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ABSTRACT

In the frst part of this thesis, we derive comparison formulas relating the zeta-regularized
determinant of an arbitrary self-adjoint extension of the Laplace operator with domain
CX(X \ {P}) C Ly(X) to the zeta-regularized determinant of the Laplace operator on
X. Here X is a compact Riemannian manifold of dimension 2 or 3; P € X. In the second
part, we provide a proof of a conjecture by Jakobson, Nadirashvili, and Toth stating that on
an n-dimensional f at torus T", and the Fourier transform of squares of the eigenfunctions
|oa|? of the Laplacian have uniform [" bounds that do not depend on the eigenvalue \. The

thesis is based on the papers [2] and [1].
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Chapter 1
Introduction

In this thesis, we consider two different topics from the spectral theory of the Laplace
operator on compact Riemannian manifolds. First, we study the determinants of self-
adjoint extensions of the Laplacian on compact Riemannian manifolds X, more precisely,
we give a formula that compares the determinants of two distinct self-adjoint extensions of
the Laplacian with domain D consisting of smooth functions supported on the complement
ofapoint P € X, i.e.,

D =G5 (X \{P}) C L*(X).

In the second part of the thesis we provide a proof of the conjecture formulated in
[18, 19] which states that on a n-dimensional f at torus T", the Fourier transform of squares
of the eigenfunctions |, |? of the Laplacian have uniform [ bounds that do not depend on
the eigenvalue A\. To this end we prove a geometric lemma that bounds the number of
codimension-one simplices which satisfy a certain restriction on an n-dimensional sphere
S™(\) of radius v/, we think that this lemma might be of its own interest.

The thesis is based on the papers [2] and [1].



The study of self-adjoint extensions started in the last century together with develop-
ment of rigorous mathematical foundations of quantum mechanics. It is well known from
quantum physics, that all measurable quantities in nature (i. e., observables) , correspond
to linear operators that have real eigenvalues. The latter condition is guaranteed by self-
adjointness of the operators.

In the 1930’s and 1940’s, physicists were interested in Hamiltonians given by the
heuristic form:

H=-A+P, (1.1)

where the potential P is supported on a discrete set, say, P = cpdp(-), where dp is the
Dirac delta function supported at a point P and cp is a coupling constant and A is the
Laplace operator in R3.

Of course, the heuristic “Hamiltonian” H does not def ne any operator in Ly(R?) and
its mathematical meaning remains unclear.

To the best of our knowledge, the f rst paper that clarif ed the meaning of the expression
1.1 and proposed its mathematical interpretation goes back to 1961 and is due to Berezin
and Faddeev (see [6]).

The main idea of Berezin and Faddeev is to consider the operator (1.1) as a self-adjoint

extension of the Laplacian operator with domain C§°(R3 \ {P}) which is smaller than



C5°(R3). In contrast to the Laplacian with domain C§°(R?) the latter symmetric operator
is no longer essentially self-adjoint, its def ciency indices are (1,1). It is the self-adjoint
extension (actually there is a one-parametric family of such extensions) of this operator that
should be identif ed with the Hamiltonian (1.1). (Actually, Berezin and Faddeev worked in
the impulse representation: their operator is the multiplication by p? and not the Laplacian
- both pictures are, of course, unitary equivalent via Fourier transform.)

It should be noted that the properties of the Laplacian with domain C5°(R? \ {P})
depend on the dimension d; the corresponding symmetric operator is essentially self-adjoint
and its closure coincides with the standard self-adjoint Laplace operator in Lo(R?) if and
only if d > 4, this fact for a long time remained in folklore (to the best of our knowledge,
it was for the frst time distinctly formulated in one of the exercises in the second volume
of the Reed-Simon textbook in Functional Analysis [31]), the recent paper [26] gives its
accurate and detailed proof.

For d = 1,2, 3 the Hamiltonian (1.1) can be considered as a perturbation of the free
Hamiltonian A and the corresponding scattering theory appeared to be extremely interest-
ing (due to simplicity of the perturbation most of the formulas of the scattering theory in

this situation could be made pretty explicit) and became a subject of numerous papers and



the well known monograph of Albeverio, Gesztesy, Hoegh-Krohn and Holden ”Solvable
Models in Quantum Mechanics” ([3]).

In contrast to the just described subject, we wish to consider here the Laplacians on
compact manifolds and not on the space R%. On the one hand, this situation is very similar
to the case of R%: if X is a d-dimensional compact Riemannian manifold, A is the Lapla-
cian on it and a point P belongs to X, then the operator A with domain C§°(X \ {P})
is essentially self-adjoint if and only if d > 4; in case d = 1,2, 3 it has equal non-zero
def ciency indices (in fact, (1, 1)) and inf nitely many self-adjoint extension (the proofs of
these fact are almost the same as in the case of R?). On the other hand, this new situation
is dramatically different from the case of noncompact space R¢: the spectra of all the self-
adjoint extensions of the Laplacian are now discrete and all the questions of the scattering
theory which were natural for noncompact situation become completely irrelevant.

We also note that one motivation for the study of the pseudo-Laplacians came from the
works of P. Cartier and D. Hejhal [8] on the study of the zeros of the Riemann zeta function.
The description of the spectra of the self-adjoint extensions of the operator A with domain
C§° (X \ {P}) was given in the seminal paper of Y. Colin de Verdiere [11] (we devote the

next chapter of the thesis to a brief survey of these results). It should be also mentioned



that the name "PSEUDO-LAPLACIANS” was given to these extensions of the Laplacian
by Colin de Verdiere and we choose to follow this terminology throughout our thesis.

The main goal of the present thesis is to study the (-regularized determinants of the
pseudo-Laplacians. The latter determinant is an extremely important spectral characteristic
of operators with discrete spectrum being (in case of the Laplacian on a Riemann surface
or even in the case of the general elliptic self-adjoint pseudo-differential operator acting in
the space of sections of vector bundles) the subject of immense number of works in spectral
geometry and the string theory.

Let us say here a few words about this spectral characteristic.

For a f'nite dimensional operator, the determinant is def ned as the product of its eigen-
values. For inf nite dimensional operators (such as the Laplacian) the product of the eigen-
values diverges. In order to make sense of such a quantity (i. e. to def ne the determinant),
Ray and Singer proposed to use the so-called zeta-regularization [30].

Denote by ((s, A) the Minakshisundaram-Pleijel zeta function associated to the opera-

tor A. For R(s) large enough, it is given by

(s, A) = D ", (12)

pr€o*(A)



where we assume that A has a discrete spectrum o(A) and 0*(A) the spectrum of A without

the zero eigenvalue, i.e.,

o*(A) == o(A) — {0}.

Formally differentiating the function ((s, A) term-wise with respect to s, we get

((s,4) = = Y " log (1.3)

pr€o*(A)

Evaluating the derivative (1.3) at s = 0, we get

0,4 = = > logu. (1.4)

pr€o*(A)

The determinant of the operator A is then (formally) def ned by

det(4) = exp(—¢(0,4))

“ =" exp Z log [tk
pr€o*(A)

e | (1.5)

pr€o*(A)

In order to validate the evaluation of ('(s, A) at s = 0 in (1.4), one needs to prove that
the Minakshisundaram-Pleijel zeta function of the operator A (the Laplacian in our case)
is regular at s = 0. Doing so, the zeta regularized determinant becomes well def ned.

As it was shown by Colin de Verdiére, the operator A on a compact Riemannian man-

ifold X of dimension d = 2, 3 with domain C§°(X \ {P}) admits a one-parameter family



of self-adjoint extensions A, (pseudo-Laplacians). We are to study the zeta-regularized
determinants of these operators.

It should be noted that the case d = 1 lies beyond the scope of the present thesis - in
this case it is natural to consider not a relatively simple case of one-dimensional compact
smooth manifold (i. e. the disjoint union of circles) but a more complicated case of a graph
with several edges adjoint to the vertex P. The arising problem belongs to the theory of
quantum graphs (a very popular topic at the moment) and is considered in the recent papers
Kirsten, Loya & Park [21, 20, 23].

The main result of the f rst part of our thesis is a comparison formula relating det (A, p—
A) to det(A — ), for A € C\ (¢(A)Uo(Aq4p)), here A =: A, denotes the standard
self-adjoint Laplacian on X. Passing to the limit A\ — 0 one gets the formulas relating
the determinants of the pseudo-Laplacians to the determinants of standard Laplace oper-
ators on Riemannian manifolds. The main results are formulated in Proposition 3 and in
Corollary 2.

We also consider separately the cases of three-dimensional f at tori and the sphere S®
with standard round metric, in these cases all our formulas could be made pretty explicit
(the explicit expressions for the determinants of Laplacians on these manifolds can be found

in [14] and [24]).



It should be mentioned that in case of two-dimensional manifolds, the zeta regulariza-
tion of det(A, p — A) is not that standard, since the corresponding operator zeta-function
has logarithmic singularity at 0. The main result in this case is formulated in Proposition 4
and in Corollary 3.

It should be also mentioned that in the case when the manifold X is f at in a vicinity of
the point P we deal with a very special case of the situation (Laplacian on a manifold with
conical singularity) considered in [27], [23], [22] and, via other method, in [15]. Notice
also a recent paper [42] that is devoted to the case where X, is a compact Riemann surface
equipped with Poincaré metric. In a sequence of papers, Ueberschdr & Rudnick studied
some properties of the eigenvalue and the eigenfunctions of the pseudo-Laplacians on f at
tori (Cf. [32, 33]).

