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ABSTRACT

On low dimensional Galilei groups and their applications

Syed Hasibul Hassan Chowdhury, Ph. D.

Concordia University, 2013

This thesis consists of two main parts. The first part focuses on the (1+1) and (2+1) dimen-
sional Galilei groups and their applications to signal analysis and noncommutative quantum
mechanics. Various groups used in the current literature of signal analysis and image pro-
cessing turn out to possess deep connections with the (1+1)-dimensional Galilei group,
which, on the other hand, is the physical kinematical symmetry group of a non-relativistic
system in one spatial and one time dimensions. To study this remarkable representation
theoretic similarity of structures is one of the many goals of this thesis. The (1+1)-affine
Galilei group, a 2-fold noncentral extension of the Galilei group, is precisely responsible
for the above-mentioned bridging. Wigner functions associated with another extension of
(1+1) affine Galilei group are computed and their support properties are subsequently dis-
cussed along with a comparative study of those related to various centrally extended (1+1)-
Galilei groups. The remainder of the first part of the thesis is devoted to the study of the
(2+1)-Galilei group and its relationship to non-commutative quantum mechanics (NCQM).

We show that a certain triple central extension of the abelian group of translations in R* can
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be considered to be the defining group of NCQM in the same spirit as the Weyl-Heisenberg
group is considered for the case of standard 2-dimensional quantum mechanics. The rep-
resentations associated with various gauges studied in NCQM along with those of standard
QM are all found to be sitting inside the unitary dual of the triply extended group of trans-
lations in R?.

The second part of the thesis, which concerns an entirely separate problem, involves a study
of Poisson brackets between traces of monodromy matrices computed along free homotopy
classes of loops on a compact Riemann surface >.. We consider a 3-manifold > x R with
the connection 1-forms taking their values in the Lie algebra G associated to the structure
Lie group G of a principal G-bundle defined on the base manifold X x R. First we apply the
Hamiltonian formulation of the Chern-Simons theory to compute the Atiyah-Bott brackets
between the relevant G-valued relevant gauge connections. The quotient of this infinite di-
mensional space of flat connections by the action of gauge transformations is what one calls
the moduli space of flat connections. Traces of monodromies computed along the free ho-
motopy classes of loops on . are the underlying gauge invariant observables. We compute
Poisson brackets between observables of this sort by applying the Hamiltonian formalism
of soliton theory for various real structure Lie groups, e.g. GL(n,R), SL(n,R), U(n),
SU(n) and Sp(2n,R). The formulae, thus obtained, are found to be in exact agreement

with the ones computed by Goldman in [29].
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Chapter 1
Introduction

Low dimensional Galilei groups exhibit much richer algebraic structures compared to
their relativistic counterparts the Poincaré groups. Bargmann in [10] and Wigner in [49]
pointed out that the Poincaré group, in (d 4+ 1) dimensions with d > 2, does not admit
a nontrivial central extension. On the other hand, the (1+1)-dimensional Poincaré group
admits nontrivial central extensions as explored by Lévy-Leblond in [36] (page 75) and
by Bargmann in [10] (page 37). In the non-relativistic setting, Lévy-Leblond (see [37]),
showed that Galilei group, being a physical kinematical symmetry group for a system
of particles in (3+1) dimensions, admits a nontrivial central extension. The (1+1) and
(2+1)-dimensional cases are even more interesting. Both the Galilei groups G, in (1+1)-
dimensions and Gg, in (2+1)-dimensions admit two inequivalent central extensions. For
the one dimensional case, the relevant extensions are interpreted as mass and force (see
[41] and [36]), while for two dimensional case, they are interpreted as mass and spin (see
[15]). It is also known that the trivial multipliers (see the preliminaries to follow for defini-
tions) of Poincaré group, in (d+1) dimensions with d > 2, can be contracted to nontrivial
local multipliers of Galilei group in the non-relativistic limit, a fact that has been discussed

in [1]. In this thesis, we shall consider a 1-dimensional subspace of second cohomology



group H?(Gy, R) of Gy associated with only the central extension signifying mass of a non-
relativistic particle and denote the centrally extended group by G™. Various central and
non-central extensions of G, will also be studied in this thesis in order to study its relation-
ship with different groups of signal analysis and image processing. A certain non-central
extension, of Gy by the abelian group R?, called affine Galilei group and denoted by G, is
constructed in the sequel. Using the same line of arguments, presented for (3+1) dimen-
sions in [8], one is led to conclude that the straightforward central extension of G, fails

to generate the mass of the underlying non-relativistic system. One, therefore, chooses

m

a different course to obtain a non-central extension G7',

parametrized by m. An elegant
technique has been outlined in [35] to find Wigner functions (see preliminaries for defini-
tion) followed by the computations of relevant coadjoint orbits. Since G/7' admits similar
semidirect product structure, we apply the above-mentioned technique to find its Wigner
functions. A more general technique is outlined in [5] which we apply to do the same for
G™. Subsequently, we discuss the support properties of the relevant Wigner functions in
view of [35].

Numerous articles were written on Noncommutative quantum mechanics (NCQM) of
late. In current literature (see [42] for example), one starts with a non-commutative con-
figuration space and assumes that a certain set of commutation relations hold between the

respective positions and momenta coordinates. In a more general setting, one deforms

both the position-position and momentum-momentum commutators by requiring them to



be non-vanishing along with the standard quantum mechanical position-momentum com-
mutators. One then defines the Hilbert space of Hilbert-Schmidt operators acting on the
underlying non-commutative space as the state space. Using this line of treatment, one
then proves the resolution of identity and obtain the relevant coherent states (see [11] for a
detailed account). In this thesis, we start with centrally extended (2+1) dimensional Galilei
group GG and then consider a particle constrained to move on a 2-dimensional plane sub-

ject to the symmetry of G

. We then compute the coherent states emanating from G¢, and

Gal
subsequently quantize the underlying phase-space variables using these coherent states.
The resulting commutation relations, among these quantized operators on L?(R?) with
respect to the Lebesgue measure, are found to be exactly the ones postulated in many ex-
isting literature of NCQM. In order to capture the more general picture of NCQM where
the relevant momentum operators also fail to commute, we consider a certain triple cen-
tral extension of abelian group of translations Gy in R*. What turns out at the end is that
Gyc could be regarded as the defining group of 2-dimensional NCQM in the same sense
as Weyl-Heisenberg group defines standard 2-dimensional QM. Various gauges associated
with NCQM have been studied in [24]. In this thesis, we prove that the representations,
associated with these gauges and the ones for 2-dimensional standard QM, can all be ob-
tained from the unitary dual of Gy. Also, the group of transformations preserving the set of

2-dimensional non-commutative quantum mechanical commutation relations is obtained to

be isomorphic to Sp(4,R). An interesting family of biorthogonal polynomials giving rise



to deformed complex Hermite polynomials are explored in [9] and [6]. The representations
associated with these deformed complex Hermite polynomials are also found to be sitting
inside the unitary dual of Gyc.

The thesis consists of a separate part which is independent of low dimensional Galilei
group that we have been considering by far. In his seminal paper [29], Goldman discovered
a remarkable Lie algebra structure among the free homotopy classes Z7 of oriented loops
immersed in an oriented closed surface. He then considered the conjugacy classes of repre-
sentations of these free homotopy classes of loops, i.e. Hom(7, G)/G, where G is any Lie
group. In [29], an explicit homomorphism p : Z7 — C°°(Hom(w, G)/G) is established.
In this thesis, we model space-time as > X R with ¥ being a compact Riemann surface
without any boundary and then write down the Chern-Simons action on this 3-manifold.
The relevant connection 1-forms take their values on the Lie algebra G of the structure Lie
group G of the underlying principal G-bundle. The time component of the gauge connec-
tions are gauged out using additional gauge freedoms. Curvature of the gauge connections
are found to be zero. The infinite dimensional space of these flat connections is endowed
with a natural symplectic structure (see [2]). The Poisson brackets between the relevant
gauge connections are then computed. The quotient of the space of flat connections by ac-
tion of gauge transformations is a finite dimensional space. And it is a well-known fact that
this moduli space of flat connections can be identified with Hom(w, G)/G. Its symplectic

structure has been investigated by Goldman in [28]. In [29], he computed the Lie brackets



between invariant functions belonging to C*°(Hom(7, G)/G) using the already mentioned
homomorphism p. In the setting of this thesis, we compute the Poisson bracket between
Wilson lines, i.e. the traces of monodromy matrices along loops in Z7 using the formalism
of the Hamiltonian method of soliton theory [26]. The Poisson brackets, thus computed,
are seen to coincide with the ones computed by Goldman in [29].

In the following sections, we provide background materials required in the subsequent
chapters.
1.1 Central extension and group cohomology

An elegant account of group multipliers and projective representations with their rela-
tions to quantum mechanics can be found in [48]. In this thesis, we are going to follow very
closely the treatment by Bargmann in his classic paper [10]. Let GG be any locally compact
second countable group (Icsc), G’ its connected component and G* its universal covering
group. Also, let /C be an Icsc abelian group. We shall be interested in K-local exponents of
G’ in any neighbourhood I, say that of the identity e. A K-local exponent of G’ in 2( is a

continuous function £ : A x A — K, satisfying the following properties

£(9",9") +¢(9"d,9) =€(9", 9'9) + (9, 9)
(1.1)

(g, e) =0==¢(e,9), &g,97") =E&(g ", 9),

with ¢’g, ¢” ¢’ and g~! all belonging to the neighbourhood 2 of identity e.



Two local exponents & and & defined on 21 and (', respectively, will be considered

equivalent if the following holds on 2(; = 2 N A"

§'(9',9) = &9’ 9) + Dy o(C), (1.2)

where A ,((), in terms of the continuous function ¢ : ; — K reads

Ay 4(€) =¢(g") +<lg9) —C(g'g)- (1.3)

Now, the local exponents of G’ in 2{ can be extended to the whole of G’ if one demands
that G’ be simply connected (see page 3 in [10]). In this case, the local exponents are
called simply C-exponents. In case if G’ is not simply connected, then one works with its
universal covering group G* and find all its K-exponents.

In what follows next, G will be assumed to be a connected, simply connected Lie group
and K to be the abelian Lie group R. Now, if we want to translate the additive language of
exponents to a multiplicative one, we define the U(1)-local factors as m(g, g') = €997,
Under the equivalence relation given by (1.2), the U(1)-factors of G form a vector space
known as its second cohomology group H?(G,U(1)). Using the definition of projective
representation (see page 248 in [48]), one obtains for mappings U : g — U(g) of the

underlying Lie group into the unitary operators of a separable Hilbert space H:

U(g)U(g) = e“99U(gq), (1.4)



with any ¢, ¢’ € GG. Now based on (1.4), one can define ordinary representations U, of the

centrally extended group G with a generic element (0, g) and group multiplication given

by (0,9)(¢',g") = (0 + 0"+ &(9.9), 99), as
U(0.9) = e“Ulg). (1.5)
Following (1.4), one obtains

U, g)ue',q) = eU(g)U(q)

_ ei[9+9’+£(979’)}U(gg/>

= U@+6+¢9,9),99)

= U((0,9)(¢".9)). (1.6)

Thus, we arrive at ordinary representations U of the centrally extended Lie group G starting
from the projective or ray representations U of the Lie group G.
1.2 Coadjoint orbits and Wigner functions

Let G be a Lie group with semi-direct product structure given by G = R™ x H where
H is a closed subgroup of GL(n,R). Also, let g and g* be its Lie algebra and dual Lie
algebra, respectively. Now, G has a natural coadjoint action on g*. It is well-known that the
underlying coadjoint orbits O* are symplectic leaves foliated inside g*. We are interested
in situations where at least one of O*-s is open and free in g*. This amounts to say that the

action of H on R™ (dual of R™), i.e. the dual orbit @,;T = {ETh]h € H}, for some ET € R,



is required to be open free in R". And the coadjoint orbits are simply cotangent bundles on
the dual orbits. Let us fix a vector (GT, ET) € R?" once and for all. Also, denote a generic
element of coadjoint orbit Oy, ;. by (7, AL). Since, Otsrory =T Oyr, the coordinates
denoted by %T are related to the tangent space while the ones denoted by fVPT are related to

the base manifold (dual orbit) of the cotangent bundle. Now let dv(kT) = c(k”)dk” be the

invariant measure on @ET where c is the Duflo-Moore operator [35]. And, let df? pr be the

*

invariant measure defined on the coadjoint orbit O TR

. We then define the Wigner map
for G as

W2 Ba(9) = L (O vy ), (1.7)

where the Hilbert space of Hilbert-Schmidt operators on $ = L*(Opr, dv(KT)) is denoted
as By($). The general formula for W is given in [35]. In the context of extended (1+1)-
affine Galilei group G, it is explicitly computed in chapter 3, following the computations
of all necessary ingredients.

The technique outlined in [35] can not be applied to groups which do not admit any
open free orbit, e.g. centrally extended (1+1)-Galilei group G™. The general technique for
computing Wigner map for any Lie group with type-I regular representation is given in [5].
Let us briefly discuss what it means by a Wigner map in this more general context. Let the
dual orbits O, (need not be open free) are parametrized by o € G, the space of equivalence
classes of unitary irreducible representations of G. One can then define Plancherel measure

dv (o) in this parameter space. Given the Hilbert spaces ), = L2(O,, du) with dy being



some invariant measure on the dual orbit @, we can form the direct integral Hilbert space

of Hilbert-Schmidt operators on L2(O,, dy) given as

©®
BE — / By(I2(O,, dp))dve(o). (1.8)
G

Let us now turn our attention to the coadjoint orbits O, foliated inside the dual Lie
algebra g*. Note that the foliation is indexed by a continuous parameter A taking its value
in an index set J. The associated Lebesgue measure d X * in g* disintegrates in the following
way

dX* = o\(X2)dr(N)dN(XD), X; € Oy, (1.9)

where o) is a positive density defined on the coadjoint orbit O, and df2, is the (coad)-
invariant measure on O,. The measure dr(\) is associated with the foliation parameter \.
All these measures and density functions are explicitly computed in the context of centrally
extended (141)-Galilei group in chapter 3. We now define the direct integral Hilbert space
H as

®
o = / L2(Oy, d0)dr (). (1.10)
J

With the notations introduced above, the Wigner map associated with G is defined as a map

between two direct integral Hilbert spaces given by

W BY — 9. (1.11)



The explicit formula for finding W for any such Lie group G, admitting type-I regular
representation, is given in [5] (page 22). In chapter 3, we make direct use of this very
useful formula to compute the Wigner function for centrally extended (1+1)-Galilei group.

In this thesis, the manuscripts associated with Low dimensional Galilei groups and their
relevant applications are added as separate chapters. In particular, chapter 2 and chapter
3 reproduce the contents of manuscripts [20] and [18], respectively. Chapter 4 and 5 are
devoted to the study of (2+1) Galilei group and its application to NCQM. These chapters
reflect the contents of manuscripts [21] and [19], respectively. Finally, in chapter 6 an
independent problem is considered. This chapter reproduces the materials of manuscript

[17].
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Chapter 2
All the Groups of Signal Analysis
from the (1 + 1)-affine Galilei Group

The contents of this chapter are taken from the article titled “All the Groups of Signal
Analysis from the (1 + 1)-affine Galilei Group” [20]. Here, we study the relationship
between the (1 + 1)-affine Galilei group and four groups of interest in signal analysis and
image processing, viz., the wavelet or the affine group of the line, the Weyl-Heisenberg, the
shearlet and the Stockwell groups. We show how all these groups can be obtained either
directly as subgroups of the affine Galilei group, or as subgroups of central extensions of a
subgroup of the affine Galilei group, namely the Galilei-Schrodinger group. We also study
this at the level of unitary representations of the groups on Hilbert spaces.

2.1 Introduction

There are a number of groups that are used in the current literature, on signal analysis
and image processing, to construct signal transforms, as functions representing the sig-
nals over convenient parameter spaces. Of these, the most commonly used are the wavelet
group, i.e., the affine group of the real line R, the Heisenberg and the Weyl-Heisenberg
groups and the more recently introduced Stockwell and shearlet groups. Another set of
groups, which are extensions of the Heisenberg group by one-parameter dilations, were

introduced in [43]. These include the shearlet group as a special case and hence are
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also relevant for constructing signal transforms. As the name suggests, the wavelet group
[4, 23, 47] is used to build the well-known continuous wavelet transform while the shear-
let transform, using the shearlet group [22], is applicable to situations where the signal
to be analyzed has undergone shearing transformations. The Weyl, or equivalently, the
Weyl-Heisenberg group leads to the windowed Fourier transform, useful in time-frequency
analysis [4, 33, 23], while the Stockwell transform [13, 40, 45] combines features of both
the wavelet and time-frequency transforms. The Stockwell group is closely related to the
wavelet group and indeed, as an interesting result we show here that it is just a trivial cen-
tral extension of the wavelet group. (Of course, the wavelet group has no non-trivial central
extensions.) This fact also has the implication that the unitary irreducible representations of
the Stockwell group are square-integrable over a homogeneous space (the space consisting
of the affine group parameters), a fact studied in [40].

The matrix representations of these various groups are as follows. A generic element

of the Heisenberg group is given by a 3 X 3 matrix,

g: O 1 z ) xuyazeRa (21)
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while its one-parameter family of extensions obtained in [43] have the form

e’ wvertl q
g=10 e bl > —1<p<1, a,b,v,0 € R. (2.2)
0 0 1

with the shearlet group, which is a special case (p = 1), being of the type,

N

g=1o v Bl uw>0, v,a,ER. 2.3)

The connected affine or wavelet group is given by 2 x 2 matrices of the form

g = , d>0,teR, (2.4)

and finally, the Stockwell group can be represented by a 4 x 4 matrix,

1 v 0 4

g= , v>0,0,0€eR. (2.5)

2=

The question naturally arises as to whether there exists a matrix group which contains all

the above groups as subgroups. It is also noteworthy that all these groups consist of upper

triangular matrices.
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The purpose of this chapter is firstly, to answer the above question., i.e., we show how
all these groups can be obtained as subgroups of various extensions of the Galilei group
in (1 + 1)-dimensions. This group is a physical kinematical group, which incorporates the
symmetry of non-relativistic motion in a (1 + 1)-dimensional space-time. More precisely,
we shall first extend this group by space and time dilations to obtain the (1 + 1)-affine
Galilei group, which will then be shown to contain all the above groups as subgroups,
except the Stockwell group. This last group which, as we mentioned earlier, is a trivial
central extension of the wavelet group, will be obtained as a subgroup of a trivial central
extension of the Galilei-Schrodinger group, which itself is a subgroup of the affine Galilei
group. As a second and related problem we study how unitary irreducible representations of
the affine Galilei and the various centrally extended Galilei-Schrodinger group decompose
when restricted to the above subgroups. This would shed light on how signal transforms
related to the bigger groups decompose into linear combinations of transforms based on the
smaller subgroups. Physically this could correspond to situations where certain parameters
of a more detailed transform are averaged over or ignored.

Before closing this section we might mention that extensions of the Galilei group and
its Lie algebra have been studied in many other physical contexts, see for example [25] and

references cited therein.
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2.2 Extension to the affine Galilei group

We start with the (1+1)-Galilei group Gy which, as we said, is the kinematical group
of a non-relativistic space-time of (1 + 1)-dimensions. This is a three parameter group, an
element of which we shall denote by (b, a,v). The parameters b, a, and v stand for time
translation, space translation and the Galilean or velocity boost, respectively. Under the

action of this group, a space-time point (z, t) transforms in the following manner

T — xT+vt+a

t — t+b

The group element g = (b, a,v) can be faithfully represented by a 3 x 3 upper triangular

matrix,

g=1lo 1 o] > (2.6)

so that matrix multiplication captures the group composition law. This group, also known
as the Heisenberg group in the mathematical and signal analysis literature, is a central ex-
tension of the group of translations of R? (translations in time and velocity). The exponent
giving this extension is

Eu(x,x') = b0, 2.7
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where, x = (b,v), X' = (V/,v’). In the physical literature one usually works with another
central extension of R?, the resulting group being referred to as the Weyl-Heisenberg group.
This latter group is constructed using an exponent which is projectively equivalent to (2.7).
We shall come back to this point later.

In discussing and constructing central extensions, we shall follow Bargmann’s treat-
ment in [10]. Given a connected and simply connected Lie group G, the local exponents £

giving its central extensions are functions £ : GxG — R, obeying the following properties:

£g".9)+€4"d,9) =¢&9", 9'9) + £, 9)

£(g.e) =0=¢(e,9), £lg.97") =E(g " 9)-

We call the central extension trivial when the corresponding local exponent is simply a
coboundary term, in other words, when there exists a continuous function ¢ : G — R such

that the following holds

£(9',9) = &an(g', 9) == C(g") + C(g) — C(d'9).

Two local exponents £ and & are equivalent if they differ by a coboundary term, i.e.
€(g,9) = &9, 9) + Ean(d',g). A local exponent which is itself a coboundary is said
to be trivial and the corresponding extension of the group is called a trivial extension. Such
an extension is isomorphic to the direct product group U(1) x (. Exponentiating the in-

equivalent local exponents yields the U(1) local factors or the familiar group multipliers,
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and the set of all such inequivalent multipliers form the well known second cohomology
group H?(G,U(1)) of G.

Next we construct a different kind of an extension of the Galilei group Gy itself, by
forming its semidirect product with D5, the two-dimensional dilation group, i.e., we intro-
duce two dilations (of space and time). The resulting group G, x D; will be denoted G.;. If
the space and time dilations are given by ¢ and 7, respectively, and a generic group element

of G, is written (b, a, v, o, T), then the corresponding group composition law reads

(b,a,v,0,7)(b,ad' V', o', 7"

=b+eb,a+eVv+e’d,v+e” TV, o+o,T+7). (2.8)

We shall refer to G, as the affine Galilei group. It has the matrix representation

e’ vel a
(ba a,v, o, T)aff = O eT b (29)
0 0 1

2.3 From affine Galilei to extended Heisenberg, shearlet and wavelet groups
In this section, starting from the affine Galilei group G,;, we first derive the family of
extensions G% of the Heisenberg group, originally obtained in [43]. Following this, we

shall show how the reduced shearlet group, constructed in [22] is in fact one of the above
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groups. Finally, we shall obtain the wavelet group as another subgroup of the affine Galilei
group.

In subsequent sections, using the matrix representations of two central extensions (one
of them being a trivial extension) of the Galilei-Schrodinger group G, we shall demon-
strate that the Weyl-Heisenberg group and the connected Stockwell group are subgroups of
these centrally extended groups. In other words, we shall have shown that all the groups
of interest in time-frequency analysis and signal processing are obtainable from a single
group, the affine Galilei G,.

2.3.1 Extended Heisenberg group G as subgroup of affine Galilei group G,

Let us construct a family of subgroups of the the affine Galilei group G, = Gy x D5 by
restricting the two dilations o and 7 to lie on a line 7 = mo, where m is a constant. The
special case where m = 2 is called the Galilei-Schrodinger group [8]. We shall come back
to this group later.

Consider first the the family of (non-isomorphic) extensions Gf; of the Heisenberg
group, worked out in [43]. This family of groups is parametrized by a real number p,

where —1 < p < 1. The corresponding group law reads

(b,a,v,0)(V,d v, 0") = (b+ertil,a+ e"d + eriol, eriiv +v,0 + ). (2.10)

18



The matrix representation of the above family of Lie groups, referred to in ([43]) as the

extended Heisenberg groups, is easily seen to be

e wvertt g
(b,a,v,0)h =10 e bl > —1<p<l1. (2.11)
0 0 1

Comparing with (2.9), we immediately see that the groups G4 are subgroups of the (1+1)

affine Galilei group G, of the type where the two dilations are restricted to the line 7 = mo,

with m = zﬁ'
2.3.2 Reduced shearlet group as subgroup of the affine Galilei group G,

The reduced shearlet group S, as described in [22], has a generic element,
s=(u,v,o,8), p€R" veRand (a,B) € R?
with the multiplication law

(Nh , Qg, 51)(#2, Vy, Qig, ﬁ2)

= (o, 1 + vor/pia, a1 + pae + v/ Ba, f1 + /11 Pa) - (2.12)

The matrix representation for the group S is as follows

U 2VITRNG
(v, 0,8) = 1| Ji B (2.13)
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Comparing with (2.11), we see that this group corresponds to the special case p = 1, i.e.,

1
m=_,
2 — —
e’ vez a
(bya,v,0)s := (bya,v,0)7 =" = | g o5 bl (2.14)
0 0 1

and the explicit identification

Thus, the reduced shearlet group S is a member of the family of extensions G} of Heisen-

berg group (with p = 1) and hence also a subgroup of the (1 + 1)-affine Galilei group.

gaf[ .

2.3.3 Wavelet group as subgroup of the affine Galilei group G,
The connected affine group or the wavelet group is a two-parameter group G which

consists of transformations on R given by

x> dr +t, (2.15)
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where z € R, d > 0 and ¢ € R. Here d and ¢ can be regarded as the dilation and translation

parameters, respectively. The group law for this group is given by

(di, t1)(d2, t2) = (dida, dita + t1) (2.16)

The matrix representation of G, compatible with the above group law, is given by

(d,t) = (2.17)

In the matrix (2.14) of the reduced shearlet group if we set b = v = 0, we are left with

e 0 a
S Wavelet— O 6% O ) (2 1 8)
0 0 1

i.e., we have obtained the wavelet group as a subgroup of the reduced shearlet group S and
hence of the affine Galilei group G,;.

Thus, so far we have obtained all the groups mentioned in Section 2.1, except for the
Stockwell group, as subgroups of the affine Galilei group. Although we shall later obtain

the Stockwell group as a subgroup of a trivial central extension of the Galilei-Schrédinger
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group, which is itself a subgroup of the affine Galilei group, we might mention already here
that we could obtain the Stockwell group also as a trivial central extension of the wavelet
group. In this sense, we could have started with a trivial extension of the affine Galilei
group and obtained all the groups mentioned in Section 2.1 essentially as subgroups of it.
2.4 Extensions of the affine Galilei and related groups

The Galilei group Gy, has a non-trivial central extension [37], and in fact, there is only
one such extension, up to projective equivalence. This extension, which we describe be-
low, incorporates the quantum kinematics of a physical system in a space-time of (1 + 1)-
dimensions.

Let M be a non-zero, positive real number; the local exponent £ : Gy X Gy — R, giving

the extension in question is:
/ !/ ]' /2
§(9.9) = Mlva + 560 (2.19)

where g = (b,a,v) and ¢’ = (U, d’,v") are elements of Gy. We denote this extended group

by GM; writing a generic element of G as (0, b, a, v), the group multiplication law reads,

(0,b,a,v)(0',b,a',v")

1
=0+ 60 + Mvad + 5()’1)2], b+b,a+ad +vb,v+0) (2.20)

We shall refer to GM as the quantum Galilei group.
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2.4.1 Non-central extension of affine Galilei group

The group G,; does not have non-trivial central extensions. Consequently, it cannot be
used in quantum mechanics, since a trivial extension fails to generate mass [8]. From a
physical point of view, it is therefore more meaningful to take the quantum Galilei group
GM and to form its semidirect product with D,. This way, we arrive at GY = GM x D,,
which is a non-central extension of the affine Galilei group. For simplicity we will call this
group the extended affine Galilei group. Denoting a generic group element of this group by

(0,b,a,v,0,T), the group multiplication law reads

0,b,a,v,0,7)(0",b,d' V', o' 7"
20—1 ! o, /! 172/ T/ T/ o ! o—1,./
=(0+e 9+M[eva+§evb],b+eb,a+ebv+ea,v+e v,
o+ao, T+7) (2.21)

The matrix representation of an element of G, consistent with the above multiplication

rule is

0,0, a,v,0,7)M = . (2.22)

aff
Muve® %MUQGT 2T f

0 0 0 1

As mentioned in [37], all the multipliers for the (1+1) dimensional quantum Galilei

group GM are equivalent, i.e., there is only one equivalence class in the multiplier group of
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the (1 + 1)-dimensional Galilei group Gy. In other words H?(Gy, U(1)) is just one dimen-
sional. It is noteworthy in this context that equation (2.22) is a matrix representation of G/
provided that the multiplier we choose, from the one dimensional group H?(Gy, U(1)) to
obtain G during the two step construction of G, has the form e%(91:92), with ¢ given by
equation (2.19). Choosing another, though equivalent, multiplier will alter the form of the
matrix (2.22).
2.4.2 Galilei-Schrodinger group: central extensions

Let us consider the particular case of the subgroup of G, when 7 = 20, i.e., m = 2 (or
p= —% in (2.11)). We denote the resulting one-dimensional dilation group by D, and the
corresponding subgroup of G,; by G,, so that G; = Gy x D;. In the literature, this group
is known as the Galilei-Schrodinger group [8]. 1t is easy to construct a central extension,
denoted GM, of G, by U(1), using a local exponent ¢ : G, X G, — R, or equivalently,
using the multiplier expi§ : G; X G; — U(1). We mention in this context that since we
prefer working with addition rather than multiplication, we shall henceforth talk in terms
of exponents rather than multipliers.

We proceed to construct two extensions of the Galilei-Schrédinger group, using two

equivalent multipliers, and a third extension using a trivial or exact multiplier. To do that

we first note that the group multiplication law for G, is given by

(bya,v,0)(t/,d',v',0") = (b+e*V,a+ed +e* vt ,v+e v, o +0) (2.23)
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where a generic element of the group is denoted as (b, a, v, o). Now using the exponent
1
E((bya,v,0); (V,d v, 0") = Mve’d + 51}26201),] : (2.24)

we obtain a central extension GM of G, by U(1). The group law for the centrally extended

group GM therefore reads

(0,b,a,v,0)(0,V,d v, o)

1
=(0+60 + Mve“d + 51)2620()/], b+e* b, a+e* vl +e’d v+ e,

o+ad'), (2.25)
which is consistent with the matrix representation,
e’ ver 0 a
0 e 0 b
0,b,a,v,0)M = . (2.26)

Muve® %Mvzez" 1 0

0 0 01

Comparing (2.22) and (2.26) we easily see that Qé” - gj;{ , which is clear since we have
just set 7 = 20. It ought to be noted here, that in going from G, to G ;‘/[ , two extensions were
involved: first we extended G to the Galilei-Schrodinger group G, by taking the semidirect
product of the former with the dilation group D;, and then doing a central extension of this
enlarged group. We could equivalently have reversed the process, i.e., first done a central

extension of G, to obtain the quantum Galilei group G* and then taken a semi-direct of
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this group with D, to again arrive at GM. In other words, in this case the two procedures
commute.

Next consider a second local exponent, & : G; X G, — R given by
/ / / / M AN BN ! o ! _—o
51((b,a,v,0);(b,a,v,a)):7[—”01}1)6 +vad'e’ —av'e 7] . (2.27)

This exponent is easily seen to be equivalent equivalent to &, given in (2.24). Indeed, the

difference of the above two exponents,

M
§—& = ?[UQGQ"I)' + vu'b'e” + va'e” + v'ae™7]
M M M
= 7(a + e vb +e%d)(v+e V) — 57— ia’v’ (2.28)

is a trivial exponent. In other words (2.28) can be rewritten in terms of the continuous

function (»; : G, — R,
E—& =Cul(bya,v,o)(V,d v, 0") — (b, a,v,0) — G (b, a0, o), (2.29)

where (y (b, a,v,0) =

M
5 av.

Let GM’ denote the central extension of G, by U(1) with respect to the exponent &

given by equation (2.27). The group multiplication law for GM’ reads

(0,b,a,v,0)(0",V,d v, 0"
/ M N ! 0 ! —o 201/ o/ 20,1/
=(0+40 —i—?[—vvbe +vad'e” —av'e ), b+ eV a4+ e’a’ + el

v+e 7 o+ o) (2.30)
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The matrix representation for G/, compatible with the group law, (2.30) is

e’ —e b 0 a—vb

0,b,a,v,0)M = . (2.31)

Finally, we extend the Galilei-Schrodinger group G; centrally by U(1) with respect to

the trivial exponent &, : G X G; — R given by

E((b,a,v,0); (W, d v, 0")) =ae (1 —e ™) —e” 70l . (2.32)

We call this extension GI. Again, it is straightforward to verify that the exponent given
in (2.32) is indeed trivial, since it can be rewritten in terms of the continuous function

CT:gséRa

52((b7 a,v, U); (bla a,v 'Ulv OJ))

= CT(ba a,v, J) + CT(b/7 CLI7 Ul? 0/> - CT((b7 a,v, 0) (b/a a/a U/a 0J)> )

where (7 (b, a,v,0) = ae”?. Thus, the group law for the trivially extended Galilei-Schrodinger

group G7 reads

0,b,a,v,0)(0,V,d v o)

/

=040+ ae (1 —e) —e” ], b+ ¥V, a+ea + >l

v+e v, o+ o) (2.33)
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The matrix representation of G compatible with the above group law is given by

0,b,a,v,0)" = (2.34)

S

2.5 From Galilei-Schrodinger to Weyl-Heisenberg and Stockwell groups

In this section we obtain the Weyl-Heisenberg and Stockwell groups as subgroups of
the centrally extended Galilei-Schrodinger groups. We shall also re-derive the Heisenberg
group, which by construction was a subgroup of the affine Galilei group G, this time as a
subgroup of one of the central extensions of the Galilei-Schrodinger group.

2.5.1 Heisenberg and Weyl-Heisenberg groups as subgroups of centrally extended
Galilei-Schrodinger groups

As mentioned in Section 2.2, the Heisenberg group is identical to the (1 4 1)-Galilei
group Gy, which means that it is trivially a subgroup of the affine Galilei group G,;. More-
over, the Heisenberg group is a central extension of the two-dimensional translation group
of the plane, via the local exponent &, in (2.7). As also indicated earlier, in the physical
literature one uses a different, but projectively equivalent, exponent &,y (see (2.41) below)
to do this extension, the resulting group being called the Weyl-Heisenberg group. Thus,
although the Heisenberg and the Weyl-Heisenberg groups are projectively equivalent, we

shall continue to differentiate between them in this chapter. We now proceed to obtain these
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groups as subgroups of central extensions of the Galilei-Schrédinger group. Changing no-
tations a bit let (g, p) denote a point in the plane R?.

