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Abstract

Generalized Linear Models for a Dependent Aggregate Claims Model

Juliana Schulz

Key words: Aggregate Claims Model, Frequency, Severity, Loss Cost, Dependence,
Exponential Dispersion Family, Generalized Linear Models, Correlated Responses,

Conditional Model, Marginal Model

This thesis develops an alternative approach to modelling the expected loss cost of
an insurance portfolio that allows for dependence between the frequency and sever-
ity components of the aggregate claims process. The traditionally used independent
aggregate claims model is extended to define a dependent model, thus allowing for a
correlation between the claim counts and claim amounts. A Generalized Linear Model
framework is developed for the aggregate claims model in the dependent setting using
a conditional severity model and marginal frequency model. We find that the pure
premium in the dependent aggregate claims model is the product of a marginal mean
frequency, a modified marginal mean severity and a correction term. This depen-
dent modelling approach is then compared with the independent aggregate claims
model GLM structure. It is shown that the expected total loss amount derived in the

independent model is in fact a special case of the dependent model.
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Introduction

A primary objective of property casualty insurers is to adequately price the risk in-
herent in their portfolio by estimating the expected value of all future costs associated
with the insurance protection provided. The standard approach in the industry is to
study both the frequency (the number of claims) and severity (the claim amounts)
separately. The product of the expected claim frequency and severity then yields the
expected loss cost (or pure premium), which represents the total cost of all claims.

In recent years, several insurers have adopted the use of Generalized Linear Models
(GLMs) for modelling both the frequency and the severity of the claims process.
The GLM approach allows for the mean of the response variable to be expressed
in terms of a linear combination of covariates via a link function (McCullagh and
Nelder 1989). This method requires that the response variable distribution be a
member of the Exponential Family (EF). The EF distribution structure results in
a particular mean-variance relation that allows to further characterize the response
variable. Specifically, under the EF, the variance is a function of the mean.

The standard approach in the insurance industry is to develop a GLM for the claim
frequency separately from the GLM fitted to the claim severity, and then calculate
the pure premium as the product of the expected frequency and the expected average
severity. This approach inherently assumes independence between the frequency and
the severity of the claims process, an assumption that is unrealistic: Both GLMs
share common explanatory variables and are fitted to the same portfolio data. An
alternative approach is to model the total loss cost directly by means of the Tweedie
distribution, which models the aggregate claims as a Compound Poisson-gamma sum.

However, this method also assumes independence between the claim counts and claim



sizes.

In order to address the dependence between the frequency and the severity in
the collective risk model, a multivariate modelling approach for correlated data must
be used. Fahrmeir and Tutz (2001) provide an overview of various techniques that
can be used within the multivariate modelling framework for dealing with dependent
response variables; namely conditional models, marginal models and random effects
models (Neuhaus, Hauck and Kalbfleish 1991; Agresti 1993; and Diggle, Liang and
Zeger 1994). Fach of these approaches presents different methods for dealing with the
dependence between the responses, in our case frequency and severity, and entails dif-
ferent inference techniques. Song (2007) also describes several multivariate modelling
techniques for correlated responses, namely, quasi-likelihood modelling, conditional
modelling and joint modelling approaches.

In the aggregate claims model, the compound sum provides a particular mean
structure within the GLM framework that allows a different approach to modelling
the frequency and severity components under the assumption of dependence between
the two processes. Specifically, this thesis develops a multivariate modelling approach
via a modified conditional GLM. Without any assumption of independence between
the frequency and severity components, it is shown that the expected loss cost can
be written in terms of the marginal mean claim frequency, a modified marginal mean
severity and a correction term. The structure obtained for the mean total claims cost
includes the independent model as a special case.

This research provides an alternative approach for establishing insurance premi-
ums which allows for dependence between the claim frequency and severity. The
structure obtained is simple to implement and allows for a straightforward compar-
ison of the dependent model with the traditionally used independent model. More-
over, this dependent GLM approach for correlated responses provides a more accurate
representation of the insurance data and ultimately leads to more precise insurance
premiums.

This thesis is organized as follows: Chapter 1 provides an introduction to the

independent aggregate claims model and then extends the assumptions to define



a dependent aggregate claims model that allows for correlation between the claim
amounts and the claim counts. In Chapter 2, an overview of dispersion models, and in
particular the sub-class of the exponential dispersion family, is provided. Generalized
linear models as well as their application to insurance data are discussed in depth in
Chapter 3. Chapter 4 then goes into detail on the GLM approach for the aggregate
claims model in the independent setting while Chapter 5 extends this framework
to the dependent model. Finally, Chapter 6 provides an application of the GLM
structure for the dependent aggregate claims model using car insurance data and

compares these results to the independent model approach.



Chapter 1

The Aggregate Claims Model

The aggregate losses incurred by an insurer represent the total claim amount paid out
over a fixed time period. The aggregate claims models can be defined as the random

suim

where N represents the number of claims incurred, or the claim frequency, and the Y's
represent the individual claim amounts, or claim severities. Both of the components
of the aggregate claims, namely the frequency process and the severity process, are
random. Thus we have that the aggregate claims random variable S is defined in
terms of the random vector (N, Y7, ..., Yy).

Consider the aggregate claims S on the individual level, that is, the total claim
cost for an individual policyholder. It is a reasonable assumption that for a given
policyholder, the individual claim severities, Y;, will be independent and identically
distributed. Often, for simplicity, it is further assumed that the claim counts, N, and
the individual claim amounts, Y;, are also independent, thus yielding the independent
aggregate claims model. However, this simplifying assumption is unrealistic and does
not provide an accurate representation of the total loss amount as the claim severities
are likely to be dependent on the claim counts. For example, a policyholder that
submits several claims might only generate small claim amounts while an insured

who makes only one claim might in fact submit a higher-than-average claim amount.



Such associations between claim frequency and severity are not accounted for in the
independent aggregate claims model. Accordingly, there is a need to extend the
aggregate loss model to the dependent case.

The goal of an insurer is to charge an adequate premium for the insurance cov-
erage provided to policyholders. Consequently, an insurer is interested in estimating
the expected value of the aggregate claims amount for each individual, as well as
the variance of the loss cost so as to quantify the risk ensued by the policyholder.
Obviously, premiums will differ according to the assumptions made in the model as
well as the modelling techniques used for the estimation. As previously mentioned,
typically, the estimated expected loss cost is derived under the assumption that the
frequency and severity components are independent. Under these assumptions, we
have what we will refer to as the independent aggregate claims model. This chapter
will begin by defining the aggregate claims model under independence and then ex-
tend this definition to a dependent model by allowing the individual claim amounts

to be dependent on the claim counts.

1.1 Aggregate Claims Under Independence

Under the assumption of independence in the aggregate claims model, the components
of the random vector (N, Y7, ..., Yy) are assumed to be mutually independent. Here
we will use the model formulation as defined in Klugman, Panjer, and Willmot (2008).

More formally, suppose that the following assumptions hold:

1. Given the claim count, the claim severities are conditionally i.i.d.; that is, con-

ditional on N = n, the random variables Y7, ..., Y, are i.i.d.

2. The claim severities are independent of the claim frequency. Thus, conditional
on N = n, the random claim amounts Y7,...,Y,, will not depend on N and,
moreover, the distribution of N does not depend on the values of the claim

amounts Y1, ..., Y.



Under the above independence assumption on the frequency and severity compo-
nents of the aggregate claims model, the random variable S is simply a compound sum.
This compound sum is defined in terms of a counting process and a jump process. In
the insurance setting, the standard approach to modelling the aggregate losses is to
model the claim frequency as a Poisson random variable and the claim severities by
a gamma distribution. In the particular case where N ~ Poisson and Y; ~ gamma,
we have that S follows a Compound Poisson-gamma (CPG) distribution.

In the independence setting, the distribution of the aggregate loss random variable
S can be obtained directly from the marginals, that is, from the marginal distribution
of N and the marginal distribution of the Y/s. Once a separate model has been
developed for both the frequency and severity components, the distribution of the

aggregate losses can be derived by conditioning on N. It follows from the assumptions

of mutual independence that the cumulative distribution function of S' is:

Fs(s):P(Sgs):iP(SgﬂNZn)XIP’(N:n), s >0,

n=0
where the probability P(S < s | N = n) is often simplified for certain choices of
distribution for Y;. If we return to the CPG case, we have that conditional on N = n,
S is the sum of n ii.d. gamma random variables so that conditionally, S is also
gamma distributed.

Similarly, under the assumption of mutual independence and i.i.d. claim severities,

the probability generating function of S can be derived as follows:

V]

N]

P(t) = E[t¥] =E [t=7| =B [E[=5

N
[]E [+
i=1

_E [[E[tY]}N] =E[[Py(t)"] = Py (Py(t)),

— BR[N] - E = [

for ¢t € R such that ¢° has finite expectation.

In the same way, it follows that the moment generating function of S is:

Ms(t) = My[ln My ()],



wherever My (t) exists.

Using the moment generating function, we can derive the first and second moments

of the aggregate claims random variable:

E(S) =

and

which implies that

Var(S)

‘t:() {MN [In My ()]}, 0 {MN[ln My (0] > %};Eg} t=0
M' 7(0) My (t) _ e /
N (0) = My[ln(1))] x —= = Mjy(0) x M;(0)

d2
@Ms(tﬂt:o dt2

{arm ) < 2 §}

{MN [In My (8]} ],

dt

t=0

M [In(1)] x [E } + M [In(1))] x
E(N?) x E(Y)? + E(N) x [E(Y?) — [E(Y))?]
E(N?E(Y)? 4+ E(N)Var(Y),

E(5?) — [E(S)]* = E(N*)E(Y)? + E(N)Var(Y) — [E(N) E(Y)]?
E(Y)*[E(N?) — (E(N))?] + E(N)Var(Y)
[E(Y)?]Var(N) + E(N)Var(Y).

Thus, we have that the first two moments of S are determined by the first two

moments of the frequency and severity respectively.



Example 1.1.1. Compound Poisson-gamma

Return to the case where the aggregate losses follow a Compound Poisson gamma with
N ~ Poisson(\) and Y; ~ gamma(a, B). Conditional on N = n, S is the sum of n
i.i.d. gamma distributed random variables and so it is distributed as a gamma(na, [3).

Thus, we have the following results for the aggregate loss random variable:

i) the cumulative distribution function of S is given by

Fs(s) = i T yme VP x )\nei)\dy s>0
° = Jo yI'(an) n! ’

and

ii) the moment generating function of S is given by
Ms(t) = MN[hl My(t)],
t —
where My (t) = exp(A(e' — 1)), and My (t) = (1 - E) fort < f3; thus

Ms(t) = expM(1 —/8)° —1}], t<§.

ii1) the first and second moments of S are

and
E(S?) = E(NY)E(Y)? + E(N)Var(Y) = (A + \?) x (9)2 + A ( a ) ,

implying that the variance is

Var(S) = [E(Y)2]Var(N) + E(N)Var(Y) = A (0‘ ;20‘ ) .

The simplified expressions obtained for the first two moments of the random vari-

able S in the independent model make the estimation of the expected loss cost for

insurance purposes more straightforward. A model for the claim counts and claim

8



amounts can be developed separately to ultimately obtain estimates for E[N] and
E[Y;], respectively. Then, under the assumption of the independent aggregate claims
model, the pure premium is simply E[S] = E[N]E[Y;]. Obviously, the simplicity of
this model makes it appealing and practical to implement.

Nonetheless, this model fails to account for the potential correlation between the
severities Y; and the frequency N. Extending the independent model to a dependent
model will allow to better quantify the risk involved in the aggregate claims model,
thus allowing to obtain a more accurate estimation of the expected loss cost, as well

as its variance.

1.2 Aggregate Claims Under Dependence

Let us now define the aggregate claims model under dependence, thus relaxing the
assumption of independence between the claim sizes and claim counts. We will con-
tinue to assume that the individual claim amounts Y, ..., Yy are conditionally i.i.d.
given N, however, now these individual severities are assumed to be dependent on
the claim count N.

Note that while modelling the claim frequency and severity separately, as done in
the independent model, allows for greater insight into each of these processes, this
approach ignores the possible association between the two components. In cases where
there is a dependence between the claim counts and amounts, the independent model
approach can lead to inaccurate results. Without any assumptions of independence
between the frequency and severity, the first and second moments of the aggregate
claims cannot simply be written in terms of the marginal moments of the claim counts
and claim amounts.

Allowing for dependence complicates the model in the sense that knowing the
marginal distributions of the claim frequency and severity is no longer sufficient to
define the distribution of the aggregate losses. Since S'is defined in terms of the ran-
dom vector (N, Y, ..., Yy), amodel for S can be defined through the joint distribution

of the frequency and severity components such that the joint density integrates to



the appropriate marginal models.

The aggregate claims size can be regarded as a bivariate random vector S = (N,Y)
where N represents the claim frequency and Y, the claim severity. In modelling the
aggregate losses, we are then assuming that the observations are realizations of the
bivariate random vector S ~ p(s;0). As discussed in Song (2007), the modelling
objective is then to find estimates of the parameter vector 6. In the dependence
setting, the parameter vector @ must include a correlation structure to characterize
the dependence between the components.

Note that for the multivariate normal distribution, the joint density is fully defined
in terms of the first and second moments, i.e. a mean vector p and a covariance
matrix 3. As Song (2007) points out, for non-normal correlated random variables,
which is the case for insurance data, it is generally not possible to determine the joint
distribution based on only the first and second moments.

As mentioned in the introduction, there are several approaches that can be taken
in developing the aggregate loss cost in the dependent model, both in the assumptions
that define the model as well as in the actual modelling techniques used. In this thesis,
we will assume that the claim amounts Y; are again conditionally i.i.d., however, now
we will assume that they are dependent on the claim count N.

In modelling the expected aggregate claims size, the focus is on obtaining an
estimate of the mean rather than defining a multivariate probability density for the
aggregate amount. Thus, rather than defining a joint density, we can instead use
an inference approach that will allow for modelling the mean while incorporating a
dependence structure between the marginal components. This will be accomplished
through a generalized linear modelling framework. More specifically, we will construct
a particular GLM structure for the mean loss cost in the dependent aggregate claims
model involving conditional and marginal means along with a correction term that

encompasses the dependence.

10



Chapter 2

Dispersion Models

The family of dispersion models (DM) is an important class of probability distribu-
tions that encompasses many commonly used random variables, including the Normal
distribution. The structure of the DM density function is flexible and implies many
nice properties. The exponential dispersion models are an important subclass of the
DM family that is of particular importance for modelling insurance data. This chapter
will provide an introduction to dispersion models as well as the subclass of exponen-
tial dispersion models and some important properties of these models, as defined by
Jorgensen (1997). Note that Song (2007) also provides a good overview of dispersion
models.

Let us first consider the normal distribution: the density of Y ~ N (u, 0?) is

fy (s p,0%) = ! exp{ 1(y—u)2}, y €R. (2.1)

2o 202

Notice that the quantity (y — 1)? essentially measures the distance of the observation

1
V2mo?

Building on this particular structure, Jorgensen extends the discrepancy (y — p)? to

y from its mean p. Moreover, the quantity does not depend on the mean pu.
a more general deviance function d(y; 1) as to define a broader class of distributions
known as Dispersion Models (DM). The class of DM includes several distributions,
both discrete and continuous, including the Poisson, binomial and negative binomial
as well as the gamma, inverse Gaussian, and normal distributions, to name a few.

This family of distributions is of particular importance in the generalized linear model

11



framework, as will be shown in Chapter 3.

