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ABSTRACT

On the moments of central values of modular L-functions
Benjamin Justus, Ph.D.
Concordia University, 2008

The thesis studies the integer-power moments of the central values of families
of modular L-functions. The two families under consideration in the thesis are
those quadratic twists of a L-function associated with a cusp form and L-functions
of a Hecke-basis of the space of cusp forms. Appropriate moment estimates are

derived for each family. Applications of the derived estimates are given.
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NOTATIONS

We follow the standard practices in analytic number theory. When it is writ-
ten f < g. it means that there exists a positive constant C' such that {f| < Clgl.
The notation f <, g means that there exists a constant C which depends only

on a and |f]| < C|g].
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Chapter 1

Introduction

The thesis studies the integer-power moments of the central values of families of
modular L-functions. The two families under consideration in the thesis are the
quadratic twists of an L-function associated with a cusp form and L-functions of

a Hecke-basis of the space of cusp forms.

The plan of the thesis is the following: chapter one gives a historic survey on
the subject. In chapter two, we review background material that is needed for
the chapters that are to follow. The task of estimating the first moment for the
quadratic family is carried out in chapter four. Here an asymptotic estimate is
derived. The task of estimating the second and higher moments for the quadratic
family is carried out in chapter three. Here sieve techniques are the guiding prin-
ciples in deriving any reasonably good upper bound estimates. Chapter five gives
applications which makes use of the moment results developed in the previous
chapters. They include a non-vanishing result (section 5.1) and a zero density
estimate (section 5.2). In Chapter six, we consider a different family, namely
L-functions associated with a Hecke-basis of cusp forms. In such an instance,

we provide asymptotic estimates on the first and second moment. For higher



moments. only upper bounds are given.

1.1 Analytic Results

The moment-type results are intimately connected with the study of non-vanishing
of L-functions at the critical point. Analytic results were first proved by K. Murty
and R. Murty [16], and Iwaniec [6]. Earlier on, Kolyvagin [14] proved a result
which states that the group of rational points on an elliptic curve F is finite if
L(1, E) # 0 and the L-function L(s, E. x4) twisted by a suitable quadratic char-
acter has a simple zero at s = 1. The latter condition was subsequently proved
to hold true for infinitely many discriminants d by D. Bump, S. Friedberg and
J. Hoffstein [3], and K. Murty, R.Murty [16] independently. The method used
in [16] is classical. They established in their paper a mean-values estimate on
the derivative of L-series attached to the elliptic curve. Precisely, let L(s, E) be
the L-function associated with an elliptic curve E and L(s, F, x4) the quadratic
twists of L(s, F) by x4. Suppose L(1,FE) # 0. Then over a suitable family of

quadratic twists in the range of [0,Y], they established

Z L'(1,E,x4) = CY logY + o(Y logY),
d

where C is non-zero and depends only on E. This theorem clearly implies the
existence of infinite many discriminants such that L(s, E, x4) has a simple zero
at s = 1. Iwaniec [6] subsequently gave a precise estimate on the number of

non-vanishing of L'(1, E, x4). He showed



ZL'(LE-. xq) =aYlogY + 3Y + Q(y13/14+e)2
d

S IL(1LE, xa)l' < Y2
d

where @ # 0 and 3 only depends on F. Using these estimates and Cauchy’s
inequality, he then shows using the above estimates L'(1, E, x4) # 0 for at least
Y'2/3-¢ real primitive quadratic characters. This result was later improved to Y'1~¢

by Perelli and Pomykala [19].

Here the philosophy is clear: one has non-vanishing results if one is able to
give good moment estimates on the specific family at hand. This idea has inspired

the subsequent coming of many other papers [17, 19, 11].

In this thesis, we use this framework to study the non-vanishing of modular
L-functions at the critical point (instead of the derivative of L-functions) by
giving the appropriate moment estimates. The family consists of the quadratic
twists of a given L-function, L(s, f ® x4). And we study not only L-functions
associated with elliptic curves, but for any cusp newform of arbitary level and

arbitary weight with nebentypus (i.e. f € Sp(To (), x) )-

1.2 Interpolation Formula

It is a remarkable fact that the central critical values of modular L-functions are
related to the Fourier Coefficients of half-integral weight cusp forms. Here one
should mention the theorems of Waldspurger [22] and Kohnen [13].

To state Waldspurger’s result, for every fundamental discriminant D define

D[) b\"



| D], if D is odd,
Dy =
|D|/4, if D is even.

Theorem 1.1. If f(z) = 3 ., a(n)e(nz) € S5, (To(4N)) is an even weight new-
form (see section 2.1 for definition) and § € {£1} is the sign of the functional
equation L(s, f), then there exists a positive integer M with M|N, a Dirichlet
character x modulo 4M, a nonzero complex number ;. and a nonzero half-
integral weight Hecke eigenform
97(2) =D bs(n)e(nz) € Sypy1(To(4M), x)
n=1
with the property that there are arithmetic progressions of fundamental discrimi-

nants D coprime to 4N for which 6D > 0 and

Nl

L(k, f b XD)D(IJC_

2 __ .
by(Do)* = ep P

(1.1)

where €p is algebraic and depends only on D. For all other D with 6D > 0, we
have bg(Dg) = 0. Moreover, there is a fized number field K finite degree over Q
such that the coefficients a(n), by(n) and the values of x are in Ok, the ring of

integers of K. In addition, if p{ 4N is prime, then

Alp) = x(p)a(p),

where A(p) is the eigenvalue of g;(z) for the half-integral weight Hecke operator
Tpe.

In Waldspurger’s theorem, the constant in (1.1) is not explicit. Kohnen’s
theorem [13] is more precise in the sense that the constant in his formula is

explicit.



Theorem 1.2. Let N be odd and square-free and suppose further

g(z) =Y _bn)e(nz) € Sf,, (Fo(4N),x)

n>1
is a Kohnen newform (see [12]). Let f(z) = > . a{n)e(nz) € S5 (Uo(4N))
be the unique even weight newform under Shimura’s correspondence. If I|N is

prime. then let Ay € {£1} be the eigenvalue of the Atkin-Lehner involution
fIV(@Q)(2) = Mf(2).

If (=1)*D > 0 and D had the property (2) = X, for each prime I[N, then

< f,f>-n*

. 2
2"(N)(k_1)”le—% <g,9> (I DPI=

For all other fundamental discriminants D with (—1)*D > 0 we have b(|D|) = 0.

1.3 Random Matrix Theory

Modeling families of L-functions by using the choices of random matrix ensembles
suggested by Katz and Sarnak [18], Keating and Snaith and other people gave
very precise conjectures on the moments of central values of L-functions (see [9,
10)).

For example, the family of Dirichlet L-functions L(s, x) as x varies over prim-
itive characters modulo ¢ is a unitary family, and it is conjectured that as ¢ — oo

377 IL(/2, %) ~ Ci g(log 9)*

x mod g

for positive integer k£ and Cy is a specified constant. Here the summation is over
all primitive characters modulo g.
The family of quadratic Dirichlet L-functions L(s, x4), where d is a funda-

mental discriminant and xy is the associated quadratic character, is a symplectic

5



family and it is conjectured that as X — oo
> L(1/2, xa)F ~ Ag X (log X )F0+1)/72
ld<x
for positive integer k and Ay is a specified constant.
The family of quadratic twists of a given newform f, L(s, f ® x4) is an or-
thogonal family and it is conjectured that as X — oo
Y L(1/2,f ® xa)* ~ By X (log X )< 12
ldl<Xx
for positive integer k and By, is a specified constant.
The two families we study in the thesis differ from the three families presented
above. There are no currently known moment-type conjectures regarding the two

families in the thesis.



Chapter 2

Modular forms and L-functions

We briefly review some basic properties of classical modular forms. The reader

can consult standard texts such as [7] for more details.

2.1 Classical Modular forms

In this thesis, we are dealing with modular forms of integer weights over a con-
gruence subgroup. By saying f is a modular form of weight k£ € Z, level N and

nebentypus ¥, it is understood that f satisfies the following conditions:

1. f is an analytic function defined on the upper half plane H;
a b
2. f(yz) = (cz + d)*x(d) f(z) for all y = e Iy (NY);

3. f is holomorphic at all cusps of I'y (V).

Furthermore, we say f is a cusp form if it vanishes at the cusps of 'y (N).
If f is a modular form, it then has a Fourier series expansion at each cusp.

Especially important is the Fourier expansion of f at the cusp co



f(z)= Za(n.)e('nz), e(z) = ™.

When f is a cusp form, then in the above expansion a(0) = 0.

