On variational formulas on spaces of quadratic
differentials

Shahab Azarfar

A Thesis
in
The Department
of
Mathematics and Statistics

Presented in Partial Fulfillment of the Requirements
for the Degree of Master of Science (Mathematics) at
Concordia University

Concordia University
Montréal, Quebec, Canada

August 2014

(© Shahab Azarfar, 2014



CONCORDIA UNIVERSITY
School of Graduate Studies

This is to certify that the thesis prepared
By: Shahab Azarfar
Entitled: On variational formulas on spaces of quadratic differentials
and submitted in partial fulfillment of the requirements for the degree of
Master of Science (Mathematics)
complies with the regulations of the University and meets the accepted standards with respect to
originality and quality.

Signed by the final Examining Committee:

Marco Bertola Chair
S. Twareque Ali Examiner
Marco Bertola Examiner
Dmitry Korotkin Supervisor
Approved by Jose Garrido

Chair of Department or Graduate Program Director

Andre Roy
Dean of Faculty

Date August 29, 2014



ABSTRACT
On variational formulas on spaces of quadratic differentials

Shahab Azarfar

We study the variational formulas for the normalized Abelian differentials and matrix of b-
periods on Hurwitz spaces, the moduli spaces of holomorphic Abelian differentials and quadratic
differentials over compact Riemann surfaces. As the main result of the thesis, we find a complete
set of local vector fields on the non-hyperelliptic connected component of the principal stratum of

the moduli space of holomorphic quadratic differentials preserving the moduli of the base Riemann
surface.
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Chapter 1
Introduction and Background Material

1.1 Introduction

The goal of this thesis is to study the variational formulas of Ahlfors-Rauch type for the nor-
malized Abelian differentials and the matrix of b-periods on Hurwitz spaces, the moduli spaces of
holomorphic 1-forms and holomorphic quadratic differentials over compact Riemann surfaces.

Consider a compact Riemann surface C' of genus g. Denote by B the matrix of b-periods of C
(see Sect. 1.2 below). Consider a Beltrami differential j € T’ (Kc ® ICEI) on C', where K¢ is the
canonical line bundle of C' and 1 is a smooth section of the line bundle K¢ ® K'. The Beltrami
differential 1 represents a tangent vector to the Teichmuller space 7, of marked compact Riemann
surfaces of genus g, at the point C. The classical Ahlfors-Rauch variational formula gives the
directional derivative of B at C' in direction .

Let {(U;, z;)} be a holomorphic atlas on C, where z; : U; — C is the local coordinate on the

open neighbourhood U; C C'. The local expression of the Beltrami differential 1 on Uj is given by

dz;
= (2 — 1.1
:UJ|Uz Mz(zz)dz ; ( )

i

where {1; € C*°(U;)} is a collection of local smooth complex-valued functions satisfying

dz; dz;

Let {¢; € C*(U;)} be a collection of local diffeomorphisms defined as solutions of the follow-

_ (96 9G;
e () /(%) o 0

By substituting (1.3) into (1.2), we get

) B/ wwn

ing Beltrami equation:




According to (1.4), the complex dilatation of the transition map (; o ¢; ! is equal to one, i.e. the
mapping (; o ¢; * is holomorphic on ¢;(U; N U;) C C. Therefore, each Beltrami differential z on
C (modulo the infinitesimally trivial Beltrami differentials) corresponds to a Riemann surface C'*
given by the holomorphic atlas {(U;, (;) }.

Let {Ua}azl,m ,and {7704}0;1,... , be the normalized basis of the space of holomorphic 1-forms
on C and C*, respectively. Notice that each v, and v, is a smooth, complex-valued, closed 1-form
on the underlying smooth surface X of C, since they are each holomorphic with respect to some
complex structure on X (i.e. the holomorphic atlases {(U;, z;)} and {(U;, (;)}, respectively).

Denote by B = [B.s] and B = [B.g] the matrices of b-periods of C' and C*, respectively. To

compare B,g with Iéag, we apply the Riemann’s bilinear relation to the closed 1-forms vg and

(Do — Vo). SO we get

Eaﬁ—ﬁaﬁz/ 17a—/ va://vﬂ/\(ﬁa—va) (1.5)
bs bs c
= vg N\ Vg
I

Let z: U — C and ¢ : U — C be the local coordinates in an open neighbourhood U C X

since vg A v, = 0.

induced by the complex structure of C' and C*, respectively. The local expression of the 2-form

vz A\ Uy on U is given by

vg A Ua = [vp(2)dz] A [Ua(C)dC] (1.6)
= [vs(2)dz] A [@a(g) (%dz + %di”
— [ ©nge | @ naz
= [v5(2)va(2)p] dz A dZ
o) (FalOm — wutein) | =

Thus (1.5) can be written in the following form:

Bos — Bas = //C (Vo @ vg) it + Eagp, (1.7)



where the “error term" £, 1s given by

_ o
E.z = //Cvﬁ ® (UO“& —va) 1 (1.8)

It can be shown that E,53 = O ((|]u||oo)2) as ||p||,, tends to zero [11]. So we get the following

classical Ahlfors-Rauch variational formula:

Baslo (1) = [ oo (19)

The variation of matrix of b-periods under variation of the local homological coordinates on the
strata of the moduli space H, of holomorphic Abelian differentials over Riemann surfaces of genus
g is investigated in [5]. Our primary aim is to study the variational formula for matrix of b-periods,
similar to (1.9), on the principal stratum Q,, ([1*9~*]) of the moduli space of holomorphic quadratic
differentials, i.e. the space of pairs (C, q), where C' is a compact Riemann surface of genus g > 2
and ¢ is a holomorphic quadratic differential on C' with simple zeros.

Corresponding to each pair (C,q) € Q, ([1*9~%]), there exists a canonical 2-sheeted branched
covering 7 : C — C such that the pullback quadratic differential 7*q has 4g — 4 zeros of multiplic-
ity 4 on the Riemann surface C of genus 4g — 3. Therefore, the holomorphic Abelian differential
V/T*q on C can be constructed such that

VTG ® VP = . (1.10)

The 1-form /77¢ has 4¢ — 4 zeros of multiplicity 2 on C so, the pair (6 ,1/T*q) is in the stratum
Hag—3 ([2*974]). Considering the above-mentioned correspondence between (C, ¢) € Q, ([1%~4])

and (C, \/77q) € Hay—s ([2%974]), we have the following local embedding:

S:Qu ([17Y]) = Hag—s ([2777]) . (1.11)
(C,q) = ((7 V)
The spaces Q,, ([1*7%]) and H4,—3 ([2*97*]) are of dimension 6g — 6 and 12¢g — 11, respectively.

There exists a biholomorphic involution  : C — C on C which interchange the points in each

fiber of 7 : C' — C. The pullback p* of the involution y : C — Cisan isomorphism on the space



Ap=H o(C, Q) of holomorphic Abelian differentials on C. The (4g — 3)-dimensional vector
space Al6 splits into two eigenspaces A, and A_ corresponding to the eigenvalues +1 of y*.

The involution  : C — C induces an isomorphism
pe 2 Hy(C;C) = Hy(C;C) (1.12)

on the complex homology group H 1(@ ;C) of C. The (8g — 6)-dimensional complex vector space
H 1(6 ; C) splits into two eigenspaces H, and H_ corresponding to the eigenvalues +1 of ..
Let
{a;,a},ar, b, b7, bx}, j=1,--,9; k=1,---,29—3 (1.13)

be a symplectic basis of H 1((7 ; C) such that

*

pey = aF, by = b5, pad + g = by + by = 0.

