SOME NEW RESULTS ON NONLINEAR FILTERING
WITH POINT PROCESS OBSERVATIONS

SHU ZHANG

A THESIS
IN
THE DEPARTMENT
OF

MATHEMATICS AND STATISTICS

PRESENTED IN PARTIAL FULFILLMENT OF THE REQUIREMENTS
For THE DEGREE OF MASTER OF SCIENCE AT

CONCORDIA UNIVERSITY

,

MONTREAL, QUEBEC, CANADA

Avugust 2008

(© SHU ZHANG, 2008



Bibliothéque et
Archives Canada

I*. Library and
Archives Canada

Direction du

Patrimoine de I'édition

Published Heritage
Branch

395 Wellington Street
Ottawa ON K1A ON4

395, rue Wellington
Ottawa ON K1A ON4

Canada Canada
Your file Votre référence
ISBN: 978-0-494-45534-0
Qur file  Notre référence
ISBN: 978-0-494-45534-0
NOTICE: AVIS:

L'auteur a accordé une licence non exclusive
permettant a la Bibliothéque et Archives
Canada de reproduire, publier, archiver,
sauvegarder, conserver, transmettre au public
par télécommunication ou par l'Internet, préter,
distribuer et vendre des théses partout dans

le monde, a des fins commerciales ou autres,
sur support microforme, papier, électronique
et/ou autres formats.

The author has granted a non-
exclusive license allowing Library
and Archives Canada to reproduce,
publish, archive, preserve, conserve,
communicate to the public by
telecommunication or on the Internet,
loan, distribute and sell theses
worldwide, for commercial or non-
commercial purposes, in microform,
paper, electronic and/or any other
formats.

L'auteur conserve la propriété du droit d'auteur
et des droits moraux qui protége cette these.
Ni la thése ni des extraits substantiels de
celle-ci ne doivent étre imprimés ou autrement
reproduits sans son autorisation.

The author retains copyright
ownership and moral rights in
this thesis. Neither the thesis
nor substantial extracts from it
may be printed or otherwise
reproduced without the author's
permission.

In compliance with the Canadian
Privacy Act some supporting
forms may have been removed
from this thesis.

While these forms may be included
in the document page count,

their removal does not represent
any loss of content from the

thesis.

Canad;

Conformément a la loi canadienne
sur la protection de la vie privée,
quelques formulaires secondaires
ont été enlevés de cette thése.

Bien que ces formulaires
aient inclus dans la pagination,
il n'y aura aucun contenu manquant.



Abstract

Some New Results on Nonlinear Filtering with Point Process

Observations

Shu Zhang

The problem of stochastic filtering is concerned with estimating a signal based upon
the partial and noisy observations of the signal. The nonlinear filtering theory has
been applied in variety of fields including target detection and tracking, communica-
tion networks, mathematical finance, medical sciences, etc. In this thesis, we present
some new results on nonlinear filtering with point process observations. These results
are motivated by some problems from mathematical finance (cf. Zeng (2003)) and
are based upon the novel techniques developed recently by Hu, Ma and Sun (2007).

First, we rigorously derive the filtering equations with point process observations
under conditions which are weaker than the usual assumptions. Then, we investigate
the uniqueness of solutions to the filtering equations, in particular, we obtain the
Poisson expansions for the unnormalized optimal filters. Finally, we introduce a

recursive numerical method to approximate the unnormalized optimal filters.
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Chapter 1

Introduction

In early studies, Brownian motion was one of the most popular continuous-time
stochastic processes. This model has many real world applications such as medelling
stock market fluctuations and describing evolution of physical characteristics in the
fossil record, etc. However, sometimes Brownian motion is just used for the sake of
convenience rather than accuracy. In recent studies, people are becoming more and
more interested in discrete-valued stochastic processes, e€.g. the point processes. The
point processes have lots of applications. For example, we can use point processes to
model asset prices, stock prices, exchange rates and commodity prices, etc.

In this thesis, we consider the doubly stochastic Poisson process, which is an
important class of point processes. Let (N(t));>0 = (N1(t), Na(t), ..., No(t))i>0 be n
independent standard Poisson processes. We consider

Yi(?) Ni(fy M(X (s))ds)
Y= : |=
Ya(t) Na(fy An(X(s))ds)
Herein, X (t) can be used to model the evolution of the intrinsic values of some stock,
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while Y'(t) denotes the cumulative numbers of trades occurred at n price levels up to
time t. This is a partially observed model, which has been adopted in many fields of
applications, such as economics, engineering, informatics, etc.