In constructing the Heisenberg group G, one uses the local exponent,

&al(q,p); (4 0") =pd (2.35)

Writing a general element of this group as

g=(0,q,p), 0€R, (¢q,p) € R?

the group multiplication law reads

0,q,p)(0",¢,0)=0+0+pd,q+d,p+D), (2.36)

with the matrix representation being

@)= [0 1 ¢| - (2.37)

Now we form the subgroup G|, of the centrally extended Galilei-Schrodinger group

GM by settingb = 0 = 0, § € R and (a,v) € R2 The matrix representation of G|, then
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has the form (see (2.26)):

(0,0, a,v,O)i,V[ = (H,a,v)i,\/[ ln= , (2.38)

which under the identification

Mv — p
a — q
0 — 0 (2.39)
reduces to 3 )
1 &% 0 ¢
0 1 00
(0,q,p)) li= : (2.40)
P % 14
0 0 01

Here we assume that the mass term M is never zero. The above 4 X 4 matrix is a faithful
representation of the Heisenberg group Gy, compatible with the group law (2.36).
Thus, the Heisenberg group constructed using the &, in (2.35), can also be obtained as

a subgroup of the nontrivial central extension G of the Galilei-Schrodinger group.
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To obtain the Weyl-Heisenberg group in a similar manner, consider the local exponent

&l(q,p); (d,0) = %(Pq/ —7'q) . (2.41)

It is straightforward to verify that this exponent is equivalent to &, in (2.35). Indeed,

5]—1 - §WH

1

pq — §(pq’ —p'q)

1, . 1,

SPd + 5P

1 1 1
5(19 +p) g+ ¢) - 5Pe — §p’q’

C((q,p);(d,0") = C(a.p) = C(d,P) ,

where ( is a real valued continuous function defined on the group of translations of R?,

and hence &,; — &y is a trivial exponent. Using the exponent &, we extend the group of

translations of R? to form the Weyl-Heisenberg group G\, which then obeys the following

group law:

1
0,¢.p)(0.¢.0)=0+0+=(pd —p'q),q+d,p+p) (2.42)

2

The matrix representation compatible with the above group law can be written as

1 0 0 g¢q
0O 1 0 —p
%p %q 1 6
0O 0 0 1
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Forming now the subgroup GM'|,, of the centrally extended Galilei-Schrodinger group
GM'| obtained by setting b = 0 = 0, § € R and (a,v) € R? (see (2.31)), we get for its

matrix representation

(0,0,a,v,0) = (0,a,0)™ |yu = . (2.44)

S

0,4, p) |yu = . (2.45)

Here we assume once more that the mass term M is not zero. While the above matrix

is not exactly of the same form as the one given in (2.43), it does reproduce the group

multiplication rule (2.42). Moreover, the two matrix representations are equivalent, via the

intertwining matrix

1000
0 L 00
S = ,
00 10
00 01

32



1.e., we have

S (07Qap)WHS_1 = (07q7p>i\4/ |WH :

In this way we have shown that the Weyl-Heisenberg group G\, is a subgroup of the non-
trivial central extension GM’ of Galilei-Schrodinger group.

2.5.2 Connected Stockwell group as subgroup of the trivial central extension G of
the Galilei-Schrédinger group

The connected Stockwell group Gy (see [13, 40] for definition and properties) can be
seen as a trivial central extension of a group G’, isomorphic to the connected affine group

ai

G (see (2.17)). Given a group element (v, ) € R>? x R, we define the group law for G/,
by

1
(71,01) (72, 62) = (7172, 01 + 7—52) (2.46)
1

Comparing with (2.16), we identify the group homomorphism f : G — G

1
f(v,0) = (;,5) - (2.47)

Let us extend the group G’

. centrally using the exponent

&((71,51);(72,52)) = 7151(1—72)

1)
= Y01+ 7202 — (1172) (61 + 7—2> . (2.48)
1
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This is in fact a trivial exponent since it can be written in terms of the continuous function

(G — R

aff

Es((71561); (2, 62)) = Cs(71,01) + Cs(72, 02) — Cs((71,01) (72, 02)) (2.49)

where (s(y,0) = vd. The group so extended obeys the multiplication rule

1
(917717 51)(92,72, 52) = (91 + 05 + [7151(1 - 72)]77172, o1 + 752) ) (2.50)
1

which is the product rule for elements of the Stockwell group Gy [13]. This proves that
the Stockwell group is a trivial central extension of the wavelet or affine group. The matrix

representation of a group element of Gy, is seen to be

1 v 6
0.7 sw= 0 ~ 1—~]| - (2.51)
00 1

We now show that this group can also be obtained as a subgroup of the trivially extended
Galilei-Schrodinger group Q’ST (see ((2.32) - (2.34)). Indeed, comparing (2.32) to (2.48) it

is clear that the former exponent reduces to he latter if v is set equal to zero. Next, setting
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v=>b=0inG! we see that (2.34) reduces to

(0,0,a,0,0)" := (0,a,0)" = : (2.52)

The identification

a— 0

0 —0

and subsequent elimination of the redundant third row and column is then seen to yield the

matrix (2.51).

We can conveniently depict all these various extensions and reductions to subgroups by
means of the diagram 2—1.

2.6 Decomposition of UIRs of the affine Galilei group and central extensions of the
Galilei-Schrodinger group restricted to various subgroups

The general procedure for building signal transforms, starting from a group G is first
to define functions over the group using matrix elements of unitary irreducible representa-
tions. Provided these functions possess certain desirable properties which, among others,

enable one to reconstruct the signal, they can be used as transforms describing the signal. In
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Figure 2-1: Flowchart showing the passage from the (1+1)-affine Galilei group to the
various groups of signal analysis.
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other words, the signal transforms are functions which encode the properties of the signal
in terms of the group parameters. It is therefore of interest to construct unitary irreducible
representations of the various groups discussed in the previous sections and to see how rep-
resentations of the smaller subgroups, relevant to signal analysis, sit inside representations
of the bigger groups.

The affine Galilei group G,; was defined in Section 2.2, following which in Section
2.3 we studied its restriction to various subgroups of interest. In this section we shall first
construct unitary irreducible representations of the affine Galilei group and then study their
restrictions to the reduced shearlet and wavelet subgroups.

In later subsections we will find the UIRs of the two central extensions of the Galilei-
Schrodinger and look at their restrictions to the Heisenberg group G, and the connected
Stockwell group Gy,

2.6.1 UIRs of affine Galilei group restricted to the reduced shearlet group

The group law and matrix representation of the affine Galilei group G,; was given in
(2.8) and (2.9). From the matrix representation, we easily infer the semidirect product
structure, G, = 7 x V), where T is an abelian subgroup, with generic element (b, a) and
YV is the subgroup generated by the elements (v, o, 7). Now, the action of (v, 0, 7) on the

element (b, a) as determined by (2.8) is seen to be

(v,0,7)(b,a) = (€7b,e"vb + €%a) (2.53)
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We also have

(v,0,7) 7 (b,a) = (e "b,e " (a —vb)) . (2.54)

Now let (E,p) denote a generic element of 7*, the dual of 7, and the corresponding

character by

< (Ep) | (ba) = e

The action of (v,0,7) € Von (E,p) € T* is then defined by

< (v,0,7)(E,p) | (bya) >
=< (E,p)| (v,0,7) (b, a) >
=< (E,p) | (e77b,e (a —vb)) >

pille™"E—e=7pv)bte 7 pal (2.55)

I

from which we easily find the dual action (F, p) — (E, p),

E = e"TE—e pv

p = €ep (2.56)

which we can now use to compute the dual orbits. We see that the sign of p is an invariant
for the same orbit while £ takes on all real values independently. In other words, the orbits
are (4) the two open half planes R x R=?, one corresponding to all positive values of p and
the other corresponding to negative values, (i) the two half lines R< %, withp = 0, E = 0,

and (i77) the degenerate orbit £ = p = 0. Note that none of these orbits are open-free (in
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the sense of [12]). Now using (2.54) and (2.56) we obtain
(v,0,7) (B, p) = (B, ) = ("(E +pv),e’p) (2.57)
From this it follows that
dE' dp' = e’ dE dp , on R xR, (2.58)
and
dE' = ¢e" dE , on R0, (2.59)

Using the Mackey’s theory of induced representations [38, 39], we obtain four unitary
irreducible representations of G,;, corresponding to the above four orbits. We denote the
representations corresponding to the two half-planar orbits R x R<Y by UZ, defined on

L*(R x R*, dFE dp), and the representations on the half lines R<°, on L?(R*, dE), by V..

The representations are easily computed to be
+ 7 _ T i(Ebdpa), )T o
(Ui (b, a,0,0, 7)) (E, p) = ¢ 2 e (e (E+pv),e’p), p20,  (2.60)

and

(VE(b, a,v,0, 7)) (E) = e2eP)(e"E), E20. (2.61)

Note that the last two representations are non-trivial only on the subgroup of G,; with
a =v = o = 0, i.e., the affine or wavelet group defined by the two remaining parameters

b, 7, and in fact, constitute the two unitary irreducible representations of that group. As is
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well known, these two representations of the affine group are square integrable and give
rise to wavelet transforms.
We saw in Section 2.3.2 that the (reduced) shearlet group S is the subgroup of G

1
corresponding to 7 = 5% Restricting U in (2.60) to this subgroup we get
(Ui Is (b,a,0,0)8)(E,p) = e %P0 (eF (B + pv),ep) , p20.  (2.62)

A quick examination of (2.56) shows that R x R<° are both open free orbits of S. Also,
as representations of the (reduced) shearlet group the two representations (2.60) are irre-
ducible and hence square-integrable. Indeed, these are the representations used to build the
shearlet transforms.
2.6.2 UIRs of affine Galilei group G, restricted to the wavelet group

We saw in Section 2.3.3 that the wavelet or affine group G could be obtained from the
shearlet group as the subgroup with b = v = 0, or directly from the affine galilei group G,
as the subgroup withb =v =7 = 0.

Setting b = v = 7 = 0 in the representations U= in (2.60) we obtain

( Ua:fE

v (0,@,0,0,0)0) (B, p) = e (E, e7p) (2.63)

as representations of the wavelet group G on L*(R x R*, dE dp). However, these repre-

sentations are not irreducible. Indeed, noting that

L*(R x R*,dE dp) ~ L*(R,dE) @ L*(R*, dp),
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the representations (2.63) are immediately seen to be of the form

Wavelet— ] ® U:t

U:I:
Wavelet ?

aff

(2.64)

where I is the identity operator on L*(R,dFE) and UL

Wavelet

are the two unitary irreducible

representations of G on L?(R*, dp), given by

(Ui wala, o)) (p) = eZ ey (e p) . (2.65)

A decomposition of (2.64) into irreducibles is easily done. Indeed, let {¢,,}2°, be an or-
thonormal basis of L?(R, dE) and $),, the one-dimensional subspaces spanned by ng n=

0,1,2,...,00,so that L*(R, dFE) = &5 ($),. It is then immediately clear that

Uzt Iwaae (0,0,0,0,0) = @2 Ugiii(a,0) (2.66)

Wavelet

where Uz, is an irreducible representation of G which is simply a direct product of the
trivial representation of the wavelet group on §),, with the irreducible representation U,
on L?(R*, dp) given in (2.65). This decomposition also implies, that the shearlet transform,
when restricted to the parameters of the wavelet group, decomposes into an infinite sum of

wavelet transforms.

2.6.3 UIRs of centrally extended Galilei-Schriodinger group G restricted to the
Heisenberg group Gy

The group law for the centrally extended Galilei-Schrédinger group G, formed using

the exponent £ in (2.24), is given by (2.25) and the corresponding matrix representation
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by (2.26). From the matrix representation one can deduce the semidirect product structure
GM =T xV where T is an abelian subgroup with generic element (0, b, a) and V' a semi-
simple group consisting of the elements (v, o). Note that that V is just the affine or wavelet

group which also has a semidirect product structure, since
(v1,01)(v2,02) = (v1 + ety 01 + 02).
Now let (¢, £, p) denote a generic element of 7*, the dual of 7, and consider the character
< (¢, E,p) | (6,b,a) >= @0 +Eb+ra)
The action of the subgroup V on the abelian subgroup 7 follows from (2.25)
(v,0)(0,b,a) = (0 + M[vea + %ezabe], be’?, e%a + e*7vb) . (2.67)
Now the action of (v,0) € Von (¢, E,p) € T* is defined by

< (v,0)(¢g; E,p) | (0,b,a) >
=< (Qa E,p) ‘ (Uaa)il(abv a) >

1
=< (0, E.p) | (0+ M[-va + Sv*],e*7b, e~ (a — vb)) >

— 6i[q0+(e_2"E—e_"pv+%qM'zP)b—l—(e‘"p—qu)a] (268)

Thus dual orbit elements (¢, F, p) corresponding to a fixed value of (¢, E, p) are given by

<
Il
<
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_ 1
E = e%E—epu+ éqi\/[v2

p = e p—qgMv, (2.69)
so that,
_9 2
— p —20 p
FE— = E— 2.70
ot ¢ ¢ 2qM) 2.70)

where we assume that ¢ # 0. Since ¢ remains invariant under the transformation (2.69), we
take ¢ = g = ~. We thus get two dual orbits, the interior and exterior of the parabola given

by £ — sz\/f = 0, lying on the two-dimensional plane determined by ¢ = « in the ¢-E-p

space. The parabola £/ — % = ( itself determines an orbit and there are additional orbits

when ¢ = 0. Here we shall only consider the first two orbits, i.e., the interior and exterior

of the parabola, for each non-zero x € R. Let us introduce the new variables

p = ki

p2

kM

= ko (2.71)

Then, for fixed value of ¢ = x, the coordinates (&, ko) are easily seen to transform as

ki = e %%k —kMv

]{?2 = 6_2(7]{?2 (272)

In these new coordinates,

(U> U) (Qa kla kQ) = (qa e_akl - qMU> 6_20k2) 3
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and

(Ua U)_l(kh k:Q) = (6U(k1 + /{MU)a 62ak2) = (klla ké) ) (273)

so that,

ki = e (ki + rMv)

K, = ek, .
Therefore we obtain

dk, dk}, = *7dk; dk; (2.74)
Using again the method of induced representations, we arrive at the two UIRs of GM de-
fined on the two Hilbert spaces L*(R x R*, dk, dks), for each non-zero value of ¢ = k,

(k1)?

(UL(0,b,a,v, U)lﬂ)(k:l, ky) = % ei(rd+kiat{ka+ 505 }b)iﬂ(eg(/ﬁ + kMw), 6201{22) . (2.75)

Let us now go back to the Heisenberg group Gy, as discussed in Section 2.5.1 and
construct its unitary irreducible representations, following similar techniques. From the

matrix representation in (2.37) we infer the semidirect product structure,

Gu=TxA

where (6, q) constitute elements of the abelian subgroup 7 and p is an element of the

subgroup A. Now p € A actson (6,¢) € T in the following manner

p(0,9) = (0 +pq,q) (2.76)
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We now denote by (s,t) a geneirc element of 7*, the dual of the abelian subgroup 7.
Let us take the character

< (5,t) | (6,q) >= &0+,
then
<p(s,t) [ (0,9) > = <(51)](0,9) >
_ ei(§9+fq)
= <(s,t)|p7'(0.q) >

= <(s,t) | (0 —pg,q) >

_ ei[s@-}-(t—sp)q} (2.77)

For fixed (s, t) the coordinates of its orbit orbits under the action of A are

t = t—sp (2.78)

Thus, the dual orbits are a family of parallel straight lines, one for each value of s and
dt is the invariant measure on the orbit. Once again, using Mackey’s theory of induced
representation we obtain the UIR, corresponding to each dual orbit, i.e., for each fixed

value of s:
(U (68, q,p))(t) = €%t + sp) | (2.79)
on the Hilbert space L*(R, dt).

45



Now the restriction of the UIR (2.75) of the centrally extended Galilei-Schrodinger

group GM to the Heisenberg group Gy, is seen to be

(U% 14 (0,0,a,v,0)8) (k1 ko) = 50T (k) 4+ kM, k) (2.80)

Thus,

U o= Uy ® I+ 2.81)

where U is the unitary irreducible representation of the Heisenberg group on L?(R, dk;)
and [, are the identity operators on L*(R*, dk,). Once again we can decompose this

representation as an infinite direct sum of irreducibles,

K o o) +,n
Ui ’H_ EBn:OIJN :

just as in (2.66). Here each U+ ™ is a copy of the UIR (2.79) with s = « on the Hilbert space
L*(R, dk,) times a trivial representation on a one dimensional subspace of L*(R*, dk,).

We also recall that in Section 2.5.1 we obtained the Weyl-Heisenberg group Gy, as a
subgroup of the centrally extended Galilei-Schrodinger group GM'. We could just as well
have obtained similar representations of GGy, and their decomposition into irreducibles from
the UIR’s of GM’.

2.6.4 UIRs of cenrally extended (trivial) Galilei-Schridinger group G! restricted to
connected Stockwell group

In Section 2.4.2 we had introduced the Galilei-Schrodinger group G,, by setting 7 = 20

in the affine Galilei group (see (2.9)). Later we obtained a central extension of it using the
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trivial exponent &5 in (2.32). Here we shall obtain UIRs of this centrally extended group by
first finding unitary irreducible representations of G, itself. The matrix representation of G

is found by substituting 7 = 20 in (2.9):

e’ ve*® q
(bya,v,0)s= |0 20 p| - (2.82)
0 0 1

From this follows the semi-direct product structure, G, = 7 x) where the abelian subgroup
T consists of elements (b, a) and the subgroup V consists of the elements (v, o).

Now let (E, p) denote a generic element of 7*, the dual to 7, and consider the corre-
sponding character

< (B,p); (b,a) >= P00

The action of the subgroup V' on the abelian subgroup 7 can be immediately read off. We
find,

(v,0)7 (b,a) = (e 27b,e 7 (a + vb)) ,

and the action of (v,0) € Von (E,p) € T*:

< (U7 U)(Ea p), (b, a) >= ei[(eizaE-f-eio-pv)b_’_efapa]

Thus, writing

(U, U)_l(E>p) = (Elap/)
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we get the equations for the dual orbit, corresponding to (£, p)

E' = &7(E+p)

p = pe’ (2.83)

We shall only consider orbits for which p # 0. Making a change of variables (F,p) —

(t= Z%, p), the orbit equations become

p = pe (2.84)

Thus we get two orbits in the ¢-p space, namely, the two disjoint open half planes (p = 0).
Also,

At dp' = e“dt dp (2.85)

Again, following the standard Mackey construction we get the following two unitary ir-
reducible representations of the ordinary Galilei-Schrédinger group, corresponding to these

two orbits R x R¥ in the ¢-p space:
(U*(b, a,v,0)0)(t, p) = P3¢t 4 B, e’p) (2.86)
p

The representations are carried by the Hilbert spaces L?(R x R*, dt dp), respectively.
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In Section 2.4.2 the trivial exponent £, was shown to arise from the continuous function
(r : Gs — R given by

¢r(g) = ae™” . (2.87)

where g = (b, a,v, 0) is a generic element of G,. In terms of this continuous function it fol-
lows immediately that U= (g) = e“T@U*(g) are projective representations of the Galilei-
Schrodinger group G,. In other words, UT*(6,b,a,v,0) := €?U*(b,a,v, o) are unitary
irreducible representations of the trivial central extension GI of the Galilei-Schrodinger
group.

Next the UIRs UZ** restricted to the connected Stockwell group have the form

(UT oy (6,0,0.0.0)0)(t.p) = 0 et it ep)  @289)

Thus,

Ur* =T U (2.89)

where T is the identity operator on L*(R, dt) and UZ, are UIRs of the connected Stockwell
group on L*(R*, dt). The representation (2.89) again decomposes in the usual manner
into an infinite direct sum of irreducibles.

We remark here that the UIRs of the Stockwell group G, are not square-integrable
(over the whole group). However, since taking § = 0 in (2.88) yields a projective repre-
sentation of the affine group, the two non-trivial representaions of which are both square-

integrable, this fact can be exploited to arrive at square-integrability over the homogeneous
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space Gy /O, where O is the phase subgroup. This is exactly the sense in which square-
integrability for representations of the Stockwell group has been defined in [40] and is
in accordance with the theory of square-integrability modulo subgroups (see, for example
[4]).

To summarize, in this chapter, we studied the structures of various groups of interest
in signal analysis and image processing. We also studied structures of various groups
obtained from (1+1) Galilei group using central and non-central extensions. The structural
similarities of these two sets of groups were exhibited in diagram 2—1. The diamond shaped
box, representing (1+1)-affine Galilei group G, in this diagram, plays a significant role in
analysing these structural similarities. The next chapter is devoted to the study of a certain
non-central extension of G, its Wigner function and a comparative study of this function

with those associated with centrally extended (1+1) Galilei group G™.
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Chapter 3
Coadjoint Orbits and Wigner functions of (1+1)-Extended Affine Galilei Group and
Galilei Group

The contents of this chapter are taken from the article titled “Coadjoint Orbits and
Wigner functions of (1+1)-Extended Affine Galilei Group and Galilei Group” [18]. Here,
we study the coadjoint orbits of the noncentrally extended (1+1)-affine Galilei group and
compute the relevant Wigner functions built on them explicitly. We consider the centrally
extended (1+1)-Galilei group and study its coadjoint orbits in the second half of the chap-
ter. We also compute the Wigner functions built on the corresponding coadjoint orbits
subsequently. Finally, a comparative study of the structure of the coadjoint orbits and
corresponding Wigner functions between the extended (1+1)-affine Galilei group and the
centrally extended (1+1)-Galilei group is presented along with possible physical interpre-
tations.

3.1 Introduction

(141)- Galilei group G is the Kinematical group of non relativistic spacetime of di-
mension (1+1). In [8] an extension of (n+1)-Galilei group by the two dimensional dilation
group D, (independent space and time dilations) has been considered for n > 3. The re-
sulting extended group is referred to as the (n+1)-affine Galilei group in the literature. We

follow the similar construction to obtain (1+1)-affine Galilei group G,;.
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This group has profound significance in signal analysis and image processing [20]. But
this group does not seem to have any quantum mechanical feature associated with it. In
order to have a well defined quantum mechanical feature we have to consider the projec-
tive representation of the underlying group. In other words, we have to find a nontrivial
central extension of the given group and consider the true reprsentations of the centrally
(nontrivial) extended group. But as in the higher dimensional case (3 or more) [8], one
could show that the straightforward central extension of G, fails to generate the mass of
the nonrelativistic spinless particle under the stated symmetry. This problematic feature
was remedied by the two step construction of a noncentral extension of (1+1)-affine Galilei
group G, First taking the central extension of the (1+1)-Galilei group Gy, and then taking
the semidirect product of the resulting extended group G with the two dimensional dila-
tion group Ds. In this way, we arrive at the group G/ = G™ x D. It is to be noted that the
group so obtained is a noncentral extension of the (1+1)-affine Galilei group G-

3.2 Wigner functions of (1+1)-extended affine Galilei group

m
aff

The group is defined by the following continuous transformation

r — ex+evt+a

t — €t+b

where in addition to the parameters (b, a, v) of the (1+1) dimensional Galilei group G, we

have two more parameters o, 7 € R representing independent space and time dilations
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respectively. So a generic element g of the (1+1) dimensional affine Galilei group is repre-
sented as (b, a,v, 0, T).
On the other hand, a generic element of (1+1) dimensional extended Galilei group G

aff

is represented as (6, b, a, v, o, T) obeying the following group composition law
0,b,a,v,0,7)(0",b,d' v, o', T")
20—T ! o, ! 17-2/ T/ T/ o ! o—T,,/
=f0+e 9+m[eva+§evb],b—|—eb,a+ebv+ea,v~l—e v,

o+ao,7+7)

In this section we will study various coadjoint orbits of G'I' and develop the required tools
to compute the Wigner functions built on them.

3.2.1 Dual orbits of (1+1)-extended affine Galilei group

An element (0, b,a,v,0,T) of Qﬁf can be represented by the following matrix

e’ ve” 0 a
0 e’ 0 b
(0,b,a,v,0,7) = (3.1)
muve® %mvzeT 2T 0
0 0 0 1

where the group multiplication now reduces to matrix multiplication for the matrices given
by (3.1). It can easily be seen that 7 = (0, ,a,0,0,0) ~R3>and V = (0,0,0,v,0,0) ~ R
are abelian subgroups of G'!'. In terms of these two abelian subgroups, G can be written

as G™ = T x (V xR?). Now we proceed to find the dual orbits of G under H = V xR? in
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T* ~ R3. If we denote by (¢, F, p) a generic element of 7* then the action of (v, o, 7) € H

on (¢, E, p) is found to be
T—20 —T —0o 1 T—20,2 _—0O T—20
(v,0,7)(q, E,p) = (7 q,e "E+ e Tpv+ gqme’ v, e™p + e gmv). (3.2)

The set of all possible triples (¢, £, p') € R3 such that (v,0,7)(q, E,p) = (¢, E',p'),
form the dual orbit due to the element (¢, E, p) under H in R3. So we have to solve the

following system of equations for (¢, E', p')

q/ — 67’—20(]
/ —T —0 1 T—20,2

E = e"E+4+e pv+ Zame’ v (3.3)
/ —0o T—20

p = e "p+e qmu

From (3.3), for nonzero values of ¢, it follows immediately that

€2o'q_/ T
q

2 2
E-si— = e(E-5)
qgm 2mq

which in turn reflects the fact that the signs of both ¢ and £’ — ;;—Zm are invariants on the

same orbit. For different values of ¢, p, F/, and £ — QZ—Qm we have eleven possible orbits as

outlined in the following table.

The first four orbits @1, @2, @3, and @4 of Table 1 listed above are three dimensional
regions depicted in Figure 3—1. Os and Oy are the two dimensional surfaces described in
Figure 3—2, while O; and Oy are the two half-planes R x R>? (p > 0) and R x R<? (p < 0)
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Table 3—1: All possible orbits of G” in R? under H = V x R?

Obits | ¢ | p | B |E-Z
O, |>0| - | - >0
Oy | >0 — | — <0
O; | <0| — | — <0
O, | <0] — | — >0
Os |>0| — | — =0
Og | <0| — | — =0
O, |=0|>0|¢eR —
Os |=0|<0]|€eR —
@9 = = >0 —
@10 = = <0 —
©11 = = = -

respectively due to ¢ = 0. Now, Og and Oy, represent the positive E-axis (R>?) and the
negative F-axis (R<°) respectively. Finally, O11 stands for the origin (g =p=FE=0). It
is interesting to see that the 3 dimensional non-degenerate orbits are disjoint and separated
from one another lying in the same half regions (determined by ¢ > 0 or ¢ < 0) by the
degenerate orbits Os and O of Table 3—1. Also, two of them lying in opposite half regions
are separated by the two dimensional plane corresponding to ¢ = 0 (UL.O;). Now, it is
obvious that the first four orbits are open sets in R3. And it is easily verified using equation
(3) that the set of all (v, 0, 7) € R? such that (v, 0, 7)(q, E,p) = (¢, F, p) is trivial, i.e, the
element (0,0,0), which in turn implies that the stabilizer subgroup is trivial. So, the first

four orbits are indeed open free and the two-dimensional surfaces in Figure 3-2 and the

q = 0 plane separate these open free orbits.
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Figure 3—1: The four open free orbits of (1+1) dimensional extended affine Galilei group:
the hollow region in the upper half-region (¢ > 0) represents O1, and the filled region in the
same half-region represents Os. Similarly the filled region in the lower half-region (¢ < 0)
represents O and the corresponding hollow region there represents O,.

Figure 3-2: The degenerate orbits of (1+1) dimensional affine Galilei group: the two di-
mensional surface in the upper half-region (¢ > 0) represents Os and the one underneath
(¢ < 0) represents Os. Also, the plane ¢ = 0 is the disjoint union of the other degenerate
orbits @7, @8, @9, @10, and @11.
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3.2.2 Haar measures for the (1+1)-extended affine Galilei group and the correspond-
ing modular function

The group G is non-unimodular, as shown in the following lemma.
Lemma 3.2.1. G7? is non-unimodular and e~ 4917 s the corresponding modular function.

The right invariant Haar measure is simply the Lebesgue measure defined on the underlying

group manifold.

Proof. We take a fixed group element g, and let it act on another element g from the left to

obtain the following

gog = )

0 0 0 1
where
o =0c+o0, T =7+71, V=07 41, d =e"%a+v9e™b+ ay, (3.4)
/ T / o 1 2 T 200—T
b'=¢eb+ by 0 = muge °a+§mvoe 0h + 707700 4 6.
Therefore, under the left action of a fixed group element gy = (6o, by, ao, vo, 00, T0), @

generic group element g € G transforms as

(0,b,a,v,0,7) — (0",0,d' v o' 7).
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obeying the system (3.4). Now it follows that

do' = do, dr’ = dr, dv' = e dv, da' = e”°da + vye™db,

1
db' = e™db, df' = muvge”da + §mv§emdb + 27070 g,
We can easily see from the above computation that
e 4y Add' Adb NI Ado' Adr' = e dv Ada Adb AdO Ado Adr o (3.5)

Therefore, (3.5) suggests that e =4 *7dv A da A db A df A do A dr is the left invariant Haar
measure for the (1+1) dimensional extended affine Galilei group.

Now we act with gy on g from the right:

! /
e’ v'e” 0 a
!
0 e’ 0 v
990 = )
! !

mvleo %mv&eﬂ' 620 —T 9/

0 0 0 1

with

o =040y, T =T7+7, V =0+1""

b

1
a =e%ag+veby+a, V' =eTby+b, 0 =muveag+ —muv?eTby + €270, + 6.
So the Lebesgue measures along the group parameters transform in the following manner

do' = do, dr’ = dr, dv' = dv + v9e” "do — voe” TdT,
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da' = age’do + boe” dv + byvedT + da, db' = bye”dT + db,

1
d0 = m(ape” + byve™)dv + (magve® + 200e* ") do + (EmbovzeT — 0pe®”T)dT + db.
It follows immediately that
dv' Nda' ANdb AdO N do' AdT =dvAdaANdbAdOAdo Adr (3.6)

Therefore the right invariant Haar measure turns out to be the usual lebesgue measure on
the underlying group manifold, which is just dv A da A db N\ df A do N dr. Now (3.5)
and (3.6) together imply that the group G is non-unimodular and e~%7"" is the required

modular function for the underlying group. [

3.2.3 Lie algebraic aspects and the coadjoint action matrix of (1+1) dimensional ex-
tended affine Galilei group

We first observe that our problem of the (1+1) dimensional extended affine Galilei
group fits exactly into the framework of semidirect product groups discused in [35]. We
are doing so because our ultimate goal is to construct Wigner map for G'. Following the

matrix representation (3.1) of a generic group element g = (0,b,a,v,0,7) of G we see
¢ . )

e’ veT 0

that indeed G = R® x H, where H = 0 o 0 |lv,o,TeRisa

o lm’UQ@T 620—7'

muve b

\ L
closed subgroup of GL(3,R). And (0,b,a) € R.
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From the above discussion we see that g can be written as (Z, h) where 7 = | 5, | € R?
0
- e’ ve’ 0 -
and h = 0 e 0 € H. And the semidirect product is given by
| moe? Tmo?e 620—7—_

(21, h1)(Z2, ha) = (Z1 + h1Zs, hihs).

which can be verified by matrix multiplication using (3.1). With the help of the above

notations, g € G7' can also be expressed in the following block form

h
g:
07 1

Now, let us denote by g and b, the lie algebras of the lie groups G'I' and H respectively,

where the dimension of g is six while that of h is three.

m

Now, we assume that du and dy, are the left and right invariant Haar measures for G

respectively with A and Ay being the corresponding modular functions. Then [35]

_Ap(h)

dﬂg(f, h) = Ag(f, h)d/ubr<f, h)
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But in section 3.2.2, we have already found the following measures and the corresponding

modular function

duc(Z,h) = e**"dv da db df do dr
du,(Z,h) = dvdadbdf do dr

Ag(@h) = e ot

Also, |deth| = €37. And therefore, we get

Ap(h) = e+ 3.7)

Now, we proceed to find the generators for the group G explcitly and subsequently find
a generic group element of g. Following are the six generators D, K, Dy, X, T, © corre-

sponding to o, v, T, a, b and 6 respectively,

10 00 0 100 00 0 O
00 00 0 0 00 01 0 O
D, = ) K = ) Dr =
00 20 m 0 0 0 00 -1 0
00 00 0 0 00 00 0 O
00 01 00 0O 00 0O
00 0O 0 0 01 00 0O
X = . T= . 6=
0000 0000 0 0 01
00 0O 00 0O 00 0O
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The commutation relations between the above generators are listed below

[K,D7] = K, [D,, D] =0, [K,X] =m0, [X,T] =0, [K,T] = X
0,71 =0, [0,K] =0, [0,X] =0, [0,Ds] = 0O, [0,D,] = —20 (3.8)

[K,D,| = —K, [T,Dy] = —T, [X,D,) = —X, [X,Dy] =0, [T, D,] = 0.

Now a generic algebra element Y can be written as

Y = xle +$2K+$3DT—|—$4X+$5T+1’6@. (39)
In matrix notation, ) )
T i) 0 Ty
0 X3 0 Ty
Y = (3.10)

mxy 0 221 —x3 Zg

0 O 0 0

Y € g can conveniently be written as

Xq Tp
Y = ,
0r 0
where we let ) )
I ) 0
Xe=10 0 : (3.11)
mxy 0 211 — 23
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and

Xyq

Te

We also let

X1

]
<
I

T2

Zs3

so that the six dimensional column vector represents a generic algebra element.
T

How a generic group element (Z, h) acts on such a six dimensional vector is encoded in

the so-called adjoint action matrix while the action of a group element on a dual algebra

element (in this case six component row vector) is encapsulated in the coadjoint action

matrix. Now we will find the coadjoint action matrix for the group G explicitly. The

inverse group element is given by

e —ve 7 0 e 7(vb—a)
0 e’ 0 —be™"
g ' = (3.12)
—mve” % Imu?eT2 ¢ 727 (—0 + mva — tmu?b)
0 0 0 1
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The adjoint action of the underlying group on a generic lie algebra element is defined as

Ad)Y = gYg .
And hence
AdgY = g Yy
xry 0 )
0 i 0 g
mzy 0 22 —af g
0 0 0 0
with

T—0O

vy =y, ¥h =ve” Txy + e T —ve’ Tu3, Ty = 13,
zy = e 7ax; + e “bryg — e “vbrs + € Txy —ve xy, wp =be Tx3+ e x5,

1
zf = 7 2(20 — mva)zy + € > (ma — mob)zy + 67_20(§mv2b —0)xs3

1
—mve” Pz, + —mve” P xs + 7 a.

We, therefore, obtain
I/
1 - — - -

1 0 0 0 0 0 x

A

z2
veT =9 eT 9 —veT =7 0 0 0 z9
3 0 0 1 0 0 0 3
ol ae™ be™ 7 —vbe™ 7 S —ve™ 7 0 x4

"4
0 0 be™T 0 e T 0 x5

/

5
e™ =29 (20 — mua) e™ 729 (;ma — mub) ™29 (Lmou?p — 0) —mueT ~20 FmoZeT =20 eT—20 zg

b
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So, the coadjoint action matrix for the (1+1) dimensional extended affine Galilei group is

given by the following six by six matrix

[ 1 0 0 0 0 0 ]
veT 7 eT 7 —veT 7 0 0 0
0 0 1 0 0 0
ae™7 be= 7 —vbe™ 9 e —ve™ 0
0 0 be™T 0 e~ T 0
i e™729(20 — mva) " 72%(ma — mvb) 7729 (SmoZb —0)  —mweT 29 SmoZeTm20 T —20 i

Now, let us have a closer look at the relevant coadjoint orbits. We already know that the
coadjoint orbits are just the cotangent bundles on the dual orbits. So in our case, the non

degenerate coadjoint orbits are given by OF, O;, O3, and O}, where

Or = TO,
05 = T*0O,
OF = T*Os (3.13)
Or = T*O,.