The general scheme of the present work is close to that of [15], although some calcula-
tions from [22] also appear very useful for us.

The results of the frst part of the thesis were published in [2].

In the second part of the thesis we consider the Laplacian A on the n-dimensional f at
torus T = R™/Z". The eigenvalues of —A are denoted by 0 = \g < A; < A\ < ..., and

the corresponding eigenfunctions are denoted by ¢;. We normalize ||¢;||» = 1.



The following Proposition was proved in [43] for n = 2, in [18] for n = 3, and in [19]
forn = 4.
Theorem 1. Let 2 < n < 4, then the Fourier series of |¢;|* have uniformly bounded 1"
norms, where the bound is independent of \;.

We remark that it is well-known that the multiplicity of \; becomes unbounded for
n > 2, and therefore so does ||¢;||.

It was conjectured in [18] that the conclusion of Theorem 1 holds for arbitrary n. The
main result of this paper is the proof of that conjecture:
Proposition 1. For any n > 5, there exists C' = C,, < oo, such that for every eigenfunction
2

Apj+ N =0, ||@jlla = 1, the Fourier series of g := |p,|* satisf'es

131 < C)lles1l5 (1.6)

We stress that the bound C' does not depend on the eigenvalue \;. The bound C(n) is
computed at the end of the proof and tends to 2 as n — oo.

Proposition 1 implies (by an argument in [18]) a statement about limits of eigenfunc-
tions on T™*2. Consider weak limits of the probability measures dy; = |¢;|*dx, and denote
the limit measure as \; — 0o by dv, one can prove that all such limit measures dv are ab-

solutely continuous in any dimension with respect to the Lebesgue measure on T" (Cf.



[18]). Accordingly, by Radon-Nikodym theorem, one can conclude that dv has a density

h(z) € L'(T™) such that dv = h(x) dz. Then, we consider the Fourier expansion of h(z):

h(z) ~ ) e, e (1.7)

In dimension n = 2, it was shown in [18] that the density of every such limit is a
trigonometric polynomial with at most two different magnitudes for the frequency. It was
also shown in[18, 19] that on T" for 3 < n < 6, the Fourier expansion of the limit measure
dv is in [" 72, that s,

> b < o0 (1.8)

TEL™

The proofs in dimensions 4 < n < 6 used Proposition 1 and results in [18] that reduced
estimates for limits on T"*2 to estimates for eigenfunctions on T". The estimate (1.8)
implies that on T3, the density of any limit dv has an absolutely convergent Fourier series,
whereas on T*, we conclude that h(z) € L*(T*).

Combining Proposition 1 with the results in [18], we immediately obtain

Proposition 2. Given the Fourier expansion (1.7) of the limit measure dv on T"*2, we have

1/n
( > |bT|"> < C(n) < 0o (1.9)

TEL™ 2

A generalization of B. Connes’ result [10] proved in [18] shows that the constant C'(n)

appearing in Proposition 2 on T"*2 coincides with the constant in Proposition 1 on T™. The

10



bound C(n) will be computed at the end of the proof and we will fnd that it tends to 2 as

An important question about eigenfunctions of the Laplacian is the following: given
o(x) satisfying Ap; + Aj¢; = 0 and [|p]|2 = 1 on a general n-dimensional smooth Rie-
mannian manifold M, what is the asymptotic growth rate of the LP norms of the eigen-
function? That is, how fast does ||¢;||z» grow as the eigenvalue \; — oco.

On a two dimensional compact boundaryless Riemannian manifold, Sogge showed in
[37] that for 2 < p < oc:

)
l1illo < OXP[g;112 (1.10)

where

5(p) = (L11)

This bound turned out to be sharp on the round sphere S2.
In a remarkable result, Zygmund [43] provides a uniform bound for the L*-norm of the

eigenfunctions of the Laplacian on T?. That is,

|0 |2

The bound (1.12) provided in [43] is independent of the eigenvalue.



Before we mention the next result, we give the following def nition:

My, () = sup Ul (1.13)

a+xe=0 |[0]]2
@on T

The question of the growth rate mentioned earlier can be translated into, what is the asymp-
totic behavior of M, ,(\). It is sometimes possible to obtain uniform bounds (independent
of \) for M,, ,(\) for a restricted set of eigenvalues.

In particular, Mockenhaupt proved in [29] the following: given a fnite subset D =
{¢1, 9, ..., q} of prime integers with ¢; = 1 (mod 4), we consider the set A, consisting
of all eigenvalues A € N such that all prime divisors ¢ of A with the property ¢ = 1 (mod 4),
belong to D. Then, for all A € Ap and for all p < oo, we have M, < C(p, k) < oo,
where C(p, k) is a constant.

A legitimate question to ask is whether or not there exists a uniform bound for M,, ,, for
general n and p. The question is still open, although there exist results about the rate of
growth of M, ,(\) as A — oo. Bourgain showed in [7] that on T™ with n > 4, we have
M, , < A=2/4=/2 for p > 2(n + 1) /(n — 3).

We notice that Proposition 1 does not imply a bound on eigenfunctions since there is

no converse to Hausdorff-Young inequality. For 1 < p <2 < ¢ < ocowithp™ + ¢t =1,

12



we have:

16711 < 1[0l [Z20- (1.14)

Although the bound C'(n) from Proposition 1 does not depend on the eigenvalue ), it
does not give us information about the bound M, ,, in (1.13).
There exist bounds for the L°° norm of the eigenfunctions as well. Hormander showed

(cf. [17, 16]) that on any compact Riemannian manifold M, we have

lpallee < CN*F,

where n is the dimension of the manifold M. This bound is attained for some manifolds
such as S™, but not for others such as T". Manifolds for which this bound is sharp are
called manifolds with maximal eigenfunction growth.

Y. Safarov studied the asymptotic behavior of the spectral function, the remainder in
Weyl’s law, and of eigenfunctions in many papers including [34, 35].

C. Sogge, J. Toth and S. Zelditch studied, in a series of papers (Cf. [38, 39, 41]) the
following question: what characterizes the manifolds with maximal eigenfunction growth?

They established that the manifolds with maximal eigenfunction growth must have a
point  where the set of geodesic loops at that point has a positive measure in S} M. The

converse turned out to be false as they constructed a counterexample in [39].

13



An older question of the same type is: how fast does the spectral function and the

remainder term in Weyl’s formula grow as A\ — oo? The spectral function is given by:

NeyN) = > 0i(@)e;(y) (1.15)
0<4/ A <VA

If we consider the diagonal when = = y, we obtain N, ,(\). If we integrate the latter over
the volume of the manifold M (assumed to be compact), we obtain the eigenvalue counting
function N () def ned by:

N(A) = #{\ < AL (1.16)

The remainder term in Weyl’s formula is given by:
R(\) = N(\) — ¢, vol(M) X2, (1.17)

where ¢, is a constant that depends on the dimension n.

The asymptotic behavior of the spectral function and the remainder term were studied
by many people, cf. [4, 12, 16, 25, 36] and the references therein for a detailed exposition
of the subject.

The results of this paper appear in [1].

14



Chapter 2
Preliminaries: The Spectral Theory of Pseudo-Laplacians and the Krein Formula

In this chapter we, frst, (very brief y) remind the reader the basic statements of the Von

Neumann theory of self-adjoint extensions of a symmetric operator in a Hilbert space, and

then describe the content of the work of Y. Colin de Verdiére on the spectral theory of the

pseudo-Laplacians. We also remind the reader the classical Krein formula for the trace of

the difference of resolvents of two self-adjoint extensions of a symmetric operator (in the

simplest case of def ciency indices (1, 1) - this is the only case we need in what follows).

2.1 Short reminder: Self-adjoint extensions of symmetric operators in Hilbert space

All the statements of this section are pretty basic and (in this or in an equivalent form)

can be found in any textbook devoted to the spectral theory of unbounded operators in

Hilbert space (see e. g. [31]). We include this small section only for convenience of a

reader.

Let A be a symmetric operator in a Hilbert space H with dense domain D(A) and let

A* be its adjoint.

15



Def ne the scalar product on D(A*) via

((u,v)) = (u,vyyg + (A*u, A*v) .

One has the following orthogonal decomposition of the domain of the adjoint with

respect to this scalar product:

D(A*) = D(A) &,y Ky @y K-, (2.1)

where A is the closure of A and K are the def ciency subspaces.

The dimensions of the spaces K.

ny ‘= dim K:t,

are called the def ciency indices of the operator A.

The operator A is self-adjoint if and only if n, = n_ = 0. On the other hand, if
A is not self-adjoint then its self-adjoint extension exists (in the same Hilbert space) if
and only if n, = n_. In case n_ = n, there is a bijection between the set of unitary
isomorphisms U : K, — K _ and the set of self-adjoint extensions (Ay, Dy) of A given
by Dy = D(A) &,y (the graph of U) and Ay = Alp,,, the restriction of A* to the domain

Dy.

16



2.2 Results of Colin de Verdiére

Let A be the Laplace-Beltrami operator on a compact d—dimensional Riemannian man-
ifold X with domain D(X) = C§°(X). In this section we denote by A, the unique
self-adjoint extension on the Hilbert space L?(X, dx) where dx is the Riemannian volume
element. The domain of the extension A is the Sobolev space H*(X).

For any point P € X, we def ne the operator A p with domain C§°(X \ {P}) such that
Apf = Af for every function in the domain. In [11], Yves Colin de Verdiére obtained
detailed results concerning the spectra of the self-adjoint extensions of the operator Ap
(pseudo-Laplacians). We are presenting his results here.