2.1 Definitions

Definition 2.1.1. The (reproductive) dispersion model DM (j1,0?) is a family of
distributions with probability density functions defined as

Sy (s m,0%) = aly; 0®) exp {—id(yy u)} : y €C, (2.2)

202

where
€ 2 1s called the location parameter,
0% > 0 is called the dispersion parameter,
a(y; o) is a normalizing term, and
d(y, ) is called the deviance function.

Note that the normalizing term a(y;c?) is independent of p, thus allowing for
inference on p to be carried out separately from that on o2. This follows from the
orthogonality of the likelihood, that is, the Fisher Information matrix for the pa-
rameters (p,0?) is diagonal. This property will greatly facilitate the estimation of
parameters for members of the DM family.

Each distribution that belongs to the DM family is uniquely determined by the
deviance function d(y;p) and is fully parametrized by the location parameter, pu,
and the dispersion parameter, o?. Many commonly used distributions can be re-
parametrized as a DM.

The deviance function d(-;-) on (y,p) € C x Q is referred to as a unit deviance

function if:
i) dly;y) =0, VyeQ;

ii) d(y;p) >0, Vy#p

12



The unit deviance function is regular if it is twice continuously differentiable with

respect to (y, p) on C x € and

0? 0?
9,20 W) = 55w W=y > 0, Wy EC.
The wnit variance function V :  — (0,00) for a regular unit deviance function

d(y; p) is defined as

o ’

Example 2.1.1. Normal
ForY ~ N (u,c?), we have that the unit deviance is d(y; p) = (y — p)* fory € R and
u € R. It is easy to verify that the unit deviance is reqular. The unit deviance is then

V=2 =1

As previously mentioned, the dispersion models have many nice properties. The

following propositions present a few of them.

Proposition 2.1.1. If d is a regular unit deviance function, then

0? 0? 0?
a—ygd(u, ) = a—ﬂzd(u, ) = _8yaud(”’ n), YpeQ.

Proposition 2.1.2. Saddlepoint Approximation As o> — 0, the density of a
reqular DM can be approximated by:

1
fr(ys m0%) = {2702V (y)} 2 exp {—%‘zd(y; u)} :

Table 2.1 provides details on some members of the Dispersion Models family.

2.2 Exponential Dispersion Models

The exponential dispersion (ED) family of models are an important subclass of the
DM family of distributions. It includes both continuous and discrete distributions,

such as the gamma and Poisson distributions. The ED models are a special case of

13



Table 2.1: Examples of Dispersion Models

Distribution d(y; p) V(p) C Q
Normal (y — p)? 1 (—00,00) | (—o0,00)
Poisson 2 (y mY_ Y+ ,u> 1 {0,1,...} (0, 00)

o
. . Y n—y
Binomial 2 {yln =+ (n—y)ln } p(l—p) | {0,1,...,n} (0,1)
7 n—p
1—
Negative Binomial | 2 {yln LA (1-y)ln 1 Y } p(l4+pw) | {0,1,...} (0, 00)
7 —p
Gamma 2 <y ~m? - 1> u? (0,00) (0,00)
neooon,
Inverse Gaussian v = é” u? (0, 00) (0,00)
yp

the DM, where the probability density function takes on a certain form. As previ-
ously mentioned, the exponential dispersion models are of particular importance for
studying insurance data. Both count data, taking on positive integer values, and
loss data, taking on values on the positive real line, can be written in terms of a ED
model. Furthermore, the structure of the ED density allows for data to be modelled
in the more flexible framework of generalized linear models (GLMs), which will be
discussed in detail in the next chapter.

The framework of GLMs, as defined by McCullagh and Nelder (1989), is based on
the assumption that the response variable Y is a member of the exponential family.

They define the pdf of the response variable Y as follows:

Definition 2.2.1. A response variable Y ~ ED(0,¢) has density

yb — K(0)

fy(y;0,¢) = exp ()

+Cw.9)|, yeC,
for specific functions Kk, a, C' where:
0 is called the canonical parameter,

¢ 1s called the dispersion parameter with ¢ > 0,

k(0) is called the cumulant function.

14



When ¢ is known, this distribution is a member of the exponential family while
when ¢ is unknown it is part of the exponential dispersion (ED) family.

It can be shown that for a certain unit deviance function d(y, u) and normalizing
term C(y, ¢), the ED density can be rewritten in the same form of the DM as in

1
definition (2.1.1). Let A = a(0)’ then the ED density can be rewritten as:
a

fr(y;0,A) = c(y; ) exp[MOy — k(0)}],  yeC, (2.4)

where the function ¢(y; A) is a normalizing term and the parameter \ is referred to
as the index parameter with index set A = {\ > 0}.

For Y ~ ED, there is a relationship between the mean and variance of Y. Let
1(0,0;y) = In fy(y;0,¢) denote the log likelihood function. Under standard condi-

tions, we have that:

) By | 21060,00)| = Exli(6.60)] =,

) By | 52100.0:0) | = Eli0,0:0)] =~ (6. 617

Thus, for the exponential family we have that:

16, 6:y) = W‘(—@(Q) Oy 6),
6,650 = =,
(0, 619) = 1)

It then follows from i) that:

o 0.6 5y [=0] 2000

which implies that
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In the same way, from ii) we have that:

Ey [Z'(e, qs;y)} +Ey [i(9,¢; y)ﬂ — Ey [—%(9)} +Ey

(F iy

() Y —E(Y)\”
= ) “EY( a(0) )
RO Var(y)
= ae) e

which implies that
Var(Y) = a(¢)i(6).

We refer to 7(0) = £(0) = E(Y) = p as the mean function. Notice that the
variance is a function of the canonical parameter 0, and thus it is also a function of
the mean u. It follows that we can write Var(Y) = a(¢)V(n) where V(u) = k(0)
is referred to as the variance function, which coincides with the variance function
previously discussed.

Note that the mean mapping 7(6) = £(0) = p is strictly increasing since the
variance Var(Y) = Ai(f) = A\7(0) > 0 and thus 7(0) > 0. Consequently, the inverse
of the mean mapping exists and so we can write the canonical parameter ¢ in terms
of the mean y as § = 77!(u). The ED density can then be re-parametrized in terms

1
of the parameters (i, 0?) for u = 7(6) and 0% = T s follows:

Py 0?) = el o) exp |y () - s} e (@29)

We also have that for the ED family, the unit variance function can be written in

terms of the mean mapping function:

V() =7(17 (), ne

2.2.1 Reproductive and Additive ED Models

The form of the ED in (2.5) is referred to as the reproductive exponential dispersion
model, denoted ED(ju,0?). Another form of the ED family is the additive exponential
dispersion model, denoted ED*(0, \) with density taking the form:

fr(z;0,)\) =c"(z;\) exp{0z — \c(0)}, ye€C. (2.6)
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These two representations of the ED family are essentially equivalent. The duality

transformation links the ED(u, %) model to the ED*(6, \):
Z~ED*0,\) = Y =Z/\~ED(u,o?
for p = 7(0),0* = 1/), and
Y ~ ED(u,0?) = Z=Y/o*~ ED*(0,))

for = 77Y(u), A = 1/0%. Thus we have that the mean and variance of the additive

exponential dispersion family are given by:
E[Z] =p = )\7’(9),

Var[Z] = AV (" /).

2.2.2 Properties of the ED models
Convolution

A nice property of the ED family is that it is closed under convolutions.

Proposition 2.2.1. For the additive exponential dispersion family, if Z, ..., Z, are

independent with Z; ~ ED*(0,\;) then
Zy=01+ 4+ Zy~ED" (O, + -+ ).

Proposition 2.2.2. For the reproductive exponential dispersion family, if Y1,...,Y,
2

are mutually independent with Y; ~ ED <u, 7 where the w; are positive weights,
then

where Wy = wy + - -+ + Wy

Furthermore, we have the following proposition concerning the deconvolution of

the additive exponential dispersion models.

17



Proposition 2.2.3. The family of additive exponential dispersion models is infinitely
divisible if and only if the index parameter set A = (0,00). So for Z ~ ED*(0, \) we
have that there exists i.i.d. random variables Z1, ..., Z, such that 7L i+ -+ 2y,
where each Z; ~ ED*(6,\/n).

Moment Generating Function

For a random variable Y, we denote the moment generating function as My (t) =
Ele?'] and the cumulant generating function as Ky (t) = log My (t). For the family
of natural exponential models (i.e. exponential dispersion model with A\ known) with

density of the form

fy(y;0) = c(y) exp{Oy — k(0)}, yeC,

the cumulant generating function can be found through the cumulant function x(#)
as:

Ky (t;0) = k(0 +t) — k(0).
It then follows that the moment generating function is:
My (t;0) = exp{Ky(t)} = exp{r(0 + t) — x(0)}.

Recall that for the additive exponential family, the exponent of the pdf has the
form exp{fz — Ak(#)}, thus corresponding to a cumulant function Ax(6). It then

follows that for the ED*(#, \) family, the cumulant generating function is
K*(t;0,\) = Mk(0+1t) — x(0)}
and the moment generating function is then
M*(t;0,\) = exp[K*(t; 0, \] = exp[Mr(0 +t) — k(0)}].

Then, for the reproductive exponential family, by the duality transformation we have

that Y = Z/\ ~ ED(u,0?) and so the cumulant generating function of Y is then

K(t0,)) = Mr(0 +t/\) — k(6)}
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and the moment generating function is
M(£:0,)) = expl(£:0, )] = exp[Mr(0+ £/3) — x(6)}].

Note that the domain of the generating functions Ky (t;0) and My (t;0) is the set
{t € R: E[e"Y] < oo}. If the expectation E[e’Y] is not finite, then Ky (¢;6) and
My (t;0) are defined as infinity.

We can see that the mgf is a function of both the canonical parameter § and the
dispersion parameter A. Since the mean g can be written in terms of the canonical
parameter # via the mean mapping 7, the moment generating function of the ED
family is also a function of the mean. It follows that the moment generating function
for the ED family can be obtained directly from the cumulant function . This allows

to define higher moments in terms of the mean.

Example 2.2.1. Poisson

Y ~ Poisson(u) has pdf:

e HuY 1
Sy (ysp) = TR {yn(p) —p}, yel

Hence the Poisson distribution is a member of the natural exponential family with

known dispersion parameter A = 1, where:
0 = 1In(u) is the canonical parameter,
k(0) = p = €’ is the cumulant function,

d(y; p) =2 {yln (Q) —y+ u} is the unit deviance,
L

2
Vip) = 7 = = p is the unit variance function.

2/p
8—M2d(y; DI

The pdf can be rewritten in terms of the canonical parameter 0 as

1
fy(y;0) = e {yo0—€"}, yeN.

The mean and variance can be derived through the cumulant function:
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E(Y) = k(6) = ¢’ = p,
Var(Y) = a(¢)k(6) = ¢ = p,

implying that V() = p is the variance function, as derived above.
Since Y is a member of the natural exponential family, the cumulant generating

function can be derived through the cumulant function as:

K(t;0) = k(0 +1t) — k(0) = exp(0 + t) — exp(0)

=exp(@){exp(t) — 1}, teR,

which in terms of = €’ is K (t; 1) = pu{exp(t)—1}. The moment generating function
is thus

M(t;0) = exp {K(t;0)} = exp { exp(f){exp(t) — 1}}, t€R

or, in terms of ,

M(t; p) = exp {p{exp(t) — 1}}, t€R.

Note that the Poisson distribution is also a member of the family of additive expo-

nential dispersion models.

Example 2.2.2. Gamma

Y ~ gammal(a, B), has pdf:

fy(y; . B) = %y“‘le_ﬁy = exp {(a —1)Iny — By + aln(B) — lnF(a)}, y > 0.

Consider the following re-parametrization: A\ = «, = %, then the probability density

(6]
E}
function can be written as:

AN\ A

1
For 0? = T the density can again be rewritten in terms of the parameters p and o

as follows:

1
fy (s 1, 0%) = aly; 02)exp{——2 (g Y- 1)} y >0,
a2 \p p
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where the function
MeA
yI'(A)’

which shows that the gamma distribution is a member of the reproductive exponential

a(y; 0%) = a(y; 1/A) = y >0,

dispersion family with.:

1
0 = —— is the canonical parameter,
]

1
k(f) = —1In (—) = —In(—0) is the cumulant function,
o

d(y; p) =2 (g —mZ_ 1> is the unit deviance,
poop

2 2
Vip) = = = p? is the unit variance function.

0 2/ 12
ol W,

The mean and variance can be derived through the cumulant function:

B(Y) = &) = ()= = 5 =1 =5,
Var(Y) = a(¢)i(6) = %932 - é;ﬂ = %,

implying that V(u) = p? is the variance function, as shown further above.
Since Y is a member of the reproductive exponential dispersion family, the cumu-

lant generating function is derived through the cumulant function as:
K(t;0,\) =Mk +t/\) —r(0)} = {— In(—(0+1t/\) — ( — ln(—@))}

= —MIn(=(0 +1/A)) —In(=0)} = —Aln (—(9_;0%))
= —Aln (%) =ln { (%)4}
:1n{(1+%>_k}a > =M.

The moment generating function is then

.Y
M(E:0,)) = exp K (0, 1) (1 + %) SV

Tables 2.2 and 2.3 list some continuous and discrete members of the exponential

dispersion models family.
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Table 2.2: Some Continuous Exponential Dispersion Models

Distribution c(y; A) k(@) | T(0)|V(p)

A a2 62
Normal N (p,02) | 4/ o€ 3 B 0 1
m

Gamma Ga(u,o?)

Table 2.3: Some Discrete Exponential Dispersion Models

Distribution c*(y; A\) K(0) 7(0) Vi(p)
- o 1 0 0
Poisson Po(e") 0 e e i
. . . A 0 69
Binomial Bi(\, ) ) In(1 + %) [T o? p(l— p)
of
Negative Binomial Nb(p,)) | (**Z7") | —In(1 — %) | rF )
—e

2.2.3 Tweedie Models

The Tweedie model is a subclass of the exponential dispersion family characterized as
being closed under scale transformations. The Tweedie family, denoted by Tw,(u, 0?)
in terms of the reproductive exponential dispersion model, has unit variance function

defined as:
Vo(p) = pf,  p €8,

where the parameter p is referred to as the shape parameter. 1t follows that for
Y ~ Twy(u,0?), Y has mean p and variance Var(Y) = o?u?. Jorgensen (1997) shows
that there exists exponential dispersion models with unit variance functions defined
as the power function V() = p? for all p € R except 0 < p < 1.

The following theorem from Jgrgensen characterizes the Tweedie class of distri-

butions.

Theorem 2.2.1. Let ED(u,0?) denote a reproductive ED model such that 1 € 2 and
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and V(1) = 1. If the model is closed with respect to scale transformations, such that

there exists a function f: R, x A=Y — A=Y for which
¢ x ED(u,0%) = ED{cp, f(c,0?)}, Vc>0,
then:
1. ED(u,0?) is a Tweedie model for some p € R,
2. f(e,0?) = c*Po?,
3. The mean domain is =R for p =0 and Q =R, for p # 0,
4. The model is infinitely divisible.

Table 2.4 provides a summary of the distributions that belong to the Tweedie
subclass of exponential dispersion models.