And the details about @1, (’52, @3, @4 are outlined in Table 3—1.

Now, let us have a look at how the coadjoint orbits in (3.13) follow directly from the
above coadjoint action matrix. Let the group act on a dual algebra element (0, 0,0, 0, k1, k2)
via the coadjoint action matrix to give another element of the dual algebra which basically

lies in one of the coadjoint orbits. Here it is assumed that (ki,ky) € R?\ (0,0). The
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resulting element 7 of a coadjoint orbit is given by

1
r=[e7%7(20 — mva)ky, €7 (ma — mub)ky, kibe T + eT_%(gvab — 0)ks,

1
—mukee™ %, kieTT 4+ —mukee” %, koe™ ).
b 2 )

The last three coordinates of the above vector are basically the coordinates of a point lying
in either of the following three dimensional manifolds @1, @2, (’53, and @4 depending on

the sign of k; and k, as we can see from a change of variables

ki = —muokee™ %
l{?g — k267—20'
k’g = k?l e .

Further to this, we also see that as 6, b, a,v, o, 7 run through R independently, the first
three components of 7 also run through R independently. Denoting them as k7, k3, and &3,

respectively, we can hence write 7 in the following manner

r=kr ok ok b B hy hy| (3.14)

2mko

Here, k7, k3, k5 are the vector components relating to the fibre part (cotangent space) of the
cotangent bundle while 1%1, /2;2, k3 are those corresponding to the base manifold (the dual
orbit in question). As the sign of k; and that of k; determine the fact which coadjoint orbit
we are in, we would like to denote the underlying non degenerate coadjoint orbits by Oj, ;..

For example, we can take a fixed pair (ky, k) € R?\ (0,0) such that k;, ks > 0 and act
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the codjoint action matrix on an algebra element (0, 0, 0, 0, k1, k2) to get the coadjoint orbit
O7 as each of the group parameters 6,b,a,v,o and 7 vary in R. We can write the above
fact as (9%] = T*Op RT where K ST — = (0, ky, k2). We can conveniently choose an ordered
pair (1, 1) for the value of (ki, k) to generate the coadjoint orbit O7, i.e. OF = O}lT =
O RT> where K (T — = (0,1,1). We can go on to find the other coadjoint orbits by suitably
choosing an ordered pair for the value of (ki, k2). Following is the table describing how
we obtain different coadjoint orbits due to different signs of the non-zero components of
the element [0 00 0 k k:2] lying in the dual algebra along with the corresponding

representative vectors in R3. The coadjoint orbits in the following table are also expressed

in terms of the dual orbits described in Table 3—1.
Table 3-2: Classification of the coadjoint orbits (’)* , depending on the signs of the com-

ponents of the vector K ST — (0, ky, ks).

O;?J.T kq ko representative vector XJT
O = Of = T*0, [ >0 >0 = (0,1, 1)
O;?g =05 = T*C?Q <0]>0 =(0,—1,1)
O%BT =0; = T*(?g <0]<0 =(0,-1,-1)
O}I =0;=T"0, | >0| <0 K4T = (0,1, —1)

3.2.4 Necessary ingredients to cook up the Wigner function for (1+1) dimensional
extended affine Galilei group

We have alreday noted that O RT5 O RT O BT and O gr are the only four non degenerate
orbits for G with Uj_ OKT being dense in R3. And also, ?le*@ 77 is dense in RS
J

In addition to these, the orbits are open free. To be precise, each of the above four dual
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orbits is an open free H-orbit. We will find an unitarily inequivalent irreducible and square
integrable representation due to each such open free orbit. These representations exhaust
unitary irreducible representations for the underlying group exactly. And the quasi-regular
representation of G = R3x H turns out to be just a direct sum of these four irreducible rep-
resentations. We speak about quasi-regular representation beacause the underlying Hilbert
space is no longer L*(G™, dug(Z,h)), rather it is $ = L*(G"/H ~ R3,d0 db da). Tt
is convenient to work in the Fourier transformed space § = L2 (R?’, dq dE dp). And the
quasi-regular representations in this Fourier-transformed space 9 is unitarily equivalent to
those defined on the Hilbert space $). To be precise, the unitary operators U (Z, h) acts on
the square integrable functions living in the Hilbert space H = LZ(R?’, dq dE dp) in the

following manner [35]

CERN, B o)
- e’ ve’ 0 |
:e"%’ei(qHEbera)f v E g 0 & 0
| moe? smv?e” €2U_T_

32 i(¢6+Eb+pa) £
= € 2 e (q + +p )f( eg(p+qmv) €T<p1) +E+ %qmv2>e7' q€20'—7' )

(3.15)

If we set S:'_)j = LQ((;)RT, dq dE dp), we see that each of these spaces is an invariant
J

subspace of U. And U ;, the restriction of U to the Hilbert space .6j is irreducible. In other
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words, we have the following direct sum decomposition of U
U(Z, h) = @}_,U;(Z, h). (3.16)
And $, the representation space of U (Z, h) decomposes in the following way

H =l (3.17)

Now, that we are done with the business of representations, we move onto computing the
Duflo-Moore operator in question. The Duflo-Moore operator pertaining to the open free

orbit O 1 is defined to be [35]
(CiF)(RT) = (2m) [, (RT)]2 f(RT) (3.18)

where f € L2(@ BT dET) and ¢; : O R = R™ is a positive Lebesgue measurable function.
Let us compute this measurable function explicitly for O Rr It is to be noted that this orbit
is basically the dual orbit outlined as O, in Table 3—1. We would have had the measurable
functions c to be constant, if G' were unimodular. But we will see now that because
of the non unimodularity of the (1+1) dimensional extended affine Galilei group we have
the function ¢; to be unbounded above. We first take an arbitrary element [O 1 1] €

Ong (because 1% — 2(72—;(1) > 0) and let the 3 x 3 matrix A introduced in section 3.2.3 act
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on this element

_ e’ ve’ 0 _
[O 1 1] 0 e’ 0
| moe? imv?e” 620_T_
= [mvea e+ %mv267' p20—T (3.19)

Let us further introduce the following change of variables

mve’ = ki
2T = K (3.20)
e’ = ki

. o . o /1\2
With the above change of variables the right side of (3.19) takes the form [kll Kl + ;’:7}011’2 K, ] .
As K and £ are always positive, the vector represented by the last matrix definitely lives
inO RT We, therefore, constructed a homeomorphism from H, the underlying closed sub-

space of GL(3,R) to the dual orbit @ Rr The corresponding lebesgue measures have the

following transformation
dk, dkly dky = 2me* dv do dr. (3.21)

Next, we transfer the left invariant Haar measure duy from GL(3,R) to O RT under the

above mentioned homeomorphism.
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Now, the left invariant Haar measure on H can be computed to be [4]
dug(h) = e 7 "dv do dr. (3.22)
Therefore, we have the following result

dug(h) = e tdv do dr

€—4cr+7'

= 5k} dk, d,

1

From which follows the expression for the function ¢;

1
k/2 - -
Cl<[k’1 K+ ity ’fé]) 2m|ky|2|k}| (529

Now the Duflo-Moore operator C'; corresponding to the open free orbit @ RT immediately

follows from (3.18)

po o B2 | = (zﬂ)% f(/ ry D)2 ) (3.25)
Ky KL+ 52 ky|) = T Ky KL+ 52 K| :

2mk (2m)2 |k || 4|2 2mk;

A

(CLf)(

Now, we want to find the adjoint representation of f, the lie algebra of H. A generic
element X, € b is given by (3.11). The generators K, Dy, Dy as mentioned in Section
3.2.3 form a basis for h. The corresponding commutation relations along with adjoint

representations for the bases are given by

[K,K]=0, [K,D,]=-K, [K,Dy]=K, (3.26)
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leading to

Also,

giving

Again,

which in turn gives

adK =

adD, =

adDT =

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

Using (3.27), (3.29), and (3.31), we can express ad %, given a generic algebra element

Xq < [] with Xq = 29K + 21D + 23D, as

X
adS! = %adK 4 %ast i %adDT
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moaa ()

2
= |-z 00
200

(3.32)

Now, given an n x n matrix A, we define for notational convenience, sinchA as [5]

1
3!

1

sinchA =1, + o

1
2 4

Using (3.32) and (3.33), we immediately obtain

sinch (#57%2)
. Xy
sinch (ad 7) = _ﬁsinch (H55) + mxTng
| ;2 sinch (B57) — e

Therefore we have,

. X . T1 — T3
det (sinch ad —%) = sinch ( ).
2 2
. X, .
We also compute sinch < and —L — which are as follows
2 sinch =2
) X
sinch | =%
2
sinch( L) zlzfm?’ [sinch( L) — sinch(Z2)]
- 0 sinch( 52 )
mx . x . x ma3 . = . x .
wl—ig [sinch(z, — <) — sinch 5] W[smch(f) + sinch(z, — 72) — 2sinch(
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1

0

=)

sinch(x

(3.33)

(3.34)

(3.35)

%)




And

sinch (%)

1 xo [ 1 _ 1 ] 0
sinch(%L) z1—x3 'sinch(3L)  sinch(5)
= 1
0 Sinch(Z%) 0
Mo 1 _ 1 } ng [ 1 4 1 _ 2 ] 1
@1 -3 'sinch(z, — %)  sinch(%h) 2(z1—=z3)? tsinch(%2) ' sinch(z;-%2)  sinch(%L) sinch(z,—53)

(5).36)

A generic lie algebra element X, of h was given by

T T 0

Xq = 0 T3 0

mzy 0 221 — 23
The entries of X, are all expressed in terms of 21,z and x3. Now we denote the domain
of integration by D where D = {(z1, 79, r3) € R3|x; # z3}. The reason we exclude the

points given by x; = x3 is that the nonzero offdiagonal entries of the matrix sinch % and

those of —

—smcﬁ =0 all blow up at that point as can easily be verified from (3.36) and (3.36).
2

Also if we take X, € b such that (z1, 25, 23) € D, then the exponential map taking the Lie
algebra elements to the underlying group manifold is definitely a bijection onto a dense set

of the Lie group H.
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3.2.5 Wigner function for the (1+1)-extended affine Galilei group and the domain
for the corresponding function

Now, that we have all the essential ingredients, to compute the Wigner function, at our
disposal, we go ahead and do it. We will focus on the open free orbit O g7 We assume
both £; and k9 to be equal to 1 in (3.14) as we are considering the cotangent bundle on
the open free orbit @ BT Finally, suppressing the hats in (3.14), we find that a point on

the corresponding six dimensional coadjoint orbit OF has coordinates (ki, k3, k%, k1, ks +

(k1)?

Dk ko) where k7, k%, k% and k; vary freely in R while %k and k3 can assume values only

from the positive real axis (RT). The first three coordinates (k, k3, k%) correspond to
the cotangent space of the underlying cotangent bundle. On the other hand, the last three
coordinates correspond to the base manifold of the cotangent bundle, i.e. the open free orbit
in question. At this point, we denote the vectors [kf k3 k;] and [/ﬁ ks + % k:2]
as 7, and 7! respectively.

Now if we denote the Hilbert space of Hilbert-Schmidt operators on
H=L*Ogr

dky dky dks) as By($)), then the Wigner function due to the corre-

1
’ 2m‘k2|2|k‘3‘

sponding coadjoint orbit is essentially a map

ki d dk db dby dbs,
2m |k |?| k3] '

W By($) — L2(OF,
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Since the orbit under study is an open free one, the Wigner function due to the correspond-

ing coadjoint orbit is given by the following formula [35]

Xq _Xq
T 5 A e 2 ~ e 2
2 =Y, T =T T
dxqe a1 w fyp . X, (b ’Yp . X
sinch=2 sinch=2

1774 T Ty =T =T _
CRUICAE ) /N

q

1 = . |det (sinch ad32)|?
x e %, co(F,)72 2 (3.37)
(71) sinch%) () det (sinch %)
Now, we apply (3.24), (3.34), (3.35), (3.36) and (3.36) to compute the following
o 1\ * ., _i|det(sinchadit)|?
¢ /YP . X C(’yp ) 2 i X
sinch=* det (sinch %)
_ 2mkyf? ks(ks+17)  ksrsinch (2; — ) 3
~ sinch (27 — %) | sinch (%) sinch®(%)
1
sinch (5%2) 2
3.38
X {sinch (%) sinch (%) sinch (z; — %)] (3.38)

2
where r = -1— (k1 — —m’m?) .

2mko Tr1—T3

Now, using (3.38) into (3.37), we compute the Wigner function corresponding to one
of the coadjoint orbits OF for (1+1) dimensional extended affine Galilei group explicitly

2

T Tk 1k 1k k
Wi, V|kT, k3, k3, by, ks + m,kz)

. * * *\ 7 eﬁ n = 67ﬁ
_ 2m\/{:2|2 fD d:El d(L‘g d.’L‘g e—l(:c1k1+x2k2+x3k3)qp <q_g )¢ (717)1 SinCﬁXq)
p)

2
sinch=¢
1
2

kg(ks+r)  ksr sinch (21— %3)

sinch(3) sinch® (%)

2
sinch(2L) sinch(Z8) sinch’ (z,— %)

1
sinch(12%3) } 2

(3.39)
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In (3.39) 7 = by ks + ki k, |» where k1 € R, ks > O and k3 > 0. Also,

2mko
o1 z2(e*1—e®3) 0
T1—x3
Xq
et = 0 evs 0
maae?*1-23) 1] ma3[e®3 —2e%14e(3¥1-73)] 2x1—x3
5 e
| T1—3 2(x1—x3) ]
. _ 1 _ mkaxa\2 1 : :
As already mentioned, r = 5-—(k; — 7272)°. And sinch (55, is given by (3.36).

Proceeding in the same manner, we can also find the Wigner functions corresponding to
the other three coadjoint obits for G'. Now we will discuss the domain of all four Wigner
functions corresponding to various coadjoint orbits of the underlying group.

If we have a look at the most general expression of Wigner function W), given by (3.37),
we immediately see that whether or not this function is supported on the corresponding

coadjoint orbit O3 is entirely determined by the fact if the argument of QAﬁ and that of 1/3,

Xq Xq
e 2 —>T e 2

. —T . . . " . .
i.e. 7, sch X2 b and 7, Sinch % always stay inside the dual orbit O, or not, which in turn

implies that we have to ensure that the vector ?pT e O, remains stable under the “sinch”

map to have the Wigner function supported on its coadjoint orbit.
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Now, the polynomial function A as introduced in [35] reduces, for the (1+1) dimen-

sional affine Galilei group case, to

A(<p E q>):det

(qu
(qu
(qu

Dr

(3.40)

Here, (p E q) € IR3, where the dual orbits are all embedded. And as we already know,

1

0 0_ _0 0
0 0|:Pr=1o 1
0 2| 00
-qm p 0-
det » 0 2g
_O FE —q_
q(p* — 2mqE)

(3.41)

(3.42)

So, in terms of this new polynomial function A, we can construct a table for the non

degenerate dual orbits, using Table 3—1, which is as follows

We can easily see from the above table that the sign of A changes as we move back

and forth between @1 and @2. The same is true for @3 and @4. Now, we take an arbitrary
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Table 3-3: Classification of orbits of ggfff in R3under H =V x R?

Orbits \ q \ A((p E q)) \ E — p relation

2

O, | >0 <0 E> L
Oy | >0 >0 E<%
O3 <0 <0 E<%}
O, | <0 >0 E>%}

element (py, Ey, qo) from one of the nondegenerate dual orbits and then we act ———~—

on it to obtain the following vector in R3,

_ Po maaqo 1 1
sinch(%) 2y — w3 [sinch(z; — %)  sinch(%) ]’
DL 1 N Eq masqo
T1 — T3 smch (%) sinch(‘%) sinch(%) ~ 2(z; — x3)?
1 2
x + = - = &0
smch(:nl %) sinch(%)  sinch (%) ] " sinch(z; — %)

1nch 2e

We observe that the sign of qq is invariant under the above transformation. In other words,

if we start with a point lying in O, it can leak into O, at best. It can never leak down to Os

or to O, through the ¢ = 0 plane. Similarly, if we start with a point in O5 we can end up

with a point in O, under the action of the “

the ¢ =

1
nch

A given by (3.42) at the point given by the vector v explicitly.

Av)
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” map. But the point can never go across

0 plane to reach either to O, or to O,. Next, we compute the polynomial function



mgoD poL+ 528(D — L) 0

T1—x3

= det
pol + %(D - L) 0 2q0D
0 292 (L T) 4 ByT + 5220 (D 4+ T —2L)  —qoD
_ (3.43)
where we have assumed the following
1
- - T
sinch (%)
! =T (3.44)
sinch () '
1
= D,

sinch (z; — %)

Computing the determinant given by the right side of (3.43) we have,

332

A(w) = m2@D(L2 — DT)—2— — 9mpog2D(L2 — DT)—2
(v) = m gy D( )(gj1 — o 2ot ( )xl ——
+qoD(piL? — 2mqoEyDT). (3.45)
Setting A(v) to be zero and letting - = s we get
2
m?qy(L* — DT) (52 — mL;OS) + qo(paL? — 2mqoEyDT) = 0
0

P
= m’qy(L* — DT)(s — q—0)2 = qopgm(L* — DT) — qo(pL* — 2mqo Ey DT)
0
2
DT(2maqoEq — p2
N (s—@> _ (2mgoEo — pp)

) 3.46
9 m2q3(L? — DT) ( )
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It can be verified that L2 — DT > 0. Also, DT > 0. Therefore, what (3.46) tells us is that

a point (pg, Fo, qo) in one of the non degenerate dual orbits can only be unstable under

. « 1 ” : 2
the action of Sinch map iff p§ — 2mqoEp < 0. But

pE —2mqoEy < 0

= (po, Eo, q0) € Oy or (po, Eo, qo) € O, (3.47)

which can easily be seen from Table 3-3. We also find that the points in O, and those in O

1

are all stable under the “—
sinch

” map, 1.e. they do not leave the corresponding orbits under
the action of that map.
The Wigner function corresponding to the coadjoint orbit O3, as a function of 75 € RR3

can be thought of as the Fourier transform of a function (X))

War (6, 4103) = / dity e (X,), (3.48)

D

where

1
2

det (sinch ad%)

det (sinch %)

1 )
X ¢ (wg —X> o(@h) 2 (3.49)
sinch =2

Also, (13, 2/3 € LQ(@A) and ! is any point from one of the four disjoint nondegenerate dual

orbits.
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Now, for A\ = 2, if WQOT((@@O;) were supported on O3, then F(X,) would have
been identically zero if we chose & ¢ O,. But we have already seen that if we take

(IJ’OT € @3 or @4, cUg m can never be in @2. On the other hand, (3.47) tells us that
2

1

Sinch % € O,. In other words, F'(X,) can assume

if 3T € O, we can end up with &I
nonzero values when &} € O,. Therefore the Wigner function corresponding to O3 will
have its support spread on both the coadjoint orbits OF and O;.
Now, we consider A = 1 in equation (45). So, qB, zﬂ IS LQ(@l). Now, the question that
nch

we are going to address is whether we can have ] ¢ O, such that 7 ﬁ € O It
2

is obvious from our previous discussion that we can not have such a point in R?. Again,

1
sinch2¢

for an element ! € O, and ot ¢ O, we have F (X,) to be identically zero as
$,1 € L2(Oy) by assumption. Therefore, we find the support of Wir (¢,1)|O}) always
lying inside Of7.

Using exactly the same arguments we find that the Wigner function Wz (¢,1h|O3) is
supported inside O while the support of War (qg, 1[1|(9§) is spread out on both the coadjoint
orbits O3 and O;.

We, therefore, conclude that the Wigner functions corresponding to the two coadjoint
orbits O7 and O} will have their supports concentrated inside O} and Oj respectively. It
is to be noted that the zero level sets of the polynomial function A introduced earlier in

this section, restricted to OF and O are not decomposable into hyperplanes. These two

zero-level sets are the two dimensional surfaces in Figure 3—-2 (above and below the plane
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q = 0) correspoding to the degenerate orbits Os and O respectively in Table 3—1. And
hence we have verified that the converse of the following theorem due to A. E. Krasowska
and S. T. Ali [35] is not true.

Theorem 3.2.1. [35] Let G be a semi-direct product group R™ x H, such that H acts on
R™ with open free orbits {@zm}z:l If an orbit O, is a dihedral cone (i.e. if the zero level set
of the polynomial function A, restricted to it, can be decomposed into hyperplanes) then
the Wigner function W has support concentrated on the corresponding coadjoint orbit
O =R" x @i.

The sufficient condition for the Wigner function to be supported on one of its coadjoint
orbits is that the corresponding dual orbit be a dihedral cone. However, it is not a necessary
condition for the Wigner function to have its support inside one of its coadjoint orbits as
we can see from the example of (1+1) dimensional extended affine Galilei group.

3.3 Wigner function for the (1+1)-centrally extended Galilei
group

We extend the (1+1)-Galilei group G, centrally using the canonical exponent £(g, g')
given by
L,
&1(g1,92) = m(viag + §U1b2), (3.50)
where g = (by,a1,v1) and go = (bo, ag, v9) are elements of Gy. The centrally extended

Galilei group G™ then obeys the following group law
(917 b17 ay, Ul)(027 b27 a2, UQ)
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1
= ((91 + 92 + m[vlag + §U%b2], bl + bg, aq + as + Ulbg, U1 + 1]2). (351)

This group G™ has been called the quantum Galilei group in [20]. Our first goal in this
section would be to study this quantum Galilei group G™ in detail and subsequently to
find its coadjoint orbits. As will turn out later in this section that by using the standard
procedures [5], one fails to compute the correct Wigner function for G™ built on the relevant
coadjoint orbits. In order to remedy this problem we consider a new exponent &, [37] of

the (1+1)-Galilei group G, which is equivalent to &; and is given by (3.50),

1
§2(91,92) = ém(_UIUQbZ + vias — voay). (3.52)

Next, we will extend G, centrally using the exponent &, given by (3.52) and denote the

resulting group as G™. The group composition law for G is as follows

(917 bl7 ai, Ul)(627 627 ag, U2)
1
= (01 + 62 + §m(—7j11)2b2 -+ vi1ag — Ug(ll), bl + bQ, aq + a9 + Ulbg, U1 + UQ)

(3.53)

We will then find the coadjoint action matrix for G™ which will turn out to be exactly the

same as to be found for the quantum Galilei group G™. In other words, the geometry of the
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coadjoint orbits remains unchanged. And we will arrive at the correct form of Wigner func-

tions using this nontrivial central extension of the (1+1)-Galilei group as we will explore

by the end of this section.

3.3.1 Dual orbits and the induced representation for the quantum Galilei group G

The group element for the (1+1)-centrally extended Galilei group G™ or the quantum

Galilei group is found to be the following

0

(3.54)

which we here denote as (6, b, a,v). And the corresponding group multiplication is given

by (3.51).

The inverse group element is given by

1
0,b,a,v)"" = (=0 — §m212b + mva, —b,vb — a, —v).

In matrix notation

0,b,a,v)"" =
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The (1+1) dimensional extended Galilei group G™ or the quantum Galilei group can be
viewed as (© x T x §) x V. The action of a pure Galilian boost v € V on the abelian

subgroup (0,b,a) € (© x T x §) is computed in the following way

((917 b17 ay, Ul)<92a b27 a2, UZ)

= ((01,b1,a1) +v1(02, b2, a2),v1 + va).

But according to the group multiplication law, given at the beginning the last expression
should equal (6; + 0 + %mv%bg + muyag, by + b, ay + ag + v1by, v1 + vy), from which it
follows that

1
v(0,b,a) = (0 + émUQb + mwa, b, a + vb)

Let us assume that the dual of the abelian subgroup © x 7 x S is parametrized by v, F
and p where E,p € Rand vy € R\ {0}. The v = 0 case will be handled separately. Now

the dual pairing reads
X~.Ep(0,0,a) = exp[i(v0 + Eb + pa)]
The dual action of v on the character group can be defined by the following relation

(V)Xy,Ep; (0,b,a)) = (X35} 0_1(97 b,a))

_1:

But it is seen that v —wv. From which it follows immediately that

v H0,b,a) = (—v)(0,b,a)
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1
=0+ EmUQb — mwa, b, a — vb).
Now,

1
Xy, Ep(0 + imUQb — mwa, b, a — vb)

myv?

2

= expil[y0 + b — m~yva+ Eb+ p(a — vb)]

And, therefore it follows that

- ' ! /
X~ E'p (0,b,a) = /DO E bl

2
— !0+ (FF=+E—pv)bt(p—myv)a]

So, under the dual group action the variables parameterizing the character group transforms

according to the following equations

v =

: myv?
E = ——+E-p, (3.55)
po= p—myv

We also find £ and p to be constrained by an equation which follows from the following

computation

P2 = p*— 2mypu + m220?
p/2 _ p2 1 )
2 = 2 pv + 2mvv .
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Using the transformation rule for £/, we immidiately have,

2 2
p — p + E/ _ E7
2mry  2myy

which we can rewrite as
S E

2mry 2mry

i.e,

/2
E = Ey+ 2
2m

So, the dual action on the character group can conveniently be written as

(WX = X B = X, g2y (3.56)

For a fixed value of v and that of Ej the orbit is represented by a parabola parallel to the
E'p’ plane and perpendicular to the y-axis. As v varies over R \ {0} the parabola changes
its shape continuously. Now, for v = 0, the dual orbits are computed separately by putting
v to be zero in (3.55). The corresponding orbits turn out to be simply one dimensional lines
parallel to E’-axis lying in the v = 0-plane. On the other hand, for v # 0, the parabolas
derived earlier tend to shrink down to lines parallel to E’-axis as v — 0. At the other
extreme, the parabolas tend to widen with the increase of || and are almost lines parallel
to the p’-axis when |v| is large enough. We will just consider the parabolic orbits arising
from v # 0 and (F,p) € R? in this work since the contribution of the v = 0O-plane in the

representation level will be extremely meager.
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Having found the dual orbits for the (1+1)-extended Galilei group or the quantum
Galilei group G™ in (1+1)-dimension, we now proceed to find all the unitary irreducible
representations of this group using the method suggested by Mackey.

We have already found that each dual orbit O, g, for the underlying Lie group is
parametrized by two numbers 7y, Ejy. Now, we choose a representative x., g, o from each
orbit O, g, for distinct ordered pairs of (Ep,y) € R x R*. Mackey’s inducing construc-
tion suggests that to each dual orbit there corresponds a unitarily inequivalent irreducible
representation. In other words, for each ordered pair (Ey, y), we shall obtain a unitary irre-
ducible representation U 20" and for any two different ordered pairs the representations will
be unitarily inequivalent. First, it is evident using (3.55) that the stabilizer subgroup of V
which leaves a particular character group element, say x. z, dualto (6,b,a) € © x T xS,

stable, is the trivial identity element (0) of V.

(V)Xr.Ep = Xy.Ep) = v =0,

we, therefore, find

O, g, ~ V/{Identity element} ~ R.

Now, according to the general theory, the irreducible representations of the (1+1) dimen-
sional extended Galilei group G, i.e. (© x T x S) x V can now be obtained from the

UIR’s V, g, of the subgroup (© x T x S), where

Vv%EO (6, b, a) = X77E070(67 b, CL)
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= expi[yd + Eyb|.

(3.57)

Because we are looking for UIR’s due to a fixed orbit, we keep both v and F fixed in

(3.57). Now,
V/{Id} ~G™/(Ox T x S) ~R.
We define the section A : G /(O x T x S) ~ R — G™ by

A(k) = (0,0,0, %)

Therefore we have,

1 k
g ANk = (—0-— §m1)2b + mwva, —b, vb — a, —v)(0, 0,0, —)
m

1
= (—0-— émv2b + mwva, —b,vb — a, . v)

k kb k
= (O,O,O,E—U)<—0—%+k&7—b,gb—a70),

which gives the cocycle h : G x R — O x T x S with

kb k
h(g_l, k’) = (—0 — % + ]{?CL, —b, Eb —a, 0)

Therefore,

kb k
h(g™' k)™ = (0 + =—— — ka,b,a — —b,0).
(g 7) (+2m a? 7a m?)

Now,

TN kb k
V'Y,EO (h(g 7k) ) = V’y,EO (6 + _m - kau b? a — Eb7 0)
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= expif (9+k2b—k‘)+Eb]
= expily 5.~ ka 0

Therefore, we obtain the representation U7*0 of G™ induced from the UIR V, g, of the
subgroup © x 7 x S. This representation acts on the Hilbert space LZ(R7 dk) in the
following way

2

(070(0,b,0,0))(k) = expily(O+ 5 — ha) + Elo(k —mv),  (.59)

forall ¢ € LQ(R, dk). We see that each (Ep,y) € R x R* gives rise to a unitary irreducible
representation U"Eo of G™. Further to this, if we take two distinct points (Ey,~y) and
(Eg,~') in the representation space R x R* and label the corresponding UIR’s as U7Eo and
U"'F6 we observe that there does not exist a bounded linear operator V' on LQ(R7 dk) such

that for all (0, b, a,v) € G™ the following holds
VU”’EO(H, b,a,v)V* = (A]”/’EG(Q, b,a,v)

which implies that the UIR’s pertaining to different orbits given by (3.58) are unitarily
inequivalent.

3.3.2 Coadjoint orbits of G and comparison with the dual orbits found from the
Mackey construction

The (1+1) dimensional extended Galilei group G or the quantum Galilei group is a
real Lie group. Let us find the corresponding Lie algebra. We denote the group generators
with K, X, T, © corresponding to the group parameters v, a, b, # respectively. Using the

expression for a generic group element in matrix form from (3.54) the group generators are
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found to be the following

0100 0001 0000 000
0000 0000 0001 000
K = X = T = , 0=
m 0 0 0 0000 0000 000

0 000 0000 0000 000

And the corresponding commutation relations are given by
(K, X]=m0O, [X,T]=0, [K,T]=X, [6,7T]=0, [06,K] =0, [0,X]=0.
A general element of the lie algebra is given by

Y = a_lK + as X + Clgjj + a40
0 a 0 ag
0 0 0 ag

ma; 0 0 ay

0 0 0 O

Now, the adjoint action of the lie group on a generic lie algebra element is as follows

Ad)Y = gYg!
0 00 —bay + as + vas
0 00 as
ma; 0 0 —may +movas + smv’as + ag

0 00 0
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Also, the coadjoint action of the group on the dual algebra is defined by the following

relation
(AdF(Y*):Y) = (Y"; Adg1(Y)) (3.59)
Ad,-1(Y) is found to be
_O a; 0 ba; + as — vag _
0 0 0 as

ma; 0 0 m(a—vb)a; — mvas + smuvas + ay

0 0 0 0

Now, we make the following identifications

0 ay O a9 ay
0 0 0 as (05}
Y = —
ma; 0 0 ag as
0O 0 0 0 ay
0 a; 0 d al
0 0 0 af al
Adg—l (Y) - — )
ma) 0 0 a) ay
0 0 0 0 al

where,

/ /
ay = ay, a, = ba; + ay — vas,
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az = az, ay = m(a —vb)a; — mvay + émv2a3 + Q4.

And

Y =

ay az as a4]-

With the above identifications, we have,

a
<Y*7Adg_1(Y)> = [al ag as CL4]

as
a
1 0 0 0] a1
b 1 —v 0] |ag
= ay Qa2 az ay
0 0 1 0] |as
m(a—vb) —mv imv? 1| |ag

— (AdF(Y"):Y).

Therefore, the coadjoint action of the underlying Lie group on the generic dual algebra

element Y is identified with the following matrix

1 0 0 0
b 1 —v 0

M(g™) = (3.60)
0 0 1 0

m(a —vb) —mv mv? 1
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Now, we explicitly calculate the coadjoint orbits under the group action on the dual algebra

elements [1 0 0 0],[0 10 0],[0 0 1 0] and [0 0 0 1].

1 0 0 0
b 1 -v 0
1 000 =11 0 0 Of-
0 0 1 0
m(a—vb) —mv imo® 1

b 1 —v 0
0100 =61 —v 0f>
0 0 1 0

b 1 —v 0
0010 =10 01 0>
0 0 1 0

And
1 0 0 0
b 1 —v 0
0001 = |m(a—vb) —mv Imo? 1
0 0 1 0
m(a—vb) —mv Fmu? 1
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The first and the third orbit are just points in R*, while the second one traces a two dimen-
sional plane in R* as b, v keep on varying on the real line. The fourth orbit can be regarded
as the cotangent bundle on a parabola which is again homeomorphic to R?. So we are
basically obtaining two kinds of orbits, namely, one zero dimensional (point) and the other
being two dimensional (plane). Now, if we take the dual algebra-element [O 0 k k;2]
and compute the corresponding coadjoint orbits for ki, ko, each varying on the real line
subject to the condition that they are not both zero, we get a dense subspace in R*. Let us

have a closer look at how this dense subspace looks like.

1 0 0 0
b 1 —v 0
00 ki ko
0 0 1 0
m(a —vb) —mv Fmv? 1
- [mk2<@ —vb) —muky k4 gmvky k2] (3.61)

where a,v,b varies independently on the real line and k;, k5 also varies independently

subject to the condition that they are not both zero. Let [1 0 0 0] , [O 10 0] ,

[0 0 1 0] , and [O 0 0 1] be the basis vectors generating R* and also denote the
corresponding orthogonal axes by X,Y, Z, W. An arbitrary element in R?* is denoted
as [x y z w] where z, y, 2z, and w coordinatise the components along X, Y, Z and W

axes respectively. With this picture in mind, R* can be considered as a stack of parallel
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R3- hyperplanes othogonal to W -axis. For points in such an R3- hyperplane z,y, and z-
coordinates take their values independently on the respective axes while the value of the
w coordinate is kept fixed. And, there is a unique R3-hyperplane which is orthogonal to

the I/ -axis and passes through the origin. Any point on this hyperplane is designated by

Ty 2 0] . For the sake of definiteness, we denote this particular R*-hyperplane by
RS,

Now, if we put ks to be zero in (3.61), we immediately see that the orbit reduces to
points consisting of [0 0 k 0] for k; € R ~ {0} which is just the Z-axis \. {0}, ab-
breviated as Z*-axis. Therefore, in view of (3.61), the total orbit space due to dual algebra-
elements in the form of [0 0 k k 2] where % and k&, are not both zero (punctured k;-ko
plane), denoted as O, turns out to be [(R* \ Rf) U (Z*-axis)].

Next, we consider dual-algebra elements having the form of [O ks 0 O] where k3 €

R ~ {0} and compute the corresponding coadjoint orbit space due to the elements of this

form
1 0 0 0
b 1 —-v 0
0 ks 0 0 = |bky ks —vks 0 (3.62)
0 0 1 0
m(a—vb) —mv Fmu? 1
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Equation (3.62) determines the fact that the corresponding coadjoint orbit space (the union
of all the coadjoint orbits for different nonzero values of k3) denoted as Oy, becomes [R3
(X-Z plane)].

