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Abstract 

Torsional Vibration Attenuation in V-Type Locomotive Diesel Engine 

Crankshaft using Centrifugal Pendulum Absorber 

SeyedMohammad Shojaalsadati 

The torque fluctuation due to the intermittent combustion pressure and inertia effect of 

the reciprocating parts generates torsional excitation on the crankshaft of all internal 

combustion engines. This excitation imposes considerable amount of torsional vibration 

on the crankshaft. Therefore the torsional vibration modeling and design of an auxiliary 

absorbing mechanism are very crucial, especially in locomotive diesel engines where the 

crankshaft is under excitation with high amplitude coupled with large inertia forces due 

to generators, compressors or fans. 

In this research, the capability of centrifugal pendulum vibration absorbers (CPVA) 

commonly used in rotating machinery to attenuate the torsional vibration in a Locomotive 

V-type diesel engine crankshaft is investigated. First, an advanced torsional modeling of 

the locomotive crankshaft has been carried out. This is followed by the development of 

an accurate excitation torque of a real locomotive engine to the 8
th

 order. The torsional 

response of the crankshaft under the derived excitation torque has then been investigated.  

Finally, the model of the crankshaft incorporating the CPVA (auxiliary system) has been 

developed and then capability of CPVA to attenuate the torsional vibration of the 

crankshaft (main system) at resonance frequencies has been investigated. Moreover, the 
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effect of pendulum parameters such as length and mass on the torsional vibration 

response of the crankshaft in both time and frequency domains has been studied.  
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Chapter 1. Introduction 

1.1 Motivation and objectives 

Controlling torsional vibrations in rotating systems such as reciprocating engines, 

turbines, compressors etc. is still subject of research and investigation. A steady 

rotational speed is desirable in rotating machinery. This helps to extend the fatigue life of 

components and to reduce vibration and noise which also enhance the riding quality in 

vehicles. However, it is generally impossible to maintain a precisely constant rotational 

speed. The unsteady nature of the external loads, cycle-to-cycle variations (such as those 

which occur in internal combustion engines), inertial loads from connecting linkages, gas 

pressure effects, and so forth, all tend to induce torsional vibrations in rotating 

components during operation. 

Generally vibration reduction methods are classified into three distinct categories: 

1. Active Control:  This method has been widely developed in the past several years, 

and the underlying principle is quite simple [1] . The approach lies in reducing an 

undesirable perturbation by generating an out-of-phase motion so that destructive 

interferences generated completely eliminate the vibrations. Active control 

generally gives the best vibration reduction performance, but it is not widely used 

due to its high cost, complex hardware, the necessity to have an external energy 

supply and its lack of robustness and reliability in an industrial environment. 

2. Semi-Active Control: This method is a kind of active systems for which the 

external energy requirements are lower than those required for typical active 
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control. For example, the battery power is sufficient for their operation. Semi-

active devices can not add or remove energy to the structural system. They 

basically control structural parameters such as spring stiffness or coefficient of 

viscous damping to generate the desired resisting forces to suppress vibration. As 

semi-active devices utilize the motion of the structure to develop the control 

forces, no instability can occur. Among semi-active devices electro and magneto 

rheological fluids (ER and MR) based devices have recently received appropriate 

attention [2], [3]. The effectiveness of these fluids lies in their ability to change 

the apparent viscosity instantly with respect to the applied electric or magnetic 

field. The ER/MR dampers are fail-safe devices and require minimal power to 

operate. However, the modeling of the fluid behavior as well as the development 

of the controller still represents major challenges for real-life applications.  

3. Passive Control: In this method vibration attenuation is accomplished by 

implementing a structural modification by adding either a dissipative material 

(e.g., viscoelastic material such as viscous dampers [4]) or a dynamic vibration 

absorber (DVA) [5], [6]. Passive control strategies represent a very interesting 

and cost-effective alternative to the aforementioned methods as their performance 

is acceptable without requiring external energy supply.  

In general, the reduction of torsional vibrations in a rotating shaft such as automotive 

crank shaft is achieved using different classes of dampers or absorbers [7], [8]. Often 

torsional vibration dampers are applied at one end of the crankshaft, such as a flywheel, 

which can have a wide variety of geometric configurations. The flywheel is connected to 

the shaft by suitable elastic and damping elements. 
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Between different kinds of dampers, viscous dampers (Houdaille type) are very common 

in reciprocating engines to help limit torsional vibrations and crankshaft stresses [9], [10], 

[11]. These dampers are normally designed to protect the engine crankshaft and not 

necessarily the driven machinery. To be effective, dampers need to be located at a point 

with high torsional, usually near the anti-node of the crankshaft mode, because their 

dissipative force has direct relationship with the response at the point they are connected. 

A viscous damper as shown in Figure  1.1 consists of a flywheel that rotates inside the 

housing, which contains a viscous fluid such as silicon oil. An un-tuned damper does not 

contain an internal torsional spring [12]. 

 

Figure  1.1: An un-tuned viscous vibration damper [12]  

The shearing motion of the fluid between the flywheel and housing surfaces dissipates 

vibration energy as heat. The damping characteristics can be adjusted by changing the 

internal clearances between the housing and flywheel, h1 and h2, and/or the fluid 
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viscosity (µ). From the Shock and Vibration Handbook [11], an approximate damping 

constant can be calculated from the following equation: 

     [
  
 

  
 

  
 

   
] 

( 1.1) 

 

However, viscous dampers have their own problem in real applications. All dissipative 

dampers are subject to heating, even overheating, because they convert mechanical 

energy into heat. Overheating is not desirable as it causes the damping capacity of the 

material to decrease and, consequently, the amplitude of the vibration to grow with 

increased heating. This can easily result in complete destruction of the damper and 

consequently severe fatigue problems in the whole system. Therefore, viscous dampers 

have a limited service life and require periodic checks and maintenance and their life 

cycle is limited. For example, according to Simpson Industries, the recommended time 

for the change of dampers is after approximately 25,000 to 30,000 hours of service [13]. 

Superior Ltd. recommends replacement of dampers every 24,000 to 35,000 hours 

depending on the engine model [14].  

All of these issues make it more attractive to use the dynamic passive vibration absorbers 

for attenuating the vibration in systems as they are cost-effective and need minimum 

supervision without requirement of external power supply.   

One of the more popular DVAs, especially in rotary systems, is the centrifugal pendulum 

vibration absorber (CPVA). It is essentially a tuned absorber whose natural frequency 

varies in direct proportion to the rotational speed of the crankshaft. Hence it works to 

attenuate vibration at different orders of excitation which normally exist in reciprocating 
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engines.  It also does not introduce additional weight to the design of the system and 

hence can be used in many applications. This makes the CPVA an attractive alternative 

for the reduction of torsional vibrations in engines justifying a detailed study of its 

dynamic performance worthwhile. 

Locomotive diesel engine is one of the most high power capacity engines in the 

transportation industry. Due to the required power output, the reciprocating parts and 

connections are under large dynamic forces and stresses which make the vibration control 

very crucial for acceptable operation. One of the most important parts of this mechanism 

is the crankshaft which has many coupled elements. Defects in crankshafts due to 

excessive torsional vibration are very common in railway industry and are troublesome 

during operation.         

In one of the field tests, which is reported in [12], the defect caused by operating an 

engine at its natural frequency can be seen clearly in Figure  1.2. It can be seen that the 

shaft of the motor has spiral cracks. It should be noted that the cracks occurred at 45 

degree angle to the shaft axis that indicates a torsional vibration problem.  
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Figure  1.2: Sample failed engine crankshaft (in 45° due to torsional vibration) [12] 
 

This defect occurred within two years of operation and twice in a diesel engine driving a 

6 MW synchronous generator at 450 RPM. Both failures were at journal 8 (between 

throws 7 and 8) due to coincidence of the resonance frequency on the fourth order of the 

excitation due to the engine in-cylinder pressure. This shows that knowing the critical 

points of vibration on the crankshaft is also very important when approaching the 

problems of its torsional failure. 

Normally locomotive diesel engines connected to an alternator do not have a flywheel, 

and hence the design and use of CPVA as a passive absorber on the locomotive 

crankshaft and at the critical location, which can attenuate the fluctuation amplitude at all 

orders of desired frequency, would be of paramount importance. 

For this purpose, this study aims at torsional modeling of the locomotive crankshaft 

considering all effective coupled parts and investigating the dynamic effects of CPVA in 

attenuating the torsional vibration. 
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1.2 State-of-The-Art (Literature Review)    

Here the relevant studies addressing torsional vibration of the crankshaft and also 

centrifugal pendulum vibration absorber (CPVA) as an effective device to attenuate 

torsional vibration has been systematically reviewed. 

1.2.1 Torsional vibration of crankshaft 

Torsional vibrations occur in crankshafts due to the torque variations during transforming 

reciprocating motion into the rotary motion. The excessive torsional vibrations can lead 

to the fatigue failure of crankshaft. Therefore, study of the torsional vibrations in rotary 

systems is very crucial. Moreover, riding quality requirements limit the amount of noise, 

vibration and harshness from the engine as discussed in [15], [16] and [17]. Hence the 

dynamic analysis of the crankshaft assembly plays an important role in crankshaft design 

to understand these issues.  

There are numerous classic books such as [18], [19] or more recent books such as [20] 

and [21] on torsional vibration. In some early works on torsional vibrations [22], [23], 

[24], [25] crankshaft models were developed in an isolated manner. In this procedure, the 

engine was basically modeled as a rigid block and the natural frequencies and responses 

of the crankshaft were calculated using either the Holzer method, or the transfer matrix 

method and finite element method. Most research works considered small four or six-

cylinder engines [26], [27] and [28]. Few research works have investigated larger engines 

[29] and [30]. It should be noted that a large number of cylinders involve higher inertias, 

overlapping combustions and torsional vibration modes which severely complicate the 

analysis. 
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Some studies deal with experimental measurements of the vibration considering the 

variation in the angular velocity of the crankshaft as in [31] or defining a new polar 

coordinate system for measuring instantaneous angular speed in [32]. 

There are many approaches used for torsional modeling of crankshaft in the literature 

considering different parameters. In [33] the authors verified an engine crankshaft 

torsional model as subsystem of the powertrain, which lead to the rotational multi body 

system. The effect of change in the geometry on torsional vibration due to crank angle 

has been discussed in [34]. Some works on parametric analysis of torsional vibration in 

non-uniform force transmission using Lagrange’s equations has been carried out in [35]. 

In [36] the forced vibration response of a diesel engine crankshaft assembly, which takes 

into account the non-constant inertia, is studied using numerical integral method. The 

simulation results are compared with a lumped mass model and a detailed model using 

the system matrix method.  

The engine excitation torque is the main source of excitation considered in most of the 

theoretical and experimental studies [37], [38], [39], [40] and [41]. In these studies, the 

model is represented by sets of inertia disks linked together by linear springs with 

torsional stiffnesses such as in [42]. For example, Figure  1.3 shows the sample discrete 

model of the crankshaft with coupled inertia disks in a 50-degree V-20 engine which 

develops 4 MW at a speed of 1500 rpm.  
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Figure  1.3: Sample discrete model of crankshaft with inertia disk-shaft [43] 

 

In this model each crank has its own polar mass moment of inertia (j), and are connected 

to each other by shafts with various stiffnesses (k). In [44] the vibration isolation of 

engine mount system in the entire frequency range has been studied using a coupled three 

degrees of freedom engine model with both elastomeric and hydraulic mount under 

engine excitation force. 

1.2.2 Centrifugal Pendulum Vibration Absorber (CPVA) 

The CPVA is comprised of a simple pendulum mounted on a vibrating carrier, as shown 

in Figure  1.4. The pendulum suppresses the effects of torsional disturbances in the linear 

range. In the linear range, i.e., small angular displacements of the pendulum absorber, the 

pendulum can be tuned to reduce the effects of disturbances which are at a frequency 

proportional to the rotational speed of the crankshaft. Furthermore, the pendulum adds 

only a small amount of mass to the system and hence does not increase the rotating 

inertia. Additionally, it dissipates an insignificant amount of energy in the form of heat.  
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Figure  1.4: Centrifugal pendulum vibration absorber (CPVA) 

 

The CPVA absorber was first introduced in 1929 [18] and has since been widely applied 

to eliminate torsional vibrations in geared radial aircraft-engine propeller systems [45]. 

Formerly, Den Hartog in his book [6] and a paper [46], Newland [47] and Bailey [48] and 

more recently Wei (et al) [49] and Jose et al. [50] conducted a linear analysis of the 

dynamic response of the CPVA and discussed the characteristics of its large amplitude 

nonlinear motion. Sharif-Bakhtiar and Shaw [51] studied the effects of damping on a 

CPVA with moderate amplitude motion and motion-limiting stops. Sharif-Bakhitar and 

Shaw [52] reported on the effects of nonlinearities and damping on the dynamic response 

of a centrifugal pendulum vibration absorber. Cronin [53] considered the problem of 

shake reduction in automobile engines using a CPVA. 

Typical cases of application include helicopter rotors [54], [55] and more recently [56], 

radial aircraft engines [45] and combustion engines [57]. Some literature discussed the 

different possible path design for CPVAs for decreasing the undesirable nonlinear effects, 

such as circular [58], [59] noncircular (cycloids [60] , epicycloid [61], [62]). In one study 

Hinge 
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[63], different CPVAs have been modeled through a fully customizable element, with 

computer-aided programming. Special attention has been given to modeling CPVAs with 

cycloidal paths and epicycloidal paths.  

Among the interesting properties of these systems are the possibilities of instabilities 

arising from multiple absorbers [64], [65] and [66], impact responses on the flexible 

structures [67], and super harmonic resonances [68].  

Implementing CPVAs in different positions on the cam shaft was also discussed in some 

studies [69] in addition to the use of multiple absorbers on rotating shaft [70]. 

Some experimental tests also have been carried out for testing dynamic response and 

different paths of CPVA on a rotating shaft [71] or on V-type engine [72].  

Finally, in very recent studies, some experiments were carried out on new model 

Planetary CPVAs used in downsized hybrid combustion engines [73] and on new non-

bifilar tautochronic paths for CPVA investigated in [74]. Besides that there were efforts 

to study the application of CPVAs in active control [75].   

1.3 Scope of the present research 

Based on the literature review, the torsional modeling of crankshaft in automotive engine 

and rotary machines such as compressors and turbines has been well studied. However, 

very few studies have been done on the locomotive diesel engines, which are limited to 

only considering the reciprocating cylinder-piston mechanism connected to flywheel or 

dampers. Also in most of the cases the in-line cylinder for reciprocating mechanism has 

been assumed. However, rarely they have considered the behavior of the V-type 

locomotive engines either from the theoretical or experimental point of view.     
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Considering the above, the main scope of this research is to conduct thorough 

investigation on the locomotive crankshaft torsional modeling, considering all the 

coupled parts such as main and auxiliary generators, air compressor and radiator fans 

with respect to the effect of gear connection in all of them if necessary and the inertia 

effect of reciprocating parts. It should be noted that dynamic simulation is performed for 

a real freight locomotive V-type engine to extract all applicable torsional vibration 

characteristics such as natural frequencies and mode shapes. In addition, in-cylinder 

pressure equivalent harmonic excitation has been derived for an actual engine.        

The dynamical formulation for a simple tuned centrifugal pendulum absorber connected 

to one inertia disk mounted on a shaft has been well studied in the literature. There are 

some studies that have been done for the effect of tuned CPVA in reducing the vibration 

amplitude. However, the effect of changing the pendulum parameters such as pendulum 

length and mass on the amplitude of vibration and frequency response is rarely discussed 

in the literature. Most of the studies approximated the analysis approach to linearized 

model for finding response of pendulum absorber mechanism. Very few studies were 

carried out on the application of the pendulum absorber on multi-degrees of freedom 

system. There is no study on application of pendulum absorber on a V-type locomotive 

diesel engine.  

Here, we have formulated the system simulation using Matlab/Simulink based on the 

Runge-Kutta (Ode-45) method to find the nonlinear response of the CPVA mechanism. 

After verifying the model on simple CPVA mechanism, we studied the application of 

tuned and un-tuned CPVA with circular path on the real freight locomotive. Torsional 

model of a real freight locomotive combined with CPVA has been used to investigate the 
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attenuation of undesired vibration due to the critical speed caused by in-cylinder 

fluctuating torque. Finally, the importance of adjusting pendulum parameters such as 

their length and mass in a tuned manner and their effects on the time domain and 

frequency response has been investigated. 

1.4 Thesis organization 

This thesis contains six chapters. In chapter one the importance of torsional vibration 

control to avoid the crankshaft failure has been discussed and the motivation for the use 

of passive CPVA as absorber for attenuating the vibration in reciprocating engines is 

presented. Then the literature review about torsional modeling of crankshaft and the 

application of CPVAs have been conducted in order to highlight the scope of this study. 