Note that although we can construct the Poisson process model for stock trading
prices, and the complete information of the prices and trading times can be captured
through the observations, it does not mean that the intrinsic values of the stock are
known easily. To well distinguish the stock intrinsic values from stock trading prices,
we refer the readers to the Macromovement and Micromovement models introduced
in [Zeng (2003)]. The macromovement model refers to the closing price behavior while
the micromovement model refers to the transactional price behavior. It is also pointed
out in [Zeng (2003)] that noise would create the major distinction between these
mac- and micromovement models, and they could not be ignored when we estimate
the intrinsic values from stock trading prices, especially in the high-frequency data.
Discrete noise, clustering noise and nonclustering noise are the three main types of
noise, which normally comes from either noised trading or the trading mechanism.
Therefore, in the mathematical finance studies, it is more meaningful for the investors
to investigate a stock’s intrinsic values rather than its trading prices.

Since the stock intrinsic values are not observable, we need to utilize the informa-
tion of the stock prices and trading times to estimate them. In this thesis, we will
apply the theory of nonlinear filtering to this problem. In particular, we will apply
the novel techniques recently developed by Hu, Ma and Sun (cf. Hu et al. (2007)).
Note that although Poisson process and Brownian motion are qualitatively different,
they present striking similarities when the martingale point of view is adopted. The

martingale theory and the Ito’s differential equations can be parallelly generalized for



the Poisson process system. In fact, it has been found that the role of the Stieltjes
integration in the Poisson process theory is similar to that of the Ito’s stochastic
integration in the Wiener system (cf. Protter (1990)). Besides, almost all results
for Brownian motion can be found the counterparts in the setting of Poisson pro-
cess. Therefore, it is quite worthy to review the Wiener system and its corresponding
filtering theory, even though it is not the central topic of this thesis.

Let (2, F, P) be a probability space endowed with history (Fi)iso. A (P, F})-
Wiener process is a continuous process (By)s>o such that B; is adapted to F; for all

t>0and, for all 0 < s <'t,
B; — B, is P — independent of Fj,

B; — B, is Gaussian (0,t — s).

If (By)i>o is a (P, F,)-Wiener process, it is easy to verify that B, and B? — ¢t are
(P, Fi)-martingales. By virtue of Brownian motion, we can consider the stochastic
differential equation:

dXt = b(t, Xt)dt + O’(t, Xt)dBt’

equivalently, the stochastic integral equation:
t t
X, = X0+/ b(s,Xs)ds—i—/ o(s, X;)dDBs.
0 0

Now, we are ready to state the filtering problem with respect to Wiener process.
We refer the readers to [Xiong (2008), pp.1-3] for related examples such as the wireless
communication and the environment protection, etc. A filtering model consists of
two parts: one is the signal process which we will estimate, and the other one is the

observation process which provides the information about the signal.



The signal process X; is normally a d-dimensional process which is governed by

the stochastic differential equation:
dXt = b(t, Xt)dt ‘I— O'(t, Xt)dBt,

where b : R, x RY — R¢ o : Ry x R — R™ are continuous maps, and B is an
n—dimensional Brownian motion. The observation process Y; is an m-dimensional

process governed by the stochastic equation:
t
Y, =/ W(X.)ds + W,
0

where h : R — R™ is a continuous map and W is an m-dimensional Bronian motion
that is independent of B.
Denote FY = o({Y,0 < s < t},N), where A is the collection of P-null sets.

Then the goal of filtering is to estimate the conditional distributions

m() == P(X, € |FY), t>0.

We define
t 1 [t
Lo { [0, v -1 [ x|
0 0
and
dP
—\ =1L,
dQ Fi t

Under reasonable conditions, it can be shown that ) defines a probability measure.
Denote by E the expectation with respect to Q and define o,(f) = E[f(Xy) L FY).