Now, we consider dual algebra elements of the form [k: L 0 ks 0] , where k4 and ks

are not both zero. The coadjoint action gives

1 0 0 0
b 1 -v 0
0 0 1 0

m(a—vb) —mv imv? 1

From (3.63), we easily see that the total coadjoint orbit space due to elements of the form
[ ke 0 ks 0] denoted as Oy, ,_,where k4 and k5 are not both zero is found to be just the
[X-Z plane . {0}] which we denote as (X-Z plane)*.

Finally, the coadjoint orbit due to the dual-algebra element [0 0 0 0] denoted as
Oy is just the origin of RY, i.e, [0 0 0 0] . The union of the above coadjoint orbits
constitutes R*:

Oty ke, YO, VO, 1. WO
= [(R* W R}) U (Z*-axis)] U [Rj \ (X-Z plane)] U (X-Z plane)* U {0}

= R*. (3.64)
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Now, we consider a subset of Oy, ;. given in (3.64), say O} ;.

where instead of punc-
turing k;-ko plane we just throw the k;-axis off the k;-ky plane. In other words, we are

interested in the coadjoint orbits due to dual algebra-elements of the form [O 0 k k2]

where ks is never zero. We can then rewrite (3.61) as

1 0 0 0
b 1 —v 0
0 0 ki ko
0 0 1 0
m(a—vb) —mv imo® 1

= |mky(a —vb) —muky ki + smviks k:2]

= |mko(a — vb) —muky ki + m(—mvk@f k;2] ; (3.65)

where (3.65) definitely makes sense because ky # 0. Now, we observe that the dual orbits

of the underlying Lie group (Mackey orbits) are given by triples of the form [p’ Ey + ;7;2 7]
my

in p’' E'~y space (R?), - being unequal to zero. We have already seen in Section 3.3.1 that

each (Ey,v) € R x R* gives rise to a parabolic dual orbit in p’ £’ space, characterized by

O, g, The triple

2mry

o Ey+ " ’y] coincides with the last three components of (3.65)

under the following identification

—muoky < P
kQ —
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Equation (3.65) represents the cotangent bundle on the family of parabolas given by

[—mka ky + ﬁ(—mvkgy k2] )

where v1,k; € Rand k; € R\ {0} and [—mka k1 + g (—muks)? k2] represents
exactly the Mackey orbits under the identification given in (3.66).
We, therefore, obtain the correspondence of dual orbits of (1+1) dimensional Extended

Galilei group with its coadjoint orbits which is encapsulated in the following equation

70, g, = OF (3.67)

1,k2

3.3.3 Invariant measure on ¢ and the Kirillov 2-forms on its nontrivial coadjoint
orbits

Let a group element g given in (3.54) be acted upon by a fixed group element g, from

the left to yield the following

dog =

muo smevg 1 0| |mv sme® 1 0

1 v+ v 0 a + bvg + ag
0 1 0 b+ by

m(v+vg) movg+ sm(v* +03) 1 6+ 6y + muga + smudb
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Under the left action of the group the measure dv A da A db A df transforms as

1
dv' Nda' Ndb' ANdOT = dv A (da + vedb) A db A (d + mugda + Emvgdb)
1
= (dv A da+ vodv A db) A db A (df + muoda + §mv§db)
1
= (dv Ada A db) A (df + muvgda + §mv§db)

= dvAdaNdbAdb.

Therefore, it follows immediately that dv A da A db A df is a left invariant Haar measure
for the underlying Lie group.

Now, we act gy on g from the right to obtain the following

1 vy + v 0 a + ag + vby

0 1 0 b+ by
ggo =

m(v—+vg) muvg 4+ 3m(v:+v3) 1 60+ 6+ muag + 3muby

0 0 0 1

Under this right action of the group, the measure dv A da A db A df transforms according to

dv' Nda' Ndb' ANdE = dv A (da+ bodv) A db A (magdv + mubgdv + df)
= (dv Ada A db) N (magdv + mubydv + df)

= dvAdaNdbAdb.

Therefore, dv A da A db A df tuns out to be both a left and right invariant, i.e. an invariant

Haar measure for the (1+1)- dimensional Extended Galilei group.
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Now, let us take a fixed dual algebra-element [O ko 0 0] and find its coadjoint

orbits.

1 0 0 0
b 1 —v 0

0 ko 00 = bk’o ko —Uko 0
0 0 1 0

m(a —vb) —mv tmo? 1

= [al ]{0 —as 0]7

where ky # 0 is fixed, a,v,b € R and a; = bky and as = vky. The coadjoint orbit is
R2, parameterized by two independent variables a; and ay. Now if we take a fixed group

element and act it on this coadjoint orbit we have,

1 0 0 0
b() 1 —Vo 0
aq k?() —Qa2 0
0 0 1 0
m(ag — vby) —muvy mug 1

a; + bg/{io ]C() —]{50’00 — a2 0]

= [a’l ko —aj 0]'

We observe that the coadjoint orbit here is stable under the coadjoint action of a fixed group

element. Next thing to see is that if we define a two-form on this coadjoint orbit as da; Adas
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where a; and as have been defined as above, we immediately find it to be invariant under
the coadjoint action:

day A day = day A das.

This is the well-known Kirillov 2-form for the coadjoint orbit under study.
Now, we study the same for the other non-trivial coadjoint orbit of the (1+1) dimen-
sional extended Galilei group. The dual algebra element under consideration is now [O 00 k(]] .

Its coadjoint orbit is given by

1 0 0 0
b 1 —v 0
0 0 0 ko
0 0 1 0
m(a—vb) —mv fmv? 1

2

= |mko(a —vb) —muky Lmu?k l{:()]

a3
ap as Imko k?() )

where kg # 0 is fixed, a,v,b € R, and a; = mko(a — vb) and ay = —muvky. Let us

find how this two dimensional coadjoint orbit behaves under the coadjoint action of a fixed
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group element.

1 0 0 0
bo 1 —Vo 0
a2
a2 = ko
0 0 1 0

m(ag — voby) —muvy smeg 1

a2
- |lap + b[)a2 + mk()(ao — 'Uobo) ag — komvo —aovy + ﬁ + %mv%ko ko]

— muv 2
= |a1 + boas + mko(ag — voby) as — komug (a—komug)” 2]:721@0 o) ko

= / / (al2)2 .
[al Uy s Ko

From the above computation, we observe that this two dimensional coadjoint orbit (cotan-
gent bundle of a parabola) is also stable under the coadjoint action. And, under the afore-
mentioned definition of ay, as, @/, and a, it turns out that da; A das is the invariant Kirillov

two-form on the coadjoint orbit under study

da} Nday, = (day + bodas) A day

= day A das.

3.3.4 Duflo-Moore operator and Plancherel measure for G

We start with the following orthogonality condition [5]

[ w0 @) a0, B C v, Bo
G JG
< Jo (U7 P @) A By (o' Edta) = (|4 (368)
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where B; is the underlying Hilbert space of Hilbert-Schmidt operators defined on the repre-
sentation space (indexed by a certain set of parameters) of the unitary irreducible represen-
tations of the given group. And these Hilbert spaces generally vary as we keep varying the
corresponding parameters determining the relevant representation spaces. In the present
scenario, we take A'(v, Ey) = A*(7, Ey) = |¢.5,){®+,5,| and the Plancherel measure as

dvg (v, Eo) = p(v, Eo)dEydy, so that we have

<A1 |A1>B§9

/ A" (v, Eo)" A" (v, Eo)lp(y, Eo)dyd Ey

(Eo,y)ERXR*

= [ 6y W) (6 Dol Ea)drdEy
(Eo,v)ERXR*

- /( oo P61 5P, By (3.69)
0,7)ERXR*

Now, subject to A'(v, Ey) = A%(7, Eo) = |1+,5,)(¢+.5,| and the fact that the underlying
group is unimodular so that the celebrated Duflo-Moore operator C, g, is just a multiple
of the identity operator acting on the Hilbert space LQ(]R, dk), the left side of (3.68) in the
Fourier transformed space reads (from now on we will compute things in mommentum-

space representation which is tractable compared to one in configuration space)

1 = = =
m /R [/]R R <¢%E0 |U%EO (97 b’ a, U)¢W,E0>p<77 E0>dE0d’V
4 < R*

X / (Wb iy U7 F0(6, b, a,0) o g1 o, Ey)dEbd') d6 db da dv
RxR*

= L/ / [/ {/ / e_i(v—'y/)eei('yk_,ylk/)ae%(’yk2_’y/k,2)b
N2 Sy J 1) Jra Jher Jrer

Xefi(EO*E(l))b(i’%EO (k — mv)’[ﬁ,y’EO (l{)?ﬁ,},/’E{) (k/)¢27/7E6(k/ — mU) dk dk/}
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xdf db da dv)p(v, Eo)p(v', Ey)(dEy dy)(dE, dv')

:2_7;/ / 5@—7’)[/ {/ / k=K~ g 02— K)o B D
N2 Jigon) J(Ey ) RS Sk K

X oo (K — )y, 1y (k) gy (K)o oy (K — mw) dk dk'}db da dv]
xp(7, Eo)p(v', Ey)(dEy dy)(dEG dY')
/ / / // y(k—k)a ,— 5% (k*—k"?)b —z(Eo ENb
(Fo,) A 0 ER R3 /
X¢'y,E0<k mUW%EO( )w%E(’)( )(bw,E(’) (k/ - mv) dk dkl}db da d?}]

xp(v, Eo)p(7, Ey)dEo dy dE;

5(]{3 — ]f/) e_z%(kQ_k/?)be_i(EO—E())b

(Eoyy) v EGeR JR? !

X o 5o (K — M), 1y (k) gy (K)o iy (K — mv) dke dk'}db do]

Xp(V? EO)p(’% E(/)>dE0d’ydE(l)

{/ e_i(EO_E())bé%Eo (k — mv)qﬁ%Eo@)&%Eé(k)
2 Jg

, Eo)
il

A 80 = Ep)o k=m0, g 8

(Eoyy) J EljeR JR

X, ey (k —mv) dk}db dv] ol p(v, Ey)dFEq dy dE;

(Eo,7)

v, Ey
<o,y (k — mv) di}do (m )y, By)dEodrdE,

= (3\7;2)3 /(EM /veR{/%Eo (k— mUWvEO( )¢WE0( )%Eo(k mv) dk}

EOER v

X dv] %d’yd&)

_ (@n)? [o(7, Eo))? o
& /(E) S vl | 6= )i (05 5 8
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X ¢y 1y (k — mw) dk}dv]

- %2)3 /(EM)[ eI vdEo[— /MR{/6 G50 (D)0 0 (K)o ()

7]
X Gy, (t) dt}d|

_ (@2n)? (v, Eo)?
B N2 /(Eo'y m|7|

16117 |1 dyd Eq.

Now, in view of (3.68) and (3.69), we finally obtain (in momentum space)

p(v: Eo) = mly| (3.70)

N = (2r)%2, (3.71)

which are the Plancherel measure and the Duflo-Moore operator, respectively, for the quan-
tum Galilei group case.

3.3.5 Computation that leads to the fact that the canonical exponent &, used to con-
struct G™ is no good to compute the correct Wigner function

The most general expression for Wigner function is given by the following expression

[5]

. on(X7)]2 X
W(A|X,\):—[ /(\éﬂ)/\g)] /Ne (X350

X / tr(U, (=) [A(0)C; ) [m(X))2dvg(o)]dX. (3.72)
G
The first exponential term in (3.72) is given by the following expression

expi(kjv — kya + {k; —1—5 ]11 o + ko).
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And the densities 0 and m for the (1+1) dimensional Galilei group turn out to be sim-
ply 1. Here, we are interested in the coadjoint orbits Oy ,  due to dual algebra elements

[O 0 k @] . The induced representation of G was found to be

A ~ . 2 A

(U500, b, a,v)¢) (k) = /DO 5 kTG () — ).
It follows immediately that

(U7 (e7)9) (k) = (U0 (=6, =b, a, —v) ") (k)
= (UFo(0 + %mqﬂb — mwa, b,vb — a,v)p) (k)

. i 2 K2y . . ~
— 6279+27mv b—iymva+iy g > mkvb—&—wka—l—onbgb(k_ . mv). (373)

The Duflo-Moore operator was found to be just (27)%2. So C~! in (3.72) is just o )3 Yoyl
Also, in this case n = 4. Now combining (3.73) with the exponential term mentioned at

the start and putting them in (3.72), we find the following

W(’¢%Eo><w’Y»Eo‘; kik7 k; kla k2)

— m ////ei(kfv—kga—i-{kl—i-g:g;j}b—i—kge)
(2m)3V2m Jo Jv Ja Jo

o T Ry
% [/ / /6179 iykvb+ivkat 5ymv2b—iymuatiys 2 +1E0bw%E0 (k>¢'y,Eo (k _ ’ITLU)
Ey

x|y|dk dEqy dy]dv da db df

S ]
27r2 27r Eo adv

ikokvb— 1k2ka—lk2mv b+ikomuva—ike X0 -HEOb
X@ZJ k27EO(k) 2m ¢ k2,

B, (k — mv)
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xdk dv da db]dEy

2
7n|k2 / //// —ik3a— zkgkaJrzkgmvada] ikiv l{k1+;,3,22}b
27T \/ 2 Ey

Xwik%Eo(k)ezkgkvbffkgmiﬂb iko 2m+ZEob¢ ko, Eo(k mU) dv dk db dEO

mlks| / / / / R
= (kok + k5 — komuv)e™1” 2mk2
271'\/27‘(’ Ey 2 2 )

Xw—k‘Q,Eo(k> zkzgkvb—szgmUQb zkng—i—onbgb ko, Eo(k mv) dv dk db dEO

k*
— 1k1v ik1b+iEob, 7. 3 R + mo)d. Ry
21\ 21 /Eo // Vts EO( )¢ ko, o ( k2>

xdb dv dEy
zk: v k* k*
\/% w ko, *k1< k’ + mv)¢ k2, *’ﬂ( E)dv' (3-74)

Thus, we do not arrive at the correct Wigner function using the canonical exponent ;.

3.3.6 Coadjoint action matrix and UIRs of the (1+1)-centrally extended Galilei group
gm/

The geometry of the coadjoint orbits for the quantum Galilei group G™ is encoded in
the coadjoint action matrix given by (3.60). Now, if we extend the (1+1)-Galilei group G
using the exponent &, (see (3.52)) to yield G"”, the geometry of the coadjoint orbits of G™
remains unaltered, when compared to those of G"”. Now to verify that we will compute the
coadjoint action matrix for G explicitly.

A generic lie algebra element is denoted as Y = a1 K + as X + a3T + a4© where

K, X, T, O are the lie algebra generators corresponding to boost, space translation, time
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translation and the central extension respectively. They are given by the following matrices

0 00 0
0 00 —1
Im 00 0
0 00 0

0 0 01

0 0 00
, X =

0 im 00

0 0 00

0100

0000

0000

0000

0000

0000

0001

0000

And the corresponding commutation relations are exactly the one that we obtained using

the canonical exponent &;

[K,X]=m®, [K,T] =X, [X,T] =0

0,7 =0, [0,K] =0, [0, X] = 0.

So, in terms of the above generators a generic lie algebra element reads

2

maq

as

masy

o

a2

Gy

But a generic group element (6, b, a, v) is given by the following matrix

(0,b,a,v) =

110

1 b 0 a—ovb

0 1 0 —
%mv %ma 1 0

0 0 0 1

(3.75)

(3.76)



obeying the group multiplication rule given by (3.53).
Also, (0,b,a,v)™' = (=60, —b,vb — a, —v). The matrix representation of an inverse

group element follows

0,b,a,v)" = (3.77)

Now, given the fact that a generic group element is given by equation (3.76) and its inverse
by (3.77) and that the adjoint action of a group element on the lie algebra element is defined

by Ad,Y = gY ¢!, we have

Ad,1(Y)
0 as 0 ba; + as — azv
0 0 0 —ay

%mal %m(bal +ay —wvaz) 0 mai(a—vb) — mvay + %magvﬂ + ay
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From which the coadjoint action matrix for G" follows as

1 0 0 0

b 1 —v 0
M(g™") =

0 0 1 0

m(a—vb) —mv imw? 1

The above matrix is exactly the same as found in (3.60).

3.3.7 Computation of the Wigner function for G"

(3.78)

The unitary irreducible representations of the (1+1)-centrally extended Galilei group

g™ or the quantum Galilei group was computed in (3.58). The central extension proce-

dure was carried out by the canonical exponent introduced in (3.50). The other exponent

&5 yielding the centrally extended group G™ is mentioned in (3.52). The two exponents

introduced are equivalent in the sense of [10]. In other words, the difference between the

two exponents is a trivial one, which can be written by means of the following continuous

function
mua
CT(b7 a, U) = 2 )
in the following way
§I(b17 ai, Ul) - 52([)27 ag, 1)2)
! 1 + Loz, 4 2 b
= —muvia —MU9G —mu —MULv
MW1a2 - 5MU2a1 + 5MUT02 o+ 5MU1V202

= (r((by, ar, v1) (b2, az, v2)) — Cr(b1, ar, v1) — Cr(by, az, v2),
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iymva A

which entails the fact that U’ E0 = 72750 would be a projective representation

of the (1+1)-Galilei group G,, where 7 is introduced for dimensional consistency and for
keeping track with (3.58). In the language of ordinary representations, we can state that
U'7Eo, 50 obtained, is a unitary irreducible representation of the (1+1)-centrally extended
Galilei group G™. The fact that irreducibility is preserved during the whole process of
arriving at a unitary representation (e.g., U’ 7Eo) of the central extension of the given group
(e.g., Go) with resepect to a certain multiplier (e.g., using the canonical exponent &;) from
the known UIR (e.g., U™E0) of a central extension of the same group corresponding to
another multiplier (e.g., the one due to &) by means of projecting and lifting it in several
steps is described in [39].
Therefore, the UIRs of the (1+1)-centrally extended Galilei group G™ acting on L2(R, dk)

is given by

mva kb

5 T om

(U 20(8,b,a,v)¢) (k) = expi[y(d — ka + ) + Eoblg(k — mv).  (3.80)

Now, following the steps as mentioned in section 3.3.4, we can obtain the Duflo-Moore

operator and the Plancherel measure for G™ which are as follows

p(v, Eo) = ml]y| (3.81)

N = (2m)%2 (3.82)
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These are exactly the same as obtained for the other central extension of the (1+1)-Galilei
group.

Now, we are well-equipped to compute the Wigner function for the centrally extended
group G". If Y ia a generic Lie algebra element given by y = a1 K — as X + a3T + a40, it

follows from (3.80) (under the identification a; <> —v, ay <> —a, az <> —b, ay +> —0) that

(U0 (e)g) (k) = (U7F0(~6, b a, —v)9) (k)

mva _ k2b

_ eih{_e_ka_T_W}_EOb]é(k‘ + mv)

Therefore,

~ ~

(OB )p)(k) = (U"(=0, b, a,—v)'$)(k)
= (U"P(0,b,vb — a,v)p) (k)

) ) 2 A
_ ei’yéfi'ykvb+i'yka+%'meQbf%'ymva+i'y%+iEob¢(k . mv)'

We are going to use the most general expression for the Wigner function given in (3.72)
to compute the Wigner function of G like we used to compute that of G™.
Here also, both the densities o and m are simply 1. So, the Wigner function for the the

(1+1)-centrally extended Galilei group G™ reads

W(|¢’Y»E0><w%E0’; kik’ kga kla k2)

_ m ////ei(k;u—k;w{kﬁé’fgz}b+k,-29)
(27T)3v27T 0JbJaJv
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X [ / / /k ei'YHfi'kabJri’YkaJr%'Ymvzbf*"/mvaJrl’Y2 +onb¢V o (K) (5%]50 (k — m)
Eo

X |y|dk dEy dvy]dvdadbdd

m|k¢—2 //// iv—ikia il S 1
m2
2m)2v2r Je I Jo S Ut 0 (k)

ikohvb—ikaka—§ kamv2bt B2000 ik, 20 4 igp ) k dk dv da dbldE
xe " Dk, 1o (K — M) v da dbldEy

m|kx/2 / / / / / Kga—ikohat BZMS ) 1 ey ik + G2
i S dale* e 2mk2
27T 27T Eo ] w ka, EO( )

; _ i 2 o k%b ~
% ezkzkvb skomu2b—ika 52 J”Eob(b,kwEo(k — m’l}) dv dk db dE{)

m\/IkQ / / / / Famnv g i+ S8 30
= 6 k k+k* v 2mko
271' 2 Eo 2 2 )

X U_pg iy (o) TR2RVb= hamv?— ”“2’“*“’50%_@ 1, (k —mw) dv dk db dE,

m o itk + 2 k3 mo
- e 17 e 2mk2 +
27T\/27T/Eo/b/v ¢ kaoBo(— ko 9 )

X O kg0 (— 5 2 0 muv)e thzvb(=- kj+%)—%k2mv2b— i;%b(—%-i-%)z—&-iEob
k 2
x dv db dE,
/ // ikjv zklb k*vbilk2my2b+1E0bw,k . ( k* 4 @)
271'\/ 27T Eo 2,140 ]{? 9
; kY mu
ng kQEO( k__7)ddedE0

i ‘ 5 2 ks mu
ikjv Z(_kl+%kgv+ék2mv2—Eo)bdb B g L
27T\/ 27 /Eo /v / M) kz,Eo< i 5 )

ks mu

X ¢ kg,Eo( k_2 - _)d/UdEO
m - kv komo? - Ea—
- kvS(E ki — _ B k3 mu
FQW/EO/U(B (Eo + ki 9 3 Yk, o ( k;2+2>
; ks mu
X ¢—k2,Eo<_k_2 - _)d/U dEO
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m o k5 mu
= = et 5 v muv -5 5
*/27T/v w—kg,—k1+%1+7k28 2 ky 2 )

0 k3 mu
X Oy e tamez (77— 7). (3.83b)

Equation (3.83b) gives the Wigner function for G" due to a two dimensional coadjoint
orbit embedded in R*, the dual algbera space. But the associated Wigner functions are
no longer supported on the corresponding coadjoint orbits. Rather the support is spread
out through a whole family of coadjoint orbits as will be discussed in some detail in the
following section.
3.4 Summary of the main results and physical interpretation

In the first half of the chapter, we studied the (1+1)-extended affine Gaillei group G,

the quantum version of the (1+1)-affine Galilei group G,;. The four nondegenerate coad-

m

™ were all found to be six dimensional spaces embedded in R, the under-

joint orbits of G
lying dual algebra space. These were basically cotangent bundles over the four open free
3-dimensional Mackey orbits described in Figure 3—1. Hence, the coadjoint orbits of G
are also open free in R®. Open free orbits have nice structural implications in representation
theory. And the Wigner functions associated with each such coadjoint orbit were found em-
ploying the standard techniques developed in [35]. Finally, the domains of the four Wigner
functions were studied. Two of the functions were found to be supported inside the relavant

coadjoint orbits while the other two were found to have their support spread out through

the RS half hyperplane to which they belong.
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Now, we look for a possible physical interpretation of the results obtained for the (1+1)-

m
aff *

extended affine Galilei group The two representation-space parameters in this context

were g and Fy := E — QP—njq. Different signs of ¢ and F determine which coadjoint orbit
we are in or which UIR we are talking about, as outlined in Table 3—1. The mass term

m stands for mass scale or mass unit [8], while gm stands for the physical mass which

changes under the action of the dilation parameters (o and 7). In other words, each unitary

m

™ represents a nonrelativistic spinless particle of variable

irreducible representation of G
mass (¢m) and internal energy (£j). And the Wigner function of G associated with a
nonrelativistic spinless particle of variable positive mass and changing positive internal
energy was found to be supported inside its coadjoint orbit. The Wigner function due to
a nonrelativistic spinless particle of varible negative mass and changing positive internal
energy was also found to be supported inside its coadjoint orbit. It turns out that requiring
symmetry under the affine Galilei group G} leads to no physically interesting phenomenon.
But mathematically the coadjoint orbits were nicely structured and two of the relevant
Wigner functions were found to be supported inside the corresponding coadjoint orbits.
Since the requirement of symmetry under dilation parameters led to no physically in-
teresting object, in the later half of the chapter we demanded only Galilean invariance and

hence worked with the quantum Galilei group G™ and its variant G™ (where the extension

was executed using an equivalent multiplier).
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The Wigner function for the (1+1)-extended Galilei group G that we found in (3.83b),
is basically a map between two direct integral Hilbert spaces given by

@D
W By(L*(Os, 5y, dk))ymly|dyd By
(v,E0)€R* xR
5]
— L3O}, 4, dk;dk;) dky dks.

(k1,k2) ERXR*

For

Droor> Vhoir € LP(Of, ., dk;dk3)

and |¢%E0> <1/]"/,E0 | € BSB(LQ(@’Y,EW dk))a

where B, denotes the space of Hilbert-Schmidt operators and B5 represents the direct in-
tegral Hilbert space of measurable Hilbert-Schmidt operator fields. The Wigner function
found in (3.83b) was restricted to the coadjoint orbit Oy, ;. . But the final expression for
the Wigner function reveals the fact that it is no longer supported on that single coadjoint
orbit. Rather it has its support concentrated on the collection of coadjoint orbits exhausting
R3 hyperplanes perpendicular to the fourth axis W. For brevity, we ask the reader to go
back to section 3.3.2, where we explained the geometry of the relevant coadjoint orbits. In
particular, we have a continuous collection of Wigner functions being supported in each
such hyperplane characterized by the constant W = ko. This hyperplane can be called
a “support plane”. In other words, to each hyperplane (corresponding to a fixed value of

ke € R\ {0} and %, assuming all real values in R), we attach all such Wigner functions
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each pertaining to a non-relativistic spinless particle due to a fixed value of v (the analog
of ¢, i.e. the mass scale in the extended affine case) and a definite real internal energy,
having the states to be square integrable functions on the coadjoint orbits exhausting the
R3 hyperpalne in question. In the language of representations we say that, the Wigner
function restricted to the coadjoint orbit Oy, = T (’A)k%kl gets its contribution from rep-
resentations associated to all the parabolic orbits corresponding to the R? plane given by
v =+ = ky in the ' E'p’ space. The corresponding coadjoint orbits exactly exhaust the
R3-hyperplane given by W = k, embedded in R*. Therefore, each Wigner map is asso-
ciated with representations U7*° due to a fixed value of ~ but all possible real values of
Eo.

It was also found in Section 3.3.2 that it is important to choose the appropriate multiplier
to find the correct Wigner function for the relevant group. The appropriateness is defined
by the fact that the multiplier should reduce to one given by the Weyl-Heisenberg group
under proper substitution. In this sense, & defined by (3.52) was found to be appropriate
in the context of the (1+1)-Galilei group.

Next, we ask the question whether under suitable conditions the Wigner function for
G™ given by equation (3.83b) reduces to the standard one due to the Weyl-Heisenberg
group. One thing that marks a distinction between the above two groups is that the Galilei
group has a time translation parameter while the Weyl-Heisenberg group does not, the

second distinguishing characteristic being that the irreducible unitary representations of
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the former are parameterized by two constants namely v and £, while those of the latter
are parameterized only by a single constant v. With the above two considerations, we
insert two Delta like functions §(b) and §( Fy) following the substitution of k; to be zero in

equation (3.83a) to derive the following

W(|¢k2><¢k’2|’ k; k;’ kQ)

_.m ikror [ —i(*2Y — L hymo? —k —Eo)b

- P e 2% o(b)db

= 0 e (b)]
k3

mu. - k3 mu
B 7)%2,&)(—,?2 -5

X Ppey 0 (— )3(Ey)dvd E,

m . - kX mv_- k¥  mv
= / /elklv(S(EO)ka,Eo(_k_z + >¢k2,Eo(__2 - )dU dEO
Eo Jv

2w/ 21 2 ko 2
m P ky  mu, - ky  mu
= e ——=+ — —— — —)dv. 3.84
2%@/11 Urs 0( D )Pks,0( k2 ) (3.84)

The corresponding coadjoint orbits are foliated along one of the two othogonal axes of R?,
along which the coadjoint orbits of the (1+1)-centrally extended Galilei group were foliated
(see Section 3.3.2, where the geometry of its coadjoint orbits is discussed at length). The
measurable fields of the Hilbert-Schmidt operators are now indexed only by . The total
orbit space (union of the disjoint coadjoint orbits in question) is no longer a dense subspace
of R*. It is just a set of measure zero (lower dimensional space) instead. But it fills out
an R? hyperplane embedded in R*. Each coadjoint orbit here is a cotangent bundle of a
parabola characterized by the constant k, which is homeomorphic to R?, the coadjoint

orbit for the Weyl-Heisenberg group. So, we find that the Wigner function for the (1+1)
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dimensional extended Galilei group, computed using an appropriate multiplier, reduces to
the one for the Weyl- Heisenberg group under proper substitution.

The coadjoint action matrix for the (1+1)-centrally extended Galilei group turned out
to be independent of the choice of multipliers (belonging to the same equivalence class)
required to do the extension. In other words, we always end up with the same coadjoint
action matrix no matter what multiplier we choose from the same equivalence class of the
second cohomology group H?(Gy, U(1)).

It is interesting to observe that the coadjoint orbits of the (1+1)-extended affine Galilei
group G (see Figure 3—1) disintegrate into a continuous family of parabolas, each of which
is parameterized by a specific value of the ordered pair (v, Ey). These parabolas are just the
dual orbits of the (1+1)-centrally extended Galilei group G" or the quantum Galilei group.
This disintegration of the dual orbits resolves the difficulty of a nonrelativistic spinless
particle possessing variable mass, but as a price of the remedy, the beauty of the structure
of the open free orbits gets lost. None of the Wigner functions associated with the massive
nonrelativistic spinless particles under the symmetry of the Galilei group remains supported
inside the corresponding phase space. In this sense, to earn physically meaningful object
we had to sacrifice the associated mathematically elegant structure.

So far, in chapter 2 and 3, we considered various central and non-central extensions of

(1+1) Galilei group. Their intimate relationships with the Lie groups used in signal analysis

and image processing were explored. The Wigner functions associated with several of
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these extensions were subsequently computed along with a comparative study between the
respective functions. In terms of its algebraic structure, the (2+1) Galilei group is even
more interesting. The next chapter is devoted to the study of centrally extended (2+1)

Galilei group and its role in two-dimensional noncommutative quantum mechanics.
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Chapter 4
The Symmetry Groups of Noncommutative Quantum Mechanics and Coherent State
Quantization

The contents of this chapter are taken from the article titled “The Symmetry Groups of
Noncommutative Quantum Mechanics and Coherent State Quantization” [21]. Here, we
explore the group theoretical underpinning of noncommutative quantum mechanics for a
system moving on the two-dimensional plane. We show that the pertinent groups for the
system are the two-fold central extension of the Galilei group in (2 + 1)-space-time di-
mensions and the two-fold extension of the group of translations of R*. This latter group
is just the standard Weyl-Heisenberg group of standard quantum mechanics with an addi-
tional central extension. We also look at a further extension of this group and discuss its
significance to noncommutative quantum mechanics. We build unitary irreducible repre-
sentations of these various groups and construct the associated families of coherent states.
A coherent state quantization of the underlying phase space is then carried out, which is
shown to lead to exactly the same commutation relations as usually postulated for this

model of noncommutative quantum mechanics.
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4.1 Introduction

Noncommutative quantum mechanics is a much frequented topic of research these days.
The expectation here is that a modification, or rather an extension, of standard quantum me-
chanics is needed to model physical space-time at very short distances. In this chapter, we
restrict ourselves to the version of non-commutative quantum mechanics which describes
a quantum system with two degrees of freedom and in which, in addition to having the
usual canonical commutation relations, one also imposes an additional non-commutativity

between the two position coordinates, i.e.,

[Q’L?PJ] = 2h51]17 1,5 =1,2, [QlaQ?] = “9]7 4.1)

Here the ();, P; are the quantum mechanical position and momentum observables, respec-
tively, and 1} is a (small, positive) parameter which measures the additionally introduced
noncommutativity between the observables of the two spatial coordinates. The limit v/ = 0
then corresponds to standard (two-dimensional) quantum mechanics. The literature, even
on this rather focused and simple model, is already extensive. We refer to [24, 42] and
the many references cited therein for a review of the background and motivation behind
the model. One could continue with this game of increasing noncommutativity between
the observables by augmenting the above system by an additional commutator between the

two momentum operators:

[P, Pj] = ivd;;1 1,7=12, 4.2)
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where 7 is yet another positive parameter. Physically, such a commutator would signal, for
example, the presence of a magnetic field in the system [24].

The purpose of this chapter is two-fold. First, we undertake a group theoretical analysis
of the above sets of commutation relations, in order to find the groups behind noncommu-
tative quantum mechanics, in the same way as a centrally extended Galilei group [37] or
the Weyl-Heisenberg group underlies ordinary quantum mechanics. The second objective
of this chapter is to arrive at the commutation relations (4.1) by the method of coherent
state quantization (see, for example, [7] for a discussion of this method). This will involve
constructing appropriate families of coherent states, emanating from the groups underlying
noncommutative quantum mechanics, using standard techniques (see, for example, [4]). 1t
will turn out however, that the coherent states that we shall be using here are very different
from the ones introduced in [42], in that ours come from the representations of the related
groups and satisfy standard resolutions of the identity condition.

4.2 Noncommutative quantum mechanics in the two-plane and the (2+1)-Galilei
group

The (2+1)-Galilei group Gg, is a six-parameter Lie group. It is the kinematical group of
a classical, non-relativistic space-time having two spatial and one time dimensions. It con-
sists of translations of time and space, rotations in the two dimensional space and velocity
boosts. As is well-known [37], non-relativistic quantum mechanics can be seen as arising
from representations of central extensions of the Galilei group. We will thus be concerned

here with the centrally extended (2+1)-Galilei group. The Lie algebra &, of the group G,
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has a three dimensional vector space of central extensions. This extended algebra has the

following Lie bracket structure (see, for example, [14, 15]),

[M, Ni] = e;;N; [M, P] = €; P
[H,P]=0 [M, H| = b
[Ni, Nj] = €50 [P, Pj] =0
[N;, P;] = 0;;m [N;, H] = P, 4.3)
(1,7 = 1,2 and ¢;; is the totally antisymmetric tensor with €5 = —¢9;). The three central

extensions are characterized by the three central generators b, 0 and m (they commute with
each other and all the other generators). The P, generate space translations, /N; velocity
boosts, H time translations and M is the generator of angular momentum. Passing to
the group level, the universal covering group @Gal, of Gg,, has three central extensions, as
expected. However, G, itself has only two central extensions (i.e., h = 0, identically
[14]). We shall denote this 2-fold centrally extended (2 + 1)-Galilei group by G¢ and its

Lie algebra by &g;.
A generic element of G may be written as g = (6, ¢, R,b,v,a) = (0, ¢,r), where

0,9 € R, are phase terms corresponding to the two central extensions, b € R a time-

translation, R is a 2 x 2 rotation matrix, v € R? a 2-velocity boost, a € R? a 2-dimensional
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space translation and = (R, b, v,a). The two central extensions are given by two cocy-

cles, &} and &2, depending on the two real parameters m and \. Explicitly, these are,

fl (7" 7,/) —_ eiTm(a-Rv’fv-Ra’er/v-Rv’)
m Y I
2N /
&lryr') = e? VARV " where q AP = qips — @p1 4.4)

(q=(q1,%), p= (p1,p2))

The group multiplication rule is given by

gg/ = (67(257 R7b7v7 a)<917 ¢/7R/7b/7vl7a/)
= (040 +&,0 1), o+ +&(r 1),

RR' b+ 1V ,v+ Rv,a+ Ra' +vb') . 4.5)

The projective unitary irreducible representations (PURs) of G¢, from which we can
obtain its unitary irreducible representations, have all been computed in, e.g., [15]. In this
chapter we shall only consider the case where m # 0 and A # 0. These representations,
realized on the Hilbert space L?(R?, dk) (see (4.12) below), are characterized by ordered

. . ) h
pairs (m, 1) of reals and by the number s, expressed as an integral multiple of 5 Here, m
is to be interpreted as the mass of the nonrelativistic system under study, while A will be

seen to be related to the parameter ¢ appearing in (4.1). The quantity s is the eigenvalue

of the intrinsic angular momentum opearator .S (representating rotations in the rest-frame).
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The physical significance of these quantities have been studied extensively in [14, 15, 37]
and [46].