In chapter two, after a brief presentation of the different kinds of CPVAs, the modeling of 

a simple 2-DOF torsional system with a circular path CPVA has been done. After finding 

the equations of motions using Lagrange’s equations, the model has been simulated in 

Matlab /Simulink software for extracting the numerical response in time and frequency 

domain. Then the effects of tuned and un-tuned absorber in attenuating the vibration at 

the natural frequency of the model when subjected to a simple harmonic excitation have 

been presented.       

In chapter three, the approach for finding linear torsional vibration modeling of V-type 

locomotive diesel engines in the form of lumped inertia disks and shafts for different 

parts of the locomotive has been presented. By considering a sample freight locomotive 

(U25B-GE), the equivalent torsional modeling has been formulated in order to extract the 

resonance frequencies and different mode shapes. 
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Chapter four carries out the derivation of in-cylinder pressure harmonic excitation for the 

locomotive diesel engine using the curve fitting procedure in Matlab which uses the 

Fourier series to find the orders of the excitation. The final fluctuating torque due to 

combustion calculated using the well-known handbook has also been presented. 

In Chapter five, we used the results of chapter three and four as input for torsional 

vibration analysis of the locomotive crankshaft. In this chapter the model of the 

crankshaft considering the implementation of CPVA has been derived in nonlinear 

format using Lagrange’s equations. Then by observing the response of the system under 

the excitation forces derived in chapter four and with/without absorber at the critical 

point, the effect of different pendulum parameters on reduction of the vibration amplitude 

and shift of resonance frequencies are discussed.  

In chapter six, conclusions are listed and explained. The major contributions during this 

research have been presented. Finally some topics for future research are suggested for 

controlling the torsional vibration using CPVAs.               
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Chapter 2. Modeling and Application of CPVA on a Simple 2-DOF 

Torsional System 

2.1 Introduction 

This chapter is devoted to the theory and modeling of the centrifugal pendulum vibration 

absorber. Using the Lagrangian Formulation, the equations of motion for pendulum 

absorber connected to a simple disk have been derived. Matlab/Simulink software is 

employed to obtain the response of the system in different situations. In section 2.2 a 

brief description of different kinds of the pendulum absorbers and their application are 

given. Section 2.3 is devoted to modeling a simple type pendulum absorber with 

discretized mass moving in a circular path. The derivation of equations of motion using 

Lagrange’s equation has been done in section 2.4. In section 2.5 Matlab simulation of the 

time domain response of modeled system with and without CPVA has been obtained. 

Finally in section 2.6 the frequency domain responses of the system with and without 

CPVA are obtained for confirmation of previous results.    

2.2 Description of different centrifugal pendulum absorbers  

Different kinds of pendulum absorbers have been grouped together from two points of 

view. One would be related to the mechanism and mechanical implementation of the 

absorber and the other related to the path of the pendulum movement during rotation of 

the shaft or disk on which it has been connected. 

Since 1980’s most of the implementation of CPVAs is based on circular path design 

considering the linear theory. Some slight adjustments have been considered to avoid 

certain undesirable nonlinear behaviors that can occur in absorbers [76]. The main 
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problem is that the natural frequency of the pendulum with circular path will change with 

pendulum amplitude. It has nonlinear effects and an increase of the pendulum amplitude 

reduces its natural frequency. This mistuning causes the CPVA not to properly operate at 

large amplitudes. To avoid this shortcoming, one of the first solutions ways offered by 

Madden [77] was to replace the non-circular path with a cycloidal path for implementing 

in the helicopter rotors for vibration attenuation.  

When a circle is rolling on a straight line the path of one node on the circumference 

would be a cycloid, see Figure  2.1. 

 

Figure  2.1: The cycloid path created by arbitrary circle with radius a, the length of each cycle is 

    [60] 

 

The cycloid path can be expressed using the x and y as coordinate system as: 

            

            

( 2.1) 

         

where a is the radius of the rolling circle, and the equation covers one cycloid for every 

    . The reason for this design was to decrease the oscillation frequency of the 

pendulum in different range of its amplitudes of vibration.  
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An epicycloid path offered by Denman [61]  forms a better solution for stabilizing the 

frequency of the CPVA at all amplitudes of absorber motion. There was also an 

experimental study done at Ford Motor Company for this kind of path line where the 

results are available in a paper of Borowski et al [78].  

The epicycloid motion is similar to the cycloid curve, however, the path is obtained by 

rolling of a circle around the circumference of another circle, see Figure  2.2. 

 

 

Figure  2.2: The different kinds of epicycloid path regarding different values for a and b [78]  

 

In this figure from left to right the ratio of the (a/b) is equal to 1, 2, 3 and 4. As it can be 

seen, the ratio of inner over rolling circle, k=a/b, defines the number of the epicycloids 

produced in one revolution. 

The parametric representation of the epicycloid path considering the x and y as coordinate 

system is given by: 
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( 2.2) 

where a and b are radii of the fixed inner circle and the rolling circle, respectively.  

Considering CPVAs from the mechanism and mechanical implementation point of view, 

the simple type with circular path would be a suitable type for a preliminary 

investigation. As shown in Figure  2.3, it consists of a mass with known center of gravity 

connecting to a point on a rotor with distance R from the centroid of the rotor. The 

pendulum is constrained to move in the x-y plane. 

  

 

Figure  2.3: Geometrical modeling of the simple type CPVA with circular path. R is the distance 

between centroid of rotor and connecting point to CPVA. r is the distance between C.G of 

pendulum mass and the connecting point. [63]   
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This kind of implementation for pendulum is not common any more as the effective mass 

of pendulum during rotation of the rotor will change. This happens due to inconsistency 

between the absolute angular velocity of the pendulum ( ̇) and the angular velocity of the 

rotor ( ̇). Dynamic behavior of this simple implementation causes difficulty in tuning the 

absorber at a specific frequency. 

For solving the instability of the pendulum, the Bifilar type CPVAs as shown in 

Figure  2.4 may be used. These absorbers are very similar to the simple type absorbers. 

The only difference is that the pendulum mass is suspended at two points instead of one. 

Bifilar CPVA is more practical in implementation because it has many advantages. First 

of all, due to bifilar suspensions the absolute angular velocity of the pendulum ( ̇) is 

same as the angular velocity of the rotor ( ̇). This will allow us to consider the pendulum 

mass as a point mass moving along a circular path resulting in stability of the CPVA 

performance. Secondly in cases where the length of absorber has to be very short - for 

example when tuning higher-order harmonics are desired - the bifilar approach provides 

us the possibility of having large pendulum mass in comparison with the total mass of the 

unit without the necessity of having large pendulum length [8]. Therefore options for the 

shape and size of the pendulum are more flexible and can be chosen to fit the mechanism 

intrinsically. 
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Figure  2.4: Schematic of bifilar type CPVA unit, the pendulum and rotor angels are α and Ω 

respectively, M is the applied torque on the rotor. [74] 

 

Sometimes there may be some limitation of space in the engine or the instruments where 

it is desired to connect the absorbers. In these cases another implementation called the 

Roller CPVA would be used. In such pendulums a hole at an appropriate location of the 

rotor is implemented and a mass which acts as the pendulum mass can roll around a 

circular or semi-circular path. This type of implementation is very common in the 

flywheels or gearwheels as shown in Figure  2.5. Sometimes it can also be implemented 

on the crank web on the existing balance weights [79]. The advantage of internal roller 

CPVA is that we can use the application of the absorber without occupying any extra 

space on the machine or the desired mechanism. They are also very useful when we want 

to provide very short pendulum length (L) in order to absorb vibrations at higher 

harmonics.     
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Figure  2.5: Internal roller-type CPVA, in this case r is the radius of hinged point and l is the 

length of pendulum [8] 

 

2.3 Centrifugal Pendulum Vibration Absorber modeling 

In order to describe the application of CPVA, it is very important to formulate a dynamic 

model of the mechanism. A reasonable and simple model of the pendulum can be done 

by considering a lumped mass (m) pivoted to a point (    on the rotational shaft with 

radius R and inertia    through a rod with negligible mass and length r (as illustrated in 

Figure  2.6) in such a way that it remains always in-plane with the shaft.  

For dynamic analysis of this mechanism, finding the absolute velocity terms of the CPVA 

mass in the direction of unit vectors    and    around point O as shown in Figure  2.6 is 

important. If we consider the unit vector of   
  and   

  fixed to the rotary system on point 

  , the angle   as rotation of the shaft around point O and angle φ as the relative rotation 

of the pendulum with respect to the rotating shaft; the velocity of the pendulum (  ) can 

be found by vectorial addition of velocity of pendulum mass itself with respect to    and 

the velocity of   . Hence,                   
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Figure  2.6: Dynamic body diagram of centrifugal pendulum absorber,       is an external 

moment applying on the rotating shaft. [80]   

 

Hence, the velocity of the pendulum mass with respect to fixed point O can be described 

as: 

      ̇  
   ( ̇   ̇)   (  ̇    )      ̇      ( ̇   ̇)    ( 2.3) 

 

 

The velocity of the pendulum will be used in the following section for deriving equations 

of motion using the energy method.   

 

2.4 Application of tuned CPVA on a simple 2-DOF torsional system 

The effectiveness of the 2-DOF spring-mass absorber discussed in detail in reference 

[81], is limited to a narrow frequency range. This is because of creating two new 
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resonance frequencies after tuning the absorber at the natural frequency of the main 

system.  

For a rotating system such as an automobile engine, the exciting torque is proportional to 

the rotational speed (Ω), which can vary over a wide range. Therefore an effective 

absorber should have its natural frequency proportional to the speed. Centrifugal 

vibration absorber pendulum (CPVA) has this unique nature and thus can be an effective 

vibration absorbing system in rotary machines such as reciprocating engines and turbines. 

However, tuning of CPVA based on their characteristic parameters is very important for 

optimum and stable vibration absorbing application. We have derived the governing 

equations of motion for pendulum absorber in 2-DOF case to investigate the effect of 

tuning parameters and their optimal values. 

2.4.1 Derivation of equations of motion using Lagrange’s equation 

The velocity of the pendulum with respect to the centre of the rotating disk has been 

calculated in previous section. If we consider that our disk which is under moment M(t) 

has been connected to the rotating shaft with rotating speed Ω and stiffness K (see 

Figure  2.7), a torsional vibrating model with two degrees of freedom system can be 

considered. To derive, the equations of motion using Lagrangian method, the kinetic 

energy (T) and potential energy (U) of the system should be calculated.  
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Figure  2.7: Pendulum absorber connected to the rotating disk (with moment of inertia J) and shaft 

(with stiffness K) [8] 

 

For kinetic energy we need the angular velocity of the disk ( ̇) and the linear velocity of 

the pendulum (   . In a rotary system, the rotation θ consists of two parts. One is a 

steady-state rotation Ωt (due to rotation at a constant angular velocity Ω), and other part 

     is due to vibration disturbance superimposed over this rotation. Thus, we can 

mathematically write: 

             ( 2.4) 

 

Therefore  ̇    would be 

 ̇       ̇ ( 2.5) 

 

The kinetic energy of the system can be calculated as follows: 

ψ 

θ 
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( 2.6) 

For potential energy, stiffness of the shaft and the gravity effect come into picture. 

However, normally the rotational speed of system is considerably high especially in 

reciprocating engines, thus generating large centrifugal force (mRΩ²) which dominates 

the gravitational force. As a result the gravity effect can be ignored with reasonable 

accuracy.  

Considering this, the potential energy term can be described as: 

  
 

 
    

( 2.7) 

Considering the potential and kinetic energy terms and external moment       acting on 

the disk, we can find the equations of motion for vibrating disk and pendulum. However, 

as there is no damping element in our system, the Lagrange equations reduce to the 

following: 
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 ( 2.8) 

 

After substituting Eqs. ( 2.6) and ( 2.7) into Eq. ( 2.8), we obtain: 

                      ̈                 ̈ 

      ̇     (   ̇)      ̇               

 

            ̈    ̈            ̇     

( 2.9)
1
 

Considering small amplitude of oscillations for the pendulum and disk, we can use the 

linearization of trigonometric terms by the approximation of sin φ ≈ φ and cos φ ≈ 1. This 

results in the following linear equations: 

                 ̈            ̈           

 

       ̈    ̈         

( 2.10) 

Assuming that the rotor has the steady rotational speed of Ω and the sinusoidal vibratory 

term with amplitude ψ and fluctuating frequency of ω, the pendulum differential 

equation is derived from the second equation in Eq. ( 2.10) as: 

  ̈             ψ          ( 2.11) 

From this equation the natural frequency of the pendulum (    can be calculated as: 

                                                 
1
 To be sure that the calculation and driving the equations of the motion were done in a correct way, the 

Matlab parametric codes of Lagrange equation have been written. Given the kinetic energy and potential 

energy of any mechanism as input, the final equation of motions is derived as the output of the program. 

The developed Matlab code and the results are provided in Appendix I. 
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  √

 

 
 ( 2.12) 

From Eq. ( 2.12) we can see that there is a linear relationship between the natural 

frequency of pendulum and the rotational speed (Ω). 

2.4.2 Response of the system with/without CPVA using Matlab/Simulink modeling 

Based on the Eq. ( 2.12), the parameters that can be determined by the designer for tuning 

of the pendulum are the length of pendulum (r), and the pendulum hinge location (R). To 

reach the desired infinite effective inertia of the pendulum we should tune the natural 

frequency of the pendulum exactly at the forcing frequency of the external torque on the 

rotor (ω). There is a relationship between the rotational speed (Ω) and the forcing 

frequency, ω. 

The reciprocating systems use the crank piston mechanism for providing the necessary 

rotational power for rotary machines such as wheel sets, generators, turbines, etc.  

Regardless of the number of cylinders in a reciprocating engine, we have 2-stroke and 4-

stroke combustion mechanism for firing, which relates the firing torque cycle and 

rotational speed (Ω). In reciprocating engines, crankshaft plays the role of changing the 

reciprocating mechanism to rotational motion. It can be modeled as a rotating shaft 

connected to the inertia disks. 

Here we would like to initially investigate the effect of a CPVA on the reduction of 

vibration in simple shaft and disk with arbitrary stiffness and inertia under sinusoidal 

torsional excitation. The modeling of the mechanism has been done in Matlab/Simulink 

software considering the derived governing equations of motion given in Eq. ( 2.10). 
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Let us assume a simple undamped system without CPVA as shown in Figure  2.8 with 

arbitrary shaft stiffness of              and inertia of                  under 

harmonic excitation of                . The natural frequency of the system can be 

calculated as follows: 

    ̈                  

   √
 

 
 √

    

   
    

   
 ⁄  

                                              

( 2.13) 

 

 

 

 

 

If we excite the system exactly at the natural frequency (ω=   
   

 ⁄         ) the 

resonance behaviour is expected. Figure  2.9 shows the time domain response of the 

system for this case. As it can be seen, the disk amplitude of vibration increases steadily 

due to the resonance, which is not desirable as it causes high dynamic stress and eventual 

failure of the rotating system.  

                

J=0.1 

K=1000 

Figure  2.8: Simple single degree of freedom system (θ) torsional system without absorber 
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Figure  2.9: Time domain response of single DOF torsional system without CPVA excited on its 

natural frequency.
1
  

 

Now let us consider the same system combined with the CPVA on the inertia disk as 

shown in Figure  2.10. It is simple model of the rotary system with CPVA where the 

pendulum is modeled with a mass (m) and pendulum length (r) attached to the inertia 

disk. The governing equations of motion are the same as Eq. ( 2.9) where ψ is the 

vibration of disk, φ is vibration of the pendulum and                 (same as the 

exciation of the single DOF system) 

 

 

 

 

 

 

                                                 
1
 This system has been modeled in Matlab/Simulink software and the responses have been extracted by 

application of the ODE4 solver which is based on the 4
th

 order Runge-Kutta method. The modeling block 

diagram and the Matlab code are provided in Appendix II.  

Figure  2.10: Two single degree of freedom system (ψ & φ) torsional system with absorber 

                

J=0.1 

K=1000 

m

m
m 

r 

R 
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It should be noted that in this case the forcing frequency ω is the same as rotational speed 

Ω. To have the optimum effect of the CPVA, its natural frequency should be tuned to the 

forcing frequency to reach the maximum inertia effect of CPVA causing reduction of 

vibration in the main inertia mass of the rotor. If we assume the radius of the inertia disk 

as 0.15 (m), then using Eq. (2.12), we obtain the length of the pendulum, r  as: 

    √
 

 
                        

             

( 2.14) 

It means that the pendulum length should be set equal to the radius of the position that it 

will be connected to (in this case because it is attached to the outer surface of the disk it 

would be equal to the 0.15 m). 