Theorem 2 (Colin de Verdiére). If d > 4, the only self-adjoint extension of Ap is Ay. If
d = 2 or 3, the def ciency indices n. = n_ = 1, and there is a continuum of self-adjoint

extensions of Ap parametrized by o € [0, ) and denoted by A, p. Their domain is given

by:

D(A.p) = {f € D(A}) | 3IX € C, where in the vicinity of P, we have

f(x) = A(sina - Gg(r) + cosa) + o(1) as r — 0}, (2.2)

where,

D(AL) =H* (X — P)={f € L*(X)|3C € C,Af — C§(P) € L*(X)},

17



r is the geodesic distance between x and P,

p

%log(r), d=2
Ga(r) =
=, d=3

and hence A, pf = Af — CS(P).

Theorem 2 characterizes all the self-adjoint extensions of Ap and their domains on
complete smooth Riemannian manifolds.
Remark 1. For o = 0, the extension A p coincides with the Friedrich’s extension A.
For convenience, we will refer to it by A instead of A p. As for o # 0, we will refer to
A, p as non-Friedrich’s extensions

In the same paper [11], Colin de Verdiere studied the spectra of such extensions but
restricted to the case where X is compact of dimension 2 or 3. We state his results.

For any o € [0, ), the operators A, p have compact resolvent operators. Hence A, p
have discrete spectra accumulating to oo.

Let the sequence Ay = 0 < A; < Ay < ... be the spectrum of A, on X and (¢, )nen

be an orthonormal basis of eigenfunctions for L?(X) satisfying

18



We denote by F, the eigenspace corresponding to the eigenvalue A\. For any A ¢ o(AL),

the resolvent kernel of (A, — \)~! is given by

R(\;x,y) = Z M (2.4)
n=0 n

We translate Lemma 2 in [11] that gives a description of R(\; x,y).
Lemma 1 (Colin de Verdiére). The resolvent kernel R(X; - , P) € D(A%). In the vicinity

of P, it has the following asymptotics

—R(A\;z, P) = Gy(r) + F(X\; P) + o(1), (2.5)

where F(\; P) is meromorphic in \, have (simple) poles at A\ € o(A.,) for which the
eigenspace I\ contains a function that is nonzero at P. Moreover, the restriction Fir is
strictly decreasing in between the poles.
Remark 2. Note that we have sign difference in (2.5) from the original result because we
consider the resolvent (A, — \) ™! as opposed to (N — Ay) ™! used by Colin de Verdiére.
Hence the negative sign (-) in front of R(\; x,y).

The function F'(\; P) is a global invariant on X usually very diff cult to compute. In
the case where X is homogeneous (in what follows we will be particularly interested in the

cases X = 5% and X = T?), the function F'(); P) is independent of P and in that case, the

19



following equality holds:

1 > 1
Vol(X) ; (A= )2

F'(\;P) = —

Colin de Verdiére used (2.2) and (2.5) to describe the spectrum of A, p. He proved the
following
Theorem 3 (Colin de Verdiere). The spectrum of A, p is composed of

1. The set A € 0(Ay) such that the eigenspace E\ contains at least one function that

vanishes at P. In this case the multiplicity n(\; «) is

(

dim £\ — 1, if £\ contains at least one

function not vanishing at P,

dim Ey\ +0, if F(\; P) # cota,

dim E\ + 1, if F(\;P)=cota,

\

2. The set of A € 0(Ay) such that F(\; P) = cot « with multiplicity 1,

po(a) < p(a) < pofa) < ...

2.3 Krein Formula

In this section, we remind the reader the classical formula of M. G. Krein (See appendix

A in [3]) for the difference of resolvent operators of two self-adjoint extensions of the same

20



symmetric operator with equal fnite def ciency indices. We restrict ourselves to the case
n+ = 1, since it is the only only case we need in what follows.

Theorem 4 (Krein’s Formula for the case ny. = 1). Let A; and Ay be any self-adjoint
extensions of a densely def ned closed symmetric operator A on a Hilbert space H. Then

the following identity holds:

(A=) = (A2 =X =K\ (or, - ) ea (2.6)

where k(\) # 0, A & 0(A1) U o(As) and k and ¢ may be chosen to be analytic in \ &

(A1) Ua(Ay). In fact, p) may be def ned as

O = Pro + (A= o) (A2 — M) T op (2.7)

where @), satisf es

A*SO)\() - )\090)\07 (28)

for \p € C—R.

Notice that (2.8) implies that @), € K, where K, is the def ciency subspace.

If we apply Krein’s formula (2.6) to compare the resolvent kernels of the two different
self-adjoint extensions A, p and A, keeping in mind that the def ciency indices n. = 1,
we obtain:

Ro(Az,y) — R(As 2, y) = k(X P)R(A; @, P)R(X; P y) (2.9)

21



where R, (\; x,y) is the resolvent kernel of A, p and R(\; z,y) is as in (2.4).
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Chapter 3
Comparison formula for determinants of Pseudo-Laplacian

In this chapter, we will present our main result: the comparison formula for determi-
nants of Pseudo-Laplacian. In the frst place, we prove a lemma that determines the relation
between the coeff cient k() from Krein’s formula (cf. (2.9)) and the scattering coeff cient
F(\; P) that appears in (2.5). Then, we state a lemma about the analytic properties of the
zeta function. Its proof coincides verbatim with that of Proposition 5.9 from [15], but for
the sake of completeness, we will provide a complete version of its proof. After that, we
derive the comparison formulas in dimensions 3 and 2 and f nally conclude the chapter with
the examples of scattering coeff cients for S? and T?.

3.1 The Scattering Coeff cient

Krein’s formula (2.9) compares the resolvent kernel R, (\; z,y) and R(\; x,y). From
[11], we know almost everything about R(\; x, y), but we don’t know much about R, (\; x, y)
except the fact that it lies in D(A, p).

We want to understand the behavior of the resolvent kernel R, (\; z,y) of the pseudo-

Laplacian near the point P. We will compare the asymptotic behavior from both sides of
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the Krein formula (2.9) as x — P to obtain a closed form for k(\). We summarize the
result in the following

Lemma 2. In the limit as x — P, the Krein coeff cient k() has the following closed form

sin o
kA P) = F(\; P)sina — cosa’ 3D

where F(\; P) is the scattering coeff cient introduced in lemma 1.

Proof. The idea of the proof is to compare the behavior of both the right hand side and
the left hand side of (2.9) in the limit as x — P. On one hand, the resolvent kernel

R.(\ ;- ,y) € D(A4p), so the following expression from (2.2) in the limit as + — P

Ro(Nz,y) = C(y) - (sina - Gg(z, P) 4 cosa) + o(1),

where Gy(x, P) = Gg4(r) with r being the geodesic distance between x and P. On the

other hand, the asymptotic behavior of R(\; z, y) is given by (2.5), that is:

—R(\;x,y) = Ga(x,y) + F(A\) + o(1).
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In the limit as x — P, the left hand side of (2.9) can be simplif ed in the following way:

R.(\;x,y) — R(\;x,y) = Cly) - (sina - Gy(x, P) + cos )
+ Ga(z,y) + F(A) +o(1)
= C(y)sina - Gy(z, P)

+ C(y)cosa+ Gy(z,y) + F(N) +0o(1), (3.2

whereas the right hand side becomes:

KO)RO 2, PYR(A; Py) = k(\) (Ga(, P) + F(\) + o(1))
X (Ga(P,y) + F(A) + o(1))
= Ga(z, P) [k(\)Ga(P,y) + k(A F(A) + o(1)]

+ k(N EFN)Gy(Py) + k(A F?(A\) +0o(1)  (3.3)

In both equations (3.2) and (3.3), the term with G4(x, P) will dominate in the limit as

x — P. If we compare the coeff cients of the dominating terms, we get:

C(y) sina = k(A)Galy, P) + F(\k(N) (3.4)

Then, if we compare the remaining terms, we obtain

C(y)cosa+ Gq(P,y) + F(N) = k(N F(NGa(P,y) + k(N EF2(N). (3.5)
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What remains to do now is to isolate G4(y, P) from (3.4) and substitute it into (3.5). This

yields the following relation:

sin o

ey

cos a + = F(\)sina, (3.6)

from which we isolate k() and that f nishes the proof of the lemma. U

From Krein’s formula (2.9), it follows that the difference of the resolvent operators
(Anp —A)"tand (A — \)7! is a rank one operator. That is, the range of (A, p — \) ™' —
(A — X\)~! is a one dimensional subspace. We will prove a key result in the following
Lemma 3. The difference of the resolvent operators (A, p — X\)™' — (A — N7t is a trace

class operator. The expression for its trace is given by :

F{(\; P)sina
cosa — F(\; P)sina’

Tr ((Aap = A" = (A=XN)7") = (3.7)

where F(\; P) is the scattering coeff cient introduced in lemma 1.

