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ABSTRACT

Centro-affine normal flows and their applications

Mohammad Najafi Ivaki, Ph.D.
Concordia University, 2012

A family of geometric flows, p centro-affine normal flows, is studied and several ap-
plications of this family to convex geometry are presented. In Chapter 2, asymptotic
behavior of the centro-affine normal flows is studied in the class of smooth, origin-
symmetric convex bodies in R2. It is proved that the area preserving centro-affine
normal flow evolve any smooth, origin-symmetric convex body to the unit disk in a
finite time in the Hausdorff distance, module SL(2). In Chapter 3, an application
of centro-affine normal flow is given to the L_, Minkowski problem. It is proved
there that every even, smooth, positive function can be approached by a sequence of
functions for which the L_s Minkowski problem is solvable. In Chapter 4, another
application of the centro-affine normal flows is given to the stability of the p-affine
isoperimetric inequalities, p > 1. In Chapter 5, we end our study of the p centro-affine
normal flows in dimension two by classifying compact, origin-symmetric, ancient so-
lutions to these flows for 1 < p < 4. In particular, we classify origin-symmetric,
compact ancient solutions of the planar affine normal flow. In the last chapter, we
study the long time behavior of the p centro-affine normal flows in R™ for n > 2 and

1§p<%.
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Introduction

The affine normal flow is a widely recognized evolution equation for hypersurfaces in
which each point of the hypersurface moves with velocity given by the affine normal
vector. This evolution equation is the simplest affine invariant flow in differential ge-
ometry and it arises naturally if one considers families of d-convex floating bodies of
a convex body [10], [97]. On the applicability aspect, the affine normal flow appears
in image processing as a fundamental smoothing tool [88, 89, 91]. It also provides a
nice proof of the Blaschke-Santal6é inequality for smooth convex hypersurfaces and,
respectively, for the classical affine isoperimetric inequality, both due to Andrews [7].
The affine normal evolution has also been implicitly deployed by Stancu in [97, 98]
for a breakthrough towards the homothety conjecture for convex floating bodies by
Schiitt-Werner [93]. In this thesis, we consider a class of extensions of the affine nor-
mal flow in centro-affine differential geometry, namely the centro-affine normal flow
introduced by Stancu [100], and we investigate its asymptotic behavior and appli-
cations to P.D.E. and convex geometry. The centro-affine normal flows are natural
generalizations of the affine normal flow in a way which will be explained below. It is
essential to say, the term centro in centro-affine differential geometry emphasizes that,
contrary to affine differential geometry or classical differential geometry, Euclidean

translations of an object in the ambient space are not allowed.



The setting of this thesis is the n-dimensional Euclidean space, R". A compact
convex subset of R" with non-empty interior is called a conver body. Let K be a

strictly convex body, having origin in its interior, and smoothly embedded in R". Let
TK . Sn_l — Rn,

be the Gauss parametrization of 0K, the boundary of K. Therefore, zx(z) takes
z € S" ! into the point on the K of the outer normal z. The support function of K
is defined by

sk (2) = (rk(2), 2),
for each z € S"71. We denote the matrix of the radii of curvature of 9K by t =

[tijl1<ij<n—1, the entries of v are considered as functions on the unit sphere. And they

are related to the support function by
'Cij = ?iﬁjs + Sgij,

where g;; is the standard metric on S"~! and V is the standard Levi-Civita connection
of S"~1. We denote the Gauss curvature of K by K and remark that, as a function

on the unit sphere, it is related to the support function of the convex body by

1 - - det t;;
— = Op—-1 -— d t i i _Z" = Y .
i Sh_1 g (ViVs+gi;s) det 7,

Furthermore, the affine support function of K, denoted by o, is defined pointwise by

S

0= KL/ (D)

This thesis is concerned with the motion of hypersurfaces under centro-affine cur-

vature driven evolution equations. The centro-affine normal flow is an SL(n) invariant



flow which at each point moves the the boundary of a convex body with velocity given
by a power of centro-affine curvature in direction of the centro-affine normal vector:

We consider a smooth n-dimensional convex body K whose boundary hypersur-
face, Ky, is smoothly embedded in R". Let zx, : S"~! — R™ be the initial embedding

and let z : S"7! x [0,T) — R" be the one parameter family defined by

a « —
ax(z,t) = —K§(z,0)No(z,t), (2,0) = 2k, (2).

where « is a positive real power which will be made explicit soon, Ky := o~ "D is,

interestingly, an SL(n) invariant called centro-affine curvature and, finally,
No = Ko™ (2) (K7 (2) 2 + V(K™ (2)))

is the centro-affine normal, both as functions of z. As the name centro-affine suggests,
solutions to the flow are SL(n) invariant while Euclidean translations of an initial
convex body will lead to different solutions, since translations affect the support
function of the convex body which appears in the speed of the centro-affine normal
flow.

We will now give a description of the centro-affine normal flow in terms of powers
of the Gauss curvature and support function. For every fixed convex body Ky whose
interior contains the origin, and whose boundary is of class C? with strictly positive

Gauss curvature, the above mentioned flow is equivalent to

o rrNEE
E:z:(z,t) = o (z,t) Knt1(z,t) 2z, 2(2,0) = 2, (2),
for a fixed p > 1. For a fixed p, we call the flow, p-flow, or alternatively, p centro-

affine normal flow. The flow was defined by Stancu in [100] for the purpose of finding

new global centro-affine invariants of smooth convex bodies in which a certain class of



existing invariants arose naturally. Only the short time existence to the flow was then
needed. Moreover, several interesting isoperimetric type inequalities were obtained
via short time existence of the flow [100], and this p-flow approach led to a geometric
interpretation of the L, surface area recently introduced by Ludwig and Reitzner [67].
See recent work of Stancu [101] for more applications of the p-flow.

In this thesis, we choose to work with the latter definition; the flow’s definition
as a time-dependent anisotropic flow by powers of the Gauss curvature and support
function and we will resort to the affine differential geometry only for certain technical
steps.

The case p = 1, the well-known affine normal flow, was already addressed by An-
drews [7] for all dimensions, by Sapiro and Tannebaum [90] for convex planar curves,
and by Angenent, Sapiro, and Tannebaum [13] for non-convex curves. In [90], it was
proved that the flow evolves every initial strictly convex curve, not necessarily sym-
metric, until it shrinks to an elliptical point. Andrews, in [7], investigated completely
this case for hypersurfaces and showed that the normalized flow evolves every initial
strictly convex hypersurface exponentially fast, in the C* topology, to an ellipsoid.
He also proves, in [10], that every convex initial bounded open set shrinks to a point
in finite time under the affine normal flow. In [13], the authors prove convergence to
a point under the affine normal flow starting from C? planar curves, not necessarily
convex, despite the fact that affine differential geometry is not defined for non-convex
curves or hypersurfaces. In another direction, interesting results for the affine normal
flow have been obtained in [64] by Loftin and Tsui regarding ancient solutions, exis-
tence and regularity of solutions on non-compact strictly convex hypersurfaces. It is

necessary pointing out that the case p = 1, in contrast to the case p > 1, is the only



instance when the centro-affine normal flow is a flow by a power of Gauss curvature no
longer anisotropic. Moreover, the main difference between p = 1 and the other cases
is that, for p > 1 the solution to the flow is not invariant under Euclidean translations.
The translation invariancy of a flow is a main ingredient to prove the convergence to
a point [5, 7, 8, 10]. We overcome these issues, and other difficulties in the study of
the asymptotic behavior of this low, Chapters 2 and 6, by restricting it to the class of
origin-symmetric convex bodies and implementing p-affine isoperimetric inequalities
developed by Lutwak [69]. This approach emphasizes the usefulness of the p-affine
surface area and p-affine isoperimetric inequalities which have also been successfully
employed by Lutwak and Oliker in [70] for obtaining regularity of the solutions to a
generalization of Minkowski problem. See [29, 71, 72, 73, 75, 76, 102, 105] for more
applications of these invaluable tools.

In this thesis, we study the long time behavior of the centro-affine normal flow,
Chapters 2 and 6, and we study the ancient solutions to the flow in dimension two,
Chapter 5. We present several applications of the centro-affine normal flow in two
dimensional Euclidean space, Chapters 2, 3 and Chapter 4.

Let K be a compact, origin-symmetric, strictly convex body, smoothly embedded
in R". We denote the space of such convex bodies by Ky, .

Let K and L be two origin-symmetric convex bodies in R™ with respective support

functions sg and s;. Then the Hausdorff distance between K and L is defined by
dH(K7 L) = gl%}f'SK — SLl.

In Chapter 2, the long time behavior of the centro-affine normal flow is settled in

dimension two. The following theorem is proved there.

Theorem A. [52] Let p > 1 be a real number. Let xr, : S* — R? be an embedding of



Ko € Kgym. Then there exists a unique solution z : S' x [0,T) — R? of centro-affine
normal flow with initial data xr,. The solution remains smooth and strictly convex
on [0,T) for a finite time T and it converges to the origin of the plane. The rescaled

convex bodies, with the fixed area of 7, converge in the Hausdorff metric to the unit

disk modulo SL(2).

In Chapter 3, we give an application of the centro-affine normal flow to the L_,
Minkowski problem. The L_o Minkowski problem is a member of a large family prob-
lems, namely the L, Minkowski problems. For p = 1, the L; Minkowski problem is
the well-known classical Minkowski problem. In differential geometry, the classical
Minkowski problem concerns the existence, uniqueness, and regularity of closed con-
vex hypersurfaces whose Gauss curvature is prescribed as function of the normals.
More generally, the Minkowski problem asks what are the necessary and sufficient
conditions on a Borel measure on S"! to guarantee that it is the surface area mea-
sure of a convex body in R". If the measure p has a smooth density ® with respect to
the Lebesgue measure of the unit sphere S"~!, the Minkowski problem is equivalent

to the study of the following partial differential equation on the unit sphere
det(V?s + 1d s) = @,

in an orthonormal frame on S"~*. Note that for a smooth convex body K with support
function s, the quantity det(V2s + Ids) is the reciprocal of the Gauss curvature of
the boundary of K. The answer to the existence and uniqueness of the Minkowski

problem is as follows. If the support of i is not contained in a great subsphere of

[ wdutz) =0
Snfl

S*~1, and it satisfies



then it is the surface area of a convex body, and the solution is unique up to a
translation. Minkowski himself solved the problem in the category of polyhedrons.
A.D. Alexandrov and others solved the problem in general, however, without any
information about the regularity of the (unique) convex hypersurface. Around 1953,
L. Nirenberg (in dimension three) and A.V. Pogorelov (in all dimensions) solved the
regularity problem in the smooth category independently. For references, one can
see works by Minkowski [78, 79], Alexandrov [2, 3, 4], Fenchel and Jessen [34], A.V.
Pogorelov [84, 85, 86], Lewy [62, 63], Nirenberg [81], Calabi [24], Cheng and Yau [26],
Caffarelli et al. [23], and others.

In his seminal work [68, 69], Lutwak extended the Brunn-Minkowski theory to
the Brunn-Minkowski-Firey theory, which made possible impressive new results in
convex geometry [71, 72, 73, 76], stochastic geometry [38, 39|, differential geometry
and differential equations [29, 52, 70, 102, 103, 104, 105]. In the L, Brunn-Minkowski-
Firey theory, Lutwak introduced the notion of the L, surface area. Therefore, it is
natural to ask what are the necessary and sufficient conditions on a Borel measure
on S"! which guarantee that it is the L, surface area measure of a convex body.
For p > 1, and an even measure, existence and uniqueness of the convex body was
established by Lutwak [68]. If the measure p has a smooth density ® with respect
to the Lebesgue measure of the unit sphere S"~!, the L, problem is equivalent to the

study of solutions to the following Monge-Ampere type equation on the unit sphere
s'Pdet(V?s + Ids) = @,

where V is the covariant derivative on S*~' endowed with an orthonormal frame.
Notice that for p = 1 this is the classical Minkowski problem. Solutions to many

cases of these generalized problems followed later by J. Ai, K.S. Chou, B. Andrews,



K.J. Boroczky, W. Chen, M. Gage, B. Guan, P. Guan, C.S. Lin, X.N. Ma, J. Li,
Y.Y. Li, Y. Huang, Q.P. Lu, M. Jiang, E. Lutwak, V. Oliker, D. Yang, G. Zhang,
A. Stancu, and V. Umanskiy [1, 8, 12, 21, 25, 27, 35, 36, 40, 41, 42, 43, 44, 46, 58,
70, 71, 74, 95, 96, 99, 107]. The progress in studying L, Minkowski problems has
been extremely fruitful and resulted in many applications to functional inequalities
29, 71, 72, 73, 74, 76]. This unified theory relates many problems that, previously,
were not connected. Notice also that, for constant data ®, many L, problems were
treated as self-similar solutions of geometric flows [5, 7, 8, 12, 35, 36] and others.

The cases p = —n and p = 0 are quite special and more difficult. The even
case p = 0 has been recently solved by Boroczky, Lutwak, Yang, and Zhang [21].
Many challenges remain for the problem with p < 1 and, particularly, for negative p.
The above partial differential equation with p € [—2,0] and n = 2 has been studied
by Chen [25] and more recently by Jiang [58] for ® not necessarily positive. For
p < —2, some existence results were obtained by Dou and Zhu including generalizing
the result obtained by Jiang in the case p = —2, [33]. Investigations of the L_,
Minkowski problem have been restricted mostly to the even L_,, Minkowski problem,
e.q., the problem in which it is assumed that g has the same values on antipodal
Borel sets, [1, 25, 27, 58]. The technical difficulty lies again in the fact that Euclidean
translations of solutions to the L_,, problem are no longer solutions to the problem.
There are only a few works on the L_s Minkowski problem [1, 25, 33, 57, 58, 107]
and almost no results, except for a Kazdan-Warner type obstruction, on the L_,
Minkowski problem for n > 2, [27] and an existence result for rotationally symmetric
data by J. Lu and X.J. Wang, [65].

If a measure i has a smooth density ¢ with respect to the Lebesgue measure of



the unit sphere S!, the L_, Minkowski is equivalent to the study of positive solutions

to the following ordinary differential equation on the unit sphere
s%(spg + 5) = ®.

The even L_5 Minkowski problem considers those ® such that ®(z) = ®(—z) for all
z € S*. In convex geometry, we are interested in positive solutions of s*(sg + s) = ®.
The reason is that a positive solution to this equation corresponds to the existence
of a convex body with support function s and with affine support function ®. In

Chapter 3 the following theorem is proved.

Theorem B. [5// Given an even, smooth function ® : S' — R, there exists a family

of convex bodies { Ky, }nen C Ksym such that

lim sup ||s*(sgp + 5) — @[] = 0.

n—oo !

Furthermore, if ® is T periodic for k > 2, this family of convex bodies is uniformly
bounded and it converges in the C'° norm to a smooth convex body whose support

function satisfies s3(sgp + 5) = ®.

In a different direction, let us recall that the well-known isoperimetric inequality
says that, amongst all convex bodies in R™ of given volume, it is precisely the Eu-
clidean balls that have minimum surface area. A proof of the isoperimetric inequality
is a simple application of the Brunn-Minkowski inequality. In affine differential ge-
ometry, the celebrated affine isoperimetric inequality states that amongst all convex
bodies in R™ of given volume, it is precisely the ellipsoids that have maximal affine
surface area where the latter will be defined shortly. Another implication of Lutwak’s

Brunn-Minkowski-Firey theory was the extension of the notion of the affine surface
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area to p-affine surface areas, for p > 1. Subsequently, the notion of p-affine surface
areas for 0 < p < 1 has been introduced by D. Hug [47], for —n < p < 0 by Meyer
and Werner [77] and for all p # —n by C. Schiitt and Werner in [94]. Later, in
(66, 67] it was observed by Ludwig that p-affine surface areas, p # —n, belong to a
larger family, called ¢-affine surface area. For p > 1, the p-affine surface area of a
convex body is related to the volume of the convex body by the p-affine isoperimetric
inequality. For p = 1, this is the well-known affine isoperimetric inequality due to
Blaschke with the equality case characterized in the class of convex bodies with C?
boundary [17]. The characterization of the equality in general is due to Petty [83].
The p-affine isoperimetric inequality, for p > 1, was proved by Lutwak [69], including
characterizing the equality case. The equality in the p-affine isoperimetric inequality
is achieved only for ellipsoids centered at the origin. The p-affine isoperimetric in-
equality, for p < 1, p # —n was proved by Werner and Ye [108]. Their inequalities for
p < —n depend on the constant arising from the inverse Blaschke-Santal6 inequality.

For p > 1, the p-affine surface area of K is defined by

s KO\ e
QP(K> = /Snl E (Sn+1> d,uS”_la

where fign—1 is the standard Lebesgue measure on S"~!. The p-affine surface area of

a convex body is bounded by the volume via the p-affine isoperimetric inequality. If

the centroid of K is at the origin then

1
Q;H-IJ(K) P - w2’
nrreynop(K) ) =

with the equality case only for ellipsoids centered at the origin [69]. Here V(K) is the

n K

—‘Zﬂ)( ) v th ffine i imetric rati
€ p-alllne 1soperimetric ratio
nn—l—p‘/n—p(K) p P

1
volume of K defined by V(K) = — / idlugn—l and w, is the volume of the unit
Sn—1

ball of R”. We call the quantity (



11

of K. In dimension two, it is more appropriate to replace V(K) by A(K) as the area
of K.

Another important application of the centro-affine normal flow is given in Chapter
4 in connection to the stability of the p-affine isoperimetric inequality.

Let ® be a real valued function on convex bodies. Given a geometric inequality
O(K) > 0, for every convex body K, in which the equality case is obtained only for
a certain family of convex bodies, denoted by F, a stability version of ® concerns the
following question. Find a positive constant ey, and a positive function f, such that

the following holds: If for some 0 < £ < gy we have
O(K) <e,
then there exists a convex body in F, denoted by L, such that
d(K,L) < f(e),

where d(-,-) is an appropriate norm in the context of the geometric inequality. Here
f obeys the rule ll_l}é f(e) =0 (see the beautiful survey of H. Groemer [37]).

Stability of the p-affine isoperimetric inequality concerns the following question.
If the p-affine isoperimetric ratio of a convex body is close enough to its maximal
value, is it true that the convex body is close enough in an appropriate norm to an
ellipsoid?

A stability version of the affine isoperimetric inequality was presented by K.J.
Boroezky, in R™ for n > 3, [19]. He proved that if K is a convex body in R" such
that its affine surface is e-close to the one of an ellipsoid, for a fixed ¢ € (0, %),
then K is "close” to the unit ball in the Banach-Mazur distance. Here "close” is an

approximation of order ear|loge|sn. Later in [15]. the order of approximation was
pp g ) pp
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1 4
improved to £30+D |log €|3+D . The case n = 2 was not addressed either in [15] or in
[19].
In Chapter 4, we settle the stability of the p-affine isoperimetric inequality in R?

in the class of origin-symmetric convex bodies. We prove that:

Theorem C. [53] Let p > 1. There exists an €, > 0, depending on p, such that the
following holds. Let K be an origin-symmetric convex body with area w. If for an

0<e<eg,

(%) >3 (1 —¢),

then there exist a disk D, an ellipse £ and a special linear transformation T such that

3
4\ 12
ECTKC <1+ (-) %s%) D,
3 ci
4\ 72
dy <8, <1 + (—) %6130> D) < Cpa%,
3 i

for a universal constants c1,cy and C,.

and

In particular,

dyy (TK,E) < Cyeiv.

In Chapter 5, we end our study of the centro-affine normal flow in dimension two
by studying the ancient solutions to the flow. The problem of classifying ancient
solutions to a given geometric flow has been always an interesting problem. Ancient
solutions are solutions that exist on a time interval (—oo, T'), for a positive finite time
T. Classifications has been done completely for the curve shortening flow [31] and for
the Ricci flow on surfaces [30]. It has been shown in [30] that an ancient solution of

the Ricci flow on S? must be either round sphere or the King-Rosenau sausage model.
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See also an exposition by B. Chow, [28], on a formula of Daskalopoulos, Hamilton
and Sesum used in [30]. In Chapter 5, we classify compact, origin-symmetric, ancient
solutions to the p centro-affine flow for p € [1,4). We classify ancient solutions to the
centro-affine normal flows in dimension two in the class of origin-symmetric convex
bodies. Pertaining to the affine normal flow, the classification has been done in all

dimensions except in dimension two [64]. We demonstrate:

Theorem D. [51] Let 1 < p < 4. The only compact, origin-symmetric, ancient

solutions to the p centro-affine normal flow are homothetic ellipses.

In Chapter 6, we study the asymptotic behavior of the centro-affine normal flow

in higher dimension and we prove that:

Theorem E. [55] Assume n > 2. Let 1 < p < -5 be a real number. Let g, :
S™t — R™ be a smooth, strictly conver embedding of Ko € Kgym. Then there exists
a unique solution x : S"™' x [0,T) — R"™ of the p centro-affine normal flow with
inatial data vk,. The rescaled convex bodies, having the fized volumes of the one of
the unit sphere, converge sequentially in the C* topology to the unit ball, modulo
SL(n). Furthermore, when p = 1 the assumption of Ky being origin-symmetric is not

necessary.

