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1 Introduction

Let I = [0,1] and let P be a finite partition of I. Let 7(I) denote the
class of piecewise expanding transformations on I with partition P. We
study statistical properties of the invariant probability density function (pdf)
associated with 7 in 7 (I). We impose two conditions on 7 : 1) weak covering,
which means there exists an integer K such that the union of forward images
of every element of P equals I, and 2) harmonic average of slopes condition,
which means that the harmonic average of the (inf of) slopes of every two
adjoint intervals (except for the first and last interval) is strictly larger than
2. We use these two conditions to derive explicit constants for the upper and
lower bounds of the invariant pdf as well as the constant that determines the
speed of convergence to the invariant pdf. Related results were obtained in [?],
but with the assumption that the magnitude of all slopes are strictly greater
than 2. Without this condition many different behaviors for approximating
maps can occur as shown in [?] for W maps. For example, the acims of
approximating maps can converge to a singular, absolutely continuous or a
mixed measure. By W map we mean any map with a graph in the shape of
letter W for which the middle vertex is a fixed point. More precisely it is a
map 7 : [0,1] — [0, 1], piecewise monotonic on the partition {I1, Iz, I, I4}
of [0,1], I; = [as,,a4], i = 1,2,3,4, such that 7(ag) = 7(as) = 1, 7(a1) =
T(as) = 0 and 7(az) = az. An example of a W map is shown in Figure ?7?.
W maps are continuous but our considerations do not depend on continuity
and we do not assume it.

It is one of the objectives of this paper to show that we can weaken the
slope 2 condition using the harmonic average slope condition and establish
stability of acim for some W maps.

In Section 2 we use the weak covering property and the harmonic average
of slopes condition to derive an explicit bound on the number of iterations
needed to obtain weak covering for any subinterval of a partition element.
In Section 3 we use this result and a generalized Lasota-Yorke inequality to
obtain explicit constants for the upper bound of the invariant pdf and from
this we derive an explicit lower bound for the invariant pdf. We then show
(Theorem ?7) that we can extend our results to families of maps. We provide
an example to show that the harmonic average of slopes condition is essential.
For a W-shaped map example we calculate all the constants necessary to find
the lower bound. In Section 4 we assume weak mixing and use our derived
constants to find an explicit constant for the rate of convergence. Finding the
rate of convergence of initial densities to the invariant pdf of the map is an
important problem in many scientific fields. Our method depends on using
equipartitions rather than partitions of the inverse images of P and, as such,
in most situations, results in sharper constants. We work out an example
where the results of [?] do not apply.

2 Notation and Preliminary Results

Let I = [0,1] and let m be Lebesgue measure on I. We present the usual
definition of a piecewise expanding map.



Definition 1 Suppose there exists a partition P = {I; := [a;—1,0a;],i =

1,...,q} of I such that 7 : I — I satisfies the following conditions:

1. 7:=7lp,isCtandlim__ + 7/(z),lim, - 7/(z) exist (can be infinite);
i—1 k3

2. |7{(z)| > s; > 1 for any 4 and for all = € (ai—1,a;).

If 7 satisfies conditions 1-2, we say it is in 7 (I), the class of piecewise
expanding transformations.

We will also assume that 7 is weakly covering, i.e.,

Definition 2 The map 7 € T(I) is called weakly covering if and only if
there exists a K > 1 such that

K
U7y =0.1], i=1,...q. 1)
n=0
Let
s:= min s; > 1. (2)
1<i<q

Suppose 7 € T (I) satisfies the following condition.

1 1
sg = _max 1{——1— }<1. (3)

Si Sitl
The number H(a,b) = 1% is called the harmonic average of a and b. Con-
a b

dition H(a,b) > 2 is equivalent to = + ¢ < 1. If 7 satisfies sy < 1 we say
that 7 satisfies the harmonic average of slopes condition.

Now, we prove a very simple minimax lemma with important conse-
quences.