Recall that we should take h = 0 in (4.3), to get the Lie algebra &g. In the represen-
tation Hilbert space of the PURs of the group G, the basis elements of the algebra are

Gal?

realized as self-adjoint operators, the two central elements appearing as multiples of the

identity operator. Thus, the operator representation of &, looks like

[M, N = ie; N; (M, P] = ic;; P
[H,B) =0 (M, H] =0
[N, Nj] = eyl B, B =0
[N, Py] = idyyml [N;, H] = iP; . (4.6)

Here the operators N; generate velocity shifts. The other operators P, M, H,and [ are just
the linear momentum, angular momentum, energy and the identity operators, respectively,
acting on L*(R?, dk), the representation space of the PUIRs of G

Consider next the so-called two-dimensional noncommutative Weyl-Heisenberg group,
or the group of noncommutative quantum mechanics. The group generators are the op-
erators (;, P; and I, obeying the commutation relations (4.1). The resulting algebra of

operators is also referred to as the the noncommutative two-oscillator algebra. Realized

on the Hilbert space L?(R?, dx) (coordinate representation) these operators can be brought
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into the form

~ 1w 0 ~ i 0
Q=T G =Y Y
~ L 0 ~ L0
Pl = —Zh% P2 = —Zha—y (47)

If we add to this set the the Hamiltonian (corresponding to a mass m)

ﬁ2 VQ B h_? 32 62

H=——V*=— — + — 4.8
2m 2m(0x2 - 8y2)’ (48)
the angular momentum operator,
~ 0 0
M=—ih|z——y— ). 4.9
! <a:' Oz yax) 49)

and furthermore, define N; = mQ;, i = 1,2, then the resulting set of seven operators is

easily seen to obey the commutation relations

(M, N;| = ihe; N, (M, P) = ifie;; P;
[H,P] =0 (M, H] =0
[Ni, N;] = iegym*91 [P, Pj] =0
[N;, P;] = ihdyymi [N;, H| = ihP;, (4.10)

Taking i = 1 and writing A\ = m?9 this becomes exactly the same set of commutation
relations as that in (4.6) of the Lie algebra &¢. of the extended Galilei group. This tells us

Gal*®

that the kinematical group of non-relativistic, noncommutative quantum mechanics is the
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(2+1)-Galilei Gg, with two extensions, a fact which has already been noted and exploited
in [30].
At this point we note that in terms of )1, () and Py, P», the usual quantum mechanical

position and momentum operators defined on L?(R?, dx dy), the noncommutative position

operators (); can be written as

~ )

Q1 = Q1—ﬁp2

Q = Q L Up (4.11)
2 — 2 2h 1- .

The above transformation is linear and invertible and may be thought of as giving a non-
canonical transformation on the underlying phase space. Since Qi =Q;, <V =0, the
noncommutativity of the two-plane is lost if the parameter ¥ is turned off. However, from
the group theoretical discussion above we see that the noncommutativity of the two spatial
coordinates should not just be looked upon as a result of this non-canonical transforma-
tion. Rather, it is also the two-fold central extension of the (2+1)-Galilei group, governing
nonrelativistic mechanics, which is responsible for it. The extent to which the two spatial
coordinates fail to be commutative is encoded in the representation parameters of the un-
derlying group, namely, ¢. It is noteworthy in this context that had we centrally extended
the (2+1)-Galilei group using only the cocycle & in (4.4) (i.e., set ¥=0), we would have
just obtained standard quantum mechanics. In this sense we claim that the group underly-

ing noncommutative quantum mechanics, as governed by the commutation relations (4.7),
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is the doubly centrally extended (2 + 1)-Galilei group. (It is also worth mentioning in
this context that the noncommuting position operators Qi, arising from the (2+1)-centrally
extended Galilei group, also describe the position of the center of mass of the underlying
non-relativistic system (see [46]).)

4.3 Quantization using coherent states associated to non-commutative quantum me-
chanics

In this section we first write down the unitary irreducible representations of the ex-
tended Galilei group G¢,. Next we construct coherent states for these representations,
which we identify as being the coherent states of noncommutative quantum mechanics. We
then carry out a quantization of the underlying phase space using these coherent states,
obtaining thereby the operators Q);, P; (see (4.1)) of non-commutative quantum mechan-
ics. In the literature other coherent states have been defined for noncommutative quantum
mechanics — see, for example, [42]. These latter coherent states are basically the one-
dimensional projection operators, |z)(z|, z € C, where |z) is the well-known canonical
coherent state, familiar from quantum mechanics (see, for example, [4]). These coherent
states have been shown to satisfy a sort of an “operator resolution of the identity” and have
been used to study localization properties of systems obeying noncommutative quantum

mechanics. By contrast, the coherent states which we obtain (see (4.16) below), using the

representations of the group G

or» 1.e., the kinematical group of noncommutative quantum

mechanics, satisfy a standard resolution of the identity (see (4.17)). We shall also discuss

the relationship of these coherent states to the canonical coherent states (in this case arising
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from the Weyl-Heisenberg group), for two degrees of freedom, and the fact that these latter
can be recovered from the coherent states (4.16) of noncommutative quantum mechanics
in the limit of ¥ = 0.

4.3.1 UIRs of the group G¢,

The unitary irreducible representations of the extended Galilei group G¢ can be ob-
tained from its projective unitary irreducible representations worked out in [15]. We take,
as mentioned earlier, both extension parameters m and A to be non-zero. The representation
space is L?(R?, dk) (momentum space representation). Denoting the unitary representation

operators by U, », we have,

(Um)\(ea ¢7 Ra ba v, a)f) (k)

= ((0+0) gila(kmgmv) gkt gy ikl o () (R (k — mv)), (4.12)

for any f € L? (RQ, dk). Here, s denotes the irreducible representation of the rotation
group in the rest frame (spin). It is useful to Fourier transform the above representation to
get its configuration space version (on L*(R?, dx)). A straightforward computation, using
Fourier transforms, leads to:

Lemma 4.3.1. The unitary irreducible representations of G in the (two-dimensional)

Gal

configuration space are given by
(Um,)\(07 ¢7 R7 ba v, a)f) <X>

_ (i(O9) gimOet ba)v gk VP (o ¢ <R—1 (x +a- %Jv)) , @13)
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o2 2 0 —1

where V? = 922 + 8_y?’ J is the 2 X 2 skew-symmetric matrix, J = , and

f e L*(R?, dx).
4.3.2 Coherent states of the centrally extended (2+1)-Galilei group

It is easy to see from (4.13) that the representation U, ) is not square-integrable. This
means that there is no non-zero vector 7 in the representation space for which the function

fa(9) = (0| Upm(g)n) has finite L?-norm, i.e., for all non-zero n € L*(R?, dx),

dp being the Haar measure.

On the other hand, the group composition law (4.5) reflects the fact that the subgroup
H = 0 x®xS0(2) x T, with generic group elements (0, ¢, R, b), is an abelian subgroup
of G=. The left coset space X := G2 /H is easily seen to be homeomorphic to R*,

al

corresponding to to the left coset decomposition,
(0,0,R,b,v,a) =(0,0,15,0,v,a)(d,¢,R,0,0), (I =2 X 2 unit matrix).

Writing q for a and replacing v by p := mv, we identify X with the phase space of
the quantum system corresponding to the UIR Um, » and write its elements as (q, p). The
homogeneous space carries an invariant measure under the natural action of G2, which

Gal?

in these coordinates is just the Lebesgue measure dq dp on R*. Also we define a section
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B: X — G

Gal?

ﬂ@m%ﬂ&&h&%&) (4.14)

We show next that the representation U, , is square-integrable mod(/3, H ) in the sense
of [4] and hence construct coherent states on the homogeneous space (phase space) X. Let
X € L*(R?,dx) be a fixed vector. At a later stage (see Theorem 4.3.2) we shall need to
impose a symmetry condition on this vector, but at the moment we leave it arbitrary. For

each phase space point (q, p) define the vector,

Xap = Unx(B(a,P))x - (4.15)

so that from (4.13) and (4.14),

. A
MMQZJH*WXG+q—Z§ﬁ0' (4.16)

Lemma 4.3.2. For all f,g € L*(R?), the vectors Xqp Satisfy the square integrability

condition
/R2 R2<f | Xap)Xap | 9) dadp = 27)?||xII*(f | 9)- (4.17)

The proof is given in Appendix A. Additionally, in the course of the proof we have also

established that the operator integral

T = / |Xq,p><Xq,p| dq dp ,
R2 xR2
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in (A.3) converges weakly to 7' = 27 ||x||* I. Let us now define the vectors

1
77 \/ﬂHXHX’ an nq,p U(/B<q7 p))n ) (q7 p) € ( )

Then, as a consequence of the above lemma, we have proved the following theorem.
Theorem 4.3.1. The representation U, » in (4.13), of the extended Galilei group G¢, is

square integrable mod (3, H) and the vectors 1)qp in (4.18) form a set of coherent states

defined on the homogeneous space X = G,/ H, satisfying the resolution of the identity

/R2 e |77q,p><77q7p| dqdp =1, (4.19)
X
on L*(R?, dx).
Note that
i(x+1q) - A
Ngp(X) = €29 P (x+q—2—mQJp) : (4.20)

We shall consider these coherent states to be the ones associated with non-commutative
. . A )
quantum mechanics. Note that writing = — as before, and letting J — 0, we recover
m

the standard or canonical coherent states of ordinary quantum mechanics, if 7 is chosen to
be the gaussian wave function. Since this also corresponds to setting A = 0, it is consistent
with constructing the coherent states of the (2+1)-Galilei group with one central extension
(using only the first of the two cocycles in (4.4), with mass parameter m).

Let us emphasize again that the coherent states (4.20) are rooted in the underlying

symmetry group of noncommutative quantum mechanics and they are very different from
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the ones introduced, for example, in [42] and often used in the literature. These latter
coherent states are defined as |2) = |2)(z|, z € C, where |z) is the usual canonical coherent
state of ordinary quantum mechanics. If §) denotes the Hilbert space of a one dimensional
quantum system moving on the line, then |z), is an element of the space B,($)) of Hilbert-
Schmidt operators on §) and this space is then taken to be the state space of noncommutative
quantum mechanics. The coherent states |z) satisfy a resolution of the identity which is also
of a very different nature from (4.19). On By (%)) the algebra of operators in (4.7) is realized

by the operators Qi, f’i, 1 = 1, 2. These have the actions

QX = QX, Q. X = 9PX,

on elements X of B2($)). The () and P are two operators on $), satisfying the commutation
relation [Q), P] = il. The state space with which we are working here and on which the
operators (4.7) are realized, is L*(R?, dx). It is not hard to see that the unitary Wigner map,

W : By($) — L*(R?, dx), given by

WX)(z,y) = \/% Tr[e " @@HvP) X | (4.22)

transforms the set {QZ, 13,} to the set {QZ, P,} in (4.7). In other words, the formulation of

noncommutative quantum mechanics on these two state spaces are completely equivalent.
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4.3.3 Coherent state quantization on phase space leading to the noncommutative
plane

It has been already noted that we are identifying the homogeneous space X = G2\ /H
with the phase space of the system. We shall now carry out a coherent state quantization
of functions on this phase space, using the above coherent states of the extended Galilei
group. It will turn out that such a quantization of the phase space variables of position and
momentum will lead precisely to the operators (4.7).

Recall that given a (sufficiently well behaved) function f(q, p), its quantized version

O f, obtained via coherent state quantization, is the operator (on L?(R?, dx)) given by the

prescription (see, for example, [7] ),

@f = / f(a, p)|77q7p><77q,p| dq dp (4.23)
R2 xR2

provided this operator is well-defined (again the integral being weakly defined). The oper-

ators O acton a g € L?(R?, dx) in the following manner

(Org)(x) = /R ] sz(q, P)7q,p(X) { /R ] Nap(X')g(x)dx'| dq dp . (4.24)

If we now take the function f to be one of the coordinate functions, f(q,p) = ¢;, i = 1,2,
or one of the momentum functions, f(q,p) = p;, ¢ = 1,2, then the following theorem
shows that the resulting quantized operators @qi and (’A)pi are exactly the ones given in
(4.1) for noncommutative quantum mechanics (with 4 = 1) or the ones in (4.7), for the

generators of the UIRs of G¢Y, or of the noncommutative Weyl-Heisenberg group.
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Theorem 4.3.2. Let 1) be a smooth function which satisfies the rotational invariance con-

), forall x € R2. Then, the operators @q“ @pi, 1 = 1, 2, obtained by

dition, n(x) = n(||x
a quantization of the phase space functions q;, p;, © = 1,2, using the coherent states (4.18)

of the (2+1)-centrally extended Galilei group, G, are given by

Gal®

(Gn)x) = (114 s ) o) (Gn)x) = (12~ s ) o)

2m?2 0x,

A ~

(O g)(x) = —i-2g(x) Ong)9) = =iz g(x), @29

for g € L*(R?, dx), in the domain of these operators.

In (4.25) if we make the substitution ¥ = we get the operators (4.7) and the

R
m2

commutation relations of non-commutative quantum mechanics (with 7 = 1):

A~ A ~ A ~

04,0l =91, [0,,,0,] =161,  [0,,0,,]=0. (4.26)

Moreover, it ought to be emphasized here that the rotational invariance of 7, in the sense
that n(x) = n(||x||) was essential in deriving (4.25).

Two final remarks, before leaving this section, are in order. First, the operators Q);, P,
appearing in (4.11), together with the identity operator I, generate a representation of the
Lie algebra of the Wey-Heisenberg group. Thus, it would seem that the operators Q:, P,
are just a different basis in this same algebra. However, this only appears to be so at
the representation level, in which both central elements of the extended Galilei group are

mapped to the identity operator. The two sets of operators, ();, F; and Q;, P, in fact refer
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to the Lie algebras of two different groups namely, the (2 4 1)-Galilei groups with one and
two extensions, respectively. Moreover, the set of commutation relations (4.1), governing
noncommutative quantum mechanics, is not unitary equivalent to that of standard quantum
mechanics (where ¥ = 0). In the following section we look at extensions of the Weyl-
Heisenberg group which will throw more light on this issue. As a second point, we note
that the first commutation relation, between @ql and @QQ in (4.26) above, also implies that
the two dimensional plane R? becomes noncommutative as a result of quantization.

4.4 Central extensions of the abelian group of translations in R* and noncommuta-
tive quantum mechanics

We start out with the abelian group of translations G in R, a generic element of which,

denoted (q, p), obeys the group composition rule

(a,p)(d,p)=(a+d.p+p). (4.27)

At the level of the Lie algebra, all the generators commute with each other. In order to
arrive at quantum mechanics out of this abelian Lie group, and to go further to obtain non-
commutative quantum mechanics, we need to centrally extend this group of translations by
some other abelian group, say by R. In this section we will first discuss the double central
extension of G and see that the double central extension by R yields the commutation

relations (4.1) of noncommutative quantum mechanics. We will, next go a step further and
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extend G triply by R. The Lie algebra basis will be found to satisfy the additional com-
mutation relation (4.2) between the momentum operators. We start by recalling some facts
about central extensions, following closely the treatment of Bargmann in [10].

Given a connected and simply connected Lie group G, the local exponents & giving its

central extensions are functions £ : G X G — R, obeying the following properties:

£(9",9") +¢(d"d,9) =€(d", d'9) + (9, 9) (4.28)

£(g.e) =0==¢(e,9), £lg,97") =¢&(g " 9) (4.29)

We call the central extension trivial when the corresponding local exponent is simply a
coboundary term, in other words, when there exists a continuous function ¢ : G — R such

that
€09, 9) = &g, 9) == C(d) + Clg) = C(d'9). (4.30)

Two local exponents £ and & are equivalent if they differ by a coboundary term, i.e.
&(d,9) = £, 9) + &an(d',9). A local exponent which is itself a coboundary is said
to be trivial and the corresponding extension of the group is called a trivial extension. Such
an extension is isomorphic to the direct product group U(1) x (. Exponentiating the in-
equivalent local exponents yields the U(1) local factors or the familiar group multipliers,
and the set of all such inequivalent multipliers form the well known second cohomology

group H?(G,U(1)) of G.
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Theorem 4.4.1. The three real valued functions &, &' and £ on Gt x Gt given by

1

E(q1, g2, P15 p2)s (41, @5, P, h)) = §[q1p’1+qu’2—p1q’1—pzq§], (4.31)
1

gl(((h?qzvplvp?)v(qgaqgvpllvpé» = _[plpé_p2p,1]7 (432)
2
1

" (a1, 42, P15 02)s (41,45, 01, 05)) = =laras — qqy), (4.33)
2

are inequivalent local exponents for the group, G, of translations in R* in the sense of
(4.30).

The proof is given in the Appendix A.
4.4.1 Double central extension of G

In this section, we study the doubly (centrally) extended group G:T where the extension
is achieved by means of the two multipliers £ and £’ enumerated in Theorem 4.4.1. The

group composition rule for the extended group G:T reads

(6, ¢,q,p)(¢. ¢, q, p')

B

o
2

5 pPAPla+d,p+p), (434

=0+0 + s{a,p) — (p,d)], ¢+ ¢ +

where q = (g1, ¢2) and p = (p1,p2). Also, (., .) and A are defined as (q, p) := q1p1 + q2p2

and q A\ p := q1p2 — @2 respectively.

141



A matrix representation for the group G:T obeying the group multiplication rule (4.34)

is given by the following 7 x 7 upper triangular matrix

L0 =5p —5p2 501 5S¢ 0

0 1 0 0 —§p2 9P ¢
00 1 0 0 0 @

(0:6,9,P)ap =10 0 0 1 0 0 - (4.35)
00 0 0 1 0 p

00 O 0 0 1 po

00 0 0 0 0 1

Let us denote the generators of the Lie group G:T, or equivalently the basis of the associated
Lie algebra, Q':T by ©, P, Q1,Q2, P, and P,. These generate the one-parameter subgroups
corresponding to the group parameters 0, ¢, p1, p2, q1 and ¢, respectively. The bilinear Lie

brackets between the basis elements of G are given by

[Ph Q]] = aéi,j@7 [Qla QQ] = B(ba [Pla PZ] = 07 [Pw @] = 07
(4.36)
[Q’H@] :07 [Raq)] :Oa [Qw@] :Oa [@7(1)] :07 27] = 172 :
It is easily seen from (4.36) that © and ¢ form the center of the algebra (]:T It is also
noteworthy that, unlike in standard quantum mechanics, the two generators of space trans-

lation, ()1, ()2, no longer commute, the noncommutativity of these two generators being

controlled by the central extension parameter . It is in this context that it is reasonable to
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call the Lie group G:T the noncommutative Weyl-Heisenberg group and the corresponding
Lie algebra the noncommutative Weyl-Heisenberg algebra.

We now proceed to find a unitary irreducible representation of G:T From the matrix
representation (4.35) we see that G:T is a nilpotent Lie group. Hence, it is convenient to
apply the orbit method of Kirillov (see [34]) for finding the unitary dual of the group.

Switching to a slightly different notation, for computational convenience, we replace
the group parameters p1, po, ¢1, g2, 0 and ¢ by aq, as, as, a4, as and ag, respectively. then a

generic group element g(ay, as, ag, a4, as, ag) is represented by the following matrix (com-

pare with (4.35)):
1 0 —Sar —5az Saz Sas as
01 0 0 —gag gal ag
0 0 1 0 0 0 a3
g(a1, az, a3, a4, as, ag) = 0 0 0 1 0 0 ayl- 4.37)
00 0 0 1 0 a
00 0 0 0 1 a

00 0 0 0 0 1

If X, Xo, X3, X4, X5 and Xy stand for the respective group generators, a generic Lie al-

gebra element can be written as X = !X + 22X, + 23 X3 + 22X, + 25X5 + 2°X¢. In
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matrix notation, X can be read off as

0

0

(4.38)

Anelement F' € (g:T) with coordinates { X1, Xo, X3, X4, X5, Xg} is now represented

by the following 7 x 7 lower triangular matrix

Xs

Xe

0 O
0 0
0 O
0 O
0 O
0 0
X3 Xy
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X

0

(4.39)



6
with the dual pairing being given as (F, X) = tr(FX) = Z 2'X;. Hence the coadjoint

i=1

action K of the underlying group G'r on the dual Lie algebra (g:T) can be computed as

—1
g(ah a2, a3, A4, Ay, a6) F g(ala a2, a3, A4, As, a6)

i * * * * * x| (4.40)

X! X, X, X, X! X} x

with

X=X — gCL?,XE) + é@Xﬁ, X5 =X, — gCL4X5 — échXG,
2 2 2 2 (4.41)

X! = X5+ %ang,, X=X, + %ang,, X! = X5, X, = Xe.

The required coadjoint action K of the group on the dual algebra is therefore given by

Kg<a17 Az, a3, a4, 05, a6)<X17 X27 X37 X47 X57 X6)

= (X, — gCL?)XE) + éG2X6, Xy — gCL4X5 — éalXﬁa X3+ galX&
2 2 2 2 2
a
Xy + §G2X5, X5, X). (4.42)
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The entries denoted by *’s in (4.40) are some nonzero values that we are not interested in.
From (4.42) one observes that the two coordinates X5 and X remain unchanged under the
coadjoint action. This is expected since they correspond to the center of the underlying
algebra. The only two polynomial invariants in this case are just P(F') = X5 and Q(F) =

Xe. The coadjoint orbits are given by the set S, ,, for some fixed real numbers p, o, with
Spo ={F € (Gr) | P(F) = p, Q(F) = o}, (4.43)

Now, the first four coordinates of the vector on the right hand side of (4.42) can be made
zero by a suitable choice of the group parameters aq, as, as, as, a5 and ag. Therefore, for
nonzero values of p and o in (4.43), the vector (0,0, 0,0, p, o) will lie in a coadjoint orbit
S, of codimension 2. Since the dual algebra space is six dimensional, i.e., the coadjoint
orbit in question is 4 dimensional and it passes through the point (0,0, 0,0, p, o).

We next have to find the subalgebra, of correct dimension, subordinate to F' (see (4.39)).
If we work with this appropiate polarizing subalgebra and solve the master equation (see
[34]), the representation we end up with will be irreducible and unitary. The correct di-
mension of the polarizing subalgebra in this context turns out to be # = 4. The maximal
abelian subalgebra § of the underlying algebra g:T serves as the appropiate poralizing sub-
algebra in this case, i.e. b is the maximal subalgebra with F'|jy s = 0. A generic element of

b can be obtained from (4.38) just by putting ' = 2% = 0 in there. A generic element of
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the corresponding abelian subgroup H can be represented by the following matrix

h(B,p,q) =

1 000

0000

7

¢
q1

q2

1

(4.44)

We now choose a section § : S = H\G:T — Gr with d(s) = d(s1, s2) being given by the

following 7 x 7 matrix

6(s1,82) = |0 0

—g5 -2
0 0
1 0
0 1
0 0
0 0
0 0
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With all the relevant matrices at our disposal, we move on to solving the master equation,

which in this case involves solving the matrix equation

10-5s1 —5s2 0 0 o0 10-9p1 —$p2 ga1 $q2 0
01 0 0 —£s 85 0 01 0 0 —5pgpr ¢
00 1 0 0 0 0 00 1 0 0 0 a1
00 0 1 0 0 0 00 0 1 0 0 g
00 0 0 1 0 s 00 0 0 1 0 p
00 O 0 0 1 s2o 00 O 0 0 1 p2
00 O 0 0 0 1 00 0 0 0 0 1
10 —5(prits1) —F(p2ts2)  Sa 5@ 0-Smsi—5as
01 0 0 —g(p2+82) g(p1+s1) ¢—§p182+§p281
_loo 1 0 0 0 @
=1loo 0 1 0 0 @ (4.46)
00 0 0 1 0 p1+s1
00 0 0 0 1 p2+s2
00 0 0 0 0 1
100024 ¢BC 10—5E-5F 0 00
0100 0 012 01 0 0 -2rfEo0
_ |l oo10 0 o
SRR I
0000 1 0 0 00 0 0 1 0 E
0000 0 1 O 00 0 0 0 1 F
0000 0 0 1 00 0 0 0o 0 1
10-SE -9F $A 2B C+$BF+%AE
01 0 o -LriE D
— oo 1 0 0 0 A
00 0 1 0 0 B ) (4.47)
00 0 0 1 0 E
00 0 0 0 1 F
00 0 0 0 0 1
for the unknowns A, B, C, D, E and F'. Comparing (4.46) with (4.47), one gets
A=q, B=q, E=pi+s, F=p+sy,
(4.48)
1 B
C:H—a<q,s+§p>, D:¢—§p/\s.

We recall that the coadjoint orbit vector, associated to which we found the polarizing al-
gebra, was of the form (0,0, 0,0, p, o). In view of (4.48), we therefore have the following
theorem

Theorem 4.4.2. The noncommutative Weyl-Heisenberg group G:T admits a unitary irre-

ducible representation realized on L*(R?, ds) by the operators U(0, ¢, q, p):

(U0, 6,q,p)f)(s) = expi (9 +¢ —af{q,s + %p> - gp A s)f(s +p), (449
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where f € L*(R? ds).
From the one-parameter unitary groups U(6,0,0,0,0,0), U(0,0,q1,0,0,0), etc, we
obtain the their self-adjoint generators (on L2(]R2, ds)), é <f> Pl, Pg, Ql and QQ, using the

general formula

> _ dU(9)
Xy =1——— .
é t d¢ =0

Thus, we have the following Hilbert space representation of the noncentral group genera-

tors

. . 0
P, = asy, Q1:§52+Z—
(4.50)
- g
Py=as;, Q= —gs1 Tt
while the two central generators © and @ are both mapped to the Identity operator I

of H = LZ(RQ, ds). An inverse Fourier transformation leads to the expressions, (on the

coordinate Hilbert space L*(R?, dx))

R 0 . 0
P1 = —iaa—, P2 = —ina—,
v Y 4.51)
N i 0 N zﬁ 8
which coincide with (4.7) if we identify o with A and —( with 9.
The commutation relations are now
Qi, P} = iadiIn,  [Q1, Qo) = —ifls, [P, P2] =0. (4.52)
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If we now set & = h and — 3 = ¢}, we again retrieve the commutation relations (4.1) of
noncommutative quantum mechanics. This means, that as in the case of the Galilei group,
an additional central extension of the Weyl-Heisenberg group leads to non-commutative
quantum mechanics.

4.4.2 Triple central extension of G

In this section we study the triple central extension of G by R and compute a unitary

irreducible representation of the extended group GET We will make use of all the three

local exponents &, £ and £” enumerated in Theorem 4.4.1 to do this triple extension. The

group composition rule for the resulting triply extended Lie group G:T then reads

(0,0,¢,q,p)(¢, ¢, q,p")

=040+ 2@ p) — b0+ + Do Apy 4o+ Jfand]
.a+d.p+p) 4.53)
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The matrix representation of G'r, consistent with the above group law, is then seen to be

L 00 —=Sp1 —5p2 S@1 5q2 0
010 0 0 —5p2 5p1 ¢
001 -3¢ 3 0 0
000 1 0 0 0 ¢
(0,0,9,4,P)asy = : (4.54)
000 O 1 0 0 g
000 O 0 1 0 p
000 0 0 0 1 po
000 0 0 0 0 1

Let us denote the Lie algebra of G:T by g:T Denoting the basis elements of g:T by O, P, U, Q1,Qs, P
and P,, corresponding to the group parameters 6, ¢, v, p1, p2, q1 and go, respectively, we

have the following Lie bracket relations between them

[P, Q5] = a6 j©,  [Q1,Q2] = B2, [P, ] =Y, [F,0]=0,

Qi.0]=0, [P,® =0, [Qi® =0, [P¥]=0, (453)

Qi V] =0, [6,9]=0, [®V]=0, [6,9]=0, i,j=12.
In addition to the two central elements © and ® appearing in the double extension case (see
(4.36)), we have a third central element ¥ in (4.55), which makes the two generators P,
and P, noncommutative as well, with the noncommutativity being controlled by the exten-

sion parameter y. We shall call this centrally extended Lie group G:T the triply extended
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group of translations and the corresponding Lie algebra G the triply extended algebra of
translations.

It remains now to find a unitary irreducible representation of the group G7. In doing

so we will be following exactly the same course as for the UIR of the G:T in Section 4.4.1.

Since G'r is also a nilpotent Lie group, (see (4.54)), we again apply the orbit method of
Kirillov.
We again change notations and replace the group parameters p1, p2, q1, g2, 8, ¢ and ¢

by ay, as, as, a4, as, ag and az, respectively. Then, a generic group element has the matrix

representation
1 00 —%0,1 —%ag %03 %a4 as
010 0 0 _§a2 gal Qg
001 —Jas 3as 0 0 ay
0 00 1 0 0 0 a3
g(a17&27a37a4>a57a67a7) = . (456)
000 0 1 0 0 ay

000 O 0 1 0

000 O 0 0 1 a

000 O 0 0 0 1

Denoting by X5, Xo, X3, X4, X5, Xg and X7, the respective group generators, and writing a

a generic Lie algebra element as X = 2! X + 22 Xo + 23 X5+ 24 Xy + 25 X5 + 20 X +27 X7,
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we have the matrix

X5

Xe

X7

153

X3

X4

0

(4.57)

(4.58)



7
where the dual pairing is given by (F, X) = tr(FX) = Z 7' X;. Therefore, the coad-

=1

joint action of the underlying Lie group G+ on the corresponding dual Lie algebra (g:T>

follows from the following computation

-1
g(a17 ag, as, 4, as, ag, CL7)Fg(CL1, ag, as, a4, 05, g, CL7>

* * * * * ok ok ok
* * * * * ok ok ok
* * * * * ok ok ok

_ , (4.59)
—%Xé Xk x x % % %
* * % % * ok ok %
* * % % * ok k%
X X X5 X, X ox % %
with
’ 2 / 2 ! Q ’y
Xl — __Xl + a3X57 X2 = ——X2 + CL4X5, X3 - _alXS + —CL4X7 + X37
a o 2 2
(4.60)
lel = %CLQX5 — %G3X7 + Xy, Xé = X, Xé = X, Xé = X7

The required coadjoint action of the group on the dual algebra is therefore given by

Kg(ala ag, as, G4, as, g, CL7)(X1, X27 X37 X47 X57 X67 X7)

2 2 o
= (—2X, + a3 X, — =Xy + a1 X5, —a1 X5 + Lay X7 + X;
o o 2 2

,§a2X5 - %a3X7 + Xy, X5, X, Xo). (4.61)

154



The nonzero entries denoted by *’s in (5.7) are of no interest to us. From (4.61), one
observes that the three dual algebra coordinates X5, X and X7 remain unaltered under
the coadjoint action of the underlying group element, coming as they do from the center
of the Lie algebra. We therefore have three polynomial invariants in our theory given by
P(F) = X5, Q(F) = Xg and R(F') = X;. The coadjoint orbits in this case are given by
the sets .S, , - with

Spon — {F € (g—) |P(F)=p, QF) =0, RF) =7}, (462)

It is also obvious from (4.61) that by choosing a;, as, as and a4 in a suitable manner,
we can make all of X, XJ, X and X} vanishing at the same time. Therefore, for nonzero
values of p, o and 7, the vector (0, 0,0, 0, p, o, 7) will always lie in the coadjoint orbit S, , ,
of codimension 3. In other words, the underlying coadjoint orbit S, turns out to be 4
dimensional which passes through the point (0,0, 0, 0, p, o, 7) of the dual algebra space.

We now have to find the maximal subalgebra subordinate to F' given by (4.58). This
maximal subalgebra or the polarizing subalgebra turns out to be of the correct dimension
347

=5+ = 5 and hence, the representation for G=T that we end up with using the orbit method

will be irreducible and unitary. As in the case of G:T the maximal abelian subalgebra

b of the Lie algebra Q:T serves as the polarizing subalgebra. A generic element of the
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corresponding abelian subgroup H can be represented by the following 8 x 8 matrix

h(ea ¢> wapla Q2> =

Then the section ¢ : H \G:T — G:T will be represented by the following matrix

6(7”17 S2> ==

100
0 0
0 1
0 0
0 0
0 0
0 0
0 0

1000
01 0
0 0 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
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o

0 0

0 0

5q¢ 0
§p1 ¢
U
0 0
0 ¢
0 pm
1 0
0 1

(4.63)

(4.64)



Thus, we again have to solve the master equation,

1000—%sa S 00 100-5p1 —5p2 51 5q2 0
0100 0 —-Zs00 010 0 0 —5p25p1 ¢
0010 Zr1 0 00 001 -3¢2 31 0 0 ¥
0001 0 0 07 000 1 0 0 0 ¢
0000 1 0 00 000 0 1 0 0 g2
0000 0 i 00 000 0 0 1 0 p
0000 0 0 1s 000 0 0 0 1 po
0000 O 0 01 000 O 0 0 0 1
100 —9p1 —F(p2ts2) S(q1+r1) $a2 0—Fgese+gpir
010 0 0 —S(pats2) 511 —Spis2
001 —Zg2 F(q1+r1) 0 0 Y+3qer
=1]o00 1 0 0 0 qitr1 (4.65)
000 0 1 0 0 ¢
000 0 0 1 0 1
000 0 0 0 1 patsa
000 0 0 0 0 1
100-24002BC 1000-2F G 00
010 0 0054aD 0100 0 -5Fo0o0
| o01-2B00 0 E 0010 2G 0 00
= loo00 1 000 0 0001 0 0 0G
000 0 10 0 B 0000 1 0 00
000 0 01 0 A 0000 0 1 00
000 0 00 1 0 0000 0 0 1F
000 0 00 0 1 0000 0 0 01
100-94-SF 2G 9B C+2BF-%GA
010 0 0 -SFrfaA DiBaF
001-2B 2G 0 0 E-1BG
— 2 2 2
=loo0o 1 0 o0 o0 G (4.60)
000 0 1 0 0 B
000 0 0 1 0 A
000 0 0 0 1 F
000 0 0 0 O 1

The unknowns A, B,C, D, E, F' and G can easily be computed by comparing (4.65) with

(4.66). We get

A=p, B=q, G=r1+q, F =35+ p,

«

2

«

2

C =0 — agss + apim1 + —q1p1 — =@a2Do, (4.67)

D = ¢ — Bpisy — §p1p27 E =Y +yqgr + %Chfb.

