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Abstract

Study of the coadjoint orbits of the Poincaré group in 2 + 1 dimensions and their

coherent states

Valérie Hudon, Ph.D.

Concordia University, 2009

The first main objective of this thesis is to study the orbit structure of the
(2 + 1)-Poincaré group R>! x SO(2,1) by obtaining an explicit expression for the
coadjoint action. From there, we compute and classify the coadjoint orbits. We
obtain a degenerate orbit, the upper and lower sheet of the two-sheet hyperboloid,
the upper and lower cone and the one-sheet hyperboloid. They appear as two-
dimensional coadjoint orbits and, with their cotangent planes, as four-dimensional
coadjoint orbits. We also confirm a link between the four-dimensional cbadjoint
orbits and the orbits of the action of SO(2,1) on the dual of R>!.

The second main objective of this thesis is to use the information obtained about
the structure to induce a representation and build the coherent states on two of the -
coadjoint orbits. We obtain coherent states on the hyperboloid for the principal
section. The Galilean and the affine sections only allow us to get frames. On the
cone, we obtain a family of coherent states for a generalized principal section and

a frame for the basic section.
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List of symbols

e Poincaré group: G = R>! x SO(2,1)
- veR¥
- A € S0(2,1) (metric n = diag(+1,-1,-1))

— Iwasawa decomposition: k a rotation, a a boost (or dilation) and n a

translation
— inner automorphism of SO(2,1): A = mAtm, m = diag(1,1, —1)
e Algebraof G: g, g3 X = (a, 8)

— generators of the algebra so(2,1): J, rotation, J; and J, boosts, J, and

J.. translations
— a: three-vector made of coefficients of J € s0(2,1)

— [(3: three-vector made of coefficients of R?!
e Adjoint action matrix: M(g)

Stabilizer of X* € g* under the coadjoint action (or little group): Ho

Stabilizer of kg € RZD* under SO(2,1): Sy

e Coadjoint orbit (orbit of X* € g* under the coadjoint action of G): Ox

Orbit of ko € R(D* under SO(2,1): O* (also denoted V} in the hyperboloid

case and V* in the cone case)



e Cotangent bundle of the orbit O*: T*O*
e Section: o

e Unitary irreducible representation (UIR): U

Unitary character: x

UIR of Sy: L(s)

Action on the hyperboloid or the cone: A,

Parameter space: T' (I' ~ T*0*)

e Invariant measure on O*: dv

Invariant measure on I': du

Point on the orbit: k € O*

Formal operator: A,

Hilbert space: H = C ® L*(O*,dv)
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Introduction

In this thesis, we study the Poincaré group in 2 + 1 dimensions through its
coadjoint orbits structure. We first compute the coadjoint action and classify the
coadjoint orbits. We then use the insight gained to build coherent states on two of
those orbits, namely the upper sheet of the two-sheet hyperboloid and the upper

cone.

Context

The Poincaré group is widely used in mathematical physics since it is the sym-
metry group of relativity. Its 3 4+ 1-dimensional version is described and studied
in great details by Kim and Noz [19], it is the most common in physics since our
world is 3 + 1-dimensional. The 2 + 1-dimensional Poincaré group is studied by
Gitman and Shelepin [16], they construct a UIR and obtain the orbits of the action
of SO(2,1) on R?! from work on wave equations.

Other people have studied the orbit‘structure of the Poincaré group. Those
studies by Barut and Raczka [9] and also by Kim and Noz [19] were based on the
momentum vector and performed in 3+ 1 dimensions. Almorox and Prieto [6] have
studied the action of SO(2, 1) on R%! by an analysis using the moment map. Here,
we work with a matrix representation of the group and obtain directly those orbits
by the action of the SO(2, 1) group matrices on some chosen vectors. |

One of the main ingredients of our study is the coadjoint orbit structure of

1



the group which is closely related to representations. This relation is outlined
by Kirillov [20, 21, 22] who also stresses that the coadjoint orbits are symplectic
objects. This is a useful property to define coordinates and an invariant measure
on them.

In this thesis, since we base the study on a matrix representation of the group, we
express the coadjoint action explicitly in this framework. ‘This allows us to compute
the coadjoint orbits along with the orbits coming from the action of SO(2,1) on
R21. We also link the two sets of orbits.

One of the tools needed to continue our research is the induced representa-
tion first introduced by Mackey [25] and developed by Kirillov [21] and others.
The inducing technique allows us to obtain the representation of a group from the
known representation of one of its subgroups. Thus, it is a good way to build new
representations.

The representation of the Lorentz group (a subgroup of the Poincaré group) has
been known for a long time from Wigner [30]. The representation of the Poincaré
group is also well-known, we have already cited Kim and Noz [19] in 3+1 dimensions
and Gitman and Shelepin [16] in 2 + 1 dimensions.

In this thesis, the representation is obtained from the work on the coadjoint
orbits. We are using the representation of the stabilizer as a starting point in the
inducing technique.

Another important component of this thesis is the coherent states which were
first developed in the context of quantum optics. Coherent states have been rapidly
adopted and extended in other fields such as quantum mechanics and group theory.
Perelomov |28] gi\fes a mathematical development of coherent states for different
groups and Klauder and Skagerstam [23] present a complete survey of the appli-
cations. In the group context, coherent states are obtained by the action of the

unitary representation on an arbitrary set of vectors. This technique is used for



example by Antoine and Mahara in [7], where they compute the orbits and coher-
ent states of the affine Galilei group. The interest in coherent states lies in their
applications, for example in signal and image processing [1, 8].

A lot of work has been done on the coherent states for the Poincaré group in
1+1 and 3+1 dimensions (see [1] and references therein). Here, we will focus on the
2+ 1 dimensions case which is less covered in the literature. Gitman and Shelepin
[16] obtain the coherent states for SU(1,1) (which is isomorphic to SO(2,1)) in
- the framework of harmonic analysis. Some work is also done by de Biévre [12] to
get coherent states of semidirect product groups through orbits obtained by the
moment map. Also, Bohnke [10] has constructed a tight frame on the forward cone
using the n + 1-dimensional Poincaré group with a dilation. In this work, we focus
on our specific group and dimensions to perform the full computation in an explicit
way and obtain the coherent states on two of the coadjoint orbits.

To summarize, the motivation of this work lies first in getting a very eﬁcplicit
approach to the orbits based on a matrix representation of the group, and in classi-
fying the coadjoint orbits for the Poincaré group in 2+1 dimensions. It also consists
in using the information obtained about the structure to induce a representation
and build coherent states on two of those orbits.

The ultimate aim of this work would be to use the resulting coherent states
in the wavelets framework. This is beyond the scope of this work, but we could
apply our results to signal analysis following the principles presented in the books
[11, 1, 8]. Quantization is another possible avenue. More details are given in the

conclusion along with other possible openings.



Results

We first obtain a formula for the coadjoint action of the Poincaré group G =
R%1 % .50(2,1) given in a concrete matrix representation. We then compute explic-
itly the orbits of SO(2,1) on R?! and the coadjoint orbits. We obtain a degenerate
orbit, the upper and lower sheet of a two-sheet hyperboloid, the upper and lower
cone and the one-sheet hyperboloid. The hyperboloids and the cones appear both
as the first orbits and as two-dimensional coadjoint orbits. They also appear to-
gether with their cotangent space as four-dimensional coadjoint orbits. The orbits
of SO(2,1) on R%2! were known in the literature, but we obtain them differently
here. Moreover, we are able to link them to the four-dimensional coadjoint orbits.

The study of the coadjoint orbits allows us to get a deeper understanding of
the geometry of the upper sheet of the two-sheet hyperboloid and the upper cone.
We choose those two orbits because they are isomorphic to the plane. From the
information obtained by computing the orbits, we are able to get a set of coordi-
nates, an invariant measure and the induced representation of the hyperboloid and
the cone. We finally compute the coherent states using this information. For the
hyperboloid, we obtain nice coherent states for the principal section and frames
for both the Galilean and the affine sections. For the cone, we obtéin a family
of coherent states for the generalized principal section and a frame for the basic

section.

Organization of the thesis

Here is how the thesis is organized.
In Chapter 1, we describe the Poincaré group, its algebra and group matrix
representation and we recall the Iwasawa decomposition. We also define the adjoint

and coadjoint actions and then get the explicit formula to compute them in the



Poincaré case. We finally define the different orbits we are going to compute.

In Chapter 2, we use the actions defined in Chapter 1 to explicitly compute
the orbit of SO(2,1) on R%>! and the coadjoint orbits arising from different initial
vectors.

In Chapter 3, we give a definition of the coherent states and explain the tech-
nique that we will use to obtain them in the two next chapters.

In Chapter 4, we define coordinates and compute the invariant measure on the
upper sheet of the two-sheet hyperboloid. We then get the induced representation
and use it to compute the coherent states on the hyperboloid.

In Chapter 5, we go through the same process as in the previous chapter, but
with the upper cone.

We finish with concluding remarks and possible openings.

Appendix A collects some basic definitions about group theory and induced rep-
resentation. The other appendices contain the details of the computations needed

to obtain the results.

Main contributions

The main contribution of this thesis is twofold. It first stands in the explicit
computation of the coadjoint action formula fof the Poincaré group. This formula is
then used to compute the coadjoint orbits described in Chapter 2. Those coadjoint
orbits are linked to the orbits of SO(?, 1) on R*! also computed explicitly. This
explicit approach to coadjoint action based on a matrix representation of the group
is new to our knowledge.

The second part of original work is the computation of the coherent states on
the hyperboloid (Chapter 4) and the cone (Chapter 5) in this particular framework.

The coadjoint orbits computed provide a set of coordinates and insight for the



induced representation. This representation is then used to build the coherent

states following a well-known technique given in [1].



Chapter 1
The (2 + 1)-Poincaré group

In this chapter, we give an extended description of the Poincaré group in 2 + 1
dimensions, using its matrix representation. This will involve, among other things,
studying the Lie algebra spanned by its generators, their commutation relations
and the Iwasawa decomposition of the group.

We also define and compute the adjoint and coadjoint actions of the group,
which will be used in Chapter 2 to compute its orbits under this action.

We finish by discussing the concept of orbits, giving the definition, the formula
to compute the orbit from the group action, an isomorphism relating different
orbits and the ones usually discussed in the literature (when constructing induced
representations of the group).

In Appendix A.1 we collect together some basic definitions and notions from

group theory.

1.1 Definition of the Poincaré group

The Poincaré group is the symmetry group of special relativity. Here, we are
working in 2-space and 1-time dimensions, for which the (2 + 1)-Poincaré group is

the group of all space-time symmetries.



In the present section, we describe the structure of the group, derive its Lie
algebra and give the specific matrix representations of group elements and the basis
of the algebra which will be used in the computation of the group actions. We also
present the Iwasawa decomposition, which happens to be useful while dealing with

the conical orbit (Section 2.3).

1.1.1 Description

Since we are working in a space-time of 241 dimensions, we write the coordinates
of a point in this space-time as: (t,z,y). The Poincaré group of interest is the

semidirect product, G = R?! x §O(2,1), an element of which can be written as:

Aw
G>g= , (1.1)
0 1

where v € R>! and A € SO(2,1), that is A is a 3 x 3 matrix such that AnAt = 7,
n being the metric, diag(+1, —1, —1). The product is given, using matrix multipli-

cation, by:

A}Az A1U2 + 0 :
9192 = . (12)
0 1

The inverse of an element is thus:
. Al AN
g = . (1.3)

1.1.2 Matrix representation

The one-parameter subgroups of SO(2, 1) may be taken to be:

1 0 0 coshf 0 sinhg coshy sinhy O
Aj, =10 cosa —simal-Ajy = 0 1 0 yAj, = | sinhy  cosh v O}- (1.4)
0 sina cosa sinh8 0 coshj3 0] 0 1



Their inverses are:

1 0 0 cosh@ 0 -—sinhg coshy —sinhy O
Ajl=10 cosa sina|,A7 = 0 1 0 A7} =| —sinhy coshy O
0 —sina cosa —sinh8 0 coshf 0 0 1

The six generators of the Poincaré algebra are given by:

0 0 O 0 01 010
Jo=10 0 —-1},h=]0 0 0f,J2a=1}1 0 0},
01 0 1 00 0 00
1 0 0
Rh=1ol.A=|1]|. =10 (1.5)
0 0 1

The J’s are the so(2,1) generators, obtained by taking the derivative of A; at the
identity. It is possible to write the J’s and P’s as 4 x 4 matrices following (1.1).

This allows to compute the commutation relations among them:
[J07 ']1] = '_JQa {J(h ‘]2] = ']1: [J17J2] = JOa
['JO’P1]=P27 [JU,P2]:'_P1) [J17P0]=P27
[J17P2]:P07 [']27P0] :Pl', : [J27P1]2P07 (16)
all other commutators being zero.

Remark 1.1.1 Note that our choice of Jy and Jy is “unorthodoz™ they have been
interchanged, from the way they are usually presented in the literature. This change
will be helpful in the computation of the adjoint action, since it will allow us to use

the standard scalar product notation.

