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ABSTRACT

An Anytime Deduction Heuristic for First Order Probabilistic Logic

Md. Istiaque Shahriar

This thesis describes an anytime deduction heuristic to address the decision and optimiza-
tion form of the First Order Probabilistic Logic problem which was revived by Nilsson in
1986. Reasoning under uncertainty is always an important issue for AI applications, e.g.,
expert systems, automated theorem-provers, etc. Among the proposed models and methods
for dealing with uncertainty, some as, e.g., Nilsson’s ones, are based on logic and probabil-
ity. Nilsson revisited the early works of Boole (1854) and Hailperin (1976) and reformulated
them in an AI framework. The decision form of the probabilistic logic problem, also known
as PSAT, consists of finding, given a set of logical sentences together with their probability
value to be true, whether the set of sentences and their probability value is consistent. In the
optimization form, assuming that a system of probabilistic formulas is already consistent,
the problem is: Given an additional sentence, find the tightest possible probability bounds
such that the overall system remains consistent with that additional sentence. Solution
schemes, both heuristic and exact, have been proposed within the propositional framework.
Even though first order logic is more expressive than the propositional one, more works have
been published in the propositional framework. The main objective of this thesis is to pro-
pose a solution scheme based on a heuristic approach, i.e., an anytime deduction technique,
for the decision and optimization form of first order probabilistic logic problem. Jaumard
et al. [33] proposed an anytime deduction algorithm for the propositional probabilistic logic

which we extended to the first order context.
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Chapter 1

Introduction

1.1 Motivation

Reasoning under uncertainty is a crucial issue in many artificial intelligence applications,
e.g., expert systems, automated theorem provers, security systems, circuit testing and sev-
eral other applications. Uncertainty may lie in the data, or in the data collection method or
in the inference rules that are used to answer the queries. Due to its importance in multiple
disciplines, uncertainty has been viewed from many different perspectives and consequently,
several models have been proposed for modeling it. Some of them belong to the fuzzy logic
formalism while others are based on classical logic and probability. The earliest work of
classical logic and probability is due to Boole in 1854 and more than a century later revis-
ited by Hailperin in 1976. Almost another decade later, in 1986, Nilsson reshaped them in
an artificial intelligence framework, under the name of probabilistic logic problem, for both

propositional and first order cases.

In this thesis, the main focus is on the probabilistic logic problem in first order context.



Nilsson, in his seminal publications [50], addressed two forms of probabilistic logic problems,
namely: decision and optimization forms. The decision form, also commonly known as
Probabilistic satisfiability problem, amounts to finding, given a set of logical sentences
together with their probability that these sentences are true, whether the set of sentences
together with the probability values is consistent. Upon the assumption that the system is
consistent, the optimization form attempts to find, given an additional sentence, the tightest
possible probability interval such that the resulting system of sentences and their probability
values remain consistent. The optimization form of the probabilistic logic problem is also

known as probabilistic entailment problem.

1.2 Thesis Contribution

In this thesis, the first contribution is an extension of the anytime deduction method called
AD-SOLPPL, proposed by Jaumard et al. [33], for propositional case to first order logic. It
is to be noted that an anytime deduction technique is one in which the solution process can
be stopped at any time and the information on how the solution value is reached can be

yield.

Jaumard et al. [33] developed a special set of inference rules for the propositional
case which they called ’primitives’. At first, we made a straightforward extension of these
inference rules to first order context. As the second contribution, we make a suggestion for
a modified set of inference rules w.r.t. the set of primitives used in Jaumard et al. [33]
as a simple extension from propositional to first order logic set is not sufficient enough to
get satisfactory results. Recall that a set of so-called primitives consists of a small set of

logical sentences together with probabilities for which the analytical solution is available.



As the third contribution, we have developed an improved version of the first algorithm
AD-SOLFOPL, a straightforward extension of the initial AD-SOLPPL of Jaumard et al. [33] and
named as AD-SOLFOPL+. This improved version can lead to better probability values and
reaches tighter probability bounds as compared to the initial algorithm. Indeed, building
an efficient algorithm is a trade off between tighter bounds and reasonable (not too large)

computation times.

The proposed heuristic is much more scalable compared to the exact algorithm proposed
in [63] and developed within the master’s thesis of Sultana [63]. In [63] [29] the authors
propose an efficient algorithm, SOLFOPL, for solving first order probabilistic logic problems
(both optimization and decision form) using column generation techniques. It is an exact
algorithm but in most of the cases it sacrifices the computation times in exchange with
the tightest bounds, i.e., the optimal probability bounds. While SOLFOPL can only solve
instances of size 35 formulas at most, the AD-SOLFOPL+ algorithm is capable of solving
instances up to 100 formulas with 50 predicates and 40 different variables in a reasonable

amount of time.

1.3 Thesis Organization

In Chapter 2, we provide an introduction to the probabilistic logic problem, its background
and mathematical programming formulations. Basic concepts related to first order logic are
also discussed there. We start Chapter 3 with a categorization of various models which deals
with uncertainty by different means; some of the models consider probability as a means to
express uncertainty while the others, e.g., fuzzy logic, portrays uncertainty issue without

probability consideration. We present analytical and numerical methods and models for



dealing with uncertainty in terms of probability for both propositional and first order cases.
A few exact numerical methods and heuristic approaches for numerical solution are explored
in Chapter 3. In the subsequent chapter, Chapter 4, we explain the mathematical model
and the newly proposed algorithm for the first order probabilistic logic problem. Chapter 5
presents the experimental setup, numerical results and performance analysis of the proposed
algorithm with respect to a previous work [63], an exact algorithm for first order probabilistic
logic. Finally, in Chapter 6, we conclude with the findings and a few suggestions made for

future works which might be carried out in a similar direction.



Chapter 2

Introduction to Probabilistic Logic

2.1 Propositional Probabilistic Logic PPL

Uncertainty is an important issue that needs to be dealt in many artificial intelligence
applications, e.g., expert systems often require the ability to reason with a new information
from the problem domain and knowledge base where both the knowledge and inference rules
are not known with certainty. To deal with the probability of logical formulas, in either
propositional or first-order logic, Nilsson [50] proposed the concept of the probabilistic logic
problem in 1986 for both the decision and the optimization forms.

Given a set of sentences with their associated probabilities, the decision form of the

PFSAT answers the

probabilistic logic problem, also known as probabilistic satisfiability or
question: Are these probabilities consistent? Now, let us assume that, the given set of
sentences and their associated probabilities is consistent. The optimization form of proba-

bilistic logic problem, also known as probabilistic entailment or PPENTAL problem finds the
g p

best possible probability value or intervals, for an additional logical sentence to be true,



such that the augmented set of sentences remains consistent together with its probability.
In other words, the probabilistic entailment problem determines the range of values of the
probability associated with a new logical sentence such that the overall set of sentences,

after adding the new sentence, remains consistent.

2.1.1 Decision form

The probabilistic logic problem in decision form, also called PP**T, is defined in [30] as
follows. Let S = {S1,S2,...,S5m} be a set of logical sentences defined on a set of n propo-
sitional (boolean) variables X = {z1,22,...,2,} with the usual Boolean operators. These
variables correspond to a set of elementary facts which are either true or false. Assume
probabilities w1, ma, ..., 7y, for these sentences to be true, are given. Are these probabili-

ties consistent?

In propositional calculus, a literal is either a propositional variable or its negation, e.g.,

y; and g; are positive and negative literals respectively. Let us consider propositional

sentences and also assume, as in most expert systems, that the sentences S;’s are logical
implications of the form:

Si i = Y (1)

p; the antecedent or premise of the implication
where

1; the consequent

are boolean functions. There are two normal forms of a boolean expression, the Disjunctive
Normal Form or DNF and the Conjunctive Normal Form or CNF. A sentence is in DNF if

it is expressed as a set of disjunctions of conjunctions of literals, whereas, a sentence is in



CNF if it is expressed using a set of conjunctions of disjunctions of literals. For instance,
((yj1 ATj2) V (Tj1 Ayjs)) and ((y;1 V Tj2) A (T3 V ys1)) are examples of DNF and CNF

respectively.

In propositional calculus, a clouse is often expressed as a disjunction of literals, e.g.,

Yj1 V Tj2. On the contrary, conjunction of literals are expressed as y;1 A Jjo.

If the ¢; are written in CNF and the 1; are written in DNF, then S; in (1), is a DNF

expression:

ANv=Vwl={VivVuyl. (2)

jeA jec jEA jec

Usually, sentences are represented in clausal form as shown above in (2) whereas a clause

is often expressed as a disjunction of literals (positive or negative form).

Nilsson [50] defines a world as any truth assignment w over S. A world w is possible if
there exists a truth assignment over the set of X of variables which leads to w over S, and

the world is impossible otherwise. From now onward, we will only consider possible worlds.

Let p = (p1, P2, - . . ) be a probability distribution on the set W of possible worlds. Assume
we are also given probabilities 7y, 7, ..., T, one for each logical sentence. The probability
distribution satisfies the set of logical sentences together with the probabilities if: for each
sentence S; (1 =1,2,...,m), the sum of all p;’s over all truth assignments w; which satisfy

S; equals m;.



Let A be an m. | W | matrix such that:

1 if w; satisfies S;
aij = (3)

0 otherwise.
The Probabilistic satisfiability PP5*T can be defined as follows: Is there a probability distri-
bution p such that the following system admits at least one solution? In a mathematical

framework, it amounts to: Is there any p € [0,1]"! such that the following mathematical

program has a solution?

(PPSA’I‘) ) Ap=r (4)

where 1 is a k unit row vector and (k = |W1) < 2™. The value of k£ is 2™ in the worst case but
in practice it is smaller than 2™ due to the fact that (i) most often not all worlds are feasible
and (ii) two different value assignments on the variables may lead to the same possible world.

Let p and 7 denote the column vectors (py, p2, . . . ,p|W|)T and (71,7, ...,7™m)T respectively.

Example 1: Consider the set of sentences, with =1 = Montreal wins today’s match in NHL

and zo = Montreal qualifies next round.



S| =z m = 0.8
SQETl\/.’L'Q 7I'2=0.6

53 = I3 3 =0.3.

Let us denote by 1 the 22 unit row vector [1 1 1 1] and consider

P1 7 7

LTl (0.8
P2

b= v U= Jme| ™ 0.6
P3

T3 03

LP4_ ST

Now, let us show how to find the set of possible worlds W from the possible assignments
on variables z; and z3. For example, let us assign the values (1, 1) to the variables (z1,
z3). After computing the truth values of sentences, (S, S2, S3), we come up with a first
possible world, wi= (1, 1, 1). Similarly, by considering the assignments (1, 0), (0, 1) and
(0, 0) for (z1, x2) and then making the interpretation for the sentences, we get three more
possible worlds (1, 0, 0), (0, 1, 1), (0, 1, 0) respectively. Then the corresponding matrix A

becomes:

wy; w2 w3 W4

Ss3 1 0 1 0




The mathematical program for the PPSAT problem associated with this example can be

written as follows:

o
Y41
P2
1-p=[1111] x =pr+p2+p3s+ps=1,
P3
| P4 ]
_ N n _
1100 0.8
P2
Ap=m=1|1 0 1 1| X = 10.6]»
P3
1 01 OJ O.BJ
| P4 ]
Y4l
P2
> 0;
p3
_p4.l
i.e., it reduces to find p such that:
p1+p2tpst+ps=1
P1+ p2 = 0.8

p1 +p3+ps =06
P2 +p3 =03

p]207 j=1a2,3a47

or show that there is no such p. For example, in the above example there is no such p that

10



satisfies all those constraints, i.e., this instance is inconsistent.

Constructing a possible world is easy as it requires to interpret the values of a set of
sentences, using a given set of value assignments to those variables which constitute the
sentences. Checking whether a given world is possible is however NP-complete as it reduces

to the well known SAT problem.

2.1.2 Optimization form

Suppose we are given an instance of the P™*T problem (S,7) which is said to be consis-
tent. Let Sp, 41 denote an additional logical sentence (which is deduced possibly from &)
with an unknown probability value 7, +1. The probabilistic entailment or PPENTALY prob-
lem determines the best possible lower and upper bound [ 7,1, Tm41 ] of the probability
Tm+1 associated with Sp,41, such that (S |J Sm+1, (7, Tm+1)) remains consistent. In or-
der to solve the PFENTAIL problem, let us consider the objective function A,,1p, where

A7n+1 = (am+1,j),j = i, 2, ... and

1 if Sy is true for the possible world w;
Am+1,7 = (6)

0 otherwise.

We next determine 7, ,; = min Ay, 11p and 7Ty 1 = max Ay, 1p subject to the consistency
constraints, as described by (4). Note that it is possible that Sp,+1 may contain some
variables which do not appear in the logical sentences of S. No matter what, due to the
addition of a new sentence, the set of possible worlds might remain the same or be doubled

in the worst case. The mathematical formulation of the probabilistic entailment problem

11



can be written as follows:

(PPENTAIL)

min (max)
4
1-p=1
subject to: Ap=r
p>0.
\

Am+1p

Example 2: Let us consider Example 1 again, setting 73 to 0.5 to obtain consistency. Add

a new logical sentence Sy = Montreal wins today’s match in NHL = Montreal celebrates,

ie., 84 = 1 — x3 with 23 = Montreal celebrates. As there is a new logical variable z3

which was not present before in the sentences of S, there are now eight truth assignments

on X, and six possible worlds, i.e., (1, 1, 1, 1), (1,0, 0, 1), (0, 1, 1, 1), (0, 1, O, 1), (1, 1, 1,

0) and (1, 0, 0, 0). The third one corresponds to the truth assignments (0, 1, 1) and (0, 1,

0) over X and the fourth one to the truth assignments (0, 0, 1) and (0, 0, 0). The matrix

A looks like:

S1
So
S3

Sy

wy W2 w3 wq Ws We

1

1 0011
01110
01010
11100

12




We want to find the probability range for m4 associated with S4 so that the system
S J{S4} remains consistent. As in the above matrix, there is a probability distribution p;
associated with each possible world w;. For example, to obtain 74 associated with Sy, we
examine the last row (of all the listed possible worlds) in the above matrix. Finally, the

mathematical formulation of the corresponding probabilistic entailment or PPENTAL problem

looks like:
min (max) m4 = p1+p2 +p3+ pa
subject to:
p1 + patp3 +patps +pe =1 (84)
p1+p2 +ps +pe = 0.8 (s1)
P1 +p3 + pa+ps = 0.6 (s2)
1 +Ps3 +ps =05 (s3)
pJZO’ j:112a37475»6'
Its optimal solution yields [m4,74] = [0.2, 1].

2.1.3 Extensions

In this section we discuss two extension to the decision and optimization for propositional
probabilistic logic. The first one we discuss extends the precision of probability that is
assigned to an individual sentence, i.e., it assigns a range of probability values instead

of a point probability. In the second extension we introduce the concept of conditional

13



probability to the already described forms and extensions.

2.1.3.1 Interval probabilities

It is often more realistic to use probability intervals in place of single point probability
values, as already observed by Hailperin [19], in order to consider the imprecision on the
sentences. The PPSAT problem, with given probability intervals for the sentences to be true,
is then defined as Is there a probability distribution p such that the system (S, ) admits at

least one solution? In terms of a mathematical program, it leads to:

1.-p=1
(PPSAT) JESAPSW (9)
p=>0

The optimization form, PPENTAL problem, can be written as follows:

min(max) Amy1p
4

1-p=1
(PPENTALL) subject to: (1< Ap< T (10)
p20.
\

2.1.3.2 Conditional probabilities

A generalized system should be capable of handling conditional probabilities as many of

them make use of knowledge which is known with sufficient precision only in some situations.

14



Usually this kind of situation is expressed with conditional probabilities as illustrated by

Jaumard et al. in {30].

Let us assume that F is a set of first order formulas of size m together with their
probability value. But not all the probability values are of the same type. Only the first
g < m of them are known with simple probabilities while the rest are conditional. Let
Q ={1,2,...,q}. Assume that the last m — g appear, with possibly some or all of the first
q — 1 formulas, in conditional probabilities m;/; = 7(F;|Fj)(; j)er where T € M x M and
M ={1,2,...,m}. Let C C M be the index of the formulas appearing as condition in the
probabilities ;/;. By definition

T A Fy) _ (A A Agp

Wi/j = W(E|F]) = W(F]) - 7Tj

where A; A Aj = (ai A ajk)k-

Then the conditional first order probabilistic logic problem can be expressed as follows:

Determine m,, 1, Tm+1 such that

Tpg1 = Min Apy1p

15



subject to:

1.p=1
m, < Aip LT teQ
Ajp—m; =0 jeCN(M\Q)

(Ai A Aj)p — ﬁi/jﬂ'j <0 (Z,]) €T
0< (A;NAjp— /575 (,J)eT
;20 JeECN(M\Q)

p > 0.

\

and T4 = max A, 41D subject to the same set of constraints.

2.2 First-Order Probabilistic Logic FOPL

So far, we have described the probabilistic logic model in the context of propositional logic.
In this section, we will introduce the probabilistic logic model in the context of first order

logic.

2.2.1 Decision form

Consider a set of ¢ logical predicates P = {P1, P,, ..., P;} defined on a set of n variables
X = {z1,22,...,2n}. Let F be a set of m formulas in prenex normal form defined as

follows:
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F={F =(Qiz1)(Q}z2) ... (Qhzn)(M;) :

Mz':Si(Pl,PQ,...,Pq),i=1,2,...,m} (11)

where (szj),j = 1,2,...,n is either (3z;) or (Vz;), and S; is a logical sentence that
contains no quantifier and is built on the set of predicates using the logical connectives
- A and V. (Q4z1)(Qbz2) ... (Q%zy,) is called the prefix and M; is called the matrix of the
formula Fj, ¢« = 1,2,...,m. For instance, V23y[Pi(z,y) V Pa(y)] is a first-order formula,
where P(z,y) and Q(y) are predicates, z is universally quantified and y is existentially

quantified.

The decision form of first-order probabilistic logic problem, or PTFSAT for short, is
defined as follows: given a set F of m formulas in prenex normal form, and a probability

vector 7 = (71,72, ..., m) associated with these formulas, is the set (F, ) consistent?