The work in Chapter 6 is joint with Stancu. In that Chapter, we develop a
new technique to obtain regularity of the evolving convex bodies under the volume
preserving centro-affine normal flows. To derive the lower bound bound on the Gauss
curvature of the evolving bodies, we consider the evolution of the dual convex body
and we apply Tso’s technique to the speed of the dual p-flow. This procedure avoids
the need for a Harnack inequality, or displacement bounds to obtain higher order

regularities.
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Let K be a convex body having the origin in its interior. The dual convex body
to K denoted by K° is defined by K° ={y e R" | z-y < 1, Vx € K}. It was proved
in [100] that, if {K;}jo,r) evolves by the p centro-affine normal flow, then {7 }or)
is a solution of the following evolution equation, the expanding p-flow (alternatively

called the dual p-flow):

P
o o ICO o
0,8° = s wontl )

This important observation is the key to obtain the regularity estimates in Chapter

6.



Chapter 1

Frequently used facts

In this chapter, we recall several definitions from affine differential geometry and a
lemma on the stability of the centro-affine curvature which will be necessary in sub-
sequent chapters. Furthermore, we state John’s Inclusion and a generalized Holder
inequality. In the end, we state the uniqueness, short time existence and the Con-
tainment Principle for the solutions to the centro-affine normal flows.

We first will recall several definitions from planar affine differential geometry. Let
v : St — R? be a smoothly embedded, strictly convex curve with the curve parameter
6. Define g(#) := [vs,v66]'/®, where, for two vectors u,v in R?, [u,v] denotes the

determinant of the matrix with rows v and v. The affine arc-length is then given by

s(0) == /0 a()de. (1.0.1)

Furthermore, the affine tangent vector t, the affine normal vector n, and the affine

curvature are defined, in this order, as follows:

ti="s, Ni=17, Wp:= [’755"7555]-

15
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In the affine coordinate s, the following relations hold:

[/757755] = 17
[7577555] - 07 (1.0.2)
[’75555’ 75] = W.

[70,799] _ [’Ys,%g]
[7a 70] [77 75]

Moreover, it can be easily verified that Iy =

1
we conclude that Ky = 02 = T
[, %)

Let K be a smooth convex body. We can write the area and the p-affine perimeter

. Since [757’755] - 17

of K in terms of affine invariant quantities:

and
0,(K) = / o ds,
0K
Let K be a convex body having the origin in its interior. The dual convex body

associated to K with respect to the origin, denoted by K°, is defined by
Ke={yeR?|x-y<1, Vo€ K}.
The area of K°, denoted by A° = A(K*°) can also be represented in terms of affine

—df = - —d
/S1 52 /8K02 a

By the Blaschke-Santal6 inequality we can bound the area product:

invariant quantities:

A(K)A°(K) < 7,

with equality obtained only for origin centered ellipses [87].
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Lemma 1 (Stability of the centro-affine curvature). [56/ Suppose that K is a convex
body in Keym. If m < Ko < M for some positive numbers m and M, then there exist

two ellipses &, and E,,; such that &, C K C &, and
IC0<gzn) = M; ICO(Eout) =m.

Proof. We present here the argument for the inner ellipse, the case of the outer one
being similar.

Recall that
[, 4]
Ko = —
N

where ¢ +— 7(t) is any counter-clockwise parametrization of the boundary curve. For

an ellipse, this is a constant inverse proportional to the square of its area. So, we have
to prove that the maximum-area ellipse contained in K has Ky < M. Let &;, be the
maximume-area ellipse contained in K. Since the problem is centro-affine invariant,
we may assume that &, is the unit circle. We will prove that M > 1. The result will
then follow by shrinking the circle &, until its centro-affine curvature is exactly M
and re-denoting it, for simplicity, the same way.

Considering the points where 0K touches &;, one easily sees that, there are at least
four intersection points between 0K and &;,, otherwise &, could be made larger.
Thus, at least two of the intervals on the circle corresponding to the polar angle of
the intersection points are not greater than m/2. In fact, due to the symmetry of K,
there exist at least two diametrically opposite such intervals. Choose coordinates so
that one of the intersection points is (1,0) and another intersection point is of the
form (cos@,sinf) for some 0 < 6 < 7/2. Observe that the arc of K between these
touch points is contained in the square [0, 1] x [0, 1].

Parameterize 0K by the spanned area, i.e. by a curve p — ~(p) such that [y,4] = 1.
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Therefore, we have [y,5] = 0, hence 5(p) = —Ko(p)y(p), for all p, where ICy(p) is
precisely the centro-affine curvature along the boundary of K. Let v(p) = (z(p), y(p)),
then Z(p) = —Ko(p)z(p) and §(p) = —Ko(p)y(p). Suppose that M = sup Ko(p) < 1.
Since z(0) = 1, #(0) = 0, y(0) = 0 and ¢(0) = 1, a standard comparison theorem
for equations of the form # = —a?r implies that xz(p) > cosp and y(p) > sinp for all
p € (0,7/2]. Therefore, x(p)*+y(p)*> > 1 for all p € (0, 7/2]. This means that ~ leaves
the square [0, 1] x [0, 1] before it has a chance to touch the circle again, contradicting

our assumption. O

We recall the following frequently used fact in both convex geometry and analysis

of PDEs which is due to Fritz John, 1948.

Theorem 2 (John’s Inclusion). [60] Suppose that K is a convezr body in R", then
there is a unique ellipse £; of mazimal volume contained in K. Furthermore, if K is
origin symmetric, then

E; C K C/né&jy.
We state the following generalized Holder inequality from [8].

Theorem 3 (A generalized Holder inequality). [8] If M is a compact manifold with
a volume form dw, g is a continues function on M and F' is a decreasing real, positive

function, then

Jys 9F (g)dw _ Sy 9dw
fMF(g)dw - fde'

If F' is strictly decreasing, then equality occurs if and only if g is constant.



19

Proof. The proof follows from Fubini’s theorem.

| aFtae [ aw= [ Pl [ ga
- (

B /M M[g z)F(g(x)) — F(g(y))g(x)]dzdy

5 (o) = su)(Plata)) = Flalw))dody

B /< J>( >(g<x) —9(W)(F(9(x)) — F(g(y)))dzdy < 0.

Let us recall the centro-affine normal flow in R".

1

) Ko\,
Ex = (Sn+1> Kt z, ‘T('ﬂ 0) - xKo(')v l’(,t) = 'IKt() (103>

for a fixed p > 1.

We state the following two propositions in connection to (1.0.3) which were proved

in [100].

Proposition 4 (Short-time Existence and Uniqueness). [100] Let K, be a convex
body belonging to Ky and let p > 1. Then there exists a time T > 0 for which

equation (1.0.83) has a unique solution starting from K.

Proposition 5 (Containment Principle). [100] If K;, and K, are the two convex
bodies in Kgym such that K C Ko, and p > 1, then K, (t) C Kou(t) for as long
as the solutions K (t) and K, (t) of (1.0.3) (with given initial data K;,(0) = Kip,
Kout(0) = Kout) exist in Ky



Chapter 2

Centro-affine normal flows on
origin-symmetric convex curves

The contents of this chapter are taken from the paper ”Centro-affine curvature flows
on origin-symmetric convex curves” [52]. The paper will appear in the journal Trans-
actions of the American Mathematical Society.

We consider two types of p centro-affine normal flows on smooth, centrally sym-
metric, closed convex planar curves, p-contracting and p-expanding. Here p is an
arbitrary real number greater than 1. We show that, under p-contracting flows, the
evolving curves shrink to a point in finite time and the only homothetic solutions
of the flow are ellipses centered at the origin. Furthermore, the normalized curves
with enclosed area 7 converge, in the Hausdorff metric, to the unit circle modulo
SL(2). As a p-expanding flow is, in a certain way, dual to a contracting one, we
prove that, under p-expanding flows, curves expand to infinity in finite time, while
the only homothetic solutions of the flow are ellipses centered at the origin. If the
curves are normalized as to enclose constant area 7, they display the same asymptotic
behavior as the first type flow and converge, in the Hausdorff metric, and up to SL(2)

transformations, to the unit circle. At the end, we present a new proof of p-affine

20
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isoperimetric inequality, p > 1, for smooth, origin-symmetric convex bodies in R2.

2.1 Introduction

Let K be a compact convex body, having the origin in its interior, and smoothly

embedded in R?. The support function of 0K is defined by
sor (2) == (xk(2), 2),

for each z = (cos @, sin ) € S'. We denote the curvature of 9K by k and, furthermore,
the radius of curvature of the curve 0K by t, viewed now as functions on [0, 27]

identified with the unit circle. They are related to the support function by

1 o7
;(Q) =t(f) == @3(9) + s(0),
where 6 is the angle parameter on S! as above.

In this chapter, we study the long time behavior of the flow

2:)3 =5 (£>pi2 z, x(-,0) =2k, (), z(,t) =xk, (). (2.1.1)

starting the flow from a convex body Ky € Ky, We will resort to the affine differ-
ential setting for a technical step in the study of the normalized evolution equation
corresponding to (2.1.1).

Notice that the solution of (2.1.1) remains in Ky, as s and & are symmetric in

the sense

VO s(0+7)=s(0), x(0+m)=r(0).

Here and thereafter, we identify z = (cos#f,sin @) with the normal angle 6 itself. We

will give a proof of the fact that K; € K, as long as the flow exists in Lemma 6.
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We can rewrite the evolution equation (2.1.1) as a scalar parabolic equation for

the support functions on the unit circle:

s:S'x[0,T) = R"

O 5= st 5, 0) = so(), s(,0) = ok (), (212)

leading, in general, to an anisotropic planar evolution. As in [8], it can be shown
that there is a one-to-one correspondence between the solutions of (2.1.1) and those
of (2.1.2).

In [100], the following expanding p centro-affine normal flow was defined in con-

nection to (2.1.1)
9 s (i)+ 2 2(0) = wxs (), a(t) = 2 (). (2.1.3)

It is easy to check as K, evolves according to (2.1.1), then K} evolves according to

(2.1.3). Equivalently, the support function of OK7, spxz, evolves according to

8 D p
ESzfﬁ%ﬂ@,p21 (2.1.4)

with initial condition s(-,0) = ske(-), see Lemma 24.

At a point p of 0K, the centro-affine curvature mentioned earlier is inversely
proportional to the square of the area of the centered osculating ellipse at p. The
centro-affine curvature is thus constant along ellipses centered at the origin which are,
therefore, evolving homothetically by (2.1.2), respectively (2.1.4). Coupled with the
fact that these flows increase the product A(K) - A(K°) which is known to reach the
maximum for ellipses centered at the origin (Santald inequality) and the applications
of p-flow stated above, it was natural to investigate the asymptotic behavior of the

flows which a priori suggests convergence to ellipses. While this was the first objective
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of the chapter, in the process we obtained sharp affine isoperimetric type inequalities.
The latter is related to the p-affine surface area introduced by Lutwak in [69] which
has been the subject of intense research since then, see [67] for a recent, outreaching
work which motivates even the present work. Finally, to the best of our knowledge,
this is the first study of an anisotropic curvature flow with time-dependent weight.
We regard as weight, as well as anisotropic factor, a power of the support function of

the evolving body. In this chapter, we prove the following two theorems:

Theorem (Main Theorem A). Let p > 1. Let xg, : S' — R? be a smooth, strictly
convex embedding of Ko € Ksym. Then there exists a unique solution x : S' x [0,T) —
R? of equation (2.1.1) with initial data xg,. The solution remains smooth and strictly
convez on [0,T) for a finite time T and it converges to the origin of the plane. The
rescaled curves given by the embeddings \/Aftx(Q,t) converge in the Hausdorff metric

to the unit circle modulo SL(2).

Theorem (Main Theorem A’). Let p > 1. Let xy, : S* — R? be a smooth, strictly
conver embedding of Ko € Kgym. Then there exists a unique solution x : S* x [0,T) —
R? of equation (2.1.8) with initial data xx,. The solution remains smooth and strictly
convez on [0,T) for a finite time T and it expands in all directions to infinity. The
rescaled curves given by the embeddings \/Aft:v(e,t) converge in the Hausdorff metric

to the unit circle modulo SL(2).

This chapter is structured as follows. The next section focuses on the p contract-
ing centro-affine normal flow. We show that the evolving curves shrink to a point in
finite time. To study the convergence of solutions, we resort to the affine differential
geometry in the third section. In this section, we will obtain a sharp affine isoperi-

metric inequality along the flow. In the fourth section, we obtain a crucial result
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about the constant asymptotic value of the centro-affine curvature of any solution. It
is here where we conclude the convergence of solutions to a circle modulo SL(2). In
the fifth section, we present the relation between the contracting and the expanding
flows. Consequently, we deduce an analogous asymptotic behavior for the p expanding
centro-affine normal flow. Finally, in last section, we present a new proof of p-affine

isoperimetric inequality, p > 1, for smooth, origin-symmetric convex bodies in R2.

2.2 Convergence to a point and homothetic solu-
tions

This section is devoted to the contracting p centro-affine normal flow. In what follows,
by evolving curves we mean the curves that enclose the evolving convex bodies in

KCsym- We start by proving that {K;} remain in Ky, as long as the flow exists.

Lemma 6. Let {K,}, be a solution of (2.1.1) where Ky € Kgym. Then K, € Ky, as

long as the flow exists.

Proof. Notice that both —x(-+m,t) and x(-,t) satisfy (2.1.1) with initial data —x(- +
m,0) and z(-,0), respectively. At time ¢ = 0 we have —x(-+m,0) = x(-,0). Therefore,

by Proposition 4, we conclude that —z(-+m,t) = (-, t) as long as the flow exists. [
The following evolution equations can be derived by a direct computation.

Lemma 7. Under the flow (2.1.2), one has

0 82 _38p P 1—3p __p_
&t = —w (8 rt2y p+2> — 8§ pt2yr pt2, (221)
d

ZA(t) = =9 (1), (2.2.2)
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1
where A(t) = A(K,) = —/ 246 is the area of Ki, and Q,(t) = Q,(K;) =
S

2 1R

/ 5 <£>m df is the p-affine length of OK;.
S

AN
In trying to prove the convergence of the evolving curves to a point, the main
obstacle was that, except for the case p = 1, we could not find a uniform lower bound
on the curvature of evolving curves. However, we could show, with several fruitful
consequences, that there exists an entire family of increasing quantities related to the

1—3p. __p_
speed of the flow, s* »+2¢ »+2,

Proposition 8. For1 < g < z%’ or q =0, the flow (2.1.2) increases in time

i (1 (5)77) 00

Proof. Using the evolution equations (2.1.2) and (3.2.1), we obtain

0 (s0stae %) 0 =28\ vt 4 g5 0
_ S P p = —3S P P S p —_— P
ot ot ot

- _ (q _ Z%) Sqfs%*lt*# (317%'(7%) (2.2.3)

—P__q g—3p 1—3p __P_ 1—3p __p_
t pt2 St pt+2 S p+2¢ p+2 —|—3 p+2¢ p+2
00

= (22 ) e D
p+2

—P__1 ¢g—3B 1—3p. __p_
-+ r pt2 “gt p+2 (g7 pr2yp pt+2 A
00

p+2

To apply the parabolic maximum principle, we need to bound the right-hand side of

(2.2.3) from below.

_3p __p_ _3p __p_
(31 pr2g p+2) = <3q P2 p+2517q) (2.2.4)
00 00

_3p __p_ _3p __p_
= g7 (I v 2 4§92y b2 (31*‘1)
90 00

3p p

-0\ (0
+2(s )9<s P2t p+2>9.
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. .. _3p _ _p_
At the point where the minimum of s~ »+2¢~ »+2 occurs, we have

3p

(SQ—EIEt p+2) > (),
66

and
(3["_%(?%) =0.
0
Therefore, by equation (2.2.4), we obtain that, at that point,
1—3p. _ _p_ _3p. P, oq_
(st Heste) | 2 s o w5,
= e [(1 —q)s 9sgg— (1 —q)q (5’1’q) 53}
> sty e [(1—q) s %] (2.2.5)
= by [(1—q) st —s)]

= (1= q)s #2337 — (1 - g)s™#ir i,

where, to pass from the second to the third line, we assumed that either ¢ = 0 or

g > 1. Combining (2.2.3), (2.2.4) and (2.2.5), at the point where the minimum of

1-3p _ _p_
s p¥2r 2 occurs, we have

9 (s > (3_p_q) i P -2

ot p+2 p+2
L PO gz PO 4) -2
p+2 p+2
— <_3p2 —q+ p—(l —2q)> Iy v + pq25q_p%+lt_%_l.
P+ P+ P+
Since
3 1—
P p(1 —q)
p+2 p+2
is non-negative for ¢ < =& +1, the claim follows. m

Consequently, we have:
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Corollary 9. Convexity of the evolving curves is preserved as long as the flow exists.

Proof. By Proposition 8, setting ¢ = 0, we have, as long as the flow exists,

R

min (%) (0,t) > min (—) (6,0).

9cst \ s gest \ g3

This inequality implies

k(0,) > s3(0,t) min (%) (6,0) >0,

peSt \s

which is precisely the claim of the corollary. O

_3p_ p
Following an idea from [106], we consider the evolution of the function a

for some appropriate p, to obtain an upper bound on the speed of the flow as long as

the inradius of the evolving curve is uniformly bounded from below.

Lemma 10. If there exists an r > 0 such that s > r on [0,T), then k is uniformly

bounded from above on [0,T).

3p D
“pA2 T pE2 .
Proof. Define ¥(z,t) := %, where p = 3r. For convenience, we set a :=
1-— % and (3 := —]% . At the point where the maximum of ¥ occurs, we have

Uy =0, Wy <0.

Hence, we obtain

soP — gt
(Satﬂ)ee + 5P < _P .

p— (2.2.6)

We calculate
8_111_ 5% 8_tﬁ+ P 8sa_ 5P @
o  s—pdt s—pdt (s—p2ot

Without loss of generality, we can assume that %\P > 0. Using Lemma 7, and

inequality (2.2.6), we infer that, at the point where the maximum of W is reached, we
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have

0< 2\IJ <! —Bs*P ! _pstel = st + tﬁgsa + (s*e)
Ot T s—p s5—p ot sS—p

This last inequality gives
1
Bprk — B —a+ap—+12>0.
5
. i 1 .
Neglecting the non-positive term ap—, we obtain
s
Bpk —pB—a+12>0.

4 4
Notice that a + 3 — 1 = —%, therefore 0 < k < —, consequently, implying the
p P

lemma. O]

Lemma 11. Let T be the mazimal time of existence of the solution to the flow (2.1.2)
with a fized initial body Ko € Kgym. Then T is finite and the area of K, A(t), tends

to zero as t approaches T

Proof. Suppose that S is a circle which, at time zero, encloses K. It is clear that, by
applying the p-flow to Sy, the evolving circles S; converge to a point in finite time. By
Proposition 5, K; remains in the closure of S;, therefore T" must be finite. Suppose
now that A(¢) does not tend to zero. Then we must have s > r, for some r > 0
on [0,7"). By Corollary 37, and Lemma 10, the curvature of the solution remains
bounded on [0,T) from below and above. Consequently the evolution equation (2.1.2)
is uniformly parabolic on [0,T), and bounds on higher derivatives of the support
function follows by [61] and Schauder theory. Hence, we can extend the solution after

time 7', contradicting its definition. ]

Lemma 12. Assume 1 < [ < 2. Then every solution of the flow (2.1.2) satisfies

limt_>T Ql (t) = 0.
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Proof. From the p-affine isoperimetric inequality in R?, [69], we have
0< Ql2+l(t) < 22+Z7T2lA271<t)’
for every [ > 1. Therefore, the result is a direct consequence of Lemma 38. O]

Proposition 13. Let L(t) be the Fuclidean length of 0Ky as K, is evolving under
(2.1.2). If p > 1, then limy_,p L(t) = 0.

Proof. We first seek an [ with the following simultaneous properties:

Notice that, by Lemma 12, the condition (1) implies lim, 7 () = 0. The

i (+ (5) ) 00

condition (2) implies that

is increasing. Indeed

! _p tt2Z p
. R\ 1+2 Ptz 1 . p 42 [ K\ pi2
(s ()7 00) ™" =g (o7 (5)™) 00

therefore the claim follows from Proposition 8.

P2 < 2 jmplies

We now proceed to prove the existence of such an [. Solving e T S i

2p+2
[ +2

p+3
and notice that it satisfies both conditions (1) and (2).

We further remark that

1 1
. K\ 351 1 S / K\ zH
— — < = — | — . 2.
fest (S <53) > (62) /Sl K 46 < Su(t) /Sl K <s3> 40 (227)
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Thus, by taking the limit as t — 7" on both sides of inequality (3.2.4), we obtain

1
lim L(t) = lim [ —df = 0.
t—T t—T st R

Proposition 14. Centered ellipses are the only homothetic solutions to (2.1.2).

Proof. Denote by A°(t) := A(K;) and observe that A(t)A°(t) is scale-invariant.
Therefore, for homothetic solutions this area product remains constant along the
flow. Moreover, Proposition 2.2 in [100] states, in a larger generality, that, as long
as the flow exists, the p centro-affine normal flow does not decrease the area product
A(t)A°(t) and it remains constant if and only if the evolving curves are ellipses cen-
tered at the origin. The result follows now from the existence of solutions until the
extinction time of evolving convex bodies which are origin-symmetric with the center
of symmetry placed at the origin.