We also define J, = Jy+ J; and J_ = Jy — J;. They exponentiate to the



following:

1+% % u 1+2 2
Ajy=] -¥ 1-2 4|, A= ¥ 1-v —v . (1.7)
u u 1 —-v v 1
They are both translations. The commutation relations are:
[(Jy, ol = Jo, [Ty, i = o,  [Jy, 2] = s,
(J_, o)==, [J_,hh]=—To, [Jo,Jo]=—J,

(T4, J-] = 2J5. | (1.8)

These matrices will be used for obtaining the conical orbit in Section 2.3.

1.1.3 (a,3) basis for the Lie algebra

Any element of the Lie algebra can be written as a matrix:

It.J
x=[¥7F) (1.9)
0 o

where a and f are three-column vectors, J is the vector (Jp, J;, J2)* and the product
- 18 just the linear combination: at-J = apJy+a)Ji+asJs. To compute the action of

the group on the Lie algebra, it will be easier to work in terms of the six parameters

« and 3. We rewrite the element X as a column vector: X =

\p
Elements in the dual of the Lie algebra will then be written as row vectors:
N ‘
X = — X' = (a* g) (1.10)
g

where a* and 3* are themselves three-dimensional row vectors. The dual pairing
in this notation is simply the scalar product, there is no need for using the trace

and we choose not to use the metric in this setting.

10



1.1.4 Iwasawa decomposition

We present the Iwasawa decomposition of the SO(2, 1) group which will also be
used in the case of the conical orbit (Section 2.3).

We write an element of SO(2,1) as the product of three elements: g = kan,
where k is a rotation which corresponds to Ay, a is a boost (or dilation) which
corresponds to Ay, and n is a translation which corresponds to A;, depending on
the case. Instead of being J,, J, and J,, the generators of the algebra are now

taken to be Jy, Jo and Jy £ J;. This basis still generates a three-parameter group.

1.2 Group actions
We define and compute the adjoint action of the Poincaré group on its algebra

as well as the coadjoint action.

1.2.1 Definition of the adjoint and coadjoint actions

The adjoint action is the action of a group G on its Lie algebra. For a matrix

group, the adjoint action is defined by:
Ad(9)X = gXg~', (1.11)

where g € G and X € g. The coadjoint action is the action of the group on the dual
p* of its Lie algebra, when the latter is considered as a vector space. Generally, the

coadjoint action (denoted Ad*) is defined as in:
< Ad*(g) X}, Xy >=< X}, Ad(g7 1) X2 >, (1.12)

where X7 € g*.

11



1.2.2 Adjoint action

Using the definition (1.11) and the algebra element in the (o, 8) basis (1.9), the

adjoint action of the group G on its algebra is given by:

Ad(g)X = gXg7!
Aat - JA™Y —Aat - JA W+ AB
0 0

at-J g
0 0

(1.13)

I

We compute the part Aa®- JA~! for a generic element of the group A = Aj,Aj Ay,
in order to extract the action as a linear combination of the J’s. After a few

manipulations, we get:

Adt - JAT! = (m(A ™) 'ma)t - J, (1.14)
where the matrix m is:
1 0 0
m=101 0 |. (1.15)
0 0 -1

The details of this manipulation are given in Appendix B.1. Note it is because of
this computation that the unorthodox definition of J; and J; is needed (see Remark
1.1.1). For convenience, we set the following notation: m(A~")tm = A~! and, then,

A = mA*m. This is.an inner automorphism of the group.

Remark 1.2.1 By computing A = mA'm for the three one-parameter subgroups,

we get the following:

~

Ay = 'nzAtJOm = Ay, AJ] =mA,m=A_,, /\h = mAjm = Ay, (1.16)
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We can also work out the following by direct computation:
—Adt - JA = —(J -v)Ala, (1.17)

where J - v is the matrix (Jyv, Jyv, Jov), recalling that v is three-column vector. We

write it down explicitly here for later use:

0 Vg M
J-v= —v3 0 wvl- (118)
0" Vo 0

The details of the computation are presented in Appendix B.2.

We have thus obtained the transformation of the parameters a and (:

o-J = Aa-JA?

~

= Ala-J,
B = —Aa-JA v+ AB
= AS—-(J-v)A la

We can rewrite the transformation as a 6 x 6 matrix M(g):

o o A1 0 a
= M(g) . ) : (1.19)
5 6] \--wi A (ﬁ)

The adjoint action of g = (A, v) on X = (o, §)" is then written in a matrix form:

i

Ad(9)X = M(g)X.

1.2.3 Coadjoint action

We now define and compute the coadjoint action in the six-parameter space of

«* and §*. In this notation, equation (1.12) reads:

< X7, Ad(g™) Xz >= X;M(g™") X, =< Ad*(9)X]. X, >, (1.20)
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where M(g) is defined in (1.19). The coadjoint action is then:
ad*()X* = (o= ) M(g™). (1.21)
The matrix M(g~!) is easily obtained from M(g) using g7! = (A~!,—A~'v) as in
(1.3):
A 0
M(g_l) = . . (122)
(J-(Aw))A A

We also compute the inverse of the matrix M(g):

A 0
M(g)! = , - (1.23)
AN (J-v) ATY

By direct computation for the different one-parameter subgroups Aj,, Ay, and Ay,

(which is sufficient since SO(2; 1) is a three-parameter group), we get that:
(J - (A"')A = A7 - o). (1.24)

Then, M(g~!) and M(g)~" are the same as expected. We will use M(g)~" to define

the coadjoint action. This gives:

Ad*(g)X* = (A + FrA-I(J -v) A7), (1.25)

where A and v are fixed by the choice of g, an element of the group. The choice of

X* varies for the different cases.

1.3 Orbits

We define here the two types of orbits studied in the following. We give the
explicit formula to obtain one of them for the Poincaré group. We also give an
isomorphism relating these two types of orbits. We finish by presenting the orbits

already known in the literature.
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1.3.1 Definitions of the orbits

The theoretical basis and fundamental definitions regarding orbits are given in
Appendix A.1.2. We define and describe here the two particular types of orbits
studied in this thesis.

The first type is the orbit obtained from the action of SO(2,1) on R?V*. Gen-
erally, in the semidirect product group setting where G = V % S, it would be the
orbit coming from the action of S on the dual of V. Those orbits are used to
obtain representations in the induced representation method. We thus call them
representation generating orbits in the following.

The second kind of orbit is obtained from the action of G on fhe dual of its
algebra (g*), that is under the coadjoint action. It is then called the coadjoint orbit.
Coadjoint orbits are always even dimensional and have the structure of symplectic
manifolds. In this sense, they model classical phase spaces, a characteristic which

is useful also for defining coordinates.

1.3.2 Formula for the representation generating orbit

We have just defined the representation generating orbit. Here is how we will
compute it for the Poincaré group.

To get the action of the SO(2,1) part of the group on the dual of R*!, we just
multiply the row-vector X* = (70 T 72) by the subgroup matrices. Here is the

result:

X"Aj = (,YO Y3 CO0Sx + Yosinx  —7y;sina + Yz COS a) ;
X*Ay = (7/0 coshB + yysinh 3 v ~psinh 3+ 7y, cosh ﬁ) ) (1.26)

X*Ay, = (70 coshy + ¥ sinhy ~psinhy + v, cosh~y ’)’2) .

The vector X* will be specified for different cases in the next chapter.
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1.3.3 Isomorphism

In the case of a semidirect product group, there is an isomorphism relating some
coadjoint orbits and the orbits of the action of S on V* which is given in [1]. It is

based on the following definitions:
e the group G =V x S, V a vector space, S C GL(V);
e H, stabilizer of (ko,0) € g* under céacijoint action, kg € V*;
o Ok,,0) orbit of (kg,0) € g* under the coadjoint action of G;
e 77O cotangent bundle of the orbit of ky in V* under S.
The equation 10.49 in [1] gives the following sequence of isomorphisms:
I'=G/Ho~ Oppiy 2T°O". | (1.27)

In Chapter 2, we will explicitly check this isomorphism for some particular vectors

ko. We will see that O(q,) are the four-dimensional orbits.

1.3.4 Orbits studied in the literature

One last thing we would like to mention about the Poincaré group is that the
representation generating orbits are well-known in 3 + 1 dimensions. In Barut and
Raczka [9] and also in Kim and Noz [19], they obtain the orbits for the action of
SO(3,1) on R*! from the momentum vector p? = —m? = —p2 + p? + p2 + pZ. This

gives:
e a one-sheet hyperboloid for m? < 0;
e a cone for m? = 0, upper and lower for py > 0, py < 0;

e the origin (degenerate orbit) for m? = 0, py = 0;
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e a two-sheet hyperboloid for m? > 0, upper and lower for py > 0, po < 0.

Note that they are three-dimensional objects in this casé.

Almorox and Prieto [6] have obtained similar two-dimensional orbits for the
action of SO(2,1) on R??! from an analysis using the moment map.

In the next chapter, we will perform those computations using a different, very
explicit, approach. Moreover, we will compute the coadjoint orbits and link them

to those representation generating orbits.

We have now every tool needed to work out the orbits. That is a precise defini-
tion of the group and a useful way of writing the adjoint and coadjoint actions for

the computations.
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Chapter 2

Computation of the different orbits

In this chapter, we compute explicitly the representation generating orbit and
coadjoint orbits. We use different three-vectors ko as initial vectors of R>! for the
_ orbits under the action of SO(2,1) and both (0 ko) and (ko 0) six-vectors for
the coadjoint action. We will see that those orbits are linked to each other. We
also provide a graphical representation of the orbits.

We use the formula obtained in (1.25) for the coadjoint action and the bijection
between the orbit of a point and the quotient of the group G by the stabilizer of this
point described in Appendix A.1.2 to obtain the coadjoint orbits. We also check
that the isomorphism (1.27) is actually verified in each of our cases.

Note that the details of the computations are presented in Appendix C. We

present here the results and the discussion.

2.1 Degenerate orbit

The first case is simple. We start with the initial vector ky = (0 0 0)‘ Since

the vectors (0 kfo) and (ko 0) are the same, we only have one coadjoint orbit.
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2.1.1 Representation generating orbit

Using the set of equations (1.26) with X* = ky = (0 0 0), we simply obtain

the origin, that is a degenerate orbit.

2.1.2 Coadjoint orbit

As mentioned above, the fixed vector is the same for the cases (0 ko) and
(ko 0), that is: (a* 5*) = (0 0) = (0 0 000 0). The orbit we obtain
is again degenerate; it is only the point at the origin. In this case, the stabilizer is

the whole group G.

2.1.3 Isomorphism

We study here the isomorphism (1.27) for the case ko = (() 0 0). We have

the following objects:
e the stabilizer H, is G
e the quotient G/H, is the origin;
e the representation generating orbit O* is the origin;
e its cotangent bundle T*O* is trivial.

We can see that the coadjoint orbit I' = G/H, is isomorphic to the cotangent
bundle of the representation generating orbit, they are both the origin.
This case is not very interesting, but it is still part of the complete classification.

We now move to non-trivial situations.
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2.2 'Two-sheet hyperboloid orbit

We study now the orbits emerging from the initial vector ko = (im 0 ()),

where m > 0 is the mass.

2.2.1 Representation generating orbit

We plug in the vector X* = ky = (:l:m 0 0) in the equation (1.26) for
the representation generating orbit. The details of the computation are shown in
Appendix C.1.

For kg = (m 0 0), we get the upper shegt of the two-sheet hyperboloid with
its §ertex at g = m. For kg = (—m 0 0) , we get the lower sheet of the two-sheet

hyperboloid with its vertex at go = —m. They are presented in Figure 2.1.

2.2.2 Four-dimensional coadjoint orbit

We now compute the coadjoint orbit from the coadjoint action given by (1.25).
We fix the vector (a* 5*) = (0 ko) = (0 0 0 +tm O 0) The explicit
computation éppears in Appendix C.1.

The stabilizer Hy is the rotation and the time translation. The quotient of the
group by the stabilizer leaves the two boosts and the two space translations to
generate the coadjoint orbit. We thus have the upper or lower sheet of the two-
sheet hyperboloid (depending on the sign in +m) with the space plane, that is a
four-dimensional coadjoint orbit.

The equation of the hyperboloid is g2 — g7 — g = m?. It is the same hyperboloid
as the orbit shown in Figure 2.1. The hyperboloids have their vertex at +m and

for any mass they have the same cone as an asymptote.
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Figure 2.1: Two-sheet hyperboloid with m =1

2.2.3 Two-dimensional coadjoint orbit

We compute again the coadjoint orbit from the coadjoint action given by (1.25),
but we use the fixed vector: (a* /3*) = (ko ()) = (j;m 0000 ()) instead.
The details are in Appendix C.1.

The stabilizer is made of the rotation and the three translations. We are left
only with the two boosts to generate the coadjoint orbit. We thus get the upper
and lower sheet of a two-sheet hyperboloid with m and —m respectively. This is
different than the previous case since we are left with a two-dimensional structure

instead of a four-dimensional one.