We use the definition of a world as any truth assignment w over F, as in Nilsson [50].
A world is possible if there exists a truth assignment over the set of predicates which leads

to w over JF, and the world is impossible otherwise.

Building a possible world amounts considering possibly several truth assignments on
the set of predicates, i.e., one value assignment for an existentially quantified variable,
but two value assignments for a universally quantified variable. Checking whether a world
is possible amounts to checking whether a set of first-order formulas is satisfiable: it is
therefore a NP-complete problem since it is generalized to the NP-complete satisfiability

problem for probabilistic logic. [16] [9].
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2.2.1.1 Decidability

Before we discuss the solution for the PF°PSAT problem, let us have a closer look to the
specific difficulties of first-order logic. One of the major difficulties to be considered is
the decidability issue. According to [27] there are problems that cannot be solved by any
algorithm that can run on a computer; they are called undecidable problems. In other words,
a problem is said to be decidable if there exists an effective algorithm (computer program)
that can solve that problem. More general references on decidability and undecidability can
be found in [58]. Unlike the propositional calculus, first-order logic is undecidable, provided
that the language has at least one predicate having at least 2 variables. Let us recall the

following two fundamental results as well.

Theorem 1. (Church [10], Turing [65]). The satisfiability problem for first-order logic is

undecidable.

Theorem 2. (Trakhtenbrot [64], Craig [12]). The satisfiability problem for first-order logic

on finite structures is undecidable.

In spite of these negative results, i.e., no sound and complete proof system for validity
even on finite structures, several studies were conducted in order to explore decidable set of
first-order sentences. A recent survey written by Hustadt et al. [28] provides references to
the known decidable set of first-order sentences. Indeed, there are several well decidable set
of first-order sentences (see [53] for detail), e.g., the AEA class is decidable which consists of
all the relational (i.e., without function symbols) first-order sentences with quantifier prefix
of the form V3V [17], (see, e.g., Dreben and Goldfarb [13] and Aspvall et al. [2]), or the set

of sentences with two-variable (see, e.g., Gradel et al. [17]). From now onward, we will only
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consider sets of formulas belonging to some set of decidable first-order sentences.

2.2.1.2 First-order concepts

In this section, we describe some first-order logic concepts for better understanding.

Literal ([40], p. 517): A literal is an atomic expression or the negation of an atomic

expression.

Clause ([9], p. 48): A clause is a finite disjunctions (or V) of zero or more liter-
als. For example, (—lily(X) V flower(X)) is a clause with two literals —lily(X) and

flower(X).

Empty clause ([9], p. 48): An empty clause (O) can be attained by creating con-
tradiction between two sets of literals having opposite sign. For instance, flower(X)

and - flower(X) results in a null or empty clause (O).

Function ([40], p. 53): A function denotes a mapping of one or more elements in a
set (called the domain of the function) into a unique element of another set (the range
of the function) where elements of the domain and range are objects in the world of
discourse. Every function has an associated arity, indicating the number of elements
in the domain mapped onto each element of the range. For instance, father(salma)
denotes a function of arity 1 that map people onto their (unique) male parent and
plus(2, 3) is a function of arity 2 that maps two numbers onto their arithmetic sum

5.

Term ([40], p. 54): A term is either a constant, variable or function expression

which is used to denote objects and properties in a problem domain.
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For example, cat, mother(muller), etc.

Predicate ([40], p. 55): A predicate names a relationship between zero or more
objects in the world where the number of objects so related is the arguments of the
predicate. An example of predicate with 2 arguments is likes(X, jane) where, X is
a variable and jane is a constant. The arguments of a predicate may include terms
and also variables or function expressions. For example, friends(fatherof(salma), fa-
therof(ratka)) is a predicate describing a relationship between two objects in a domain
of discourse. If the function expressions (fatherof(salma) is john and fatherof(raika)

is shawn) are evaluated, the expressions become friends(john, shawn).

Interpretation ([9], p. 31): An interpretation for a first-order formula F consists of
a nonempty domain D, and an assignment of values to each constant, function symbol

and predicate symbol occurring in F.

Satisfiable ([9], p. 34): A formula F is satisfiable (consistent) if and only if there
exists an interpretation I such that F is evaluated to T in I. If a formula F is T in an

interpretation I, we say that I is a model of F and I satisfies F.

Logical consequence ([9], p. 34): A first-order formula Fi,y; is a logical con-
sequence (logically follows) of (from) set of formulas Fi, Fy, ..., F, if and only if for

every interpretation I, if F3 A F3 A --- A F is true, Fipq is also true in 1.

Inference rules ([40], p. 65): An inference rule for both the propositional and
first-order logic can be defined as a formal way of generating a new formula which is

a logical consequence of a given set of existing formulas.

Sound ([40], p. 66): An inference rule is sound if every formula produced by the
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inference rule from a set F of formulas also logically follows from F.

Complete ([40], p. 66): An inference rule is complete if, given a set F of formulas,

the inference rule can infer every formulas that logically follows from F.

Refutation complete ([40], p. 529): An inference rule is refutation complete if,
given an unsatisfiable set of clauses, the unsatisfiability can be established by use
of this inference rule alone. All resolution based automated theorem provers use

refutation proof procedure for first-order formulas ([40], p. 517).

Proof procedure [40], p. 66): The proof procedure is a combination of an inference
rule and an algorithm for applying the inference rule to a set of formulas. In first-order
logic, a formula that logically follows from a given set of formulas can be produced by
using proof procedures. The modus ponens is a sound (but not complete) inference rule
for first-order logic. There are two kinds of proof procedures namely, direct proof and
refutation proof (lecture notes of Dr. Haarslev, Concordia University, winter 2006).
Consider a set of formulas Fy, Fo, ..., Fy. Direct proofshows that a new formula Fi,, 11
is a logical consequence. That means direct proof shows that (Fy, Fo, ..., F) — Fpni
leads to consistency. Whereas, refutation proof adds the negation of the new formula
~F,,+1 and proves that (F;1 A Fo A -+ A F;y A =F11) leads to an inconsistency.

Refutation proof is sound and refutation complete.

Substitution ([9], p. 75): A substitutionis a finite set of the form {¢;/v1,...,tn/vn},
where every v; is a variable, every t; is a term different from v;, and no two elements

in the set have the same variable after the stroke symbol. The following two sets are

substitutions: {f(z)/z,y/z} , {a/z,9(y)/y, f(g(b))/z}, i.e., a substitutes z.
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e Unification ([9], p. 76): A substitution 8 = {t1/v1,...,tn/vn} is called a unifier
for a set of expressions {E1,..., Ex} if and only if E16 = Eq6 = --- = Exf. The set
{E1,...,Ey} is said to be unifiable if there is a unifier for it. For example, the set
{P(a,y), P(z, f(b))} is unifiable since the substitution 8 = {a/z, f(b)/y} is a unifier

for the set.

2.2.1.3 Resolution refutation

In first-order formulas, we have to deal with quantifiers, predicates and functions, conse-
quently, possible worlds for first-order logic cannot be obtained as easily as in propositional
logic. Determining the set of possible worlds from a set of decidable first-order formulas
amounts to checking whether a set of first-order formulas is consistent. In practice, it is
done using the resolution refutation method. This section briefly explains the rules followed
by the resolution refutation méthod for our better understanding. Before going more into
the resolution procedure, let us first understand the skolemization technique in order to deal
with the quantifiers and reach a standard form also known as a skolem standard formula

(see also [9], p. 47) on which the resolution procedure can be applied .

Let F be a set of m formulas in prenex normal form defined as follows:

F={F = (Qiz1)(Q5s2) ... (Qhza) (My)

MiZSi(Pl,PQ,...,Pq),i=1,2,...,m} (12)

where (Qiz;),j = 1,2,...,n is either (3z;) or (Vz;), and S; is a logical sentence that
3L j j
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contains no quantifier and is built on the set of predicates using the logical connectives =, A
and V. The first part, i.e., (Qiz1)(Q5x2) ... (Q%2y,) is called the prefix and M; is called the
matrix of a formula. Now, the basic idea behind the skolemization technique is as follows:
If we can remove all the existential quantifiers from a formula with proper replacements
such that their effects remain same on that formula, a first order formula is transformed to
a standard form which is very similar to a propositional formula and the general rules which
can be applied on a propositicnal formula can also be applied on it. To achieve that form,
an existential quantifier is replaced either by a constant or a function (also known as skolem
constant). An example is presented shortly which explains the skolemization technique as

an essential part of resolution refutation.

The resolution refutation ([40], p. 517) proof procedure answers a query or deduces
a contradiction out of a set of clauses (i.e., after skolemization in order to deal with the
quantifiers) where contradiction is represented by the null clause (O). The contradiction is
produced by using the modus ponens rule for resolving pairs of clauses from the database. If
the resolution procedure fails to produce a contradiction directly, then the resolvent clause
produced by the resolution is added to the database of clauses and the process continues.
More precisely, in a refutation proof procedure, the new formula is negated and added to
the set of formulas (axioms) that are known to be true. Then, it uses the resolution rules
of inference to show that this leads to a contradiction. If the theorem prover shows that
the hegated goal is inconsistent with the given set of formulas, it follows that the original
goal was consistent. A strategy is said to be complete if it guarantees to find contradiction
using refutation-complete inference rule whenever a set of formulas is unsatisfiable ([40], p.

529). Resolution refutation proofs involve the following general steps ([40], p. 517):
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1. The formulas (after dealing with the quantifiers) or axioms are arranged into clause

form.

2. The goal is negated in clause form and added to the set of axioms.

3. A set of clauses are resolved together, producing new clauses that logically follow from

them.

4. A contradiction is reached by generating the empty clause (0O).

5. The aim of a substitution is to produce a clause whose truth value is opposite to the

negated goal which eventually results in an empty clause (0O).

Binary resolution is the most common form of resolution which is applied between two
clauses when one contains a literal and the other one its negation ([40], p.517). Unification is
needed if these literals contain variable to make them equivalent. Eventually, the resulting
new clause comprises of the disjuncts of all the predicates in the two clauses minus the
literal and its negative instance, having been resolved away. The resulting clause undergoes
the necessary unification and substitution which make sure the predicate and its negation
are equivalent. For example, the knowledge base for the dead dog problem ({40}, p.518) may

be represented in clause form as:

(=dog(X) V animal(X)) A (manimal(Y)) V die(Y)) A (dog(fido)).

To this expression, we add (by conjunction) the negation of our goal which is ~die(fido).
The resolution proof for this is shown in Figure 1.

Transforming formulas into clause form requires 8 steps which are given below ([9], p. 37):
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—dog(X) vanmalX)  -animal(Y) v die(Y)

WW

dog(fido) —dog(Y) v die(Y)
die(fido) ~die(fido)

NS

0

Figure 1: Resolution proof for the dead dog problem

1. Use the following laws to eliminate the logical connectives < (equivalence) and —

(implication).

FoG=(F-G)AN (G- F). (13)

F—-G=-FVvG. (14)

2. Repeatedly use the following laws to bring the negation signs immediately before

atoms:
-(-F)=F. (15)
and De Morgan’s laws:
-(FVG)=-FA-G, (16a)
~(FAG)=-FV-G. (16Db)
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and the laws

~((VX)F(X)) = (3X)(~F(X)),

~(3X)F(X)) = (VX)(-~F(X)).

3. Rename variables so that no two quantifiers bind the same variable.

(17a)

(17b)

4. Use the following laws to move the quantifiers to the left of the entire formula to

obtain a prenex normal form:

(QX)F(X)VG=(QX)(F(X)VGQ).

(QX)F(X)AG = (QX)(F(X)AG).

(VX)F(X) A (YVX)H(X) = (VX)(F(X) A H(X)).

EX)F(X) Vv BX)F(X) = @X)(F(X)V H(X)).

(QX)F(X) vV (QX)H(X) = (1 X)(Q:2)(F(X) v H(Z))

(QsX)F(X) AM(QuX)H(X) = (Q3X)(Qu2)(F(X) A H(Z))
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For instance let us obtain a prenez normal form for the following formula:

(vX)(VY)((32) (p(X, Z) Ap(Y, Z)) = (BU)g(X,Y,U)).

Using (14), we get:

(YX)(VY)(=((3Z) (p(X, Z) Ap(Y, Z))) v (3U)q(X, Y, U)).
Using (17b) and (16a), we get:

(VX)(VYN(VZ) (~(p(X, Z) V -p(Y, 2)) v (3U)q(X,Y,U)).
Using (18a), we get:

(VX)(VY)(VZ)(AU) (=(p(X, Z2) V =p(Y, Z) V ¢(X, Y, U)).

So, we obtain the last formula as a prenex normal form of the first formula.

5. Replace each existentially quantified variable by a skolem constant or skolem function

and remove the quantifier 3.

case 5a. If r is not universally quantified, replace x by unique, fresh skolem constant.
For example: 3Xp(X) is skolemized to p(a). Similarly,
IXVYp(X,Y, X) = VY p(b, Y,b) and
3IX3YVZp(X,Y,Z) = VZp(a,b, Z).

case 5b. If the predicate has more than one argument and the existentially quanti-
fied variable is within the scope of universally quantified variables, the existential

variable must be a function of those other variables. For example:

AXVYVZIUVVIW p(X,Y, Z,U,V,W) = VYVZVV p(a,Y, Z, { (Y, Z), V,g(Y, Z,V)).

6. Remove all universal quantifiers
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7. Convert the expression to the CNF form. This requires using the associative and

distributive properties of vV and A.

8. Rewrite as a set of clauses, where ”A” is considered to be default between clauses. For
instance, (p(X,Y) V(X)) Aq(Y) is written as two separate clauses (p(X,Y) VvV r(X))

and q(Y).

2.2.1.4 Strategies and simplification methods for resolution

Resolution is a method of theorem proving that proceeds using proof by contradiction. This
method can be viewed as a search problem where the solution is the path from the initial set
of clauses to the empty clause (contradiction). An exact resolution employs breadth-first
search strategy which is exponential. Therefore, we have to apply heuristic strategy for
large problems. A strategy is complete if by using it with a refutation-complete inference
rule, it is guaranteed to find the refutation whenever a set of clauses is unsatisfiable ([40],

p. 529). Let us discuss some of the well known strategies used in resolution.

e Breadth-first strategy ([40], p. 529): In breadth-first search the comparison
among the clauses is done in an exhaustive manner. Therefore, it guarantees to find
the shortest solution path. It is also a complete strategy in the sense that if it continues

to search for long enough, it is guaranteed to find a contradiction if one exists.

e Set of support strategy ([40], p. 530): Set of support of Wos and Robinson [67]
is a good strategy for large clause space. In this strategy, a subset T is specified from
a set S of input clauses for resolution. It can be proved that, if § is unsatisfiable and

S — T is satisfiable, then this strategy is refutation complete. It is complete only if
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the right (correct) subset is chosen.

e Unit preference strategy ([40], p. 531): The unit preference strategy usually re-
solves with shorter clauses specially, clauses with one literal, called unit clause when-
ever they are available. This strategy guarantees that the resolvent is smaller than the
largest parent clause. Unit resolution is a related strategy that requires that one of
the resolvent must be a unit clause. However, it is an incomplete strategy. The com-
bination of unit preference and set of support strategy can produce a more efficient

complete strategy.

e Linear input from strategy ([40], p. 531): Linear input from strategy directly use
negated goal and the original set of formulas. It takes the negated goal and resolves
it with one of the formulas at a time. This process repeats until the empty clause is

produced. However, this is an incomplete strategy.

We can use some simplification methods in order to reduce the search space and speed

up a resolution-based problem solver for finding a solution. Let us see a few of them below.

¢ Elimination of tautological clauses ([40], p. 533): A tautological clause does
not need to be considered as it will never be falsified. Therefore, it does not play a

useful role in a solution attempt.

e Subsumption ([40], p. 533): Subsumption is a complete strategy in which more
specific clauses are removed, e.g., if S contains predicates FATHER(x, y) then we can

remove FATHER(john, salma).
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2.2.2 Optimization form

In his paper on probabilistic logic, Nilsson [50] also discussed about the optimization form
of first order predicate logic or FOPL which can be stated as follows: Given a set F of m
formulas in prenex normal form, and a probability vector 7 associated with these formulas,
such that the set (F,w) is consistent. Let us consider an additional formula Fi,+;. The
optimization form deals with how to compute bounds on the probability of F,4+; so that

the system (F U Fy,4+1,7) remains consistent.
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Chapter 3

Literature Review

The concept of uncertainty is a relation with some form of information deficiency. Uncer-
tainty results whenever any form of incompleteness, impreciseness, fragmentation, unreli-
ability, vagueness, contradiction or information deficiency takes place. Lakhsmanan and
Sadri [39] defined uncertainty for an agent’s knowledge about a piece of information in the
form of a confidence level. A more precise definition came from Smithson [60], who defined
uncertainty as a subjective measure of certainty of something (e.g., occurrence of some
events) therefore, it can be modelled in terms of a quantitative measure, i.e., a numerical
value between 0 and 1 where 0 denotes falsity and 1 denotes truth. Klir and Yuan ([37],
p.268) categorized uncertainty into two basic types as fuzziness or vagueness and ambiguity
(ambiguity may further be divided into imprecision and discord). The authors ([37], p.267)
also claimed, reasoning under uncertainty is an important issue in several theories, e.g.,

fuzzy set theory [68], possibility theory [69, 14].

In this chapter, we will briefly discuss about few uncertainty based models in AI, for

propositional as well as for first-order logic. As we will see, some of them have their main
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focus on probability theory while the rest are fuzzy logic or other formalism based. In prob-
abilistic logic, classical propositional and first-order formulas are extended with probability
while formulas remain true or false. Even though expressed differently, in practice it is
equivalent to a probability logic. Our main focus will be on the probabilistic logic model,

equivalent to Nilsson’s [50] formalism and its extension.