Alternatively, one can argue that having a homothetic solution to (2.1.2) is equiv-
alent to :—3 being constant along the boundary of K;. Then Petty’s lemma, [83], shows

that the latter is equivalent to K; being an ellipse centered at the origin. O]

2.3 Affine differential setting

In what follows, we work in the affine setting to obtain a sharp affine isoperimetric
inequality along the p-flow, Theorem 17.
Let Ky € Kgym. We consider a family {K;}; € Ky, and their associated smooth

embeddings z : S' x [0,7) — R?, which are evolving according to

%x =o' ren, 2(,0) = o), 2(t) = 2 () (2.3.1)
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for a fixed p > 1. Observe that, up to a time-dependant diffeomorphism, the flow

defined in (2.3.1) is equivalent to the flow defined by (2.1.1).

Lemma 15. Let v(t) := 0K, be the boundary of a convex body K; evolving under the

flow (2.3.1). Then the following evolution equations hold:

0
1. —

ot

0
2.§—

2 173710 1 1— 3p
— ——ga p+21u —+ —g < p+2> ,
55

3 3

1 1— 3P 1 1— 3P 1— 3P
——0 P2 — = (O’ P+2> t+ <0 P+2> n,
3 3 55 5

_sp | 4 P 3p \ o2 D
9 Zo=cre o (L) (1) P
o’ ~° { 3+(p+2+ )( p+2> o 27

Proof. To prove the lemma, we will use repeatedly equations (1.0.2) without further

mention.

We have

2
Since 8_

06?

05 = o, = [0, 0] + 1, 0
o? T ot Yo, Yoo = aﬂeﬁee W)aat%)e-

8
[ at”Ye,’Yee] % b2 Vss 7991

i
{g

g@s p+2 '755) ) 7991

3p
[( - p+2> 755‘1‘0 p+275557799:|-

0 o?
=005 + QQ@a we further have Vg9 = g°7ss + 9gs7s. Thus

8 13 1—3p_ 2
a%;%e =49 [(‘7 p+2> Yss 0 P2 Vss5, B Vss +99575}

3p

_3p
2—9295< p+2> —g’o' T,



On the other hand, we have

3 82 13
0, EWG = |97ss 902 (0 ”“%5>
a 1_3717 2 82 1_37?7
= 9757995& (U p+2755) +9 @ (‘7 p+2’755>

Hence, we conclude that

éigg==g3(ol‘5@> — 2% 7Py,
at 55

which verifies our first claim.

To prove the second claim, we observe that

By (2.3.2), we get

9] 0 0
ot 9tos
= — o »r —0g P ——=|o
0s Yo 3 H 3 55
1— 30 130 2 _3p 1/ 1 30
:(0‘ p+2> n+o PR+ | -0 P+2u——<0 P+2> t.
5 3 3 55

We notice that s = —pys ending the proof of the second claim.

We now proceed to prove the third claim with

TN KD B
ato—_ 8t 7?75 - at%% 77 81575 .
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(2.3.2)

By the evolution equation (2.3.1), the evolution equation for t, and the identities
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o =[7,7] and o5 = [, Ves], We get that

0 1— 3p_ 1 1 3 1/ 1_3p 1 3p
5,9 = [g p+2755’75] + Yo\ —50 PTPu— o <J p+2) Vs + (U p+2> Vs
55 5

ot 3 3
1— 3P 1 o 3p_ 1 1—3p_ 1— 3P
= —0g pt2 — —(O p+21u —_— (o’ p+2> o+ (o’ p+2> Os
3 3 55 s
I 2 n 1+ p —sp
=—0 2 —_—0 ¥ —=+——= )0 2o
3 lu’ 3 p+2 55
3p p 32 o9 1— 3P
+(1——— o r2go —|—<0’ P+2)0.
< p+2) p+2 ¢ s

Observe that o, + o = 1, and apply it to the second and third term of last sum, to

obtain
0 4 | sp P i_ D 3p VI _ 3p
—0=—-0 rH2+ o rH20e + —— ——— | o rH20 —i—(a P+2> o
ot 3 P+ ® o p+2 p+2 s

as claimed.

For the last claim of the lemma, consider
d 3 1— 3P
—Q,(t) = — P2
i = 5 /70 :

_ [ O (it -2 0
—/;/E<O' +>d§+/0’ "'atdﬁ.

v

Using the previous part (3) of the lemma, and integration by parts, we obtain
/2 (0 W%) ds
L0t
2
= 4 /al_zipst—l— L—i—l 1_3_]) /a_rff?afds
p+2 3/ /), p+2 p+2 .
p 3p 1 Sp_
+—01-— o P2 ogds
p+2 < p+ 2) /7 o
4 4 b ?
= (_p — —) /alzﬁﬂds + (L + 1> (1 — 3_p) /Uﬁéafds
r+2 3/ )/, p+2 p+2 .

3 6 .
L (12 P /a‘ﬂzo—ﬁds.
p+2 p+2 p+2 .
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On the other hand, (1.0.1) gives
ds = gdb.

Thus, by part (1) we get

Setting
3p \? 3 6
Q:i=(-L—g1)(1-2) -2 P (=5 -
p+2 p+2 p+2\p+2 p+2
+2( 6p _1) 1 (1_ 3p )2_ 18p?
3\p+2 3 p+2)  (p+2)?*
and combining the above equations, we finally acquire that

d 2(p —2) 1-52 / )
—Q,(t) = ———= p+2 (] 2 g2 ds.
g (1) b0 /70 s+ Q) 7a oids

O

Now, we proceed to strengthen inequality (2.3.4). Let K and L be two convex
bodies with support functions s and h, respectively. Then the mixed volume of K

and L is defined by
Vs, h] = / se[h]do — / e[| o).
st st
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By Minkowski’s mixed volume inequality [92], we have
VZ3h,s| > Vs, s]VI]h,h]. (2.3.3)

More interestingly, inequality (2.3.3) still holds if & is an arbitrary function in C*(S').
Indeed, assuming that h is not the support function of some convex body, for a large
positive constant ¢, the sum h + ¢s is a support function and we obtain, due to the

linearity of mixed volumes,
0 <V?h+cs,s] —V[h+cs h+cs|V]s,s] = V2[h,s] — V[h,h]V][s,s].

The following proposition, stated here only for n = 2, is proved in [100] for all
dimensions. Using our method in this section, we prove a stronger version of the

planar inequality in Theorem 17.

Proposition 16. Let p > 1, as K; evolves under (2.1.2). Then we have

d p—255(t)
—Q,(t) > ——=-2L 2.3.4
dt (1) 2 +2 A(t)’ (23.4)
with equality if and only if K; is an origin centered ellipse.
Theorem 17. The following strong affine isoperimetric inequalities hold.
If 1 <p<2, then
d p—29 18(p—1)p* [ _eo
—Q,t)>—-L2 4y — »+202d 2.3.5
dt p()_p+2A+ (p+2)3 /ya 0;as, ( )

while, if p > 2, we then have

d — 202 18p?2 )
EQp(t) P e v /U_zi?afds. (2.3.6)
Y
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Proof. To prove the second statement, we notice that Holder’s inequality gives
2p 2
[ tas= [ 2(5)Fwz
” SANCE 2A
Thus, part (4) of Lemma 15 implies that the affine isoperimetric inequality for p > 2.
We now proceed to prove the first inequality. By Minkowski’s mixed volume inequality

(2.3.3), we have

_p_ p_ \% [s ( :
R\ p+2 R\ p+r2 s
1% (—) : (_> < . 2.3.
[S s3 "\ - Vs, s] (23.7)
2
Notice that the right hand side of the inequality is precisely ﬁ. Using the identity,

see [9],
t[s(s%)m}_ s (/-@)piz) N s (fi)pig
‘C[S] B /{% 53 a /{% 53 55
13 1— 3P
=0 p+21u -+ (0‘ p+2> ,
55
we can rewrite the left hand side of (2.3.7) as follows:
K\ pra K\ prz K\ prz K\ 773
V{S(;a) () }:/Sf(;e) “{S(;z) }de
/ S /K\pa b [5 (s%)m}
= [ = <—3> —— ds
vy K3 NS
= /Ulszp? <017P%,u+ (017%> )dﬁ
~ 55
/0—2—? ds (1 5P 2/ “#202ds. (2.3.8)
= 2 —(1—— o r2ods. 3.
y l’l’ p+ 2 . S

Hence, combining equation (2.3.8) and inequality (2.3.7), we conclude that

/ st s < 5 (12 30 ) [ ooz 2.3.9
p+2 — p+2 . .J.
7a pds < o + P /Wa oyds ( )



37

Inequality (2.3.9) is a special case of the affine-geometric Wirtinger inequality, Lemma

6, [9]. To finish the proof, notice also that

d 2(p—2 p 18p? p
—Q,(t) = (p )/0 _%ds—i— —p/a_;i”a?ds
dt p+2 J, (p+2)3/,

_ 2(p_ 2) /0.2;102 (l _ %) ds + M/O-Qp%g%dg
p+2 J, o o p+2 J, o
2
18p /azfﬁafds
”

(p+2)?

2(p—2) [ 6p 18p? / _p
= 1) w302
[p+2 <p+2 (p+2)3 VU 7s

+ 2 =2) /02_1?652/1(15,
p+2 J,

which, by inequality (2.3.9), implies

d

ZQ(t

dt P()
2p — 2 2 9(p—2 1872 »

> (b=2)(,_ 3 N (P=2)( 6p 8p /a—fwo—fds
P+ 2 p+2 p+2 p+2 (p+2)3 N
p—2912)

p+2A

_p—2% 18(29—1)192/0;;%%
p+2 A (p+2)?* J, ’

]

24
Lemma 18. The p-affine isoperimetric ratio, Xé’_—zg;, is non-decreasing along the flow

(2.1.2) and remains constant if and only if Ky is an origin centered ellipse.

Proof.
d Qg—i_p(t) B (2 + p)Q£+1 (t)AQ—pOt)%Qp(t) + (2 _ p)Al_p(t)Qg+p(t)
EAQ—P(t) N A2C-7)(t) (2.3.10)
QLfp 02
- g (erninn-o-270) 20

where we used inequality (2.3.4) on the last line. O
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Corollary 19. If K, evolves by (2.1.2) with extinction time T, the following limit
holds:

20) 1 Qg(t)} = 0. (2.3.11)

lim inf —2 0 {(2 +0) (1) = (p—2) A(t)

Proof. By equations (2.2.2) and (2.3.10),

duP(t)  d Qb(t) d Q(t)
i =~ o) (5 (@ g0 - e-270]).
If
i e+ g0 - o-27 0| 2

in a neighborhood of 7', then

d Q]22+p(t) d
T A > —e In(A(1)).

Thus
O2+p 0)2+p
p

() 2 2 (1) + e In(A(1) — = In(A(),

and the right hand side goes to infinity as A(t) goes to zero. This contradicts that

the left hand side is bounded from above by the p-affine isoperimetric inequality. [

2.4 Normalized flow

In this section, we study the normalized flows corresponding to the evolution described
by (2.1.2). We consider the conventional rescaling such that the area enclosed by the

normalized curves is 7 by taking

5= \/%st, Ry 1= Wﬁt.

One can also define a new time parameter

2p

[ ()
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and can easily verify that

53 27

-ng—@(5>ﬁ + 20, (2.4.1)

where Qp stands for the p-affine length of K, having support function §. More

AN
(£)"

However, even in the normalized case, we prefer to work on the finite time interval

precisely,

() == 9y (K.) = |

Sl

RV

[0,7).

Corollary 20. Let p be a real number, p > 1, and let {t;}r be the sequence of times
realizing the limit (2.3.11) in Corollary 19. Then along the normalized contracting

p-flow, we have

tilng a(ty) = 1.
Proof. Since
1 1— 3P 2 _ 6p_ 2
—2/ (0 P+2) ds = /0 r2o7ds,
(3_P — 1) v e gl
p+2
by Theorem 17 and Corollary 19, we have
_ 7 P | _ Pl > |3 p 17?) >
0 t}:—% Al-p {dtQp(t) p+2 A} - tELHT Al-p (¢(p)/7 (J " E dﬁ) 20,
9p? :
where (p) — | TrRGe HT1<P=2
9p? :
e 1P 2

As, by Lemma 18, the p-affine length Qp is increasing along the normalized flow,

we conclude that, for each p > 1,

» 2
lim @P%ﬁ<ﬁza

T /. N
te— 5 5
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We notice that for any 6,0, € St

I 65,0
( i) ‘de_/‘ ) | ds (/ (511552>2d§)1/201/2
={/ ] i

Take 6; and 0y be two points where ¢ reaches its extremal values. It is known that,

for a smooth, simple curve with enclosed area 7, mingioc < 1 and maxgio > 1,
see Lemma 10 in [9]. Hence, as Q, is bounded from above by the classical affine

isoperimetric inequality [69], we infer that lim,, 7 &(t;) = 1. O

Theorem 21. Suppose that §; is a solution of the normalized flow (2.4.1) for some
initial convex body in Ky, and that {ty} is the sequence of times realizing the limit
(2.3.11) in Corollary 19. Then there exist two families of centered ellipses {E;,(tx)},
{Eout(tr)} such that

Ein(ty) C Ky, C Epunl(ty). (2.4.2)

Furthermore, the sequence {3I~(tk} converges, in the Hausdorff metric, to the unit

circle modulo SL(2).

Proof. By Corollary 20, we have

mn(;)(e%)—1 (2.4.3)

tp—T

Thus, the first half of the claim follows from Lemma 1.
Now we proceed to prove the second half of the claim. Evidently we can find an
appropriate family of special linear transformations { Ly, }+, such that L, (Epue(tr)) is
a circle at each time t;. Each such area preserving linear transformation L, minimizes

the Euclidean length of the ellipse &, (tx) at time ty.
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Thus, the constructions of &,,(t;) and &, (tx) imply

lim Ly, (Eput(tr)) = lim Ly, (Ein(ti)) = S*

tk—>T

in the Hausdor{f metric:

Recall, from Lemma 1, that

min <i) (6,1) = % (Eunalt2)).

gest \ 83

Since - is invariant under SL(2), we have ﬁ(c‘,’owt(t/yﬁ)) = %(Ltk (Eout(tr))), therefore
s

53 53
thngS—’Z(Ltk (Epue(ty))) = 1. This implies limy,_yp Ly, (Epue(ty)) = S in the Hausdorff
k

metric. Similarly, from the choice of &;,(t;) in Lemma 1, we have

K K
o (5) (0.00 = 560,
therefore tlimTS—/Z(Ltk(Em(tk))) = 1. This implies lim;, 7 A(Ly, (Ein(ty))) = 7. As
P

Ly, (Ein(tr)) C Ly, (Eout(tr)), we conclude that limy, 7 Ly, (En(tx)) = S' in the Haus-
dorff metric.
Now, applying { Ly, }+, to the inclusions (2.4.2), we obtain that the sequence { L, (K;, )}«

converges to the unit disk in the Hausdorff metric. O]

Corollary 22. Along the flow (2.4.1) with an arbitrary initial condition in Ky, we

have
lim A(K;)A(KY) = 72
t—T

forp>1.

Proof. Recall that the area product A(K;)A(K}) is invariant under the general lin-

ear group, GL(2), and increasing along each p-flow, unless the boundaries of the
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evolving convex bodies are centered ellipses. Moreover, as the convex bodies are
origin-symmetric with the center of symmetry at the origin, the Santalé inequality
gives A(t)A°(t) < % with equality if and only if the boundary curves are ellipses

centered at the origin, [87]. Consequently, Theorem 21 implies the claim. O

Now Theorem 2 immediately implies that, if K is an origin symmetric convex
body such that whose volumes is w,, volume of the unit ball in R", then there is a
linear transformation L such that " (LK) < \/n and r_(LK) > \/Lﬁ, where (LK)
and r_ (LK) is the inradius and circumradius of LK respectively. Now, we are ready

to prove one of the main theorems:

Theorem 23. Let p > 1. Suppose K; is a solution of the normalized flow (2.4.1)
for some initial convex body in K. Then there exists a family of special linear
transformations {L;}ico.r) C SL(2) such that the sequence {L,(OK;)}: converges to

St in the Hausdorff metric.

Proof. At each time ¢, we apply a special linear transformation L, such that the
Euclidean length of 9K, is minimized. Let {t;}: be a sequence of times converging to
T. John’s Inclusion or Proposition 8 of [9] implies the compactness of the set of convex
bodies L, (K3,). By Corollary 22 and Blaschke Selection Theorem, each subsequence
of {L;,(0K;,)} has a subsequence {Le,, (Gf(tij)} such that the sequence {Ly, (8}~(tij)}
converges, in the Hausdorff metric, to an ellipse of enclosed area w. Thus, the length
minimization condition rules out the degeneracy of the limit ellipse and, in fact, it
implies that the sequence {Ltij (8[~(tij)} converges to the unit circle in the Hausdorff

topology. O]
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2.5 Expanding p-flow

Lemma 24. As K; evolves by the centro-affine normal flow (2.1.2), its dual K7

evolves, up to a diffeomorphism , under the flow

%s =s <S—/z>1ﬁ2 , (1) = saxe(0), s(+,0) = saxs(.). (2.5.1)

Proof. The proof of Lemma 24 is given in [100], but, for completeness, we’ll present

8—2d9 and that, under sufficient regularity assump-
1

tions on 0K which are satisfied here, Q,(K) = Q4(K°) for each ¢ # —n, in which

it here. Recall that A(K°) /
S

case the g-affine length is not defined. Therefore, as K; evolves by the centro-affine
normal flow (2.1.2), the volume of the dual body K changes by

d [¢] [¢]
%A ( ) Q—#@)?

where the notation stands for Q_#(Kf). Compared with the rate of change of the

area of a convex body L whose boundary is deformed by a normal vector field with
d 1

speed v, which is £A<L) = / v—ad#, we infer that while K; evolves, up to a time-
st KL

dependant diffeomorphism, by (2.1.2), its dual K} evolves, up to a time-dependant

diffeomorphism, by (2.5.1).

Similar to Propositions 4 and 5 of [100], we have

Proposition 25. Let Ky be a convex body belonging to Ky and let p > 1. Then
there exists a time T > 0 for which equation (2.5.1) has a unique solution starting

from K.

Proposition 26 (Containment Principle). If K;, and K, are the two convez bodies

in Ksym such that Ky C Koy, and p > 1, then K, (t) C Kou(t) for as long as the
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solutions K, (t) and K. (t) (with given initial data K;,(0) = K, Koui(0) = Kour)
of (2.5.1) exist in Ky,

Similar to Lemma 6 we have

Lemma 27. Let {K;}; be a solution of (2.5.1) where Ky € Ksym. Then Ky € Kyym,

as long as the flow exists.
Combining Proposition 13, Lemma 24, Proportions 25 and 26 we obtain:

Proposition 28. Suppose K; is a family of convex bodies such that it evolves under

the flow

with p > 1. Then

Proposition 29. Ellipses centered at the origin are the only homothetic solutions to

(2.5.1).

Proof. The proof follows from the duality between the two flows and Proposition

14. m
Furthermore, we obtain:

Theorem 30. Let p > 1. Suppose K, is a solution of the normalized flow derived
from (2.5.1) for some initial convex body in Ksym,. Then there exists a family of linear
transformations { Ly }iepo,ry C SL(2) such that the convex bodies Lt(ﬁf(t) converge to

St in the Hausdorff metric.
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Proof. Let {Li}icpr) be the family of length minimizing special linear transforma-
tions that we defined in the proof of Theorem 23. Since (L;(K;))° = L;7{(KY), where

L;" is the inverse transpose of L;, the claim follows. m

2.6 A proof of the p-affine isoperimetric inequality

In this section, we provide a new proof of the p-affine isoperimetric inequality, p > 1,
for a convex body K € Kyp,. Since our proofs of Theorems 23, and 30 are dependant
on the p-affine isoperimetric inequality, we cannot apply our results on the p- centro-
affine normal flows to obtain the p-affine isoperimetric inequality. Instead, we employ
the affine normal flow to reach our goal, see [10].

We state the following general evolution equation for €2; under the contracting p-flow
for each [ € R :

d 2(1 —2) _3p _ 3L 18pl _3p 3
—Q(t) = P27 042 p+2 22 ds. 2.6.1
1(t) 12 [ya 27T 5+(l—|—2)2(p+2)/70 T2 glds (2.6.1)

The proof of this equation is similar to the one of part four of Lemma 15.

Lemma 31. The following sharp affine isoperimetric inequalities hold along the affine
normal flow.

If1 <1 <2, then

>
ORI R (1 +2)

d 1—200  2(1—1)(42 + 31+ 2) /o——l—zilza%zs
Y

while, if | > 2, we then have

d [ =200 6l _1_3L o
—Qu(t) > d
i l()_l—|—2 P +(l+2)2/ya H20.ds,
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Proof. Define dw = ods, g = o and F(z) := 2~ in Theorem 3. Furthermore,

observe that, for a convex body K in R?, we have 2A = [, ods. This implies

hence the second claim follows by this last inequality and the evolution equation
(2.6.1) for p = 1. To prove the first inequality, one can proceed similarly as in the
proof of inequality (2.3.5), and use the affine-geometric Wirtinger inequality developed
by Andrews, Lemma 6, [9].

