l)2M (n 5 )+( 1) 2 J 6.1

_ | T _N_l e sz__
fk[n]—Zh[n]COS_(Zk+I) v, (n 5 ) D 4_, (6.2)

n=01---,N-1,k=01,--- .M -1
where A[n] is a linear-phase filter with length N=2mM. Note that the cosine modulation

has a periodicity of 2M, the polyphase matrix of the corresponding analysis filters can be

written as

6.3)

() =M Ca-J) —(I+J){ Go(=2) }

77G,(=2%)

where C is the modulation matrix whose elements are given by

SI ERNE YY)
M M 2 2
and
G,(2)=diagG)(x) G(2) - G,,(2))
G,(2)=diagGy (@) Gyu(@) - Goya(2)
Note that the matrix C is the famous type-IV M-point DCT and G(z) is the 2M-

polyphase subfilter of the prototype filter. It is easy to check that the synthesis filters are
the time-reverse of the analysis filters and the necessary and sufficient condition for the

cosine-modulated FB to be perfect reconstruction is then given by
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= ~ 1
G, ()G (2)+ Gy, ()G, (2) = 0<k<M/2-1 6.4

Obviously, the condition in (6.4) can be realized through the following lattice structure:

G (2) | {H[lcosf, sing, |1 0O 1
{GM%(Z)}Q(LinOk —cos&k:”:() Z—IDL_I)WJ 6.5

The implementation of (6.3) is shown in Fig. 6.2. It should be noticed that in (6.3) the
linear-phase property of the prototype filter is not exploited, leaving a room for the

development of a more efficient structure.

1 > G, (—7H) .
-
> G, (—z%)
2 » Gl(_ZZ) C
» GM+1(~ZZ)
e
—-

M -1 =GM~2(—ZZ)

> Gous (‘Zz X

M ™G, (-7

G,y (“22) Z

Figure 6.2: Implementation of CMFB with perfect reconstruction

6.2.2 Simplified Implementation of CMFBs

For the DCT-IV transform, we have
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Using (6.6) and (6.7), and noticing the symmetry of DCT,

Jr3))reodiileea)

the polyphase matrix in (6.3) can be rewritten as

E(z) =VMDCA(z)G(z%)

where
[ Gy 1r4(2)
G,(2)
G@)=| °
© GM (2)
3 Gyramr24(2)
1

A(D)=
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Gy »(2)

=Gi112(2)

1
[+—+—
2 2))

Gy.(2)
=Gy 4(2)

(6.6)

6.7

(6.8)

(6.9)



In (6.9), the polyphase matrix is decomposed into a cascade of a modulation matrix C, a

delay matrix A(z) and a sparse polyphase matrix G(z*). Since C is orthogonal, the

paraunitary condition for CMFB then becomes G(z)G(z)=z"I. Notice that G(z) is a

sparse matrix with a diamond pattern, the paraunitary condition for G(z) is equivalent to

G, (2) Gy (2

the condition that the M/2 matrices [
Gz - Gy (2)

} (k=0]1,...,M /2-1) with their

order being reduced to 2x2, are paraunitary. This condition can be readily realized by

cascading a number of 2x2 lattice structures

[Gk(z) Gyt (2) }:ﬁ[[c?sﬁk sind, }[1 (:DF o} (6.10
Gz -Gy (D] wp\|sing, —cosf, [0 z 0 D”

Comparing (6.10) with (6.9), one can see that the two 2x1 matrices are merged into one
2x2 matrix and therefore, one-half of the implementation cost is saved. Substituting

(6.10) into (6.9), we get the simplified implementation of the CMFB,

1
E(z)= JM—DCA(z)H(QiA(ZZ)bo .10
where
i C088y ), SIN6Gy,, |
o - c? $6,, sing;
sin g, —cos g,
i SinGy,,,,; —C€0s6,, i

In (6.11), the polyphase matrix is decomposed into a cascade of M XM unitary matrices
with a sparse structure and all the delays are located in separated diagonal matrices. The

lattice structure in (6.11) is shown in Fig. 6.3. From the realization in Fig. 6.2 and its
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simplified version in Fig. 6.3, one can clearly see that the implementation cost is saved by

50%. This saving is attributed to the linear-phase of the prototype filter and the symmetry

of the DCT transform.
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Figure 6.3: Simplified Implementation of CMFB

6.2.3 Order-One Factorization of CMFBs and MIS-PUFBs
Using (6.1) and the linear-phase property A[N —1—n]=H[n], it is not difficult to get
the following equation:

hy_  IN—1-n]

_ 1 1o T N1 _N_l Mk
=2h[N-1 n]cos{(ZM 1 Zk)ZM(N 1-n 5 )+( D 4}

N-1+(=D* T N-1 4
_ _ N = 6.12
2h[n]cos[1( 2 nj+(2k+l)2M (n 5 j+( D 4:’ ( )
n ﬂ' N—l k ﬂ'
=x(-1) 2h[n]c05[(2k+1)5ﬁ(n— 3 )+(—l) Z}
=+h [n]

This implies that the CMFB is actually a mirror-image symmetric filter bank. In Chapter
5, we have already investigated the order-one factorization of MIS-PUFB. Now with the
order-one factorization as (6.11) for CMFBs, it would be interesting to study the

difference between CMFBs and MIS-PUFBs from the point of view of the lattice
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structure. The new factorization (6.11) not only reduces the implementation complexity,
but also provides us with a starting point to establish a relationship between CMFB and
PUFB.

In Chapter 5 we have already attained a lattice structure for MIS-PUFBs as

E(z)= H((I)iAi(Z))GO

i=K-1

_fI Ui _Vi IM/z 0 Uo "Vo IM/2 0
=\ V: i 0 Z—IIM/Z Vo U, 0 | I SV

Comparing (6.11) and (6.13), the following observations pertaining to the similarity as

(6.13)

well as the difference between MIS-PUFBs and CMFBs can be made.
1. In both the structures, the free parameters are contained in a matrix at each stage.

The only difference is that in CMFB, Q, is a sparse matrix with diamond entries
while for MIS-PUFB, @, is a full matrix with a certain symmetry. Both the

matrices are orthogonal and thus, can be represented by a set of plane rotations

{Qk} Note that Q, has M/2 free parameters, while ®, has M (M —2)/4

parameters.

2. Each structure has a special matrix, namely, G, in MIS-PUFB and C in CMFB.

Obviously, the DCT matrix C in the CMFB is a special case of G, whose general

.

form is given by

-V
0 "% ldiag(I,TJ
o ] 1ag(L,T'Y)

0 0

<
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In the case of CMFB, the DCT matrix acts as a modulation matrix located at the
left end of the lattice structure, while G, is at the right end serving as an initial
stage.