The Tweedie ED models are of particular interest for the analysis of the aggregate
loss cost in the independent model as described in Chapter 1. For N ~ Poisson and
Y; ~ gamma the aggregate claims S is a Compound Poisson-gamma and follows a

Tweedie distribution with 1 < p < 2.
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Table 2.4: Tweedie Exponential Dispersion Models

Distribution o) Support | 2 Mean ® Canonical
Domain | Parameter Domain

Extreme stable p<0 R Ry Ry
Normal p=20 R R R

N/A 0<p<l1 - R4 Ro
Poisson p=1 No Ry R
Compound Poisson | 1 <p <2 Ry Ry R_
Gamma p=2 Ry Ry R_
Positive stable 2<p<3 Ry Ry —Ry
Inverse Gaussian p=3 Ry Ry —Rg
Positive stable p>3 Ry Ry —Rg
Extreme stable p =00 R R R_
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Chapter 3

Generalized Linear Models

Classical linear models attempt to fit a model to the mean response of some observed
variable Y in the form of a linear predictor. Generalized linear models (GLMs) are
an extension to this approach. The GLM framework allows for greater flexibility in
modelling observations in several ways. Firstly, rather than writing the mean as a
simple linear function of covariates and regression parameters, GLMs allow for a non-
linear function of the mean to be modelled in terms of a linear predictor. Secondly,
classical linear regression assumes that the error terms are normally distributed with
mean zero and constant variance. Generalized linear models relax this assumption by
allowing the error distribution to be a member of the exponential dispersion family,
thus greatly broadening the set of distributions that can be fit to the data. Moreover,
classical linear models treat the mean and variance structure of the response variable
separately. Generalized linear models, on the other hand, allow for a mean-variance
relation which is inherent in the exponential dispersion models density structure.
Thus, in modelling the mean through a GLM, we are also indirectly modelling the
variance.

GLMs are of particular importance for insurance data as this framework allows to
model non-normal observations. For instance, in the aggregate claims model, both the
frequency and severity components do not follow a normal distribution: claim counts
are positive integer valued random quantities (e.g. Poisson distributed observations)

and claim amounts can take on positive, continuous, right-skewed values (e.g. gamma
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distributed observations).
Recall the representation in McCullagh and Nelder (1989) of the exponential dis-

persion family given in Chapter 2:

yb — k(0)
a(¢)

The GLM framework assumes that the response variable Y is a member of the

fy(y;0,0) = exp +C(y, ¢)

ED(u, ¢) family. In both the classical linear model and the generalized linear model,
the goal is to model the mean response, conditional on a given set of covariates. That
is, for a p x 1 vector of known covariates X = (z1,...,2,) ", the model will define

E[Y|X] in terms of a linear predictor 1 such that:
p
n=X"8=> ufi
k=1

where 3 is a p x 1 vector of unknown regression parameters.

As previously mentioned, the classical linear model assumes normal observations
and models the mean response as E[Y|X] = = n = X'3. GLMs no longer restrict
the responses to be linearly associated to the predictor n, but rather allow for a
function of the mean to be modelled in terms of the linear predictor. For a link
function g, the GLM formulation is g {E[Y|X]} = g{u} = n = X' 3. This added

flexibility allows GLMs to fit a variety of data, particularly insurance data.

3.1 The Model

The GLM framework, as discussed in McCullagh and Nelder(1989), assumes that the
observations yi, ..., y, are independent and that Y; ~ ED(u;, ¢), so the mean varies
with each observation, while the dispersion is assumed the same for all observations,
but unknown. The model expresses the conditional mean of the response Y, given

the corresponding vector of covariates X via a known link function g as:

g{EY | X]} = g{u} =n=X"B=) xfy,

k=1
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where the link g is any monotonic differentiable function. Thus, the mean is a function

of the linear predictor:

p=E[Y [X]=¢"(n) =g '(X'B).

The goal of the GLM approach is to estimate the regression parameters 3 to ulti-

mately predict the response variable Y.

3.1.1 Maximum Likelihood Estimation for the ED Family

Following the notation of McCullagh and Nelder (1989) for the exponential dispersion
family, we have that for independent observations (y;,x;); for i = 1, ...,n, where the
y; are independent realizations of Y; ~ ED(u;, ¢), the likelihood function for the
canonical parameter vector @ = (1, ...,0,)" and the dispersion parameter ¢ is given

y) = HfY(yi§9ia¢) = HeXp {M#;)wl) + C(yi,@] .

It then follows that the log-likelihood function is

€<07¢§y> = IDL ZfY Yis 17¢ Z [W+C<y17¢):|

) g

i=1
As mentioned in Chapter 2, in taking derivatives of £(0, ¢; y) with respect to the 0.s,
the dispersion term ¢ factors out for some a;(¢) functions so that the estimation of
the canonical parameters 6; can be carried out separately from that for the parameter
0.

The score functions are then defined as the system of partial derivatives of the

log-likelihood:

0
5(0;y) = %6(97@ Y)-

The maximum likelihood estimate 6 is then found as the solution to the system of
equations s(@;y) = 0.
For a given observation y;, write #; = 6. Then the canonical parameter 6 is related

to the mean p through the mean mapping 7(0) = £(0) = p. Thus, by the invariance
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property of maximum likelihood estimators, the MLE 0 will also give the MLE for
the mean as i = 7(0).

The goal of the GLM is to find the maximum likelihood estimates for the regression
parameters 3. The model framework relates the mean p to the linear predictor

n = X' 3 through the link function. Thus we have the following relation:
p=r(0)=9g7"(n) =g {X'B},
which implies that
O=r"t(p) =7"g ()] =77 [g7(XB)], and
k(0) =k {71 [¢g7{(X"B)]}.
The log-likelihood function in terms of the regression parameters then becomes:

UB;ody) = Z {yzea_ w6} ZC Yi, d

_Z{yzl ') = et~ g~ (8] +ZC%

Then the MLE for regression parameter f; associated with the covariate x;; is the

solution to the score equation:

a[;’] ((B; ¢,y) = 0.

The GLM with link function ¢ sets g(u;) = g (£(6;)) = n; = ;8. Recall from
Chapter 2 that p; = 7(6;) < 6; = 7' (w;). It follows that %T(Gi) = ggz so that
g’;; = #(6;) = #(r'(1;)). We also showed in Chapter 2 that V(u;) = i(6;) = 7(6;)
so that V' (u;) = 7(77(p;)) which is also equal to V(p;) = ggz Thus we have that:

8%%;” - ) O gg ng)vw)g—g}
which implies that
00; 1 dg(ps) 1 on; Tij

OB;  glw)Vi(w) 08;  g(ua)V () 08;  g(pa)V (i)
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The resulting score equation for parameter [3; can then be simplified:
(85 0.9) = A t(Biy) = S, — r(0} + 30 o)
I 9 a/BJ b a@j — Z(¢) iY1q 7 — (3]

2”; w19 (35, 9) ~ Xt (v 5 ) 3

=1

n
xij

1
i1 ( ) g(p)V (s)

i — ) 2y (3.1)
Zl i((@)V (k) g(pi)
The MLE for the regression parameters is then found as the solution to

S(B _ —~ (yi— ) wy _ .
(55:0.) Z-Zla(ébi)v(ﬂi)g(ﬂi) b J=bep

(yi — #(0:))

If we now suppose that the observations y = (y1,...,4,)" have known prior weights
wy, ..., w, such that the function a;(¢) has the form a;(¢) = ¢/w;, then the score

function can be further simplified:

w; yz 1 Tij

=0.
(bV /% (Nz)

s(Bj; 6,y

The dispersion parameter ¢ now factors out so that the equation becomes:

e wily ) g
8(@’}’)_; V(i) g(pa) -0 (3:2)

Thus, Bj is such that s(8;;y) = 0, and B is the solution to the p x 1 system of
equations s(8;¢,y) = 0.

3.1.2 Link Function

In the classical linear regression model, the link function is the identity and hence
i = n. That is, the mean is a linear function of the regression parameters and
covariates. The linear predictor 7 can lie anywhere on the real line, i.e. —oo <7 < 0.
Consequently, in classical linear regression, the mean model can map p anywhere in

the interval (—oo,00). GLMs provide an improved modelling framework to that
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of the linear model in the sense that the range of p is not necessarily the interval
(—00,00). The link function essentially allows to define how the expected response
will be mapped from the linear predictor scale to the mean scale through its inverse:
g ' :n — p. Consequently, for a particular choice of link function, one can ensure
that the mean is mapped to the proper mean range 2. For example, if the response
variable is assumed to follow a gamma distribution, Y has support (0,00) and so
the mean E[Y] must also fall in (0,00). Clearly, the choice of link function used
for modelling gamma responses must ensure that g=! : (—00,00) — (0,00). It then
follows that the identity link is not an appropriate choice whereas the log link, with

inverse being exponential, would properly map the mean.

Canonical Link

A convenient choice of link function is such that the linear predictor is set equal to
the canonical parameter, so that n = 6. This choice of link function is referred to as
the canonical link function. Recall that in the GLM framework the response variable
is a member of the exponential dispersion family with parameters (6, ¢), where the
mean function 7(0) = £(0) = p relates the mean to the canonical parameter. Thus,

using the canonical link function, g., in the GLM gives:

9AEY | X]} = ge{p} =n=0=7"(n),

which implies that

Some examples of common EF models and their canonical link functions are provided
in Table 3.1.
Using the canonical link function simplifies the estimation of the regression pa-

rameters 3 since the log-likelihood function then becomes a simplified function in
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Table 3.1: Canonical Link Function of Some Common ED Models

Distribution Canonical Canonical Link
Parameter Link Function Name
Normal 0=pu L= identity
Poisson 0 =1In{u} In{u} =n log
Binomial 0 =In (,u) In < K ) =n logit
1—pu 1—p
-1 -1 i
Gamma, 0=— — = reciprocal
I I
I Q ; ;1 ;1 _ ; d
nverse Gaussian o2 o2 7 inverse square
terms of f3:
n 1 n
UB;oy) = Z m{%ei —k(0;)} + Z Clyi, ¢)
i=1 " i=1

n

1
= > M{ymi -

i=1

K} + Y Ci )

= Y B kT8 + 3 oo

i=1

The score function is then:

n

_Zal

s(B;0,y) = 2 09) {yix; —

_ﬂ‘g(lga ¢7 )

T
f(x; B)} =
The maximum likelihood estimates for the regression parameters are found as the

solution to the score equation. Thus, the MLE for the regression parameter associated

with covariate xz;; is Bj and is the solution to the score equation:

s(Bj; ¢,y) = 3(2 UB; ¢,y) aﬁj{izaz {v: (x/B) —/f(XiTB)}Jr;n;C(yi,aﬁ)}
= iﬁ {yizyj — i(x] Bz} = i gy lu A8}
Note that #(x7 ) = k(i) = #(6:) = 7(6;) = i, Thus we have:
s(Bj: ¢,¥) i PR {yi — pi} = 0.
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If we write a;(¢) = ¢/w;, as before, for weights wy, ..., w,, then we have:

s(Bj; ¢,y ZW -z {yi — it = Z¢wz i — W) Tij

The dispersion parameter ¢ can then be factored out so that the score equation is:

s(Bj;y) E wi (Y — i) T4,

and the maximum likelihood estimates are then the solution to s(f8;;y) = 0 for

7=1,..p.

Example 3.1.1. Poisson
Consider a GLM with Poisson responses Y; ~ Poisson(u;) and weights w; = 1. Then

using the canonical link (log link) we have that:

The likelithood is:

n

L(B:y) = [[ b

|
i Yie

The log-likelihood 1s:
y) =Y {—mi+yn(uw)}+> —ny).
i=1 i=1

The score equation for B, ..., 3, is:

s(Bj;y) = 86] ((B; )

n

_ SUCAPEORY G o S AN TS
= ;{aﬁj’“+ ﬁyzl(m)} ;{aﬁjuﬁmaﬁjm}
- 3 {5 e

)
— Z —x; exp(x] )+%%jexp(mjﬁ)}

7

0 0
SRR B

i=1
a Yi .

= Z {_«rijﬂi + ;Iijlﬁz’} = Z {—xijﬂz‘ + yixij}
i=1 ¢ i=1

= inj{ui —vi} =0.
=1
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3.1.3 Asymptotic Results for MLEs

Suppose that the data y are generated from the true distribution with p x 1 vector
of canonical parameters 8y, denoted fy (y;;6p;). As mentioned in Chapter 2, we have
that:

Ey [((00;Y)] = Ey[s(00;Y)] = 0.

Furthermore, we have the relation:
Ey[s(60: Y)s(80;Y) '] = ~E[¥(80: Y)), (3.3)

where W(0y;Y) is the matrix of first derivatives of the score equation, or, equivalently,
the matrix of second derivatives of the log-likelihood function, with (j, k)th element

equal to:
0%0(00;Y)
00,00y,

The p X p matrix defined by equation (3.3), denoted I(6y), is referred to as the

Y j’k:]‘7"'7p‘

Fisher Information. Under certain regularity conditions, this matrix is symmetric
and positive definite.
For a maximum likelihood estimate based on n observations, denoted é, we have

the following key results:
i) Consistency: As n — oo, 65 0,.
ii) Asymptotic Normality:

o As n — 00, /n(f — 6;) iN(Oa {1(60)} 1),

o Asn — oo, \/Lﬁlf(eo;y) iN(O,I(GO)).
iii) Score Test: as n — 0o, £(0y:y) {I(0)}(0y:y) ~ Xo-

iv) Observed Information: It is often necessary to find an estimate for the Fisher
Information 7(6y). We can estimate (6p) by fn, where the quantity I, is referred

to as the observed information. Some estimates for I(6y) include :
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N 1 A )
o dn = i1 5(054:)s(6: )

. 1 o
oI, = _ﬁ 21:1 @(03 yi)'

3.1.4 Goodness of Fit

The goal of modelling data is to obtain fitted values, fi, for the mean of the response
values y. Generally, the fitted values will not exactly coincide with the actual data
values. The significance of the discrepancy between the actual values y and the
estimated expected values fi can be measured and analysed through the deviance.
Denote f1; = fip as the fitted values obtained in the null model, i.e. the simplest
model that contains only an intercept, and let @ be the estimated canonical parameter
associated with the null model estimates. Let fi; =y, denote the fitted values under
the full model, i.e. the most complex model, and @ denote the resulting canonical
parameter. Note that the full model is fully saturated so that the fitted values are
exactly equal to the data values. Finally, denote the intermediate model fitted values
by f1; = p(X;B) and the estimated canonical parameters by 6. The discrepancy
between the fitted values and the data values can then be measured as twice the
difference between the log-likelihood under the full and intermediate, or fitted, models.

If we again suppose that a;(¢) = ¢/w;, then we have that:
~ ~ n w'L ~ ~ - A
2(8:0.y) = €6:6.)} = 30 5 {uh. = 0) = (20~ ) }

PR pey . (3.4)

¢
where D(y, f1) is referred to as the deviance for the intermediate model defined by [

and D*(y, 1) is the scaled deviance.
The deviance measures the discrepancy in the model fit between the full model and
the fitted model. Suppose that the fitted model has p parameters. Then, according

to the likelihood ratio theorem, we have that

DR _ o(u6i6.y) — 106:6.9)} ~ 2,

¢
D(y,ﬂ)} .
o | =

Thus, in expectation, we have that £ [

34



Table 3.2: Deviances of Some Common ED Models

Distribution Deviance D(y, 1)

Normal > i (Yi — f12)

Poisson 2 22;1 {yin(yi/ ) — (yi — 1)}

Binomial 2> i {yiln(yi/ i) + (m — i) In[(m — ;) /(m — f1;)]}
Gamma 2% A= In(yi/fus) + (ys — f1s)/ i}

Inverse Gaussian 250 (v — )2/ (i2y;)

The deviance can also be used to compare nested models. Supposed we have that
model A with p, parameters is nested in model B with pg parameters, with pg > pa,
so that model A can be obtained from model B by applying some equality constraints,
i.e. in fixing pg — pa parameters of model B we retrieve model A. Then if we wish
to test whether model A is an adequate simplification of model B, we can use the

difference of the scaled deviances from these models as the test statistic:

D(y7 i:l’A) - D(y7 /:l’B) _ 2{6(3) (éBJ ¢7 y) - g(A)<éA7 ¢7 y)} ~ XQ
¢ ¢ pPB—PA°

To then test the hypothesis that these pg — pa parameters of model B should be
zero, we can compare the above test statistic to, say, the 95th percentile of the Chi-
Square distribution with degrees of freedom equal to pgp — pa. If the test statistic is
larger than the percentile, we can then conclude that model A is not an adequate
simplification of the more complex model B, that is, we reject the hypothesis that
the parameters should be set to zero.