Now, the dual algebra vector lying in the underlying four dimensional coadjoint orbit was

found to be (0,0,0,0, p, o, 7). In light of (4.67), we therefore have the following theorem
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Theorem 4.4.3. The triply extended group of translations G admits a unitary irreducible

representation realized on L*(R?). The explicit form of the representation is given by

(U6, 9,9, 1,92, p1,p2) f)(r1, 52)

— (i0—aqsatapiri+Gaipi—5ap2) Si(6—Pprsa— Spip2)

Xei(¢+qur1+%q2q1)f(rl + q1, 52+ p2), (4.68)

where f € L*(R?, drydss).
Now, let us take the Fourier transform of (4.68) with respect to the first coordinate
and call the transformed coordinate s;. The noncentral generators of G can be represented

by self adjoint operators defined on L?(R?, ds) in the following manner

A 0
P =—s1, Q= sy~ 2048—,
S1

0 A 0
P = — y— = —
2 = Sy Z’Y&Sl’ Qo 2852’

(4.69)

while the three central elements ©, ® and ¥ of the corresponding Lie algebra g:T are all
mapped to the identity operator I of the uderlying Hilbert space $ = L*(R?, ds). The

corresponding commutation relations now read
[Qi, Pj] = iad; jIs,  [Q1, Qo) = —iBly, [P, Py = —inly,. (4.70)

Once again, if we write « = h, —f = 9 and replace 7 by —v we recover (4.1)
together with (4.2), the additional central extension making the two momentum operators

noncommuting.

158



In this chapter, we presented a rigorous treatment of two-dimensional noncommutative
quantum mechanics (NCQM) from group and repreentation theoretic point of views. In
particular, we showed that noncommutative quantum mechanics, associated with position
noncommutativity only, can be essentially regarded as coherent state quantization of phase
space variables of two-dimensional non-relativistic system constrained by the symmetry of
(2+1) centrally extended Galilei group. Towards the end of the chapter, we encountered
double and triple central extensions of abelian group of translations in R*. In fact, the latter
central extension turns out to play a very crucial role in two-dimensional NCQM as is about

to be explored in the following chapter.
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Chapter 5
Triply Extended Group of Translations of R* as Defining Group of NCQM: relation
to various gauges

The contents of this chapter are taken from the article titled “Triply Extended Group
of Translations of R* as Defining Group of NCQM: relation to various gauges” [19]. The
triply extended group of translations of R* has been encountered in the context of two-
dimensional noncommutative quantum mechanics (NCQM) in [21]. In this chapter, we
revisit the coadjoint orbit structure and various irreducible representations of the group
associated with them. The two irreducible representations corresponding to the Landau
and symmetric gauges are found to arise from the underlying defining group. The group
structure of the transformations, preserving the commutation relations of NCQM, has been
studied along with specific examples. Finally, the relationship of a certain family of UIRs
of the underlying defining group with a family of deformed complex Hermite polynomials
has been explored.

5.1 Introduction

The Weyl-Heisenberg group, whose generators in a unitary irreducible representation
on a Hilbert space give the position and momentum operators of quantum mechanics, can
be thought of as being the defining group of standard non-relativistic quantum mechanics.

The analog of this group, in the setting of a two-dimensional noncommutative quantum
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system (i.e., a system in which the two operators of position are also non-commuting), was
explored in [21]. There the possibility of an additional non-commutativity (that of the two
momentum operators as well) was also considered. In the literature (see, for example, [24]),
two different gauges and their physical interpretations have been pointed out, connected
with this latter non-commutativity (of the momenta). We shall show in this chapter of the
thesis that the irreducible representations of the resulting commutation relations, postulated
there arise indeed from the irreducible unitary representations of the triply extended group
of translations in R*, which we shall denote as Gy from now on. (In [21] the notation
ET had been used for this group). In this sense it is this group which is the defining
group of noncommutative quantum mechanics. Indeed, as will be shown in the sequel,
the different unitary irreducible representations of it describe all the possible types of non-
commutativities presently considered in the literature.

In this chapter, we give a complete description of all the unitary irreducible represen-
tations of the group G\ and its Lie algebra gy, following the classification of the un-
derlying coadjoint orbits. The unitary irreducible representations of the 2 dimensional
Weyl-Heisenberg group are found to be sitting inside the unitary dual of G\y.. We compute
the unitary irreducible representations, associated with the Landau gauge and symmetric
gauges of Gy, explicitly. The transformation group, preserving the commutation relations
of noncommutative quantum mechanics, is studied along with an example related to the

matrix of transformation between the UIRs of gy in the Landau and symmetric gauges.
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Finally, we obtain a family of coadjoint orbits in g. that gives rise to the representations
associated to the deformed complex Hermite polynomials studied at length in ([9], [6]).
5.2 Coadjoint orbits and UIRs of Gy

The phase space of a free classical system, moving in two spatial dimensions, is the
four dimensional abelian group of translations of R*. Let us denote a general element of
this group by (q, p), in terms of the two-vectors of position and momentum, respectively.
A generic element of the triple central extension Gy of this abelian group will be denoted

by (6, ¢,v,q, p). The group composition law for G reads (see [21])

0,0,¢,q.p)(@, ¢, V', d,p)

a 5

=w+9+2K%ﬂ%ﬂud%¢+ﬁ+§bAp%w+W+%hAd

,qa+d,p+p), (5.1)

where «, 3 and ~ stand for the extension parameters corresponding to 6, ¢, and v, respec-

tively.

162



A matrix realization of Gy is as follows

100 —=5p1 —35p2 S1 5q2 0

(07 ¢> % q, p)a,,@,'y = . (52)
0 0 O 0 1 0 0 q

000 O 0 1 0 m

000 0 0 0 1 p

000 O 0 0 0 1

Let us denote the Lie algebra of Gy by gyc. If we denote the basis elements of gy by
0,9, ¥, @, Q., P, and P;, corresponding to the on-parameter subgroups generated by the
group parameters 6, ¢, 1, p1, p2, q1 and gq, respectively, we end up with the following Lie

bracket relations between them
[Pi,Qj] = 0451',3'@, [Ql;@ﬂ = 39, [P1,P2] =Y, [Pz',@] =0,
[Qi.0]=0, [P,®] =0, [Qi® =0, [P,¥]=0, (>3)
@i, V] =0, [0,0]=0, [®,¥]=0, [6,9]=0, i,j=1,2.
For the sake of later convenience, we switch to a different notation by replacing the
group parameters pi, P2, q1, ¢, 0, ¢ and ¥ with aq, as, as, a4, as, ag and az, respectively.

The respective group generators are denoted X5, X, X3, X4, X5, Xg and X7. Writing a
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generic Lie algebra element X as a linear combination of the above basis elements yields

X =2'X; + 22 X0 + 23 X5 + 2 X, + 25 X5 + 2% X + 27 X7,

while the corresponding matrix realization reads

0 0O —%xl —%xz %xS %x4 xd
B B
0 00 0 0 —5x2 §x1 28
000 —Zat Za? 0 0 af
0 00 0 0 0 0 23
X — . 5.4
0 0O 0 0 0 0
0 0O 0 0 0 0 !
000 0 0 0 0 22
0 00 0 0 0 0 0
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Under the above mentioned change in notation, a generic group element of Gy is now

represented by the following matrix:

9(a1,a2,a3,a4,a5,a6,a7) =

1

0

(e}
2 4

a1

as

Qg

ar

as

aq

ay

a2

1

(5.5)

If we denote the dual lie algebra by gy, then an element F' of it can conveniently be

represented as the following lower triangular matrix:

Xs

Xe

X7

X3
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X4

Xy

X5

(5.6)



7
with the dual pairing being given by (F, X) = tr(FX) = Z 7' X;. We, therefore, note

i=1

that
g(ay, Gz, a3, a4, G, G, a7)Fg(ai,az, a3, a4, as, dg, az)
* * * * * * * *
k * k k k k k k
* * k k * k k k
* * * * * * * *
_ , (5.7)
* * * * * * * *
k * k k * k k k
* * k * * k * *
X! X, X X, X, X! X, «
with
X=X, - %ag)g + gazxﬁ, X) =X, - %a4X5 - galxﬁ,
X, = X5+ %a4X7 + %ang,, X! =X, — %ag)@ + %a2X5, (5.8)

Xi=X;5 Xi=Xs X;=Xy.
The entries, denoted by *’s in (5.7), are of no interest for the present computations. Thus

we arrive at the required coadjoint action of the group on the dual algebra, given by

Kg<a17 ag, as, a4, as, Ag, a7)(X17 X27 X37 X47 X57 X67 X7>

a o
= (X — §a3X5 + §G2X67 X9 — §G4X5 — galXﬁ
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,X3 + %(Z4X7 + %G1X5, Xy — %CL3X7 + %Q2X57 X57 XG: X7> (59)

From (5.9), we immediately see that X5, X4 and X; belonging to the center of gy remain
invariant under the coadjoint action of Gy, as expected. These three invariant coordinates
on the right side of (5.9) refer to the Gyc-invariant polynomial functions on g} related
to X5, Xe, X7, respectively, all belonging to to the center Z(gy.). We therefore have three
polynomial invariants in the present setting given by P(F') = X5, Q(F) = Xg and R(F) =

X7. Now the coadjoint orbits can be denoted using the sets S, , , with
Spor ={F € g | P(F) =p, Q(F) =0, R(F)=rT}. (5.10)

Let us pause briefly and study the geometry of the relevant coadjoint orbits before
computing all unitary irreducible representations of Gyc.

The triple (p, o, 7) solely determines the geometry of the underlying coadjoint orbit.
For all three parameters p, o and 7 assuming non-zero values, the vector (0,0, 0,0, p, o, T)
will always lie in the coadjoint orbit S, ,  of codimension 3. In other words, the under-
lying coadjoint orbit S, turns out to be 4 dimensional which passes through the point
(0,0,0,0, p,0, ) of the dual algebra space g;.. A generic element of S, , - can be written
as (ky, ko, ks, kq, p, o, 7), where (ky, ko, ks, k4) takes values in R*. These nonintersecting
four dimensional coadjoint orbits (one for each choice of values of the parameters p, o, 7)
are sitting inside the 7-dimensional dual Lie algebra g}, in the following way. R” can

be regarded as a continuum of nonintersecting R* spaces going through each point of an
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R3 space embedded in R”. Let us denote a generic point of the embedded R? space by
(0,0,0,0, p, g, 7). Restricting p, o, and T to nonzero real values, we obtain a disconnected
toplogical space with 8 connected components which we denote as R3. An R? coadjoint
orbit 07" passes through a point (0,0, 0,0, p,0,7) € g% for nonzero p, o, and 7, as we
have already noted.
Now we consider the rest of the points (0,0,0,0, p, o, 7) of the underlying R* space
embedded in R” and denote this set R? \ R3 by R?. Let us subdivide the points belonging
to R? into the following classes
e The points S, , on the p — o plane (7 = 0) with nonzero real values of both p and o,
e.g. (0,0,0,0,p,0,0).

e The points S, ; on the p — 7 plane (¢ = 0) with nonzero real values of both p and 7,
e.g. (0,0,0,0,0,p,0,7).

e The points S, ; on the o — 7 plane (p = 0) with nonzero real values of both ¢ and T,
e.g. (0,0,0,0,0,0,7).

e The disconnected set of points L, on a line with o and 7 both being zero and p being

nonzero, e.g. (0,0,0,0,p,0,0).

e The disconnected set of points L, on a line with p and 7 both being zero and o being

nonzero, e.g. (0,0,0,0,0,0,0).

e The disconnected set of points I, on a line with p and o both being zero and 7 being

nonzero, e.g. (0,0,0,0,0,0,7).
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e The origin O of the underlying dual algebra space R” with p = ¢ = 7 = 0. The
coordinate of O is just (0,0,0,0,0,0,0).

From the coadjoint action given by (5.9), one finds all the coadjoint orbits associated
with the above enumerated points in the embedded R? space. These coadjoint orbits are
listed below

o Ry spaces OZ’U’O each of which passes through a point lying in a disconnected top-
logical space S, ,, with p # 0 and o # 0 rendering to its disconnectedness in the
usual Euclidean topology. A generic point on such an orbit (fixed p and o) is given
by (k1, ko, ks, k4, p, 0,0) with each of ki, ks, k3, and k4 assuming real values.

o Ry spaces (’)Z’O’T each of which passes through a point lying in the disconnected set
S,,-» where disconnectedness refers to one in the usual Euclidean topology with each
of p and 7 being nonzero. A generic point on such an orbit (fixed p and 7) is given
by (k1, ko, ks, k4, p, 0, 7) with each of ki, ks, k3, and k4 assuming real values.

o R, spaces (92"” each of which passes through a point lying in the disconnected
set S, -, the disconnectedness in the usual Euclidean topology being attributed to
o # 0and 7 # 0. A generic point on such an orbit (fixed o and 7) is given by
(k1, ko, k3, k4,0, 0, 7) with each of ky, ko, k3, and k4 assuming real values.

o Ry spaces OZ’O’O each of which passes through a point lying in the disconnected set

L, (p # O contributes to its disconnectedness in the usual Euclidean topology). A
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generic point on such an orbit (fixed p) is given by (ky, k2, k3, k4, p, 0,0) with each
of ki, ks, k3, and k4 assuming real values.

o Ry-plane ““ (93"”0 due to a fixed ordered pair (c3, c4). Such a plane lies in the R*
space that passes through each point of L., where L, is the punctured line with
o # 0. A generic point on such an orbit (fixed o) is given by (k1, k2, c3,¢4,0,0,0)
with both k; and %, assuming real values.

o R, plane “205"" due to a fixed ordered pair (c;,c,). The plane lies in the R*
space that passes through each point of the punctured line I, with 7 ## 0. A generic
point on such an orbit (fixed 7) is given by (cy, ¢a, k3, k4, 0,0, 7) with both k3 and ky
assuming real values.

o O-dimensional point >3 O%" due to a fixed ordered quadruple (¢, ca, cs, c4).
Such a point lies in the R* space that passes through the origin O. The corresponding
zero dimensional orbit is denoted as (cy, o, c3, ¢4, 0,0, 0).

We are now all set to resume our computations on finding the unitary irreducible rep-
resentations of Gy.. From the method of orbits (see [34]), we know that the unitary irre-
ducible representations of the connected simply connected nilpotent Lie group G are in
1-1 correspondence with its coadjoint orbits. The UIRs corresponding to the 4 dimensional
orbits have functional dimension 2, i.e. the representation space is L?(R?) with respect

to the usual Lebesgue measure. Let us compute the UIRs U”

o,T?

P 14 0
UO',O’ 0,7 U,

o,T?

and Uf

) . . 0 0 0 0,0 .
corresponding to the coadjoint orbits O}, OP7", O™, O, and O}, respectively.
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The most crucial part for the remaining task is to find the polarizing subalgebra, i.e. a
maximal subalgebra § of gy which is subordinate to /' € g{. with representation given

by (5.6). In other words, h must satisfy F ]W,] = 0. For the 4 dimensional orbits, the

polarizing subalgebra has to have dimension equal to %, i.e. 5. The maximal abelian
subalgebra of gy serves as the polarizing subalgebra in this case. A generic element h of

the corresponding abelian subgroup H C G\ has the following matrix representation:

100—%]9100%(]26

010 0 00 2p ¢

h(0,,%,p1,q2) = . (5.11)
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Let us consider the following section 0 : H\Gxc — Gyc. The matrix representation of the

section § then reads

(5(7’1, SQ) =

All we have to do now is to solve the master equation,

1000

o e
»
V)

R
<
=

[eXelel Yo}

w|R

OCOOOHNR O NP OOOOHNR ONROCOOO—NR ONR co~oo oW

<
[l

'
S

bS]
=

()
N

ES

Sy

00O —%82 %7"1 0 0
1 0 0 0 —5s2 0 0
010 %rl 0 0 O
0 01 0 0 0 r
(5.12)
000 1 0 0 0
000 0 1 0 0
000 0 0 1 s9
000 0 0 0 1
00 100 —-9p1 —$p2 a1 $q2 0
00 010 0 0 —gpz §p1 ¢
00 001 —-2¢2 3¢ 0 0 @
0r 000 1 0 0 0 ¢
00 000 O 1 0 0 g2
00 000 O 0 1 0 p
1 s2 000 O 0 0 1 po
01 000 O 0 0 0 1
—5(p2+s2) S(aitr1) Sa2 0—Fqese+5pir1
0 B (pa+s2) Epy o—Spiso
2 (g1+r1) 0 0 Y+3qam1
0 0 0 aitr (5.13)
1 0 0 q2
0 1 0 p1
0 0 1 p2+s2
0 0 0 1
002BC 1000—-9F 2G 00
0024D 0100 0 -2Fo0o0
00 0 E 0010 3G 0 00
00 0 O 0001 0 0 0G
10 0 B 0000 1 0 00
01 0 A 0000 O 1 00
00 1 0 0000 0 0 1F
00 0 1 0000 O 0 01
—2F 2G 9B C+2BF-2GA
0 -8FrB8a DyEAF
260 0 E-1BG
2
0 0 0 G : (5.14)
1 0 0 B
0 1 0 A
0 0 1 F
0 0 0 1
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The unknowns A, B,C, D, E, F' and G can easily be computed by comparing (5.13) with

(5.14). We get

A=p, B=q, G=r+q, F =5+ pa,

« «
C =0 — agss + apir + 5611171 - 5612]727 (5.15)

B
D = ¢ — Bpisy — 52912927 E =19 +yqr + %Qﬂz-

Now, the dual algebra vector lying in the 4 dimensional coadjoint orbit O} was found to
be (0,0,0,0, p, 0, 7). Using (5.15), a family of representations U, £, associated with these

coadjoint orbits follow immediately

(U577(97 ¢7 ¢7 q1, Q2>p1>p2)f) (Tb 82)

— ¢ir(0—aaqasatapiri+Gaipi—5qap2) io(p—Bpis2— Zpip2)

Xei7(¢+vq2r1+%qzq1)f(rl +q1, 80 + p2), (5.16)

where none of p, o and 7 are zero and f € L?(R?, dryds,).

The required dimension of the polarizing subalgebra b due to the other coadjoint orbits
is also 5. And hence, the polarizing subalgebra that was used to compute the UIRs associ-
ated with the orbits OZ T also serves for the other 4 dimensional orbits of Gy.. Therefore,

the results, obtained in (5.15), apply to all other 4 dimensional coadjoint orbits, as well.
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Knowing that the 4-dimensional orbit O} , passes through the point (0,0,0,0, p,7,0),

we can easily obtain the corresponding family of UIRs:

(U5,0(97 ¢7 w7 q1, QQap17p2)f) (Tlu 82)

_ip(0—agasatapiri+2qipi— L qop2) io(¢—Bpis2—Spips
eir(0—aq P 3 q1P1—52p2) pio (6—Pp Qpp)f(rl_,_quQ_i_m)?

(5.17)

where f € L*(R?, drids,).
Now, the orbit Of . was found to pass through the point (0,0, 0,0, p,0, 7) of the dual
algebra space g;.. Therefore, the continuous family of UIRs corresponding to these 4-

dimensional coadjoint orbits follows as

(U&T(Q, ¢a 77/)7 q1, q27p17p2)f> (7“1, 32)

_ eip(efaq252+ap1r1+%q1p1*%Q2p2)ei7(¢+’YfJ2T1+%QQQ1)f(rl + q1, 82+ p2), (518)

where f € L*(R?, dridsy).
Also, (92"”, being a 4 dimensional coadjoint orbit, passes through the point

(0,0,0,0,0,0,7) € g&.. Therefore, the corresponding family of UIRs is given by

(Ug,T(ea b, 0, qu, Q2,P1>p2)f)(7“17 32)

_ ei0(¢_ﬁp182—gpIPZ)ei7(¢+'qurl+%QZQI)f(rl +qu, S+ Pa), (5.19)

where both ¢ and 7 are nonzero and f € L*(R?, dridss).
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The only remaining 4 dimensional coadjoint orbit is Of , which passes through the
point (0,0,0,0, p,0,0) € gf.. The family of unitary irreducible representations associated

with these orbits are found to be

(U&O(eﬁ ¢7 % q1, Q27p17p2)f>(r17 52)

_ eip(efaq252+ap17“1+%qw1*%q2p2)f(rl +qp, 89+ pQ), (520)

where p is nonzero and f € L*(R?, drids,).
There are two 2-dimensional coadjoint orbits in the present setting. The orbits “-“ (93 70
and <20y pass through the points (0,0, s, ¢4,0, 7, 0) and (¢4, ¢2,0, 0,0, 0, 7) of g, re-

spectively. But the required dimension of the polarizing subalgebra is no longer 5. It is now

+5 __
£ — 6.
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In case of the coadjoint orbit “***2 03"“, a generic element of the polarizing subalgebra

b is given by

0 00 —%xl —%xQ %m?’ 0 b
000 O 0 522 gl 4f

000 O 0 0 0 0

One can easily verify that under the above choice of polarizing subalgebra the following
holds

Flpe =0, (5.21)

where the matrix representation of a dual algebra element F' is given by (5.6). Therefore,

an element of the corresponding subgroup H C Gy (note that this subgroup is no longer
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abelian) is as follows

h(e; ¢; ¢7P17p27 Q1) =

0

1

0

0

177

q1

b1

D2

(5.22)

(5.23)



Then the corresponding master equation leads to

100—-39p1 —9p2 501 Sa2 0

100 0 00%r0 . &
010 O 0 —5p2 5p1 ¢

2

010 0 00 0 0 2
001-2r00 0 0 001 ~2¢g2 Zx O 0 %
000 1 0000 000 1 0 0 0 a
T 1
000 0 01 0 0 O S S
000 0 00 10 P
000 0 00 0 1 000 0 0 0 1 po
000 O 0 0 0 1
100 —Sp1 —$p2 a1 S(q+r) 0+5por
010 0 0 —%2p Ipm ¢
001 —3(q2+r) Fa 0 0 Yp—Faqir
=] oo0o0 1 0 0 0 a (5.24)
000 0 1 0 0 qa+r
000 0 0 1 0 P
000 0 0 0 1 Po
000 0 0 0 0 1
100-54-98 5C 0 D 100 0 002G 0
010 0 0 -5BSAE 010 0 00 0 O
001 0 2C 0 0 F 001-3G00 0 0
=loo0o 1 0o o o0cC 000 1 00 0 0
000 0 1 0 00 000 9§00 ¢
000 0 0 1 0 A 0090 9 0590
0000 0 0 LB 000 0 00 0 1
000 0 0 0 0 1
100-24-9B 2C 2G D-2BG
010 o o -2Bfa E
001 -2G 2C 0 0 F+1CG
— 2 2 2
= loo0o 1 0o o0 o0 C (5.25)
000 0 1 0 0 G
000 0 0 1 0 A
000 0 0 0 1 B
000 0 0 0 O 1

The unknowns A, B, C, D, E, F' and G can easily be computed by comparing (5.24) with

(5.25). We get

A=p, B=py, C=q, G=q+r,

D =0+ apar + %PMQ; (5.26)

E=¢, F=v¢—yqr— %qqu.
Now, the dual algebra vector lying in the 2 dimensional coadjoint orbit “*-“2 (9370” was found

to be (c1,¢2,0,0,0,0,7). Using (5.26), a family of representations US}O’? associated with

these coadjoint orbits, for fixed c¢; and ¢y, follow immediately
(Ug,ld,cf (87 ¢7 1/J7 q1, 42, P1, p2)f) (7’)
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— elepiticops 6i7(w—vq1r—%q1q2)f(r + @), (5.27)

where 7 is nonzero and f € L*(R, dr).

Following exactly the same computations of the 2 dimensional coadjoint orbits -2 03’0’7
except for a different choice of 6 dimensional polarizing subalgebra, one can derive the
UIRs associated with the remaining 2 dimensional coadjoint orbits “*:“ (93’“’0 with a fixed

ordered pair (c3, ¢4),

(ng,cg (97 ¢7 ¢7 qi, q2>plap2)f)(8)

— eiCStI1+iC4tI2 ei0(¢*51’18*§p1p2)f(5 + pQ)’ (528)

where o is nonzero and f € L*(R, ds).
There is only one zero dimensional orbit for gy.. The zero dimensional coadjoint orbit
creneses 9000 pagses through the point (cy, ¢z, cs, ¢4, 0,0,0) of the dual Lie algebra g?,.

And hence, follows the associated family of 1 dimensional representations,

[](Jc,l()7,002’63’04 (97 ¢7 1/}7 q1, QQ7p17p2)

— elc1p1Ficapatic3qi+icaqs (5.29)

5.3 Representation of the Lie algebra gy
The basis elements for the Lie algebra gy are ()1, @2, P;, P>, ©, ®, and ¥, where
the last three elements form the 3 dimensional center of the underlying Lie algebra. One

has to represent these basis elements as appropriate operators on the corresponding group
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representation space, (see section 5.2). We compute the various unitary irreducible group
representations restricted to one-parameter subgroups and thereby find the Hilbert space

operators associated with the respective group parameters using the following equation:

5 AU (n)
X, =—iC a =0, (5.30)

where 7 is one of the group parameters of G and C'is a constant fixed by the correspond-
ing UIR with appropriate dimension.

We consider the following cases
531 Casep#0,0#0,7#0.

A family of unitary irreducible representations U7 associated with the 4 dimensional
coadjoint orbits O}”" were found (see (5.16)) in section 5.2. These representations are
labeled by nonzero real values of p, o, and 7. Let us now consider a unitary operator 7' on
L?(R?, drids,) given by

(Tf)(r1,82) = f(r1, —s2), (5.31)

with f € L*(R?, drids,). The inverse 7! turns out immediately to be equal to 7.

Then a very straightforward computation shows that

UL, T = UL,

(5.32)
with f lying in L*(R?, drids;) and UZ_ given as
(Ua'pﬂ'(07 ¢7 wa q1, QZ7P17p2)f)(T17 32)
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— eir(0F+agsa+apiri+5a1p1—5q2p2) pio (o+Bp1s2— Spip2)

Xei7(¢+vq2r1+%q2q1)f(rl +q1, 52 — P2). (5.33)

Let us now take the inverse Fourier transform of (5.33) with respect to second coordi-
nate s, and call it 5. Then using (5.30) with C' = pia the noncentral elements of gy can be

represented as the following operators on L?(R?, drydrs):

R ;. R
Q1=7’1+M9¥, Q2 =12,
2 (5.34)
. 0 - B 0
P = —ih— Py=——r —ih—
! ! 87"1 ’ 2 h " ! 87’2 ’
with the following identification:
1
h=— 9= UBQ,andB:— - (5.35)
por (par) (pcx)

B, here, can be interpreted as the constant magnetic field coupled to the standard quantum

mechanical system. The commutators between the Hilbert space operators (5.34) now read

[Q1, P1] = [Qa, Po] = ik, [Q1, Qo] = VL,
(5.36)
[P, Py] = iBI, [Q1, Py = [Q2, P1] =0,
I being the identity operator on L*(IR?, dridry). Physically, (5.34) — (5.36) correspond to

the so-called Landau gauge for the Q’s (see [24] and articles cited therein for a detailed

account).

181



532 Casep#0,0#0,7=0.

Let us consider the group representations U, (fyo, pertaining to the 4 dimensional coadjoint
orbits Off’a’o and given by equation (5.17). We can find a unitary operator on L*(R?, dryds,)
to obtain a unitary irreducible representation which will be equivalent to the one given by
(5.17). One then has to take the inverse Fourier transform of the equivalent representation
thus obtained with respect to the second coordinate. The pertinent representation of the

algebra then reads off using (5.30) with C' = pia

A

A 0
Q1:7"1+’“98—7 Q2 =19,
)

. J 0
P = —ih—, Py=—ih—

(5.37)

with the same identification given by (5.35). And the commutators between the corre-

sponding Hilbert space operators read

[Q1, P1] = [Q2, P5] = ik, [Q1, Qo) = i,
(5.38)
[P, Py) =0, [Q1,P5] =[Qa, 1] = 0.
Note that here B = —% = 0. Physically, it refers to the same system (5.36) with the
magnetic field turned off.
533 Casep#0,0=0,7#0.
A continuous family of unitary irreducible representations was found for the group Gy

in (5.18) arising from the coadjoint orbits OZ’O’T. We can now carry out a procedure similar

to the one adopted in Sec (5.3.1) to find a unitary irreducible representation equivalent to
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(5.18). The corresponding representation of the Lie algebra gy then reads

Q1=T1, Q2=T2,
(5.39)
. 0 R B 0
P, = —ih—, Py=——r —ih—
1 Zharl ) 2 th Zh’ar2 )

where h and B follow from (5.35). Here also we have used C' = pia in (5.30) to compute

the relevant noncentral generators. And the corresponding commutators are given as

[prl] = [QZ»PZ] = Zh]L [Qla QQ] = 07
(5.40)
[Py, Py =B, [Q1, Py] = [Q2, P1] = 0.
Physically, (5.40) just represents a Landau system in the presence of a constant magnetic
field B.
534 Casep#0,0=0,7=0.
In this case as well, we obtain an irreducible representation of G, unitarily equivalent

to Uf, given by (5.20). The associated 4 dimensional coadjoint orbits were OQ”O’O. Now

the representation of gy on L?(IR?, drydrs) reads off

Ql =T, Q2:r27
(5.41)
. 0 . 0
P=—inl, Py=—in-
! ’ 87’17 2 ! 87”2,

with the canonical commutation relations of standard quantum mechanics given by

[Q1, P = [Qq, Po] = ihI, [Qy, Q2] =0,
(5.42)

[P, B] =0, [Q1,P] =[Qs, P] =0.
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The unitary irreducible representation of standard quantum mechanics is sitting inside the
unitary dual of the triply extended group G of translations in R*!
53,5 Casep=0,0#0,7#0.

A family of unitary irreducible representations of Gy equivalent to UC?,T (see 5.19),
corresponding to the 4 dimensional coadjoint orbits (92’”, has the following Lie algebra

representation on L?(IR?, drydr;):

~

.0 4
Q122H1877 Q2 =12,
2

(5.43)
Pi=-il P
= —f— = —Rol'
1 8T17 2 211,
with k; = —of and Ky = —77y. The corresponding commutators read
[Q1, P1] = [Q2, P2) = 0, [Q1, Qo] = iri]L,
(5.44)

[f’l, f’g] = 1Ko, [Ql,ﬁg] = [QQ,Pl] =0.
(5.44) could be considered to represent an uncoupled system of two noncommutative planes.
Referring back to (5.19), the Ql, Qg, ]51, and 152 in (5.43)are just the generators correspond-
ing to abstract group parameters pi, P2, g1, and g, respectively that represent translations
in R*. They are not to be treated as position or momentum variables as they were in all
four preceding cases and hence they are taken to be all dimensionless. The absence of A
in the representation (5.43) of the noncentral generators also indicates the uncoupledness

between the two underlying noncommutative planes.
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53.6 Casep=0,0=0,7#0.

This situation is very much similar to that of (5.3.5) except that we have a single non-
commutative plane instead of two. The 2 dimensional coadjoint orbits ¢+ OS’O’T gave rise
to the family of UIRs U&lo’ff as described in (5.27). The corresponding Lie algebra repre-

sentation on L?(RR, dr) reads

Ql = 01]1, Q2 = 02117

(5.45)
A - 0
Plzl{g’f‘, P2:_Z.§’
while the corresponding commutators are given by
[Q17p1] == [QQ?pQ] :07 [Q17Q2] :Oa
(5.46)

[Py, Py] = ik, [Qu, Po) = [Qa, P1] = 0.
Physically, (5.46) refers to one of the two uncoupled noncommutative planes (see (5.43)),
the noncommutativity of which is measured by the dimensionless quantity ko = —77.
537 Casep=0,0#0,7=0.
The UIRs Uy% G, given by (5.28), were found to be associated with the 2 dimensional

coadjoint orbits “:“ (93"”0. We introduce the following operator of involution on L*(R, ds):

Tf(s) = f(=9), (5.47)
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with f € L?(R,ds). We then find a representation (73;;% unitarily equivalent to the one
given by (5.28), i.e. T USLGT = UshS, with U given by

(Ugi;?é (67 ¢7 2/)7 q1, Q27p17p2>f)<5)

_ 6i03q1+z‘c4q2€i0(¢+ﬂpls—§p1m)f(8 —pa), (5.48)

where f € L*(R,ds). The corresponding representation of gy on the same Hilbert space

now reads
. ;.
Q1= —as, Q2= 28_’
s (5.49)
p1203]17 P2:C4H.
The corresponding commutators read off immediately
[Q1, P1] = [Q2, Po] = 0, [Q1,Q2] = ik,
(5.50)

[P, Po] =0, [Q1,P5] = [Qs, P] = 0.
Physically, (5.50) corresponds to just one of the two uncoupled noncommutative planes (see
(5.43)) whose noncommutativity is controlled by the dimensionless parameter k1 = —o 3.
538 Casep=0,0=0,7=0.
The 0 dimensional coadjoint orbits “1-2:¢3-“4 08’0’0, admitting 1 dimensional group rep-
resentations given by (5.29), have the trivial algebra representation where all the basis
elements of gy are mapped to the scalar multiples of identity. The corresponding commu-

tators are the same as those of the abelian group of translations in R*.
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This concludes the classification of all the families of unitary irreducible representa-
tions of gyc on appropriate Hilbert spaces. It is noteworthy that all possible representations
of NCQM, as postulated in the multitude of existing physical literatures (see, for example,
[24]), and the unitary irreducible representation of the Weyl-Heisenberg group for a quan-
tum mechanical system of two degrees of freedom are all obtainable from the unitary dual
of the triply extended group of translations in R*.

5.4 Various gauges of noncommutative quantum mechanics and their relation to G

Let us go back to the representation U L. of Gy, given in (5.32), and the associated
generators (5.34), obeying the commutation relations (5.36). As is well known (as shown
for example in [24]), there are other possible realizations of the operators Qi, PZ-, which also
obey the same commutation relations, which can in many cases be related to the choice of a
gauge in the following sense: the commutation relation []51, ]52] = Bl signals the presence
of a constant magnetic field in the system. This field can be obtained in the usual way
through a vector potential. A change of gauge for this potential does not affect the physics
of the system. At the quantum mechanical level a change of gauge affects the exact real-
ization of the operators Qi, ]5i, without altering the commutation relation [151, ]52] = Bl
Furthermore, the differently realized generators would then lift up to unitarily equivalent
representations of Gy.. As mentioned in Section 5.3.1, the realization given in (5.34) cor-

responds to the Landau gauge. We look now at a second possible gauge, the so-called
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symmetric gauge, which is also often studied in the literature (see [24] for a detailed dis-
cussion on this topic).