3. At each stage, owing to the difference of A(z?) in (6.11) and A(z) in (6.13), the

order of the CMFB is reduced by two while that of the MIS-PUFB is reduced by
one only.
From (6.11), we can easily realize that the computational efficiency of CMFBs comes
from two parts. First, the general unitary matrix is reduced to a sparse diagonal matrix,

which saves M (M —4)/4 parameters. Second, since the factorization in the CMFB is of

order two, one-half of the matrices are saved. Actually, we can rewrite (6.13) in the same

form as (6.11), where one can clearly see that the CMFB is a special case of the MIS-

I 0 I 0
PUFB. Through inserting a pair of inverse matrices between G,(z)
0 DJ|0 JD,

and G,,,(z), the initial zero-order mirror-image block at the right end of the lattice

structure can be moved to the left end,
LU -v. i1 o0 U, -V,||I 0
wo=1(y oo Slv e o)
Uy, Ve T 01 0 | LT 0 U -V |I 0 |I 0
:|:VK—1 Uy, }[0 Z_lJl:O DtJJilI;[—Z(I:O JDJI:V, U, :I[O Z_ll}l:o DJ:D 6.14)
[I 0 }{Uo ~VOJ[I 0 }
0 JD |V, U, (i0 DJ

g i et Pt
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VK—] UK—]

U,, -V
In (6.14), by letting [ K- K- 0 DJ

I 0 v .
be C, and noticing that

U, =diag{cos<9l.,0 cosé?,.’M,Z_l} and V, :diag{sint?l.,0 siné’i,Mn_]}, one can easily

verify that (6.11) is a special case of (6.14).

6.3 CMFBs with Multiple Prototype Filters

It is seen from the above section that the CMFB realized with order-one factorization
has the same expression as the general MIS-PUFBs. Moreover, this uniform expression
provides us another perspective to study the CMFBs. The advantage of the CMFBs has
been justified in the form of sparse unitary matrices. Compared to the general PUFBs, a
CMFB contains sparse unitary matrices and in turn involves fewer rotation angles, which
reduce the complexity in both design and implementation. On the other hand, there might
be a sacrifice in the performance of the filter bank, such as the stopband energy, due to
the limited choice of free parameters. From the modulation point of view, the
conventional CMFB is generated from one prototype filter only while a general PUFB
contains M independent filters. In this sense, the CMFB can be generalized by allowing
for multiple filters such that extra parameters are introduced and a tradeoff can be made
between the complexity and the performance. Moreover, a bridge has been built between
the CMFBs and the general PUFBs and therefore, discussions for the case of multiple
prototype filters can be made under the same framework. Of course, the new FB
generated from more filters should contain more parameters than the traditional CMFBs.
The number of parameters can be determined by the tradeoff between the complexity and

the performance of the resulting FB. In this section, we first investigate the polyphase
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matrix of a particular sparse pattern of a CMFB obtained from a modulation scheme, and

then generate a CMFB with multiple prototype filters by combining the CMFBs with

different sparse patterns.

In a conventional CMFB, the sparse matrix has diamond-shaped non-zero entries. It

should be noted that the sparse pattern of G(z) depends on the modulation scheme. By

modifying the modulation function, one may get different types of CMFBs with various

sparse matrix patterns. For example, a CMFB can be generated by using the following

modulation scheme,

h, [n]=2p[n] cos[(Zk +1) ﬁ(n + %) + (=1 ﬂ (6.15)

whose polyphase representation can be given by

E(z) =VMDCA(2)G® (%)

where

- h (Z)

G’(9)=

L G@

—G%L1 @ G%%d @)
G, G

Gy (Z)—

(6.16)

Ga(@) |

The polyphase matrix in (6.16) has the same form as that in (6.9), except that G®(z) has

bi-diagonal sparse elements while the sparse matrix G(z) in (6.9) is of diamond shape.

Either the diamond or bidiagonal pattern is regular, i.e., its inverse has the same sparse

structure. Combining (6.1) and (6.15), we get a new CMFB generated from two prototype

filters,
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T N-1 W T ’
=2 +D)—|n——= |+ (D)=
h.[n] p[n]cos[(Zk D (n j b

V3
+2¢g[n] co{(Zk + DW[” +—2-) +(1) Z]

(n=01---N-1,k=01,--- M -1)

(6.17)

where p[n] and g[n] are linear-phase filters with length N =2mM . From (6.16) and

(6.9), the polyphase matrix corresponding to (6.17) is given by

E(z) =VMDCA()G? () (6.18)
where
I Gyo(2) Gopr24(2) Gou 12(2) Gy 1(2) }
GO(z)= Gyt 121,0(2) Grroam 242 Gy pogpes2(2) Gt 124.m4(2)
Gy 120(2) Gt 12 124(2) Gy yom2(2) Gyroma(2)
| Gyi0(2) Guamna(@)  Gyu2(2) Gra14(2) ]

Clearly, introducing one more prototype filter brings more freedom for the design of
CMEFB. It can be shown that with the above sparse pattern, the CMFB of perfect

reconstruction can be realized by the following lattice structure

E(z)=\/ﬁDCA(z)II—[(<I)iA(z2))KI)O (6.19)

i=m-1

where
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90,0 60,M /2-1 90,M /2 00,M -1

D = 0M12—1,0 HM /2-1,M [2~1 9M/2—1,M/2 gM /2-1.M -1
;=
9M/2,O 9M/2,M/2—1 9M/2,M/2 9M/2,M—1
L HM—I,O HM—I,M /2~1 HM—I,MIZ gM—l,M—I i

Obviously, the total number of free parameters is then increased from mM/2 in (6.9) to

mM*/4 in (6.19). A general modulation scheme has been proposed in [90] as
h ()= 2hnlcod 2k +1)-"—( -2 s 1yt Z (6.20)
g M\ 2 4 '

(D=2mM+d, 0<d<2M)
By choosing different values of D, different sparse patterns for G(z) can be achieved.