The two DOFs system with tuned vibration absorber has been modeled in 

Matlab/Simulink (The Code and simulation block diagram are provided in Appendix II). 

The mass of disk and pendulum are considered to be 11 kg and 2 kg, respectively. The 

vibration response of both disk and pendulum in time-domain at resonance condition is 

shown in Figure  2.11. 
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Figure  2.11: Time domain response of two DOF torsional system with CPVA tuned (r=R) excited 

on its natural frequency  

 

It can be seen that the CPVA does not allow the amplitude of vibration of the disk to go 

to infinity in comparison to the without CPVA case shown in Figure  2.9. For this case, 

the amplitude of the disk (theta) is approximately limited to maximum amount of 0.03 

rad.   

To better realize the importance of tuning, let us consider the pendulum length as r=2R 

(un-tuned condition). The result is shown in Figure  2.12. As can be seen, although the 

amplitude of vibration for the pendulum is reduced, the maximum vibration amplitude of 

the main rotary system has increased to almost 0.04 rad.  
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Figure  2.12: Time domain response of two DOF torsional system with CPVA un-tuned (r=2R) 

excited on its natural frequency 

 

Similarly, for the un-tuned case of r=0.5R, as shown in Figure  2.13, the vibration 

response of the main rotary system has significantly increased with maximum value of 

almost 0.07 (rad). The amplitude of vibration for pendulum has also increased in this case 

as the effective pendulum length is reduced.  

Considering the above, the importance of tuning of the most effective application of the 

pendulum absorber can be realized. It can be seen that by a small amount of un-tuning, 

the reduction in attenuation of vibration is considerable. 
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Figure  2.13: Time domain response of two DOF torsional system with CPVA un-tuned (r=0.5R) 

excited on its natural frequency 

 

2.4.3 Frequency response of the system with/without tuned CPVA 

Here the frequency response of the main rotary system with and without tuned CPVA has 

been studied.  

Utilizing the FFT function in Matlab software, the frequency spectrum of the time 

domain response can be obtained. By examining the frequency spectrum, one can easily 

identify the natural frequencies of the system. Now for the simple rotating system 

discussed in previous section, by applying FFT on the time domain response (Figure  2.9), 

the frequency spectrum can be obtained as shown in Figure  2.14 (Matlab code for FFT 

analysis is provided in Appendix III). It can be seen that the frequency analysis exactly 

shows the natural frequency of the system at             
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Figure  2.14: Frequency response simple (1-DOF) rotary system, without CPVA 

 

After applying the CPVA and tuning it based on Eq. ( 2.14) r=R, as expected the 

frequency spectrum of the system (two DOFs system) would show two frequencies as 

shown in Figure  2.15.  

 

Figure  2.15: Frequency response of the simple (2-DOF) rotary system, with CPVA, tuned (r=R) 

 

It can be seen that after applying the CPVA and tuning it in a proper way based on the 

characteristic of the rotating system, the natural frequency of the system (  =15.9 Hz) 

will be shifted to two new natural frequencies of    =8.5 (Hz) and    =29.8 (Hz) which 
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is far enough from the natural frequency of the main system. Thus exciting the main 

system at its natural frequency, will not cause undesirable resonance. 

It should be noted that tuning of absorber most of the time depends on the working speed 

of the rotating system. The worst case happens when the working speed is exactly at the 

natural frequency of the system as discussed before. Sometimes the working frequency 

does not coincide with the natural frequency of the system. However, we may desire to 

also attenuate the vibration at that particular working frequency. For these cases, CPVA 

is quite suitable as it synchronises itself automatically based on the rotational speed of the 

shaft to which it has been connected. Therefore by considering the Eq. ( 2.12) and 

designing the pendulum length (r) for tuning based on the value of    and Ω, the desired 

attenuation can be achieved.     

2.5  Conclusions 

In this chapter, the application of centrifugal pendulum vibration absorber for suppressing 

the vibration in rotating systems has been discussed. The simple case of one shaft and one 

inertia disk has been studied, and the modeling has been done with Matlab/Simulink 

software. The results show that by properly using the tuned CPVA, a considerable 

amount of attenuation in magnitude of vibration can be achieved. CPVA plays the role of 

passive damper capable of covering different rotating speed range. The importance of 

tuning is studied by varying the pendulum length to different values than the tuned length 

(un-tuned conditions). The vibration suppression capability of the CPVA has been 

significantly decreased in the un-tuned conditions.  
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Chapter 3. Torsional Vibration Modeling of the Reciprocating 

Locomotive V-type Engine 

3.1 Introduction 

In diesel locomotives, the traction force is produced by a main alternator, which 

subsequently feeds the traction motors driving the axles. The controlling procedure is 

handled electronically. Auxiliary systems such as cooling, heating, braking, lighting and 

accommodation power are mainly similar in both electric and diesel locomotives. The 

only difference between these two kinds of locomotives is that diesel locomotives carry 

power generating source around with it, instead of connecting to the overhead wires or a 

third rail which  are feeding from generating station. In diesel locomotives the diesel 

engine coupled to an alternator produces the required electricity. Normally a fuel tank is 

also provided to feed the diesel engine.  

Statistics shows that a modern diesel locomotive with the same weight of an electric 

locomotive produces about one third of the power in comparison [82]. However, the 

construction of electric railway track imposed substantial cost due to the necessity of 

providing power supply network such as overhead line or third rail to feed the 

locomotive.  

In this chapter we want to formulate the torsional model of a locomotive crankshaft 

considering all the parts and instruments coupled to it during operation. 

A diesel locomotive by itself is a complex structure. However some main parts are 

common in most of the diesel locomotives designed by different manufacturers around 
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the world. For example, Figure  3.1 shows the main parts of a US-built diesel-electric 

locomotive.   

 

Figure  3.1: Ordinary diesel-electric locomotive parts [83] 

 

Some parts play an important role in the torsional vibration analysis of locomotive 

crankshaft and thus having general information about these parts and their application are 

important before evaluating their inertia effect in vibration. Here in the following, some 

general information regarding important parts in Diesel Locomotive Engine has been 

summarized from references [82], [84], [85] and [86].      

Diesel Engine: 

The main power source of the locomotive is diesel engine. It can have ‘in line’ or in ‘V-

type’ arrangement. It contains a large block for cylinder. The engine rotates the 

crankshaft at up to 2,000 rpm and this drives the various main and auxiliary parts needed 

to power the locomotive. The engine produced power is used for rotating the AC or DC 

main alternator or generator.   

Main Alternator: 
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Main alternator is driven by diesel engine which provides traction to move the train.  The 

output AC electricity provides power for the traction motors mounted on the trucks 

(bogies).  In older locomotives, the alternator was a DC machine, called a generator.  It 

produced direct current which was used to provide power for DC traction motors.  Many 

of these machines are still in regular use.  The next development was the replacement of 

the generator by the alternator which still use DC traction motors.  The AC output is 

changed to DC required for the traction motors using rectifiers. 

Auxiliary Alternator: 

Passenger train locomotives are equipped with an auxiliary alternator. This provides AC 

power for lighting, heating, air conditioning, dining facilities etc. on the train.  The output 

is transmitted along the train through an auxiliary power line.  In the US, it is known as 

“head end power” or “hotel power”. In the UK, the auxiliary alternator is used to supply 

the air condition equipment of the cars which is called Electric Train Supply (ETS).    

Traction Motor: 

Traction motors are provided on the axles to give the final drive since the diesel-electric 

locomotive uses electric transmission. These motors were traditionally DC but the 

development of modern power and control electronics has led to the introduction of 3-

phase AC motors. Depending on the number of the locomotive axle, there are between 

four and six motors on most diesel-electric locomotives.  A modern AC traction motor 

with air blowing can provide up to 1,000 hp.  
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Crankshaft: 

The crankshaft (drive shaft) transmits the main output from the diesel engine to the 

radiator fans and compressor at one end and the alternators at the other end. 

Radiator and Radiator Fan: 

The mechanism of radiator in the locomotives is the same as in an automobile.  Water is 

distributed around the engine block to keep the temperature within the most efficient 

range for the engine.  The fans driven by the diesel engine cool down the water passing 

through it. 

Gear Box: 

The radiator and its cooling fan are often settled in the roof of the locomotive.  Diesel 

engine drives the fan through a gearbox because it is necessary to change the direction of 

the drive upwards.  

Diesel Engine Types: 

Diesel engines are categorized into two main types, the two-stroke engine and the four-

stroke engine.  As the names show, they differ in the number of movements of the piston 

required to complete each cycle of operation.  The simplest is the two-stroke engine.  It 

has no valves.  The exhaust from the combustion and the air for the new stroke is drawn 

in through openings in the cylinder wall as the piston reaches the bottom of the down 

stroke.  Compression and combustion occurs on the upstroke.  The revolutions cycle in 

two-stroke engines is twice that of a four-stroke engine with similar power. 
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The four-stroke engine cycle is as follows:  Down stroke 1 – air intake, upstroke 1 – 

compression, down stroke 2 – power, upstroke 2 – exhaust.  Valves are required for air 

intake and exhaust, usually two for each.  In this respect it is more similar to the modern 

petrol engine than the 2-stroke design.  

The preference of two-stroke over four-stroke or vice versa is depending on the 

application.  However, it can be said that the 2-stroke design is simpler than the 4-stroke 

and can obtain greater power than a 4-stroke engine from a block of equal size. But the 

two-cycle design is less efficient and causes significantly greater stress on engine 

components which can lead to increase in wear and maintenance works [87]. Also the 4-

stroke engine is more fuel efficient. 

V-Type cylinders: 

Diesel engines can be designed with the cylinders “in-line”, “double banked” or in a “V”. 

The double banked engine has two rows of cylinders in line.  Most diesel locomotives 

now have V form engines. This means that the cylinders are split into two sets, with half 

forming one side of the V. For Example, V8 engine has 4 cylinders set at an angle 

forming one side of the V with the other set of four forming the other side.  The 

crankshaft is at the base of the V. The V12 was a popular design used in the UK. In the 

US, V16 is usual for freight locomotives and there are some designs with V20 engines. 

3.2 Importance of modeling and torsional analysis 

A multi-cylinder reciprocating machine contains many reciprocating and rotating parts 

such as pistons, connecting rod, crankshaft, flywheel, damper and auxiliary drives. The 

system is so complex that it is difficult, if not impossible, to undertake an exact analysis 
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of its vibrational characteristics. The information that one can obtain from such a rigorous 

analysis, is also of doubtful value for the present-day speeds of reciprocating machinery. 

The actual system is characterised by the presence of unpredictable effects such as 

variable inertia, internal damping, misalignment in the transmission units, uneven firing 

intervals etc. The analysis can be best carried out, by putting the inertias of rotating and 

reciprocating parts at discrete points on the main shaft. The problem then reduces to the 

forced vibration study of an N rotor system subjected to varying torques at different 

cylinder points [19]. 

Following the transmission of the torque in the regular engines with reciprocating 

mechanism such as internal combustion engines in different vehicles, the harmonic 

components of different orders will act on the system. If any of these harmonic orders 

coincide with one of the torsional critical speeds of the system, the resonance and high 

dynamic stress occurs in the system. This phenomenon, obviously, are not desired due to 

the defects and failure which they will cause in the system which is discussed widely in 

the Chapter one (Introduction).  

Therefore knowing the vibration behavior of the reciprocating engines can help to detect 

and prevent those effects by considering them at the design stage. 

3.3 General locomotive parts modeling approach 

To obtain an acceptable torsional modeling for locomotive engine based on the parts 

which are mounted on the crankshaft, after observation and as it has been shown in 

Figure  3.1, we found that these parts play an important role in vibration behavior of 

crankshaft in usual locomotives: 



42 

 

 V-type piston and connecting rod 

 Main generator 

 Auxiliary generator 

 Radiator fans 

 Air compressor 

 Torsional stiffness of crankshaft  

Each of these components should be modeled as an inertia disk in our final inertia disk-

shaft modeling. Considering them as inertia disks in the model categorized separately is 

explained below. 

3.3.1 V-type piston and connecting rod 

Determination of polar mass moments of inertia is a straightforward procedure for 

rotating parts [19]. However, it is not quite simple in the case of reciprocating parts. For a 

piston connected to the crankshaft, we should consider two different inertias caused by 

two different rotating and reciprocating mass of piston and connecting rod all together.  

 

Figure  3.2: Different position of equivalent mass moment of inertia for a piston [19] 
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Assuming the mechanism such as the one shown in the Figure  3.2, we can see from 

Figure  3.2 (a) that with small oscillations of the crank, there is no vertical motion for the 

piston in this position, and hence the equivalent inertia of the piston is zero. Whereas in 

Figure  3.2 (b) position, the piston has practically the same acceleration as that of the 

crank pin and the equivalent inertia is      
 , where      is the mass of the 

reciprocating parts and r is the crank throw. Hence, the total polar mass moment of inertia 

varies from      to           
 , when the crankshaft is rotating. This modeling is 

verified also by other references such as [19], [88]. As in one rotation of the shaft there 

are two positions with zero inertia and two positions with      
 additional inertia, we 

consider as an approximation, the system to have an average inertia given by:  

       
 

 
     

  
( 3.1) 

There is no considerable difference between the inline cylinder engine and v-type 

cylinders in case of mass moment of inertia calculations; Figure  3.3 shows a sketch of 

ordinary V-type connecting rod. 

 

Figure  3.3: Sketch of ordinary master rod and connecting rod in V-type mechanism [84] 
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In V-type engine there would be a master rod and a connecting rod connected by a pin to 

the master rod. As the shape shows, the pin plays a role in balancing the weight 

difference of the master and connecting rod. So for modeling the V-type connecting rod 

and piston, first of all we should find the center of the gravity of the rod and dividing the 

whole mass of the connecting rod into lump mass at each end. Finally      and      

should be considered based on the following formulas for calculating the mass moment 

of inertia of whole body from equation ( 3.1): 

                                                             ( 3.2) 

 

where         is the mass of piston head,          is the mass of portion of the 

connecting rod considered as reciprocating part from center of gravity,      is the mass 

of crank pin on each bank,      is the mass of crank web in each bank and           is 

the mass of connecting rod considered as rotating part from center of gravity formula. 

For v-type engines as we have two cylinder piston mechanisms in each bank all the 

masses should be multiplied by two for calculating the effective mass moment of inertia. 

3.3.2 Main generator 

In most diesel-electric locomotives the highest inertia in torsional modeling would be 

related to the main generator as it is the heaviest part which is connected to the 

crankshaft. In addition to that in locomotive engines there is no flywheel. The generator 

armature is coupled directly to the crankshaft and it will play the role of the flywheel for 

maintaining the torque continuous and smooth. 
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In generators, about one third of the mass is that of the armature and this mass should be 

considered in calculating the mass moment of inertia of the main generator in locomotive 

engine [89]. 

For calculating the inertia of the rotating parts an effective mass (    ) corresponding to 

the rotating parts is assumed to obtain: 

  
 

 
     

  
( 3.3) 

 

3.3.3 Auxiliary generator 

The method for considering the mass of the auxiliary generator is also same as that of the 

main generator but there is some difference in coupling to the crankshaft. This generator 

connects to the crankshaft indirectly via a geared system in most of the time. For 

modeling the inertia disk connecting to each other via geared system we should consider 

the gear ratio (speed ratio) of the mechanism which affects the amount of the mass 

moment of inertia and stiffness of connecting shafts in the mechanism. We should 

multiply the mass moment of inertia (J) and connecting shaft stiffness (K) of one side by 

the square of the speed ratio.  

Figure  3.4 shows the method more clearly: 
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If the speed ratio is considered to be ω2/ω1=n for the straight rotor we should then 

multiply the mass moment of inertia of disk and stiffness of second shaft by n² as shown 

in Figure  3.4 [19], [88]. 

3.3.4 Radiator fans 

The radiator fans which in most cases are more than one in locomotives structure are also 

coupled through geared system to the crankshaft. We should consider their masses for 

calculating the mass moment of inertia and the geared equivalency is also same as that of 

the auxiliary generator. 

3.3.5 Air compressor 

The air compressors are used for producing the compressed air required for application of 

blowers in the locomotive or the braking systems. They also are coupled directly to the 

crankshaft and take their power from the diesel engine. In most cases the compressors are 

connected to the end of the shaft. Their moment of inertia are also important in vibration 

modeling of the locomotive crankshaft. 