2.2.4 Isomorphism

We try to link the representation generating orbit and the four-dimensional

coadjoint orbit through the isomorphim (1.27).

e The stabilizer Hy is Ay,, vo;
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e the quotient G/H, gives one sheet of the two-sheet hyperboloid with the

zy-plane;

e the representation generating orbit (O* is one sheet of the two-sheet hyper-

boloid;

e its cotangent bundle 7*0O* is then a sheet of hyperboloid with a cotangent

plane.

Since we can easily map a plane to another plane, we can see that the four-
dimensional coadjoint orbit is isomorphic to the cotangent bundle of the repre-

sentation generating orbit.

2.3 Cone orbit

In this section, we study the orbits arising from the initial vector kg = (;t] 1 ()) .

2.3.1 Representation generating orbit

Once again, we use equation (1.26) with the vector X* = k¢ = (:H 1 0) this
time. The computation is given explicitly in Appendix C.2.
We obtain the upper cone for the vector kg = (1 1 0) and the lower cone for

ko = (_1 1 0). They appear in Figure 2.2.

2.3.2 Four-dimensional coadjoint orbit

We now compute the coadjoint orbit for the vector (a* [j*) = (0 ko) =
(() 0 0 +1 1 ()). The computations are in Appendix C.2 and make use of the
Iwasawa decomposition of SO(2. 1) presented in Section 1.1.4. This decomposition

is a more natural basis for this particular vector.
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Figure 2.2: Cone

The stabilizer Hy is made of a translation Ay, (or n in the Iwasawa decomposi-
tion) and the vector z = Ft. The orbit is then generated by a rotation and a boost
which gives the cone with the plane generated by the y-axis and the axis z = =t.
This is a four-dimensional orbit.

The cone equation is g2 — g7 — g5 = 0. It is the upper cone for go > 0 and the
lower one for go < 0. It is the same as the cone shown in Figure 2.2. This cone is

actually the limiting cone of the two-sheet hyperboloid in the massless limit.

2.3.3 Two-dimensional coadjoint orbit

If we start with the vector (a* ,6*) = (ko ()) = (j;l 1000 0) instead,

we get a two-dimensional orbit. The details are in Appendix C.2.
The initial vector in this case is stabilized by the n translation of SO(2, 1) and
also by all of the R?? translations. The quotient thus leaves a rotation and a boost

to generate the orbit, a two-dimensional cone.
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2.3.4 Isomorphism
We again have a look at the isomorphism (1.27).
e The stabilizer Hy is the translation n and the vector x = Ft;

e the quotient G/ Hj is the cone and the plane generated by the y-axis and the

axis r = =t;
e the representation generating orbit O* is the cone;
e its cotangent bundle T*O* is the cone with a cotangent plane.

Here also, we can map planes to each other to show that our four-dimensional coad-
joint orbit is isomorphic to the cotangent bundle of the representation generating

orbit.

2.4 One-sheet hyperboloid orbit

We now present the study of the orbits originating from the initial vector ko =
(O m 0)-
2.4.1 Representation generating orbit

We use the equation (1.26) with the vector X* = kg = (0 m 0) to obtain the
representation generating orbit. The detailed computation is in Appendix C.3.
We obtain the one-sheet hyperboloid cutting the space plane at the circle of

radius m. It is shown in Figure 2.3.

2.4.2 Four-dimensional coadjoint orbit

Using the fixed vector <a* 5*) = (0 A‘o) = (0 000 m 0), we compute
the coadjoint orbit in Appendix C.3

24



Figure 2.3: One-sheet hyperboloid with m=1

The stabilizer is the boost in the z-direction (A;,) and the z-translation (vi).
The orbit is then generated by the rotation and the y-boost to which we add the
t- and y-translations. Geometrically, this is the one-sheet hyperboloid with the
ty-plane.

The equation of the one-sheet hyperboloid is g2 — ¢? — g2 = —m?2. It is the same
as the one in Figure 2.3.

We remark that the orbit generators are the same as for the cone, but they are

not acting on the same vector, thus giving a different orbit.

2.4.3 Two-dimensional coadjoint orbit

We now use the fixed vector Xj = (a* ﬁ*) = (ko 0) = (0 m 0 0 0 0)
to get a coadjoint orbit. The details are in Appendix C.3.

The stabilizer for this vector is the boost in the z-direction and the three R%!
translations. We thus obtain the rotation and the y-boost as the orbit generators.

Geometrically, we can see it as the one-sheet hyperboloid. This is a two-dimensional
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structure.

2.4.4 Isomorphism

We check the isomorphism (1.27) for the vector ky = (0 m 0).
o The stabilizer Hy is the boost Aj, and the translation vy;

e the quotient G/ Hj is the rotation A, and the boost A j, with the translations

vy and vy
e the representation generating orbit (O* is the one-sheet hyperboloid;

e its cotangent bundle T*O* is the one-sheet hyperboloid with its cotangent

plane.

The isomorphism between our four-dimensional coadjoint orbit and the cotangent

bundle of the representation generating orbit is again verified.

2.5 Summary

We present a summary of the coadjoint orbits obtained in Table 2.1. It is
interesting to remark that both the one-sheet and two-sheet hyperboloid have the
~ cone orbit as an asymptote.

The initial vectors k, that we have used cover all the cases; that is a purely
time, a purely space and a mixed time-space initial vector. We retrieve the same
orbits presented in the literature and given in Section 1.3.4.

Now let us examine the isomorphism (1.27) studied in details in Sections 2.1.3,

224,234 and 2.4.4:

PZG/H()\’_“/O(OJQO) ~ T*O".
1 2
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Fixed vector

Stabilizer

Orbit generators

Geometry

(0, _ 0) whole G nothing origin (degenerate)
(ko, 0) Ay, Aj, Ay, 2-sheet hyp.
ko = (:l:m 0 0) Vo, V1, Vg [upper (+) and lower (-)]
(0, ko) Ay, Aj, Ay, 2-sheet hyp. + zy-plane
ko = (im 0 0) Vo V1, V2 [upper (+) and lower (-)]
(ko, O) Ay Aj, Ay, cone
ko = (jzl ] 0) Vo, U1, V2 [upper (+) and lower (-)]
(0, ko) Ay, Aj,, Ay, cone + plane
ko = (il 1 0) T =Ft r = +t,vo | [upper (+) and lower (-)]
(k, 0) Ay, Auyy Ay, 1-sheet hyp.
ko = (0 m 0) Vo, Uy, U2
(O, ko) Ay Ay Ag, 1-sheet hyp. + ty-plane
ko = (0 m O) U1 Vg, U2

Table 2.1: Coadjoint orbits of the group G = R*»! x S0O(2,1)
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The first isomorphism (1) has been used to compute the coadjoint orbit. The
other isomorphism (2) links the four-dimensional coadjoint orbit and the cotangent
bundle of the representation generating orbit. We have seen that we can connect

planes together to confirm that this isomorphism is verified.

This ends the first big segment and main contribution of this thesis. We have
obtained different coadjoint orbits for the Poincaré group and linked them with the

representation generating orbit.
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Chapter 3

Coherent states: definition and

method

Besides the orbits, the coherent states are the important objects in this thesis.
We give here a short introduction before explaining the technique that will be used

to obtain them in Sections 4.4 and 5.4.

3.1 Introduction and background definitions

A good introductory book about coherent states and their applications is by
Klauder and Skagerstam [23], Perelomov [28] also gives a good mathematical intro-
ductioﬁ to the topic.

Coherent states are basically continuously labeled quantum states. They form
an overcomplete family of vectors in the Hilbert space, such that an arbitrary vector
can be written as a (possibly infinite) sum of coherent states.

The notion of coherent states was introduced to study the link between classical
and quantum mechanics. They have been named in the context of quantum optics,
but quickly spread to other fields such as condensed matter physics, atomic physics,

nuclear physics and mathematical physics (for example in harmonic analysis and
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quantization theory).

The canonical coherent states have some specific properties. For example, they
obey the minimal uncertainty property, that is they saturate Heisenberg’s inequal-
ity: < AQ >< AP >= ¥ instead of < AQ >< AP > > 2.

Another fundamental property of canonical coherent states 7 is that they satisfy

the resolution of the identity:

' /ln ><q| =1 (3.1)

This is the property that we will check for the states created in Chapters 4 and 5.

It is possible to obtain generalizations of the canonical coherent states.

Definition 3.1.1 We start from a separable Hilbert space b, a locally compact space
X and a measure on X, dv. We define the vectors |z >€ h). We assume the

following properties:

o The mapping T — |z > is weakly continuous (for each |¢ >€ b, < z|¢ > is

continuous in the topology of X ).

e The resolution of the identity: [, |z >< z|dv(z) = Iy holds in the weak sense.

That is, for any |¢ >, |y >€ b, we have:
/ < Plr >< zlp > dv(z) =< @l > .
X

The vectors |xr > satisfying these properties form a family of generalized coherent
states. If Iy us replaced by a bounded operator with a bounded inverse, we obtain a

frame.

One way of building canonical coherent states is by acting on a fixed vector
with the unitary square-integrable representation of a locally compact group |g >=
U(g)ly >. A generalization of this technique involve working on a homogeneous

space of the group. This is how we are going to define our coherent states in the
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next chapters. This technique is widely used in the literature, see [1, 3, 7] for
example. It is explained in details in Section 3.2.

The interest of coherent states for mathematical physicists lies in their numerous
applications. For example, they are used in signal and image processing through

the wavelet framework, see [1, 8]. They are also used in quantization, see [2, 4, 15].

3.2 Getting coherent states for a semidirect product

group

We present here the method that will be used in Chapters 4 and 5 to obtain
the coherent states. We actually follow the technique described in {1], §10.3. This
technique is used to build coherent states on homogeneous spaces Y = G/H. This
is our case, since coadjoint orbits have been defined as a quotient (Ox = G/Hp).
This method of building coherent states actually generalizes the one described by
Perelomov [28].

We need a Hilbert space and suitable coordinates on our structure, as well
as an invariant measure; it is H = C® L*(O*,dv). We first get a UIR from
the little group representation using the induced representation method, this is
described in Appendix A.2. We check if this representation is square-integrable. If
it is not (which will be the cése), we write the coset decomposition of the group
and take a quotient. Here, the coadjoint orbit structure will be helpful to write
the decomposition. In order to undo this quotient, we define a suitable section:
og:0x —G. Thié is a key step and this choice can lead to coherent states, frames
or no coherent states at all.

Once we have all these ingredients, we take a set of vectors 7 in the Hilbert space
and act with the UIR on it. From this new set of vectors n,, we define a formal

operator A, = fr Ine >< n,|du. We then integrate the formal operator in order
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to check the resolution of the identity. The integral is written [, =< ¢|As¥ >,
where ¢, € H. If we have the resolution of the identity, that is Iy, =< ¢l >,
then we define the coherent states as this set of vectors transformed by the UIR 7,
and, possibly, normalized.

If the section chosen does not allow us to achieve the resolution of the identity,

we can still find some bounds on the operator A, and get frames. Instead of:
/ < ¢ln>< n»lw =< gl >,
we would have:
0<A<¢>|1/)>§/<¢|n><nw)> < B < ¢l > < 0.

That means that the operator and its inverse are bounded. If A = B, that is the

resolution of the identity is satisfied, then we have a tight frame.

We now have all the necessary definitions and an efficient method to compute

the coherent states in the next two chapters.
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Chapter 4

Coherent states on the upper sheet

of the two-sheet hyperboloid

In this chapter, we first define a set of coordinates and an invariant measure
on the upper sheet of the two-sheet hyperboloid. We then compute the induced
- representation and describe a set of sections that are used to finally compute the
coherent states as described in Section 3.2.

We obtain the coherent states for the principal section in 4.4. For the Galilean
section in 4.5, we can get bounds using a special form of 7, we thus have a frame.
The afﬁne section in 4.6 also leads to a frame if we have a special 6 in the section
and some restrictions on 7. |

From now on, we call hyperboloid the upper sheet of the two-sheet hyperboloid

as obtained in Section 2.2.

4.1 Coordinates and measure

We first define a set of coordinates using the svmplectic structure of the four-
dimensional orbit. The hyperboloid is seen as the coordinate space and its cotangent

lane is the momentum space. We then compute the invariant measure under the
p
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coadjoint action.

4.1.1 Coordinates

We set the following space coordinates on the hyperboloid: q = koA™!, where
ko = (m,0,0) and A is the SO(2,1) part of the group element g used in the
coadjoint action which generates the orbit. We can check that g2 — g% — ¢ = m?
is verified. We also define the momentum coordinates on the cotangent plane:
p = q(J - v) = (—q1v2 + qv1, Qov2 + 2o, o1 + q1v0). The normal to the plane
is n, = (90,491, —g2). This gives the following constraint equation for the plane:

qopo + ¢1p1 — G2p2 = 0.

