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ABSTRACT

Sampled-data Networked Control Systems: A Lyapunov-Krasovskii Approach
Miad Moarref, Ph.D.

Concordia University, 2013

The main goal of this thesis is to develop computationally efficient methods for
stability analysis and controller synthesis of sampled-data networked control systems.
In sampled-data networked control systems, the sensory information and feedback
signals are exchanged among different components of the system (sensors, actuators,
and controllers) through a communication network. Stabilization of sampled-data
networked control systems is a challenging problem since the introduction of multi-
rate sample and holds, time-delays, and packet losses into the system degrades its
performance and can lead to instability. A diverse range of systems with linear,
piecewise affine (PWA), and nonlinear vector fields are studied in this thesis. PWA
systems are a class of state-based switched systems with affine vector field in each
mode. Stabilization of PWA networked control systems are even more challenging
since they simultaneously involve switches due to the hybrid vector fields (state-
based switching) and switches due to the sample and hold devices in the network
(event-based switching).

The objectives of this thesis are: (a) to design controllers that guarantee expo-
nential stability of the system for a desired sampling period; (b) to design observers
that guarantee exponential convergence of the estimation error to the origin for a
desired sampling period; and (c) given a controller, to find the maximum allowable
network-induced delay that guarantees exponential stability of the sampled-data net-
worked control system. Lyapunov-Krasovskii based approaches are used to propose
sufficient stability and stabilization conditions for sampled-data networked control

systems. Convex relaxation techniques are employed to cast the proposed stability
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analysis and controller synthesis criteria in terms of linear matrix inequalities that

can be solved efficiently.
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primary reason that we love our work as much as we do.”

Klopsteg memorial lecture:
“What science knows about violins—and what it does not know”,

by Gabriel Weinreich, 1992
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Chapter 1
Introduction

The methodology of this thesis is important to solve several problems in control
systems where decision making subject to delay is present, including but not limited
to teleoperated robotics (such as robotic surgery), centralized power grids, and control
of the flow in canals. In such applications it is very difficult to determine what is the
maximum allowable delay for receiving the sensing measurements so that the closed
loop will be stable.

In networked control systems, sensory information and feedback signals are ex-
changed among different components of the system (i.e. sensors, actuators, and
controllers) through a communication network. The reader is referred to [1-3] for
applications of networked control systems to document printing, air vehicles and
satellites, and to an inverted pendulum, respectively. As an example, in a modern
long-range aircraft, there exist about 170 (Km) of signal wiring which account for
almost 700 (Kg) of the weight of the aircraft [4]. Other than weight, the main draw-
backs of wired communication links include connector/pin failures, cracked insulation
issues, arc faults, and maintenance/upgrade difficulties [5]. The inherent benefits of
wireless communication systems and the recent advancements in this field have led to
a growing interest in wireless flight control systems (i.e. fly-by-wireless) [6]. However,
the effects of non-ideal communication networks on stability and performance of the
system become more prominent in the case of wireless communication networks [7]
and motivate a thorough study of networked control systems.

Consider the networked control system illustrated in Fig. 1.1. The camera and
the on-board inertial measurement unit (the sensors) send the sensory information
to the computer (the controller) through wired and wireless (XBee modules) commu-
nication networks, respectively. The controller transmits the control signals through

wireless communication to the microcontroller (Arduino) which in turn generates the
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Controller
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Figure 1.1: Networked control system: a robotic car example

actuating PWM! signals for the motors. The communication network introduces
sample and holds, quantization, time-delays, data packet losses, and congestion into
the system. From a control perspective, the addition of each of these phenomena
can degrade the performance of the system and even lead to instability. The ef-
fects of the network on stability of the system are not always intuitive and neglecting
them can have catastrophic consequences. Therefore, along with the advancements in
wired and wireless communication networks, the study of networked control systems
has attracted numerous researchers in the past decade (see [8-12] and the references
therein).

Figure 1.2 illustrates the schematic diagram of a networked control system with a
sensing block (with multiple samplers), an actuating block (with multiple zero order
holds), and time delays and data packet dropouts in the communication links. In
general, the samplers and the zero order holds work asynchronously. The sampling
rates of the sensors and the update rates of the actuators can be different from each
other, and can be uncertain and time-varying (e.g. sampling jitters [13,14]). The
sampler-controller delay and the controller-actuator delay are in general different,
uncertain, and time-varying. The packet dropouts are modeled as a switch. When

the switch is closed, data is transmitted through the network. When the switch is

TPulse width modulation
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Figure 1.2: The schematic diagram of a networked control system

open, however, data is assumed to be dropped.

In this thesis, networked control systems are modeled as infinite dimensional time-
delay systems where the vector field is a function of the current value of the state
vector as well as its values in a past time interval. The sample and hold blocks and
the data packet dropouts are modeled as time-varying delays in the control input (see
Chapter 2). This approach is known as the input delay modeling in the literature [15]
(see Subsection 1.2.3 for more details). We address sampled-data networked control
systems with linear (Chapters 2-5, and 9), piecewise affine (PWA) (Chapters 6 and 7),
and nonlinear (Chapter 8) vector fields.

The study of PWA systems is motivated by two factors. First, PWA and other
switched linear systems are an important class of models that arise in many practical
control applications (e.g. systems subject to saturation, hysteresis, and dead zones).
Furthermore, the results will be used to explore nonlinear networked control systems,
since PWA systems can approximate the nonlinearities that arise in the model. One
of the objectives of this thesis is to bridge the gap between the relatively well stud-
ied linear networked control systems and the more complicated nonlinear networked
control systems. The inherent nonlinear structure of PWA systems enables one to

explore more realistic models of engineering applications.



1.1 Objectives

The main objective of this thesis is to propose computationally efficient stability and
stabilization criteria for linear, PWA, and nonlinear sampled-data networked control
systems. We address systems with multiple sampling rates, data packet losses, and
time-delays. For stability analysis, the problem of finding a lower bound on the maxi-
mum allowable sampling period (MASP) that guarantees exponential stability will be
cast as an optimization program in terms of linear matrix inequalities (LMIs). The
resulting LMIs can be solved efficiently using available software packages [16,17]. For
controller synthesis, the problem of finding a state feedback controller that guaran-
tees exponential stability for a desired MASP will be cast as a feasibility problem
in terms of LMIs. Furthermore, as the dual of the sampled-data controller synthesis
problem, algorithms will be provided for sampled-data observer design. Note that
convex optimizations over LMIs are solvable in polynomial time. For example, the
computational complexity of the solver SeDuMi [16] is in O(n?*m?> + m3®), where n
is the number of decision variables and m is the number of rows of the LMIs [18].
In the next section, we review the research contributions in sampled-data networked

control systems.

1.2 Literature Review

Networked control systems have attracted numerous research contributions in the past
decade. The special issues published on networked control systems in journals such
as IEEE Control Systems Magazine (Feb. 2001), IEEE Transactions on Automatic
Control (Sept. 2004), and Proceedings of the IEEE (Jan. 2007) are evidence to the
growing interest in these systems. In networked control systems (as well as sampled-
data systems and time-delay systems, as special cases of networked control systems),
the vector field is defined as a function of the current and the past values of the
state vector. Retarded functional differential equations [19,20] are widely used as a
framework for modeling, stability analysis, and controller synthesis of deterministic
and stochastic networked control systems (see [19-21] and the references therein). The
main objective of this section is to address the previous work on networked control
systems. However, we begin the literature review by introducing PWA systems. Next,
frequency-domain approaches to study of sampled-data networked control systems are
presented. Then, time-domain approaches are presented and their advantages and

weaknesses are discussed. Finally, the section ends with a few concluding remarks.



1.2.1 Piecewise affine systems

PWA systems are a class of state-based switched systems where the vector field is
affine in each mode or region. PWA systems arise in many engineering problems (e.g.
systems with saturation, deadband, and hysteresis). PWA systems have been used
as a tool for approximating nonlinear systems for a few decades (see [22,23] and the
references therein). Stability analysis and controller synthesis of PWA systems have
received an increasing number of contributions since the late nineties. The reader
is referred to [24-29] for stability analysis, to [26,29-32] for controller synthesis and
to [23, 33] for observer based control and output feedback control of PWA systems in
continuous-time. Reference [34] addresses stability and performance analysis for PWA
systems. The Hamilton-Jacobi-Bellman equation and convex optimization methods
are used to obtain lower and upper bounds for the optimal control cost function. A
unified dissipativity approach for stability analysis of piecewise smooth (and PWA)
systems with continuous and discontinuous vector fields is presented in [28]. Stability
of PWA systems is addressed in [26,29] using quadratic and piecewise quadratic
Lyapunov functions. Furthermore, piecewise linear (PWL) state feedback controllers
are designed for stabilizing PWA systems by solving an optimization problem in
terms of LMIs in [29]. Reference [30] shows that PWA state feedback controller
synthesis for PWA slab systems based on a quadratic Lyapunov function can be
cast as a set of quasi-concave optimization problems analytically parameterized by
a vector. Reference [32] uses this result to provide a set of sufficient conditions for
PWA controller synthesis for PWA slab systems in terms of LMIs.

1.2.2 Frequency-domain approaches to sampled-data

networked control systems

Frequency-domain approaches to sampled-data networked control systems are based
on studying the characteristic quasipolynomial of the system. These approaches
study the zero-crossing frequencies of the characteristic quasipolynomial using classi-
cal control theory techniques such as the Routh-Hurwitz criterion. More systematic
approaches include the frequency-sweeping tests, the constant matrix tests, and the
small gain theorem [20, 35]. For single input single output systems with known delay,
Smith predictor [36] provides a controller synthesis technique. Ignoring the delay, it
first designs a controller for the delay-free system. Next, it defines a new compen-

sator such that the closed-loop transfer function of the system with delay is equivalent



to the transfer function of the delay-free system. This procedure is sensitive to de-
lay uncertainty and works only when the delay is perfectly known (see [36] and the
references therein).

The advantages of the frequency-domain approaches are their “conceptual sim-
plicity and computational ease [20]”. Nevertheless, the frequency-domain approaches
are not suitable for the case of uncertain networked control systems and systems
with time-varying delays. While these approaches work well for the case of multiple
commensurate delays?, their extension to the case of incommensurate delays leads
to conservative stability criteria. These criteria are usually a paraphrased version of
the stability definition itself and cannot be implemented in an optimization software.
Time-domain approaches to study of sampled-data networked control systems are

presented in the following two subsections.

1.2.3 Time-domain approaches to sampled-data networked

control systems

This subsection begins with the literature that focuses on sampled-data systems.
Next, the research papers that consider more complicated network structures are

presented.

Sampled-data systems

According to [37,38], there are three main approaches to sampled-data controller
synthesis. In the emulation approach, a continuous-time controller is designed based
on the continuous-time plant, then approximated in discrete-time, and finally im-
plemented via a sample and hold device. In this method, the controller can easily
be designed based on performance specifications. The performance, however, is only
guaranteed for sufficiently high sampling frequencies. In other words, the maximum
allowable sampling period (MASP) should be sufficiently small. This results in a
trade-off between performance and the cost of sensing equipment. In the second ap-
proach, the discrete-time controller is designed based on an approximate discretized
model of the plant. The advantage of this approach is its simplicity at the cost
of ignoring the inter-sample behaviour of the system. A common drawback of the
first two approaches is that the “exact discrete-time models of continuous-time non-
linear processes are typically impossible to compute” [39,40]. Finally, the direct

sampled-data design approach is more mathematically involved because it addresses

2Where the delays are commensurate, the ratios of all delays are rational numbers



the continuous-time plant and the discrete-time control signal simultaneously. Its
advantage, however, is that the approximation step in the other two approaches is
obviated.

A general framework for the design of nonlinear controllers using the emula-
tion approach is presented in [40]. First, a dissipation property is used to design
a continuous-time controller. Next, the authors propose conditions that should be
satisfied by the approximate discretized controller in order to preserve the dissipation
property. Following the emulation approach, reference [41] addresses input-to-state
stability of nonlinear systems with dynamic sampled-data controllers. A controller
redesign scheme can later be used to improve the performance of the designed con-
troller [42,43].

For a discrete-time controller design based on an approximate discrete-time model
of the plant, the reader is referred to [38,39,44] and the references therein. First, a
parametrized family of approximate discrete-time models of the plant is developed.
Next, a corresponding family of discrete-time controllers is designed for the approxi-
mate models. Reference [39] provides conditions to guarantee that the exact nonlinear
sampled-data system is stable for sufficiently small modeling parameters and uniform
samplings. As mentioned earlier, ignoring the inter-sample behaviour is a drawback
of this approach. One way to address this issue is the lifting technique [37], where
the closed-loop sampled-data system is modeled as a finite dimensional discrete-time
system. The reader is referred to [45] for a study of sampled-data tracking problems
and to [46] for H,, sampled-data control using the lifting technique.

The direct sampled-data design approach has recently gained an increasing inter-
est in the literature of linear sampled-data systems (see [15,47-49] and the references
therein). In this approach, the sampled-data system is usually modelled as either a
continuous-time system with a time-varying input delay [15,47] or a hybrid (impul-
sive) system with jumps at the sampling instants [48]. Razumikhin or Krasovskii-type
theorems [20] are then used to develop sufficient stability and stabilization conditions
for the sampled-data system. These conditions are usually cast in terms of linear ma-
trix inequalities (LMIs) which can be efficiently solved using software packages such
as SeDuMi [16] and YALMIP [17]. While the Razumikhin-type theorems are based
on classical Lyapunov functions, Krasovskii-type theorems use Lyapunov functionals
and are known to be less conservative [9,15,20]. For direct sampled-data design of
linear systems using the lifting technique the reader is referred to [37].

There are scarce references in the literature of nonlinear sampled-data systems
where the input delay model (for static controllers) [41] or the hybrid model [50-52] of



the system is studied. In all these references, however, a continuous-time controller is
assumed to be available. In other words, the controller synthesis is performed while
ignoring the sample and hold structure of the feedback. Therefore, similar to the
emulation approach, references [41,50-52] cannot be used to design controllers that
provide a desired MASP.

Stability and stabilization of PWA sampled-data systems are challenging prob-
lems since the resulting hybrid systems simultaneously involve state-based switching
(due to the PWA vector field) and event-based switching (due to the sampling).
Given a PWA plant and a stabilizing continuous-time controller, references [53, 54]
study the stability of the closed-loop PWA system in a sampled-data framework. As-
suming uniform sampling intervals, reference [53] uses a quadratic Lyapunov function
to provide sufficient conditions for convergence of the PWA sampled-data system to
an invariant set containing the origin. Following the input-delay approach and using
Krasovskii functionals, reference [54] addresses the same stability problem for the case
of samplers with unknown nonuniform sampling intervals. References [55, 56] address
optimal control of PWA sampled-data systems. However, the PWA sampled-data
structure discussed in [55, 56] is different from the one in this thesis. In [55,56], the
switching is only event-based (i.e. occurs at the sampling instants), whereas in this
thesis the switching is both state-based and event-based.

Similar approaches have been used in the literature to address networked control

systems. This topic is studied in the next subsection.

Networked control systems

In a networked control system, a continuous-time plant is in feedback with a discrete-
time emulation of a controller. The control signal is computed using state measure-
ments that are sampled in intervals that are not necessarily uniform [3,47,48|. These
signals go through a quantization process [57], and experience uncertain and time
varying delays [58, 59], data packet dropouts, and congestion over the communication
network. The main approaches for studying networked control systems include the
lifting approach [37,45, 60,61}, the impulsive model approach [1,11,48,62], and the
input delay approach [12,15,47,63,64|. These approaches were discussed in more
detail in the previous subsection.

Most of the work in the literature focuses on only one aspect of networked control
systems. There are papers, however, that study two or more features of an networked
control system at the same time. Reference [2] studies H., control of a class of

uncertain stochastic networked control systems with both delays and packet dropouts.



Sufficient conditions are proposed to ensure exponential stability in mean square of the
closed-loop system subject to a performance measure. The robust filtering problem
is addressed in [65] for a class of discrete-time uncertain nonlinear networked systems
with both multiple stochastic time-varying communication delays and multiple packet
dropouts. A method for designing a linear full-order filter is proposed such that the
estimation error converges to zero exponentially in the mean square sense while the
disturbance rejection attenuation is constrained to a given level. Reference [66] studies
the distributed finite-horizon filtering problem for a class of time-varying systems
over lossy sensor networks with quantization errors and successive packet dropouts.
Through available output measurements from a sensor and its neighbors (according to
a given topology), a sufficient condition is established for the desired distributed finite-
horizon filter to ensure that the prescribed average filtering performance constraint
is satisfied.

The networked control system considered in [67] comprises a linear sampled-data
controller and an uncertain, time varying delay. Two drawbacks of that model are
that the sampling intervals are assumed to be constant and the delay is assumed to be
upper bounded by the sampling period. A more general model of networked control
systems is studied in [11,12], where a linear sampled-data controller with uncertain
sampling rates, the possibility of data packet dropouts, and an unknown, time varying
delay are considered. While the stability theorems in [12] are less conservative than
the corresponding theorems in [11], they are more computationally expensive as they
involve solving two times as many LMIs. Moreover, due to the complexity of the LKF
in [12], the number of LMIs increases even more if additional information on the time
varying delay (e.g. a lower bound) is available.

Reference [68-71] address the stability problem of PWA systems with time-delays.
The PWA networked control system in [68] constitutes of a time-varying delay in the
linear term. Reference [69] considers a more general model where the delay also ap-
pears in the affine term of the vector field. Robust stability of PWA systems is also
addressed. The authors provide sufficient Krasovskii-based criteria for asymptotic
stability of PWA systems with time-delays and formulate them as a set of LMIs. The
results are extended in [71] to PWA systems with structured uncertainties. Refer-
ence [70] uses the PWA time-delay framework to design a controller for an automotive
all-wheel drive clutch system. The main drawbacks of these papers, however, is a re-
stricting assumption on the derivative of the delay. In those papers the time derivative
of the delay is assumed to be strictly less than one. While this assumption is fairly

standard in the time-delay systems literature, the obtained results are not applicable



to a general networked control framework with sample and hold blocks, where the

derivative of the delay is equal to one.

1.2.4 Concluding remarks

Exponential stability and stabilization problems for linear networked control systems
have received numerous research contributions. However, these problems are consid-
ered as open problems in the case of PWA and nonlinear networked control systems.
We believe that PWA systems are powerful tools in order to bridge the gap between
the relatively well studied linear networked control systems and the more compli-
cated nonlinear networked control systems. Furthermore, stability and stabilization
of networked control systems with multiple communication links (that inevitably ex-
perience samplings at different rates and different time-delays) are considered as open
problems even in the case of linear systems. Motivated by these conclusions, the main

contributions of the thesis are summarized in the following section.

1.3 Contributions

The main contributions of the thesis are as follows.

1. To propose sufficient stability criteria for exponential stability of linear, PWA,
and (a class of) nonlinear single rate sampled-data networked control systems.
PWA differential inclusions are used to address the stability analysis problem
for a class of nonlinear systems. For the first time, sufficient conditions for ex-
ponential stability of PWA and nonlinear sampled-data systems are presented
using a piecewise smooth Krasovskii functional. This decreases the conserva-
tiveness of the proposed sufficient conditions when compared with the use of
smooth Krasovskii functionals. The stability criteria are used to formulate the
problem of finding a lower bound on the MASP as an optimization program in
terms of LMIs. These LMIs can be solved efficiently using available software

packages.

Importance: The developed theorems allow one to answer questions such as
what should the sampling frequency of a sensor in a sampled-data networked
control system be such that exponential stability is guaranteed? or what is
the maximum number of consecutive data packet dropouts that does not lead

to instability of the sampled-data networked control system? or what is the
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maximum delay in the communication link that does not result in instability of

the sampled-data networked control system?

2. To propose sufficient stabilization criteria for exponential stability of linear,
PWA, and (a class of) nonlinear single rate sampled-data networked control
systems. The controller synthesis technique is based on the direct sampled-data
design approach. To the best of the author’s knowledge, the direct sampled-
data design approach was not applied to PWA and nonlinear systems before.
Using this approach the controller is designed with the MASP as an optimiza-
tion parameter. The controller design problem usually leads to non-convex
optimization problems. Therefore, convex relaxation techniques are used in the
derivation of the sufficient Krasovskii-based stabilization criteria. The stabiliza-
tion criteria are used to formulate the problem of finding a controller gain that
guarantees exponential stability (for a desired MASP) as a feasibility program
in terms of LMIs. These LMIs can be solved efficiently using available software

packages.

Importance: The consideration of the desired MASP as an optimization param-
eter guarantees that the designed controller satisfies the requirements dictated
by the sensing equipment. The developed theorems allow one to answer ques-
tions such as how should the controller gains be modified in order to increase
the MASP for each sensor and increase the allowable number of consecutive

data packet dropouts in the communication link?

3. To propose sufficient conditions for design of linear multi-rate sampled-data ob-
servers. Given the MASP for each sensor, sufficient Krasovskii-based conditions
are presented for design of linear observers. The designed observers guarantee
exponential convergence of the estimation error to the origin. The sufficient
conditions are cast as a set of LMIs that can be solved efficiently. Furthermore,
given an observer gain, the problem of finding MASPs that guarantee exponen-
tial stability of the estimation error is also formulated as a convex optimization

program in terms of LMIs.

Importance: The continuous-time state estimation problem using asynchronous
multi-rate discrete-time output measurements is a practically relevant problem.
The developed theorems allow one to design observers that can be used in output

feedback control of sampled-data networked control systems.

4. To propose stability and stabilization criteria for linear multi-rate sampled-data
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systems. The proposed sampled-data scheme comprises a sensing block with
several sensors and an actuating block with several actuators which is more
general than previous work in the literature. For each sensor (or actuator), the
problem of finding an upper bound on the lowest sampling frequency (or refresh
rate) that guarantees exponential stability is cast as an optimization problem
in terms of LMIs.

Importance: The proposed sampled-data scheme finds application in asyn-
chronous multi-agent systems and systems with actuators that have relatively
low update rates (e.g. solenoids, electric cylinders, electroactive polymers, and

shape memory alloys).

5. To propose a sensor allocation strategy that guarantees exponential stability
of linear multi-rate sampled-data systems. The state vector is partitioned and
each part of the state vector is sampled by a dedicated sensor. The proposed
Krasovskii-based sufficient stability conditions yield a partition of the state
vector such that exponential stability is guaranteed. The problem of finding

such a partition is cast as a mixed integer program subject to LMIs.

Importance: The developed theorems allow one to answer questions such as
which states should be sampled at a higher rate and which states should be
sampled at a lower rate? or can increasing the sampling rate of a phenomenon
in an already stable sampled-data system lead to instability? The answer to

the latter question is not intuitive as will be shown in Chapter 4.

1.3.1 Publications

The main contributions of the thesis are documented in the following publications.

Journal papers

1. M. Moarref and L. Rodrigues, “Stability and stabilization of linear sampled-
data systems with multi-rate samplers and time driven zero order holds”, sub-
matted.

2. M. Moarref and L. Rodrigues, “Sampled-data piecewise affine differential in-

clusions”, submitted.

3. M. Moarref and L. Rodrigues, “On exponential stability of linear networked

control systems”, International Journal of Robust and Nonlinear Control, in
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press.

4. M. Moarref and L. Rodrigues, “Asymptotic stability of sampled-data piece-
wise affine slab systems”, Automatica, vol. 48, 2012, pp. 2874-2881.

Conference papers

1. M. Moarref and L. Rodrigues, “Observer design for linear multi-rate sampled-
data systems”, submitted to the American Control Conference, Portland, OR,
2014.

2. M. Moarref and L. Rodrigues, “A convex approach to stabilization of sampled-
data piecewise affine slab systems”, in proceedings of the 52" IEEE Conference
on Decision and Control, Florence, Italy, 2013, pp. 4748-4753.

3. M. Moarref and L. Rodrigues, “Exponential stability and stabilization of lin-
ear multi-rate sampled-data systems”, in proceedings of the American Control
Conference, Washington, DC, 2013, pp. 158-163.

4. M. Moarref and L. Rodrigues, “Asymptotic stability of piecewise affine sys-
tems with sampled-data piecewise linear controllers”, in proceedings of the 50"
IEEE Conference on Decision and Control and European Control Conference,
Orlando, FL, 2011, pp. 8315-8320.

1.4 Structure of the Thesis

The structure of the thesis is shown in Fig. 1.3. Chapter 2 addresses linear sampled-
data systems and lays the foundation upon which more complex systems are ad-
dressed. These systems experience multi-rate samplings, have switched or nonlinear
dynamics, and have non ideal communication links with delays and packet dropouts.
Preliminary notions on functional spaces and LKFs are also provided in Chapter 2.
In Chapter 3 linear multi-rate sampled-data systems are studied. The results of this
chapter are extended in Chapter 4 where sensor allocation strategies are proposed
which guarantee exponential stability of linear multi-rate sampled-data systems. The
observer design problem for linear multi-rate sampled-data systems is covered in
Chapter 5. Stability analysis and controller synthesis of PWA sampled-data sys-
tems are addressed in Chapters 6 and 7, respectively. The results of the latter two

chapters are used in Chapter 8 to provide sufficient stability and stabilization criteria

13



Chapter 1:
Introduction

!

Chapter 2: Chapter 3:
| Linear sampled-data (3| | inear multi-rate
systems sampled-data systems
Chapter 5: Chapter 4-

Observer design for

. . Sensor allocation for linear multi-
linear multi-rate

rate sampled-data systems

sampled-data systems

4 A 4
Chapter 6: Chapter 7:
PWA sampled-data PWA sampled-data
systems (stability) systems (stabilization)
Chapter 8:
Nonlinear sampled-data
systems
\ 4
Chapter 9:

Linear networked
control systems

Figure 1.3: Structure of the thesis
for nonlinear sampled-data systems. Finally, Chapter 9 addresses linear networked

control systems with sample and hold blocks, time-delays, and data packet losses.

Concluding remarks are presented in Chapter 10.
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Chapter 2
Linear Sampled-data Systems

The main objective of this chapter is to present the main ideas and the methodology
that will be used throughout the thesis. To this end, we address stability analysis
and controller synthesis of linear single rate sampled-data networked control systems
which is the simplest network structure studied in this thesis. This chapter lays the
foundation upon which more complex systems are addressed. These complex systems
experience multi-rate samplings (Chapters 3-5), have switched (Chapters 6 and 7)
or nonlinear (Chapter 8) dynamics, and have non ideal communication links with
time-varying delays (Chapter 9). Preliminary definitions and notions about stability
of functional differential equations and Lyapunov-Krasovskii functionals (LKFs) are
also presented in this chapter. In terms of notation, throughout this thesis and where

there is no confusion a vector z(t) is simply written as x.

2.1 Introduction

Stability and stabilization of linear sampled-data systems has been the subject of
numerous research [15,37,47-49,61, 62,64, 72]. In these systems a continuous-time
linear plant is controlled by a linear controller which is located in the feedback loop
between a sampler and a zero order hold. Furthermore, it is assumed that the commu-
nication link between the sampler and the controller experiences data packet dropouts
(see Fig. 2.1). The main approaches for studying linear sampled-data systems include
the lifting approach [37,60, 61|, the impulsive model approach [48, 62, 72], and the in-
put delay approach [15,47,64].

In the lifting approach, the closed-loop sampled-data system is modeled as a finite
dimensional discrete-time system. Lifting is used in studying systems with constant

or uncertain sampling rates [49]. However, the lifting approach is not applicable to
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Figure 2.1: The schematic diagram of a linear single rate sampled-data networked
control system.

systems with uncertain parameters. In the impulsive model approach, the closed-loop
sampled-data system is modeled as an impulsive system which exhibits continuous
state evolutions (described by ordinary differential equations) and instantaneous state
jumps. In the input delay approach, the linear sampled-data system is modeled as a
continuous-time system with a delayed control input. Both the impulsive model and
input delay approaches use Razumikhin or Krasovskii-type [20] theorems to prove
stability of sampled-data systems. While the Razumikhin-type theorems are based
on classical Lyapunov functions, Krasovskii-type theorems use Lyapunov functionals
and are known to be less conservative [9, 15, 20].

The evolution of LKF's over the past decade has yielded less conservative stability
conditions. These conditions are usually cast in terms of LMIs which can efficiently
be solved using software packages such as SeDuMi [16] and YALMIP [17]. In [15],
neglecting the saw-tooth structure of the delay in sampled-data systems, robust sta-
bility and stabilization conditions were presented based on a time-delay model with
bounded delay. Reference [72], addressed this issue by introducing functionals that
took the saw-tooth property into account. The proposed LKF in [72], was further
modified in [47, 64], where less conservative conditions were provided.

The main contribution of this chapter is to propose new sufficient conditions
for exponential stability and stabilization of linear sampled-data systems. The new
sufficient conditions are derived based on a modified LKF. The sufficient conditions
compare favorably with other sufficient conditions available in the literature. The
problem of finding a lower bound on the MASP that preserves exponential stability

is formulated as an optimization program in terms of LMIs. The controller synthesis
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problem is cast as an optimization problem subject to LMIs with the MASP as a
parameter. The results are also extended to the case of linear sampled-data systems
with uncertain parameters.

The chapter is organized as follows. Problem formulation and preliminary notions
on LKFs are provided in Section 2.2. The stability analysis and controller synthesis
theorems are presented in Sections 2.3 and 2.4, respectively. The results are applied to

benchmark examples in Section 2.5. Concluding remarks are presented in Section 2.6.

2.2 Problem Formulation and Preliminaries

Consider the linear system
&(t) = Ax(t) + Bu(t), (2.1)

where x € R denotes the state vector, A € R™*" B € R"*™ and u € R™ is the
control input. Let a continuous-time linear controller for (2.1) be defined by

u(t) = Kx(t),

where K € R™*"=  Assume that the state vector is measured at sampling instants
t,, n € N. Without loss of generality, by the index n € N, we denote only the instants
t,, for which a data packet is not lost. Therefore, the control input can be rewritten

u(t) = Kx(ty), for t € [ty thi1). (2.2)

The time elapsed since the last sampling instant is represented by a sawtooth function
(see Fig. 2.2) defined as

p(t) =t —tn, for t € [tn,tni1), (2.3)

and the largest sampling interval is denoted by

T =sup (tpe1 — tn). (2.4)
neN
Therefore,
pt) <. (2.5)

Considering (2.3), the control signal (2.2) is rewritten as
u(t) = Kx(t — p(t)). (2.6)
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p(1)

Figure 2.2: The sawtooth function p(t).

The following assumption models the fact that two sampling instants cannot occur
simultaneously in practice. It is used in the proof of the main results to rule out the

occurrence of the Zeno phenomenon.
Assumption 2.1. There exists € > 0 such that t,, 1 —t, > € for any n € N.

In this thesis, we follow the input delay approach to model sampled-data net-
worked control systems as retarded functional differential equations [19,20]. Prelim-
inary notions about retarded functional differential equations are presented in the

next subsection.

2.2.1 Stability in the Functional Space

Let W([—7,0], X) be the space of absolutely continuous functions' with square inte-
grable first-order derivatives mapping the interval [—7,0] to X C R". Consider the
function z; € W defined as

a(r)y=z(t+r), —7<r<0. (2.7)

Similar to [47], we denote the norm of x; by
0 >
by = o o)+ | [ Jaear] 29

We will use the definition (2.8) for the norm of z; throughout this thesis, unless stated

otherwise. The general form of a retarded functional differential equation [19,20] is

1[73] A function g(x) is absolutely continuous if and only if g has a derivative g’ almost everywhere,
the derivative is Lebesgue integrable (i.e. [|g|du is finite, where p is a measure), and g(z) =
g(a)+ [T ¢g'(t)dt for all z on the compact interval [a, b)].
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written as
i(t) = f(t, ),

where z(t) € X and f : RxW — R" is a real valued vector defined on the product set
of real numbers and absolutely continuous functions. In other words, the evolution
of the state vector z(t) is a function of time ¢ and the state vector z(s) at times
t —71 < s <t. In this thesis, sampled-data networked control systems are modeled as

retarded functional differential equations.

Definition 2.1. The solution x(t) of the system & = f(t,x;) is said to be locally
uniformly exponentially stable with decay rate X\ if there exist Q C W([—T,0], X),
d >0, and X\ > 0, such that for any initial condition xy € 2, the solution x(t) is
defined in X for allt > 0 and satisfies

[2(t)] < de™||zo] - (2.9)

Moreover, if (2.9) is verified, the state space X is equal to R™, and Q = W([—T, 0], R™),

then the solution is globally uniformly exponentially stable.

The decay rate A can be considered as a measure of the performance of the
sampled-data networked control system. Next, a Krasovskii-type theorem is pre-
sented to prove stability of retarded functional differential equations. This theorem

is adapted from similar theorems in [47, 48].

Theorem 2.1. Given \ > 0, the solution x(t) of the system & = f(t,z;) is globally
uniformly exponentially stable with a decay rate greater than \/2 if there exists a

functional V (t, x;), differentiable for allt # t,, n € N, and a finite integer q, satisfying

el (0 <Vt 1) < eallael By, (2.10)
Vitn, v,) < V(t,,7,), Vn €N, (2.11)
V(t, )+ AV (t,2,) <0, Vt#t,, n€N, (2.12)
0<e<tpig—tn, VR EN, (2.13)

where ¢, ¢y, and €, are positive scalars and V (t,,x,-) = limy »~, V (¢, 7).

Proof. Solving (2.12) for t € (t,,t,+1) and using (2.11) yields

Vit,z) <e V(i 2, ) <e MWV (s x ) << e MV(0, 20).
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The Krasovskii functional V' strictly decreases in intervals (¢,,t,41) that have a
nonzero length (note that, according to Assumption 2.1, any interval (¢,,,t,11), n € N,

has a length of at least ¢ > 0). Now, inequality (2.10) yields

2] = Jz(0)] < (M) < <L> < (9)%6_;t||$0||w~

&1 (&1 C1

Hence, the system is globally uniformly exponentially stable with a decay rate greater
than A/2 and an overshoot smaller than \/cy/c;. Note that the Zeno phenomenon
does not occur since, based on (2.13), for any time interval with a length smaller than

€, there exists a finite number of (at most ¢) instant ¢,, n € N. O

We finish this section by presenting a definition that will be used in the proof of

the main results of the thesis.

Definition 2.2. [74] Consider a symmetric matriz Z partitioned as

Zo 2
Zr Z.

If Z. is invertible, the matrix S = Z, — Zch_lZlT is called the Schur complement of
Z. in Z and has the following properties

1. Z >0 if and only if Z. > 0 and S > 0,
2. If Z. >0, then Z > 0 if and only if S > 0.

The subject of LKFs is addressed in the next section.

2.2.2 Lyapunov-Krasovskii functionals

A candidate LKF V(¢, ;) is a functional which penalizes the deviation of x; from
0. The evolution of LKFs over the past decade has decreased the conservatism of
sufficient Krasovskii-based stability conditions. These conditions are usually cast
in terms of LMIs which can be solved efficiently using software packages such as
SeDuMi [16] and YALMIP [17]. Let a candidate LKF be defined as

V(t,:l]t) == ‘/1 + ‘/2 + ‘/3, te [tn,tn+1), (214)

where V7, V5, and V3 are presented in Table 2.1. In these functionals, P, R, and X are

positive definite matrix variables to be computed by the software packages that solve
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Table 2.1: LKF candidates YVt € [t,,, t,11)

Vi = 27 (t)Px(t)

Vo= (7 —p) /t tp (5= [x'T(s) :L'T(tn)} R [x'T(s) )] ds

Vs = (7 = p) (a(t) = 2(tn))" X (2(t) — x(tn))

LMI conditions. The function p is defined in (2.3) and « is a given positive scalar. The
first component of the LKF, i.e. Vi, is the most common form of Lyapunov functions
and penalizes the deviation of the state vector from the origin. Several variants of
the last component, V3, can be found in the literature [47, 48, 64, 72]. The functional
V3 penalizes the deviation of the current state vector from the sampled state vector.
One of the contributions of this chapter is the introduction of the functional V5. This
functional penalizes the derivative of the state vector and the sampled state vector in
the interval [t — p,t] for t € [t,,t,+1). Using the new functional V5, the theorems in
this chapter can provide less conservative sufficient stability criteria as will be shown

in Section 2.5.

Bounds on the Lyapunov-Krasovskii functionals

In this subsection, lower and upper bounds on the LKF (2.14) will be computed. The
bounds will be used in the proof of the main results of this chapter to ensure that
inequality (2.10) is satisfied. The LKF candidate V] is a quadratic function and the

matrix P is positive definite. Therefore,

However, according to (2.7) and (2.8), we have z(t) = z4(0) and
()] < [l (2.15)

Therefore,
Amin(P)|2(0)]* < Vi < A (P)] || [y-

The LKF candidate V5 is the integral of a quadratic function and the matrix R
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is positive definite. Therefore, V5 is non-negative at all times. For s € [t — p, ] and

a > 0, we can write

T 2

5= T (s) SCT(tn)} R [$T<5) a'(tn)] < Amax(R) ‘ [j:T(S) IT(tn)] ‘

= Amax(RR) (‘55(5)’2 + ‘x(tn)|2) .