We construct the symplectic bases {aj, B;L}j: g and {a; , 3, }1:17___’3973 for the eigenspaces
H, and H_, from the basis (1.13), respectively.
Let
{uj,uj, i}, j=1,---,9,k=1---,29—3 (1.14)

be the normalized basis of A% associated with the canonical basis (1.13). Consider the following

vectors
U a b
~ 49—3 —~ 49—3
U= |u e(Hl( : ) . A= l|a|,B=|p E(Hl(C,C)> (1.15)
i a b

The basis (1.14) is normalized by the following condition on its periods over the 1-cycles {a;, a}, a5}
(see Sect. 1.2 below):
II(U,A) = Iiy—5. (1.16)

The matrix of b-periods B of {u;, uy, uy, } with respect to the homology basis (1.13) is given by

B=1II(U,B) . (1.17)



. + — .
We construct the normalized bases {u; }j: .., nd {w; },_,.. 3, for the eigenspaces A, and

3

A_, from the basis (1.14), respectively, such that

ut| |at I, 0
II , = . (1.18)
u- o 0 Iggfg
Since
I B7) = T8 (s A7) = 10 (o) = 10 (. 7). (1.19)
we have
ut Bt BT 0
11 , = , (1.20)
u- 6~ 0 B~

where BT € M(g,C) and B~ € M(3g — 3, C) are called the matrices of 5-periods.
To shorten the notation, we denote the basis {o; ", 8, } for the eigenspace H_ by {ri},_; s, ¢
where

rl:al_a T3973+l:ﬁl_7 l:1773g_3 (121)

The periods of \/7*q on the cycles {r;},_, 4, ¢, i€

7]1‘3:1_[(\/7*%7‘1)7 Z:1776g_67 (122)

provide a system of local homological coordinates on S (Q, ([1*7])). Let {Ca},—y.. 15511 b€
the set of natural homological coordinates on the stratum H, 3 ([2%97]). Let B be the matrix of
b-periods of the base Riemann surface C'. Using the chain rule and the formula for variation of
B with respect to {Cn}n:L... 124-11» We derive the formula for variation of B under variation of
{771‘}2‘:1,...769_5-

The difference between the dimensions of Q,, ([1*9~*]) and the moduli space of compact Rie-
mann surfaces of genus g > 2 is equal to 3g — 3. Therefore, there must exist 3g — 3 local indepen-
dent vector fields {W;},_, .. 5., defined on a neighbourhood of the point (C,q) € Q, ([1*77*]),

which preserve the complex structure of the Riemann surface C, i.e.
Wi(B) = 0y l=1,---,39g—3. (1.23)

As the main result of the thesis, we find the following expression for W;, [ =1,--- ,3g — 3,

as a linear combination of the vector fields {9/0n; } . 6g—6> on the non-hyperelliptic connected

i=1,-
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component of Q, ([1*7]):

o d
W, = — + B, —, [=1,---,3¢g—3, (1.24)
: 8771 ; lk (9773g—3+k g

where B~ is the matrix of S~ -periods given by (1.20).

The thesis is organized as follows. In Section 1.2 we review the basic concepts from the theory
of compact Riemann surfaces which are necessary in the sequel. In Section 2.1 we introduce the
Hurwitz space H(d;ry,--- ,r,) as the space of branched coverings f : C — CP! of a fixed com-
binatorial type (d;ry,- - ,r,) of the Riemann sphere or, equivalently, the space of meromorphic
functions on Riemann surfaces C' of fixed genus. In Section 2.2 we study the variation of the nor-
malized Abelian differentials and matrix of b-periods of the Riemann surface C' under the variation
of one of the branch points of the meromorphic function f : C' — CP! [4].

In Section 3.1 we introduce the set of homological coordinates on the strata of the moduli
space of holomorphic Abelian differentials over Riemann surfaces of fixed genus. In Section 3.2
we study the variational formulas, given in [5], for the normalized Abelian differentials and matrix
of b-periods with respect to these homological coordinates.

In Section 4.1 we introduce the canonical 2-sheeted branched covering 7 : C—C correspond-
ing to a pair (C,q) € Q, ([1%97]) . The main objective of this section is to discuss the decompo-
sition of the (co)homology group of C into invariant and anti-invariant subspaces under the action
of the involution p : C — C. In Section 4.2 we introduce the induced homological coordinates on
Q, ([1*97*]) and derive the variational formulas for matrix of b-periods of C' and C under variation
of these coordinates. In addition, we find a complete set of local vector fields in a neighbourhood

of the point (C, ¢) € Q, ([1*~*]) which preserve the complex structure of C.



1.2 Basic Objects on Compact Riemann Surfaces
Let C be a compact Riemann surface of genus g. Let {a;, b;} =1 g be a canonical basis of the

integral homology group H;(C’; Z) of C. The intersection numbers of these 1-cycles are given by
aiobj:c;ij, aioaj:biobj:0, Z,]:]_,,g (125)

The relations (1.25) can be represented in the following matrix form:

a 0 1
-]t
b -1, 0O
(we denote the n x n identity matrix by I,).
Let Q. be the sheaf of holomorphic 1-forms on C. Denote by H°(C, Q) the g-dimensional
vector space of holomorphic 1-forms on C'. Let {vy } k=1... o D€ the basis of H 0(C, Q) normalized

by fal v = Ox;. The matrix of b-periods B = [By,] of C'is defined by

Bkl::j{vk, k’,lzl,"',g. (126)
b

Let A*(C,C), k = 0,1, 2 be the space of smooth complex-valued k-forms on C. Consider the
following two subspaces of A'(C, C):

Z1(C;C) = {a € AY(C,C)|do = 0} = {smooth closed 1-forms on C'}
B'(C;C) = {df € A'(C,C)| f € A%(C,C)} = {smooth exact 1-forms on C'} .

The De Rham cohomology group H'(C;C) of C is a (2g)-dimensional complex vector space

defined in the following way:

ZY(C;0)

BY(C;C)
Let v be a closed 1-form on C' and +y be a closed path in C'. The period I1(«, ) of o on 7 is

defined [8] by

H'(C:C) = (1.27)

(e, ) == ?{a. (1.28)
v



The integral jgw « depends only on the cohomology class [o] € H!(C; C) of « and the homology

class [y] € H,(C; C) of 5. Therefore, there exists a bilinear period mapping
IT: H'(C;C) x Hy(C;C) = C, (1.29)

defined by II([c], [y]) :== [ o
Let (H'(C;C))" and (H,(C;C))" be the Cartesian product of n copies of H'(C;C) and

H,(C; C), respectively. Consider the vectors

ai 71
X=|:i|e(HY(C;0)" and Y= |:| € (H(C0))". (1.30)
Qn ’Yn

We define the bilinear period mapping

II: (H'(C;C))" x (Hi(C;C))" = M(n,C) (1.31)
in the following way:
H(alafh) cee H(Oéb%)
OX,Y)=| : , (1.32)
H(O‘m’yl) s H(am’y’n)

where M(n, C) denotes the vector space of n x n complex matrices.
Definition 1. A meromorphic differential on C'is called an Abelian differential of the second kind
if the residues at all of its poles are equal to zero.