Modular forms of level N, weight &k and nebentvpus x form a vector space
which is denoted by M (I (V) , x), and the cusp forms a subspace denoted by
Sk(To (N).x). The vector space My(I'g (V). x) is finite dimensional. Moreover,
Si(Tp (N), x) is a finite dimensional Hilbert space with the Petersson inner prod-

uct

< fg>= / f(2)g(2)y"* *dzdy.
TPo(N)\H

Indispensable from the theory of modular forms is the concept of Hecke op-
erators. Fix positive integers k, N. For each n > 1 the operator T,, (called nth

Hecke operator) acts on the space M (Lo (N), x). 1t is defined by the formula:

A1) = 7 3 xlelat 3 7 (E170)).

ad=n 0<b<d

The Hecke operators are linear, and they are multiplicative in the sense that

for any n,m > 1

TTn= Y x(d)d* Tz (2.1)
d|(n.m)

Suppose (n, N) = 1. Then the operator T, is normal on the Hilbert space
Si(Fo (N), x) with respect to the Petersson inner product. More precisely for

f.9 € 5o (N),x) we have

< fITh. g >=x(n) < f.9|T, > .



Thus. by standard linear algebra. one is able to find an orthonormal basis
of the space S (g (NV).x) which consists of eigenfunctions for all the Hecke
operators T, with (n, N) = 1. If one wishes to remove the last condition (n. N) =
1, the theory of newforms initiated by Atkin and Lehner [1] intervenes. In this

theory. one can decompose the space of cusp forms into

Sk(FO (N) 7X) = Sb(N7X) 69S*(]VX)

S?(N, x) is called the space of oldforms and its orthogonal complement S*(N, x)
in Sx(Tp (V). x) is the subspace of newforms. The space of oldforms and the space
of newforms are stable under the Hecke operators 7, with (n, N) = 1. Therefore,
each of them has an orthonormal basis consisting of eigenfunctions of the Hecke
operators T,, with (n, N) = 1. The Hecke eigenforms of S*(N, x) are called new-
forms. One of the main result here is that: a newform is an eigenfunction for
all the Hecke operators. A newform is usually normalized so that all its Fourier
coefficients coincide with the eigenvalues of the Hecke operator 7,,. Besides the
Hecke operators T, a newform is also an eigenfunction for another important

operator, namely the Fricke involution W, which is defined by

W=WoK
where
fIW(z) = N“k/22_kf (1—;%) , (2.2)
fIK(z) = f(—2). (2.3)

Let f be a newform and 7) its eigenvalue under the action of 1V. The eigenvalue

7 18 an important invariant in what follows in the thesis. It is complex with

9



absolute value 1. And onlyv in special cases. one can compute it explicitly.

Proposition 2.1. Let x be a primitive character of conductor N. Let f be a

newform in Sp(Fo (N). x)and n its eigenvalue by the Fricke involution. Then

n=T(X) AN
Here Ay is the Nth Fourier coefficient of f and 7(x) denotes the usual Gauss

sum associated with the character y.

Proposition 2.2. Let N be squarefree. and x trivial. Then n is given by
n=p(N)ANNI"*2,

Given a modular form, one mayv produce new modular forms by means of

twisting. More precisely

Proposition 2.3. Let f € M;(Fy(N),x) be a modular form with Fourier coef-
ficients a,. Let N* be the conductor of the Dirichlet character x and let i be a
primitive Dirichlet character modulo r. Let f ® i be the function on H given by

the Fourier expansion

(f®¢)(2) = Y v(n)ane(nz).

n>0

Then f ® ¢ is also a modular form, more precisely f ® ¥ € M(To(q) , x¥?),
where q is the least common multiple of N, N*r and 2. If f is a cusp form, then

s0is f .

2.2 Hecke L-functions

Consider f € Mi(To(N).x), so f has the Fourier expansion at oo

10



flz) = Z a,e(nz).

n>0

One defines its Hecke L-function to be the Dirichlet series

Lis.f)=) =

n>1

and the completed L-function

VN

A('S’ f) - (%—) F(.S‘)L(S, f)

Bounding a, trivially (see section 2.4), L(s, f) is absolutely convergent for

Re(s) > g Regarding the analyticity of L(s, f), Hecke proved

Theorem 2.1 (Hecke). With notations above, L(s, f) has a meromorphic con-
tinuation to the whole complex plane and the completed L- function satisfies the

functional equation
A(S7 f) = 7'ij(k' - S flVV)

Moreover, L(s, f) is entire if f is a cusp form,. and otherwise it has only a simple

pole at s = k.

Recall W is the operator defined earlier (2.2). The proof is very much like

Riemann’s proof of the functional equation of ((s).

Proof. By the definition of the gamma function we have for n > 1,

(_\/_N_) F(S)n_SZ/ e—27my/\/ﬁys_(£:g7
27 0 Y

so in the region of absolute convergence we have the representation

11



Here we split the integral into the part from 1 to oo and the part from 0 to 1

and we transform the latter as follows

LO08) ~ra[ (0(i) =)t

Adding both parts we obtain the integral representation

= [ (35) e [ (o () o)

Since f — ag decays exponentially at infinity, the meromorphic continuation fol-

lows, and the functional equation is then clear. O

Corollary 2.1. Let f be a normalized newform in Sy(To (N),x) with Fourier

ezpansion

f(z) = Z Ane(nz).

n>1

Then the Hecke L-function of f has an Euler product expansion

Lis, f) =] (1 = A+ xp)pF %)

p
and has analytic continuation to an entire function. The completed L-function

VN

Als, f) = (?> P(s)Lis, f)

12



sotisfies the functional egquation

Als.f) = *7A(k — 5,7)

Proof. The functional equation is a direct consequence of Theorem 2.1 and the

fact f is an eigenfunction of W with eigenvalue 1. Using (2.1), we may write

Tn —5 —1-2s\7
> =110-1p + x(p)p* =)
4

n>1

The Euler product of L(s, f) now follows by the above expansion and together

with the fact f|T,, = A, f. n > 1. D

Proposition 2.3 tells us how to get new modular forms by twisting the old one
with characters. The following proposition tells us when one may get newforms

by twisting.

Proposition 2.4. Let f be newform in Sp(T'o (V) , x) and ¢ a primitive Dirichlet
character modulo r with (r, N) = 1 Then f ® ¢ is a newform of level N7? and the
Hecke L-function of f ® ¢ is entire and polynomially bounded in vertical strips.

Moreover, the completed L-function satisfies the functional equation

A(s, f @) = FuifAlk — s, f @)

where )y is the eigenvalue of f for the operator W, and the root number w depends

only on x and ¥, namely

()

w = x(r)u(N) =

13



2.3 Approximate Functional Equation

The approximate functional equation gives an analvtic expression for L(s. f)

inside the critical strip 0 < Re(s) < k.

Theorem 2.2. Let f = ) a,e(nz) be a newform in Sp(To (N).x). Let G(u) be
any function which is holomorphic and bounded in the strip —2k < Reu < 2k,
even, and normalized by G(0) = 1. Let X > 0. Then for any s = o + it in the

strip 0 < ¢ < k we have

Lo )= Sy (27 ik (Y e 2mn X
g () () R e ) oo

n>1

where V(y) is a smooth function defined by

_ 1 o T(s+u) du
Vi(y) = 50 (a)y ‘T(é)_G(“)Z (2.5)

with a fired o satisfying 1+ k/2 < a < 2k.

Proof. Consider the integral

(X, s, f) = % /(a) XUA(s + u, f)G(u)(i—u
The integral exists because A(o + it, f) decays exponentially at infinity for
fixed 0. By the same reason, one can move the line of integration to Re(u) = —a.
Thus

du
u

A(s, fy=I1(X.s, f) — i /(_ ‘)X“A(s +u, f)G(u)

27
where A(s, f) comes from the residue of the simple pole of G(u)/u at u = 0. We

now perform a change of variable in the above integral and invoke the functional

equation for f, this vields

14



As. f) =I(X.s. f) + 71Xk —s.]). (2.6)

Since o is chosen so that the Dirichlet series defining L(s. f) is absolutely

convergent in such a region, we have

a" 2mn "~ du
I(X.s, f)= ( ) v /(a ( ) (s+u)G(u);

o VN s a, 1 2mn X\ du
I(X Vk—s )= (gﬂ) an-s%/(u>(\/ﬁ) Tk = 5 +u)G(u)—.

n>1

Put them back in (2.6) and divide both sides by (v'N/27)*T(s), the theorem is

proved. O

For a suitable test function G(u), both sums in (2.4) are effectively limited to

the terms with n < |s|. We shall see this with a particular choice of G(u)

U

—4kA
4kA) with A > 2.