Using the coadjoint action equation (1.25), we compute the prime coordinates:

(¢,9) = (¢,p)M(g)™" = (gA + pA~(J - v),pA™"). (4.1)

We remark from the definition that p depends on the point ¢ to which it is
attached. We thus need to transform the p coordinate in order to compute the

invariants. We poStulate the following:
p= ﬁAqu (42)

where A, is a pure boost. The general form for those boosts is:

9o a1 q2
1 2
A= — 91 9192 . 4.3
g m @ m + m-+qo m-+qo ' ( )
2
9192 9
q m+qo m+ m-+qgo

obtained from [5].
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We then rewrite the vfollowing:

P o= pA”
= PpAAATT
= FAAATIATIA,
= BRA, (4.4)
= PA,,
where we have defined R = AgaA~"A;'. We can check that R is actually a rotation

by applying it to the vertex of the hyperboloid:

(m,0,0)R = (m,0,0)AnA7 A"
= gAATIAS!
= qA;l

= (m,0,0). (4.5)

We see that the vertex of the hyperboloid is stabilized by the matrix R which is

thus a rotation. It is poséible to characterize the angle of this rotation. It is called

the Wigner angle and is worked out in [26] using the isomorphim of SO(2,1) with
SL(2,R).

4.1.2 Invariant measure

We want to compute the invariant measure on the hyperboloid in our set of
coordinates. From (4.1), we write dg) and dg, replacing g; using the constraint
qs — ¢ — ¢; = m*. We get that:

dqy AN dg, _ dqy N dqy (4.6)

% do

is invariant. We denote this measure dir. We remark that the measure does not

depend on the mass. Since all the hyperboloids have the same shape (except for
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the position of the vertex on the time axis), it is normal that the measure be the
same on each of them.

In (4.4), we have defined ' = pR, R being a rotation, then:
dp), A dfl, = dfy A dfy (4.7)

is easily seen to be invariant.

Finally, the invariant measure on the whole orbit is:

_ dpr Ndpy A dgy N dgy
do

du (4.8)

There is another way to obtain coordinates and an invariant measure, the coset
decomposition. It is presented in Appendix D.
The measure obtained from the right coset decomposition is the same measure

as the one obtained from the coadjoint orbit structure.

4.2 Induced representation

We describe here how the induced representation is obtained for the hyperboloid.

This follows the method explained in Appendix A.2.

4.2.1 Tools
We recall here the different objects we will use in the following:
e Sy = Ay, (the rotation) is the stabilizer of V* 3 ko = (m, 0,0);

e O* the orbit of kg in R@V* under SO(2, 1) is the hyperboloid (g2 — ¢? — g% =

m?);

e dv(q) is the invariant measure on O*, the hyperboloid, dv = @q—’;ﬂg as pre-

sented in Section 4.1.2;
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e H is the stabilizer of (0, ko) € g* under the coadjoint action, it is the rotation

and time translation;

o Ok, is the orbit of (0, k) € g* under the coadjoint action of G, it is the

hyperboloid and the space plane here;

e T*(* is the cotangent bundle of the orbit O*, here it is the hyperboloid with

its cotangent plane;
e I' = G/H, is the hyperboloid and the space plane;

e du(g,p) is the invariant measure on I', that is dp = Wl, where ¢;, p;

are the natural coordinates and p = pAga.

We now have everything we need to obtain the induced representation.

4.2.2 Representation

We follow the procedure described in Appendix A.2 in order to obtain the
induced representation.
The unitary irreducible representation (UIR) x L of V x Sy carried by an Hilbert

space ¢ is:
(xL)(v, s) = exp[—i < ko;v >]L(s).

In our case, Sy being only the rotation, we need a one-dimensional representation.
It is written as e?, where n € Z. The Hilbert space is thus &€ = C, because we get -
a complex phase. R

Now, we want to induce a representation of the Poincaré group from yL. We
start from the coset decomposition: (v,s) = (0, Ax)(A;'v, so), where Ay is a pure

boost and sy = Ay, is a rotation. We then act on the left part (which represents

O*):
(v,5)(0,A,) = (0, Asp)(A;plv, As‘plsAp). (4.9)
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We obtain the following cocycles:

h:GxO* >V xSy, h(zs)p)= (A T, ho(s,p));
ho: S xO* — Sy, ho(s,p) = As"plsAp. (4.10)

We need to compute the cocycles for the inverse group element, we get:

h((v,8)"Y,p) = (=M s v, AT sTIA,), (4.11)

~1p s™'p
where ho(s™',p) = A, s7'A, is a rotation (see Appendix E.1). This gives the
UIR: A

(xL)(h{(v, 8)™1,p)) = exp[—i < ko; =AY _s7'v >]L(ho(s™, p)). (4.12)

s~1p
We now have to rewrite the argument < ky; —As__l1 ks“v >. First, we recall the

action of Ax in both R?! and its dual.

Definition 4.2.1 If v, vy € R2! are 3-column vectors, k, ko € RZV* 3-row

vectors, then the 3 x 3 boost matriz A acts in the following way:
L4 koAk = k, k,‘g = kA,:l, koAEl = ;I, ko = EJAk,'

e Aug =, v = A, Aty = 0, v = AU,

where k = (ko, —k).

We also need to recall the dual action in the pairing writing, it was originally:
< Ad#(g) X}, Xy >=< X}, Ad(g7 ') X2 >. In the case of interest here, we rewrite
this as: < kjAys;ve >=< ki; A, v2 >. On the LHS, k is in the dual, while on the
RHS, k in the original vector space. We take the transpose of the argument of A
and the inverse of both group elements A and s.

We can then rewrite the argument as follows:

< ko, — _:_I,ks”lv > = — < koMpsis7o >
= —<ks;sle>
= —ksslv=—kv=—<kv>. (4.13)
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The UIR is finally written this way:
(XU (v, 5)8) (k) = expli < k;v >]L(ho(s™, k)~ p(s™ k). (4.14)

The UIR we will be using in the following is:

(XEU (v, s)¢) (k) = expli < k;v >]exp[—ind(k, s)]p(s~k), (4.15)

where k is a point on the hyperboloid, n € Z and @ is the rotation parameter.

4.2.3 Square-integrability

We now check if this representation is square-integrable over the full group G.

First of all, here is the definition of square-integrability:

Definition 4.2.2 A representation is said to be square-integrable if 3n € H,n # 0

such that:

L | < Ulgnlé > PPdm(g) < 00, Ve H, (4.16)

where dm(g) is the measure on G.

The integration on the full group is the integration on the parameters of the three
translations, the rotation and the two boosts.

We can write the following to start:

<Ulgmld > = <e™"e o>

v Vi, o
<U(gmleg > = < ¢|U(g)n >
= ¢*(y)e"y‘”e”””'n(s‘l'y)i}i~ (4.18)

Vi Yo
where V7 is the hyperboloid. We also need the integral definition of the ¢ function

in two dimensions (from the Fourier transform):

ox—y)= 1)2 / | eV Ty dy. (4.19)

(2m)? )
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The detailed computation of the integral is given in Appendix E.2.
We obtain that the UIR is not square-integrable on the whole group. We will

then need to work on the quotient.

4.3 Quotient to phase-space and choice of sections

We describe here the quotient that we take in order to have a square-integrable

representation as well as a few sections we will use to undo this quotient.

4.3.1 Quotient

In order to have a square-integrable representation, we take the quotient to the

phase-space. We follow the left quotient decomposition presented in Appendix D.2:

(A’ U) = (ARq7 (O,pl,pg)t) (Ra (a7 O, O)t) . (420)

We redefine § = Rqg = (qo,q1 cost - g28int, qysint + gocost). We work with
(Ag, (0, p1,p2)t) which represents the hyperboloid and the space plane orbit.

Even if we take the quotient, we will use the natural coordinates and the in-
variant measure associated to it (given in Section 4.2.1) instead of the measure

obtained from the left quotient decomposition.

4.3.2 Sections

There are several possible sections we can choose to undo the quotient, that is
to go from the orbit to the group. Here are the ones we will use.

The most simple is the Galilean section:

oo: T —= G, oo(q,p)=((0,p)Ag) (4.21)

It can be used to obtain a generic section:

0:T =G, o(qp)=oeqp)(flap)0),R(q,p)). (4.22)
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where f is a scalar function and R is a rotation. From there, we can choose f to
be able to solve the integral.

A particular class of such sections are the affine sections for which f(q, p) =
#(q)+p-6(q) and R(q,p) = R(q). Moreover, here we can choose ¢ = 0. Actually,
this affine section appears as a constraint on f in the computation for the generic
section.

We also define the principal section:

op:I'—> G, op(q,p) = (Ap, Ay). (4.23)
Here is the list of the sections we will be using’in the following:
e the principal section: op(g,p) = (Agp, Aq) in 4.4;
e the Galilean section: op(q, p) = ((0, p)*, Ag)-in 4.5;

e the generic section: o(q, p) = oo(q, p)((f(a, p).0), R(q, p)), which will be-
come the affine section: o,7; = ((p - 6(a),0)As + (0, p), AgR(q)) in 4.6.

The principal section leads to a nice result. We obtain coherent states for a general
set of vectors. For the Galilean and affine sections, we obtain frames, that is we are

able to get bounds on the integral, provided a special form of 7.

4.4 Coherent states for the principal section

We perform the computations to obtain coherent states on the hyperboloid. We

follow the method outlined in Section 3.2. Here, we are using the principal section.

4.4.1 Definition of the set of vectors

We recall the definition of the principal section (4.23): ap(q.p) = (Agp. Ag). We

choose a set of vectors (vector-valued functions) n in the Hilbert space H = C &
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L2V, @b’;‘ﬂ). Those vectors are transformed by the UIR (4.15) in the following

way:

(ndp(q,p))(k) = (U(UP(va))U)(k)
= (U(Agp, Ag)n)(k)
= eik'ﬁe_inon(Aq_lk), (4.24)

where p = A,p and k is an arbitrary point on the hyperboloid.

The formal operator is as follows:

1
Aap = / lnap(q,p) >< "]op(qyp)’a(;dqdp: (4'25)
r .

where T is the four-dimensional orbit, that is the hyperboloid and the space plane.
The change of coordinate p — p = A,p gives a complicated Jacobian which is
- hard to work with. Instead, we try the change of coordinate k — X (k) by rewriting

the dot product in the exponential:

k-p

I

k- (Agp)
= knAgp

= kAJ'np
= (kA7Y)-p

= X(k)-p, (4.26)

where 7 = diag(1, —.1, —1) is the metric governing the dot product here. We also
use the fact that nA, = A 'n and define X (k) = kA"

We compute the Jacobian for the change of coordinate k — X (k):

1 1
IJI = 0 (goko — q1k1 — fhkz) =—q-k. (4-27)
mkg mkq

This is the change of coordinate we will use. We then write ¢*? = ¢X(%)? in the

integral.



4.4.2 Integration of the formal operator

We want to see under what conditions the formal operator A,, satisfies the

resolution of the identity. We thus compute the integral:
Liy = < 9|4z >. (4.28)

The details are in Appendix E.3.
We obtain that:

Ly = [ @A BT (4.29)
where
_1yp2. ™ dg
Anplh) = (2 [, magor St (430)

4.4.3 Rewriting of the vector argument

We need to rewrite |n(A;'k)|? as a function of g in order to perform the integral
and evaluate A, (k).

We have the following by definition or simple computation:
L] Akkg = k, ko = A;lk, A;lko = ]—ﬁ', k?o = Akl—ﬁ;

o ApAgko = RAquko, where R is a rotation;

Remark 4.4.1 The second item expresses the fact that AxA, applied to ‘ko and
AgAy applied to ko differ only by a rotation. Note that this is not true if applied to

some other vector.
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We can thus rewrite:

In(A;TR)? = [n(A; Ax(m,0,0)")
= I"(RAkAti(m’ 0, O)t))|2
= In(Axg)f?

(@)%, o3y

where we define ¢ = Ag. We have also set that |n|? is invariant under rotation, that
is |n(Rg)J* = |n(q)|?>. This means that it is a function of the 0 (time) component
only.

We thus compute the 0** component of the argument ¢" = A.q:
, _ 1
9o = (Axq)o = Ek g, (4.32)

where k- ¢ = koqo — k1q1 — kaqo.

4.4.4 Evaluation of the integral

We return to the evaluation of the integral (4.30) for A, (k). We use the fact

that gj = Lq- k and that 23 = 99 (since this is an invariant measure) to write:
07 m 90 a

Anl®) = (2 [ P (43

!
0
We recall that 7 is square-integrable and that g, > m > 0. We can then see that

Ay, (k) is actually a constant with respect to k (it only depends on ¢’). Then,

Ioy = Aep <Pl >. (4.34)

4.4.5 Resulting coherent states
The resulting coherent states are the vectors:
(Moptem)(k) = e“MPe (AT ). (4.35)
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They have to be normalized by /A, in (4.33) in order to have the resolution of
the identity.

4.5 Coherent states for the Galilean section

We perform once again the computations to obtain coherent states on the hy-
perboloid following the method outlined in Section 3.2. Here, we are using the
Galilean section.

We will not obtain coherent states, but we will get a frame for a restricted type

of 7.