K2 ω2 
ω1 

K1 

J1 

J2 
(n²)J2 

(n²)K2 

K2 

K1 

J1 

Figure  3.4: Geared system equivalency method 
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3.3.6 Torsional stiffness of crankshaft  

In determining the torsional stiffness of shafts connecting the rotors, the main complexity 

arises from the crank webs. This is due to the bending of crank webs and twisting of 

crank pin. Several experiments have been carried out on a number of crank shafts of large 

slow engines, which have shown that the equivalent length (  ) of crankshaft as shown in 

Figure  3.5 is nearly equal to the actual length, if the diameter of main shaft is equal to the 

crank pin diameter [19]. 

 

Figure  3.5: Equivalent length of a crank [19] 

 

In general the procedure that is adopted to reduce the reciprocating machine system to a 

mathematical model is to use a basic diameter, which corresponds to the journal diameter 

of the crankshaft. 

3.4 Case study of engine’s crankshaft torsional modeling (U25B-GE freight 

locomotive) 

3.4.1 Locomotive description and specification 

For this study, the diesel-electric locomotive which is normally used in railway industry 

is considered. The chosen locomotive is a GE locomotive model U25B which is 

L 
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commonly used in railway freight transportation throughout the North American 

continent and the whole world. Here some general information required to develop the 

simplified torsional vibration model of this locomotive crankshaft has been presented. 

The locomotive is powered by a 16-cylinder four stroke cycle, turbo-charged diesel 

engine with 9 inch by 10 ½ inch cylinders in a 45 degree V-arrangement. The engine has 

an integral head and cylinder arrangement which can be removed easily. It is equipped 

with cast-iron pistons, valve seat inserts and the Bendix fuel system. The cylinder liner is 

chrome plated and 3/16 inches thick. 

Each connecting rod assembly consists of a master connecting rod and slave connecting 

rod. These rods are made of forged alloy steel. The slave rod bolts to a pin fitted in the 

master connecting rod and the master connecting rod is bolted to the crankshaft. This 

design provides for a maximum of bearing surface area. 

The engine crankshaft is directly connected to the traction generator armature. When the 

generator is electrically energized (from batteries) through its start field, the generator 

acts as a motor to rotate the crankshaft to start the engine. 

Some important information which is necessary for deriving the torsional modeling of 

this locomotive has been given in Table  3.1. The detailed specifications are provided in 

Appendix IV.   
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Table  3.1: U25B-GE freight locomotive engine technical specifications 

ENGINE 

SPECIFICATIONS 

Model 7FDL16 

Gross Horsepower 2750 

Number of Cylinders 16 

Stroke Cycle 4 

Cylinder Arrangement 450V 

Bore 0.229 m 

Stroke 0.267 m 

Compression Ratio 12.7-1 

Idle Speed 400 RPM 

Maximum Governed Speed 2000 RPM 

Firing Order 

1R–11, 3R-3L, 7R -7L,  

4R–4L, 8R-8L, 6R-6L,   

2R-2L, 5R-5L 

Turbocharger Single 

ENGINE  

DIMENSIONS 

Height (Overall Including 

Stack) 
2.711 m 

Length (Overall Including 

Generator) 
6.615 m 

Width (Overall) 1.734 m 

Weight (Including 

Generator) 
25855 kg 

 

Other data required for modeling: 

Piston mass: 10 (kg) 

Crank throw: 0.133 (m) 

Crankshaft diameter: 0.203 (m) 

Connecting rod length: 0.6 (m), Mass: 63 (kg), thickness: 0.09 (m)  

Width varying from 0.1 to 0.2 (m)-narrow end connected to piston 

Crank web cross section: 0.15 x 0.09 (m)  

Crank pin diameter: 0.203 (m) 

Engine mounted to the crankshaft at 0.146 (m) interval 
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Auxiliary generator gear ratio: (3:1) 

Radiator fans geared ratio: (2.5:1) 

3.4.2 Equivalent torsional modeling  

Having the necessary data we can start the locomotive part by part based on material in 

section 3.2 to find the inertia-disk-shaft model of entire locomotive engine. 

First of all the calculation of the center of gravity and equivalent reciprocating mass and 

rotational mass of connecting rod in each bank will be considered as follows. Figure  3.6 

shows the sketch of the connecting rod for each piston. 

 

 

 

 

 

 

First of all based on the Figure  3.6, the trapezoid shape can be devided to two triangle 

and one rectangular. Considering the superposition, by finding the centres of gravity of 

each shape with respect to the line AB, the centre of gravity for the connecting rod can be 

calculated as: 

 ̅  
 (         

   
 )               

                     
         ⇒        ̅           ( 3.4) 

0.2 (m) 

0.1 (m) 

0.6 (m) 

 ̅ 

Figure  3.6: Connecting rod simplified sketch 

A B 
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Having this value we can find          and          considering that the mass of 

connecting rod is 63 kg: 

{
 
 

 
                     

            

                 
     

              
                   

                   
          

 

 
( 3.5) 

 

Finally having the reciprocating and rotary part mass of the connecting rod we can find 

the whole reciprocating mass and rotating mass as follows: 

                            

                               
( 3.6) 

 

Therefore:           In each bank {
              
               

 

Finally: 

     
 

 
             

     
 

 
             

( 3.7) 

 

After the calculation, it can be found that J in each bank is equal to 1.42 (kg.m²). 

Therefore considering 8 banks in this locomotive engine, there should be 8 inertia disks 
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with mass moment of inertia of 1.42 in the model as representative of reciprocating 

cylinder-piston mechanism. 

Having the weight of the other parts such as generators and compressor etc. we can 

calculate their mass moment of inertia and their correct location that we should attach 

them to our model. It should be noted that for auxiliary generator and radiator fans, based 

on the rule of geared system mentioned in section ( 3.3.3) we should multiply their inertia 

and their shaft stiffness in correction coefficient. For straight rotor modeling, the 

coefficient is 9 for auxiliary generator and 6.25 for radiator fans. Figure  3.7.b shows the 

final disk-shaft torsional vibration model of the U25B locomotive shown in Figure 3.7.a. 

 

Figure 3.7.a: U25B freight locomotive real sketch [90] 

 

 

Figure  3.7.b: Torsional modeling of U25B locomotive 
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3.5 Free torsional vibration analysis of the case study model 

The torsional model of the locomotive engine developed in the previous section can be 

effectively used to extract the natural frequencies and mode shapes.    

3.5.1 Natural frequencies (stiffness matrix method) 

As we have the simplified model for our case study, we can use the common analysis 

methods to find the natural frequencies of the locomotive engine in different modes of 

vibration.  

In reciprocating machine installation, the number of stations is generally few in the 

mathematical model and it is convenient to adopt the classical eigen value analysis 

approach based on the stiffness matrix to calculate the natural frequencies and different 

mode shapes [19]. The procedure is briefly described here. Let    denote the angle of 

twist of i
th

 rotor. The free torsional vibration equations of motion are: 

  

    ̈              

    ̈                        

    ̈                        

    ̈                        

    ̈                        

    ̈                        

    ̈                        

 

( 3.8) 
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    ̈                        

    ̈                         

      
̈                            

      
̈                               

      
̈                               

      
̈                  

 

In matrix form the above equations can be written as: 

[ ]{ ̈}  [ ]{ }    

where: 
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In the above matrices, [J] and [K] are the mass and stiffness matrices and { } is the 

response vector. 

For harmonic vibrations at the natural frequencies we have: 
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{[ ]    [ ]}{ }    

We can see that if we calculate the eigen values of [ ][ ]   matrix and take their square 

roots, we have the natural frequencies of each mode. 

In our case study the stiffness and inertia matrices are in the order of 13*13 and here are 

the final values: 

 

 

 

[K] =      

 

 

 

It can be seen that the stiffness matrix is a narrow banded matrix and inertial matrix is a 

diagonal matrix: 

 

 

 

 

270 -270 0 0 0 0 0 0 0 0 0 0 0 

-270 600 -330 0 0 0 0 0 0 0 0 0 0 

0 -330 440 -110 0 0 0 0 0 0 0 0 0 

0 0 -110 1020 -910 0 0 0 0 0 0 0 0 

0 0 0 -910 1820 -910 0 0 0 0 0 0 0 

0 0 0 0 -910 1820 -910 0 0 0 0 0 0 

0 0 0 0 0 -910 1820 -910 0 0 0 0 0 

0 0 0 0 0 0 -910 1820 -910 0 0 0 0 

0 0 0 0 0 0 0 -910 1820 -910 0 0 0 

0 0 0 0 0 0 0 0 -910 1820 -910 0 0 

0 0 0 0 0 0 0 0 0 -910 955 -45 0 

0 0 0 0 0 0 0 0 0 0 -45 5745 -57 

0 0 0 0 0 0 0 0 0 0 0 -57 57 
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[J] =    

 

 

 

Using Matlab to calculate the eigen values of [ ][ ]   we can find the natural 

frequencies of the model. This modeling will give us the thirteen natural frequencies.  

Here are the results for    (RPM) derived from Matlab programming: 

ans =  

   47429           

   44710           

   40299           

   34376           

   27190           

   19080           

   10591           

   3976           

   3357           

   1733           

   944           

   0  

   322 

 

20 0 0 0 0 0 0 0 0 0 0 0 0 

0 90 0 0 0 0 0 0 0 0 0 0 0 

0 0 750 0 0 0 0 0 0 0 0 0 0 

0 0 0 1.42 0 0 0 0 0 0 0 0 0 

0 0 0 0 1.42 0 0 0 0 0 0 0 0 

0 0 0 0 0 1.42 0 0 0 0 0 0 0 

0 0 0 0 0 0 1.42 0 0 0 0 0 0 

0 0 0 0 0 0 0 1.42 0 0 0 0 0 

0 0 0 0 0 0 0 0 1.42 0 0 0 0 

0 0 0 0 0 0 0 0 0 1.42 0 0 0 

0 0 0 0 0 0 0 0 0 0 1.42 0 0 

0 0 0 0 0 0 0 0 0 0 0 131 0 

0 0 0 0 0 0 0 0 0 0 0 0 131 
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The natural frequencies are expressed in RPM. As it can be realized the natural 

frequencies above 2000 RPM do not contribute significantly to the system response as 

the engine under study has the he maximum speed of 2000 (RPM). Therefore, here the 

first four natural frequencies as provided in Table  3.2 are considered for this case study.  

Table  3.2: Natural frequencies or critical speeds of locomotive crankshaft 

Mode shape # Natural frequency (RPM) 

1st 0 

2nd 322 

3rd 944 

4th 1733 

 

3.5.2 Sketching corresponding mode shapes   

For finding the mode shape at each natural frequency we should find the eigen vectors of 

[ ][ ]  matrix. This will give us the mode shape diagrams of case study locomotive at 

different critical speeds. 

We can use the Matlab program to find the Eigen vectors from the frequency matrix and 

here are the results: 

v = 

   -0.7721   -0.0334   0.2774   -0.2110 

   -0.5838   -0.0310   0.2774   -0.2093 

    0.0947   -0.0207    0.2774   -0.2013 

    0.0890    0.1426    0.2774   -0.0275 

    0.0879    0.1621    0.2774   -0.0065 

    0.0863    0.1814    0.2774    0.0145 

    0.0842    0.2004    0.2774    0.0355 

    0.0818    0.2191    0.2774    0.0566 
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    0.0789    0.2374    0.2774    0.0775 

    0.0756    0.2554    0.2774    0.0985 

    0.0719    0.2730    0.2774    0.1195 

   -0.0101    0.6207    0.2774    0.5430 

    0.0015   -0.4985    0.2774    0.7354 

Each column in matrix above is associated with each natural frequency. Column 3 is for 

the 1
st
 mode, column 4 is for the 2

nd
 mode, column 2 is for the 3

rd
 mode, and column 1 is 

for the 4
th

 mode, respectively. As our system is semi definite, one of the natural 

frequencies is zero and obviously this corresponds to the rigid mode.  

To see results more clearly, it would be better to normalize the results with values 

between 0 and 1. The sketch of displacements for the inertia disks representing each 

components of the locomotive have been shown in Figure  3.8 to Figure  3.11 for each 

mode shapes.  

 

Figure  3.8: First mode shape of the crankshaft model (rigid mode) 
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Figure  3.9: Second mode shape of the crankshaft model 

 

 

Figure  3.10: Third mode shape of the crankshaft model 

 

 

Figure  3.11: Fourth mode shape of the crankshaft model 
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3.6 Verifying the results 

To examine whether torsional vibration is meaningful with reasonable errors which are 

negligible, it would be better to check the results based on the characteristics of the case 

study locomotive in other references. Taylor in [88] provides the sketch of first mode 

critical speed of ordinary engines with different arrangement. Although these amounts are 

experimental and very rough and depend on various conditions and arrangement of 

engine, it can be a criterion to judge the accuracy of the method described in this 

modeling. Figure  3.12 shows the first mode natural frequencies of an isolated torsional 

system consisting of a crankshaft with a flywheel at one end that has a relatively large 

amount of inertia.  

 

Figure  3.12: First mode torsional frequency of crankshaft with flywheel at one end. Where the 

actual value of L was not known, it was taken as b(1.1N)for inline engines and as b(0.55N+0.5) 

for V engines, where b is the bore in feet and N is the number of cylinders. [88] 

R
p

m
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For exactly similar designs, frequency in any mode is proportional to 1/L [91]. This 

figure gives the data on the first mode torsional frequency of crankshafts isolated from 

the external driven system and carrying a heavy flywheel at one end. In spite of large 

differences in detail design, this natural frequency shows the paramount influence of 

shaft length on the torsional natural frequency. This figure can be used for a rough 

prediction of first order critical speed.  

One of the curve fit lines in the figure is for a solid shaft, which is our case. To find the 

fundamental natural frequency of an engine, we have to calculate the effective length of 

its crankshaft (  ) in the horizontal coordinate system. Based on the information, this 

value depended on piston bore in meter (b) and the number of cylinders (N). 

For the V-type engines the following calculation should be done to find the case effective 

length: 

                                               Effective length for V-type engines 

                                U25B-GE freight locomotive 

 

 
       

( 3.9) 

 

Having the reverse of effective length from Eq. ( 3.9) and referring to the figure we can 

find that the experimental natural frequency (critical resonance speed) is about 390 (rpm) 

for the first mode solid shaft. This is comparable to the simulation result for the first 

model which is found to be 322 (rpm). Considering the difference in modeling of the 

engine in this approach and the way it has been done in this study, such as non-existence 

of flywheel which is replaced by the generator instead, and also existence of other parts 
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(such as fans and compressors) coupled to the crankshaft, the developed model can 

reasonably predict the first natural frequency.  

There are some other references where the natural frequencies of similar diesel engines 

are obtained experimentally such as [92] where the fundamental natural frequency 

calculated is around 400 (rpm) for a V20 diesel engine   

3.7 Conclusions 

In this chapter the torsional modeling of a common V-type locomotive engine crankshaft 

has been conducted based on some valid simplifications and approximate methods. Real 

sample locomotive data for the case study U25B-GE locomotive, especially parts 

dimensions such as radii, widths and lengths etc. are difficult to obtain. In addition to the 

available technical manual of the locomotive, in this study some approximate but 

acceptable assumptions have been done based on existing information and data based on 

handbooks such as [20]. These estimations have been done with the help of the standards 

to minimize the inaccuracy of the modeling of the case study locomotive crankshaft. All 

of these have been applied as a case study on a real diesel-electric locomotive engine and 

the natural frequencies and mode shapes of the engine have been obtained based on the 

inertia disk-rotor modeling using stiffness matrix method.  

Based on the applicable range of speed of the locomotive it has been found that only first 

four natural frequencies of the system are effective during the operation of engine. Also 

based on the mode shapes the critical inertia disk at each resonance frequency can be 

detected which is an important criteria for designing the absorber for the system as 

discussed in chapter 5.    
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Finally results have been verified based on the previous works in this area.   
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Chapter 4. Derivation of Excitation Force on Crankshaft due to Gas 

Pressure of in Engine Cylinder 

4.1 Introduction 

In chapter 3 we discussed the modeling of an engine with its crankshaft from the 

torsional vibration point of view. However, in reciprocating system the situation is more 

complex because the system is subjected to forced vibrations where the sources of 

excitation are due to crankshaft dynamical behavior and in-cylinder gas pressure 

variations. The part of excitation which is related to the dynamic inertia of the crankshaft 

itself based on its geometry has been discussed before in the previous chapter. However, 

the most important part of the excitation is actually because of firing in the cylinder as 

well as the firing order in a multi cylinder engine which will be discussed in this chapter.  

4.2 In-Cylinder pressure curve of the case study 

A typical in-cylinder pressure curve should normally be provided by the engine 

manufacturers based on the characteristics of their design experimentally. Based on 

standards this should be obtained by running the engine at 75% of the full load condition 

[11]. However the theory behind simulating the in-cylinder pressure curve and modeling 

can be discussed by using the theory of Fluid Mechanics along with some characteristics 

of the engines.   