O

241
Lemma 32. Let [ > 1, then the l-affine isoperimetric ratio, ié_—lg 18 non-decreasing

along the affine normal flow and remains constant if and only if K; is an origin

centered ellipse.

Proof.
d Q7 () 2+ DT (AT )£ + (2 — DA ()t
EAQ—l(t) - A2-D (¢)
() d D) (t)
=L —2((2 — - (l=-2)—————2= | >
where we used Lemma 31 on the last line. OJ

Theorem 33. Let [ > 1, then the following l-affine isoperimetric inequality holds for
a convex body K € Ky, .
Q(K)

< olt+2.21
AX(K) — ™

Moreover, equality holds only for centered ellipses at origin.

Proof. The claim is an immediate consequence of the weak convergence of the solu-

tions of the normalized affine normal flow to a centered ellipse and Lemma 32. O



Chapter 3

A flow approach to the L_»
Minkowski problem

The contents of this chapter are taken from the paper ”A flow approach to the L_o
Minkowski problem” [54]. The paper is published in the journal Advances in Applied
Mathematics 50 (2013), pp. 445-464.

We prove that the set of smooth, m-periodic, positive functions on the unit sphere
for which the planar L_, Minkowski problem is solvable is dense in the set of all
smooth, m-periodic, positive functions on the unit sphere with respect to the L*>
norm. Furthermore, we obtain a necessary condition on the solvability of the even
L_5 Minkowski problem. At the end, we prove uniqueness of the solutions up to an

affine linear transformation.

3.1 Introduction

In this chapter, we address the smooth even case of the L_, Minkowski problem. The
main result obtained states that, although the L_, Minkowski problem is not always

solvable, we can always find functions that approximately solve the problem with any

47



48

desired accuracy. We prove that:

Theorem 34 (Main Theorem B). Given an even, smooth function ® : S' — RT,

there exists a family of smooth convex bodies { K, }nen C Koym, such that

oo

lim sup pVE

n—o0 st

Furthermore, if ® is T periodic for k > 2, this family of convex bodies is uniformly
bounded and it converges in the C'*° norm to a smooth convexr body whose support

function satisfies s(sgg + 5)'/3 = ®.

To prove our result, we will exploit a weighted centro-affine normal flow:
Let Ko € Kgym. We consider a family {K;}; € Ky, and their associated smooth
embeddings x : S' x [0,7) — R2, which are evolving according to the p-weighted
centro affine flow namely,

0 K

= =0 (2)s (5)* 2 2(50) = 2y (-), 2(8) = 2, (-) (3.1.1)

for a fixed p € (1,2). Here ¥ : S! — R™ is a smooth, even function. Short time exis-

tence for the flow follows from the theory of parabolic partial differential equations.

3.2 Convergence to a point

In this section, we prove that every solution of (3.1.1) starting from a smooth, sym-
metric convex body converges to a point in a finite time.

The following evolution equations can be derived by a direct computation.

Lemma 35. Under the flow (3.1.1), one has

8 82 3p P j2 j2
=2 (qfsl—ﬁt—m) — s R, (3.2.1)
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and

d S [ K\ 2
A= _/81%(3) do. (3.2.2)

Proposition 36. The flow (3.1.1) increases in time the quantity

min <\I/s <53> i2) 0,1).

Proof. Using the evolution equations (3.1.1) and (3.2.1), we obtain

2 <\Ilsl_p%t_p%> =V {(%sl_ﬂg) e 4 st p?fQ%t p+2}

ot
3p _ 3 _ _p_ p
— 1 — —2 Ws pr2y pt2 <\I]g p+2t p+2) (323)
P+

+ \Ift ﬁ_lsl_% K\I/sl_p%t_ﬁ) —l—\I/sl_p%t_p%]

p —|— 00
— 3_]7 —1 \112 1= p+2t p2f2 + L\I}%gziﬁti%il

p+2 p+2

+ P \Iftfﬁflsk% (@817%{%) .

p+2 00

Applying the parabolic maximum principle proves the claim. O

Consequently, we have:

Corollary 37. The convexity of the evolving curves is preserved as long as the flow

exists.

Proof. By Proposition 36, we have, as long as the flow exists, that

Inln\Ils(H)pJr2 (0,1) >m1n\lfs<ﬁ>p+2 (6,0).

fest 53 fes! 53
From this, we conclude that x remain strictly positive. O

Lemma 38. For every solution to the flow (3.1.1), the area of K(t), A(t), converge

to zero in a finite time T".
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Proof. By (3.2.2), we have

d 2 1
—A:—/\Iff<ﬁ)+d9g—5 LT
dt g1 K \s? st K

where we used Proposition 36, and ¢ := néiln Us (S%) Pz (0,0). On the other hand, by

the isoperimetric inequality, we have L > /4w A. Therefore, we obtain that

%A < —oVvATA.

This last inequality implies

d o4
- <
dt\/z_ 2

from which we conclude the statement of the lemma. O
Lemma 39. Every solution of the flow (3.1.1) satisfies lim;_,qv Q,,(t) = 0.
Proof. From the p-affine isoperimetric inequality in R? [69], we have

0< Qgﬂo(t) < 92Pr A27P(p),

for each p > 1.
Therefore, the result is a direct consequence of Lemma 38. We recall that we

consider the flow (3.1.1) for 1 < p < 2. O

Proposition 40. Let L(t) be the length of 0K, as K; evolves under (3.1.1). Then
limy_,7v L(t) = 0.

Proof. We observe that

_ K\ Zrp 1 B S [ K\ 3t
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Thus, by taking the limit as ¢ — 7" on both sides of inequality (3.2.4), and considering

Proposition 36, we obtain

lim L(t) = lim / ldﬁ = 0.
s

t—T' t—T' 1 K

O
Following an idea from [106], we consider the evolution of a test function to obtain

an upper bound on the speed of the flow as long as the inradius of the evolving curve

is uniformly bounded from below.

Lemma 41. If there exists an r > 0 such that s > r on [0,T), then k is uniformly

bounded from above on [0,T).

13 _ _Dp_
Proof. Define Y (x,t) := W, where p = %r. For convenience, we set a :=
1— 1% and (3 := —I%. At the point where the maximum of Y occurs, we have
Yy =0, Yy <0.

Thus, we obtain

aLfB 41
o f o B psit’ — 5%
(Ts*?),, + st g—\p( — : (3.2.5)
Calculating
QY:\IJ s¢ 8_t5+ t? ds* sv? Js 7
ot s—pot s—pdt (s—p)?ot

and using equation (3.2.1), and inequality (3.2.5), we infer that, at the point where

the maximum of Y is reached, we have

« aynf+1 2002
O<2Y< v Bsor?1 pste = st T L & :
o0t T s—p sS—p S—p
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This last inequality gives
1
Bprk —f—a+ap—+12>0.
s
: i 1 :
Neglecting the non-positive term ap—, we obtain
s
Bpr — b —a+1>0.

4 4
Notice that a + 5 — 1 = —%, therefore 0 < Kk < —, consequently, implying the
p P

lemma. O]

Lemma 42. Let T be the maximal time of existence of the solution to the flow (3.1.1)

with a fized initial body Ko € Ky, then T =1T".

Proof. From Proposition 40, we know that T" < T". Therefore, if T' < T", we conclude
that A(t) has a uniform lower bound which implies that the inradius of the evolving
curve is uniformly bounded from below by a constant. Now, Corollary 37 guarantees
a uniform lower bound on the curvature of the evolving curve in the time interval
[0,7"). On the other hand, Lemma 41 implies a uniform upper bound on the curvature
of the evolving curve. Thus, the evolution equation (3.1.1) is uniformly parabolic on
[0,7), and bounds on higher derivatives of the support function follows by [61] and
Schauder theory. Hence, we can extend the solution after time 7', contradicting its

definition. O]
Therefore, we have proved:

Theorem 43. Let T be the maximal time of existence of the solution to the flow
(3.1.1) with a fized initial body Ky € Kgym, then the sequence {K;}, converges to the

origin.
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3.3 Affine differential setting

In what follows, we find it more appropriate to work in the affine setting. Let K, €
KCsym- We consider the family { K} € gy, and their associated smooth embeddings

z: St x [0,T) — R?, which are evolving according to
—x =V "rrn, x(-,0) =2k, (-), (1) =2k, (*) (3.3.1)

for a fixed 1 < p < 2. Observe that up to a time-dependent diffeomorphism the flow
defined in (3.3.1) is equivalent to the flow defined by (3.1.1).
In terms of affine invariant quantities, the area and the weighted p-affine length

of K are

2

Y

AK) = —/ads, Q, (K) = /\IJU »2ds,
v

where here and thereafter 7 is the boundary curve of K.

Lemma 44. Let us define e to be the Euclidean arc-length and ~' = 0K, be the
boundary of a convex body K; evolving under the flow (3.3.1). Then the following

evolution equations hold:

1. 2z — Kb <\I/017P%) Te,

ot .
a 1—-3p_

2 U=, <\If0 p+z>5,
d

3. —A=-QY
dt P
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and we have

d 2(p — 2) 1— 52 18]92 _Sp_
—Q¥ =202 [ WPty /qﬂ 22 d 3.3.2
praLs P /7 o 5+(p+2)3 : o ozds ( )
2 , 12 »
— [ Wit — — / V0,0 520, ds.
p+2/, (p+2)2/,

Proof. To prove the lemma, we will use repeatedly equations (1.0.2) without further
mention. Recall that ds = x3de = t5d6.

Proof of (1): Since 2z is a tangent vector

ot
0 0
E = <§Z7$e>$e
o2
= —(z, Mx)xe
8 3p

Proof of (2): By the evolution equation (1), we have

0 0
T we) = Luie(z))
= (Vpz,, %z)

where we identified § with z and we used (x.,x.) = 1.
We shall elaborate on our computation presented for the proof of (2). Let ¢ : [0, 27] —
R be a smooth function. Let 7; and #, be the normal vector and tangent vector of

a curve &, respectively. Suppose that & locally is the zero level set of a function f;

on R?. Hence, we have i, = <4t Define f} = g—gﬁ and f? = g—fg. Identifying St with



0, 27| we get ¢(7iy) = ¢ <arctan ?1) . It is easy to see that

Now observe that the first coordinate of 2 51 18

SUH UG
(fH)2 =+ (f7)? ((f)?
and the second coordinate is
SUD__ RUIGUD T RAUR)
FDZ+ (2 (2 + (D)™

Furthermore
:< 1 1 )
VD + D2 VU + (2)?

S

Thus, we conclude that

0 a 0
Eﬁb(ﬁ) ¢9<tt, i) = (00(Er)e, &ﬁﬁ-

Proof of (3): Notice that (3) has been proved in Lemma 3.2.1.
Proof of (4):
Jd 4 0

_ E—— [ ] — g + 2
8tg =~ o Yo, Yoo = (%79,799 70,(%799 .

We have

0 0
[a%ﬁee] = |70 (‘PU "*2%5) ,’7991

= {g% <‘1101 p+2755) ,799]
=g

3p_ 13
p+2 Vss + Vo rt2 Vsssy Y00 | -
s

95
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0? 0 5 02
Since —— = ggs— + ¢°

62 Os Yok we further have vg9 = g%7ss + 9957 and, therefore

0 _ 3p
{57"’ W} — 9 K% p”) oo+ U0 TP Yere, 8% Ves + 007
= —g°g, (lﬂalfp%> — 93\1101*%;1.
5

On the other hand, we have

0 0? 1_3p
{%757@9] = [9%7@ (‘1’(7 Pt %s)]

0
= 59 YYs v p+2 55)
{Q'Y g9 Os < o' g7

_3p_
o o)
2 1-22 ¢ Sz
=90 9s <\PU p+2> ( > == L.

Hence, we conclude that
8 P -
59 =9 (%1‘%> —2g°Wo' o,
55
which verifies our fourth claim.

Proof of (5): To prove the fifth claim, we observe that

80 90 1990
9095 0501 g otds (3.3.3)

By (3.3.3), we get
0 0 0

ot 0tos

a 3p_ 2 1_7

Wo  pt+2 > -y pr2 g — — <\I/ p+2> ¢
85 < O' Yss | + (3 o " 3 o B
P 3p 9 , 1 .
- (\I}gl_ﬁ> n+ \1[01_;?7555 + —\I’Ul_ﬁu -3 (\IIU _1’%> t.
‘ 3 3 55

We notice that 7ss = —j17, ending the proof of (5).

Proof of (6): We now proceed to prove the sixth claim with

LI N B )
8750_(915 7775 - at7775 77 8t7§ .
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By the evolution equation (3.3.1), the evolution equation for t, and the identities

o = [7,7] and o5 = [7,7ss, We get that

0 1 1—-3p_ 1 1—-3p_ 1—-3p_
—o=|v,[—=¥ P2 — — <\I} p+2) (\IJ p+2> A
at’ [7 ( g 7 ThT3 e 55)7” 7 o =

3p
+ [\Dalimfhﬁa ’)/5:|

where we used o4 + o = 1 on the second line.

Proof of (3.3.2): The proof follows directly from (2), (4), (6) and arranging similar

d (9 3p 8 3p 3p a
—QY = —U | ot ri2d /np —ol7v2 | d /xp =02 —ds .
d " /7<8t)0 nEE R e )T e

N J/ (. J/ N J/
-~ -~

~~
1 11 117

terms.

We use (2) to compute I:

[= / (\Ifs (\1/01—%> )al—p%ds
~ 5

y4 3 D
= /\Ilﬁa2z’i2ds + (1 — _p) /\P\Psalsﬁasdﬁ.
v p+2/J,
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To simplify 11, we deploy (6) and integration by parts:

P 4 P 1 P 1 P
II1={1- 3_p /\I/O'_PiQ ——01_1’%\11 + —01_1%\11055 - = (01_1;%‘10 o|ds
+ . 3 3 3 55

4 4 , 1 ,
_ (% _ g) /qﬂglp‘#zds 12 <% - g) /qf\ysolzﬁz(;ﬁdg
p y p y
P 1
3

D 1 P 2
~(555-5) (G2 -1) [wo o= (2 0) [ (o) as
p+2 p+2 . p+2 3/ )/, 5

6

3p 2 6p
(1 — —) /\IIQU_PHdeﬁ
¥

p
1
3
1 3 » 1 »
(o2 Y (1) [t e (L 2) [aio it
3 p+2 p+2/) /), 3 p+2)J,

3 p 3 ? P
; (1 _ _P) [t o+ (1 - —p) [ woaas
p+2)J, p+2 .
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To calculate 11, we use (4), integration by parts and the identity oy + op = 1:

2 1_3717 ].
1= [ wo' ot2 [~ 2wt stay 4 - <\Ifa p+2) ds
. 3 3 .
2 1 b2
- /\112 2_1"+2/Ld5——/(\1’0'1_13"2> ds
"3/ 3 ) :
2 p 1 p \ 2
———/\y2al—zﬂz(1—asﬁ)d ——/(\Ifa —T) ds
3 ) :

2 4 6p 4 2
— \Ilzal_mds — —/\I’\If o _magds—l— e
3/ 3/
1—3p_ 2
Yo " »2 ) ds
~ S5
4 p 4 2 p

/\11201_+2d5— —/\Ifwsal‘r%asdsju e /\PQJ_:Hafds
¥ 3.5 p+2 3/ J,

2
3
2
P 2 P
(1 — 3_p) /\1120-_13—20'3d5 - - (1 - 3_p) /\11@50.1_1’6"’20'5(15
p+2 . 3 p+2/) ./,

Adding up I, I1 and I11, we obtain equation (3.3.2). O

o

Lemma 45. The weighted p-affine isoperimetric ratio, %—’ip, 15 non-decreasing along
AT

the flow (3.3.1) and remains constant if and only if K; is a homothetic solution to

the flow.

Proof. Using equation oy + o = 1 which relates the affine curvature p to the affine

support function, we rewrite the first term in (3.3.2) as follows:

2(p—2 p 2(p—2 p 2(p—2 p

M/\I/%l_zi?dﬁ: M/\Iﬂa%;ﬁuds%—M/\Iﬂal_pﬂ?aﬁdﬁ
pt2 J y p+2 J

(3.3.4)

On the other hand, by the geometric affine-Wirtinger inequality Lemma 6, [9], we

have

w2 puds < 1 ([ wot5ds) vl ) d 3.3.5
Vapus_zAVapsnLvapﬁg. (3.3.5)
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Therefore, by equation (3.3.4), we get

P ]_ P 2 P 2 Y4
/\Iﬂal—fwds <0 (/ \Ifal—pim) +/(%1—5’+2) d5+/\11201_p6+2055d5.
¥ v s

¥ 5y
(3.3.6)
We also have
1—2) 2 3p 1\ 2~ 9 2 262
(\Ilo' P+2> ds=11— — Vo P+20'5d5+ \1[50' P2 (g
v 5 p+2 v zy
49 (1 _ 3_]?) /\I}\Ijsglzipzasdg7 (3.3.7)
p+2) /),
and
P 72 6 P
\Il2al_p%aﬁgd5 = -2 \1’5\1101_%0@5 + (2 W25 512 62 ds, (3.3.8)
¥ ¥ p+2 v )

Hence, by combining equation (3.3.2), inequality (3.3.6), equations (3.3.7), (3.3.8)

and collecting similar terms, we obtain

d p—2\ 1 / L )2 mﬁ@—q%/ o
—Q¥ > (=) = [ wolrads | + —— 2 [ Wlo 0 2ds
dt p_(p+2)A(y 7 (p+2)* J, 7

L2 /\ngzsﬁds_&g / Vo' o, ds.
p+2 p+2)? J,

Now, we observe that the last three terms in the previous inequality can be grouped

in a term that is almost a perfect square:
2
v > p—2)1 /\Ilo-l_p?deg
dt P p+2) A\J,

2 _ - 2
+ 5= z /(\1;2<P3p1)01—,i”2> V5 ds,
20 +p—2) J, s

To finish the proof, we notice that by (3) in Lemma 44 and the previous inequality,

we have

d Q) 1 d —2())?
e T dav_ p—2(8)° (t) > 0.
dt A3+ Azr (t) a ?* p+2 A
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Lemma 46. If K; evolves by (5.3.1), the following limit holds as t approaches the
extinction time T':

dQ\p_p_Q(Q;;P)Z

()7
1. . f P e NP/
im in A

t—>T Al-p

= 0. (3.3.9)

Proof. We have

d (Q\I/>2+p d (Q\P)p d (Q\IJ)Q
L) = —m(am) | S (@ tor - -2t ) ()
If
(2,7 d g o))’
ZQY _(p— >
iy |CTP, — (-2 2
in a neighborhood of 7', then
d () d
= > e .
Sl (1) > e n(A(®)

Thus

P

a2

(QP)2+ _d (QF)>tr (1) + £ In(A(t1)) — e In(A(t)),

the right hand side goes to infinity as A(t) goes to zero. This contradicts the p-
affine isoperimetric inequality which states that the left hand side is bounded from

above. O]

3.4 Normalized flow

In this section, we study the asymptotic behavior of the evolving curves under a
normalized flow corresponding to the evolution described by (3.1.1). We consider the
conventional rescaling such that the area enclosed by the normalized curves is 7 by

taking
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One can also define a new time parameter

= | Gara) ™

and can easily verify that
95 s (ﬁ) +2QY (3.4.1)

where Q;I’ stands for the weighted p-affine length of 9K, having support function §.

More precisely,

V(1) = Q) (K,) = / vl (S—Z) " de.

St K
However, even in the normalized case, we prefer to work on the finite time interval

0, 7).

Corollary 47. Let {ty}r be the sequence of times realizing the limit (3.5.9) in Lemma

46. Then there exists a constant ¢ > 0 such that along the normalized p-flow, we have

. 2(p—1) _3p
lm U3 o " #+2(t) = c.
tp—T

Proof. By Lemma 46, we have

@ [dw p—2(207 GOV [ (e g
— 1 _ _—_— \I} 3p p 2) \Il 3p
O=tm 2 &' o524 | 2 4 /( 7", as,
where ¢, 1= 2(p+5§p_1). As by Lemma 45, the normalized weighted p-affine length Qg’

is increasing along the normalized flow and ¥ has a lower bound, we conclude that

) 20-1) _q_3p \2 _
lim (\IJ gt P+2) ds = 0.
tp—T 5 5
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We notice that, for each 0;,60, € S,

02 ~ , - .
[ (st o), a]< [ [(355055) |
01 [/ o st [/
:/ (‘Ifz(gi;l)(jl P?Q)
3

3 2 1/2~

< </ (\IJL’%J)& —zifz)@g) 02,
,;y S

200-1) __ 3p .
Take 6, and 05 be two points where ¥ S &' n+2 reaches its extremal values. It

is known that, for a smooth, simple curve with enclosed area m, mingi o < 1 and
maxgi o > 1, see Lemma 10 in [9]. Hence, as Q; is bounded from above by the

classical affine isoperimetric inequality [69], we infer that

2(p 1) 3p

p+2 (tk) — C7

lim ¥

tp—T

for some constant c. [
The following lemma will be needed in the proof of the main theorem.

s

Lemma 48. Let s be the support function of a T (k > 2) periodic, smooth convex
curve v of enclosed area w. Then there exist uniform lower and upper bounds on s

depending only on k.