With (6.20), one can continue doubling the number of prototype filters till a total of 2*,

prototype filters is obtained. Thus, a general form of CMFB can be given by

2#-1

_ P E
hk[n]—;;Zh,[n]co{(ZkH) 7 (n+ 2j+( 1 4} (6.21)

It is easy to see that the polyphase matrix E(z) corresponding to (6.21) has the same form

as (6.18) except that the number of nonzero elements in G%”(z)is increased to 24 M .
If the number M of channels is a power of two, this procedure can be carried out until
2# =M and all the elements of G(z) are non-zero. Eventually, one can obtain a lattice

factorization similar to (6.19) except that ®, is a full matrix.
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6.4 Design Examples

To evaluate the performance and the design/implementation complexity of CMFBs
with different number of prototype filters, a 4-channel CMFB whose analysis filters each
are of length 16 is designed. With the paraunitary property structurally satisfied, we can
establish an objective function to determine the optimal rotation angles. In this chapter,
the objective function for the minimization problem is set to be the stopband energy

outside the specified passbands as defined by

M-1

H, () do (6.22)

where the stopbands are defined as
Q, =[0,max, (k—0.6)7/ M)| U7, minez, (k +1.6)7/ M)]
Three types of CMFBs with different prototype filters are designed. The conventional

CMEB in [89], denoted as CMFB-I, is included in the design for comparison. The CMFB
with two prototype filters and a sparse matrix G (z) as given in (6.18) is called CMFB-

II. CMFB-II represents the general MIS-PUFB. Since the CMFB is paraunitary, the
analysis and synthesis filters have the same frequency response and thus only the
amplitude response of the analysis filters is shown in Fig. 6.4. The performance of the
designed CMFBs is measured by the stopband attenuation. The implementation
complexity is measured by the number of multiplications per input sample. Table 6.1
shows the performance and the implementation complexity of the designed three CMFBs.
It should be noted that in the evaluation of the implementation complexity, the

computation of DCT is not taken into account since it is common for all the three cases.
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From Table 6.1, one can see that with the increase of rotation angles, the filter bank has a

better stop attenuation while sacrificing a little implementation complexity.
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Figure 6.4: Frequency Responses of three types of CMFBs. (a) Type-I. (b) Type-IL. (c)
Type-II1.

Table 6.1: Performance and complexity of the designed CMFBs

CMFB-I CMFB-II | CMFB-III
No. of rotation angles 4 8 24
Multiplications per input 6 10 26
Stopband energy (-dB) 29.1390 31.7543 35.4573

6.5 Conclusion

In this chapter, the conventional CMFB has been formulated first as a cascade of a
modulation matrix and a sparse polyphase matrix of diamond shape, resulting in a
simplified implementation structure for CMFB. Under this framework, it has been
revealed that the CMFB is a special class of MIS-PUFB, whose propagation blocks have
less number of coefficients. Then, several new CMFBs have been developed by using

multiple prototype filters in conjunction with a proper modulation scheme. The polyphase
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matrices of the resulting CMFBs have different sparse pattern and contain more non-zero
elements than the conventional CMFB. In this way, the introduction of more prototype
filters provides more flexibility in choosing the number of rotation angles. Simulation
results have shown that the use of multiple prototype filters makes it possible to have a
tradeoff between the implementation complexity and the stopband attenuation of a filter

bank according to different applications.
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Chapter 7

LPPRFBs with Mirror-Image Symmetry and

Application in Image Compression Coding

7.1 Introduction

In some applications, such as image processing, it is essential for all analysis as well
as synthesis filters to have linear-phase. Moreover, linear-phase filters allow for the use
of simple symmetric extension to easily handle the boundaries of finite-length signals. An
important class of filter banks, the linear-phase perfect reconstruction filter banks
(LPPRFBs), has thus been extensively studied over the past decades. A great deal of
work has been concerned with the design of M-channel LPPRFBs through the lattice
factorization [68]-[82]. Soman er al. [70] ﬁrst introduced a complete and minimal
factorization that covers a large class of linear-phase paraunitary filter banks (LPPUFBs),
namely, even-channel filter banks with all of the filters having the same length MK,
where M is the channel number and K is an integer. An equivalent, yet modular,
factorization called GenLOT is presented in [71], which includes the DCT [64] and the
LOT [68] as the lower-order special cases. More recently, the LPPUFB has been
generalized to the LPPRFB in [74]. All these structures have been simplified in [54] and

[55], resulting in a considerable reduction in the number of free parameters.

159



The linear-phase condition is a strong constraint that imposes certain limitation on the
choice of the filter’s length and symmetry. In [73], through a study of the trace of the
polyphase matrix, Trans et al. have given permissible solutions of the symmetry and

length of the analysis filters for general LPPRFBs with variable length L, = K.M + 3,

where f is a fixed integer. These solutions are summarized in Table 7.1.

Table 7.1: Possible choices of the length and symmetry for analysis filters of M-channel

LPPRFBs
Parity of M and S No. of Symmetric and Parity of Total length of
Antisymmetric Filters Z K, Analysis Bank
M even, S even M /2 symmetric even 2mM
M /2 anti-symmetric
M even, £ odd M /241 symmetric odd 2mM
M /2—1 anti-symmetric
M odd, B even (M +1)/2 symmetric odd Cm+1)M
(M —1)/2 anti-symmetric
M odd, S odd (M +1)/2 symmetric even QCm+1)M
(M —1)/2 anti-symmetric

In Chapter 5, we have investigated a class of mirror-image symmetric PRFBs (MIS-
PREBs). This constraint was introduced to reduce the number of parameters and to
accelerate the design process of the PRFBs. It has already been observed in Section 5.5.3
that the MIS is a mild constraint which gives a performance similar to that of general
filter banks without any constraint. Also, the MIS can be used for filter banks with any
length. Therefore, it might be possible to further reduce the number of parameters of filter
banks by combining the MIS with other types of constraints such as linear-phase. This
idea has already been attempted in [63], yielding a lattice factorization whose number of

free parameters is almost the same as that of the simplified structure of a general
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LPPRFB in [54] and [55]. However, the properties of LPPUFBs have not yet been fully
exploited in the development of the lattice structures of MIS-LPPUFBs in [63]. In this
chapter, we apply the C-S decomposition method proposed in [55] to simplify the
factorization of MIS-LPPRFBs. The proposed scheme reduces the number of parameters

to a large degree without affecting the performance of the filter banks.

7.2 Review of Existing Factorizations

In this section, we first briefly review some of the existing lattice structures for a
general LPPRFB, the LPPRFB combined with MIS, and the simplified LPPRFB.
Through the comparison of these structures, we will point out that the existing MIS-
LPPREB:s still have redundancy, which can be employed for further simplification.

It has been shown in [74] that the even-channel LPPRFB with the polyphase matrix

given by (2.34) can always be factorized as

1

1
E() =[] G,(2E, = [] (2, WA(DWE, (7.1)
i=K-1 i=K-1
where
_1|U, 01 J
Eo—ﬁ[o VJ[J _J, (7.22)
o= ° (7.2b)
Lo v, '
A@=[t ° (720)
2)= 0 |’ 2c
wo LT 1 (7.2d)
201 -1 '
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In (7.2), U; and V, are invertible matrices to be determined, A(z) is a diagonal delay
matrix, and W the well-known butterfly structure. It was proved in [63] that if U, in
(7.2b) is chosen as

IVI, i=0,... K-2
={ it (7.3)

“lIVE, i=K-1
where I is a diagonal matrix whose Ith diagonal entry is (1), then the above LPPRFB
is also mirror-image symmetric (MIS), namely, its analysis filters satisfy

H, . (2)=H,(-z), 0sk<M-1 (7.4)
With the MIS property, each propagation matrix @, in (7.2b) is now dependent on V,

only, instead of both U, and V,. This implies that the number of parameters of MIS-

LPPRFB is one-half of that of the LPPRFB in (7.1).