G(u) = cos (

Proposition 2.5. With notations above. The derivatives of Vi(y) satisfies

Vi =5.+0 (g |+1>A

pe e (e %)

where &g = 1, 8, =0, if a > 0. The implied constant depends only on a and A.

Proof. We have the formula

(] a 1 —Uu GF
YViy) === [| vy (-u)'————



If a = 0 this becomes

1 _ s+ u) du
Viy) = —— P el R ) el

Since A is chosen so that G(u) is holomorphic with ~A < Reu < A. we may

move the line of integration to (—A), thus

1 I'(s+u) du
Ve(y) =14+ — G (u)—.
) + 2mi /(__4) y I'(s) (w) U
where the main term 1 comes from the residue of the simple pole of G(u)/u at

u = 0. Using the bounds

G(u) < e~

I'(s+u)

Ty < Usl+ 1)< exp(z [u]

we conclude

g\
Vs(y)=1+o(l—sl+—1) :

If a > 0, one sees this by using the same contour,

yVE(y) = /(_A) -0 <|‘|‘y+‘1)

The proof for the second assertion is similar, one shifts the contour to the line

(A) in this case. D

Using the same ideas as used in the proof of Theorem 2.2, one may derive
an approximate functional equation for the mth power of L(s. f) where m is any

positive integer. Such a result is needed later.

16



Theorem 2.3. With the notations above. for any given posilive integer m.

b (27) J\ by, (2m)"n X
m "y 7)"'n ‘k—=\111 - T Y n ¢
L™(s, f) = Z —7;\/5 (—XN'"/2> + (%) (—27—;) Z n_k—sv’*—s (_W)

n>1 n>1
(2.7)
where
bn = Z (lkl [27 akm (28)
klkg--'kaH
1 F(s+u)\™ du
V.(y) = — T ——— ) Gu)— 2.9
=g | () e 29)

with a fired o satisfying 1 + k/2 < o < 2k.

2.4 Bounds for Fourier Coefficients

Let f = >" ane(nz) be a cusp form in Sp(I'g (N), x). We are interested in esti-
mating the size of a,. We begin by stating a criterion for the cusp form. See

chapter five of {7].

Lemma 2.1. Suppose f is a modular form for the group U'. Then f is a cusp

form if and only if (Im 2)*/2|f(2)}] is bounded in the upper-half plane.

By the Parseval identity and the lemma above

1
3 fan 2ty = / () Pde <y,
n 0

whence

Z ,anl2 < y—ke47rNy

n<N

for any y > 0. Choosing y = N~1, we obtain

17



Theorem 2.4.

> lanf? < N

n<nN
Remark 2.1. The upper bound above is the best possible, for one can prove

using the Rankin-Selberg method that

Z Ia'nlz ~ CNk;

n<N

where ¢ is a positive constant depending on f. The theorem also shows that for

any individual coefficient it yields

a, < nk/2,

In fact, we have the bounds(originally known as the Ramanujan-Petersson con-

jecture)

an, < 7'(71)71’:‘51 (2.10)
by the work of Deligne [4]. Here 7(n) is the number of divisors of n.
Using Cauchy’s inequality, we deduce the following estimate from Theorem 2.4

Corollary 2.2. For any N > 1 we have

> Jadl < N*F.

n<N

The bound can be improved if we drop the absolute value to allow cancellation

between the terms.

18



Theorem 2.5. For any real & and N > 1 we have
Z ane(an) < N*?log2N
n<N

where the implied constant depends only on f (not on «).

We also need the following result in chapter three, the proof of which can be

found in [6] (Lemma 1).

Proposition 2.6. Let a be real and i be a periodic function of period r. We

then have

Z a,yp(n)e(an) < YNlogN,

n<N

where
pol! > S (b)e (“b)
7 VAN
a {modr)|b (modr)

Moreover, if |¢| < 1 and s is a positive integer then we have

Z an(n)e(an) < 7(s)r'/2N log N

n<N
{n.s)=1

and

’ an(n)e(an) < 7(s)r'?N(log N)”
Z /

n<N
(n,s)=1

where the last summation s over squarefree positive integers.

19



Chapter 3

Bounding the Second and Higher

moments

We prove upper bounds for the power moments of the family L(s, f ® xq). In
Section 3.1, the concept of the large sieve is introduced. Using such techniques,
we then give upper bounds for all the even moments of the family L(s, f ® xq)-
This is achieved in Section 3.2. In Section 3.3, a refined estimate for the second

moment is derived.

3.1 Large Sieve inequalities

Large sieve inequalities are inequalities of the type

2

< C(X,N)|al®

>

z€X

Z a,z(n)

n<N

for any complex numbers a,,, where [|a]* = 3 |a,|.
Let X consist of all primitive Dirichlet characters of modulus g < ), our first

example of large sieve tvpe of inequalities is the following theorem of Bombieri
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and Davenport [2]

Theorem 3.1. For any complex numbers a,, with M <n < M + N, we have

2

<(Q*+ N - 1) |lalf?

Z anx(n)

M<n<M+N

T T

x {modq)

where inner sum is over all primitive characters (mod q).

There are remarkable consequences of this theorem.
If we restrict X to primitive quadratic characters with conductors at most @),

here is a powerful result of Heath-Brown [5].

Theorem 3.2. For any compler numbers a,,,

2
K QN"™HQ + N) max lan)?.

>

d]<Q
The implied constant depends only on e.

Z anXd ‘fl)

n<N

As an application, we shall in Section 3.3 use Heath-Brown’s inequality to
prove an upper bound of correct order of magnitude for the second moment.

The Fourier coeflicients of cusp forms, or better the eigenvalues of Hecke
operators in the space of cusp forms, are analogues of Dirichlet characters. Let
F be an orthonormal basis of Sk(Io(g),x). Let f(z) = > ays(n)e(nz) be the
Fourier expansion of f at co. The following large sieve inequality [21] is used in

Chapter Five.

Theorem 3.3. Let k > 2. Then for any complex numbers a,, we have
2

< (1 +0 <N1;gN>) llall®.

T(k 1)

TAN—1
(4m) rord

Z a,ag(n)n =

n<N

The implied constant is absolute.
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3.2 A crude estimate

Let f be a newform in Si(/NV, x). As mentioned in the introduction, the family
of L-functions of interest consists of quadratic twists of f. More precisely, let
d be a fundamental discriminant such that (d. N) = 1. We denote by x4 the
quadratic character of conductor [d|. In view of Proposition 2.4. the twisted
f ® xa is a newform in Sg(Fo (Nd?),x) and L(s. f ® xa) is entire. The critical
strip of L(s, f ® xq) is centered at Res = k/2. Summing over all such d, we are

interested in estimating

STIL R/, f © xa)PP (3.1)

<@
where m is any positive integer.
Before stating our result, a few remarks on the expected magnitude of (3.1)

are appropriate. If one assumes the Lindel6f hypothesis, which says

L(k/2, f ® xq) < d-, (3.2)

one then gets

3T IL(R/2, £ ® xa) P < Q1 (3.3)

ldi<Q
Of course, the Lindelof hypothesis for modular L-functions is currently not
known to be true. Instead if we use the Ramanujan-Petersson bound (2.10) for
the Fourier coefficients of f and the approximate functional equation, a simple

computation shows
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L(k/2. f ® xa) <o dV?e

Summing over d,

D IL(R/2, f @ xa) ™ < pe QT
ldlQ

We prove in this section the following

Theorem 3.4. For anyt € R,

3T S TILKk/2 4 it f @ )P < (Q% + Q7 (It + K+ 1™ QU] + k + 1)~

9<Q ¥(q)

The implied constant depends on € and f. The inner sum is over all primitive

characters v with conductor ¢ < @ and (¢, N) = 1.
An immediate corollary of the theorem above is

Corollary 3.1.

N Zte, =1;
D IL(k/2, f ® xa)" < @ mel

ld<Q Q™ m>2.

The strategy for the proof of the Theorem is to write L™ (k/2+it, f®x) in two
finite sums using an approximate functional equation. The large sieve inequality

is then used to bound the square of such sums.