The normalized Abelian differential of second kind, denoted by w,(,n), has only one singularity

at p € C that is of the form

W], = (zin + 0(1)) dz, (1.33)
where z : U — C is the local coordinate on U C C' with z(p) = 0. It satisfies the normalization
condition fal w=0 1=1,-,q

Denote by E(x,y) the prime form on C. The Bergman bidifferential B(z, y) is defined by

B(z,y) =d, dylogE(x,y). (1.34)



The bidifferential B(z,y) is symmetric, i.e. B(x,y) = B(y, x), and B(x, y) is a differential on C
with a single pole of order 2 at y, for each fixed y, € C.
Let U be an open subset of C' with local coordinate z : U — C. The Bergman bidifferential

restricted to the open subset C' x U C C x C'is given by

B(z,y)|lexv = ﬂf(wz(f)) ® my(dz), (1.35)

where wz(,Q) is the normalized Abelian differential of second kind on C' with a double pole atp € U.

)

The b-period of wz(f is given by

@) — o (Y
f;kwp —27m<dz)(p), (1.36)

where {v; } =1, g is the normalized basis of the space of holomorphic 1-forms on C'. So we have

f;k B(z,p) := (i w}gm(x)) dz(p) = 2mivg(p) (1.37)

]i B(x,p) = (7{& w]g?)(a;)) dz(p) = 0. (1.38)

The differential w,(,") can be expressed in terms of Bergman bidifferential as follows. Let
1, B be the pullback of the Bergman bidifferential B by the map ¢, : C'— C x C defined by

tp(q) = (¢,p). Let V be an arbitrary open subset of C' with local coordinate y : V' — C. The

I-form wl(,") restricted to V' satisfies the following equality:

W) =L (2 T (uB
PV (= 1) [\ Oz dy

We can rewrite (1.39) in a more concise way as follows:

n 1 a " *
Wi = o [(%> (t:B) |w:p] . (1.40)

The Bergman bidifferential has the following asymptotics near the diagonal divisor on C' x C"

] dy. (1.39)
z=p

1
(C(p) — ()

as p — q, where ¢ : W — C is a local coordinate in the neighbourhood W C C' containing both p

B(p,q) = ( + 0(1)> d¢(p)d¢(q) (1.41)

and q.



Chapter 2
Variational Formulas on Hurwitz Spaces

In this chapter, we introduce the Hurwitz space H(d;ry,--- ,r,) as the space of d-sheeted
branched coverings f : C — CP! of a fixed combinatorial type (d;71,--- ,r,) of the Riemann
sphere or, equivalently, the space of meromorphic functions on Riemann surfaces C' of fixed genus.
In addition, we study the variational formulas for the normalized Abelian differentials and matrix
of b-periods of the Riemann surface C, given in [4], under the variation of one of the branch points

of the meromorphic function f : C' — CP!.

2.1 Hurwitz Spaces

Let (C, f) be a d-sheeted branched covering of the Riemann sphere CP!, where C'is a compact
Riemann surface and f : C'— CP! is a non-constant holomorphic mapping. The critical points
{pi}iy.. , of [ are the points where df (p;) = 0. These points are called the ramification points of
f and we call their images \; = f(p;) the branch points of f. We assume that none of the branch
points coincide with {oo} € CP! and \; # \; for i # j. The natural local coordinate z;(q) of a

point ¢ € C'in a neighbourhood V; of the ramification point p; € V; is given by:

vi(q) = (flg) — fF)/" = (A=), qeV, 2.1)

where r; is the ramification index of p;.

Let CP! = CP! \ {N\i}iy... nand C=0C\ {f7" (M)} i—1.... - Consider a fixed point Ay € CP.
The mapping f induces a topological covering map fv: C — CP! of degree d which is a local
homeomorphism. In addition, the d-sheeted branched covering (C, f) induces a representation of
the fundamental group of @ﬁ, called the monodromy map, p : 7r1((aP/1, Xo) — &4 where &, is

the symmetric group on d letters.

10



Theorem 2.1.1. (Riemann’s Existence Theorem [3]) Let B = {p;} ., be a finite subset of CP*

=1,
and \g € CP! = CP! \ B. Then for each positive integer d the following sets are in natural one-
to-one correspondence:
(i) the set of equivalence classes of d-sheeted branched coverings of CP* with branch points lo-
cated at B;
(ii) the set of equivalence classes of topological coverings of degree d of @
(iii) the subset of Hom/(m; (@, o), &4) represented by homomorphisms whose images are tran-
sitive subgroups of S,.

Let {\;},_, .. ,, be the set of branch points of the d-sheeted branched covering (C, f). There
exist loops vy, -+ , Y C CP! based at Ao € @TP”, satisfying the following conditions:
(i) The homotopy classes [7;] of +;’s generate 7 ((EI\PE7 o) s
(i) Their homotopy classes satisfy the relation [y1][v2] - - - [va] = 1

(ii1) Each ~y; is homotopic to a small loop around ), .

The corresponding monodromy map p : m ((Eﬁl, Xo) — S, is defined by the permutations
:u([’yi]):O-iEGd? t=1,-+-,n, (2.2)

where 0105 - - - 0,, = 1. The cycle type of the permutation o; is (1777, r;).

Let U = (Uy,- -+ ,U,) be atuple of small open disks U; C CP! \ {oo} centredat \;, i =1,--- ,n
such that U; N U; = 0 for i # j. Fix a representation / : Wl(@, Xo) — S, of the fundamen-
tal group of CP! = CP! \ {Ai}i—i..,» corresponding to the monodromy map of the d-sheeted
branched covering (C, f). If we allow the \;’s to vary in U;’s, then we get the set Ay ,(C, f)
of d-sheeted branched coverings (5 , f) with the branch points N €U, i=1,---,n and mon-
odromy map p. The set Ay ,(C, f) is an open neighbourhood of (C, f) in the Hurwitz space
H(d;ry, -+ ,r) [12].

2.2 Variational Formulas
Let (C°, %) be a d-sheeted branched covering of CP' with branch points {\{},_, . and

monodromy map p. Consider a small open disk U, C CP' \ {co} of radius R centered at \°,

11



such that

NeC\U,, i#m,1<i<n. (2.3)

Consider a parameter ¢ € C such that |¢| < R. Using the fixed monodromy map 1, we construct
a set of d-sheeted branched coverings {(C’f, f€)} C Ay, (C% f°), where the branch points of
(Ce, f€) are {A), -+ XS, -+ A%} and A5, = A2 +e. The complex structure of the Riemann
surface C' depends on the parameter e.

According to the Riemann-Hurwitz formula, the genus ¢ of the underlying smooth surface of

C*®’s is given by

- r, — 1
=1—-d . 2.4
g + ; 5 (24)
Denote by {vi},_, . , the normalized basis of the space of holomorphic 1-forms on the Rie-

mann surface C. Let B¢ = [B,] be the matrix of b-periods of C, where

B;l:]{vz, k,il=1,---,g. (2.5)
b

We want to investigate the variation of v;, and Bj; under variation of e.

Let Ko := T* (L9 C¢ be the canonical line bundle over C¢. The exact form df€ is a meromor-
phic section of K¢, while v, are holomorphic sections of K¢«. Therefore, vj, = ¢j, . df€, where
¢, 1s a meromorphic function on C. The derivative of the basic holomorphic differential v;, with

respect to the position of the branch point A, is defined as follows [5]:

0 _ (9 0
(mvk) (Q) o (86 f%q):const)) df . (26)

Theorem 2.2.1. Let {s,,}, _, .., be small loops with positive orientation around the ramification

(¢z<q>

e=0

points {pm},,_, .. ,, of the branched covering (C 0. fO). The following variational formulas hold:

9 1 vk () B(p, 9)
(o) 0= /o @

0 Vi U;
" B, — L 2.
. Bw f;m a7 (2.8)

wherem =1,--- n.