Proof. We frst recall the resolvent operator identity that holds for the Laplacian A, with

A and y regular points:

(A =N = (A =) = (A= 1) (A = N) A =) (3.8)
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If we apply it to the resolvent kernel of (A, — \)~!, we obtain (using the “convolution” of

two integral operators) the following equation:

R(\;z,y) = R(w,y) / R\ @, 2)R(u; 2, y)dz. (3.9)

Taking the limit as © — A in both sides of (3.9), we obtain

dR(; z,y)

i = /R()\;:E,Z)R()\;z,y) dz. (3.10)

U=\
On the other hand, differentiating the expansion (2.5) with respect to A yields

dR(X\; z,y)

= = —Fl(\). (3.11)

Equating both (3.10) and (3.11) gives us the following equation
/R()\; z,2)R(\; 2, y) dz = —F{(N). (3.12)

Then, if we consider Krein’s formula (2.9), and take the trace by integrating the resolvent

kernels along the diagonal, we get

Tr ((Aap =N = (A = N7 = /Ra()\,x, ) — R\ z,z) dx
= k(\;P) /R()\; 2, PYR(\; P, z) dz

= —k(\P) F(N), (3.13)
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where in the last equality of (3.13), we used (3.12). Finally, using the expression of k(\; P)

from lemma 2, we obtain

) - F{(\; P)sina
Tr ((AQ,P — N = (A =N 1) = cos a)\— F()\; P)sina

(3.14)

and that f nishes the proof. U

We introduce the domain 2, p C C to be the set where we remove a downward vertical

cut starting at each eigenvalue of A, or A, p,

Qup = C\{A — it, A € 0(As) Ua(Ap);t € [0,00)}. (3.15)

On this domain €2, p, we can write the expression for the trace of the difference of resol-
vents (3.7) as the derivative (with respect to \) of a logarithmic function.

That is,

F{(\, P)sina
cosa — F(A; P)sin«

Tr (Dap — N7 = (Ao — A7)

= 2mi &(N), (3.16)

where

£\ == _—1 log (cosa — F'(X\; P)sin ). (3.17)

271
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3.2 Contour Integration
We recall our goal to prove a comparison formula for the determinants of different
self-adjoint extensions of the pseudo-Laplacian. In order to do that, we need to study the

following expression

C(8, Ane — N) — (5, Aap — ) (3.18)

where ) is a parameter which will be sent to 0 eventually.
We will consider the contour +y that encloses all the eigenvalues of A, p and A.,. The
contour may be tailored to avoid any inconvenient intersections with the branch cut c;.

We have for R(s) > 1,

(s, Aup— A) = %Tr (/ A~ ((Aavp N - >\>_1 dA) (3.19)
vy

s

where 7 is the shifted contour that encloses the eigenvalues of (A, p — A) and the eigen-

values of (A, — A).
With a simple change of variable : u = A+ A, then calling 1« once again ), the equation

(3.19) can be written as

C(8,Agp — \) = L,Tr (/(A — N7 (Agp— N7 dA) . (3.20)
ol

271
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Similarly one gets an expression for the Laplacian:

C(s, Ane — \) = R (/(/\ — N7 (A — A)‘ld)\) . (3.21)

271

For the rest of this section, we will establish the groundwork, similar to the one adopted
in [15] and in [2] to prove a lemma (C.f. Lemma 6) used in the proof of the main results.

Let C be a large enough positive real number and consider a branch c5 that lies in €2, p
and that goes from (—oo 4 04) to (—C' + 0¢) along the real axis, then from (—C' + 014) to
the point ); we will denote the two pieces of this cut by ¢y, and ¢; , respectively. We then
consider the contour ¢; . that follows the branch ¢; at a distance . See f gure 3—1.

We note that the integrand that is common to (3.20) and (3.21) is holomorphic in the
exterior of ¢, union the exterior of 7. This is because the resolvent operators (A, p — )1
are compact away from the points enclosed by v for any o € [0,7) and the fact that
(A — 5\)_8 can be extended to a holomorphic function anywhere away from the branch cut
C5.-

In addition to that, when the contour e shrinks around the cut c3, i.e., in the limit as

¢ — 0, we obtain the following jump condition:

li (—ims) A= \N"*=1 (ims) A= )N)"5=(\— 5\ =S, 3.22
lime (A=2) lime (A=2) (A=A (3.22)
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Figure 3—1: Contours for integration
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Moreover, when R(s) > 1, the contribution from large circles centered at A tends to 0
as the radius of the circle tends to inf nity. Therefore, by Cauchy integral formula, we can

replace the contour 7 by ¢, in (3.20) and in (3.21) to obtain:

/ A= (Aar =N = (A =N dA)

CS\;s

C(8, Aa.p—N)—C (5, Ao =) = N (

27

(3.23)
Since the difference (A, p — A\)™' — (A, — A) 7! is a trace class by lemma 3, we can

interchange the contour integral and the trace operation, which yields :

(5 A= X) = (5, A p— 2) = 2% / A= Nk (Aup — N7 — (As — N dA

A,

(3.24)

Then, we substitute eq (3.16) into (3.24) to obtain

- ~ 1 - -
C(sa AOO - )‘) - C(sa Aa,P - )‘) = % _ ()\ - A)—sgl()\)d)\
1 Y\—s ¢/
e CM(A—A) £(N)dA
1 N\—s¢&r
+ o - 512( —A) 7 (N)dA
= Gi(s) +Gls)

where ¢5 _; and ¢; ., are the contours at a distance ¢ from the pieces c5; and c;., respec-

tively.
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The functions (»(s) extends to an entire function of s. For all s € C with R(s) < 1,
we take the limit as ¢ — 0, then use the jump condition expressed in (3.22) to obtain the

following limit :

Co(s) = ll_I)I(l) (2(s) = 2isin(ms) / (A= N)g g (N)dA. (3.25)

e
where (A — A)5° is the common limit def ned in (3.22).
Using the same jump condition, we fnd that in the limit as ¢ — 0, the function (;(s)
becomes :

e 5

Gi(s) = lim ¢, (s) = 2isin(rs) / (A= N)5°€' (N)d. (3.26)

—0o0

But instead of using (3.26), we will express it in a form that we can study.

We frst introduce the function
p(s,z) =(1—2)"°—1 (3.27)

defned on C x {|z| < 1} with properties given in the
Lemma 4 (Technical Lemma). For any r < 1 and any R > 0, the following upper bound

Jor p(s, z) hold for any |z| < r and |s| > R:

sl - 2] (3.28)
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Proof. Consider the power series of (1 — z)~* that is given by

(1—2)"°=

[e.e]

" [log(1l — 2
Z g )]

n=0

—slog (1-2)

(3.29)
We can bound each log(1 — z), in the case where |z| < r < 1, as follows

< |Z\

IZI

(3.30)
Substituting the bound (3.30) in the equation (3.29) yields the bound on |p(s, z)|. That is

o s (L2L)"
e eyl ()

' =el-r —1.
n.
n=1

(3.31)

What remains now is to notice that the right hand side of previous expression (3.31) is

nothing else but the following integral

and this f nishes the proof of lemma 4

In the case where 2z = %

, we have this useful
Corollary 1. For any fxed ), the function p(s, A/ \)

(\)\\_1) in the limit as A\ — —o0
We will now turn back to the expression (;(s). We start with

Lemma 5. For C a large enough positive real number, there exist v < 1, such that ‘ ‘ r

Sfor any X\ with R(\) < —C. Moreover, the limit as ¢ — 0 yields the following expression
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for the function:

-C C

Ci(s) =2i sin(ﬁs)/ IA|72E () dA + 2isin(rs) /_ N2 (M) p(s, A/ N)dX . (3.33)

—00 —

Proof. We note that for A\ ¢ (—oo, —C'), we can write
A= X = A~ (1 + (s, 5\/)\)) . (3.34)
The function (;(s) is the contour integral

[ e o

Substituting (3.34) in one of the previous integrals (the frst integral say) then taking the

limit as ¢ — 0 yields:

/_—C—i-ia()\ - 5\)—5 ~’()\)d)\ _ /_C-He A8 (1 + p(s, X/A)) é’(A)dA
_ /_‘C(A —ie) (1 + (s, A/ (A — zg)) (N — ic)d\

=D i /_ e (14 (s, A/0) €(Nan, (3.36)

where we used the fact that p(s, ) and £(\) are continuous functions of \.

Similarly, we obtain the following limit for the second integral in (3.35)

—C—ie 5 5 -C 5 5
/ (A= 25 (A\)dn =% eims / A" (1 + p(s, A/A) gONdN  (3.37)

co—1ie —00
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All that remains is to subtract the two integrals, (3.37) from (3.36) to obtain

-C

G(s) = e /_ ;C|/\|‘8 <1+p(8,5\/)\> E'(\)d\ — e~im / A (1+p(s, ;\/)\) £/(\)d\

= (e — emim) /_ R (14 (s, A/0) €A

[e.e]

= 2isin(7ws) /_C |A|7° (1 + p(s, 5\/)\) £'(N)d\

_—C B —C B B
= 2i sin(ﬂs)/ IA72E" (X)) dX\ + 2i sin(ﬂs)/ IA 75 (M) p(s, A/ N)dN

and this f nishes the proof. U

The second integral in the right hand side of (3.33) is of a special importance and will
be studied independently in Lemma 6 in the next section. For this purpose, it is convenient
to introduce the function:

—C

Re(s, ) == 2i sin(rs) / A5 (N p(s, AJN)dA, (3.38)
so that we can write in the limitas ¢ — 0
(s, Dap = X)) = C(s,A=X) = {i(s) + Gls)

= [ [ A ax

o0

+  2isin(ms) /__ IA|75€' (M) p(s, A/ NN | + Co(s)

[e.e]

- 5 5 .
= 2isin(7s) /_ AT (N) dA + Re(s, \) + Ca(s).

[e.e]
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3.3 The Auxiliary Lemma
The lemmas proved in the previous section are used to study the regularity of the func-
tion Re (s, 5\) at the point s = 0. To alleviate the notation, we will drop the subscript C' in

Re(s, A) and simply write R(s, \) instead.