Using (2.5), the definition of V5 in Table 2.1 yields

Vo < 7 Amax(R) (/t; |2(s)[* ds + /t; |z (t,)|? ds) :

With a change of variables and using the definition of norm in (2.8), we can write

t 0 0
| pitoras= [ i npar= [ fampdr < e
t—p —p —p

Furthermore, x(t,) is constant between two sampling instants and considering (2.8),

we have
()] < ||zl (2.16)

Therefore, we can use (2.5) to write
Vo < TAmax (R) (1 + 7) |23y - (2.17)

The LKF candidate V3 is a quadratic function and the matrix X is positive
definite. Therefore, V3 is non-negative at all times. Next, inequalities (2.15) and (2.16)
yield

Vs < 47 Aax (X)) |22 13y

The lower and upper bounds on the LKF candidates are summarized in Table 2.2.

Continuity of the Lyapunov-Krasovskii functionals

Here, we study the continuity properties of the LKF (2.14). The results will be used
in the proof of the main results to ensure that inequality (2.11) is satisfied. The
Lyapunov function V; is a quadratic function and continuous. The LKF candidate V5
is continuous in the interval between two consecutive instants t,,, n € N. Furthermore,
it is non-negative at ¢/, where ¢, = lim; ~,, t. However, V3 vanishes at the instants ¢,
because the lower and upper limits of the integral become equal (according to (2.3);

p(t,) = 0). Therefore, the LKF candidate V5 is non-increasing at instants ¢,, n € N.
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Table 2.2: Lower and upper bounds on the LKF candidates

LKF candidate | Lower bound | Upper bound
Vi Amin (P)]2:(0)]* | Amax (P)] |25y
Vs 0 (L4 7) Amax (R) ][5y
Vs 0 AT Ao (X)) |4 By

Table 2.3: Continuity properties of the LKF candidates

LKF candidate | Continuous | Discontinuous at t,, n € N, but non-increasing
Vi v _
Va - v
Vs - v

The LKF candidate V3 is continuous in the interval between two consecutive instants
t,, n € N. Furthermore, it is non-negative at ¢, , n € N. Nonetheless, V5 vanishes at
the instants t,, because x(t)|~;, = z(t,). Therefore, the LKF candidate V3 is non-
increasing at instants ¢,,, n € N. The continuity properties of the LKF candidates are

summarized in Table 2.3.

Time derivative of Lyapunov-Krasovskii functionals

The stability and stabilization conditions are based on the time derivatives of the
LKFs. The time derivative of the LKFs used in this chapter are summarized in
Table 2.4. Computing the time derivatives of V; and V3 are straightforward. Here,
the time derivative of the LKF candidate V5 is computed. Applying the Leibniz
integral rule to V; and using (2.3) yields

T

Vy = — /tipea@t) [:'CT(S) xT(tn)]R[x'T(s) xT(tnﬂ ds

+(r—p) [J-/,T xT(tn)} R [j;T xT(tn)]T —aVhs. (2.18)
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For R > 0, « >0, s € [t —p,t], 0 < p < 7, and an arbitrary time varying vector

h(t) € R?™= we can write

clOR ]

—I eoT R—1 HIT(S) xT@n)] hT}TZO.

7)o" (t)] 7] [

This inequality can be verified using Schur complement (see Definition 2.2). There-

fore,

— et [4T(5) xT(tnﬂR{ﬂ(s) xT(tn)rghTeleh—[j;T(s) xT(tn)}h

W [#() aT(t)]

Note that x is absolutely continuous and in the interval between ¢t — p and ¢, t €
[tn, tni1), the vector z(t,) is constant. Therefore, integrating both sides from ¢ — p to

t, with respect to s, yields

T

_/tt po(s—t) [j:T(S) wT(tn)]R[ch(s) l’T(tn)] ds

< phTe R = [of — o (t,) pat ()| B = BT |2T — (1) pa:T(tn)]T . (2.19)

Replacing (2.19) in (2.18), we get
. T
Vo <phTe®™R-1p — [g;T — ATt pr(tn)} h—hT [:ET — Tt pr(tn)]
T
(= p) [T AT R[#T o ()] - ava. (2.20)

The main results of this chapter are presented in the following two sections.

2.3 Stability Analysis

Assume that a linear controller is designed to stabilize the linear system (2.1) in
continuous-time. In practice, however, the controller will be located between a sam-
pler and a zero-order-hold in the feedback loop. In this section, our objective is to find
a lower bound on the MASP that preserves exponential stability of the closed-loop
linear system. We propose sufficient stability conditions in the form of LMIs that can

be solved efficiently using available software.
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Table 2.4: Time derivative of the LKF candidates for ¢ € [t,,, ;1)

Vl = 3" Px + 2T Pi

: T
Vo < ph'e* ™ R™h — [xT — 2T (t,) pr(tn)} h—h" [xT —aT(t,) pat(t,)

+(1 = p) [J'UT aﬁT(tn)} R [l"T xT(tn)]T —aV,

Theorem 2.2. Consider the closed-loop linear sampled-data system defined in (2.1)
and (2.2) with nonuniform sampling intervals smaller than T > 0. Given o > 0, the
system is globally uniformly exponentially stable, with a decay rate greater then a/2,
if there exist symmetric positive definite matrices P, R, and X, and a matrix N, with

appropriate dimensions, satisfying

U+ 7M; <0 (2.21)
\IJ+TM2 TN

- <0 (2.22)
TNT —T7e "R

where

=4 BK]T[P o| + | O}T[A BE|+alI O]TP[I 0]

+alr —I}TX[I 1]+ 4 BK]TX[J ~1|
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Proof. Here, we prove that the LMIs in Theorem 2.2 are sufficient conditions for
the inequalities in Theorem 2.1 to be satisfied. To this end, note that the linear
sampled-data system defined in (2.1) and (2.2) can be written as a retarded functional
differential equation & = f(t,z;) with f(¢,2:) = Ax(t) + BKx(—p). Consider the
LKF candidate (2.14). Based on Table 2.2, it is straightforward to show that the
LKF (2.14) satisfies inequality (2.10). According to Table 2.3, it is easy to see that
the LKF (2.14) satisfies inequality (2.11). Next, we study V in the interval between

two consecutive sampling instants. Recalling (2.1) and (2.2), we have
Bt = |4 BK|(®),

T
where ((t) = [:pT(t) xT(tn)} , t € [tn,tar1). The time derivative of V' is composed
of three terms that can be found in Table 2.4. Let h(t) = NT((t), where N is a

matrix in R?"=*2n=  Therefore,

V4+aV =Vi+ Va4 Va+a(Vi+ Vi + V5)

SCT<[A BK]TP[I o] + |1 o]TP[A BE| +al1 O}TP[J 0]

[ V) N VA
+pNe®" RINT — 0 oI N — N . p[]
r-p|? BK] | [4 BK +(atr—p) -1 [1 —J}Tx[f ~1|
o 1] o 1
+(r—p) |4 BK]TX[I I +(r=p) |1 —I]TX[A BKDC.
(2.23)

Hence, for p = 0, LMI (2.21) implies V + oV < 0. Using Schur complement (see
Definition 2.2), LMI (2.22) implies V + aV < 0 for p = 7. Since (2.23) is affine in
p, LMIs (2.21) and (2.22) are sufficient conditions for V 4+ aV < 0 to hold for any
p € (0,7), that is for any ¢ € (¢, t,+1). Therefore, inequality (2.12) in Theorem 2.1 is
satisfied. Note that based on Assumption 2.1, inequality (2.13) holds for all sampling
instants ¢,,, n € N, with ¢ = 1. This finishes the proof. O]

Remark 2.1. In intuitive terms, relaxing Assumption 2.1 by letting the sampling

intervals approach zero, yields p(t) — 0 and x(t) = x(t,,) fort, <t < t,i1. Therefore,
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Vo and Vs in (2.14) vanish and the LMIs of Theorem 2.2 reduce to

P >0,
(A+BK)"P+ P(A+ BK) <0,

that are the conditions for stability of continuous-time linear systems.

The following proposition, addresses robust stability of linear sampled-data sys-

tems with polytopic uncertainty in system parameters.

Proposition 2.1. Suppose that the pair of system matrices S = [A B] 15 unknown

but satisfies the following condition

S e {zp:oziSi, 0<aa; <1, zp:ozi: 1},
i=1 i=1

where S; = [Ai Bi], i € {1,...,p}, denote the vertices of a convex polytope. If the
LMIs in Theorem 2.2 hold for each S;, i € {1,...,p}, with the same variables P,
R, and X, then the closed-loop linear sampled-data system, with variable sampling

intervals smaller than 7, is globally uniformly exponentially stable.

Proof. Assume that the LMIs in Theorem 2.2 hold for each S;, ¢ € {1,...,p}, with
the same matrix variables P, R, and X. Given the linear structure of the stability
criteria in Theorem 2.2, it is guaranteed that the LMIs (2.21) and (2.22) hold for
any matrix parameter lying in the convex hull of S;, i € {1,...,p}. Therefore, the

uncertain linear sampled-data system is globally uniformly exponentially stable. [J

Remark 2.2. Assume that the sampled-data system has a time-varying uncertain
parameter that is lower and upper bounded and appears linearly in the vector field.
Similar to the proof of Proposition 2.1, it can be proved that if the LMIs in Theo-
rem 2.2 are satisfied at the lower and upper bounds of the uncertain parameter then

the closed-loop system is exponentially stable.

Based on Theorem 2.2, the problem of finding a lower bound on the MASP that

preserves exponential stability is formulated as

Problem 2.1.

marimize T

subject to P >0, R >0, X >0, (2.21) and (2.22).
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In this chapter, the computed lower bound on the MASP that preserves expo-

nential stability is denoted by 7Ty ax.

2.4 Controller Synthesis

When the controller gain K is unknown, the LMIs in Theorem 2.2 turn into bilinear
matrix inequalities that cannot be solved efficiently. The following theorem addresses

this issue and provides sufficient conditions for controller synthesis that can be cast
as LMIs.

Theorem 2.3. Consider the closed-loop linear sampled-data system defined in (2.1)
and (2.2) with nonuniform sampling intervals smaller than T > 0. Given o > 0, there
exists an exponentially stabilizing linear feedback gain K =Y Q™" if there exist a sym-
metric positive definite matriz (), matrices Y and Ny, with appropriate dimensions,

and a positive scalar €x, satisfying

[ 40 BY]'
\Ifs + 7']\415 T
0 @1y (2.24)
AQ BY _
T —7Q
| L0 @ l
(U, +7M,, TN,
| <o (2.25)
TNT —T7e7°7(Q)
where
Q =diag(Q,Q), (2.26)

v, =[AQ BY]T[I o] + |1 O}T[AQ BY| +al1 O]TQ[I 0]

T
ey T I S IV [

My, —aex [1 —J}TQ[I —J}+ex [AQ BY}T[I —1}+ex [1 —I}T[AQ BY],

T
00l 0 0
M,, = — NT — N, .
0 I 0 I

Proof. Here, we prove that inequalities (2.24) and (2.25) are sufficient conditions for
LMIs (2.21) and (2.22) to be satisfied. Suppose there exist matrices @ > 0, Y, and
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N, with appropriate dimensions, and a positive scalar ex, satisfying the stabilization
criteria in (2.24) and (2.25). Let

P=Q "', X=exQ', R=Q 'N=Q 'NQ , K=YQ", (2.27)

where @ is defined in (2.26). Multiplying (2.24) and (2.25) from left and right by
a block diagonal matrix of appropriate size, with Q! as the diagonal entries, and
using Schur complement (see Definition 2.2) yields LMIs (2.21) and (2.22), with the
change of variables (2.27). The proof is complete since for any set of matrix variables
satisfying (2.24) and (2.25), there exists a set of matrix variables (2.27) satisfying the
stability criteria in Theorem 2.2. O]

Based on Theorem 2.3, the problem of designing a state feedback controller which
provides a larger lower bound on the MASP that preserves exponential stability is

formulated as

Problem 2.2.

Marimize T

subject to Q@ >0, ex >0, (2.24) and (2.25).

The controller gain is then computed as K =Y Q.

2.5 Numerical Examples

In this section, the conditions of Theorem 2.2 and 2.3 are applied to several benchmark

examples and the results are compared with [47,48].

Example 2.1. [47, 48, 75] Consider the closed-loop linear sampled-data system de-
fined in (2.1) and (2.2) with the following parameters

0 1
A:
[0 —0.1

The computed lower bound on the MASP that preserves exponential stability T,q. 1S

, B=

0
K =-— [3.75 11.5].
0.1

compared with other research in the literature in Table 2.5. According to Table 2.5,

the results of this chapter compare favorably with previous research.
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Table 2.5: Comparison of the computed lower bound on the MASP that preserves
exponential stability Tax (8)

(48] | [47] | Theorem 2.2
Example 2.1 | 1.113 | 1.698 1.719
Example 2.2 | 0.447 | 0.591 0.705

Example 2.2. [15, /8] Consider the closed-loop linear sampled-data system defined
in (2.1) and (2.2) with the following parameters

1 0.5]
, B=
g —1
(2.28)

The computed lower bound on the MASP that preserves exponential stability Tye: 1S

A 14 g9

o S 0.1, 192 <0.3, K = — [2.6884 0.6649) .

compared with other research in the literature in Table 2.5. According to Table 2.5,
the results of this chapter compare favorably with previous research. Note that, based
on Proposition 2.1, we simultaneously check the stability criteria in Theorem 2.2 for
each combination of A; and By, i,j € {1,2}, defined by

1 05 1 05 0.7]
) A2 - ) Bl - ) BZ -
—0.1 —1 0.1 —1 -1

Solving Problem 2.2 we find a new controller gain K = — _2.3765 0.5911]. Solving
Problem 2.1 with the new gain, one can see that the lower bound on the MASP that

preserves exponential stability is increased to Ty, = 0.763 (s). This shows that the

Alz

new controller K is more robust to the sampling frequency than controller K defined

2.6 Conclusion

A modified LKF was proposed to present new stability and stabilization criteria for
exponential stability of uncertain sampled-data linear systems. The problem of find-
ing a lower bound on the MASP that preserves exponential stability was formulated
as an optimization program in terms of LMIs. The controller synthesis problem was
cast as an optimization problem subject to LMIs with the MASP as a parameter. The

results of this chapter will be extended to linear sampled-data systems with multiple
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samplers and actuators in the following chapter.
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Chapter 3

Linear Multi-rate Sampled-data

Systems

The main objective of this chapter is to propose sufficient Krasovskii-based stability
and stabilization criteria for linear sampled-data systems, with multi-rate samplers
and time driven zero order holds, as a set of linear matrix inequalities (LMIs). In
the sampled-data structure discussed in this chapter, a plant with linear dynamics
is controlled by a linear controller which is located in the feedback loop between a
sensing block and an actuating block. The sensing block comprises several sensors
that sample at different rates and have non-uniform sampling intervals. The actuating
block comprises several actuators that are updated asynchronously and are modeled
as time driven zero order holds. For each sensor (or actuator), the problem of finding
an upper bound on the lowest sampling frequency (or refresh rate) that guarantees
exponential stability is cast as an optimization problem in terms of LMIs. It is shown
through examples that choosing the right sensors with adequate sampling frequencies
and the right actuators with adequate refresh rates has a considerable impact on

controller design and stability of the closed-loop system.

3.1 Introduction

In sampled-data systems, a continuous-time plant is controlled by a discrete-time
controller which is located in the feedback loop between a sensing block and an ac-
tuating block. Furthermore, it is assumed that the non-ideal communication links
experience data packet dropouts (see Fig. 3.1). The sensing block gathers the sensory
information through several sensors that work at potentially different sampling rates.

One reason is that different phenomena (e.g. temperature, pressure, or voltage) are
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Figure 3.1: The schematic diagram of a linear multi-rate sampled-data system.

measured with different sensors that naturally work at different sampling rates. Sec-
ond, different methods of sensing the same phenomenon can lead to different sampling
frequencies (e.g. measuring an angle with a potentiometer, an encoder, or a camera
through image processing). Even if the sensors are synchronized, the inevitable de-
lays and packet losses in non-ideal communication links result in the sensory data
arriving at the controller at different and non-uniform rates. The controller computes
new control signals as soon as new data becomes available from any of the sensors.
The actuating block applies the control signals to the plant through different actua-
tors that potentially have different refresh rates. If the refresh rate of the actuators
are high, the actuators can apply the control signal almost at the same time that
the controller is updated. Therefore, such actuators can be modeled as event driven
zero order holds where the events are the controller update instants. Electrostatic
and piezoelectric actuators that work at frequencies around 1 (MHz) are examples of
these actuators [76]. There are actuators, however, that have relatively low update
rates. Actuators that work based on electroactive polymers and shape memory alloys
as well as actuators such as electric cylinders and solenoids have a refresh rate of
10 (Hz) or less [76]. When using these actuators, the control signal computed by the
controller is not instantly applied to the plant. In these cases, the delay in applying
the control signal is not negligible and affects stability and performance of the closed-
loop system. In this chapter, we focus on actuators with low refresh rates and model

them as time driven zero order holds.

Stability analysis and controller synthesis of multi-rate sampled-data systems
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are practically relevant problems that have attracted researchers for several decades
(see [77,78] and the references therein). Reference [79] develops a frequency do-
main technique for a dual-rate sampled-data systems (with 2 : 1 and 4 : 1 sampling
ratios) and applies it to the Space Shuttle flight control system. Reference [80] stud-
ies the controller synthesis problem for linear multi-rate sampled-data systems in
discrete-time using pole placement. Necessary and sufficient conditions for reach-
ability, controllability, and stabilizability of linear multi-rate sampled-data systems
are presented in [81]. In [82], nest algebra is used to address Hy and H,, control
problems of multi-rate sampled-data systems. The H,, controller synthesis problem
of asynchronous multi-rate sampled-data systems is addressed in [83]. However, the
stabilization criteria are convex only when the sample and hold rates are synchronous.
Following [84] and [83], a synthesis method for robust multi-rate track-following in
hard disk drives is proposed in [85]. In [86], a control strategy is presented to retune
a multi-rate PID controller in accordance with the delays detected in a networked
control system. The construction of LKFs for coupled differential-difference equa-
tions with a constant delay in each sensing channel is addressed in [87]. The main
drawback of these works is that they are restricted to sensors with uniform sampling
intervals or communication links with constant delays. Moreover, the uniform sam-
pling intervals or the constant delays are assumed to be commensurate, i.e. to have
rational ratios. In practice, however, sampling intervals and delays are not always
constant and known. For instance, in the servo control of brushless DC motors via
Hall-effect sensors, the sampling intervals depend on the motor speed and are not
predetermined [88]. According to [88], similar phenomenon occurs in applications
such as hard disk drives and CD-ROM servo systems. Furthermore, all sensors are
prone to uncertain non-uniform samplings due to non-ideal communication links with
delays and packet losses [48].

In contrast, one of the contributions of this chapter is to address the multi-
rate sampled-data problem with non-uniform sampling intervals (for the sensors) and
update intervals (for the actuators). To the best of the authors’ knowledge, the multi-
rate sampled-data problem with non-uniform sampling and update intervals has not
received many research contributions. Dual-rate sampled-data systems with non-
uniform sampling and update intervals are studied in [89]. However, in [89] all the
states are sampled simultaneously by the sensors and the control signals are applied
synchronously to the plant via time driven zero order holds. It is called a dual-rate
sampled-data structure because the actuators are updated at a different rate from

the samplers. In this chapter, we address a more general problem where the states
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are sampled by dedicated sensors at different rates and the inputs are asynchronously
applied to the plant through multiple time driven zero order holds.

The main contribution of this chapter is to present sufficient Krasovskii-based
stability and stabilization criteria for linear sampled-data systems with multi-rate
samplers and time driven zero order holds. Most importantly, the stability and sta-
bilization criteria are cast as LMIs that can be solved efficiently using available op-
timization software such as SeDuMi [16] and YALMIP [17]. For each sensor (or
actuator), the problem of finding an upper bound on the lowest sampling frequency
(or refresh rate) that guarantees exponential stability is cast as an optimization prob-
lem in terms of LMIs. It is shown through examples that choosing the right sensors
with adequate sampling frequencies has a considerable impact on controller design
and stability of the closed-loop system.

The rest of this chapter is organized as follows. Section 3.2 is dedicated to problem
statement and preliminary notions. Stability analysis and controller synthesis results
are presented in Section 3.3 and Section 3.4, respectively. Numerical examples are

provided in Section 3.5, followed by the concluding remarks in Section 3.6.

3.2 Problem Statement

Consider a stabilizable linear system
&(t) = Ax(t) + Bu(t), (3.1)

where € R denotes the state vector, A € R"=*" B € R"*" and u € R™ is the
control input. The case of systems with polytopic uncertainty in system matrices A
and B will also be addressed in Sections 3.3 and 3.4. Let a continuous-time stabilizing
linear controller for (3.1) be defined by

u(t) = Kx(t), (3.2)

where K € R™ > In practice, the controller is located in the feedback loop between

a sensing block and an actuating block (see Fig. 3.1). The sensing block comprises m

sensors S°, 1 € {1,...,m}, where m < n,. Each sensor S’ is dedicated to sampling

one component of the state vector which we denote by x;. Each of the m components

x; can possibly be a vector (e.g. a camera provides the position of an object in a two
T T

dimensional space). The state vector is then written as 27 = [xl mm] The

actuating block comprises n, actuators. Each actuator is modeled as a zero order
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hold Z7, j € {1,...,n,}. The sensors and the zero order holds are time driven and
asynchronous. Furthermore, the sampling frequency for the sensors and the refresh

rate for the actuators are uncertain and non-uniform.

Assumption 3.1. The sensor S¢, i € {1,...,m}, samples the i™ component of the

state vector x; at sampling instants s}, where 0 < €5 < sp, | — st <72, Vk € N.

Assumption 3.2. The zero order hold Z7, j € {1,...,n,}, is updated at instants zi,
where 0 < ¢, < zl,, — 2], <7}, Vk € N.

Without loss of generality, by the index k € N, we denote only the instants s
and zi for which a data packet is not lost. The positive constant €, (respectively €., )
models the fact that a sensor (respectively an actuator) cannot measure a particular
phenomenon (respectively be updated) twice at the same instant. The scalars 77,
ie{l,...,m},and 77, j € {1,...,n,}, denote the longest interval between two con-
secutive samplings by the sensor S* and the longest interval between two consecutive
updates of the actuator Z7, respectively. For each sensor S¢, i € {1,...,m}, the time
elapsed since the sensor’s last sampling instant is denoted by a sawtooth function
pL(t) (see the top two plots in Fig. 3.2) defined as

pilt) =t — sh VL€ [shshp0). (3.3)

Similarly, the time elapsed since the last update of each zero order hold Z7, j €
{1,...,n,}, is denoted by a sawtooth function p(t) (see Fig. 3.2) defined as

Pt =t — 2, Vie [2,,). (3.4
Therefore, equation (3.3) and Assumption 3.1 yield
0<p <7l ief{l,....m} (3.5)
and equation (3.4) and Assumption 3.2 yield
0<p <77 je{l,...,n,}. (3.6)

The instants at which (at least) one of the n,, zero order holds is updated constitute
an increasing sequence in time, represented by {z;}, & € N. Each instant z;, k € N,
is associated with (i.e. is equal to) at least one and at most n, instants zij, k; € N,

with different j € {1,...,n,} (see Assumption 3.2). The time elapsed since the last
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Figure 3.2: The sawtooth functions pl(t), p(t), pL(t), p?(t), and p%L(t) in a multi-rate
sampled-data structure with two sensors and two actuators.
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update of any of the n, zero order holds is denoted by p,(t), i.e.

p:(t) =t — 2z, YVt € 2k, 211) (3.7)
= mlnp‘;(t% JE€ {17 s 7nu}'
J

Therefore, based on (3.6)
0<p.(t) < (3.8)

where

7. =min7/, j € {l,...,n,}. (3.9)
j

The controller is assumed to send new values to the zero order holds as soon as it
receives new data from a sensor. The zero order holds are time driven, however, and
are not updated instantly. The time elapsed since data acquired by sensor S° was
last used to update the zero order hold Z7 is denoted by p% (), i.e.

p?z(t> =t— Zi* + pé(zi*)v Vt € [Ziﬁ Zi*-{-l)v
= pl(t) + pl(zh.), YVt € [z, 20esy). (3.10)

Figure 3.3 illustrates the sawtooth function p% (¢). For further clarification, Figure 3.2
shows the function p?l(¢) in a multi-rate sampled-data structure with two sensors
and two actuators. Note that at each instant 2], j € {1,...,n,}, the function pi(t)
vanishes and the sawtooth function pi (¢) jumps to p(21.). Therefore, unlike p’ (t) and
p.(t), the function p% (t) does not necessarily decrease to zero at its discontinuities.

Based on (3.5) and (3.6), equation (3.10) yields
0<pd <rl47i=714 (3.11)

In our proposed multi-rate sampled-data structure, 74 denotes the maximum allow-

able transfer interval from the sensor S? to the zero order hold Z7. The control signal
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at each input channel j € {1,...,n,} is now computed as
u;(t) = K5z;(t),
where K represents the j* row of K, ie. KT = [K;‘F KZ’J, and

70 = [dT—p20) . - )] (.12

Therefore, the control signal (3.2) is rewritten as

u(t) = Kz(t), (3.13)
where
(K, 0 ... 0]
- 0 Ky ... 0
K = (3.14)
|0 0 K]
and .
OB AU O] (3.15)

Based on Assumption 3.2, there exists a lower bound on the length of the interval
(zi, zi +1)- The length of the interval (2, zx41), however, can approach zero because
two zero order holds might possibly be updated at the same time. Nonetheless, the

following statement is valid based on Assumption 3.2.

Lemma 3.1. Let T, = max; 77, j € {1,...,n,}. For any interval spanning a time
period longer than (n, + 1)T,, there exists at least one interval (zp:, zxr41), k' € N,

with a length larger than €, /n,.

Proof. Based on Assumption 3.2, each zero order hold is updated at least once in
any interval spanning a time period of length 7. Hence, any such interval contains
at least n, instants zi, keN,je{l,...,n,}. Therefore, any interval spanning a
time period longer than (n, + 1)T, contains at least (n, + 1)n, instants z, k € N,
j € {1,...,n,}. Since each z, k € N, is associated with at most n,, instants zi*,
k* €N, 7 €{1,...,n,}, there exist at least n, + 1 instants zj, £ € N, in any interval
spanning a time period longer than (n, + 1)7,. Equivalently, any interval spanning
a time period longer than (n, + 1)7, contains at least one time interval (zg, Zxin, ),

k € N. Since each z,, k € N, is associated with at least one zi*, k* € N, any
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interval (2x, Zk4n, ) contains at least two instants z7. and zj. ., corresponding to the

+1)
same zero order hold Z7, j € {1,...,n,}. Therefore, Assumption 3.2 guarantees that
the interval (2, zk1n,) has a length greater than e,. Hence, the interval (zx, zxin,)
contains at least one interval (zp, zx41) with a length more than €,/n,, for some £’

verifying k < k' < k+n, — 1. O

Lemma 3.1 is used in the proof of the main results to guarantee that an LKF
candidate strictly decreases in intervals spanning a time period longer than (n,+1)7,
(see Theorem 2.1 for more details). The following lemma presents a useful property

of Kronecker products.

Lemma 3.2. Let H and & be a matriz and a vector, respectively, of the appropriate
dimensions. Then 1® (HE) = (1 ® H)E, where 1 denotes the column vector with all

elements equal to 1.

Proof. 1t is a well known fact (see e.g. [90] Lemma 4.3.1) that
(BT @ A) vec(C) = vec(ACB), (3.16)

where A € R™*" B € RP*? C € R"*?, and vec(.) represents the vector of stacked
columns of a matrix. Let BT =1, A = H, and C = . Hence, equation (3.16) yields

(1® H)§ = (1 ® H)vec(§) = vec(HEL") = vec((HE)1") = 1 ® (HY),

where we used the fact that H¢ is a vector in the last equality. O]

The main results of this chapter will be presented in the next two sections.

3.3 Stability Analysis

In this section, we address stability analysis of linear multi-rate sampled-data systems.
It is assumed that a stabilizing controller is already designed in continuous-time. Our
objective is to find lower bounds on the MASPs (7, i € {1,...,m}) and maximum
allowable update periods (MAUPs) (77, j € {1,...,n,}) that preserve exponential
stability. The controller synthesis problem for linear multi-rate sampled-data systems
is addressed in Section 3.4. Let W([—T, 0], R"*) be the space of absolutely continuous

functions mapping the interval [—T, 0] to R™, where

T=max7? ic{l,....,m}, j€{l,... . n,}.
ij

7
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Based on (3.7), (3.10), and (3.11), note that
0<p, <pil <T. (3.17)

We define the function x; € W as 4(r) = z(t +r), —7T < r <0, and denote its

norm by
m

0 3
T = max |z;(t +7r)| + / Zy(r 2d7“:| . 3.18
e = 3 ma, e+ + | [ 1) (3.18)

The following theorem provides a set of sufficient conditions for which the closed-loop
trajectories of a linear multi-rate sampled-data system exponentially converge to the

origin.

Theorem 3.1. Consider the closed-loop linear multi-rate sampled-data system defined
in (3.1) and (3.13) under Assumptions 3.1 and 3.2. The system is globally uniformly
exponentially stable with a decay rate greater than o /2 if there exist symmetric positive
definite matrices P, R, Ry, R, i € {1,...,m}, j € {1,...,n,}, and Xy, and
matrices N, N, N,, and N”, with appropriate dimensions, satisfying

(VM + (10 F)T\ ]
@ }_{,)(1 o 1) TE NTE
XT(L +
BN R o |V (3.19)
EFN" 0 —EFR
VM4 (1) |
s (1 F) 7E N7E 1N 1N
XT(R+R)(1®F)
EFN" ~EFR 0 0 0
L _ <0 (3.20
EFN " 0 —-EFR 0 0 (3.20)
.NT 0 0 7m0
nN" 0 0 (——
where T, is defined in (3.9) and
[ } [ —I] , (3.21)
7; =diag(t/1,...,m7]), (3.22)
7 =diag(T1, ..., Tn,), (3.23)
E; =diag(e®™I,... > ), (3.24)
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E =diag(Ey,..., E,,), (3.25)
R; =diag(Ryj, ..., Ruj), (3.26)
R =diag(Ry,...,R,,), (3.27)
R, =diag(Ry,, ..., Rl,;), (3.28)
R =diag(R,,...,R,), (3.29)
F:[A BR 0]
\I/:FT[P 0 o}+[P 0 O}TF—I—a[I 0 O}TP[I 0 o]
ro -1’ I o —1
[00 ol NM—nNlo o 0](1@[100][010})%\?
00 0 00 0
N( [1 0 0]—[0 I o])—(zea[o 0 I]—[o I o])TN’T
N(1 [0 0 I}—[o I 0})—(1@[1 0 —IDTN”T

el -F o

I 00
00 I|

A BK 0 A BK 0
rool [roo
Miy=|0 I 0| R|0 I 0|+« X
00 I 00 I
0o 0 I 0 I
roo] [F
+ ;
00 I 0
0 0 0 000
My=—10 I 0| N'=N1{0 I 0o].
0 0 I 00 I
Proof. Consider the LKF candidate
5
V(t,z) =Y Vi, t € [z, 2141), (3.30)
=1

where

Vi =2 (t)Px(t),
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K T
Vs =(r. — p.) / 0 [i(s) T(s) at(a)| R |i7(s) T0(s) aT()]| s,
t—p2
Ny m t
Vs :ZZ/ (1 =t 4 5)e" Vi (s) Riyiii(s) ds,
J=1 i=1 Jtpe
N m t

where z(t) and X are defined in (3.15) and (3.21), respectively, P, R, R, R},
ie{l,....m},7€{l,...,n,}, and X; are positive definite matrices, and «/2 is the
desired bound on the decay rate. The reason for defining two similar functionals V;
and V4 becomes clear later in the proof where we take different approaches to compute
Vs and Vj (see (3.36) and (3.37)). This decreases the conservatism of the sufficient
Krasovskii-based conditions.

In the rest of the proof, we show that the LMIs in Theorem 3.1 are sufficient
conditions for the LKF (3.30) to satisfy the conditions of Theorem 2.1. To this end, a
procedure similar to the one in Chapter 2 is followed. Considering (3.17) and (3.18),

observe that

2] < D it +0)] < [lel b,

=1

()] < D lait = p2)| < [l

i=1

Similarly, equations (3.12) and (3.15)-(3.18) yield

T (O1 < D lea(t = o)) < [l lw,

i=1

- 1/2
Z(t)] = (Z |fj(t)l2> < Vrul|z|[w-

Using these inequalities it becomes straightforward to compute the lower and upper
bounds on the LKF (3.30) (see Table 3.1). Therefore, the LKF (3.30) satisfies (2.10).
Next, we show that the LKF (3.30) satisfies (2.11). The arguments for the functionals
Vi, Vo, and Vj are similar to the ones that were used in Chapter 2. The functionals V3

and Vj are the sum of non-negative integrals. Note that pi (2], ,) — pi(2]) < 21, — 1
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Table 3.1: Lower and upper bounds on the LKF candidates (3.30)

LKF candidate | Lower bound | Upper bound
Vi Aunin(P) |22 (0)* | Awax (P[] 3y
V; 0 T Amax(R) (1 + 7o (1 + ) ||y
‘/3 0 ZZT )\max 1] ||xt||w
j 1 =1
Vi 0 ZZT )\max R/ ||‘rt||12/\/
j=1 =1
Vs 0 AT A (X[ [y

because according to (3.3) the time derivative of p! is defined almost everywhere and
is equal to one. Therefore, V3 and V, are non-increasing at instants ¢t = z;, because
the integrands are non- negative and based on (3.10) the lower limits of the integrals
increase from 2 — pi(2]) to 2} 1 — pi(2 +1)- Therefore, the LKF is non-increasing at
instants zj and satisfies (2.11). Next, we study the time derivative of V" in the interval
t € (2, 2z6+1). The functional V is composed of five terms computed as follows. The
time derivative of V] is

Vi = i Pz + 27 Pi. (3.31)

From (3.7) we have g, = 1. Hence, applying the Leibniz integral rule to V5 yields

Vy = — /t;ea“—” [;'UT(S) #(s) xT(zk)]R[:tT(s) 7 (s) xT(zk)]Tds

T
+(r—p) [ T aT(@)| R F T(m)] —aba (3.32)
Since R is positive definite, « > 0, and p, < 7,, for any s € [t —p,, t] and any arbitrary

time varying vector h(t) € RZT™)ne e can write

— _T — -

z(s) x(s)

z(s)

~ a(sft)R —J
#(s) [6 > 0. (3.33)
() -1 TR (2)

h h
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This inequality can be verified using Schur complement. Hence, for all s € [t — p,, ],

__eaw—¢>[¢z(5) (s) xT(zk)}l%[xfxs) 7 (s) xT(zk)}T

<HTe™ R = [a7(s) #7(s) aT(z)] h— AT [#7(s) (s) ()]

Note that for s varying between ¢ — p, and ¢, the vectors Z(s) and x(z) are constant,

and z(s) = x5(0) € W is absolutely continuous. Therefore, integrating both sides

with respect to s yields

_ /t " al [#7(s) T(s) ()| R[#7(s) TT(s) ()]
—p-
SmﬂﬁWT%—PF—fﬁ—m)mW‘mf@Mh
B[ =T ) T ()]
Based on (3.7), t — p, = zx. Hence, replacing (3.34) in (3.32) yields

Vo <p,hTe®™=R~'h — [$T —al(z) p.at psz(zk)] h

T
—n" [xT —aT(z) p.at psz(zk)}

+ (72— p2) [ftT " xT(zk)] R [!.ET ar $T(Zk)}T —aVs.