Note that the analysis of deviance, as described above, relies on the x? approxima-
tion for the difference of deviances of nested models. McCullagh and Nelder (1989)
point out that these approximations are, in general, not very good, even as n — oo.
Nonetheless, the analysis of deviances provides a good approach for selecting the best

model to explain the data under question.
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3.1.5 Residuals

Residuals provide another way to assess the adequacy of a model. In the classical
linear regression model, we define the residual vector as y — f1. Plotting the residuals
versus the fitted values 1 should produce a band around zero. These residuals are
used to assess the local fit of the model. In the case of generalized linear models, the
definition of residuals must be extended as we must now assume a non-Gaussian prob-
ability model. There are several forms of generalized residuals, namely the Pearson
residual, Anscombe residual and deviance residual. Each provide different advantages
in assessing the adequacy of a model fit.

The Pearson residual is defined as:

These residuals will have mean zero and unit variance if the model is correct, so that
rp is standardized. Note that while the Pearson residual is standardized, it is not
normalized. Although this form of residual has zero-mean, the distribution of rp itself
may be highly skewed for non-normal distributions.

The Anscombe residual addresses the issue of skewness by considering a trans-
formation of the data A(y). That is, by choosing a function A(:) such that A(Y)
is approximately normally distributed, the skewness will essentially be removed. It
can be shown that for a member of the exponential dispersion family, the optimal
transformation is defined as

! 1
A(t) = /oo VTg(s)ds,

where V() is the variance function of Y as defined in Chapter 2. The variance of A(Y)
can be approximated as Var (A(Y)) ~ {A(1)}*V(r). The Anscombe residual is

then defined as:
Aly) — A(p)

Jawrviy

where r4 is standardized and the skewness is removed.
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Finally, we can define a third type of residual based on the model deviance. Recall
the definition of deviance for the GLM; for a;(¢) = ¢/w; we have that:

D(y,p) _ 2{0(8; 6, y) — ((0; 0, y)}

where D; = 2w; {yz(éZ — éz) — (b(@l) — b(éz)) } The quantity D; essentially measures
the discrepancy contribution of datum 7. We can then define the deviance residual
as follows:
rp = sign(y; — f1:)v/D:.
For more detail on the GLM residuals, see McCullagh and Nelder (1989) and the

references therein.

3.2 GLMs for Insurance Data

Generalized linear models have become an important modelling tool for the insurance
industry as the flexibility of the GLM framework and use of exponential dispersion
models allow for a better representation of insurance data. As previously mentioned,
an insurer must set premiums in accordance with the expected total claim cost. In
Chapter 2, we showed that both the frequency and severity components could be mod-
elled in terms of an ED model. Moreover, in the special case of a Compound Poisson
model assumption, the total loss follows a Tweedie distribution, S ~ Tw,(u,o?),
which is also a member of the ED family. Thus, GLMs can be used to model the
marginal means of the claim counts and claim amounts respectively, or even to di-
rectly model the expected loss cost using a Tweedie distribution. Note that both of
the approaches mentioned here allude to the aggregate claims model under the inde-
pendence assumption. As we will see in Chapter 5, this modelling approach needs to
be modified in order to allow for dependence between the claim frequency and claim

severity.
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In the analysis of insurance data, covariates are often referred to as rating variables
and are used to characterize the risk ensued by the insured individual. For car
insurance data, covariates are characteristics related to both the driver and vehicle,
and may include the driver’s age and gender, the distance driven, marital status,
vehicle model, etc. For home insurance, common rating variables include location,
construction year, amount of insurance, etc.

It is common practice when modelling the mean response in an insurance setting
to use a log-link in the GLM. This is done as it yields a multiplicative rating structure.

That is, if
p
In(p) = Z ;i 3;
i=1

then, on the mean scale, we have that

n

M= HeXp(xi/Bi) = H%’-
i=1

i=1
These multiplicative factors associated with each rating variable, i.e. v;, are referred
to as differentials or relativities. It follows that the expected loss cost for a poli-
cyholder can then be determined by multiplying the base rate (i.e. the intercept
exp(fBy) = 1) by the differentials that correspond to the individual’s rating variable

levels.
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Chapter 4

GLMs for Aggregate Claims Under

Independence

The common approach to estimating premiums in the property and casualty insur-
ance industry is to consider the aggregate claims cost in the independent setting on
the individual level. For more detail see, for example, Anderson et al. (2007). In
finding an estimate for the individual’s expected loss cost, we are essentially esti-
mating the pure premium for that policyholder. As we have seen in the previous
chapters, assuming that the claim frequency and severity are independent allows for
simplified results and makes the estimation of the expected loss cost more accessible.
We now look in detail at the generalized linear model framework for modelling the

pure premium in the independent aggregate claims model.

4.1 The Independent Model

Consider the aggregate claims on the individual level. For policyholder i, we have

that the loss cost is
S; = Z Y (4.1)
where

(1) N; is the claim count,
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(2) Yi;, 7=1,...,N; are the individual claim amounts,
(3) Vi, j=1,...,N; are conditionally i.i.d., given ;.

_ 1 , _
Let Y, = N Zjvzl Yi; be the average claim size, or severity, with Y¥; = 0 when
N; = 0. This average severity clearly depends on ;. Then the aggregate claims can

be rewritten as:

N; N;
1 1 K3 -~
j=1 b =1

Thus we have that the aggregate loss cost is the product of the claim frequency and
severity.

If it is further assumed that the claim frequency is independent of the individual
claim amounts, a restrictive assumption, then the GLM structure for the aggregate
claims is simplified. In this setting, we have that N; is independent of Y;. If we
assumed that at the individual policyholder level, the claim amounts Y;; are i.i.d.

with Y;; £ Y;, then we can write the mean aggregate claim amount as:

N;
B (z vl N,.)
j=1

E[Si] = E[E(S; [ Ny)] =E

| B, )| =[S Ew)
— E[NE(Y))] = E(N)E(Y)). (4.3)

Equivalently, in terms of the average claim severity Y;, we have that the mean

— E [E (Ni x ¥; | Ni)] = E[N; x E(¥;)] = E[NE[Y;). (4.4)

aggregate claim cost can be written as:

E[S;] = E[E(S; | N;)] = E

Since the mean claim cost is the product of the mean frequency and mean severity
in the independent model, then in a GLM framework, the model for 5; is simply the
product of the marginal GLMs for N; and Y; respectively.

In Chapter 2, it was shown that the gamma distribution is a member of the

reproductive exponential dispersion family. Then by the convolution property (see
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2
Proposition 2.2.2), for independent claim sizes Y;; ~ ED (,ui, 7

) with equal weights
ij

w;; = 1 we have that

EY]=E = Hi-

1 &
N 2 Yo
1 ]:1

It follows that modelling the means of the individual claim amounts Y;; is equivalent

to modelling the mean of the average severity Y;.

Denote p;; as the mean frequency given the covariates X; E[N;|X;], and p;e as
the mean severity given the covariate X; E[Y;|X;]. For a p x 1 vector of covariates
X; = (Xi1, ..., Xip) " and link functions gy, g», we have that the marginal GLMs are
defined as:

(i) g1 ENXi]) = gi(pan) = = X181 & i = g7 (X181),
(i) g2 (E[Y;[Xi]) = goptin) = min = X558, & o = g5 (X585),

where both X;; and X, are subsets of the covariate vector X; and 3, and 3, are
vectors of unknown regression parameters derived from the frequency and severity
GLM, respectively.

It follows that the expected aggregate claim cost in the GLM framework for the

independent models is simply:
E[Si|Xi] = pj = pan % pia = 97 (X1 81) X g5 (XoBs). (4.5)

We will refer to this GLM for S; as the independent model, or Model I, denoted s!.
In the particular case where both marginal GLMs use a log-link, we have the

following simplifications:
In(ui) = XZTl,Bl < Wi = eXP(X; 1)
In(pue) = XZTQ,BQ < Mg = eXP(Xz’T252)>

which then gives the expected total claims costs as:

pi = exp(Xy8,) % exp(X58;) = exp {Xle 1+ X 2} :
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Note that using a log-link in the GLM provides many advantages. Firstly, it
ensures that both the mean frequency and mean severity are positive. Often, the
claim frequency is assumed to follow a Poisson distribution, for which the log-link
is in fact the canonical link. Moreover, the log-link yields a non-linear but simple
rating structure with multiplication factors associated with each covariate (or rating

variable), as discussed in Chapter 3.

4.1.1 Higher Moments in the Independent Model
Variance

As outlined in Chapter 1, when the frequency and severity are considered to be
mutually independent, the variance of the aggregate claims can easily be obtained.
Using the marginal means derived by the GLM and the properties of the ED models,

it follows that the variance for the aggregate losses at the individual level is:

= N?QQSl‘/l(,U/I) + ¢2‘/2(:ui2>:ui17 (46)

where the individual claims Yj; are i.i.d. with Y;; ,ﬁﬂyi_
In the particular case where S; follows a Compound-Poisson-gamma, the variance

can be further simplified to:

Var(S:|X;) = phpa + Qpmpin = pinpi (¢ + 1). (4.7)

Recall that the individual claim amounts are such that Y;; ~ gamma(pus, ¢),
and thus by the reproductive exponential dispersion model convolution property the
mean severity is such that Y; ~ gamma (uig, %) Then, using the mean severity,

i
an alternative way to arrive at the variance in the independent model setting is as
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follows:

= Var [E[Y;|X;]|X;] 4+ E [N Var[Y;|X;]|X]

= Var [N 2| X;] + E [Nf (%) V(ui2)|Xi]

]

= pz Var[N;|X;] + E[N;pp5|X;]
= pinVar[N;|X;] + opnE[N; |1 X]
=y i1 + Op

= piph(o+ 1),

which is the same as the equation (4.7).

Moment Generating Function

Recall from Chapter 1, the moment generating function for S; in the independent

model is:

i

Thus, for the Compound-Poisson-gamma model, we have:

1
Ms,(t) = My, |In(1 - tépn) @ | = My, —% In(1 — top)

;

=

—1)

1
=expq pa | (1 - t¢/ﬁz’2)_¢ -1 ;< (1/ ).

\

This allows to find higher moments for the aggregate claims S; and allows to further

characterize the aggregate claims distribution.
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4.2 MLEs in the Independent Model

In the independent model, the frequency and severity components are considered
separately. That is, a GLM is developed for N; separately from that for Y; and
consequently inference for 8, and 3, are done separately.

As previously mentioned, by the convolution properties of the exponential disper-
sion models, modelling Y; is equivalent to modelling Y;;. Here, we will consider the
maximum likelihood estimation on the individual claim amounts data y;;.

In Chapter 3 equation (3.1), we derived the score equations for the regression

parameters in the GLM structure and found the simplified expression:

n

. _ (yi — ) my
SO30Y) =D oV () 3]~ (48)

Thus, the score equations for the regression parameters 3, and 3, are as follows:

. . —m (ni — pa) T _ _
i) s(Bir;pr,m) =00, OV () ) 0fork=1,...,p1,

. m n; (yi' - /m) T2k
11) 8(621«% ¢2»Y) = Zi:l Zj:l ai(CbJQ)V([LZ‘Q) QQ(NZ‘Q) =0fork=1,.., ps.

If we return to the Compound-Poisson-gamma case, as is the usual distribution
assumptions for the aggregate claims model in the insurance industry, we have that
N; ~ Poisson(j;1) and Y;; ~ gamma(jse, ¢). In Chapter 2, both the Poisson and
gamma models were studied in detail. It was shown that for Poisson responses V;, the
dispersion is a;(¢) = 1 and the variance function is V(1) = 1; while for gamma
responses Y, a;;(¢) = u%’ for weights w1, ..., w;,,, and the variance function is
V(piz) = p2,. Using equation (4.8), we then have that for a portfolio of m policy-
holders, the score equations for the frequency and severity parameters, 8, and 3,

respectively, are as follows:

. m (nz —;m) L1k
i) s(Biesn) =) . - =0fork=1,.. p,
) s(Puin) =200 i1 g1 (1) '

i mone Wi — pi2) @
) s(6us.y) = S Sy L) S8 g 1
17 M5 %

Using log-link functions for both the frequency and severity models, the framework

of Model I gives the following:
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. 1
o gi(pin) =In(pin) = §lpa)=—,

i1
. 1
o galpiz) = n(piz) = Golpua) = ,u—2
It follows that the score equations can be further simplified:
. m \Thi — m
1) 8(51k; n) = Z¢:1 (Iu—'ul)%uclm = Zizl fEilk(nz‘ - ,uil) =0for k=1,...,p1,
il
Wij Tiok

J1¢

11) S(ng, Y% ) Zz 12 (yw Mzz)xz%ﬂﬂ Zz 12

Yij — Mi2) =0
j=1 Qb/ wij ( J 2)
for k=1,...,ps.

Note, that while the individual claim severities are Y;; ~ gamma(p, ¢), j =
1,...,N;, the average claim severity is Y; ~ gamma (ui, % . The score equations
derived for the regression parameters 3, are equivalent whether we consider the in-
dividual claim amounts data y;; or the averaged claim amounts y;. If we take the

weights to be w;; = 1 for all ¢, j, then we have:

5(Bor: &,y Z Z wl] xl% — iz) = Z Z ;22; Yij — Mi2)

=1 j5=1 =1 j5=1
1 Lok o 1 Tiok

Yij Mz2 - ,uzQ)
Z ¢ iz Z ’ — ¢ fuip

Similarly, if we consider the score equations directly for Y; ~ gamma <,ui2, %), the

dispersion function is a;(¢) = % so that the weights used in the model are w; = n;,
for i =1, ...,m. Then based on equation (4.8) we have:

B2k7 ¢7 Z % Z2k /JJZQ)

Therefore, the two approaches produce the same score equations.

As mentioned in Chapter 3, by the asymptotic results for maximum likelihood
estimates, we have that the MLE based on m observations, 9m, is asymptotically
normally distributed with v/m(8,, — 6y) ~ N(0,{I(68,)}!). Here, we can estimate

the Fisher Information matrix I(6,) by the observed information I, = I(6,,), where
I(ém) = _]E[\D(Om; Y)]
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and \If(ém, Y) is a matrix of second partial derivatives of the log-likelihood.