Proof. We write the cosine series of s, s(0) = sg+ Y., S, cos(2nk@). From this, we

conclude that we can represent the radius of curvature v as follows:
t=s50+ Z — 4n?k?)s,, cos(2nkl) > 0.
We will use now the positivity of ¢ to find an estimate for the upper bound of |s,|.

/ t(1 % cos(2nkf))dO = 27sg & s, (1 — 4n’k?),
St
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thus we have

< > 1. 4.2
T 4An2k2 -1 vn 2 (342)

To find an upper bound for s, we use the assumption that + encloses an area of m

and inequality (3.4.2).

o0

2m = df = 2msj — An’k* —1)s?
T /Slts TSg WZ(TL )ss

n=1

) 1 ,
227? (1_224712]{—2—1) S0
n=1

cot(5r 1
= 2w <7T—k<2k)> sg =1 2m—s¢.

Hence, we have

On the other hand, we have

5(0) = < (5(60) + 5(0 + 7)) < ~L(7) = %7?80 < TV (3.4.3)

DO | —

To find a lower bound for s, we use the assumption that v encloses an area of 7,
inequality (3.4.3) and the maximal ellipsoid contained in the convex body enclosed
by 7. Let J denote the maximal ellipsoid (also known as the John ellipsoid) contained

in the convex body of boundary ~. Recall from Theorem 2 that
J CyCV2J, (3.4.4)

see [59]. Therefore, J encloses an area of, at least, 7. Suppose that the major axis of

J has length [; and the minor axis of J has length [5. Hence,

< w% = A(J). (3.4.5)

bo |
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On the other hand, by (3.4.4) and inequality (3.4.3), we know that [; < =*. Now,

as l1ly > 2 by (3.4.5), we conclude that Iy > #@ Once again using (3.4.4) implies
l 1
s(0) > 2 >

2 m/a

3.5 Proof of the main theorem

In this section, we present a proof of the main theorem.

Proof. Define & =: 5 in (3.1.1). Then an appropriate rescaling of the evolving
convex bodies and Corollary 47 prove the first part of the claim. To prove the second
part, we start the flow (3.1.1) with a curve whose support function is 7 periodic; for
example s(0,0) := 14¢ cos(2k0) for ¢ > 0 small enough. Therefore, the solution to the
evolution equation (3.1.1) remains 7-periodic. Hence, by Lemma 48, § is bounded.
Therefore, Corollary 47 and the standard theory of parabolic equations imply the

claim. n

We remark that the periodicity of ® with period 7, k¥ > 2, was also considered
in a different way by Chen [25] as a sufficient condition for the solvability of the L_

Minkowski problem.
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3.6 A necessary condition and the uniqueness of
solutions

In this section, we obtain a necessary condition on the solvability of the even L_,
Minkowski problem, hence showing that the existence of solutions to the problem
cannot occur for all w-periodic smooth functions W. Moreover, we will use the initial
set up of this section to discuss the uniqueness of solutions to the even L_5 Minkowski

problem.

Theorem 49. Let v be a smooth, origin-symmetric curve. Assume that v : St — R?
is the Gauss parametrization of v. Then o, the affine support function of v, as a
function on the unit circle, has at least eight critical points, i.e., points at which

0'9:0.

Proof. Define a curve A : St — R by

e ([ o [ 355 ) - o

As v is origin symmetric, s(f 4+ w) = s(#) for all # € S'. This implies A(27) =

A(0) = 7 and that A is a closed curve. For convenience set ' := . We compute the

Euclidean curvature of A:

2’y — 'z 5
ka = (27 + y2)3/2 =95

Hence, A is a closed convex curve. We now proceed to obtain the affine curvature of

A using the following formula

", 1 pwi 1

oy =2y 1 .
HA = (a:’y” _ x//y/)S/:ijé (a:’y” _ x”y’)2/3 ’

N J/

WV vV
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We have
cos@\/ (sin@\" _ (cosO\" (sin@)’
i:(53)<53) (s3> (835/3282(388//—|—68/2+82)
<51n0 (cos@)’ o (sin@)’ c039>
53 53 53 53
and
"
1 1
it = -5 7| = —2s% (ss" + 35" .
. . / sin / o
(o (s30) = ()" <)
$3
Adding up 4 and i gives py = s° (sgg +5) = — = o°. It is known, see for example

K
[22], that a symmetric oval (symmetric with respect to its center) has at least eight

extatic points, i.e., points where gy = 0. Therefore, if we prove that A is symmetric
with respect to an interior point then we can conclude that ¢ must have, at least,

eight critical points. To this aim, we notice that

1. The curvature of the newly defined curve A has m-symmetry as its curvature

equals the cube of the support function, s3, of an origin-symmetric curve .

2. The even Minkowski problem says if the initial data is m-symmetric, then there
is an origin-symmetric solution. For example, there is a curve, C'; such that

3. Now recall that the solution to the Minkowski problem is

its curvature is s
unique up to a linear transformation. Therefore A = C'+ @ where @ is a vector.
Furthermore, this implies that A is symmetric with respect to a point which is

a.
[]

Corollary 50. If the even L_o Minkowski problem with smooth data ¥ has a solution,

then U must have eight, or more, critical points on [0, 2m].
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Proposition 51. Let v, and v be two smooth, origin-symmetric curves with support
functions s and sy, respectively. If 0., = 05, =: ®, then there exists a special linear

transformation, T' € SL(2) such that

Yo = T(n).

Furthermore, identifying 6 and (cos 0, sinf) we have

T~ *(cos @, sin ) )

2(0) = (||T—t(cose,sin 0)]] (3.6.1)

Proof. 1t is well-known that affine curvature determines a curve uniquely up to an

equiaffine transformation of the plane, [82]. Define

0 0 _: 0 0 -
cos & sin COS (v sin
0m ([ o [ 1) oy ([0, [0,
W= @ My S ) O, S " @
Since pa, = pa,, there exists a special linear transformation 7' € SL(2) such that

As = T(A).

Let ny, and n,, denote the unit normal to, respectively, A; and A,. Therefore, for

each © € Ay
kn (@) = (|77 (8n, (2)| PR, (T(2))-
On the other hand, using kp, (z) = s3(x) and rp,(T(z)) = s3(T(x)), we obtain that

si(@) = |77 (i, (2))|’s3(T'(x))- (3.6.2)

To prove the corollary, we need to rewrite the equation (3.6.2) on the unit sphere.

Toward this goal, we observe the following relation between 1y, and ny,:
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Thus, s1(fi;) = [|T*())|[s2(fiz), where i}, 1y € S' and iy = Tﬁt(ﬁl)u. This com-

[|T=*(xi1)
pletes the proof of the first part. The proof of equation (3.6.1) also follows from the

above observations. O

Remark:

Suppose that the even L_5 Minkowski problem is solvable for ®. Equivalently, there
exists a curve « such that % =0 IfPH) = <%), then it is easy to
show that T'(y) also solves the even L_5 Minkowski problem corresponding to ®. This
fact and the previous corollary imply that every curve in

{T(y); T € SL(2) and ®(6) = ® Qé_iéii?iigi")}

solves % = ® and these are all the possible solutions.

3.7 Conclusions

We will recall first some results of Ai, Chou, and Wei [1], who employed a different
sufficiency condition in their study of the L_5 problem.

Let ® : S' — R be a smooth positive function. Define

sin? ¢

Bl ) — /07r Oz +t) — ®(x) — 2710 (2) Sm(%)dt.

If B(x) # 0 at each critical point of ®, then we say ® is B-nondegenerate.
Theorem A [1] Assume that @ is a positive, B-nondegenerate, C* function of period

7. Then there exists a constant C' which depends only on ® such that

0<C'<u(x)<C, and |u|[me) <C,
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for every solution u of the L_o Minkowski corresponding to ®.

Theorem B [1] Assume that ® is a positive, B-nondegenerate, C? function of period
7. Then L_5 Minkowski problem with data ® is solvable if the winding number of the
map

r— (—=B(x),®(x)), xel0,7)

around the origin is not equal to —1.
Lemma 1.5. (Kazdan-Warner type obstruction) [1] For every solution u of the L_

Minkowski problem corresponding to ®, we have

where « is in the set {1, cos2x,sin 2z}.

Define C' := {® € C2,,(S');® > 0 and Ju : v’ +u = 5}. Then by our main
theorem, S is dense in D := {® € C>_ (S'),® > 0} with respect to the L norm.
By Corollary 49, or the Kazdan-Warner type obstruction, if ® is only 7 periodic,
then it is possible that the corresponding L_, is not solvable. A simple example is
provided by ®(6) = 2+ cos(26). For each non-solvable ®, Theorem A and Theorem 34
imply that there exists a family of convex bodies such that their corresponding affine
support functions are B-degenerate while approaching ® in the L> norm. Therefore,
the B-non degeneracy of ® is not a necessary condition for the existence of a solution
to the L_5 Minkowski problem. Moreover, notice that by a result of Guggenheimer,
[45], the above lemma also implies that Wy has, at least eight zeroes in [0, 27], hence
assuming that ® has eight critical points is not a sufficient condition as the above

Kazdan-Warner type obstruction is not a sufficient condition.



Chapter 4

On the stability of the p-affine
isoperimetric inequality

The contents of this chapter are taken from the paper ”On the stability of the p-
affine isoperimetric inequality” [53]. The paper will appear in Journal of Geometric
analysis.

Employing the affine normal flow, we prove a stability version of the p-affine
isoperimetric inequality, p > 1, in R? in the class of origin-symmetric convex bodies.
That is, if K is an origin-symmetric convex body in R? such that it has area 7 and its
p-affine perimeter is close enough to the one of an ellipse with the same area, then,
after applying a special linear transformation, K is close to an ellipse in the Hausdorff

distance.

4.1 Introduction

Versions of stability have been investigated for several important inequalities, includ-
ing a stability version of the Brunn-Minkowski inequality due to Diskant [32], stability

of the Rogers-Shephard inequality by Bordczky [18], stability of the Blaschke-Santal6

71
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inequality and the affine isoperimetric inequality in R™ for n > 3 by Boroczky [19],
stability of the reverse Blaschke-Santalé inequality by Boroczky and Hug [20], stabil-
ity of the Prékopa-Leindler inequality by Ball, and Béréezky [14], stability of a volume
ratio by Hug, and Schneider [49], and recently stability of the functional forms of the
Blaschke-Santal6 inequality by Barthe, Béroczky and Fradelizi [16].

As we stated in the introduction of the thesis, a version of stability of the affine
isoperimetric inequality was proved in [15] and [19] in R™ for n > 3, but the stability
problem was not settled in R2. In this chapter, we prove a version of stability of
the p-affine isoperimetric inequality, p > 1, in the class of origin-symmetric convex
bodies in R% The technique presented here to deal with stability is new as it ap-
proaches the problem from the perspective of geometric flows and ODEs. However,
the interaction between convex geometry and geometric flows is not new. There are
several important contributions of geometric flows to convex geometry. A proof of the
affine isoperimetric inequality by Andrews using the affine normal flow [7], necessary
and sufficient conditions for the existence of a solution to the discrete Lo-Minkowski
problem, using discrete weighted curve shortening flow, by Stancu [95, 96, 99], and
independently by Andrews [11], and a proof of the p-affine isoperimetric inequality
in the class of origin-symmetric convex bodies in R? using the affine normal [52]. See
(97, 98, 100, 101] for more applications of flows. In particular, a newly defined family
of centro-affine p-flows and their applications to centro-affine differential geometry by
Stancu [100, 101].

Recall that, for p > 1, the p-affine perimeter of K in R?, having the origin in its

Q,(K) = /S - (S—’Z)de

interior, is defined by
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and the p-affine perimeter of a convex body is bounded by the the area via the p-affine

isoperimetric inequality. If the centroid of K is at the origin, then

( Q}%ﬂv([() )p<7T2
2 A2P(K))

with the equality case only for ellipses centered at the origin. Furthermore, recall
. oztrr) \VP . : o
that the quantity (m) is called the p-affine isoperimetric ratio of K.
The stability problem that we study in this chapter is invariant under centro-
affine transformations. Therefore, without loss of generality, using Theorem 2, we

can assume that ¢; < sx < ¢ for universal constants ¢; and cy. These constants

depends only on A(K).

Theorem 52 (Main Theorem C). Let K be an origin-symmetric convex body in R?
with area w. Let p > 1. There exists an ¢, > 0, depending on p, such that the following

holds. If, for an 0 < e < g,

(5585) 0o

then there exist a disk D, an ellipse £ and a special linear transformation T' such that

3
ccTKC 1+ <§> 2—0228* D,
3 i
4\ 12
dy (5, (1 + (§> C%E”) D) < C,eit,
1

for a universal constant C,,.

and

In particular,
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To prove this theorem, we will implement the affine normal flow on curves. We use
only results on the short time behavior of this flow. Let Ky := K € Ky,,,. We consider
a family {K;} € Kgym, and their associated smooth embeddings = : S' x [0,T) — R?,

which are evolving according to the affine flow, namely,
Oy = —r3 2, 2(-,0) =2, (), x(-,t) =2k, (). (4.1.1)

We point out here that we need only to prove the statement of our main theorem
for smooth convex bodies. The reason is the instantaneous smoothing property of the
affine normal flow [10] and monotonicity of the p-affine isoperimetric inequality along
the affine normal flow [52]. Notice that thanks by a theorem of A.D. Alexandrov (see
P.M. Gruber [39], page 22), the boundary of a convex body is twice differentiable
in a generalized sense at almost everywhere with respect to its Hausdorff measure.
Therefore, a generalized notion of Gauss curvature is available for convex bodies which
are not necessary smooth. This in turn implies that the formula above of the p-affine

perimeter can be extended by

Q,(K) = /BKS <S—z>2ﬂjdx,

for every convex body K in R?, having the origin in its interior such that when K is

smooth these two definitions coincide for all p > 1.
4.2 Stability of the p-affine isoperimetric inequal-
ity

Throughout this section we assume that Ky = K is smooth and A(K) = .
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4.2.1 Preliminaries

We list several lemmas and a theorem necessary for our proof of the main theorem.

We first recall two lemmas proved in [52] and Chapter 2, Lemmas 7 and 31.

Lemma 53 (Evolution equation of the area). [52] As {K}} evolve by evolution equa-
tion (4.1.1), then A(K;) evolves by LA(K,) = —(K,). In particular, A(K,) is

decreasing.

Lemma 54 (2, along the affine normal flow). [52] The following affine isoperimetric
inequalities hold along the affine normal flow.

If 1 <p<2, then

d p—20,(K)0(K)  2(p—1)(4p? +3p+2) / 4 sp
—Q,(K,) > P »2o2d
dt p(Ke) 2 P+ 2 A(KY) - (p+2)3 K, 7 il

while, if p > 2, we then have

d P — 2 Q (Kt)Ql(Kt) 6p / _1_3p
L0 (K> P 252 ds.
dt p(f2) 2 p+2 A(KY) * (p+2)? Jox, 7 i

Here, s is the affine arc-length of the evolving boundary curve OK;.
The affine support function is constant for an origin-centered ellipse and the re-

lation between its value and the area of the ellipse is as follows. For an ellipse, &,

denote its constant affine support function by o¢. We have
A€\
Og = (—( )> .
T
We also restate Lemma 1 in a slightly different way for the affine support function.

Lemma 55 (Stability of the affine support function). Suppose that K is a convex

body in Ksym. If m < o < M for some positive numbers m and M, then there exist
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two ellipses &, and E,,; such that &, C K C &, and

(4 ))2/3 o (@)w Y

Lemma 56. Let K be an origin-symmetric, smooth convex body with area w. Then

mino < 1 < maxo.
oK oK

Proof. The claim follows from Lemma 55: If nréilna > 1, then there is an ellipse &;,

N 2/3
which is contained in K and satisfies (@) > 1. This implies that A(&;,) > 7.
Similarly, if Iréelmxa < 1, then there is an ellipse &,,; which contains K and has the

area A(E,u) < 7. In both cases we reach a contradiction as the area of K is . O

We state the following important Theorem 5 from [10].

Theorem 57 (Controlling Hausdorff distance I). [10] Let {K;} be a smooth, strictly

convez solution of evolution equation (4.1.1). Then

3

4\ 1% Cy 3
) >s(2,0)— (=) =t1,
a0z 0 - (3) 2
4
fort e (0, %cf) . In particular,
4\ i
KC K + (—) 24,
3 C1

4
fort e (O, %cf) .
Let £ be an ellipse. We denote its semi-minor and semi-major axes by ae and bg,

respectively. We also need the following simple lemma.

Lemma 58 (Controlling Hausdorff distance II). Let £ be an ellipse centered at the

origin of the plane such that £ C Bgr. Then we have
A(Bgr) — A(€)

- (A(Bm)%

dy (€, Bg) <

™



7

Proof. We have

du(E, Br) < R —ag
(M) a0

s mbe

[N

. (A(BR)>é AE) _ ABr) - AE)

™ TR ﬂ_(A(BR)>é

The proof is complete. [

4.2.2 Proof of the main theorem

In this section, we present a proof of the stability of the p-affine isoperimetric inequal-
ity.

Proof. Let p>1and 0 <¢, < % The upper bound on €, will be determined later at

the end of this section. Assume that

O2tp %
(22+ppA2(ii)K>> > 7T2<1 — &p)- (4.2.1)

Then from Lemma 54 and Lemma 53, it follows that
d (Q2P(K,) g 1 Q,pr(Kt) g O2+0(K,)
dt \A>»(K,)) ~—p A2—P(Kt) dt \ A2 r(K,)
2+ 51 Op+1 L
Q P QZ (Kt) / (022<§iz>)2d5
A2 P Kt AP (Ky) Jak, s

p( Ki) @j:gg) /m (U%_Qﬁ”)jds (4.2.2)

where d, is defined as follows

2(4p°+3p+2) -
d. = p(p—1) 7 ifl<p=<2
p

xed, if p > 2.
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We integrate both sides of the inequality (4.2.2) on the time interval [0, 4] with

respect to dt.
1 1
/‘E(M)Pdw / d, (ﬂ£+p<Kt>)p / (o4 ) duc
o dt \ A2-r(K;) “Jo Qu(KG) \ A2TP(KG) 0K s
5 2+ :
d UFP(K)\ P 1__3p \2
S ) p p 2730+ | ds | dt
_/0 tgftl)%]< p(K3) (AQ_”(Kt)) /81@ <U )5 )
2+p % 1 p
( 12’_ (Kt*)> / (022<5+2>)2d5
A*P(Ky) ) Jok,, s

here £ is the ti " ) 1 Q2K \ b s 2d . hioved
where t, 18 the time when tre%%] 0, (K (Ag_p(Kt)) faKt (a P >5 5 1S achieved.

=

Therefore, by the Holder inequality, we find

2 l 2
2% n2e > dp0 (Qp+p(Kt*>>p <oé_2(§iz)(t*) — Ur%n_%<t )) :
P O (K, ) (K, ) \A2P(KL,) M
1 sy 1 sy
Here, o3, **** (t,) and oy 277 (t,) are, respectively, the maximum and the minimum

3p
of 0272 on 0K, . It follows that

pt2 1
2 v w2 (K ) (K )ey (7)) \ a%_%(t ) — a%_%(t )
d,6 =\ A27(K,) M v )

(4.2.3)
To bound € (K3, ), (K, ) from above, we need to consider two cases. Let 1 < p < 2.
By Lemma 53, we have A(K;,) < A(K) = 7. Therefore, by the affine isoperimetric

inequality and the p-affine isoperimetric inequality, we infer that
Ql(Kt*> S 27T§A%<Kt*) S 27T,

O,(K.,) < 2mvt Avis (K,.) < 2m,

and thus Q; (K, )Q,(K;.) < 472

Now we proceed to deal with the case p > 2. Recall from the evolution equation of
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the area, Lemma 53, that

d
%A(Kt) Ql(Kt) Z —271',

hence

A(Ks) > A(K) — 270 = (1 — 20).

If § < 1 then A(Ks) > %. In particular, this yields that A(K;.) > . This observation

combined with the p-affine isoperimetric inequality imply that
2p  2-p 2p
O, (Ky,) < 2wz Avz (K, ) < 29427,

As Q1 (Ky,) < 27, we get Q1 (K, )Q(Ky,) < 9%+ 12 < 4%, Consequently, assuming
§ < %, together with inequalities (4.2.1) and (4.2.3), yields

<0']%/[_2(;i2)(t*) . O.én_%@ )) 2\/_7T

Define d), := 2V2r Multiplying K;, by a factor A\, depending on 9, where A > 1,

2.

we can have A(AK;, ) = m. Note that }SHI(l))\ = 1. In particular, by this assumption
_)

and Lemma 56, we have

1—p 1—p) 1—p

)\maﬁf”(t*),)\wajf(t*)} .

) 1=p /
)\g(p+2;0' p( ) < dl i; -+ 1’
_ 1—
NSO 0 (1) > 1— d) /%p.