Similarly, we can write the following

Ny m t
Vs = Z Z(T;iﬂ?;erl‘, — /t_p"j 03T (§) Ry (s) ds) —alVs

j=1 i=1
<y i(ﬁiif&m + LI R By — [ — it — )]
j=1 i=1
— b [oi = @ilt = )] ) —alh,
Vi = i i(Tg%TR;]xz — /tt—Pz ea(s_t)x’iT(s)R;jii(s) ds

i
7psjz

=1 i=1

t
—/ e"‘(s_t)x'iT(s)R;jii(s) ds) —aVy
t_pz

Ny m

(3.34)

(3.35)

(3.36)

<3S (7aT Riyas + (oL = p)hiT e ™ R Yy — i) — il = o))" B

7j=1 =1

— W [wi(z) — @it — p)] + pohif] €™ R hY; — [y — wa(z)]"
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— BT [ — () ) —aVi, (3.37)

where hj;(t), hi;(t), and hi(t), i € {1,...,m}, j € {1,...,n,}, are arbitrary time-
varying vectors of the appropriate dimension. Based on (3.10) and (3.11), 0 < p% —
p. < p¥ < 79. Hence, inequalities (3.36) and (3.37) can be rewritten in a more

compact form as

"/E?) S Z(l’T?JEJZE + EJT?]E]EJ_IE] — [ZE — fj]TEj — E? [.CU — T]] ) — CY‘/g
j=1
~(1®i)"FRA®%)+h 7ER h—-1®z—3 h-h [1®z— 7] —als,

(3.38)

—/ —IT

v, < Z(a: 7R+ R, — () — )T — R [(z) — )

—/—1-

T
+ ol R — (o — ()T R — T [a:—a:(zk)]>—aV4
———1=

:(1@@ FRA®i)+h 7ER K —[1@x(z) -3 H — k" [1®z(z) — 7]

—1=n

+ph R — (1@ [z — a(z))TR R (1 [ - 2(z)]) - Vi,
(3.39)

-/

where 75, 7, Ej, E, R;, R, R;, R, T;, and ¥ are defined in (3.22)-(3.29), (3.12),
and (3.15), and

_ T .,

Ry =0t .. onE] e, [h’T h'T] €R™,
E” _ h//T P r R" RMune
j= M | € h..| € :

_ r_ _ T _ T

W= R erm, h”—[h’l’T ] R

The time derivative of V5 is computed as

V= [of oT()| X [o7 oT(@)] - [# 0| X [T aT(a)]

+ (72 = p2) [:cT :L’T(zk)]X [a‘cT O}T. (3.40)

We now define an augmented vector ((t) € RZ+mune a5

() =["0) FO) @] st ) 341
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where 7 is defined in (3.15). Recalling (3.1) and (3.13), the closed-loop vector field

can be written as
() = [A BK o] C(t). (3.42)

Replacing (3.42) in (3.31), (3.35), and (3.38)-(3.40), setting h(t) = NT((t), h(t) =
NT((t), o (t) = N/TC(t), E,/(t) = N//T((t), where N, N, N', and N are matrices of

the appropriate dimensions, and using Lemma 3.2, yields
V4aV = 2211(‘/2 +aV)

SCT<[A BE O]TP[] 0 0 +[1 0 O]TP[A BE 0|

I 0 —I]

+a[[ 0 O}TP[J 0 O]—l—pzNeaTzR_lNT— 0 p.d 0] NT
0 0 p.f
I 0 —I A BE 0] [A BE 0]
—N|0 p. I O |+(rm—p,)|0 T 0f R|O I 0
0 0 pl 0 0 I 0 0 I

+(1®[A BK 0])T?(Tz+}_z’) <1®[A BK OD
+NFER N - (1@]1 0 o]~ [o 1 o)TNT
~N(1e|r o of-o 1 o)+ NFER'N"
~(1e@fo o 1] -lor ODTN’T
N (1@[0 0 [} - [0 I OD+ . N RN
~(1e|1 0 —JDTN”T—N” (1e|r o -1)
+[0 I O]T(NT+N’T)+(N+N’) [0 I 0}

I 00

T
I 00
+ (a(Tz —p) — 1) X
0 0 [ 0 0 [

+ (12

+ (12

- pz)

- pz)

‘A BEK 0
0 0 0

0 0 1

- T
100]
X

T _
I 00
X
00 I
A BEK 0]

0 0 0

47

)

(3.43)



Using Schur complement, for p, = 0, LMI (3.19) implies
V+aV <0. (3.44)

Similarly, LMI (3.20) implies (3.44) is valid for p, = 7.. Since (3.43) is affine in
p-, LMIs (3.19) and (3.20) are sufficient conditions for (3.44) to hold for any p, €
(0,7,), i.e. for the interval between (zj, zx+1), k € N. Therefore, inequality (2.12) in
Theorem 2.1 is satisfied. According to Assumption 3.2, for any time interval with a
length smaller than €, there exists a finite number of (at most n,,) instants z;, k € N.

Therefore, inequality (2.13) is satisfied with ¢ = n,,. This finishes the proof. [

The following proposition addresses robust stability of linear multi-rate sampled-

data systems with uncertain parameters.

Proposition 3.1. Suppose that the pair of system matrices 2 = [A B} 15 unknown

but satisfies the following condition

QG{ZBlQla 0< 5 <1, 25121}7 (3.45)
=1 I=1

where () = [Al Bl], I € {1,...,p}, denote the vertices of a convex polytope. If the
LMIs in Theorem 3.1 hold for each Qy, | € {1,...,p}, with the same variables P, R,
Rij; jo7

sampled-data system described in (3.1) and (3.13) under Assumptions 3.1 and 3.2 is
globally uniformly exponentially stable.

ie{l,...m}, je{l,...,n,}, and Xy, then the closed-loop linear multi-rate

Proof. The proof is similar to the proof of Proposition 2.1 and is hence omitted. [

Based on Theorem 3.1, the problem of finding a lower bound on the MASP 7!
or the MAUP 77 such that exponential stability is preserved, can be formulated as a
convex optimization problem in terms of LMIs. These LMIs can be solved efficiently
using available optimization software such as SeDuMi [16] and YALMIP [17].

Problem 3.1.

mazimize . (or 77)
subject to Ry; >0, R;; >0, i € {1,...,m}, j €{l,....,n.},
P>0, R>0, X; >0, (3.19) and (3.20).
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We denote the computed lower bound on the MASP 7! (or the MAUP 77) that

preserves exponential stability by 77 or 77 ). The controller synthesis problem

,max ( Z,max

for linear multi-rate sampled-data systems is addressed in the next section.

3.4 Controller Synthesis

In this section, we address controller synthesis of linear multi-rate sampled-data sys-
tems. When the controller gain K is unknown, the LMIs in Theorem 3.1 turn into
bilinear matrix inequalities and cannot be solved efficiently. The following theorem
addresses this issue by providing sufficient conditions for the controller synthesis prob-

lem that can be cast as LMIs.

Theorem 3.2. Consider the closed-loop linear multi-rate sampled-data system defined
in (3.1) and (3.13) under Assumptions 3.1 and 3.2. There exists an exponentially
stabilizing linear state feedback gain K = Y_Q_l, if there exist symmetric positive
definite matrices Q, Qij, i € {1,...,m}, j € {1,...,n,}, matrices Y, N', N, /T//,
and /T/”, with appropriate dimensions, and positive scalar €x, satisfying LMIs (3.46)
and (3.47), where 7., 7, and E are defined in (3.9), (3.23), and (3.25), respectively,

and

Q; =diag(Quj, - - -, Qumj), (3.48)
Q =diag(Q;,....Q,,), (3.49)
Q =diag(Q, Q. Q). (3.50)

YT:[YlT Loyrl,

[y, 0 ... 0]

o v ... 0

Y=| . . (3.51)
0 ... 0 Y]

<I>:[AQ BY or[f 0 0}+[1 0 O]T[AQ BY 0]
1o —1]" 10 —I
T
—i—a[IOO]Q[IOO]—OO NT-N1o o o
0 0 00 0

0
0
+[0 I O]T(NT+N’T)+(N+N") [0 I o}
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T
—ex |10 -1 Q1 0 1],
— T —
GXAQ EXBY 0 EXAQ GXBY 0
M = 0 0 0o + 0 0 0
—EXAQ —EXBY 0 —ExAQ —GXB? 0

+ aex [I 0 —I]TQ[J 0 —I],

T
00 0 00 0
Mo=—10 1T ol NI =N |0 T 0
00 I 00 I

Proof. Here, we prove that inequalities (3.46) and (3.47) are sufficient conditions for
LMIs (3.19) and (3.20). Suppose there exist matrices @) > 0, Q;; > 0,7 € {1,...,m},
j€{1,...,n,}, matrices Y, N, N, N,, and Nﬂ, with appropriate dimensions, and
positive scalar ex, satisfying the stabilization criteria in (3.46) and (3.47). Let

P = Qila Xl - EXQila R = @717 N = @71'/\[@/717 Rij = R;] = Q;jl’
/ ——1 -1

R =R, =Q, =diag(Qy},.... Q) R=F =Q ' =diag(@, ... Q).
N: @_lmfl’ N/ _ @_IJT/,/@—l’ N// _ @_I/T/Jlail, ?:Y—Qfl’ (352>

where i = {1,...,m}, j = {1,...,n,}, and Q, @, and Y are defined in (3.49)-(3.51).

Multiplying (3.46) from left and right by diag(Q~!, ) and using Schur complement
yields

U+ M+ (1eF)T .,
FR+R)10F)+ T NTE AT
X
TR+ R)1 L <0, (3.53)
EFN ~EFR 0
E7N" 0 -EFR

where W, M;, and F' are defined in Theorem 3.1 with the change of variables (3.52)

and

T—NQNT+N’QN"TJ;N”Q_N”T+(1®[1 0 o])T@‘l (1@[1 0 OD
+(1elo o 1)) ?‘1<1®[O 0 1))
+(1®[[ 0 —I]) g (1@[1 0 —[D. (3.54)
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Since @ > 0, one can conclude that Y is positive semi-definite. Therefore, compar-
ing (3.53) and (3.19), it can be seen that inequality (3.53) implies LMI (3.19). Hence,
LMI (3.46) is a sufficient condition for LMI (3.19). Similarly, multiplying LMI (3.47)
from left and right by diag(@vfl, I) and using Schur complement yields LMI (3.20)
with the change of variables (3.52). The proof is complete since for any set of ma-
trix variables satisfying inequalities (3.46) and (3.47), there exists a set of matrix

variables (3.52) that satisfy the stability criteria in Theorem 3.1. O

Remark 3.1. The stabilization criteria in Theorem 3.2 are sufficient conditions for
the stability criteria in Theorem 3.1 and therefore are more conservative. However,
they can be used to design linear controllers by solving a convexr optimization program
that can be solved efficiently using available software packages. Numerical examples

will show the effectiveness of this approach (see Section 3.5).

Proposition 3.2. Let the pair of system matrices ) = [A B} be unknown but satisfy
the polytopic uncertainty condition (3.45). Assume that the LMIs in Theorem 3.2
hold for each S, | € {1,...,p}, with the same variables Q, Q;;, i € {1,...,m},
je{l,...,n.}, Y, and ex. Then the closed-loop linear multi-rate sampled-data
system described in (3.1) and (3.13) under Assumptions 3.1 and 3.2 is exponentially
stabilized with the linear state feedback gain K = Y_Qfl, where Q and Y are defined
in (3.49) and (3.51), respectively.

Proof. The proof is similar to the proof of Proposition 2.1 and is hence omitted. [J

Based on Theorem 3.2, the problem of designing a state feedback controller that
gives a larger lower bound on the MASP 7/ (or the MAUP 77), such that exponential
stability is guaranteed, can be formulated as a convex optimization problem in terms

of LMIs. These LMIs can be solved efficiently using available optimization software
such as SeDuMi [16] and YALMIP [17].

Problem 3.2.

mazimize . (or 77)

subject to Q >0, Q;; >0, 1€ {1l,...,m}, j€{l,...,n,}, ex >0, (3.46) and (3.47).

The controller gain K is then computed based on equation K = Y_Qfl.
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3.5 Numerical Examples

In this section, the main results of the chapter are applied to three examples of
linear multi-rate sampled-data systems. The lower bound on the MASP is usually
used in the literature as a criterion for comparing the conservativeness of stability
theorems. The greater is the computed lower bound, the less conservative is the
stability theorem. In the following examples, we use the same criterion to demonstrate

the effectiveness of the proposed sufficient stability and stabilization conditions.

Example 3.1. Consider the closed-loop system defined in (3.1) and (3.13) with the

following matrixz parameters

0 1
A p—
0 —0.1

It is known (see e.g. [48]) that the MASP in a single-rate scenario for this ezample

B =

Y

0.1

O] K= — [3.75 11.5] |

is 1.7 (s) (in a single-rate scenario such as [48] all the elements of the state vector
are sampled at the same sampling instants and the event-driven actuator is updated
instantly). Now consider a multi-rate scenario where each of the two states of the
system (i.e. x1 and x2) is sampled by a dedicated sensor (S* and S?, respectively) at
different unknown non-uniform sampling intervals. Furthermore, the control signal
is applied via an actuator Z* whose update time is not synchronized with any of the
two sensors. Assume that the sampling intervals of the sensor S' and the refresh
rate of the actuator Z' have known upper bounds, i.e. 7! and 1} are fived. Using
Theorem 3.1, the computed lower bound on the MASP for sensor S* (12,.,,) that
guarantees exponential stability is presented in Table 3.2. It can be seen that, in this
example, the sampling intervals of sensor St can be longer than the limit for the single-
rate case if sensor S* performs samplings at a faster rate. In other words, we can
decrease the controller’s dependency on the data from the first sensor by increasing the
sampling rate of the second sensor. According to Table 3.2, as the MAUP 7} increases
the MASP 72, decreases to compensate for the late updates of the actuator.

As a special case, when the MAUP T} approaches zero, the control signal is applied

to the system as soon as new data arrives from any of the sensors. Equivalently, the
zero order holds can be assumed to be event-driven. This case was studied in [91]. As

expected, the values computed for when T} = 0.0001 (s) are very close (absolute

2
Ts,ma:p

error = 0.01) to the values computed in [91].
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Table 3.2: The MASP 72 that guarantees exponential stability in a multi-rate

s,max

scenario for Example 3.1 with a = 0.001.

’ Known upper bounds ‘ T2 ‘
7h =2 (s) and 7} = 0.0001 (s) | 0.56 (s)
7l =2 (s) and 7} = 0.1 (s) 0.43 (s)
7t =2 (s) and 7} = 0.4 (s) 0.06 (s)
7t =3 (s) and 7} = 0.0001 (s) | 0.16 (s)
7t =3 (s) and 7} = 0.1 (s) 0.04 (s)

Example 3.2. Consider the closed-loop system defined in (3.1) and (3.13) with con-
troller gain K = — [2.6884 0.6649] and the following uncertainty in matriz param-
eters taken from [15]

1 0.5
A:[ ],B:
g —1

Based on Proposition 3.1, the stability criteria should be simultaneously checked for

each pair of matrices A, and By, p,q € {1,2}, defined by

1 0.5
) AQ -
—-0.1 -1

Consider a multi-rate scenario where each of the two states of the system (i.e. x; and

1+
%7MKULWSM.

1 05
0.1 -1

T

A = ,&zhj—ﬁl&:ﬁs—@

x9) is sampled by a dedicated sensor (S* and S?, respectively) at different unknown
non-uniform sampling intervals. Furthermore, the control signal is applied via an ac-
tuator Z* whose update time is not synchronized with any of the two sensors. Assume
that the sampling intervals of sensors S' and S* have known upper bounds, i.e. T}
and 72 are fived. Using Theorem 3.1, the lower bound on the MAUP 7} that guaran-
tees exponential stability is presented in Table 3.3. As expected, when the MASPs of

sensors St and S? decrease, the computed lower bound on the MAUP imcreases.

T;zl,maac
From an engineering point of view, choosing the right sensors with adequate sampling

frequencies allows the engineer to select actuators with lower update rates.

Example 3.3. Consider the closed-loop system defined in (3.1) and (3.13) with the
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Table 3.3: The MAUP 7! that guarantees exponential stability in a multi-rate

Z,max

scenario for Example 3.2 with a = 0.001

’ Known upper bounds ‘ 7! ‘

following matriz parameters taken from [47]

A:[_O1 _12 ?],K:[—1 1].

In a multi-rate scenario, suppose that the first and the second elements of the state

. B=

vector are to be sampled by different sensors at unknown non-uniform sampling in-
tervals smaller than 7} =4 (s) and 72 = 0.1 (s), respectively. Furthermore, assume
that the actuator is updated in non-uniform intervals smaller than 7} = 1/3 (s). Fig-
ure 3.4 (a) shows that the system is unstable for the mentioned values of MASPs and
MAUP. Using Theorem 3.2, with o = 0.001 and ex = 1, we find a new controller
gain K' = — [0.0101 0.0617} that guarantees exponential stability of the closed-loop
multi-rate system. Figure 3.4(b) illustrates the convergence of the states to the origin

when using the controller gain K'.

3.6 Conclusion

Exponential stability and stabilization of linear sampled-data systems with multi-rate
samplers and time driven zero order holds were addressed. Sufficient Krasovskii-based
stability and stabilization criteria were proposed for linear sampled-data systems as a
set of LMIs. For each sensor (or actuator), the problem of finding an upper bound on
the lowest sampling frequency (or refresh rate) that guarantees exponential stability
was cast as an optimization problem in terms of LMIs. It was shown through examples
that choosing the right sensors with adequate sampling frequencies and the right
actuators with adequate refresh rates has a considerable impact on controller design

and stability of the closed-loop system. In the next chapter, we extend the results
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Figure 3.4: The evolution of the states for the linear sampled-data system in Exam-
ple 3.3. The result using controller gain K is shown in Fig. 3.4(a) and the result using

controller gain K’ is illustrated in Fig. 3.4(b).

of this chapter to propose sensor allocation strategies that guarantee exponential

stability of linear multi-rate sampled-data systems.
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Chapter 4

Sensor Allocation for Linear

Multi-rate Sampled-data Systems

This chapter addresses sensor allocation with guaranteed exponential stability for
linear multi-rate sampled-data systems. It is assumed that a continuous-time linear
plant is exponentially stabilized by a continuous-time linear controller. Given sensors
with incommensurate sampling rates, the objective is to allocate each state to a sensor
such that the resulting multi-rate sampled-data system remains exponentially stable.
To this end, we propose sufficient Krasovskii-based conditions to partition the state
vector among sensors such that exponential stability of the closed-loop system is
guaranteed. The problem of finding a partition that guarantees exponential stability

is cast as a mixed integer program subject to LMIs.

4.1 Introduction

In multi-rate sampled-data systems, data are gathered through several sensors that
work at different sampling rates. One reason is that different phenomena (e.g. temper-
ature, pressure, or voltage) are measured with different sensors that work at different
sampling rates. Second, different methods of sensing the same phenomenon can lead
to different sampling frequencies (e.g. measuring an angle with a potentiometer, an
encoder, or a camera through image processing). Finally, even if the sensors are syn-
chronized, the inevitable delays and packet losses in non-ideal communication links
result in the data arriving at the controller at different rates.

Stability analysis and controller synthesis of multi-rate sampled-data systems are
practically relevant problems and have attracted researchers for several decades [77—

83,85,88,89]. A frequency domain technique for dual-rate sampled-data systems
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(with 2 : 1 and 4 : 1 sampling ratios) is developed in [79] and applied to the Space
Shuttle flight control system. In [80], the controller synthesis problem for linear
multi-rate sampled-data systems is studied in discrete-time using pole placement.
Necessary and sufficient conditions for reachability, controllability, and stabilizability
of linear multi-rate sampled-data systems are presented in [81]. Reference [82] uses
nest algebra to address Hy and H,, control problems for multi-rate sampled-data
systems. In [85], a synthesis method for robust multi-rate track-following in hard
disk drives is proposed and solved using LMIs. A common drawback of [77-82, 85]
is that the sampling rate ratios of the sensors are assumed to be rational numbers
(commensurate samplings). The commensurate sampling assumption does not hold
in practice because the sampling interval of each sensor is usually not uniform. For
instance, in servo control of brushless DC motors via Hall-effect sensors, the sampling
intervals depend on the motor speed and are not uniform [88]. Delays and data packet
losses also contribute to nonuniform sampling intervals. The H,, controller synthesis
problem of systems with incommensurate samplings is addressed in [83]. However,
the stabilization conditions are convex only when the sample and hold rates are
commensurate. In [89] and Chapter 3, sufficient Krasovskii-based conditions are
presented in terms of LMIs to address stability and stabilization of linear multi-rate
sampled-data systems with incommensurate sampling rates.

In contrast to [77-83,85,88,89] and Chapter 3, this chapter addresses sensor
allocation with guaranteed exponential stability for linear multi-rate sampled-data
systems. Suppose there exists a continuous-time linear controller that stabilizes a
linear system. Given sensors with incommensurate sampling rates, the objective is
to allocate each state to a sensor such that the resulting multi-rate sampled-data
system is exponentially stable. In other words, the goal is to partition the state
vector among sensors such that exponential stability of the closed-loop system is
guaranteed. Different ways of partitioning the state vector among sensors may result
in stable or unstable systems as shown in Example 4.1.

The main contribution of this chapter is to propose sufficient Krasovskii-based
conditions that partition the state vector among sensors such that the resulting linear
multi-rate sampled-data system is exponentially stable. The problem of finding a
partition that guarantees exponential stability is cast as a mixed integer program
subject to LMIs. Mixed integer programs are NP-hard. However, mixed integer
problems of small size can be solved using free optimization software such as the

BNB solver which is shipped with YALMIP [17].

Example 4.1. Consider a path following problem where the objective is to control a
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Figure 4.1: Unicycle path following problem

unicycle to follow the line y = 0 in the x — y plane (see Fig. 4.1). The dynamics of

the system are represented by

v 00 O Yy vsin(y) 0
vl =10 0 1 vl + 0 +10 |u,
r 00 —k/I| |r 0 1/1

where y represents the distance from the line y = 0, ¢ and r are the heading angle and
its time derivative, respectively, v = 0.25 (m/s) is the unicycle’s velocity, u denotes
the torque input about the z axis, I = 1 (kgm?) is the unicycle’s moment of inertia
with respect to its center of mass, and k = 0.15 (Nms) is the damping coefficient.

Linearizing the system about the origin leads to the linear system i(t) = Ax(t)+Bu(t),

where
Y 0 0.25 0 0
z= (Y|, A=1(0 0 1 , B=10
r 0 0 —0.15 1
Assume that a continuous-time linear controller with gain K = — (0.8 1.4 1.6] 15

designed for the linearized system. Consider a single rate scenario where all the states
are sampled at the same sampling instants. In other words, the information about the
states arrives at the controller at the same time. According to Theorem 2.2, the single
rate sampled-data system is guaranteed to remain exponentially stable with a decay
rate smaller than 0.0001/2 for nonuniform sampling periods of up to 1.19 (s).

In reality, however, not all the states are sampled at the same instant. Assuming
a dual rate scenario, let the first state y be acquired via a camera (at sampling inter-
vals of up to 0.3 (s)) and the rate of the heading angle r be acquired by an inertial
measurement unit (at sampling periods of up to 1.1 (s)). The heading angle 1 can be

measured either via the camera or via the inertial measurement unit (by integrating

59



Table 4.1: Simulation result for Example 4.1

State vector partition and sampling interval | Simulation result
[ Y (0 r } Stable
~N Y
0.3 (s) 1.1 (s)
[ Y Y r } Unstable
D~
0.3 (s) L1 (s)

the rate of the heading angle). The question is whether to measure ¢ via the camera
or via the wnertial measurement unit in order to ensure that the system is exponen-
tially stable. Notice that both sampling intervals 0.3 (s) and 1.1 (s) are smaller than
the guaranteed stability limit for the single rate case which is 1.19 (s). Intuitively,
grouping ¢ with y that has the faster sampling rate seems to have more chance of
stabilizing the system than grouping v with r. Simulation results, however, show the
opposite (see Table 4.1). The system is stable if 1 is sampled at the slower rate along
with r (i.e. sampling intervals of up to 1.1 (s)). The system becomes unstable if ¢ is
sampled along with y at the faster rate (i.e. sampling periods of up to 0.3 (s)). O

The results of this chapter also find application in the field of sensor networks.
In these networks, m sensors are deployed over a region to acquire data from n >
m points of interest. The sensors can possibly have different sampling rates. The
problem of assigning each point of interest to a sensor such that a global objective
(stability) is achieved is an application of the theorems in this chapter.

The rest of the chapter is organized as follows. Section 4.2 is dedicated to problem
formulation and preliminary notions. The main result of the chapter is presented in
Section 4.3. A numerical example is provided in Section 4.4, followed by conclusion
in Section 4.5. In terms of the notation used in this chapter,

Notation. The matrix entry that is located on the i*® row and 7™ column of a

matrix Z is represented by Z; j).

4.2 Problem Formulation

Consider a stabilizable linear system

(t) = Az(t) + Bu(t), (4.1)
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u(t) Plant
™ (1) = Ax(2) + Bu(?)

<
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Figure 4.2: The schematic diagram of a linear multi-rate sampled-data system.

where € R denotes the state vector, A € R"*" B € R"*"™ and u € R™ is the
control input. Let a continuous-time stabilizing linear controller for (4.1) be defined
by

u(t) = Kx(t), (4.2)

where K € R™ "= In practice, the controller is located in the feedback loop between
a sensing block and an event driven zero order hold. Furthermore, it is assumed that
the non-ideal communication links experience data packet dropouts (see Fig. 4.2).
Packet dropouts are modeled via a switch. When the switch is closed, data is trans-
mitted through the communication link. When the switch is open, however, data is
assumed to be dropped. The sensing block comprises n, sensors represented by S?,
1 € I, where
I={1,...,ns}

Definition 4.1. The set P = {I;|i € I} is called a partition of {1,...,n,} if it

satisfies the following properties

I #0,Viel, (4.3a)
L (I = 0,Vi # 4, (4.3b)
Un={1....n} (4.3¢)
i€l

Let P = {I;|¢ € I} represent a partition of {1,...,n,}. The multi-rate structure

of the problem discussed in this chapter is presented in the following assumption.
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Assumption 4.1. Fach sensor S', i € 1, is dedicated to sampling the states x;,
jel.

Next, we parametrize the partition P by a matrix £ € {0,1}"=*"s. Each row
of the matrix £ corresponds to one of the states. The columns of £ correspond to
the n, sensors and represent the sets I;, i € . The entries of £ are defined in the
Boolean domain {0,1}. If £(;; = 1 then the state x; is sampled by the sensor S* or
equivalently j € I;. In a similar way, £(;;) = 0 implies j ¢ I;.

Lemma 4.1. Partition P can be parametrized by a matriz £ € {0, 1}"=*" under the

constraints

L£1=1, (4.4)
.- 1", (4.5)

where = represents an elementwise inequality and 1 denotes the column vector with

all elements equal to 1.

Proof. Equation (4.4) guarantees that each row of £ has one and only one element
equal to one, which imply (4.3c) and (4.3b), respectively. In addition, inequality (4.5)
guarantees that each column of £ has at least one element equal to one, i.e. (4.3a).

This concludes the proof. O

Remark 4.1. Ignoring condition (4.5), we can address the scenario where one or
more sensors do not measure any of the states. While this scenario violates (4.3a) in

Definition 4.1, it is compatible with the main results of the chapter.

The sensors are assumed to have uncertain and non-uniform but bounded sam-

pling intervals as formulated in the next assumption.

Assumption 4.2. The sensor S?, i € 1, performs measurement at instants si,, where
0<e<sj,, —s, <7, VkeN.

The positive constant € models the fact that a sensor cannot measure a particular
phenomenon twice at the same instant. The number 7° denotes the longest interval
between two consecutive samplings by sensor S. Without loss of generality, by the
index k € N, we denote only the instants s for which a data packet is not lost. For
each sensor, the time elapsed since the sensor’s last sampling instant is denoted by a

sawtooth function pi(t) (see Fig. 4.3) defined as
pl(t) =t —sj, fort € [s}, shq) (4.6)
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i i i

0 Sy S 05 Time
Figure 4.3: The sawtooth function p’(t)
Equation (4.6) and Assumption 4.2 yield
0<p <7 (4.7)

Next, we formulate the control signal equation in a multi-rate sampled-data structure.
To this end, let diagonal matrices D; € {0,1}"#*"= i € I, be defined as

1 ifjel,

P 4.8
U9 0 otherwise, (4:8)

D

where I; € P. It is assumed that the sensors are time driven and the controller and
the zero order hold are event driven. In other words, the controller and the zero
order hold are updated as soon as new data becomes available. Therefore, the control

signal (4.2) can be rewritten as
u(t) = Kz(t), (4.9)

where

T(t) =Y Dix(t — p'(t)). (4.10)

i€l
Lemma 4.2. Let v; and w;, © € I, be arbitrary vectors in R™, Z be an arbitrary
matrixz in R™*" and D;, i € 1, be diagonal matrices defined in (4.8). Then,

(a) 2 Di=1,

0 ifi#d,

b) D;Dy =
®) D; ifi=1i,

(¢) > ier [(Divi)T(Diwi)} = (Eieﬂ Divi)T(Zz’eH Diwi)’
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(@) Yiet [(Di0)" Z(Diwi)] = (T Divi)' (Xiex DiZDi) ( ey Diw).

Proof. The proof of parts (a) and (b) are straightforward and follow from the defini-
tion of matrix D; in (4.8). Using part (b), the proof of part (c) is as follows

( Z Divi)T( Z Diwi) = Z [U?Di ( Z Di/wi/)} = Z U?Diwi

i€l i€l i€l i€l i€l
i€l

The proof of part (d) is similar to the proof of part (c¢) and is therefore omitted. [

The instants at which (at least) one of the ng sensors performs a sampling action
constitute an increasing sequence in time, represented by {t,}, n € N (see Fig. 4.4).
Therefore, each time instant ¢,, n € N, is associated with (i.e. is equal to) at least
one and at most n instants si, k € N, i € I. The time elapsed since the last sampling

instant by any of the ng sensors is denoted by p(t), i.e.

p(t) =t —t,, t € [tn,trti1) (4.11)
= minp'(t), i € L.

Therefore, based on (4.7)
0<p(t)<T, (4.12)

where

T=min7’, i €l (4.13)

Figure 4.4 illustrates p(t) for a system with two sensors. Based on Assumption 4.2,
there exists a lower bound on the length of the interval (s}, s,,,), k € N, i € I. The
length of the interval (¢,,t,.1), n € N, however, can approach zero because a sensor
might possibly sample right after another sensor. Nonetheless, the following lemma
holds for a scalar T" defined as

T =max7’, i€l (4.14)

Lemma 4.3. For any interval spanning a time period longer than (ns + 1)T', there

exists at least one interval (t,,t,11), ' € N, with a length greater than €/ns.

Proof. The proof is similar to the proof of Lemma 3.1 and is therefore omitted. [
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Figure 4.4: The sawtooth functions p'(t), p*(t), and p(t) in a multi-rate sampled-data

structure with two sensors.

The following lemma exploits the special structure of matrices £ and D;, ¢ € I,

and will be used in the proof of the main result.

Lemma 4.4. Let D;, i € 1, be diagonal matrices defined in (4.8) and assume that

the matrix L satisfies the conditions in Lemma 4.1. Consider symmetric matrices

R; € R"=>"= 4 € 1, satisfying

|Rz(],k)| S Bmin{[,(j,i),ﬁ(k,i)}, VZ € ]I CI,TLd j, k’ & {1, e ,nx},

where B is an arbitrary positive scalar. Then,
(a) D;Ry = RyD; =0, Vi, i €l i #7,

(b) D;R; = R;D; = R;, Vi €1,

(c) Di(3 e Rir) = Xy R )Di = Ry, Vi€,
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(d) Di(3 e Ri/7") = (X yey Ri/T")Ds = Ry /7, Vi €1,

(e) e [%’Di(zifeﬂ Ri//Ti/)_lDi] = [Zieﬂ Ri/(Ti’yi)]fl, where y; # 0 are real scalars.
Proof. The inequalities in (4.15) yield

—ﬁ S Ri(j,k) S B lfj S Hz and k € ]Ii7

Rigjry =0 otherwise.

Considering the special structure of matrices D; and R;, i € I, the proofs of parts (a)
and (b) are straightforward and follow the definition of matrix multiplication. Parts (c)

and (d) are easily derived based on (a) and (b). The proof of part (e) is as follows

Y DY Ra/r") D]

1€l i'el

= DY R /T ID D R /7)Y R J7) ]

i€l i'el el el

=> D> Ry /") Di(> " R /)] (O Ra/T) 7

i€l i'el i'el i'el

Based on the first equality in part (d) we can write

Z hiDi(Z Ri'/Ti/)—lDi] - Z [%D¢<Z Rz"/Ti/)—l(Z Ri’/Ti/)Di} (Z Ri’/Ti/)_l

i€l i'el i€l i'el i€l i€l
=> [wDi] > Re/m) 7,
il i'el

where we used Lemma 4.2(b) in the last equality. Lemma 4.2(b) also yields

O wuD)(>- Dify) = 1.

il i€l
Therefore,
S [uDi(d" Re /) Di] =[O Ra /7)Y~ Difw)]
i€l i€l i€l i€l
= [ZRi/(Ti’Yi)rl>
i€l
where we used Lemma 4.4(d) in the last equality. O

It is easy to verify (see e.g. [92]) that the norm function is convex, the pointwise

minimum of a set of linear functions is concave, and the subtraction of a concave
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function from a convex function is convex. Therefore, the inequalities in (4.15) are

convex. The main result of this chapter is presented in the next section.

4.3 Main Results

This section addresses stability of linear multi-rate sampled-data systems. It is as-
sumed that a stabilizing controller is already designed in continuous-time and ng
sensors with different sampling rates are available. The upper bounds 7%, i € I, on
the nonuniform and uncertain sampling intervals are assumed to be known. Our
objective is to partition the state vector and assign each part to a sensor such that

exponential stability of the closed-loop sampled-data system is guaranteed.

Theorem 4.1. Consider the closed-loop linear multi-rate sampled-data system defined
in (4.1) and (4.9) under Assumptions 4.1 and 4.2. Given positive scalars o and 3,
there exists a partition of the state vector among sensors, parametrized by a matrix
L, that guarantees global uniform exponential stability with a decay rate greater than
a2, if there exist positive definite matrices P, Ry, and X, symmetric matrices R;,

i € 1, and matrices N and N, with appropriate dimensions, satisfying conditions

(44), (4-5), (4-15), and

1\ —+ TM1 * *
R [A BK o] — S RiJ N <0 (4.16)
—7T . i
I N 0 — e I/ (7€)
[ U4 M, * * * |
R [A BK O] -3 R;/T * *
. 2uier il o <0 (4.17)
N 0 — > e R/ (7€) *
i TNT 0 0 —7e TRy |
R=) Ri>0 (4.18)
i€l

where T is defined in (4.13) and

v=[A BK O}T[P 0 0|+ 0 O}T[A BE 0| +all 0 O]TP[I 0 o

67



ro -1 10 —I
“loo ol NM=N{0o 0 o0 —[I -1 O}TNT—N[I 1 0}
00 0 00 0
—[1 0 —I}TX[I 0 —J],
A BK 0] [A BK 0
Mi=|o I o|l Rlo I 0+[A BK o]TX[Io—J}

0 0 I 0 0 I
T T
+[10—1]X[A BK 0]+a[IO—I]X[IO—I},
T
00 0 00 0
My=—10 I 0of N'=N|0 I 0
00 I 00 I

Proof. Here we show that the LMIs in Theorem 4.1 are sufficient conditions for the
LKF (4.19) to satisfy the conditions of Theorem 2.1. To this end, let W([—T, 0], R™*)
be the space of absolutely continuous functions with square integrable first-order
derivatives, mapping the interval [—7',0] to R™. We define the function z; € W as
x(r)=ax(t+r), —T <r <0, and denote its norm by

by = 35 ma, 1Dt} + | | 0T|:'ct<r>|2dr]é.

— re[—T,0]

Counsider the Krasovskii functional candidate
where

Vi =" (t) Pa(t),

t T
Vy =(r — p) / 60 [§7(s) F(s) ()] Ro [#7(s) () aT(t)] ds,
t—p
¢
V=320 =) [ e D) R(Dsi () d.
t—p*

1=l

Vi =(m = p)(a(t) — 2(ta))" X (2(t) — 2(t)).
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where R is defined in (4.18), P, Ry, and X are symmetric matrices, and « is a given
positive scalar which represents the decay rate. Similar to Chapter 3, it can be shown
that P > 0, Ry > 0, R > 0, and X > 0 are sufficient conditions for the Krasovskii
functional (4.19) to satisfy inequalities (2.10) and (2.11) in Theorem 2.1. In what
follows, we prove that LMIs (4.16) and (4.17) are sufficient conditions for V +aV < 0

in the interval between two sampling instants. The time derivative of V] is
Vi = &' Pz + 27 Pi. (4.20)

From (4.11) we have p = 1. Hence, applying the Leibniz integral rule to V5 yields

Vy = — /ttpea@—t) [#7(s) T7(s) 2T ()| Ro [ (s) T(s) (1) s

+ (1 —p) [j:T z! :L‘T(tn)] Ry [.TT z! xT(tn)} —aVs. (4.21)

Since Ry is positive definite, a > 0, and p < 7 (see (4.12)), for any s € [t — p,t] and

any arbitrary time varying vector h(t) € R we can write

— . - T - . -

— a(s—t)R —J
z(s) [6 ’ 1 > 0. (4.22)
x(ty) —I "Ry x(ty)

h h

T
—e 0 (3T (s) 7T(s) (k)| Bo [#7(s) 7T(s) o7 ()]
<HTeRgth = [i%(s) 77(s) a"(t)| h =BT [T (s) #T(s) ()]

For s varying between t — p and t, the vectors Z(s) and z(t,) are constant, and

x(s) = x5(0) € W is absolutely continuous. Therefore, integrating both sides with

respect to s, yields

T

_/ttp c(s—1) [j;T(s) 77 (s) a:T(tn)} R [g-cT(S) 77 (s) JUT(tn)} ds
< ph' e Ryth — [IT —a"(t—p) pz" pr(tnﬂ h

_ 5T [xT Tt —p) pa" pr(tn)}T. (4.23)
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Based on (4.11), t — p = t,,. Hence, replacing (4.23) in (4.21), we get
Vo <phTe*™Ry'h — [xT —2T(t,) pzt pr(tn)] h
—n" [mT —aT(t,) pzt pr(tn)}

+ (7= p) [i:T z! xT(tn)] Ry [iT z! JJT(tn)}T —aVh. (4.24)

T

According to (4.18), R is positive definite. Therefore, a similar inequality can be

written for the time derivative of Vj as follows
V3<Z< (Dih)"e®™ R (D) — (Dilw — a(t — p'))) " (Dshs)
— (Dh)" (Dilw =t = p')) + (' = p)(Did) "B(Di) ) — aVs
< S (F D e R (D)~ (D —2te =) (D1
— (Dih)T (D — 2t — p'))) + Ti(Dix')T}_%(Dich —aVy,  (4.25)

where h;(t) € R™ ¢ € I, are arbitrary time-varying vectors and we used (4.7) to make
the second inequality independent of the coefficient p’. Leaving p' in inequality (4.25)
decreases conservatism of the sufficient conditions in Theorem 4.1 but increases the
number of LMIs to 2™ and causes scalability issues. Let h = > i1 Dih;. Based on
Lemma 4.2(a) and 4.2(c) inequality (4.25) yields

Vy < Z((Dihi)Tem’Tz*lTi(Dihi) n (D@)TE(E*#E(D@))

A

—(z—%)"h—h (z—-7T)—aVs, (4.26)

where Z is defined in (4.10). Let 7 be a diagonal matrix defined as 7 = Y, ;7' D;.
Based on Lemma 4.2(b), we can write 7°D; = 7D;. Therefore, using the definition of
R in (4.18) and the first equality in Lemma 4.4(c), inequality (4.26) yields

<y ((Dihi)TemiR_lF(Dihi) + (D,Ri)'R 7 (D Rx))

-—T

— (-3 "h—h (z—T)—als.
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Note that 7 is invertible and 7=' = >~.; D;/7". Therefore, Lemma 4.2(d) yields

Vs <B'[Y_ e D7 R) Dl + " Ry Di(7R) " Dy Ri
1=l =
~@-DTh-T (2-7)-al

Z " D> Z’ZRH D] h+a:TRZD Z ZRN )"'Di|R

i=I i el el el el

— (=% "h=h (z—T) —aVi.