In the Compound Poisson—gamma case, we have:

82 a:uzl

1) 8/81k (ﬂl’ ) 8/81 (/Blk}’ ) Zz 1 m’blk 86 Zz:l mllk/"[/’tl
= ]E[aﬁlk (By;n)] = 3200 i,
82
o By;n) = Zi —Zi1kTi1l i
Oy 011 S T
= E[aﬁuﬁﬁ ((B;n)] = 221 Ti1kTi1i i1 -
s 0 1 (yij )
11 o —(By;y i— —Tijog | — —
) 3522k ( 2 ) 12 12] 198/62 ¢ LLi2
m n; yZ] Hi2
Z 1 7 1? 2 Hz22 aﬂQk
Zz_l ?]_1 ¢ 2k LLio
= - [8ﬁ2]€ (/62? )] Zz 12] 1¢ 22k7
0? Yij
o 7 220 — T
85%85 (1327 ) Zz 123 1¢ZL‘ 2k L2l [Lio
= —E By y i IEZ kT2l
[8ﬁ2kaﬁ ( 2 )] Z lZ] 1¢ 2 2
The observed information matrices then become:
Z?; 'rzzllﬂil 27;1 xz‘llxz‘mﬂil Tt Z:’il xz’llxilplllil
i) I(B ) B Z:il Ti12Ti1 fhit Z:il x?m,ail T Z:il -’Bmxilplﬂu
1/p1,p1 — . . . .
Doy Ty Tiniflin D iy Tirpy Targflin - >im1 ‘rzzlplﬂil
DT D TenTizz v D TinTiz,
W 13y, = L Dol BTt D Thy Dy TinaTinp
2/)p2,p2 —
¢
Doy TigpyTigl Dy TigpyTiga Yy Ty

Note that in the matrix I (BQ)pZ,pQ, the dispersion parameter ¢ is generally unknown

and must be estimated. For example, we can use the estimate

5 1 2 (Ui — flio ?
b = ( ~ )"
2 m—p2z Hi2

i=1
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Therefore, we have that the MLE’s are asymptotically normally distributed with

VB, —By) ~ N (0. {1(8,)} ") and v/m(B, — B) ~ N (0,{1(B,)} ") where 1(5,)
and 1(3,) can be estimated by I(3,) and I(83,), respectively.

4.3 Tweedie Modelling

An alternative approach to modelling the marginal means of the frequency and sever-
ity components is to directly model the claims cost as a Tweedie distribution. As
previously mentioned, the Tweedie distribution corresponds to a compound Poisson
process. In the case of insurance data, the model assumptions are that the claim
counts follow a Poisson distribution while the jumps, which represent the claim sizes,
follow a gamma distribution. Since the Tweedie model is a member of the Expo-
nential Dispersion models family, it can also be modelled in the Generalized Linear
Model framework. Jgrgensen provides details on using the Tweedie distribution for
modelling claims; see Jorgensen and De Souzaa (1994) for details. Jorgensen and
Smyth (2002) also revisit the problem to include a dispersion component to the model

framework.
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Chapter 5

GLMs for Aggregate Claims Under

Dependence

Several approaches can be taken to address the dependence between the frequency
and severity components in the aggregate claims model. Gschléfil and Czado (2007),
in particular, investigate this problem using a fully Bayesian approach and estimate
parameters using Markov Chain Monte Carlo under a slightly different model spec-
ification than what we present here. Sarabia and Guillén (2008) consider the joint
distribution of (S, N) using the conditional distributions S given N and of N given S.
Jorgensen (2011) provides yet another approach to this problem. Although not specif-
ically addressing the issue of dependency in the aggregate claims model, Jgrgensen
extends the univariate dispersion models definition to a multivariate model. In partic-
ular, he introduces a construction of multivariate exponential dispersion models and
also briefly introduces the concept of multivariate generalized linear models. Simi-
larly, Iwasaki and Tsubaki (2005) construct a bivariate distribution in the natural
exponential family, which could be used to define the bivariate distribution of the
frequency and severity components of the aggregate claims.

This thesis will provide an alternative framework by allowing for the dependence
between the severity and frequency components through a conditional GLM. The
goal of this approach is to allow for dependence between the claim amounts Y;; and

the claim counts N;, at the individual level, by assuming that the conditional mean
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severity E[Y;|N;] (which is equivalent to E[Y;;|V;]) is a function of the claim count
N;. This is achieved by including the claim count as a covariate in the conditional
mean severity GLM for E[Y;|N;]. This chapter provides the details of this model

formulation.

5.1 The Dependent Model

Now let us relax the assumption that the claim frequency and claim severity are
independent. Then the mean aggregate loss cost is no longer simply the product of
the marginal means for the frequency and severity components respectively. In this
model we have that:
E[S|X;] = E[NYi|X;] = E[E[N;Yi|X;, Ni]|X,]
= E[NE[Y;X;, Nj]|X{]
£ E[NJX,] E[Vi|X,]
We will refer to this GLM for S; as the dependent model, or Model D and denote

its mean by uP.

Here IE[YZ|XZ, N;] is a function of both N; and X;, which can be defined through

a conditional marginal GLM as:
— ~ T ~
HEYiXi, Nil} = g{uiz} = X585 + Nifw. (5.1)

Note that the regression parameters here, BQ, are different than the regression
parameters in Model I, 3,, since the presence of NV; as a covariate in this GLM affects
the regression parameters and their estimates. Similarly, the covariates used in the
marginal severity GLM could be different in Model D as compared to Model I, thus
we have that the covariates Xig are not necessarily the same as X;».

Using a log-link in the GLM for E[Y;|X;, N;] gives:
In {E[Y;|X;, NiJ} = In(uf) = Xi58, + Nifw,
which implies that the conditional mean severity is given by
E[Yz|Xz, N;] = eXP(X;BQ + Nifin) = eXp(X;/BQ) exp(N;Bn) = fiiz exp(N;fn).
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It follows that the mean aggregate loss cost becomes:

0
= ﬂﬂE[Ni eXp(NiﬂN”Xi} = K | = GXP(Nz‘/BN)|Xz‘
BN

0

0
= [z %E [exp(Nify) ‘XZ]

where My, x, () is the conditional moment generating function of N; given the vector
of covariates Xj.

The frequency, N;, is also modelled through a GLM. Since we are modelling
E[N;|X;] as was done in the independent model, it follows that the marginal GLM

for the claim frequency in Model D is equivalent to that in Model I. Thus we have:

g{E[NIX]} = gi{pa} = na = X168,

Sun = g (X168

By the distributional structure of the Exponential Dispersion models, the moment
generating function of the response variable is a function of the canonical parameter,
and thus a function of the mean, as well as a function of the dispersion parameter.
Hence, assuming that the dispersion parameter is known, the GLM on pu;; allows to
define the moment generating function of N; through the cumulant function x(0), as
shown in Chapter 2.

Thus from (5.2) we have:

0 0

D:ESZX12~1—M : n:~i_h y Hi1s )
Hi [5:1Xi] MQ@BN N1, (Bn) MZ@BN (Bw; piv, d1)

where My, x,(f,) is a function of the mean f;; and the dispersion parameter ¢; as
defined by the frequency response distribution.

In the case where N; is assumed to follow a Poisson distribution, then using the
log-link, which is also the canonical link function for the Poisson model, the marginal

GLM for the frequency is the same as that in the independent model:

i1 = eXP(XZﬁl)-
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For Poisson responses, the dispersion is ¢; = 1 and the moment generating function
is My, x,(t) = exp{pa(e — 1)}, forteR.
Returning to equation (5.2), for a Poisson distributed marginal frequency, the

expected total loss cost can be further simplified to:

_ 0
_’uﬂaﬁN
_ 0
:Mz‘2a‘?N exp {Nil(eﬁN - 1)}

nP = E[S;|X] Mpy,x,(Bn)

= [li2 €XP {Mil(eﬁN — 1)} pir exp(By)

= fuzpuin exp {pi (€™ — 1) + By } . (5.3)

Notice that this final formulation of x” makes no distributional assumptions for
the severity Y;. The only restriction is that Y; be a member of the Exponential
Dispersion family so that the mean can be modelled via a GLM. There is, however, a
restriction on the choice of link function since this formulation relies on the use of the
log link in the conditional mean severity GLM. The model assumption made for the
severity component Y; will only affect the estimation of the regression parameters BQ
since the distribution will define the score function used in the maximum likelihood
estimation.

Note that when Sy = 0 we retrieve the independent case. The marginal mean
frequency p;; remains the same in both the dependent and independent cases. If Sy =
0, then the regression parameters in the marginal GLM for severity will be identical
under the dependence and independence assumptions since both means E[Y;|X;] and
E[Y;|X;, N;] will be modelled using the same covariates. That is, if By = 0, then X;, =
X2, and since the data will then be modelled using the same covariate in both models,
this in turn implies that B, = B8, and 50 j0 = exp(X,,8,) = fliz = exp(X;BQ). The
remaining correction term in the equation, exp { pi (e9% — 1) + ﬁN}, is equal to 1 if

By = 0. Thus, for Sy = 0 we have that

MZD = eXP(Xgﬁz) eXP(XZIBﬁ = Hi2li1 = /lf‘
Hence, the expected loss costs under Model I and Model D are identical for Sy = 0.
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Although the model formulation is straightforward, the interpretation of the effect
of the dependence between N; and Y; is not so clear. First consider the model for the
modified marginal mean severity iz = exp(f(;,éz). If By is a significant regression
parameter in the conditional severity GLM, we can conclude that the severity Y;
is indeed significantly influenced by the frequency N;. However, the impact on the
modified mean severity [i;2 is not so obvious since including N; as an extra covariate
in the model will change the remaining regression parameters 5 and their estimates.
That is, the influence of the remaining covariates X, on the modified mean severity
ftiz will be different if N; is included as an additional covariate in the GLM. In
Model D, the GLM on E[Y;|X;, N;] is a function of both N; and X;,. Thus, even if
By > 0 (By < 0) leads to a factor exp(N;5y) > 1 (exp(N;5n) < 1), the mean severity
uh = fiip exp{ NSy} might not necessarily increase (decrease) since this effect might
be offset by the change in the remaining regression parameters from [y in Model I to
35 in Model D. This ambiguity is also inherent in the interpretation of the effect of
dependency between N; and Y; on the expected loss cost E[S;|X;].

5.1.1 Higher Moments for the Dependent Model
Variance

As was the case for the first moment of the total loss cost, E[S;|X;], the variance of
the aggregate claims in the dependent model can no longer be written in terms of the
marginal moments of the frequency and severity. Recall that under the assumptions
and GLM results of Model D, N; ~ Poisson(u;1) and conditional on N; the average

claim severity Y; ~ gamma (ug, N ) The variance can then be derived as follows:
i

Var[S;|X;] = Var [E[S;|X;, Ni]|X;] + E[Var[S;|X;, N;] | X;]
= Var[E[N;Y}|X;, N;]|X;] + E[Var[N;Yi|X;, N;] | X;]
= Var[N;E[Y}|X;, N;]|X;] + E[N7Var[Vi|X;, N;]|X;].
Recall that for members of the ED family with Z; ~ ED(u;, ¢), the variance is

Var(Z;) = ai(¢)V (1;). In particular, for gamma responses Y;, we have that condi-

52



tional on N;, a;(¢) = % and V(p;) = p?. Tt follows from the conditional severity
GLM results that
E[Yﬂxu Ni|l = ,uiDQa
and
Var[Yi‘Xi Ny = i V(N'D) = i (,Ui2>2'
’ N; & N;

Thus, we can further simplify the expression:

7

Var[S;|X;] = Var [Nz‘/ig‘Xi] +E[N? (%

) veB)x)

= Var[N;uis | Xi] + E[oN; (i) | Xs].

Finally, we can use the results from the severity GLM: Conditional on NN;, the severity

mean is pl = exp{XLBz + N;Bn}. Thus we have:

Var[SX,] = Var[N; exp{X o8, + Nifi }[X.] + E[oN; exp{2X 1,8, + 2N, 6 } X,
= exp{2X 8, }Var[N; exp{ Nifin }|X]
+ ¢ exp{2X 8, YE[N; exp{2Ni A }|X]
= (fiiz)*Var[N; exp{ N;An }|Xi] + ¢ (f1i2)"E[N; exp{2NiBn }|Xi].  (5.4)

We can then further simplify the above expressions using the following results:

(1) E[N;exp(N:fn)|Xi] = ieXp(NﬂN”Xi _

0

- o E fexp(Nifw) X
0
= 9Bn My, x,(Bn) = 86 exp {pi (e”¥ — 1)}
= exp { i (" — 1)} pin e
= paexp {pa (™ — 1) + By}
y 10 1 0

(17) E[N;exp(2N;fn)|X;] = 5% exp(2N;6n)|X; = 3006, — M, x,(28n)

= ;1 €XP {,uu(e%v — 1) + 25]\/} .
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(iii) Var[N; exp{N:fn}1X.) = E[ [N; exp(NiBy) — E[N; exp(Ny8x) [XiJJ2 1X,]
= E [N} exp(2N;n)|Xi] — [E[N; GXP(NiﬁN)|Xz‘”2

2

—E 107 exp(NiBn)|X;

— pf exp {2 (™ = 1) + 26x'}
— o Bl (VX

— 12 exp {2u (e?Y — 1) + 28y}
_ %%MW(%N)

i exp {2 (7Y — 1) + 28y}

— 18_2 exp {Ml(eww _ 1)}
408% ’

— p3y exp {2p1 (" — 1) + 28y }
= iy exp {pan (€Y — 1) + 40}
+ i1 €Xp {,U«z'l(€2'8N —1)+28n}

— pZexp { i (%N — 1) + 2Bn } .
Going back to equation (5.4) then gives:

Var[SifX,] = (fia)? [ exp {pia (€2 = 1) + 48y )
+ pir exp { pin (€N — 1) + 2By }
— piexp {pa (e — 1) + ZBN}]
+ O(fiiz)* i exp { i (€*°¥ — 1) +20x }
= puir (fiz)? [un exp {pin (e — 1) +4fn }
+ (¢ + 1) exp {pa(e* — 1) + 28y}
— iy exp { (7 — 1) + 28y} ] (5.5)

Note that if Sy = 0 then this reduces to

Var[S;|X;] = pi1pii[pi1 exp(0) + (¢ + 1) exp(0) — 1 exp(0)] = papiin (¢ + 1),
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which is the same variance equation obtained in the independent model (see equation
(4.7)). Thus again, Sy = 0 recovers the independent case.
Moment Generating Function

In the dependent model, the moment generating function is more complicated. We

have that:

Ms,x;(t) =E [esit X;| =E [eN"Yit

x|

If we return to the Compound Poisson gamma case, we have that conditionally on

b & b —Ni/¢
E) and so My, y, x,(t) = (1 — ﬁiumt) . Thus,

é —Ni/¢

N; and X;, Y; is gamma (ug,

we have that

Ms,x, (t) = E[My,y, x,(Nit)|Xi] =E N,

—E :(1 — pult) N \XZ}

—E [ (1- oexp{ X550} exp{NiﬁN}t)_N’M |Xz-]

E (1 — Qflio GXP{Nz‘ﬁN}t) 7Ni/¢|Xz}

s efiu'il Mn
> (1= pjimexp{nBytt)”? Tﬂ
n=0 )

Unlike in the independent case, this moment generating function has no closed form.