The in-cylinder pressure P is the superposition of the compression-expansion and 

combustion pressures. From the well-known polytrophic process of Eq. ( 4.1) the 

compression/expansion contribution can easily be estimated as: 
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              ( 4.1) 

 

The volume V depends on mechanical geometry and crankshaft position. The constant γ 

is the polytrophic index of the fluid (a fuel/air mixture). Its value is typically between 1.3 

and 1.4. However, modeling of combustion contribution is related to different factors. 

Therefore for more simplicity the phenomenological approach will be widely used which 

lead to different non-dimensional models. These models are based on predicting the Rate 

of Heat Released (RoHR) with predefined functions. One of the most famous functions is 

called Wiebe’s function. As several stages of pre-mixture and mixing-controlled phases 

exist during the combustion process several Wiebe’s functions are adding together to 

reproduce RoHR closely. Figure  4.1 shows typical RoHRs with the use of a single 

Wiebe’s function. Four parameters are necessary for defining correct form of function 

[43]: 

 The ignition delay 

 The combustion duration 

 The combustion efficiency 

 And a Wiebe’s function shape parameter      

The relationship between the in-cylinder pressure and heat is through the well known 

thermodynamic relation between heat Q, pressure P and volume V: 

     
 

     
     

 

     
   

( 4.2) 
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where    is heat capacity of the fluid at constant pressure and    is the heat capacity at 

constant volume.  

These parameters will be set by curve-fitting the experimental measurements for in-

cylinder pressure at 75% of the full load running condition. 

  

Figure  4.1: Rate of Heat Released (RoHR) modeling parameters during combustion with a 

Wiebe’s function. INJ is injection timing, SC is start of combustion, TDC is Top Dead Center and 

EC is End of Combustion. [43] 

 

The curve-fitting parameters for a diesel engine will lead to the Wiebe’s function 

parameters as shown in Table  4.1: 

Table  4.1: Wiebe’s function parameters   

Ignition delay (°) 19 

Combustion duration (°) 115 

Combustion efficiency 0.95 

Wiebe’s function shape parameter 0.45 
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Based on these parameters and equation ( 4.2) we can find analytically and experimentally 

the in-cylinder pressure curve in terms of the crank angle.  For the case of a 4-stroke V-

type diesel engine of a locomotive with 16 cylinders these curves are as shown in 

Figure  4.2. 

It can be seen that the experimental and calculated results agree with each other closely.        

 

Figure  4.2: In-cylinder pressure change curve [93]  

 

This curve will be repeated with a period of two-cycles (720°) in 4-stroke engines and it 

will be the basis for derivation of harmonic excitation force in the upcoming sections.   
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4.3 Extraction of equivalent harmonic curve of gas pressure using curve fitting  

As we saw in the previous section the in-cylinder pressure curve for a diesel engine is a 

periodic function with the behavior in one period shown in Figure  4.2. However, for 

vibrational analysis of a crankshaft with this curve as its basic source of excitation, it is 

necessary to find this pressure curve in a harmonic format.  

The Fourier series will be used to describe the harmonic components of a periodic 

function. Fourier series provides us with the summation of sinusoidal terms (in general 

like equation ( 4.3)) in a way that by good approximation will fit the original periodic 

shape. The rate of accuracy depends on how many terms are considered for each series 

(the value of j). However, normally the first few terms will give us sufficient accuracy.    

        ∑          

 

   

 ∑          

 

   

 
( 4.3) 

 

The curve fitting tool in Matlab software will provide the facility for extracting the 

Fourier series representation of any curve which is given to the system as input. 

The curve fitting has been done in Matlab for the in-cylinder pressure curve of 

Figure  4.2. The number of terms of Fourier series have been set as 8 and in Figure  4.3 the 

result can be seen where the output are the coefficients of the Fourier series (   and   ) 

for the first eight terms.  

The output curve is P(θ°) which gives the pressure in terms of the rotational angle in 

degree unit. To find the equation in time domain in radians, we should put 

x*w=(180/π)w*ωt, where ω is in (rad/s), t is time in (sec) and x and w are the curve 
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fitting constants. Finally, the Fourier series for a 4-stroke V-type diesel engine of a 

locomotive with 16 cylinders is as follows: 

P(t) = 16.06 + 24.47cos(0.61ωt) + 4.98sin(0.61ωt) + 18.9cos(2*0.61ωt) + 

5.44sin(2*0.61ωt) + 15.36cos(3*0.61ωt) + 4.99sin(3*0.61ωt) + 

11.81cos(4*0.61ωt) + 4.99sin(4*0.61ωt) + 8.78cos(5*0.61ωt) + 

4.51sin(5*0.61ωt) + 6.66cos(6*0.61ωt) + 3.86sin(6*0.61ωt) +  

4.67cos(7*0.61ωt) + 3.3sin(7*0.61ωt) + 3.21cos(8*0.61ωt) + 

3.37sin(8*0.61ωt) 

( 4.4) 

 

 

Figure  4.3: The Fourier series curve fitting result for in-cylinder pressure curve with Matlab 
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4.4 Derivation of final excitation torque due to reciprocating mechanism of case 

study engine   

In the previous section the harmonic in-cylinder pressure curve due to combustion has 

been obtained. Using this curve, we can find the final excitation torque acting on 

crankshaft for torsional vibration analysis. A simplified expression of this torque has 

been presented in Harris Handbook of Vibration and shown in Eq. ( 4.5)  [11]. The 

geometry characteristics of the crankshaft and in-cylinder pressure are the effective 

parameters in this equation. 

           [        
        

  
] 

( 4.5) 

 

where A, R and ω are piston section, crank radius and excitation frequency (rad/s), 

respectively. The constant λ is the ratio between connecting rod length and the crank 

radius. P(t) is also calculated in Eq. ( 4.4).  

Considering the U25B-GE freight locomotive data from Appendix IV the geometrical 

parameters can be calculated as follows: 

Piston section:    
 

 
     

 

 
             

Crank radius: 0.203/2 = 0.1015 m  

  
 

 
 

   

      
       

( 4.6) 

 

Considering the calculated data, excitation torque on the case study locomotive has been 

derived. Figure  4.4 shows the resulting excitation torque of Eq. ( 4.5) for the locomotive. 
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However, this excitation is related to the effect of combustion for just one piston-

cylinder. The locomotive has a V-type engine with 16 cylinder coupling two by two to 

each other in left and right bank on 8 positions. The only difference for each cylinder 

excitation curve is that there is a phase difference between them. This difference depends 

on the firing cycle and order of the engine. 

 

Figure  4.4: The derived excitation torque curve on crankshaft of the U25B-GE locomotive 

 

As the sample locomotive has the 4-stroke engine, each cylinder fires once in every two 

rotations of the crankshaft and hence the range of firing cycle is 4π. It has 16 cylinders 

and hence the lag between the firing of each cylinder is π/4. On the other hand the firing 

order of locomotive based on the manual data is 1R-1L, 3R-3L, 7R-7L, 4R-4L, 8R-8L, 

6R-6L, 2R-2L, 5R-5L. It means that first the cylinder on right bank of position 1 will fire 

and subsequently the left bank cylinder of the same position will fire with a π/4 lag, then 

the cylinders of position 3 will fire and so on. We should consider the phase lag of each 

cylinder and replace ωt in equation of T(t) and P(t) with ωt+lag. Sample of the excitation 

torque of cylinders in position of 3 and 4 is shown in Figure  4.5.  
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All of these phase lags should be considered for each of the cylinders specifically during 

the modeling. This package of excitations will be considered in next chapter for obtaining 

the vibration response of the locomotive crankshaft under the excitation and effect of 

pendulum absorber. The complete equations of all cylinders and related Matlab coding 

and Simulink block diagrams are given in Appendix V. 

 

Figure  4.5: The lag in excitation torque curves on crankshaft applying by different cylinders for 

the U25B-GE locomotive    

 

4.5 Conclusions 

In this chapter we tried to simulate the combustion mechanism in reciprocating engine 

considering in-cylinder pressure in a harmonic way with Matlab/Simulink software. 

Using this harmonic excitation, we can analyse the torsional vibration behavior of the 

crankshaft. Considering the geometry data and characteristics of the U25B-GE freight 

locomotive engine the excitation torque has been derived in harmonic form using Fourier 

series. 

It can be seen from the Figure  4.4 that the torque changes from negative to positive 

during the excitation cycle. It seems logical as during the firing cycle the expansion and 

compression apply the actuation or resistive torque on the crankshaft.   
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These excitation equations will be used in next chapter for forced vibration analysis of 

the case study locomotive.      
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Chapter 5. Torsional Vibration Reduction of Locomotive Crankshaft 

using Tuned CPVA 

5.1 Introduction 

In this chapter we investigate the capability of the centrifugal pendulum vibration 

absorber (CPVA) to attenuate the vibration in locomotive crankshaft based on its tuning 

factor discussed in chapter two. For this purpose, the torsional vibration model of the case 

study locomotive which has been developed in chapter three will be used. Finally as this 

locomotive is equipped with V-Type diesel engine, the excitation force applying on the 

crankshaft is similar to the excitation torque derived in Chapter four.  

The vibration response of the crankshaft under derived excitation toque will be obtained 

in time and frequency domains and proper tuning strategy will be suggested for 

attenuation of the vibration in crankshaft.   

5.2 Application of tuned CPVA on the complete case study engine set with 

excitation 

In chapter three the mode shapes of vibration for the locomotive crankshaft at different 

natural frequencies have been obtained using the stiffness matrix of the torsional model.   

For the U25B-GE freight locomotive which is equipped with diesel engine 7FDL16 the 

full running speed of the crankshaft is 1000 rpm (refer to Appendix IV), it can be seen 

that the third resonance frequency is 944 rpm. This contiguity of the resonance frequency 

and the running speed is crucial for the performance of the engine as it causes the 

increase of amplitude of vibration at the running speed. 
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Designing an absorber for this critical speed will help to attenuate the amplitude of 

vibration.  

 

Figure  5.1: Normalized 3
rd

 mode shape of the sample locomotive torsional model 

  

The third normalized mode shape associated with natural frequency w=944 (rpm) is 

shown in Figure  5.1. As can be seen, the inertia disk J12 which represents the fan radiator 

#1 has the highest relational amplitude among others. Thus naturally, the best position to 

attach the CPVA is on the inertia disk #12 or on the crankshaft at the edge of this disk 

connected to the shaft. 

Considering this design approach, the simplified torsional model of the crankshaft 

together with the CPVA is shown in Figure  5.2. In this figure, the disk inertias represent 

the different parts of locomotive engine coupled to the crankshaft for which the detailed 

calculations were done in chapter 3. The red arrows and the number on their top actually 

provide the firing order in all eight V-type cylinders in their position. According to 

sample locomotive manual (Appendix IV) the firing order is 1R-1L , 3R-3L , 7R-7L, 4L-

4R , 8R-8L , 6R-6L , 2R-2L , 5R-5L, where L and R means the Cylinder of left and right 

bank, respectively, in each position. The dynamic model of the pendulum absorber is the 
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same as shown in chapter two, section 2.3, where the design parameters are the pendulum 

length (r) and pendulum mass (m).  

This model will be the basis for deriving the governing equations of motion and tuning of 

absorber in subsequent sections.   

 

Figure  5.2: The torsional modeling of U25B-GE locomotive crankshaft with application of CPVA 

 

5.3 Derivation of equations of motion using Lagrange’s equations 

The crankshaft torsional vibration modeling of the locomotive together with targeted 

position CPVA has been derived in previous section. Now, using this model we can find 

the equations of motion from Lagrange’s equation. The first step is to find the kinetic 

energy and potential energy of the system. Unlike the single degree of freedom model 

discussed in Chapter two, here we have multi degrees of freedom system. Therefore, in 

addition to the terms of the pendulum absorber and the disk on which it has been 

connected (J12), the kinetic and potential energy of other inertia disks and shafts should 

be included. Considering this, the kinetic energies (T) and potential energy (U) of the 

model shown in Figure  5.2  can be described as: 
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( 5.1) 

In Eq. ( 5.1),    is the vibratory part of rotating disk number i, φ is the vibration of 

pendulum and Ω in the rotational speed of the shaft , m, r and R are pendulum mass, 

pendulum length and radius of disk #12 or the radius of the position where the pendulum 

is connected.  

Using Lagrange’s equation, the equations of motion for each disk will be derived as 

below:  
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  ̈              ̈           ̇            (equation of motion for pendulum) 

( 5.2) 

 

Each of the equation in Eq. ( 5.2) is the governing equation of motion for every inertia 

disk    for i=1 to 13 and the last equation relates to the centrifugal pendulum absorber. 

     s’ are the excitation torque which is applied at the position where 8 cylinders of the 

engine exist. And their number shows their order of firing. These excitation torques can 
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be calculated from the Eq. ( 4.5) considering their phase lag based on firing order where 

the P(t) has been calculated in Eq. ( 4.4) for the case study locomotive.
1
  

5.4 Response of the complete system with/without CPVA using Matlab/Simulink 

modeling 

The equations of motion have been derived in the previous section. Using these equations 

of motion, the application of tuned CPVA can be studied, and the amount of attenuation 

in vibration amplitude under the simulated torque excitation can be discussed. 

For extracting the time domain response, the modeling with Matlab\Simulink software 

has been done, and the block diagram and coding are given in Appendix VI.  

The result for the case without CPVA at the critical speed of Ω=944 (rpm), is shown in 

Figure  5.3. It can be seen that the system experiences resonance and the amplitude of 

vibration violently increases during operation.  

 

Figure  5.3: Time domain response of  disk #12 in U25B-GE locomotive torsional system without 

CPVA excited on its natural frequency where Ω=944 (rpm). 

                                                 
1
 To be sure that the calculation and driving the equations of the motion have been done correctly, the 

Matlab parametric codes of Lagrange’s equation have been written. Giving the kinetic energy and potential 

energy of any mechanism as input, the final equation of motions as the output of the program are provided. 

The coding and the results exist in Appendix I-2. 
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This is obviously undesirable and forms the basis for using CPVA to control the 

vibration. As discussed in Chapter two, the tuning factor depends on the relationship 

between the rotational speed (Ω) of the crankshaft and the excitation frequency. In the 

case study locomotive, as we have the 4-stroke engine the rotational speed of the shaft 

(Ω) is twice the excitation frequency (ω) from the cylinders, because for each cylinder 

firing cycle the crankshaft rotates 720° or two cycles in a 4-stroke engine. So the equation 

( 5.3) will give us the relationship between the position radius (R) and pendulum length 

(r) as follows:    

   √
 

 
                 

     

( 5.3) 

 

It means that the length of the pendulum should be four times the radius of the position 

where it is connected. Because of the dimensional limitation for engine, the logical 

choice for the connection position is on the minimum possible radius, which means 

exactly at the point where the crankshaft touches the disk #12. Thus the radius of the 

position will be approximately equal to the radius of the crankshaft in the locomotive. 

Based on the locomotive manual in Appendix IV , radius of crankshaft (here R) is  equal 

to 0.2 m and thus for tuning purposes the length of the pendulum should be 0.8 m in the 

modeling.  

The pendulum mass (m) has been assumed to be 2.5 kg which is in the range of standard 

values for centrifugal pendulum absorber mass. 
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Considering the tuning factors and incorporating them in the model with the same 

excitation force, the result in the time domain is shown in Figure  5.4. It can be seen that 

the use of CPVA has significant effect on reducing the vibration amplitude of the critical 

disk.     

 

Figure  5.4: Time domain response of disk #12 in U25B-GE locomotive torsional model with 

CPVA tuned (r=4R) excited on its natural frequency. 

 

As can realized from Figure  5.4, for the case with CPVA, the maximum amount of 

vibration amplitude is roughly 0.04 (rad) while as it can be seen from Figure  5.3, the 

amplitude reaches to the value of 0.35 (rad) just after the first 5 seconds without CPVA 

due to the resonance.  

The importance of tuning can be observed when we investigate the un-tuned results. For 

example, Figure  5.6 shows the un-tuned results in which the length of pendulum (r) is 

considered to be three times R. 

It can be seen that the amount of attenuation has been reduced to the maximum amplitude 

of about 0.1 (rad) and the CPVA is not as effective as in the tuned condition. 
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The result also shows that as the un-tuned absorber becomes ineffective, the beating 

phenomenon happens. When the forcing frequency is close to, but not exactly equal to 

the natural frequency of any system, a phenomenon known as beating may occur. The 

characteristic of a beating phenomenon is shown in Figure  5.5. The Eq. ( 5.4) shows the 

relationship between the forcing frequency (ω), natural frequency (  ) and beating 

frequency ( ). 