This chapter is organized as follows: In Section 3.1, we briefly describe some mostly
studied models, for propositional case, which treat uncertainty by different means. Some
of the models consider probability as a means to express uncertainty while the others,
e.g., fuzzy logic, portrays uncertainty issue without probability consideration. Section 3.2
presents models (with and without probability) which deal with uncertainty for first order
case. In section 3.3 we present analytical methods to deal with propositional probabilistic
logic problems while in Section 3.4 we discuss some numerical methods for propositional
probabilistic logic problems. We discuss exact numerical methods and heuristic numerical
methods in this section. In Section 3.5, we describe the exact numerical method for first
order logic. A few first order issues and heuristic strategies for numerical solution are also

explored in this section.

3.1 Propositional Models Dealing with Uncertainty

Uncertainty has been studied and treated under many different types of models and per-
spectives for propositional case. Broadly they can be categorized into two major groups:
non-probabilistic and probabilistic formalisms. In the following two subsections we will
see some approaches for non probabilistic and probabilistic cases which are taken from the

classification suggested by Lakhsmanan and Sadri in [39).
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3.1.1 Propositional non-probabilistic models

Fuzzy logic programming: Fuzzy logic programming was introduced by van Emden
in his seminal paper on quantitative deduction [66], and further developed by various re-
searchers, including Steger et al. [61] and Schmidt et al. [59]. Instead of going for absolute
value of uncertainty, they go for an approximation on how uncertainty can be expressed
and measured.

Annotated logic programming: Annotated logic programming framework was intro-
duced by Subrahmanian [62] and later studied by Blair and Subrahmanian [5] and Kifer
and Li [35]. Kifer and Li extended the framework of Subrahmanian {62] to a formal seman-
tics for rule-based systems with uncertainty. Finally, this framework was generalized by
Kifer and Subrahmanian into the Generalized Annotated Programming (GAP) framework
[36].

Evidence theoretic logic programming: Evidence theoretic logic programming has
been mainly studied by Baldwin and Monk [4]. They use only Dempster’s evidence theory
as the basis for dealing with uncertainty in their logic programming framework. It is to
be noted that The Dempster-Shafer theory is a mathematical theory of evidence based on
belief functions and plausible reasoning [4], which is used to combine separate pieces of

information, known as evidence, to calculate the probability of an event.

3.1.2 Propositional probabilistic models

Logic and Probability based approach: The earliest works of logic and probability are

due to Boole in 1854 [7] and more than a century later they were revisited by Hailperin [21]
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in 1976. In 1986, Nilsson [50] used a ‘possible worlds’ approach and reshaped them for Arti-
ficial Intelligence under the name of probabilistic logic problem both for propositional logic
and first order case. Carnap ([8] also presented a seminal work on probabilistic logic. Some
of the probabilistic logic p;ograrnming works are based on probabilistic logic approaches,
such as Ng and Subrahmanian’s work on probabilistic logic programming [49].
Annotation based approach: Ng and Subrahmanian [49] were the first to propose a
probabilistic basis for logic programming. The idea is that uncertainty is always associated
with individual atoms (or their conjunctions and disjunctions), while the rules or clauses
are always kept classical. In Ng and Subrahmanian [49], uncertainty in an atom is modeled
by associating a probabilistic truth value with it, and by asserting that it lies in an interval.
The main interest is in characterizing how precisely we can ‘bound’ the probabilities asso-
ciated with various atoms. However, as pointed out in Ng and Subrahmanian [49], even if
one starts with precise point probabilities for atomic events, probabilities associated with
compound events can only be calculated to within some exact upper and lower bounds,
thus naturally necessitating intervals.

Implication based approach: The first implication based framework for probabilistic
deductive databases was proposed in Lakshmanan and Sadri [38]. The idea behind implica-
tion based approach is to associate uncertainty with the facts as well as rules in a deductive

database.

3.2 First Order Models Dealing with Uncertainty

First order logic is much more expressive than propositional logic. But things are more

complex due to many reasons. The addition of quantifier and the issue of decidability are
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two such points among them.

3.2.1 First order non-probabilistic models

Next we briefly mention about two non-probabilistic approaches which are means to deal

with uncertainty without probabilistic approach.

3.2.2 First order probabilistic models

An overview

In this section, we explore some first-order models with probabilities. Several papers
have been published on the first-order probabilistic logic (22, 49, 42, 52, 47]. We will discuss
a few of those models which are related to our work on models for reasoning uncertainty
with probabilities. In the subsequent sections, we will cover Halpern’s {22] degrees of belief
and chance setup, Lukasiewicz’s [42] probabilistic logic prograrmming and Milch and Russell’s
[45] Bayesian logic or BLOG.

Halpern’s semantics for probabilistic logic

Halpern [22] provided semantics to first-order logics for two different approaches of
probabilistic reasoning. One of them deals with the probability in the domain or at the
level of statistical information which is illustrated with the statement " The probability that
a randomly chosen bird flies is greater than 0.9”. The other one deals with uncertainty at
the level of possible outcomes or worlds (Nilsson [50]). Halpern illustrated the second one
with the statement ”The probability that Tweety (a particular bird) flies is greater than
0.9”. The first approach of Halpern is also called chance setup [18] while the latter one is

called ” degrees of belief’ [3]. A similar type of semantics was also studied by Bacchus [3].
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For the probability on domain, Halpern [22] assumed that there is a given first-order
language for reasoning about some domain. If a formula ¢ in logic is given, formulas of
the form wz(yp) > 1/2 are also allowed which can be interpreted as ”the probability that a
randomly chosen z in the domain satisfies ¢ is greater than or equal to 1/2”. For instance
[22], wx(Son(z,y)) describes the probability that a randomly chosen z is the son of y,
whereas wy(Son(z,y)) describes the z is the son of randomly chosen y. Halpern extended
this to allow arbitrary sequences of distinct variables in the subscript by providing the
syntax and semantics of a two classified languages. The function and predicate symbols,
and a limited class of object variables 20,40, ..., in the ¢ are considered in the first class
which describe the elements of the domain of reasoning. The second class defines syntax
for binary function symbols + and x, constant symbols 0 and 1, and limited class of field
variables z/,yf,..., with the intention of ranging over the real numbers. Halpern [22]
allowed only two field functions + and x in his syntax and did not consider Bacchus’s [3]

measuring functions which map object terms into field terms.

In the semantics of chance setup, Halpern [22] gave a probability structure called type
1, where probability functions are defined over the domain. These probability functions are
standard real-valued and countably additive which make them significantly different from
the semantics of Bacchus [3] where non-standard probability functions are considered which

take values in arbitrary ordered fields and are only finitely additive.

The syntax and semantics for degrees of belief is essentially the same as in the former
approach except for few cases. Among them, probability is defined over the set of states or
possible worlds [50] instead of taking over domain. The functions or predicates might have

different meaning for different states. The probability structure called fype 2 is defined
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for reasoning about possible worlds. Some simplifying assumptions were also made for the
representation of probability on possible worlds. For example, all functions and predicates
can take fixed or flexible structure. Moreover they also assume that there is only one domain

and only one predicate measure on the set of states.

Halpern [22] used a deductive mechanism to infer new information for chance setup
and degrees of belief. Deductive mechanism (e.g., modus ponens) usually concludes a new

information from a given certain premises.

Halpern [22] used an axiom system which is sound, but is complete only for bounded
sized domains. For instance, in order to provide complete axiomatization, problems are re-
stricted to unary predicates for the probability on a domain. However, there is no straight-
forward way to capture statistical information from degrees of belief or vice-versa. There-
fore, in order to simultaneously reason about statistical information and degrees of belief,
these two approaches are combined by Halpern [22] in one framework.

Bayesian logic or BLOG

Milch and Russell [45] pointed out that in order to express the real world problem,
propositional probabilistic languages such as Bayesian network or BN are inadequate. This
inadequacy of BN results from the fact that a fixed set of random variables as well as
dependencies and probability distributions for each of the variables must be specified in-
dividually. Real world problems often involve many objects and their dependent objects
which are unknown or uncertain in nature. So, to define uncertainty using a fixed set of
random variables and a fixed dependency structure is not sufficient. For example tracking
multiple people from a video sequence, is very difficult to define using a fixed set of variables

and structures as the number and the types of people are unknown in advance.
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Milch and Russell [45] proposed a new probabilistic modeling language, called Bayesian
logic or BLOG which can model large families of random variables compactly by abstract-
ing over objects and mapping between objects and observations. The authors [45] define
probability distribution over relational structures with varying sets of objects. For a par-
ticular scenario, BLOG specifies certain non-random aspects which is handled by a typed
first-order language and the remaining aspects are specified with a probability model. The
probability model describes a generative process for constructing a possible world in two
steps. At the first step, boolean functions are assigned values to evaluate some objects. In

the second step, new objects are added to their world.

In order to infer, Milch and Russell [45] use a sampling-based inference algorithm which
proved to be too slow for many tasks. Therefore, they are still working on improving their

inference mechanism.

3.3 Analytical Solution for PPL

In this section, we present studies on analytical solution for Propositional Probabilistic Logic
problem or PPL in short. At first, we will discuss Boole’s analytical solution [7] in algebraic
form to PPL problem. Later on, we will discuss about Hailperin’s extensions of Boole’s
method. Hailperin was one of the first authors who investigated Boole’s analytical solution.
He pointed out that there is a way to find an analytical expression for the solution using the
enumeration of the extreme points of a particular polyhedron. Finally, Hansen et al. [24]
formulated and provided the proof of the consistency condition for the analytical expression.

Let us start with Boole’s algebraic method.
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3.3.1 Boole’s algebraic method

To solve the decision and optimization forms of probabilistic logic problem analytically,
Boole outlined some algebraic manipulations in his book of 1854 [7}], and in several of his
contemporary and subsequent papers which are similar for both cases. The simplest and

most efficient method carries on as follows [23] :

Step 1. All m logical sentences are expressed as sum of complete products, i.e., products

of all variables in direct or complemented form.

Step 2. Associate each of these products with an unknown probability p;, write linear
equations such that for each associated logical sentence ) p; = m; for S; to be true.
J

Noted that j < 2™, because not all the products are valid and some of the products

may be duplicated. Add constraints stating that Z p; = 1 and each p; is non-negative.
J

Step 3. Eliminate as many p; as possible from the so obtained equalities and inequalities

(we will see in an example later).

Step 4. From the inequalities obtained in the previous steps eliminate the remaining
probabilities p; as well as 7,11 by considering all upper and lower bounds on one of
them, stating that each lower bound < upper bound, removing redundant constraints

and iterating.

Thus we obtain relations involving my, 79, . . ., T, which are called conditions for feasible
experience by Boole. Moreover, these relations involve m,,+; which gives the best possible

bounds on the probability of the additional logical sentence.
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This is known as the solution to Boole’s general problem. Let us see an example to solve

a problem by using the above steps 1 to 4.

Example 1 (Boole [6]) Find the best possible bounds on the probability of S = z3

considering the following:

prob(S1 = ;1) = 1
prob(Sy = xy) = T
prob(Ss = z123) = 73
prob(Ss = xox3) = M4

prob(Ss = T1Taxs) = 0.
Step 1, gives

I, = I1T2T3+T1Z2T3+T1T2T3+T1T2T3
Io = I1T2x3+T1Z2T3+T1X2T3+T1T2T3
T1XT3 =T1T2T3+T1ZT2X3

IoX3 =T1T2X3+T1T2T3.
Set p1 = prob(z1x2x3), p2 = prob(z1x2T3), p3 = prob(x1Tax3), ps = prob(z1T2T3), ps =

prob(T1z223), pe = prob(T122T3), pr = prob(T1T2x3), ps = prob(T1ZT2T3). Step 2 yields the

following equalities and inequalities:
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P1+Pp2 +P3+pg =7

pP1+ D2 +ps + e =72

5! +p3 =73

P +ps = Ty
+p7 =0

pP1+p2 +P3+patps +petpr +pg =1

P1,D2,- .- 1 D8 21

Eliminating successively the variables p7, pa, p3, ps, 05, p1 and ps yields, at the end of

Step 3, the bounds

max {73, mg} < mg <min{l—m;+ms,m3+74,1—mTo+m4}

and the consistency conditions

Eliminating 7g yields the additional condition

m—m3+mg < 1.

Hailperin [20] extended and provided a systematic treatment for Boole’s algebraic method

to deal with conditional probabilities. Hailperin showed [20] that, the extensions can be
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done along two directions, either using conditional probability in the objective function or

using conditional probability in the constraints.

3.3.2 Polyhedral method

Polyhedral method has been contrived for obtaining an analytical solution of probabilistic
logic problem which is different from Fourier-Motzkin elimination. It is based on the study

of dual polyhedra of (7) as expressed by the following two linear programs (LP!, LP?):

min yp + Ty

subject to: lyo + Ay > AL ;.

max yo + Yy
LP?

i

(21)
subject to: 1yo + Ay < AL .

It can be observed that, the polyhedra defined by (21) includes the vector (1, 0)((0,0))
respectively, therefore, the corresponding polyhedra are non empty. In order to obtain the
condition under which the probabilities are consistent, consider the dual of the probabilistic
satisfiability problem in decision form (4), with a dummy objective function, Op, to be

maximized:

min  yo + 7y

subject to: lyo 4 A'y < 0. (22)

Hansen, Jaumard and Poggi de Arago [24] showed that:

42



Theorem 1. The probabilistic satisfiability problem (4) is consistent if and only if
(1,m)r <0 (23)

for all extreme rays v of (22).

Using the duality theorem of linear programming, Hailperin {19] showed that:

Theorem 2. The best lower bound for mmy1 is given by the following conver piecewise
linear function of the probability assignment:

Tnpa(m) = max (L) Y (24)

where yfnax for all j represent the kmay extreme points of (21).

The best upper bound for mm41 s given by the following concave piecewise linear function

of the probability assignment:

Tnar(m) = min(Lm) Y, (25)

where y’

min

for all j represent the kmin extreme points of (21).

This result provides best possible bounds on 7,,,; and 7,,41. Both Theorems 1 and 2
readily extend to the case of probability intervals (10) but not to the case of conditional
probabilities [23]. Here we present examples for the theorem 1 and theorem 2 on small

logical systems.
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The upper and lower bound is given by the analytical expressions:
7o = min{l,7s} and m, = max{0,(m; — m;)}

The consistency condition is enforced by

and

3.4 Numerical Solution for PPL

Numerical methods are needed to assess the solution of the Propositional Probabilistic Logic

problem (or PPL for short) in practice as analytical solution can be used only for very small

instances. Numerical solution methods for PPAT and PFENTAIL can be categorized into two

types namely, ezact and heuristic methods. Let us briefly describe what are these exact

and heuristic methods.
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Table 1: Examples of analytical solutions and consistency condition for small logical sys-

tems.
Logical Probability Consistency Probability
Systems Assigned Conditions Bounds
Sz Vo [rg, Ts] m <l 1=1,8
z) [my,71] m™>0 i=1,8 _ —
T2 mo ? m,<m 1=1S8 my = max{0, w5 — 71}
t -7Ts > ’ T2 = min{l,7s}
S:zyVzaVas [rs,7s] m, <1l i=128
T [m1,71] 20 =125 _ = =
23 2, 7] | m <™ i=12.8 1y = max{0,Lg — 71 =T}
z3 7'('3? ﬁs>7‘(’2 T3 :mln{l’ﬂ.S}
TS Zﬂl
S:x1VzaVzaViIg |ms,Ts] <1 1=1,23,85
x [Z_T_l,ﬁl] ;>0 i:1,2,3,S _ = = =
o 3,7 | m<m i=1,2,3,5| ™7 maWX{%Enfin{;Tlﬁ }W2 ™)
T3 [m3, 73] Ts > M), Ts > Ty + T 8
T4 7y Ts > Wy
S1:T1 Vg [7TS1 fsl] 7i>0 i=1,5,5;
LA b — . b b — 1__-— _ 7
52 iz VT [ESz?ﬁsz T <7 i=1, Slv 52 Uy ma.X{Tr +7:T5211T;11-; Tg, TSy
z1 [my, 7] T <1 i=1,5,5 =1 TS5
x o T <7 — P,
2 7 i-ﬁs S; 1 2 = mln{ﬂ'S]aﬂ'l + s, — ES2’
2 T —
s, +Tg, > 1 147 —7mg,}

3.4.1 Exact numerical methods for PPL

An ezact algorithm guarantees to find the best optimal solution if there exists one whereas,
a heuristic algorithm usually only finds a good or near optimal solution without necessarily
any information on how far it is from the optimal solution. However, it may take too much
time to solve large sized PPL problems using an exact method. Therefore, one might need
to use a heuristic method in order to find a solution in a reasonable amount of computing

time.

In the subsequent sections, we will discuss about the linear programming solution with
simplex or revised simplex algorithm ([11], p.97) and the linear programming solution with
the column generation technique ([11], p.195), both of them correspond to an exact method.

Next, AD-SOLPPL or AD-SOLFOPL (based on anytime deduction) and variable neighborhood
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search which fit into the category of heuristic solution methods are also discussed. Linear
programming and column generation methods can solve PPL problem comprised of instances

of conditional and unconditional probabilities.

Linear programming modeling

It has been already shown in Chapter 2 that the probabilistic satisfiability or the prob-
abilistic entailment problem can be reformulated as linear programs. The simple method
for solving (4), (7) and (10) problems include firstly searching for the overall set of possible
worlds (see Chapter 2), and secondly, solving the resulting linear program. We can solve the
linear program by using simplex or revised simplex algorithm [11]. Although simple, this
method can be used only for small instances since the size of the input grows exponentially
with the increase of the number of logical variables x1, x2, ..., z,. In view of the enormous
size of these programs (about 10'® columns for min{m,n} = 60, where m is the number
of sentences and n is the number of logical variables in these sentences), it is impossible
to solve large sized probabilistic satisfiability or probabilistic entailment problem using this
method. This led Nilsson [51] to suggest looking for heuristic solution methods only. Such
a view is overly pessimistic as we will see in the next section.