Proof. Let z; : V; — C be the natural coordinate, defined in (2.1), on a neighbourhood V; of the

ramification point p; with ramification index r;. We find the local expression for ¢ = vf,/df*

12



restricted to V; foreach i € {1,--- ,n}. Let A := f(q) for ¢ € V;. The 1-form v, is a holomorphic
differential on C*. So we have
v (2;) = (Z cj(xl)j> dr; = (Z (A — )\g)j/”) dx;, (2.9)
=0 =0

where the coefficients ¢ are holomorphic functions of the parameter €. Using

dr=d (7@~ )" =a (0= 20") = 20— Tan, @l10)

Ty

we get

€ 1 - € € J+177L
Drlv, = - (ch()‘ — X)) ) . (2.11)

7 ]:0

Now we calculate the derivative of ¢j,

1 (& L s
e=0 (QSZ(xm){)\:const) = H (Z C? (TT—]) (/\ . )\971) o )

7=0 mn
c (T Yoy 2.12)
rm \ de le=0 m ’ ’

Therefore, according to the definition (2.6), the 1-form %vk restricted to the open neighbourhood

v,, With respect to €, while ) is kept constant:

0

Oe

Vi, of the ramification point p,, has the following form:

dz, (2.13)

If ¢ # m, then

0

. 1 [ [dcs
&‘6:0 (gbk(xi)})\:const) = T_ (Z ( d;
) =0

0) (A=) ) . (2.14)

Therefore, with similar calculations, it can be shown that <%vk> |V_ is holomorphic on the neigh-
bourhood V; of the ramification point p;.
Hence, the 1-form mivk is a meromorphic differential on C° with only one pole of order 7,

at the point p,,. Its principal part at p,, is given by (2.13). Since fal v, = Ok, we have

0
—, =0 l=1,---,g. 2.15
g a)\mvk ) 9 g ( )

13



()

Thus, »2—vy, can be expressed in terms of normalized Abelian differentials of second kind wy, as

’ a,\
follows: )
a Tm— 0 j+1 . iy
Note that .
1 d \’ [
0 k
) — [ — & , 2.17
“ J! (dmm) (d:cm) Tm=0 (17)
According to (1.40), we have
Tm—7] 1 a T2l *
o = [(&Em) (i2 B) |xm:0] | 2.18)

So, using the general Leibniz rule ! , we can rewrite (2.16) in the following form:

9, 1 o\ " [ oY i
Mo T T (T — 2)! {<8xm> {(M) (Lx"’B)} xm:0} ' @.19)

There is an alternative way to rewrite (2.16) in terms of Bergman bidifferential. After substi-

tuting (2.18) into (2.16), we have

= g O\ b d 2.20
W Uk = QWZZ% T (T m—2—]) (xm) (893m) (LI”” )|f"’m:0 Tm - (2:20)

Now, we can use “integration by parts" to get the following relation

Tm—2
27rz Z j{ Tm ( Tm—1 J) (c me) dm
Tm—2 0 7
1 1 i—og CiTy,
- - (—ZJ_O J ) (¢x B)dx,y,

27 Jy T

L ”—’2 ‘ (& B)dx 2.21)
27i df’ ) v, " '

I'Let f and g be two smooth functions. The n-th derivative of their product is given by

n

D'(f0) =3 () 0 D),

k=0

where (”) are the binomial coefficients.

k
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which, after omitting the upper index 0, can be written in a coordinate-independent form as follows:

9 1 ur(9)B(p, q)
(o) 0= 5 £ =2

where q € V,,,.

To get (2.8) it suffices to integrate (2.21) over the b-cycle b; and use the following relation

7{ LB = f wéz) = 2mi (%) (@), q€ Vn. (2.23)
by by m

]
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Chapter 3
Variational Formulas on Spaces of Abelian Differentials over Compact Riemann Surfaces

3.1 Space of Holomorphic Abelian Differentials

For integer g > 2 the space H, of holomorphic Abelian differentials over compact Riemann
surfaces of genus ¢ is the moduli space of pairs (C,w), where C' is a compact Riemann surface
of genus ¢ and w is a holomorphic 1-form on C which is not identically equal to zero. The
space H, is a fiber bundle over the moduli space M, of compact Riemann surfaces of genus g.
Its fiber over [C] € M, is the punctured vector space of holomorphic 1-forms on C, denoted by
HY(C, Q) \ {0} [6]. Itis well known that the dimension of M, and H°(C, Qf,) is equal to 3g — 3
and g, respectively. So H, is a complex orbifold of dimension 4g — 3.

Let (w) be the divisor of a holomorphic 1-form w on C. As a known corollary of the Riemann-
Roch theorem, we have

deg(w) =29 — 2. 3.1

The space H,, is stratified according to multiplicities of zeroes of w. Let k1, - - - , k,, be a sequence

of positive integers with ) "' | k; = 2g — 2. We denote by H,(k1,- - , k,) the stratum of H,, con-

sisting of pairs (C,w) where w has exactly n zeroes {py, - - - , p,} such that their multiplicities are
equalto ky, - - - , k. The principle stratum #,(1,1,-- - , 1) is of dimension 4g — 3. For an arbitrary
stratum H,(ky, - - - , k,,) we have

dimeH(ky, - ko) = (49 —3) = > (ki—1)=2g+n—1. (3.2)

i=1

Let Z = {Pi}i:L.,_m be a finite set of points p; € C. Let {qay, bl}1=1,---,g be a canonical ba-
sis of the absolute homology group H;(C;Z). We assume that all the simple closed curves
{ay, bl}l:1,~--, , Pass through one point py € C'. Let the “fundamental polygon" C be the simply
connected open subset of the compact Riemann surface C' that we get after cutting C' along the

curves {a, bl}z=1,--- - We choose n — 1 paths ~,, C C which connect the point p; € Z to the other
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points p,, € Z m = 2,--- ,n. The following set of paths gives a basis of the relative homology
group H,(C, Z;Z):
{ay, by, Ym} I=1,---,g;m=2---n. (3.3)
We can use the basis {a;, b;, 7, } to get aset of local coordinates { A;, By, z, } on Hy(ky, - - -, k)
defined as follows (see [6], [5]):

A= ?{ w, B ::}I{w, Zm ::/ w, (3.4)
aj bl Tm

l:l)--.)g;m:27...’n.

To shorten the notations, we denote the basis {a;, b;, V.., } by {s; }j:1 . 2g4n_1» Where
spi=ap, Sgyi=0b, =1, . g,
S2g+m—1 "= Ym, M = 2,000, (3.5)
Also the local coordinates {A;, By, z,,, } are denoted by {(; }j:1 o 2gtne1? where

(= / w. (3.6)

Let {AVJm}mzz,m ., be a set of small loops 7,, with positive orientation around the point p,, € Z,
m = 2,--- ,n. The following set {s}}
group H,(C'\ Z;7Z):

=1 2gn1 gives a basis, dual to (3.5), of the homology

S;g—f—m—l = Tms m:27 , L. (37)
The intersection numbers of the bases (3.5) and (3.7) are given by

stos;i=0;: 4,j=1,---,2g+n—1. (3.8)
[ J 79 7] I 79
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3.2 Variational Formulas

Let {¢; }j:1,~~ 2g4n1 be the set of local coordinates in a neighbourhood of the point
(C,w) € Hy(ky,- -, ky). The complex structure of C' generically changes under the variation of
¢;- We want to investigate the variation of the normalized basis {Ua}a:1,~~~ " of the space of holo-
morphic 1-forms on C' and the matrix of b-periods B = [B, 3] under the variation of the coordinate
G-