Let us prove the auxiliary Lemma which is due to Hillairet and Kokotov in [15]

Lemma 6 (Auxiliary Lemma). Suppose that the function £'(X) from (3.16) is O (|\|™1) as
A — —o0. Then the function

5 -C

R(s, %) = C(, A p — X)) — (5, A — &) — 2isin(rs) / A€\ — Ex(s) (3.39)

—00

can be analytically continued to Rs > —1 with R(0, \) = L R(s,\)

Proof. Given the assumptions of the lemma, we note that the asymptotic behavior of the
integrand of (3.38) is O (|)\\_%(S)_2) since p(s,A\/A) = O (JA|!). Hence the integral will
converge for any s with R(s) > —1. Moreover, since the integral is multiplied by sin(7s),

we obtain R(0, \) = 0.
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For R(s) > —1, we can differentiate the expression (3.38) of R(s, \) with respect to s

to obtain

Ri(s,3) = 2mi cos(rs) / CE (s, AN A

—0o0

+ 27risin(7rs)/__ A7 (= log |\]) €(N)p(s, A/ A)dX

o0

— 2ri sin(rs) /_ AW p(s, 3N log(1 — AA)dA  (3.40)

The three integrands in the right hand side of (3.40) have, respectively, the following
asymptotic behavior in the \ — —oo regime: O (|)\|_%(S)_2), O (|)\|_§R(s)_2 log |)\|) and
@) (\)\|_%(S)_3>. All the integrals converge when $(s) > —1. Moreover, when s = 0, the
second and the third integrals of the right hand side of (3.40) vanish because of the sin(7s)
factor, while the frst integral vanishes because p(0, A\/A) = 0. Thus, we conclude that

R'(0, ) = 0 and that f nishes the proof of Lemma 6. O

The zeta function (s, Ay, — A) is regular at s = 0 (in fact, it is true for any arbitrary
elliptic differential operator on any compact manifold) and the function 62(3) is entire.
Hence, by Lemma 6, the behavior of the function ((s, A, p—j\) at s = 01s fully determined

by the properties of the analytic continuation of the term

—c
2 sin(rs) / A[ZE(A)dA (3.41)
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that appears in (3.39). These properties in their turn are determined by the asymptotic
behavior of the function £/(\) as A — —oo.

But, it turned out that the behavior of €’(\) depends on the dimension d of the manifold.
In the next two sections, we will study both cases where d = 3 and d = 2 case.
3.4 Determinants of pseudo-Laplacians on three-dimensional manifolds

We will describe the asymptotic behavior as A — —oo of the scattering coeff cient

F(X; P). We start with

Lemma 7. Let X be a three-dimensional compact Riemannian manifold. The scattering

coeff cient F'(\; P) has the following asymptotic behavior:

F(\ P) = %\/——A+01(P)\/%_)\+O(|)\|_3/2) (3.42)

as A — —oo.

Proof. Consider Minakshisundaram-Pleijel asymptotic expansion ([28])

H(z, P;t) = (4mt) #2700 "y (2, P)t* (3.43)

k=0
for the heat kernel in a small vicinity of P. Where r = dist(z, P) is the geodesic distance
from z to P and the functions uy(-, P) are smooth in a vicinity of P. The equality in (3.43)

is understood in the sense of asymptotic expansions. We will make use of the standard
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relation

“+o0
R(xz, P;)\) = H(z, P;t)eMdt . (3.44)
0

We frst truncate the sum in (3.43) at some fxed & = N — 1 so that the remainder

ro(t;x, P) = O (tN) for small values of ¢, that is,

> ur(x, PYtE = " up(x, PYtF + uy(z, PN +uyg (2, PV 4 (3.45)
k=0 k=0 o) ~
We def ne
Ry(z, P;—)) := / ro(t; x, P)etdt . (3.46)
0

Then, in the limit as A — —oo, we see that
Ry(z, P;\) = O (]A|"0+Y) (3.47)

uniformly with respect to = belonging to a small vicinity of P.

Now, for each 0 < k < N — 1, we have to address the following quantity

u(x, P) [ 3 2
Ry(x, P; \) = /O th=2e~meMdt. (3.48)
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Using well known explicit expression for the latter integral in the case £ = 0 (see, e. g.,

[40]) we obtain the following asymptotic for A < 0

uo(@, P) ==
A7y

1 1
VX +o(1
VA +olD),

Ay

(3.49)

as r — 0. We also used that uo(P, P) = 1 (see construction of the parametrix in [28]).

On the other hand, for &£ > 1 one has the following asymptotic for A < 0

as r — 0 (see [5], p.

ug(z, P)
(47)3/2

93/2—k ( r
vV—=A

1-3-5---(2k — 3)
uk(x7 P) ’ T 2k+2 '

)k_UQA%_%@w/:X)

1
(\/_—)\)%—1

+o(1)

—ci(P) +o(1) (3.50)

146, f-la 29). In the previous equation (3.50), the function K, (x)

is the modif'ed Bessel function of the second type (Bessel K function) of order m. Now

(3.42) follows from (3.43), (3.44), (3.49) and (3.50). That is,

R(z, P; \)

11 o uy(z, P) 1 ug(z, P) 1 L
dr  Am 8T A=A 167 (1/_)\)3

1 1 1 1
Y AP S e
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where in the last step, we compared the previous calculations with the expression provided
by Colin de Verdiere in (2.5) (recall that G5(r) is the Green function for the Laplacian
in R?) and this proves the expression for the scattering coeff cient F'()\; P) stated in the

lemma. O

In section 3.1, we obtained the following expression for

F{(X\; P)sina

2mig(A) = cosa — F(\; P)sina’ SER

If we substitute the expansion of F'(\; P) obtained in Lemma 7 in (3.51), and expand in

the the variable A in the limit as A — —oo, we obtain:

2mif'(\) = —% +O0 (A7) . (3.52)

Therefore, we can rewrite (3.41) as

2i sin(7s) /_ - AN dN = Sin:rs) /_ - [A[7* <2mé’(A) + % — %) d\

oo o0

= Sin;m) { /_ e <2mé’(k) + %) dA+ (’;;}

oo

where in the last equality, we evaluated one piece of the integral. We also know from (3.52)

that 2mif’(\) + & = O (|A|7*/?). Hence, the integral

. —c
Sm;m) /_ I <2m§'(x) + %) A (3.53)
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is analytic for ®(s) > —3. Therefore, from the discussion at the end of section 3.3 and

equation (3.39) in Lemma 6, we conclude that ((s, A, p — A) is regular at s = 0.

Now, we can write the usual zeta-regularized expression
det(Ag.p — \) = exp {—g’(o, App — X)} (3.54)

for the determinant of the shifted pseudo-Laplacian (Ag p — ).

From Lemma 6, we know that R'(0, \) = 0, thus,

_ g{%m@g[”uwanw—é@}

s=0 S

A5, B = 1) = Gl B~ )

e’} s=0
(3.55)
We will rewrite the right hand side of the previous equation as a sum of three terms that we
will treat individually:
d . e B 1 : —S R
A [sin(rs) / o (2mig() + & ) da+ SRED O (3.56)
ds T oo 2\ 2ms 50
We start by differentiating the f rst term using the product rule and obtain:
¢ = 1 sin(ms) [7¢ > 1
—S -/ . _ —S - ! _
cos(ms) /_OO Al <2mg () + QA) ar - /_OO A~ Tog(|A]) <27rz§ () + zx) dx
(3.57)
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Since both integrals in (3.57) are convergent for s = 0, the limit as s — 0 makes the second

term vanish because sin(rs) — 0; whereas the frst term becomes

_C ~ 1
/ <2m’5’(x) + ﬁ) d\. (3.58)

oo

The derivative of the second term is calculated as follows:

d sin(rs) C=* _ cos(ms)C™®  sin(rs)C*log(C) sin(mws)C™

— = — 3.59
ds 27s 2s 21 s 27 52 (3-59)
and in the limit as s — 0, we obtain
. dsin(ws) C* 1
lim ———F—— = ——1 ) 3.60
20 ds 2ms 2 og(C) (3.60)

For the last term in (3.56), we recall that 62(3) is entire, hence, we will differentiate its

expression from (3.25) using the product rule and obtain

iég(s) _ 4 2i sin(rrs) /_ (A= N5 (\) dA

ds ds c
A o PR o
— 9ricos(rs) / (= g €/(A) dA + 2isin(rrs) & / (A — () d
-C -C
(3.61)
and in the limit as s — 0, the frst term in (3.61) becomes
5\ ~ ~ o~ ~
omi / (\) dX = 2mi (5()\) - 5(—0)) . (3.62)
-
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The second term in (3.61) needs more attention because (A — ), * is given by a limit in
(3.22). To deal with it, we need to differentiate frst with respect to s, take the limit as
s — 0, then take the limit as ¢ — 0 (that is, shrink the contour cj . around the cut c;).
In that case, the term vanishes and hence the only contribution to the third term in (3.56)
comes from (3.62).

Now that we obtained the derivative of every term in (3.56), we can rewrite (3.55) using

the contributions from (3.58), (3.60) and (3.62) as

s=0

(5, Bup = 1)~ (5, D~ 1)}

—C

omi (E(X) — 5(—0)) + /_ <2m§'(A) + i) d\ — %bg(C). (3.63)

2\

We note that the choice of the real value C' in section 3.2 was arbitrary, therefore the
expression (3.63) should not depend on C' and hence we can send C' — oo. In that case, the
integral of the middle term in (3.63) vanishes. For the term 2mi&(—C'), we will use (3.17)

and the asymptotics of F'(\; P) from Lemma 7 to obtain

—27iE(—C) = log(cosa — F(—C; P)sina)

= log (Cosa - <4—‘/§ +0 (\%)) sina> . (3.64)
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Now, for a fxed o and when C' — oo, the term (% sin a) dominates in the logarithm.