Column generation solution

When linear programs cannot be solved using the simplex or revised simplex algorithm,
tools from large scale optimization come to rescue. In operations research, there exist some
tools, namely the column generation technique which deals with solving linear programs
with a huge number of variables. In this section, we will see how column generation tech-

nique works using a description from [31].
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Column generation starts by solving a small, manageable part of a problem (few of the
possible worlds). By analyzing this partial solution it determines an additional small subset
of the worlds (one or more possible worlds) to be added in the model, and then solves
the enlarged model. This column-wise modeling repeats this process until it satisfies an
optimality condition for the problem. More formally, column generation technique extends
the revised simplex algorithm (see e.g., Chvatal [11], p.97), in which only a small number
of columns are kept explicit, by determining the entering column through the solution of

an auxiliary subproblem.

To describe the general principle of column generation technique, let us assume, without
the loss of generality, a linear program (26) for a minimization problem in order to get the

lower bound in the optimal solution:

min {cz : Az > b, z > 0} (26)

The coefficients of variables = of the equations of (26) form the columns of the matrix
A. Therefore, variables and columns are used with the same meaning. By using either the
simplex algorithm or the column generation technique, the optimal solution (which provides
a lower bound) of equation (26) can be obtained. However, when the number of variables

is very large, it is better to use the column generation methods.

In column generation methods, the initial linear program is decomposed into a restricted
linear program and a pricing problem. The restricted linear program is called the restricted
master problem which corresponds to a linear program associated with a restricted matrix

A’ such that, A’ is a sub-matrix of A. In principle, if there exists an optimal solution for the
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restricted linear program, it may also be an optimal solution for the initial linear program.
However, it depends on the signs of the reduced costs of the missing columns, i.e., columns

which are not explicitly considered in (26).

Column generation methods proceed as follows: the linear program corresponding to
a sub-matrix A'(= A’) of dimension m x n1 of the original matrix is solved by using the
simplex algorithm, and a feasible solution z}, is obtained. Note that, the cost of the

columns of A! are denoted by ¢! which is a sub-vector of c.

min ¢’z
Alz>b

subject to: g <z <1

z € R™,

Does there exist a column a’ € A\A?! such that ¢; < 0 7 i.e., can we find a column of the

matrix A\ A! for which the reduced cost is negative? If the answer is no, then the feasible

solution z} p is optimal for (26). If the answer is yes, we must add one or more columns

a’s to the matrix A! in order to find the optimal solution. Therefore, we need to solve the

following system

min ¢z
A*z>b

subject to: g < z < 1

z € R™,
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with A% = A' U {a’} such that ; < 0.

This process is repeated until a column j with a negative reduced cost is found, i.e.,

¢; < 0. However, if no more iteration is possible, we conclude that we have obtained an

optimal solution for equation (26).

Now in order to find if there exists a column with a negative reduced cost one has
to solve the so-called pricing problem. Considering the master problem, e.g., (27), let us
assume that we want to find if there exists a column a/ with a negative reduced cost. So,

we must solve the pricing problem according to:

4

min &(a’)

{ with constraints on the components of (a?) (29)

in order to guarantee thatA? C A,
\

where A? is the concatenation of A! and a7 : A% = (A! | oJ).

For the master problem, the reduced cost is defined in the matrix form as follows:

where v is the vector of the dual variables associated with equation (26). For the master

problem, we obtain:

1

¢ =cj —vlad = ¢;(a?) — o' !

for the column j where ¢; is the reduced cost of the column j, v! is the optimal dual vector

obtained when solving (27).
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Solving the pricing problem is equivalent to solving the following problem:

ok min{E(a) — C(CL) —va:a€ A},

where A = {a € R™: (A! | a) is a sub-matrix of A} and &* is the best known reduced cost.

The column generation process is summarized in Table 2.

Table 2: Column generation process

Identify an initial set of (artificial) columns

Solve the restricted master problem

WHILE (there exists a column a; with a negative reduced cost as a solution of the pricing problem
Include a’ to the restricted master problem
Solve the restricted master problem
Solve the pricing problem

The pricing problem (29) is often a NP-complete problem which is very difficult to
solve. However, it is not mandatory to solve the pricing problem exactly at each iteration.
In order to ensure an iteration of the revised simplex algorithm to take place, it is enough
to find a column with a negative reduced cost. Therefore, a heuristic algorithm can be
designed for finding such a column. If a feasible solution (i.e., a column with negative
reduced cost) is obtained heuristically, the decision form of the probabilistic logic problem
is solved. However, finding no feasible solution by choosing the entering column in a heuristic
way cannot guarantee that none exists. Therefore, when no more column with a negative
reduced cost is obtained heuristically, it is necessary to turn to an exact algorithm either
to prove that, there is no feasible solution for the decision form of the probabilistic logic
problem or to prove that, there exists no feasible solution which gives better bounds than

the incumbent one for the optimization form of probabilistic logic problem.
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In order to start the column generation technique either a set of artificial columns or
a feasible set of columns is needed. Usually, it starts with an artificial solution which can
be generated in an insignificant time. The set of artificial columns corresponds to a set of
columns (tiny compare to the number of variables), which constitute a square matrix as
large as the number of constraints. It is to be noted that, in order to minimize the objective
function, the algorithm needs a negative reduced cost, but if the aim is to maximize the

objective function, then a positive reduced cost is required.

3.4.2 Heuristic numerical methods for PPL

Exact methods are accurate but at the cost of possibly long computation times. That is
why alternative solution methods have been explored and suggested by several authors.

Anytime deduction technique.

One of the pioneer works in this ground (for the probabilistic logic problem) for both un-
conditional and conditional cases of probabilities (point and interval cases) is due to Frisch
and Haddawy [15]. Their procedure takes a set of propositional sentences associated with
their probability values and a query (either an atomic propositional sentence or conjunc-
tion of them) as input. Propositional sentences of the form (S5;]5:)[Ts;,ns,] are expressed
with conditional probability while for unconditional probability it réduces to (Si|T)[7s,, zs,]
taking an ever-true value for S;. The anytime deduction approach proceeds by comput-
ing increasingly narrow probability intervals for the query (i.e., the additional sentence)
that contain the tightest entailed probability interval. They call this approach ”anytime
deduction” as the process can be stopped at any time and approximate information on the

tightest probability interval of an additional sentence can be yielded. The principal focus of
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their work is not necessarily on finding the optimal solution, instead it tries to find a near
optimal solution (which gives an estimation of the complete solution) very quickly. This
is good specially for very large instances to stop anytime and get the information how the

probability bound is achieved through the deductive process.

The authors claim that the heuristic solution developed by their procedure is valid
but may be not very precise (i.e., not the tightest probability bounds) even on very small
instances. They have used a set of sound (not complete) inference rules to reach the solution.
Still the authors do not provide an explicit and well-defined procedure to perform the
probability interval tightening. Moreover, the consistency issue is not considered, i.e., the
instances are not checked for consistency before proceeding with their anytime deduction
method. For instance, Hansen et al. [25] show that one of the examples considered by

Frisch and Haddawy is indeed inconsistent although their procedure does not detect it.

Yet this gives a good approximation on the bound of probability in a small amount of
time. They also suggested for an extension in first order logic but did not provide any clear

direction.

The procedure starts with a probability interval [0,1] which they called current derived
interval and proceeds by applying the inference rules in order to find a better probability
bound. Suppose the procedure has obtained a current probability bound [z, 7;] for sentence
S; and it finds a new interval [7}*¥, 7] where at least one of the the new probability
bounds is better than the current one, the value for the current probability bound will be
updated applying the rule for intersection of the bound intervals. The main focus of their
work is on the anytime nature, which says that at anytime the process can be stopped and

a correct value can be obtained together with how the result is obtained. The authors also
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states that the aim of the process is to direct the interval tightening in such a direction
such that it always keeps track of the tightest entailed probability intervals. This concept
is similar to that of the inference rules presented in ADPSAT [32] by Jaumard et al..

Constraint propagation with imprecise conditional probability .

Though Frisch and Haddawy [15] discussed both conditional and unconditional proba-
bilities, a stronger focus on conditional probabilities is due to Amarger, Dubois and Prade
[1]. They propose a constraint propagation algorithm, similar to anytime deduction type.
Similar to Frisch and Haddawy they proposed two local inference rules. But they have
considered the consistency issue and checked it at the beginning with help of linear pro-
gramming as similar to that of [50], see also Section 2.1. Then they try to gather as much
information as possible about the given system before applying the inference rules for the
entailment problem. They call it information gathering process. As compared to the linear
programming tools, they are considered more flexible and scalable. But they are somewhat
restricted to particular types of systems in order to apply the information gathering of the

network successfully.

Their process works as follows: The knowledge base, which they call network, is a
collection of general statements involving a group of general objects while these objects are
set of logical terms. The network is presented only in terms of conditional probabilities. At
this point, it is worth mentioning that the input is a set of sentences such that for some of
the sentences both m(g;|5.) and 7(g;|s;) forms exist. In order to work with the unconditional
probability the statements are represented in the form mg,(x) where X is the set of logical
terms which corresponds to ever-true propositions or tautologies. Next, their procedure

checks the consistency of the network globally by linear programming. If the network is
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inconsistent, it quits the procedure, otherwise it uses the first set of inference rule on the
network which the authors named Quantified Syllogism, QS for short. The purpose of this
rule is to gather as much information as possible about a given query. This gathering process
is done by repeatedly applying the Quantified Syllogism inference rule to get the missing
information. For example assuming that the probability bounds for T(S,18;)> T(8;15:)> T(Sk!S;)
and m( S;|8,) are given, applying the Quantified Syllogism inference rule in order to try to

get either first probability bounds on =g, |s,), or tighter bounds.

The lower bound given by the QS inference rule is as follows :

1 — m(Sk|S;)

7 (Sk|S:) = x(5;]S;) max{0,1 — 2(Si]S;) }

whereas the upper bound is calculated as:

m(5515:).7(Sk|S;)
x(Si|S;)

(1 —=x(S;19%)] +7(S5184) }-

F(SkISe) = min{L,1 - n(S;1:) +

7(S;19:) 7 (Sk|S;) T(S;18:) 7(SklS;)
7 (S5]S;)m(S51Sk) * m(SilS;)m(S51Sk)

3
bl

)
=

Next the inference rule named Generalized Bayes theorem is applied on all the gathered
information (probability values) which assumes that unconditional probabilities like 7(S;)
or 7(S;) are not known in advance. In order to calculate the final probability bound for the
query, maximum value of the lower bound and the minimum value of the upper bound is
taken into consideration. Their proposed inference procedure is polynomial in the number
of nodes in a network but it takes most of its time to gather the information about the
query from the network. Finally, the process stops when there is no more improvement in
the probability bounds otherwise it repeats from the step of applying Quantified Syllogism
rule. Although they mention extension to first order, the method proposed by Amarger et

al. [1] does not provide any (explicit) guideline for first order probabilistic logic.

54



Probabilistic logic programming and local probabilistic deduction techniques

over events of different types.

Similar to Halpern’s [22] semantics to formulas that describe degrees of belief, Lukasiewicz
[42] proposed an approach called probabilistic logic programming where uncertainty is han-
dled by assigning probability distribution over the set of possible worlds (i.e., same as [50],
in Section 2.1). In order to deduce a tight probability bounds for an additional clause
(i.e., similar to an additional sentence), they proposed two solutions. As a first solution,
Lukasiewicz et al. [42] showed that it is possible to compute the tight bounds by using
straightforward linear program (i.e., same as [50] discussed in Section 2.1). However, they
also proved that when the number of variables (or possible worlds) increases, the solu-
tion grows exponentially. Therefore, in order to handle this difficulty, Lukasiewicz et al.
[42] proposed another solution technique to generate linear programs that generally have a
much lower number of sentences as well as variables. For this purpose (i.e., to lower the
number of sentences), they partitioned the probabilistic logic program (P) into a set of
logical program clauses (pure propositional sentences) (£) and a set of purely probabilistic
program clauses (propositional sentences having conditional probabilities) (P\L). As for
example, (Sj|S¢)[zr_Sj,ﬁ5j] ; [ﬂsj,?r‘sj] € [0,1]; [zr_sj > 0,7g; < 1]; S; # true, belongs to
the later group whereas propositional sentences are of the form S; — S; without associated

probability interval.

Now the number of generated possible worlds is reduced in size and finally the proba-
bilistic deduction problem is solved using two linear programs (for calculating the upper and
lower bounds). The authors claim that this linear programming approach for probabilistic

deduction shows efficient result only in restricted cases.

95



Lukasiewicz et al. proposed a set of inference rules which they call magic inference
rules for probabilistic deduction in [41]. Here, they presented four groups of inference rules
namely: Sharpening, Chaining, Fusion and Combination which works in a similar fashion
(but not same) as we already found in [1]. They also claimed that those inference rules
are, what they called, locally complete and sound. In contrast to the approaches like linear
programming (e.g., of Nilsson’s approach [50] see also in Section 2.1), which are globally
complete (i.e., able to find the tightest probability bound if there is one), their approach
is able to compute tightest bounds but only for a maximum of four probabilistic formulas.
The main focus of this work is on the proposed inference rules and the procedure to apply
them for restricted cases, there is no algorithm presented here. They did not discuss about

any extension of their work of [41] to first order logic.

Two more works due to Lukasiewicz in this sequence are published in [44] [43]. In
[44], the author proposes a polynomial time probabilistic deduction procedure for a par-
ticular case, i.e., conditional constraint trees which are indirected trees with basic events
as nodes and with bidirectional conditional constraints over basic events as edges between
the nodes. The input is a form of graph consisting of propositional sentences of the form
(S;|Si)[7s;, ms,] and (S;|S;)[Fs,, xs,] having edges [S; — Si, S; < Si] and from this they
form a conditional constraint tree by taking a particular direction. But Lukasiewicz did not
provide any algorithm for this procedure in [44]. Initially, the conditional constraint tree is
represented by a set of basic propositional events and conditional probabilities of the form
(Sj1Si)[7s;, s;] with real numbers [Tg;, mg,] € [0,1] and basic propositional sentences S;
and S;. The author has provided result only for the local deduction method to compute

bounds on the query.
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In [43], Lukasiewicz presents another linear time probabilistic deduction scheme for
one more particular case, namely, taxonomic and probabilistic knowledge bases over con-
junctive events. In this work he proposed a general algorithm which integrates a whole
set of inferences rules (with conditional probabilities) and which may detect inconsistency.
The inference rules are applied on taxonomic and probabilistic formulas over propositional
events. Here taxonomic formulas are expressions of the kind S; — S; with propositional
events S; and S; and probabilistic formulas are expressions of the form (S;|5i)[7s;, 7g,]
with real numbers [7g;, _7_T_SJ.] € [0,1] and propositional events S;, S;. The inference rules
applied are very complex for scalability as the author claims. In [43] Lukasiewicz mentions
that it improves on previous works but he did not provide proof with any numerical results
comparing his algorithm with global approaches using linear programming tools.

Variable neighborhood search.

Variable Neighborhood Search, or vNS in short, was introduced by Mladenovié¢ and
Hansen [46]. VNS is a meta-heuristic which helps escaping when the search process is
trapped in a local optimum by changing the neighborhood structures systematically. Ini-
tially, a set of neighborhood structures is preselected, a stopping condition is determined
and an initial local solution is found. In the main loop of the method, it searches for a bet-
ter solution by changing the neighborhood structures using three process (i) shaking, (ii)
local search and (iii) move or not. It moves to a new solution from the current best known
solution if the new one is better or it may accept a worse solution with certain probability

in order to escape the local optima and move toward the global optima.

For solving the probabilistic logic problem, Jovanovié et al. [34] suggested using VNS

based heuristic. Hansen and Perron [26] use VNS to generate multiple columns (or possible

o7



worlds [50]) with negative reduced cost simultaneously at each iteration of the column
generation method. Adding multiple columns at each iteration instead of only one column
reduces the number of iteration and speeds up the algorithm [26].

ADPSAT

A more generalized approach of explicit deductive nature has been proposed by Jaumard
et al. [32] called ADPSAT, using their previous work [24] on the analytical solution of Nils-
son’s [50] probabilistic logic problem. In ADPSAT, only a small subset of logical sentences
(typically one or two) together with the interval probability values of a small subset of
variables (typically one to four) are considered at each step to determine the probability in-
terval values of either a selected variable or a selected sentence. Afterwords, another subset
of sentences is considered to compute the probability interval values and the newly com-
puted probability value is compared with the previously computed probability values. By

repeating this deductive mechanism, the final tight probability interval value is determined.

ADPSAT is capable of checking inconsistency of a given set of sentences very quickly
but it does not always guarantees to do so. However, in practice, ADPSAT is able to find
very often the tightest probability bounds, for instance, usually when the sentences contain
two variables.The entailment is achieved using a sequential deductive approach. In their
approach [32], the authors have used an ordered set of well thought combinations of small
number of sentences and variables which they call primitives. Actually these are a set of
sound inference rules to be applied in order to find the probability bounds. Finally, ADPSAT
has solved, by far, some of the largest instances with 1000 variables and 2500 sentences for

a reasoning under uncertainty model based on probability theory.
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3.5 Numerical Solution for FOPL

3.5.1 Exact numerical methods for FOPL

A numerical solution scheme for First Order Probabilistic Logic using column generation
methods has been proposed by Sultana [63] in her Master’s thesis, see also [29]. In this work,
a mathematical modeling for the first-order probabilistic logic problem or FOPL is provided.
This is originally arisen from the mathematical model for propositional probabilistic logic
[30] or PPL, based on a column generation formulation. While in propositional calculus,
the underlying considerations are only with propositional variables and symbols, in first-
order logic, it is mandatory to handle quantifiers, predicates and functions. Therefore, [63]
claimed it to be more difficult to provide a mathematical model for first-order probabilistic

logic than for propositional probabilistic logic.