Let Z = {p;} ,, be the set of zeroes of the holomorphic Abelian differential w, where p,,

=1,
is a zero of multiplicity k,,, m =1,---,n. The Abelian integral z(p) = [ Zi w is a well-defined
function on the fundamental polygon C'. For each point g € C \ Z, there exists an open neighbour-
hood V C C such that the function z(p) = f f w, pE€ V is univalent and provides a local coordi-
nate on V. The local coordinate x; : V; = Con aneighbourhood V; C C ofp, e Z, i=1,---.n

is given by

p Pi 1/(k;+1) et
x;i(p) = (/ w —/ w) = (2(p) — ) /(kit ), p eV (3.9
p1 p1

Consider the local universal family 7 : X — H,(ky,-- - , k). Its fiber over the point
C,w) € Hy(kq,--- ,ky) is the Riemann surface C'. The local coordinates on X’ \ (w) are given
( g g

by the set {z(p) := ["w, 1, Cogin_1}- A vicinity of a point ((C,w), p) in the level set
H.qy = {x € X|z(x) = z(p)} (3.10)

is biholomorphically mapped onto a vicinity of the point (C,w) € Hy(ky,- - , k,) via the projec-
tionm: X — Hy(ky,- -, ky).

The 1-forms v, and w are two global sections of the canonical line bundle K. So there exists

a function
o = 2. X 5 CP! 3.11)
w
such that ((7T| H.p )71> (gba| H, (p)> is a local holomorphic function on the stratum H, (k1 - - - , ky,).

The derivative of the normalized Abelian differential v, with respect to (; is defined as follows [5]:

dva(p) e {a% [((W‘Hz(p))_ly (@\Hz(,,)ﬂ}w(p)

IG;
{% ¢a] w(p) (3.12)

z(p)=const
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Note that the map p — z(p) is not globally defined on C'. Therefore, the 1-forms dv,(p)/9¢;
are local meromorphic differentials defined within C. They do not necessarily correspond to global
1-forms on C' itself.

Theorem 3.2.1. The following variational formulas hold:

v, 1 2(9)B(g,
valp)|  _ 1 [ va(9)B(2.p) ; (3.13)
8@- z(p) 211 S; w(q)
8Ba5 VaUp
= 3.14
where j =1,--- ,2g +n — 1. We assume that the local coordinate z(p) = [ P is kept constant
under differentiation.
Proof. We start with the proof of formulas (3.13) for j = 1,--- ,2g. For example, consider the

derivative of v, with respect to the coordinate B; (defined in (3.4)). First, we analyse the 1-form

0v, /0B, on the fundamental polygon C.Let Z = {p:} ,, be the set of zeroes of w, where p; is

=1,
a zero of multiplicity k;, i=1,--- ,n. Let 2;(p) = (2(p) — z) % be the local coordinate,
defined in (3.9), on a neighbourhood V; C C of pi € Z, i=1,---,n. The holomorphic 1-forms

w and v,, restricted to V; have the following local expressions:

w(ws) = (ki + 1)l da, (3.15)
Va(zi) = (Z c,,(xi)T) dw; , (3.16)
r=0

where the coefficients ¢, are holomorphic functions of the moduli parameters {(;}. So we get

a\Lig 1 = ks
w2 (S 317

r=0

Pa

9
OB,

Thus, according to (3.12), the local expression of the 1-form dv,, /0B, restricted to V; C Cis given
r—k; ki
cr(x; i x;'dz;
z(p)=const (Z ( ) )] ( )

by
OVq B
(a—&) () =

= [de. )\ ,
(E e
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which is a local holomorphic 1-form on V. Furthermore, similar calculations show that dv,, /0B,
restricted to an open neighbourhood V c Cofan arbitrary point ¢ € C \ Z is holomorphic on V.
Therefore, the 1-form dv,, /0B, is holomorphic on C.

To understand global properties of dv,/dB; on C, we should analyse how it behaves near
the boundary dC. Let 7: U — C be the universal covering of C'. Let G be the group of deck
transformations of U. Let T" : 71 (C, py) — G be the group isomorphism of the fundamental group
m1(C, po) onto G. The fundamental group 7 (C, po) is generated by simple closed curves {a;, bi};_; .
based at py € C'. Denote by 7, and 7}, the deck transformations which correspond to a; and b;,
respectively. The sides a;” and a; of the fundamental cell C c U are “glued" together by the deck
transformation 7, .

The mapping z(p) := [ P w is single-valued on U. Consider an open neighbourhood D C C
of an arbitrary point ¢ € C \ Z such that the function z(p) = ["w, p € D is univalent on D.
Denote by D the image of D under the mapping p — z(p). Consider the domain 7}, [D] lying in
the fundamental cell 7;,[C] as well as its image in the z-plane Dy, = {z + B|z € D}. We can
always take sufficiently small domain D such that DN ﬁbl = ().

Let 0, := 7*(v,) and & := 7*(w) be the pull-back of v, and w under the coveringmap 7 : U — C,
respectively. Consider the meromorphic function 5; := U, /w. Since the deck transformation 73,

is a fiber-preserving biholomorphic map of U to itself, i.e. 7 o T}, = 7, we have

by Pa = _5_¢a- (3.19)

=
Tblw

The local expression of (3.19), restricted to the open neighbourhood D C C, in terms of coor-

dinate z is as follows::

Salz + B) = <Tg; 5;) (2) = ou(z), z€D. (3.20)

Note that in the right hand side of (3.20), the function 975; and its argument z + 5; both depend
on the moduli parameter B;. Thus, if we differentiate (3.20) with respect to B; while z is kept

constant, then we get:

96n  00a, . 00a =
6_BI(Z+BI)_8_Bl(Z)_ gy (2), z€D, (3.21)
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where we use the equality (8&; / 82) (z+ B) = (8@; / 82) (z) as a corollary of (3.20). The local

expression of & restricted to D is given by &|p = dz. So we can rewrite (3.21) in the following

O D D ~
T, (%(z)dz) = <aigl(z)dz> — ( 8¢z (z)dz) , z€D. (3.22)

Denote by &, the derivative of 0, with respect to B;. The holomorphic 1-form ¢, on U is

form:

given by
0Ta (p) { 0
D,(p) = = |==
») 0By lz(p) 0B,

Using (3.23), the equality (3.22) can be written in the following coordinate-independent form:

—~

%} O(p), peU. (3.23)

z(p)=const

(Ty: @a) (p) = ®alp) — dou(p), peD. (3.24)

Let s; € {a;,bi};_, .., J# g+ [be one of the generators of the fundamental group m;(C, po)

g?

which is not homotopic to ;. Since ¢, is invariant under the deck transformation 75, we have

Galz+G) = (I3 6a) () = 0al2). 2€D, (3.25)

where (; := fs_ w. Differentiating (3.25) with respect to 3; assuming z to be constant, we get:
J

O IR N
) = D. 2
aBl(Z+<]) aB[(Z), z € (3 6)
Therefore, we have
(Ty; ®a) (p) = Palp), i€{l,--- ,glandi#1, peD (3.27)
and
(Ty @) (p) = @alp), i€{l,---.g}, peD. (3.28)

Since the formulas (3.24), (3.27) and (3.28) are valid on a neighbourhood D of any point of C \ Z,
and the differential ®, is holomorphic on 6’, we conclude that these formulas are valid on C.
Since ®,, is not invariant under the group of deck transformations of U, the 1-form dv, /0B, is
not globally defined on C. Indeed, we can consider v, /0B, as a 1-form which is holomorphic

everywhere except the cycle a;, where it has the additive jump given by the exact form —d (v, /w).
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Consider the cycle a;, @ 7é [. Consider a finite number of open sets IN/T cC,r=1,--- ksuch
that a; C Ur 1 W, and z,.(p f Pw, pe IZ provides local coordinate on VT There exists a
finite set of smooth functions {1/17«}7,:1’”_ & called partition of unity, with the following properties
(see [10], p.54):

10 <(p) <lforallr €{l,--- k}andallp € qa;,
(ii) supp(¢s,) C V|
(i) ¢, ¢, (p) = 1 forall p € a; .