Hence, (3.64) has the asymptotics
—27ié(—C) = log <—4—\/f sin a) +o(1), (3.65)
for large values of A\ and which reduces to
—2mif(—C) = im + % log(C') — log(4m) + log(sina) + o(1). (3.66)

When we substitute (3.66) in (3.63) and take the limit as C' — oo, the equation (3.63)

becomes

% {C(S, Agp—N) = C(5, A — 5\)} = 2miE(\) + im — log(4m) + log(sin )

s=0

= —log (cosa — F(X\; P)sin oz) + log (sin @)
—log(4m) +im
= —log (cot o — F(X; P)) — log(4m) + im

— _log (47r (F(X; P) — cot a)) . 367
Now we are equipped to prove the f rst main

Proposition 3. Ford = 3, let A, p be a non-Friedrich’s extension of the pseudo-Laplacian

Apon X (a # 0) and Ay, the usual (Friedrich’s) Laplacian andlet A € C \ {o(A) U o (Ax)}.
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Then the following relation holds
det (AQ,P _ X) — (cot a— F(; P)) det (Aoo _ X) . (3.68)

Proof. We starts by using the def nition of the zeta regularized determinant given in (3.54).

We can write

det (Aoo — X) d ] )
det (Ao p — 1) - o (% {Cls, 80 =) =5, 80 = N |

-)

= exp (_ log (Zm (F(S‘; P) — cot a)))

1
—4r (COt a— F(X; P))

For the rest of this section, we will investigate the behavior of equation (3.68) when
A — 0. Since 0 is a simple eigenvalue of the Laplacian A, and ¢ = 1 is an eigen-
function corresponding to the eigenvalue A = 0, it follows from Theorem 2 in [11] that
A=0¢ o(A,p) for any a € (0, 7). Thus, every A, p has one strictly negative eigen-
value. Hence, the determinant in the left hand side of 3.68 is well defned for A = 0,

whereas the determinant of the right hand side has the following asymptotics as A= 0"
det (Aw . R) ~ (=N det*(As), (3.69)

where det” is the modif ed determinant of an operator with zero mode.
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The resolvent kernel R(z, y; A) has the following asymptotics when A — 0 and dist(z, y) —

—R(z,y; \) = ﬁ % + G3(r) + O(1). (3.70)

Thus, one gets the following expression for

+0(1) (3.71)

as A — 0.
Let us take the limit in (3.68) as A — 0 and use the asymptotics for the determinants
that we just derived in (3.69) and (3.71). We state the result in the following corollary of

Proposition 3

Corollary 2. For a € (0, 7), the following relation holds true

47
Vol(X)

det(Ayp) = et™(Au). (3.72)

Remark 3. We note the minus (—) sign in (3.72) that "confrms” the existence of a negative

eigenvalue for every pseudo-Laplacian.

Remark 4. Note also that equation (3.72) doesn'’t depend on the parameter o which im-
plies that all the self-adjoint extensions (except the one of Friedrich’s) have the same de-

terminant.
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Remark 5. It is also important to notice that (3.72) is independent of the chosen point P
since the leading coeff cients in (3.71) and in the scattering coeff cient are both independent

of the point P.

3.5 Determinants of pseudo-Laplacians on two-dimensional manifolds

As we mentioned in the introduction, the zeta regularized determinant is not that stan-
dard in the case of a two-dimensional Riemannian surface X. We will show that it has a
logarithmic singularity at s = 0.

We start by studying the scattering coeff cient F'(\; P) from the resolvent kernel R(\; z, w)
of the Laplacian on X. We introduce the isothermal local coordinates (x,y) and set

z := x + 1y. Then we can write the area element on X as

p 2(2) |dz]* (3.73)

The following estimate of the resolvent kernel, R()\; z, w), of the Laplacian on X was
found by J. Fay (see [13]; Theorem 2.7 on page 38 and the formula preceding Corollary
2.8 on page 39). Notice that Fay works with negative Laplacian, so we had to change the

signs when using his formulas).

49



Lemma 8 (J. Fay). The resolvent kernel of the Laplacian on a a two-dimensional manifold

has the following asymptotic expression

—R(X\;z,w) = Ga(r)+0(r)+ % v + log 7'|)\2|+1 + R(\; z,w)
S (1 +é *(2)02, 10 (z))] (3.74)

where O(r) is M-independent, R(X; z, w) is continuous for w near z, and
R(X;2,2) = O (]A7?)

uniformly with respect to z € X as A — —oo,; r = dist(z, w), v = 0.57721566 is the Euler

constant.

After comparing (3.74) with the expression (2.5) for the resolvent introduced by Colin

de Verdicre, we obtained the following expression for the scattering coeff cient

1 — log 2
FOGP) = log(I\+1)+ 1282

1 4, ) .
iy LT3 Bo=losn (2) +O(A). (379

Therefore, from the def nition (3.16), we can write

F{(X\; P)sina
cosa — F(\; P)sina
B _
= — o T O (A7)

- ; 3.76
cota—A—ﬁlog(|)\\+1)+w%+0(‘)\|—2) (3.76)

omie'(\) =
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where A = = (v —log2) and B = L (14 2p%(z) 0% log p(z)). We note that both ex-
pressions A and B are A-independent. When considering —co < A < —C/, the asymptotics
of 2mi€’ () will be given by:

Lo 1
2mi& N = Nlog W = drcota + dra) T/ W (3-77)

with f(A) = O (J]\|7%) as A = —o0.

All that remains now is to study the behavior of (3.41) knowing (3.77). That is,

-C . sin(ms) [~¢ A
% si =5 (\)d —
isin(7s) /_oo AT (A)dA T /_OO (log |A| — 4w cot v + 4w A) ax
e
N smf:rs)/ I F(N) dA (3.78)

The second integral in the right hand side of (3.78) is regular for s = 0, whereas the frst
one is a special integral that was studied by Kirsten-Loya-Park in [22]. We will present

their result in the following

Lemma 9 (Kirsten-Loya-Park). Let C' > e > 0, then the following relation holds

oo )\—s—l s
- | S\ sk 1 91 B '
/c logy) —r = ¢ og (5) = (v +1og 2logC = k) +¢(s))  (3.79)

where e(s) is an entire function of s that is O(s) at s = 0.

In their proof, Kristen, Loya and Park started by a series of change of variables, u :=
log(A\) — K, then y = su to write the original integral in terms of the exponential integral
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Ei(z), then use its power series solution:

i OO _ydy .k
Ei(z) :=— [ e gzv—l—log(—z)%—zk_k'. (3.80)

Z k=1
Note that the series in the right hand side of (3.80) has better convergence properties than
the exponential function.

So, we can expand the frst integral of the right hand side of (3.78) as follows:

Sin(ﬂ'S) -c |)\|—s—1 o Sin(ﬂ'S) —SKT:
- /_OO log |N] —7) A\ = — e Ei(—s(logC — k))
— —Sm;ﬂe‘s“ (v + log (s(log C' — k)) + e(s))
= —slogs+ g(s) (3.81)

where ¢(s) is differentiable at s = 0, e(s) is an entire function such that ¢(0) = 0 and
Kk = 4 cot a — 2y + log 4.

Thus, we conclude that the zeta regularized determinant as defned in (1.5) has a log-
arithmic singularity, but we can still associate a natural def nition to the determinant by

subtracting the singularity which motivates

Def nition 1. Let A, p be the pseudo-Laplacian on a two-dimensional compact Rieman-

nian manifold. Then, the zeta-regularized determinant of the operator (Aa, p— 5\) with
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A€ C\ o (A, p)is defned as

det (Aa,p — 5\> = exp {_d% [C(S,Amp — )+ slogs]

} . (3.82)
s=0

With this defnition, we are ready to obtain a formula relating det(A, p — 5\) and
det (AOO — 5\>

In Lemma 6, we showed that R'(0, \) = 0. This means that

s=0

LA, Bap = 1)+ slogs — C(5, A~ 1)}

—C
di {2@' sin(7s) / A 75" (V)X + slog s + Cg(s)} (3.83)
S —00 s=0
Thus, substituting (3.78) in (3.83) and using (3.81) yields the equation
. d (sin(ws) [79 . _,
Toe| + g (HE Cwrram)| -
d (sin(ms) _,,.
A [v +log (s(log C' — k)) + e(s)] — slog s (3.84)
s=0

that we will study term by term.

The frst term is treated the same way we did in the dimension 3 case. It will become

@éz(s)

— omi (E(X) - 5(—0)) (3.85)

s=0
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In the second term, we differentiate using the product rule to obtain

d . -C : -C
5 (o) = = T o oy
—Cc
+cos(7rs)/ A7 F(A)dA, (3.86)

then consider the limit as s — 0. The frst term in (3.86) goes to 0 because the function
f(\) = O (|A\|7?) which makes the integral converge but the sin(7s) will make the whole
term vanish. So the only contribution that comes from (3.86) is the limit as s — 0 of the

second integral in the right hand side and which yields:

] (Sm@s) / jwww) -/ jf(A)dA- (387)

™

After differentiating the last term of (3.86) with respect to s using the product rule, we

obtain;

cos(ms)e " (v + log(s) + log (log(C) — k) + e(s)) + -

Sin (75) s (s_l + %6(8))

UTS) o= (3 + log(s) + log (1og(C) — &) +e(s) — log(s) — L

™

and when taking the limit as s — 0, the only terms that remain are

—v —log (log(C) — k). (3.88)
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Now that we investigated all the terms in (3.84), we can put together their contributions

and obtain

d < < z = - -
o C(S,Aa,p—)\)—l—slogs—C(s,Aoo—)\)] = 27ri§()\)—7+/ FA) dX\ = 2mig(—C)

— log[log C' — 47 cot v + 2y — log 4] . (3.89)

But the choice of C' large enough was arbitrary, so (3.89) should not depend on C'.