Using Lemma 4.4(c) we can write

v <[> e DY %ylpim TR DAY f )L D,|Ri

1=l el =l i'el

— (=2 "h="0h (z—7T)—aVs.

Next, Lemma 4.4(e) and Lemma 4.2(a) yield

G<h (Y Tf:;i ) h+aTR(Y %)‘lm— (-7 h-h' (x—T)—aVs (4.27)
el i€l

The time derivative of V, is computed as

Vi=— (2 —2(t)) "X (2 — 2(tn) + (1 = p) (T X (2 — 2(t)) + (z — 2(t,))" X ).

(4.28)
We now define an augmented vector ((t) as
T
0 = [0 70 2T (t)] L€ [t tusa).
Recalling (4.1) and (4.9), the closed-loop vector field can be written as
i(t)= A BK o|cw). (4.29)

Replacmg (4.29) in (4.20), (4.24), (4.27), and (4.28), and setting h(t) = NT((t) and
h(t) = N ((t), where N € R3m=X3nz and N € R3%*"  yields

V+aV = Z?ﬂ(vl +aVy)
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SCT<[A BK O]TP[I 0 0+ 0 O]TP[A BE 0|

r o —1]
T
+alr 0 o] P[r o o) +pNeRINT— 0 p1 0| NT
0 0 pl
I 0 —I A BK 0] [4 BK 0
—N|{0 pI O0|4+(=p) |0 I 0| R|0 I 0
0 0 pl 0 0 I 0 0
+N(%wa> NT—[I 1 O}TNT—N[J 10
+[A BK O}TE<Z&)_1T%[A BK 0}
i€l Ti
+(alr—p) =D [1 0 —I}TX[I 0 1|
+(r—p) [A BK O}TX[J 0 —I]
T
Y (r—p) [I 0 —[} X[A BK 0]>§. (4.30)

Using Schur complement, for p = 0, LMI (4.16) implies V 4+ aV < 0. Similarly,
LMI (4.17) implies V + oV < 0 for p = 7. Since (4.30) is affine in p, LMIs (4.16)
and (4.17) are sufficient conditions for V + aV < 0 to hold for any p € (0,7), i.e.
inequality (2.12) in Theorem 2.1 is satisfied. According to Assumption 4.2, for any
time interval with a length smaller than e, there exists a finite number of (at most
ns) sampling instants ¢, n € N. Therefore, inequality (2.13) is satisfied with ¢ = n.
This finishes the proof. O

Based on Theorem 4.1, the problem of finding a partition (parametrized by the

matrix £) that guarantees exponential stability is formulated as

Problem 4.1.

find L€ {0, 1}m=xns
subject to P >0, Ry>0, X >0, Ry=R!, icl, a>0, >0,
(4.4), (4.5), (4.15) — (4.18).
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According to (4.15), the entries of matrices R;, i € I, are bounded by an arbitrary
positive scalar §. When solving Problem 4.1 in an optimization software, we assign
the biggest acceptable number by the software to 5. Mixed integer programs are
NP-hard. However, mixed integer problems of small size can be solved using free
optimization software such as the BNB solver which is shipped with YALMIP [17].

4.4 Numerical Example

Example 4.2. Consider the unicycle path following problem with parameters defined
in Example 4.1. Let the first state y be acquired via a camera (at sampling intervals
of up to 0.3 (s)) and the rate of the heading angle r be acquired by an inertial mea-
surement unit (at sampling periods of up to 0.6 (s)). As explained in Example 4.1,
the heading angle 1) can be measured either via the camera or via the inertial mea-
surement unit. With states y and r already assigned to sensors (camera and inertial
measurement unit, respectively), we use the algorithm in Problem 4.1 to find which
sensor should be used to sample 1 such that exponential stability is gquaranteed. In
Ezxample 4.1, it was shown via simulations that measuring the heading angle 1 with
the inertial measurement unit stabilizes the system while sampling 1 with the camera
leads to instability. Solving Problem 4.1, the heading angle v is assigned to the iner-
tial measurement unit. This sensor allocation strategy is compatible with simulation

results in Example 4.1.

4.5 Conclusion

Sensor allocation with guaranteed exponential stability for linear multi-rate sampled-
data systems was addressed. Sufficient Krasovskii-based conditions that yield a par-
tition of the state vector were proposed such that the resulting closed-loop multi-rate
sampled-data system is exponentially stable. The problem of finding a partition
that guarantees exponential stability was cast as a mixed integer program subject
to LMIs. In the next chapter, we address the observer design problem for linear

multi-rate sampled-data systems.
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Chapter 5

Observer Design for Linear

Multi-rate Sampled-data Systems

This chapter addresses observer design for linear systems with multi-rate sampled
output measurements. The sensors are assumed to be asynchronous and to have un-
certain nonuniform sampling intervals. The contributions of this chapter are twofold.
Given the MASP for each sensor, the main contribution of the chapter is to propose
sufficient Krasovskii-based conditions for design of linear observers. The designed ob-
servers guarantee exponential convergence of the estimation error to the origin. Most
importantly, the sufficient conditions are cast as a set of LMIs that can be solved
efficiently. As a second contribution, given an observer gain, the problem of finding
MASPs that guarantee exponential stability of the estimation error is also formulated
as a convex optimization program in terms of LMIs. The theorems are applied to a

unicycle path following example.

5.1 Introduction

In multi-rate sampled-data systems, data is gathered through several sensors that
work at different sampling rates. One reason is that different phenomena (e.g. tem-
perature, pressure, or voltage) are measured with different sensors that work at dif-
ferent sampling rates. As a second reason, different methods of sensing the same
phenomenon can lead to different sampling frequencies (e.g. measuring an angle with
a potentiometer, an encoder, or a camera through image processing). Finally, even
if the sensors are synchronized, the inevitable delays and packet losses in non-ideal
communication links result in the data arriving at the controller at different rates.

The reader is referred to Chapter 3 and the references therein for stability analysis
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and controller synthesis of multi-rate sampled-data systems.

Design of single-rate sampled-data observers and single-rate sampled-data output
feedback controllers have been the subject of numerous research (see [93-95] and the
references therein). In [96], dual-rate output feedback control of a class of nonlinear
systems is addressed using a high-gain observer. Observer-based robust fault detec-
tion of linear multi-rate sampled-data systems is addressed in [97-100]. A common
drawback of [96-100] is the assumption that the sampling rate of the sensors are
uniform and their ratios are rational numbers (commensurate samplings). However,
the uniform and commensurate sampling assumptions do not hold in practice. For
instance, in the servo control of brushless DC motors via Hall-effect sensors, the sam-
pling intervals depend on the motor speed and are not uniform [88]. Reference [101]
addresses observer design for a class of nonlinear single-rate sampled-data systems
with nonuniform samplings using a Krasovskii-based theorem and LMIs. In contrast
to [93-101], we address observer design for linear systems with multi-rate sampled
output measurements, where the sensors are assumed to be asynchronous and to have
uncertain nonuniform sampling intervals. To the best of the authors’ knowledge, the
continuous-time state estimation problem using asynchronous multi-rate discrete-time
output measurements was not studied before.

The contributions of this chapter are twofold. Given the MASP for each sensor,
the main contribution of the chapter is to propose sufficient Krasovskii-based condi-
tions for design of linear multi-rate sampled-data observers. The designed observers
guarantee exponential convergence of the estimation error to the origin. The suffi-
cient conditions are cast as a set of LMIs that can be solved efficiently using available
optimization software [16,17]. As a second contribution, given an observer gain, the
problem of finding MASPs that guarantee exponential stability of the estimation error
is formulated as a convex optimization program in terms of LMIs. The importance
of choosing the right sensors with adequate sampling frequencies is shown through a
path following example.

The rest of the chapter is organized as follows. Section 5.2 is dedicated to prelim-
inary notions and problem statement. The main results of the chapter are presented
in Section 5.3. A path following example is provided in Section 5.4, followed by the

concluding remarks in Section 5.5.
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u(?) Plant (1)
B () = Ax(?) + Bu(r)

W(t)=Cx(t)+ Du(t)

L Observer Cx(t)+ Du(?)

X(2) = A%(1)+ Bu(?)
—> — L(y(t)—[C&(t) + Du(1)])

Figure 5.1: The schematic diagram of a linear plant and a continuous-time observer.

5.2 Problem Statement

Let an observable continuous-time linear system be defined as

(1) = Az(t) + Bu(t), (5.1a)
y(t) = Cx(t) + Dult), (5.1b)

where x € R™ denotes the state vector, y € R™ represents the output vector, u € R™
is the control input, and A, B, C, and D are matrices of the appropriate dimension.
Consider a continuous-time Luenberger observer with gain L (see Fig. 5.1). Let ()
denote the observer state vector and e(t) = xz(t) — #(t) be the estimation error.

Therefore, the rate of change of  and e can be written as

i(t) = Ai(t) — L(y(t) — [C2(t) + Du(t)]) + Buf(t)
= Az(t) — LCe(t) + Bu(t),
&(t) = (A + LO)e(t),

In practice, the output vector is measured via different sensors (see Fig. 5.2). In this

chapter, the sensors are modeled as asynchronous sample and hold devices. Assume
T

that the output vector comprises m components, i.e. y! = [yip yl y,ﬂ . Each

of these components is measured by a dedicated sensor S*, ¢ € {1,...,m}, with an

uncertain nonuniform sampling interval.

Assumption 5.1. The sensor S%, i € {1,...,m}, samples the i component of the

output vector (i.e. y;) at sampling instants s, where 0 < e < s}, —sj, < 7', Vk € N.
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u ( l) Plant y(t)
*() = Ax() + Bu(?)

W(£) = Cx(t) + Du(?) yl(t)‘ »(t !

\i

V(1)
Y

-

ISensor S? I‘v
I| Sensor §” I| <
Sensing Block

II Sensor S' I|
Mo o 1

R
y(0)
_ Observer 6)%([) + DLT(Z)
| X1 =A%) + Bu(r)
> — L(3(t)—[Cx(¢) + Dia(£)])

Figure 5.2: The schematic diagram of a linear multi-rate sampled-data observer.

The positive constant € models the fact that a sensor cannot measure an output
twice at the same instant. It is used later in the proof of the main result to rule out
the occurrence of the Zeno phenomenon. The number 7¢ denotes the longest interval
between two consecutive samplings by sensor S?, i € {1,...,m}. For each sensor,

the time elapsed since the sensor’s last sampling instant is denoted by a sawtooth
function p'(t) (see Fig. 4.3) defined as

pl(t) =t —sj, fort € [s}, shq) (5.2)
Based on Assumption 5.1, equation (4.6) yields
0<p <. (5.3)

The sensors are assumed to be asynchronous. Hence, in the multi-rate sampled-data

structure, the output of the sample and hold devices (the sensors) is written as

y(t) = |yi (t = p'(t) ... yﬂ(t—pm(t))]T.

Let C; represent the row of the matrix C' corresponding to the output y;, i.e. C =

T
[ClT ... CT| . Similarly, let D;, represent the rows of the matrix D corresponding

to the output y;. Considering (5.1b), the vector y(t) can be rewritten as
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where

(C, 0 0 D, 0 0
_ 0 C, 0 o 0 D, 0
C e _D —

| 0 0 Cpn] |0 0 D]

=

(- )]

(- pmt)]

() = |7t~ p'(1))
a(t) = [u” (t - p(t))

In the multi-rate sampled-data structure, the rate of change of  and e can be written

M) =AZ(t) — L (y(t) —[CH(t) + Eﬂ(t)]) + Bu(t)
=A#(t) — LCe(t) + Bul(t),
&(t) =Ae(t) + LTe(t), (5.4)
where
z(t) = [:ET(t —pH)) 2T (t — pm(t))]T,
2t) =7~ 5= [Tlt—pl) ... T—pm)] - (5.5)

The instants at which (at least) one of the m sensors performs a sampling action
constitute an increasing sequence in time, represented by {t,}, n € N (see Fig. 4.4
for a system with two sensors). Therefore, each time instant ¢,, n € N, is associated
with (i.e. is equal to) at least one and at most m instants s, k € N, with different
i€ {l,...,m}. Based on Assumption 5.1, there exists a lower bound on the length of
the interval (s, s} ), Vk € N, i € {1,...,m}. The length of the interval (¢,,t,+1),
Vn € N, however, can approach zero because two sensors might possibly sample right

after each other. Nonetheless, the following lemma holds for a scalar T defined as

T =max7’, i€ {l,...,m}. (5.6)

Lemma 5.1. For any interval spanning a time period longer than (m + 1)T, there

exists at least one interval (ty,t,i1), ' € N, with a length larger than €/m.

Proof. The proof is similar to the proof of Lemma 3.1 and is therefore omitted. [J
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The time elapsed since the last sampling instant by any of the m sensors is denoted

by p(t) defined as

p(t) =t —t,, t €[ty thi1) (5.7)
=minp'(t), i € {1,...,m}.

Therefore, based on (5.3),
0<p(t) <, (5.8)

where

r=min7’, i€ {1,...,m}. (5.9)

The function p(t) is illustrated in Fig. 4.4 for a system with two sensors. Let
W([—T,0],R™) be the space of absolutely continuous functions, with square inte-
grable first-order derivatives, mapping the interval [—T,0] to R™. We define the
function e, € W as

e(r)=e(t+r), =T <r <0,

and denote its norm by

lledlw = max Jes(r)| + UO |ét(r)|2drr. (5.10)

T‘E[*T,O] _T

Sufficient Krasovskii-based conditions for exponential stability of the estimation

error are presented in the next section.

5.3 Main results

The following theorem provides a set of sufficient conditions for which the estimation

error of a linear multi-rate sampled-data observer exponentially converge to the origin.

Theorem 5.1. Consider the linear system defined in (5.1) and a multi-rate sampled-
data observer with estimation error (5.4). Under Assumption 5.1, the estimation
error is globally uniformly exponentially stable with a decay rate greater than a/2 if

there exist symmetric positive definite matrices P, Ry, R;, i € {1,...,m}, and X,
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and matrices N and N, with appropriate dimensions, satisfying

v+ 7 M,
A LC 0
TRy [O I O
0 0 I
EFN'
Rr(1@ |4 LT o))
| U + 7 M,
EFN'
E?(I@[A LC o})
TNT

—TR()

0
0

*

—E7R

0
0

—E7R
0
*
*
—R7
0

*

—R7T

*

*

—71Ro

exp(aT)

<0

<0

where T is defined in (5.9) and

?:diag(71],7'2],...,7'm]),
E =diag(exp(at I, exp(at?)1, ... exp(at™)I),
Ezdiag(RhRQa"‘)Rm)?
R T 17 - T
\Ifz[A LC 0} [P 0 o}+[P 00 [A 1C O]+a[[ 0 o] P[I 00
3 :
70 I 70 —I
T __
“loo o]l NM=Nlo o o0 —[1@1—10}]\”
00 0 00 0]

~N|1o1 -1 0|-|I 0 —[}TX[[ 0 -1,
My =[a IC O}TX[I 0 1] +[1 0 —I}TX[A 1T o]

+alr o —I}TX[I 0 -1,

T
000 00 0
My=—10 1 0| NN'=N|o I 0
00 I 00 [

Proof. Consider the candidate LKF
V(ta et) - ‘/1 + ‘/2 + ‘/E’) + ‘/;17 te [t’na tn-l—l)a
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(5.16)



m

Vs=> (r'=p) /t ‘exp(afs —1))é" (s) Rié(s) ds,

=1

Vi =(m = p)(e(t) — e(ta)) X (e(t) — e(tn)),

where P, Ry, R;, i € {1,...,m}, and X are symmetric positive definite matrices, «
is a positive scalar representing the decay rate, and functions p' and p are defined
in (5.2) and (5.7), respectively. Here we show that the LMIs in Theorem 5.1 are
sufficient conditions for the LKF (5.16) to satisfy the conditions of Theorem 2.1.
To this end, similar to Chapter 3, it is easy to show that the LKF (5.16) satisfies
inequalities (2.10) and (2.11) in Theorem 2.1, i.e.

cle(0)]* < V(L er) < calledfiy, (5.17)
Vitn,e,) <V (L, ,e.-), ¥n €N, (5.18)
where ¢; and ¢, are positive scalars, and V(t,,e,-) = lim; », V(¢,e;). In order

to prove exponential stability, we next prove that the LKF (5.16) satisfies inequal-
ity (2.12), i.e.

V(t,er) +aV(t,e) <0, Vt#t,, neN. (5.19)

The time derivative of V' in the interval between two consecutive sampling instants
t € (tn,tny1) is composed of four terms computed as follows. The time derivative of
Vi is

Vi = é"Pe + " Pe. (5.20)

From (5.7) we have p = 1. Hence, applying the Leibniz integral rule to V5, yields

U= — /ttpexp(a(s—t)) [7(s) @(s) eTt)] Bo[7(s) @7(s) €T(t)] ds

+ (1 —p) [éT el eT(tn)] Ry [éT el eT(tn)] — aVhs. (5.21)

Since Ry is positive definite, @ > 0, and p < 7 (see (5.8)), for any s € [t — p,t] and
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2+m)

any arbitrary time varying vector h(t) € R( "= we can write

7)) em(ta)] A7)
[exp(a(s —t))Ry —1

7 explar)Bi1| HéT(S) e'(s) eT(tn)] hT}Tzo. (5.22)

This inequality can be verified using Schur complement. Hence, for all s € [t — p, ],

—expla(s =) [¢7() @) (0] Ro [T @) )]

ghTexp<m)Rglh—[éT(s) e (s) eT(tn)]h—hT [eT(s) 7 (s) eT(tn)}T.

For s varying between ¢ — p and t, the vectors €(s) and e(t,) are constant, and
e(s) = es(0) € W is absolutely continuous. Therefore, integrating both sides with

respect to s, yields

¢
- / explals — 1) [€7(s) #(s) (1| Bo[e(s) (s) €T(t)] ds
t—p
< ph" exp(at)Ry‘h — [eT —el'(t—p) pel peT(tn)} h
T
—n" [eT —el'(t—p) pe’ peT(tn)} . (5.23)
Based on (5.7), t — p = t,,. Hence, replacing (6.27) in (5.21), we get
Va <ph" exp(ar)Ry'h = [¢7 — e (t,) pe" pet(t,)] b
T
—nT [eT —el'(t,) pel peT(tn)}
T
+ (1= p) [éT el eT(tn)} Ry [éT el eT(tn)} — aVs. (5.24)
Similarly, we can write the following inequality

T

Vs < Z(pihiT exp(at’ )R 'h; — [e —e(t — p)] " hy
i=1
Wl fe—e(t—p)] + (7 - pi)éTRié) —aVy, (5.25)
where h;(t) € R™ i€ {1,...,m}, are arbitrary time-varying vectors. Based on (5.3),

7hI exp(ar’)R; 'h; and 7°¢T R;é are upper bounds for p'hl exp(ar?)R; 'h; and (7% —

p')el R;é, respectively. Hence, inequality (5.25) can be rewritten in a more compact
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form as

Vo <h'7ER h—[l@e—e h-h' 1oe—e+(1©¢)'7R(1¢) - ali,
(5.26)

_ _ _ T
where e, 7, E, and R are defined in (5.5), (5.13)-(5.15), and h = |hT nL ... h%] :

The time derivative of V} is computed as

Vi = — (e — e(t))" X (e — e(ta)) + (7 = )" X(e — elta)) + (1 — p) e — elt,)) Xe.

(5.27)
We now define an augmented vector ((t) as
T
¢ = [e7() () e (tn)] € ltatusa). (5.28)
Therefore, recalling (5.4),
i) = [4 1T o c). (5.29)

Replacing (4.29) in (5.20), (9.42), (9.43), and (9.44), setting h(t) = NT((t) and
h(t) = NTC(IS), where N € REFmnax@imne and N g REFmInexmns = and using
Lemma 3.2, yields
VtaV = 30,V +aV))
_ T T _
<¢"(|a L& o) Plr o of+[r 0o Pla LT o

T
+all 0 0] P[1 0 0+ pNexpar)Ry N

I o -1 I 0 —I
o o o NT=N|0o oI 0
0 0 pI 0 0 pl
A LT 0] A LT 0
vtr—plo 1 o Rlo 1 0
0 0 I 0 0 I

+N$E_R’1NT—[1®I I O}TNT—W[LXJ I 0
+(1®[A LC 0])T?}_%(1®[A LC o])
+(alr=p) =1 0 —I]TX[I 0 1|
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+(r—p) [A LC O]TX[I 0 —1}

+(r=p) |1 0 —[}TX[A 1T o] )¢ (5.30)

For p = 0, using Schur complement, inequality (5.11) implies V + aV < 0. Simi-
larly, inequality (5.12) implies V + aV < 0 for p = 7. Since (9.51) is affine in p,
inequalities (5.11) and (5.12) are sufficient conditions for V + oV < 0 to hold for
any p € (0,7). Therefore, based on (5.7), inequalities (5.11) and (5.12) are sufficient
conditions for inequality (5.19) to be satisfied. Note that inequality (5.19) is the same
as inequality (2.12) with the estimation error e replace with z. By Assumption 5.1,
for any time interval with a length smaller than e, there exists a finite number of (at
most m) sampling instants t,,, n € N. Therefore, inequality (2.13) is satisfied with
g = m. Hence, all the conditions of Theorem 2.1 are satisfied and the estimation

error is exponentially stable with a decay rate greater than a/2. O]

Next, the sufficient conditions in Theorem 5.1 are used to address two problems in
sampled-data observers. In the first problem, it is assumed that an observer gain L is
available which exponentially stabilizes the estimation error in continuous-time. The
objective is to find the MASP for the sensor S7, j € {1,...,m}, such that exponential
stability of the estimation error is preserved. Given L, a, and 7, i € {1,...,m},
the sufficient conditions in Theorem 5.1 become LMIs. These LMIs can be solved
efficiently using available optimization software [16,17]. Following the line search
strategy, the problem of finding a lower bound! on the MASP for the sensor S7, j €
{1,...,m}, that guarantees exponential stability of the estimation error is formulated

as

Problem 5.1.

maximize T/

subject to P >0, Ry >0, R; >0, i €{l,...,m}, X >0, (5.11) and (5.12).

We denote the computed lower bound on the MASP that guarantees exponential

stability of the estimation error by 77 . In the second problem, it is assumed that

the upper bound on the sampling intervals for each sensor (i.e. 7, i € {1,...,m}) is
known and the decay rate « is given. The objective is to design an observer gain L

such that exponential stability of the estimation error is guaranteed. With L as an

!'The computed value is a lower bound on the MASP because the LMIs in Theorem 5.1 are
sufficient conditions.
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optimization variable, the conditions in Theorem 5.1 are bilinear matrix inequalities.

Using a change of variables, however, these conditions can be written in the form of
LMIs as shown in the following corollary.

Corollary 5.1. Given 7%, i € {1,...,m}, and o > 0, suppose there exist positive

definite matrices P and Ry, matrices Y, N, and N, with appropriate dimensions,

and a positive scalar €x, satisfying

W, + 7 M, * * *
PA [Y@ 0}
—7Ros * *
0 Ro <0 (5.31)
EFNT 0 —EFR
71 [PA YO 0]) 0 0 —Rr
i W, + 7 Mo, * * * ]
EFN' ~_EFR % X
B - <0 (5.32)
F1®|PA YT o) 0 -Fr o«
TNT 0 0 e
L exp(ar)
where 7, 7, E, and R are defined in (5.9), (5.13)-(5.15), and
ROS :dlag(P, Ro), (533)
PA YO 0] [PA YT 0
T
v,=| 0 00+ooo+a[[oo}P[foo]
0 0 0 0 0 0
T
I 0 —I I 0 —I

oo o NM-N{o 0 0 —[1@1 1 o]TNT

00 0

00 0

Nl1w1 -1 0]—eX [I 0 —I}TP[I 0 —I],

A vC o] PA YO 0
M =ex 0 0 0| “+ex 0 0 0
—PA —-YC 0 —PA —-YC 0

+ aex [I 0 —I]TP[I 0 —1},
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T
000 000
My,=—10 I 0| NF=N|o I 0
00 I 00 I

Then there exists an observer gain L = P~'Y and a set of matriz variables Ry, R;,
i€ {l,...m}, and X that satisfy the conditions in Theorem 5.1, for the same values
of ', i€{l,...m}, a, P, N, and N.

Proof. The proof is straightforward and consists of verifying that inequalities (5.31)
and (5.32) are equivalent to (5.11) and (5.12) with the change of variables L = P~'Y

Ry = Rys (see (5.33)), Ry =P,i={1l,...,m}, and X = exP. O
Therefore, given 7, ¢ € {1,...,m}, and a > 0 the problem of designing an

observer gain L that guarantees exponential stability of the estimation error is for-

mulated as

Problem 5.2.

find Y
subject to P >0, Ro >0, ex >0, (5.31), and (5.32).

The observer gain is then computed as L = P~'Y. The conditions in Corollary 5.1
are sufficient conditions for the inequalities in Theorem 5.1 and therefore are more
conservative. However, they can be used to design linear observers by solving a convex

optimization program that can be solved efficiently using available software packages.

5.4 Numerical Example

Consider the path following problem in Chapter 4 where the objective is to control a
unicycle to follow the line y = 0 in the # — y plane (see Fig. 4.1). The dynamics of

the system are represented by

¥ 0 1 o] [v 0 0
il =10 —k/I Of |r|+ 0 + (1/1] u, (5.34)
Y 0 0 0|y vsin(e) 0

where y represents the distance from the line y = 0, ¢ and r are the heading angle

and its time derivative, respectively, v = 1 (m/s) is the unicycle’s velocity, u denotes
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Table 5.1: The computed MASP (72_.) for sensor S? that guarantees exponential
stability of the estimation error with o = 0.1

7_2

For 71 = 0.1 (s) | 0.24 (s)
For 7' = 0.15 (s) | 0.18 (s)
For 77 = 0.17 (s) | 0.05 (5)

the torque input about the z axis, I = 1 (kgm?) is the unicycle’s moment of inertia
with respect to its center of mass, and k& = 0.01 (Nms) is the damping coefficient.

Linearizing the system about the origin leads to the linear system (5.1), with

y 0 1 0 0
x=|y|, A=|0 —0.01 0|, B=|1
r 1 0 0 0

Assume that the states y and r are measured by asynchronous dedicated sensors
St and S?, respectively. Let L be an observer gain that places the poles of the

continuous-time estimation error vector field at —0.25 4+ 1.57 and —3.5. Therefore,

0 -2
1 0 0 0
C = , D= ,L=1-2 0]. (5.35)
0 0 1 0
0 —4

Assume that the sampling intervals of sensor S' have a known upper bound, i.e.
71 is fixed. Solving Problem 5.1 for different values of 7!, the lower bound on the
MASP (that guarantees exponential stability of the estimation error) for sensor S? is
presented in Table 5.1. As expected, when the allowable length of sampling intervals

for sensor S increases, the computed value for 72 decreases. In other words, as the

max
sampling frequency of the first sensor decreases, the second sensor must sample faster
to guarantee convergence of the estimation error to the origin.

Now suppose that sensors S' and S? perform measurements at unknown nonuni-
form sampling intervals smaller than 7! = 0.5 (s) and 72 = 0.3 (s), respectively.
Simulation results in Fig. 5.3 show that the estimation error does not converge to the

origin in this case with the choice of observer gain (5.35). Solving Problem 5.2 with
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Figure 5.3: State estimation error for 7! = 0.5 (s) and 72 = 0.3 (s) and observer gain
L defined in (5.35).

a = 0.1 and ex = 1, we find a new observer gain

—0.8079 —0.2555
L'= [-0.2071 —0.0550] . (5.36)
—0.7609 —0.7714

The new observer gain L' guarantees exponential stability of the estimation error as

shown in Fig. 5.4.

5.5 Conclusion

The observer design problem for linear systems with multi-rate sampled output mea-
surements was addressed. Given the MASP for each sensor, sufficient Krasovskii-
based conditions for design of linear observers were proposed in terms of LMIs. Fur-
thermore, given an observer gain, the problem of finding MASPs that guarantee
exponential stability of the estimation error was formulated as a convex optimization

program subject to LMIs.
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Figure 5.4: State estimation error for 7! = 0.5 (s) and 7 = 0.3 (s) and observer gain
L’ defined in (5.36).
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Chapter 6

Stability Analysis of Piecewise
Affine Sampled-data Systems

This chapter addresses stability analysis of sampled-data PWA slab systems. In
particular, we study the case in which a PWA plant is in feedback with a discrete-
time emulation of a PWA controller. The contributions of this chapter are threefold.
First, a modified LKF is presented for studying PWA sampled-data systems that
is less conservative when compared to previously suggested alternatives. Second,
based on the new LKF, sufficient conditions are provided for asymptotic stability of
sampled-data PWA slab systems to the origin. These conditions become LMIs in
the case of a PWL controller. Finally, we present an algorithm for finding a lower
bound on the MASP that preserves asymptotic stability. Therefore, the output of
the algorithm provides an upper bound on the minimum sampling frequency that

guarantees asymptotic stability of the sampled data system.

6.1 Introduction

PWA systems form a special class of hybrid systems that is often considered as a
framework for modeling and approximating nonlinearities that arise in physical sys-
tems [23]. Stability analysis of continuous-time PWA systems was addressed using
Lyapunov-based methods in [25-27, 29]. Lyapunov-based synthesis methods for PWA
systems were presented in [26, 29, 30, 32]. However, to be implementable in micropro-
cessors, the resulting continuous-time controllers must be emulated as a discrete-time
controller.
While sampled-data control of linear systems is a well-studied subject (e.g. see [37]),

its extension to PWA systems has not received many research contributions. The

90



term “sampled-data PWA system” was probably used for the first time in [102,
103], although the systems described there do not possess the typical structure of
a continuous-time plant being controlled by a discrete-time controller. By contrast,
reference [53] addresses the classical structure of a sampled-data system in which a
continuous-time system is controlled in discrete-time inside a computer. Assuming
constant sampling rate, the author studies the stability of sampled-data PWA systems
using a quadratic Lyapunov function. The paper provides a set of LMIs as sufficient
conditions for exponential convergence of the sampled-data system to an invariant
set containing the origin.

In sampled-data systems, the discrete-time controller can also be modeled as a
continuous-time controller with time varying delay. The time-delay representation has
been implemented in nonlinear and linear sampled-data systems using Razumikhin-
type theorems [41], and LKFs [48]. Following the time-delay approach, reference [54]
studies the stability of sampled-data PWA systems with variable sampling rate. The
paper uses an LKF to prove that if a set of LMIs are satisfied, the trajectories of the
sampled-data system converge to an invariant set containing the origin.

In contrast to previous work, we address asymptotic stability to the origin rather
than stability to an invariant set for sampled-data PWA slab systems. To the best
of our knowledge, asymptotic stability of sampled-data PWA systems to the origin
was not proved before. We study a continuous-time PWA slab plant in feedback
with a PWA slab controller that appears between a sampler, with variable sampling
rate, and a zero-order-hold. The contributions of this chapter are threefold. First,
a modified LKF is presented for studying PWA sampled-data systems that is less
conservative when compared to previously suggested alternatives. Second, based on
the new LKF, sufficient conditions are provided for asymptotic stability of sampled-
data PWA slab systems to the origin. Finally, following the time-delay approach,
we present an algorithm for finding a lower bound on the MASP that preserves
asymptotic stability. This result provides an upper bound on the minimum sampling
frequency that guarantees asymptotic stability of the sampled data system.

The chapter is organized as follows. Section 6.2 presents basic information about
sampled-data PWA slab systems. In Section 6.3, a modified LKF is introduced first.
Next, we present a theorem that provides sufficient conditions for asymptotic stability
of sampled-data PWA slab systems. Furthermore, we present an algorithm for finding
a lower bound on the MASP that preserves asymptotic stability. Finally, the new

results are applied to a unicycle example in Section 6.4, followed by conclusions.
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6.2 Preliminaries

Consider the PWA slab system
(t) = Ajx(t) + a; + Bu(t), for x(t) € R; and i € Z, (6.1)

where x € X C R™ denotes the state vector, A; € R"™*" ¢, € R"™ B € R" X"
u € R™ is the control input, and Z = {1,..., M} is the set of indices of the slab

regions R; that partition the state space X. The slab regions are defined as
Ri={zeR™|o; <o <01}, i €T, (6.2)

where ¢ € R™, ¢ # 0, and 01 < 09 < ... < gp741 are finite scalars. We denote the
closure of R; by R,. The state space is represented by the union of the closure of all
regions, i.e.

X = UE ={z e R™|o; < 'z < opp} (6.3)
i€z
Based on (6.3) and (6.2), the state space X and the regions R; are only bounded in
the direction of vector c¢. Each slab region R; can also be described by a degenerate
ellipsoid as
Ri = {z|||Liz + ;|| < 1}, (6.4)

where L; = 2¢” /(041 —0;) and [; = — (011 +0:) /(0441 —0;) (see [30] for more details).

Lemma 6.1. For the slab regions defined in (6.4), x € R; if and only if

LZ-TL,- LiTli T
[xT 1] < 0.
I, L; lf — 1|1

Proof. According to (6.4), x € R; if and only if ||L;z + ;|| < 1. Therefore,

$€RZ<:>(L7JZE+ZZ)2<1

~( D (e 0=

- rr, LT | [« .
< [1‘ ] < U.
LL; 12—1] |1
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Let a PWA controller for (6.1) be defined by
u(t) = K;z(t) + ky, for z(t) € Ry,

where K; € R™*" and k; € R™. We now present the assumptions used in this work.

Assumption 6.1. The vector field of the open-loop system (6.1) for u(t) = 0 is

continuous across the boundaries of any neighboring regions.
We denote the region containing the origin by R*.

Assumption 6.2. The open-loop and closed-loop systems are linear in R*, i.e. a; =0
and k; =0 for R; = R*.

Assumption 6.3. The state vector is measured at the sampling instants t,, n € N,
where 0 < t. <tp,.1 —1t, <7 foralln e N.

The positive constant t. is an arbitrary small number that models the fact that
two transmissions cannot occur simultaneously in practice. It is also used later to
rule out the existence of the Zeno phenomenon. The number 7 denotes the longest
interval between two consecutive sampling times. According to Assumption 6.3, the

control input is rewritten as
u(t) = Kjz(t,) + kj, for t € [t,,to11), x(t,) € Rj, and j € T.
We denote the time elapsed since the last sampling instant by
p(t) =t —t,, for t € [t, tns1). (6.5)
Assuming z(t) € R; and z(t,) € R, for t € [t,,,t,11), we can rewrite (6.1) as

&(t) =A;x(t) + a; + B(Kjx(t,) + kj) (6.6a)
=A;x(t) + a; + B(K;z(t,) + ki) + Bw(t), (6.6b)

where w € R™ is a piecewise constant vector defined by
w(t) = (K; — K)x(tn) + (k; — k). (6.7)

The vector w is associated with the fact that the state and its most recent sample

can possibly be in different regions. To be of later use in the proofs we must define
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bounds on the mismatch between controller gain matrices K; and affine vectors k;,
i € Z. To that end, let B,(0) be the ball with radius p > 0 centered at the origin and
Z, = {p € Z|R, (N B.(0) # 0}. We define non-negative scalars AK,, and 6k, as

AKHZ max ||KJ—K1||, 5]{5“: max ||k]_kz|| (68)

i€, jET, icT, jET

Furthermore, let non-negative scalars AK and 0k be defined as
AK =max||K; — K;||, 0k = max]||k; — k|| (6.9)
ijeT ijeTl

The following lemma presents a bound on the vector w which is used in the proof of

the main result.