On the other hand, it has been recently revealed in [54] that the lattice structure of
LPPRFB in (7.1) still has redundancy. This redundancy lying between two consecutive
propagation blocks can be removed to obtain a simplified lattice structure. It can be done
by rewriting the product G_ (2)G ,_,(z) as follows

G ()G, (2)
__-1_ UK—I 0 I+Z—II I_Z—II
2l 0 Vo ||I-27T I+z77X
oL Ug, 0 |[I+277'T I-77 (1.5)
20 0 V,,|lI-zT I+z7

1[I 0 U,, O]t -1t o 1][1 -I
200 VU o w1 T]lo 1)1 I

Xl U, 0 ||I+z7T I-z71
2000 V., lI-zT I+z71
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_r 0 I+271 1-271
210 V. UL I[I-271 I+z770

U Uy, 0 I+z7'T I-77'T
2 0 U, Ve, 1 T-27T TI+27'T

BRI D S O By |
210 Vo, || T-27"T I+z71
Xl ﬁK—-Z 0 I+ Z—]I I—Z_II
20 0 Vo, |[T-27T I+z771
Note that the component diag{U x-1»UgJ of G4 (z) in the second equation of (7.5) has

been moved across the delay chain and the butterfly matrices, and then combined with

diag{U,_,, Vi, } of the subsequent stage G, ,(z) in the third equation. As U, U,._,,
and V,_, are all free invertible matrices, the product terms U k2=U, U, , and
Ve, =Ug_ Vi, in the last equation of (7.5) are also free invertible matrices. By
repeating the above manipulation until i=1, all U, s, except U, can be removed. Then, a
new propagation matrix é,. (z) 1s given by

G, ()= %diag(l,\?,. YWA(2)W (7.6)
where

Vo =V U

Thus, a simplified lattice structure is obtained provided that G,(z) in (7.1) is replaced

with éi (2) in (7.6). As a consequence, the number of free parameters of LPPRFB in

(7.1) has been reduced by almost one-half. It is of interest to note that the simplified
LPPRFB has nearly the same number of free parameters as the LPPRFB with MIS,

indicating that the lattice structure in (7.1) that satisfies the MIS condition (7.3) still
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contains redundant parameters. In the next section, a simplified lattice structure of MIS-
LPPRFB with further reduced free parameters will be developed by removing this

redundancy.

7.3 Simplified Structure of MIS-LPPRFBs

7.3.1 Simplification of LPPRFBs with MIS

We would now like to apply the MIS constraint as given by (7.3) to further simplify

the lattice structure of LPPRFBs. Note that the unitary matrix U, has been merged with
V, in (7.5), making a direct use of (7.3) impossible. Therefore, we first modify the
simplification process in (7.5) such that U, is preserved and the MIS constraint (7.3) can

be exploited.
As V., is invertible, one can rewrite the U, ,V, , in the third equation of (7.5) as
Ug Vi = UK—1V1;1—1VK—1VK—2 (7.7)
Substituting (7.7) into (7.5), we have

G (DG, ,(2)

1 I 0 I+z7'T I-z71)1 0
210 V. U [I1-27T I+Z7'1(|0 U, V.,

-1 |
AU U, 0 I+z11 1 ZII 78)
2| 0 Ve Ve, [T-27T I+2771

1 0 I+77'T I-z77'T|I 0
210 V, U, [[1-27T I+771]|0 U, V.,

" Uc,, 0 [I+z'T I-z71
20 0V, |[I-27T I+z71
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Note that the component diag(U,_,V,,), instead of diag(U,_,U,_,), is merged with
diag(Uy_,,Vg_,). From U, =JV, T and U, , =TV, I, one can verify that
U,=U, U, ,=JV, V., I= Jv,._T, (7.9)
implying that (7.8) successfully removes a redundant U,_, and preserves the relationship
between Uy, and V., as required by (7.3) in the form of U, , and V,_,. Repeating
the above process till G,(z)G,(z), one can obtain a new structure which is equivalent to

(7.1) as given below

1
E@) =[G (2E, (7.10)
i=K-1
G (2)= %diag(I,Xi)WA(z)Wdiag(I, X7 (7.11)
E,=—d L) V')I ! (7.12)
=—=dia , .
0 NG glUyp,Vy I -J
In (7.11), X, is given by
X, =V, U7 (i=1,.,K-1) (7.13)
u=[Ju. vi=[]V (7.14)
I=K-1 I1=K-1
S -
f(A}z"(Z)
..

165



Figure 7.1: Lattice structures of LPPRFBs. (a) for (7.6) and (b) for (7.10).

Fig. 7.1 shows the lattice implementation structures given by (7.6) and (7.11),

respectively. It is clear that the two adjacent X, and X; can be merged into one

invertible matrix and the structures in (7.6) and (7.10) would have the same

implementation complexity. It is to be noted that, unlike Vi in (A}i(z) , X; in G',(2) is

not an arbitrary invertible matrix. As will be shown later, there exists certain symmetry in

X, which can be exploited to reduce the free parameters.

7.3.2 Exploitation of MIS via QR Factorization

We now show that the relationship between U, and V, in (7.4) imposes certain

constraints on X,. Noting that

U= ﬁU,
li

=K1
=JV  rfrvr
I=K-2
= J(HV,)I’ =Jv.r
1=K-1

(7.13) can be rewritten as
X, =V, U=V TV J=X"]
where

X'i — Vli FV';]
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One can verify that X', in (7.17) is a special symmetric invertible matrix, i.e.,
X, =(X})" (7.18)
Obviously, X', contains fewer parameters than the general invertible matrix Vi does.