Then, we have

a:(f)
o(1)

7; is called the optimal filter and oy is called the unnnormalized optimal filter.

m(f) =



It can be shown that m; satisfies the Kushner-FKK (Fujisaki-Kallianpur-Kunita)
equation (cf. Fujisaki et al. (1972)) and o, satisfies the Zakai equation (cf. Zakai
(1969)):

t

WAﬂ=mU%hAm&ﬁ$+[kmMﬁ—mMWiﬁMk

mn:%m+l¥ﬂww+f%mmm,

where L is the generator of X, f is any bounded function belonging to the domain
of L,and I, = Y, — fos mu(f)du is the innovation process. There are many different
ways to prove the uniqueness of solutions to the above filtering equations (cf. e.g.,
Kurtz and Ocone (1988), Bhatt et al. (1995) and Kurtz (1998)). In Hu, Sun and Ma
(2007), the authors use an interesting Wiener chaos expansion method to establish
the uniqueness of solutions of the filtering equations under very weak conditions on
the observation function A.

In this thesis, we first derive the Zakai equation with respect to Poisson process
in Chapter 2. To this end, we introduce the setting of the thesis at the beginning.
Then we derive two equivalent forms of the Zakai equation by replacing Y; in the
Wiener system with Y; — ¢ in the Poisson system. In Chapter 3, we use the Poisson
expansion, which is parallel to the Wiener chaos expansion, to prove the uniqueness
of solutions to the Zakai equation. For simplicity, we consider one dimensional case
(one stock) only, however, all the results hold for the multi-dimensional case (multi-
stocks). In Chapter 4, the objective is to compute the unnormalized optimal filters.
Under certain assumptions, we drive a recursive expansion for the unnormalized filter
density. Moreover, we introduce a numerical algorithm with bounded error. For the

future work, it worthy to do some simulation for the proposed model. It will show



whether the stock value process X; can be well estimated from the stock trading price

Y;.



Chapter 2

Filtering Equations

2.1 Model and Reference Measure

Throughout this chapter, we assume that E is a complete separable metric space
with Borel o-algebra B(E). Let (X(t)):>0 be a cadlag time-homogeneous Markov
process taking values in E and living on a complete probability space (2, F, P).
(X(t))t>0 is called the signal process, which cannot be observed directly. Denote
by By(FE) the family of bounded Borel measurable functions on E and denote by
P(t,z,T) (t > 0,z € E,T € B(F)) the transition function for X. Then, we have the
transition semigroup (T})i»o defined by Tif(z) = [ f(y)P(t,z,dy) for f € By(E).
Set C :={f € By(F) : limyjo T3 f(z) = f(x),Yz € E}. Then C D> Cy(E), the family of

bounded continuous functions on E. Define

p-{rec:3trecst T~ 1)+ | (TLf)()ds, Ve € B}

L is called the weak generator of X and D is its domain (c¢f. Kouritzin and Long
(2003)). Note that D is bounded pointwise dense in B,(E) and hence measure deter-

mining,.



Let (N(t))i>0 = (Ni(t), Na(t), ..., Nn(t))i>0 be n independent standard Poisson
processes on (£, F, P), which are assumed to be independent of (X(t)):>0. Suppose

that for 1 <¢ <mn, A;: E — (0,00) is Borel measurable and
i
/ M(X())ds < 00, P — a.s.,¥t > 0. (2.1)
0

Let the observation process (Y (¢)):>0 be a doubly stochastic Poisson process as fol-
lows:
Y1) Mi(fy (X (s))ds)
Y =1 + |[=
Ya(t) Na(fy An(X(s))ds)
Denote FY = o({Y(5),0 < s < t},N), FX :=0({X(s),0 < s < 00}, N) where N is

the collection of P-null sets, and F; := FY V FX. Then, we have

Bl Y O-Y®)| F] = ¢S5 -D [ AEOd gy ¢ R,

Note that X, Ny, Ny, ..., N, are independent under P. However, this does not
imply that X, Y7,Ys,...,Y, are independent under P. In the following, we will show
that there exists a probability measure @ on (2, F) such that X,Y},Ys,...,Y, are

independent and Y7, Y3, ..., Y, are standard Poisson processes.

Lemma 2.1.1 For 1 <4 < n, let (T(7))32; be the jump times of (Y;(¢)):>0. Define
the process (L(t))s=o0 by

L(t) = Hii(t),

where
Lit) = H 1 (T (4)) L o)<ty €XP {/0 (1- Mi(S))/\i(X(S))dS}
and )
N = 1
H = @)



Then (L(t))0 is a (P, F,)-martingale.