Hence we can take the limit as —C' — —oo and make use of (3.75) to obtain

d - 8 .-
s [C(S’A%P —A) +slogs —((s,A - )\)] = 2mi§(\) — v+ log (sin %) — T

Now, we are equipped to prove the second main proposition in the 2 dimensional case.

Proposition 4. For d = 2, let A, p be a non-Friedrich’s extension of the pseudo-Laplacian
Apon X (a # 0) and Ay, the usual (Friedrich’s) Laplacian and let A € C \ {o(A) U o (Ax)}.
Let also the zeta-regularized determinant of A, p be defned as in Def nition 1. Then the

following relation holds

det(Agp — N) = —4me" (cot @ — F(A, P))det(A — )). (3.90)

The proof'is done the same way as the proof in dimension 3 case so will omit the details.

As for the rest of this section, we will also consider the limit as A — 0 which will yield the

next
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Corollary 3. For a € (0, ) the following relation holds true

4mre” .
detAmP = —VT()()det A (391)

Similar remarks as in the 3 dimensional case hold after analyzing the previous results.

Remark 6. The minus (—) signin (3.91) also "confrms” the existence of a negative eigen-

value for every pseudo-Laplacian.

Remark 7. Note also that equation (3.91) doesn’t depend on the parameter o which im-
plies that all the self-adjoint extensions (except the one of Friedrich’s) have the same de-

terminant in 2 dimensions also.

Remark 8. It is also important to notice that (3.91) is also independent of the chosen point

P.

3.6 Scattering coeff cients for S* and T3

In the following section, we will provide an explicit formula for the scattering coeff -
cient F/(\; P) when X = S® and when X = T3. The case X = T? is trivial, whereas the
case X = S® is somewhat more complicated; Colin de Verdi¢re mentions the possibility
to fnd this scattering coeff cient explicitly but we failed to fnd such an expression in the

literature.
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Lemma 10. The scattering coeff cient F'(\; P) on S® with the usual round metric is given

by

FO\) = % coth (m/—)\ - 1) SV (3.92)

Moreover, its asymptotic behavior as A — —oo is given by

1 —o0
F(\) = E\/W — 1+ 0(|A\™™) (3.93)
Proof. We will make use the well-known identity (see, e. g., [5], p. 146, f-1a 28):

“+o00
/ A2~ it = 2§e—ldlm; (3.94)
0

for A\ < 0 and d € R and the following explicit formula for the operator kernel e * H (x, y; t)

of the operator e *(**1) where A is the (positive) Laplacian on S (see [9], (2.29)):

1 1 0
e H(z,yt) = — - ———

2 sindist(z, y) 9z O(z,1). (3.95)

z=d(z,y)

Here dist(z, y) is the geodesic distance between x,y € S3 and

“+00

("‘)(Z, t) _ 1 Z e—(z+2k7r)2/4t

is the theta-function.

Denoting dist(z, y) by 6 and using (3.95) and (3.94), one gets
“+oo
R(z,y; A\ —1) = / eMe T H (z,y;t) dt =
0
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4i '1 y (_ Z e(0+2km)V=X 4 Z e—(9+2kw)M> =
T SIn

k<0 k>0

11 1 D S Ny _e\/_—x}
Arsinf 1 — e—27vV=2 [ ¢ ¢ te

1 1 14e2nV=A

e VA 1 ,
0 Y A Tel) (3.96)

as 6§ — 0, which implies the Lemma. O
For the fat 3d-torus, we let { A, B, C} be a basis of R? and let T? be the quotient of R?

by the lattice {mA + nB +(C : (m,n,[) € Z*} provided with the usual f at metric.

The free resolvent kernel in R? is given by:

e—V=Allz—yll
Ar||lz —y[|
Therefore,
e~ V=Allz—yl| 1 o—V=Ale—y+mA+nB+C||
R(z,y; \) = (3.97)

T D> |
Arlle —y|| 4w DT (0,00 ||t —y +mA +nB +IC||

From (3.97) it follows that

1 1 e—x/—)\||mA+nB+lCH

F\) = —vV=X— — > =
47 47 TN 0.00) ||mA +nB + [C]|

%V—_Ho(wm)

as A — —oo.
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Remark 9. It should be noted that explicit expressions for det*A in case X = S™ are
given in [24]. In particular, results:
1. For S? the determinant is expressed in terms of the Glaisher-Kinkelin constant A ~
1.282427 and the result is: A'e'/® ~ 3.19531.
2. For S3, the determinant is expressed in terms of the zeta function ((s) and the result
is: me¢®)/™ ~ 3.548496.
For the case of T?, T® there are explicit formulas for the determinant can be found in
in the paper of Furutani and Gosson [14]. These expressions are a bit cumbersome and we

do not copy them here.
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Chapter 4
The [" norm of the eigenfunctions of the Laplacian |¢;

2
4.1 Notation and Main results
Let us def ne the notation that will be used throughout the argument. For ¢;(z), an L*-

normalized eigenfunction of the Laplacian on an n-dimensional torus T" = R"/Z" with

eigenvalue \;, we let its Fourier expansion be:

P~ X gt

neELN
Inl2=x;
The Fourier series of g(x) = |p;(z)|?* (recall the defnition from the introduction) is as
follows:
oi@)> ~ > b (4.1)
€22,
E—n=T7
|€12=Inl2=x;
S e = 1 (4.3)
newn
Inl2=x;

We will write S*~'();) for the (n — 1)-sphere of radius /\; and S, », for the set of

lattice points on S"~!();).
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In the spirit of this new notation, the last three equations may be written as follows:

loi@)> ~ D b (44)

T=£—7
&n esnfl,)\j

bT — Z a&‘_‘n (45)

&n esnfl,kj
Z |a,7|2

§—n=T1
77€Sn71,>\j

1 (4.6)

We can assume, without loss of generality, the coeff cients a¢ to be real and then we

have |a¢| = |ag¢| = |a_¢|. For the case where 7 = 0, we have:

bo= Y aly= Y |og*=1 (4.7)

The proof of Proposition 1 requires a lemma that will be proved at the end of this section.

Lemma 11. Given n points {£;}7_, on S""1()\;) N Z", no two of which are diametrically
opposite, that form codimension-one simplex, assume that there exists T € 7" and another

n points {n;}*_, on S"~1()\;) N Z" such that

Then, there can be at most 2"~* such different vectors T satisfying (4.8).

Remark 10. Given m > n points on S"~(\;)NZ", we will still have the same bound, 2"~

on the number of possible T’s. In other words, adding more points augments the number of
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restrictions, which, in principle, might reduce the number of possibilities for the different

Remark 11. We also notice that the bound we obtained is independent of the eigenvalue

Aj. This fact is crucial in the proof of Proposition 1.

The proof of Proposition 1 is done by strong induction, the base case being done in [18]
for the case of n = 3 and in [19] for the case of n = 4. We will provide a proof for the case
of n = 5 frst. This will give a feeling of how the proof of the general case goes.

4.2 Proof of proposition 1 for the case n = 5
The aim of the following calculations is to bound the sum > _|b.|°. Given (4.7), we

will consider the sum with nonzero 7:

5
S < > L D [T e llas,| (4.9)

T#0 T#0 \&—n;=7j=1

The trick that we shall use is to bound the right-hand side of (4.9) by:

) (4.10)

then, we interchange the order of summation in (4.10) and fnally we use lemma 11 to

1 5 5
Yy g(nmumm
=1 =1

T#0 &—ni=1

obtain a f nite upper bound.
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In doing so, we will encounter several conf gurations of the points &;’s on S*(\;) N Z°.
Each conf gurations needs to be studied separately. An obvious case is when two or more

points &; coincide, equation (4.9) reduces to,

>y |a50|2|an0|2< > (iy% a,h.)) (4.11)

T#0 Eo—no=T &i—ni=&—mno

2),

and one can bound the terms |ag,||a,,| inside the product of (4.11) by 1(|ag,|* + |a,,

Then, we can bound this case by,

1
5 2 2 laalPlan (> lacllayf (4.12)

T#0 Eo—no=T EmESy, A

where the former is bounded by %

Now, we may suppose that no two points coincide. We end up with fve points in R®.
These points will either lie in a 4 dimensional aff ne subspace (where they will form a
4-simplex), a 3 dimensional aff ne subspace or a 2 dimensional aff ne subspace.

In the case where the points form a 4-simplex, we can use lemma 11 and interchange

the order of summation in (4.10) as follows,

SV ol ol 1 (08 1

§i€Sax; T#0 §i—nmi=FT \i=1

2) . (4.13)
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The former will be bounded by

2 (4.14)

5
Z 2t .2 H |CL§,L.
=1

§i€S4,x,

N~

which by the L? normalization will not exceed 2*.