Next, we will discuss the parameterization issue of X,.
According to the QR decomposition, a square matrix A can be factorized as
A=QR (7.19)

where Q is an orthogonal matrix and R an upper triangular matrix. If A is invertible,
then the QR factorization is unique and the diagonal elements of R are positive.
Performing the QR decomposition on V', in (7.17), one has

X' =R;'Q'TQ,R, (7.20)
where both R, and R;' are invertible upper triangular matrices and QrQ, is a
Hermitian orthogonal matrix. Recall that in the C-S decomposition [55], Q'T'Q, can be
completely characterized as

Q'IQ, =diag(Y,,,Y, )X diag(Y",Y") (7.21)
i i i,0 i1 i 1,0 il

where X, is a special orthogonal matrix defined as

C, -S,
s M/2 even
S, C,
L, =<1 0 0 (7.22)
0 C, -S,, M/20dd
0 S, C

in which C, and S, are [_M / 4_|—dimensional diagonal matrices whose entries are given

by C.(l,l)=cosa,, and S,(,[)=sine,, , respectively, where | x| denotes the floor
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operation which gives the largest integer less than or equal to x. Although the number of

free parameters is reduced in the new structure, the implementation cost is not
accordingly saved. This is because the two matrices X, and X;' at each stage could not
be merged into the following stages in order to keep the symmetry property of X, as seen

from (7.10). The presence of this matrix has introduced extra implementation burden. We
may observe that this implementation cost can be saved after the QR parameterization.

Noticing that in (7.20) the symmetry property has already been exploited, and R, and
R;' are general upper triangular matrices without any special property, one can merge

R;' with the following R, , yielding a new upper triangular invertible matrix

R',=R;'R_, . This way, one would save one-half of the upper triangular matrices. Due
to the existence of R', between the two adjacent stages, Q, and Q', cannot be written

in one orthogonal matrix. As such, the total implementation cost of the simplified
structure in (7.10) is almost the same as that of (7.6).
We now compare the LPPRFB in (7.6) with the MIS-LPPRFB in (7.10) in terms of

the degree of design freedom, namely, the number of free parameters to be determined. It

is easy to see that E; and E'; hold the same design freedom since they each have two
free invertible matrices U, and V, or U’y and V',. Hence, their difference lies in (A},.(z)
and G';(z) . For notational simplicity, let m , m, and m, be M /2, |M/4] and

M /2~LM /4 _[, respectively. In (A}i(z), each \A’,. requires m’ rotational angles and m

signed parameters for a complete parameterization. On the other hand, the Hermitian

orthogonal matrix G';(z) is represented by one upper triangular matrix R, , two
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orthogonal matrices Y,, and Y;,, and one special orthogonal matrix X,. Since R, can

be completely characterized by m(m—1)/2 lifting steps, Y,,, Y,,, and X, contain

H

my(my—~1)/2, m(m, —1)/2, and m, rotational angles, respectively. As a result, the total

number of parameters is m(m—1)/2+m*/4 for even m and m(m~1)/2+(m*-1)/4 for

odd m. Based on this analysis, the number of free parameters in each structure is listed in
Table. 7.2.

Table 7.2: Number of free parameters in LPPRFBs and MIS-LPPRFBs with even
channel M=2m and filter length L=KM

Structure m even m odd
I LPPRFB (K +D)m* (K +1)m?
II: MIS-LPPRFB — 2_ — 2 _ g
(K-1D(@m" —2m) o (K-D(@Bm" -2m-1) +om?
4 4
Difference of I and II (K —=D)(m? +2m) (K —1)(m*+2m+1)
4 4

7.4 Design Examples

Several filter banks with various number of channels M and filter lengths L are
designed based on the nonlinear optimization of the proposed lattice coefficients. The
cost function is set as a weighted combination of the reciprocal of the coding gain, the

DC leakage and the stopband attenuation in the form

Cc=04/C

coding gain

+0.2C

synthesis stopband

+0.2Cp: +0.2C (7.23)

anlysis stopband
The above combined criterion is mainly proposed to achieve a high performance
transform for its use in image compression coding. When searching for the minimum
solution of the cost function, the coding gain is maximized while the DC leakage and the

stopband energy are minimized. Among these criteria, the coding gain is directly
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associated with the objective performance of compressed images. Low DC leakage is not
as essential to the coder’s objective performance as the coding gain. However, a low DC
leakage does improve the visual quality of the reconstructed image significantly by
eliminating annoying blocking and checkerboard artifacts. Finally, the stopband
attenuation helps in improving the signal decorrelation and decreasing the amount of
aliasing. In the cost function (7.23), the coding gain is the same as that defined in Chapter

5, and the other terms are defined as

M~1L-1
Coc = Z Zhi[”] (7.24)
i=0 n=0
M-1 o
Canalysis stopband = Z LQ Hi (e ]w)l d(O (725)
i=0 stopband
M-1 o
Csynthesis stopband = Z -[E.Q E (e]m )’ do (726)
=0 ‘stopband

Figs. 7.2-7.5 show the frequency and impulse responses of four MIS-LPPRFBs
corresponding to M=4, 8 and K=2, 3. The impulse response of the analysis and synthesis
filters decays asymptotically to zero, which is helpful for reducing the block artifact in
compressed images. The performances of the designed MIS-LPPRFBs as well as those of
general LPPRFBs are listed in Table 7.3 and 7.4, respectively. Different filter banks are
denoted by M x L, where M is the number of channels and L =M x K the filter length.
Scrutinizing the results in Table 7.3 and 7.4, we can conclude that the coding gain
increases significantly with increasing number of channels, but only marginally with the
filter length. On the other hand, the stopband attenuation is largely dependent on the filter

length.
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Figure 7.3: Frequency and impulse responses of MIS-LPPRFB with M=4 and L=12

Table 7.3: Performance comparison of MIS-LPPRFBs with different sizes

MIS-LPPRFB (M x L) 4x8 4x12 8x16 8x24
Coding Gain (dB) 6.46 6.71 9.26 9.35

DC Attenuation (-dB) 84.42 87.96 88.33 90.02
Stopband Attenuation (-dB) 15.87 17.62 16.54 18.65
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Table 7.4: Performance comparison of LPPRFBs with different sizes

LPPRFB (M xL) 4x8 4x12 8x16 8x24
Coding Gain (dB) 6.54 6.79 9.58 9.59

DC Attenuation (-dB) 86.13 88.67 89.67 91.23
Stopband Attenuation (-dB) 15.89 17.65 16.78 18.67

(b)
Figure 7.4: Designed MIS-LPPRFB with M=8 and L=16.
(a) Frequency response. (b) Impulse response
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(b)
Figure 7.5: Designed MIS-LPPRFB with M=8 and L=24.
(a) Frequency response. (b) Impulse response
It is clear from the design results that the performance of the proposed MIS-LPPRFB
is comparable to that of general LPPRFBs, yet a considerable saving in the number of

parameters has been achieved in the proposed structure. It should be pointed out that the

little sacrifice in the performance of MIS-LPPRFB in comparison to that of the LPPRFB
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is mainly attributed to the first stage. While in most of LPPRFBs the first stage is set to
the DCT matrix, there is no good initial matrix for MIS-LPPRFBs, whose performance is
similar or equal to DCT. For a fair comparison of both the structures, we set the initial
stage of both the structures as the Walsh-Hadamard transform. For an 8-channel and 40-
tap FB (i.e., M=8 and K=5), it is seen from Table. 7.2 that the number of free parameters
is 96 in LPPRFB and 72 in MIS-LPPRFB. On a 1.8G Hz Pentium IV computer, the
execution times for the design of the two FBs with Matlab are 162 and 91 seconds,
respectively. Their performances are compared in Table. 7.5. Clearly, the MIS-LPPRFB
outperforms the LPPRFB in all respects. By reducing the number of parameters, our
lattice structure not only speeds up the optimization, but also more effectively avoids
being trapped in a local minimum.