We have the following theorem
Theorem 5.4.1. The nilpotent Lie group G, obeying the group law (5.1), admits a unitary

irreducible representation U,,, given by

Uy (0, 0,0, @1, g2, D1, p2) ) (1, 72)

ala=Va2=py) W( Va?—By
2

q1r2—q2r1)+ (p1q1+p2q2)}

Lot Va? —Bvq )
2 )
2x

; i|apir+apara—
— ez(9+¢+¢)e {

Xf<7“1——p +a+

q ro + p

2 2a

(5.51)

with f € L*(R?, drydry). This representation is unitarily equivalent to U fagmn

The proof is given in the Appendix B.

We choose ov = % in (5.51). One can verify that this choice is dimensionally consistent
by looking at (5.1) or (5.51). Hence, we take C' = % in (5.30) and obtain the correspond-

ing unitary irreducible representation of the noncentral elements of gy. on L? (RZ, dridrs)
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which is as follows

A 1w 0
o :T1+?8_r2’
A W 0
Q2 =13 — 2 o
(5.52)

. (h— VR —BY) i(h++Vh?—BY) 0
Pl = ro — a_ >

19 2 67’1
. (VR?—BY —h) i(h++Vh?—BY) 0
h= b T 2 Ory

2

and the central elements of the algebra are all mapped to the scalar multiple of identity of

the underlying Hilbert space. Here, in addition to taking o = %, we have chosen 3 = —%
and v = —%. The representation (5.52) is easily seen to satisfy the set of commutation

relations given by (5.36). As indicated earlier, this representation is due to the choice of
the symmetric gauge (see [24] for details) for the underlying vector potential.

Similarly, other unitarily equivalent realizations of the commutation relations (5.36)
may be obtained by using other gauge equivalent vector potentials. It is also clear from
(5.34) and (5.52) that the two sets of operators Qi, ]52-, 1 = 1,2, appearing in those two
sets of equations are related by a linear transformation. It is therefore natural to ask what is
the largest set of such transformations which would leave the commutation relations (5.36)
invariant. This question is answered in the following section.

5.5 Group of transformations preserving the commutation relations of noncommu-
tative quantum mechanics

It is a well-known fact that in classical mechanics the set of transformations which

preserve the canonical Poisson brackets between the phase space variables p; and ¢; in R*",
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form the Lie group Sp(2n, R). In standard quantum mechanics the canonical commutation
relations are also invariant under this same group. For the noncommutative system of two
degrees of freedom, the phase space is R* and the transformations between two different
sets of {Ql, PZ}, 1 = 1,2, obeying the same commutation relations (5.36), also form a
group that is isomorphic to Sp(4, R), as will follow from the following considerations.
Consider two sets of phase space variables Q1, Py, Qo, P, and Q’l, pz’, A'2, Pl’ in R*

satisfying the commutation relations (5.36). Let Ml be a 4 x 4 matrix, with real entries, for

which o L
Qi Q1
P P,
=M (5.53)
Q% Q>
P P,

We then have the following theorem:
Theorem 5.5.1. The 4 x 4 real matrices Ml in (5.53), preserving the commutation relations
(5.36) of a general non-commutative quantum system of two degrees of freedom, satisfy the

condition

MQM?T = Q, (5.54)

where Q is the 4x block off-diagonal matrix,

Q= ) (5.55)
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with 2 X 2 matrix () given by the 2 x 2 matrix

Q= . (5.56)

The proof is given in the Appendix B.
Remark 5.5.1. A few remarks are in order. The converse of Theorem (5.5.1) is also true. As
a result, (5.54) is a necessary and sufficient condition for the noncommutative commutation
relations to be preserved. Also, the 2 x 2 matrix (), given by (5.56), is required to be
invertible, i.e. h> — BY # 0, a fact that has also been exploited in [24]. Finally, all 4 x 4
real matrices M , satisfying (5.54), can easily be verified to form a group under matrix
multiplication. Actually, as shown below, these matrices form a real Lie group, hence forth
denoted by S(4,R).

We have the following isomorphism of groups.
Proposition 5.5.1. The 10 dimensional real Lie group S(4,R) is isomorphic to the simple
Lie group Sp(4,R). The isomorphism f : S(4,R) — Sp(4,R), can be written as f(M) =

U MU, where U is the 4 X 4 invertible matrix:

-1 2 00
B 100
U= . (5.57)
0 0 10
0 0 01

The proof is given in the Appendix B.
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Remark 5.5.2. The isomorphism f in this context is what one expects to follow naturally
because the relevant operators representing the noncentral generators of Gy. can be ex-
pressed as linear combinations of those which generate the CCR of standard quantum
mechanics on L*(R?, drydrsy). Also, Sp(4,R) is the group of transformations that preserve
the CCR for a system with 2 degrees of freedom. The 4 x 4 matrix U in (5.57) is actually the
matrix of transformation between the standard quantum mechanical and noncommutative
quantum mechanical (in this case, Landau gauge) representations as can be readily seen
from (5.34). We could also have chosen U as the one arising from the symmetric gauge
(5.52). Thus, the choice of U is evidently not unique.

As a concrete example of M, introduced in (5.53), let us consider the phase space

variables associated with the Landau gauge (see 5.34) and symmetric gauge (see 5.52)

with
r =1 sym - =1 Landau
Q1 Q1
p2 p2
=M (5.58)
Q> Qs
P P
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After some straightforward but rather lengthy computations, one arrives at

BY 9h___
L+ 2(h2—BY) 2(h*—B0) 0 0
B(2h/h2=B9-BY)  h(3Vh2Z—BI—h) 0 0
M = | 20-BOG+VIE=BY) 20 , (5.59)

9
0 0 1 o

i—vVh2—B9  h+Vh2—BY

_ 0 0 9 = ]

It can, then, be immediately verified that M, given by (5.59), indeed satisfies (5.54).
5.6 Relationship with complex Hermite polynomials

We explore in this section a connection between a model of non-commutative quantum
mechanics, governed by a certain restricted version of the commutation relations (5.36),
and a family of deformed complex Hermite polynomials. We note first of all, that an irre-

ducible representation of the commutation relations

ai,a;] = [al,al] =0, [as,al] = 6,1, 4,5 =1,2, (5.60)

0 j

of a standard quantum mechanical system for two degrees of freedom, can be constructed

on the Hilbert space L?(C, e~ 1" 424} a5
a1 = 0, aJ{ =z— 05, as = Oz, ag =Z—-0,. (5.61)

We denote by I the constant function in L?(C, e~ * @), which is equal to one ev-

erywhere. Then the vectors,
n,k=0,1,2,...,00 (5.62)
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form an orthonormal basis of L2(C, e~ I*° @). It can be shown that

(~1)+

— e onok =l (5.63)
n: K.

Hn k(Z 7)

or explicitly,

(5.64)

where n Y k denotes the smaller one of the two integers n and k. The functions H,, (2, Z)

are known in the literature (see, for example [27, 31, 32, 44]) as the complex Hermite poly-

dx dy)

nomials. They form a basis in L?(C, eI and satisfy the orthonormality condition

/ Hyh(2,2) Hypy(2,7) e dvdy s 5 (5.65)
C

T

From the way we have introduced them here, it is clear that these polynomials are the ones
naturally associated to a standard quantum mechanical system of two degrees of freedom
(or with two independent oscillators).

Consider now a non-commutative quantum system obeying the commutation relations
(5.36) and let us assume that we are in the symmetric gauge (5.52). We define the deformed

creation and annihilation operators, using the operators Qz, >, 1 =1,2,1n (5.52),

nct M ) p
1 = 5 (05
a® = ,/MQ (Qz M@P), i=1,2, (5.66)
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where the M and () are a mass and an angular frequency parameter, which can be adjusted

later. These operators are seen obey the commutation relations

[, ™) = 5,1+ 24 pr0) (19 + i) i

P 2h M2Q2
(5.67)
nc  nc _ i B
[CLZ- ,CLJ- ] = ZHMQ (’19— m) ]I,
where 7,7 = 1,2 and ¢;; is the totally antisymmetric symbol. Since we want the two

nc
()

operators a; -, © = 1, 2, to still represent independent bosons, we impose the condition that

the second commutator above be zero. This implies taking

B
and hence the other commutator now reads
€, 0MQ
[ah®, a;lCT] — 5l + 1€;; : I (5.69)

which still means that we are in the framework of noncommutative quantum mechanics,
since [al'€, a?CT] # 0.
We next introduce the standard creation and annihilation operators (obeying the com-

mutation relations (5.60)), in terms of the usual position and momentum operators of quan-

tum mechanics,

a = 22 (Qi+ —PB), i=12 (5.70)
2h mw
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where

2RM S 2hV/B
mw = = : (5.71)
h+ V2 —BJ  VI(h+Vh2 - BY)
A straightforward computation, using (5.52) then gives
alllCT = \/;ai — V1 - Vag
h+Vh?* — By
aQ‘CT = V1 —val + /val, y=2F 5 : (5.72)

2h

It is now interesting and useful to realize the above operators using the complex repre-
sentation (5.61) and to look at the deformed complex polynomials

)" (a5

vn! k! L

HQ;J nk=0,12...,00, (5.73)

in analogy with (5.62). These polynomials do not satisfy an orthogonality relation of the
type (5.65). However, it has been shown in [9] that there exists a dual set of polynomials

H 5. for which one has the biorthogonality relation

, do d
e R A S (5.74)

T

/C FINC (2, 2) HI (2, %)

We can go further and define deformed creation and annihilation operators using an

arbitrary GL(2, C) matrix

g11 912
g g
921 g22
in the manner
a{r = gnai + gglag, agT = guai + ggga; (5.75)
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and construct the corresponding deformed polynomials Hi - In this case the dual poly-
nomials are obtained using the matrix g = (g')~'. However, to relate these more general
polynomials to noncommutative quantum mechanics one still has to impose the condition

[a{, ad] = 0. Thus, generally, one gets a matrix of the form

re’l,l{ mGl{K/+6(r)}
9= . (5.76)

VI Z 126 _peilo—en)}

Here, €(r), being a function of r, is given by

(5.77)

E(T):arcsin( oML )

2hry/1 — 12

From (5.76), one finds that 0 < r < 1. But the condition —1 < th%% < 1 puts

further restrictions on r, requiring that

1 1 92M202 1 1 92M202
re \/5_\/1_4—?12’\/§+\/4_1_4—h2 ’ ©-78)

along with, 0 < M2 <1 Also, k € [—€(r),2m — €(r)) and § € [e(r), 2T + €(r)), where,

e(r) € [arcsin (“22) |71 as a transcendental function of r, varies according to (5.77).
To summarize, if we consider the operators Ql, Qg, f’l and pz, in the symmetric gauge
representation (5.52) of the triply extended algebra of translations gy, to be the respective

positions and momenta of the two bosons of the underlying coupled system and impose a

constraint given by (5.68), then the resulting creation and annihilation operators are linear
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combinations of the canonical creation and annihilation operators via the invertible matrix

NN =
iVI=T

Gsym = (5.79)

It is easy to see that g, given by (5.79), is a special case of the matrix ¢ introduced in

(5.76) with?> = v, k=0,0 = 37“, ande = Z.

N

Before closing this section, we examine the geometric consequences of (5.68) from the

representation theoretic point of view. To this end, (5.68) together with (5.35) imply

M?Q?
T = B o= Kyo. (5.80)
Y
Also, together with (5.35), the inequality 0 < % < 1, as has already been mentioned

earlier in this section, puts severe restrictions both on ¢ and p:
MQ
o€ (—00,0) and p> —0 (/B—) : (5.81)
a

In other words, a family of 4 dimensional coadjoint orbits O”°%s7 (See section 5.2 for the
notation) and the associated unitary irreducible representations of the triply extended group
of translations G\ (see 5.33) are the ones that describe the coupled bosonic system under

study. Here, K, = BM>Q?

is a dimensionless coefficient. Also, p and o can take values on
the real line in accordance with (5.81).

The study of (1+1) and (2+1)-dimensional Galilei groups and their applications to Sig-

nal analysis and Noncommutative quantum mechanics, respectively, closes in this chapter.
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In the following chapter, as a separate part of the thesis, we study Poisson structures as-

sociated with classical non-abelian gauge field theory using Hamiltonian formalism of the

theory of Soliton.
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Chapter 6
On Derivation of Goldman Bracket

The contents of this chapter are taken from the article titled “On Derivation of Goldman
Bracket” [17]. Non abelian Gauge field theory on space-time, modeled as a noncompact
3-manifold > x R, with > being a compact Riemann surface and time taking values in
R, has been considered in this chapter. The Atiyah-Bott brackets between the gauge fields
have been computed in this infinite dimensional setting. Traces of monodromies of the
gauge connections around free homotopy classes of closed loops on the underlying Rie-
mann surface and the Poisson brackets between them are computed using the formalism
originated from hamiltonian methods of Soliton theory. Finally, the brackets for real Lie
groups GL(n,R), SL(n,R), U(n), SU(n) and Sp(2n, R) are explicitly worked out.

6.1 Introduction

The purpose of this chapter of the thesis is to find the Poisson brackets between traces
of monodromy matrices computed along free homotopy classes of loops on the Riemann
surface Y. Given the fundamental group 7 of a closed oriented surface S and a Lie group G,
Goldman considered (see [29]) the space Hom(7, G) /G by taking the quotient of the action
of GG on the analytic variety Hom(7, G) using conjugation. He studied the geometry of the

symplectic structure of this quotient space using a family of functions, on Hom(7, G)/G,

200



which he called Invariant functions. He also shows that there is a Lie algebra structure of
homotopy classes of oriented closed curves immersed in the surface. And then he estab-
lishes a Lie algebra homomorphism between these homotopy classes of loops and the Lie
algebra of functions on Hom(7, G) /G under Poisson bracket ([29], page 267).

In the present setting, on the other hand, we start out with a 3-manifold > x R. We then
consider the principal G-bundle over the base manifold > xR with GG being a real Lie group.
The gauge fields A-s take their values on the underlying Lie algebra G. We write down the
Chern-Simons action for the gauge fileds on this 3-manifold taking the gauge freedom
into account and then compute the Atiyah-Bott brackets between the relavant connection
1 forms and the momenta conjugate to them. The curvature of the 1-forms is easily seen
to be zero and hence we have an infinite dimensional space of flat connections. And it
is known to us that the space of flat connections up to gauge transformations, i.e. the
moduli space of flat connections is isomorphic to Hom(7(X), G)/G. The Wilson loops,
1.e. the traces of monodromy matrices computed along free homotopy classes of loops on
Y} are gauge invariant objects. The purpose of this chapter is to compute Poisson brackets
between these monodromy matrices for various choices of real Lie groups. The cases for
GL(n,R), SL(n,R), SU(n), U(n) and Sp(2n,R) are handled explicitly. Of them, the final
expression for the Poisson bracket between G'L(n, R) monodromies, for two transversally

intersecting oriented closed curves ~; and v, on X, turn out to be rather simple given by

4
{Te My, Te Mo} = - T Moy, 6.1)
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while the one for a relatively difficult case of Sp(2n, R) reads

2
{Tr My, Tr My} = E(Tr M, oy, — Tr M

710’61)'

(6.2)

The constant, k£ in 6.1 and 6.2, arises from Chern-Simons action which depends on the
topology of G. Also, 7, oy, and y; o 7, * represent deformed loops on X with appropriate
orientation. They are conveniently depicted in Figure 61 and 6-2. Finally, one finds that
the Poisson bracket between traces of monodromy matrices, thus computed, coincides with
the one computed by Goldman in [29].
6.2 Hamiltonian Chern-Simons theory

In this section, we discuss the preliminaries that lead to the Atiyah-Bott brackets be-
tween connection 1-forms. For the sake of completeness, we work out the well-known
results of Hamiltonian Chern-Simons theory in detail.

We start out with the well-known Chern-Simons action functional on the 3-manifold

Y xR

k

SCS:E

/ Tr(A/\dAJrgA/\A/\A). (6.3)
YxR 3

Where £ is a constant depending only on the topology of the structure Lie group. The Lie

algebra valued connection 1-forms on the principal G-bundle reads

A=A.(zzt)dz+ Az (z,2,t)dz + Ap(z, Z, t)dt. (6.4)
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If the group generators for the abstract Lie group G are given by t,-s, witha = 1,......n
and n being the dimension of G as a smooth manifold, then each of A,, A; and A, reads

off

A; = il A%, (6.5)

where ¢ in the above expression stands for any of 2, z and 0, i.e. the space-time labels.
The A¢-s in (6.5) are just complex valued functions. Also, the structure constants for the

underlying Lie algebra G are given by

[tarts] = ) e (6.6)
c=1

Now, the action functional S¢g in (6.3) reads

Ses = k / [Z D ERANO AL — A + D AGALALSL| dt Adz A dE (6.7)
ExR 3,7,k a=1 a,b,c=1

where the superscripts in the connection 1-forms, i.e. a, b, c, are the algebra indices while
the subscripts i, j, k are space-time labels and ¢¥* is the totally anti-symmetric symbol.
Quantization of the constant k as an integer multiple of 27 in (6.3) ([50]) leaves us with
just a half integer and the multiplicative factor % of the half integer gets absorbed into

the integrand of (6.7) by requiring that we choose the group generators ¢,-s such that the

following holds

1
§Tr(tatb) = f(a)éab, (68)

with f(a) = £1.

203



Now, varying the action functional in (6.7) with respect to the fields A we obtain,

0A? B 0A?
0z 0z

+[A., A" = 0.

Here,

n

(A, As] =D [AL, ALt

a=1

Similarly, by varying (6.7) with respect to A% and A< we obtain,

0A; _ 0A: b_

E ) + [Ag, AO} =0 and
0A; 04§ c_

o oe e Al=0

(6.9)

(6.10)

6.11)

respectively. Now, (6.9), together with (6.10) and (6.11) imply the flatness condition for

the gauge fields. In other words, the curvature F, in this setting, vanishes,

F=dA+ANA=0.

(6.12)

By far, we have not taken the gauge freedom into consideration to reduce the degrees

of freedom of the underlying gauge fields. We do so now. First, we extract the component

from the connection 1 form (6.4) that we want to gauge out, i.e. Ay(z, z,t). We then have

A=A+ Aydt.

Under gauge transformation, the gauge field A transforms as

A=A = gAgt +dgg™?
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= gAg '+ gAggtdt + dgg. (6.14)
In view of (6.14), the solution of the following differential equation,
— = —gAp (6.15)
will kill the time component Ay in the connection 1-form and hence (6.14) will read
A = gAg = g(A.dz + Azdz)g . (6.16)

Note that A, A, and g in (6.16) are all matrices with entries being complex-valued func-
tions of z, z and t. We have the following theorem
Theorem 6.2.1. The gauge fixed Chern-Simons action, under the action of an element of

the gauge group given by (6.15), is as follows

Ses =k / [Z fla)(AZA? — AAY) | dt A dz A dZ, (6.17)
xR

a=1
where f(a) is just 1, as given in (6.8).
Proof .

If we choose g as a solution of (6.15) and plug it in (6.14), the transformed gauge fields,
then, read

A =gAgt. (6.18)
Exterior derivative of the transformed gauge field then yields,
dA = dg ANAg™' 4 gdAg™' — gA Ndg. (6.19)
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Therefore,

A NdA = gAg™' A gdAg™. (6.20)

Also,

ANANA =0 (6.21)

Using (6.20) and (6.21) in (6.3) and recalling k£ being an integer multiple of 27, we obtain

the gauge fixed expression for Chern-Simons action

~ k
SCS = 5/ TI'(AI/\dA/)
xR
k As A
= —/ Tr gAzgfldzAga zgfldt/\d2+gAgg*1d2/\g&g*1dtAdz
k 0A: 0A
= — Tr ( A,gtd —Zdt NdZ + Asg N dE N g—==dt N d
2/E><]R 1"( g dzNg—rdt Ndz+ AzgT dZ N g, /\z)
k 0A; 8A
= — Tr [ A,—=dz AdtAd “dz
/EXR r( o 2 NdENdz+ As— )

= L/ r(A;A, — A,A)dt A dz A dz
xR

k .
i) / A“Abt oty — AP A%yt )dt A dz A dz

ab 1
/EXIR{

n

)(A2A? — A2AY)| dt A dz A dZ. (6.22)

[l
Theorem(6.2.1) has several consequences. There are 2n independent gauge fields at
each point (z, z, t) of the underlying 3-manifold X x R. They are given by A%(z, z,t) and

AY(z, z,t), where the superscript indices a, b run from 1 to n and 2 varies over space-time
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manifold. Hence, we have an infinite dimensional theory of non abelian gauge fields. We
have the following corollary to Theorem (6.2.1),

Corollary 6.2.1. The canonical momenta conjugate to A? and A¢ are given by
Mae = kf(a)A?  and Tlxe = —kf(a)AS. (6.23)

The Hamiltonian of the gauge fixed system (6.17) is zero. And the Poisson structure of
the underlying infinite dimensional space of the non-abelian gauge fields is encoded in
the Atiyah-Bott brackets between the gauge fields and the respective canonically conjugate

momenta as given by (6.23). The Atiyah-Bott brackets are given by

{A2 A4} = %@5“5@)(2« — 7). (6.24)

All other brackets are identically zero.

Proof . The Lagrangian density for the gauge fixed system (6.17) follows as
Les =k fla)(A2A? — A2AY). (6.25)
a=1

From which immediately follow the canonically conjugate momenta

a»Ccs
[Mae = — =k Al
H a = - = —l{j A(l
4 0AS fa)
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And hence, the Hamiltonian density reads

HCS - ZHA%AZ+ZHA%A2_£CS
a=1 a=1
= kY fa)(AZA? — AZA?) — L
a=1

= 0.

One can, now, easily compute the Poisson brackets between A? and A% from the above

data,

{42, A%}

1 = DAL AL, 0A2 0AY
- %/E [Z 7 (8A;fu 0As DA 8Agu>

c=1

" DAT 9AL, DA DAL,
+2_ 1) (aAd AL~ 9aAd &W)

d=1 w w w w

1 o e [[OAL DAY, DA DAY,
- E/E [Z; J(e)o™d (8Agu §AL ~ DAY aAgU)

Z DA* 9Ab,  §A* HAL

ad sdb z z! z z/
+dzz;f(d)5 g (aAg oAb~ 9As aAg)

f(a) / goo [(OALOAY  0AL0ALN | (0ATOAL  0ATOAYN]
ko Js 0As DAL~ DAL 9A 0As DAL~ DAL 9Ae

_ 2f(a) / - (aAg DAL, 9AT aAg,> o A
X

dw N dw

dw N dw

k dA2 DAL HAL DA
_ 2 k@ 55 (5 _ 1), (6.26)
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6.3 Moduli space of flat connections and Goldman brackets between Wilson lines

We introduced the infinite dimensional space of gauge fields and constructed Atiyah-
Bott bracket between components of the gauge fields along the group generators. The
infinite dimensional space, in question, is not easy to handle. In order to reduce the field
theory to one with finitely many degrees of freedom, we consider the homotopy classes
of the free loops, i.e. the conjugacy classes of the fundamental group of the underlying
Riemann surface by the structure group. Traces of the monodromies, i.e. the so-called
Wilson lines, are well defined gauge invariant observables. The Wilson lines computed
along equivalence classes of loops on the Riemann surface, under study, are found to form
a Lie algebra in terms of the intersection points between the loops considered [29]. Gold-
man considered an arbitrary Lie group satisfying fairly general conditions to be the space
where the fundamental group of the given Riemann surface is represented. Then he com-
puted brackets between invariant functions defined over equivalence classes of loops on the
underlying Riemann surface.

We take any real Lie group G to be the structure group of the principle GG-bundle. The
connection 1 forms take their values in the associated real Lie algebra G. We compute the
bracket between the trace of monodromies along two homotopically inequivalent loops that
intersect transversally at a single point. The generalization to many intersection points is

pretty straight forward.
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Y2

M,
Y1072
X2
1 > 1 > >
g1
Y1 7 Y1
M1 Ml
(a) Two intersecting loops. (b) Deformed loop 1 o 72

Figure 6-1: Traces of monodromies are computed along two free loops that are homotopi-
cally inequivalent and intersect transversally at a single point. In the following subfigure,
trace of monodromy along a single loop, deformed at the point of intersection, has been
considered.

Also, since we are dealing with Topological field theory, the transversal point of in-
tersection can be taken as an orthogonal one. Let zizo7x1 and y;,y2y; be two loops that
intersect orthogonally at O lying on the compact Riemann surface. We shall be denoting
the loops x1xox and y1yoy; with v, and s, respectively. Also, the two parts x1Oz5 and
11Oy, are taken to lie along X and Y axes, respectively, as shown in Figure 6—1. For the
sake of notational convenience, monodromy along loop ~; will simply be denoted as M;,
where, i = 1,2. T'(xy,x2) and T'(y;, y-) are the relevant transition matrices. Ml and ]\72
are the remaining contribution to monodromies )/ and Ms, respectively. ]\A/fl and M- 5 Pois-

son commute with each other and with other transition matrices in question, since they are
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due to part of the loops far away from the intersection point O and hence have nothing to
do with each other. What stands out to be in the second subfigure of Figure 61 is the two
loops, combined and deformed at the point of intersection. Note that the orientation of the
loops are preserved under the deformation. Monodromy around this deformed loop v, o 7

is denoted with M., ..,. We, now, have

Ml - T(I’l,ﬂfg)jﬁl,
(6.27)
M, = T(y1>y2)]\72-

M and M, take their values in the structure Lie group G of the principal G-bundle. Note

that we can write the connection 1 form (gauge fixed) A as
A=A, (z2)dz+ As(z,2)dz = Ay (z,y)dx + Az(z,y)dy. (6.28)

Now in the light of (6.28), 1 forms, restricted to the real and imaginary axes, read

A(x,0) = Ay(2,0)dz, and
(6.29)

A(0,y) = A2(0,y)dy.
respectively. now, in terms of real and imaginary parts of connection 1-forms, i.e. A; and

Ajg, the Atiyah-Bott brackets (6.24) computed in section (6.2) read

(G (), A o)} = 2 F @05 — )00y — o). (630

Lemma 6.3.1. The fundamental Poisson brackets between G valued 1-forms are given by

(41(2,0/945(0,4)} = £5(2)3)T, ©31)
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where 1 is the Casimir tensor for G given by

L= f(a)(ta ®ta). (6.32)
a=1

Proof . The above Lemma is just a consequence of (6.30).

n

{A1(2,0)945(0,9)} = {D ALz, 006D A5(0,9)ts}

b=1

= Z Z{Allz<x7 0)? Ag<07 y>}(ta ® tb)

a=1 b=1

= 25@)o) 3 )t 1)
a=1

[l

Remark 6.3.1. We should emphasize in the context of Lemma (6.3.1) that the basis of the

underlying Lie algebra is chosen in such a way that the trace form between the group

generators is diagonalised in order to comply with what was used in the derivation of the

Atiyah-Bott brackets (6.26) in section (6.2). Lemma (6.3.1) is independent of the repre-

sentation of the Lie algebra, though. All it means is that the same representation has to be

chosen during both the derivations of the Atiyah-Bott brackets and the fundamental Poisson
brackets.

Using Lemma (6.3.1), one obtains the Poisson bracket between transition matrices

along two small paths of the given loops around the intersection point O as described in

Figure6-1,
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Lemma 6.3.2. Let T'(x1,25) and T(y1,y2) be the transition matrices pertaining to path
x10x9 and y,0ys as indicated in Figure 6—1. The Poisson brackets between them is given

by

[T'(21,0) ® T(y1, 0)] T'[T(0, 22) ® T(0,y2)] - (6.33)

Eral )

{T(21,22)8T (y1,2)} =

Where T is the Casimir tensor given by (6.32). Also, T(x1,ys) and T'(y1, x2), standing on
the right side of (6.33), are computed along the deformed loop in Figure 6—1.
Proof . The Poisson brackets between transition matrices in the context of Hamiltonian

theory of Solitons are given in ([26], page 192). In our setting, this formula gives

{T(21,22)®T (y1,2)}
_ / / (T (@1,2) © Tl )] {412, 0BA(0, )} (T 22)) © Ty, )] de dy

= % [T'(21,0) @ T(y1,0)] T [T(0, z2) @ T(0,y2)] . (6.34)

]

Lemma 6.3.3. The Poisson bracket between traces of monodromy matrices is as follows
2 — —
{TI‘ Ml, Tr MQ} == % TI'12[(T<O, (L’Q)MlT(Z'l, 0) X T(O, yg)MgT(yl, 0))F], (635)

where M, and My are given by (6.27). In (6.35), Tt is trace in the vector space R™ while

Try5 is one in the tensor product space R™ @ R™.
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Proof . Using (6.27), one obtains

{M1®M2} = {T($17$2)M1@T(?J1,y2)]\72}
= {T(x1,22)®T (y1, y2) Mo} (M ® L)
T (21, 22) @ LJ{M,®T (y1, y2) My}

= {T(x1,22)®T (y1, 1)} (o @ M) (M ® ), (6.36)

where we have exploited the fact that Ml and ]T/[; both Poisson commute with 7'(z1, 5)

and T'(y1, y2), and amongst themselves. Now using Lemma (6.3.2), one obtains

{M,®M,}
= {T(ﬂfl, $2)®T(yh yz)}(ﬂ1 &® MQ)
[T (x1,0) @ T(y1, 0)] T [T(0, 25) @ T(0, y2)] (M @ Ms)

[T(21,0) @ T(y1,0)] D[T(0, 22) My ® T(0, yo) M. (6.37)

Taking trace on both sides of equation (6.37) and subsequently making use of the cyclic

property of trace, one finally obtains

2 —~ —~
{TI' Ml; Tr MQ} = % Trlz[(T<O, LEQ)MlT(.Tl, O) X T(O, yg)MgT(’yl, O))F] (638)
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6.4 Examples of Goldman brackets between Wilson loops for various real Lie groups

In the previous section, we obtained a general formula (6.35) for Poisson brackets be-
tween traces of monodromy matrices computed along free homotopy classes of loops on ..
In this section, we shall derive explicit formulas of those Poisson brackets for G L(n, R),
U(n), SL(n,R), SU(n) and Sp(2n, R) monodromies. The Casimir tensor I, associated
with the underlying Lie algebra G, solely determines the underlying Poisson bracket be-
tween the respective Wilson loops in (6.35).

We, first, note that the generalized Gell-Mann matrices in n dimensions read

h? = \/g Z €iis
=1

k—1
2 2
=S e — (2= e, forl<k<n,
k ]{j(k’—l) i:1€ kekk orl < n 6.39)

fﬁj = ey +eji, fork <j,
fi; = —ilejr — exj), fork > j.
Here, e, is an n X n matrix with 1 in the jk-th entry and 0 elsewhere.
We need a couple of preparatory Lemmas in order to prove the main results concerning
poisson brackets between traces of monodromy matrices.

Lemma 6.4.1. Given the matrices h{ and h} as in (6.39), we have

Wy @B+ B @hp=2en ®en+2) e ® epr. (6.40)

k=2 k=2
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i k—1 k—1
- %(Zem@Zem)__<Zezz®zem>_gzeii®ekk
L =1
_%Zekk®€zz+<2_%> ek X epk | -

6.41)

k=2 i=1 =1 k=3 =1 =1
n+1 k—1 n+1 -1
2 2
+ Z 1 (Z €ii ® ep_1 k—l) + 1 ( Ck—1k-1& Gn')
k=3 i=1 k=3 i=1
n+1
2
- k_l(ek 1k—1® €k_1k 1)
k=3

n+1

—2611@611 - — (Zeu(gzeu) +Zk}— 1 <Zen®€k 1,k— 1)
n+1 n+1

-I—Z A (Z €k—1,k—1 & 622) k: Ch—1k-1 D €p_1k-1)

= 2611 ®ep —— (Z eii & Z ezz) + Z (Z e ® ekk)

7
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k=2 i=1 k=2
n n n 9 k—1 n 9
= 2611 & €11 — — (Z €ii X Z 6”) -+ Z E (Z €ii X ekk> —+ E(ekk X ekk)
i=1 =1 k=2 =1 k=2
n k—1 n n 9
+ Z - (Z Crk @ eii) + Z E(ekk ® exr) — Z E(ekk ® €xr)
k=2 =1 k=2 k=2
9 n n n 9 k—1 n 9
=2enn ®en — - (Z €i; & Z 6¢¢> + Z T ( . €i; & 6kk> + E(ekk ® exr)
i=1 i=1 k=2 =1 k=2
n 9 k—1
+> 7 (Z ek ® e) . (6.42)
k=2 i=1

Plugging (6.42) into (6.41), one obtains

n 2 n n n
hy hi =2 - i i 2 ) 6.43
; ke & Ny en @ e n(;e ®;€>+ ;61@1&36% (6.43)

which leads to

MP@B +Y hi @b =2en®en+2) e ® ex
k=2 k=2

O
Lemma 6.4.2. Given [, for k < jand k > j as in (6.39), the tensor product between

them is given by

ST =2 en®ery. (6.44)
k#j k#j

Proof .

S fl = (erg + eir) @ (exs + )

k<j k<j
= E €kj & ekj + E erj & ejk + E €jk & ej + E €jk & €jk-
k<j k<j k<j k<j
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(6.45)

Also,

Z f]?] ® fl?g = Z(—iejk + iekj) ® (—iejk + Z.Bkj)

k>j k>3
= —Zejk®€jk+zejk X ek;j +Z€kj X ejr — Zekj & eg;-
k>j k>j k>j k>j
(6.46)
Now (6.45) together with (6.46) imply
Zfﬁj ®fiy = 2Z€jk®€kj +2Zejk®ekj
k+#j k>j k<j
= 2) e ®e. (6.47)
k#j
n

We are now all set to cook up the Casimir operator I, arising in (6.35) for GL(n,R),
U(n), SL(n,R), and SU(n). In what follows next, the n? x n? permutation matrix is

denoted by P. Given two n x n matrices A and B, P enjoys the following properties

P(A® B) = (B® A)P
(6.48)
Tri5[(A ® B)P] = Tr(AB).
Proposition 6.4.1. For GL(n,R) and U(n) to be the structure Lie group of the underlying

principal G bundle, the Casimir tensor in (6.35) reads

I'=2P, (6.49)
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where P = ki eji Q ey; is the Permutation matrix.
J=1
Proof .
Case 1: GL(n,R)
The Lie algebra associated with GL(n,R) is gl(n,R), the vector space of all real n x n

matrices. The dimension of this vector space is n2. We choose the matrix A7, n— 1 matrices

hy with 1 < k < n, "22’ ™ matrices f,? j with £ < j, and another "22’ ™ matrices ¢ fﬁj with

k > j from (6.39) to form a basis of gl(n, R). Also, in (6.8), associated with the preceding
choice of generators for GL(n,R), f(a) = —1 for @ basis elements i fi; with k > j.
And for the rest of the n? basis elements f(a) = 1.