Lemma 1 Let z1,20 > 1 and o+ 3 = ¢, where o, f > 0. Assume

1 1
—+—<1.
z1 z9
Then,
1
minmax{zia, 20} = +—c>c.
o, P + o

Proof We have
miélmax{zla, 200} = minmax{z a, z2(c — a)} .
The line f(«) = z1« is increasing while the line g(a) = 2z2(c—«) is decreasing.

The min, max{z;a, z2(¢c — @)} occurs where the lines intersect, i.e., at

z9C

21 + 29 ’
which gives

2122€
miélmax{zla,@ﬁ} e -
«,

1
c>c.
21 + 22 L4 L

Z1 z22



Remark 1 If % + % =1, then, min, g max{z«, 228} = c.
Lemma 7?7 implies

Proposition 1 If 7 € T(I) satisfies the harmonic average of slopes condi-
tion, then for any subinterval J C I which does not contain two endpoints of
partition P we have

1
m(r(J) = —m(J) . (4)
S
Proof Note that
. . 1 1
S= min §; > min ———— > — .
1<i<q 1<i<g-1 L 4 S}H SH

If J does not contain any endpoints of partition P, then J C I;, for some
1<i<gq,and

1

m(7(J)) > sim(J) > —m(J) .

SH
If J contains exactly one endpoint of partition P, then let m(J) = a + S,
where o and 3 are the lengths of parts of J to the left and to the right of the
partition point, respectively. By Lemma ?? we obtain m(7(J)) > im(J).

O

Proposition 2 If 7 € T(I) satisfies the harmonic average of slopes condi-
tion, then for any subinterval J C I there exists a positive integer M (J) such
that at least one connected component of TM(J)(J) contains two endpoints of
partition P and, automatically, the interval between them. Moreover, M(J)

satisfies
In D
0< M(J) <max{ |—22x | 08 (5)

In(sg)

where dmax = max{m(L; JLi+1) |t =1,2,...,9— 1} and [t] is the smallest
integer equal or larger than t.

Proof Let J be a subinterval of I. Then,

Case (i): If J contains two or more endpoints of P, then M(J) = 0. In
particular, this happens when m(J) > Omax.

Case (ii): We assume m(J) < Omax and that J contains at most one
endpoint of partition P. Let us assume that J contains exactly one endpoint
of P, and this endpoint divides J into two subintervals, Jy 1 and Jp 2. Lemma
?? implies

max{m(7(Jo 1)), m(7(Jo,2))} > im(J).

We can assume m(7(Jy.1)) > im(J). Notice that 7(Jp,1) is also an interval
since 7 € T(I).

If J contains no endpoint of P, then 7(J) is again an interval, and
m(7(J)) > sm(J) > im(J).



Thus, for an interval J that contains at most one endpoint of P, we can
find an interval in 7(J), denoted by .Jy, such that m(Jy) > im(J). If
contains two endpoints of P, we stop the iteration. Otherwise, considering
7(J1), we again find an interval in 7(.J;), denoted by Ja, such that m(Jz) >
%m(Jl) > ém(bf ). Repeating this procedure, we can find an integer k such

that m(Jg) > S%m(J) > Omax, which implies that 7%(J) contains at least
H
two endpoints of P. Therefore, we obtain

O

Corollary 1 If 7 € T(I) is weakly covering and satisfies the harmonic av-
erage of slopes condition, then for any subinterval J C I we have

K
U 7_M(J)Jrn(J) _ [0, 1] , (6)

n=0
where M (J) is defined in Proposition ?7.

Remark 2 Note that the weak covering property plus sy < 1 does not imply
topological exactness. The simplest example would be the map 7 such that
7(]0,1/2]) = [1/2,1]and 7([1/2,1]) = [0, 1/2] and 7 restricted to each of these
intervals is a tent map. An additional assumption is needed for topological
exactness. See Theorem 7?7 and Corollary ?7.