Lemma 6.2. Fort € [t,, 1), if ||x(t,)]] < p, then

—I (AK,pu+ 0k,)1 t
[ I EAKZZM/{:Z;I] [wi )] - .
where 17 = [1 e 1} - and = represents an elementwise inequality.
Proof. 1f ||x(t,)]| < p, according to (6.7) and (6.8) we can write
o] < G = Killllz (@)l + [[k; = Kill < AKup+ 0k, (6.11)

For single input systems, inequality (6.11) can be written as

w(t)
> 0.
1
For the case of multi-input systems, a more conservative inequality can be written

as (6.10), i.e. the absolute value of each element of w is less than AK, pu+ 0k,. O

-1 AK,pu+ ok,
1 AK,pu+ 0k,

6.3 Main Results

In this section, we first present a modified LKF for studying PWA sampled-data
systems. Let V (¢, z;) be an LKF defined as

V(t,a) =Vi+ Va+ Vi, (6.12)
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where

Vi =z (t) Px(t),
Vy = /_ /w Kja(t,) + kj)} TR[;'U(S) ~ B(Ka(t,) + kj)] ds dr,
Vs = (x(t) = 2(tn)" X (2(t) — (t,)),

where P, R, and X are symmetric positive definite matrices in R"**"= ¢, <t is the
most recent sampling instant, and j is the index of the region containing the most
recent sampled state, i.e. z(t,) € R;.

Note that the second component of the LKF introduced in (6.12) is different from
its corresponding term in previously studied LKFs such as [48,54]. By subtracting
B(Kjx(t,)+k;) from & in the definition of V5, we omit an unfavorable positive definite
term involving ww from V. This modification considerably improves the stability
results as shown in Section 6.4. We now define stability in the context of retarded

functional differential equations.

Definition 6.1. [20] The solution of (6.6a) is said to be uniformly stable if for any
€ > 0, there is a 6 = d(€) such that ||xs,|[w < § implies ||x(t)|| < € for t > ty. The
solution of (6.6a) is uniformly asymptotically stable if it is uniformly stable and there
is 0q > 0 such that for any n > 0, there is a T = T(64,7m), such that ||z || < 04
implies ||x(t)|| <mn fort >ty +T.

The following theorem provides a set of sufficient conditions for which the trajec-

tories of a sampled-data PWA slab system asymptotically converge to the origin.

Theorem 6.1. Consider the sampled-data PWA slab system defined in (6.6b) and (6.7)
subject to Assumptions 6.1-6.3. The system is uniformly asymptotically stable to the
origin if there exist symmetric positive definite matrices P, R, and X, symmetric ma-
trices A; with non-negative entries, matrices N and N;, with appropriate dimensions,

and positive scalars v, @ < 1, n, N\;, o, and €, with i € T, satisfying

AK?*y <0 (6.13)
o for all i such that R; # R*
<0 (6.15)
NI —TR

)
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Qi+ + Q) +7(My+ My, + M) + Sis + Sy + el <0 (6.16)

Qi+ Q + @ +7(Moi+ My + M) + S+ Sy +el 7N,
<0 (6.17)
TNT TR
e fori such that R; = R*
Qi + 7-<M12' + Mlj; + M21> -+ SM‘ — Sgi + D < 0 (618)
[ + 7(Ma; + Ms; + ML) + Sy — So; + D 7N;
<0 (6.19)
I TNT —7R
Qi + 7(Mo; + My + ML) + Sy — Soi + S + el TN,
<0 (6.21)
i TNT —TR
W, + 7My; + Ms; + €l <0 (6.22)
(U, + Moy + My; + el 7N,
~ <0 (6.23)
i TNT —TR
where
[ [PB 0
T
Q=" Lo o|-|M -N 0o - [N -N 00
* 0
o [ATP + PA;— X PBK; + X
1T i “ _X )

ﬁi::P 00 O]T[o 0 0 ai—i-Bkz},
]

L - T
My=|X -X 00 [AZ- BK, B a,-+Bl<:Z},

o - T
M=[A 0 0 o] R[4 0 0 a,

Sh-:—)\l([Li 00 lir[Li 00 t]-foo0 o0 1}T[0 0 0 1D

SQZ-:—U<[0 L 0 zir[o Li 0 lz}—[o 00 1}T[0 00 1D
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T
S 0 0 —I (AKupu,+0k,)1 A 0 0 —I (AK,pr+0k,)1
TTlo0o I (AKuw + k)1 |00 I (AR +0k)1]
5k

o - AK

D =diag(nl, I, —~I, n),

(6.24)

— T_
My=|x —-Xx 0 o] A, BK. B 0],

My =[4, 0 0 o}TR[Az- 00 0,

My, =N, [0 BK, B 0|,

7 [ATX 4+ XA+ ATRA;, —ATX + XBK,

15 — )
I * ~K'B"X — XBK,

. o~ ATRA; 0

Ma; = NI+ N o BE+ ,
KB x 0

— - 1T ~ ~
M3i - — |:Nz —Nz:| — |:Nl —Nz:| .

Proof. Similar to the approach in Chapter 2, it can be shown that the LKF (6.12)
is positive definite, radially unbounded, and decrescent. The first two components,
Vi and V5, are continuous functions. The last component, V3, is equal to zero at the
sampling instants (z(t)|,—,, = x(t,)) and greater than zero at other times. There-
fore, the LKF is non-increasing at the sampling times. To prove uniform asymptotic
stability of the closed-loop trajectories to the origin, it suffices to show that inequal-
ities (6.13)-(6.23) are sufficient conditions for V' to be strictly decreasing between
any two consecutive sampling times. The time derivative of V' for ¢t € (t,,t,41) is

computed as follows. First, the time derivative of V] is
Vi = i" Px + 2" Pi. (6.25)

Second, applying the Leibniz integral rule to V5 yields

- [ i = B a(ta) + k) R — B(Kja(t) + k)] dr

—T

— /0 [Z(t +r) — B(K;x(t,) + k:j)]T R[&(t+r) — B(K;x(t,) + k;)] dr.

—T
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According to (6.5), we have p < 7. Therefore,

Vo <7[i — B(Kja(ta) + k;)]" R[& — B(Kx(t,) + k)]

- /_0 [Z(t +7r) — B(K;z(t,) + kj)]T R[i(t+r) — B(Kjz(t,) + k;)] dr

p

=7 [& — B(K;z(t,) + k;)]" Rz — B(K;z(t,) + k;)]
_ /t [#(0) — BUG(t) + k)] RIE) — B(Rya(t) + k)] do. (620

Since R is positive definite, for any arbitrary time varying vector h;(t) € R™ we can

write

R -1

(a(e) = B(Kya(ta) + k)T HT] |

Therefore,

— [i(v) — B(E;a(ta) + k;)]" R[i(v) — B(Ka(t,) + kj)]
< hIR™'h; — [i(v) — B(K;x(t,) + k)" hi — b [i(v) — B(K;x(t,) + k;)] -

Integrating both sides from ¢ — p to ¢, we have

- /t [@(v) = BUKj(ta) + k)] Rli(v) = B(Kja(t,) + kj)] dv

< phT R — [ — 2(tn) — pB(Ksa(tn) + k)"
— bl [v — 2(t,) — pB(K;z(t,) + kj)] - (6.27)

Here, we used the facts that for v € [t — p,t], u = K;z(t,) + k; is constant and
therefore #(v) is continuous by Assumption 6.1, and ¢ — p = t,. Replacing (6.27)
in (6.26), we have

Va <7l — B(EGa(t,) + k)T RlE — BUK;a(ta) + k)] + ph? R,
o~ alta) — pB(Ea(t) + k)T hy — B [o — a(t,) — pBUEK () + k).
(6.28)

Using (6.7) to replace K;z(t,) + k; by (K;x(t,) + k;) + w in the last two components
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of (6.28) yields

Vo <7 — B(K;x(t,) + k;)|" R — B(K;x(t,) + k;)] + phT R™*h;
— [z —a(tn) = pB((Kix(tn) + ki) +w)]" hy
— bl [z — 2(t,) — pB((Kiz(t,) + k) +w)]. (6.29)

From (6.5) we have p = 1. Hence, the time derivative of V3 is computed as

Vs = (1= p) [#" X (x = 2(t.)] + (7 = p) [(& — 2(t.)" Xi] — (& — 2(t.))" X (2 — 2(tn)).
(6.30)

Since V = Vi + V4 + Vi, adding (6.25), (6.29), and (6.30) yields

V <iT Pz + 2T Pi + phl R™h; + 7 [& — B(K;z(t,) + k;)|" R[# — B(K;z(t,) + k;)]
— [z — a(tn) = pB((Kix(ty) + ki) +w)]" by
= hf [ —a(ty) — pB((Kiw(ty) + ki) +w)] + (1 — p) [#7 X (2 — z(t,))]
+ (1= p) [(& = 2(ta))" Xa] — (v — 2(t.))" X (2 — 2(tn)). (6.31)

For t € (t,,t,+1) and z(t) € X we consider the following three possibilities;
x(t) ¢ R*,

2. z(t) € R* and z(t,) ¢ R*,

3. z(t) € R* and z(t,) € R*.
The rest of the proof is divided into three parts corresponding to the above possibil-
ities.

e Part 1: For z(t) € R; # R*, based on (6.6), we have
i(t) = [AZ- BK: B a;+ Bki] C(t), (6.32)

and

(1) — B(Kz(t,) + k;) = [Ai 00 ai] ¢(b), (6.33)

T
with ((t) = [xT(t) af  w(t) 1} € RZ¥=tnutl  Replacing (6.32) and (6.33)
in (6.31) and setting h;(t) = NI ((t) with N; € REratmutDxne we can write

VSCT<[AZ- BK, B ai+Bk:Z-]TP[I 00 o

99



+ [I 0 0 o]TP [Ai BK, B ai+Bki] + pN,R'NT
yr [Ai 00 az}TR [AZ- 00 al} - [I I pBK, —pB —pBE] NT
~Ni[1 ~1-pBEK, ~pB —pBk]
H(r = p) [Ai BEK; B aﬁ—BkZ}TX [1 10 0}
(r = p) [1 10 O}TX [A,- BK, B a,-+Bkl}
~|r -1 0 O}TX 1o 0]) . (6.34)
Hence, for p = 0, LMI (6.14) implies
V < —natae —z(t,) z(t,) + ywlw —n— ¢TSyC. (6.35)

Using Schur complement, LMI (6.15) implies that (6.35) holds for p = 7. Since (6.34)
is affine in p, LMIs (6.14)-(6.15) are sufficient conditions for (6.35) to hold for any
p € (0,7). Recalling (6.7) and (6.9), we can write

llw|| < AK||x(t,)]| + dk. (6.36)
Considering (6.24) and (6.13), for ||z(t,)|| > - we have

VO lla(ta)l] = AK|lx(t)]] > k.

Therefore, based on (6.36), for ||z(t,)|| > ur we can write

VOl (ta)l] 2 [fwl]. (6.37)

Adding and subtracting 0z (t,)?z(t,), 0 < 6 < 1, in inequality (6.35) and using (6.37),
for [|xz(t,)|| > w1, we get

V< —naTe — (1 —0)axt,) =(t,) —n— T Suc. (6.38)
Furthermore, considering (6.34) for p = 0, inequality (6.16) implies
V < CT(—€I —Su— SgZ)C (639)

Using Schur complement, inequality (6.17) implies that (6.39) holds at p = 7. Since (6.34)
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is affine in p, inequalities (6.16)-(6.17) are sufficient conditions for (6.39) to hold for
any p € (0, 7).

According to Lemma 6.1, ¢7'S1;¢ > 0if z(t) € R;. Furthermore, using Lemma 6.2,
(T S5:¢ > 0if ||z(t,)|| < pr. Hence considering (6.38), LMIs (6.13)-(6.15) are sufficient
conditions for V' to be strictly decreasing between two consecutive sampling times for
l|z(t,)|| > pr. Moreover, considering (6.39), inequalities (6.16)-(6.17) are sufficient
conditions for V' to be strictly decreasing between two consecutive sampling times for
[|z(tn)]] < pir-

Therefore, inequalities (6.13)-(6.17) are sufficient conditions for V' to be strictly
decreasing for any t € (t,,t,4+1) and x(t) ¢ R*, regardless of the magnitude of x(t,).

e Part 2: For z(t) € R; = R* and z(t,,) ¢ R*, based on Assumption 6.2, we have
a; = 0 and k; = 0. Setting a; = 0 and k; = 0 in (6.34), for p = 0, LMI (6.18) implies

V < —nalae — z(t,) x(t,) + ywTw —n + ¢T(=Syu + S2)C. (6.40)

Using Schur complement, LMI (6.19) implies that (6.40) holds for p = 7. Since (6.34)
is affine in p, LMIs (6.18)-(6.19) are sufficient conditions for (6.40) to hold for any
pe(0,7).

Adding and subtracting 0x(t,,)Tz(t,) with 0 < § < 1 in (6.40) and recalling (6.37)
for ||z(tn)|| > pr, we get

V< —nzTe — (1 —0)zt,) z(t,) —n+ CF(=Su + Su)C. (6.41)

Furthermore, considering (6.34) with a; = 0, k; = 0, and for p = 0, inequality (6.20)
implies

V < CT(—GI — S1; + S9 — SgZ)C (642)

Using Schur complement, inequality (6.21) implies that (6.42) holds for p = 7.
Since (6.34) is affine in p, inequalities (6.20)-(6.21) are sufficient conditions for (6.42)
to hold for any p € (0, 7).

Based on Lemma 6.1, ¢T'S;;¢ > 0 if 2(t) € R;. Furthermore, ¢(7'Sy¢ < 0 if
z(t,) ¢ R;. Finally, using Lemma 6.2, ¢7S3;¢ > 0 if ||x(¢,)|| < pr. Hence consider-
ing (6.41), LMIs (6.13) and (6.18)-(6.19) are sufficient conditions for V' to be strictly
decreasing between two consecutive sampling times for ||z(t,)|| > p.. Moreover, con-
sidering (6.42), inequalities (6.20)-(6.21) are sufficient conditions for V' to be strictly
decreasing between two consecutive sampling times for ||z (¢,,)|] < g

Therefore, inequalities (6.13) and (6.18)-(6.21) are sufficient conditions for V' to
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be strictly decreasing for any t € (t,,t,11), x(t) € R*, and z(t,) ¢ R*, regardless of
the magnitude of x(t,).

e Part 3: For x(t) € R; = R* and z(t,) € R; = R*, According to (6.7) and As-
sumption 6.2, we have a; = 0, k; = 0, and w = 0. Replacing N; by | N7 Onzx(nuﬂ)]T,
N; € R2=*n= - and setting a; = 0 and k; = 0 in (6.34), LMI (6.22) implies

V< —e("¢ (6.43)
~ T

for p = 0, where ( = [xT(t) a:(tn)T] . Using Schur complement, LMI (6.23) implies
that (6.43) holds for p = 7. Since (6.34) is affine in p, LMIs (6.22)-(6.23) are sufficient
conditions for V' to be strictly decreasing for any p € (0,7), z(t) € R*, and z(t,)) € R*.
Therefore, inequalities (6.13)-(6.23) are sufficient conditions for V' to be strictly
decreasing between any two consecutive sampling times over the state space. Accord-
ing to Assumption 6.3, any sampling interval (¢,,%,.+1), n € N, has a length greater

than or equal to ¢, > 0. Hence. V|t;+1 < V4, where V|t;+1 =limy », , V.
Note that we computed V for the three possibilities in which the state vector
x(t) belongs in the state space X'. Therefore, we must ensure that x(¢) remains in X
during the evolution of the sampled-data system. To this end, consider the following

bounds on V over the boundaries of the state space,

Cy = min V(t,x), Vo, €W, pe€[0,7), (6.44a)

cTr=0

Cysr= min V(t,x), Yo, €W, pe[0,7), (6.44b)

cTr=apr

C = min {Cl, CM—H} . (644C)

Note that the minima in (6.44) exist since V; is positive definite and radially un-
bounded, and V5 and V3 are non-negative. Let C € (0,C) and define the set
as

Q= {(t,z)|V(t,z,) < C}. (6.45)

Since V is strictly decreasing in the sampling intervals and non-increasing at the
sampling instants, the set (2 is forward invariant. Considering (6.44), it can be shown
by contradiction that the projection of the set €2 onto X lies in the interior of X.
Therefore, for any trajectory starting in €2, the state vector remains in X'. Assuming
that the system’s trajectories start in €2, based on Lyapunov-Krasovskii theorem [20],
the closed-loop sampled data PWA slab system is uniformly asymptotically stable to

the origin. Note that the Zeno phenomenon does not occur since, by Assumption 6.3,
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there exists t. > 0 such that ¢, — ¢, > t. for all n € N. O

In the proof of Theorem 6.1, we showed that inequality (6.13) and inequali-
ties (6.14)-(6.23) are sufficient conditions for the LKF to be decreasing, between two
consecutive sampling times. Table 6.1 summarizes the correspondence between in-
equalities (6.13)-(6.23) and the portion of the state space that they refer to.

Remark 6.1. In intuitive terms, relaxing Assumption 6.3 by letting the sampling
intervals approach zero, yields T — 0 and z(t) = x(t,) fort, <t < t,y1. Therefore,
Vo and V3 vanish and the inequalities in Theorem 6.1 reduce to the LMI conditions
for stability of continuous-time PWA slab systems (e.qg. see [30]).

We now present the result for a PWA slab system in feedback with a sampled-data

PWL controller as a corollary.

Corollary 6.1. Consider the sampled-data PWA slab system defined in (6.6) and (6.7)
subject to Assumptions 6.1-6.3. Assume that the controller is piecewise linear (PWL),
t.e. k; =0, Vi € Z. The system is uniformly asymptotically stable to the origin if
there exist symmetric positive definite matrices P, R, and X, matrices N and N;,

with appropriate dimensions, and positive scalars v, 0 < 1, n, A\;, o, and €, witht € I,
satisfying (6.13)-(6.15), (6.18)-(6.19), and (6.22)-(6.23).

Proof. Since k; = 0 for all 1 € Z, we get 0k = 0. Hence, equation (6.24) yields p, = 0.
According to the proof of Theorem 6.1, LMIs (6.13)-(6.15), (6.18)-(6.19), and (6.22)-
(6.23) are sufficient conditions for the LKF (6.12) to be strictly decreasing for any
t € (tn,tns1) and ||z(t,)|| > 0 (i.e. the whole state space). Since the LKF is non-
increasing at the sampling instants, similar to the proof of Theorem 6.1, a forward
invariant set can be found. Assuming that the trajectories start in the invariant set,
the closed-loop sampled data PWA slab system is uniformly asymptotically stable to
the origin. O]

Remark 6.2. For PWL controllers we have p, = 0. Therefore according to Ta-
ble 6.1, Corollary 6.1 contains only those inequalities of Theorem 6.1 that correspond
to ||z(tn)|| > pr. Consequently, the inequalities in Corollary 6.1 can be solved effi-
ciently as a set of LMIs. For PWA controllers, however, the inequalities in Theo-
rem 6.1 do not constitute a set of LMIs.

Note that the matrix Ss; is a nonlinear function of the variables v and 6. Hence,
inequalities (6.13)-(6.23) cannot be solved simultaneously using LMI solvers. How-
ever, inequalities (6.13)-(6.15), (6.18)-(6.19), and (6.22)-(6.23) are linear in v and ¢
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Table 6.1: The correspondence between inequalities of Theorem 6.1 and the state
space.

|z (@)l = pr ||z (@)l < pir

() ¢ R* (6.13) and (6.14)-(6.15) | (6.16)-(6.17)

2(t) € R* and z(t,) ¢ R* | (6.13) and (6.18)-(6.19) | (6.20)-(6.21)
z(t) € R* and z(t,) € R (6.22)-(6.23)

and constitute a set of LMIs. Moreover, treating v and 6 as constant parameters,
inequalities (6.16)-(6.17) and (6.20)-(6.21) become a set of LMIs. Based on the above
observations, we propose a two-phase algorithm for solving inequalities (6.13)-(6.23).

To this end, consider the following remark.

Remark 6.3. The variable 0 < 6 < 1 appears only in inequality (6.13) and the
matriz Ss;. Without loss of generality, we assume 0=1-eps, where eps is the machine
epsilon. To justify this assumption, note that if (6.13) is satisfied for a 6, it is also
satisfied for any larger 6. Moreover, based on (6.24), a larger 0 yields a smaller .,
which in turn provides a tighter bound on the mismatch vector w (see Lemma 6.2).
A tighter bound on w makes LMIs (6.16)-(6.17) and (6.20)-(6.21) less conservative
through the S-procedure term Ss;. This in turn allows the algorithm to yield a larger

lower bound on the longest sampling interval that preserves asymptotic stability.

Algorithm 1 finds a lower bound on the longest interval between two consecutive
sampling times T, which preserves asymptotic stability. In the first phase of the

algorithm, given 7, we solve the following optimization problem.
Problem 6.1.
minimize -y
subject to P >0, R>0, X >0, v>0,n>0, 0 >0, \; >0, i €7,
(6.13) — (6.15), (6.18), (6.19), (6.22), and (6.23).

If Problem 6.1 is feasible, according to Table 6.1, the LKF is decreasing for any
t € (tn,tny1) and ||z(t,)|| > pr. Note that minimizing v leads to a smaller p,
which relaxes the inequalities that will be solved in the next phase (see Remark 6.3).
Treating v, P, R, and X as constant parameters computed in Problem 6.1, we solve

the following feasibility problem in the second phase.
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Name Algorithm 1

Goal Find a lower bound on the longest interval between two consecutive
sampling times (Tyax) that preserves asymptotic stability

Inputs A PWA slab system and a PWA slab continuous-time controller

Outputs | A lower bound on the longest interval between two consecutive sam-
pling times (Tyax) and an LKF which proves asymptotic stability

Initialization: set Tax =0, 0 :=1—eps, 77 := 0, 7, := M, where M is a large
number, and choose a finite threshold > 0
while 7, — 7; > threshold:
set 7= (1 + 7,)/2
if Problem 6.1 is infeasible:
set 7, ;=T
elseif the controller is PWL:
set Thax ;=7 and 7, := 7
else:
(Using v, P, R, and X from solution of Problem 6.1)
if Problem 6.2 is infeasible:
set 7, ;=T
else:
set Thax ;=7 and 7, := 7T

Problem 6.2.

find e>0,0>0, \>0, \; =0,iel
subject to (6.16), (6.17), (6.20), and (6.21).

If Problem 6.2 is feasible, based on Table 6.1, the LKF is decreasing for any
t € (tn,ths1) and ||z(t,)|] < pr

Remark 6.4. In Problem 6.2, matrices P, R, and X are treated as constant param-
eters and replaced with the numerical values computed in Problem 6.1, so that the

same LKF is used both outside and inside the ball of radius .

In the next section, we use Algorithm 1 to compute 7,,,, in a unicycle example.

6.4 Numerical Example

Consider the line following example of Chapter 4, whose objective is to control a

unicycle to follow the line y = 0 in the = — y plane (see Fig. 4.1). The dynamics of
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the system are represented by

U 0 1 o] [v¢ 0 0
il =10 —k/I of |r|+ 0 + |1/1| u, (6.46)
v 0 0 0] |y vsin() 0

where ¢ and r are the heading angle and its time derivative, respectively, y is the
distance from the line y = 0, v represents the unicycle’s velocity, u is the torque input
about the z axis, I = 1 (kgm?) is the unicycle’s moment of inertia with respect to

its center of mass, and k£ =0.01 (Nms) is the damping coefficient. The state vector

of the system is represented by z = [@Z) r y}T. We assume that the unicycle has
a constant velocity v =1 (m/s) and the heading angle v is restricted to the interval
[—37/5,37 /5], i.e. the state space is defined as Z = [—-3n/5,37/5] x R2.

The system’s nonlinearity, sin(v), is approximated by a PWA function. The PWA

approximation is defined over the following five regions:

Ri={z e Ry e (-3n/5,—7/5)}
Ry ={z € Ry € (—7/5,—n/15)}
R3={z e R*[¢ € (—7/15,7/15)} .

, Rs={z € R € (n/5,3n/5)},
, Re={z€R% € (n/15,7/5)},

Consider the PWA controller
u=K;z+Fk;, for ze R;, i € {1,...,5}, (6.47)

with

[~49.907 — 9.468 — 13.925], k; = —0.617,
[~48.315 —9.330 — 13.812], ky = 0.384,

[—50.147 —9.468 — 13.742], k3 =0,
[— ]
[— ]

48.316 —9.330 — 13.812], k4 = —0.384,

Ky
Ky
Ky
Ky
K 49.907 —9.468 —13.925], ks = 0.617.

The vector gains K, ¢ € {1,...,5}, are taken from the PWL controller proposed
in [30]. The affine gains k;, ¢ € {1,...,5}, are added to the controller such that the
continuous-time PWA controller becomes continuous at the boundaries of the regions.
Our goal is to find a lower bound on the longest interval between two consecutive

sampling times such that asymptotic stability is guaranteed. Using Algorithm 1, with
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Figure 6.1: Unicycle’s states for Ty = Tyax.

7. = 0.2 and threshold=0.001, after eight iterations, we get

Tmax = 0.104 (sec)

and
[14.75 0.45 4.20 98.74 9.75 30.12
P=1045 019 0.13|, X =197 137 673 |.
| 4.20 0.13 5.80 30.12 6.73 790.61
[8.29 7257  1.18
R=|7257 711251 —17.32]. (6.48)
118 —17.32  5.00

Similar to (6.45), an invariant set €' can be computed by considering the quadratic
term Vi in the LKF, i.e. ' = {(t,2)|V(t,z) < C'}, where C' € (0,C") and C' =
Miny—g./5 Vi(t, 2:) < minjgi—sx5 V (¢, z). Since Vi = 27 Pz, with P computed in (6.48),
we find €' = 39.245. Let ¢’ = 39.24 < (' and choose the system’s trajectories to
start in '. Theorem 6.1 guarantees that if controller (6.47) is implemented in the
unicycle via sample-and-hold, with variable sampling rates greater than 1/7,,.x = 9.62
(Hz), the PWA closed-loop system asymptotically converges to the origin.

Figures 6.1- 6.2, illustrate the simulation results for the unicycle system (6.46)
with PWA feedback (6.47). The initial condition is zo(a) = [7/2,0, —1]7, —0.104 <
a < 0, and p(0) = 0. The simulation is performed for sampling time Ty = Tya = 0.104
(sec). According to Fig. 6.1 the state vector asymptotically converges to the origin.
The solid line in Fig. 6.2 shows the torque input for the sampled-data PWA controller.
The dashed curve in Fig. 6.2 illustrates the torque input if the PWA controller was
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Figure 6.2: Control input for Ty = 7. and T = 0.

Table 6.2: Comparison of two stability theorems applied to the unicycle problem

Method Stability Result Tmax (S€C)
Theorem 1 in [54] | Convergence to the invariant set {V < 4.296 x 10°} 0.098
Algorithm 1 Asymptotic stability to the origin 0.104

implemented in continuous-time. As expected, more control energy is required to
stabilize the system with the sample-and-hold controller.

Simulating the system with the same initial condition zy for Ty = 0.213 (sec),
the closed-loop sampled-data trajectories do not converge to the origin. Therefore, in
this example, the error in the computed lower bound on the longest sampling interval
that preserves asymptotic stability is at most 51%. Still, as shown in Table 6.2, the
Tmax provided by Algorithm 1 is less conservative than the previous results in the
literature. Moreover, Algorithm 1 provides a stronger stability result (asymptotic
stability to the origin) than Theorem 1 in [54].

6.5 Conclusion

In this chapter, based on a modified LKF, sufficient conditions were provided for
asymptotic stability of sampled-data PWA slab systems to the origin. It was shown
that these conditions become LMIs in the case of a PWL controller. An algorithm
was presented for finding a lower bound on the MASP that preserves asymptotic
stability. The output of the algorithm provides an upper bound on the minimum

sampling frequency that guarantees asymptotic stability of the sampled data system.
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It was shown that our results compare favorably with the results available in the
literature. Controller synthesis for PWA sampled-data systems will be addressed in

the next chapter.
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Chapter 7

Controller Synthesis for Piecewise

Affine Sampled-data Systems

This chapter addresses exponential stability and stabilization of PWA slab systems
with PWL sampled-data feedback. The PWL controller is assumed to be located in
the feedback loop between a sampler with an unknown nonuniform sampling rate and
a zero-order-hold. Convex Krasovskii-based sufficient conditions are proposed for ex-
ponential stability and stabilization of the sampled-data PWA slab system. The main
contributions of this chapter are twofold. First, the direct sampled-data controller
synthesis problem for PWA slab systems is formulated as a convex optimization pro-
gram with the maximum allowable sampling period as a parameter. Second, sufficient
conditions for exponential stability of PWA sampled-data systems are presented. The
stability analysis and controller synthesis conditions are cast as LMIs. The results

are successfully applied to a unicycle path following problem.

7.1 Introduction

PWA systems are a class of state-based switched systems where the vector field is
affine in each mode or region. PWA systems arise in many engineering problems (e.g.
systems with saturation, deadband, and hysteresis). They are also used as a tool
for approximating nonlinear systems (see [23,104, 105] and the references therein).
Stability analysis and controller synthesis of PWA systems has received an increasing
number of contributions since the late nineties. The reader is referred to [25-29] for
stability analysis and to [26, 29, 30, 32| for controller synthesis in continuous-time. To
be implementable in a microprocessor (or any sample and hold device), however, the

designed continuous-time controllers must be emulated as a discrete-time controller.
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In a PWA sampled-data system, the continuous-time PWA plant is controlled in
discrete-time by a controller which is located in the feedback loop between a sampler
and a zero-order-hold. This chapter is focused on stability and stabilization of PWA
slab systems with PWL sampled-data feedback.

According to [37], there are three main approaches to sampled-data controller
synthesis. In the emulation approach [40,41], a continuous-time controller is designed
based on the continuous-time plant, then approximated in discrete-time, and finally
implemented via a sample and hold device. In the second approach, the discrete-time
controller is designed based on an approximate discretized model of the plant [39, 44].
A common drawback of the first two approaches is that the “exact discrete-time
models of continuous-time processes are typically impossible to compute” [39, 40].
Finally, the direct sampled-data design approach is more mathematically involved
because it addresses the continuous-time plant and the discrete-time control signal
simultaneously. Its advantage, however, is that the approximation step in the other
two approaches is obviated.

The direct sampled-data design approach has recently gained an increasing inter-
est in the literature of linear sampled-data systems. In this approach, the sampled-
data system is usually modelled as either a continuous-time system with a time-
varying input delay [15,47] or a hybrid (impulsive) system with jumps at the sampling
instants [48,62]. Razumikhin or Krasovskii-type theorems [20] are then exploited
to develop sufficient stability and stabilization conditions for the sampled-data sys-
tem. While the Razumikhin-type theorems are based on classical Lyapunov functions,
Krasovskii-type theorems use Lyapunov functionals and are known to be less conser-
vative [15,20].

Stability and stabilization of PWA sampled-data systems are challenging prob-
lems since the resulting hybrid systems simultaneously involve state-based (due to the
PWA vector field) and event-based switching (due to the sampling). Given a PWA
plant and a stabilizing continuous-time controller, references [53, 54] study the stabil-
ity of the closed-loop PWA system in a sampled-data framework. Assuming uniform
sampling intervals, reference [53] uses a quadratic Lyapunov function to provide suffi-
cient conditions for convergence of the PWA sampled-data system to an invariant set
containing the origin. Following the time-delay approach and using Krasovskii func-
tionals, reference [54] addresses the same stability problem for the case of samplers
with unknown nonuniform sampling intervals. The PWA sampled-data structure dis-
cussed in [55, 56] is different from the one in this chapter. In [55,56], the switching is

only event-based (i.e. occurs at the sampling instants), whereas in this chapter the
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switching is both state-based and event-based.

The main contributions of this chapter are twofold. First, the direct sampled-data
controller synthesis problem for PWA slab systems is formulated as a convex optimiza-
tion program with the maximum allowable sampling period (MASP) as a parameter.
From an engineering perspective, without this formulation, there is no guarantee that
a designed controller satisfies the MASP dictated by the sensing equipment. To the
best of the authors’ knowledge, the convex formulation for the controller synthe-
sis problem of sampled-data PWA slab systems is presented here for the first time.
Second, sufficient stability conditions for exponential stability of PWA sampled-data
systems (as opposed to asymptotic stability in [53,54]) are provided.

In this chapter, we follow the direct sampled-data design approach and input
delay modeling to address stability and stabilization of PWA slab systems with PWL
sampled-data feedback. For stability analysis, a PWL controller is assumed to be
available which stabilizes the PWA system in continuous-time. The objective is to
find a lower bound on the MASP that preserves exponential stability of the closed-
loop sampled-data system. For controller synthesis, the desired MASP is assumed to
be known. In this case, the objective is to design a PWL sampled-data controller that
exponentially stabilizes the PWA slab system for the desired MASP. The stabilization
results are successfully applied to a PWA model of a unicycle path following example.
For the same example, it is shown that our sufficient stability conditions are less
conservative when compared to other work in the literature [54].

The chapter is organized as follows. Section 7.2 provides preliminary information
on PWA sampled-data systems. The stability and stabilization results are presented
in Section 7.3 and Section 7.4, respectively. Finally, the new approach is applied to
a unicycle path following example in Section 7.5.

Notation. The n x n identity matrix and the n X n zero matrix are denoted by
I, and 0, respectively. Non-square zero matrices and vectors of the appropriate size

are simply represented by 0.

7.2 Preliminaries

Consider the PWA system

#(t) = Ax(t) + a; + Bu(t), Ya(t) € Ry, i € T, (7.1)
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where x denotes the state vector, A; € R"™*" q, € R"™ B € R"™*"™ and u € R™
is the control input. The set Z = {1,..., M} contains the indices of the regions R;
that partition the state space X C R"™. The state space is represented by the union
of the closure of all regions, i.e. X = UieI R, where R; denotes the closure of R;.
The regions are defined to be non-overlapping except on their closures. Two regions
with overlapping closures are called neighbors. PWA slab systems constitute a special
class of PWA systems where the state space is partitioned along a linear combination
of the states, i.e.

Ri = {z|o; < Tz < 01}, (7.2)

where ¢ € R" and 01 < ... < g,741 are scalars. The vector ¢ is usually a vector of
zeros except for one element corresponding to the state that represents the state based
switching (the nonlinearity of the system). Each slab region R; can be represented [30]
by a degenerate ellipsoid

Ri=¢ = {z||Ex +e;] <1}, (7.3)

where
E; = 2CT/(<7¢+1 —0i), € = —(0i11+0;)/(0ip1 — 04). (7.4)

Let Z(x) = {i|z(t) € R;}. In the PWA literature, one often imposes a continuity
assumption on the vector field across the boundaries of neighboring regions to avoid

the occurrence of sliding modes (see [28] for more details).

Assumption 7.1. For u(t) = 0, the open-loop vector field of system (7.1) is contin-

uous across the boundaries of any neighboring regions.

Remark 7.1. In the case where the PWA system comes from an approximation of a
continuous nonlinear function, the condition in Assumption 7.1 can be imposed using
the algorithms in [23, 104, 105] and the references therein.

Assumption 7.2. The open-loop system 1is linear in the regions that contain the
origin in their closure, i.e. a; =0, Vi € Z(0). In other words, the origin is assumed

to be an equilibrium point of the open-loop system.

Let a continuous-time PWL controller for (7.1) be defined by
u(t) = Kiz(t), Va(t) € Ry, i € Z, (7.5)

where K; € R™*"= In a sampled-data system, the state vector is measured at sam-

pling intervals that might be uncertain and nonuniform. The following assumption
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imposes lower and upper bounds on the sampling interval.

Assumption 7.3. The state vector is measured at sampling instants t,,, n € N, where
0<te<typy1—t, <7 forallneN,

The positive constant t. is an arbitrary small number that models the fact that
two sampling instants cannot occur simultaneously in practice. For sampled-data

systems, the control input (7.5) can be rewritten as
u(t) = Kjz(t,), for t € [t,,th1), x(t,) € Rj, and j € T. (7.6)
For z(t) € Ri, x(t,) € Ry, and t € [t,, t,41), equations (7.1) and (7.6) yield

@(t) =A;x(t) + a; + BKjx(ty,)
=A;x(t) + a; + BK;z(t,) + Bw(t), (7.7)

where w € R™ is a piecewise constant vector defined by
w(t) = (K; — K;)x(ty,). (7.8)

The vector w is associated with the fact that the current state vector and its most
recent sample can possibly be in different regions. In order to address the nonuniform
and unknown nature of the sampling intervals, the sampled-data system is modeled
as a time-delay system with time-varying delays. To this end, the delay induced by
the sampler is defined by

p(t) =t —t,, fort € [t,, t,r1), n € N. (7.9)

The function p(t) denotes the time elapsed since the last sampling instant. Let
W([—T,0], X) be the space of absolutely continuous functions mapping the interval
[—7,0] to X. Consider the function x; € W defined as

a(r)y=z(t+r), —7<r<0.

Similar to [47], we denote the norm of x; by

) —T

0 5
l|z¢|lw = Ténaxo] |z ()] + [/ |2:(r) 2 drl )

For z(t) € R; and z(t,) = x(—p(t)) € R;, the PWA sampled-data system (7.7) can
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now be rewritten as

t(t) =A;x(t) + a; + BK;x(—p(t)) + Buw(t),

7.10
-T0<T) :¢<7n)a re [_7-7 0]7 ( )

where ¢ is a vector-valued function specifying the initial condition in the interval
[_Tv O] :

Definition 7.1. The solution of system (7.10) is said to be locally uniformly expo-
nentially stable with decay rate A if there exist Q@ C W([—7,0],X), 6 >0, and A > 0,
such that for any initial condition xo € ), the solution z(t) € X is defined for all
t > 0 and satisfies

2(8)] < 0e™ ol (7.11)

Moreover, if (7.11) is verified, the state space X is equal to R"™, and Q@ = W([—T, 0], R"*),

then the solution is globally uniformly exponentially stable.