On each XN/T, the local expression of w and v, 1s given by
wlg =dz and |y = Gar dz; . (3.29)

Now we can compute the a;-period of dv, /0B, as follows:

g, B .
aq aLBl N 75 (aBl z(p)=const (%)) w(p)

. ( B, (Wﬁar)) dz,

0
_B < var wr¢o¢r) er)
0

The integral of the “jump differential" —d (v, /w) over any closed loop is equal to zero. Therefore,

‘Mk

Z =const

all the a;-periods i = 1, -- - , g of Ov, /0B, are well-defined and equal to zero.

To write down an explicit formula for dv, /0B, we recall the Plemelj formula on the com-
plex plane C. Let v be a positively oriented simple closed curve in the complex plane. Let
f(z) be a holomorphic function defined on a tubular neighbourhood of ~. Define the function
F(y), y € C\ ~ by the following contour integral taken in positive direction of :

F(y) = f;%dm (3.31)
Denote by F()(y) and F")(y) the function F(y) restricted to the exterior and the interior of -,

respectively. The boundary values of holomorphic functions F'")(y) and F¥)(y) are related by
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the following Plemelj formula [5]:

df
; (R) _ ) - _
lim (F(y) — ™ (y)) 2y (3.32)
Consider the 1-form U defined as follows:
1
U(p) = 5 ¢(q)B(q,p), (3.33)
i Jo,

where B(q, p) is the Bergman bidifferential, and ¢, := v, /w. Consider a small strip A C C around

a; in the shape of an annulus. Let al(R) and al(L) be the right and left parts of A \ ¢;. Denote by A

the biholomorphic image of A in the complex plane. The local expression of WU restricted to A is

given by
U(y) = (75 %(x)Qd:c) dy, z,yeA. (3.34)
a; (‘T - y)
Thus, according to Plemelj formula (3.32), the 1-form ¥(p) has a “jump" equal to —d¢,, on a; as p
moves from al(L) to al(R). In addition, according to (1.38), all the a;-periods ¢ = 1,--- , g of ¥ are

equal to zero.

The 1-forms dv,/0B; and ¥ are holomorphic on C and have the same discontinuity on a;.
Also, all of their a-periods are equal to zero. So their difference Y := ¥ — (Jv,/JB;) is a global
holomorphic 1-form on C'. Since all the a-periods of T are equal to zero, we have T = 0. There-
fore, the 1-form Ov, /OB, is given by

Ova(p)
OB,

- D (3.35)

Formula (3.35) implies (3.13) forj =g+ 1,--- ,2g.
With similar calculations, we find that the 1-form v, (p)/0A; has a “jump" equal to —d (v, /w)

on the cycle b; as p moves from bl(R) to bl(L) . Also, all of its a-periods are equal to zero. So, we have

Ova(p)|  _ 1 [ wva(@)Blg,p)
0A ) 2mi J_y, w(q) '

(3.36)

Note that, according to (3.32), we should take the corresponding integral along —0;. Indeed, the
interchange of “right" and “left" in this case is due to the asymmetry of the intersection number of
a; and by, 1.e.

alobl = —(bloal) =1. (337)
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Let us now prove the formulas (3.13) for j = 2g + 1, -+ ,2g +n — 1. The proof is parallel to
the proof of (2.7). For example, consider the derivative of v, with respect to the coordinate z,,
(defined in (3.4)). First, we analyse the 1-form dv,/0z,, on the fundamental polygon C. Using
(3.17), the function ¢, := v, /w restricted to the open neighbourhood V;,, C C of the pointp,, € Z

is given by

1 - 1 - r—Fkm
Pelvn = 551 (Z Cr<wm)’“_’“’") i (Z crlz - zm)km%) (339)

r=0 r=0

If we differentiate (3.38) with respect to z,, for fixed z(p), then we get:
1 s J— .
- - km+1
z(p)=const km 41 (; Cr (km n 1) (Z Zm) >
1 - dCT r—km
= Fm) ] 3.39
+km+1<;(dzm>(z Zm) ) (3.39)

Therefore, according to (3.12), the 1-form v, /0z,, restricted to V,,, has the following form:

(Sj;) () = [(kfl cr<1 - k;++11> xfnmil_r) L o)

r=0

olo (xm)

0z,

dz,, . (3.40)

With similar calculations, we find that 0v,/0z,, is holomorphic on a neighbourhood V cC of
each point g € C'\ {pn.}.

Now we analyse the boundary behaviour of dv,,/0z,, near OC. Let s; € {a, bi}i:l,m , beone
of the generators of the fundamental group 71 (C, pg). Since the function b = (T va) /(T w) is

invariant under all of the deck transformations Ty, we have
Galz + ) = (T,;; qTa) (2)=oulz), 2€DcC, (3.41)

where (; .= [, w, j=1,---,2g. By differentiating (3.41) with respect to z,, while z(p) is kept

constant, we get:

D 99 ~

Therefore, v, /0z,, is a meromorphic global 1-form on C' with only one pole of order &, + 1 at
Pm- Similarly to (3.30), we find that all the a-periods of dv,/0z,, are equal to zero. Thus, the

1-form Qv,,/0z,, can be expressed in terms of normalized Abelian differentials of second kind w,(,f,z
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as follows :
m—1

ov r+1
a . (km+1-1)
o E Cr (1 | ) Wy, . (3.43)

r=0

Using (1.40), we can rewrite (3.43) in the following way:

0v,,
azm

km—1 c P km—1—r
omi Z 7{ (b + 1) (b — 1 —1)! (ﬁ) [(@) (LxmB) ‘mm:()] .

where 7,, is a small loop with positive orientation around the point p,,. Now using “integration by

= (3.44)

parts" in the same way as (2.21), we get:

SZ )= 5 ]gm (= ‘Vm (¢4, B) (p) dm

271

_ 1 [ va(9)B(g,p) (3.45)

2mi J5, w(q)
which implies (3.13) forj =29+ 1,--- ;29 +n — 1.
According to (1.37), if we integrate (3.13) over the cycle bz and change the order of integration,
we get (3.14).
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Chapter 4
Variational Formulas on the Space of Quadratic Differentials over Compact Riemann
Surfaces

Let C' be a compact Riemann surface of genus g. Let ¢ be the canonical line bundle of
C. A global holomorphic section of the line bundle K¢ ® K¢ is called a holomorphic quadratic
differential on C. The set of all holomorphic quadratic differentials on C' forms a complex vector

space denoted by QD(C'). As a corollary of the Riemann-Roch theorem, we have
dimcQD(C) =3g—3, ¢g=>2. 4.1)

Let Z = {pz}
q € QD(C) \ {0}, where p; € C'is a zero of multiplicity k; , i = 1,--- ,n. According to (3.1), the

i=1... n De the set of zeroes of a holomorphic quadratic differential
degree of the canonical divisor on C'is equal to 2g — 2; thus Y | k; = 4g — 4.