          ( 5.4) 

 

 

Figure  5.5: Phenomenon of beats [94] 

 

 In Figure  5.6, we can see that the beating period is approximately 9.4 seconds, therefore 

the beating frequency is 0.11 Hz, and forcing frequency is 944 RPM or 15.73 Hz. Hence, 

from the Eq. ( 5.4) the natural frequency would be 15.95 Hz or 957 RPM. 

The reason for changing of the system natural frequency is due to the mass of the 

absorber added to the system which slightly increases its value. Basically if we excite the 
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system at 944 RPM, as it is very close to natural frequency (957 RPM), the beating can 

occur.      

 

Figure  5.6: Time domain response of disk #12 in U25B-GE locomotive torsional model with 

CPVA un-tuned (r=3R) excited on its natural frequency. 

 

The response behavior is the same when the length of pendulum (r) is considered to be 

more than the proposed tuned length. For example the result for the case of r=5R is 

shown in Figure  5.7.  

 

Figure  5.7: Time domain response of disk #12 in U25B-GE locomotive torsional model with 

CPVA un-tuned (r=5R) excited on its natural frequency. 
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It can be seen from this figure that the amount of maximum vibration amplitude for disk 

number 12 will be in the range of maximum 0.07 (rad) and again the reduction in 

vibration amplitude is not as much as under the tuned condition.    

Similar to Figure  5.6, the beating phenomenon happens, and while the beating period is 

about 4.6 seconds the beating frequency is 0.22 Hz. Hence, the natural frequency would 

be 16.17 Hz or 970 RPM. 

The effective mass of absorber is the reason for shifting the natural frequency.  As the 

forcing frequency (944 RPM) is close to the natural frequency (970 RPM) the beating 

phenomenon occurs. However, these two values are farther from each other in 

comparison to the previous arrangement. The beating amplitude of vibration decreases 

significantly.     

5.5 Frequency response of the system with/without tuned CPVA 

To better realize the effect of CPVA, the response of the system with and without CPVA 

has been transferred into the frequency domain.  

The approach is similar to that in Chapter two for simple two DOFs system in which Fast 

Fourier Transform (FFT) has been applied to the time-domain response in Matlab 

environment. By giving the time domain response of the system as input to this program 

(coding exist in Appendix III), the output is the frequency spectrum of the locomotive 

crankshaft system.  

To see clearly the resonance frequencies which are our concern, the free vibration 

response of the system has been given as input by applying an initial displacement of 0.1 

to one of the inertia disks.  
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Figure  5.8 shows the frequency spectrum response of the model without CPVA. 

 

Figure  5.8: Frequency response of U25B-GE locomotive crankshaft modeling, without CPVA 

 

As the model is the 13 DOFs system, normally it should have 13 resonance frequencies, 

and some of them can be seen in this figure. However, the resonance or natural 

frequencies which are in the range of the operating engine speed (less than 16 Hz) are our 

concern.  

The Figure  5.9 shows the zooming in the more applicable region of frequencies where we 

have the resonance frequencies of 5.37 Hz and 15.87 Hz. 
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Figure  5.9: The applicable area for Frequency Response of U25B-GE locomotive crankshaft 

modeling, without CPVA 

 

Considering the existing resonance frequencies, the targeted resonance frequency is close 

to the running frequency of our model. Therefore,             is the frequency 

where the CPVA is designed to attenuate the amplitude of vibration.  

After applying the tuned CPVA with the length (r) equal to four times the position radius 

(R) as we have a 4-stroke engine and mass of 2.5 kg, the result of the frequency response 

is shown in Figure  5.10. The absorber normally splits the targeted resonance frequency 

into two new frequencies in such a way that it attenuates the magnitude of vibration at the 

specified frequency.  
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Figure  5.10: Frequency response U25B-GE locomotive crankshaft modeling, with CPVA, tuned 

(r=4R) 

 

It can be seen that the targeted frequency (15.87 Hz) has been shifted to two new 

frequencies of 14.89 Hz and 16.6 Hz and magnitude of vibration has been dropped down 

from 2.163 to 0.039 at the targeted frequency and the magnitude at the new frequencies 

are 0.713 and 1.044. It should be noted that these values of magnitude will relate to the 

maximum amplitude of vibration in time domain response through dividing them by half 

of Numbers of the FFT points (NFFT) chosen in program. This value depends on the 

length of the signal on which FFT is applied on that. However, it clearly shows the 

relation between amplitudes in different frequencies. 

The importance of tuning can be observed by putting un-tuned data as input to the 

program. This has been done for the value of r=3R and r=5R for which the results are 

shown in Figure  5.11 and Figure  5.12, respectively.  
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Figure  5.11: Frequency response U25B-GE locomotive crankshaft modeling, with CPVA, un-

tuned (r=3R) 

 

 

Figure  5.12: Frequency response U25B-GE locomotive crankshaft modeling, with CPVA, un-

tuned (r=5R) 

 

It can be seen that by putting pendulum length (r) less than tuned value (3R instead of 

4R), although the natural frequency has been shifted the magnitude value is 0.211 on the 

targeted frequency (         Hz) and it is much higher than that of the tuned setting 

with magnitude of 0.039.  
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Also by keeping the pendulum length (r) more than the tuned value (5R instead of 4R), 

the magnitude on the targeted frequency (           ) is 0.46 and is again much 

higher than that for the tuned condition.   

The changes in the pendulum mass will lead to the results shown in Figure  5.13 and 

Figure  5.14, where former figure is the frequency response when the pendulum mass is 

set as 1 kg instead of 2.5 kg and the latter is for the mass of m equal 7.5 kg. 

In the case of m equal to 1 kg it can be seen that the shifted frequencies became 15.38 Hz 

and 16.36 Hz. Whereas when the m is 2.5 kg the shifted frequencies were 14.89 Hz and 

16.6 Hz.    

 

Figure  5.13: Frequency response U25B-GE locomotive crankshaft modeling, with CPVA, tuned 

(r=4R), m=1 (kg) 
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Figure  5.14: Frequency response U25B-GE locomotive crankshaft modeling, with CPVA, tuned 

(r=4R), m=7.5 (kg) 

 

On the other hand, when the pendulum mass is set as 7.5 kg the split frequencies were at 

14.4 Hz and 17.33 Hz. These values show that by increasing the value of the pendulum 

mass (m) the shifting amount for the two new frequencies will be increased and by 

decreasing the ‘m’ this split range also became smaller. 

These results can be confirmed by considering the general characteristics of all absorbers 

which is mentioned in reference [94]. By attaching an auxiliary mass    to a machine 

with mass    and stiffness of    through a spring with stiffness   , the resulting two-

degrees of freedom system can be considered as general mass absorber system. This 

model is subjected to a simple harmonic excitation of         as shown in Figure  5.15. 

The tuning for this simple system corresponds to the natural frequency of the main 

system equal to the natural frequency of the absorber and forcing frequency ω.  
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Figure  5.15: Un-damped dynamic vibration absorber [94] 

 

Considering the tuning order, the two new shifted frequencies in the frequency response 

has been shown in Figure  5.16 as    and   .  

 

Figure  5.16: Effect of un-damped vibration absorber on the response of machine [94] 

 

In this well-known reference after analytical calculation and finding the relationship 

between different parameters, the variation of   /   and   /   in proportional to the 
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ratio of   /   in three different values of frequency ratio   /   which has been shown 

in Figure  5.17. The solid line in this figure shows the tuned situation where natural 

frequencies of absorber (  ) and machine (  ) are the same. 

 

Figure  5.17: Variation of    and    with respect to the mass ratio   /   [94]   

 

It can be seen that the difference between    and    decreases as the mass ratio   /   

decreases and increases with increasing mass ratio. Normally, the main system mass 

(here machine mass   ) remains constant. But one of the parameters for designing a 

suitable absorber is its mass. 
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Referring to the Figure  5.13 and Figure  5.14, this figure confirms our result for the 

centrifugal pendulum absorber, whereby increase of pendulum mass (m) has increased 

the difference between the shifted frequencies and vice versa.     

5.6 Conclusions 

In this chapter we investigated the use of centrifugal pendulum absorber for reducing the 

torsional vibration of a real V-type engine locomotive, which is excited by harmonic 

forcing function due to the fluctuating torque of reciprocating mechanism.  

The targeted frequency was the resonance frequency which was close to the operating 

running speed of the locomotive. Based on the torsional analysis done in chapter three the 

critical inertia disk in the mode shape has been chosen for locating the CPVA. The 

positive damping effect of CPVA on tuned setting is observed. The application of tuned 

CPVA moderates the infinite resonance phenomenon in the model and limits the 

amplitude of vibration under 0.04 (rad) while under excitation without CPVA the 

amplitude oversteps this value just after 0.5 second of operation. 

The importance of tuning has been observed by putting two un-tuned settings on the 

system. It is seen that by 25% under-tuning (decreasing the value of pendulum length 

25%) the effectiveness of the CPVA decreases by 66%. On the other hand, by 25% over-

tuning (increasing the value of pendulum length 25%), again effectiveness of the CPVA 

decreases by almost 43%. Also in both situations, we observed a beating phenomenon. 

Therefore, although the situation in over-tuning is better in comparison to the under-

tuning, they are not as effective as the tuned setting. 
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The frequency responses show that the value of the splitting frequencies created as the 

result of CPVA application tuned at the resonance frequency can be set by changing the 

value of pendulum mass (m). The rule is similar to the ordinary linear absorbers. By 

increasing m, the split distance becomes larger and by decreasing m, the split distance 

becomes narrower.  
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Chapter 6. Contributions, Conclusions and Future recommendations 

6.1 Major contributions 

The present study comprises the following: 

 Observing the effect of tuning and un-tuning setting for the CPVA in a 2-DOF 

modeling on suppression of vibration under resonance situation. 

 Studying the importance of changing pendulum parameters, such as the length 

and mass based on their positive or adverse effect on suppression ability of the 

CPVA      

 Developing an advanced torsional vibration modeling of crankshaft for a V-type 

diesel engine of a real locomotive, considering the various coupling parts such as 

main and auxiliary generator, air compressor and radiator fans. 

 Extracting a more accurate combustion excitation force equation (covering up to 

the 8
th

 order) for a real reciprocating diesel engine using the numerical curve 

fitting procedure for minimizing the error values. 

 Study the possibility of using circular path CPVA for attenuating the torsional 

vibration in a crankshaft modeling of a real V-type engine of locomotive, which 

is excited by simulated harmonic fluctuating torque, and observing the effect of 

changing CPVA parameters on reducing the vibration response. 
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6.2 Major conclusions 

The major conclusions drawn from this thesis study can be summarized as below: 

 Considering the effect of different values for CPVA parameters in tuned and un-

tuned setting, it can be concluded that the weakest performance happens when the 

pendulum length is less than tuned value. The weaker performance happened in 

setting pendulum length larger than the tuned value and the optimum performance 

can be reached exactly by putting the pendulum length equal to the tuned value. 

 In torsional vibration modeling of a locomotive crankshaft, the largest inertia 

would be that of the main generator which actually provides electric energy to the 

traction motors, and other ranks in order would be related to radiator fans, 

auxiliary generator and air compressor, respectively. 

 It is observed that normally in most of the locomotive diesel engines where their 

speed of rotation is limited to 2000 rpm or lower, the first three or four natural 

frequencies is in the range of operation and the concerns should be focused more 

on them not to be too close to the speed of operation of the engine. 

 After deriving the excitation curve from the reciprocating mechanism in a real 

diesel engine of a locomotive with the accuracy of up to 8
th

 order, it can be seen 

that for the order of more than 5 the amplitude of in-cylinder pressure are 

negligible in comparison to the first four orders. 

 The suggestion of putting circular tuned CPVA on the position of critical inertia 

disk of the locomotive crankshaft torsional model in the targeted mode shape will 

decrease significantly the amplitude of vibration.  
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 In comparison to the tuned setting, the over-tuning (increase of pendulum length 

form the tuned length) is weaker in reducing vibration and the weakest 

performance happens in the under-tuning (decrease of pendulum length form the 

tuned length) setting for M-DOF torsional model. 

 The change of mass of CPVA does not affect the attenuation of vibration 

significantly. It will just change the splitting value in the natural frequencies 

response. Therefore the nonlinear CPVA behavior from the prospect of absorber 

mass is same as ordinary linear absorber. And by changing the pendulum mass we 

can set the value of the two new created natural frequencies based on our 

requirements.           

6.3 Suggested future works 

Some Additional studies can be done to extend the present analysis further as listed in the 

following: 

1. The analytical results could be validate through experimental tests. 

2. Studying the attenuation with cycloid and epicycloid paths for CPVA application, 

on the M-DOF torsional system such as diesel engines and a parametric study of 

CPVA performance. 

3. Developing a semi-active control scheme using a MR damper along with CPVA 

to form a Hybrid damper in order to enhance the damping action under 

unpredictable excitation conditions. 
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4. Taking into account the weight of the crankshaft main journal and working on 

modeling of whirling and bending vibration of V-type diesel engine crankshaft of 

locomotive.   

5. Investigating the possible unbalance phenomenon and causes in locomotive 

engines based on the response of rotors. 

6. Considering more parts of locomotive power transmission mechanisms and 

coupled instruments which were neglected in this project due to their less 

important role. For example, considering locomotive governor, air pumps etc. in 

the modeling of the crankshaft. 

7. After careful analysis of the crankshaft model and ensuring the accuracy of 

derived results, the vibration response could be automatically minimized using a 

control scheme  

8. Studying the stability or instability effect, advantages and disadvantages of using 

multiple CPVAs for attenuating the vibration in a range of speeds and excitation 

orders.    
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Appendix I 

Appendix I-1: (Matlab Coding for Calculation of Lagrange Equation) 

(Centrifugal Pendulum absorber on Simple Rotating System)    

clc 
clear all 
close all 

  
syms theta1 theta2 theta3 thetap phip Dtheta1 Dtheta2 Dtheta3 Dthetap 

Dphip DDtheta1 DDtheta2 DDtheta3 DDthetap DDphip Jp K1 r R m 

  
% kinetic and potential energy for the two DOF Centrifugal Pendulum 

Absorber model 
% applying lagrange equation: 

  
Vm2 = 

(R*Dthetap)^2+(r*(Dthetap+Dphip))^2+2*r*R*(Dthetap^2+Dphip*Dthetap)*cos

(phip); 
T = (0.5*Jp*Dthetap^2)+(0.5*m*Vm2); 
U = 0.5*K1*(thetap^2); 

  
DVar = [Dtheta1,Dthetap,Dphip,Dtheta2]; 
Var = [theta1,thetap,phip,theta2]; 
DDVar = [DDtheta1,DDthetap,DDphip,DDtheta2]; 
for i=1:1:4 
Term1(1,i)= diff(T,DVar(1,i)); 
end 
for i2 = 1:1:length(Var) 
    for j=1:1:length(Var) 
TermA1(i2,j) = diff(Term1(1,i2),Var(1,j))*DVar(1,j); 
TermA2(i2,j) = diff(Term1(1,i2),DVar(1,j))*DDVar(1,j); 
    end 
TermA(1,i2) = sum(TermA1(i2,1:j))+sum(TermA2(i2,1:j)); 
end 

  
for j=1:1:4 
Term2(1,j)= diff(U,Var(1,j)); 
end 

  
for k=1:1:4 
Term3(1,k)= -diff(T,Var(1,k)); 
end 

  
E1 = TermA(1,2)+Term2(1,2)+Term3(1,2) 
E2 = TermA(1,3)+Term2(1,3)+Term3(1,3) 
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Results: 

E1 = 

 K1*thetap+DDthetap*(Jp+(m*(2*R^2+4*cos(phip)*R*r+2*r^2))/2)+ 

(DDphip*m*(2*r^2+2*R*cos(phip)*r))/2-Dphip*R*m*r*sin(phip)*(Dphip+ 2*Dthetap) 

   

E2 = 

DDthetap*m*(2*r^2+2*R*cos(phip)*r))/2+DDphip*m*r^2+R*m*r*sin(phip)*(Dthetap^

2 + Dphip*Dthetap) - Dphip*Dthetap*R*m*r*sin(phip) 
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Appendix I-2: (Matlab Coding for Calculation of Lagrange Equation) 

(CPVA on Multi Degrees of Freedom Torsional Modeling of U25B-GE Locomotive) 

clc 
clear all 
close all 

  
syms theta1 theta2 theta3 theta4 theta5 theta6 theta7 theta8 theta9 

theta10 theta11 theta12 phi theta13 ...  
     Dtheta1 Dtheta2 Dtheta3 Dtheta4 Dtheta5 Dtheta6 Dtheta7 Dtheta8 