7.3 Stability Analysis

Assume that a PWL controller is designed to stabilize the PWA system (7.1) in
continuous-time. In practice, however, the controller will be located between a sam-
pler and a zero-order-hold in the feedback loop. In this section, our objective is to find
a lower bound on the MASP that preserves exponential stability of the closed-loop
PWA system. To this end, we first present a Krasovskii functional. The functional
is then used to propose sufficient stability and stabilization conditions in the form
of LMIs. The LMIs can be solved efficiently using available software packages such
as SeDuMi [16] and YALMIP [17]. For t € [t,,tni1), let V(£,2;) be a Krasovskii

functional defined as
Vit,x) =V (x) + VOt z,) + VO (L, 2,), (7.12)
where

VO =T(t)Px(t),

T

V@ =(r - p) /tjp eo(s—t) [iT(s) xT(tn)} R [i?T(s) xT(tn)} ds,

T

VO = =) [o7(t) o7 (0)] X [o7(0) (0]
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with p defined in (7.9), and

X:[Inm —IM]TX1 [IM —Inz}, (7.13)

where P > 0, R > 0, and X; > 0, are matrices of appropriate dimensions and «
is a positive scalar. One of the contributions of this work is the introduction of the
functional V) in a new format (compare [47,48, 54]). The functional V?) penalizes
the derivative of the state as well as the sampled state error in the interval [t — p, t].
The new functional allows us to prove exponential stability of the PWA system and
to provide less conservative sufficient conditions (as will be shown in Section 7.5).
Theorem 7.1 provides a set of sufficient conditions for which the trajectories of a PWA
system in feedback with a PWL sampled-data controller, with sampling intervals

smaller than 7, exponentially converge to the origin.

Theorem 7.1. Consider the sampled-data PWA slab system defined in (7.1) with a
giwen PWL controller subject to Assumptions 7.1-7.3. The system is locally uniformly
exponentially stable with a decay rate larger than o /2 if there exist symmetric matrices
P >0, R>0, and X, > 0, matrices N;, i € I, with appropriate dimensions, and
positive scalars cy;, 1 € T, N\;, i € I\Z(0), n, and 7 satisfying

AK*y <1 (7.14)
e for alli € T\Z(0)
§z+7M21+§1 TNZ‘
o <0 (7.16)
TN, —Te "R
e for alli € Z(0)
Qi+TM1i <0 (717)
Qi + TMQ,' TNZ'
<0 (7.18)
NI —T7e R

where X is defined in (7.13), AK is a positive parameter defined as

(IS
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and

x x

_ T T
QZ-:[AZ- BEK:, B a,-] P[Inx 0,. 0 0}+[IM 0, 0 0} P[Ai BK: B a

0 O}TP[IM 0,

T
. ]nz _-[nz O 0 NT—_
0n, On, 0 0

+aln, o, 0 of

I, —I, 0 0
O, 0, 0 0

T

T

i 7
T

T
B, 0 0] X1, 0 0] +diag(n, Lo, ~3T0,0),

T
M, — +a[[2nz 0 0} X [Jgnz 0 0}
O, L. 0 0 0. L. 0 0
_ T
n X [Ignz 0 0] + [Im 0 0] X
0,, 0, 0 0 0. 0, 0 0
_ T
- O On. 0 0] —p — [0, 0. 0 0
My = — N; —N; ;
0,, I, 00 0. I 0 0

?i:—kini 00 eir[Ei 00 ez}—[o 00 1}T[0 00 1D

- : T
Qi - [2nz+nu 0 Qz |:[2nz+nu O] s
: . .
Mli = [2nz+nu 0 Mli [IanfHZu 0} )

- 1 T
MQZ': [2nz+nu 0 MQi |:[2nz+nu 0i| )

Ni: [2nz+nu 0 Nz

Moreover, if the state space is equal to R™ then the system is globally uniformly

exponentially stable.

Proof. Consider the Krasovskii functional (7.12). The proof consists of showing that
LMIs (7.14)-(7.18) are sufficient conditions for the Krasovskii functional to satisfy

V(t,z) + aV(t,zy) <0, t # t,, n € N. The main steps of the proof are similar to
the proof of Theorem 6.1. Therefore, the rest of the proof is omitted. m

Based on Theorem 7.1, the problem of finding a lower bound on the largest

sampling interval that preserves exponential stability is formulated as
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Problem 7.1.

mazrimize T

subject to P >0, R>0, X; >0, n>0, v>0, \; >0, i € Z\Z(0), (7.14) — (7.18).

The controller synthesis problem is addressed in the next section.

7.4 Controller Synthesis

In the controller synthesis problem the controller gains K; are unknown. Therefore,
the LMIs in Theorem 7.1 turn into non-convex matrix inequalities that cannot be
solved efficiently. Theorem 7.2 addresses this issue and provides sufficient conditions

for controller synthesis that can be cast as a convex optimization program.

Theorem 7.2. Consider the sampled-data PWA slab system defined in (7.1) subject
to Assumptions 7.1-7.3. There exists an exponentially stabilizing PWL controller with
gains K; = Y;Q7' if there exist a symmetric matriz Q, matrices Y;, Ny, i € I, with

appropriate dimensions, and positive scalars \;, i € IT\Z(0), v, u, and €1, satisfying

Q> I, (7.20)
_ Y, - Y,
TR et (7.21)
1Y = Yjl| —1
e for alli € IT\Z(0)
[ Fz + Tmli + 52 * * * i
T —70) * *
Op, @ 0 0 <0 (7.22)
[@ 0 ()] 09, —diag(ul,,, In,) *
by [eia;fr +FEQ 00 0} 0 0 —Ai(ef — 1)
[ Fl + ngi + S; * * * |
N, —Te Q) * *
_ ' <0 (7.23)
|:Q 0 O] 02nz _dlag(p“[ngm[nm) *
Nlea? +EQ 0 0 0 0 0 —Xi(ez = 1)
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e for alli € Z(0)

_ QA;T 0, @ _
F,‘-FTMU T Y;TBT Q [0]
BT 0 <0 (7.24)
* —7Q O2n,
* * - dlag(ﬂlnza Inz)
- @ _
Fi -+ TMQi T./\[Z' [O
_ <0 (7.25)
* —T7e77(Q) 02,
* * - dlag(:u[nz? [nz)
where
Q =diag(Q,Q), (7.26)

¢ =, [an —anr[fm —Inz},

_ T
Fi:[AiQ BY, B ai} [Inz 0,

T

T
0 0|+ 1. 0. 00| [4Q BY, B o

T
I,, —1I,, 0 0

e

L. —I, 0 0 T
B 0 0] €Q[1, 0 0
0., 0o 00

¥ [
+ diag(0,,, 0p,, —71n,,0),
AlQ B}/; B a; !

On, 0, 0 O

My =a [, 0 O]Tcé [T, 0 0]+

[

On, On, 0 0

)

+:¢ 0 O}T

- T
_ On, O, 0 0] —p — [0, 0, 0 0
0,, I, 0 0 On, In, 0 O
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Si=—\ , (7.27)

x ox ok ef—1)
- 1_ T

L= Ian—i-nu 0 I |:[2nz+nu Oi| )

_ 1 T
My = ]2nx+nu 0| My []2%-&-% O} )
- 1 T
Mo = |Ipp,4n, 0] Mo [I2nq:+nu 0} ,

M - Ian—i-nu 0 NZ

Moreover, if the state space is equal to R™ then the system is globally uniformly

exponentially stable.

Proof. Here, we prove that inequalities (7.20)-(7.25) are sufficient conditions for the
LMIs in Theorem 7.1 to be verified. Suppose there exist a symmetric matrix @,
matrices Y;, and N;, i € Z, with appropriate dimensions, and positive scalars \;,
i € I\Z(0), 7, p, and €y, satisfying (7.20)-(7.25). Let

P:Q_la Xl :EIQ_17 R:@717 77:#_17
Ki=Y.Q',icTZ N,=Q'N.:Q ', icT, (7.28)

where @ is defined in (7.26) and

Q = diag(Q, Q, I, 1). (7.29)

The rest of the proof is divided into four parts where we prove

1. (7.20) and (7.21) = (7.14),
2. (7.22) and (7.23) = (7.15) and (7.16),
3. (7.24) and (7.25) = (7.17) and (7.18).

e Part 1: According to (7.20), the matrix @ is invertible. Therefore, LMI (7.20)
yields
7 < Q) 7 < 1/ ma(@7Y) &y < 1/]|Q7Y] (7.30)

where the right most inequality holds because @) is symmetric. Using Schur comple-
ment, LMI (7.21) implies ||Y; — Y}||* <, Vi,j € Z. Multiplying both sides by v > 0
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and considering inequality (7.30), we can write

1Y = Y|Py < Q7M™ Vi j €T
e (Vi =Yl ")y <1, Vi,jel (7.31)

Note that ||[¢Y|| < [|¥]|||T]|, where ¥ and T are matrices of appropriate dimensions
(see [35], Appendix A). Therefore, inequality (7.31) yields (||(Y; — Y;)Q7!])*y <

1, Vi,j € Z. Hence, using the change of variables in (7.28), we can write
156G = K[y <1, Vi, j € T = (max||K; — Kj[)*y < 1,
1,)]€

which based on (7.19) is equivalent to LMI (7.14). This concludes the first part of
the proof.

e Part 2: For i € T\Z(0), we first multiply inequality (7.22) from left and right
by diag(@fl, Iy, , Ion,, 1), where Q is defined in (7.29). Using Schur complement, we

can write

diag(Q ", Inn, , Ion, ) X

i Tz + Tmli + 61 * * ]
T —T *
0p, @ 0 0
x diag(Q ™", Lo, , Inn,) < 0, i € Z\Z(0), (7.32)

where

T

Consider the term @_16i@_1 which appears in the first diagonal entry of the matrix
inequality (7.32). Equations (7.27) and (7.33) yield

6; 0,, 0 ETe;]

~ o~ * 0, O 0
Q6,Q =—-\ , (7.34)
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where
0; = (eiaiTQ’1 + Ei)T(l = e?)’l(eia;fp@’1 +E;)+ Q’laiaiTQfl. (7.35)

Equivalently, adding and subtracting the same terms, equation (7.35) can be written

as

0; =(e;al Q"+ E) (1 =€) (eaf Q7' + Ei) + Q razal Q7

; (E?(l LB, + (a’ Q"B + E (idl Q™) + ET(1 - &)E,
— (61@?@71 + EZ)TEZ — EiT(eiCLZTQil + E1)>

=(ea; Q7'+ Ei — (1 = e})E) (1 — i) Heia; Q1 + By — (1 — €] Ey)
+Q 7 a0 Q7N+ Ef (1 + ) B + (0] Q1) By + B (ei0{ Q71)
=(eia; Q7 + e} E) (1 —€f) e Q71 + €] Ei) + Q@ aza; Q7
+ ELE; + Bl €] E; + (0] Q) Ei + Bl (eia{ Q)
=B/ E; — (6] Q7' + e B)T (—1 —ei(1—el) lei)(a] Q7' + e Ey)
=E'E; — (a] Q7'+ e BT (e2 — 1) Ha] Q7" + e Ey). (7.36)

Next, we replace (7.36) and (7.34) in (7.32). Using Schur complement twice it can be
verified that (7.32) is a sufficient condition for

Qi+ 7My+ S+ L; <0, i € I\I(0), (7.37)

where Q;, My;, and S; are defined in Theorem 7.1 with the change of variables (7.28),
and matrices £;, i € Z\Z(0), are defined as

T
Li=X\|(a"P+eE) 00 o] @-1" (P +eE) 0 0 0, (7.38)

with change of variables (7.28). So far, we have shown that (7.22) is a sufficient
condition for (7.32) which in turn is a sufficient condition for (7.37). Therefore,
inequality (7.22) implies (7.37). Similarly, it can be shown that (7.23) is a sufficient

condition for

§Z+TM2’L+§Z+£Z TNi

—T _
TN, —1e TR

<0, i € I\Z(0), (7.39)
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where Q;, My;, and S; are defined in Theorem 7.1 with the change of variables (7.28),
and matrices £;, i € Z\Z(0), are defined in (7.38). Now, our goal is to show that
inequalities (7.37) and (7.39) are sufficient conditions for LMIs (7.15) and (7.16).
Comparing (7.37) and (7.39) with LMIs (7.15) and (7.16), the goal is achieved if
we prove that the matrices £; are positive semi-definite. Considering (7.2), for ¢ €
Z\Z(0), the bounds ¢; and 0,41 have the same sign. Therefore, based on (7.4), |e;| > 1,
i € Z\Z(0). Hence, € — 1 > 0 and, according to (7.38), the matrices L;, i € Z\Z(0),
are positive semi-definite. Therefore, inequalities (7.37) and (7.39) imply LMIs (7.15)
and (7.16). This concludes the proof of Part 2, since we have shown that (7.22)
and (7.23) are sufficient conditions for LMIs (7.15) and (7.16) to be verified.

e Part 3: For i € Z(0), multiplying (7.24) and (7.25) from left and right by
diag(diag(Q~', Q' 1,.,,), Ian, , I2,,) and using Schur complement yields LMIs (7.17)
and (7.18) with the change of variables (7.28). Note that in this case, the vector field
of the PWA system is linear (Assumption 7.2) and the need for defining the auxiliary
matrices £; is eliminated.

The proof is complete since for any set of matrix variables satisfying inequali-
ties (7.20)-(7.25), there exists a set of matrix variables (7.28) satisfying the stability

criteria in Theorem 7.1. O]

Remark 7.2. The stabilization criteria in Theorem 7.2 are sufficient conditions for
the stability criteria in Theorem 7.1 and therefore are more conservative. However,
they can be used to design PWL controllers by solving a convex optimization program

that can be solved efficiently using available software packages [16, 17].

Based on Theorem 7.2 and using the line search strategy, the problem of designing
an exponentially stabilizing PWL controller that maximizes the lower bound on the

longest sampling interval is formulated as
Problem 7.2.

maximize T

subject to \; >0, i € Z\Z(0), v >0, u >0, ¢ >0, (7.20) — (7.25).

The controller gain is then computed as K; = Y;Q 7!, i € Z.
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7.5 Numerical Examples

In the literature of sampled-data systems, the lower bound on the MASP that pre-
serves exponential stability is usually used as a criteria for comparing the conserva-
tiveness of stability theorems. The greater is the computed lower bound, the less
conservative is the stability theorem. In the following examples, we use the same
approach to demonstrate the effectiveness of the proposed sufficient stability and

stabilization conditions.

Example 7.1. Consider the path following problem in Chapter 4, whose objective is
to control a unicycle to follow the line y = 0 in the x — y plane (see Fig. 4.1). The

dynamics of the system are represented by

¥ 0 1 o] [y 0 0
il =10 —k/I Of |r|+ 0 + [1/1] u, (7.40)
v 0 0 0] |y vsin(e) 0

where 1 and r are the heading angle and its time derivative, respectively, y s the
distance from the line y = 0, v represents the unicycle’s velocity, u is the torque input
about the z axis, I = 1 (kgm?) is the unicycle’s moment of inertia with respect to
its center of mass, and k =0.01 (Nms) is the damping coefficient. The state vector
of the system is represented by zT = [w r y] We assume that the unicycle has
a constant velocity v =1 (m/s) and the heading angle v is restricted to the interval
[—m/2,7/2], i.e. the state space is defined as Z = [—7/2,7/2] x R?.

The system’s nonlinearity, sin(v), is approxzimated by a PWA function. The PWA

approximation is defined over the following five regions:

Ri={zeR e (-7/2,—7/5)},
Ry ={z e R’y € (—7/5,—7/15)},
Rs={z e R*[¢ € (—7/15,7/15)},
Ry={z € Ry € (x/15,7/5)},
Rs={zeR*y e (x/5,7/2)}.

Consider the PWL controller

u= Kz, forz€R;, i€ {l,...,5}, (7.41)
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Figure 7.1: Unicycle’s states for T, = MASP = 0.166 (s) in Example 7.1.
with

K = Ky = [—49.907 —0.468 —13.925] ,
Ky — Ky — [—48.315 0,330 —13.812] ,

Ky — [—50.147 —9.468 —13.742]

The vector gains K;, i € {1,...,5}, are taken from the PWL controller proposed in [30].
Our goal is to find a lower bound on the longest interval between two consecutive
sampling times such that exponential stability is guaranteed. Solving problem 7.1, for
a = 0.0001, yields

MASP = 0.166 (s).

The decay rate (a/2) was chosen to be small to make the results comparable with
the existing methods in the literature that can only prove asymptotic stability. Theo-
rem 7.1 guarantees that if controller (7.41) is implemented in the unicycle via sample-
and-hold, with variable sampling rates greater than 1/MASP = 5.92 (Hz), the closed-
loop PWA system exponentially converges to the origin.

Now, consider a scenario in which the unicycle system (7.40) with PWL feed-
back (7.41) starts from the initial condition 2zl (r) = [2%/5 0 —0.5], —0.166 <
r <0, and p(0) = 0. The simulation is performed with sampling intervals equal to
T, = MASP = 0.166 (s). According to Fig. 7.1 the state vector exponentially con-
verges to the origin. The solid line in Fig. 7.2 shows the torque input for the PWL
sampled-data controller. The dashed curve in Fig. 7.2 illustrates the torque input if
the PWL controller was implemented in continuous-time. As expected, more control
enerqy is required to stabilize the system with the sample-and-hold controller.

Simulating the system with the same initial condition zy for Ty = 0.213 (s), the
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Figure 7.2: Control input for 7; = MASP = 0.166 (s) and the continuous-time case
in Example 7.1.

Table 7.1: Comparison of different stability theorems applied to Example 7.1

Method Stability result MASP (s)

Convergence to an invariant set
[54] 0.098

containing the origin

Theorem 7.1 | Exponential stability to the origin 0.166

closed-loop sampled-data trajectories do mot converge to the origin. Therefore, in
this example, the error in the computed lower bound on the MASP that preserves
exponential stability is at most 21%. As shown in Table 7.1, the value of the MASP
provided by Theorem 7.1 is less conservative than the previous results in the literature.
Moreover, Theorem 7.1 provides a stronger stability result (exponential stability to the

origin).

Example 7.2. Consider again the unicycle path following problem in Example 7.1. It
was shown by simulation that the system is unstable for sampling intervals greater than
0.213 (s). In this example, our goal is to design a PWL controller that exponentially
stabilizes the closed-loop sampled-data system for sampling intervals as large as 0.213
(s). Solving Problem 7.2 to design a PWL controller that provides the largest lower

bound on the longest sampling interval that preserves exponential stability yields
MASP = 0.133 (s),
and

K= Ks = [-21.235 —8.100 —17.980],
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Figure 7.3: Unicycle’s states for Ty = 0.213 (s) in Example 7.2.
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Figure 7.4: Control input for Ty = 0.213 (s) and the continuous-time case in Exam-
ple 7.2.

Ky = K, = [—21.071 —8.081 —18.814] ,

Ky — [—21.153 —8.090 —18.928} . (7.42)

The value of MASP provided by Problem 7.2 is not as large as we desired (0.133 <
0.213). However, we have already shown that the convex formulation of the controller
synthesis problem in Theorem 7.2 leads to extra conservatism in the sufficient con-
ditions when compared to Theorem 7.1 (see Remark 7.2). Hence, in order to find
a less conservative estimation of the MASP that preserves exponential stability, we
solve Problem 7.1 with the new controller gains defined in (7.42). This yields

MASP = 0.217 (s).

Therefore, the designed PWL controller (7.42) is guaranteed to stabilize the sampled-
data PWA model if the nonuniform sampling intervals are smaller than 0.217 (s).

Since 0.213 < 0.217, the objective of this example is accomplished. Fig. 7.3 and
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Fig. 7.4 demonstrate the state vector and the control input, respectively, in a simula-
tion with the new controller gains (7.42), initial condition zy (same as Example 7.1),

and sampling interval Ty = 0.213 (s).

7.6 Conclusion

Exponential stability and stabilization of PWA slab systems with PWL sampled-
data feedback was addressed. Convex Krasovskii-based sufficient conditions were
proposed for exponential stability and stabilization of the sampled-data PWA slab
system. The direct sampled-data controller synthesis problem for PWA slab systems

was formulated as a convex optimization program with the MASP as a parameter.
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Chapter 8

Stability and Stabilization of a
Class of Nonlinear Sampled-data

Systems

This chapter addresses exponential stability and stabilization of a class of uncer-
tain nonlinear systems with PWL sampled-data feedback. The PWL controller is
assumed to be located in the feedback loop between a sampler with an unknown
nonuniform sampling rate and a zero-order-hold. First, the open-loop nonlinear sys-
tem is bounded by a PWA differential inclusion. Next, convex Krasovskii-based
sufficient conditions are proposed for exponential stability and stabilization of the
closed-loop PWA sampled-data differential inclusion. The contributions of this chap-
ter are twofold. The main contribution is the formulation of the direct sampled-data
controller synthesis problem for a class of uncertain nonlinear systems as a convex
optimization program with the maximum allowable sampling period as a parameter.
Additionally, as the second contribution, sufficient conditions for exponential stability
of a class of nonlinear sampled-data systems are presented using a piecewise smooth
Krasovskii functional. This decreases the conservativeness of the proposed sufficient
conditions when compared with the use of smooth Krasovskii functionals. The stabil-
ity analysis and controller synthesis conditions are cast as LMIs. It is shown through
an example that the proposed method can perform favorably when compared to other

methods in the literature of nonlinear systems.
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8.1 Introduction

In a nonlinear sampled-data system, the continuous-time nonlinear plant is controlled
in discrete-time by a controller which is located in the feedback loop between a sampler
and a zero-order-hold. This chapter is focused on stability and stabilization of a
class of uncertain nonlinear systems with PWL sampled-data state feedback. First,
the open-loop nonlinear system is bounded by a PWA differential inclusion. Next,
sufficient conditions are proposed for exponential stability and stabilization of the
closed-loop PWA sampled-data differential inclusion.

According to [37,38], there are three main approaches to sampled-data controller
synthesis. In the emulation approach, a continuous-time controller is designed based
on the continuous-time plant, then approximated in discrete-time, and finally im-
plemented via a sample and hold device. In this method, the controller can easily
be designed based on performance specifications. The performance, however, is only
guaranteed for sufficiently high sampling frequencies. In other words, the MASP
should be sufficiently small. This results in a trade-off between performance and the
cost of sensing equipment. In the second approach, the discrete-time controller is
designed based on an approximate discretized model of the plant. The advantage
of this approach is its simplicity at the cost of ignoring the inter-sample behaviour
of the system. A common drawback of the first two approaches is that the “exact
discrete-time models of continuous-time nonlinear processes are typically impossible
to compute” [39,40]. Finally, the direct sampled-data design approach is more math-
ematically involved because it addresses the continuous-time plant and the discrete-
time control signal simultaneously. Its advantage, however, is that the approximation
step in the other two approaches is obviated. In this chapter, we focus on the direct
sampled-data design approach.

A general framework for the design of nonlinear controllers using the emula-
tion approach is presented in [40]. First, a dissipation property is used to design
a continuous-time controller. Next, the authors propose conditions that should be
satisfied by the approximate discretized controller in order to preserve the dissipation
property. Following the emulation approach, reference [41] addresses input-to-state
stability of nonlinear systems with dynamic sampled-data controllers. A controller
redesign scheme can later be used to improve the performance of the designed con-
troller [42,43].

For a discrete-time controller design based on an approximate discrete-time model

of the plant, we refer the reader to [38,39,44] and the references therein. First, a
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parametrized family of approximate discrete-time models of the plant is developed.
Next, a corresponding family of discrete-time controllers is designed for the approxi-
mate models. Reference [39] provides conditions to guarantee that the exact nonlinear
sampled-data system is stable for sufficiently small modeling parameters and uniform
samplings. As mentioned earlier, ignoring the inter-sample behaviour is a drawback
of this approach. One way to address this issue is the lifting technique [37], where
the closed-loop sampled-data system is modeled as a finite dimensional discrete-time
system. The reader is referred to [45] for a study of sampled-data tracking problems
and to [46] for H,, sampled-data control using the lifting technique.

The direct sampled-data design approach has recently gained an increasing inter-
est in the literature of linear sampled-data systems (see [15,47-49] and the references
therein). In this approach, the sampled-data system is usually modelled as either a
continuous-time system with a time-varying input delay [15,47] or a hybrid (impul-
sive) system with jumps at the sampling instants [48]. Razumikhin or Krasovskii-type
theorems [20] are then used to develop sufficient stability and stabilization conditions
for the sampled-data system. These conditions are usually cast in terms of linear ma-
trix inequalities (LMIs) which can be efficiently solved using software packages such
as SeDuMi [16] and YALMIP [17]. While the Razumikhin-type theorems are based
on classical Lyapunov functions, Krasovskii-type theorems use Lyapunov functionals
and are known to be less conservative [9,15,20]. For direct sampled-data design of
linear systems using the lifting technique the reader is referred to [37].

There are scarce references in the literature of nonlinear sampled-data systems
where the input delay model (for static controllers) [41] or the hybrid model [50-52]
of the system is studied. In all these references, however, a continuous-time controller
is assumed to be available. In other words, the controller synthesis is performed
while ignoring the sample and hold structure of the feedback. Therefore, similar to
the emulation approach, references [41,50-52] cannot be used to design controllers
that provide a desired MASP. In contrast, one of the main contributions of this
chapter is to propose a controller synthesis technique based on the direct sampled-
data design approach where the MASP is considered as a parameter in the controller
design problem. The proposed technique uses PWA differential inclusions and PWA
systems which are discussed in the next subsection.

The main contributions of this chapter are twofold. First, the direct sampled-data
controller synthesis problem for a class of uncertain nonlinear systems is formulated
as a convex optimization program with the MASP as a parameter. From an engi-

neering perspective, without this formulation, there is no guarantee that a designed
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controller satisfies the MASP dictated by the sensing equipment. To the best of the
authors’ knowledge, there is no other direct sampled-data design based approach in
the literature of nonlinear systems that can be used to design sampled-data con-
trollers for a desired MASP. Second, sufficient conditions for exponential stability of
a class of nonlinear sampled-data systems are presented using a Krasovskii functional
that is piecewise smooth in the state vector. This decreases the conservativeness of
the proposed sufficient conditions when compared with the use of smooth Krasovskii
functionals. Note that the piecewise smooth Krasovskii functional in our work is dif-
ferent from [106] and [107] where the complete Krasovskii functional is approximated
by functionals that are piecewise linear in time and piecewise polynomial in time,
respectively. This chapter also makes contributions in the field of PWA sampled-
data systems. In particular, sufficient conditions for exponential stability of PWA
sampled-data systems (as opposed to asymptotic stability in 6) are provided using
piecewise smooth Krasovskii functionals.

In this chapter, we follow the direct sampled-data design approach and the in-
put delay modeling to address stability and stabilization of a class of nonlinear sys-
tems with PWL sampled-data feedback. For stability analysis (see Section 8.3), a
PWL controller is assumed to be available which stabilizes the nonlinear system in
continuous-time. The objective is to find a lower bound on the MASP that preserves
exponential stability of the closed-loop sampled-data system. For controller synthe-
sis (see Section 8.4), the desired MASP is assumed to be known. In this case, the
objective is to design a PWL sampled-data controller that exponentially stabilizes
the nonlinear system for the desired MASP. Note that, in contrast to previous work
in the literature, no pre-designed continuous-time controller is required in the con-
troller synthesis problem. We show through examples that the proposed methods
can perform favorably when compared to other methods in the literature of nonlinear
systems.

The chapter is organized as follows. Section 8.2 provides preliminary informa-
tion on differential inclusions, PWA sampled-data systems, and nonsmooth analysis.
The stability and stabilization results are presented in Section 8.3 and Section 8.4,
respectively. Finally, the new approach is applied to two examples in Section 8.5.

Notation. The Euclidean norms of a vector and a matrix are represented by |.|
and |||, respectively. The n xn identity matrix and the n x n zero matrix are denoted
by I,, and 0,,, respectively. Non-square zero matrices and vectors of the appropriate

size are represented by 0. The symbol 07 denotes the lime g €.
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8.2 Preliminaries

In this section, we present preliminary notions on PWA differential inclusions, PWA

sampled-data systems, and nonsmooth analysis.

8.2.1 Nonlinear systems and piecewise affine differential in-

clusions

Consider the class of uncertain nonlinear systems
&= f(x)+ Bu, Ve € X CR", (8.1)

where x denotes the absolutely continuous state vector, X represents the state space,
f X — R"™ is an uncertain continuous nonlinear function, f(0) = 0, B € R "
and u € R™ is the control input. The dynamic equations of many mechanical systems
fall into the class of nonlinear systems (8.1) because the input (usually a force or a
torque) appears linearly in Newton’s second law of motion. The continuity condition

on f is to rule out the possibility of sliding modes.

Assumption 8.1. The open-loop vector field is bounded by a PWA differential in-
clusion defined as f(x(t)) € conv{A;z(t) + ai, £ = 1,2}, Va(t) € Ry, i € Z,
where conv represents the convexr hull of a set, A;. € R"™*" q,;. € R"  and the set
Z={1,...,M} contains the indices of the regions R; that partition the state space
X.

Remark 8.1. Clearly, studying a family of functions as opposed to one particular
function adds to the conservatism of the results. However, the family of functions
described by a PWA differential inclusion are more tractable (due to the affine dy-
namics in each region) than the original nonlinear function. Furthermore, in general,
the PWA differential inclusion in Assumption 8.1 can be arbitrarily tight at the cost
of increasing the number of regions. In [108] (see Section 4.3.1), a convex optimiza-
tion algorithm is provided to find the tightest possible PWA differential inclusion that

bounds a given nonlinear function.

According to Assumption 8.1, equation (8.1) yields

2(t) € conv{A;x(t) + a; + Bu(t), K =1,2}, Ya(t) € R;, i € L. (8.2)
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Definition 8.1. Given a Lebesque integrable input u(t) and an initial condition vector
xrc, an absolutely continuous function x(t) is a solution of (8.2), if x(t) € X, ¥t >0,
&(t) is defined for almost all t > 0 and satisfies (8.2), and x(0) = xc.

The two extreme dynamics corresponding to x = 1 and x = 2 in the PWA

differential inclusion (8.2) represent the equations of two PWA systems
(t) = Ajwz(t) + aye + Bu(t), Va(t) e Ry, i €Z, k=1,2. (8.3)

The main idea behind using PWA differential inclusions to prove Lyapunov stability is
summarized in the following lemma. Similar arguments can be found in the literature

of linear differential inclusions [74] and PWA differential inclusions [26].

Lemma 8.1. Let there exist a positive definite candidate Lyapunov function that is
decreasing along the solution of each of the two extreme dynamics (8.3) corresponding
to the PWA differential inclusion (8.2). Then the candidate Lyapunov function is also

decreasing along every trajectory of the nonlinear system (8.1).

Proof. Suppose that a positive definite candidate Lyapunov function V' is decreasing
along the extreme dynamics (8.3) of the PWA differential inclusion (8.2), i.e.

V= 2_‘;<Ai1x(t) +an + Bu(t)) <0, V() € Ry, i €T,
and oV
V=S (Ana(t) + ain + Bu(t) <0, Va(t) €R;, i €T,

Let 0 < 8 < 1. Therefore, V(t) € R;, i € L,

oV av

ﬁ%(Aﬁx(t) +an + Bu(t)) + (1 — ) 9 (Ajpz(t) + ao + Bu(t)) < 0.

According to (8.2), any trajectory of the nonlinear system (8.1) lies in the convex
hull of the two extreme dynamics of the PWA differential inclusion. Therefore, V =
%—‘;i‘ < 0. This concludes the proof. O

In the rest of this subsection, we provide more details on PWA differential inclu-
sions and PWA systems. The regions R; are defined to be non-overlapping except on
their closures. Two regions with overlapping closures are called neighbors. The state
space is represented by the union of the closure of all regions, i.e. X = J,.; R, where
R, denotes the closure of R;. In polytopic partitioning, each region R; is defined as

the intersection of p; open half spaces in R™ ie. R; = {z|G;x + g; = 0}, where
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G; € RPi*"= g, € RPi. and > represents an elementwise inequality (see [23] for an
algorithm to generate polytopic regions). Slab regions constitute a special class of
polytopic regions where the state space is partitioned along a linear combination of

the states. Each slab region is defined as
R, = {SL"O} < csbn[T:c < O'i+1},

where ¢;0,[ # 0 € R™ and 0, < ... < oy, are scalars. Every polytopic region R;

can be outer approximated by a (possibly degenerate) ellipsoid as

where E; € R" " ¢, € R™ and n, < n, (this inequality is strict for degenerate
ellipsoids). A more detailed discussion on ellipsoidal approximations can be found
in [29] and the references therein. In the case of slab regions [30], we have n, = 1 and

g 2l oo

Oi+1 — 05 Oi+1 — 05

(8.5)

Moreover, for slab regions, R; = ¢; (i.e. the ellipsoidal approximation is exact) if o;
and o;,1 are finite. A parametric description of the boundary between two polytopic
regions R; and R; where R;(\R; # () can be obtained as (see [29,109] for more
details)

Ri(\R; C {zlw = Fys+ fij, seR™1}, (8.6)

where F; € R"™>*"=~1 and f;; € R". Finally, we define the set Z(z) as
I(z) = {i|lz(t) € R:}. (8.7)

The sampled-data structure of the system is addressed in the next subsection.

8.2.2 Piecewise affine sampled-data systems

In contrast to previous work [37-41, 44-46], samplers with unknown nonuniform sam-
pling intervals will be considered in this work. The following assumption imposes

lower and upper bounds on the sampling interval.

Assumption 8.2. The state vector is measured at sampling instants t,,, n € N, where
0<te<tpi1—t, <7, VneN.
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The positive constant t. is an arbitrary small number that models the fact that
two sampling instants cannot occur simultaneously in practice. It is used in the
proof of the main results to rule out the occurrence of the Zeno phenomenon. In this

chapter, we are particularly interested in PWL sampled-data feedback, i.e.
u(t) = Kjz(t,), for t € [t,,th1), x(t,) € Rj, and j € 7. (8.8)

Note that subscript j is used in (8.8) (as opposed to subscript i in (8.2)) to illustrate
the fact that the current state vector x(t) and its most recent sample x(t,) might be
in different regions. For z(t) € R;, z(t,) € R;, and t € [t,,t,11), equations (8.2)
and (8.8) yield

#(t) € conv{A;,x(t) + a;, + BK;x(t,), k= 1,2}
= &(t) € conv{A;.x(t) + aix + BK;x(t,) + Bw(t), k = 1,2}, (8.9)

where w € R™ is a piecewise constant vector defined by
w(t) = (K, - K)e(ty). (8.10)

The vector w is associated with the fact that the state vector and its most recent
sample can possibly be in different regions. Following the input delay modelling
technique [47], the sampled-data system is modeled as a time-delay system with a

time-varying delay. To this end, the delay induced by the sampler is defined by
p(t) =t —t,, fort € [ty,t,r1), n € N. (8.11)

The function p(t) denotes the time elapsed since the last sampling instant. Based
on (8.11) and Assumption 8.2, the induced delay p(¢) is a saw-tooth function, bounded
in the interval [0,7), and with derivative p(t) = 1. Let W([—7,0], X) be the space
of absolutely continuous functions mapping the interval [—7,0] to X'. Consider the
function z; € W defined as x(r) = z(t + 1), —7 < r < 0. For z(t) € R; and
x(t,) = x(—p(t)) € R;, the PWA sampled-data system (8.9) can now be rewritten

as

t(t) € conv{A;,x(t) + ay + BK;z(—p(t)) + Bw(t), k= 1,2},

8.12
CEO(T) - ¢<T)’ re [_Ta 0]7 ( )
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where w(t) and p(t) are defined in (8.10) and (8.11), respectively, and ¢ is a vector-
valued function specifying the initial condition in the interval [—7,0]. In the PWA
literature, one often imposes a continuity assumption on the vector field across the
boundaries of neighboring regions to avoid the occurrence of sliding modes (see [28]

for more details).

Assumption 8.3. For u(t) = 0, the open-loop vector fields of the PWA systems

in (8.3) are continuous across the boundaries of any neighboring regions.

The next assumption, combined with (8.2), guarantees that the origin is an equi-

librium point of the open-loop nonlinear system.

Assumption 8.4. For u(t) = 0, the open-loop vector fields of the PWA systems
in (8.3) are linear in the regions that contain the origin in their closure, i.e. a;; =
0, Vi € Z(0), k € {1,2}.

Next, two important properties of the PWA systems defined in (8.3) are proved.

Lemma 8.2. The solution x(t) of each of the PWA systems described in (8.3) is

absolutely continuous.

Proof. Let k = 1 (or Kk = 2). Integrating (8.3), the function z(¢) is an indefinite
integral and therefore absolutely continuous (see [73] Chapter 5, Theorem 13). O

Lemma 8.3. In the interval between two consecutive sampling instants, i.e. ¥t €
(tn,tni1), n € N, the closed-loop vector field @(t) of each of the PWA systems in (8.3)

is continuous everywhere (including at the boundaries of neighboring regions).