~

Proof. By [Brémaud (1981), pp.165-166], (L(t)):>0 is a nonnegative (P, F;)-local
martingale and hence a (P, F;)-supermartingale. It suffices to show that E[L(t)] = 1
for t > 0. Let PX and P" be the marginal probabilities with respect to X and N,
respectively. Note that L is pathwise defined. We need to show that EV [L(t)] = 1,

PX-as., for t > 0. Since
n t s
2 =1+ 3 [ o)) - 1 (106) - [ AX(w)au).
=10 0
EN[L(t)] < 1, PX-a.s. By assumption (2.1), we get

/Ot ENIL®O] - [(i(s) = DA(X(s))|ds < 00, PX —a.s.

Then L is a (PY, F,)-martingale, PX-a.s. and hence EN[L(t)] = 1, PX-a.s., for t > 0.

~

Therefore, E[L(t)] = 1 for t > 0. The proof is complete.

Now we can define Z—%b.—t = L(t) for t > 0. Then Q can be extended to be a
probability measure on (£, F) and Y is a standard Poisson process under @). Define
L(t) = 1/L(t) and denote by E? the expectation with respect to Q. Then %|]—‘t =

L(t) and E9[L(t)] = 1 for t > 0. For f € By(E), we define
m(f) = ELf(Xo)|F/]

(m¢)e>0 is called the optimal filter. By Bayes’ formula, we get

t EQLOIFY] (D)

(01)e>0 1s called the unnormalized optimal filter.



2.2 Zakai Equation

We will derive the Zakai equation for (o;);>9. Fix a constant T > 0 and denote by

M, (E) the family of finite signed measures on (F, B(E)).
Lemma 2.2.1 Let (v;)o<t<r be an My(F)-valued cadlag process. Suppose that

;:1:@ UOTlvsl(lf\i —1])ds < oo} =1

Then

Q —a.s., VfeD (2.3)
is equivalent to
w(f) = w(Lf) +Z/ [ = DT fd(Yi(s) = 5), @ —as.,
Vf e Bb(E) (2.4)

Proof. Without loss of generality we consider only the one-dimensional case, i.e.

n = 1. For f € D, define

ot f) = w(lif) + /Otvs-[( T ld(Y )

=)+ [udendst [oio- 4 - o)
= [o(Tf) — wlf) +

{/Ot ve[(A = DT fld(Y: — 5) — /Ot e[ — 1)/1d(Y, — S)}

- /Ot vs(Lf)ds. (2.5)

t

Note that T, f — f = fot T,Lfds. We obtain by Fubini’s Theorem that

o(t, f) = /Ot vo(TsLf) — /Ot vs(Lf)ds + I(t,Lf), (2.6)

10



where

I, f) : // (A = 1)T.fldrd(Y, — s).

For n € N, define the stopping time 7, by

T, 1nf{ <t< /|vs ]/\—1|)ds>n} 2.7)

Then T;, T T as n — 00, (J-a.s. We also define
tNTy
It = | / vy (A — VT, fldrd(Y, — s),

olt, f,n) = / w(TLLf) / vs(Lf)ds + I(t, Lf,n). (2.8)

0 0

Part I First, suppose that (2.3) holds. Let f € D. By the stochastic Fubini’s

theorem, (2.7) and (2.3), we get

I(ta f) n) = /0 /0‘ - I{SSTn}vs-—((/\ - l)T f) ( - ‘S)dT

t (t—r)ATn
- / {v(t_T)ATn(Trf)—vo(Trf)— / vy(LT.f)ds| dr. (2.9)
0 0

The last term of (2.9) is equal to

t 1 i t
/ / I{sgt—r}l{ngn}'Us(LTTf)deT = / / I{ngn}I{rgt—s}vs(LTrf)deS
0 J0 0 JO

tATn t—s
- / v, ( / LT, fdr) ds
0 0

_ /O O o(Toos f)ds — /0 " s

Consequently,

I(t, f,n) = / vs/\Tn(Tt_sf)ds—/ vo(Ts f)ds
’ AT, ’ AT,
—/ vs(Tt_sf)ds+/ vs(f)ds.
0 0

We complete the proof through the following three steps.