For integer g > 2 the space Q, of holomorphic quadratic differentials over compact Riemann
surfaces of genus ¢ is the moduli space of pairs (C, q), where C' is a compact Riemann surface
of genus g and ¢ € QD(C) is a holomorphic quadratic differentials on C. The space Q, is the
cotangent bundle of the Teichmuller space 7, of marked compact Riemann surfaces of genus g.

The space Q, is stratified according to the multiplicities of zeroes of holomorphic quadratic
differentials. Let ki, - - - , k,, be a sequence of positive integers such that " k; = 4g — 4. We
denote by Q,(k1, - - - , ky,) the stratum of Q, consisting of pairs (C, ¢) where ¢ has exactly n zeroes

{p1,- -+, pn} with multiplicities ki, - - - , k,,.

4.1 Geometry of the canonical double covering
Consider an arbitrary holomorphic quadratic differential ¢ € QD(C') \ {0} on C. In gen-

eral, there is no global holomorphic Abelian differential v € H°(C,Q}.) such that ¢ = v ® v.

26



To represent ¢ as a square of an Abelian differential, we construct a canonical double covering
7:C — C of C provided with a holomorphic Abelian differential w € H(C, Q%) on C such that
™(q) = w@w [1].

Let Z = {p;} ,, be the set of zeroes of ¢, where p; € C' is a zero of multiplicity £;,

i=1,,

i=1,---,n. Consider an atlas {(Uj, z;)}.., on the punctured Riemann surface C'\ Z, where

jed
zj : U; = C is a local coordinate on the connected and simply-connected open neighbourhood
U; C C'\ Z. The quadratic differential ¢ restricted to U; is given by ¢|u, = f;(z;)(dz;)?, where

the nonzero holomorphic functions f; € O*(Uj) satisfy the following relation:

dz;\”
fj(Zj(Zl)) (d—;> = fl(Zl) , X € Uj N Ul . (42)
!
Denote by h;k)(zj), k = 1,2 the two branches of \/ f;(z;). Consider two copies U;k), k=12
of each open neighbourhood U;. For each j, consider the local holomorphic 1-forms hgk)dzj, k=12
defined on the open neighbourhoods U j(k), k = 1,2. Now identify the part of U ;1) corresponding

to U; N U, with the part of one of Ul(k), k = 1,2 corresponding to U; N U; in such a way that

dz;
DRENEN) (d_z]l> =m(z), aeU U, “.3)

for either £ = 1 or k£ = 2. Apply the similar identification to all the open neighbourhoods
1) 772
{U; 7, U5}

Abelian differential w, on it, where the local expression of wy on U j(k) is given by hg-k)dzj. By

ier We get a Riemann surface @0 with punctures provided with a holomorphic
construction we have a double covering 7 : 60 —C\ Z.

After “filling" the punctures lying over Z C C, we obtain a compact Riemann surface C and
a (possibly ramified) double covering 7 : C — C. The covering map 7 has a ramification point
over each zero p,, € Z of odd multiplicity k,, = 2r + 1, » € NU {0} of the quadratic differential
g. In addition, the 1-form w, extends to a holomorphic Abelian differential w on 6 such that
7(¢) = w ® w. The 1-form w is commonly denoted by /7*q.

Let p : C — C be the biholomorphic involution of C which interchanges the points in each
fiber of 7 : C' — C. The fixed points of v are the preimage of the zeroes of odd multiplicity

of ¢ under 7. According to the above-mentioned construction, the holomorphic 1-form /7*q is
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anti-invariant under p, i.e.
" ( W*q) = —\/7*q. 4.4)

Henceforth, we only consider the pairs (C, ¢) in the principal stratum Q, ([1*9~*]) of the moduli
space of holomorphic quadratic differentials. In other words, we shall study the space of holomor-
phic quadratic differentials with simple zeroes on compact Riemann surfaces of genus g.

Let Z = {pi},_, .. 4, 4 bethe set of zeroes of the holomorphic quadratic differential g € QD(C').
The canonical double covering T : C — C defined by ¢ has exactly 4g — 4 ramification points
{Di}io1.... 494> Where p; = 7' (p;). Using the Riemann-Hurwitz formula, we find that the com-
pact Riemann surface C is of genus g = 4g — 3.

Let&; : D; — C be the local coordinate on an open neighbourhood D; C C' of p; € Z such that

&i(p;) = 0 and the quadratic differential ¢ restricted to D; has the following local expression:

qlp; = &(d&)?, 4.5)

for e =1,---,49g — 4. The natural local coordinate z; : Z)\, — C on the open neighbourhood

—

D; = 7Y(D;) € C of p; € C is given by

zi =& . (4.6)

The local expression of the double covering map 7 : C — C restricted to b\l has the following

form:
(Gomou;t) (y) = o2, yEJ%’(b\i)CC- 4.7
So we have
™ (qlp,) = 7" (&:(d&)?) (4.8)
= (ffz')2(d(93i2))2
= 4(x;)" (dx;)? .

Therefore, the holomorphic 1-form /7*¢ has a zero of multiplicity two at each p; € C. Since the

degree of the canonical divisor on C is equal to 2g — 2 = 8g — 8, the set Z of all the zeroes of

Vrrgisequal to {pi},_; 4y 4-
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Thus, the correspondence between a pair (C,q) € Q, ([1%97]) and the canonical double cov-

ering 7 : C — C defined by ¢ induce a mapping

S0, ([174) — Hagos ([2974]) (4.9)

which is a local embedding. According to (3.2), the stratum H,,_3 ([2%97%]) is of dimension
12g — 11. Locally, the space S (Q, ([1*~%])) forms a subspace of codimension 6g — 5 in
Hagos ([24974)).

Denote by A} the space I o(C, QF) of holomorphic Abelian differentials on C. The pullback
w* of the involution i : C — Cisan isomorphism on A%. The (49 — 3)-dimensional vector space
A1a splits into two eigenspaces A, and A_ corresponding to the eigenvalues +1 of 1*.

Let z : U — C be the local coordinate on an arbitrary connected and simply-connected open
subset U C C'\ Z. Let 2:=zo7: U%® — C be the induced local coordinate on the k-th con-
nected component U®*) C C of 7~ Y(U) for k = 1,2. Consider an open neighbourhood b\Z cC
of the ramification point p; of 7 : C — C. Let T; b\z — C be the natural local coordinate on I)\,
defined in (4.6). Consider an arbitrary holomorphic 1-form & on C which is invariant under 1, 1.€.

aelN, C Ala. Consider the following local expressions of @ on U*) and f?\l :

alpew = gMdz, ¢»eoWW), k=12, (4.10)
a l/)\z = (Z CT(JZZ‘)T> dl‘i, Cr € C. (411)
r=0

Since u(a) C f?\l and x; o u = —x;, we have

E) = - (Z Cr(—l)T(%‘)T) dx; . 4.12)

r=0

© (a

From the relation ;*@ = @, we deduce that g™ = ¢(® oy and
com =0, meNU{0}. (4.13)
Thus, the local expressions (4.10) and (4.11) are simplified in the following way:
alpw =7 (0(2)dz) , k=1,2, ¢€OU), (4.14)
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@b\i = (Z C2s+1(37i)25> (id;)
s=0
— <(Z C2s2+1 (6@)8> d&> _ (415)

s=0

According to (4.14) and (4.15), each 1-form a € A, C Al6 is the pullback of a holomorphic
1-form o € H°(C, %) under the canonical double covering map 7 : C' — C, i.e. @ = m*a. On

the other hand, since 7 o yu = m, for each @ € H°(C,Q},) we have
p(r*a) = (rop)a=ra. (4.16)