Dtheta9 Dtheta10 Dtheta11 Dtheta12 Dphi Dtheta13 ...     
     DDtheta1 DDtheta2 DDtheta3 DDtheta4 DDtheta5 DDtheta6 DDtheta7 

DDtheta8 DDtheta9 DDtheta10 DDtheta11 DDtheta12  DDtheta13 DDphi ...  
     J1 J2 J3 J4 J5 J6 J7 J8 J9 J10 J11 J12 J13 K1 K2 K3 K4 K5 K6 K7 K8 

K9 K10 K11 K12 r R m 

  
% kinetic and potential energy for the multi DOF masses of the model 

with CPVA (J1, J2, J3, J4, J5, J6, J7, J8, J9, J10, J11, J12, J13) for 
% applying lagrange equation: 

  
Vm2 = 

(R*Dtheta12)^2+(r*(Dtheta12+Dphi))^2+2*r*R*(Dtheta12^2+Dphi*Dtheta12)*c

os(phi); 
 

T = 

(0.5*J1*Dtheta1^2)+(0.5*J2*Dtheta2^2)+(0.5*J3*Dtheta3^2)+(0.5*J4*Dtheta

4^2)+(0.5*J5*Dtheta5^2)+(0.5*J6*Dtheta6^2)+(0.5*J7*Dtheta7^2)+(0.5*J8*D

theta8^2)+(0.5*J9*Dtheta9^2)+(0.5*J10*Dtheta10^2)+(0.5*J11*Dtheta11^2)+

(0.5*J12*Dtheta12^2)+0.5*m*Vm2+(0.5*J13*Dtheta13^2); 

 
U = 0.5*K1*(theta1-theta2)^2+0.5*K2*(theta2-theta3)^2+0.5*K3*(theta3-

theta4)^2+0.5*K4*(theta4-theta5)^2+0.5*K5*(theta5-theta6)^2+ 

0.5*K6*(theta6-theta7)^2+0.5*K7*(theta7-theta8)^2+ 

0.5*K8*(theta8-theta9)^2+0.5*K9*(theta9-theta10)^2+ 

0.5*K10*(theta10-theta11)^2+0.5*K11*(theta11-theta12)^2 

+0.5*K12*(theta12-theta13)^2; 

  
DVar = 

[Dtheta1,Dtheta2,Dtheta3,Dtheta4,Dtheta5,Dtheta6,Dtheta7,Dtheta8,Dtheta

9,Dtheta10,Dtheta11,Dtheta12,Dphi,Dtheta13]; 

 
Var = 

[theta1,theta2,theta3,theta4,theta5,theta6,theta7,theta8,theta9,theta10

,theta11,theta12,phi,theta13]; 

 
DDVar = 

[DDtheta1,DDtheta2,DDtheta3,DDtheta4,DDtheta5,DDtheta6,DDtheta7,DDtheta

8,DDtheta9,DDtheta10,DDtheta11,DDtheta12,DDphi,DDtheta13]; 

 
for i=1:1:14 
Term1(1,i)= diff(T,DVar(1,i)); 
end 
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for i2 = 1:1:length(Var) 
    for j=1:1:length(Var) 
TermA1(i2,j) = diff(Term1(1,i2),Var(1,j))*DVar(1,j); 
TermA2(i2,j) = diff(Term1(1,i2),DVar(1,j))*DDVar(1,j); 
    end 
TermA(1,i2) = sum(TermA1(i2,1:j))+sum(TermA2(i2,1:j)); 
end 

  
for j=1:1:14 
Term2(1,j)= diff(U,Var(1,j)); 
end 

  
for k=1:1:14 
Term3(1,k)= -diff(T,Var(1,k)); 
end 

  
E1 = TermA(1,2)+Term2(1,2)+Term3(1,2) 
E2 = TermA(1,3)+Term2(1,3)+Term3(1,3) 
E3 = TermA(1,4)+Term2(1,4)+Term3(1,4) 
E4 = TermA(1,5)+Term2(1,5)+Term3(1,5) 
E5 = TermA(1,6)+Term2(1,6)+Term3(1,6) 
E6 = TermA(1,7)+Term2(1,7)+Term3(1,7) 
E7 = TermA(1,8)+Term2(1,8)+Term3(1,8) 
E8 = TermA(1,9)+Term2(1,9)+Term3(1,9) 
E9 = TermA(1,10)+Term2(1,10)+Term3(1,10) 
E10 = TermA(1,11)+Term2(1,11)+Term3(1,11) 
E11 = TermA(1,12)+Term2(1,12)+Term3(1,12) 
E12 = TermA(1,13)+Term2(1,13)+Term3(1,13) 
E13 = TermA(1,14)+Term2(1,14)+Term3(1,14) 

 

Results: 

E1 = (K2*(2*theta2 - 2*theta3))/2 - (K1*(2*theta1 - 2*theta2))/2 + DDtheta2*J2 

E2 = (K3*(2*theta3 - 2*theta4))/2 - (K2*(2*theta2 - 2*theta3))/2 + DDtheta3*J3   

E3 = (K4*(2*theta4 - 2*theta5))/2 - (K3*(2*theta3 - 2*theta4))/2 + DDtheta4*J4 

E4 = (K5*(2*theta5 - 2*theta6))/2 - (K4*(2*theta4 - 2*theta5))/2 + DDtheta5*J5 

E5 = (K6*(2*theta6 - 2*theta7))/2 - (K5*(2*theta5 - 2*theta6))/2 + DDtheta6*J6 

E6 = (K7*(2*theta7 - 2*theta8))/2 - (K6*(2*theta6 - 2*theta7))/2 + DDtheta7*J7 
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E7 = (K8*(2*theta8 - 2*theta9))/2 - (K7*(2*theta7 - 2*theta8))/2 + DDtheta8*J8 

E8 = (K9*(2*theta9 - 2*theta10))/2 - (K8*(2*theta8 - 2*theta9))/2 + DDtheta9*J9 

E9 = (K10*(2*theta10 - 2*theta11))/2 - (K9*(2*theta9 - 2*theta10))/2 + DDtheta10*J10 

E10 = (K11*(2*theta11-2*theta12))/2 - (K10*(2*theta10-2*theta11))/2 + DDtheta11*J11 

E11= (K12*(2*theta12-2*theta13))/2 - (K11*(2*theta11-2*theta12))/2 + 

DDtheta12*(J12+(m*(2*R^2+4*cos(phi)*R*r+2*r^2))/2) + (DDphi*m*(2*r^2 + 

2*R*cos(phi)*r))/2 - Dphi*R*m*r*sin(phi)*(Dphi + 2*Dtheta12) 

E12= (DDtheta12*m*(2*r^2+2*R*cos(phi)*r))/2 + DDphi*m*r^2 + 

R*m*r*sin(phi)*(Dtheta12^2 + Dphi*Dtheta12) - Dphi*Dtheta12*R*m*r*sin(phi) 

E13 = DDtheta13*J13 - (K12*(2*theta12 - 2*theta13))/2 
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Appendix II 

A. (Modeling of Simple one DOF rotary system with Harmonic Excitation in Simulink)  
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(B. Modeling of Simple Two DOF rotary system connected to CPVA  with Harmonic 

Excitation in Simulink) 
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Appendix III 

(The FFT-function programming in Matlab for deriving the frequency response of 

rotating system) 

Input: The time domain response of rotary system  

Output:  The frequency response of rotary system 

close all 
clear all 
clc 

  
% --time vector 2 sec [fs = 1/2 = 1024/2 ] T...time vector step--------

-- 

  
fs = 8192; % 683Hz 
n_bins = 2^18; 

  
load thetasim 
load timesim 

  
figure 
subplot(2,1,1) 
plot(timesim,thetasim);  
% title('Phi Response Horizontal 

Plane','FontName','garamond','FontSize',12,'FontWeight','bold') 
xlabel('Time 

(Sec)','FontName','garamond','FontSize',12,'FontWeight','bold') 
ylabel('theta Amplitude 

[rad]','FontName','garamond','FontSize',12,'FontWeight','bold') 
grid on 
%  
Y_w = fft(thetasim, n_bins);   % perform fft 
bin_width = fs/n_bins;    % determine point spacing in frequency 
f = 0:bin_width:(0.5*fs); % create frequency vector 

  
subplot(2,1,2) 
plot(f, abs(Y_w(1:0.5*n_bins+1))) 
xlabel('Frequency 

(Hz)','FontName','garamond','FontSize',12,'FontWeight','bold') 
ylabel('Magnitude','FontName','garamond','FontSize',12,'FontWeight','bo

ld') 
grid on 
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Appendix IV 

Locomotive manual data 

MAJOR EQUIPMENT 

Diesel Engine . . . . . . ………….. . . . . . . 7FDL16 

Main Generator …………………… . . . GT-598 

Traction Motors . . . . . …..…….. . . . . . . GE-752 

Auxiliary Generator . . ….….. . . . . . . . . GY-27 

Exciter . . . . . . . . ………….….. . . . . . . . GY-50 

Air Compressor (Gardner-Denver) . . . . W130 

(WABCO) . . . . …………………….. . . . 3CWDL 

Fan &Blower Unit . ……….. . . . . . . . . . . GDY-40 

Air Brake System . . ……………. .  .  . . . 26L 

Wheel Diameter (New)……….....….… . 40 inch 

 

WEIGHTS (Approximate Weights for Lifting Purposes Only)  

Complete Locomotive (Fully Serviced) …… . 250, 000 lbs.  

One Truck (Complete) . …………….………. . 43, 000 lbs.  

One Truck Frame . …………………………… 6, 050 lbs.  

One Swing Bolster . …………………..………. 1, 475 lbs.  

One Spring Plank . . . ………. . …………... . . . 390 lbs.  

One Motor, Wheel and Axle Assembly ……. . 11, 600 lbs.  

Traction Motor (Less Gear Case) . …….……. 7, 000 lbs.  

Air Compressor (Dry) . ……………..………. . 1, 370 lbs.  

One Battery Tray . . . . …………………. . . . . . 300 lbs.  
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Engine Hood Assembly (Not Including Radiator Hood) . ………… . 4, 000 lbs.  

Fan & Blower Unit (Complete with Fans) ……………..……………. 4, 500 lbs.  

Each Radiator Fan . . . . . . . …………………………………….... . . . 370 lbs 

Fan & Blower Unit Drive Shaft and Couplings . . . …. . . …… . . . . . . 200 lbs.  

Radiator and Frame Assembly . . . ……………….………...…… . . . . 1, 750 lbs.  

Each Radiator Section . . . . . . …………………………….… . . . . . . . 280 lbs.  

Equipment Blower Rotor . . . . . …………………………………... . . . 200 lbs.  

En-gine and Generator (Complete) . . …………..…………..……. . . . 57, 000 lbs.  

Main Generator with Auxiliaries . . ………………………...…….. . . . 17, 500 lbs.  

Auxiliary Generator . . . . ………………………………… . . . . . . . . . 690 lbs.  

Exciter . . . . ………………………………………………..……….. . . 625 lbs.  

En-gine (Less Generator) . . . . . ……………………………..….. . . . . 37, 500 lbs.  

Engine Component Parts Main Frame (Bare). . . . ……..…….. . . . . . . 10, 670 lbs.  

Crankshaft . . . . . . . . …………………………………………..  . . . . . . 3, 955 lbs.  

Turbocharger. . . . . . ………………………………………….. . . . . … 1, 330 lbs.  

Intercooler (Dry) . . . . . . . . ………………………….……….... . . . . . 480 lbs.  

Cylinder Complete . . . . . . . …………………………….………..  . . . . 540 lbs.  

Piston and Master Rod Assembly . . …………………………….….. . . 207 lbs.  

Piston and Articulating Rod Assembly……………………….….….. . . 94 lbs.  

Oil Pump . . . . . . . . . ……………………….……………..…. . . . . . . . . 250 lbs.  

Water Pump . . . . . . . . . …………………..……………………. . . . . . . 248 lbs.  

Control Governor . . ……………………..……………..…………… . . 112 lbs.  

Governor Drive Assembly . . ………..………………………… . . . . . . 159 lbs.  

Oil Pan . . . . . . . . . . . . . ………………..…….………..…………. . . . . . 995 lbs.  

Free-End Cover . . . . . . . ………………….….………………….. . . . . . 1, 330 lbs.  
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End Cover (Generator End) . ………….………..…………..… . . .. . . . 89 lbs.  

Lube Oil Cooler (Dry) . . . . . . ……………..………………….…. . .. . . 570 lbs.  

Lube Oil Filter Tank (Dry-including 8 elements) . . .. . . . . . . ….. . . . . . 600 lbs. 

 

 

ENGINE SPECIFICATIONS  

Model . ……………………………………..….. . . 7FDL16 

Gross Horsepower . . . . . . . . ………… . . . . . . . . . . 2750 

Number of Cylinders . . . . . …………. . . . .. . . . . . . . 16 

Stroke Cycle . . . . . . . . . ……………. . . .. . . . . . . . . . 4 

Cylinder Arrangement . ……….. . . . . .. . . . . . . . . . 450V 

Bore . . . . . . . . . . . . . . ………..…… . . .. . . . . . . . . . 9-In. 

Stroke . . . . . . . . . . . . . ……………… . . . ... . . . . 101/2-In. 

Compression Ratio . . . …………… . . . …. . . . . . . 12.7-1 

Idle Speed . . . . . ……………. . . . . . . . . … . . . . . 400 RPM 

Maximum Governed Speed . . . . . . ……... . . . . . 2000 RPM 

Firing Order . ………………………………….. . 1R-11, 3R-3L, 7R-7L, 4R-4L, 8R-8L,  

6R-6L, 2R-2L, 5R-5L 

Turbocharger . . . . . . . . …………….. . . . . . . . . . . . Single 

 

Engine Dimensions: 

Height (Overall Including Stack)………….…... . 8 Ft. 10 ¾ In. 

Length (Overall Including Generator). 21 Ft…... 8 7/16 In. 

Width (Overall) . . . . ……. ………….. . . …... . . 5 Ft. 8 ¼ In. 

Weight (Including Generator) . . . …….. ……. . . 57,000 Lbs.  
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Other data required for modeling: 

Piston mass: 10 (kg) 

Crank throw: 0.133 (m) 

Crankshaft diameter: 0.203 (m) 

Connecting rod length: 0.6 (m), Mass: 63 (kg), thickness: 0.09 (m)  

Width varying from 0.1 to 0.2 (m)-narrow end connected to piston 

Crank web cross section: 0.15 x 0.09  

Crank pin diameter: 0.203 (m) 

Engine mounted to the crankshaft at 0.146 (m) interval 

Auxiliary generator geared ratio: (3:1) 

Radiator fans geared ration: (2.5:1) 
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Appendix V 
 

Matlab/Simulink block diagram and coding of excitation torque modeling for the case 

study locomotive: 

  

 
 

function [TG1,TG2,TG3,TG4,TG5,TG6,TG7,TG8] = F1(t) 

  
 %Fourier Series multiplyer derived from Matlan curve fitting tool: 

 a0 = 16.08; 
 a1 = 24.48; 
 b1 = 5.007;  
 a2 = 18.91; 
 b2 = 5.479;  
 a3 = 15.41;  
 b3 = 5.042;  
 a4 = 11.87;  
 b4 = 5.045;  
 a5 = 8.872;  
 b5 = 4.58;  
 a6 = 6.79;  
 b6 = 3.954;  
 a7 = 4.807;   
 b7 = 3.409;   
 a8 = 3.35;   
 b8 = 3.544;  
 x  = (w)*t;        %crankshaft angle (rad)- right bank 
 x1 = (w)*t + pi/4; %crankshaft angle (rad)- left bank 
 w  =  0.6151;   
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%F1: 
%Right bank in-cylinder combustion pressure Fourier Series: 
PR = a0 + a1*cos(x*w) + b1*sin(x*w) +  

a2*cos(2*x*w) + b2*sin(2*x*w) + a3*cos(3*x*w) + b3*sin(3*x*w) + 

a4*cos(4*x*w) + b4*sin(4*x*w) + a5*cos(5*x*w) + b5*sin(5*x*w) + 

a6*cos(6*x*w) + b6*sin(6*x*w) + a7*cos(7*x*w) + b7*sin(7*x*w) + 

a8*cos(8*x*w) + b8*sin(8*x*w);  

       

     
%Left bank in-cylinder combustion pressure: 
PL = a0 + a1*cos(x1*w) + b1*sin(x1*w) +  

a2*cos(2*x1*w) + b2*sin(2*x1*w) + a3*cos(3*x1*w) + b3*sin(3*x1*w) + 

a4*cos(4*x1*w) + b4*sin(4*x1*w) + a5*cos(5*x1*w) + b5*sin(5*x1*w) + 

a6*cos(6*x1*w) + b6*sin(6*x1*w) + a7*cos(7*x1*w) + b7*sin(7*x1*w) + 

a8*cos(8*x1*w) + b8*sin(8*x1*w);  