Let us assume for now that
1—d’1/5 > (. (4.2.4)

As a result,

and
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Consequently,

1 1
io(t,) < -

(1+42)" (3"

From the last inequality and Lemma 55 we deduce that there exist two ellipses,

denoted by &, and &,,; , such that
gz'n g Kt* g 80ut7 (425)

and

(A(&m))z/?’ i A3 (A(Si ))2/3 ~ Ad
pE2 P2 °

& / Ep p—1 T / Ep p—1
1—dy\ /%) (1+a/2)

4
On the other hand, let us assume that § < %cf, then by Theorem 57
4\ Ny
3
K, CKCK, + <§> 248 C K, + (5) “25iB,. (4.2.6)

1

Combining relations (4.2.5) and (4.2.6), we find

5 5) 7
Set § := &,7, for a positive [, in the previous inequality. For g, < (%Cf) ’ ; We

have ,
| 4\* e s
Ein CK C Epu + 2P By, (4.2.7)
3 C1
and
A&\ ? A5 AEN\? A3
<( D\ _ (< )) _ . (428)

™ 1\ p-1
<1 — d;,q.?*ﬁ)
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248
We now get back to the assumption (4.2.4). If we choose ¢, < (di,> , then
P

1
1—dey™ >0.

B

PN
On the other hand, § :=¢,"" < X and ¢, < (3013) ’ . Therefore, choosing

1
4 4

1\ 1\ 3\
€p < Mmin { (Z) , (d_;) ; <z_lcf> }
guarantees that both assumptions (4.2.4) and (4.2.6) hold.
Recall that B., € K. Therefore by the Containment Principle, B, € K; for
t € [0,7], for an 7 independent of K. Precisely, n = %clg <1 — (%)%> is the time that
B,, shrinks to B/, under the affine normal flow. If we choose § = eﬁTﬁ < n, then

from (4.2.5) we get

Bcl/2 g Kt* g gout-

From this we conclude that, if

1\ F 1\ 3\ N T
o <nin () ’(—;) (3) (1—(5)) |

3

3 3
4\ 1 _36 _ A\ 1 2¢, 38 4\ 1 2 33
(5) C i, - <3) 2P By C (3) ST E

c1 ] €1

ol

then

By (4.2.7), we find

3
A\ 1 9 35
gin g K g (]- + (5) g€;(2+5)> gout‘ (429)
1

We apply a special linear transformation, 7" € SL(2), such that TE&,, is a disk.

Consequently, by relation (4.2.9) we get

3
1

4\* 20wty
Tgm g TK Q 1+ g ?é‘p Tgout- (4210)
1
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Now, from the facts that &;,, C &,., area is invariant under special linear transforma-

tions, Lemma 58, and identities in (4.2.8), we have

a5\ 2
; (1+ @ 2 A - A
A 4\* 2c P
d’H Tgma I+ Ep Tgout S .

| (e (o)

3 _38
Therefore dy <T€m, (1 +(5)* e >> T&mt> is bounded by
1

3(p+2)

A(p—1) 1 23,3 2
(1 _ dl 2+ﬁ) (1 + (%)4 QCclggp( +B)> )

0 20, T05m 21 26D
4 4 02 4 2+B 2(p—1 2(p—1
(1 + (3) 2 =5cp ) ( d’ 2+ﬂ) (1 + d’ 2+ﬁ)

02 20, 1058 ?

4 1218

(1 + (3) ! 5%251? > 1
< _

3(p+2) 3(p+2) *

( d/ 241_{3)2(171) (1 d/ 241-[1)2@1)
+

To optimize the Hausdorff distance, we set § = %. Observe that

>| =

R ST
lim (o)™ (H%Jﬂﬂpn2<1+<§>igﬁ4ap+2hi).

. 20p-1)7

Define € = T&;,, D := T&,; and C, = 3 <1+ (%) 22 4 ggffgdg) Therefore,

‘1
choosing ¢, small enough implies the claim for p > 1.
To complete the proof of the main theorem, we need to address the case p = 1.

We notice that if
Q}(K)
8A(K)

(b)) - o,

> 72(1 — ),

then for every p > 1
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24 -
This is because the function p <%) " is increasing, [69]. Hence, to prove

the stability of the affine isoperimetric inequality, we can continue the argument for
the stability of the p-affine isoperimetric inequality, for example with p = 2. In this

case C1 = (5. The proof is now complete. O



Chapter 5

Harnack inequality and ancient
solutions

The contents of this chapter are taken from the manuscript ”Centro-affine normal
flows: Harnack inequality and ancient solutions” [51].

We obtain a Harnack inequality for the planar p centro-affine normal flows on
curves and we classify compact, origin-symmetric, ancient solutions to this family
of flows if 1 < p < 4. In particular, we classify origin-symmetric, compact ancient

solutions to the planar affine normal flow.

5.1 Introduction

Let Ko € Kgym. We consider a family {K;}; € Ky, and their associated smooth
embeddings z : S' x [0,T) — R?, which are evolving according to the p centro-affine

normal flow, namely,
Ox = — (8_/‘1)@_5 K3 2, z(-,0) = zk,(+), x(t) =2k, (") (5.1.1)

for a fixed p > 1.

In this chapter, we prove the following proposition and theorem:

84
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Proposition (Harnack inequality). Let p > 1. Along the flow (5.1.1) we have
1—3p,. __p P _
O (3 P2y p+2t2p+2) >0,
on S' x (0,7T).

Theorem (Theorem D). Let 1 < p < 4. The only compact, origin-symmetric, ancient

solutions to the p-flow are homothetic ellipses.

In the next section, we obtain the Harnack inequality for the p-flow. In the third
section, as an application, we classify compact, ancient solutions to this family of lows
in the class Ky, if 1 < p < 4. In particular, we classify compact, origin-symmetric,

ancient solutions to the planar affine normal flow.

5.2 Harnack inequality

In this section, we follow [6] to obtain the Harnack inequality.

Proof. For simplicity, we set o = —I%. To prove the proposition, using the parabolic

maximum principle, we prove that the quantity defined by

R = tP — %s”?’%a (5.2.1)

remains negative as long as the flow exists. Here P is defined as follows
P =0y (—s' ) .

Let us restate Lemma 7 again.

Lemma 59. [52] Along the p-flow, (5.1.1), we have
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Sl+3a o

0(9,58:— L

° att _ [(81+3ata)69 4 81+3ata} .
Using the evolution equations of s and v we find

P = (1 + 3a>51+6at2a + OélerSatafl [(Sl+3ata)90 + 81+3ata}

= (1 + 3a)s' 04 4 qs! 21, (5.2.2)

Lemma 60. We have the following evolution equation for P as long as the flow exists.

—1)(3 1)?
(a=1DBa+1) SlH+9a 3a
«
a—1 P?
a 81+3ata'

P = —as' T3 [Pgy + P] + l(?)a +1)(3a +2)

L 2o - 3o+ 1)

+ |—3(3a+1) ”

:| S3ata7) o
Proof. We repeatedly use the evolution equation of s and .

oP

= —(1+3a)(1 + 6a)s' > — 2a(1 + 3a)st o2t [(31+3°‘t0‘)09 + 51+3°‘ta}
— a1+ 3a)s' o2 [(s1190®) 4 511900

—afa —1)s! a2 [(51+3ata)09 + 81+30‘ta} 2 _ qsltiaga-l [Poo + P

= —(1+3a)(1 + 6a)s' ™3> — 3a(1 + 3a)s' 0?19

. Oé(Od o 1)81+3ato¢72 QZ o Oésl+3ata71 [7)99 + P] )

By the definition of Q, (5.2.2):

5 P? _ 2(3a+ 1) Pe? N (Ba+1)? 40 sato
2 g2+H6ag2a—2 o2 S 2 ot

and
P - (1 + 3&)81+6at2a
a81+3oztoc—1 ’

Q =
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Substituting these expressions into the evolution equation of P we find that

(0 —1D)Ba+1)°] 1100 30

P = —as' % Py + Pl + |(Ba+ 1)(3a+2) — sttooy
!
—1 2 2(a—1)(3 1
~ 3(3a + 1)s*ep — & 12 (@ = D(Ba+ )53%0‘77.
o s Tore «
This completes the proof of Lemma 60. m

We now proceed to find the evolution equation of R which is defined by (5.2.1).
First note that
o?
_a81+3ata—1R90 _ _ta81+3ozta—17309 + Sl-i-?)octoz—l (Sl+3o¢to¢)09 ]
a—1

Therefore, by Lemma 60 and identity (5.2.2)

R

(v —1)(Bar + 1) glH+9a 30

= —tas' P [Py + P] + ¢ {(304 +1)(3a+2) — -
_ 2
} $3 P — PN +P+

o Sl+3ata a—1

2o —1)(3a+ 1)

+t =3B +1)+ P

(12
a—1
042
Sl+3ata—1 (81+3ata)
a—1

o a51+3ata717290 + tOéSlJr?)ataflfP% o

a2

81+3ata71 (Sl+3ata)09
1+3a,.a—1 14+3a,.«
—s (s77e%)
a(3a + 1)Sl+3ata—1 (Sl+6at2a) _ (3o + 1)81+3ata—1 (sl+6at2a)
a—1 a—1
(e =1)(Ba+1)° glH+9a 30

= —as' P IRy + {(304 +1)(3a + 2)

T
(0]
2(ac—1)(3 1 —1 2
o s Toere

LY p Y pastaeip a’ g2Hag2a-1 | 04(304+1)82+9at3a—1
o

a—1 a—1 -1 a—1
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—1)(3 1)?
_ _a81+3ata—1R96 4t |:(3CY + 1)(3& + 2) . (Oé )( o+ ) Sl+9at3a
o
20 — 1)(3 1 —1 2
1] o3@at )4 20T VB D] Gaap el T g
a a Sl+3ata

2
o ) B al3a+1 o
82+6at2a 1 ( )82+9at3a l.

_ lasttewe1p
+ a—1 a—1

To make the last computation useful, in the last expression, using the definition of
R, identity (5.2.1), we replace tP by R + —2-s'*3%t® Therefore, at the point where

the maximum of R is achieved, we have

R

<R {_a51+3%a1 _a-1 P {2(04 - 1)Ba+1)

o 81+3at04

—3(3a + 1)1 53%‘11

a 2(a—1)(3a+1) —3(3a+1)| 200 4 a(3a + 1)S2+9at3a—1
a—1 a a—1

t [(304 +1)(Ba+2) —

S R |:_a81+3ata—1 . a—1 P |: (a )(3a + 1)

(@ —1)Ba+1) 2} 1+9a, 30

—3@a+1ﬂsww}.

o Sl+30¢to¢

To obtain the last inequality, we used the fact that terms on the second and third
line are negative for p > 1. Hence by the parabolic maximum principle, we have
R =tP — 255" < 0. Since at the time zero we have R < 0. Negativity of R is

equivalent to

at hl( 1+3a a) Z

for t > 0. From this, we conclude that
oy (s7i) 2

for t > 0. The proof of the main proposition is complete. O]
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By the Harnack inequality, every solution to the flow (5.1.1) satisfies

K\ 7z p K\ piz
o (s(5) (s (5)77) =0 5.2.3
() w72 52
Therefore, we have the following corollary.

Corollary 61. Every ancient solution to the flow (5.1.1) satisfies

o (s(5)7) 20

Proof. We let the flow start from a fixed time ¢; < 0. Then the inequality (5.2.3)

becomes
p

% (8 (;i);&) T t£(p+ 1) (S <g>w) 2 0.

Now letting tg go to —oo proves the claim. O]

Corollary 62. Every ancient solution to the flow (5.1.1) satisfies:

o, (“-) > 0.
S

Proof. The support function, s, is decreasing on the time interval (—oo, T"). The claim

now follows from the previous corollary. m

5.3 Affine differential setting

Let us outline our argument presented in the rest of this chapter. The Harnack
inequality is an important ingredient in our argument: We first convert Corollary
62 stated in the Gauss parametrization (G) to a corollary stated in the Euclidean
parametrization (£). By using the new corollary, the evolution equation of the affine

support function, monotonicity of the [-affine isoperimetric ratio, for [ > 2, we obtain
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the asymptotic value of the affine support function as ¢ approaches negative infinity.
Then using a standard ODE comparison theorem, Lemma 1, we prove that the area
product converges to its maximum value, which is achieved only for ellipses, as ¢ con-
verges to negative infinity. We proved in Chapter 2 that the area product converges
to its maximum value as t converges to the extinction time 7', Corollary 22. On the
other hand, the area product is a monotone quantity (Proposition 2.2, [100]). There-
fore, the area product must be constant along the p-flow which in turn implies that
the only origin-symmetric, ancient solutions are ellipses. To carry out the outlined
strategy, we resort to affine differential geometry.

Let Ky € Ksym. Consider a family {K;}; € Kyym, and their associated smooth
embeddings z : S* x [0,7) — R?, which are evolving according to (5.1.1). Then, up

to a time-dependant diffeomorphism, {K;}; evolves according to

0 13 B B
L =0 TP, z(-,0) = xk,(+), x(,t) =zk,("). (5.3.1)

Therefore, classification of compact, origin-symmetric ancient solutions to (5.1.1)
is equivalent to the classification of compact, origin-symmetric ancient solutions to
(5.3.1). In what follows, our reference flow is the evolution equation (5.3.1).

Notice that, as a family of convex bodies evolve according to the evolution equa-
tion (5.3.1), then in the Gauss parametrization their support functions and curvatures
evolve according to Lemma 59. Consequently, as {K,}; evolve according to the evo-
lution equation (5.3.1) we have, in the Gauss parametrization, that 0, (“lsi) >0, by
Corollary 62.

It can be easily verified that the evolution equation of a geometric quantity

in the Euclidean parametrization and in the Gauss parametrization along the flow
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(5.3.1) are related by

3p

(0Q)g = (1) — Qs (0 7%) |

see Lemma 2.3, [50]. In particular, we have

0> (00)g = (0i0)¢ — 05 (01_%)

3 _3p
= (0,0)¢ + <p—f2 — 1) olo =&

Therefore, the affine support function is non-increasing along the flow (5.3.1). Fur-

thermore, we have proved

Corollary 63. Every ancient solution to the flow (5.1.1) satisfies:

3 p
0 <= (25— 1) 2o
p

For the rest of this chapter, we work in the Euclidean parametrization and for
simplicity, we drop the subscript £. The next two Lemmas were proved in [52] and

also in Chapter 2.

Lemma 64. [52] Let v, := 0K, be the boundary of a convex body K, evolving under

the flow (5.3.1). Then the following evolution equations hold:

0 4 3 2
L So=cit (o () (1) )
ot 3 p+2 p+2) o p+2

d
2 —A=-Q,.
dt P

Lemma 65. [52] The following evolution equation for Q under the p-flow for each

[>2andp>1 holds:

d 2(1—2) 1_3p _ 3L 18pl / —3p 8L o
— O (1) = p+2 1+2 p+2  1+2 ds. 5.3.2
!(t) 112 /%" 5+(l—|—2)2(p+2) %U oads. (532)
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Let us denote max o and mino by o,; and o,,, respectively.
vt Yt

Lemma 66. There is a constant ¢, depending on p, such that
IM ¢
Om
on the time interval (—oo, T).
Proof. By Corollary 63 and part (1) of Lemma 64, we have
3p 02 oo
(2= -1) = > -
p+2 o Jme
4 p 3p \oi | P 0w
=—— 1({1l-——] =2+ ———. 5.3.3
3U+(p+2+ )( p+2)02+p+20 ( )
Integrating the inequality (5.3.3) against ds, we obtain

4 1 3 2
_/ Zds > P (2 _ P > % s (5.3.4)
3J)y 0 p+2 p+2)J,0

= (2 - p?fg) /%an(a))zds.

Set d,, p+2 ( p+2> Thus d, is positive if

1<p<4

Applying the Holder inequality to the left-hand side and right-hand side of inequality

(5.3.4), we get
2 1 1 L
|(Ino), |ds o 11 A2 A° 2Q3
(f Q 5 ) S d/pA 291 :d/p R 1
1 Az

for a new positive constant d),. Here we used the identities / —ds = 2A° and

/ ds = Q. Now using the Blaschke-Santalé inequality, AA° < 72, we have

Yt
oM " 93
In — <d
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3
for a new constant d;. Observe that the affine isoperimetric ratio, %, is bounded by
the affine isoperimetric inequality. Therefore, we find that
o
M < (5.3.5)
Jm

on the time interval (—oo,T"), for some positive universal constant ¢, depending only

on p. [

Let {K:}: be a solution of the flow (5.3.1). Then the family of convex bodies,

is called a normalized solution to the p-flow, equivalently a solution whose area is

{K,}:, defined by

fixed and is equal to 7.
We denote every quantity associated to the normalized solution with an over-tilde.
For example the support function, curvature, and the affine support function of K

are denoted by s, K, and o, respectively.

Lemma 67. There is a constant ¢, depending on p, such that

M <, (5.3.6)

Om

for every normalized solution to the p-flow on the time interval (—oo,T).

Proof. The estimate (5.3.5) is scaling invariant. Therefore, the same estimate holds

for the normalized solution. O
For the rest of this section, we assume that [ > 2.

Lemma 68. Along the p-flow we have

d [—20,0, 18pl / s w
— t) > p+2 - 1+2 g ds.
#0025 Y i) M
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Proof. Define dw = ods, g = 0 and F(z) := 2”2 in Theorem 3. Furthermore, recall

that for a convex body K in R? we have 24 = [, ods. This implies

s 0,0
/ ol Tads > P
0K

2A

The claim now follows by this last inequality and the evolution equation (5.3.2). [

A1)
%G’

Lemma 69. The reciprocal of the l-affine isoperimetric ratio, 15 non-decreasing

along the p-flow.

Proof.
%@ii?%)”
i ()

Td
d
Q”Q t (24 D) A () Ly + (2 — DA ()T (4)Q, ()
A2(2—l)(t)

_ %0 Agl do oy SO
- A(t) (Qp<>95+3<>)(( BRI 1) )

S Qp(t) Agil( ) p?fz == 02
C(1+2)(p+2) Alt) <Qp(t)Q§+3(t)> /% a ds,

where we used Lemma 68 on the last inequality. O
In the rest of this chapter, we assume that 1 < p < 4.

Corollary 70. There exists a constant b, > 0 depending on | and p such that

A1)
QY ()

< bljp

on (—o0,T).
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Proof. Note that
) 2-1
A2’l(t) (5 fa% 0d5>

Oty ( f, Ul_lile5>2+l
Yt

is a GL(2) invariant quantity. Therefore, we need only to prove the claim after

applying appropriate special linear transformations to the normalized solution of the
p-flow. By the estimate (5.3.6) and the facts that maxg1 6 > 1 and mingi o < 1,

Lemma 56 in Chapter 4, we have

ol

<oc=-—<c (5.3.7)

R
ol VAR

Observe that & is an SL(2) invariant quantity. Therefore, the previous estimate
holds even after applying an arbitrary special linear transformation. After applying
a length minimizing special linear transformation at each time ¢ to the normalized
solution of the p-flow, by John’s lemma, the support functions have uniform lower and
upper bounds on the time interval (—oo,T'). Therefore, by inequalities (5.3.7), the
curvature is uniformly bounded from below and above on the time interval (—oo, T).

Now the claim follows as ds = /3. m

By the computation carried out in the proof of Lemma 69, we find

18pl
where ¢, = L 5. Since £A(t) = —Q,(t). This in-

3
(+2)+2) (1= 58— 7its)

equality will be used in the proof of the next corollary.

Corollary 71. If K, evolves by (5.5.1), the following limit holds:

A3fl » 2
lim inf (%) / (al‘2<§+2)‘2<ﬁ2)> ds = 0. (5.3.8)
o \ 0,2 (1) :

Tt
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Proof. Suppose the contrary. There exists an € > 0 small, such that

3-1
(—A l(t?)) )/ (01_2(5—?%_2(134&2)>2d52i
Qp(t)Ql+ () 5 5 Clp

t

in a neighborhood of —oo, say on (—oo, —N) for large enough N. Then

d (e d
- ( o (t>> < e In(A(1)).

Thus, by Corollary 70 we get

(;212—1)_ (t) < (Qé_l)_ (t1) +eIn(A(t)) — eln(A(ty))
< b, +eln(A(t)) —eln(A(t)).

We obtain a contradiction by letting ¢; approach —oo: Since lim A(t;) = +o0, the

t——o0
right hand side becomes negative. O]
Corollary 72. There is a sequence of times {t}ren such that, as the numbers iy

converge to —oo, we have

lim &(t;) = 1.

t——00

. , A3t 1—-3p s N2 )
Proof. Notice that the quantity | —————— (0 2(p+2) 2<l+2>> ds is scaling
Yt

Q1)U (2) s
A3t
invariant and %
Qp () (t)
equality and by the p-affine isoperimetric inequality. Hence, Corollary 71 implies

is bounded from below by the [-affine isoperimetric in-

that there exists a sequence of times {t; }ren such that klim t, = —oo and
—00

. / l—-—3Pp 3l 2 -
lim (a 2(p+2) 2<l+2>) ds = 0.
tp——00 [~ 5
Yt
On the other hand, by the Holder inequality

1*2 3p2 7213l2 172 3p2 T2 13[2
& (p+2) (+>_U (p+2) (1+2)

2
M " ) 1P 3l 2
- S (0‘ 2(p+2) 2(l+2)> ds.
5 5

O

Uk
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Therefore, by the boundedness of Q) from above, and by the affine isoperimetric
inequality, we find that

17231)2 7213l2 17231)2 *213l2 ?
lim Gy (p+2) (+)_O.m (r+2)  2(1+2) =0.
t——00

Since 7, < 1 and a,; > 1, the claim follows. ]

Lemma 73 (Monotonicity of the area product). [100] The area product, A(t)A°(t),

is strictly increasing along the p-flow unless Ky is an ellipse centered at the origin.