4.5.1 Definition of the set bf vectors

The Galilean section (4.21) is written oo(q, p) = ((0,p)%, Ag). We take a set of
vectors (vector-valued functions) # in the Hilbert space H = C ® L*(V;, dqfdey

qo
We transform it by the UIR (4.15):

('ﬂao(q,p))(k) = (U(UO(q,P))n)(k)
= (U((0,p), Ag)n)(K)
= RO ein(AT1E), (4.36)

where k is an arbitrary point on the hyperboloid.

The formal operator is written:

1
Aao = / lnao(q,p) >< nou(q.p)lz];dqdpa (437)
r

w'here I" is the four-dimensional orbit.
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4.5.2 Integration of the formal operator

We want to see if, and under what conditions, the formal operator A,, satisfies

the resolution of the identity. We thus compute the following integral:
Ipy = < ¢lAg >. (4.38)

All the details of the computation are given in Appendix E.4.

Assuming again that |p|? is rotation-invariant, we get the following:

dk '
I¢»¢ = ¢*(k)A00(k)¢(k)7§-> (439)
v 0
where
_ o 1 dq
) = P [ P (4.40)

m

4.5.3 Estimation of the integral

We would like to obtain that A,, is independant of k. Actually, there is no
solution. A sifnple guess 7 = /ko would give A,, independant of k, but  would
then not be square-integrable.

We can try to find some function f(k,q) such that n = f(k,q)vko would be
square-integrable and A,, would be independant of k. Unfortunately, it is not
possible because then we would need f = f(¢) and n would not be square-integrable
anymore.

We can also try to bound A,,(k) to get a frame. As a bound for any 7, we only
have the condition 0 < é < L. The inverse of the operator is not bounded.

We thus need to find a suitable 7 to obtain a bound on the operator. We can
write n = f (Ik, q)v'ko where f is such that both n and f are square-integrable.
Moreover, suppose f(k.q) is such that we have bounds on the operator: 0 < a <
A, (k) < b < co. We would thus have a frame for the Galilean section under these

conditions.
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4.5.4 Resulting frames

As described in Definition 3.1.1, the set of vectors:

Og¢ = {nao(q,p)l(qa p) € R4} CH (4'41)

constitutes a frame for a suitable function f as described above.

4.6 Coherent states for the affine section

We now start from the generic section to obtain coherent states on the hyper-
boloid following the method outlined in Section 3.2. We will be lead to the affine
section during the integration process.

We will again get a frame for a particular affine section and a restricted type of

4.6.1 Definition of the set of vectors

We start from a generic section:

o(q,p) = (Ay(f(a,p), 0)' + (0,p)", AgR(q. p)), (4.42)

where f is a scalar function and R is a rotation.
We take a set of vectors (vector-valued functions) 7 in the Hilbert space 'H =

Ce L*(V}

m?

—d‘“;:)d‘”). We transform it by the UIR (4.15):

(Mo(ap)) (k) = (Ulo(a,p))n)(k)
= (U(p, AqR(a. p))n)(k)
= %P (R (q)A; k), (4.43)

where p = A (f(q.p).0)" + (0,p)". Since we know the matrix form of A,, we can
rewrite p = - f(q, p)g + (0, p)"-
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We will use this as a change of coordinate p — p. We compute the Jacobian:
[ =1+—qz5—+ L2 (4.44)
m m

We want to choose f such that the Jacobian is independant of p to be able to

perform directly the integral giving a ¢ function. This leads to the affine section:

fla,p) =p-0(a) + #(q), (4.45)

where @ is a two-vector function and ¢ is a scalar function. The resulting Jacobian

is:
1
|Jl=1+—q-6. (4.46)
m

We define the formal operator:

dqdp
Ao _/lnv(qp) >< No(qp)|—— (4.47)

4.6.2 Integration of the formal operator

We want to integrate the formal operator in order to see if it satisfies the res-
olution of the identity. The details of the integration are given in Appendix E.5.

Note that we restrain R(q,p) = R(q).

We obtain:

) dk
Lo = [ 804 k v (1.45)

vi 0

where
_ dq

k. 2 P~ 4.49
Aotk.a) = ) [ ol P e (449

m

and A, = A R(q).
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4.6.3 Rewriting of the vector argument

We need to rewrite the argument of 1 as in 4.4.3. The process is exactly the
same except that we have a supplementary rotation R(q) which disappears under
the assumption that |n|? is rotation-invariant.

The integral (4.49) is then rewritten:

Ag(k,q) = (21)? / In(ab)] (4.50)

where gf = Lk - g.

m

4.6.4 Estimation of the integral and resulting frames

In order to obtain a result, we need to choose a particular value for the 0

function. If we set § = (51;, qlz), the integral (4.50) reads:

Ay (kg) = (21)? / Inab) P2 99 (4.51)

Vi kom+2qo
Recalling that ‘;—;‘ is the invariant measure, we are in the same situation as for the
Galilean section. Then, we can write n = f(k, ¢)vko with f such that both n and
f are square-integrable. Moreover, we suppose that .f (k,q) is such that we have
bounds on the operator: 0 < a < A, (k) < b < oo. We would thus have a frame for

the affine section with a particular # under these conditions.

We have built a set of coherent states on the hyperboloid using the principal
section. We have obtained a frame for the very simple Galilean section under certain
. conditions on the initial vector set. We have also obtained a frame for a particular

form of the affine section under restrictions on 7.
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Chapter 5

Coherent states on the upper cone

In this chapter, we compute the coherent states on fhe upper cone (denoted
by cone only in the following). We use the same method as in Chapter 4 for the
hyperboloid. |

We define a set of natﬁral coordinates and an invariant measure on the cone.
We also present another set- of coordinates which happens to be useful for the
computations. We compute the induced representation and describe a set of sections
that is used to ﬁhally compute the coherent states as described in Section 3.2.

In 5.4, we work with a generalized principal section, we obtain coherent states.
In 5.5, we use the basic section to obtain a frame under some conditions on the

initial vector.

5.1 Coordinates and measure

We start by defining a set of coordinates on the cone and its cotangent plane.
We compute the invariant measure on this structure. We also present another set
of coordinates related to the projection of the cone which will be useful in the

computations for the coherent states.
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5.1.1 Natural coordinates

We use the natural coordinate ¢ = (go, g1, g2) on the cone embedded in a three-
dimensional space. It satisfies g2 — ¢ — g2 = 0.

The p coordinate is on a cotangent plane to the cone. Here, we will use p =
(po, Po, p2) as the coordinate on the plane obtained in Section 2.3.

Once again, the cotangent plane, hence the p coordinate, is attached to the cone
at a point g. In the hyperboloid case, p was changed to p by a pure boost. We
need an equivalent transformation here. Therefore, we define p = pA s, where A,
is such that (1,1,0)A, = g. We then have qA;1 = (1, 1,0). It is possible to obtain a
matrix representation of A,. The computation is presented in Appendix F.1. The

result is:

1+¢d+q0-—a gon—-1—g+q ¢(l1+q)
1

A, = - 2 o—a —pl-a) | (51
1T T |0l eta 1vdte-a —el-a) (5.1)

g2(1 + qo) —g2(1—q1)  qo+ a1+ 45
5.1.2 Invariant measure

From the natural coordinates, we compute ¢’ = gA (note that ¢’ = gA+pA~—1(J-
v), but we study the measure only on the cone, that is without translations v). The

when there are no translations.

invariant measure is d‘“g\%

We also have:

where we have set R = AjAA~'A;! and p' = pR.
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We check that R is a rotation on the cone. It should keep the value of gq
constant. We cannot use the condition (1,0,0)R = (1,0,0) because (1,0,0) is
not a point on the cone. We thus check the condition (1,1,0)R = (1, a, b), where
a2+ =1.

(LLOR = (1,1,0)AnATIA;}
= qAA'lA(;1
= qA;l
= (1,1,0).
This means that R is a rotation. We have p/ = pR, then dp, A dp, is invariant.

Finally, the invariant measure on the cone is:

_ dqy N\ dgy A dpy N\ dp

dp
qo

(5.2)

5.1.3 Projection coordinates

We present here another representation of the cone coadjoint orbit. This is
based on the projection of the cone on a plane.

We represent an element of the cone orbit with its cotangent plane by g =

1 0
(Ra, A; b), where Ry is from (1.4) A, = , A is the dilation factor (actually
0 Ry

A = cosh~ + sinh~ from A, in (1.4)) and b is a two-vector characterizing the

cotangent plane. The product of two elements is:
99" = (Ro, \; b)(Rer, N;b') = (Ro4e, AX; b + ARgb"). (5.3)

It is obtained from the matrix product of two elements of a semidirect product
group and a direct computation for the rotation and the boost.

We will use the angle 6 and the dilation parameter A = coshy + sinhy as the
coordinates on the cone. In this setting, the coordinates on the plane are b, and b,

from b.
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We then have another representation of A,, the action on the cone. Besides the
matrix given in (5.1), we can use A, = AR,. It will act on the two-vector (1,0) to

take it to the projection of q on a plane, that is (g, ¢2)-

5.2 Induced representation

We now describe how the induced representation of the Poincaré group is ob-

tained. This follows the method given in Appendix A.2.

5.2.1 Tools

We list here the different objects we will use in the following:
e Sy =n (a translation) is the stabilizer of V* 3 ko = (1, 1,0);

e O* the orbit of kg in RD* under SO(2,1) is the cone (g3 — ¢} — g5 = 0);

e dv(q) is the invariant measure on O*, the cone, hence dv = iq%;—‘zg-z- as presented

in Section 5.1.2;

e Hy is the stabilizer of (0,ky) € g* under the coadjoint action, where ky =

(1,1,0), hence it is the translation n and the translation v = (¢, —t,0);

o O(ox,) is the orbit of (0,ko) € g* under the coadjoint action of G, here it is

the cone and the plane (po, po.p2);

e T*(O* is the cotangent bundle of the orbit O*, here the cone and its cotangent

plane;

e ' = G/H, from (1.27), it is then the cone and the plane (po, po, p2);

e du(q,p) is the invariant measure on T, M’-’—szﬂﬁi@, where ¢;, p; are the

natural coordinates and p = PAGA-
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We now have everything we need to obtain the induced representation.

5.2.2 Representation

We follow the procedure described in Appendix A.2 in order to obtain the
induced representation.

We associate a unitary character x to V = R?! in the same way as before:
x(x) = exp(—i < ko; z >), (5.4)

where kg = (1,1,0).
Let s — L(s) be a UIR of Sy carried by a Hilbert space t. Here, Sy is the .
translation (n in the Iwasawa decomposition). Then, L(s) is a one-dimensional

unitary representation: e*?, where t € R and p is the translation parameter. The

UIR xL of V x Sy carried by € is: -
(xL)(x, s) = exp|—i < ko; T >]e**. (5.5)

The Hilbert space is £ = C.

Now, we want to induce a representation of the Poincaré group G = R?! x
SO(2,1) from xL. From the coset decomposition, (z, s) = (0, Ax)(A; ', so) (where
Ay is the transformation on the cone and sy = n) we act on (0, Ax) which represents

the cone O*:
(z,8)(0,Ap) = (0, Agp) (AL x, A sA,). (5.6)
We obtain the following cocycles:

h:Gx0O"—V xSy, h{lz,s),p)= (As'pl;r, ho(s, p));

ho: Sx O — Sy, he(s,p)= AS‘p‘sAp. (5.7)

They look the same as for the hyperboloid due to the notation, actually A and Sy

are different matrices.



The UIR is again written this way:
(LU (z, s)¢) (k) = expli < k;z >]L(ho(s™ %, k)) "' d(s7 k). (5.8)

‘The writing is the same as in the hyperboloid case except that the objects are
geometrically different.

Finally, the UIR we will be using is written:

(XLU (v, s)p) (k) = expli < k;v >]e~ k) p(s~1k). (5.9)

It is similar to the UIR obtained for the hyperboloid in (4.15), but here k is a point

on the cone, t € R and p is a translation parameter.

5.2.3 Square-integrability

We now check if this representation is square-integrable over the full group G.
We have defined square-integrability in Definition 4.2.2.

We write the following:

<Ulgmle¢ > = <e*ve =plp >

= [ ey (5.10)
v+ Zo
<U(gnl¢ >* = < ¢|U(g)n >
= [ s)erreitmsiy) 2 (5.11)
v+ Yo

We will need the integral definition of the delta function (4.19).
The detailed computation is given in Appendix F.2. We obtain that the UIR
is not square-integrable on the whole group. We therefore need to work on the

quotient.

5.3 Quotient to phase-space and choice of sections

Since the UIR is not square-integrable, we need to take a quotient and work

onlv on the four-dimensional orbit. We also need to define some suitable sections
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in order to go back to the full group.

5.3.1 Quotient

We take the quotient to the phase-space to have a square-integrable represen-

tation. We follow the left quotient decomposition:

(A,v) = (Ak, (Po +P1 Pot+ M ,p2)t> (n, (¢, —t, O)t)_ (5.12)

2 72
Note that in the Iwasawa decomposition A is ka a product of a rotation and a
boost and n is the translation.
Since getting the left quotient decomposition measure is pretty hard in this case
(becauée the cone coordinates are angles), we will use the natural coordinates and

the invariant measure associated to it listed in Section 5.2.1.