We define P = {I,, N7 Y (L)) N7 2(L;,)N---nr= =0, ) 1<
i0,i—1,i—2,...,in,_1 < q}. Partition P(™) is the partition of monotonicity
of 7. Note that P = P,

For any g : [0, 1] — R we define its variation

K

\ g =supsup > lg(se—1) —g(sx)]

[0,1] k=1

where the supremum is taken over all sequences 0 =55 < 51 < -+ < sg = 1.
For more information about this notion, functions of bounded variation and
their uses in the theory of piecewise expending maps of an interval, we refer
the reader to [?].

Theorem 1 Let 7 € T(I) be piecewise C** (see the definition at the be-
ginning of the next section) with sy < 1 and assume inf ¢ > 3 > 0, where
@ is the T-invariant density. If T is weakly mixing (with respect to Lebesgue
measure), then there exists Ky such that

TKI(I’L):[Oal] ) 121,2,,(]



Proof We follow the proof of a similar theorem in [?]. For the maps we
consider weak mixing is equivalent to mixing and to exactness [?](all with
respect to Lebesgue measure). Let x = xr,/m(I;) for some 1 <4 < ¢. Since
T is exact we have P"y — ¢ in L', as n — oo, where P, is the Perron-
Frobenius operator induced by 7 [?]. Thus, for any n; (which will be fixed
later) we can find an N(ny) such that for any n > N(nq) in every interval
J of the partition P(™1) there is a point € J with P"y(x) > $/2. On the
other hand, the Lasota-Yorke inequality implies that

\/ Pix<cC
0.1]

for all k£ and some constant C. Let n > N(n;) and
B={JeP™) :3 ,c;such that P"y(z) < 3/4} .
If J € B, then we have \/ ; PI'x > /4 and

\/ Prx > (B/0)#B .
[0,1]

Thus, #B < 4C/5 = L.

The Perron-Frobenius operator P, induced by 7, can be viewed as an
operator on BV (I), the space of functions of bounded variation on I (or
more generally on L!(I)). For 7 € 7(I) it has the following representation

7]

q -1
[l (%))
PTf = 177)(7'[%-, ,ai]('r) .
2 e ]
For more detailed information about the space BV (I), operator P, and its
properties we refer the reader to [?]. An important property of P, is that f
is an invariant pdf (or a 7-invariant density) if and only if P, f = f.
Using the representation of P, we have the following inequality for all
z € [0,1];

_ ¢(y) - o ())s
B<o(x)= ye’;(m) |(77) ()] < sup(¢)#( (z)) .

This shows that #(77"(x)) goes to infinity as n goes to infinity, uniformly
in z. In particular we can find an N; such that for all z € [0, 1]

#(rNi(z)) > L.
Let us fix ny = Ny and Ny > N(Ny). Then,

Ni1+N2
PT

> PN2x(y) B

X = TNy ()] 15

yeT—N1 ()

since at least one preimage y € 71 (z) belongs to an interval J ¢ B.



We have proved that 7V1+V2([;) = [0,1]. Choosing K; to be the maxi-
mum of constants N1 + Ns over all : = 1,2, ..., ¢ completes the proof.

d
The following result is an immediate consequence.

Corollary 2 If 7 € T(I) is weakly covering, weakly mizing and satisfies the
harmonic average of slopes condition, then T is topologically exact. For any
subinterval J C I we have

TR () = [0,1], (7)

where M (J) is the number from Proposition 7?7 and K is the constant from
Theorem 77.