Based on their mathematical model, they have developed a solution scheme for the
FOPL mathematical model. While the model could be solved by linear programming tools
using the simplex or revised simplex algorithms [11], the approach becomes limited to very
small sized instances as the number of variables grows exponentially with the number of
predicates. However, as for PPL, by using column generation techniques (see Chvatal [11],
p. 195), these limitations can be overcome. Moreover, it is much faster than the classical
simplex algorithm for solving linear programs since it is not required to consider explicitly
all the possible worlds to guarantee an optimal solution. Just to recall that, by a possible
world they mean a truth assignment on the set of sentences such that the set of sentences
is satisfiable for that truth assignment. In the column generation model a possible world

corresponds to a column in the matrix. Column generation technique begins with taking a
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small, manageable set of columns (a few of the possible worlds), solves the associated LP,
then analyzes its partial solution to determine an additional small subset of worlds (one or
more possible worlds) to be added to the model. Each time there is an addition of a column
or set of columns, then the procedure again solves the expanded model. The column-wise

modeling repeats this process until it satisfies an optimality condition for the problem.

From the above discussion it’s obvious that column generation technique does not solve
the whole problem at a time as does the straight forward LP solution scheme. Instead
the column generation method relies on a decomposition of the initial linear program into
a master and a pricing problem. At each iteration, we consider only a restricted master
problem, i.e., the master problem with only a small number of variables, i.e., a small subset
of possible worlds. The pricing problem corresponds to the mechanism of generating possible
worlds which improve the value of the current solution and which are added to the restricted
master problem. Therefore, in order to solve the FOPL problem, an algorithm has been

provided for both the restricted master problem as well as for the pricing one.

Usually solving the restricted master problem is easy but solving the pricing problem
is more difficult because of its nature. The pricing problem is an optimization problem.
Therefore, it is defined by an objective and a set of constraints. The objective of the pricing
problem is to find a world with an appropriate (negative or positive) sign for the reduced cost
such that it will improve the current solution(provided by their restricted master problem).
The reduced cost is an indication (metric) that is used to check the optimality criteria of a
solution in LP [11]. The set of constraints, in the pricing problem, corresponds to the set of
rules associated with the definition of a possible world. In PPL, a world is a possible or valid

truth assignment over the sentences, i.e., it is possible if there exists a truth assignment on
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the variables that leads to that truth assignment on the sentences. Finding a possible world
is easy in PPL, indeed, the truth assignment or number of interpretations of a propositional
sentence is finite. Whereas, in FOPL, it is more difficult to obtain a possible world (see

Chang and Lee ([9], p. 31) for more information).

The basic definition of the satisfiability problem for first-order logic and propositional
calculus is same whereas, the definition of interpretation is different for them. However,
[63] has made use of the idea that finding a feasible solution of the pricing problem can be

reduced to the well known satisfiability problem of first-order logic in Al

In order to solve this satisfiability issue, Jaumard et al. [29] and Sultana [63] have used
a theorem prover package named Theo-2006. This package reaches a decision by searching
for contradiction or inconsistency rather than satisfiability using the resolution refutation
principle (see [48] for more information). However, addressing the satisfiability issue is
just only a part of the pricing problem, corresponding to the search of a feasible solution.
Each time the pricing problem runs with the objective of finding a negative reduced cost in
order to reach the optimal solution. The issue of finding the negative reduced cost (i.e., for
minimization problem) has been addressed by employing the well-known branch-and-bound
technique. Although the branch—and-Bound technique is an exact method (i.e., the solution
is found if there exist one), this can be used within a heuristic by stopping it as soon as a

node with negative reduced cost is identified.

Finally they have devised an algorithm for solving the pricing problem which is an
eract algorithm. It is to be noted that, an exact algorithm is one which guarantee to
find the optimal solution if there exists one. They claim their algorithm is scalable as it is

comfortable to solve medium sized first-order instances. By far it is the first exact algorithm
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for solving the first-order probabilistic logic problem.

3.5.2 First order strategies

In this section we describe some essential strategies for first order probabilistic logic. In
the first part we discuss some practical and scalable procedures, i.e., regarding satisfiability
issues used in some well known theorem provers. In the second part, we discuss their special

strategies behind success.

3.5.2.1 Practical and scalable procedures for satisfiability issues in first order

logic

Although the satisfiability problem, i.e., SAT problem, is associated with PPL, in first-order
logic, automated theorem provers are used to prove the satisfiability of a set of formulas.
In order to serve the purpose of checking satisfiability of a set of given first-order formulas,
we were searching for a suitable and efficient theorem-prover. We decide to focus on the
theorem provers which participated in the CADE ATP System Competition. Among them,
Vampire, SPASS, Theo are the most well reputed theorem provers in the international

competitions. Next, we go through their underlying assumptions and strategies.

Vampire uses saturation with resolution and paramodulation; SPASS combines satura-
tion with superposition (a variant of demodulation), conventional splitting with branching

and backtracking; and Theo uses resolution refutation.

We have already discussed refutation proving, some strategies and simplification meth-
ods for resolution proving in Section 2.2.1.4. In order to make resolution more efficient,

several sophisticated inference rules have also been developed and applied in the efficient
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theorem provers. In this section, we will discuss two of such techniques: paramodulation
and saturation. Moreover, some recent adaptive strategies that are used to improve the
performance of resolution based first-order theorem provers are also discussed in the last

section.

3.5.2.2 Adaptive strategies

Several strategies are used to enhance the performance of first-order theorem provers.
Among them Limited Resource Strategy (LRS) of Riazanov and Voronkov [54, 56]
greatly improves the effectiveness of saturation algorithm. This strategy addresses the prob-
lem of reasoning in limited time. According to the authors, LRS is an adaptive strategy as
it can dynamically adjusts the limit on some weight of clauses. This dynamic adjustment

is based on the collected statistics on the earlier stages of proof searching.

The cost of backtracking is usually very high as it may contain several hundreds or
thousands of clauses, literals. In order to prevent this problem, Riazanov and Voronkov
suggested another strategy Splitting Without Backtracking (SWB) in [55]. The SWB
is an intelligent backtracking that contains the splitting history. Therefore, by analysing
the history, it is easy to identify the path of splitting to reach a contradiction. For instance,
consider, a set S of clauses where C; and Cy are two new clauses. Now to refute the set

SU{Cy Vv Ca} we can split it as S U {C1} and S U {Cs} and check refutation.

Riazanov and Voronkov also showed in [57], the use of demodulation in two different
modes, forward demodulation and backward demodulation. In forward demodulation, ac-
cording to the unit equalities that already exist in the current clause set, newly derived

clauses are re-written. While in the backward demodulation, old set of clauses is rewritten
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based on the positive unit equalities of the newly derived clauses. One needs a technique
to retrieve instances in order to re-write the subset of clauses with unit equalities. The
authors [57] have also introduced a technique called Path Indexing for retrieval instances

smoothly.
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Chapter 4

An Anytime Deduction Algorithm

for First Order Logic

In Chapter 2, we defined the model for probabilistic logic problem in the first order case.
We recall from Chapter 3 that a numerical solution for this model can be achieved in two
ways, namely: Exact methods and anytime deduction methods. An exact method is one
which solves the problem in such a way that it guarantees to find a solution if there exists
one, and guarantees to find one with the best possible objective value. On the other hand,
an anytime deduction method can be stopped anytime during its execution and we get a
partial result (i.e., a near optimal solution) at that point along with the explanation, (i.e.,

how the solution is reached as opposed to the exact methods).
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4.1 AD-SOLFOPL: An Anytime Deduction Algorithm

In this chapter we describe an anytime deductive approach, called AD-SOLFOPL, for solving
the first order probabilistic logic and entailment problem. Before going any further into the
detail of the deductive procedure, let us recall the two forms of FOPL problem in brief. The
first-order probabilistic logic or FOPL problem has been formally defined in Section 2.2.1.
The decision form of FOPL (PFO%T for short), is defined as follows: Given a set F of m
formulas in prenex normal form, and a probability vector m = (my,m9,..., 7Ty ) associated
with these formulas, is the set (F, ) consistent? The optimization form of FOPL (PFOENTAIL
for short), formally defined in Section 2.2.2, can be stated as follows: Given a set F of m
formulas in prenex normal form, and a probability vector 7 associated with these formulas,
such that the set (F, ) is consistent, considering an additional formula Fp,11, what are the
probability values for Fi,11 to be true so that the overall system (F U Fu41,7) remains

consistent.

Now, the AD-SOLFOPL procedure is a sequential procedure in which, at each iteration,
we examine the impact of a set of inference rules, i.e., a small subset of logical sentences
(typically one to three) together with the interval probability values of a small subset of
predicates, on the probability interval values of either a selected predicate or a selected
sentence. In other words, at each iteration, it tries to tighten the probability interval of a
predicate or of a sentence, and consequently defines a deductive approach corresponding to
a sequential tightening procedure. We explain the outline of the AD-SOLFOPL procedure in
the subsequent paragraphs but before moving to that part let us have a quick look into a
special set of inference rules, a small but an essential concept for the overall AD-SOLFOPL

procedure.
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4,1.1 Set of inference rules

In the next two subsections we state a set of inference rules which plays a very important
role for the anytime deduction algorithm. First, we explain the set of inference rules which
were proposed by Jaumard et al. [33] for propositional case with the AD-PPL procedure.
In the succeeding subsectién we present the proposed set of inference rules adapted and

extended for first order case from the one proposed by [33].

4,1.1.1 Set of inference rules for AD-PPL

Jaumard et al. [33] has defined a particular set of inference rules, which consists of a small
set of logical sentences together with their probabilities for which the analytical solution is
available. For example, let S; be a logical sentence with two or three literals. Let ) be one
of the variables appearing in S;, either as a positive literal (zx) or a negative one (Zx). The
formation of the first inference rule is as follows: an analytical expression of the tightest
possible probability interval for x or Ty, given probability intervals for S; and for all other

literals involved in S;.

The general idea behind this proposed set is that: At most two sentences are given with
their associated probability bounds such that these sentences are true. Each sentence is
represented as the combination of positive or negative literals of at most four distinguishable
variables. In an inference rule, the variables which make up a sentence are either given
explicit probability bounds or assume probability bounds of [0,1]. We have to find the
probability intervals of an additional sentence having at most two literals either in positive
or negated form. Now, let us consider the following example: A probabilistic sentence S,

described in terms of the variables z; and z9, is given with its probability bounds. One of
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the literals of the sentence (i.e., 1) is also provided with probability bounds; the inference
rule is able to calculate the probability bounds on the literal (i.e., z3) and check consistency

of the calculated bounds.

! {-7117ﬁ1J
Sz Vg [Es,ﬁs]
D) 7T2?

The upper and lower bound is given by the analytical expressions:
7o = min{1,7s} and 7y = max{0, (7, —m)}.

The consistency condition is enforced by:

Other simple examples of inference rules from Jaumard et al. [33] are shown in the appendix.
They are varied based on several criteria. Some of them have only one sentence defined
in terms of positive literals only while others have both negative and positive literals in
them. The size of a sentence varies from two to a maximum of four literals (both positive or
negated form). A set of more complex inference rules include two logical sentences and the
literals having sign of both type. The most complex set of inference rules contains query

having at most two literals while simple queries have only one literal.
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4.1.1.2 Set of inference rules for AD-SOLFOPL

Initially, we used a straightforward extension for the inference rules described in the pre-
ceding section. For instance, an extension (only considering the existential quantification)
of the above mentioned inference rule from propositional probabilistic logic to first order

case can be:

3z 3y [P(z,y)] [my,71]
S:3z3y [P(z,y)VQW)] [r,7s]

Fy [QY)] [m27]

The consistency condition in this case is different from those in AD-PPL because of the
introduction of the quantifiers in first order logic. More particularly, they are similar for
the upper and lower bounds of individual sentences and predicates but the relation between
quantified predicates and quantified sentences is yet to be explored (in future work). For
the numerical values of the bounds, we used the exact algorithm proposed in [63] and [29]

(presented in Section 3.5.1).

In most of the cases, the straightforward extension technique does not look sufficient to
help finding the tightest probability bounds for the additional sentence in the optimization
form of FOPL (i.e., PFOENTAIL)  Having a closer look, it reveals that the issue of the quantifiers
is not fully explored in the straightforward extension scheme (first algorithm). Here, we
propose another extension of inference rules from the first set to an enhanced one based on
the exploration of the quantifiers of the formulas. We present this idea with the following

example. Let us consider the previous example (the original inference rule and its naive
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extension) once more. Suppose, we have a different sentence this time and the rule looks

like:

Jz 3y [P(z,y)] [71,71]
S:Vzdy [P(z,y)V Q)] [T

Jy  [Q(y)] [m27]

Having a closer look will reveal that we have considered only one particular case of
quantification (existential) for both the constituent predicates of sentence S while there are
others are yet to be considered. This seems to have incomplete information to evaluate
the bounds of Q(y). To be more clear on what we are missing, let us check the following

instance.

S:Vz3y [P(z,y)VvQY)] I[ms s

Ve Vy [P(z,v)] (711, T11]
vz 3y [P(z,y)] [T12, T12]
rVy [P(z,y)] 713, T13]
3y [P(z,y)] (714, 714
vy Q)] (21, 721]
Fy [Q)] [m227]

Now, we have more information about the probability bounds for both the predicates,

P(z,y) and Q(y). If a predicate has no given probability bound, the bound for the predicate
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is initialized with [0.0, 1.0]. Although this extension scheme helps to find the tightest
bound on Q((y) in most of the cases, it looks like an exhaustive enumeration of all possible
quantifications on the predicates of the sentence 5. More importantly, it may take a long
time to compute the bounds when we have too many constraints in a single inference
rule. The benefit of this scheme seems outweighed by the possibly high computation time
overhead. Again, we have following combinations of the sentence S for each of which we
have to consider all the combinations of the quantified predicates as shown in the above

example.
§%:ve 3y [P(z,y)VQWY)] |m 7

S!:vz Vy [P(.’II, y) \2 Q(y)] [Esvfs]
§*:3zVy [P(z,y)VQW)] [m,,7s

$*:3z3y [P(z,y) vVQW)] [ms7s

Clearly, the inference rules can be generalized to the following form:

Az Agy  [P(z,y)] [y, 7]
S: Az A2y [P("E’y) \ Q(y)] [ﬂsvﬁs]

Ay [QW)] [ra?]

where A and A; assume values from all combinations of the quantifiers (i.e., Vz and Jy).

This is a complete set of inference rules for a particular combination of sentences and
predicates that can be applied but we apply only a subset of these rules based on some

heuristics. It is to be noted that the order of application of the inference rules is very
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important to get a improved bound for a particular predicate or a sentence.

Suggestions

Instead of taking all the combinations of the predicates we can take a reduced subset which
are effective to produce a good result (i.e, a tight probability bound). Initially, we try
to improve the probability bound of each quantified combination of the predicates. Some
values are improved, some are not (i.e., remains with [0, 1] probability bounds). Next, from
the inference rule, we eliminate some of the quantified combination of the predicates which
still have the [0, 1] bounds after the first attempt to improve their bounds. But in this
process we do not exclude those quantified combination of the predicates which have the
same sequence as is in the original sentence. For example, if the sentence S has the value V3
for the generalized quantifiers A; and A3, we do not exclude any predicate having the same
sequence as S for quantifiers (e.g., V 3 [P(x,y)] even with [0, 1] probability bounds will not
be excluded). This suggestion is very effective because applying the modified inference rule
(of reduced size) we do compute the same probability interval but the computation (i.e.,
CPU) time is greatly reduced. This is one of the main issues considered on the improved

version of the algorithm called AD-SOLFOPL+.

4.1.2 Outline of the AD-SOLFOPL procedure

Suppose, we are given a set of logical sentences, S = {S1,5%,...,5m}, associated with
their probability intervals [Esk,'ﬁsk] for k = 1,2,...,m, and defined on a set of boolean
variables X = {z1,29,...,2,} by a set of predicates P = {Py, Ps, ..., P,} associated with

the probability intervals [;,7;] for i = 1,2,...,r. The AD-SOLFOPL procedure attempts to
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produce a tight probability interval [z, 1, Tm+1] for an additional sentence Sp,41, in such a
way that the overall system (S U Sm41, [1,7]) where 7,7 € [0, 1]™"!, remains consistent. If
some of the predicates are given without prior probability, at the initialization, all predicates
for which no information is given on their uncertainty are assigned the trivial probability

interval [0, 1].

At the beginning, each individual predicate P;(x), for ¢ = 1,2,...,r is marked as .false.
which means none of the probability intervals of the predicates has been attempted to be
tightened yet. Each of the sentences Sy, for £k = 1,2,...,m, is also marked .false. which
means none of them has been searched for updating the probability intervals. Updated
bound, which means being successful at updating one probability bound after solving a
probabilistic entailment problem is also set to .false. at the beginning for all the predicates.
The AD-SOLFOPL procedure starts with the examination of the additional sentence Sy, 11
and focuses on improving the probability interval of one of its predicates, Pj(z), one at
a time. Then, it searches for an occurrence of the predicate P;(z) (either in negated or
positive form) in the set of given sentences. Whenever a sentence, which contains P;(z),
is found it tries to update the bounds of the remaining predicates (i.e., which are still
marked as .false.) of the newly identified sentence by following the same procedure. The
AD-SOLFOPL procedure solves a probabilistic entailment problem, following the predefined
set of inference rules, whenever all the predicates in a sentence are marked as .true. (i.e.,
their probability intervals are either tightened or attempted to be done so). It is a recursive
procedure which continues until all the predicates are either updated or, more precisely, an

attempt to improve the bounds has been made.
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Let, S be an arbitrary sentence. Each time the algorithm AD-SOLFOPL solves a prob-
abilistic entailment problem P, ((Sk)kek,S) using the exact method of [63], [29], not only
it generates the probability interval of the target sentence S, but also checks whether the
problem Pe((Sk)kek,S) is consistent. If the problem is not consistent, it implies that the
original probabilistic entailment problem (7P) is not consistent either, and the algorithm

AD-SOLFOPL stops at that point.

As the AD-SOLFOPL algorithm is iterating, probability intervals are tightened for a small
set of sentences and predicates and the current set of probability intervals assigned to the
predicates and sentences. This small set of sentences and predicates are selected according to
the set of inference rules described in Section 4.1.1.2. The AD-SOLFOPL procedure defines
an order in which the inference rules are applied in order to find the tightest possible
probability intervals of an additional sentence with a minimum number of iterations. AD-
SOLFOPL starts with the investigation of the additional sentence, i.e., it examines each of
the predicates it contains and looks for the logical sentences those contain them. Next, it

makes recursive attempts to improve the probability intervals of those predicates.