5.3.2 Sections

Later, we will need to fix a section in order to be able to undo the quotient
taken above. We describe here the different possible choices.

By analogy with the hyperboloid case, we define a basic section:

t
-+ +
Jo - I'— G ) UO(qap) = ((po p17p0 pl:P2> aA;]> ) ‘ (513)

2 2

where A, is ka product of a rotation and a boost, its matrix form is given in (5.1).

Then, we can get a generic section ¢ : I' — G from there:
o(a,p) = oolg.p)((f,—f,0)",N)
+ +p '
= (Agl(f, ~£,0)" + (po h B 1;192) ,A;1N> . (514)

2 2
where f = f(g,p) is a scalar function and N = N(q, p) is a translation.
There is also the generalized principal section which is defined paralleling the

principal section for the hyperboloid:

op: T =G, oplq,p) = (A3, A]p). (5.15)

q
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~We have added some freedom with the oo and 3 exponents. We will get some
constraint on those exponents when computing the coherent states.
In 5.4, we will work with the generalized principal section which leads to a nice
result. We obtain a family of coherent states for a general set of vectors. With -
the basic section, presented in 5.5, we are only able to obtain a frame under some

restrictions.

5.4 Coherent states for the generalized principal
section

We now move to the computation of the coherent states. We start with the

generalized principal section. We follow the method described in Section 3.2.

5.4.1 Definition of the set of vectors

We recall the definition of the generalized principal section:
op(g,p) = (A, A]p). (5.16)

We start with a set of square-integrable vectors 7 in the Hilbert space H = C &

LAV, 4242 We transform them using the UIR given in (5.9):
) g
(Mo ) (k) = €7<5P7 e on(A ), (5.17)

where p = AZp and k is an arbitrary point on the cone.

The formal operator is defined as follows:

dqd
= ]no'p >< nvﬁp!—(joﬁp' (518)
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5.4.2 Integration of the formal operator

The integral of the formal operator Iy y =< ®|A,,¥ > is given in Appendix
F.3.

We work out the Jacobian of the change of coordinate p — p = Af;p. To do this,
we need to use the projection coordinates defined in Section 5.1.3. We thus rewrite:
p= Afl’p = M Rgpp, where p is the projection of p on the punctured plane. Then,
we have that: p; = M cosB0p; — A sin B0p, and p, = NPsin B0p; + AP cos B0p,
which gives the Jacobian |J| = A\?%.

When rewriting the integral with this Jacobian (see the details in Appendix

F.3), we obtain:

| dk |
Isy = / O*(k)Asp (k)T (k)—, (5.19)
v+ ko
where
2 - » 1 ldq
= @ —_ 5.20
Aopll) = @ [ AR (5.20)

5.4.3 Rewriting of the vector argument

In order to rewrite the argument of 7, we use the projection setting and the
isomorphism of the cone with the punctured plane.

We redefine the point k to be the initial point (1,0)* on which the rotation R4
and the dilation 7 act, ﬁhat is k — k = 7R4(1,0)". We also have that ko = 7, the
time component only depends on the dilation. We can also obtain this from k2 =
k2 + k5 = 7% cos® ¢+ 7% sin® ¢. Similarly, we write A, as ARy, then AJ* = A"*R_,.

With all this information, we are able to write:

In(A;°K)1? = In(A""R_ao7 Rs(1,0)"))?
= (AT TRs_0s(1,0)))
= |n(A77(1,0)9)% (5.21)
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where we have considered that |n|? is rotation-invariant.

We rewrite the integral (5.20):

_ 2 - t 2_1_1_d_q 29
Apl®) = (n [ o (1,00 7 (5:22)

We can see that |5|> depends only on the length of the vector A™*7, we thus change

the variable to g = ¢} = A~%*r (and ¢} = 0).

5.4.4 Evaluation of the integral

We recall that the measure %g is invariant. Also, provided 23 = —a, we have
A% = g} too, then we get the resolution of the identity because the operator is

now written:

o ldq
A, = (2n) / (g5 2L (5.23)
Jy+ 9o 499

and does not depend on k. ‘Also, recalling that 7 is square-integrable and ¢} > 0,

for an initial vector n in the domain of the unbounded operator, multiplication by

1 we have:
9

dk
Id),\l’ = AU*p (D*(k)\:[l(k’.)'k~
v+ 0

= A, <OV >. (5.24)
5.4.5 Resulting coherent states
The vectors 7,, are coherent states for the section:
77(3,p) = (A;, ALp), (5:2)
that is:
(7o ) (k) = €' <545P> =10 (AT ) (5.26)

are a family of coherent states for y € Z and a suitable 5 with the normalization

by \/As, given in (5.23). This is a promising new result.
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5.5 Coherent states for the basic section

We now try to work with the basic section (5.13). We again follow the method

described in Section 3.2. We will obtain a frame under some conditions on 7.

5.5.1 Definition of the set of vectors

We recall the definition of the basic section:

, _{(potp mo+p1 \'
0o : '— G ) UO(q,p) - » P2 7Aq ) (527)

2 72
where A, is the matrix acting on the cone.

We start with a set of square-integrable vectors 7 in the Hilbert space H =

C® L2(V*, dL‘(;:)éq—?). We transform them using the UIR given in (5.9):
(1oo) (k) = /K222 2 me0> o (A ) (5.28)

where k is an arbitrary point on the cone.

. The formal operator is defined as follows:

dqd
Ay = / Moy >< Mool ——2. (5.29)
r qo

5.5.2 Integration of the formal operator and rewriting of the

vector argument

The integral of the formal operator Iy gy =< P|4,,¥ > is given in Appendix

F.4. We obtain:

dk |
low = | &WALBUBE. (530
where
Ao (k) = @n)° [ In(agk)Pn e, (5.31)
v+ ko qo
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We again need to rewrite the argument of 7 using the projection coordinates as

in Section 5.4.3. This gives:

In(Ak)* = In(ARe7Ry(1,0)")|"
= |n(AmRy1s(1,0))[*
= In(3 (1,009, (5.32)

where we have considered that |n|? is rotation-invariant.
Hence, the integral (5.31) can be written:

Au) = 2 [ O, 0P %2, (5.33)

v+ T qo

5.5.3 Estimation of the integral and resulting frame

We can set that n(A,7) = f(A,7)/7 where f is such that both 1 and f are
square-integrable. Moreover, if we suppose that f(\, ) is such that we have bounds
on the operator: 0 < a < A, (k) < b < 0o, we have a frame for the basic section.

Under these particular conditions, the integral (5.31) is bounded and the vectors

(5.28) form a frame.

We have built a family of coherent states on the cone using a generalized prin-
cipal section. We have also obtained a frame under certain conditions for the basic

section.
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Conclusion

Summary of the results

The main results of this thesis are divided in two parts.

We have first studied the orbit structure of the Poincaré group in 2 + 1 dimen-
sions. From a matrix representation of the group, we have computed a formula for
the adjoint and coadjoint action. This has allowed us to obtain and classify the
coadjoint orbits of the group. We have also directly calculated the representation
generating orbits. We have obtained a degenerate orbit, the two-sheet hyperboloid,
the upper and lower cones and the one-sheet hyperboloid; they all also appear as
two-dimensional coadjoint orbits. Moreover, the hyperboloids and the cones appear
with their cotangent plane as four-dimensional coadjoint orbits. Finally, the repre-
sentation generating orbits and the four-dimensional coadjoint orbits were linked.

Despite the fact that those representation generating orbits were known, they
have been obtained here in a different way. The explicit computation of the coad-
Joint orbits also represents new work.

The other part of the thesis concerns coherent states. Using the information
obtained from the coadjoint orbit structure of the upper sheet of the two-sheet
hyperboloid and of the upper cone, we have defined coordinates and an invariant
measure on them. We have also induced a representation and computed the coher-

ent states on each of them. For the hyperboloid, we have obtained coherent states
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for the principal section and a frame for the Galilean and the affine sections. For
the cone, we have obtained a family of coherent states for a generalized principal
section and a frame for the basic section.

The way the coherent states are obtained also represent an original contribution
for our particular group especially in the matrix representation. Indeed, even if the
1+1 and 3+ 1-dimensional cases have been studied in details, the 2+ 1-dimensional

case was neglected.

Further work

Here are some possible continuation and new directions of the work done in this
thesis.

It would be interesting to study quantization from those coherent states follow-
ing the ideas in [27, 14, 24] and using [2].

We could also work out the induced representation and the coherent states for
the one-sheet hyperboloid which is isomorphic to the cylinder.

The complexification of the hyperboloid using the method developed by Hall
and Mitchell [17] for the complexified sphere would also be something to explore.
We can define coherent states from there and compare them to the ones obtained
in Chapter 4.

One of the most promising applications is in the wavelets scheme. We can apply
our results to signal and image analyéis using the books [11, 1, 8.

It is possible to apply the process to other semidirect product groups like the
Jacobi group (SL(2,R) x H(R), H being the Heisenberg group). We could again
compute the coadjoint action and classify the coadjoint orbits from a matrix rep-
resentation of this group.

Further research could also be about obtaining a general framework for coadjoint
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orbits of semidirect product groups.

There are two more possible generalizations:

e Extend the procedure to a superstructure (G becoming a supergroup), that is
apply the orbit method and get the symplectic structure for a supergroup. El
Gradechi [13] has extended the geometric quantization to a supersymplectic

supermanifold.

e Generalize the orbit method for infinite-dimensional structure using diffeo-
morphism group, Iglesias (in a joint work with Donato) has explanations on

his website [18].
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Appendix A

Theoretical background

In this appendix, we present some background knowledge regarding group theory

and the induced representation method.

A.1 Group theory

We introduce the generic definitions for Lie groups and Lie algebras as well
as the dual algebra and the semidirect product groupvstruct‘ure. We also present
concepts related to orbits and some basic notions about differential and symplectic

geometry.

A.1.1 A few definitions

A Lie group G has a structure of differentiable manifold. The multiplication
and the inverse are smooth maps. Here, we use a matrix representation.

The differentiation at identity of each one-parameter subgroup gives the Lie
algebra generators. We can see the algebra g as the tangent space at the identity.
The multiplication law of the algebra is called Lie bracket (or commutator) and

satisfies:
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e bilinearity: [aX + Y, Z] = a|X, Z] + Y, Z] and [X,aY + Z] = o[ X, Y]+
BIX,Z],VX,Y, ZegandV a, €K, here K=R;

¢ antisymmetry: [X,Y]=~-[V,X],V X, Y € g;
o Jacobi identity: [X, [V, Z)] + [Y,[Z, X)| + |Z,[X, Y]] =0,V X, Y, Z € g.

The dual algebra is denoted g*. The dual pairing is a bilinear form such that:
<;>: g* x g — R. In a particular basis, we have < .X"*;Xf >= ¢;;. For matrix
groups, we have that < A; B >= tr(AB). When we are working with vectors, this
is simply the scalar product (with or without the metric of the group).

We are working with a semidirect product group, the Poincaré group, which
is described in details in Chapter 1. The general structure of such a group is:
G =V xS, where V is a real vector space and S is a subgroup of GL(V).

One last useful definition is the definition of a Hilbert space. A Hilbert space
is a generalization of a Euclidean space, it is a complex linear vector space with a
scalar product < -,- >. In this thesis, we mainly use L?(X,dpu), that is the space

of square-integrable functions on X with respect to an invariant measure du.

A.1.2 Orbits

We have a group space X. The group G acts on the space by the bijective map
xz — gx. The orbit of a fixed point x of the set X under the action of the group
G is the set Gz = {9z € X|g € G}. The stabilizer (also named little group) of a
point z is the set H, = {h € Glhx = z}.

The group G acts faithfully on X if (), .y H. = e.

The group G acts freely on X if H, = e,V € H.

If Vo, y € X there dg € G such that y = gz, G is said to act transitively on X.

There is a bijection between the orbit of a point x and the quotient of the group

G by the stabilizer of this point: Gir ~ G/H,. We are using this bijection to obtain
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our coadjoint orbits in Chapter 2.

A.1.3 Differential and symplectic geometry

We describe the coadjoint orbits in Section 1.3.1. Since those orbits actually
have a natural symplectic structure, we introduce some notions of symplectic ge-
ometry here. We also present some notions of differential geometry.

A symplectic vector space is a real vector space V with a bilinear, antisymmetric
and nondegenerate form ().

A symplectic manifold is an even dimensional manifold with a closed antisym-
metric two-form. The tangent space at any point of the manifold is a symplectic
vector space. The coadjoint orbits are even dimensional and some of them have the
structure of a symplectic manifold.

The cotangent bundle, denoted T*O*, of a bsmooth manifold O* is the vector
bundle of all the cotangent spaces at every point on the manifold. It may be
described also as the dual bundle to the tangent bundle (TO*).

We can put coordinates on a cotangent bundle structure. Usually, coordinates
on the manifold are ¢; and coordinates on the cotangent space are p;. The invariant
measure can be computed using these coordinates.