Proof. Let kK =1 (or k = 2). The open-loop vector field is continuous in the interior
of any region because it is affine according to equation (8.3). Moreover, the open-loop
vector field is continuous across the boundaries of neighboring regions (as stated in
Assumption 8.3). For t € (t,,tn,+1), n € N, the control signal u defined in (8.8) is
constant. Therefore, according to (8.3), the closed-loop vector field & (¢) is continuous

everywhere in the interval between two consecutive sampling instants. O]

In Section 8.3, we use a piecewise smooth Krasovskii functional to prove stability
of PWA sampled-data differential inclusions. The next subsection presents prelimi-

nary notions for nonsmooth functions.
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8.2.3 Nonsmooth analysis

For functions defined in a finite dimensional space, the concept of gradient is gener-

alized in the nonsmooth analysis literature through the following definition.

Definition 8.2. (Clarke’s generalized gradient)[110] Let the function W : R® —
R be locally Lipschitz and let Qb denote the set of measure zero where the function
W fails to be differentiable. The generalized gradient of W at x is defined by

OW (z) = conv{lim VW (2?) : 2¥ — x, 2 ¢ Oy}, (8.13)

where conv is the convex hull of a set and xP — x represents any sequence converging

to x.
The following lemma presents the chain rule in nonsmooth analysis.

Lemma 8.4. [111] If W : R® — R is locally Lipschitz and x : R — R™ is absolutely
continuous, then for almost all t there exists p € OW (z(t)) such that LW (z(t)) =

pi(t).

8.3 Stability Analysis

In this section, we address stability analysis of a class of nonlinear sampled-data
systems. It is assumed that a stabilizing PWL controller is already designed in
continuous-time. The objective in this section is to find a lower bound on the MASP
that preserves exponential stability of the closed-loop sampled-data system. The
controller synthesis problem for nonlinear sampled-data systems is addressed in Sec-
tion 8.4. The main results of this section are provided in two theorems. Theorem 8.1
is a Krasovskii-type theorem which uses a piecewise smooth functional to propose
sufficient conditions for exponential stability of a class of nonlinear sampled-data sys-
tems. In Theorem 8.2, a piecewise smooth Krasovskii functional is presented which
enables one to formulate the sufficient stability conditions of Theorem 8.1 as an op-
timization program in terms of LMIs. We start by a preliminary result that will be
used in the proofs of Theorem 8.1 and Theorem 8.2.

Since Clarke’s generalized gradient (Definition 8.2) is only valid in finite dimen-
sional spaces, a special structure is assumed for the piecewise smooth Krasovskii

functional.
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Lemma 8.5. Let W (x) : R™ — R* be a locally Lipschilz piecewise smooth function
defined as

W(x) = Wy(x), Va(t) € Ry, i €T, (8.14)

and let W(t,xt) : RT x W — RT be a functional that is continuously differentiable
with respect to time except possibly at instants t = t,, n € N. Then the piecewise

smooth Krasovskii functional defined as

W (t,a,) = W(z) + W(t,z) (8.15a)
=Wi(z) + W(t,z,), Va(t) ER;, i €T (8.15h)
= W(t,z,), Va(t) € Ry, i € T. (8.15¢)

is continuous for all t € (tn,tni1).

Proof. For t € (t,,tn41), the functional W (¢, z;) is continuous because it is the sum
of a locally Lipschitz continuous function W(z) and a functional W (t,z;) that is

differentiable and therefore continuous (see (8.15a)). O

Let Wi(t, , v, ) denote the limy »,, W;(t, z;). The following theorem provides suffi-

cient conditions for exponential stability of a class of nonlinear sampled-data systems.

Theorem 8.1. Consider the nonlinear system (8.1) with a sampled-data feedback
subject to Assumptions 8.1-8.4. The closed-loop system is locally uniformly exponen-
tially stable if there exists a piecewise smooth functional W (t,x;), with the structure
defined in (8.15), such that

cril i (0))? < Wit ) < el el 3y, Va(t) Ry, i€ (8.16)
Witn, 21,) < Wilt, 2, ), Va(t) € Ry, i €L, VneN (8.17)

and the solution of each of the two extreme dynamics (8.3) satisfies

VW, (2)i(t) + W(t, ze) + aiWilt,z) <0, Va(t) €Ri, i €L, Yt #tn, n €N,
(8.18)

where cy;, ¢co;, and «; are positive scalars. If the state space is equal to R™ then the

system 1s globally uniformly exponentially stable.

Proof. The main steps of the proof are similar to the proof of Lemma 8.1. First,
it is proved that the conditions stated in the theorem are sufficient conditions for

the Krasovskii functional W to be decreasing along the solution of each of the two
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extreme dynamics (8.3). Next, we use Lemma 8.1 to conclude that the Krasovskii
functional is also decreasing along every trajectory of the nonlinear system (8.1). To
this end, consider the extreme vector field corresponding to k = 1 (or k = 2). Note
that according to (8.17), W;(t, z;) is non-increasing at the sampling instants. Next,
we analyze the interval between two sampling instants. Based on Lemma 8.5, in the
interval (t,,t,+1), n € N, the function W (z) is locally Lipschitz and the functional
W (t,z,) is continuously differentiable. Furthermore, the solution z(t) of the extreme
dynamics with k = 1 (or k = 2) is absolutely continuous according to Lemma 8.2.

Therefore, Lemma 8.4 yields

W (t,20) = pi(t) + WL, 22), Yt € (t, trin), (8.19)

where

p € OW (z) = conv{VW,(x)|i € Z(z)}, (8.20)
and Z(x) is defined in (8.7). Consider the following two cases

1. the state vector is in the interior of a region,

2. the state vector is at the boundary of two or more regions.

e Case 1. According to (8.20), if z(t) € R;, i € Z, then p = VW,(z). Therefore,
replacing (8.19) in (8.18) and considering (8.15¢) yields

W(t,xy) + a;W(t,z) <0, Va(t) € Ry, YVt € (tn, tni1).

Let o = min;ez a;. Since the functional W (¢, x;) is non-negative according to (8.16),

we can write

W(t,xt) + OéW(t,l’t) < O, V.I‘(t> € RZ', Vt € (tn,tn+1>. (821)

e Case 2. Assume that the state vector x(t) is at the boundary of two or more
regions R;, i € Z(x). Let f;, i € Z(x), be positive scalars satisfying ZieI(x) B, = 1.
For z(t) € MNicz( R; and t € (t,,t,41), inequality (8.18) yields

3 5 (VWi(a:)x'(t) + W (L) + aiWi(t,mt)> <0.
1€Z(x)
Fort € (t,,t,11), according to Lemma 8.3 and Lemma 8.5, &(t), W(t, xy), and W (t, z;)

are continuous at the boundaries of neighboring regions. Therefore at the boundary,
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the values of @(t), W(t,z,), and W(t,z,) are independent of the region they are
defined in. Hence, for z(t) € (V;cz(,) Ri and t € (t,,t,41), We can write

(Z; BiVW,(x )() (ZEIZ(:E)@) (t, ) + (Hzfc)ﬁzaz) (t,z;) <0,

where we used (8.15¢) in the last summand. According to inequality (8.16), the
functional W (t, z;) is non-negative. Therefore, for z(t) € ﬂiez(x) Riand t € (ty,tns1),

( Z BiVW,(z ) B(t) + W (t,z,) + aW(t, z,) <0, (8.22)
1€l(x
where we used the fact that » ;.7 8 = 1. Replacing (8.19) and (8.20) in (8.22)
yields
W(t,z,) +aW(tz) <0, Vat) € [ Ri, VEE (b, tas): (8.23)
1€Z(x)

Considering (8.21) and (8.23) the following inequality holds everywhere on X
W(t,x) +aW(t,z) <0, Vt € (tn,tnr1). (8.24)
Therefore, solving (8.24) and using (8.17) yields

W(t,z) < e Wt z,) < e W (t, z,-) << e W0, ).

The last inequality is strict because it corresponds to the solution of (8.24) in at least
one sampling interval with a nonzero length (note that, according to Assumption 8.2,
any interval (t,,t,+1), n € N, has a length of at least . > 0). Based on Lemma 8.1,
equation (8.24) is also valid for every trajectory of the nonlinear system (8.1). Let

¢1 = min;ez ¢1; and ¢ = max;er Co;. Inequality (8.16) yields

2(0)] = [2(0)] < (M) < (ﬂ) < (?)ée-‘é‘fuxouw. (5.25)

&1 1 1

Note that the functional W is defined over R x W. Therefore, equation (8.25) is only
valid for (t,z;) € R x W, ie. x(t+r) € X, for all —7 < r < 0. If the state space
X is equal to R™ then (8.25) holds globally. In this case, the closed-loop nonlinear
sampled-data system (8.1) is globally uniformly exponentially stable with a decay
rate larger than «/2 and an overshoot smaller than \/02/—01 . On the other hand, if
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the state space X is a subset of R"* we must find a forward invariant set inside R x W
to ensure the validity of (8.25). Note that if the state space X is a subset of R™,
then there exists at least one z(t) € 0X with a finite norm. Consider the following

bound on W(t,x;) over the boundary of the state space OX

c= inf W(t,z;), Vt € RY, Va, € W. (8.26)
z(t)edX
The existence of ¢ follows from (8.16) and the fact that there exists at least one
x(t) € OX that has a finite norm. Consider the set Q..4,; C R x W defined as

Qear = {t, ) |W(t,xy) < c}. (8.27)

Since W (t,z;) is strictly decreasing in the sampling intervals (equation (8.24)) and
non-increasing at the sampling instants (equation (8.17)), the set . 4,; is forward
invariant. Therefore, for any initial condition (0,xq) € €., the pair (¢, z;), t € R,
remains in €2.. Next, we show that the state vector x(¢) remains in the interior of the
state space for all t € R*. To this end, let the projection of a point (¢, ;) € . 4,; onto
R"™ be defined as Proj(t, x;) = x(t). We define the projection of the set €._4,; onto R™
as the union of the projections of all its members, i.e. Proj(£2.) = {Proj(¢, x;)|(t, z;) €
Q.}. It is now shown by contradiction that Proj(€2.) lies in the interior of X'. Assume
that this is not true. Then, there exists a point z*(t*) € Proj(€2.) [ 0X corresponding
to a point (t*, x}.) € Q. for which W (t*, z}.) < ¢. This contradicts (8.26). Therefore,
based on (8.25), assuming that the system’s trajectories start in €._4,;, the closed-loop
nonlinear sampled-data system (8.1) is locally uniformly exponentially stable with a
decay rate larger than «/2 and an overshoot smaller than \/02—/01 . The possibility
of sliding modes is avoided since the function #(¢) is continuous everywhere in the
state space according to Lemma 8.3. Note that the Zeno phenomenon does not occur
either since, by Assumption 8.2, in any time interval with a length smaller than .,

there exists at most one sampling instant ¢,, n € N. O

Remark 8.2. The results of Theorem 8.1 are valid for any nonlinear system (8.1) in
feedback with a sampled-data controller that verifies (8.18), regardless of the structure
(i.e. linear, PWL, PWA, etc.) of the feedback signal w.

In the rest of the chapter, we focus on nonlinear systems that are controlled by
PWL sampled-data controllers. The inequality conditions in Theorem 8.1 cannot be
directly coded in optimization software. In fact, condition (8.17) corresponds to an

infinite number of inequality conditions parametrized by ¢,. In the following, we will
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present a piecewise smooth Krasovskii functional that is formed by quadratic terms.
Using this functional, the conditions in Theorem 8.1 are formulated as LMIs that
can be solved efficiently using available software packages such as SeDuMi [16] and
YALMIP [17]. For t € [ty tns1), i € Z, let V (¢, 2¢) be a piecewise smooth Krasovskii

functional defined as

Vit ) =V (x) + VO(t,2,) + VO(t, 2,)
=V () + VOt )+ VO (t,2,), Vat) €R;, i €T

=Vi(t,z,), Va(t) eR;, i €T (8.28)
where
VO =y = 7T (4)Pia(t), Va(t) € Ry, i €1, (8.29)
VO =) [ e [ ] /[ )] e s
VO =) [o7(0) 2T0)] X [+7(0) aT)] (531)

T
with Z(t) = [xT(t) 1} , p defined in (8.11), and

P | Vi€ Z(0) (8.32)
=  Vie : .
0 0
T
X:[[M _Jm] X, [IM _fnx}, (8.33)

where P;, i € T, R, X; = X[, and X, are matrices of appropriate dimensions and «
is a positive scalar. It is easy to verify that the Krasovskii functional (8.28) falls into
the structure of the functional (8.15), with W = V() and W=v®4y®),

Lemma 8.6. The Krasouvskii functional (8.28) satisfies conditions (8.16) and (8.17)
in Theorem 8.1 if there exist symmetric matrices P;, i € Z(0), P;, i € T\Z(0), R > 0,
and X1 > 0, with appropriate dimensions, positive scalars cy;, © € L, and non-negative

scalars \;, i € T\Z(0), satisfying

Fy(Pi—P)Fy =0, Yi,j €T :Ri[ |R; #0 (8.34)
P; — S; > diag(cyil,,,,0), Vi € I\Z(0) (8.35)
P > culy,, Vi€ Z(0) (8.36)
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where F;j and fi;, i,j € L, are defined in (8.6), and

Fij [
0

Si:—A;<[Ei eir[Ei ei]—[O 1]T[0 1])

Proof. Equation (8.34) guarantees that the piecewise quadratic function V() is

— L Vi j €T Ri[(\R; # 0,

ij

continuous at the boundary of neighboring regions (see [109] for more details). The
LKF (8.28) is similar to the LKF used in Chapter 2. Following the techniques pre-
sented in Chapter 2 it is easy to prove that the Krasovskii functional (8.28) is non-
increasing at the sampling instants (i.e. inequality (8.17) is verified).

In order to prove that the Krasovskii functional (8.28) satisfies condition (8.16),

we divide the state space into two parts
1. 2(t) € Ry, i € T\Z(0),
2. z(t) € Ry, i € Z(0).

e Part 1: For x(t) € R;, i € Z\Z(0), and non-negative ), it follows from (8.4)
that Z7S;7 > 0. Therefore, for z(t) € R;, i € Z\Z(0), LMI (8.35) is a sufficient
condition for the following inequality to hold

iz = eyl (0)2 < VY, (8.37)

Moreover, R > 0 and X; > 0 are sufficient conditions for V® and V® to be non-
negative for ¢ € [t,,t,41). Therefore, equation (8.28) and inequality (8.37) yield
ciilr(0)]2 < V;(l) < V;. This proves that the Krasovskii functional V; verifies the left
hand side inequality in (8.16) for regions R;, i € Z\Z(0). Similarly, one can prove
that the right hand side inequality in (8.16) is satisfied for regions R;, i € Z\Z(0).

e Part 2: In a similar way, it is easy to show that LMI (8.36) is a sufficient

condition for inequality (8.16) to hold for all z(t) € R, i € Z(0). O

Assume that a PWL controller is designed to stabilize the nonlinear system (8.1)
in continuous-time. In practice, however, the controller will be located between a
sampler and a zero-order-hold in the feedback loop. The objective is to find a lower
bound on the MASP that preserves exponential stability of the closed-loop sampled-

data system. To this end, Theorem 8.2 provides a set of sufficient conditions for which
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the trajectories of a class of nonlinear systems in feedback with a PWL sampled-
data controller, with sampling intervals smaller than 7, exponentially converge to the
origin. Later, we use Theorem 8.2 to cast the problem of finding a lower bound on

the MASP as an optimization program in term of LMIs.

Theorem 8.2. Consider the nonlinear system (8.1) and a given PWL sampled-data
controller (8.8) subject to Assumptions 8.1-8.4. The closed-loop system is locally uni-
formly exponentially stable with a decay rate larger than /2 if there exist symmetric
matrices P;, i € Z(0), P;, i € I\Z(0), R > 0, and X, > 0, matrices N;., i € T,
k € {1,2}, with appropriate dimensions, non-negative scalars X, i € Z\Z(0), and
positive scalars ¢y, i € T, N, 1 € T\Z(0), v € {1,2}, n, and ~ satisfying the LMIs

i Lemma 8.6 and

AK?*y <1 (8.38)
e for alli € T\Z(0) and k € {1,2}
Qi + TM 13 + Sin < 0 (8.39)
Qm + TMz’iH + gi/@ TNiH
L <0 (8.40)
TN, —T1e "R
e for alli € Z(0) and k € {1,2}
Qi + 7My4, <0 (8.41)
Qm + TMQ,'H TNZ'
<0 (8.42)
TNI —Te R

where P;, i € Z(0), and X are defined in (8.92) and (8.33), respectively, AK is a

positive parameter defined as

AK = max ||K; - Kl (5.43)
i,jEL
and
T
“lo 0o 0 o0 0 0 01
L. 0, 0 0] _ [A. BK; B a
T 12
0 0 01 0 0 0 0
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T T
L, 0, 0 0] _ [I,, 0,, 0 0] [I., —I., 0 0] _;
D, - N

0 0 01 0 0 01 O0p, 0n, 0 0O

T

+ «

(1. —I, 00 T
~ N, - [IQM 0 0] X [Im 0 0}
0. 0, 0 0

T

=+ dlag(nlnx, Inxy _7Inu7 0)7

T
J— Am BKI B Qg Am BKz B Qjpe T
My — R ta [Ignz 0 0} X [[znz 0 0]
O, I., 0 0 O, L., 0 0
_ T
Am BKZ B ik T Am BKz B Qg
+ X [L 0 0]+ By 0 0] X
0,, 0., 0 O On, 0,, 0 0
_ (0., 0,. 0 0] —_—+ _— [0, 0, 0 0
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Moreover, if the state space is equal to R™ then the system is globally uniformly

exponentially stable.

Proof. Consider the Krasovskii functional (8.28). Based on Lemma 8.6, LMIs (8.34)-
(8.36), R > 0, X; > 0, and non-negative \;, i € Z\Z(0), are sufficient conditions for
the Krasovskii functional (8.28) to satisfy conditions (8.16) and (8.17) in Theorem 8.1.
Hence, it suffices to prove that the remaining LMIs in Theorem 8.2 (LMIs (8.38)-
(8.42)) are sufficient conditions for the solution of each of the two extreme dynam-

ics (8.3) to satisfy inequality (8.18), i.e.

YV (@)i(t) + VO, z) + VO (L, 20) + aiVilt, ) <0,
Va(t) ERi, i €L, Vt #t,, n €N, (8.44)
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for arbitrary a; > o > 0. Without loss of generality, we assume
a; =a, VieT. (8.45)
For the first summand in inequality (8.44), equation (8.29) yields
VW (2)i(t) =7 Pa+ T P, Va(t) € Ry, i € T. (8.46)
For t € (t,,t,+1), following the technique presented in Chapter 2 yields

V) Sphter Ry = [a7(6) 7 (t) po(0)] b — B [o7(6) — a7 (ta) o (1)]

Fr-p [0 @) R aT(t)] —av®, (8.47)

For ¢ € (tn,tns1), the time derivative of V3, defined in (8.31), is computed as

T

VO = [a7(t) 2" (t)] X |27 1) xT(tn)]T (= p) [i7(0) 0] X |47 (1)
Fr—p) o) )] x[# 0] (8.48)
We now divide the state space into two parts
1. 2(t) € Ry, i € I\Z(0),
2. z(t) € Ry, i € Z(0).

In the rest of the proof, we check the requirements for inequality (8.44) to hold in
each part of the state space.
e Part 1: For x(t) € Ry, i € I\IZ(0), based on (8.9), the two extreme dynamics

are defined as

#(t) = [Am BK, B am] C(t), k=1or k=2, (8.49)

T
where ((t) = [:pT(t) 2T (t,) wl(t) 1} € R?metnutl In what follows, we rep-
resent the left hand side of inequality (8.44) by LHS. Let x = 1 (or K = 2), re-

place (8.49) in (8.46), (8.47), and (8.48) and set hi(t) = N, ((t), where Ny, is a

matrix in RGraFmut1)x2me - Considering (8.45) we can write

LHS = VVY (@)i(t) + VO (t,20) + VO (8, 20) + 0iVi(t, z,)
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Ay, BK; B ay| — [I., 0,, 0 0
<¢" P;
O 0 0 0 0 0 01
I, 0, 0 0] _ [A,. BK, B a
+ .
0 0 01 0 0 0 0
- T
L., 0., 0 0] — [I,, 0, 0 0 _ T
+a P; + pNe® " R™°N,,
0 0 0 1 0 0 01
- T
L, —I., 00| —» _ [I, —I, 00
- iR_NiH
On, pln, 0 0] On, pl,, 0 0
Ay BK; B a, Ay BK; B a,
+(r—p
Op, I, 0 0 Op, I, 0 0

A BK; B a,
+(r—p [[an 0 0]
O, 0n 0 0
T Ay BK; B .
(7= p) [, 0 0) . (8.50)
O, 0. 0 0
For p =0, LMI (8.39) implies
LHS < —nale — 27 (t,)2(t,) +ywlw — (TS (8.51)

Using Schur complement, LMI (8.40) implies that (8.51) holds for p = 7. Since (8.50)
is affine in p, LMIs (8.39) and (8.40) are sufficient conditions for (8.51) to hold for
any p € (0,7). Recalling (8.10) and (8.43), we can write

lw[| < AK || (tn)]], (8.52)

which considering (8.38), yields [[w|[* < ][z (t,)[|?, or equivalently
0 < 28 (ty)x(t,) — yww. (8.53)
Adding inequality (8.53) to inequality (8.51) yields LHS < —naTz — ¢7'S;.(. For

x(t) € Ry, i € I\Z(0), and positive N, it follows from (8.4) that ¢7S;.¢ > 0.
Hence, LMIs (8.38), (8.39), and (8.40) are sufficient conditions for inequality (8.44)
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and therefore (8.18) to hold for any ¢ € (t,,t,41), n € N, and z(t) € R;, i € T\Z(0).
e Part 2: For x(t) € R;, i € Z(0), based on Assumption 8.4, we have a;, = 0,
k € {1,2). Setting a;. = 0 and N, = [JQWM 0] N, in (8.50), LMI (8.41) implies

LHS < —na’x — 27 (t,)x(t,) + yw'w (8.54)

for p = 0. Using Schur complement, LMI (8.42) implies that (8.54) holds for p = 7.
Since (8.50) is affine in p, LMIs (8.41) and (8.42) are sufficient conditions for (8.54)
to hold for any p € (0,7). Adding inequality (8.53) to inequality (8.54) yields
LHS < —nzTx. Hence, LMIs (8.38), (8.41), and (8.42) are sufficient conditions
for inequality (8.44) and therefore (8.18) to hold for any t € (t,,t,41), n € N, and
x(t) € Ry, i € Z(0).

Based on the conclusions in the two parts of the state space, inequality (8.18)
holds for all #(t) € R;, i € Z, and t € (t,,t,,1). Hence, all the conditions of Theo-
rem 8.1 are satisfied and the closed-loop nonlinear sampled-data system is uniformly
exponentially stable with decay rate larger than «/2. Based on Theorem 8.1, if the
state space is equal to R™ then the conditions of Theorem 8.2 are sufficient condi-
tions for the nonlinear sampled-data system to be globally uniformly exponentially
stable. If the state space is a subset of R™, however, the conditions of Theorem 8.2
are sufficient conditions for the nonlinear sampled-data system to be locally uniformly

exponentially stable. O

Based on Theorem 8.2, the problem of finding a lower bound on the MASP that

preserves exponential stability is formulated as
Problem 8.1.

marimize T
subject to R >0, X; >0, \; >0, i1 € Z\Z(0), ¢;; >0, i €Z, n>0, v >0,
Xir. >0, 1 € I\Z(0), k € {1,2}, (8.34) — (8.36), (8.38) — (8.42).

8.4 Controller Synthesis

In this section, we address controller synthesis for a class of nonlinear sampled-data
systems where the MASP is considered as a parameter. In the controller synthesis
problem, the controller gains K;, i € Z, are unknown. Therefore, the LMIs in The-

orem 8.2 turn into non-convex matrix inequalities that cannot be solved efficiently.
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Theorem 8.3 addresses this issue and provides sufficient conditions for controller syn-
thesis that can be cast as a convex optimization program. The price of the convex
formulation of the controller synthesis problem is an extra condition on the structure

of the PWA differential inclusion, which is formulated in Assumption 8.5.
Assumption 8.5. The regions in the PWA differential inclusion (8.2) are slabs.

Considering Assumption 8.5, in this section, e;, ¢ € Z, are scalars and FE;, i € Z,

are vectors (see (8.5)).

Theorem 8.3. Consider the nonlinear system (8.1) subject to Assumptions 8.1-8.5.
Given T as the desired MASP, there exists a PWL controller with gains K; = Y;Q™*
that locally uniformly exponentially stabilizes the closed-loop sampled-data system,
if there exist a symmetric matriz Q, matrices Y;, N, i € I, v € {1,2}, with
appropriate dimensions, positive scalars N, i € I\Z(0), k € {1,2}, v, p, and €x,
satisfying

Q > I, (8.55)
_ Y, —Y;
v J”<vaez (8.56)
-yl -1

e for alli € T\Z(0) and k € {1,2}

fm + Tmli/@ + Sin * * *
AiHQ BK B (7P —
T —7Q) * *
Op, Q@ 0 0 <0 (8.57)
N el + EQ 0 0 0 0 0 —Xin(€2 = 1)
[ Lip + T Moy + S * * * ]
N i —TeQ * *
_ _ <0
|:Q O O] OQn;L- - dlag(ﬂ]nw ]n;,;> *
(8.58)

e for alli € Z(0) and k € {1,2}
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' AT 0, g |
Pm + TMUK T Y;'TBT Q [ ]
0
BT 0 <0 (8.59)
* —T@ 02713c
* * — diag(pul,,, In,)
[ Q
L + 7 Mo, TNix [
0
- <0 (8.60)
* —Te" () 021,
* * —diag(uly,, In,)
where
Q =diag(Q, Q), (8.61)

T
¢=ex [, ~1] [1. 1],

o T
= |4uQ BY: B a] |L. 0. 0 0]
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[0 0 0 0 [4.0 BY: B
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Moreover, if the state space is equal to R™ then the system is globally uniformly

exponentially stable.

Proof. Here, we prove that inequalities (8.55)-(8.60) are sufficient conditions for the
LMIs in Theorem 8.2 to be verified. Suppose there exist a symmetric matrix @,
matrices Y;, and Ny, i € Z, k € {1,2}, with appropriate dimensions, positive scalars
Xin, 1 € I\Z(0), k € {1,2}, v, p, and ey, satisfying (8.55)-(8.60). Let

P,=Q7', i €I(0), P; =diag(Q *,0), i € I\Z(0), X, = exQ !, R=0Q '
n= M_17 Kz - YiQ_la (S I, Nm - é_l_inaila (S I7 K€ {172}7

where @ is defined in (8.61) and Q = diag(Q, @, I,,,1). The rest of the proof is

similar to the proof of Theorem 7.2 and therefore omitted. O]

Remark 8.3. The stabilization criteria in Theorem 8.3 are sufficient conditions for
the stability criteria in Theorem 8.2 and therefore are more conservative. However,
they can be used to design PWL controllers by solving a convex optimization program
that can be solved efficiently using available software packages. Numerical examples

will show the effectiveness of this approach (see Section 8.5).

Based on Theorem 8.3, the problem of designing an exponentially stabilizing PWL

controller that maximizes the lower bound on the MASP is formulated as
Problem 8.2.

marimize T

subject to Ay >0, i € Z\Z(0), k € {1,2}, v>0, u >0, ex >0, (8.55) — (8.60).
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8.5 Numerical Examples

In this section, the theorems of Sections 8.3 and 8.4 are applied to two examples of
linear and nonlinear sampled-data systems. In the literature of sampled-data sys-
tems, the lower bound on the MASP is usually used as a criterion for comparing the
conservativeness of stability theorems. The greater is the computed lower bound,
the less conservative is the stability theorem. In the following example, we use the
same criterion to demonstrate the effectiveness of the proposed sufficient stability and

stabilization conditions.

Example 8.1. Consider the nonlinear system @ = f(x) + Bu with

—x1 + |z2] + 0.5 cos(zq) 135 + 0.1z sin(zs)
0

f(z) = : (8.62)

T
where BT = [0 1}, T = [ml {[‘2:| € R? is the state vector, and u is the control

input. The open-loop system is bounded by the PWA differential inclusion f(xz(t)) €
conv{A;.x(t) + ays, £ = 1,2}, Ya(t) € Ry, i € Z, where T = {1,...,6}. The slab

regions are defined as

Ri = {x|re € (—00,—=5)}, Ry ={z|ry € (=5,-1.2)}, R3 = {z|ry € (—-1.2,0)},
Ry =A{z|ze € (0,1.2)}, Rs = {z|xs € (1.2,5)}, Rs = {z|z2 € (5,00)},

and

1 0.88 1 1 1 0.5 -1 0.5
Ay =— , Ao = — , Az = — , Ay = )
0 0 0 0 0 0 0 0
-1 1 —1 0.88 0 —0.6
, At = , @11 = A3zl = 441 = Qg1 = , A21 = 451 = )
0 O 0 0 0 0
1 1.12 1 1 1 1.5 -1 1.5
Ay =— , Agg = — , Agg = — , Agpp = )
0 0 0 0 0 O 0 0
-1 1 -1 1.12 0 0.6
) Ago = , Q12 = A32 = A42 = Ag2 = , Q22 = U2 = .
0O 0 0 0 0 0

Figure 8.1(a) illustrates the nonlinear function and the corresponding PWA differen-

tial inclusion. Consider the linear feedback controller
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Figure 8.1: The left figure illustrates the nonlinear function and the corresponding
PWA differential inclusion (as seen from the angle generated by the MATLAB®
command view(90,-33.6)). The vertical dashed lines represent the boundaries of
the slab regions. The right figure shows the response of the system for sampling
intervals equal to 0.2 (s).

w= Kz, K — [o —10} . (8.63)

The controller can be considered as a PWL controller where the controller gain is equal
in all regions. It is easy to see that (8.63) is a stabilizing controller for z,. Since
f([x1 0]) = [—z1 0]7, one can conclude that the continuous-time controller (8.63)
asymptotically stabilizes the nonlinear system. Now assume that the controller is
implemented via a sample and hold device. Simulation results (with initial condition
zl(r) = [1 2] , —0.2 <r <0, and p(0) = 0) show that the system becomes unstable
for sampling intervals greater than 0.2 (s) (see Fig. 8.1(b)). Our first goal is to
find a lower bound on the MASP such that the closed-loop nonlinear system remains
stable. Table 8.1 compares the values provided by Problem 8.1 for the lower bound on
the MASP that guarantees global uniform exponential stability with other methods in
the literature.! Note that the lower bound on the MASP computed using the approach
in [50] decreases drastically as the decay rate increases. In this example, comparing the
data for the case where o = 07, the lower bound on the MASP given by the approach
proposed in this chapter is twice as large as the lower bound on the MASP provided

Y When solving Ezample 8.1 based on the approach of [50], the following Lyapunov function can-
didates were used: V(x) = 3 x 107527 + 1023 and W (e) = |e| (please see [50] for nmotation). The
coefficients of the quadratic Lyapunov function were optimized to provide the largest lower bound on
the MASP.
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Table 8.1: Comparison of the computed lower bound on the MASP that guarantees
global uniform exponential stability for different decay rates (a/2)

MASP = 0.100 (s) for v = 0T
[50] MASP = 0.033 (s) for a = 2.4 x 1076
MASP = 0" (s) for « = 4.8 x 1076
MASP = 0.199 (s) for a = 0%
Problem 8.1 MASP = 0.195 (s) for « = 0.5
MASP = 0.190 (s) for a =1

by [50]. Moreover, in this example, the calculated lower bound on the MASP is more
than 99% accurate (recall that the system becomes unstable for sampling intervals
greater than 0.2 (s)).

Now consider a scenario in which the sampling intervals of the available sensors
are as large as 0.35 (s). Clearly, controller (8.63) cannot stabilize the sampled-data
system because the sampling intervals might be longer than 0.2 (s). Here, our goal
1s to design a new controller that guarantees global uniform exponential stability of
the nonlinear sampled-data system for the MASP = 0.35 (s). To the best of the
authors’ knowledge, there is no other direct sampled-data design based approach in
the literature of nonlinear systems that can be used to design sampled-data controllers
for a desired MASP. Solving Problem 8.2 for the MASP = 0.35 (s) and a = 0.05
yields the following PWL controller

K, = [0.2033 —2.4987] Ky = [0.2431 —2.5960] | Ky = [0.2738 —2.6302} :

K, = [—0.2738 —2.6302] K — [—0.2431 —2.5960} K= [—0.2033 —2.4987} .
(8.64)

As mentioned earlier, the convex formulation of the controller synthesis problem in
Theorem 8.3 leads to extra conservatism in the sufficient conditions when compared to
Theorem 8.2 (see Remark 8.3). Hence, in order to find a less conservative estimation
of the MASP, we solve Problem 8.1 with the new controller gains defined in (8.64).
This yields the MASP = 0.57 (s). Therefore, the designed PWL controller (8.64) is
guaranteed to stabilize the closed-loop nonlinear sampled-data system if the nonuni-

form sampling intervals are smaller than 0.57 (s).
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8.6 Conclusion

Exponential stability and stabilization of a class of uncertain nonlinear systems with
PWL sampled-data feedback was addressed. The direct sampled-data controller syn-
thesis problem for a class of uncertain nonlinear systems was formulated as a convex
optimization program with the MASP as a parameter. Sufficient conditions for ex-
ponential stability of a class of nonlinear sampled-data systems were presented using
a piecewise smooth Krasovskii functional. The stability analysis and controller syn-
thesis conditions were cast as LMIs. It was shown that the proposed methods can
perform favorably when compared to other methods in the literature of nonlinear

systems.
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Chapter 9

Linear Networked Control Systems

9.1 Introduction

In networked control systems, sensory information and feedback signals are exchanged
among different components of the system (i.e. sensors, actuators, and controllers)
through a communication network. In a modern long-range aircraft for instance,
there exist about 170 (Km) of signal wiring which account for almost 700 (Kg) of the
weight of the aircraft [4]. Other than weight, the main drawbacks of wired communi-
cation links include connector/pin failures, cracked insulation issues, arc faults, and
maintenance/upgrade difficulties [5]. The inherent benefits of wireless communication
systems and the recent advancements in this field have led to a growing interest in
wireless flight control systems (i.e. fly-by-wireless) [6]. However, the effects of non-
ideal communication networks on stability and performance of the system become
more prominent in the case of wireless communication networks [7] and motivate a
thorough study of networked control systems. We refer the reader to [1-3] for applica-
tions of networked control systems in document printing control, air vehicle systems
and satellites, and an inverted pendulum, respectively.

In a networked control system (as well as a sampled-data system and a time-delay
system, as special cases of networked control systems), the vector field is defined as
a function of the current and the past values of the state vector. Retarded functional
differential equations [19] are widely used as a framework for modeling, stability
analysis, and controller synthesis of deterministic and stochastic networked control
systems (see [19-21] and the references therein). The main approaches for studying
networked control systems include the lifting approach [37,45,60,61], the impulsive
model approach [1, 11,48, 62], and the input delay approach [12,15,47,63, 64].

In the lifting approach, the retarded system is modeled as a finite dimensional
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discrete-time system. Lifting is used in studying sampled-data systems with constant
or uncertain sampling rates [49]. However, the lifting approach is not applicable to
systems with uncertain parameters. In the impulsive model approach, the retarded
system is modeled as an impulsive system which exhibits continuous state evolutions
(described by ordinary differential equations) and instantaneous state jumps. In the
input delay approach, the retarded system is modeled as a continuous-time system
with a delayed control input. Both the impulsive model and input delay approaches
use Razumikhin-type [20] or Krasovskii-type [112] theorems to prove stability of the
retarded system. While the Razumikhin-type theorems are based on classical Lya-
punov functions, Krasovskii-type theorems use Lyapunov functionals and are known
to be less conservative [9,15,20]. The evolution of LKFs over the past decade has
yielded less conservative stability conditions. These conditions are usually cast in
terms of LMIs which can efficiently be solved using software packages such as Se-
DuMi [16] and YALMIP [17].

In a networked control system, a continuous-time plant is in feedback with a
discrete-time emulation of a controller. The control signal is computed using state
measurements that are sampled in intervals that are not necessarily uniform [3, 47, 48|.
These signals go through a quantization process [57], and experience uncertain and
time varying delays [58,59], data packet dropouts, and congestion over the commu-
nication network. Most of the works in the literature focus on only one aspect of net-
worked control systems. There are papers, however, that study two or more features
of a networked control system at the same time. Reference [2] studies Hy, control of
a class of uncertain stochastic networked control systems with both network-induced
delays and packet dropouts. Sufficient conditions are proposed to ensure exponential
stability in mean square of the closed-loop system subject to a performance measure.
The robust filtering problem is addressed in [65] for a class of discrete-time uncertain
nonlinear networked systems with both multiple stochastic time-varying communica-
tion delays and multiple packet dropouts. A method for designing linear full-order
filter is proposed such that the estimation error converges to zero exponentially in
the mean square while the disturbance rejection attenuation is constrained to a given
level. Reference [66] studies the distributed finite- horizon filtering problem for a
class of time-varying systems over lossy sensor networks with quantization errors and
successive packet dropouts. Through available output measurements from a sensor
and its neighbors (according to a given topology), a sufficient condition is established
for the desired distributed finite-horizon filter to ensure that the prescribed average

filtering performance constraint is satisfied.
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The networked control system considered in [67] comprises a linear sampled-data
controller and an uncertain, time varying delay. Two drawbacks of that model are
that the sampling intervals are assumed to be constant and the delay is assumed to be
upper bounded by the sampling period. A more general model of networked control
systems is studied in [11,12], where a linear sampled-data controller with uncertain
sampling rates, the possibility of data packet dropouts, and an unknown, time varying
delay are considered. While the stability theorems in [12] are less conservative than
the corresponding theorems in [11], they are more computationally expensive as they
involve solving two times as many LMIs. Moreover, due to the complexity of the LKF
n [12], the number of LMIs increases even more if additional information on the time
varying delay (e.g. a lower bound) is available.