11



(a) Let f = Ry for some a > 0 and ¢ € D. Hereafter R, := [, e *T,dt, a > 0, is

the resolvent of (7});>9. Then we obtain by (2.8) that

1 t
’U(t, f7 n) = / I{s>Tn}UTn (T;%-st)dS - / I{s>Tn}Us(Lf)dS'
0 0

Letting n — oo, we get v(t, f) = 0.
(b) Let f € D. Define f; := kRyf, k € N. Note that f, — f boundedly and

pointwise as k — 0o. By the bounded convergence theorem, vo(T; fi) — vo(7T:f) and

| -0

as k — oo for each m. Then v(¢t, f) =0, Q-a.s, on {t <T,}. Thus v(¢, f) =0, Q-as.

v(fx) — vi(f) as k — oo. Moreover, by (2.7), we get

el T (- T =) = [ (O T

Therefore (2.4) holds for any f € D by (2.5) and (2.3).

(c) Let f € By(F). Since D is bounded pointwise dense in By(F), there exists a
sequence {fn}n>1 C D such that sup,s; ||fallc < 00 and lim,_. f, = f boundedly
and pointwise. Therefore (2.4) holds for f by (b), the dominated convergence theorem

and the stopping time argument (cf. (b)).

Part IT Conversely, suppose that (2.4) holds for any f € By(E). Let f € D. We

obtain that

/Ot vs(Lf)ds = /Ot vo(TsLf) + /Ot /Ou Us_[(A = 1) Ty LFlA(Y, — s)du.

12



Hence, by (2.6), we get

o, f) = I(tLf)— / t / "o [ = DT Lf]d(Y, — 5)du

_ // A = 1T, Lf]dud(Y, — s)
/ / (A= D)LAA(Y; — )du

ot fin) = /O / Toctyvo_[(A = V) Taes Lf]dud(Y, — 5)

—/t/uvs_[(/\—l)Tu_st]d(Ys—s)du
_ / /um A= DT Lf]d(Y, — s)du

// A=1D)Ty_s L)Y, — s)du — 0 asn — 0o, @ —a.s.

Therefore (2.3) holds.

Theorem 2.2.2 Suppose that

Z/ )]dt < co. (2.10)

Then, for 0 < ¢t < T, we have
t noo
o (f) = ao(f) +/ os(Lf)ds + Z/ os-[(A = 1) fld(Yi(s) — s), VfeD. (2.11)
0 =1 Jo
Proof. Note that (2.10) is equivalent to

> [ ELL@NCE®) ~ e < oo

Following the proof of [Brémaud (1981), R9, pp.177|, we can show that

Y
a(f) = Tif)+ Y [ 0w (= VIS = 5), Q=aws, ¥f € Bi(E).
i=1 70
Therefore, the proof follows from Lemma 2.2.1.

13



Chapter 3

Uniqueness of Solutions to the
Zakai Equation via Poisson

Expansions

To simplify notation, we consider only the one dimensional case, i.e. n = 1, through-

out this chapter. But the similar results hold for general n.

Theorem 3.1 Let (v})o<icr, ¢ = 1,2, be two M,(S)-valued cadlag processes. Sup-

pose that for all n € N,

t t1 tn
/ / / Ty, (IA=1Th, s, (IA=1] - - T | A=1])))dt 1 - - - dtadty < 00, (3.1)
0 0 0

and the following conditions hold for : =1, 2.

(ii) For ¢ € [0, T, v} is F; -measurable.

(iii) Ji BO[lwi[?(|A — 1])]dt < co.

14



(iv) For any f € D, {vi(f)}o<i<r is an {F) }o<i<r semi-martingale with

) =) + [ nas+ [ o= DAdY. -9, @-as

Then v} = v} for all ¢ € [0, T]. Moreover, we have the unique Poisson expansion
t
() = T + [ VT DT v - )
0

o [ AT = DTf3 = DT A1) = )il 1)+

Q —a.s., Vf e By(E). (3.2)

Proof. Set vy = v} or v; = v? for t € [0,T]. Then fOT ER[|u|?(|A — 1])]dt < oo by
condition (iii). Let f € By(E). By Lemma 2.2.1, v(f) € L*(Q2, 7, Q) for t € [0,T)

and

vt(f) = UO(T;ff) + /0 Utl[(/\ - 1)Tt—t1f]d()/tl - tl)? Q _>a'8‘

Denote (A —1), := ((—n) V(A —=1)) An, n € N. Then, by the dominated convergence

theorem, we get

t

v(f) = v (Tef) + im [ vy [(A = 1)pTiy, flA(Ys, — 1), Q— a.s.

n—oo 0
Hereafter the limit is taken in the L2-sense.
Apply the above argument to (A —1),T;_s, f. By fOT E®[|v]2(JA — 1])]dt < oo, the

dominated convergence theorem and (3.1), we get

t

Q—a.s.