At first, the algorithm tries to improve the bounds of a predicate by involving inference
rules where only one formula and its constituent predicates are involved. In the second
stage, it tries to improve the bounds of a predicate by involving two of the sentences where

both the sentences contain the predicate for which we try to improve the bound.

Now, we will see an illustration of the AD-SOLFOPL procedure on a small example. Let
us consider the following example with 5 formulas defined as follows. We assume that the
subset composed of the first four sentences is assumed to be consistent and that we are

interested in the tightest possible range of the probability values that can be assigned to
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the additional sentence, Ss, such that the overall set of formulas (all five) remains consistent.

Si=Vz Iy [Plz,y)V QYY) [0.85,0.90]
52 =dr [—\R(.T)] [0.55, 0.60]
S3 =y [-Q(y)] [0.55, 0.60]

Si=VzV¥y [~P(z,y)VR(z)V Q)] [0.65,0.70]

Ss=323y [~P(z,y)] [, 7)7.

As we have stated, we are interested in the largest possible range of the probability
values of S5 = 3z Jy [~P(z,y)] such that the overall set of sentences and probability

intervals are consistent.

Let us apply the sequential deductive approach of the AD-SOLFOPL algorithm starting
with the additional sentence, S5 = 3z Jy [~P(z,y)]. Now we will try to find the sentence
that contains the predicate P(z,y) from the additional sentence. The procedure examines
all the sentences that contain the predicate P(z, y) and in the successive steps try to improve
the probability bound of the remaining predicates of those sentences in order to improve

the bound of Ss.

For this particular example, let us consider S, which contains P(z,y) in positive form.
In addition to P(z,y), S1 contains predicate Q(y). Now Q(y) becomes the predicate for
which we try to tighten the probability interval. Again, we start from the beginning (i.e.,
from S7) but this time searching for Q(y). In S, both predicates (P(z,y) and Q(y)) are
already marked .true. and S; does not contain any unmarked predicate. We therefore

attempt to improve the probability interval of Q(y). The inference rule that comes in to
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play to solve the entailment problem looks like:

S:vVz 3y [P(z,y)VQ(y)] [0.85,0.90]

Iz Iy [P(z,y)] [0.0,1.0]

vy [Q(y)] [z, 7]?

Note that we only considered the positive literal for both the predicates and when there
is no prior value of probability is given, we assume [0, 1] for predicate P(z,y) which is
originated from Ss. In order to get the best possible values for # and 7, we use the exact
AD-SOLFOPL procedure developed by [63] based on [29]. Just to recall from Chapter 3, this
implementation used column generation technique instead of straightforward LP solution.

We get the probability interval of [0.0,0.9].

We compare it with the incumbent interval, i.e., the initialized value, [0, 1], update and
keep the tighter bound, [0.0,0.9] as current bounds. Next, S3 is encountered with Q(y) and

from there we get a better bound of [0.4,0.45] for Q(y) as compared to the current bounds.

Note that, a bound is updated only when either the new upper bound is smaller than
the previous upper bound or the new lower bound is greater than the previous lower bound.
But in no case the lower bound is allowed to be greater than the upper bound. In this case

AD-SOLFOPL procedure claims the original problem instance to be inconsistent.

In the continuing way of AD-SOLFOPL procedure, Sy is encountered and R(z) becomes
the new predicate to be evaluated. The inference rules that gets considered next is the

following:
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VzVy [-P(z,y)V R(z)V Q(y)] [0.65,0.70]

Jz 3y [P(z,y)] [0.0,1.0]
Jy Q)] [0.55, 0.60)
Vz  [-R(z)] [z, 77

leading to the probability intervals [0.0,0.7] for R(z) but the bound from Sy (i.e.,
[0.4,0.45]) is already tighter and we keep the tighter one as current value. Again, at this

point the recursive evaluation for R(x) ends and the procedure backtracks to Sy for evalu-

ation of Q(y).

Ve Vy [-P(z,y)V R(z)V Q(y)] [0.65,0.70]

Ve Vy [P(z,y)] [0.0,1.0]
3z [~R(z)] [0.55, 0.60]
vy o [Q)] [z, 7]?

resulting in [0.0,0.7] for Q(y) but we already have a tighter bound. Now calling for Q(y)
ends and the recursive evaluation for P(z,y) resumes at S; with the following inference

rule:
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Ve dy [P(z,y) Vv Q(y)] [0.85,0.90]

Jy  [Qy)] 0.0, 1.0]

vz Vy  [P(z,y)] [z, )7

Bounds for P(z,y) is changed to the newly found bounds [0.0,0.9].

Next, P(z,y) is found in Sy, all the predicates are marked .true., calling the following

inference rule:

Ve Vy [-P(z,y)V R(z)V Q(y)] [0.65,0.70]

vz [R(x)] [0.55,0.60]
vy [Q(y)] [0.55,0.60]
VzVy [P(z,y)] [z, )7

where we find the result [0, 1], we keep the previously found tighter one, [0.0,0.9]. Finally,
the bounds for the additional sentence F5 = Ss = dxJy [-~P(x,y)] becomes [0.1, 1.0] from

Ve Vy [-P(z,y)].

To add to the performance to this algorithm, it is to be mentioned that the optimal
solution obtained with the application of the exact algorithm of [63] based on [29] on the
whole set of sentences is also [0.1,1.0], which implies the AD-SOLFOPL algorithm is able to

find the tightest probability bound (i.e., the optimal solution) in this case.
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4.1.3 Algorithm AD-SOLFOPL

We now describe, in detail, the AD-SOLFOPL algorithm. As we already mentioned, it uses
the implementation of the exact algorithm of [63], [29], detects whether a given instance
(S,m,7) is consistent and, in case of consistency, attempts to provide tight bounds on the

probability interval of the given logical sentence Sp41.

The AD-SOLFOPL algorithm starts with the investigation of the predicates of the addi-
tional sentence in order to tighten the probability intervals, through a call to EVAL_SENTENCE
(Sm+1, [Tmy1, Tm+1]). Once this tightening step is completed, AD-SOLFOPL attempts to
tighten the probability interval of S;,11 using the improved probability intervals of its pred-
icates. If, during an iteration, the probability interval of a predicate P;(x) is tightened,
UPDATED_BOUNDS is set to .true.. When AD-SOLFOPL investigates the probability interval
of a predicate P;(x), a flag MARK_PRED is set to .true., similarly for the sentences that
contains P;(z) or Fj(a:). Once a predicate or a sentence is marked, it is no more selected
for bound tightening by AD-SOLFOPL during the same iteration. The algorithm is presented

below.

Algorithm 4.1: Algorithm AD-SOLFOPL.

Initialization
MARK_PRED(FP;(z)) « .false. for all P;(z) € P;
MARK_SENTENCE(Sy) « .false. for all S € S;
UPDATED_BOUNDS(P;(z)) « .false. for all Pi(z) € P;

Main iteration
EVAL—SENTENCE(Sm+ 1, [lr.m+1 y Tm+ 1] ) .

79



There are two possibilities for tightening the probability interval of a given logical sen-
tence. Either, we first tighten the probability intervals of the predicates defining this sen-
tence using [63], [29]; or we directly attempt to tighten the interval probability of the

sentence.

Algorithm 4.2: EVAL_SENTENCE (S, [rg,,Ts,])
{* Tightening the probability interval of a logical sentence *}

for all P;(z) € Sy do
EVAL_PRED(P;(z), [r;, ;]
end for
The EVAL_PRED procedure not only tighten the probability intervals of some predicates,

but along its search for improved bounds, updates the probability intervals of either other

predicates and possibly some sentences.

Next, we use the procedure EVAL_PRED_2SENTENCE(P;(z)) for tightening the bounds
for the predicate with inference rules involving two sentences. This procedure is able to
tighten the bounds further as it has more information with the sentences. In practice it
increases the computation time slightly (which is quite understandable) but improves the

bounds a lot.

Once the bounds for the predicates are tightened, we try to tighten the bounds of the
sentences. If any improvement is achieved for sentences’ bound, the procedure for improving
the bounds of the predicates is re-computed. As one can observe it, the AD-SOLFOPL
algorithm is an anytime algorithm in the sense that, if one stops the algorithm before the
stopping conditions are met, we still get a solution. However, it is not necessary the best

possible one.
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4.2 AD-SOLFOPL+ Procedure

We found reasonable computation time and a satisfactory level of scalability with the appli-
cation of the first version of our proposed algorithm, called AD-SOLFOPL. But the calculated
bounds were not the tightest ones in most of the cases. That is why we identified a few
drawbacks of our scheme which was directly followed from the AD-PPL proposed by Jaumard
et. al. in [33]. We propose a heuristic procedure which follows from our first proposed one

with some major modification in its approach. They are discussed below.

As we already mentioned, the first version of the AD-SOLFOPL algorithm follows some-
what similar set of inference rules as those are used in AD-PPL proposed by Jaumard et.
al. in [33]. But we found that by using those inference rules, it is not possible to reach
the optimal solution very often. This is because inference rules in the first version, we are
restricted to only a particular case of quantification, existential one. For instance, for the
above case, we were missing except the first quantification for predicate P(z,y). Taking
this point into consideration, AD-SOLFOPL heuristic solves for all four variations of P(z,y)
listed in the extended inference rules structﬁre. This action gives rise to a better bounds in

many cases.

When we extend the set of inference rules, at the beginning somehow it was an exhaustive
enumeration of all possible quantification of a predicate. Later on we tried to reduce the
number of possible enumeration while keeping the process effective to get the tightest bound.
As we already explained in Section 4.1.1.2 some of the predicates with probability bounds
[0,1] are not considered. But in the inference rules we do not exclude those quantified

predicates which have the same quantifier sequence as are present in the original sentence.
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While sending the set of predicates and sentences following a particular inference rule,
we do not send any predicate having trivial bound of [0, 1]. This reduces the computational
time in small scale for each iteration and in turn lowers the overall computation time in

larger scale.

When all the constituent predicates of the additional sentence (objective function) have
been updated, we tighten the bound of the additional sentence. We make a small suggestion
for the inference rules; to include the sentences which contains the predicates of the objective
function. In the first version of the proposed algorithm, the inference rule is used only once
to tighten the probability bound of the additional sentence as a whole. In the improved
version the additional sentence is sent for tightening as many times as we have occurrence

of the predicate(s) of the objective function.

Fi=VuwVy [B(w)V-A(y)] 0.61,0.66]
Fy=3ydzVz [A(y)V ~C(z,2)] [0.71,0.76)
Fs=3y  [-A@y) [0.64,0.69]
Fy=Vz3Vy [C(z,2)V AQy)] [0.71,0.76]

Fs=3yVwVv3z [-A(y)V ~B(w)V -D(v,z)] [0.91,0.96]

Fs=3y3v3 [-Aly)V-D(v,z)] [0.85,0.90]
Fr=%3z [D(v,z)| [0.55,0.60]
Fs=3w3r3z [B(w)V -Clz,z)] [z, 7

For example, in the instance with eight sentences, the first version, AD-SOLFOPL solves for
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the bound of Fy only once after the bounds of its constituent predicates B(w) and C(z, 2)

are updated. But in the improved version, AD-SOLFOPL+, Fg is solved twice for B(w).

Fi=VuVy [B(w)V-A(y)] [0.61,0.66]
Vu  [Q(w)] (211, 711]
Fw  [Qw)] (215, T12]
Ve Vz [C(z,z)] (M1, 721
I3z [C(z,2)] (o4, T2a]

Fy=3w3z3z [B(w)V —-C(z,2)] |[m,7)

Fs=3yVwVYv3Iz [-A(y)V -B(w)V -D(v,z)] [0.91,0.96]

Vw  [Q(w)] 11, T11]
Jw  [Q(w)] (11, 712
VeVz [Cl(z,z)] (w1, To1]
3z3z [C(z,2)] (o4, Tou]
Fy=3wi 3z [B(w)V-C(z,2)] [z, 7]

Then it is solved twice more with Fy and Fy as well in the same manner. Now we take the

best result (i.e., the smallest upper bound and largest lower bound) as for the final interval.

Therefore, we find that the proposed heuristic is able to obtain tight probability bounds
(i.e., optimal solution) in most of the cases with small computation time. When this heuris-

tic is applied on large instances, the benefits of the heuristic becomes more obvious. Again,
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the AD-SOLFOPL+ algorithm is an anytime one.
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Algorithm 4.3: EVAL_PRED (Pj(z), [x;,7;])
{* Tightening the probability interval of a predicate by taking one logical sentence into
account *}

{* Initialization *}
MARK_PRED (P;(z)) < .true.

{* Main Iteration *}
for each Sy € S such that P;(y) € Py and MARK_SENTENCE(Sy) = .false. do
if for all P;(z) € Px \ {P;j(z)}, MARK_PRED(P;(z)) =.true. then
MARK_SENTENCE(Sk) « .true,;
for all Pi(z) € P\ {FPi(z)} do
if UPDATED_BOUNDS(P;(z)) = .false. then
EVAL_PRED(P;(z), [m;, 7i]);
end if
end for
Consider all the probabilistic logic problems P. defined by (Sk,[rs,,7s,]) and
(Pi(x), [m;, 7)) for all combinations of Pi(z) € Py \ {P;(z)} and quantifiers (3andv);
if P, is inconsistent then
STOP: the initial system is inconsistent
else
Solve P, probabilistic logic problem using the appropriate inference rules and LP
solution in order to deduce a new interval probability [x}®¥, 7Y*W] for Pj(z);
if m; > 7™ or T; < o™ then
an inconsistency has been detected, STOP: the initial system is inconsistent ;
IFmj < mi®
set 7, — E}“EW and UPDATED_BOUNDS(Pj(z)) « .true,;
else
if 7; > T*" then
set 7j « 7;°" and UPDATE_BOUNDS(P;(z)) — .true;
end if
end if
MARK_SENTENCE(Sy) « .false.;
end if
end if
end for

{* Mark label of P;(z) *}
MARK_PRED(P;(z)) « .false.;

{* Further bound tightening using a special set of inference rules that include 2 sentences

*}

EVAL_PRED_2SENTENCE(P;(x))
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Algorithm 4.4: EVAL_PRED_2SENTENCE(F;(z))

{* Evaluating the probability interval of a predicate by taking two logical sentences into
account *}
for all S; such that P;(y) € P, and |S;| =2 do
for all Sy # S such that P;(y) € Py and |Sk| =2 do
Consider the probabilistic logic problem (Pe(Sk,S;, Pj(z))) defined by
(Sk; [lr-Sk’?rSk])’ (S, [ESpﬁSz]) and (P;(x), [m;, 7)) for all Pi(z) € Py \ {Pi(2)};
if P, is inconsistent then
STOP: the initial system is inconsistent
end if
Solve probabilistic entailment problem using the special set of inference rules to
determine the new interval probability [E?EW,W?EW] of P;(z);
if m; > ﬁ;'EW or 7; < mi®V then
an inconsistency has been detected, STOP: the initial system is inconsistent ;
end if
if i) <™ then
update Bounds (P;(z)) « true ;
end if
if 7; > 7" then
update Bounds (Pj(z)) « true ;
end if
end for
end for
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Chapter 5

Experimental Results

5.1 Setup and Programming Environment

We have implemented two proposed algorithms, AD-SOLFOPL and AD-SOLFOPL+ under
Linux environment in C++4. The supported compilers that we used are gcc 3.4.4 and
higher versions. The implementations amount to around 3000 lines of code, compiled and
run under Linux Red Hat 3.4.4-2. For the optimization part, we have used ILOG CPLEX
10.1.1, in order to solve the linear programs (i.e., using the exact algorithm of [63], [29]
which uses column generation technique). We run our test instances in computers with

AMD dual processors, CPU speed 2392.132 MHz, RAM up to 15.6 GBs.

5.2 Instances for AD-SOLFOPL

We build a set of first order instances in order to evaluate the performance of the AD-

SOLFOPL and AD-SOLFOPL+ algorithms. In the next paragraph, we explain some reasons
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why we did not take the advantage of the available libraries of test problems for first order

logic.

5.2.1 Instances from the tptp library

There is a collection of instances for theorem provers called The Thousands of Problems
for Theorem Provers or TPTP in short. This library provides a variety of problems for
different types of theorem provers. Initially we tried to work on problem instances from
TPTP library. However we found that usually those problems are in a mixed format, i.e.,
some of them are in CNF while the others are in FOF format. Moreover, none of the
problems has formulas having probabilities values associated with them. Most problems
have a small number of formulas but each formula is very long. On the contrary, our focus
is on problem instances where we have a large number of formulas but each individual
formula is of moderate (small) size. That is why we use the strategy proposed by Jaumard
et al. [30], instead of going for a multi-step preprocessing for using the problem instances
from TPTP library. One, further interested about the collections and instances, can check

http://www.cs.miami.edu/ tptp/ for more detail about TPTP library.

5.2.2 Generated instances

In order to run our proposed algorithms, we use randomly generated test instances similar
to those proposed in Jaumard et al. [30]. For the generation of the instances, two different
issues have to be taken care of. First, we need a set of consistent first order formulas which
are generated based on a given set of input parameters. Second, for each of these generated

formulas, we need a range of probability values that each formula is true, so that the overall
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set of sentences is true (consistency).

More particularly, in our generator, the logical formulas correspond to clauses (disjunc-
tion of predicates) with at most 3 predicates. Formulas with 1, 2, 3 predicates are distributed
as uniformly as possible. Again, the positive or negative predicates are distributed almost
evenly, i.e., number of positive occurrences is almost equal to the number of negative oc-
currences. We keep at most two variables in each predicate in order to build a decidable
instance [17]. Next comes the issue of the quantifiers, which are chosen and associated to
variables of each formula in a random nature. We keep the number of variables equal to
about 60 % of the number of formulas in a particular instance. The maximum size (number

of predicates) of the additional sentence, defining the objective function, is choosen as two.