Table 7.5: Performance comparison of LPPRFB and MIS-LPPRFB (M=8, K=5)

Filter Bank LPPRFB MIS-LPPRFB
Coding Gain (dB) 9.35 9.38
DC Attenuation (dB) 91.22 94.64
Stopband Attenuation (dB) 24.34 24.69

7.5 Application in Image Compression Coding

Fig. 7.6 shows a typical scheme for image compression coding, including transform,
quantization and entropy coding. In most international standards, such as JPEG [65] for
still image compression and H.263 [66] as well as MPEG-1 [67] for video compression,
an image is divided into small blocks and then the DCT is employed for each block. The
DCT is well known for its fast implementation and good energy compaction property.
Despite its tremendous success, the DCT still has its limitations. For example, since each

block is processed independently by the DCT, the inter-block correlation is not exploited,
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thus reducing the compression efficiency. This independent process also leads to
annoying blocking artifacts after the quantization, due to a lack of continuity between the

block boundaries.

Figure 7.6: Scheme of image compression

Later, the wavelet transform [69] as a powerful means of time-frequency analysis has
been intensively studied, and has become one of the most commonly used image
compression methods. Implemented as a hierarchical tree structure, the wavelet transform
decomposes an image into a dyadic representation. Fig. 7.7 demonstrates a 3-level
wavelet decomposition. At each level i, an image is decomposed both horizontally and

vertically, yielding four subbands LL,, HL,, LH, and HH, representing, respectively,

the low-frequency, horizontal high-frequency, vertical high-frequency, and diagonal

high-frequency subimages. This process can be repeated on the subband LL, to reach a

higher-level decomposition. The frequency-region occupied by the subband images at a
higher-level is roughly one-half of that at a lower-level and so is the resolution. After
three decompositions, most of the energy is concentrated on the lowest-band LL, with
the coarsest resolution, leaving the high-frequency components of a finer resolution in the

other bands.
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Figure 7.7: Three-level wavelet decomposition

The success of the wavelet transform can be explained from several aspects. 1.
Compared to the DCT, the wavelet transform is processed on the whole image instead of
the small blocks, which totally solves the block artifact problem. 2. The hierarchical tree
structure gives a longer-length filter to compact the low-frequency energy and shorter-
length filters to capture the high-frequency information. 3. The subband exhibits a
logarithm distribution in both frequency and resolution, which complies with the human
visual system. The observation of the fact that different subbands contain the information
of the original image at different resolutions brings quite an interesting feature of the
wavelet transform. To reconstruct the original image at a low resolution, one needs only
the wavelet coefficients from some of the subbands. For a 3-level wavelet decomposition,

to get the coarsest resolution, one needs only the coefficients of subband LL,. With
additional information from HL,, LH , and HH,, one can increase the resolution of the

image. This idea is illustrated in Fig. 7.8.
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Figure 7.8: Scalable resolution in wavelet decomposition

By exploiting the spatial similarity between the different bands, many codecs have
been proposed using wavelet transforms [105-107]. Said and Pearlman [106] proposed
the Spatial Partitioning of Images into Hierarchical Trees (SPIHT) algorithm to
efficiently organize the wavelet coefficients. Besides its amazing compression
performance, an important feature called scalability has been realized. The scalability
refers to the generation of a bit-stream containing embedded subsets, each of which
represents an efficient compression of the original image at a reduced resolution or
increased distortion.

It is well known that the wavelet transform is basically a two-channel LPPRFB. The
hierarchical tree structure of the wavelet roughly divides the whole frequency into some

“octave” subbands, as shown in Fig. 7.9(a). On the other hand, an M-channel LPPRFB
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evenly divides the frequency band and gives a more detailed representation of the high-
frequency component as shown in Fig. 7.9(b). In this section, we use the M-channel
LPPREFB to replace the wavelet transform for image compression. In order to make use of
the efficient wavelet-based SPIHT codec, we need to rearrange the coefficients of the
LPPRFB such that the high-frequency subbands are merged together to implement an
uneven frequency partition similar to that obtained from a wavelet transform. The

reorganization is demonstrated in Fig. 7.10.

AL ) .

0 n/8 =#nl/4 /2 /4
(@)

AL AL ALY

0 n/8 =x/4 37/8 #n/2 5z/8 3x/4 Tx/8 7«
(b)

Figure 7.9: Typical frequency responses. (a) Three-level wavelet transform. (b) 8-

A
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Figure 7.10: Rearrangement of LPPRFB coefficients to mimic wavelet processing
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We have employed 8x16 and 8x24 MIS-LPPRFBs to replace the wavelet transform
in the SPIHT algorithm for the compression of three images, Lena, Barbara and Goldhill.
The resulting objective performances in terms of the peak signal-to-noise ratio (PSNR)
under various compression ratios are listed in Table 7.6. The famous 9/7 wavelet and the
corresponding 8x16 and 8x24 LPPRFBs are also employed as the transform in the
SPIHT algorithm for the purpose of comparison. From Table 7.6, we notice that for a
smooth image like Lena, the wavelet transform can sufficiently reduce the redundancy
between the pixels. The LPPRFB has a higher complexity than the 9/7 wavelet, but gives
comparable results. As compared to the LPPRFB, the MIS-LPPRFB saves 6 and 12
parameters for the filter bank configurations of 8x16 and 8x24, respectively, but the
improvement in the PSNR is only about 0.1~0.2dB. For a highly textured image like
Barbara, which contains rich high-frequency details, the LPPRFB and the MIS-LPPRFB
provide a PSNR gain of around 2.5dB and 2.0dB, respectively, over the 9/7 wavelet
transform under a wide range of bit rates. This significant improvement is due to the
refined partition on the high frequency region. Under low and medium compression ratio,
the high-frequency information is well preserved in LPPRFB and MIS-LPPRFB. The
subjective results of the compressed Lena and Barbara images at a certain value of the
PSNR are shown in Figs. 7.11 and 7.12. The table cloth part of the Barbara input is
detailed in Fig. 7.13 to demonstrate the superiority of the MIS-LPPRFB in visual quality
over the 9/7 wavelet. Obviously, under the compression ratio of 1:32, the refined detail of
the table cloth, which is blurred when the 9/7 wavelet is used, is preserved in the MIS-
LPPRFB compression. Over all the tested images at various compression ratios, the

extension of the filter length could help to decorrelate the adjacent pixels and improve the
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compression performance. However, with the increase of the filter length, the
improvement in the PSNR is just marginal while the complexity would boost

exponentially. Therefore, a medium filter length, such as K=2 or 3, is recommended.