15



Then, by orthogonality, the first two terms of the above summation must be the
first two terms of the unique Poisson expansion of v,(f). Repeat this procedure, by
induction, we obtain the unique Poisson expansion (3.2) of v;(f). Therefore, v} = v?

for all ¢t € [0, 7.

Corollary 3.2 Suppose that fOT E[A(X(t))]dt < co and
Z/ [ / (T A = Wiy A = 1T 3 = 1))t o
(3.3)

Then {o;}o<i<7 is the unique M,(S)-valued solution to the Zakai equation (2.11).

Moreover, we have the unique Poisson expansion

alf) = T+ [ UT O = VT (Ve — 1)
/ / VT[N = DT [() = DT SNy — to)A(Yiy — 1) + -+

Q —a.s. Yf € By(E). (3.4)

Proof. By Theorems 2.2.2 and 3.1, we only need to show that

EQ[/O (oA — 1)1 dt] < oo.

Define (A — 1)p := ((=n) V(A= 1)) An for n € N. Let {o0* " }ocicr be the

unnormalized filtering process with respect to (A — 1),, i.e.
oI (f) = BAOTI (X ()L F T, f € Bu(E).
Hereafter, we use Y,* ™V FPO7Un  0O-Dn and E@A-Dn to denote respectively Y;,

FY, @ and E9 corresponding to the observation function (A — 1),. Since X and

16



Y* are independent under *, by Fatou’s Lemma, Theorem 2.2.2, Theorem 3.1 and

dominated convergence theorem, we get

52 [ [Mfor - 10y

IA

IA

/OT/ (/M——1|(Xt)LtdQX>2dQYdt

T 2
lim / / ( / |/\—1|(Xt)L§*‘”"dQ<*-”mx) dQAY dt
n—oo 0

lim F9*-1n [/OT{U,:(M - 1|)}2dtJ

n—oo

T
lim lim E@O-Dn [ / {cft(|(A—1)m|}2dt]
0

=00 N — 0

S [ [ A A =2k T

cdtp_q - - ditadty

o0,

where @ and Q*Y denote the marginal probabilities of X and Y with respect to

@, respectively.

Remark 3.3 The assumptions of Corollary 3.2 are weak and can be verified for a

large class of unbounded intensity functions A. For example, suppose that dv = ugdm

with ug € L*(E;m), (T;)i>o0 is a contraction semigroup on L*(E;m) and h := (A—1) €

L¥"(E;m) for any n € N. Then (3.3) holds. In fact, noting that (T;f(z))" =

17



(E[f(X)D)" < E.[f"(X:)] = Tof*(z) for any f > 0on E and n € N, we get

V(Tppiy (1M Tt (12 Tt )

=/%%NW%WWW$MWW
E

IA

E

IA

IA

Another example is as follows. If dv = ugdm with vy € L*(E;m), h:= (A —-1) €

LY(E;m) and the semigroup (7})i>o satisfies
ITefllze < el Tefllze, Vf € L*(Bym), 0<t<T
for constant ¢ > 0, then we have

o0 t ty tn
S [ [ AT AT A Tl diads < oo
—1Jo Jo 0

13



Chapter 4

Recursive Poisson Expansions for

the Unnormalized Optimal Filters

In order to use the established Poisson expansion (3.4) for practical computations,
we must approximate the multiple Poisson integrals by truncation. In this chapter,
we will develop a recursive algorithm for computing an approximation of the unno-
malized optimal filter. To make the presentation more transparent, we consider a
time-homogeneous diffusion signal.

Let (2, F,P) be a complete probability space. Suppose (B(t)):>0 and (N(t)):>0
are standard one-dimensional Brownian motion and Poisson process on (2, F, P),

respectively. The signal (X (¢)):>0 and observation (Y (¢)):>o are given as follows.
t t
X(t) = X(0)+ / b(X (5))ds + / o (X ())dB(s),
0 0

Y(t) = N(/Ot/\(X(s))ds).

The following conditions are assumed:

(1) (B(t))i>0 and (N(t))s>o0 are independent of each other and of X (0).
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(ii) The functions b, o, and A > 0 on R are infinitely differentiable and all the
derivatives are bounded.

(i) X (0) has a density p with respective to the Lebesgue measure dz and p is a
smooth rapidly decreasing function on R.