Proof. Let

flz)= Z ane(nz)

n>1

be the Fourier expansion of f at co. By Theorem 2.3. we may write
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L™(k/2+ it f @) (3.4)

—2imt -
_ b, (n) v (27)™n . VNg b,y (n) V. (2m)™n
- Z nki2+i k/2+it Nm/2qm + “q VT Z nk/2-it k/2—it ‘IVm/qu i

n>1 n>1
(3-5)
where
e )\
W, = (lkmx(qw‘(N) ; ))
bn = Z Ay - A,
ki-km=n
1 A T(s+u)\™ du
Vi) ==— [ v G(u)
( 27rz/(a) < I(s) ) ( )u
We now make the choice for G(u)
TN —4kmA A
G(u) = [COS (m)] ., with A>2k
and deduce as in Proposition 2.5
y -A
v, 1+—7 ) 3.6
< (1+ o) (30
Now let
A
B=@Q"(t|+k+1)? with D= 2;—7—”—.
—€

In view of the approximate functional equation (3.4) and Cauchy’s inequality
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ST STz w it f @ w)P

9<Q w(q)

2
* bnii(n 2m)"n
< Z Z Z A/2+13 Vi/ait <_(N_77)2q_"—’> (first term)

9<Q y(q) In21

2
* T n , 2 m,n
+ Z Z Z nl:fQ( 13 k/2~it (1%%) . (second term)

9<Q ¢¥(g) In2l

For the first term, truncate the sum up to B and use the large sieve inequality

(Theorem 3.1)

2

>3

9<Q +(g)

(27)™n
Z k/2+zt Viszvit Nm/2gm

n<B

<(@+B)), ll:,c‘

n<B

< (Q*+ B)B*

=(Q*+ QP(It] + k + 1)")(Q(It] + k + 1))"*.

In bounding the above coefficients b,,, we resorted to the Ramanujan-Petersson
bound (2.10) and the elementary fact 7(n) < n¢. In the remaining range n > B,

we rely on (3.6) to get
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2

» bu(n),, (27)"n

Z Z Z nk/2+it k/2-+it J,7\711'1/2(]171
95Q ¢{q) In>B
2

x b7, (2m)™n -
<D DX 2 (1 * N (kj2 4 ]+ 1)m>

9<Q y(q) In>B

* [b,] n A
< Z Z Z nk/? <qm(|t| +k+ 1)m>

9<Q w(g) in>B

<3 3T g A kA S A

9<Q ¥(q) n>B

2

2

< Q2+2mA+D_2DA+QD€(,tl +k+ 1)2m,4+D—2DA+2D(

<<QD+D€(ltl+k+ 1)D+Dc_

Choose A = 2/¢, so D = m + O(e). This finishes the proof. O

3.3 The Second Moment

From Corollary 3.1, we know

STUILK/2, f @ xa)l? < Q.
1di<Q
The expected value for the second moment(in fact for any moment) is Q**< if

one is willing to assume the Lindelof hypothesis. That being said, we shall prove

in this section the following

Theorem 3.5. Let k > 2 and o be fized in [k/2,k — 1/2}, the estimate

S L + it f @ xa) < (Q + (QUt] + 1)) (Q(Jt] + 1)

ldi<@

holds. The implied constant depends only on €.
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The crux of the proof is Heath-Brown’s large sieve inequalitv(Theorem 3.2).
We mention also that such an inequality is applied in other contexts [19, 5].

We introduce notations before the proof. Let

S@Q.7.9)=Y. ILs,f® x>
Q<ldj<2Q

In what follows we study the sum S(Q, f,s). It is straightforward to check
that the theorem follows if we can prove the same bound for S(Q, f,s). Let

v(o, f) be the inf of the v € R for which

S(Q. frs) < (Q+ (Qt] + 1)) (Q(It] + 1)) (3.7)
We begin with a lemma.

Lemma 3.1. The formula

1

L(s:f ® Xa) = D amxalm)n™ /X — o / L(w, f ® xa)T(w — 8) X"~ *dw
(@)

n>1

2m
is valid for 1/2 < o < 0 = Res

Proof. Consider the integral

— L(w, f@xa)l'(w— )XY *dw, 1/2<a<co
27T’L (a)

which is well-defined in view of the bound

[(z + iy) <, eV

Moving the line of integration to (k/2). We have a simple pole at w = s with

the residue L(s, f ® x4) and
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1
2mi

/ L{w, f ® xa)T(w — ) X" *dw = L(s, f ® xq) exp(—n/X)
(k/2)

by the Mellin inversion formula. O
Proof of the Main Theorem. In view of the lemma above, we have by Cauchy’s

inequality

|L(87 f X Xd)l2 <,

D anxa(n)nteX

n>1

+X2(°‘_")/ |L(a + iu, f ® xq)|° e 1 du.

00

Summing over d,

2
S(Q.f8) <o Y, Zanxd(n)n‘se’"/x
Q<|d|<2Q In21
+ X Ha~o) / 5(Q, f, o + iw)e "t du. (3.8)

From the functional equation(Proposition 2.4) for L(w, f ® x4), we have the
bound

L(er +iu, f ® xa)| < (Q(lul + 1) Lk ~ & — iu, f ® xa)l.
Thus running over d and using (3.7)
S(Q. f,a+iu)
<(Qul + 1)*™*S(Q, £,k — a —iu)
Ceal @l + DP**UQ + (Q(lul + 1)) F+)(Q(lu] + 1)) koD,
This leads to a bound for the second term of (3.8)
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X2e-a) /xv S(Q. f.a+ iu)e"“‘“”du (3.9)
< (QUIt] + 1)XE2(Q + (Q(It] + 1)) 1) (Q(Jt] + 1)) k-oTree

To bound the first term of (3.8), one resorts to Theorem 3.2. In view of

Heath-Brown’s theorem and bounds for the Fourier coefficients (2.10), one has

2

Z Z anxa(n)n %e X <« Q(Q + N)N+-2o+<, (3.10)

Q<|d|<2Q IN<n<2N
Now for large No(> X log Q for instance)
2

3 |5 avmn-e X

Q<[dl<2Q [n>1
2 2
= Z Z anxa(n)nfe Xl + Z Z anxa(n)n " se X

Q<{d|<2Q [n<No Q<|d<2Q In>Ng

2

= 2|2 eaxamne ™| +0(Q).

Q<]d<2Q In<Np

We break the interval|l, Np] into O(log Ng) subintervals of the type N < n <

2N. Set Ny = X log” Q(|t| +1). Apply (3.10) to each N < n < 2N

2

Do 1D anxa(mnreX

Q<]d|<2Q In<No
< QNEH(Q + No) log No

L (Q + XF2)Q(It + 1) X) .

Put the above estimate and (3.9) in (3.8) to get

S(Q. f,0 +it) <o (Q+ XF172)(Q(It] + 1) X)* (3.11)
+(QUIt] + 1))2F2(Q + (Q(It] + 1) FHH2)(Q(jt] + 1)) koD,
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Wk/i24+486 <0< k—-1/2. Leta =k—-0,501/2< a < 0. Set X =

(Q(It] + 1))+

S(Q, f.5) eo (@ + QU]+ 1)) Q(Jt] + 1)) PHOHe
+(QUit] + 1) D 7HRRE(Q 1 (Q([t] + 1))
Ko (Q+ (QUIt] + 1172 ((Q(IE] + 1)) ¥+

+ (Q(Jt] + 1))"(":?)”25(?0—k)+<)7

whence

v(o, f) <max(A,v(o,f)+ B), A=(2+6)+65, B=¢e—25(20~k).
(3.12)

One also has by running through the same argument

v(o, f) < max(A,v(o,f)+ B), A=(24+08)e+6, B=ec—2§20—k).
(3.13)

If v(o, f) > v(o, f); choose & = /€, (3.13) gives

v(o, fy < vio,f) < A—0.

If v(o, f) < v(o, f), with § = /€, (3.12) gives

v(io.f) < A—0.

This finishes the case k/24+ 6 <o <k —1/2.
The second case being k/2 < 0 < k/2+ 6. In this case, let a = k/2 — ¢,
X =(QT)'*. So1/2<a < 0,

30



S(Q. f.5) Ko (Q+ (QUII + 1) 12)(Q(Jt] + 1)) 2+OHe
+(Q(Jt] + 1))25+u(1\’/2+6.7)+£~(20-1.")—26(0—(;)(Q + Q] + 1))1—25)
<@+ (Q(t] + 1))s+1=2)

((QUI + 1)) 2949 4 Q] + 1)PrekresD )

Whence

v(o, f) < max((2+ 8)e +6.20 + v(k/2+ 5, f) + €) — 0.

The theorem follows.
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Chapter 4

The Asymptotic of the First

Moment

We prove an asvmptotic formula for the first moment of the family L(s, f ® x4)-
The techniques used in the proof are those of Iwaniec [6). In his paper, Iwaniec
did calculation for the derivative of L-series attached to an elliptic curve. In our
case, we do calculation on L-series associated with newforms in Sg(Fo (V). x)-
Our argument more or less follows Iwaniec’s original argument except our family

of quadratic twists differs from his.