The projection map (w), as the name tells, is a map from a manifold to a
submanifold. The quotient of a group by one of its subgroups (for example the
little group) can be seen as a kind of projection. That is to say that we restrict
ourselves to some subgroup.

The section (o) allows us to go back to the original manifold (or group).-It is a
way to undo the projection or the quotient. Precisely, we have that 7 (c(U)) = U,
where U is an open set of the manifold. There is a choice involved there which
may change the issue of the computation. We need to choose sections for the

computation of the coherent states in 4.3.2 and 5.3.2.
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A.2 Induced representation method

The induced representation method is a canonical method to construct a repre-
sentation of a group. It has been introduced by Mackey [25]. The idea is to obtain
the representation of a group from the already known representation of one of its
subgroups. We briefly discuss general facts about representation theory and then
present the method as it is used in Sections 4.2 and 5.2.

A linear representation is basically a map T from a locally compact group G to

the set of bounded linear functions on a separable Hilbert space h. It satisfies:

T(9192) = T(gl)T(gz) Vo1,9: € G, T(e) =1,

where e is the identity element of G and I is the identity in the Hilbert space.

A unitary representation is such that T is a unitary operator. That is T obeys
T* = T~1. An irreducible representation has no nontrivial invariant subspaces. A
unitary irreducible representation has both of those properties and is denoted UIR.

As stated earlier, the principle underlying the theory of induced representations
is that you can induce the representation of a group from an already known rep-
resentation of one of its subgroups. Namely, this subgroup is the little group or
stabilizer.

The method that is used to get representations for the computation of the
coherent states in Chapters 4 and 5 follows [1], §10.2.4.

We have that dv is the invariant measure on the orbit I' and the Hilbert space
is K = L¥(T, dv).

We first associate a unitary character y to V = R?! in this way:
x(v) = exp(—1 < ko;v >), (A.1)

where v € R?! and kg is the initial vector which determines the case.

Let s +— L(s) be a UIR of S, the little group, carried by a Hilbert space K.
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The UIR xL of V % S, carried by K is then:
(xL)(v, 8) = exp[—i < ko; v >]L(s). (A.2)

Now, we want to induce a representation of G = V % S from xL. From the
coset decomposition: (v,s) = (0, Ax)(Aj 'v, s0) (A is the action on the hyperboloid
or the cone), we act on the left part (which represents O*, the hyperboloid or the

cone):
(v,8)(0, Ap) = (0, Ap) (A 0. A sA,), (A.3)
where p € O*. We obtain the following cocycles:

h:Gx O =V xSy, hl(v,5),p)= Az, ho(s,p));

ho :Sx O — So, ho(S,p) = A;pISAp. (A4)
The UIR is then written this way:
(X"U(v, s)¢) (k) = expli < k;v >]L(ho(s™", k)) " ¢(s™ k). (A.5)

The orbit method is a natural continuation of the induced representation method,

it has been built by Kirillov [20]. We do not treat it here.
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Appendix B

Detailed computations for the
definition of the adjoint and

coadjoint actions

In this appendix, we give the details of the manipulations done in order to obtain

the actions in Section 1.2.

B.1 Rewriting of equation (1.14)

We show here how the equality (1.14) (Aa! - JA™) = (m(A~)tma)t - J) is
obtained in the computation of the adjoint action.

We want to write Aa! - JA™! = ot - J, where o - J = agJp + oy Jy + azJo. We
perform the computation for each element of the linear combination J;. We first
assume AJ;A~! = 3" a;;J;, then we compute the part AJ;A™! for a generic element
of the group A = Aj,A; Ay, in order to extract this linear combination. We have

used Maple to perform the matrix multiplications.
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We obtain the following (using the definition of J; given in (1.5)):
AJoA™! = Agd Jo + Mgy — A U,
ARA™ = A Jo + A — AR,

If we collect those results in a matrix, we can see that:

A A ALY (o
AJA =1 A AR AR A (B.1)
—Ay —Ay AR )\

This is where we need to introduce the matrix m in order to fix the signs:

10 0
m=|01 0|. (B.2)
0 0 -1
We reintroduce o and write this result as:
Aot - JATY = (a'mA~ m) - J. (B.3)

The last step is to rewrite a'mA~1m as something times « in order to be able to
write the coadjoint action in a matrix form. We explicitly compute the expression
and get that o‘'mA~'m = m(A~!)!ma.

We thus have rewritten:

Aat- JA™Y = (m(A" ) ma)t - J. | (B.4)

B.2 Rewriting of equation (1.17)

We now show how the equality (1.17) (—Aat-JA™1v = —(J-v)A~ ) is obtained

in the computation of the adjoint action.
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We already have obtained that Aa! - JA™Y = (m(A~})tma)t - J = (A1)t - J,
then:

— Adt - JA o = —((A7ta)t - T)v. (B.5)

We first rename the vector —A~la =W = (Wo, Wy, W,). We then expand the
dot product with J. We recall that the vector J = (Jp, Ji, J2) is made of matrices.
This gives (WyJy + W1 J; + WaJs). We apply this linear combination to the vector

v using the explicit expression of J’s given in (1.5). This gives:

lez + W2v1 .
—I/V()Uz + WQ’U() . (BG)
Wo’Ul + Wl’Uo

We compare this result to —(J - v)A™ e, that is the matrix J - v given in (1.18)

applied to the vector W. We obtain:

’U2W1 + 'UlVVQ
—’L'QWO + ’L’0W2 - (B7)
"M W() + ’U()Wl

We see that the two ways of writing this give the same vector. We have thus:

—Aat- JA W = —(J - v)A e ‘ (B.8)



Appendix C

Computations for the orbits

We give here the detailed computations regarding the different orbits presented

in Chapter 2.

C.1 Computations for the two-sheet hyperboloid
orbit

In Section 2.2, we have set kg = (:tm 0 o)‘ We compute the representation

generating orbit and the two coadjoint orbits for this case.

Representation generating orbit
To get the action of SO(2, 1) on the dual of R%!, we just multiply the row-vector
X* = (’Yo " 72) by the subgroup matrices. Here is the result for X* = &y =

(4m 0 o)

X*A; = (:tm 0 0>: (C.1a)
XAy, = (immshﬁ 0 :tmsinh,[j’), (C.1b)

X*A,, = <:i:mcosh'y +msinh vy 0>~ (C.1c)

-1
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We have that the two boosts are acting. The vectors (C.1b) and (C.1c) are two
hyperbolas. This gives the upper sheet of the two-sheet hyperboloid for +m and

the lower sheet of the two-sheet hyperboloid for —m.

Coadjoint orbits

From the coadjoint action definition:
4dt(g)x* = (arh+ gAY (J-v) BrA7Y)
with the vector (a* ﬁ*) = (0 ko) = (() 0 0 +m O 0), wevget that:
Ad*(g) X5 = ((:I:m,O, 0)A~Y(J -v) (£m,0, O)A—l) : (C.2)

The second part (+m, 0,0)A~! is very similar to the representation generating orbit
computation. It is again generated by the two boosts, this represents the two-sheet
hyperboloid.

For the first part, the simplest way to see the geometry is to use the bijection
with the quotient by the stabilizer. The matrix J - v is defined in (1.18). We want

to solve:
(+m,0,0)A"Y(J-v) =0, (£m,0,0)A7" = (+m,0,0). (C.3)

Using the second one, the first equation becomes: (+m,0,0)(J - v) = 0, which is

rewritten, using (1.18): -
£ m(0, vy, v4) = 0. (C4)

So, the time translation vy is the stabilizer. The quotient leaves the two space
translations to generate the orbit, that is the space plane. We remark that solving
(£m,0,0)A~! = (£m,0,0) gives the rotation A, as the stabilizer and, thus, the

two boosts as the orbit generators.



We thus have a four-dimensional orbit composed of the two-sheet hyperboloid

‘and the space plane.

Now, if we use (a* ﬂ*) = (ko 0) = (:tm 00 ‘0 0 0) instead, we get

that the coadjoint action is:

Ad*(9)X5 = ((im,0,0)[\ 0). (C.5)

From the expression of A for the one-parameter subgroups given in (1.16), we can
see that we have again something similar to the representation generating orbit,
that is an orbit generated by the two boosts which is the two-sheet hyperboloid, a

two-dimensional orbit.

C.2 Computations for the cone orbit

For Section 2.3, we have ky = (:tl 1 0). We compute the representation

generating orbit and the two coadjoint orbits for this case.

Representation generating orbit

To get the action of SO(2, 1) on the dual of R*!, we just multiply the row-vector

X = (70 " 72) by the subgroup matrices. Here is the result for X* = ko =

(il 1 0)2

X*A,;y = (il cosa — sin cr) : (C.6a)
X*A; = (:i: coshf 1 =£sinh ;3) ; (C.6b)
XAy, = (i cosh~y + sinhy = sinhvy 4 coshy 0) . (C.6¢)

From (C.6a), we see that if we cut the orbit at ¢ = £1, we have a circle. From
(C.6b), we see that if we cut the orbit at * = 1, we have an hyperbola. From

(C.6¢c), we see that if we cut the orbit at y = 0, we have a straight line. Moreover,
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in all cases, we have that t> — 22 — y? = 0. This thus gives the upper and lower

cone depending on the sign for the time component.

Coadjoint orbits

From the definition of the coadjoint action:
A QX = (ah+ AT v) BAY)
with the vector (a* ﬁ*) = (() ko) = (0 00 +1 1 0), we get:
Ad*(9)X* = ((ﬂ:l,l,O)A‘l(J-v) (:tl,l,O)A‘l) (€D

We want to compute the stabilizer of this action in order to compute the quotient

G/ H, which is isomorphic to the coadjoint orbit. We must then solve the following:
(£1,1,00A7 = (£1,1,0), (£1,1,0)(J-v) = (0,0,0). (C.8)

The second equation gives, using (1.18), (—vs, &vs, +v4 + vo) = 0. It is solved by
the vector v = (t, Ft,0).

For the first equation, we get that (1,1, 0) is stabilized by Ajj and (—1,1,0) is
stabilized by A7!, the A’s are defined in (1.7). They are both translations (» in the
Iwasawa decomposition as described in 1.1.4).

The coadjoint orbit is given by the quotient of the group by the stabilizer just

obtained. That is:

e SO(2,1)/n is ka in the Iwasawa decomposition, that is a rotation (A,,) and

a boost (A j,) acting on the vector (+1,1,0);

o R21/(t Ft,0) = (0,0, vp) X (¢, +t,0) which is the plane generated by the y-axis

and the axis z = +t.
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The first part'is simply given by:

(£1,1,0)A,, = m(£]1,cosa, —sina),
(£1,1,0)A, = m(% cosh~y + sinhy, cosh y £ sinh vy, 0). (C.9)
This is a circle above (below) the zy-plane and a half-line, they generate the cone.
We thus have a four-dimensional orbit made of the cone and the plane generated
by the y-axis and the axis z = +t¢.
We now compute the stabilizer of the vector‘(a* ,6*) = (k‘o 0) = (:l:l 1000 0)

in order to compute the quotient G/H, which is isomorphic to another coadjoint

orbit:
Ad*(g)X* = ((:tl,l,O)f\ 0)- | (C.10)

We need to solve (+1,1,0)A = (£1,1,0). It is again stabilized by the n translation
(A,_ for (1,1,0) and A,, for (—=1,1,0)). All the R*! translations also stabilize
the vector. The quotient leaves the rotation and the boost to generate the cone, a

two-dimensional orbit.

C.3 Computations for the one-sheet hyperboloid

orbit

For Section 2.4, the initial vector is kg = (0 m 0). We compute the repre-

sentation generating orbit and the two coadjoint orbits for this case.

Representation generating orbit

To get the action of SO(2,1) on the dual of R*!| we just multiply the row-vector

X' = (»)/0 T 72) by the subgroup matrices. Here is the result for X* = ky =
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(o m o)

XAy, = (0 ™ oS & —msina), (C.11a)
XAy = (0 m 0), (C.11b)
X*A,y, = (msinh'y m coshy O). (C.11c)

We have the rotation and one boost acting. The vector (C.11a) is a circle and the

vector (C.11c) is a hyperbola. This gives the one-sheet hyperboloid.

Coadjoint orbits

From the definition:
4t (@)X" = (arRh+ A v) FA7Y),

using the vector (a* [j*) = (0 ko) = (0 000 m 0), we get the coadjoint
action:

Ad*(g)X* = ((o,m, O)A~(J -v) (0,m, O)A“) : (C.12)
We want to get the stabilizer by solving:
(0,m,0)A™! = (0,m,0), (0,m,0)(J-v)=0. (C.13)

The boost in the z-direction (A ,) solves the first part. The second part is (—v,,0, vp) =
0, which means that the z-translation (v;) is in the stabilizer.

The quotient tells us that the cbadjoint orbit is generated by the rotation and
the y boost to which we add the time and y translations. This is a four-dimensional

orbit composed of the one-sheet hyvperboloid and the ty-plane.