Similar to [11, 12], in this chapter we focus on linear networked control systems. In
particular, we study a continuous-time linear plant in feedback with a linear sampled-
data controller with an unknown, time varying sampling rate, the possibility of data
packet dropout, and an uncertain, time varying delay. In contrast to [12], this chapter
improves the stability conditions of [11] without increasing the computational cost
of the resulting optimization program. We first consider the general case where in-
formation on the lower and upper bounds of the time-delay are available, and then
study the case with limited information on the time-delay. In all those scenarios, our
goal is to find a lower bound on the maximum network-induced delay that preserves
exponential stability of the system.

The main contribution of this chapter is the derivation of new sufficient stability
conditions for linear networked control system taking into account all of the factors
mentioned before. The stability conditions are based on a modified LKF. The stabil-
ity results are also applied to the case where limited information on the delay bounds
is available. Furthermore, this chapter also formulates the problem of finding a lower
bound on the maximum network-induced delay that preserves exponential stability
as a convex optimization program in terms of LMIs. This problem can be solved effi-
ciently from both a practical and theoretical point of view. Finally, as a comparison,
we show that the stability conditions proposed in this chapter compare favorably with
the ones available in the open literature for different benchmark problems.

The chapter is organized as follows. Section 9.2 presents the linear networked
control system model. Section 9.3 starts by introducing a modified LKF. Next, we
present theorems that provide sufficient conditions for exponential stability of linear

networked control systems. Furthermore, the problem of finding a lower bound on the
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Figure 9.1: A linear networked control system

maximum network-induced delay that preserves exponential stability as an optimiza-
tion program is formulated in terms of LMIs. Finally, the new approach is applied to

different examples in Section 9.4.

9.2 Preliminaries

Consider the linear system
&(t) = Ax(t) + Bu(t), (9.1)

where x € R denotes the state vector, A € R"=*" B € R"*"™ and u € R™ is the

control input. Let a continuous-time linear controller for (9.1) be defined by
u(t) = Kx(t), (9.2)

where K € R™*"=_ In this chapter, we study the stability of system (9.1) where
controller (9.2) is implemented through a network. The network comprises a time
driven sampler and an event driven zero order hold (see Figure 9.1). The possibility
of data packet dropout and communication delays are also considered in the network’s

model. The networked controller is characterized through Assumptions 9.1-9.4.

Assumption 9.1. The state vector is measured at the sampling instants s, k € N.

FEach sampled state vector is sent over the network in one data packet.

Since the controller is static and time-invariant, without loss of generality [1, 8,
113], the delay between the sensor (sampler) and the controller, the delay between the
controller and the actuator, and the computation delay in the controller are modeled

as one single delay.
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Assumption 9.2. The state vector sampled at s., k € N, experiences an uncer-
tain, time varying delay n. as it s transmitted through the network. The delay ny is

bounded, i.e., 0 < Nmin < Mk < Nmax-

Note that our model allows the delay 7 to grow larger than the sampling interval
[Sk, Sk+1] as opposed to the model in [67]. The possibility of data packet dropout is
modeled via a switch in Figure 9.1. When the switch is closed, the data is transmitted
through the network. When the switch is open, however, the data is assumed to be

dropped. The actuator is updated with new control signals at the instants tj,
ty = sk +nx, ke N (9.3)

An event driven zero order hold keeps the control signal constant through the interval

[tk, tkr1), 1.e. until the arrival of new data at ¢y ;.

Assumption 9.3. The control signals arrive at the actuator in the same order that
their corresponding state vectors are sampled, i.e. s; < s; =>1; <t;,Vi,j € N. Ifa
sampled state vector arrives after a more recent sampled vector has arrived, the older

sampled vector is dropped (cf. sq and sy in Figure 9.2).

Without loss of generality, by the index & € N, we denote only the instants s
and t; for which a data packet is not dropped. In the interval between two actuator
update instants ¢; and %;,1, the network-induced delay represented by p; is defined

as the time elapsed since the last available sampling instant s (see Figure 9.2), i.e.

ps(t) =t— Sk :t—tk—l—ﬁk, t e [tk,tk+1), (94)

where equation (9.3) is used in the second equality. Based on Assumption 9.2, the
network-induced delay is greater than or equal to 7,,;,. We denote the largest network-

induced delay by 7, i.e.

7 =sup (ps(t)) = sup (tps1 — k).
keN

Therefore,
Thnin S ps(t) S T. (95)

Furthermore, the time elapsed since the last actuator update instant ¢, is denoted by

Pt 1.e.
,Ot(t) =t—t,=1— s, — N = ps(t) — Nk, t e [tkathrl)- (96)
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Figure 9.2: Network-induced delay
Equation (9.5), equation (9.6), and Assumption 9.2 yield
0 < pi(t) < T — Nnin- (9.7)

The following assumption models the fact that two actuator updates cannot occur
simultaneously in practice. It is used in Section 9.3 to rule out the occurrence of the
Zeno phenomenon and also plays an essential role in proving the convergence of the

closed-loop vector field to the origin.
Assumption 9.4. There exists € > 0 such that t; 1 — tp > € for any k € N.

The control signal (9.2) is now redefined in the networked control system frame-

work as the piecewise constant function
u(t) = Ka(sy), t € [tr, tiyr), (9.8)

with jumps at the actuator update instants t5, £ € N. Given a controller gain K that
exponentially stabilizes the continuous-time system (9.1)-(9.2), our objective is to find
a lower bound on the maximum network-induced delay that preserves exponential
stability for the networked control system defined by (9.1) and (9.8). To this end, we
use the input delay approach to draw an analogy between networked control systems

and time-delay systems. Considering (9.4), we can rewrite (9.8) as
u(t) = Kz(t — ps), t € [t tesr). (9.9)

The linear networked control system (9.1) with control input (9.9) can be viewed

as a linear system with a discontinuous time varying input delay d(t) = ps. In the
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literature of time-delay systems, LKF's are widely used to devise stability conditions
(see 21,58, 59, 114] and the references therein). Different LKFs are used for networked
control systems in [11, 12, 67] and sampled-data systems in [15,47,48, 64]. The subject
of LKFs and stability of linear networked control systems will be addressed in the

next section where we present the main results of the chapter.

9.3 Main Results

First, a modified LKF is presented. Next, the LKF is used to provide new sufficient
conditions for stability of linear networked control systems. The problem of finding
a lower bound on the maximum network-induced delay that preserves exponential

stability is cast as an optimization program in terms of LMIs. Let V (¢, 2;) be an
LKF defined as

V(t, ;) = i Vi, t € [tk tesa), (9.10)

where h
Vo =27 (t)Px(t), (9.11)
V=G0 | [#(r) — Bu()T Rali(r) — Bu(r)]dr, (912)
Vo =(T — ps) /t tpt &' (r) Ry (r) dr, (9.13)
Vi = /t tnmm(nmm —t+7)@" (r)Rad(r) dr, (9.14)

t— nnlm

(1 —t+ )27 (r)Ryg(r) dr + (7 — Dnin) /t w7 (r)Ryz(r)dr, (9.15)

—Tmin

e/
/ (r — t + )i (r) R(r) dr, (9.16)
i

7 —t+7)i’ (r)Rex(r) dr, (9.17)

/t Zx(r)dr, (9.18)

TImin

(7~ ps) [ (1) ()] X [+T0) )] (9.19)

8
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Table 9.1: Comparison of the LKF in (9.10) with the LKF's proposed in the literature

LKFin (9.10) | Vo (Vi [ Vo [ Vs | Vi | V5 | V6| V2| Wk
IKFim (1] |/ | X | X |/ |/ | X[/ |/ ]X
LKFm [47] |/ | X |/ | X | X [ X | X[ X |/

ps and p; are defined in (9.4) and (9.6), respectively, and

X1 —Xo
X = : (9.20)
XTI X+ XT - X4

where P > 0, R; > 0,7 € {1,...,6}, Z > 0, X; = X[, and X, are matrices in R"=*"=,
The reason for defining two similar functionals V5 and Vi becomes clear in the next
subsection where we use V5 to provide stability conditions that are independent of
Nmax and use Vg to devise stability conditions for the case when 7., is known (see
equations (9.45) and (9.46)). Table 9.1 compares the LKF in equation (9.10) with
the LKFs in [11,47]. The sign v (respectively, X) denotes that a functional exists
(respectively, does not exist) in the corresponding LKF. Using the new functional
V1 and the proper use of the functional V5, enables one to achieve less conservative
stability criteria.

The following theorem provides a set of sufficient conditions for which the tra-
jectories of the linear networked control system are globally uniformly exponentially

stable to the origin.

Theorem 9.1. Consider the linear networked control system defined in (9.1) and (9.8)
with Assumptions 9.1-9.4. Given the controller gain K and the scalars T, Ny, and
Nmax, the networked control system is globally uniformly exponentially stable if there
exist symmetric positive definite matrices P, R;, i € {1,...,6}, and Z, a symmel-
ric matriz Xy, and matrices Xo, N;, j € {1,...,5}, Ne,, and Ng,, with appropriate

dimensions, satisfying

P 0

+ (T = Nin) X >0 (9.21)
00
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_\Ij + 7—]\/[1 + (7- - nmin)(MZ + M4) + 77rnin]\4’3 nminNS nminNS nmafoS,l |
Thmin N{;,r _nminR?; O 0
<0
TImin Ng 0 _nminRS 0
L Thmax N 67; 0 0 ~Tmax R6 |
(9.22)
-\I[“f‘TM“f‘ T — Tmin M+M + minM N
thr=n _>§ 44 M5) i M 1 <0 (9.23)
N D

where X is defined in (9.20) and

T
\p:[A 0 BK o}
—[r =1 0 o
~lr oo -1

—N4[O 0 -1

“lo 1 -1 0

T

Mlz[A 0 BK o}
T

Mgz[A 00 o} R

A 0 BK 0
00 0 O

+

T

1T

1T

T
[POOO}Jr[POOO} [AOBKO}
(NT + NI+ NT) = (Ny + Ny + Ny,) [1 70 o}

T T T
N3—N3[[ 00 —I]—[O 0 —I [] N
T
1] =10 —1 o N =Ns[1 0 -1 0

a

NE=Ne, o T ~1 0|+ 0 0 O]TZ[] 00 o

- T X 0
—0001}2[0001]— ,
- 0 0

(Rs + Ro) [A 0 BK 0],

[A 00 0}+[A 0 BK O]TRQ[A 0 BK 0

T

A 0 BK 0
00 0 ol

X

X0}+0

_ e
My=[A 0 BK 0} Ry[4 0 BK 0],

— T -
M4:AOBK0} R4AOBK0],

M5

N: (T_nmin)Nl (7'
D

- T
0 0 BK o} N1T+N1[0 0 BK o},

- 771rnin>]\/v2 nminNS (7_ - 77111in>]\/v4 TNS nmaxN6a (T - nmin)NGb )

- dlag ((nmin - T)Rla (nmin - T)R27 - nminRZﬂa (nmin - T>R47 - TR5; - nmaxR67

(nmin - T>R6> .
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Proof. First we show that P > 0, R; > 0,4 € {1,...,6}, Z > 0, and LMI (9.21) are
sufficient conditions for the LKF (9.10) to satisfy

crlz(0)]* < V(t, 20) < callael By, (9.24)

for some ¢; > 0 and ¢y > 0. Adding V) and V3 yields

a:(t)] ( + (17— ps)X> [x(t)] : (9.25)

(tx)
for t € [tg,trs1). Based on (9.5), ps varies between 7y, and 7. Since (9.25) is affine

P 0
0 0

Vo+ Vs =

in ps, LMI (9.21) and P > 0 are sufficient conditions for the existence of a sufficiently

01] 0
0 O

for any ps € [min, 7). Therefore, based on (2.7) and (9.25) we can write

small ¢; > 0 such that

P 0

+ (T - p8>X>
0 0

alz®)* = alz(0)]* < Vo + Vs

Moreover, note that the constraints R; > 0, i € {1,...,6}, and Z > 0 are sufficient
conditions for V;, j € {1,...,7}, to be non-negative at any time. Therefore, the lower

bound on V' in inequality (9.24) is computed as
ez ()2 < Vo+ Ve < V.

Considering (9.5) and (2.8), observe that at any time ¢ and for all & € [—pj, 0],
|z ()| < |]x¢||w. Equivalently,

[2(r)] < [Jzellw, ¥V 7 € [t — ps, ). (9.26)

Therefore, < V2||z¢||w. Based on (9.25),

27 oT(0)]

P 0

Vo+ Vs <2 max Amax
0 0

pPsE [nmin 77—]

+(7 - ps)X> } [l][3y- (9-27)
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Note that
[@(r) = Bu(r)]" Ri[#(r) — Bu(r)] < Amax(R1)|2(r) — Bu(r)|*.

Moreover, according to the parallelogram law [115], |v; — va]? + |v1 + va|? = 2|vy]* +
2|vy|?, where vy and vy are vectors in R™. Therefore, |v; —vy|? < 2|v;]2 +2|vs]?. Thus,

using (9.5),

Vi < (T — Nhmin) Amax (R1) </ttpt 2|&(r)|? dr + /tt 2|Bu(7“)|2dr> : (9.28)

pt

With a change of variables, considering (9.7), and using the definition of norm in (2.8),

we can write
t 0 0
/ 2l@(r)?dr = 2/ 2(t + a)|* da = 2/ 2e(a)[? da < 2]z [y- (9.29)
t—pt —pt —pt

Based on (9.8), note that u(r) = Kuz(sg) is constant for r € [t — p,t| = [tx, ],
x(sy

t € [tg, tr+1). According to (9.26), |z(sk)| < ||z¢||w. Therefore, considering (9.7),

t t
/ 2|Bu(r)|? dr = 2/ |BKx(s) 2 dr < 2(7 — Din) Amax (KT BT BE)||24|[3-
t—pt t—pt
(9.30)
From (9.28)-(9.30),

‘/1 S 2(T - nmin))\max(Rl) (1 + (T - nmin))\max(KTBTBK» ||xt‘|12/\/ (931>
Similarly, it can be shown that

Vo <7 = Thain) A (Ra) |4 [, (9.32)
Vs < Do Amax (B3) |24y, (9.33)
Vi < 27 = Noin) Amax (Ra) ][y, (9.34)
Vs < TAmax(Rs) |73y, (9.35)
Vo < TAmax(Re)||2¢][y- (9.36)

Based on (9.5), [=7min, 0] C [—ps, 0], ie. [t — Numin, t] C [t — ps,t]. Therefore, us-

ing (9.26),
V2 < Mnin Amax (2) ||| [y (9.37)
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Adding inequalities (9.27) and (9.31)-(9.37) leads to the upper bound on V in (9.24),

1.€.
P 0
Cco =2 max Amax
pse[nminﬂ—] O O
+ 2<T - 77min>)\max(R1> (1 + (T — ﬂmin))\maX(KTBTBK))
+ T()\max(RE)) + )\max(RG)) + nmin()\max(R?;) + )\max(Z>)~

+ (7— - ps)X> } + (T - nmin)<)\max(R2) + 2/\max(R4))

So far, it was shown that the LKF is positive definite and decrescent. Following
Lyapunov theorem, to prove stability, it suffices to show that the LKF is decreasing.
Since the LKF is discontinuous at actuator update instants t;, we first show that
the LKF is non-increasing at ¢ = ¢, k € N. Next, computing the time derivative
of V for t € (tg,trs1), k € N, it is proved that LMIs (9.22) and (9.23) are sufficient
conditions for the LKF to be decreasing in the interval between two actuator update
instants. To this end, note that V;, j € {1,...,7}, and V; + Vs are always non-
negative. Also observe that Vj, V3, and Vz are continuous functions. The functionals
Vi and V5 vanish at the actuator update instants since p, = 0 at t = t;,. The first
integral in the functional V} is non-increasing at the actuator update instants t = ¢,
because the integrand is non-negative and based on Assumption 9.3 the lower limit
of the integral changes from s;_1 to si (see Figure 9.2). Note that the second part
of V} is a continuous function. Using the same reasoning, the functionals V5 and Vg
are non-increasing at the actuator update instants t = ¢; because the integrands are
non-negative and the lower limit of the integrals change from s,_; to s,. The last
component of the LKF, i.e. Vg, vanishes at the actuator update instants because
x(t) = z(ty) at t = t;, and the sum of the entries of X is equal to zero. Therefore,
the LKF is non-increasing at instants t;, k£ € N. The LKF is differentiable in the
interval between two actuator update instants. For ¢ € ({4, tpy1), V is composed of

nine terms computed as follows. The time derivative of Vj is
Vo = iT Pz + 27 Pi. (9.38)

From (9.4) and (9.6), we have g, = p, = 1. Hence, applying the Leibniz integral rule
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to Vj yields

Vi, =— /t_ [#(r) — Bu(r)]" Ry[@(r) — Bu(r)] dr + (7 — ps) [& — Bu]" Ry [# — Bu].

(9.39)

Since Ry is positive definite, for any arbitrary time varying vector h(t) € R™ we can
write

Ry —I
~I R;!

&(r) — Bu(r)
hy

> 0.

#(r) — Bu(r)]
hy

Therefore,
—[&(r) = Bu(r)]" Ry[2(r) — Bu(r)] < hI R{*hy — [@(r) — Bu(r)]*hy — h¥ [2(r) — Bu(r)].

Note that u(r) = Kx(sg) is constant for r € (t,tx41), and x(r) = z,(0) € W is
absolutely continuous. Therefore, integrating both sides from ¢ — p; to t, with respect

to r, we have

- /t_ [@(r) — Bu(r)]" Ry[@(r) — Bu(r)]dr <phlf R7'hy — |2 — z(t) — p,Bu]" hy
— hl[z — 2(ty) — p Bu). (9.40)
Replacing (9.40) in (9.39), yields

Vi <pihTR7Yhy — & — a(ty) — pBu]” hy — hT [ — 2(ty) — prBu]
+ (1 — ps) [ — Bu]" Ry [& — Bu]. (9.41)

Similarly, we can write the following equations

Vo <pihY Ry hy — 1 — 2(ty)]” he — hY [2 — 2(t)] + (7 — ps)iT Ry, (9.42)

t
Vé = — / iT(T)Rgi'(T) dr + T]mini’Tjof

tfnmin
Snminh?)jR;’jlh3 - [CL' - $(t - nmin)]T h3 - hg [IL‘ - I(t - nmin)] + nmini’TR?)jja
(9.43)

. t_nmin
‘/;L :(7— - nmin)j?T(t - nmin)R4:t(t - nmin> - / i'T(r>R4:t(r) dr + (T — T]Inin)j?TRgl.j?
t

—ps
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- (T - nmin)iT(t - nmin)R4$(t - 77rnin)
<(ps = Mhin) 1§ Ry "By — [2(t = Tuuin) — (1) ha = W [2(t = Dpin) — (58]
+ (T = Nouin) 7 Rat, (9.44)

¢
Vs=— / T (r)Rsa(r) dr + 73" Ry
¢

—ps

<pshIR:hs — [x — x(sp)]" hs — hY [x — 2(s,)] + 727 Ry, (9.45)
Ve = — /t_ : 7 (r)Rez(r) dr — /t_ @7 (r)Rez(r) dr + 73" Red
<nihg, Rg ‘s, — [x(tx) — 2(s)]" he, — he, [£(te) — x(s)] + pehey Rg b,
— [z — x(ty)]" he, — g, [x — 2(ty)] + 73" Re, (9.46)
Ve =" Zax — 27 (t — oin) Z(t — Daain), (9.47)
== [aT(t) o)) X [a7() aT(t)] + (00 [i70) 0] X [7(1) aT(8)]
(=) [0 0] X [70) o] (9.49

where h;(t), j € {2,...,5}, he,(t), and hg,(t) are arbitrary time varying vectors in
R"= . Although the functionals V5 and Vi were defined similarly in equations (9.16)
and (9.17), their time derivatives were approximated differently in equations (9.45)
and (9.46). Vi is approximated by a delay dependant functional and is used to devise
stability conditions for the case when fpax is known. Since V = Z?:o V;, adding (9.38)
and (9.41)-(9.48) yields

V <i"Px + 2" Pi + phT R hy — & — a(ty) — peBu]" hy — BT [2 — x(t) — psBu]
+ (7 — ps) [& — Bu]" Ry [ — Bu] + phl Ry 'hy — [x — x(ty,)]” he — hl [v — x(ty)]
+ (7 — ps)@T Ry + Nuninh Ry *hy — [ — 2(t — Dain)]” 1z — hd [ — 2(t — Tin)]
+ Thoind” Rad + (ps — Nouin )1y By ha — [2(t = Din) — 2(s1)]" ha
— h [2(t — Nin) — 2(58)] + (T — Nin) 37 Rade + pshi Rgths — [2 — z(se)]" hs
— bl [x — a(sp)] + 737 Rsd + nkhﬁTaRﬁ_lh6a — [z(ty) — m(sk)]T he,
— h, [2(te) — x(s)] + pihd, R 'he, — [x — x(t)]" he, — e, [x — ()]
+ 72" Rei + 2" Zx — 2" (t = Nin) Z2(t — Nynin)

= a0 o) X [0 a:T(tk)}THT—pS) (1) 0] X [7(1) (1)

+ (7 — ps) [azT(t) xT(tk)}X[apT(t) o}T. (9.49)

T
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Recalling (9.1) and (9.8), we can write

i(t) = [A 0 BK 0] ¢(t), and @(t) — Bu(t) = [A 00 0} ), (9.50)

T
where ((t) = |:1’T(t) al(ty) 2T (sp) 2T(t— nm-m)] , t € (tr,tre1). Replacing (9.8)
and (9.50) in (9.49), setting h;(t) = N/ ((t), j € {1,...,5}, he,(t) = Ny ((t), and
he,(t) = Ny, C(t), where Nj, j € {1,...,5}, Ng,, and N, are matrices in R**=*"= and
replacing p; and 7, with ps — Nmin and Ny, respectively, yields
) . T T
v a0 BK of P[1 00 of+|1 000 Plao BK 9
InT T r
+ (ps - 771rnin)]\/’1R1_ N1 -\ -1 _(ps — T]mm)BK O] N1

— NI ~I ~(pe— i) BE 0| +(r=p)[4 0 0 O}TRl 400 0

r T
+ (ps — Min) No By 'NT = [T 1 0 o] NI - N, [1 10 o}
T
+(r=p)[A 0 BK 0] B[4 0 BK 0| +nuuNeRy' N
T
—[1 00 —1] N3T—N3[I 0 0 —I}

T
Fin |[A 0 BEK 0| Ry|A 0 BE 0|+ (py = tsn) NaFiy ' NY
- _T - -
—10 0 —=I I NZ—N4OO—II
T

(T =) [A 0 BEK 0| Ri[A 0 BK 0]+ p,NsR; NI

- -T - -
—|I 0 =1 0f NN/ =Ns|I 0 —I 0
_ I _ _
+7[4 0 BK 0] Rs|A 0 BE 0]+ necNe, Ry NG,

- 1T
—[o 1 ~1 o] NL=Na [0 I —T 0]+ (o, min)Ne,Rs ' NG

a

~|r -1 o O:TNg;—Nab -1 0 0
+7‘[A 0 BK O]TRG[A 0 BK 0}+[I 0 0 O}TZ[I 0 0 0]

~o 00 ]}TZ[O 0 0 I}—KS
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T

A 0 BK 0
[X 0}+(7’—p8>

00 0 O

X
0

A 0 BK 0
00 0 O

+ (T_ps)

><.

(9.51)

Based on (9.5), ps varies between 7, and 7. Considering (9.51) and using Schur
complement [74], for p, = Nmim, LMI (9.22) implies V < 0. Similarly, LMI (9.23)
implies V < 0 for p, = 7. Since (9.51) is affine in p,, LMIs (9.22) and (9.23) are
sufficient conditions for V' < 0 to hold for any ps € [, 7], i.6. V(tg, ter1), k € N.
Note that there exists a sufficiently small scalar c5 > 0 such that V(t, z;) < —cs||z¢]|3,
for all ¢ # tx, k € N. Hence, inequality (9.24) yields

Vit ) < —%V(t,xt), Vt % ty, k€N, (9.52)
2

Therefore, for any k € N,

3

V(tg o) € e =" W (b o, ) € Vit ),

where V (¢, , :vt;) = limy », V (¢, 2,). The second inequality is strict when the length of
the interval (¢x_1, tx) is nonzero. Note that according to Assumption 9.4, any interval
(tk—1,tk), k € N, has a length greater than or equal to € > 0. Furthermore, it was
shown at the beginning of the proof that V' is non-increasing at the actuator update
instants, i.e.

V(tg, z,) < V(t,;,xt;), k € N.
Therefore, for any ¢ € [ty, ty11), k € N,

t—t

Vit,a) < e =Vt 2,) < eV 2,

< eig(titkfl)‘/(tk—laxtkf1) < 67%(1‘/7%71)‘/(@—17%_ )

k—1

< e =V(0, 20). (9.53)

A similar conclusion could be drawn from Comparison Lemma [35]. Now, inequali-
ties (9.24) and (9.53) yield
eii%tV(O xg) ’ co\2 _ s
<—0> < (_2) e 72 ||z .
C1 C1
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Hence, the networked control system is globally uniformly exponentially stable. Note
that the Zeno phenomenon does not occur since, by Assumption 9.4, there exists
€ > 0 such that t;,1 — tx > €. This finishes the proof. O

In Theorem 9.1, given the value of the network-induced delay 7 and the lower and
upper bounds on the delay, i.e. My, and Nuax, We presented sufficient conditions for
exponential stability of linear networked control systems. In some practical problems,
however, such information about the delay might not be available. Here, we present
sufficient conditions for exponential stability of linear networked control systems un-
der limited information about the delay. The following corollary addresses the case
where the upper bound on the delay 7., is unknown. To the best of our knowledge,

this scenario was not studied in the literature before.

Corollary 9.1. Consider the linear networked control system defined in (9.1) and (9.8)
with Assumptions 9.1-9.4. Given the controller gain K and the scalars T and My,
the networked control system is globally uniformly exponentially stable if there exist
symmetric positive definite matrices P, R;, i € {1,...,5}, and Z, a symmetric matriz

X1, and matrices Xo, N;, j € {1,...,5}, with appropriate dimensions, satisfying

P 0
+ (T — Nmin) X >0
10 0
U+ 7 My + (7 — Din) (Mo + My) + 0ainMs 7inNs - 7nin Vs
Nenin N3 —Nmin 3 0 <0
L T]minNg 0 —Nmin R
[ [ U+ TM, |
Fimin s (7 = i) V1 (T = Dnin) N2 min N3 (T — Dmin)Ns - 7N
(T = Thmin) X
(My+ Ms)
(T = i) N (Duuin — 7) Ry 0 0 0 0 <0
(T = Mmin) N5 0 (Tmin — 7) 2 0 0 0
Nenin N 0 0 —Nmin I3 0 0
(T = Thnin) NS 0 0 0 (Nnin — 7) Ry 0
i TNT 0 0 0 0 —7Rs |

where U, M;, j € {1,...,5}, are defined in Theorem 9.1 with Rg = 0 and Ng, =
Ng, = 0.
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Proof. Let an LKF be defined as > V,,, m € {0,...,5,7,8}. Here, we omit the
functional Vi because its derivative is approximated by a functional that depends on
Nk (see inequality (9.46)). In turn, 7y is replaced in (9.51) by the upper bound 7pax.
In this corollary, however, 1.« is assumed to be unknown. Using the modified LKF,

the rest of the proof is similar to the proof of Theorem 9.1. O]

If the lower bound on the delay n,,;, is unknown, based on Assumption 9.2, we set
Nmin = 0. The next corollary provides sufficient conditions for exponential stability of

linear networked control systems where 7, is unknown or similarly where 7,,;, = 0.

Corollary 9.2. Consider the linear networked control system defined in (9.1) and (9.8)
with Assumptions 9.1-9.4. Given the controller gain K and the scalars T and Myax,
the networked control system is globally uniformly exponentially stable if there exist
symmetric positive definite matrices P, Ry, Ro, Rs, and Rg, a symmetric matriz X1,

and matrices Xo, N1, Na, N5, Ng,, and Ng,, with appropriate dimensions, satisfying

P
+7X >0
0 0
(U (M4 M) N, |
<
L Thmax N, 67; ~Tmax RG
-\1/+T(M1 +M5) TN1 TN2 TN5 nmaxN6a TN6b-
TNT 7R 0 0 0 0
N7 0 —7tRy, O 0 0
<0
TNF 0 0 —TRs 0
Tmax N, 67; 0 0 0 ~Tmax R()’ 0
i TNg; 0 0 0 0 —TRG_

where W, My, My, and Ms are defined in Theorem 9.1 with R3 = Ry = Z = 0 and
N3 = Ny =0, and all the zero rows and columns (corresponding to x(t — Nyin)) are

omitted.

Proof. Let an LKF be defined as ) V,,, m € {0,1,2,5,6,8}. Here, the functionals
V3, V7, and the second term in Vj are omitted because they vanish when 7., = 0.
Also note that when n,.,;, = 0, the first part of V, becomes identical to the functionals
Vs and V. Therefore, the first part of Vj is dispensable in this case. Using the
modified LKF, the rest of the proof is similar to the proof of Theorem 9.1. O
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The following proposition presents sufficient conditions for exponential stability

of linear networked control systems with uncertain parameters.

Proposition 9.1. Suppose that the pair of system matrices ) = [A B] in (9.1) is

unknown but satisfies the following condition

Qe {zp:oz]ﬂj, OSO&jSL zp:ajzl},

Jj=1 J=1

where Q; = [Aj B]} , J €11,...,p}, denote the vertices of a convex polytope. If the
LMIs in Theorem 9.1 (or Corollaries 9.1 and 9.2) hold for each §;, j € {1,....p}, with
the same matriz variables P, R;, i € {1,...,6}, Z, Xy, and X, then the uncertain

linear networked control system is globally uniformly exponentially stable.

Proof. The proof is similar to the proof of Proposition 2.1 and is hence omitted. [

The LMIs in Theorem 9.1 are affine in 7, Ny, and Npax. Therefore, keeping
two of these variables constant, we can use a line search approach to optimize for
the other variable. For instance, given the lower and upper bounds on the delay,
the problem of finding a lower bound on the maximum network-induced delay that

preserves exponential stability is formulated as

Problem 9.1.

marimize T

subject to P >0, R; >0, i€ {l,...,6}, Z>0, X; =X, (9.21) — (9.23).

We denote the computed lower bound on the maximum network-induced delay
that preserves exponential stability by 7ax. Similarly, the LMIs in Corollaries 9.1

and 9.2 can be used to write suitable optimization programs.

9.4 Numerical Examples

In this section, we apply our stability theorems to a benchmark problem in the liter-

ature.

Example 9.1. [11, 12,47, 48] Consider the linear networked control system defined
in (9.1) and (9.8) with the following parameters

0 1
A == B g
0 —0.1

Y

0.1

O] K= — [3.75 11.5] |
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Table 9.2: Comparison of the computed lower bound on the maximum network-
induced delay Tyax (8) for Nmax = 0.8 (s) and different values of 7y, in Example 9.1.

[ Thin (5) [0 [02]04]06075]
[116] o4 - | - | - | -
11] 0.87 | 0.89 | 0.92 | 0.97 | 1.02

[

([11] plus V5) = (Theorem 9.1 with V; = 0) | 0.87 | 0.89 | 0.93 | 0.98 | 1.03
([11] plus Vi) = (Theorem 9.1 with V5 = 0) | 1.06 | 1.02 | 1.00 | 1.01 | 1.03
[12] L] - | - [ - -
Theorem 9.1 1.14 | 1.09 | 1.06 | 1.05 | 1.07

Here, we assume that Nmax = 0.8 (s) and solve Problem 9.1 to find a lower bound on
the mazimum network-induced delay that preserves exponential stability for different
values of Nuin. Table 9.2 shows the computed Tpa by Theorem 9.1 and the Theorems
in [11,12,116]. According to Table 9.2, the stability criteria of Theorem 9.1 are
less conservative (i.e. provide larger lower bounds on the mazximum network-induced

delay) for this benchmark problem than the previously existing results.

9.5 Conclusion

In this chapter, we addressed exponential stability of linear networked control sys-
tems. We introduced a modified LKF that contains a functional in terms of the
open-loop vector field of the linear system. Next, based on the modified LKF, new
sufficient stability conditions were derived for linear networked control systems. Fur-
thermore, the problem of finding a lower bound on the maximum network-induced
delay that preserves exponential stability was formulated as a convex optimization
program in terms of LMIs. The stability conditions of this chapter were shown to
be less conservative than previously existing results when applied to a benchmark

problem.
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Chapter 10
Conclusions

In this thesis, we developed computationally efficient methods for stability analysis,
controller synthesis, and observer design for sampled-data networked control systems.
A diverse range of systems were studied in this thesis. These systems can be cate-
gorized by their vector fields as linear systems (Chapters 2-5 and 9), PWA systems
(Chapters 6 and 7), and nonlinear systems (Chapter 8). The network structures ad-
dressed in this can be divided into three main categories; single-rate sampled-data
networked control systems (Chapters 2, 6-8), multi-rate sampled-data networked con-
trol systems (Chapters 3-5), and single-rate sampled-data networked control systems
with time-varying delays (Chapter 9).

We proposed Krasovskii-based sufficient conditions to address stability, stabiliza-
tion, and estimation problems. The controller design problem usually leads to non-
convex optimization problems. Therefore, convex relaxation techniques were used
to formulate the sufficient stabilization criteria as convex optimization programs. In
particular, the sufficient conditions were formulated in terms of LMIs that can be
solved efficiently using available optimization software. For the first time, sufficient
conditions for exponential stability of PWA and nonlinear sampled-data systems were
presented using a piecewise smooth Krasovskii functional. This decreases the con-
servativeness of the proposed sufficient conditions when compared with the use of
smooth Krasovskii functionals. The proposed stability and stabilization conditions
are applicable to systems with polytopic uncertainty in the model parameters. In
practice, the results of this thesis improve performance and reliability of networked

control systems by allowing engineers

1. To estimate the MASP that guarantees exponential stability. Depending on the

vector field of the model selected for the system and the network structure, the
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sufficient conditions that are formulated as LMIs in Chapters 2, 3, and 6-8 may

be used.

2. To estimate the maximum allowable delay in communication links that guar-
antee exponential stability. The theorems in Chapter 9 provide a set sufficient

conditions in terms of LMIs to estimate the maximum allowable delay.

3. To design controllers that guarantee exponential stability for the MASP dictated
by the sensing equipment. Depending on the vector field of the model selected
for the system and the network structure, the sufficient conditions that are
formulated as LMIs in Chapters 2, 3, and 6-8 may be used.

4. To design observers that guarantee exponential convergence of the estimation
error for the MASP dictated by the sensing equipment. The theorems in Chap-
ter b provide a set sufficient conditions in terms of LMIs to design sampled-data

observers.

5. To allocate sensors to states such that exponential stability is guaranteed for
a desired set of MASPs. In other words, to determine which states should be
sampled at a higher rate and which states should be sampled at a lower rate.
The theorem in Chapter 4 provides a set sufficient conditions in terms of LMIs

to address the sensor allocation problem.

The methodology developed in this thesis serves as a guideline to address several

new problems such as

1. PWA and nonlinear multi-rate sampled-data networked control systems. This

line of research is an extension of Chapter 3 to PWA and nonlinear systems.

2. Output feedback control of multi-rate sampled-data networked control systems.
This can be achieved by extending the observer design technique in Chapter 5

to systems with control feedback.

3. Fault detection in multi-rate sampled-data networked control systems. This can

be seen as an extension of the observer design technique in Chapter 5.

4. PWA and nonlinear sampled-data networked control systems with time-varying
delays. This line of research is an extension of Chapter 9 to PWA and nonlinear

systems described in Chapters 6-8.
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5. Stability and stabilization of systems that are described by neutral functional
differential equations. In neutral (as opposed to retarded) functional differential
equations, the highest order derivative contains delayed variables. Population
dynamics models are examples of systems that are defined by functional differ-

ential equations of neutral type.

6. As a measure of performance, H,, control of sampled-data networked control
systems can be addressed using Krasovskii-based approaches similar to the ones
developed in this thesis. Minimum attention control and event-triggered control
are also interesting approaches that can be used to guarantee certain perfor-

mance requirements for networked control systems.
Finally, two open problems in the field of networked control systems are

1. to present necessary and sufficient conditions for stability of linear networked
control systems with multi-rate samplers, time-varying delays, and data packet

losses.

2. to address stability analysis and controller synthesis problems for sampled-data

networked control systems with general nonlinear vector fields.
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