4.1 Background

Let f be a newform in S;(I'g (N), x), where x is a primitive Dirichlet character
mod N. Let r = ord() if the order of x is even and r = 2ord(x) if the order of

x is odd. Denote
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D: {0<d=m" (mod4N): for some m prime to 4.V
and v,(d) = lorr + 1, ¥p|d};

D*: {de€ D:d rth powerfree}.

It isclear d € D* = d is a fundamental discriminant. Let x4 be the quadratic
with conductor d.

Let

flz)= Z a,n* D/ 2¢(nz)

n>1
be the Fourier expansion of f at the cusp oo and define the corresponding L-
function as
a
L(s, f) = =,
(5,0) =3

n>1
Remark 4.1. We have normalized the Fourier coefficients of f in such a way

that it has the effect of putting the critical line of the L-function at Res = 1/2.

The twisted L series

anxa(n)
ns

Lis,f®xa) =D

n>1
admits an analytic continuation to the entire complex plane with the functional

equation given by

AGs, £ ® xa) = (_@c}) F(s+(k2— 1)/2>F(s+(k2+ 1)/2) L(s. f ® xa)

= WA(I - 37T®Xd)‘
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A simple computation shows that
w = i""n_f.

where 7); is the eigenvalue of Atkin-Lehner involution(see section 2.2). L(s, f®x4)

has an Euler product expansion

p
2
and it satisfies the Ramanujan-Petersson conjecture (i.e. |a,| = |3,| =1 for
all p{ N and |oy,|, |8,] < 1 otherwise).
The symmetric square of f is defined as
L(2s,x?) x~— @2

L(S, Smef) = m— ;.
’ n>1

It is known that L(s, sym?f) is entire and does not vanish on the line Re s = 1.

The main theorem of this chapter is

Theorem 4.1. Suppose

L(1,sym*f) \* |, [ L2.xH)
(lL(Lsym?f)l) # an(lL(lx?)I) '

Then it 1s true

> L(A/2.f ® xa) = CQ +0(Q),

deD*
a<Q

where C = Cy is a constant depending only on f.

The strategy of the proof of the theorem is first to use the approximate func-

tional equation (Theorem 2.2) to show

L(1/2, f ® x4) = A(dVN, x4) + w A(dVN, xa). (4.1)
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where

anxaln) . [2mn
AKX, xi) = 3 Xty ( j{").

n>1

Here V is as defined in (Theorem 2.2). The plan is then to bound A(dvV'N. xa).
Due to exponential decay of the smooth function V, the estimate A(X. xq4) <

X1/ is true. Whence
L(1/2. f ® xa) = A(X, xa) + O(dX 17, (4.2)

for any X > 0.

4.2 Proof of the Asymptotic Formula

In view of 4.1,

Do L1/2f®xa)= ) AdVN,xa)+w ) A@VNxa).  (43)

deD* deD* deD*
<Q a<Q a<Q

We first analyze the sum ), A(dvN, x4). The treatment of the second sum
is identical. As was done in Iwaniec’s paper [6], we relax the condition that d is
rth powerfree by introducing the factor Za,, 4 #+(a), then split the sum according
to whether a < A or a > A and in the latter case we return to rth powerfree

numbers by extracting rth power divisors of a"d. Thus

> AAVN,xs)=S+R

deD”
<@

where
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S = Z ,U‘(a) Z A(ard\/ﬁ, Xu"d):

a<A de D
(a.4N)=1 aTd<Q@
Y Sua Y AGN o
(bAN)=1 o> deD*
brd<Q

4.2.1 Treating R term

We treat R first. Using Iwaniec’s identity (Page 370, [6])

A xa) = FOA (%)

with

Zakﬁle (k1) kl))1/2 .

k[b
b

We deduce using (4.2) and the fact FI(b) < 7(b)2

> AW AVN, xira)

deD*,
b7d<Q

=D F)A <brdk\l/ﬁ,xd)

de D*
b'd<Q

= > F(b) (L(1/2, f ® xa) + O(d"26~7/2k"/?11/2))

deD*,
bTd<Q

= Y F(O)L(1/2, f ® xa) + O~ +Q%?)

deD*,
T dLQ
1/4 3/4
<[ D0 1L(1/2, f ® xa)l* STIF®IP | +0@p Q).
deD*, deD*,
b7 d<Q pra<o

We have applied Holder’s inequality the last line. Resorting to Corollary 3.1 gives

the bound

<<(Q5/4b—5r/4 + Q3/2b~2T)Q€.
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Thus

R< > I 1@ 1 4+Q¥2b7 )@ < (QV1 AT/ Q32 AT
(bAN)=1 \ a>a
alb

4.2.2 Treating S term

Recall

S = Z ula) Z A(a"dV'N . Xara)

a<A deD
(a,aN)=1 aTd<Q
Z ) Z anxd(n ( 27n )
= a, .
}: 172 T
a<A de D n>1 n a d N
(@, dN)=1 aTd<Q (n.a)=1

Now write n = hl?m such that h|4N>, (4N,lm) = 1 and m is squarefree. For
n written this way and d € D we have x4(n) = xa(m) subject to (d.l) = 1. The

last condition is detected by the usual Mobius inversion giving

S= 3 wa) 3o o doua) 3 X"d(m)v(cfjd—ltx/ﬁ)'

a<A n=h12m qll qde D
(0,4N)=1 (n,a)=1 aTgd<Q

Next by means of Gauss sums we write for squarefree m,

) =2 5 (e (210,

2|r|<m

where €,, = 1if m =1 mod 4, ¢, = i if m = —1 mod 4 and 4N4N = 1

mod m. This gives

S= 3 wa) 30 53 pa) 3 xlm) )

a<A n=hi2m g|! 2lrl<m

(0.4N)=1 (n.a)=1
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where

Z Z ( 2mn ) ( ﬁrd)
€ .
gd€ D argdv NV m

a”gd<Q

Next put A = min(1/2.a"¢Q~'*¢) and split the sum S = Sy + S; + S,
according to the conditions 7 = 0,0 < |r] < Am, Am < r < m/2 respectively.
For S,, we change variable so

2mn 4N
Y- 2 v(ZR)d(E)
y\/N arq.m

y=0 (mod e q)
y/a"€D.y<Q

We now break the sum up over congruences classes modulo 4Na"q. The

number of such classes we denote by 7(4/N) which is bounded by 4N. Thus

2rn 4Nty
Z > > Vi 75 ) \aam )
v (mod 4Na"q) v=v (mod 4Na"q) y q

y/aT€ED.y<Q

To estimate the inner sum, we invoke Lemma two in Iwaniec’s paper [6] which

states that if g(x) satisfies g (¢t) < (|t| + X)~7 for all j > 1 and « real, then

> soeten < (spizy)

y=v (modY)
for all 7 > 2 provided aY is not an integer. Here ||z|| denotes the distance between

z and its nearest integer. To prove the lemma, we use Poisson’s summation to

get

Y e == > e(gla-2)
Y Y Y

y=v (modY) U=—00

where §(y) denotes the Fourier transform of g(x). We have g(y) < X (Xy)™? by

the partial integration j times, whence the lemma follows by trivial summation

over u. In our case, g(y) =V (;\’;%) and a = f,Nf also we may take X = Q+n.

Hence
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+ iNa'q '’
E < (4N Q - I B
iNa7g \(Q + n)A

By choosing large j. it is clear now S» < 1.