3 Lower bound for the invariant density

From now on we assume that our 7 € 7(I) is piecewise C1*T1 i.e., each 7]
satisfies Lipschitz condition with a constant M;:

|7/(z) — 7 (y)| < Mi|lz —y| , forallz,ye l; , i=1,2,...,q. (8)
This means T is a piecewise expanding, piecewise C'*! map of I. We intro-
duce the following notation

M := max M,,
1<i<q
and
5:|: 5 0 if T(az:'t) € {Oa 1}5
. = + =

FE0eHeem T\ tr(ad) ¢ 0,1},

where 7(a¥) means lim___+ 7(a;). For example, §;" = 1 means that the left

endpoint of the (i + 1)-st branch of 7 is hanging (does not touch 0 or 1).
Also, let

o & i

max ﬁ,i} ifi =1,
o 6,
y e

n; i= { max sz—fl’i if 1 = gq,

5, & .

max { ——, — } fori=2...q—1.
Si—1" Si41

Now, we present the following stronger version of the Lasota-Yorke in-
equality [?].

Proposition 3 LetT € T(I), and satisfy the Lipschitz condition (??). Then,
for every f € BV ([0,1]),

\/PTfSn\/er”y/lfldm, (9)
I I I

. o 2
r=q

where n = max q — ; =2 4+ —==1__

n 1§z‘§q{5i +771}; Y 52 + 1r§r1i12qm(li)



Fig. 1 The extension of map 7 to [0 —¢,1 +<].

Note that we always have max 7; < % .
1<i<q

As proved in Theorem 3.2 of [?], if 7(0),7(1) € {0,1}, then n < sy < 1.
If the condition 7(0),7(1) € {0,1} is not satisfied one uses an extension
method to arrive at a similar conclusion, as done in Theorem 3.3 of [?]. For
completeness, we describe the method. Let I¢ = [0 — ¢, 1 + €] for some fixed
small positive € and define 7¢ on I¢ as follows

—e+ ¥ (z+e) , zel-e0);
™ (x) = 7(2) , v €[0,1] 5
04 = (z—1) ,xe(1,1+¢].

See Figure ?? for an illustration. The interval [0, 1] is the attractor of 7¢.
We choose ¢ so small that the constants s and sy are the same for maps
7 and 7¢. We consider the subspace BV¢(I¢) = {f € BV(I¢) : f(z) =
0 outside [0, 1]} of BV (I¢). It is easy to check that Pr- (BV<(I¢)) C BV:(I¢)
and (Pre f) 0,17 = Pr(fjo,1)) for f € BV<(I*). Now, we obtain inequality (??)
for Pr- on BV (I¢). In particular it holds for f € BV¢(I¢). The constants 7;

are different but by the choice of € we still have n < sy and max 1 < % .
<i<q

The additional partition subintervals Iy = [—¢,0] and I,41 = [1, 1+¢] do not
appear in the lgng m(I;) because the integrals [; fdm and [} ., fdm are 0
19 q



for f € BVE(I¢). Thus, for f € BV¢(I¢), we obtain the inequality

\/PTfSn\/er”y/lfldm, (10)
Ie Ie I

Wlth?’]<SH<1a,Ild")/— 52 +srr111127m([)

1<i<q

It is well known (see [?]) that (??) or (??) implies that 7 admits an acim
with a pdf of bounded variation. We denote this invariant density by ¢. It

follows from (??) or (??) that

\/¢§T (11)

We now consider the uniform partition P of [0, 1] into 2([1%= ~] + 1) subin-

tervals, where [1] is the integer part of {=.. Thus, for each JePt w

have m(J) < 127—,;7 Now, we prove:
Lemma 2 There exists J, € P* such that
o(x) > = foralxeld,.

Proof Suppose the conclusion is not true. Then, for each J € P, there exists
a point x; € J such that ¢(z;) < 3. Using the inequality (?7), we obtain

1_/¢dm_ > /¢dm< dom <¢(m)+\/¢>
JePu JePu J
<> (%+%Y¢)_g+ﬂy¢g;+%%_l

JePpPu

The contradiction completes the proof.

Now, we can prove the existence of the lower bound for the invariant pdf
of 7. This result for individual maps is not new, see [?], [?] or [?]. What is new
are the explicit constants we obtain, which allows us to prove the existence
of the uniform lower bound for the invariant densities of a family of maps.