For the second issue of the instance generation, we associate consistent probability
values to those first-order formulas we already have generated. For this, we try to generate
a world (see Section 2.1.1 for the definition) for the complete set of formulas by randomly
associating 0 or 1 values to each formula. Then we check whether this 0-1 truth assignment
on the forrpulas leads to a possible world with the help of a theorem prover (theo 2006, see
[48] for more information). If the world is found as a possible one, we keep it, otherwise,
we reject this assignment and try to generate a new possible world. By following this
strategy, we generate a given number of possible worlds for m first-order formulas. In the
next step, a uniform probability distribution is assigned over the set of possible worlds,
assigning probability distribution 1/p to each possible world. Then, by summing up all the
probability distributions (i.e., 1/p) for which there is a 1 value for a particular formula, a

fixed probability value is calculated.

Now, by subtracting a small value (e.g., 0.02) and adding up a similar one (e.g., 0.08)
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to the fixed probability value, we finally generate the lower and upper probability bounds
respectively. Consistency of these formulas are then checked with the associated interval
probability values by using CPLEX tools and instances which are found inconsistent are
discarded. An illustration of generating consistent probability values for a test instance with
7 first-order formulas (for 12 randomly generated possible worlds) is shown in the Appendix
A.1.1. A set of instances that we have used for our proposed algorithm can be found in the

Appendix too.

5.2.2.1 Generated input format

When we generate an input instance, we need to set several parameters. The structure and

meaning of the parameters of a given problem instance can be seen below in Figure 2.

oKX M X

L Maximum number of predicate/formula

Totat number of distinct variables

¥ Total numberof Formuias

¥ Total numboer of distinct predicates

» Number of predicatesin the objective function

Figure 2: Structure and meaning of the parameters of a problem instance.

Here, ny Fyp; is the number of predicates in the additional sentence (objective function).
In our generated problem instances, this parameter varies from 1 to 3. Parameters g and

m are total number of distinct predicates used in a problem instance and total number of
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formulas whereas n is the total number of variables. Usually, n is chosen as 60 % of the
total number of formulas. Finally, n,F' expresses the maximum number of predicates used

in any formula.

5.3 Performance of AD-SOLFOPL and AD-SOLFOPL-+

Here, we discuss the computational results and the performance of our two proposed al-
gorithms. Table 3 and Table 4 show a list of problem instances and its parameters as we
described in Figure 2, upper and lower bounds for probability values and computation time
to reach those bounds. In Table 3, we show the result of the first algorithm, AD-SOLFOPL,
which can be better described as a straightforward extension from the AD-PPL proposed
by Jaumard et al. [30]. In this algorithm, we followed a set of inference rules where only

existential quantification is considered with those predicates which were not given explicitly.

Table 3: Results of AD-SOLFOPL.

AD-SOLFOPL

Instances Probability CPU time

RpFay; q m n MpF T 7 (sec.)
1 3 4 3 3 0.100 1.000 0.160
2 4 7 4 2 0.037 1.000 0.370
3 4 8 4 3 0.000 1.000 0.760
2 5 10 6 3 0.000 1.000 0.840
3 8 15 7 3 0.000 1.000 1.250
2 10 20 12 3 0.242 1.000 1.480
2 11 25 14 3 0.000 1.000 1.620
2 11 30 18 3 0.000 1.000 1.970
2 11 35 21 3 0.390 1.000 2.350
2 20 40 24 3 0.000 1.000 1.000
2 22 45 26 3 0.448 1.000 1.370
2 25 50 30 3 0.000 1.000 1.720
2 30 55 32 3 0.118 1.000 1.420
2 30 60 36 3 0.000 1.000 1.630
2 50 100 40 3 0.000 1.000 2.670

After the first algorithm, the set of inference rules were extended for all possible quan-

tifications. With this extension we are able to find the tightest probability bounds for most
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Table 4: Results of AD-SOLFOPL+.

AD-SOLFOPL+

Instances Probability CPU time

TipFab; q m n  npp I3 T (sec.)
1 3 4 3 3 0.100 1.000 0.540
2 4 7 4 2 0.037 1.000 1.190
3 4 8 4 3 0.274 1.000 2,250
2 5 10 6 3 0.551 1.000 2.190
3 8 15 7 3 0.249 0.978 2.810
2 10 20 12 3 0.450 1.000 2.360
2 11 25 14 3 0.188 1.000 4.900
2 11 30 18 3 0.000 1.000 3.720
2 11 35 21 3 0.350 1.000 3.400
2 20 40 24 3 0.960 1.000 2.960
2 22 45 26 3 0.448 1.000 4.330
2 25 50 30 3 0.138 1.000 3.970
2 30 55 32 3 0.446 1.000 4.710
2 30 60 36 3 0.150 1.000 4.570
2 50 100 40 3 0.238 1.000 5.810

of the instances. But the computation time becomes too high, specially, for larger instances.
Therefore, we developed a heuristic technique to find out a reduced set of inference rules.
With the help of this heuristic technique we are able to find the same probability intervals

but the (CPU) computation time is reduced by a an approximate factor of 5.

We present the results using the second algorithm AD-SOLFOPL+ in Table 4. From these
results (i.e., of Table 4), we find that the (CPU) computation time has increased slightly
compared to those of Table 2 but the probability bounds are tightened a lot. The results of
AD-SOLFOPL shows a wider probability bound or close to [0.0,1.0] in most of the cases with
smaller computation time. But for AD-SOLFOPL+, the probability bounds are improved and

the computation time is also reasonable.
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5.4 Comparison of AD-SOLFOPL with an Exact Method

In this section we compare the result of our proposed algorithm with the exact algorithm
called SOLFOPL proposed in [63], [29]. We evaluate the performance of our heuristic algo-

rithm w.r.t. this exact one (see Chapter 3 for more information on this exact algorithm.)

At first, we present a comparison between the AD-SOLFOPL and SOLFOPL for a set of
consistent examples in Table 4. The parameter values are arranged in the same way same

as in the previous tables.

Table 5: Results of an exact method using column generation technique.

SOLFOPL
Instances Probability CPU time
NpFop; q m n npF ™ T (sec.)
1 3 4 3 3 0.100  1.000 0.09
2 4 7 4 2 0.037 1.000 0.19
3 4 8 4 3 0.462 1.000 0.22
2 5 10 6 3 0.551 1.000 0.33
3 8 15 7 3 0.249 0.978 2.06
2 10 20 12 3 0.450  1.000 1.65
2 11 25 14 3 0.188 1.000 18.7
2 11 30 18 3 0.000 1.000 18.37
2 11 35 21 3 0.390 1.000 11.10
2 20 40 24 3 —_— —— > 1 week
2 22 45 26 3 — — > 1 week
2 25 50 30 3 —— — > 1 week
2 30 55 32 3 — — > 1 week
2 30 60 36 3 — — > 1 week
2 50 100 40 3 — — > 1 week

From Table 4 and 7 we draw a few conclusion as below.

Firstly, the scalability issue: The exact algorithm, SOLFOPL, can solve problem instances
of length up to 35 formulas whereas the AD-SOLFOPL+ solves up to 100 formulas (and
possibly more) in a reasonable amount of time. For the larger instances, SOLFOPL was
forced to stop after several days of ongoing computation. This improvement of scalability

of AD-SOLFOPL+ is a good achievement over the exact algorithm [63] and [29).
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Secondly, AD-SOLFOPL+ is able to find the tightest probability bounds for most of the
cases when the instances are solved by the exact algorithm. This shows the merit of a good

heuristic method.

Finally, we find a huge improvement in computation time when we use the AD-SOLFOPL+
algorithm. For the small instances, (e.g., 5 formulas), the computation time is slightly higher
than the exact algorithm but the computation time benefit of the heuristic becomes obvious
when we compute bounds for larger instances (e.g. 25 formulas). This is shown clearly in the
graph of Figure 3 where x axis represents the increasing size (w.r.t. number of formulas) of
the input problem instances and y axis represents the (CPU) computation time (in seconds)
for the probability of an additional sentence. This graph clearly reveals, at the beginning,
computation time for the exact algorithm is lower than that of the heuristic approach. As
the problem size increases, the computation time for the exact algorithm increases abruptly

whereas it increases almost linearly for the heuristic algorithm AD-SOLFOPL+.

Based on the random instance generator, even with the same input parameters that we
currently use, the generated instances are different. Table 6 illustrate this fact with the
results using the exact algorithm. That is why we consider this as a potential future work
to find the complex relationship among the parameters. Other parameters which are not
mentioned here (e.g., choice of quantifiers, size of the predicate, size of the formula and
their proportion etc.) should be considered as well. Next, we also show a few cases (for
randomly generated instances) where we compare how both the algorithms identified the

inconsistency in the original example.

In the graph of Figure 3, we compare the computation time (i.e., CPU Time) between

SOLFOPL and AD-SOLFOPL for input instances of different sizes. In this graph, the formula
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Table 6: Results multiple instances for same generation parameters.

SOLFOPL

Instances Probability CPU time
MpFpp; 9 M T NpF ™ 7 (sec.)
2 4 7 4 2 0.186 1.000 0.22
2 4 7 4 2 0.394 1.000 0.22
2 4 7 4 2 0.320 1.000 0.18
2 5 10 6 3 0.323 1.000 0.47
2 5 10 6 3 0.303 1.000 0.51
2 5 10 6 3 0.227 1.000 0.51
3 8 15 7 3 0.355 1.000 3.29
3 8 15 7 3 0.449 1.000 3.20
3 8 15 7 3 0.456 1.000 1.61

Table 7: Comparison between

SOLFOPL and AD-SOLFOPL in case of inconsistent instances.

% INCONSISTENT

Instances CPU time (sec.)
NpFop; g m n  npF solfopl  AD-SOLFOPL (problems found by AD-SOLFOPL)
2 11 35 21 3 > 2 sec < 1 sec 100
2 20 40 24 3 —_— < 1 sec 100
2 25 50 30 3 e < 1 sec 100

size (i.e., number of formula in the instance) is plotted along the x axis and the computation

time (CPU time in sec) is shown along the y axis. Here it is obvious that there is a great

improvement in the computation time for larger instances, specially beginning from mid

sized instances. There is a spike in the graph due to problem instance of 25 formulas, which

is due to the specific nature (e.g., number of predicates in a formula, number of positive

and negative predicates in the large formulas etc.) of that generated problem. It is not

completely obvious to generate random instances with the same solution complexity when

increasing the number of formulas without dealing with the other parameters as well. We

wish to reveal more on the apparently random nature of the generated instances in future

works.
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Figure 3: Comparison of computation time between the proposed algorithm and an exact
one.
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Chapter 6

Conclusion and Future Work

In this thesis, our main focus is on those models which deal with reasoning under uncertainty,
a heuristic implementation technique where uncertainty is described in terms of probability
values. In 1986, Nilsson published an article [50] on the probabilistic logic and mentioned
its two forms: namely, the decision and the optimization form. The decision form (or
probabilistic satisfiability) checks the consistency of a set of logical sentences together with
their probabilities that these sentences are true. On the other hand, in the optimization
form (or probabilistic entailment problem), it tries to find the best possible bounds on
the probability values mp,4y associated with an additional sentence S;,y1, such that the
overall system remains consistent. Except the probability issue, Nilsson’s PPSAT and PPENTAIL
problem can be reduced to the satisfiability and the logical consequence problem of Al

respectively.

The probabilistic logic problem (combination of both PP$AT and PFPENTAIL) can be ad-
dressed in two general ways: using exact methods or anytime deduction methods. Recall

that an exact solution scheme is one which guarantees to find the solution, if there exists
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one. Usually, it attains a greater accuracy at the cost of possibly a higher computation

(CPU) time.

A straightforward exact method to solve the probabilistic logic problem could be by
adopting a linear program solution or LP solution using the simplex or the revised simplex
algorithm (see e.g., Chvatal [11], p.97 for more information). Unfortunately, this solution
scheme becomes unmanageable even for a moderate sized problem. However, there are
some powerful tools in operations research which are efficient enough to handle this kind of
unmanageable situation. The Column generation techniques (see [11], p. 198) is one such
example which is proved to be efficient in solving probabilistic logic problem in propositional
sentences or PPL for short. This has been tested successfully for moderate sized (i.e., w.r.t.
number of formulas) first order instances as well (see [63] for more details). The powerful
expressive nature of First-order logic has made it closer to a human like representation as
compared to, e.g., propositional calculus. That is one of the major issues that made us
interested about investigating the anytime deduction technique for first-order probabilistic
logic or FOPL for short. Another issue for interest has arisen when we closely studied the
high computation time setback for solving large instances while using the exact method

(implemented by R. Sultana in [63]).

In this thesis, first, we try to extend the anytime deduction solution for propositional
probabilistic logic, or AD-SOLPPL proposed by Jaumard et al. in [32], to first order logic,
AD-SOLFOPL. But the extension is not something really straightforward. There are lot of
differences between the propositional case and the first order one, e.g., the consideration of

quantifiers, the issue of decidability etc.

The general procedure is as such: we are given a set of decidable logical sentences in
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first order form, S = {51, 52, ..., Sm} associated with their probability intervals [rg, ,7s,]

for k = 1,2,...,m, and defined on a set of boolean variables X = {z1,z2,...,2,} by
a set of predicates P = {pi1,p2,...,pr} associated with probability intervals [rm;,7;] for
1=1,2,...,r. The AD-SOLFOPL procedure attempts to output a tight probability interval

[Tm41, Tm+1] for an additional sentence Sp,41, in such a way that the overall system (S U

Sm+1, [7, 7)) where [z, 7] € [0,1]™1!, remains consistent.

The AD-SOLFOPL procedure starts with the examination of the additional sentence Sy, 11
and takes one predicate at a time from it. Then it searches for an occurrence of the predicate
p;(x) (either in negated or positive form) in the set of given sentences. Whenever a sentence
is found, which contains p;(z), it tries to update the bounds of the remaining predicates of
the newly identified sentence by following the same procedure. It’s a recursive procedure
which continues until all the predicates or sentences are either updated with their bounds

or attempted to be updated.

As the second contribution, we have suggested a generalized set of inference rules, an
extension to the set used in Jaumard et al . [32]. As compared to Jaumard et al. [32], our
proposed set is more general as it considers the quantifications on the variables for which

the predicates are defined.

As the third contribution, we have developed an improved version of the first algorithm
AD-SOLFOPL and named that version as AD-SOLFOPL+. This improved version has bet-
ter probability values and reaches a tighter bound as compared to the basic algorithm.

Sometimes we have to trade off the tighter bound with the computation time.

Finally, we have implemented two versions of the heuristic algorithm successfully. The

experiments and results of those experiments based on our implementation are described in
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Chapter 5. A comparison is made between the performance of our algorithm, and that of

SOLFOPL [63]. The SOLFOPL is an exact algorithm based on column generation method.
Drawbacks and future directions:

Firstly, when the generated instances are large enough, it tends to produce [0, 1] bounds
more often for the additional sentence while solving the optimization problem for first order
case. We tried to study the effect of the probability intervals for individual formulas on the
bound of an additional sentence for the optimization problem. This led to an interesting
observation. If the probability bounds for individual sentences are tighter, it tends to
produce tighter bounds for an additional sentence. But to achieve that is not very easy,
specially for larger instances, because the probability value variation is not smooth as it very
quickly moves from a consistent system with [0,1] interval to an inconsistent system. Future
works may be carried out in this direction in order to develop a more robust generator for

first order case.

Secondly, the computation time becomes too large when we increase the size of the
objective function (additional sentence) for large instances. So, still we keep at most two
predicates for the objective function. Even for other formulas, the maximum size is three

predicates per formula.

Thirdly, our proposed algorithm is explored only for unconditional probability in first
order probabilistic logic. AD-SOLFOPL algorithm can be extended for conditional probability.
Moreover, a tool can be developed in order to evaluate a heuristic algorithm considering
how far we are from the tightést probability interval. This we leave as a possible future

work.

Fourthly, an enhanced set of inference rules can be proposed with more complexity. The
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more complex the set of inference rules become, i.e., more information is included, better
the quality of the bound becomes. Although it is not practical, if we add more information
in the inference rule and increase the size of it so that it includes all the formulas of the

given problem instance, it behaves similar to the exact algorithm.
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Appendix A

Appendix A

A.1 Input Generation Process

A.1.1 An illustration of the probability generation

An illustration of generating consistent probability values for a test instance with 7 first-

order formulas is shown below.

A.1.2 An input file

We show the screen shot of an input file which shows the format of the formulas and the

probability values associated with each one.
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60=2CI/ITX1I= 1 I I o 1 1 1 1 1 1 1 1 %
L90=2C1/1x8= I 1 I o 0 O T o0 T 1T 1 1 %Y
GLO=Cl/1X6= 1 I I o o I I 1T 0 1T 1 1 %
860 =2cI/1x L= 0 I o o0 o0 1 1T 1 1 o0 1 1 ™
860 =2Cl/1xL = I 0 I o o o0 T I 1T 0 1 1 &
0S0=21/1x9= I I o 0 o 1 T O o0 o0 1T 1 Y
Vo =2q1/1xX¢= ! 0 o o0 o0 1 1 0 0 0 1 1 Y
onfep Lyiqeqord ¥y Uy Oty M M M M M M M M M Y

"sonpea Ajijiqeqold jua)sIsuod Jo UOIIRIOUSL)
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[[POSITIVE FORMULAS]
fof(f_1, ax10m

¢ ! [x5] [=31]
0.561

0.611

fof (f_2,axiom,

C 7 [x2] ¢ ! [x4]
0.851

0.901

Tof (F_3,axi .

C ' _[x2] ? [x5]
0.657

0.707

fof(f_4, axiom,

C 7 [x2] : 7 [x4]
0. 561

0.611

TofF(f.5,ax’d ,

C _7_[x2] ? [x4]
0.722

0.772

fFfof (f_6, axi R

C 7 _[x5] 7 [x3]
0.867

0.917

Fof(f_7, axi R

C 7 [x3]1 : 7 [x5]
0.754

0.804

fof (f_8, axiom,

¢ ! [xe] : ! [x5]
0.399

0.449

Fof(f_9, axi ,

¢ 7 [x2] : 7 [x3]
0.657

0.707
fof(f_10,axiom,

¢ P Tx2] v [x3]
0.657

0.707

fof (F_11, axiom,

¢ 7 [x 2] 1?7 [x5]
1.0

1.0

[NEGATIVE FORMULAS]

big_p2(x5> |

! [x6]

1 [x6] !