To estimate S;, we sum first over m to get

Sy = Z (a) Z aph™ 21" 12/1 q) Z ZZ (4.4)

a<A q)l dgeD r>1 m
(a.4N)=1 (h12 a) 1 aTdg<Q

where

Z Z apmm”'xn (-m)'e“V( 2mn )e (Wrd>.
m qr m aTdQ\/]_V m

m>3 .(m.,4Na)=1
™ squarefee

Now write e(r'xlrd) = e( 5 )e(=rd) and let
—mrd
$(m) = Exw(m)e( )
2rhi%t rd
)=tV :
o) =V (Y el )

Then

Z Z ap(m)g(m).

m>3 {m.aNg)=1
m squarefee

Now t(m) has absolute value 1 and period 4Nrq, so using Proposition 2.6,
one gets the estimate

Z apm(m) < T(1)7T(4Na)(gr)/2z/?*e.

m<r.(m.Ma)=1
msquarefee

Partial summation now gives

> < r()r(aNa)g ('r”?tg(r/A)ur/A)”“f e [ lg’(t)lt"2+‘dt> .

r/A

m

It is easy to see now inside (4.4)
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Z < k7! l—2ar/2(]Q]/2+( .v

d,r.m

and so

Sl < Ar/2+] Ql/2+€~

Now we compute the main term S;. When r = 0, only the term with m =1

contributes to the sum, and

So = Z a)z 1/22 Z

asA n=hi2 gll
{a.4N)=1 (n.a)=1
where
2= ( Qﬂ"ﬁ)
v a"qdvV/N /.
aTdg<Q

The sum over d, as with S5, breaks into classes mod 4Na"q. Each class

contributes

Q 1 2mn _ n,_o
4Narqfov(m)d”o(‘”a) )'

There are total y(4/N) such classes. Thus

4N) Z 1/2¢>(l) $° J a) / ( 2mn )dt+0(AQ1/”‘)-

a<A
(a.aNl)=1

Now writing

Z u;(;)_ r)Hl"})_ 14 oA

agA PlANI
{a,AN1)=1

in Sy gives

So=CQ / l B(tQVN)dt + O ((AQ'? + A7Q)Q°) (4.5)
0
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with

4N p
b7l
B(CC): 22 ni/2 (:)
n=hl
bn = an H (1 - —')(1 - ir-)_1
San

Returning to the definition of V(z) as an inverse Mellin transform, we get

1 P(s+k/2) z . ds
B(x) = %/2) _l“_(WL(S+ 1/2)(‘2;) s

where

=y 2= %y

n=hl? h]4N°° (1,4N)= 1
Now L(s) differs from L(2s,sym?f)/L(4s, x?) by a product of Euler factors

which converges absolutely for Res > 1/4. It follows that L(s) is analytic in this

range and has polynomial growth in Im(s). Moving the line of integration to

Re(s) = —1/4, we get

B(z) = L(1/2) + O(z~"*).

Substituting this in (4.5)

So = CL(]/2)Q+ O ((AQVQ + AI—TQ + Q3/4)Q() )

Putting all the estimates together gives

Y A@VN,xg) = So+ S+ S+ R

deD*
4<Q

:CL(I/Q)Q—FO((AT/2+1Q]/2+Q3/4+AI—TQ+A1_5T/4Q5/4+Al_2rQ3/2)Q().
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If we let A= Q'%", a simple computation shows

> A(AVN,xg) = CL(1/2)Q + O (szfr“‘) .
i<

Thus the theorem is proved in view of equation (4.3) and we have

> L(1/2,f 8 xa) = €Q (L(1/2) +wL(12)) + 0 (Q%+).
de D*
d<Q
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Chapter 5

Applications

5.1 Non-vanishing Results

One may the apply the moment theorems proved heretofore to get non-vanishing
results. Recall that f is a newform in Sy(I'o(N),x), where x is a primitive
Dirichlet character modulo N. Let r = ord(x) if the order of x is even and

r = 2ord(x) if the order of x is odd. Define

D:{0<d=v" (mod4N): for some v prime to 4N
and v,(d) = 1,7+ 1, Vpld }
D* :{d € D : d rth powerfree }

N@Q): H{d<Q:de D" L(k/2,f ® xa) #0}.

So N(Q) counts the number of quadratic twists L(s, f ® x4) which does not

vanish at k/2. By the Cauchy-Schwarz inequality

i) » [z K121 9% 2
T Yaso L(k/2.f @ xa)l*
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Thus in view of Theorem 3.5 and Theorem 4.1. we have

N(@Q) > Q' <

Remark 5.1. It is believed (unproved) that there is positive proportion of non-

vanishing (i.e. N(Q) > @) in such a family.

5.2 Zero Density Estimate

Let f be a newform in Si(I'g (N),x), £ > 2. Let xq be the quadratic character

of conductor |d|, (d, N) = 1. Writing

N(o,T.d)y=#{p=B+iv: L(p,f ® xa) =0,8> 0,|7| < T}

It is well known in the literature that ([8], section 5.3)

T. Nd*T?
N(k/2,T,d) = ~log G O (log N&*(IT| + k)) .

Extending this result, we prove in this section

Theorem 5.1. Let € > 0. Then

2k4+2-40 2k+3—40

Z* N(o,d,T) < Q%557 T2 (QT)".
<@

uniformly for ’% <o < "—;rl And the constant only depends on €

The proof is to follow the outline given in Montgomery’s book [15] in which
he derived various zero density estimates for the Dirichlet L-functions.
For ¢ > 5?;—1 L(s. f ® xq) has an Euler product of degree two satisfying the

Ramanujan conjecture. Let
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S f®Xd ZanYd s ————1—— = anxd(n)n_s

n>1 L($f®Xd) n>1
M.(s.xa) = > _ buxa(n)n™*. L(s, f ® xa)M(s,Xa) = ) _ caxa(m)n
n<zx n>1

Lemma 5.1. Let s=o0 +1it. y > 0. For £ <o < &

exp(—1/y) + D eaxa(nm)n”* exp(—n/y)

n>x

= L(S,f@Xd)]u:c(S:Xd)

+ o / L(k/2 + it + tu, f ® xa) M, (k/2 + it + tu, xa)y*/> "t (k/2 — o + iu)d

Proof. 1t is not hard to see

a=1 ¢ =0 2<n<zx.

By the Mellin inversion formula, one has

exp(~1/5) + ¥ caxaln)n=* exp(—n/y)

n>r

= Z caxa(n)n™* exp(—n/y)

n>1

=5 L(s+w, f @ xa)M.(s + w, xa)y*“T'(w)dw.

(2K)

If £ < ¢ < E1, shifting the contour to the line (k/2 — o), we pick the residue

L(s, f ® xa)M(s, xa) at w = 0. o

Let R = R(Q.T, x,y) be the number of discriminants d < @, (d,N) =1, for
which L(s, f ® xq) has a zero in the square

o <Re(s) <o+1/logQT. t<Im(s) <t+1/logQT, (5.1)
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: k 1 k+1
with 3 + w S g S ot ltl S T.

Remark 5.2. The plan for the proof of Theorem 5.1 is to bound each R(Q, Tz, y)
and sum over all such squares. Also, notice the assumption o > §+ l—og—lQ—T is valid,

since otherwise the theorem is trivial.
There are essentially two things to consider in the analysis for R(Q, T, z,y).
Lemma 5.2. With notations above.

1. There are Ry > R/logy values of d as above, with corresponding zeros

p = [+ iy in the square (5.1) for which

S caxa(mn P exp(—n/y)| > 1/logy
U<n<2U

2. There are B2 > R values of d as above, with corresponding zeros p = 3 + iy

in the square such that

Alog(QT) ,
/ L(k/2 + iy + tu, f @ xa)My(k/2 + iy + tu, xq)y*/ 2P+
—Alog(QT)

-T(k/2 = B +iu)du] > 1.

Proof. Let p = 3+ iy be a zero of L(s, f ® x4) in the square (5.1). In view of

Lemma 5.1, by choosing large A and y, two things can happen

1.
Z caxa(n)n Pexp(—n/y)| > 1.

z<n<y?

Alog(QT) ,
/ L(k/2 + iy + tu. f ® xa) Mo (k/2 + iy + tu, xq)y*/> P+
—Alog(QT)

-T(k/2 — 3+ iu)du| > 1.

16



Now if we divide the interval [z. y?] into dvadic subintervals. the first condition
is equivalent to 1’: There exists a U € [z, y?] such that
> eaxaln)n P exp(—n/y)| > 1/logy.
U<n<2U
Recall R = R(Q.T.x,y) is the number of discriminants d < Q, (d.N) = 1,

for which L(s, f ® xq) has a zero in the square

0 <Re(s) <o+1/logQT. t<Im(s)<t+1/logQT.