Table 7.6: PSNR in dB of three compressed images under different transforms

Compress. 9/7 8x16 8x16 8x24 8x24
Ratio Wavelet LPPRFB MIS- LPPRFB MIS-
LPPRFB LPPRFB
Lena (512x512)

1:8 40.41 40.35 40.12 40.39 40.18
1:16 37.21 37.28 37.08 37.29 37.12
1:32 34.11 34.14 34.02 34.18 34.06
1:64 31.10 31.04 31.00 31.09 31.05

1:128 28.38 28.19 28.12 28.22 28.14
Barbara (512x512)

1:8 36.41 37.84 37.15 38.01 37.26
1:16 31.40 33.02 32.67 33.21 33.10
1:32 27.58 29.04 28.53 29.33 28.64
1:64 24.86 26.00 25.74 26.17 25.88

1:128 23.35 23.49 23.38 23.81 23.51
Goldhill (512x512)

1:8 36.55 36.69 36.56 36.72 36.59
1:16 33.13 33.31 33.17 33.33 33.20
1:32 30.56 30.70 30.61 30.71 30.63
1:64 28.48 28.58 28.52 28.59 28.54

1:128 26.73 26.71 26.69 26.73 26.71

180



(@

Figure 7.11: Coding results of Lena under 1:32 compression ratio. (a) Original image. (b)
9/7 wavelet at 34.11dB. (c) 8x16 LPPRFB at 34.14dB. (d) 8x16 MIS-LPPRFB at
34.10dB
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Figure 7.12: Coding results of Barbara under 1:32 compression ratio. (a) Original image
(b) 9/7 wavelet at 27.58dB. (c) 8x16 LPPRFB at 29.04dB. (d) 8x16 MIS-LPPRFB at
28.53dB
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(a) (b)

Figure 7.13: Table cloth detail in Barbara under 1:32 compression ratio. (a) 9/7
wavelet at 27.58dB. (b) 8x16 MIS-LPPRFB at 28.53dB

7.6 Conclusion

In this chapter, a class of filter banks, MIS-LPPRFB, that possesses both the linear-
phase property and the mirror-image symmetry, has been investigated. By combining the
MIS and LP constraints, a lattice structure with fewer parameters has been proposed. It
has been shown that the introduction of MIS has imposed certain constraints on the
invertible matrices in the lattice structure of LPPRFB. A new simplification scheme has
been developed to remove the redundancy in the traditional lattice structure of the
LPPRFB without forfeiting the constraint imposed by the MIS property. This constraint
has then been further exploited through the QR factorization, yielding a presentation with
fewer parameters. It has been shown through numerical examples that the reduction of
free parameters not only speeds up the filter bank design process, but also efficiently
decreases the possibility of being trapped in a local minimum. The MIS-LPPRFB has

also been employed as a transform in the image compression coding. The coding results
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from the 9/7 wavelet and the LPPRFB have also been provided for comparison. It has
been shown that under various compression ratios, the MIS-LPPRFB and the LPPRFB
give comparable objective and subject performances, but the former has fewer
parameters. For the compression of images with rich details, both the LPPRFB and the
MIS-LPPRFB are superior to the 9/7 wavelet as a result of their provision of finer

frequency partitions.

184



Chapter 8

Conclusions and Future Study

8.1 Concluding Remarks

In this dissertation, we have studied the design and implementation of a class of
multirate systems, namely, the Mth-band filters and the constrained PRFBs (perfect
reconstruction filter banks), from the point of view of a polyphase structure. An approach
for the design of linear-phase Mth-band filters satisfying an interpolation condition has
been first developed based on the generalized polyphase (GP) structure, and then
extended to the design of 2-D FIR Mth-band filters. By employing the polyphase
representation of analysis and synthesis filters, some new lattice structures have been
developed for PRFBs with linear-phase and mirror-image symmetric constraints. It has
been shown that all the desirable properties have been satisfied by exploiting the
polyphase or the generalized polyphase structures, leading to a reduced
design/implementation complexity of the Mth-band filters and filter banks.

The first part of the thesis has been devoted to the design of Mth-band filters that
satisfy the time-domain interpolation condition. Although the interpolation condition
could be easily accommodated in the conventional polyphase structure, the resulting

subfilters therein are no longer linear-phase, thus hindering a direct design of linear-phase
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filters via the polyphase structure. This observation motivated us to propose the GP-based
design approach. With the insertion of a pair of inverse transform matrices between the
delay chain and the subfilters in the conventional polyphase structure, a GP structure
consisting of a number of linear-phase constituent filters has been obtained. Some seed
transform matrices, which share some of the desirable properties with the Hadamard
transform such as the structural simplicity and the frequency-selectivity, have been
proposed [103]. Based on these seed matrices, the restriction to an even-order in using
Hadarmard transforms has been relaxed to an arbitrary order. With the closed-form
frequency specifications being derived, the linear-phase constituent filters can be
designed easily and separately, leading to a reduced overall computational complexity
[104]. Moreover, the interpolation condition can easily be satisfied by fixing one of the
constituent filters in the proposed approach.

To demonstrate the flexibility of the proposed GP-based method, another useful
property, the regularity, has also been incorporated in the design, yielding very
satisfactory design results without increasing the filter order. The GP-based approach has
further been extended to the design of 2-D Mth-band filters [105]. To obtain a very
efficient implementation, we have also employed the singular-value decomposition
(SVD) in the GP structure, resulting in considerable savings in the number of filter
coefficients, yet giving a performance close to that obtained from the optimal minimax
design.

The second part of the dissertation has been focused on the development of new
lattice factorization for the constrained filter banks, including the MIS-PRFBs, the

CMFBs, and the MIS-LPPRFBs. All the desirable properties, such as the linear-phase,
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the mirror-image symmetry (MIS) and the perfect reconstruction, are structurally
satisfied in the derived lattice structure. Moreover, these constraints have been exploited
to reduce the number of parameters and in turn to reduce the design/implementation
complexity of filter banks.