  
S= pi/4*0.229^2; %piston section 
R= 0.203/2;      %crank radius 
CR=0.6/0.1015;   %connecting rod length/crank radius   

  

  
% Total excitation torque due to cylinder in position number 1: 
TG1 = S*R*10^5*PR*(sin(x)+sin(2*x)/(2*CR)) + 

S*R*10^5*PL*(sin(x1)+sin(2*x1)/(2*CR)); 

  

  

  
%F3: 
PR = a0 + a1*cos((x+pi/2)*w) + b1*sin((x+pi/2)*w) + 

a2*cos(2*(x+pi/2)*w) + b2*sin(2*(x+pi/2)*w) + a3*cos(3*(x+pi/2)*w) + 

b3*sin(3*(x+pi/2)*w) + a4*cos(4*(x+pi/2)*w) + b4*sin(4*(x+pi/2)*w) + 

a5*cos(5*(x+pi/2)*w) + b5*sin(5*(x+pi/2)*w) + a6*cos(6*(x+pi/2)*w) + 

b6*sin(6*(x+pi/2)*w) + a7*cos(7*(x+pi/2)*w) + b7*sin(7*(x+pi/2)*w) + 

a8*cos(8*(x+pi/2)*w) + b8*sin(8*(x+pi/2)*w);   

%right bank cylinder pressure curve furier series 

       
PL = a0 + a1*cos((x1+pi/2)*w) + b1*sin((x1+pi/2)*w) + 

a2*cos(2*(x1+pi/2)*w) + b2*sin(2*(x1+pi/2)*w) + a3*cos(3*(x1+pi/2)*w) + 

b3*sin(3*(x1+pi/2)*w) + a4*cos(4*(x1+pi/2)*w) + b4*sin(4*(x1+pi/2)*w) + 

a5*cos(5*(x1+pi/2)*w) + b5*sin(5*(x1+pi/2)*w) + a6*cos(6*(x1+pi/2)*w) + 

b6*sin(6*(x1+pi/2)*w) + a7*cos(7*(x1+pi/2)*w) + b7*sin(7*(x1+pi/2)*w) + 

a8*cos(8*(x1+pi/2)*w) + b8*sin(8*(x1+pi/2)*w);   

%left bank cylinder pressure curve furier series 

  
TG2 = S*R*10^5*PR*(sin((x+pi/2))+sin(2*(x+pi/2))/(2*CR)) + 

S*R*10^5*PL*(sin((x1+pi/2))+sin(2*(x1+pi/2))/(2*CR)); 

  

  
%F7: 
PR = a0 + a1*cos((x+pi)*w) + b1*sin((x+pi)*w) + a2*cos(2*(x+pi)*w) + 

b2*sin(2*(x+pi)*w) + a3*cos(3*(x+pi)*w) + b3*sin(3*(x+pi)*w) + 

a4*cos(4*(x+pi)*w) + b4*sin(4*(x+pi)*w) + a5*cos(5*(x+pi)*w) + 

b5*sin(5*(x+pi)*w) + a6*cos(6*(x+pi)*w) + b6*sin(6*(x+pi)*w) + 
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a7*cos(7*(x+pi)*w) + b7*sin(7*(x+pi)*w) + a8*cos(8*(x+pi)*w) + 

b8*sin(8*(x+pi)*w);   

%right bank cylinder pressure curve furier series 

       
PL = a0 + a1*cos((x1+pi)*w) + b1*sin((x1+pi)*w) + a2*cos(2*(x1+pi)*w) + 

b2*sin(2*(x1+pi)*w) + a3*cos(3*(x1+pi)*w) + b3*sin(3*(x1+pi)*w) + 

a4*cos(4*(x1+pi)*w) + b4*sin(4*(x1+pi)*w) + a5*cos(5*(x1+pi)*w) + 

b5*sin(5*(x1+pi)*w) + a6*cos(6*(x1+pi)*w) + b6*sin(6*(x1+pi)*w) + 

a7*cos(7*(x1+pi)*w) + b7*sin(7*(x1+pi)*w) + a8*cos(8*(x1+pi)*w) + 

b8*sin(8*(x1+pi)*w);   

%left bank cylinder pressure curve furier series 

  
TG3 = S*R*10^5*PR*(sin((x+pi))+sin(2*(x+pi))/(2*CR)) + 

S*R*10^5*PL*(sin((x1+pi))+sin(2*(x1+pi))/(2*CR)); 

  

  
%F4: 
PR = a0 + a1*cos((x+3*pi/2)*w) + b1*sin((x+3*pi/2)*w) + 

a2*cos(2*(x+3*pi/2)*w) + b2*sin(2*(x+3*pi/2)*w) + 

a3*cos(3*(x+3*pi/2)*w) + b3*sin(3*(x+3*pi/2)*w) + 

a4*cos(4*(x+3*pi/2)*w) + b4*sin(4*(x+3*pi/2)*w) + 

a5*cos(5*(x+3*pi/2)*w) + b5*sin(5*(x+3*pi/2)*w) + 

a6*cos(6*(x+3*pi/2)*w) + b6*sin(6*(x+3*pi/2)*w) + 

a7*cos(7*(x+3*pi/2)*w) + b7*sin(7*(x+3*pi/2)*w) + 

a8*cos(8*(x+3*pi/2)*w) + b8*sin(8*(x+3*pi/2)*w);   

%right bank cylinder pressure curve furier series 

       
PL = a0 + a1*cos((x1+3*pi/2)*w) + b1*sin((x1+3*pi/2)*w) + 

a2*cos(2*(x1+3*pi/2)*w) + b2*sin(2*(x1+3*pi/2)*w) + 

a3*cos(3*(x1+3*pi/2)*w) + b3*sin(3*(x1+3*pi/2)*w) + 

a4*cos(4*(x1+3*pi/2)*w) + b4*sin(4*(x1+3*pi/2)*w) + 

a5*cos(5*(x1+3*pi/2)*w) + b5*sin(5*(x1+3*pi/2)*w) + 

a6*cos(6*(x1+3*pi/2)*w) + b6*sin(6*(x1+3*pi/2)*w) + 

a7*cos(7*(x1+3*pi/2)*w) + b7*sin(7*(x1+3*pi/2)*w) + 

a8*cos(8*(x1+3*pi/2)*w) + b8*sin(8*(x1+3*pi/2)*w);   

%left bank cylinder pressure curve furier series 

  
TG4 = S*R*10^5*PR*(sin((x+3*pi/2))+sin(2*(x+3*pi/2))/(2*CR)) + 

S*R*10^5*PL*(sin((x1+3*pi/2))+sin(2*(x1+3*pi/2))/(2*CR)); 

  

  
%F8: 
PR = a0 + a1*cos((x+2*pi)*w) + b1*sin((x+2*pi)*w) + 

a2*cos(2*(x+2*pi)*w) + b2*sin(2*(x+2*pi)*w) + a3*cos(3*(x+2*pi)*w) + 

b3*sin(3*(x+2*pi)*w) + a4*cos(4*(x+2*pi)*w) + b4*sin(4*(x+2*pi)*w) + 

a5*cos(5*(x+2*pi)*w) + b5*sin(5*(x+2*pi)*w) + a6*cos(6*(x+2*pi)*w) + 

b6*sin(6*(x+2*pi)*w) + a7*cos(7*(x+2*pi)*w) + b7*sin(7*(x+2*pi)*w) + 

a8*cos(8*(x+2*pi)*w) + b8*sin(8*(x+2*pi)*w);   

%right bank cylinder pressure curve furier series 

       
PL = a0 + a1*cos((x1+2*pi)*w) + b1*sin((x1+2*pi)*w) + 

a2*cos(2*(x1+2*pi)*w) + b2*sin(2*(x1+2*pi)*w) + a3*cos(3*(x1+2*pi)*w) + 

b3*sin(3*(x1+2*pi)*w) + a4*cos(4*(x1+2*pi)*w) + b4*sin(4*(x1+2*pi)*w) + 

a5*cos(5*(x1+2*pi)*w) + b5*sin(5*(x1+2*pi)*w) + a6*cos(6*(x1+2*pi)*w) + 
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b6*sin(6*(x1+2*pi)*w) + a7*cos(7*(x1+2*pi)*w) + b7*sin(7*(x1+2*pi)*w) + 

a8*cos(8*(x1+2*pi)*w) + b8*sin(8*(x1+2*pi)*w);   

%left bank cylinder pressure curve furier series 

   
TG5 = S*R*10^5*PR*(sin((x+2*pi))+sin(2*(x+2*pi))/(2*CR)) + 

S*R*10^5*PL*(sin((x1+2*pi))+sin(2*(x1+2*pi))/(2*CR)); 

  

  
%F5: 
PR = a0 + a1*cos((x+7*pi/2)*w) + b1*sin((x+7*pi/2)*w) + 

a2*cos(2*(x+7*pi/2)*w) + b2*sin(2*(x+7*pi/2)*w) + 

a3*cos(3*(x+7*pi/2)*w) + b3*sin(3*(x+7*pi/2)*w) + 

a4*cos(4*(x+7*pi/2)*w) + b4*sin(4*(x+7*pi/2)*w) + 

a5*cos(5*(x+7*pi/2)*w) + b5*sin(5*(x+7*pi/2)*w) + 

a6*cos(6*(x+7*pi/2)*w) + b6*sin(6*(x+7*pi/2)*w) + 

a7*cos(7*(x+7*pi/2)*w) + b7*sin(7*(x+7*pi/2)*w) + 

a8*cos(8*(x+7*pi/2)*w) + b8*sin(8*(x+7*pi/2)*w);   

%right bank cylinder pressure curve furier series 

       
PL = a0 + a1*cos((x1+7*pi/2)*w) + b1*sin((x1+7*pi/2)*w) + 

a2*cos(2*(x1+7*pi/2)*w) + b2*sin(2*(x1+7*pi/2)*w) + 

a3*cos(3*(x1+7*pi/2)*w) + b3*sin(3*(x1+7*pi/2)*w) + 

a4*cos(4*(x1+7*pi/2)*w) + b4*sin(4*(x1+7*pi/2)*w) + 

a5*cos(5*(x1+7*pi/2)*w) + b5*sin(5*(x1+7*pi/2)*w) + 

a6*cos(6*(x1+7*pi/2)*w) + b6*sin(6*(x1+7*pi/2)*w) + 

a7*cos(7*(x1+7*pi/2)*w) + b7*sin(7*(x1+7*pi/2)*w) + 

a8*cos(8*(x1+7*pi/2)*w) + b8*sin(8*(x1+7*pi/2)*w);   

%left bank cylinder pressure curve furier series 

   
TG6 = S*R*10^5*PR*(sin((x+7*pi/2))+sin(2*(x+7*pi/2))/(2*CR)) + 

S*R*10^5*PL*(sin((x1+7*pi/2))+sin(2*(x1+7*pi/2))/(2*CR)); 

  

  
%F6: 
PR = a0 + a1*cos((x+5*pi/2)*w) + b1*sin((x+5*pi/2)*w) + 

a2*cos(2*(x+5*pi/2)*w) + b2*sin(2*(x+5*pi/2)*w) + 

a3*cos(3*(x+5*pi/2)*w) + b3*sin(3*(x+5*pi/2)*w) + 

a4*cos(4*(x+5*pi/2)*w) + b4*sin(4*(x+5*pi/2)*w) + 

a5*cos(5*(x+5*pi/2)*w) + b5*sin(5*(x+5*pi/2)*w) + 

a6*cos(6*(x+5*pi/2)*w) + b6*sin(6*(x+5*pi/2)*w) + 

a7*cos(7*(x+5*pi/2)*w) + b7*sin(7*(x+5*pi/2)*w) + 

a8*cos(8*(x+5*pi/2)*w) + b8*sin(8*(x+5*pi/2)*w);   

%right bank cylinder pressure curve furier series 

       
PL = a0 + a1*cos((x1+5*pi/2)*w) + b1*sin((x1+5*pi/2)*w) + 

a2*cos(2*(x1+5*pi/2)*w) + b2*sin(2*(x1+5*pi/2)*w) + 

a3*cos(3*(x1+5*pi/2)*w) + b3*sin(3*(x1+5*pi/2)*w) + 

a4*cos(4*(x1+5*pi/2)*w) + b4*sin(4*(x1+5*pi/2)*w) + 

a5*cos(5*(x1+5*pi/2)*w) + b5*sin(5*(x1+5*pi/2)*w) + 

a6*cos(6*(x1+5*pi/2)*w) + b6*sin(6*(x1+5*pi/2)*w) + 

a7*cos(7*(x1+5*pi/2)*w) + b7*sin(7*(x1+5*pi/2)*w) + 

a8*cos(8*(x1+5*pi/2)*w) + b8*sin(8*(x1+5*pi/2)*w);   

%left bank cylinder pressure curve furier series 
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TG7 = S*R*10^5*PR*(sin((x+5*pi/2))+sin(2*(x+5*pi/2))/(2*CR)) + 

S*R*10^5*PL*(sin((x1+5*pi/2))+sin(2*(x1+5*pi/2))/(2*CR)); 

  

  
%F2: 
PR = a0 + a1*cos((x+6*pi/2)*w) + b1*sin((x+6*pi/2)*w) + 

a2*cos(2*(x+6*pi/2)*w) + b2*sin(2*(x+6*pi/2)*w) + 

a3*cos(3*(x+6*pi/2)*w) + b3*sin(3*(x+6*pi/2)*w) + 

a4*cos(4*(x+6*pi/2)*w) + b4*sin(4*(x+6*pi/2)*w) + 

a5*cos(5*(x+6*pi/2)*w) + b5*sin(5*(x+6*pi/2)*w) + 

a6*cos(6*(x+6*pi/2)*w) + b6*sin(6*(x+6*pi/2)*w) + 

a7*cos(7*(x+6*pi/2)*w) + b7*sin(7*(x+6*pi/2)*w) + 

a8*cos(8*(x+6*pi/2)*w) + b8*sin(8*(x+6*pi/2)*w);   

%right bank cylinder pressure curve furier series 

       
PL = a0 + a1*cos((x1+6*pi/2)*w) + b1*sin((x1+6*pi/2)*w) + 

a2*cos(2*(x1+6*pi/2)*w) + b2*sin(2*(x1+6*pi/2)*w) + 

a3*cos(3*(x1+6*pi/2)*w) + b3*sin(3*(x1+6*pi/2)*w) + 

a4*cos(4*(x1+6*pi/2)*w) + b4*sin(4*(x1+6*pi/2)*w) + 

a5*cos(5*(x1+6*pi/2)*w) + b5*sin(5*(x1+6*pi/2)*w) + 

a6*cos(6*(x1+6*pi/2)*w) + b6*sin(6*(x1+6*pi/2)*w) + 

a7*cos(7*(x1+6*pi/2)*w) + b7*sin(7*(x1+6*pi/2)*w) + 

a8*cos(8*(x1+6*pi/2)*w) + b8*sin(8*(x1+6*pi/2)*w);   

%left bank cylinder pressure curve furier series 

  

  
TG8 = S*R*10^5*PR*(sin((x+6*pi/2))+sin(2*(x+6*pi/2))/(2*CR)) + 

S*R*10^5*PL*(sin((x1+6*pi/2))+sin(2*(x1+6*pi/2))/(2*CR)); 
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Appendix VI 

Modeling of torsional vibration for U25B-GE locomotive diesel engine in 

Matlab/Simulink software with simulated in-cylinder pressure excitation force.  
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Sample Embeded functions: 

Equation of motion for Inertia Disk #4: 

function DDtheta4 = ddtheta4(theta3,theta4,theta5,K3,K4,J4,F1) 
DDtheta4 = -((K3+K4)*theta4 - K3*theta3 - K4*theta5 - F1)/J4; 

 

 

Block Diagram (Inertia disk #4): 
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Equation of motion for Inertia Disk #12: 

function DDtheta12 = ddtheta12(w, theta11, theta12, theta13, phip,…   

                               Dtheta12, Dphip, K11, K12, J12, m, r, R) 
DDtheta12 =  -((-m*r*R*sin(phip)*(w+Dtheta12) –  

                 m*R^2*sin(phip)*cos(phip)*(w+Dtheta12) –  

                 2*m*r*R*Dphip*sin(phip))*(w+Dtheta12) –  

                 m*r*R*Dphip^2*sin(phip) + (K11+K12)*theta12 –  

                 K11*theta11 - K12*theta13)/(J12+m*R^2*(1- 

                 cos(phip)^2)); 

 

 

Block Diagram (Inertia disk #12): 

 

 