Let Ry,R, represent the number of discriminants for which the conditions
1’ and 2 are true. Clearly R < R; + R,. From this inequality, Lemma 5.2 is

clear. 0
We are now ready to prove the main theorem

Proof. First consider the second case in Lemma 5.2. We have

Alog(QT)
¥y *2/10g QT « / [L(k/2 + iy + iu, f @ xa)Mo(k/2 + iy + iu, x4)| du
—Alog{QT)

t+1+Alog(QT)
<</ [L(k/2 + tu., f & xa) M (k/2 + iu, xq)| du.
t—Alog(QT)

Summing the inequality over R, discriminants and applying Cauchy-Schwarz

inequality we get
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Ry™*?/1og QT

t+14+A410g(QT) .
</ S NL(/2 + i, £ ® xa)| Mo (/2 + . )
t \

~As@T) ja<

t+1+Alog(QT) * 2 "
s/ > IL(k/2 4+ tu, f ® xa)l
t—Alog(QT) <@
1/2
A ST IMAR2 4+ duxa)P ] du
[dI<Q
1/2

t+1+Alog(QT) N )
< / > U IL(k/2 + du, f @ xa)|’ du
t-Alog(QT) <o

1/2

1+1+Alog(QT) .
/ > ML (k/2 + du, xa)| du
t—Alog(QT) <@

Recall in Section 3.3, it is proved that

S IL(R/2 4 i, f @ xa)* < (Q(lul + 1))

ld<Q
Thus

t+1+Alog(QT) .
/ > L(K/2+ iu, f © xa)|” du < (QT)'.
i

~ALlsl@T) g0

(5-2)

(5.3)

The second term in (5.2) can be dealt with by means of Heath-Brown’s large

sieve inequality, as presented in Theorem 3.2. We split the interval [1,z] into

ranges of the form V < n < 2V. Thus

48



(414 Alog(QT) N
/ S ML (B2 + s xa) P
t—A410g(QT) [dl<Q

t+1+ Alog(QT) .
<3 / 3

v/ t—Alog(QT) 1dI<@Q

2

Z bnxd(n)n‘k/Q‘i" du

V<n<2Vv

2

< (logz)log QT Z by xa(n)n k2

Ven<2Vv

*
Alog QT oy Al QTZ
t—Alog <u<t+1+Alog

ldl<Q

< (QTz)(Q + x). (5.4)
Putting (5.3) and (5.4) in (5.2) gives
R < (QTz)(QT)V(Q + x)"/*yF/?7, (5.5)

Consider now the first case in Lemma 5.2. Assume y < (QT)¢ for some

constant c¢. By partial summation and Cauchy-Schwarz

2

logQT) 2 < | Y caxaln)n ™ exp(—n/y)

U<n<2U

2

S caxaln)n” exp(~n/yn’~?

U<n<2U

(2U)** 3" caxa(n)n™ exp(—n/y)

U<n<2U

2U
- /U Z caxd(n)n~° exp(—n/y)dV°"*

U<ngV

2

2 2
< [ fenxatmn~* expln/u) [ avy.

U<n<V

Z cnxa(n)n exp(—n/y)

U<n<2U

for R; discriminants. Summing over d, one gets by applving Heath-Brown’s large

sieve inequality
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2

Z Cnxd(n‘)n-s exp(ﬂn/y)

U<n<2U

R/(logQT)* < ¥

ldl<@

2U N ,
+ /L > D leaxalmn™ exp(=n/y)|"av/V.

dl<Q U<n<V

L A(QTUY(Q + VYU K29 exp(~U /y).

Since z < U < 92, one gets the estimate
R < (QTy)E(QZ'Q(k/2_U) +yk+]—2d). (56)

In view of (5.5) and (5.6)

R« (QTy)c ((QT)1/2(Q + x)l/i.?yk/2—a + Q$2(k/2_o) + yk+]——2¢7) )

Setting
T=Q, y=QmHTm
gives
R < QS TEEE (o7
Summing over squares as defined by (5.1), the theorem is proved. 0
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Chapter 6

Other Moment Results

Instead of averaging over a family of quadratic characters, we average in this
chapter over a different family, namely a Hecke basis of the space of cusp forms.
More precisely, let Hi(p) be the set of an orthonormal basis of cusp forms of
weight k for the congruence subgroup I'g (p) with p prime. Let ¢ be a primitive
character with conductor 7 prime to p. While dealing with forms in Hi(p), it
is often convenient to introduce harmonic weights that arise from the Petersson

norm of f. So for what follows, we adopt the notation

h 1
f;:k - f€z7"lk ws

where

. (47].)16—]
wf.—m<f,f>p.

The main results of the chapters are

Theorem 6.1. Let Hi(p) be the set of an orthonormal basis of cusp forms of

51



weight k with k = 0 (mod 4). Set
h
D(m)= ) " L(k/2,f ® )as(m).
JeHr(p)

If pt m. we have the asymptotic formula as k — oo

D(m) = m*/*"! <¢(m) - wg;l-%b(pm) + wm) +0(m'7 ke *)

+1 p+1
and if p | m, then

plp— 1) . P(m)
) w(’m/Iﬂ)Jer—jL—1

D(m) = m"*? (1/)(m) —w

P(m) k1.9 k
———— 1 + O(m 7 k%e™").
o+ DpF ( )
Here w = zﬁ(p)%”")z.
Theorem 6.2. With the same assumptions above and in addition if the character

Y be quadratic, then

h . é(r) p2+2+p"°)
fe%muk/zf@w) — (log ) QT( 20 ) o).

Theorem 6.3. With the same assumptions as in Theorem 6.1, we have for any

positive integer m,

SO Lk/2,f @)™ < (log k)™,

FeH(p)

where the implied constant is absolute.

We begin by stating necessary lemmas. The proof of the above theorems

- follow in the ensuing sections.
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Proposition 6.1 (Petersson’s Formula). Let N > 1, k > 2. Let Hy(N) be any

Hecke basis of Si(Tg (N))

(nm)*F Zh ag(n)ay(m) = &(m, n)+2mi~¢ Z S(m;";‘?) s <47r{n_7n) .

>0
JEMK(N) c=0 (mod N)

Here S(m.n;c) is the Kloosterman sum,

N * md + nd
o= 37 e(H0)

d (mod ¢)
and Jy_y is the Bessel function of order k — 1.
The proof is standard (see [8] Chapter 14 for instance).

Bounding the Bessel function and Kloosterman sum trivially, one obtains

Lemma 6.1. If k is large. and mn < k? then
- h
(nm)*'z 3" as(n)ag(m) = 6(m,n) + O(e™).
SEH(N)

Furthermore, if p is prime and if we restrict to newforms of level p, then we have

(nm) ' Zh ag(n)ag(m) = pradmn) + 0(™) pin orpfm
. s(n)as(m) =
Jes* () E58(m,n) +O(e™®) pln and pim

p+1
Proof. The first assertion follows by bounding the Bessel functions and the Kloost-
erman sum trivially. One may see [20] for a proof. For the second assertion, one

has the Hecke-algebra decomposition
Si(To (p)) = Sg(To(p)) & 25k (To (1))

More precisely, one can find a basis of S (I'g (p)) consisting of newforms of level

p and forms f(pz) and f(z) where f(z) is a newform of level 1. Thus

h
Z as(n)as(m)
J€Sk(p)
k 1 h 1 h
= Z ag(n)ag(m) + —] Z as(n)as(m) + 1 Z as(n/p)as(m/p).
1€S;(p) P s P ésn
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where the coefficients ﬁ come from the Petersson norm change from the group
Fo(pytoTo(1) (ie. < f.f>p=1(p+1) < f.f>1). App]ying Petersson’s formula

and the first part of the lemma, the second assertion follows. O

Lemma 6.2. With f € Hi(p), k =0 (mod 4) and m a positive integer

L0/2.8 &0 = X sl Vi ((22) )

n>1 ﬁ
) Y ag(n)E(mn Ve, ((%) n) (6.1)

n>1

where wm = (zp(p)l(—’fi)’" and the weights Vi m satisfy

] + O(e_k) y S 2mk(-,~2+4 ,"

Vk‘,'rrl(y) = O(l) Qm—]:nm <y S 2m+2km;
O(%) n > 2mt2gm,

Proof. The approximate functional equation (6.1) is a direct consequence of The-

orem 2.2 where the weight is defined by

1 o (T(k/2 4+ w)\™ du
Venl) = 3 [ (T )

We have

1 L (IPk2+u+ DNyl
IVk’m(y)IS%[u)y < I'(k/2) ) (u+ k/2)™u|

o (T(R/24+ a+1)\™
=V ( T(k/2) )

In the case n > 2™*2k™_ choose a = k. So

.\ 17 k L.t AV k-1 m
[Vean ()] < ((2];) > < k" <(2’;) ) < L



In the case y < ‘Qm—]z;m one moves the line of integration to —k/2+1. Picking

N .. . o/ 2— .
the residue 1 at u = 0 and the remaining term is bounded by f”(—;m% < e* In

the last case ﬁ:m <y < 22k one simply set v = 1. 0

6.1 The First Moment

We first consider the case p{m. Recall

Dim)= 3" L(k/2.f @ )ay(m).

feHr(p)

In view of (6.1)

D(m) = 3" S aytma oty iy (22

JEHA(p) n21 vPr

h —_— 2an
tw nyas (m)ay (R B~V (—) 6.2)
fEHZk(p) g \/I‘)T

For the first sum in (6.2), we first truncate the sum to the range < k.