First, a basic building block, which is capable of propagating both the MIS and PR
properties, has been proposed to develop the lattice structure for the MIS-PRFBs. It has
been shown that an order-one factorization would be sufficient for even-channel MIS-
PRFBs, while the basic building block for odd-channel MIS-PRFBs has to be at least of
order two. The importance of our work is that, for the first time, a lattice structure has
been proved to be complete for a class of PRFBs [111]. By using the lifting scheme in
conjunction with given optimization criteria, the proposed MIS-PRFB has been designed
and compared with general PRFBs, LPPRFBs and MIS-PUFBs. Simulation results show
that the MIS-PRFB is superior to the LPPRFB with the same number of free parameters
in terms of the stopband attenuation, while being comparable to the general PRFB of the
same filter order, which however has twice the number of free parameters as the MIS-
PRFB does. In comparison with the MIS-PUFB, the MIS-PRFB has relaxed the unitary
requirement to the invertible one, while yielding a similar performance in both the
stopband attenuation and the coding gain.

Secondly, the conventional CMFB has been formulated as a cascade of a modulation
matrix and a polyphase matrix with a diamond sparse pattern, resulting in a simplified
implementation. Under this framework, it has then been shown that the proposed new
CMFBs are a special class of MIS-PUFBs. Observing that the conventional CMFB is

generated from one prototype filter, new CMFBs have been proposed by introducing
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multiple prototype filters in conjunction with a proper modulation scheme [112]. The
proposed CMEBs fill the gap between the CMFB and MIS-PRFB. It has been shown that
the number of the free parameters can be determined as a tradeoff between the
implementation complexity and the performance of a filter bank depending on the
particular applications.

Thirdly, we have combined the linear-phase and MIS properties as a stronger
constraint to reduce the number of parameters in the lattice structure of MIS-PRFB and
that of LPPRFB [113]. The simulation results have shown that the introduction of MIS
does not jeopardize the performance of LPPRFB. In fact, ignoring the effect of the DCT,
the MIS-LPPRFB has a better performance than the LPPRFB. As a result, the saving of
the parameters owing to the stronger constraint can not only speed up the filter bank
design, but also efficiently avoid the trap of local minimum.

The relationship amongst the filter banks discussed in this thesis is illustrated by Fig.
8.1. Obviously, all the constrained filter banks, the MIS-PRFB, CMFB, LPPRFB and
MIS-LPPRFB, belong to the general PRFB. The MIS-PRFB includes the conventional
CMFB as a subclass and the LPPRFB has an overlap with MIS-PRFB, i.e., the MIS-
LPPRFB. Overall, the MIS-PRFB as highlighted in the figure is the subfield of filter

banks which the dissertation has mainly contributed to.

LPPRFB

Figure 8.1: Relationship between several constrained PRFBs
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In the thesis, some experimental work has also been carried out to validate the
applications of Mth-band filters and the MIS-LPPRFBs. An Mth-band filter designed via
the GP-based approach has been employed as an interpolation filter for image resizing
[114]. It is seen that using the Mth-band filter designed by the proposed method yields a
much sharper edge compared to that obtained from other methods. For example, the
eigenfilter approach suffers from ringing artifacts at the vicinity of major edges.

The MIS-LPPRFB has been adopted as a lapped block transform in image
compression coding. The transformed coefficients have been reorganized to mimic the
wavelet transform to exploit the efficiency provided by an existing compression scheme
like SPIHT. The MIS-LPPRFB consistently gives a superior performance for a bunch of
images at a wide range of compression rate. In comparison to the LPPRFB, the MIS-
LPPRFB has saved a considerable amount of implementation cost, yet causing a
performance loss like the signal-to-noise ratio (SNR) that is only marginal. It has also
been observed that for complicated images with rich details and textures like Barbara,
thanks to the more precise high frequency resolution, the MIS-LPPRFB outperforms the

famous 9/7 wavelet transform.

8.2 Suggestions for Further Investigation

The major contributions of the thesis to filter banks originate from a key idea,
namely, to develop new lattice structures, by incorporating the desirable constraints such
as the linear-phase and the MIS, in order to reduce the number of parameters. This idea

can be further extended in two directions. One is to consider other types of useful
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constraints in the design and implementation of the lattice-based filter banks. The other is
to impose the linear-phase and MIS constraints on other types of filter banks.

In Chapter 3, we have considered another type of constraint — the regularity. This
constraint is very useful in the wavelet area and has already been investigated for the

design of filter banks in recent publications. In [78], the regularities of (K, K,) for the

analysis and synthesis filters of a PUFB have been imposed onto the lattice structure of
LPPUFBs. These conditions are expressed in terms of the rotation angles of the lattice
components, which guarantee the resulting filterbanks to have one or two degrees of
regularity. Based on these new regular filterbanks, a large family of symmetric M-band
orthonormal wavelets could be generated. Following this idea, the regularity condition
can be further combined with the MIS and linear-phase constraints to yield new filter
banks with more desirable features.

As another extension of the proposed approach, various implementation structures of
2-D filter banks could be developed by exploiting the afore-mentioned constraints. The
idea of sampling a multi-dimensional signal is based on the mathematical concept of
lattices. The use of lattices has been extended to the discrete-time decimation and
interpolation and later to multi-dimensional filter banks. In subband-based image
processing, an image is normally decomposed horizontally and vertically by a 1-D filter
bank. The decomposed subband images have only three orientations: horizontal, vertical
and diagonal directions. In some applications, like fingerprint identification, the
interested information may not have major energy distribution in these three directions.
In 1992, Bamberger and Smith [117] proposed the so-called directional filter bank (DFB)

for an efficient directional decomposition of 2-D signals.

190



The DFBs have the ability to extract features with a particular frequency and
resolution of arbitrary directions and have found important applications in fingerprint
feature extraction and matching [118-120]. However, a 2-D DFB would even worsen the
already exacerbated complexity concern. Recalling in our thesis, various constraints have
been introduced and efficiently reduced the design/implement complexity, it would be
urgent to introduce some extra desirable constraints, such as the MIS, for this kind of 2-D
filter banks. The expansion of the dimension from one to two makes the mirror-image
symmetry is no longer unique and leaves more room for the future investigation.
Imposing the MIS constraint on the DFB, I believe there are many work to be carried out
in the development of the lattice structures for MIS-PR-DFBs.

Another suggestion for future study is to develop lattice structures for oversampled
filter banks. Note that all the FBs considered in this thesis are critically sampled, i.e., the
downsampling rate for each branch of the analysis bank is the same and equal to the
number M of channels. This is the most popular choice for many applications where one
would like to keep the sampling rate unchanged, before and after the subband processing,
in the multirate system. More recently, however, the oversampled FB, where the
sampling rate in the analysis bank is smaller than the channel number M, has attracted
more research attention [121-122]. In this class of FBs, the sampling rate of the synthesis
bank is greater than the channel number. Therefore, there must be some redundancy in
the processed signal. This redundancy can be manipulated such that the signal is error-
robust to possible attacks. It would be an interesting topic to study the lattice structure of
the oversampled FB, as well as its variations when the relevant symmetry constraints are

considered.
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