By (2.2), we have

m(f) = o(f) _ E°f(X) L) 7]
t O't(l) EQ[L(t)lf‘tY]

Similar to [Zakai (1969), pp.232], one finds that under assumptions (i)-(iii) there

exists a random field u(t,z), t > 0, x € R, such that

a(f) = /Ru(t,x)f(x)dx, Vf € By(R).

u(t, z) is called the unnormalized filtering density function.
Denote by T;p the solution of the equation

ou(t, x) l82(02(x)v(t, z))  d(b(z)v(t, x))
ot 2 dz? oz

v(0,7) = ().

Let T > 0 be a fixed constant and consider a partition 0 =ty <t; < ... <ty =T of

[0,T]. Denote A; =t; — t;_1. Then, we obtain the following result by Corollary 3.2.

Theorem 4.1 Under Assumptions (i)-(iii), we have

u(to, ) = p(z),

u(tzﬁx) = TtU i1y "

+Z/ / / T (A= DT ultisy, )(2)

YO (s1) — s1) -+ d(YD(s1) — i)

fori=1,...,M, where YO@#) =Y (t +t,_1) = Y(t;_1), 0 <t < A,

20



To simplify notation, for an ]-?i’_l-measurable function g = g(z,w) and 0 < t < A,

we define

]
%

PamnS

\‘N

N

o ——

PamnS
8

o ——
i

Tig(z
// /T — 1) (A = )T(a),
y®

Y (s1) — 51) - d(Y? )(sk) —sk), k>1.
Then

u(ty ) = Y FO (D ultioy,))(z), i=1,..., M.

k>0

Denote by || - |lo and (-, ) the norm and the inner product of L?(R, dz), respec-

tively. Then, there exists a constant ¢ > 0 such that (cf. [Rozovskii (1990)])

ITello < ellollo-

~ By induction, for every t € [0,4;],¢=1,..., M and k > 0, the operator g — Fk(i) (t,g)

is linear and bounded from L%(Q, Q; L(R, dz)) to itself and
B FO ()l < e[(c)* /KB glfy,

This implies that u(t;,-) € L*(R,dx), Q-a.s. By Theorem 4.1 and induction, we get

the following result.

Theorem 4.2 If {e,} is an orthonormal basis in L?*(R,dz) and random variables

Yn(i), m>0,1=0,..., M are defined recursively by

¢n(0) = (p,@n)o,

Pa(i) = Z(Z(F,fi)(Ai,el),en)owl(i—1)), i=1,...,M,

>0
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then
ults, ) = an(i)en, P—a.s.
n>0
Now we can use Theorem 4.2 to develop a recursive algorithm for (o):;>9. For
simplicity, we assume that the partition of [0,7] is uniform, ie. A; = A for all

i=1,...,M. Let {e,} be the Hermite basis in L*(R, dz):

1
en(®) = V2rgt/2p)

where H,(z) is the n-th Hermite polynomial defined by

€—Z2/2Hn($),

dr
Hn(.’E) = (—1)neZ2d_x—ne_Z2’n > 0.

Recursive algorithm: Given a positive integer x, define random variables 1, x (),

n=0,...,k1t=0,...,M, by

wn,ﬂ(o) = (paen)O;

K

Yon()) = D ((Taer en)o+ (Ta(h = ey, en)o(Y () = Y (tim1) — A)

+ (1/2)(Ta(A = 1)?e, en)o((Y(t:) = Y (tiz1) = ) = A))th(i — 1),

i=1,..., M.
Then

uﬁ(ti, $) = Z wn,n(i)en(x)‘

Remark 4.3 Similar to [Lototsky et al. (1997) and Lototsky and Rozovskii (1997)],

the following type of error bound can be established.

c(y)
max EQ ) — )2 A4+ ——L
192M\/ Hu"“(t“ ) u(t; )”0 s¢ kY12 AT
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Then, by appropriate choice of the parameters A and k, we can make the errors to be
arbitrary small. The above algorithm looks especially promising if the parameters of
the model, i.e. b, o, A and p, are known. In this case, the values of (Tae;, €,)0, (Ta(A—
1)eg, en)o and (Ta(A — 1)%e;,€,), 1,1 =1,..., K, can be pre-computed and stored. So
only increments of the observations are required at each step of the algorithm, which

largely increases the on-line speed of the algorithm.
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