7 [xa]

[aj

~ big_p3(x3,x%x5) J).

: big.pl(x2)

big. pL(x2D

~ big_p5(x2,%4) ).

? [x5]

! [x6]

big_pl(x2) |

7 [>xa]

big_p2(x5)

big_p3(x3,x5) JJ.

P big_p1(x2) |

? [x5]

' [xs5] !

big_pl(x2)

big_ pl(x2) |

[x6]

~ big_ps(x2,x4) |

~ big_p2(x5) 2.

7 D]

| big_p2(x5> >>.

big_pl(x2> |

big_ps(x2,x4)

~ big_p2(x5)

~ big_p3(x3,x5)

~ big_p3(x3,x5) JJ.

Screen shot of a input file 2p4x5x3p

A.2 List of Generated Inputs

A.2.1 Instance 1 (4 formulas):

Fy =vz 3y
F,=3z
F3 =3y
Fy=Vz vy
Fys =3z 3y

[P(z,y) vV Q(y)]
[~R(z)]
[~Q(y)]

[~P(z,y) V R(z) V

[~P(z,y)]
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[0.85,0.9]
[0.55, 0.6]

[0.55, 0.6]

Q(y)][0.65,0.7]

[, 7]

~ big_p3(x3,%x5) |

~ big_pa(x6;>x1) J).

~ big_p4 (x6,>x1) D).

~ big_p2(x52 JD.

|~ big_p4(x6,>x1d D).

~ big_p4 (x6, XL



A.2.2 Instance 2 (7 formulas):

Fi=VYwYy [B(w)V-A(y)] [0.61,0.66]
F=3y3zVz [A(y)V —C(z,2)] [0.71,0.76]
FB=3y [-A() [0.64,0.69]
Fi=VzI:Vy [Clz,2)V Aly)] [0.71,0.76]

Fs=3yVYwVYv3r [-A(y)V -B(w)V -D(v,z)][0.91,0.96]

Fo=3yTFvaz [-A(y) VvV -D(v,z)] [0.85,0.90]
F;=3v3z [D(v,z)] [0.55,0.60]
Fs=3w3r 3z [B(w)V C(z,z)] [z, 7
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A.2.3 Instance 3 (8 formulas):

Fi=3w [B(w)) [0.72,0.77)
Fy=VyVw3r3z [A(y)V B(w)V-C(z,2)] [0.72,0.77]
F=VyVYw3zVz [A(y)V -B(w) Vv ~Cl(z, 2)][0.72,0.77]
Fy=3yvw [A(y)V B(w) [0.63,0.68]

Fs=Vy3w3Iv Iz [A(y)V -B(w)V-D(v,z)][0.81,0.86]

Fy=3y Ve [-A(y)V-D(v,z)] [0.72,0.77]
Fr=3yVzVz [Aly)V~Cl(z,2)] [0.68,0.73]
Fs=Jw3z3w [D(v,z)V -B(w)] [0.81,0.86]
Fo=3y3zdzF [A(y)VC(z,2)V D(v,1)] [, 7]
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A.2.4 Instance 4 (10 formulas):

Fy=Vz3Iv [Blz)V-C(v,z)] [0.56,0.61]

Fy=3uvVwVy3t [Auw)V E(u,w)V -D(y,t)] [0.85,0.90]

Fy=YudzWyVt [A(w)V -B(z)V-D(y,1)] [0.66,0.71]
Fy=3u3iw [-E(u,w)) [0.56,0.61]
Fs=Ju3dwIr [Alu)V -E(u,w)V ~B(z)] [0.72,0.77]

Fg=3dz3wVy3t [B(z)Vv-C(v,z)V-D(yt)] [0.87,0.92]

Fr=3v3zr [C(z,2)] [0.75,0.81]
Fg=VuvVz [A(u) V —~B(z)] [0.40,0.45]
Fo=3u3dwdz [A(w)V -C(v,z)) [0.66,0.71]

Fro=VuYwVzVy 3t [A(u)V -C(v,z)V ~D(y,t)][0.66,0.71]

Fii=3udz [A(u)V B(z)] [z, 7]
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A.2.5 Instance 5 (15 Formulas) :

F=Vtwizr [E(tv)V-C(z)] [0.5170.567]

Fo=Vt3wVzVs3u [A(t)V F(uv,z)V-H(s,u)] [0.6250.675]

F=3wdyIsIu [G(w,y)V-Bw)V-H(s, u)l [0.80.85]
Fy=Vt3w [A(t)V B(w)] [0.6820.732]
Fs=3w [-~B(w)] [0.640.69]
Fe=VtWwizdw [A()V-F(v,z)V ~B(w)| [0.7860.836]
Fr=3uVtVz [D(v) vV -E(t,v) Vv ~C(z)] [0.7380.788]
R=3wdy [Gwuy) [0.5070.557]
Fo=3r [C(w)] [0.850.9]
Fio=VtWu [A(t) V-D(v)] [0.7010.751]
Fiu=3v3z [F(v,) [0.5990.649]
Fia=3t3z [A(t)V-Clz)] [0.6290.679]
Fi3=3wYyYoVe [G(w,y)V-F(v,z)V-B(w)]  [0.80.85]
Fiu=3tYw3w [E(tv)V D)V B(w)] [0.8660.916]

Fis =VwVYyVtVo3r [Glw,y)V -E(t,v)V -C(z)][0.5010.551]

Fe=3t3v [A(t) VvV D(v)] [z, 7]
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A.2.6 Instance 6 (20 formulas):

Fi=30Vn [E(0)V -A(n)] [0.98,1.0]
Fy=3wYoVgIu [E(o)V F(o,q) Vv —J(u,w)] [0.86,0.91]
Fs=Vr3yVgVs [D(r)Vv—=Cly)V -H(g,s)] [0.71,0.76]
Fy=303¢ [-I(o,q)] [0.53,0.58]

Fs =VYw3oVYq [B(w)V —F(o,q)V —I(0,q)] [0.76,0.81]

Fe=VYoIy3n [E(o)V~C(y)V -An)] [0.68,0.73]
F;=3r [D(r)] [0.39,0.44]
Fy=3n [A(n)] [0.77,0.83]
Fo=3wVo [B(w)V -E(0)] [0.68,0.73]
Fio=303 [F(o,q)] [0.66,0.71]
Fi, =VwVn [B(w)V —A(n)] | [0.55,0.60]

Fiz=Vr3o3g3y [D(r)V-F(o,q)V-C(y)] [0.68,0.73]
Fi3=VzVoVy3q [G(z,0)VvC(y)VI(oq)] [0.94,0.99]
Fia =Vr 32YoVn [D(r)V =G(z,0) V ~A(n)] [0.64,0.69]
Fi5=VzVYo3y [G(z,0)V -C(y)] [0.50,0.55]
Fig=VYq3s3w [-H(g,s)VB(w)] [0.71,0.76]
Fi7=Vq3svz30 [H(g,s)V G(z,0)V -E(0)] [0.98,1.0]
Fis =Vr3n3udw [D(r)V —A(n)V ~J(u,w)] [0.98,1.0]

Fig=3o [E(0)] [0.98,1.0]
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Feo=3n3r [~A(n)V -D(r)][0.98,1.0]

For =3w3y [B(w)VC(y) [z, 7]

A.2.7 Instance 7 (25 formulas) :

F=vIvt [EQ)V-C()] [0.73,0.78]
Fo=3r3x323v [A(r) Vv J(z,2)V -L(v, )] [0.61,0.66]

F3=3nVq3uvYw [D(n)V -B(q)V -K(u,w)] [0.68,0.72]

Fi=¥rdg [A(r)V B(g)] [0.74,0.79]
Fs=3¢ [~B(q)] [0.62,0.67]
Fs=3r32vq [A(r) Vv -F(2)V -B(q)] [0.72,0.79]

Fr=vivtYw3u 3w [E()V -I(t,v)V -G(u,w)][0.76,0.81]

Fy=3w3y [H(w,y) [0.63, 0.68]
Fo=3udw [G(u,w)] [0.61,0.66]
Fio=3rvl [A(r) V-E(l)] [0.55,0.60]
Fu=3z3 [J(z,2)] [0.50, 0.55]
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Fip=3: [-F(2)]
Fi3=3n [~D(n)]

Fu=vrvt [A(r)V -C(t)]

Fis =JwVy32Vq [H(w,y)V ~F(2) V -B(q)]
Fig=VYnVtIudw [D(n)V -C(t) vV -Gy, w)]
Fi7 =¥m303q [M(m,o0)V -~B(q)]

Fg=YudwYy [K(u,w)V -H(w,y)]

[0.71,0.76]
[0.81,0.86]
[0.71,0.76]
[0.98,1.0]
[0.98, 1.0]
[0.98,1.0]

[0.98,1.0]

Fio = 3uVw 3t ImVo [K(u,w)V C(t)V ~M(m,o0)] [0.98,1.0]

Fo=3n3tIvVe [D(n)V-C(t)V-L(v,z)]
Fp=3 [EQ)

Fp =YgVt Iv¥n [=B(q)V ~I(t,v)V ~D(n)]
Fp=3uVwdy [~Glu,w)V-H(w,y)
Fu=3t [-C(t)

Fys =VrvzVz [A(r)V ~J(z,2)V negF(z)]

Fp=3r3tIv [A(r)V I(t,v)]
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0.98,1.0]
0.98,1.0]
0.98,1.0]
[0.98, 1.0]
[0.98,1.0]
[0.98,1.0]

[z, 7]



A.2.8 Instance 8 (30 formulas):

Fi=3p3k [F(p)V-D(k)] [0.84,0.89]
Fo=3 33z [-M(,k)VG(r)V-K@k)] [0.53,0.58
F3=VYr3jV¥sVu [-B(q)V-I(t,v)Vv-D(n) [0.98,1.0]
Fy=3j3 [-I(,0)] [0.48,0.53]
Fs=3w3o3gVivl [-B(w)V J(o,q)V ~I(5,1)] [0.98,1.0]

Fe =VpVq3ds3dk [F(p)V -L(g,s)V ~D(k)] [0.67,0.72]

Fr=3r [B(r)] [0.51,0.56]
Fs=3k [D(K)] [0.75,0.80]
Fo=3wVp [B(w)V ~F(p)] [0.61,0.66]
Fio=3r [G(r)] [0.48, 0.54]
Fii=VwVk [B(w)V -C(k)] [0.41,0.46]

Fig = 3pVq3IsVk [E(r)V -J(o,q) VvV -A(J)] [0.98,1.0]

Fis =Vrvk [E(r)V ~C(k)V ~D(k)] [0.71,0.76]
Fiy=Vr3tVvj [N(rt)V-A(5)] [0.98,1.0]
Fis=3s3uVi3dk [~H(s,u)V -0(i, k)] [0.53,0.58]

Fie =Vs3uVk3p [-~H(s,u)Vv C(k)V-F(p)] [0.93,0.98]
Fir=3Vt3j [E(r)V-Clk)V K@, k)] [0.88,0.93]
Fis=3 [F(p) [0.71,0.76]

Flo=3j3ViVk [-I(5,1)V~AQ)V-K(i,k)] [0.98,1.0]
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Fyy =Vk dr [‘lD(kI) \ -lE(T‘)]

Fa=3k [C®kK)

[0.83,0.88]

(0.98,1.0]

Fyo =Vw3oVqIjVl [M(i, k) V-G(r)V -J(o,q)] [0.98,1.0]

Fy; =Vkvr3dt [C(k)V-N(rt)VG(r)
Fo=VYwIjvl [Bw)VI1)]

Fys =35k [A(f) Vv ~C(k)]

Fys =3Jw3oVg [B(w)V-J(0,q)]

Fyr = 3kVq3s [D(k)V L(g,s)]

Fs =333k [AG) VO3, k)]
Fao=3jVsVuIw [A(G)V —H(s,u)V -B(w)]
Fs0 =3¢3s [-L(g,s)]

Fs=3wdj [B(w)V A()]
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[0.98,1.0]
[0.98,1.0]
[0.98,1.0]
0.98, 1.0]
[0.98,1.0]
(0.98,1.0]
[0.98, 1.0]

[, 7]



A.2.9 Instance 9 (35 formulas):

Fi=3e3o [G(e) v -B(0)] 0.79,0.84]

Fo=VYf3rVivn [A(v) Vv J(f, k) Vv -0(,r)] [0.65,0.7)

Fs=3%3v3i [Hk)V-C(v)V ~P(i,k)] [0.65,0.70]
Fy=3v [A(v) v C(v)] [0.98,1.0]
Fs=3 [~D(r)] [0.69,0.74]

Fg=YoVmVYo3r [A(v)V-K(m,0)V -D(r)] [0.98,1.0]

Fr=3y3eVtVo [Q(y,e)V -F(t)V -B(o)] (0.98, 1.0]

Fe=3k [H(k)] [0.31,0.37]
Fo=30 [~B(0)] [0.69,0.74]
Fio=Yode [A(v)V-Gle)] [0.66,0.71]
Fiu=3f3h [J(f,h)] [0.49,0.54]
Fia=Yo3o [A(v)V-B(0)] 0.73,0.78]

Fi3 =VYkVYmVYoVv [H(k)V —K(m,0) Vv ~C(v)][0.79,0.84]
Fiy=3Y¥n3w3r [L(,n) Vv C(v) Vv D(r)] [0.98, 1.0]
Fis=Vu3wVYf3o [M(u,w)V-E(f)V-B(0)][0.81,0.86]
Fy=VI3n3v [L(l,n)V -C(v)] [0.56,0.61]
Fir=Yh3j [~N(h,j)V ~I(h,j)] [0.56,0.61]
Fis=3n3jVfVe [N(hj)VE(f)V-Gle) [0.98,1.0]

Fie =VE3fVi3n [H(k)V -E(f)V-0@,n)] [0.82,0.87]
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Fy=3y3e [Qy,e)] [0.98,1.0]

Fo =Vr3tVuw [~D(r) v ~F(t) V -m(u, w)] [0.98,1.0]
Fp =Vh3jWYode [I(h )V C(v)V ~G(e)] [0.98,1.0]
Fys =Vo3k [-B(o)V ~H(k)] [0.98,1.0]
Fpa=3f [-E(f)] [0.98,1.0]

Fos =Vv3f3hVm3o [A(v)V -~J(f,h)V ~K(m,0)] [0.98,1.0]

Fas=VfAInIh [E(f)V L)V I, h)] [0.98,1.0]
Fyr=3nve [I(h,5)VC(r) [0.98,1.0]
Py =Vt3f [F(t)V ~E(f)] [0.98,1.0]
Fre=YvIm3o [A(v)V ~K(m,0)] [0.98,1.0]
Fao=3t3hViIv [F(t) V-N(h,j)V ~A()] [0.98,1.0]
Fa=3 [-C(v)) [0.0,0.03]
Fypy=3udwde [Mu,w)VGe) [0.98,1.0]

F33 =VuVw 3l 3In FVk [M(u,w)V L(l,n) V ~P(i, k)][0.98,1.0]

Fyy=3n3j [N(h,j)] [0.98,1.0]
Fs5 =VrVYo [-D(r)V —B(o)] [0.98, 1.0]
Fys=3n3j3t (I(h,j)V F(t)] [z, 7]

A.3 Inference Rules
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Table 8: Examples of inference rules for propositional probabilistic logic.

Inference

Probability Consistency Probability
Rules Assigned Conditions Bounds
S:.:x VI rg,Ts] <1l i1=1,8
Ty [y, 71} >0 i=1,8 _ _
To my 7 m, <7 1=18 my = max{0, 15 — T}
4 s >, ’ Ty = min{l,7Ts}
S:z1VIaVas [mg, T3] m <1 =128
I [zr_l,'ﬁl] 7Ti20 i=1,2,5 . = =
zs (13,72 m <7 =128 Zs = max{0, 15 =1 =72}
s 7y ? s > m, 73 = min{l,7Ts}
Tg 2 Ty
S:T1VIoaVI3zVay [mg,Ts] <1 ¢=1,2,3,8
1 [y, 71] >0 i=1,23,8 _ =
2 [m2, 2] T <7 1=1,2,3,5 “ —m;x{(ilrr_rfin{;rlf }7r2 ™!
z3 (3, 73] Ts > @, Ts 2 M, 1T S
T4 mq? Ts > Ty
S1:T1 Vo [Wsl,fsll ;>0 1=1,5,5; . _
— — . ) k) — 1 . _
Sy 21 VT [ESg’ﬁsz] T, < i= 1,51, 5, i} rnax{ﬂ +7;.Szyﬂ_l 1%; Mg, — T8y
z (7, 7] <1 i=1,81,85 =15
T mo? T, <Tg — C o — =
2 ., 41'75 ; 1 Ty = min{7s,,T1 + 75, — Tg,,
2 T —
Ts, + 7, > 1 1+ ~1s,}
SI:TIVTB {Zr.SlvﬁSl] Ezsl i:1a2a3151732 —rna.x{O 1 —F1.1—F0. 7
SQITQV:EQ, [-7—1'—527?52] 7 >0 121,2,3,51,32 _ﬂ‘ +7r’ _117; +ﬂ_2’__si 3
o [ﬂl,ﬁlJ ; S .7_1'1; 1= 1’2)3a51>52 —gl_ ——_Si — :__—3 :S—l ’
T2 [Ezﬁfﬂ 3 <T7s, =TT TS, WSZ}
T T, T Ti+7Ts, 21 1=1,58,3 | _ . _ —
Sg-ffvm [?; '73] 1 %iﬁs <1 ’ TS, =min{l,1+7s, — Ty, 1+ 75, — 1y,
’ Ty +Tg ‘27—3<1 Tse ~ I~ T3~ @5, +2,
- —o2 - —_— —
E1+E3+_7£SI 52 _ +.7T2 —El —.712‘ +1}
i +Z£2 +£Sl +Zr_32 S 3 m3 S5 ) ESZ
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