Theorem 2 Let 7 € T(I) be piecewise C** and satisfy sy < 1. Then there
exists § > 0 such that inf ¢ > 3, where ¢ is the T-invariant density.

Proof Let Smax denote the biggest value of |7/(z)| over 1. Since ¢ is the
invariant density, P'¢ = ¢ for any natural number n. Lemma 7?7 implies
that there exists interval J,, C I with m(J,) = m such that

1—-n

¢(y) > = foralyeJ,.

N =



10

By Corollary (??), for each x € I, we can find an integer n, < M(J,) + K
and y,, € J, such that 7 (y, ) = x. Therefore,

) () — o) Sp) 1
=A@ = 2, TGl Tl - 2

—1
Setting # = (257 )™" (or § = (28%5){““1() for an explicit formula)

max

completes the proof.
O

The next theorem generalizes Theorem 77 to a family of maps uniformly
satisfying the assumptions.

Theorem 3 Let {7} C T(I) be a family of piecewise C*+ maps. The
defining partition for (") is P") = {IY), Ce Iég)}. We assume we can find
uniform constants sy <1, K, § > 0, dmax, M, s > 1, Smax such that

Sg > sg) = max{(n%igl |(7 M)yt 4 (H(n)n [(FY =i =1,2,...,q(r) — 1} ;
Iir I’Lll

r (r) I\ n T .
K> K™ where UEZ) () (Il( )) =10,1,i=1,2,...,q(r) ;
§< 0 = min{m(]i(r)) i=1,2,...,9(r)} ;
Smax > 00 = max{m(I{” UL) i =1,2,...,q(r) — 1} ;
M > M, the common Lipschitz constant for (Ti(r))’ ,i=1,2,...,q(r);

3 3

1§

i

s< s = min{migﬂ(n&)ﬂ ,i=1,2,.. .,q(r)} ;

Smax > SI(IQX = max{m(a)x|(7'i(r))/| ,1=1,2,.. .,q(r)} .

Ii
(12)
Let us define
-1
—In —1— —in max
max ’V : (2([1751}:(]::? ne )-‘70}+K
3= | 2Smax , (13)

where v = SMQ + %. Then, for all v, inf ) > B, where ¢ is the (") -
invariant density.

Proof Combination of previous results in the paper.
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Below we refer to an example from [?] which shows that the condition
sg <1 is necessary in Theorem ??. Another such example was constructed
in [?].

Ezample 1 In [?] there was constructed a family {7("} of W-shaped maps
converging to the standard W-map 79 with a turning fixed point at 1/2 and
slopes 2 to the left of 1/2 and —2 to the right of this point. The uniform
constants K, § > 0, dmax, M, s > 1, Spax can be found for this family. The
constants sg) converge to 1, as 7(") — 7y. Each 7(") is exact on the whole
[0, 1], but the absolutely continuous invariant measures of 7(") converge to
Dirac measure 4(; /2y as ) S 7. Thus, the uniform positive lower bound

cannot exist for the invariant densities of this family.

We now present an example of a non-linear W-shaped map and calculate
for it all the constants necessary to find the lower bound. The theoretical
bound is approximately 5.53 x 10~ 4, while the computer simulation indicates
that the lower bound is 0.54.

: Ve
7/
/
/
//
0.8 y;
/
/
/
/
0.6 //
/
/
Ve
/
0.4 /
/
/
/
/
7/
0.2+
/
/
/
/
/
0 T T T T T T T T T
0 0.2 0.4 0.6 0.8 1
Fig. 2 Non piecewise linear W-shaped map.
Ezxample 2 Let the map 7 be defined as follows
71(x) :=1—40/9z, 0 <z <9/40,
() To(x) := 2(x — 9/40), 9/40 < z < 9/20,
T3(x) := —4(x — 9/16), 9/20 <z < 9/16,
T4(x) := 2% + 81/1122 — 81/112, 9/16 < x < 1.
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The graph of 7 is shown in Figure ??. We have