5.2 MLEs in the Dependent Model

Consider the joint distribution of the frequency and severity components of the ag-

gregate losses in Model D:

fY,N(yv n) = fY|N(y|n>fN(")-

Assuming the dispersion parameter ¢ is known, the marginal means obtained from
the GLM for E[N] = ; and E[Y|N] = p&’ allow to fully parametrize the distributions

fy\v and f, respectively.
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As discussed in Chapter 2, both the additive and reproductive forms of the ex-
ponential dispersion models are closed under convolution. Thus, for individual claim
amounts Y;; with means y;, we have that Y; also has mean ;. More precisely, if
the individual severities belong to the additive ED family with Y;; given NN; being
ED*(0;,\) then the distribution of the sum 25\7:11 Y;; = N; x Y;, conditional on N,
is also a member of the additive ED models with N;Y; given N; being ED*(6;, N;)\).
If we choose the severity to belong to the reproductive ED family, then we have that
Y;; given N; is ED(p;,02) and so Y; given N; is ED (,ui, %i)

In the GLM formulation, the marginal means of the frequency and severity com-
ponents are a function of the regression parameters 8 = (34, 8,, Sn). We are thus
interested in obtaining maximum likelihood estimates for these parameters as it will
allow ultimately to estimate the expected loss cost. The MLEs for the regression pa-

rameters can be found through the joint likelihood of N and Y. For m policyholders,

we have that the joint likelihood function is:
L(By, By, Br;y:m) = [ [ frw i) = [ o (ilna) £ (na),
i=1 i=1
and the joint log-likelihood is:

g(ﬁlaﬁQvﬁN;ya Il) = lnL(IBDIB%ﬁN;ya Il),

where fy|y is a function of the parameters (1B, o) and fy is a function of (p, é1).
Recall from Chapter 3 that the likelihood and log-likelihood functions for the

exponential dispersion models could be written in terms of the canonical parameters

0; as:
L(6,0:y) = [Jexp {yz‘@ai—(d)ﬂ)@u O(%@]
— ex [ yi0; — (6;) m N
) p[;{ ai(9) } XH p{C(yi,9)},
and



Thus, we can write the joint likelihood of (Y, N) in terms of the canonical parameter

0 = (01,05) as follows:

L(6,¢;y,n) = eXp{

i

%2_—@(612) mex .
{ a2(62) }}H P {Clyi. 62)}

Xp{i{”@‘(—d))(“}} x ﬁlexp{c*(ni,m,

and the log-likelihood as:

g(eacb;y’n) = Z{yzeﬂ 12 } +ZC y27¢2
=1

i1 aia(¢2)

By the GLM structure used in Model D with log-link functions, we have that
the mean mapping function is p = 7(0) = exp(d) for both the frequency and
severity components. Thus, we have that uh = m(0;) = exp(X;BQ + N;By) and
pa = 11(0:1) = exp(X;,8,). It follows that all of the information for the regression
parameter vector 3, is contained in the portion of the likelihood contributed by the
marginal probability density function fy while the information for (52, fn) is in the

portion from the conditional density fy|y. We can then write the log-likelihood as:

0(0;y,n) = Ly n(By. Byiyn) + Ly (By;m). (5.6)

It follows that the information for B3, is contained in the marginal log-likelihood
(n(B,;n) while the information for (B,,fy) is contained in the conditional log-
likelihood £y N(BQ, fn;yln). Due to the separable nature of the likelihood, we have
that (,@2, fn) and B3, are orthogonal parameters, that is, the Fisher Information ma-
trix is diagonal. Thus, we can consider inference on (BQ, fn) and B, separately.

By the assumptions of Model D, we have that
pin = exp(X,; B,) where 3, is a p; x 1 vector of parameters
ul = exp(X;BQ + N;Bn) where B, is a py X 1 vector of parameters.
We then have that:
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O o 8#5
= X1k i1,

=0 fork=1,..pi,

85% aﬁlk
aﬂg ~ D Opii

O === = Tyorflis, =0, fort=1,...,ps,
0By P Bp,, b2
8;@ Opii

<o b — Nz ,L-D, L 0.
oy 1P Bpy

The score equations for the regression parameters 3, 35, Oy are thus:

<Z> 3(51163’, ) 5 (ﬁlaﬂ%ﬁ]\/ay? )
0
= 5 Lt B, B yIm) + Ov(8m) |
0
Z%@v(ﬁl;n)

:S(/Blk;n)a k= 17"'7p1'

= €<1617B276N;Y7 n)

2t

— i {EﬂN(BQ,ﬁN;ﬂH) + EN(IB]_;D)}

0
0

= s(ﬁzt;yln), t=1,..,p.

(i) 5(Ba; y,m) =

—— Ly N (By, By y )

(111)  s(By;y,n) = == B ((By. By, By, m)
— o { (B By + (B}
— o trin(By BxivIn)
= s(Bn;y[n).

(5.7)

(5.9)

In the particular case where the frequency distribution is Poisson and the severity
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distribution is gamma, the score equations can be simplified as follows:

(i)

(iid)

(4)

5(6116; Yy, Il)

= s(Pu;n)
[ 1 Opn O -
=3 e~ o) = 2|
i1 pin OB 0Py 7 LHitTitk il — Tkl

Z%lk — i) =0, k=1, ..p. (5.10)

S(B%;y,n) = 5(32t;Y|n)

s(Bn;y,n) = s(By;y[n)

s il -m xR

2 o +1n D ~ 45 - ln(/‘bz )
85%22 ¢ L1 1 0By = & L 1h ?

_ i@ {_y —1 opf iamz}
i—1 (Nﬂ) 352t /%2 0B
mni Yi 1 D:| mn“ |:yz' }

=) | pTau Tt | = Y — T |—55 — 1
;fb[fé%ng%Q ;qﬁ%ug
- N Tiog D

=) o Wi—w2)=0, t=1..p. (5.11)
; ¢ b ?

0 =i [y (1)} 0 =1 |:_yi D:|
— — +In|— || == — — In(y;
95 2= 6 LLD ip)| =y 2 g es)
i=1 ¢ Z(luz2)2 851\7 /'Lg aﬁN
i [ i 1 n; | Y
i=1 12 2 i=1 MZQ

n; mn;
Al i) =0 (5.12)
i2

Note that the score equation for the regression parameters associated with the

marginal frequency GLM, e.g. s(f1x;n) for k =1

, ..., D1, 1s identical to that obtained

under the assumption of independence as in the Model I. Thus, the regular max-

imum likelihood properties hold and so Bl is asymptotically normally distributed

with \/E(B1 = B1) ~

N(0.{1(B,

)}~1), where I(8,) can be estimated by 1(3,).
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The maximum likelihood estimates for the severity parameters B N and 321, ey ng2
are not based on a regular likelihood equation but rather on a conditional likelihood.
It follows that these estimates are conditional maximum-likelihood estimates. An-
dersen (1970) discusses the asymptotic properties of conditional maximum likelihood
estimators (CMLE) and shows that, under some regularity assumptions, the CMLE
6 is consistent and is asymptotically normally distributed, with mean equal to the

true parameter value 6y and asymptotic variance equal to

m 8lnfy‘N(y1]9,nl) 2 o - 821an\N(yi|97n’i>
>_Ev [{ 70 } ] “ZEY{ o6 ]

i=1 i=1

It follows from equations (5.11) and (5.12) that:

0? " n; i 8,ug)
> — BN yn) = —I .
g s vl = )55 (gt 00
= Z %fi% (—(yTi2il~Uz'2kMiD2)
i1 1)
= Zm: &%2214 (_y_lz?> )
i1 ¢ Hi2
0? - . . ( yz)
> ——Y , yymn — X2k T; - |,
ol v (B2, By yln) = ; g D\ =
02 7 ( Yi aM%)
> —/ , yyn —n; | — -
a7, e ivin) = 3 { ~Tmg s
m_ 9
3, (_y_D>
i—1 ¢ Hi2
_ym (_£>
—~ o\ uh)’
0 n ( yi)
> —— ) yym) = _zxi X - ] -
55N52k; Y|N(52 Bn;yn) ; & 2k 421 NiDQ
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In expectation, the above second partial derivatives are:

82 ~ - n; .
> EY\N[WEY\N(B%BN;Yln)] == Z 5%2%»
2k i=1
> Ey [—02 ly v (Ba, B |n)]——2m:@f- I;
Y|N 85%321 v|IN(P2, PN3Y - & i2kLi21,
0? ~ " nd
> EY\N[%EﬂN(Bz,ﬁN;ﬂH)} = _ZEZ’
i=1
P NS R g
Y|N 8ﬁ~2k5N YN (P2, PN Y = - & 2k

It follows that the observed information matrix is then:

m ~9 m ~ ~
Z¢:1 NiZ591 Zizl N Ti21Li22

m ~ ~ m ~9
Doim MiTizaTior D il Milliny
1

I(BQ, BN)P2+17P2+1 - 5

m ~ ~ m ~ ~
D iy Miliopy Tio1 D iy Niiop, Tioo

m 27 m 27
Zi:1 n; Tio1 21'11 N5 T422

2.

m 3
i=1 1Y

It follows that the MLE (BQ, BN) is asymptotically normally distributed with

Vin((Ba, Bx) = (Ba B3)) ~ N (0, {1(Bs, Bn)} )

where 1(8,, fx) can be estimated by I(3,, Av).

61




Chapter 6

Example

We will now apply the GLM models for the aggregate claims in both the independent
and dependent cases, as developed in Chapters 4 and 5. Both of these models will
be tested using insurance data and then compared in order to quantify the effect of

dependence in the aggregate claims models.

6.1 Data Description

The dataset consists of automobile insurance policies in Canada. The model was
fit to the collision claims experience for the years 2003 through 2005. Note that
the claims experience for years 2006 through 2008 was used as a hold out dataset for
cross-validation and to further test the fit of the models derived from the first dataset.

As mentioned above, the models were fit to the claims categorized under the
collision insurance coverage. The collision coverage, in particular, reimburses the
policyholder for car damages caused by an accident with another vehicle or object.
The claim payment will only cover damages caused from an actual car collision and
does not include damages due to theft, vandalism, weather, etc.

From the original dataset, only those policies with at least two weeks of exposure
were kept as to avoid spurious observations. The final dataset for the frequency model
was comprised of 799,877 observations. The data used to fit the severity models,

which is the subset of the frequency dataset with positive claim counts, consisted of
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18, 895 observations.
As expected in a car insurance portfolio, very few policies made any claims. The
claim counts ranged from 0 to a maximum of 3 claims. The distribution of the claim

counts is given in Table 6.1.

Table 6.1: Claim Count Distribution

Claim Count | Frequency | Percent
0 780,982 97.64%

1 18,584 2.32%

2 301 0.04%

3 10 0.00%

Total 799,877 | 100.00%

Given a claim had occurred, the average claim severity ranged from $5.65 to
$54,998.75. Figure 6.1 provides the histogram of the average severity for positive

claim counts.

Figure 6.1: Average Severity Histogram
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We also have that the distribution of average claim severity by claim count is as

in Table 6.2.

Table 6.2: Average Claim Severity by Claim Count

Claim Count | Average Claim Severity
0 _
1 $4,757.34
2 $4,120.52
3 $3,600.08
Overall $4,746.59

We can see that as the number of claims increases, the average claim amount de-
creases. This suggests that we can expect the regression parameter Sy to be negative.
Note that when the claim count is zero, the aggregate claim amount is also zero
by definition. Thus, an average claim severity is only defined for policies with positive
claim counts and is otherwise set to zero. If we consider the dataset used for the fre-
quency model, that is, policies with both zero and positive claim counts, the following

correlation statistics were obtained between the frequency and severity components:
. P _
o Pearson’s: Py y = 0.6814,
© Spearman’s: p*]g“—, = 0.9999.

These correlation statistics suggest that the claim counts and amounts are strongly
positively correlated. This could be due to the fact that when there are no claims
the severity is set to zero and for this dataset in particular, 98% of observations are
at (N; =0,Y; =0).

When we consider only the severity model subset of the data, that is, those policies

with positive claim counts, the correlations are significantly different:
‘e AP
¢ Pearson’s: Pny = —0.0170,
© Spearman’s: piy = 0.0045.
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Note that similar correlation values were obtained when considering the entire

dataset over the years 2003 through 2008. The correlations for all policies is:
¢ Pearson’s: pfm—, = 0.6882,
© Spearman’s: pls\,’17 = 0.9999.
While the correlations for policies with positive claim counts is:
¢ Pearson’s: pfm—, = —0.0151,
© Spearman’s: pf\m—, = 0.0046.

Here the correlations are essentially indicating no relation between the frequency
and severity components. However, we must bear in mind that in the severity sub-
dataset, 98% of the policies make only one claim. Perhaps there are not enough
observations at the higher claim counts to reflect the relation between the frequency
and severity components.

It is also important to note that the illustration done here is with one particular
coverage in auto insurance, namely collision. We can expect the relation between the
claim frequency and severity to be different for other car insurance coverages, as well
as for different lines of business, such as home insurance.

Several rating variables were included in the dataset, specifically, the deductible,
the driver’s age, gender, and marital status, the number of years the driver has been
licensed, the number of years the policy has been with the company, the vehicle type
and finally the vehicle age. The gender, marital status and vehicle type variables were
used as factor covariates in the model, while the others were considered continuous
covariates.

When using GLMs to model data, it is important to ensure that the columns of
the design matrix are orthogonal so that there are no issues of multicollinearity. If
we consider the continuous rating variables included in the collision car insurance
claims, we can check for multicollinearity by considering the correlation between

rating variables. Table 6.3 provides the correlation matrix of the continuous covariates
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included in the dataset, with X; = deductible, Xy = age, X3 = number of years

licensed X4 = number years policy with company, and X5 = vehicle age.

Table 6.3: Continuous Covariates Correlation Matrix

X1 Xa X3 X4 X5

Xy 1 -0.086 | -0.077 | -0.081 | -0.160
Xy | -0.086 1 0.842 | 0.338 | 0.071
X3 | -0.077 | 0.842 1 0.384 | 0.040
X4 | -0.081 | 0.338 | 0.384 1 0.087
X5 | -0.160 | 0.071 | 0.040 | 0.087 1

Naturally, there is a high correlation between the number of years the driver is
licensed and the driver’s age. This correlation between explanatory variables could
cause multicollinearity and lead to inaccurate regression parameter estimates. We
can then consider the impact on the regression parameter estimates and standard
errors for correlated variables by comparing a model with both variables included
with a model that only includes one of the correlated rating variables. This issue will
be further investigated with the frequency and severity GLMs selected in both the

independent and dependent models.

6.2 Modelling the Data

The glm function in R was used to model and analyse the dataset. A Poisson model
was used for the marginal frequency GLM while gamma responses were assumed for
the severity models. For both the frequency and severity models, a log link function
was used. The analysis of deviance was used to determine the best model for both
the frequency and severity marginal models, as described in Chapter 3, by comparing
nested models. Only main effects models were analysed and interactions were not
considered so as to simplify the process and allow for a clearer interpretation of the

effect of dependence in the aggregate claims model. Given the limited rating variables
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included in the dataset in the first place, the goal here was not necessarily to find
the best possible model to describe the data but rather to compare the effects of
extending the independent model to the dependent setting.