Zh Zaf(m)af(n.)¢(n)n‘k/2vk,1 <—2\/f]_—3)

Je€Hk(p) n21

= > M@V (gw—) S ag(m)as(n) + O(m' T K2e ™)

"Si\/,?;rk feH(p)

Now applving Petersson’s formula to get

‘Zﬁrk nV2p(n) Vi (%) mT (8(m,n) + O(e™®)) + o(m'= K26 H)

n<Yo—

27wm

= m"* Y (m)Vis (—ﬁ) +O(m'T k2e*)
= m""/Q"]d'(m) + O(m%k?e‘k)_
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For the second sum in (6.2), we first truncate the sum over n to < k then
separate the forms according to f is a newform of level p or of the form f(dz).
d = 1. p where f(z) comes from level 1. In each case, by Proposition 2.2. n; is

given by

—a;(p)p"** e Si(p)

1 f e Sk).

ns
Thus

w Z” }:77faf(m)af(n)WJn#c/sz‘l (27rn>

JeH(p) n21

o 3" wpaglmag(nn iy (20) + 0(m T e

JEMA(p) pc SvBTE

=w(A+ B+ C)+ O(m' T k%)
Where A, B, C denotes respectively the sum over forms of level p, 1 and shifts
on forms of level 1.

A= Zh Z nras(m)as(n)Y(n)n 2V, (.2_72)

€S (P) pe 3w VP

— 2
= —p' 3" nTHm) Vg (%)'{%;af(P)af(m)af(n)

4./prk
ns—o—

Since p is the level, we have ag(m)as(p) = a;(pm). And applying Lemma 6.1

— 1 —_— A -1 ~1
_ _pl—k/’zp— Z n"k/2¢'(n)Vk,1 (@_) (pmn)kTé(n.,pm) + O(m%klﬂe—k)

p + 1 nsll\/’}??k \/]—)r
e DU 2T /om -

= —mk/2”1p————¢(pm)\/’k,1 ( VP ) + O(ka]klﬁe_k)
p+1 r

=] ——_ _ )
- —m.k/Hng_w(pm) 4+ O(m T K12eHy,
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h 2/'.
=D > maglmay(n) ()mkka.]( Tn)

fESL ) 4\/5""“ \/ﬁr
=—— > nPmVia (=) D ag(m)as(n)
pt1 e VI s
Z nVimE g (n) Vi, (2—ME) 8(n,m) + O(m'T K2 ¥)
<an VT

_ 1 mk/2- lw (m) Vi (

Y 1™ ) + O(m%k]ﬂe_k)

*is

1 _
:p+1mk/21 ( ) ( kl/? k)

The contribution from C is zero because p { m. Putting things together, we

have

= mF2Y _ p_—_l—- 1 IR _kel,o g
D= 27 (m) — WL ) + w0 ) +O(m T 2,
with w = w(p)mf)—z.

For the case p|m, the calculation is similar. Using the approximate functional

equation and truncating the sum to < k, one is left with

D(m) = m**gp(m) + w(A+ B+ C) + O(m'7 k% %)

Where A, B, C denote respectively contributions from sums of the forms of

level p, 1 and shifts on forms of level 1. They can be computed using Lemma 6.1.
We have



plp—1)——
A= et P Vs

p+1
1
B =mF? 1 _y(m)
p+1
1 —_—
_ k/2-1 X

Remark 6.1. One may carry out the same analysis for the case Hj(1)(Hecke
basis of level one). And because every f € Hy(1) is also a newform, we have
as(1) =1, Vf. So computing D(1) we get a true asymptotic formula for the first

moment. One gets

D(1) = ZhL(k/Zf ®Y)=1+ L:f)f + O(k%e ™).

fe€HE

6.2 The Second Moment

The approximate function equation for L(k/2, f ® ¢/)? with ¢ quadratic and is

2
L2, £ @) = 3 bun (Vi ((\27;) ”)

n>1
+07 > ban M P(n) Vi ((—%)2 n)
n>1
where
ba=Y_ as(ay(m).
Thus lm’"
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S Lk, f @)

JEHK(p)

= 3" S aylag(m)(im) M2y zm)v“((%) lm)

FEM(p) Lim21

+n? Z Z as(Dag(m)(lm) ™%y (lm)%w((ji) lm)

SeHk(p) L,m>1

= Z (lm)—k/2¢(lm)Vk,z<<72_‘:;> lm>f Zh as(l)ag(m)

lmsﬂfw—k €Hr(p)
h

+ Z (Im) k/ij/ lm)VkQ (( ) ) Z nfaf af )+ O(k3e‘k)
Img 2R v JeHK(p)

=1+ 11+ O(k%™%).

For the first sum we apply Lemma 6.1 to get

I= Y (zm)*/?w(zm)vk,i,((%) lm) (6(m,n) + O(e™))

Imgz_\/___i:"_"

= 2 l%(l?)vk,z((%) >+o (ke®)

12< 2./prk
]

S z—%2<(3f’;—i)2>+0(ke-k)

12< 2ﬁrk
tr)= 5y

2%(—7'_) log k + O(1).

For the second sum, as before we separate the sum according to whether f is

a newform of level p, a form of level 1 or a shift of a form of level one. Thus

11 =A+4+B+C.
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2 h
A= 3 (lmr“%(zm.)vk.z((j;) lm) " hasastm)

Im< 2\f7;r7rk fesg(p)

ok K2y 27\ h

=p Z (lm)~ P(Im)V; k2 Jpr Im Z af(pl)af(pm)
Im< 2YPTk p Fesi(p)

p+1

Im < 2\/;_7rk

= p+1 ;ﬁp lvk2<(\2/—g;)2)+0(ke—k)

(11-) 5

:—p+—1) QT) gk +O(1).

o 2
_pe=1) > (lm)_1/2¢’(lm)Vk‘2((%) zm> 8(1,m) + O(ke™)

1 —k/2 2 2 h
B:m Z (Im) /?/)(lm)ng ((\—/_;;) lm>fz as(l)as(m)

Im< 2¢frk €Sk(1)

lmSZ\/ﬁrk
1 27l \ 2
- l-lV et -k
p+12;k k.2<<\/1_)r)>+0(ke )
12< 20Tk

(I.r):]

L )y
p+1 or ogk +0(1).
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2
Cw 1 > (Im) F(im) Vi <2l> Im Zh as(l/p)as(m/p)
\/]_)T JE€Sk(1)

+1
p In< 2YPTE

:__LpH’ Z (lm)‘l/“’w(Zm)v;c,z((j;) lm) 5(l,m) + O(ke ™)

p+] ]7n<2_\/_l_)i
pil-Pl:"
1, B ((m)?) i
=——p > IMWia | [ —=) | +O(ke™)
p+1 B VT
P =1
1 é(r)
= _— """ “logk 1).
(p+1)p* 2r ° +0o0)

Collecting results, we have

h 2 (r) (PP +2+pF
fg:(p)L(k/z,f@zp) = (log k)= ( o1 )+o<1).

6.3 The Higher Moments

The large sieve inequality (Theorem 3.3) for the cusp forms comes in handy when
dealing with the upper bound for the higher even moments. In our setting, the

inequality becomes

2

< (1+0(Z5ER) ) par )

where a,, is any sequence of complex numbers.

z anaf(n)n¥

n<N

Zh

JeH(p)

The mth power of the L-function can be written using the approximate func-

tional equation
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n>1 \/]—JT
PR 2\ )
+wy gb,ﬂz(n)n Vi ((ﬁr n

where

o= > ap(l)ag(l) - agim).

Ll lm=n

Thus by Cauchy-Schwarz, we have

ST Lik/2, £ @y

feH,
< Zh batb(n)n~*2V; <(_er_)mn> 27+ Zh batp(n)n*2V, ((zl)mn) 2
TEH, \/ﬁT feEH \/ﬁ'f'

We first treat the first sum. The analysis for the second sum is identical.

h 2’/T m 2
bn¢(n')n_k/2v m ((_—) n)
fezm * VT
2
= Zh Z ag(hh)---as(Lp)(ly--- lm)k/2¢'(l1 L)WV ((—?l)m - lm)
JeEH, l,‘il K \/I_)T
:Z” Z ag(ly) - ap(lm)(ly - 1) 2 (ly - - L)

T 1y < 2 20

+ O(k2m+le—2k)

2 2

< S a )M w)| S SD e ) ()

2
feH, ,lgszrk JEHK Izsz";/llrk

2

N a —k/2 27 )m ) 2m+1 -2k
Z Z f(lm)(lm) 7a[)(lm)vk,m ((ﬁ?" 0 I +O(k’ (4 )

m/2.
1o<_2™/2r
me=aly T, g
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Using (*) to bound each term in the product gives

S L(k/2. f @ )™ < (log k)™,

fEH
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