(x) =—40/9, 7(z) =2, 74(x)=—-4, 7i(z)=22+81/112;
s1=40/9, s2=2, s3=4, s4=207/112;

s = min{40/9, s2 = 2, s3 = 4, 54 = 207/112} = 207/112 ;
m(I1) = m(]0,9/40)) = 9/40, m(Iz) = m([9/40,9/20)) = 9/40 ,
m(I3) = m([9/20,9/16)) = 9/80, m(Ls) = m([9/16,1]) = 7/16 ;

d = min{m(l), m(l2), m(I3), m(I4)} = 9/80 ;

Imax = max {m(Iy) + m(Iz), m(Iz) +m(I3), m(Is) + m(l4)}
= max {9/20, 27/80, 11/20} = 11/20 ;
sir = max{9/40 + 1/2, 1/2 + 1/4, 1/4 + 112/207} = 655/828 ;
My =0, My=0, My=0, My=2;
M =max{0, 0,0, 2} =2;

M 2
V= + —— = 437248/42849 ;
S s-0
[v/(1 — spr)] = [1748992/35811] = 48 ;
o = 40/9 ; )=~  K=2
max — N mldqy) = 98 3 = .

The estimate for number N,, of iterations needed for any interval J,, to expand
to the whole [0, 1] comes from Corollary ?? and is

N, > max{ {—111(2([11,{1 +1)) - 1n<5max>w ,O} x

In(sy)

_ [ In(539/10)

1+2=20
1n(828/655)]+ * ’

which gives
B> (28N )7 = (2 (40/9)20)71 ~5.53x 10714 .

With the aid of a computer we found the actual value N,, = 8, which gives a
much better, although still perhaps unsatisfactory estimate 3 > 3.28 x 1076.

4 Explicit convergence constants

In this section we assume that 7 € 7(I) is weakly covering, weakly mixing,
and piecewise of class C'*! with sz < 1. In particular, this implies Theorem
77, Corollary 7?7 and Theorem ??. To obtain the exact convergence constant,
we follow the method of Liverani [?] with small improvements. For more
information on Hilbert metrics and the use of cones in the theory of piecewise
expanding maps we refer the reader to [?], [?] or [?].
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We consider the following cone:

Cn=1g(x) e BV(I) | g(x) #0, g(xz) >0 for all x € [0, 1]; \/ g < /q/ g dm
(0,1] [0,1]

Let 6 =n+ 1.

Lemma 3 If x > 11—77, then 0 <1 and P,C.. C Cy,..

Proof First, § =7+ 1 < 77+~y177’7 = 1.
If f e Cy, using (?7), we obtain

K

PTfSn\/er”Y/ Iflde(nﬂJrv)/ |f|dm:m9/ \fldm.
[0, [0,1] [0.1] [0,1] [0,1]

]
O

Lemma ?? shows that the cone C, is invariant under the action of the op-
erator P.. We now define the Hilbert metric @(f, g) on Cx. For f, g in Cy
let

a(f,g) =sup{A > 0|\ f < g} ,
B(f,g9) = inf{u>0[g < puf} ,

ot =n (Grgy)

where we set « = 0 or § = co when the corresponding sets are empty.
We recall the following lemma from [?].

Lemma 4 If 6, is the Hilbert metric associated with the cone C,, then for
each v <1 and g € Cy,

z€[0,1]

max{(l +v) f[o,l] gdm, sup g(:c)}
@n(g, 1) S hl

€[0,1]

min {(1 ) [ 9dm, inf g(:c)}

A slight change in Lemma 77 yields:

Lemma 5 Let P* be the uniform partition of [0,1] into 2([{2;] +1) subin-
tervals. For each g € C,, there exists J,~ € P* such that

1
g(x) > 5/[ ]gdm for all x € Jy» .
0,1
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Proof Consider the normalized function, —2&_—
/i (0,11 9 dm

and also in Cj. Lemma 7?7 implies that there exists .J,- € P* such that

, which is a density function

g(z)

— 2
f[o,l] gdm

% for all z € Jy» .