When modelling the dataset, we had to ensure that all observations were treated
in a consistent manner by taking into account each individual’s exposure to risk. Since
not all policies were necessarily insured for a full year, we had to make adjustments
such that all observations were considered in a congruent way. This adjustment was
done by using an offset for the exposure variable in the frequency model, where the
exposure variable indicates what portion of the year the individual was insured for.
Thus, an exposure unit equal to 1 means that the policy was insured for a full year,
while an exposure unit of, say, 0.5 implies the individual was insured for only half
a year. Note that the claim counts /N; in the dataset represent the total number of
claims incurred over the insured time period. Here, we assume that the claim counts
follow a Poisson distribution. It then follows that as the exposure increases, the
expected claim count will increase proportionally. In using an offset in the GLM for
N;, we are essentially including the exposure variable as a fixed effect with regression
coefficient equal to 1. If we denote the exposure variable by ¢;, then the GLM for N;

with an exposure offset is as follows:

= n(pi) = In(t;) + X1 8,
where In(#;) is the exposure offset term. Thus, on the mean scale we have:

Hir = 1 eXP<X;51)7

so that we can interpret the term exp(X,;3,) as a yearly expected claim count.
Note that it was not necessary to use an offset for the severity models since we are
modelling Y;, that is, the average loss amount per claim occurrence. It follows that
the exposure variable will not effect the expected average claim severity in a fixed
proportional manner. Thus, there is no need to adjust the expected claim severity

for the exposure.
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The weights to be given to each observation in the frequency models were taken
to be 1. However, in the severity models, the claim counts were used as weights.
Recall from Chapters 4 and 5, when modelling the average claim amounts, we have

that Y; ~ ED <,ui2, %) It follows that we have a;(¢) = ¢/n; and thus the claim

counts n; must be useé as weights in the GLM.

Note that using the standard residuals as defined in Chapter 3 to test the model
fit and adequacy was not straightforward in this analysis. The standard definitions
described in Chapter 3 are appropriate for response variables that are members of the
ED family, however, here the variable of interest is the aggregate losses S;. Although
both the frequency and severity components of the aggregate claims are assumed
to follow ED models, we cannot conclude the same for the total claims by only
analysing the first and second moments of S;. We could use any type of residual on
the marginal components, N; and Y;, however the interpretation for the final model on
S; is not so clear. Moreover, in this analysis, the marginal frequency mean E[N;|X;]
and the marginal severity means in the independent model and dependent models,
E[Y;]X;] and E[Y;|X;, N;] respectively, are only of secondary interest and are more
of an intermediate step. Consequently, the interpretation of the residuals on the
claim counts and average claim amounts is not so straightforward with respect to the
expected loss cost. It is also not clear how to define a standard residual directly for
the model on the mean aggregate claim amount.

We can, however, consider the simple response residual as the discrepancy between

the fitted value and the observation:
TRi = Si — [bi-

We can also consider a modified Pearson residual with the denominator being the
variance of the response Var[S;] rather than the variance function V'(y;) so that the
residual becomes:

* Si — [

L /Var[S;]

Another alternative is to use a modified version of the deviance residual: rather than
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using the deviance D;, we can consider the scaled deviance D] where

D - %Dzz{aé;qs,w—e(é;as,w}

= 2 { [£Y|N(é2; 2,y [n) + n (025 1, 1’1)] - [£Y|N(é2; 2, y[n) + (n (015 1, n)] }
= [€Y|N(623 ¢z, yn) — €Y|N(é2; ¢2,y|n)} + [QN(ém ¢1,m) — gN(éﬁ <251,11)]

- D;<7|N + Dy

Then the scaled deviance residual can be defined as:

rpi = sign(s; — fi;)\/ D} = sign(s; — ji;) Dik‘/\Nﬂ- + Dy

Note that in the independent model, we will have D* = Df, 4+ D}, and then the scaled

deviance residual is 7}, = sign(s; — fi;)\/D; = sign(s; — fi;) /Dy .+ Dy ;-
The analysis of deviance, as described in Chapter 3, was used to establish the best

fitting models for the marginal frequency and severity models respectively. Recall

from equation (3.1.4):

D(y, 1)

D*(y, ) = 5 ~ Xy

This can be used to assess the significance of an individual model. We also have from

equation (3.1.4) that:

D(Y’ ﬂA) - D(Y’ IJ’B> 2
¢ ~ XPB*PA'

This equation allows to compare nested models and assess whether the simpler model
is an acceptable simplification of the more complex model. The deviance statistic
thus allowed us to assess the model adequacy and ultimately conclude which model

was most suitable for the data.

6.3 Independent Model

The independent model, as described in Chapter 4, was fit to the data assuming a

Poisson frequency distribution and a gamma severity distribution.
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6.3.1 Frequency Model I

The full main effects model is as follows:

In (E[V;|X;]) = In(exposure) + deductible + age + gender + marital status
+ number of years licensed + number years policy with insurer

+ wehicle type + wvehicle age,

where the term In(exposure) is the exposure offset previously mentioned. All terms,
with the exception of gender, were found to be significant in the model at the 0.1%
level. The next model fit to the data dropped the gender term from the GLM. Since
this updated model is nested in the main effects model, we can use the analysis of
deviance to assess whether the simplified model is significant. The change in residual
deviance between the two models is -0.40623 and the difference in the degree of
freedom is 1. Comparing the difference in deviance with the 95" percentile of a Chi-
Square distribution with 1 degree of freedom, 3.841459, confirms that the simplified
model is indeed an adequate simplification. All terms in this model were found to
be significant at the 5% level and consequently dropping any additional terms would
not produce an adequate simplification to the model. Thus, we can conclude that the

best fitting model for the mean frequency is:

[l = exp{ P10 + B11 deductible + 55 age + 1 3 marital status
+ B1.4 number of years licensed + 315 number years policy with insurer

+ (16 vehicle type + By 7 vehicle age}. (6.1)

Note that since we are assuming Poisson responses, the dispersion parameter

should be equal to 1. A rough estimate for the dispersion parameter can be taken as

N . D(y; fi;
D(y; ftir)/m —p1 = ¢y since E [%
1

D(y; f11)/m — p1 = 145568/799848 = 0.1819946. This is evidence of underdispersion

= m —p;. However, for this GLM we have

in the model. This could imply that the distribution assumption of Poisson responses
is perhaps inadequate. Since there is a substantial amount of policies with zero claim
count, a zero-inflated Poisson distribution assumption could potentially provide a

better fit.
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6.3.2 Severity Model I

Similarly, for the severity model in the independent case, a series of nested models
were fit until an adequate simplification was found. The following models were fit to
the data:

i) main effects model - I (full model)

In (E[Y;|X;]) = deductible coll + age + gender + marital status
+ number of years licensed + number years policy with insurer

+ vehicle type + vehicle age.
ii) model m1-I

In (E[Y;|X;]) = deductible coll + gender + marital status
+ number of years licensed + number years policy with insurer

+ wvehicle type + wvehicle age.
iii) model m2-1

In (E[Y;|X;]) = deductible coll + marital status + number of years licensed

+ number years policy with insurer + wvehicle type + wvehicle age.
iv) model m3-1

In (]ED—/,|XZ]) = deductible coll + marital status + number of years licensed

+ wvehicle type + wvehicle age.
v) model m4-I

In (E[Y;|X;]) = deductible coll + number of years licensed

+ wehicle type + wvehicle age.

The analysis of scaled deviance was used to compare these nested models and also
to test the final model (item v) with the null model (which fits only an intercept).

Table 6.4 list the deviances obtained for each of the above mentioned models.
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Table 6.4: Model T - Severity GLMs

Model Deviance | Degress of Freedom | Dispersion
sev main effects-1 16161 18865 0.7982221
ml-I 16161 18866 0.7980804
m2-1 16162 18867 0.7981926
m3-1 16163 18868 0.7976447
m4-1 16168 18871 0.7976825
null model 17633 18894 1.092249

We can see that the differences in the deviance and dispersion between the nested
models are very small. This indicates that the simpler model is adequate. For exam-
ple, comparing models m3-I and m4-I, we have that the difference in scaled deviance
is roughly 6.27. Comparing this with the 95" percentile of the y? distribution with 3
degrees of freedom, 7.81, we can conclude that model m4-I is an adequate simplifica-
tion of m3-1. That is, setting the regression parameter for the marital status covariate
to zero is an acceptable hypothesis.

The remaining covariates in model m4-I were all found to be significant at the
0.1% level. It follows that the best fit for the severity component in the independent

model is m4-I:
fily = exp {62,0 + (a1 deductible 4 32 2 number of years licensed

+ (2,3 vehicle type + Ba 4 vehicle age}. (6.2)

6.3.3 Aggregate Claims Model I

By the independence assumption in model I, it follows that the expected aggregate

claims is the product of the marginal mean frequency and mean severity so that:

E[S;|X;] = E[Y;|Xi] x E[N;|X;] = fify x fily = fi]. (6.3)
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6.4 Dependent Model

The dependent model, as described in Chapter 5, was fit to the same dataset used for
fitting the independent model. Again, we assumed a Poisson frequency distribution

and a gamma severity distribution.

6.4.1 Frequency Model D

In the dependent model, the marginal frequency GLM is modelled the same way as

in the independent model. Thus, the final model for 5 is taken as jf:

[l = exp{ P10 + P11 deductible + 515 age + [1 3 marital status
+ B1,4 number of years licensed + [, 5 number years policy with insurer

+ 16 vehicle type + 51 7 vehicle age}. (6.4)

6.4.2 Severity Model D

The procedure for determining the best fitting severity model in the dependent setting
is similar to that of the independent model, however, now an additional covariate is
included for the claim counts ;. Again, a series of nested models were fit to the
data, as follows:

i) main effects model - D (full model)

In (E[Y,|Xz, Nz]) = N; + deductible coll + age + gender + marital status
+ number of years licensed + number years policy with insurer
+ wvehicle type + vehicle age.

ii) m1-D

In (]E[}_/;]XZ, NZ]) = N; + deductible coll + gender + marital status
+ number of years licensed + number years policy with insurer

+ wehicle type + wvehicle age.
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iii) m2-D

In (ED_/AXZ, NZ]) = N, + deductible coll + marital status
+ number of years licensed + number years policy with insurer

+ wvehicle type + wvehicle age.
vi) m3-D

In (E[YAX“ NZ]) = N; + deductible coll + marital status

+ number of years licensed + wvehicle type + vehicle age.
v) m4-D

In (E[Yz\Xl, Nl]) = N; + deductible coll + number of years licensed

+ wvehicle type + wvehicle age.

Similarly to what was done in the independent model setting, the analysis of scaled
deviance was used to assess the model fit. Table 6.5 list the deviances obtained for

each of the above mentioned models.

Table 6.5: Model D - Severity GLMs

Model Deviance | Degrees of Freedom | Dispersion
main effects - D 16148 18864 0.7946048
ml-D 16149 18865 0.7944659
m2-D 16149 18866 0.7946156
m3-D 16151 18867 0.794058
m4-D 16155 18870 0.7940439
null model 17633 18894 1.092249

Similar to in the independent case, we have that the differences in the deviance and
dispersion between the nested models are small. Based on the results in Table 6.5, we

can conclude that model m4-D is the best fit for the severity model in the dependent
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case. Note that the covariates in model m4-D were all found to be significant at the

0.1% level. It follows that the conditional mean severity in the dependent model is:
~D el I
Hiz = €Xp {Xi2/62 + NzﬂN} ;
and thus the modified marginal severity mean, fi;2 = exp (X'; 32), is:
flio = €Xp {5270 + 52,1 deductible + 32,2 number of years licensed
+ 52,3 vehicle type + 52,4 vehicle age}. (6.5)

and the correction term for the claim counts is:

exp {,uil (eﬁN — 1) + BN} . (6.6)

6.4.3 Aggregate Claims Model D

It follows from the dependent model assumption that the expected aggregate claims

in Model D is then:

i = furfliz €xp {[Ln <€BN - 1) + BN} : (6.7)

6.5 Model Comparisons

The goal of this thesis was to assess the effect of extending the independent aggregate
claims model to the dependent case. In particular, we focused on the effect of depen-
dence between frequency and severity on the expected total loss cost. Thus, we are
interested in the effect of the model formulation on E[S;|X;] = p;. In the independent
model, we have that the expected aggregate claims is the product of the marginal

frequency and severity means, as determined in a GLM framework:

Mf = Mi1 X Hi2.

In the dependent model, the expected total claims becomes the product of the

marginal frequency mean, a modified severity mean and a correction term:

pi; = i X flig X exp {,Uil (GﬁN - 1) + 5N} .
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Thus, any difference between p! and pP is generated by the change in the marginal
mean severity as well as the correction term. The difference between the mean severity
in the independent and dependent cases, i}, and 5 respectively, is caused by the
presence of the claim count V; as a covariate in the GLM for model D. As discussed
in Chapter 5, the difference between the expected loss cost in the independent and
dependent models is not straightforward as Sy > 0 (8, < 0) will cause the correction
term to be greater than 1 (less than 1), but this increase (decrease) could be offset
by the change in the marginal severity mean from ;s to the modified fi;s.

In order to evaluate whether the dependent model is indeed significant, we can
compare it with the independent model. Note that testing whether Sy = 0 can be
done by comparing the final severity models in the independent and dependent cases
respectively since the final independent severity model (m4-I) is nested in the final
dependent severity model (m4-D). That is, setting Sy = 0 in the dependent model
m4-D will retrieve the independent model m4-I. We can then compare the change in

deviance with the y3 distribution. Here, taking ngﬁ ~ 0.7940439, we have that:

{D(y fiz) = Dy, Ai3); _ (16168 — 16155) _ oo oo
3 0.7940439 ' '

If we compare this with the 95 percentile of the x? distribution, we have that the
test statistic is much larger that the y? statistic: 16.37189 > 3.841459. Since the
change in deviance is significantly larger than the percentile, we can conclude that
the independent model is not an adequate simplification of the dependent model.
This is evidence that there is a need for a dependent model for the aggregate claims.

Similarly, if we consider the Wald test statistic for the null hypothesis Hy : o v = 0

we obtain: A
By — Bon ~ —0.1397 -0

— = —4.136808.
/ N 0.03377
Var(ﬁN)

We can thus conclude that the coefficient for the frequency covariate is strongly

significant in the model.
Table 6.6 shows the deviances obtained for the fitted models. Note that the loss
cost model deviance is the sum of the frequency and severity deviances. We can see

that the dependent model has a lower deviance than the independent model.
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Table 6.6: Deviance Comparison

Model Deviance | Scaled Deviance
Frequency Model | 145,567.60 145, 567.60
Severity Model I 16,167.56 20, 361.04
Severity Model D | 16,154.62 20,344.74
Loss Cost Model I | 161,735.16 165, 928.64

Loss Cost Model D | 161, 722.22 165,912.34

On average, the coefficients for the modified severity GLM, é% were increased
by a mere 0.53% as compared to the independent marginal severity GLM regression
parameters ,32. Some parameters were increased by as much as 5.38% and decreased
by as much as —4.91%.

The regression parameter generated from the presence of the claim count in the
modified severity GLM was estimated as BN ~ —0.1396594. This implies that the
correction term will be less than 1 for all cases, and can be thought of as a discount
multiplicative factor that will be applied to all policies. It follows that the increase
seen for some of the regression parameters in the modified severity model could be
offset by the correction term, while those coefficients that produced a decrease will
be further decreased by the correction term.

Overall, the extent of the change in expectations between model I and model
D was minimal. The impact of extending the independent model to the dependent
model produced, on average, a 0.1037% increase in pure premiums, while the min-
imum percent difference was —1.622% and the maximum was 1.361%. (Note here
we are considering the percent difference as the dependent model fit divided by the
independent model fit). If we further analyse the extremes of the impact, we have
that the exposure with the 1.361% change is a 19 year old single female, with 1 year of
experience with the company, 1 year of driving experience, a $300 deductible, vehicle
type G and vehicle age 13. This policyholder in particular had experienced a claim
yielding a loss of $3242.73. At the other extreme, the exposure who experienced a

—1.622% change is a 69 year old married male with 14 years experience with the com-
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pany, 51 years of driving experience, a $5000 deductible, vehicle type X and vehicle
age —1 (a new car). This insured, on the other hand, did not have any claims.