Corollary 74. For every compact ancient solution to the p-flow, we have

lim A(t)A°(t) = 72

t——o0

Proof. We first show that
lim A(t)A°(t) = 72

th——o00
This is a consequence of Corollary 72 and Lemma 1:
By Corollary 72, we have
lim &(tx) = 1. (5.3.9)

t——00
Thus, by Lemma 1 there exist two families of origin-centered ellipses {&,(tx)},
{Eout(tx)} such that
Ein(ty) C Ky, C Eou(ty) (5.3.10)

and

lim o(&n(ty)) = lim o(Euw(te)) = 1.

tp——00 tp——00
Evidently, we can find an appropriate family of special linear transformations { Ly, }

such that L, (E,e(k)) is a circle at each time ¢,. Each such area preserving linear
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transformation L; minimizes the Euclidean length of the ellipse &, (tx) at time .

Thus, the construction of &,,(t;) and &, (k) implies

m Ly, (Eur(tr)) = lim Ly (Em(ty)) = S!

tp——o0 t——00

in the Hausdorff metric:

Since o is invariant under SL(2), we have (L, (Eout(tr))) = 0(Eout(tr))), therefore
. lim o(Lt, (Eout(tr))) = 1. This implies . lim Ly, (Epue(tr)) = S in the Hausdorff
k—>—00 k—>—00

metric. Similarly, we have . lim o(Ly, (En(ty)))) = 1. This implies that
k—>—00

lim A(Ly (Ein(ty))) = 7.

tp——00

As Ly, (Ein(tr)) C Ly, (Eoue(tr)), we conclude that . lim Ly, (En(tx)) = S' in the Haus-
k—>—00

dorff metric.

Now, applying { L;, }+ to the inclusions (5.3.10), we obtain that the sequence {L;, (f(tk)}k

converges to the unit disk in the Hausdorff metric. So

lim A(t)A°(t) = 72

t——00

Now monotonicity of the area product, A(t)A°(t), stated in Lemma 73, finishes the

proof. O]

5.4 Proof of the main theorem

We have now gathered all the necessary ingredients to prove our main theorem.

Theorem (Ancient solutions). Let 1 < p < 4. The only compact, origin-symmetric,

ancient solutions to the p-flow are homothetic ellipses.
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Proof. We have proved that tlimTA(t)AO(t) = 72, Corollary 22 in Chapter 2, and
k—

. lim A(t)A°(t) = n%, Corollary 74. Therefore A(t)A°(t) achieves the same value at

k—>—00

both ends of the interval (—oo,T"). Since A(t)A°(t) is monotone we conclude that the

area product is constant on (—oo,7T’). Now, Lemma 73 implies that K; must be an

ellipse centered at the origin of the plane for all ¢ € (—o0,T). O



Chapter 6

Volume preserving centro-affine
normal flows

The contents of this chapter are taken from the paper ”Volume preserving centro-
affine normal flows” [55]. The paper is co-authored with A. Stancu. The paper will
appear in the journal Communications in analysis and Geometry.

We study the long time behavior of the volume preserving p-flow in R" for 1 <
p < -%5. We prove that every solution to the volume preserving p-flow converges

sequentially to the unit ball in the C'*° topology, modulo the group of special linear

transformations.

6.1 Introduction

Let p > 1 be a fixed real number and let Ky € Ky, We consider a family of convex
bodies {K;}: € Kysym, and their associated smooth embeddings x : S* x [0,7) — R",

which are evolving according to the p centro-affine normal flow, namely,

9 e s (S’il) 5 2(,0) = 2y (), 2 t) = 2k, (). (6.1.1)

100
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In this chapter, we study the asymptotic behavior of this low by applying the tech-
niques of [10]. As we have seen, the long time behavior of the flow in R? was studied
in Chapter 2 using tools of affine differential geometry. It was proved there that the
volume preserving p-flow with p > 1 evolves convex bodies in Ky, to the unit disk in
Hausdorff distance, modulo SL(2). Further applications to the L_5 Minkowski prob-
lem and to the stability of the p-affine isoperimetric inequality were given in Chapter
3 and Chapter 4, respectively.

In this chapter, we prove that:

Theorem (Main Theorem E). Let 1 < p < -5 be a real number. Let vy, : S"' —
R™ be a smooth, strictly convex embedding of Ko € Kgym. Then there exists a unique

solution x : S"' x [0, T) — R™ of equation (6.1.1) with initial data xx,. The rescaled
1

conver bodies given by the embeddings (%) " xx, converge sequentially in the C'*

topology to the unit ball, modulo SL(n). Furthermore, when p =1 the assumption of

Ky being origin-symmetric is not necessary.

6.2 Uniform lower and upper bounds on the prin-
cipal curvatures

We will start this section by proving that, under uniform lower and upper bounds on
the support function of the evolving convex body, we have uniform lower and upper
bounds on the Gauss curvature which depend only on the dimension n, the value of
p, the bounds on the support function, and time. To obtain the upper bound on the
Gauss curvature, we apply a standard technique of Tso [106]. To derive the lower

bound bound on the Gauss curvature, we consider the evolution of the dual convex
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body and we apply Tso’s technique to the speed of the dual p-flow. This procedure
avoids the need for a Harnack estimate, or displacement bounds.
As the convex bodies {K;}; evolve by (6.1.1), their support functions satisfy the

partial differential equation

O,s = —s (Sﬁl) " (6.2.1)

see also [100]. The short time existence and uniqueness of solutions for a smooth and
strictly convex initial hypersurface follow from the strict parabolicity of the equation
and it was shown in [100]. We will use this latter evolution equation to describe the
flow throughout the rest of the chapter.

The proofs of the two lemmas pertaining to lower and upper bounds of the Gauss
curvature of the evolving convex bodies have similar outline yet with some differences.
For completeness, we will present both proofs. First, we present two elementary

lemmas.

Lemma 75. Let F': S 1 x [0,T') = R be a positive function that satisfies
@F Z C/Fia —C

for positive constants ¢,c and o. Then there are positive constants ¢; and ¢y such
that
L ey
—<c o+ Co.
F=a 2
Proof. We have
OF > (14 a)(d — cF®).

Suppose that F'* < . So
/

Fl¥e > (14 oz)%t.
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5_;' We conclude that

1
1 "\ @ 1 1
F > min —tl%a, <i> = — /> —.
c1 2c Co c1tTHe + ¢y

Lemma 76. Let F: S"1 x [0,T') = R be a positive function that satisfies

From this, we obtain that F' > étﬁ if Fo <

OF < —dF*+¢

for positive constants ¢, and a > 1. Then there are positive constants ¢; and ¢y such
that

F S Cltﬁ + Co.

Proof. Since o > 1, we have
c

OF'" > d(a—1)+ T

(1—a).
Suppose F(-,t) > % Therefore, from the last inequality we get

/

OF' > (a — 1)%.

This implies that

/

F=o( 1) — F1=9(,0) > (a — 1)%15.

Thus, we get

1

F(t) < ((a - 1)%) e

Observe that we obtained F(-,t) < ((a — 1)) ™ ¢t provided that Fo(-,¢) > 2.

&

Q

Hence
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Given a convex body K, the inner radius of K, r_(K), is the radius of the largest
ball contained in K’; the outer radius of K, r,(K), is the radius of the smallest ball
containing K. Notice that for each centrally symmetric convex body, the smallest

and largest ball as above will be centered at the origin.

Lemma 77 (Upper bound on the Gauss curvature). For every smooth, strictly convex
solution { Ky }o4,) of the evolution equation (6.2.1) with0 < R_ <r_(K;) <r (K;) <

R, < 400 fort € 0,ty], we have
P _(n—Dbp
Kt < <C+O’t n<p+1>),

where C' and C" are constants depending on n,p, R_ and R..

Proof. Let o :=1— (T—Jrl;p and = —ﬁ. Consider the function
U — 50“5571
 s—R_/2

where S, stands for the (n — 1)-th symmetric polynomial in the radii of curvature
as a function on the sphere S"~!. Using the parabolic maximum principle, we will
show that W is bounded from above by a function of n,p, R_, R, and time. At the
point where the maximum of ¥ occurs, we have

0= Vi — ¥, (%) and ViV, < 0.
Hence, we obtain

vi(sasgfl) (sangl)vis

s—R_/2  (s—R_/2)%

and consequently

- agB i'—R_Qa’B Gii
ViV (s°871) + i (5781 Oty = B /25051, (6.2.2)

"—1> = s—R_J2
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We calculate

_ B8 o o 8
00 = — TR (S) ViV, (57800 ) + i (5250 )|

S/J’ ) 2aS2,3
n— a (0% n

TSR 2™ TR

. aSn—l . . . .
where (S,,-1)ij = e is the derivative of the S, _; with respect to the entry t;

ij

of the radii of curvature matrix. By Theorem 1, page 102 of [80], applied to the top

symmetric polynomial, we have S := is a positive definite bilinear form as long

Qg5
as OK has positive Gauss curvature at all points.
Using inequality (6.2.2) we infer that, at the point where the maximum of V¥ is

reached, we have

R_
o < U2 (—(n —1)f—a+1+ 5—7—[) (6.2.3)
We can control the mean curvature H from below by a positive power of W. First
note that H > . Therefore
Snfll

s—R_/2\""" 5@ =B
>(n—-1) ———"— - -
H_(n ) ( 8045’5_1 ) <3—R_/2)

1 R% (n—ll)ﬁ
> -1\ s [ — _
z(n=1) <R R /2)

Therefore, we can rewrite the inequality (6.2.3) as follows
1
— 1)ﬁR, 1 R (n—1)B
U<V —(n—-1)p— 1 (n—\IJ (e

= - <Cl(n>pv R—7R+)\IJ(:_+SP - C(?’L,p)) )

for positive constants C'(n,p) and C’'(n,p,C, R_, Ry). From this last inequality and

Lemma 75 for F = and o= (n+1p) , it follows that

n—1)p
U < max {C(n,p, R_,Ry),C'(n,p,R_, RJr)fEL(pH)}
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for new constants C' and C”. The corresponding claim for K follows. [

Pertaining to the flow by powers of the Gauss curvature, a powerful technique to
obtain a uniform lower bound on the Gauss curvature of the evolving convex body is
using a Harnack inequality and a lower displacement bound [10]. The lower displace-
ment bound controls how much the support of the evolving body decreases depending
on time. The displacement bound is obtained by looking at how appropriate barri-
ers, usually balls, with appropriate centers, move along the flow, combined with a
containment principle. Here, we introduce a new technique to obtain a uniform lower
bound on the Gauss curvature along the flow. We look at the geometric flow that
evolves the dual convex body, the dual p-flow.

Let K° denote the dual body associated to K with respect to the origin
Ke={yeR"|z-y<1, Vo€ K}.
We will use further the following lemma proved in [100].

Lemma 78 (The dual p-flow). [100] Let {Ki}o1) be a smooth, strictly convex solu-
tion of the evolution equation (6.2.1). Then {K}}jory is a solution of the following

evolution equation, the expanding p-flow (alternatively called the dual p-flow):

__p
O,5° ) K° i
tS — S SOTLJrl .

It is in the next lemma that we need to restrict to the case p < 5.

Lemma 79 (Lower bound on the Gauss curvature). Let 1 < p < . Assume that
{Ki}oe) @5 a smooth, strictly convex solution of equation (6.2.1) with 0 < R_ <
r_(K;) <ri(Ki) < Ry < 4oo fort €[0,t]. Then
1
(n=1)p
C + C'tT-2—n

Crts >

Y
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where C' and C" are constants depending on n, p, R_ and R.,.

Proof. Recall from Lemma 78 that 0,s° = s° (So’gil)_”%p . We define o := 1 + (”n+—+1]3p

and 3 := n%p. Therefore, the dual flow takes the following form 0,s° = soaS,cf 1~ Since

R_<r (Ky) <rp(Ki) < Ry, we have

1 ] N
R_+ <ro(KY) <r(KY) < B
Define
1 1
R° = —. RS = —
R, 7 R_
and consider the function
q) _ Soas;?él .
2RG — s°

The subsequent computation is carried out at the point where the minimum of &

occurs:
_ B SoaSOB 1 o
0= VZQD = Vz — and VZVJCD Z 0,
2R — s°
hence we obtain
vz(SoaS:;él) o SOQS,;élviSo

2R —s°  (2RS — s°)2
and
oa @B .o o oo QB =
—  — o ° —S n— t’L + 2R S Sn_ 17
V.V, <s°°‘5',£1> + Gij (soasnﬁl) > - q - 195 (6.2.4)
+ S
Calculating
SoaSO[j—l ) o . i Szli
= T 5 0, [919, (520) 0 (0520)] g g
+ +
80204523%

TR -7
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and applying inequality (6.2.4), we conclude that
9P > (1—(n—1)8—a+2B8RSH). (6.2.5)

We now estimate the mean curvature H° from below by a negative power of ®. As in

the proof of the previous lemma, we have

1
2RO . SO (n=1)B So@ ﬁ
H02<n_1)< = of3 > <2RO _ o)
SOOLSnil T S

1
R°~ > (=18

1
> 1 -8 [ —— —
z(n=-1) <23: —R°

Consequently, inequality (6.2.5) can be rewritten as follows

a1 R« =B
00 > @? <1 —(n=1)f —a+2(n — 1)FRLE T (m——m) )

— 2 <_C(n,p) +C'(n,p, R, Ri)@—%) ’

for positive constants C'(n,p) and C'(n,p, R%, RY).

Hence

n+p
1 l o o 1\ &=be
at (5) < —C (n7p7 R—a R+) (6) + C(n7p)

From this last inequality and Lemma 76 for F' = é and o = (fjf;p, it follows that

1

(n—1)p
3 < max {C’, C't=2p-n }

for new constants C' and C’. Equivalently, we have a bound for ® from below.
Therefore, we have bounded from above K° in terms of n,p, R_, R, and time. To

complete the proof, we recall the following fact: for every z € 0K, there exists an

i ) @ (g ) @) =1,
K Kco

2° € OK° such that
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where x and z° are related by (x,2°) = 1, with (,) the inner product in R™. A proof
of this identity in the smooth setting is simple. A proof in a more general non-smooth
setting can be found in [48], see also [67]. For a non-smooth convex body, one needs
to replace K with the generalized Gauss curvature, the identity then holds almost
everywhere with respect to the Hausdorff measure on K.

By the above identity, we conclude that I is bounded from below by constants de-

pending on n,p, R_, R, and time. O

We point out that in concluding the long time existence of solutions, and asymp-
totic behavior, to the flow in R2, the following two lemmas in this section are not

necessary.

Lemma 80 (Lower bound on the principal curvatures). Assume that n > 1. Let
{Ki}ot) be a smooth, strictly convex solution of equation (6.2.1) with 0 < R_ <

r_(K) <ry(K) < Ry <400 and suppose that
C) <81 <0y

for allt € [0,to]. Then there ezists constants C and C" depending onn,p, R_, R,
and Cy such that

l < (C+ C't_(”_Q),

K

for all t € [0, to].

Proof. We first compute the evolution equation of v;; = V,;V;s + sgi;;. Set a :=
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-1+ —(T::;p and (= %.

Opeij = Bs7S,° 11+B)(Sn DuViVie, — B(B+1)s7*S,, (2+5 ViSn-1V;S, 1
+ B85S, T (S ke Vitm V tmn
+((n=1)—-1)s" ;—Blgi]’ - 557(15;_(11%)(Snfl)kztijgkl
+ 8,7V, Vs~ + 88, V70V ,8, 1 + B8, V7OV,

a Estimating the term on the first line: The first term on the first line is an essential
good term viewed as an elliptic operator which is non-positive at the point and
direction where a maximum eigenvalue occurs. The second term is an essential

good negative term.

1
b Estimating the term on the second line: Concavity of S"|, see again [80], gives

n—2

o

(Sn—l)kl<5n—1)mn vz'tklvjtmn S 0. (626)

c FEstimating the terms on the last line:

- = V V iS ?isﬁjs
ViVs™® = —a o ala+1) e
(tij — gl-js) visvjé‘
— _a—sa+1 +ala+ 1)—Sa+2 .
This gives
S5 ViV;s7* < —aCS, vy +aC'S, P g, < aC”S, P Gij, (6.2.7)

where we used boundedness of V;s from above and the assumptions of the
lemma. Note that |z|> = 52+ |Vs|%. Therefore, as s is bounded, |Vs| must also
be bounded. Here we used | - | for the Euclidean norm in R"

The other term on the last line can be estimated by Young’s inequality:

|?is_a?j5n_1| S C€|ﬁj5’n_1|2 + 08_1. (628)
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Combining inequality (6.2.6) and equations (6.2.7) and (6.2.8), for £ small enough,

we have

Oryj < Bs™“ 7(1+5)(Sn71>klvkvltij + C/Siglgij — 6057;_(11+'8)(Sn71)kltijgkl~

n—1 n

Therefore, the maximum of the hypersurface’s v;;, as a function of time, satisfies
0u(tj)max < CS, 7 (gz‘j - 055_21% (tz'j)r%a>21(> :

This implies that, for (v;;)max very large, the quantity in parentheses is negative, while

Sy, is bounded away from zero, hence the behavior of (t;;)max when large is modeled

by the differential inequality

d(ti')max 27:1
# S _C(tij)ma)zc .

We thus conclude that
ngz}x(tij)max <O+t
for some positive constants C, C’". As, for every real symmetric matrix A, its high-
est eigenvalue is A0 (A) = suﬁ) ” |(u, Au)|, we obtain the upper bound on the
weR™, [jul=1

highest radius of curvature of the form C + C’t=("=2) where the constants have been

redenoted the same for simplicity. O]

Lemma 81 (Lower and upper bounds on the principal curvatures). Assume that
n > 2. Let {Ki}jo4) be a smooth, strictly convex solution of equation (6.2.1) with

0<R_ <r (K <ry(K;) <R, <400 and
Cy <81 <0y

for allt € [0,ty]. Then there exists constants Cs, Cy, Cs5 and Cg, depending onn,p, R_,
R, Cy and Cy, such that ¥t € [0, to],

1 n—2
<k < (C5+ Cet~ "2 .
Gy == (Gt Gt
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Proof. The lower bound on the principal curvatures has been, in fact, established in
Lemma 80. Consequently, we also obtain now the upper bound as the product of the

principal curvatures is bounded from above. Suppose that x; > k9 > ... > K, then
Ol > K="tk = iy - T2k > 1y (C + Oyt~ 72y~ (n=2)
O

Theorem 82. Let 1 < p < # be a real number. Let vk, : S*1 & R™ be a
smooth, strictly convex embedding of Ky € Kgym. Then there exists a unique solution
z:S"1 x [0,T) = R" of equation (6.1.1) with initial data xr,, for a mazimal finite

T, such that lim V(K;) = 0.
t—=T

Proof. Suppose that Sy is a sphere which, at time zero, encloses K. It is clear that,
by applying the p-flow to Sy, the evolving spheres S; converge to a point in finite
time. By a comparison principle, K; remains in the closure of S;. Therefore T" must
be finite. Suppose now that V(K;) does not tend to zero. Then we must have s > r,
for some r > 0 on [0,7"). By Lemmas 77, 79, 80 and 81 the principal curvatures of the
solution remains uniformly bounded on [0,7") from below and above. Consequently,
the evolution equation (6.1.1) is uniformly parabolic on [0,7"), and bounds on higher
derivatives of the support function follow by [61] and Schauder theory. Hence, we can

extend the solution after time 7', contradicting the definition of T" . O

6.3 Convergence of the volume preserving p-flow

In this section, we will conclude the proof of the main theorem.

The following result follows directly from the inequality of Proposition 4.2 in [100].
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Theorem (Monotonicity of p-affine isoperimetric ratio). Let {K;}jor) be a smooth,
strictly convex solution of equation (6.2.1). Then the p-affine isoperimetric ratio,
QZ'HU(Kt)

V"T(K)’ is mon-decreasing along the p-flow. The monotonicity is strict unless K;
t

15 an ellipsoid centered at the origin.
Finally, we restate Theorem 2 in the following suitable form.

Theorem (John’s lemma). [60] Let K be a convex body in R™. Then there exist

absolute constants ¢ and C, and an affine linear transformation L € SL(n), such that

= (S

where B™ denotes the unit ball in R™.

1

Let now z : S™! x [0,7] — R™ be a solution of equation (6.1.1). Then for each

A > 0, notice that zy defined by x, : S~ x [O, )\%T} — R™ with
22(0,1) = Az (0, A—i%t)

is also a solution of evolution equation (6.1.1).