With the above choice of the basis of gl(n, R), the Casimir tensor I" reads,

D= Wohl+Y hohi+> floff+> —(ff®ifl)
k=2

k<j k>j

= WK+ Y WO +Y S @+ ) (i ® 6. (6.50)
k=2

k<j k>j

Using Lemma (6.4.1) together with Lemma (6.4.2) in (6.50), what one immediately obtains
for GL(n,R) is

=2 eji® e (6.51)

k,j=1

Case 2: U(n)
An appropriate choice of basis for the Lie algebra u(n), in the context of (6.8), would be
the n? skew-Hermitian matrices (see 6.39) ih7, ih} for 1 < k < n and ifi; fork # j. In

accordance with the choice of these generators of unitary group U(n), f(a) = —1 in (6.8)
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fora =1,2...,n2 The corresponding Casimir tensor I" reads off immediately

I = —(ihy@ib})+ Y —(ihg @ihp)+ Y —(ifi, @ifi) + > —(ife; @ify;)
k=2

k<j k>j

= WO+ WO +) fi;® i+ fi @
k=2

k<j k>j
= 2) ep®e (6.52)
k,j=1
Here, again, we use Lemma (6.4.1) and Lemma (6.4.2) to arrive at (6.52). O

Direct application of Proposition (6.4.1) in (6.35) and subsequent use of the proper-
ties of P, enumerated in (6.48), yield the formula of Poisson bracket between traces of
monodromy matrices for GL(n,R) and U(n), as given in the following theorem
Theorem 6.4.1. The poisson bracket (6.35) for My and M, being either in GL(n,R) or in
U(n) reads

4
{TI' Ml, Tr Mg} = E Tr M'YIO’YQ7

(6.53)

where M., o, is a GL(n,R) or U(n) monodromy computed along the deformed loop 107,
in Figure 6—1.

Proposition 6.4.2. The Casimir tensor in (6.35) for the structure Lie group to be either
SL(n,R) or SU(n) reads

2
[ =2P— =1, (6.54)
n

n
with P = Y ejr ® ex; being the Permutation matrix and I being the n® x n? identity
k.j=1

matrix.
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Proof .
Case 1: SL(n,R)

The Lie algebra sl(n, R) consists of traceless n x n real matrices. We, therefore, choose

nzfn

5 real

n — 1 matrices hy with 1 < k < n, "22’ % matrices f,?j for £ < j and another

matrices ¢y’ with k& > j from the ones enumerated in (6.39). As was in the case of
gl(n,R), f(a) = —1in (6.8) holds only for the SL(n,R) group generators i f;’;. Therefore,

the associated Casimir tensor reads

o= ) hp@hp+ > [0+ —ff; @if))
k=2

k<j k>j
= Y men+d fluefl+y e fy
k=2 k<j k>3
= 2P —hY ®A}
2
= 2P — —L (6.55)
n

Case 2: SU(n)
The real Lie algebra su(n) consists of n x n tracless skew-Hermitian matrices. We choose,
as a basis of su(n), n — 1 traceless skew-Hermitian matrices ih} with 1 < k < n and
another n? — n such matrices 7 [i; for k # j from the matrices enumerated in (6.39). Here,
we only have f(a) = —1 in (6.8) for all such (n? — 1) SU(n) group generators. the

corresponding Csimir tensor reads
n

D= ) —(ihp@ihp) + > —(ife; @ifi,) + > —(ift; @ iff;)

k=2 k<j k>j
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= S mpeh+ Y fief > e f
k=2

k<j k>3
= 2P W' QAT
2
= 2P — —L (6.56)
n

We have repeatedly used Lemma (6.4.1) and Lemma (6.4.2) in establishing (6.55) and
(6.56). [l

Following the use of Proposition (6.4.2) in (6.35) and subsequent use of properties of P
as given by (6.48), one obtains the Poisson bracket for SL(n,R) and SU(n) monodromies.
Theorem 6.4.2. The Poisson bracket between traces of two SL(n,R) or two SU(n) mon-

odromy matrices is given by

{TI‘ Ml, Tr MQ} =

EINS

1
(Tr M0, — —Tr My Tr MQ) . (6.57)

In course of proving Theorem (6.4.2), one also makes use of the identity Tri3(A® B) =
Tr ATr B for any two n x n matrices A and B.

We shall now handle the case of the real Lie group Sp(2n,R). It is being dealt sepa-
rately since an appropriate choice of basis for the associated Lie algebra sp(2n, R), in the
light of (6.8), is unrelated with the generalized Gell-Mann matrices enumerated in (6.39).

The Lie algebra sp(2n, R) is an n(2n+1) dimensional real vector space. An appropriate
choice of basis, along with respective f(a) = £1fora = 1,2,...,n(2n + 1) in (6.8), is

outlined in the following table
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i,j,k Basis elements f(a) | No. of elements
. . 2_
1<i<j<n| (it eint i+ €itng) | 1 =
. . 1 2_
1<i<j<n Té(ei,ﬁn + €jitn — €jini — €itnyj) | -1 nn
1<k<n Ckmtk + Enthk 1 n
1<k<n Chntk — Cnthk -1 n
. . 1 2_
1 S 1<) S n ﬁ(eij + €ji — €Citn,j4n — €j+n,i+n> 1 o 5 n
. . 1 2_
1<i<j<n| Z(e;— €+ Citnjtn — jtnitn) | -1 S
1<k<n Ckk — Chkinkin 1 n

Table 6-1: Appropriate choice of basis for sp(2n, R)

Now, the Casimir tensor for the structure Lie group Sp(2n,R) is provided by the fol-
lowing proposition
Proposition 6.4.3. The Casimir tensor I' in (6.35), for Sp(2n,R) to be the structure Lie

group of the underlying principal G-bundle, reads

=P+, (6.58)

with x given as

X = E (€iyjtn ® €itn,j + €jitn @ €jtn,i + €jtni ® €jitn T+ Citng ® €ijin
1<i<j<n

— €ij ® €itnjin — Cjinitn @ €ji — €ji ® €jynitn — Citnjin @ €;j)

+ E (Ekmtk @ €nthk + Enthk @ €pntk — €k @ Chin ktn — Chtn ktn & €kk)-
1<k<n

(6.59)

We shall be calling x as the defect matrix henceforth.
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Proof . In order to prove proposition (6.59), we first note that, for a and b to be two n x n

matrices, the following holds
(a+b)®@(a+b) —(a—b)®@(a—b)=2a®@b+b®a). (6.60)

Now, using the above fact, we compute for 1 <i < j < n,

1 1
ﬁ(ei,ﬁrn + €jitn + €jn,i + Cigny) @ E(ez‘,jm + €jitn + €jini T Citnyj)

——=(Cijan T €jitn — € — Citng) ® —=(€ijtn + €jitn = €jtni = Citn,j)
V2 V2
= €jjtn & €jtni T €ijtn @ €itnj T €jitn & €jini + €jitn @ €itnj

t€jtni @ Cijrn T €jini @ €jitn t Ciyn,j @ Cijin + Civnj @ €jivn- (6.61)
We also compute for 1 < k < n,

(€kmtk + €nthk) @ (€kntk + €nthk) — (€hntk — €nthk) @ (Ekntk — €nthk)

= 2(ekntk @ €nthk + Cnthk @ €hntk)- (6.62)

Again, considering another set of n*> — n generators and applying (6.60), one obtains

forl1 <i<j<n,

1

(€ij + €ji = €itnjtn — €jtnitn) @ —=(€ij + €ji — €itnjtn — €jtnitn)
V2 V2
1
——=(€ij = €ji T Civnjin = €jinitn) ® —=(€55 = €ji + €ivnjin — €jiniitn)
V2 V2
=€ij D e€j; — €5 Q €iynjtn — €jtnitn O €ji T €jtnitn & €itn jin

T€ji @ €55 — €5 @ €jtnitn — Citnjtn @ €ij + Civnjin O €jqn itn- (6.63)
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Finally, for n diagonal generators of Sp(2n,R), we obtain with 1 < k < n,

(ek‘k - ek—i—n,k—i—n) & (ekk - €k+n,k+n)

= ek @ epk — €k D Chinktn — Chinktn @ €k + Chinkin @ Chinkin. (6.64)

Adding (6.61) with (6.63) and (6.62) with (6.64) followed by summing over 1 < i <

J <mnand1 <k < n,respectively and finally adding up the two summands, we obtain,

I'= [ E  (Cigian @ €jini T Citn ® Citnj T €iini @ Cijyn T Citnj D €itn

1<i<j<n

+ €ij ® €ji + €jinitn @ Cinjtn + €ji @ €ij + Citnjin @ €jtnitn)

+ E (Ckntk @ Entig + €nthk @ Chntk + €kt @ €k + Chpm hin @ ek+n,k+n)]
1<k<n

1D (G ® Citng + €hivn © €jpni + €juni ® Chitn+ Cipng @ Cojin

1<i<j<n

— €ij ® €itnjtn — Cjtnitn ® €ji — €ji ® €jinitn = Citnjin @ €ij)

+ E (Ekmik @ €nikk + €nikk @ Chnik — Ckk @ Chinkin — Chinkin O Crk)
1<k<n

Py (6.65)

]
We require the following Lemma to prove the main result regarding the Poisson bracket

for Sp(2n, R) monodromy matrices.
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Lemma 6.4.3. For A, B € Sp(2n,R), x being the defect matrix as in Proposition (6.4.3)

and P being the permutation matrix, we have the following identity

Tri[(A® B)x] = — Tr(AB™). (6.66)

Proof . Given the 2n x 2n symplectic matrix B, its inverse is given by the following sets

of equations:

For matrix entries with 1 <1 < 5 < mn,

(B™1)ij = Bjtnitn, (B™1)ji = Bisnjtn, (B™Yij4n = —Bjiisn
(Bil>j,i+n - _Bi,jJrna (Bil)nJri,j = _BjJrn,i: (Bil)]#n,i = _Bn+i,j (667)
(B Yitnjin = Bji, (B™Y)j4n,itn = Bij-
And, for matrix entries with 1 < k < n,
(B™ ek = Briniin (B Ykmik = —Brnsk
(6.68)

(B ntkk = =Buikks (B ktnkrin = Bik:

Now, using the explicit expression of the defect matrix y given in (6.59) and that of the

symplectic matrix B~! in (6.67) and (6.68), one obtains

Tri2[(A® B)x|

= Z (AjniBjitn + AisnjBijin + AijrnBivnj + AjitnBjin,)

1<i<j<n

+ Z (Apsi e Brntk + ApntkBrikgk) — Z (AjiBjin,itn + AitnjinDBij)
1<k<n 1<i<j<n
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- Z (AijBitnjin + AjinitnBji) — Z (AkkBrtnktn + AktnktnBrk)

1<i<j<n 1<k<n

= - Z [Ajini(B™igan + Aisng(B™ ) jian + Aijin(B™)jini

1<i<j<n

+ Aj,iJrn(Bil)iJrn,j]

= Y Ak (B Vkmsk + Ak (B Dokl = D> [Au(B™)y

1<k<n 1<i<j<n

= Y [AB i+ Ajsnian(B isngin] — Y [A(B™ ik

1<i<j<n 1<k<n
-1
+ Ak+n,k+n(B )k—l—n,k—l—n]

= —Tr(AB™). (6.69)

]

We now prove the main theorem concerning the Poisson bracket between traces of
Sp(2n, R) monodromies.

Theorem 6.4.3. The Poisson bracket between traces of Sp(2n,R) monodromy matrices

M and M, is given by

(6.70)

Y1072 fylo—y;l)v

2
{Tr My, Tr My} = E(TFM —TrM

where M., o, is an Sp(2n,R) monodromy, computed along the deformed loop ~y, o s, as
shown in Figure (6—1) while the monodromy M - is computed along the other deformed

loop 1 0 5 %, as described by Figure (6-2).
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X > T
!
Y1 7
M 1 M 1
(a) Two intersecting loops. (b) Deformed loop 1 0 75 !

Figure 6-2: Traces of monodromies are computed along two free loops that are homotopi-
cally inequivalent and intersect transversally at a single point. In the following subfigure,
trace of monodromy along a single loop, deformed at the point of intersection, has been
considered.

Proof . Plugging the Casimir tensor I" (see 6.58) back in (6.35) and using the identity from

lemma (6.4.3), one obtains

{TI' ]\417 Tr MQ}

= 2 T [0, ) VT (1,0) © T(0, ) W31, 0))(P + x)]

2 2 —~ —~
= E Tr M'Ylo’YQ -+ E Trlg[(T(O, LL’Q)MlT(.Il, 0) &® T(O, yQ)MQT(yl, 0)))(]

2 2 —~ —~
=7 Tr My, oq, — T Te[T(0, z2) My T (1,0)T(0, y1) My T (ys, 0)]
2
= 2 (Tx My, = Tr M, 1) 6.71)
]
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We note that (6.4.1), (6.4.2) and (6.70) coincide with Goldman’s formula in ([29], page

266). Also, we computed the Poisson brackets for various real Lie groups for a single point

of transversal intersection. The proof for many intersection points follow similarly.

6.5 Acknowledgements

The author gratefully acknowledges useful discussions with Prof. D. Korotkin.

229



Chapter 7
Conclusion and Future Directions

The main results of this thesis are related with Lie algebraic and representation theoretic
methods.

We studied the structural similarities between extensions of the (1+1)-Galilei group
and the groups frequently used in signal analysis and image processing. The fact that the
various groups of signal analysis, enumerated in chapter 2, are all obtainable from the affine
Galilei group shows a remarkable unity in their structures and consequently of their unitary
irreducible representations. In the following chapter, we made a comparative study of the
structures of their co-adjoint orbits and built Wigner functions on them. From the point
of view of signal transforms, all this could lead to a deeper understanding of how signal
transforms, defined over a larger set of parameters, reduce when a smaller set of parameters
is used, with the original signal still being reconstructible from the smaller set.

In chapter 4, we have derived the commutation relations between the position and mo-
mentum operators of noncommuttive quantum mechanics by three different means: using
the appropriate unitary irreducible representations of the centrally extended (2+1)-Galilei
group G, of the doubly extended group G’:T, of translations of R*, and by a coherent state

quantization of the classical phase space variables of position and momentum, using the
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coherent states of G

ot . It is not hard to see, from the expressions for the unitary represen-

tations (4.12) and (4.49), that the same commutation relations could also be obtained by a
coherent state quantization, using the coherent states of G:T (which could be similarly con-
structed). There is, as usual a positive operator valued (POV) measure naturally associated
to the coherent states (4.18). Indeed, for any measurable set A of R? (phase space), we can

associate the positive operator

dq dp .

(&) = [ 4z s

These define localization operators on phase space, whose marginals in q and p should
then give localization operators in configuration and momentum spaces, respectively. For
the canonical coherent states and standard quantum mechanics, such operators have been
studied extensively, in e.g., [3, 16]. There, one understands these localization operators in
an extended or unsharp sense. It would be interesting to do a similar study for the present
case.

In chapter 5, we have shown that the triply extended group of translations in R*, Gy

(note that G denotes the same Lie group in chapter 4), contains various representations,
associated with different gauges of noncommutative quantum mechanics (see [24]), viz.,
the Landau and symmetric gauges, in its unitary dual. The unitary irreducible represen-
tations of standard quantum mechanics are also sitting inside its unitary dual. The rep-

resentations associated with a coupled bosonic system, that give rise to certain deformed
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complex Hermite polynomials (see [6] and [9] for detail), are just a family of unitary ir-
reducible representations of Gy.. The relevant coadjoint orbits of Gy, sitting inside the
7-dimensional dual Lie algebra, have all been identified. The second cohomology group
of the group of translations in R* is a 6-dimensional vector space. In chapter 5, we con-
sidered [Q1, P1], [Q2, P3], [Q1, Qo). and [Py, Py] to be nonvanishing in general, as is done
in NCQM. The strengths of the first two noncommutativity were chosen to be the same in
order to preserve the structure of standard quantum mechanics. Along with this quantum
mechanical noncommutativity, the position and momentum noncommutativity give rise to
three independent central extensions of the abelian group of translations in R*. While the
goal of chapter 5 was to study the role of this triply extended group Gy in NCQM, it
would be interesting to study the other extensions of the group of translations in physically
meaningful contexts, e.g. rotational invariance. Here, we restricted ourselves to 2 degrees
of freedom meaning that we studied 2-dimensional NCQM from a group-theoretic point
of view. But one could study possible extensions of the theory to quantum systems with
additional degrees of freedom as well and look for a more general theory by constructing a
more general version of Gyc.

In chapter 6, we considered a separate problem where space-time is modeled as a 3-
manifold > x R. We considered the infinite dimensional field theory associated with con-
nection 1-forms , taking their values in the Lie algebra G of the structure Lie group G of the

underlying principal G-bundle. Well-known Atiyah-Bott brackets, between the connection
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1-forms and the momenta conjugate to them, were also computed starting from the Chern-
Simons action defined on the 3-manifold. Time dependence in the 1-forms was gauged out
using additional gauge freedom. The space of flat connections up to a gauge transforma-
tion is a finite dimensional space. The observables associated with this finite dimensional
moduli space are just the Wilson lines computed along the free homotopy classes of loops
on our Riemann surface. The brackets between these observables, i.e. brackets between the
traces of (G-valued monodromy matrices are known as the Goldman bracket. Making use
of the Hamiltonian formalism of soliton theory, we computed Poisson brackets between
traces of these monodromy matrices for the cases of GL(n,R), U(n), SL(n,R), SU(n)
and Sp(2n,R). We plan to apply similar algebraic formalism in order to find the brackets
for the remaining cases of semi-simple Lie groups, say, SU(p, q¢), G, Fy, Eg, E7 and Esg,

in future.
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Appendix A
Proofs related to Chapter 4

In this Appendix we collect together the proofs of some of the results quoted in chapter

Proof of Lemma 4.3.2
We start out by taking two compactly supported and infinitely differentiable functions

f,g € L*(R?,dx). Then,

[ 4 D xantan | 9) dadp
R2xR?

. , A A
—/ dq dp / el(x”‘)'px X+q——Jp|x (X +q— —Jp
R2 xR2 R2 xR2 2m2 2m2

x f(x)g(x) dx dx’] (A.1)

A
Making the change of variables, q — ﬁ‘] p=d,
m

/ <f ‘ Xq,p><Xq,p ’ 9) dq dp
R2xR2

= [ ddap | [ e o o) dx i |
R2xR2? R2xR2

= n? [ ad [ s Xt N o ax i

= (2m)? /R dq’ [/R X(x+d)x(x+d)g(x) f(x) dX]

= 2m)*IXI*{f | ), (A.2)
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the change in the order of integration and the introduction of the delta measure being easily
justified in view of the compact supports and smoothness property of the functions f and

g. Thus, introducing the formal operator

T= / |Xq,p><Xq,p| dq dp , (A.3)
R2 xR?2

we see that for functions f, g of the chosen type,

(fITg) = 2x|IxII” (fI1g) ,

I being the identity operator on L?(R?, dx). But since the compactly supported and in-
finitely differentiable functions are dense in L?(R?, dx), we use the continuity of the scalar
product to extend the above equality to arbitrary pairs of functions f, g in L*(R?, dx), thus

proving the lemma. U

Proof of Theorem 4.3.2
We only work out the derivation of the first of the above equations, the others being

obtained in similar ways. By (4.20) and (4.24)

(0g,9)(x)
L e oo o)
R2 xR2 R2
A / /
X1 (X’+q——2Jp>g(X) dx} dq dp . (A.4)
2m
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A
Making the change of variables q — ﬁJp = ¢, and noting the form of the skew-
m

symmetric matrix J from Lemma (4.3.1), we have

/ A / A
QIZQ1+2_m?p2’ QQZQQ—Q—meu
using which (A.4) becomes
(Og,9)(x)
/ A i(x—x')-p No (! L / / /

= ¢ — 5 P2 e n(x+d)nx +d)g(x’) dx'| dq’ dp
R2 xR2 2m R2

- / d V D Py(x + o )X+ ) g(x') dX’] def'dp
R2xR2 R2
A i(x—x')p NIt 1 o\ / / /

~573 P2 e nx+d)nx +q)g(x)dx"| dq’ dp . (A.5)
m R2 xR2 R2

Let us consider the first integral in (A.5). Assuming 7 to be sufficiently smooth functions,

we have

/ 0 { / e P g (x + g )n(x + q’)g(X')dX’] dq' dp
R2xR2 R2
=@ [ d { 5(x — x)] n(x + )T +_q'>g<x'>dx/] id
]R2 R2

= [ Inlx-+ @)Pg(x) de (A6)

Making a second change of variables, x + q' = —u, the last term in (A.6) becomes

2 [ alnx+ )Pt do

= CrPrigl) [ P dut 20Pee0 [ wliPald du. A7

R
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The second integral in the last line vanishes since, in view of the imposed symmetry, 7 is

an even function of u;. Thus, noting the normalization of 7 in (4.18),

/ o { / 2 e P p(x + g )n(x + q/)g(X’)dX’} dq dp = z19(x).  (A.8)
R2 xR R

Next, we observe that,

. 0 i(x—x') Nt 1
~i50 (e =P (x + g )n(x + g )g(X’))

_ p26i(x—x')'P n(x’ + q’)g(x’)n(x + ql)

+e P (x4 q)g(x) <_i5‘ix2) (n(x+q)),

so that the second integral in (A.5) becomes

A o I
By P2 { / e P p(x + o )n(x + q')g(x) dX’} dq' dp
m= Jr2xRr2 R2
)\ . 8 i(x—x’)~ N - .\ / / /
N\ (e Pnx+d)nx +d)gx)) dx'| dq' dp
R

2m? Jpoy g2 0xs

) P ;
- i(x—x')-p / f / . , , .
2m? R2><R2[/R2{e 7+ a)g(x) ( Z@Iz) n(x+d)} dx} dq dp.

(A.9)

Assuming the usual smoothness condition on 7 and again introducing a delta-distribution

in x, X/, the first integral on the right hand side of (A.9) gives

A 0 . , -
T s i(x—x')p / ’ / / / /
92 szRz( Zab) H/R2€ n(x+q)nx +q)g(x )dX} dq dp}

= (222? /R 2<—’ia%2> H O(x — x)n(x + q’)mg(X’)dX’} dq’}

]R2
0y, (A.10)

2m?2 Oz,
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Similarly, the second integral (A.9) yields

—% RQWJ/RQ{J(""")'Q n(x' +q)g(x') (—i%) n(x+dq)} dX’} dq' dp
— gz [ | 0= @) (i )+ )} )|

= 5oz [ O] (< ) ntx+ )

Introducing another change of variables, x + ¢’ = u, this becomes

ooz [t (i )t du

A —— 0
~ 5s0(x) [ n) () du =0, (A1D

the last equality following since, in view of the evenness of 7, the derivative term, a—n(u),
Ug
1s an odd function.

Thus finally, combining (A.11) with (A.5), (A.8), and (A.10), we obtain

(On)x) = (11~ s ) ).

2m?2 8_£U2

Proof of Theorem 4.4.1
Using (4.28) and (4.29), it can easily be verified that £, ¢’, and £” given in Proposition

(4.4.1) are local exponents for the group of translations G in R*.
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It remains to prove the inequivalence of the given multipliers. Let us first prove the fact

that &; := £ — ¢’ is not trivial. Indeed we have,

fl((q17 QQ7p17p2)7 (Qia qgapllapé))

= &£((q1, 42, 1, p2), (41, G5, 01, 5)) — €' (a1, @25 1, p2), (4, 45, P15 )

1 1

1 1 1 1
= 5611]?,1 + 5Q2P'2 + §P2P,1 - 5?193 - §P2Q§ - §P1P,2~ (A.12)

Now from (4.30), it follows immediately that triviality of a multiplier n for some abelian
group in terms of a suitable continous function implies the fact that (g, ¢') = n(¢’, ¢) holds
for any two group elements of the given abelian group. By contrapositivity, 7(g,g') #
n(¢’, g) guarantees the nontriviality of the multiplier in question.

In other words, to prove the nontriviality of &;, it suffices to show that

§1<<q17 QQap17p2>7 (q17 QQ7p,17p,2)) 7é 61((q/17 QQapllvpé)v (q17 QQap17p2)>

always holds. Indeed,

§1((a1, @5 11, 15)s (a1, 42, P15 P2))

1, 1, 1, 1, 1, 1,
= 5611 + 5%292 + §p2p1 — 5171611 - 5?2(]2 — 5]91292,
= —51(((11,(127171,]72): (quCI;ap/lap/Q))- (A.13)

Let us now prove that & := & — £” is nontrivial. We have,

52((611; q27p17p2)7 (qg7 qé7p/l7p/2))
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1

=& ((q1,q2. 01, p2), (1, @b, D1, 5)) — €' ((q1, @2, P1, P2), (41, G5, DY, D))
1 / ! / /
=§Mm+m%—mm—@m

= —&((d), ¢, 11, Ph), (@1, @2, P1, D2)- (A.14)

The above equation reflects the fact that &, is indeed nontrivial which in turn implies that

¢ and ¢” are inequivalent. Hence it follows that &, £’ and &” are three inequivalent local

exponents of G. [l
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Appendix B
Proofs related to Chapter S

In this Appendix we collect together the proofs of some of the results quoted in chapter

Proof of Theorem 5.4.1

We first prove that U4,,,, given by (5.51), is indeed a representation of Gyc.

( sym< ¢ ¢7QI7qQ7p1 p2> sym(elaqb/u@Z)/uqa)QQ7p,17p/2)f)(rl7T2)
- sym( Qb 77/} q17q2ap1ap2)( sym(0,7¢/a¢/aqgaqg7p/17p/2)f)<rl77n2)

= ( S)’m( ¢ ¢7q17q2aplap2)g)(rlvr2)7 (Bl)

where we have chosen U,,.,(¢', ¢', V', ¢}, ¢5, P, v5) f = g. Then (B.1) reads

( sym( ¢ ¢>(J1aCI27p1ap2)9)(7’1,7"2)

\/ —B \/azfﬁw
2

) (qira—gar1)+ (p1g1+p2 qz)]

. ei(9+¢+¢) 7 [041717”1+Ocp27“2—

Xg( a+\/7 a+\/mq>
20 2]

- , +
(] 2p2+ a1, 72 2

(B.2)

But

g( a+¢7 a—f—Mq)
20 2

7“1——]92+ Q1,2+ —
a 2
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RV

= (usym(6/7 (b/a wla qa7QQapllap12>f)(rl - 2_292 + qQ, T2 + 20 p
n a++/a? — 67(12>
2c
B ei(9/+¢/+w/)ei [ap’lrrgp’lpfra“ =B ph gy +aplyra+ S prph+ 2HVS atva=pn q2:|
» e—i{"(a_ V;’Q_ﬂ”) <q T T R q1)}
VT ;o I6] a+ /a2 — By I6]
X e (PHPRL) £ (r) — = (py + Ph) + (@1 + 1), 72+ o (pr + p})
2c 2cv 2a
a + \/
QZ + QQ

(B.3)

On the other hand, in view of the group law (5.1) of G\, we have

( Sym(( (b w7q17q27p17p2)(6, ¢ 7/1 Q17QQ7p17p2>>f)<T17r2)

« Q Q Q 15}

= Um0 +60 + 3 5Q2p/2 - 5]01(11 — 5]32(1&7 ¢+ ¢+ 5171]0/2
B Y

— §p2p'1, Y+ + 5(]1615 —

Oy +

y
EQ2Q/17 G+ qs @+ qy, pr+ Dy p2 ) f) ()

040"+ 5 q1pi+ 5 a2py— S P19) — 5P245) i(P+6'+ S p1phy—Lpaph) WY +30195-F 0241)

ia {p1T1+P'1T1+P2T2+P'2T2—O‘77 '%2767((117"2-5-(1’17“2—q27"1—q§7”1)]
X e
x e a2{57[(m+p'1)(q1+Q’1)+(p2+p’2)(q2+q§)]f(rl _ %(m +pb)
o+ 052 - 57 / ﬁ / o+ 052 - ﬁ7 /
+ ), o+ o (p1 ) + +q). (B4
%0 (1 +4)), 72 2 (p1 + 1)) a (92 + 43)) (B.4)

Comparing (B.3) and (B.4), we obtain the following

( sym<< (b w QI>Q2aplap2)(9/ ¢ TP 7q17Q27p17p2))f)(T17T2)
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= (Z/{sym(GJ (bu w7 qi, q27p17p2)usym<017 (b/? ’l//a q/17 qéapllupé)f) (Tlu Tg), (BS)

with f € LQ(RQ, dridry). Hence it follows that U, is indeed a representation of the
nilpotent Lie group Gyc.

The adjoint of U, now reads

(us?m(g, o0, qu, QQapl,Pz)f)(Tl, 7“2)

_ e—i(9+¢+w)€_i {amn-&-amm—a(a_j W(qﬂg—tmn)-i- v O‘Q;M (p1q1+’p2q2)}
B a++/a? — Py B a+y/a?— By
Xflr+s—p2— 41,72 — 7—P1 — q |,
2c0 2a 200 2a
(B.6)
from which unitarity of U4, follows immediately
(Z/{Symu;mf) (7’1, T’Q) = (u:;mZ/{symf) (Tl, 7”2) = f(T'l, 7’2), (B7)

where f € L?(R?, drdrs).

It remains to prove the irreducibility of the unitary representation U, of the Lie group
Gyc. Since, the representation of the corresponding Lie algebra gy given by (5.52) is
clearly irreducible and G is a connected, simply connected Lie group, the corresponding
representation of the Lie group is also irreducible. But the equivalence classes of unitary
irreducible representations of G are all obtained in Section 5.2. And the group represen-
tation complying with the commutation relations (5.36) is given by (5.16). Therefore, the

unitary irreducible representation of Gy, due to the choice of symmetric gauge of vector
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potential, has to be equivalent to one of the representations (5.16) computed in the Hilbert

space LQ(RQ, dridrs), for some nonzero value of p, o, and 7. Hence, the unitary represen-

tation (5.51) of G\ is also irreducible.

Proof of Theorem 5.5.1

We first write M in the block-form:

A B Agl A22 B21

C D Cyi Cia Dny

C'21 C'22 D21

(5.53) then yields

All A12 Ql Bll B12 Q2

A21 A22 PQ B21 B22 Pl

All@l + A12]52 + Bu@z + 312p1
—

A21Q1 + A22f32 + B21Q2 + 322151

Similarly

Oll C'12 Ql Dll D12 QQ
_I_

021 C'22 p2 D21 D22 Pl

011Q1 + CoPy + D11Q2 + Do P
—

021Q1 + 022152 + D21Q2 + D22]51

244

]

(B.8)

(B.9)

(B.10)



Using (B.9) and (B.10), one gets

Q1. P]]
= [A11Q1 + A12Py + B11Qs + B1o Py, Co1Q1 4 Coo Py + Doy Qs + Doy Py
— Ay Dy (i91) 4+ Ay Doy (ihl) + A1y Doy (—ihll) 4 Agg Doy (—iBBI)
+ By, Oy (—iT) + Byy Cog(ihTl) + Byy Coy (—ihl) + B1yCly (iBI)
= ih(A11 Doy — A13Da1 + B11Ca — B1aCat )l + i9( Ay Day — By1Cy)1

+7:B(B12022 — Alngz)H. (Bll)

But we are given that [Q, P|] = ihlL Therefore, (B.11) reduces to

IS S

B
(B11C —A11D21)+E(A12D22—312022)+(A12D21+B12C21—A11D22—B11O22) = —1.

(B.12)
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In exactly the same way one can go on to compute [Q%, P3|, [Q}, Q4), [P}, Pj], [Q}, P}], and

[ ; 5, f’l’] and thereby obtain the following set of equations:

v B
ﬁ<B2lcll - A21D11) + %(A22D12 - 822012)

+ (B22Ch1 + A D1y — By Cia — Ay Dys) =1,

v,
(A12D1y + B1oChi — A1 D1o — B11Cha) + ﬁ(BnOn — AnDn)

B Y
Z(AwDy — B -7
+ h( 1212 12C12) W

B
(B92Ca1 + Aga Doy — B2y Cog — Aoy Dag) + —(AgaDag — BoaCas)
h (B.13)

9 B
+ ﬁ(BmCzl — A Do) = 7

v, B
ﬁ<A“B2l — Ao Bu) + g(AmBu — A12B9)
+ (A11Bog + AgeByy — A1aBoy — Ag1 Bya) = 0,
v B
ﬁ<CHD21 — Cn D) + %(Duczz — C12D9)

+ (C11 D29 — C12D91 + D11Co9 — D15C4;) = 0.
Now (B.12) and the set of relations enumerated in (B.13) can all be compactified into the

following three matrix equations:
AQBT — BQTAT =0,
CQDT — DQTCT =0, (B.14)

AQDT — BQTCT = Q,

where () is the 2 X 2 matrix given by (5.56).
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The three matrix equations (B.14) can yet be incorporated in one single 4 x 4 matrix

equation given by

A B 0 Qf AT CT 0 @
C D| |-QF 0 BT DT QT 0
which boils down to

MQMT = Q.

Proof of Proposition 5.5.1

An element M of &(4,R) is a 4 x 4 real matrix satisfying (5.54). In other words,
not all the elements of M are independent of each other. There are six distinct constraint
equations (see (B.12) and (B.13)) between various entries of the underlying 4 x 4 matrix.

The dimension of &(4, R) is therefore 10.
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Q2 Py

Note that if we had written instead of in (5.53), the real entries of M in
Py Q2
P, P

(B.8) would have been reshuffled accordingly:

= . (B.15)
P Cy1 Dy Dy Coo| | Py
Pyl A Ba By An| |P
0 0 10
0 0 01
Therefore, in our notation the canonical skew-symmetric 4 X 4 matrix
-1 0 0 0
0 -1 0 0
0 0 0 1
0 0 -1 0
reads . In what follows, we shall be denoting the latter matrix by J. We
0 1 0 O
-1 0 0 O
obtain - i
ulu" = Q, (B.16)
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where Q is given in Theorem (5.5.1) and the invertible matrix I/ is as follows

9
—1 2 00
B
E 100

U=
0 0 10
0 0 01

But, by definition, M € &(4, R) satisfies (5.54). One then obtains
MQM” = Q
— MUJU™" = uu”
(B.17)
— UMU)IUT™MT (U HT =]
— (UML)I(U™MU)T = T.
In view of (B.17), one immediately finds that f : &(4,R) — Sp(4,R) with f(M) =
U~TMU is the required isomorphism.
Note that QQ in (B.16), for both the choices of I/ as discussed in (5.5.2), can easily be

verified to be unique up to a scalar multiple. Also, note that the invertibility of () has been

tacitly exploited in establishing the isomorphism f. [
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