Apart from modelling pure premiums, we can also consider the effect of depen-
dence on the variance of the aggregate claim mount. On average, the variance of
the aggregate claims, Var[S;|X,|, decreased by —0.285% in the dependent model as
compared to the independent model. On the extremes, the variance was increased
by as much as 2.514% and decreased by as much as —3.417%. Although the im-
pact on the variance was small, we can nonetheless conclude that overall, extending
the model to the dependent case allowed for a more precise estimation of the aggre-
gate claims. It follows that the dependent aggregate claims models provides a more
accurate representation of the risk of the insurance portfolio.

It is important to note that for the collision coverage in particular, the association
between the frequency and severity components of the aggregate loss amount was
found to be negative. It follows that E[N;] and E[Y;] somewhat counteract each other;
e.g. if a certain rating variable implies a discount for the expected claim frequency,
it might imply a surcharge for the expected claim severity. Thus, the overall impact
of dependence on the expected total loss cost, E[S;], could be relatively small when
the claim frequency and severity have a negative correlation. Nonetheless, Model D
allows for a more accurate representation of E[S;].

The dependent model framework introduced in this thesis could have a much
greater impact for other car insurance coverages or lines of business where there is
a positive association between the claim frequency and severity. In this case, in
considering the mean claim count and amount separately, the independent model
could be double counting the effects of certain rating variables. That is, Model I will
give a double discount for good risks and double penalize bad risks by considering the
effects of rating variables on E[N;] and E[Y;] separately. The framework of Model D
will avoid this double counting effect by accurately reflecting the dependence between

N; and Y; and adjusting the expected loss cost E[S;] accordingly.
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6.5.1 Residuals

In order to further assess the model fit, we considered the modified Pearson residuals,
as described in Section 6.2. The residual plots for both the independent and dependent
models showed a similar pattern, with most residuals centered around zero with the
exception of a few outliers. Figures 6.2, 6.3, 6.4, and 6.5 provide the residual plots
for both model I and model D.

Notice that as we narrow the range of the residuals (see Figures 6.4 and 6.5),
there seems to be a slight decreasing trend in the residuals. This could suggest that
perhaps a predictor variable is missing in the models. As previously mentioned, the
dataset only contains a few rating variables typically used in the property casualty
insurance industry. It follows that the models fit here are rather simple compared to
what is done in the industry. Potentially significant rating variables not available in

the dataset include annual distance driven, territory, driving record, etc.

Figure 6.2: Model I Modified Pearson Residuals
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Figure 6.3: Model D Modified Pearson Residuals
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Figure 6.4: Model I Modified Pearson Residuals (zoom)
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Figure 6.5: Model D Modified Pearson Residuals (zoom)
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We also plotted the scaled deviance residuals, as described in Section 6.2, for the
frequency model, the severity models and loss cost models; see Figures 6.6, 6.7, 6.8,
6.9, and 6.10. Notice that in the frequency model, there are two clouds of data points;
one above 2 and one around 0. Note that the residuals that are significantly above the
0 level correspond to those observations with claim count of 1 or greater. This residual
plot provides further evidence that the Poisson distribution assumption for the claim
counts is inadequate. Since there are so many observations at (N; = 0,Y; = 0),
the model is unable to properly fit those policies with positive claim occurrences.
As previously mentioned, a zero-inflated Poisson model might provide a better fit.
This pattern of two bands of residual points is also apparent in the loss cost models

deviance residual plots.
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Figure 6.6: Frequency Model Deviance Residuals
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Figure 6.7: Severity Model I Deviance Residuals
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Figure 6.8: Severity Model D Deviance Residuals
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Figure 6.10: Loss Cost Model D Deviance Residuals
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6.5.2 Multicollinearity

As mentioned at the beginning of this chapter, there is a strong correlation between
the driver’s age and the number of years the driver is licensed. In the final severity
models in both the independent and dependent case, only the rating variable number
of years licensed was present, thus there should not be any issues with multicollinear-
ity. However, in the final frequency model, both age and years licensed are present.
Using an analysis of deviance, the adequacy of removing both rating variables was
assessed. Comparing the final frequency model with a nested model where only the
age variable was removed caused a change in deviance of 118, thus indicating that we
cannot remove age from the model. Similarly, removing only number of years licensed
from the model caused a change in deviance of 542, thus again indicating that the
years licensed variable is significant. We can thus conclude that both age and years

licensed are needed in the frequency model.
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6.5.3 Hold Out Dataset

Note that the model was also tested on a hold out dataset, which consisted of the
collision claim experience from years 2006 through 2008. Similar conclusions were
drawn from the out of sample analysis. On average, the impact on the pure premium
from moving to the dependent setting was 0.1249 %, while the maximum percent
difference was 1.318 % and the minimum was -1.656 %. If we consider the variance
of the aggregate claim amount, the dependent model caused on average a -0.1886 %
change, while the maximum impact was 2.430 % and the minimum impact was -3.516
%.

Table 6.7 provides the deviances obtained for the frequency, severity and loss cost
models for the hold out dataset. Similar to the results obtained on the model dataset,

the dependent model deviance is lower than the independent model.

Table 6.7: Deviance Comparison - Hold Out Dataset

Model Deviance | Scaled Deviance
Frequency Model | 118,625.40 118,625.40
Severity Model I 12,785.63 16,101.92
Severity Model D | 12,778.85 16,093.38
Loss Cost Model T | 131,411.03 134,727.32

Loss Cost Model D | 131,404.25 134,718.78

The residual plots for the hold out dataset were again similar to those from the

original dataset, as shown in Figures 6.11 through 6.19.
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Figure 6.11: Model I Modified Pearson Residuals Hold Out Dataset
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Figure 6.12: Model D Modified Pearson Residuals Hold Out Dataset
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Figure 6.13: Model I Modified Pearson Residuals Hold Out Dataset (zoom)
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Figure 6.14: Model D Modified Pearson Residuals Hold Out Dataset (zoom)
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Figure 6.15: Frequency Model Deviance Residuals Hold Out Dataset
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Figure 6.17: Severity Model D Deviance Residuals Hold Out Dataset
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Figure 6.18: Loss Cost Model I Deviance Residuals Hold Out Dataset
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Figure 6.19: Loss Cost Model D Deviance Residuals Hold Out Dataset
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6.5.4 Regression Parameter Estimates

Tables 6.8, 6.9, and 6.10 provide the details on the estimated parameters and stan-
dard errors obtained for the frequency and severity GLMs in both the independent
and dependent cases. We can see that the standard errors for all of the parameter es-
timates are very low. In particular, in each of the final models, all of the explanatory
variables are significant at the 99.9 % level.

In comparing the independent and dependent severity models, we can see that
there are significant changes in the parameter estimates, while the standard errors
remain low in both cases. Note that although many of the estimates seem close to
zero, on the mean scale there will indeed be a considerable impact on the expected
value since we are using a log link function. For example, if we consider a continu-
ous covariate X with regression parameter estimates B, then on the mean scale the

A\ X
multiplicative factor associated with that predictor variable becomes (exp{ﬁ }) .
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Table 6.8: Regression Parameter Estimates - Frequency Model

Regression Parameter Estimate | Standard Error
Intercept -3.08E+4-00 8.50E-02
Deductible coll -4.98E-04 4.10E-05
Driver age 1.08E-02 9.76E-04
Driver marital status Divorced | 7.29E-02 3.14E-02
Driver marital status Married -1.67E-01 1.83E-02
Driver marital status Widowed | 2.03E-01 5.70E-02
Driver number years licensed -2.40E-02 9.98E-04
Number years policy here -1.32E-02 1.70E-03
Vehicle type A 3.12E-01 9.20E-02
Vehicle type B 2.63E-01 7.50E-02
Vehicle type C 2.71E-01 7.98E-02
Vehicle type D 3.01E-01 7.50E-02
Vehicle type E 2.66E-01 9.53E-02
Vehicle type F 3.63E-01 8.23E-02
Vehicle type G 1.66E-01 1.26E-01
Vehicle type H 3.76E-01 1.21E-01
Vehicle type I 3.32E-01 1.81E-01
Vehicle type J 3.67E-01 8.02E-02
Vehicle type K 2.98E-01 1.01E-01
Vehicle type L 2.74E-01 9.43E-02
Vehicle type M 1.67E-02 1.25E-01
Vehicle type N 1.18E-01 7.60E-02
Vehicle type O 8.81E-02 8.16E-02
Vehicle type P 2.28E-01 8.01E-02
Vehicle type Q 4.87E-02 1.20E-01
Vehicle type R 1.68E-01 9.26E-02
Vehicle type S -9.52E-02 8.77E-02
Vehicle type X -3.98E-01 3.83E-01
Vehicle age -4.18E-02 2.09E-03
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Table 6.9: Regression Parameter Estimates - Severity Model I

Regression Parameter Estimate | Standard Error
Intercept 8.67E+00 7.24E-02
Deductible 2.63E-04 3.67E-05
Driver number years licensed | -2.92E-03 5.04E-04
Vehicle type A -3.08E-01 8.22E-02
Vehicle type B -1.02E-01 6.70E-02
Vehicle type C -8.13E-02 7.13E-02
Vehicle type D -4.49E-02 6.68E-02
Vehicle type E 8.69E-02 8.51E-02
Vehicle type F 2.68E-01 7.33E-02
Vehicle type G 2.01E-01 1.13E-01
Vehicle type H 3.22E-01 1.08E-01
Vehicle type 1 5.71E-01 1.62E-01
Vehicle type J 5.17E-02 7.16E-02
Vehicle type K 1.92E-01 9.04E-02
Vehicle type L 8.45E-02 8.41E-02
Vehicle type M 4.90E-01 1.12E-01
Vehicle type N -7.44E-02 6.78E-02
Vehicle type O 1.08E-01 7.28E-02
Vehicle type P 1.42E-01 7.14E-02
Vehicle type Q 3.49E-01 1.07E-01
Vehicle type R 1.34E-01 8.28E-02
Vehicle type S 2.40E-01 7.84E-02
Vehicle type X -3.25E-01 3.44E-01
Vehicle age -6.45E-02 1.91E-03
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Table 6.10: Regression Parameter Estimates - Severity Model D

Regression Parameter Estimate | Standard Error
Intercept 8.82E+00 8.05E-02
Claim Count (N;) -1.40E-01 3.38E-02
Deductible 2.60E-04 3.66E-05
Driver number years licensed | -3.01E-03 5.03E-04
Vehicle type A -3.09E-01 8.20E-02
Vehicle type B -1.01E-01 6.69E-02
Vehicle type C -7.73E-02 7.11E-02
Vehicle type D -4.34E-02 6.66E-02
Vehicle type E 8.81E-02 8.49E-02
Vehicle type F 2.71E-01 7.31E-02
Vehicle type G 2.09E-01 1.12E-01
Vehicle type H 3.25E-01 1.08E-01
Vehicle type 1 5.70E-01 1.62E-01
Vehicle type J 5.45E-02 7.15E-02
Vehicle type K 1.97E-01 9.02E-02
Vehicle type L 8.43E-02 8.39E-02
Vehicle type M 4.90E-01 1.11E-01
Vehicle type N -7.38E-02 6.77E-02
Vehicle type O 1.09E-01 7.26E-02
Vehicle type P 1.43E-01 7.12E-02
Vehicle type Q 3.54E-01 1.07E-01
Vehicle type R 1.34E-01 8.26E-02
Vehicle type S 2.39E-01 7.82E-02
Vehicle type X -3.28E-01 3.43E-01
Vehicle age -6.45E-02 1.90E-03
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Conclusion

In the insurance industry, the common approach for modelling the aggregate claims
amount is to assume that the claim frequency and severity components are indepen-
dent. This independent model allows for a more simplistic representation of the total
loss amount and allows to analyse the frequency and severity processes separately.
Although this approach perhaps provides greater insight into the two separate pro-
cesses, it fundamentally ignores the dependence that may exist between the claim
frequency and claim severity. This thesis proposes a new model formulation that al-
lows for a correlation between the claim counts and claim amounts. In this particular
dependence setting, the independent model is nested inside the dependent model;
that is, the independent model is actually a special case of the dependent model.

The focus in this thesis is to provide a model for the expected total loss cost
on the individual level, as is done for insurance pricing. We found a closed form
formula for both the first and second moments of the aggregate claims while allowing
for dependence between the counting process and the jump process of the aggregate
claims.

Further work to be done on the subject includes the specification of higher mo-
ments as well as the specification of the joint probability density function for the

random vector (N;,Y;).

94



Bibliography

1]
2]

Agresti, A., (2002) Categorical Data Analysis, Wiley, New Jersey.

Agresti, A. (1993) “Distribution-free Fitting of Logit Models with Random Ef-
fects for Repeated Categorical Responses”, Statistics in Medicine, 12, pp. 1969—
1988.

Andersen, E.B., (1970) “Asymptotic properties of conditional maximum-
likelihood estimators”, Journal of the Royal Statistical Society. Series B (Method-
ological), 32, pp. 283-301.

Anderson, D., Feldblum, S., Modlin, C., Schirmacher, D., Schirmacher, E., and
Thandi, N., (2007). “A Practitioner’s Guide to Generalized Linear Models”, CAS
Study Note, 3rd ed., pp. 4-39.

Diggle, P.J., Liang, K., and Zeger, S. (1994) Analysis of Longitudinal Data,
Chapman and Hall, London.

Fahrmeir, L. and Tutz, G. (2001) Multivariate Statistical Modelling Based on
Generalized Linear Models (Second Edition), Springer—Verlag, New York.

GschloBl, S. and Czado, C. (2007) “Spatial modelling of claim frequency and
claim size in non-life insurance”, Scandinavian Actuarial Journal, 3, pp. 202—

225.

Iwasaki, M. and Tsubaki, H. (2005) “A new bivariate distribution in natural

exponential family”, Metrika, 61, pp. 323-336.

95



[9]

[10]

[11]

[12]

[16]

[17]

[18]

Jorgensen, B. (1997) The Theory of Dispersion Models, Chapman and Hall,

London.

Jorgensen, B. (2013) “Construction of multivariate dispersion models”, Brazilian

Journal of Probability and Statistics, 27, pp. 285-309

Jorgensen, B. and De Souzaa, M. (1994) “Fitting Tweedie’s compound Poisson

model to insurance claims data”, Scandinavian Actuarial Journal, 1, pp. 69-93

Jorgensen, B. and Smyth, G. (2002) “Fitting Tweedie’s compound Poisson model
to insurance claims data: dispersion modelling”, ASTIN Bullentin, 32, pp. 143—
157

Klugman, S.A., Panjer, H.H. and G.E. Willmot (2008) Loss Models; From Data
to Decisions, 3rd ed., Wiley, New Jersey.

McCullagh, P. and Nelder, J.A. (1989) Generalized Linear Models (Second Edi-
tion), Chapman and Hall, London.

Neuhaus, J.M., Kalbfleish, J.D., and Hauck, W.W. (1991) “A Comparison of
Cluster-Specific and Population-Averaged approaches for Analyzing Correlated
Binary Data”, International Statistical Review, 59, pp. 25-35.

Sarabia, J.M., Guillén M. (2008) “Joint modelling of the total amount and the
number of claims by conditionals”, Insurance: Mathematics and Economics, 43,

pp. 466—473.

Song, P. (2007) Correlated Data Analysis: Modeling, Analytics, and Applica-
tions, Springer, New York.

Stephens, D. A. (Winter 2012) MATH 523 Generalized Linear Models: Course
Notes, McGill University, Montréal.

96