Now, if we use X = (a* /j*) = (ko ()) = (0 m 0 0 O ()), we get:
Ad*(9)X* = ((0,m.0)A 0). (C19)
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The stabilizer here is simply A;, with all the R*! translations. The orbit is then gen-
erated by the rotation and the boost acting on (0,m, 0), this is the two-dimensional

one-sheet hyperboloid.
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Appendix D

Coset decomposition measures for

the hyperboloid

We use the coset decomposition to get another set of coordinates and invariant
measure on the hyperboloid. We first present the decomposition and then the
coordinates and measure for both the right and left decomposition.

We know that the stabilizer leading to the hyperboloid is the rotation and the
time-translation (see Section 2.2.2). We wish to decompose the group in its time
and spatial parts to take the quotient. The spatial part will give the coordinates of
the coadjoint orbit.

First, we recall the group product:

ADA@R) AM,2) o))
91!]2 = . (Dl)
0 1

We also need the decomposition of a Lorentz transformation in a rotation and a

pure boost. This is given in [29]:

A=RA, or A= AgyR, (D.2)
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where R is a rotation:

1 0 0
R=10 cost —sint (D.3)

0 sint cost

and A, is a pure boost, see (4.3):

qo qQ1 qz2
= 9 ag )
Ag=|q 1458 p2 . (D 4)
qng a2
noBE 1

Here, we consider the case m = 1 only. We now work out both the left and right

invariant measure.

D.1 Right coset decomposition

We have the following equality:
(R, (a,0,0))(Aq, (0,p1,p2)") = (A, v) = (RAq, (vo, v1, v2)"). (D.5)

We compute the product on the left-hand side using (D.1) and we solve to get the
value of a, p; and p;. We obtain the following: a = vy, p; = v;cost + vgsint,
P2 = va2cost — vy sint.

The coordinates are simply go, ¢; and g, appearing in A, for the hyperboloid
and p; and p, given above for‘ the cotangent plane.

To get the right invariant measure, we act by a generic element ¢{© on the
quotient G/HR = (Ay, (0,p1,p2)") to get the double prime coordinates ;D" and ¢".
We then compute dp”, d¢” and the right invariant measure. |

We need to rewrite A© in the polar decomposition. We use (D.3) and (D.4) to

obtain A(© = ROAL) . The double prime coordinates are extracted from:

(A" v") = (Ag, (0,p1,p2) J(RVAP ). (D.6)
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From there, we compute the invariant measure:

dp} A dpy = dpy A dps + some dg terms,
dqi A dgy _ dq Ndgp

9% do
dgy Adgy Adpi Adpy _ dgy A dgz Adpy A dpy (D.7)
% %o
D.2 Left coset decomposition
We now use the other decomposition A = Ag,R. We write:
(ARq7 (O’ plyPZ)t)(Rv ((1, Oa O)t) = (A7 'U) = (ARqR: (UO, V1, v2)t)- (DS)

We redefine § = Rq = (g9, 1 icost—qg sint, g sint+ gy cost). From (D.8), we obtain
that ¢ = 33, D1 =V — Z—gcha D2 = Uy — 3—352-

We again rewrite A in the polar decomposition A® = A R, where ¢© =
R©40).

We act on the left quotient by the left to get the prime coordinates:
(Al7vl) = (A(O)sv(O))(Alﬂ (0»P17p2)t)' (Dg)

The decomposition of A’ is A R’, where ¢ = R'q’. We extract ¢’ and p’ from (A’,v")

and compute the dq’ and dp’ to obtain the left invariant measure:

godp’y A dpy = qodpy A dpy + some dg terms,

dgy N dgp _ déll A dé’z _d@iANdGa  dgy Ndgo
q{J (}Ig dO 4o 5
dgy A dgy A dpl A dply, = dgy Adga A dpy A dps. (D.10)

This decomposition also leads to an invariant two-form. Using ¢; and ¢, as

coordinates, we have computed:

dpy Adq'y + dply A dg'y = dpy A dgy + dpy A dgs. (D.11)
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Appendix E

Computations for the coherent

states on the hyperboloid

We give here the detailed computations regarding the induced representation

and the coherent states on the hyperboloid given in Chapter 4.

E.1 Rotation in the cocycle

In the computation of the cocycle for the inverse element (4.11), we need to
study the following combination A;},qs"Aq. We check here that it is a rotation by

applying it to the vertex of the hyperboloid. We recall that A,(m,0,0)" = g.
As‘_llqs_lAq(mSO,O)" = As__llqs“lq
= (m,0, O)t. (E.1)
So, As__llqs_lAq is actually a rotation. The angle 6 of this rotation is the Wigner an-
gle. It is possible to characterize it using the group isomorphism between SO(2,1)

and SL(2,R). The angle depends on a point on the hyperboloid (gq) and the gen-

erator of the transformation (s, an element of SO(2,1)).
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E.2 Checking square-integrability of the UIR

Here is the detailed computation of the integral outlined in Section 4.2.3.
We write [, as [, [, Since, z and y are on the hyperboloid, the integration of

the exponential is only in two dimensions.

[ 1<Utalo > Pam(o)
ind i — dx d
= \/V/S/’ﬁ /$ n*(s“lz)elnee*mm(b(x)(ﬁ*(y)ezy-ve—mO n(s—ly)__x_):y_z’dvds

=ent [ [ [ [ s )G Wl )3y — ) dsdug
2 *r —1 * -1 __1_d_x sdv
=enf [ [ [ o ngee s - S dsivg

= [ [ [ (s e s

We then have the integral of a positive quantity on the translation vy which is

infinite. Then, the UIR is not square-integrable.
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E.3 Computation of the integral for the principal
section

In Section 4.4, we need to compute the integral (4.28). We give the details of

the integration.

Idmll = <¢lAa,P’l/)>
- // / ¢*(k)eiX(k)pe»—inﬂn(Aq—1k)n*(A;lkl)eirw’e—iX(k’)-px
rJvi Jvi
~dk dk’ dgdp
XP(K')——~—
1/)( )ko k(’) do
= enr [ [ ] s memnag ki 4;K)e k)
Vi v SV
dk dk’ dq
x0(X(k) — X(K))———
(X () = XN T G
= enp [ ] e g R 6y e pik) x
v Jvi Jvi
~ndkmdX (k) dg
x8(X (k) - X(k))—————-—
(X (k) = XK T
dk dq
= 27r2// (A= ) 2 (k) — 2% 49
@ [, [ 8 0T PR s

We have used the fact that if X(k) = X (k'), then k = k' and also 6 = ¢'.
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E.4 Computation of the integral for the Galilean
section

In Section 4.5, we need to compute the integral (4.38). We give the details of

the integration.

I¢,,¢ = < ¢|A00’§/J>

— /F/+ - ¢*(k)ei(k1p1+k2p2)e_ineT](A(;lk)’lf(A lkl) m()’

dk dk’ dqdp
ko k) g
= em [ [ ] e me o (45 e uiE)

dk dk’ dq
ko ko qo

~1(k 21 +k2P2)1/}(k’)

x8(k — k)=

* - * — ] dk dq
(2" / L ), B (A Ry ()
dk '

ko'

i

= ¢() o(K)Y (k)7

where

ldq
ko qo

An(k) = (21)? / (A )P
. )2 2ldq
~ (2n) /V ()i (E-2)

In the second line of (E.2), we have used the work done in Section 4.4.3 (for the

principal section) to rewrite the argument of 7.
We have also again used the fact that if X (k) = X(k'), then k = k' and also
0=2¢.
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E.5 Computation of the integral for the affine sec-
tion

In Section 4.6, we need to compute the integral of the formal operator. We give

the details of the integration here.

]¢’¢ = < d)lAa'll) >

= [, [ ¢ wen e mini g pkyn (3, p)en

dkdk' 1

—’Lk'p kl ___d d

W)

-/ /v [ # 0 h  p (g p))e x
‘1klp’d)( ) m dk dk’ 1 2 d dA

m+q-0k ko qo
= e [ [ ] e me e e pk (- k) x
G o S b

dk dk’ 1
k’——ék K 1,
><¢() e ( )kok, q
. 1dk 1
- 22/ () n(A~Yq, p)k) o (k) —— 225 2 g
e [, [ Wl @ oy e da

We have that A(q, p) = A,R(q) and, for p — p in the affine section, |J| = 1+ %q-@.
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Appendix F

Computations for the coherent

states on the cone

We give here the detailed computations regarding the representation of the cone

and its coherent states as presented in Chapter 5.

F.1 Matrix representation of A, for the cone

We would like to get an explicit matrix representatibn of A4 in terms of g.
Since A, is the matrix which brings the initial vector (1,1,0) to the point q on

the cone (that is g3 — ¢? — q2 = 0), it has the following properties:
1. Ay(1,1,0)¢ >= g and (1,1.0)A, = ¢;
2. detAy=1;
3. AgnAj = n, where 7 is the metric of signature (1, -1, -1).

The last two properties reflect the fact that A, € SO(2,1).
Here is how we proceed. Using the first property, we write a matrix with some

unknowns. We then compute the third property and get a system of equations to
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solve. Once they are solved, we plug in the values and check that the determinant

is 1.

The starting point is:
Hw—n)+B 3(p+an)-B (1-cg+C
%(610"'(11)—3 %(_QO‘}'QI)""B cqgx ~C
(1-d)g2+D dgy — D A

(F.1)

While solving, we can rewrite C' = C — cq, and D' = D — dg,. This gives:
s@w—a)+B igp+a)-B @+C
Ag = %(QO +q)— B %("QO +q)+B -C
g+ D' -0 A

(F.2)

After solving for the third property, we get that:

e A=qgyo—q+1;

1 % ., 9 )
° B:qo—f-(h (1+7+-2‘+(J0“‘(11>7

¢« C'=D=_2(1-gq)

go+q
This way the determinant is 1 and the matrix satisfies AgnA} = 1. Moreover, we

remark that it is symmetric.

We can rearrange things to write:

14¢+9p—-—q1 qon—1—go+a gl +q)

1
Ay = gt g I4@rd—a  —ga(l — (F.3)
1= o | o g+ q G +q—q q2(1 — q1)

¢2(1 + qo) —q2(1 — 1) g+ ¢+ g3

The inverse of this matrix is:

l+@+qp—qg —gon+1+gp—a —g(l+q)
1
_]:
¢ go + ¢

—qoqh + 1+ g0 — ¢u 1+ (1% + qo— ¢ —qg2(1 — 1)

—q2(1 + qo) —q2(1 — q1) do+ @1 + g3
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It acts on ko = (1,1,0) in a strange way, but it acts on ko = (1, —1,0) as follows:

AZY(1,-1,0)' = g, (1,-1,0)A;' =, (F.4)

q

which means that the inverse matrix acts on the image of k, under parity to give

the image of ¢ under parity.

F.2 Checking square-integrability of the UIR

We check that the UIR defined in (5.9) is not square-integrable.

The integration on the full group is the integration on the parameters of the
three translations, the rotation and the two boosts. We write [, as [, [, and
since  and y are on the cone, the integrationv of the exponential is only in two

dimensions.

/ | < Ug)nlé > [Pdm(g)

///V+ /v+ (s7lz)e™=eT TV p(x) 9" (y)eV e (s” ly)ffoffiy%dvds
(2m) ///W (s7ir)g(x)) (¢ (= )n(vS”Iz));&%dsdvo
ot o [

We have the integral of a positive quantity on the translation vy which is infinite.

Then, the UIR is not square-integrable.
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F.3 Computation of the integral for the principal
section

We compute in details the integral for the coherent states on the cone with the

principal section as in 5.4.

I<1>,\1/ // q)*(k)eik-ﬁe-itpn(A;ak)n*(A;ak/)eitp’e—ik’-ﬁ\ll(k/) x
v+ Jy+

dkdk dg

ko ko 4o P
— / / o* (k)eik-ﬁe—itpn(A;ak)n* (A;akr)eitp'e—ik'-ﬁ\ll(k/) x
r J Vvt

dk dk’ dq dp
kO ko do )\Qﬂ

(27) / / / e~ (AT k)" (AT k)™ U (k') x
vt Jy+ Jyt
dk dk' dq 1
X 3(k — k)L 2K dq

k() k’, do )\Z’J

dk 1dq 1
= (2 D*(k)n(A, “k)n* (A, “k)¥(k
B B e o L

We recall that p depends on the group element (gq,p) and on the point where we

are acting k (or &').
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F.4 Computation of the integral for the basic sec-
tion

We compute in details the integral for the coherent states on the cone with the

basic section as in Section 5.5. -

Id’ﬂ/’ = <¢'Aoo¢>

dqdp
= [ < bl >< ol >
r do
= /r\/v+ . d)*(k)ei[po(ko-—kl)/2+p1(ko—k1)/2+p2k2]e—itpn(Aqk)n*(Aqk,) %
e8¢l ) 2401 (R ) 2+ ek ) K R AP
ko ko o
i ' o dk dk' d
= emp [ [ [ # et (e 50— k) TS
v Jve v ko ko 9o
1 dkd
= (27r)2/ ¢*(k)|n(Aqk)lzw(k)__T_q
y+ Jy+ ko ]\/0 qo
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