Proof of the main theorem: We follow the procedure in [10]. Fix ¢ € [0,7"). Define

§ a solution of (6.2.1), by the rescaling property, as follows

o= (5 (o () ™)

Here, 5(+,0) is the support function of L;K; where L; € SL(n) is obtained from John’s

lemma applied to the convex body K;. Therefore

c<35(2,0) <C.
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Let B, denote the ball of radius r centered at the origin. Thus B, is contained in the
convex body associated with the support function 3(-,0). The containment principle,
see for example Proposition 2.2 in [100], insures that B,/ will be contained in the
convex body associated with the support function §(-,7), for 7 € [0, ], where ¢ is
the time that B, becomes B./; under the p-flow. This time can be found explicitly as

the evolution of a ball of radius p centered at the origin is p, = —p*~@n=Dp)/(n+r)

2p
Therefore, §(z, 7) exists on the time interval [0, <¥$5;3> ntp (T — t)> . In particular,

2p

we have (ggg)@ (T'—1t) > ¢ for every t € [0,7). Now Lemmas 77, 79, 80 and

81 imply that there are uniform lower and upper bounds on the principal curva-
tures and on the speed of the flow on the time interval [§/2,d]. Therefore, by [61],
we conclude that there are uniform bounds on higher derivatives of the curvature.
Consequently, all quantities related to the original solution that are both scaling
invariant and invariant under SL(n) satisfy uniform bounds on the time interval
[t + %V(Kt)"%, t+ C’V(Kt)n% . Since t is arbitrary and C'is an absolute constant,
we have uniform bounds on the time interval [T'/2,T'). It means that all the affine
invariant quantities of the normalized solution to the p-flow are uniformly bounded
on the time interval [T°/2,7). We point out here that if n = 1, only Lemma 77 and
Lemma 79 are needed to derive such uniform bounds on the time interval [1/2,T).

We shall elaborate on the argument we presented above. Observe that

() (o () )

has uniform C* bounds for all t € [0,7) and 7 € [2,4]. Furthermore, the volume of

the convex body corresponding to 5(z,7) is bounded from below by V(B./,). Thus,
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the ratio
V(K:)

VK vEn \ ~ ks
”(vum) '

for all t € [0,7) and 7 € [2,6]. This implies that after

V(B")
V(BL,)
multiplying a controlled constant depending on 7, we have uniform C* bounds for

is bounded by

n

K 2p

(L)

for all ¢ € [0,T) and 7 € [£,4]. Next, we show that for every ¢, € [£,T) we can find

t € [0,7) such that

()

2p

Define f(t) =t + (ggﬁ;)_m 8 —t, on [0,7). This is a continuous function. We

have f(T') =T —t, > 0. Therefore, if we show that f(0) < 0 the claim follows. We

have ,
V(B")\ " 6
0) = — — t,.
0= (7))
_2
Notice that <“;E;B;Z))> Hp g < % so f(0) < 0. Therefore, we have proved that for every

2p

te[l, L), thereisat € [0,T) with ¢ =t + <5g€§>_m % and there is a special linear

transformation Lz, obtained from John’s lemma applied to K, such that the family

1
{<¥E?Q> " LiKi}iepr/2,ry has uniform C* bounds.

Consequently, there is a sequence of times {tx}ren such that t; approaches T
and the sequence {L; (K3, )}, converges in the C*° topology to a convex body Kr.

Now monotonicity of the p-affine isoperimetric ratio and Theorem 82 with, a similar
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argument as in [10], implies that K7 must be an ellipsoid. Therefore

QPR
. k
lim 22— = PP,

te—=T Vn—p<Ktk)
and again by monotonicity of the p-affine isoperimetric ratio

(K
lim ——~

= n"TPWP,

From the equality case in the p-affine isoperimetric inequality [69], it follows that,
modulo SL(n),

lim
t—T

(v

> Kt - Bn
sequentially in the C'*° topology.

Finally, notice that when p = 1 the flow is translation invariant. Therefore, after
an appropriate translation of the initial convex body, it is guaranteed that the origin
of the plane always belongs to the interior of the evolving convex body for all time.

This in turn implies that the evolution equation for the dual convex with respect to

the origin is still valid and thus the above argument is also applicable in this case.



Chapter 7

Conclusions

In this work, we studied the p centro-affine normal flows and we presented several
applications of this family of flows to convex geometry and PDEs.

In Chapters 2 and 6, we studied the long time behavior of the p-flows. We studied
whether a normalized solution to the p-flow starting from a smooth, origin-symmetric
initial convex body converges, in an appropriate norm, to a smooth shape. We gave
a positive answer to this question in the C°°-norm, modulo the group of special
linear transformations. Precisely, we proved that the volume preserving p-flow evolves
smooth, origin-symmetric convex bodies in R™ to the unit ball, in the C'*°-norm,
modulo SL(n), provided that 1 < p < —25. We used two different techniques to obtain
the above mentioned result. In Chapter 2, we based our argument on our calculations
carried out in affine differential setting. We obtained sharp affine isoperimetric type
inequalities from which we deduced the asymptotic value of the affine supports of
the evolving convex bodies. In Chapter 6, to study the long time behavior, a novel
method was developed by involving dual convex bodies. The techniques avoided use
of Harnack’s estimate and displacement bounds. An interesting question related to

the long time behavior of the p-flow is as follows:

117
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n

e What can we say about the asymptotic behavior of the normalized p-flow if, p > 5

and n > 27

In Chapter 3, we touched upon the L_5 Minkowski problem. Using techniques
developed in Chapter 2, we proved that the set of smooth, m-periodic, positive func-
tions on the unit sphere for which the planar L_, Minkowski problem is solvable is
dense in the set of all smooth, m-periodic, positive functions on the unit sphere with
respect to the L* norm. It is an interesting question that
e How can we use the weighted p-flow to obtain a necessary or a sufficient condition
for the existence of a solution to the L_o Minkowski problem?

In Chapter 4, we proved a version of stability of the p-affine isoperimetric inequal-
ity, in the class of origin-symmetric convex bodies, for p > 1, by using the affine
normal flow. There are several interesting questions in this regard. One question of
high interest to us is as follows. Letting p go to oo, it is easy to see that the p-affine
isoperimetric ratio converges to the volume product, the product of the volume of
a convex body and the volume of its dual convex body. As we stated earlier, the
volume product is controlled by the Blaschke-Santalé inequality.

e [s it possible to use the p-flow to obtain a version of stability of the Blaschke-Santalo
inequality, even in the class of origin-symmetric convex bodies?

In Chapter, 5, we classified ancient solutions to the planar p-flow provided 1 <
p < 4, in the class of origin-symmetric convex bodies. We proved that the only
compact, origin-symmetric, ancient solutions to the p-flow are homothetic ellipses, if
1 < p < 4. This in particular, states that in the class of origin-symmetric convex
bodies, the only ancient solutions to the planar affine normal flow are homothetic

ellipses. In this regard, I am interested in the answer of the following question.
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e What are the ancient solutions to the p-flow in higher dimensions?

In conclusion, we studied several aspects of the p centro-affine normal flows. But

there are still interesting questions which can be topics of future projects.



Bibliography

[1]

8]

J. Ai, K.S. Chou, and J. Wei, Self-similar solutions for the anisotropic affine
curve shortening problem, Calc. Var. Partial Differential Equations 13 (2001),
311-337.

A.D. Aleksandrov, On the theory of mized volumes. III. extensions of two the-
orems of Minkowski on convex polyhedra to arbitrary convex bodies, Mat. Sb.

(N.S.) 3 (1939), 167-174.

, Smoothness of the convex surface of bounded Gaussian curvature, C.R.

(Dokl.) Acad. Sci. URSS 36 (1942), 195-199.

, On the surface area measure of convex bodies, Mat. Sb. (N.S.) 6 (1983),
27-46.

B. Andrews, Contraction of convex hypersurfaces in FEuclidean space, Calc. Var.

Partial Differential Equations 2 (1994), 151-171.

| Harnack inequalities for evolving hypersurfaces, Math. Z. 217 (1994),

179-197.

, Contraction of convexr hypersurfaces by their affine normal, J. Differ-

ential Geom. 43 (1996), 207-230.

, Fvolving convex curves, Calc. Var. Partial Differential Equations 7

(1998), 315-371.

120



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

121

, The affine curve-lengthening flow, J. Reine Angrew. Math. 506 (1999),
48-83.

, Motion of hypersurfaces by Gauss curvature, Pacific J. Math. 195
(2000), 1-34.

_, Singularities in crystalline curvature flows, Asian J. Math. 6 (2002),
101-121.

, Classifications of limiting shapes for isotropic curve flows, J. Amer.

Math. Soc. 16 (2003), 443-459.

S. Angenent, G. Sapiro, and A. Tannenbaum, On the heat equation for non-

conver curves, J. Amer. Math. Soc. 11 (1998), 601-634.

K. Ball and K.J. Boroczky, Stability of the Prékope-Leindler inequality, Math-
ematika 56 (2010), 339-356.

, Stability of some versions of the Prékopa-Leindler inequality, Monat-

shefte Math. 163 (2011), 1-14.

F. Barthe, K.J. Boroczky, and M. Fradelizi, Stability of the functional forms of
the Blascke-Santalo inequality, arXiv:1206.0369v1, 2012.

W. Blaschke, ”Uber affine geometrie I. Isoperimetrische Eigenschaften von El-
lipse und Ellipsoid, Leipz. Ber. 68 (1916), 217-239.

K.J. Boroczky, The stability of the Rogers-Shephard inequality, Adv. Math. 190
(2005), 47-76.

, Stability of Blascke-Santalo inequality and the affine isoperimetric in-

equality, Adv. Math. 225 (2010), 1914-1928.



[20]

[21]

[22]

[23]

[24]

[25]

[20]

[27]

122

K.J. Boroczky and D. Hug, Stability of the reverse Blaschke-Santalo inequality
for zonoids and applications, Adv. in Appl. Math. 44 (2010), 309-328.

K.J. Boroczky, E. Lutwak, D. Yang, and G. Zhang, The logarithmic Minkowsk:
problem, J. Amer. Math. Soc., in press, http://dx. doi. org/10.1090/S0894-0347-
2012-00741-3, 2011.

S. Bushin, Affine Differential Geometry, Gordon and Breach, New York, 1983.

L. Caffarelli, L. Nirenberg, and J. Spruck, The Dirichlet problem for non-linear
second order elliptic equations I. Monge-Ampére equations, Comm. Pure Appl.

Math. 34 (1984), 369-402.

E. Calabi, Improper affine hyperspheres of convex type and a generalization of

a theorem by K. Jorgens, Michigan Math. J. 5 (1958), 105-126.

W. Chen, L, Minkowski problem with not necessarily positive data, Adv. Math
201 (2006), 77-89.

S.Y. Cheng and S.T. Yau, The n-dimensional Minkowski problem, Comm. Pure
Appl. Math. 29 (1976), 495-516.

K.S. Chou and X.J. Wang, The L,-Minkowski problem and the Minkowski prob-
lem in Centroaffine geometry, Adv. Math. 205 (2006), 33-83.

B. Chow, On a formula of Daskalopoulos, Hamilton and Sesum,

arXiv:1209.1784v1, 2012.

A. Cianchi, E. Lutwak, D. Yang, and G. Zhang, Affine Moser-Trudinger and
Morrey-Sobolev inequalities, Calc. Var. Partial Differential Equations and P.D.E
36 (2009), 419-436.

P. Daskalopoulos, R. Hamilton, and N. Sesum, Classification of compact ancient

solutions to the Ricci flow on surfaces, arXiv:0902.1158v2, 2009.



[31]

[32]

[33]

[34]

[35]

[36]

123

, Classification of compact ancient solutions to the curve shortening flow,

J. Differential Geom. 84 (2010), 455-464.

V.1. Diskant, Stability of the solution of a Minkowski equation, Siberian Math.
J. 14 (1974), 466-473.

J. Dou and M. Zhu, The two dimensional L, Minkowski problem and nonlinear

equations with negative exponents, Adv. Math. 230 (2012), 1209-1221.

W. Fenchel and B. Jessen, Mengenfunktionen und konveze korper, Danske Vid.

Selskab. Mat.-fys. Medd. 16 (1938), 1-31.

M. Gage and Y. Li, Fvolving planes curves by curvature in relative geometries

I, Duke Math. J. 72 (1993), 441-466.

, Fvolving planes curves by curvature in relative geometries II, Duke

Math. J. 75 (1994), 79-98.

H. Groemer, Stability of Geometric Inequalities, Handbook of Convex Geome-

try, North-Holland, Amsterdam, pp. 125-150, 1993.

P.M. Gruber, Asymptotic estimates for best and stepwise approzimation of con-

vez bodies II, Forum de Mathématiques 5 (1993), 521-538.
, Convex and Discrete Geometry, Springer, Berlin, 2007.

B. Guan and P. Guan, Convexr hypersurfaces of prescribed curvature, Ann. of

Math. 156 (2002), 655-674.

P. Guan, J. Li, and Y.Y. Li, The existence of convex body with prescribed cur-
vature measures, Duke Math. J. 161 (2012), 1927-1942.

P. Guan, C. Lin, and X.N. Ma, The existence of convex body with prescribed
curvature measures, Int. Math. Res. Not. IMRN 11 (2009), 1947-1975.



[43]

[44]

[45]

[46]

[47]

48]

124

P. Guan and C.S. Lin, On equation det(u;; + u;;u) = u® f, preprint No. 2000-7,
NCTS in Tsing-Hua University, 2000.

P. Guan and X.N. Ma, The Christoffel-Minkowski problem. I. Convezity of
solutions of a Hessian equation, Invent. Math. 151 (2003), 553-577.

H. Guggenheimer, Sign changes, extrema and curves of minimal order, J. Dif-

ferential Geom. 3 (1969), 511-521.

Y. Huang and Q.P. Lu, On the regularity of the L, Minkowski problem, Adv. in
Appl. Math. (in press), 2012.

D. Hug, Contributions to affine surface area, Manuscripta Math. 91 (1996),
283-301.

, Curvature relations and affine surface area for a general convex body

and its polar, Results in Math. 29 (1996), 233-248.

D. Hug and R. Schneider, A stability result for volume ratio, Israel J. Math.
161 (2007), 209-219.

M.N. Ivaki, Affine-geometric Wirtinger inequality, arXiv:1205.6454v2, 2012.

, Centro-affine normal flows: Harnack’s estimate and ancient solutions,

arXiv:1211.2346v1, 2012.

, Centro-affine normal flows on centrally symmetric convezr curves,

arXiv:1205.6456v2, to appeare in Trans. Amer. Math. Soc., 2012.

., On the stability of the p-affine isoperimetric inequality,
DOI:10.1007/s12220-013-9401-1, J. Geom. Anal., 2012.

, A flow approach to the L_o Minkowski problem, Adv. in Appl. Math.
50 (2013), 445-464.



[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

125

M.N. Ivaki and A. Stancu, Volume preserving centro-affine normal flows,

arXiv:1211.7105v2, to appear in Comm. Anal. Geom., 2012.

Sergei Ivanov, St.Petersburg Department of Steklov Mathematical Institute
RAS, 2011.

M. Jiang, L. Wang, and J. Wei, 2nw-periodic self-similar solutions for the
anistropic affine curve shortening problem, Calc. Var. Partial Differential Equa-

tions 41 (2011), 535-565.

M.Y. Jiang, Remarks on the 2-dimensional L,-Minkowski problem, Adv. Non-
linear Stud. 10 (2010), 297-313.

F. John, Polar correspondence with respect to a convex region, Duke Math. J.

3 (1937), 355-369.

, Extremum problems with inequalities as subsidiary conditions, 187204

in Studies and essays presented to R. Courant on his 60th birthday (Jan. 8,
1948), Interscience, New York, 1948.

N.V. Krylov, Nonlinear Elliptic and Parabolic Equations of the Second order,
D. Reidel Publishing Co., Dordrecht, 1987.

H. Lewy, On differential geometry in the large, I (Minkowski’s problem), Trans.
Amer. Math. Soc. 43 (1938), 258-270.

, On the existence of a closed convex surface realizing a given Rieman-

nian metric, Proc. Nat. Acad. Sci. USA 24 (1938), 104-106.

J. Loftin and M.P. Tsui, Ancient solutions of the affine normal flow, J. Differ-
ential Geom. 78 (2008), 113-162.

J. Lu and X.J. Wang, Rotationally symmetric solutions to the L,-Minkowsk:
problem, J. Differential Equations 254 (2013), 983-1005.



[66]

[67]

[68]

[69]

126

M. Ludwig, General affine surface areas, Adv. Math. 224 (2010), 2346-2360.

M. Ludwig and M. Reitzner, A classification of SL(n) invariant valuations,

Ann. of Math. 172 (2010), 1223-1271.

E. Lutwak, The Brunn-Minkowski-Firey theory. I. Mixed volumes and the
Minkowski problem, J. Differential Geom. 38 (1993), 131-150.

, The Brunn-Minkowski-Firey theory. II. Affine and geominimal surface
areas, Adv. Math. 118 (1996), 244-294.

E. Lutwak and V. Oliker, On the regularity of solutions to a generalization of
the Minkowski problem, J. Differential Geom. 41 (1995), 227-246.

E. Lutwak, D. Yang, and G. Zhang, L, affine isoperimetric inequalities, Duke
Math. J. 56 (2000), 111-132.

, The Cramér-Rao inequality for star bodies, Duke Math. J. 112 (2002),

59-81.

, Sharp affine L, Sobolev inequalities, J. Differential Geom. 62 (2002),
17-38.
—, On the L, Minkowski problem, Trans. Amer. Math. Soc. 356 (2004),
4359-4370.

, Cramér-Rao and moment-entropy inequalities for Renyi entropy and

generalized fisher information, IEEE Trans. Inform. Theory 51 (2005), 473-478.

, Optimal Sobolev norms and the L,-Minkowski problem, Int. Math. Res.
Not. IMRN 2006 (2006), 1-21.

M. Meyer and E. Werner, On the p-affine surface area, Adv. Math. 152 (2000),
288-313.



[78]

[82]

[83]

127

H. Minkowski, Gesammelt abhandlungen von Herman Minkowski, Chelsea, New

York, 1897, pp. 198-219, 1967, pp. 103-121.

, Volumen und Oberfache, Math. Ann. 57 (1903), 447-495.

D.S. Mitrinowic, Analytic inequalities, Springer—Verlag, Berlin—Heidelberg—New
York, 1970.

L. Nirenberg, The Weyl and Minkowski problems in differential geometry in the
large, Comm. Pure Appl. Math. 6 (1953), 337-394.

K. Nomizu and T. Sasaki, Affine differential geometry, Cambridge Univ. Press,
USA, 1994.

C.M. Petty, Affine isoperimetric problems, Discrete Geometry and Convexity,
Eds.: J.E. Goodman, E. Lutwak, J. Malkevitch, R. Pollack, Proc. Conf. New
York 1982. Annals New York Acad. Sci. 440, 113-127, 1985.

A.V. Pogorelov, The regularity of a convex surface with a given Gauss curvature,

Mathematics of the USSR: Sbornik 31 (1952), 88-103.

, Extrinsic geometry of convex surfaces, Moscow: Nauka (1969).

, The Minkowski multidimensional problem, New York: Halsted Press

(1978).

L.A. Santalé, An affine invariant for convex bodies of n-dimensional space,

Portugalia Math. 8 (1949), 155-161.

G. Sapiro and A. Tannenbaum, Affine invariant scale-space, Internat. J. Com-

put. Vision 11 (1993), 25-44.

, On invariant curve evolution and image analysis, Indiana Univ. Math.

J. 42 (1993), 985-1009.



[90]

[91]

[92]

[93]

[94]

[95]

[96]

[100]

[101]

128

, On affine plane curve evolution, J. Funct. Anal. 119 (1994), 79-120.

, Image smoothing based on an affine invariant flow, in Proceedings of
Conference on Information Sciences and Systems, Johns Hopkins University,

March 1993.

R. Schneider, Convex bodies: The Brunn-Minkowski theory, Cambridge Univ.
Press, New York, 1993.

C. Schiitt and E. Werner, The convex floating body, Math. Scand. 66 (1990),
275-290.

, Surface bodies and p-affine surface area, Adv. Math. 187 (2004), 98-

145.

A. Stancu, The discrete planar Lo-Minkowski problem, Adv. Math. 167 (2002),
160-174.

, On the number of solutions to the discrete two-dimensional Lg-

Minkowski problem, Adv. Math. 180 (2003), 290-323.

, Two volume product inequalities and their applications, Canad. Math.

Bull. 52 (2004), 464-472.

, The floating body problem, Bull. London Math. Soc. 38 (2006), 839
846.

. The necessary condition for the discrete Lo-Minkowski problem in R2

J. Geom. 88 (2008), 162-168.

, Centro-affine invariants for smooth convex bodies, Int. Math. Res. Not.

2012 (2012), 2289-2320.

, Some affine invariants revisited, arXiv:1208.0783v1, 2012.



129

[102] N.S. Trudinger and X.J. Wang, The Bernstein problem for affine mazximal hy-
persurfaces, Invent. Math. 140 (2000), 399-422.

[103] , Affine complete locally convex hypersurfaces, Invent. Math. 150 (2002),
45-60.

[104] — | The affine Plateau problem, J. Amer. Math. Soc. 18 (2005), 253-289.

[105] , Boundary reqularity for the Monge-Ampere and affine mazimal surface

equations, Ann. of Math. 167 (2008), 993-1028.

[106] K. Tso, Deforming a hypersurface by its Gauss-Kronecker curvature, Comm.

Pure Appl. Math. 38 (1985), 867-882.

[107] V. Umanskiy, On the solvability of the two-dimensional L,-Minkowski problem,
Adv. Math. 225 (2010), 3214-3228.

[108] E. Werner and D. Ye, New L, affine isoperimetric inequalities, Adv. Math. 218
(2008), 762-780.