This completes the proof.

O

Let M(J,+) and K; be as in Proposition ?? and Theorem ??. We now
prove

Lemma 6 For each k > ﬁ, there exists Ny» > M(Jy~) + K1 and A >0
such that

diam (PN (Cy)) < A < 00 .

Proof Let g(x) € C,;, Lemma 7?7 implies that there exists J,» € P* such that

g(x)

o dm > % for all x € J,«. Corollary 7?7 implies that we can find an integer

[0,1]

Ny < M(Jy) + Ky and y,+ € Jy~ such that 77Vv* (y,+) = 2. Therefore,

9(y) 9(Yu~) Jio,y 9 dm
Pl g) (x) = > > = :
(@ = 2 Tyl e S a5
Using Lemma ??, we obtain PNv*C,, C Cy,,, where
1— N
-0 K
Let
inf (PNevg)(2)
w(g) _ z€[0,1]
f[o,l] gdm
Then,
1
Yo (9) <1
Note that

. . 1— e
\/ PN g < pNe \/g+17”y/ gdm
I I -n [0.1]

which implies
Vi P 7{\[ “g

S 591 .
f[o,l] gdm
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Using Lemma ?7?, we obtain

diam (PN« (Cy))
max{(l +61) f[o 1 PNurgdm, sup (PN« g) (x)}
’ z€[0,1
< sup 21In <01
N * . N, * . N, =
geP " (Cr) mm{(l —61) f[o,l] P; gdm,xél[%)f:l] (PT g) (x)}
max{(l +61) f[o,l] gdm, i%fl (PN g) (z) + V; Pq{Vu»«g}
< sup  2In =€lo)]
N, . . Ny«
geP; " (Cy) mm{(l —61) f[o,l} gdm,xél[gl} (PT g) (x)}
<ol max {1+ 01,1+ kb } — A
min {1 — 91, 25+u*}

O

Thus, exactly as in [?], we obtain the following theorem on the decay of
correlations.

Theorem 4 Let 7 € T(I) be weakly covering, weakly mizing and piecewise
of class C**1 with sy < 1. Then, for each f € L*([0,1]) and a density
g € BV ([0,1]),

/ g~fo¢"dm—/ fdu
[0,1] [0,1]

<K A"Iflh [1+0\/ g .
[0,1]

where

A= tanh (A/4)F |

K, =exp (AA"fN“*) AN Al|¢]]so

—1
b_(ﬂ_L) .
1-n

Note that |¢] < Vg0 + % < ~v/(1 =n)+1 and since 4 < 1, we have
lim K, < A=Y A(k + 1). Although we may not have an explicit formula

n—oo

for N,~, we can give a sufficient lower bound using Proposition 77.

In [?] the convergence constants are calculated for an example. We cal-
culated them for the same example and obtained the same numbers. For
maps with constant modulus of slope and without turning periodic points
our method does not offer any advantages over the methods of [?] or [?].
Below, we continue Example ?? to which the methods of [?] and [?] do not

apply.
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Example ??. (continued) We use the directly calculated N,« = 8. We
havey/(1-n) = v/(1—sg) = 1748992/35811. We choose k = 1748995/35811.
By equation (?7?), we have ¢, ~ 0.9999985478 and

A =2In((1+r6,)25]) ~ 33.07038934 .

max

Then, A ~ 0.9999999835, b = 11937 and
K, <~ 1648 exp(33 - 0.9999999835" %) .

Since all the constants in Theorem ?? are explicit we obtain a similar
theorem for families.

Theorem 5 Let a family {T(")} satisfy the assumptions of Theorem ??. We
assume that all maps 77 are weakly mizing with uniform constant K, of
Theorem ??. Then, Theorem ?? holds for family {T(")} with uniform con-
stants A, b and K,.

Acknowledgment: The authors are grateful to anonymous reviewers for
detailed comments that improved the presentation of the paper.
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