In the case where the points &; lie in a 3 dimensional aff ne subspace namely «, they
will form a codimension 2 simplex. There will be 3 different conf gurations that need to be
considered.

The frst case is when {{;},_; -, € « and at least one of the —7; ¢ «. Without loss of
generality, we may suppose that —7; ¢ «. Then, the simplex formed by (1, &2, &3, &4, —75)
is a parallel translate of the simplex formed by (71, 72, 3, 74, —&5) and these simplices do
not lie in a 3-dimensional subspace. They form a non-degenerate 4-simplex. Hence, we are
reduced to the case just studied above and we obtain the same bound, that is, 2*.

In the next case, we suppose that the points {¢;} € a, {—n;} € abut {n;} & « forall
1 = 1...5. The trick we will be using is to consider the subspace that contains both e and
11 say, namely 7. The subspace 7 is a 4 dimensional subspace that contains 0 since both
m and —n; lie in . Thus, v N S*()\;) is the great 3-sphere, where the great k-sphere is

def ned to be the intersection of S™(\;) with a & dimensional hyperplane passing through
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the origin. Hence, by lemma 11 and remark 10, we have the same bound on the number of
7’s as to have 4 points on S3 »;, and this will lead to a bound of 23,

The last scenario that needs to be considered in the case where {&;},_, - € o is when
{-=mi},_, 5 € o and at least one of the 7; € «, say 7;. Since both 7, and —n, are in «,
0 € «and all of £7; , £ € . Hence, a N S*();) is the great 2-sphere. Once again,
lemma 11 and remark 10 will lead us to a bound that is equal to 22.

It may happen that the points lie in a 2-dimensional aff ne subspace say, 5. We will
study the possible cases in the same manner we did previously. In the f rst case, we suppose
that {&;},=1. 5 € B with {—n;} € B for all i. We consider the 3-dimensional subspace 7,
that contains both  and 7n; say. Then, 0 € ~;, which implies that +n,, +¢; all lie in
71N S*()\;), which is the great 2-sphere. We are back in one of the cases studied previously
and once again, lemma 11 and remark 10 will guarantee us a bound of 22.

In the very last case, we lose a bit of control on where the 7; might be. We let §; € £,
but at least one of the —7; & (3, —ns5 say Then, the points {1, &2, &3, &4, 15} lie in a 3-
dimensional aff ne subspace and we are back to case where the £; € «. Hence, we have a
total bound equal to 2% + 23 + 2% = 28,

Summing all the bounds, we obtain C'(n) ~ 2.384729...
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4.3 Proof of the general case
We shall now turn into the proof of the general case, that is, the sum (4.15) given below
is convergent for any n. The proof is done by strong induction. That is, we suppose that

the sum (4.15) is bounded in any dimension k < n.

D A S N VA (4.15)

TGZ”I’]S"*l(Aj) O#TEZnﬂS7L71()\j)

As in the proof of the n = 5 case, we have,

Sl < S Tl

T#0 T7#0 & —ni=1 1=1

(4.16)

am

The same trick is used as before, that is, we will bound the right-hand side of (4.16) by

(4.17), then interchange the order of summation in the latter, and f nally use Lemma 11 to

obtain a f nite upper bound.

> 3 3 (Tleer+ I,

740 &—mi=r  \i=1

2) (4.17)

Once again, several cases need to be studied. We will do so in the same manner as for
the n = 5 case. Instead of 5 points, we now have n points {¢;}; on the surface of the

sphere S™71()\,)
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The trivial case where two or more points coincide gives a bounded contribution to the
sum (4.15) that is equal to 2,1%2 by the same computations done in the n = 5 case. In the
subsequent cases, we may assume that no two points &; coincide.

The second trivial case is when the points {¢;} form a non-degenerate codimension-1
simplex. A change of order of summation in (4.17) and Lemma 11 yield a bound equal to
2n—1,

The non trivial cases are when the points {¢;} lie in smaller subspaces. Providing an
upper bound to each of these cases f nishes the proof.

The frst of such non trivial cases is when the points {¢;} lie in a (n — 2) dimensional
aff ne subspace, namely «a,,_». Let us suppose {&;}", € a,,—o with all the {—7;} € a,_2
as well. If either one of the n;’s or —¢&;’s is an element of v, 5, then the origin 0 € «,,_»,
which implies that c,,_» N S™1()\;) is the great (n — 2)-sphere. Hence, we have n points
on S, », and by the induction hypothesis, this gives us a bounded contribution to the sum
(4.15). Suppose now that none of the 7;’s or —¢&;’s is an element of «v,,_». Then, we consider
the subspace /3,,_» containing both «,,_» and 7; say. We get an (n—1)-dimensional subspace
including 0, and 3,,_5 N S™"~!()\;) is the great (n — 2)-sphere. Remark 10 implies that the
resulting case is one of the cases in our induction hypothesis and this gives a bounded

contribution to the sum (4.15).
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In order to prove it for the rest of the cases; i.e., when the points {¢;} lie in a (n —
k) < (n — 2) dimensional aff ne subspace, namely «,,_, we will use a second (reversed)
induction on the dimension of the aff ne subspace «,,_; where the points {£;} might lie.
That is, assuming we have a bounded contribution from all the «,, ;. for some k£ with
3 < k < (n—1), we will prove that we have a bounded contribution from the case where
the {¢;} € a,,—i. Once again, we have the two subcases depending on whether or not —7;
belong to o, .

For the frst subcase, we may assume, without loss of generality, that —n; & v, ;.
Then, the simplex (=1, &, . .., &,) is a parallel translate of (—&;, 72, ..., 7,) and the last
two simplices lie in a (n — k + 1)-dimensional subspace. Hence, we are reduced to the
second induction hypothesis which yields a bounded contribution to the sum (4.15).

Let us now turn our attention to the second subcase: if all the {¢;}7; and {—n;}7, lie
in «v,_ with none of the 7;’s in ay,,_,, we consider the subspace (3,,_, containing both o,
and 7, say. This is a (n — k + 1)-dimensional subspace that includes 0. We can see that
Bu—r N S"FFL(;) is the great (n — k)-sphere. Hence, we have n points on Sn—k,»,; and
by the strong f rst induction hypothesis, we obtain a f nite contribution from this subcase to

the sum (4.15).
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We note that if all the {&;}; and {—n;}I~, lie in «,_j with at least one of the 7;’s
in ay,_p, then 0 € a,_ and a,,_, N S"71(),;) is the great (n — k — 1)-sphere and this
case gives a bounded contribution to the sum (4.15) by once again the strong f 7st induction
hypothesis.

We have exhausted all the possible cases, each giving a bounded contribution to the
sum (4.15). Therefore, the sum is bounded and this fnishes the proof of the conjecture in
[18].

4.4 Proof of the Geometric Lemma 11

Suppose we are given {{;}i, n points on S, ;, no two of which are diametrically
opposite, and such that the simplex with vertices {¢;}", is non-degenerate. That is, the
points {&;}, cannot be in any (aff ne) subspace of dimension strictly less than n — 1.
Then, given n equal parallel “chords” {v;};-; of S,_1 x,; (not equal to &—ﬁj, Vi, 7) such that
&; 1s an endpoint of v;, we denote the other endpoint of v; by 7; and the diametrically
opposite points of &; (respectively 7;) by & (respectively 7}). The question we would like
to pose is: where on S,,_1 », can {n;};_, lie? We will see that there are fnitely many places
where the {n;}?, can be. In fact, there are [2] different scenarios, and we will study each

of them.
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If &n; are equal Vi, then 1y = 1, + &, forall i = 1...n. Hence, the points 0, + &,&;
lie on S,,_1 5, Vi. Since S™=1(},) is strictly convex, there is at most one point (other than
&1), namely 7, for which the points 77 + && foralli =1...nlieon Sn—1;-

In the next scenario, we suppose &;7; are equal for all 4, except at one point k, where
&mi = nk&r. Then, the points 1 + &£, for all i # k and n; + @ lie on S, 5,. Again,
by the convexity of S*~*()\;) and the fact that {&;} form a codimension-1 simplex, there is
at most one point (other than &), namely 7,, for which the points 1, + &,&; for i # k and
m + & lieon S,y »,- However, the last equation gives us at most one possibility for 7;
for every kK = 1...n. Hence, we have a total of n = (Tf) possibilities for 7;.

In the next case, we assume &;7); are equal for all i # k, [, where &1, = i€ = mi&i.

Here again, 1y = n; +&&, foralli # k,land n, = 1}, +£.&, = ]+ &€, making the points

m + && fori # kL, + &€, and ny + & lie on S,y 5,. The convexity of S"7'();)
implies the uniqueness of such 7, # & for every pair k, [. Hence, we have (g) possibilities
for 7, in this scenario.

Similarly, we will get (g) for the next and so on, until (Z) However, the (Z) case is the
same as the very frst case (8) in which we will simply change the sign of all the vectors
&ni. The (n — 1)™ scenario is similar to the second scenario, and so on; hence, counting

twice every case. The total number of possibilities will be the sum of the possibilities in
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every scenario and is:

% (Z) — on-1 (4.18)

4.5 Estimating the Bound C'(n)

The bound follows from the proof of Proposition 1, and use the bounds given by
Lemma 11. We do not claim that C'(n) is a sharp bound. In fact we suspect that one can
improve the bound obtained in Lemma 11 and get a better f nal bound that would approach

1 in the limit. In our setting, and for n > 5 the result will be:

om L/n
C(n) = (22—" + <Z - 4) 2" 4 5) (4.19)

It is clear that C'(n) — 2 as n — oc.
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