Therefore, the canonical double covering map 7 : C — C induce the following linear isomor-

phism:
™ H(C, Q) = Ay C Ag (4.17)
a— T
Considering the isomorphism (4.17), since
dimcH(C, QL) = ¢ and dimcHO(C,QL) = 49 — 3, (4.18)

we have

dimcA_ = 3g — 3 = dime QD(C) . (4.19)

Consider an arbitrary holomorphic 1-form 5 € A_ C Ala. Consider the following local expres-

sions of 3 on D; and U®):

Bl5 = (Z a(;cz-)r) dr;, ¢ €C, (4.20)
r=0
Blpw =tPdz, t® coWW®), k=1,2. 4.21)
From the relation p*3 = —f3, we deduce that t) = — (¢ o ) and
Goms1 =0, meNU{0}. 4.22)
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Let q|y = f(2)(dz)?, f € O*(U) be the local expression of the quadratic differential ¢ on
UcC. Let h®) € O*(U®), k= 1,2 be the two branches of /f. Using (4.8), we get the fol-
lowing local expressions of the 1-form /7*q on Z)\Z and U®):

4|5 = 2(x:)dx; (4.23)
VTglpm = hWPdz . k=1,2, (4.24)
where AV = — (A o p).
So the local expression of the quadratic differential (3 © /7¢) € QD(C) on D; and U®) are
given by:
(ﬁ@dﬁ@hi:2< é%@fﬁ(wmf (4.25)
s=0
* ~2S S
=7 |25 ) <dsi>2)
s=0
and
(B® vV7q) [y = (tPR®) (d2)? (4.26)

=7 (Y(2)(d2)?), k=12, € 0OU),

respectively. According to (4.25) and (4.26), for each 1-form 3 € A_ C AL, there exists a unique
quadratic differential ¥ € QD(C') such that

bR mrqg=m"V. 4.27)
Therefore, considering (4.19), there is an isomorphism between QD(C') and A_ C A16 given by:

L:QD(C) — A_ (4.28)
v

U — .
T™*q

The involution  : C — C induces an isomorphism

pe : Hi(C;C) — Hy(C;C) (4.29)

31



on the complex homology group H; (6 ;C) of C. The (8¢ — 6)-dimensional complex vector space
H 1(6 : C) splits into two eigenspaces H, and H_ corresponding to the eigenvalues +1 of .
Let
{a;,a},ar, b5, b7, bk, j=1,--,9; k=1, ,29—3 (4.30)

Jr7g0

be a set of 8g — 6 cycles on C providing a canonical basis of 1(6 ; C) such that
paty = a5, by = bj, i + ax = by + by =0,

and their intersection matrix is given by

a

a*

a N 0 Iyys3
ola a* a b b* bl =

b —I4g3 0

b*

b

Using the symplectic basis (4.30) of Hl(a; C), we construct a symplectic basis of the (2g)-

dimensional eigenspace H, C H 1(6’ ; C) in the following way:

1 * * N
Oéj:§<aj+aj), Bf=bj+0b;, j=1,---,g, 4.31)
where
at 0 I
1) |:Oé+ ﬁ+:| —
Bt -1, 0

In addition, the following 1-cycles form a symplectic basis of the (6g — 6)-dimensional eigenspace

H_ C H(C;C):

Oél_:—(al_az(), Bl_:bl_bzk7 l:17"'ag7 (4.32)

Oél_:dl—ga BZ_ZEl—ga l=9g+1,---,3g—3.
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Let {uj,u},tx}, j=1,---,9, k=1,---,2g — 3 be the normalized basis of Ala associated

with the canonical basis (4.30). To shorten the notations, we consider the following vectors:

U a b
U= |u e(Hl(A, )49_3, —|a*| ,B=|p 6<H1(5,6)>4_3 (4.33)
i a b

According to the definition of the bilinear period mapping
II: (H'(C;C))" x (H1(C;C))" = M(n,C), (4.34)

given by (1.32), we have
II(U,A) =1I4-5. (4.35)

The action of /i, on the vector A € (H(C;C))** is given by j,A = SA, where

0 I, 0
S=1I1, 0 0 ) (4.36)
0 0 —Iy s

Suppose the action of 1* on the vector U € (H'(C: C))* " is given by

1*U = SU. (4.37)
Since
I (*U, A) = TL(U, p.A) | (4.38)
we have
SI(U,A) =11 <§U, A) — TI(U,SA) =TI (U, A)S'. (4.39)
Therefore, using (4.35), we get
S=¢8"=8. (4.40)
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So the holomorphic 1-forms u;“ =u; +u;, j=1,---,g provide a basis of the eigenspace

A, whereas a basis of A_ is given by {u; },_, . where

+,39—3"

Ul—’LLZk, lzla"'aga
u = (4.41)

iy, l=g+1,---,3g—3.

Considering (4.35), the 1-forms {u;,u; } are normalized with respect to the 1-cycles {;", a; },

ut at I, 0
I : = : (4.42)
u - o O [3973
Since
I (uf, B7) =T (prul, B7) =T (u, pufBy) = =11 (uf, B7) (4.43)
ut B+ Bt 0
I : = , (4.44)
u- 6~ 0 B~

where BT € M(g,C) and B~ € M(3g — 3, C) are called the matrices of S-periods [7]. Let
B =1II(U,B) (4.45)

be the matrix of b-periods of {u;, uj, uy, } with respect to the canonical homology basis (4.30). We

have
+ B*
=TU and =TB, (4.46)
u” B~
where the matrix T is given by
I, 1, 0
T=1\1, -1, 0 . (4.47)
0 0 Iy3

So the matrix B is related to B* and B~ in the following way:
~ ut Bt

B=1I(U,B) =0T , T (4.48)
u” B~
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Consider the mapping 7, : H 1(6 ;C) — H,(C;C) induced by the canonical double covering
map 7 : C — C. Let {am, b}, .. , be the canonical basis of the homology group H;(C; C) of
C given by

Ay = 7Tu(ay) = me(ay,) and b, = m(by) =m (b)), m=1,---,g. (4.49)

m

Let the holomorphic 1-forms {v,.},,_, .. , be the basis of the g-dimensional vector space H°(C, Q2¢,)
normalized by fam Vn = Opm-
According to (4.16), the 1-forms 7*v,,, n = 1,--- , g are invariant under y, i.e. 7*v,, € A, C Ala.

So each 7*v,, has a unique expansion in the following way:
g
™, = chj uy, cp; €C. (4.50)
j=1

Using (4.42), the period of r.h.s. and Lh.s. of (4.50) over the 1-cycle ot , m = 1,--- | g are given
by

g g
I1 (Z Cnj uj, a?;) = Z cngll (uj, oz;:) = Chm 4.51)

j:l j:l
and

11 (7*vn, o) = I (v, Teryhy) = 11 (U, G) = Oy (4.52)

m

respectively. Thus, we have

n=1,---,g. (4.53)

Let B = [B,,,] be the matrix of b-periods of {v,} with respect to the homology basis {a,,, b,,},
where B,,,, = II(v,,, b,,), n,m =1,--- ,g. The matrix of ST -periods B" is related to B in the

following way:

B, = (uy, B5) =1 (v, B) =11 (v, m.5;%) (4.54)

nm n)»~rm

=211 (v, b,,) = 2B, -
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4.2 Variational Formulas
For integer g > 2, consider the stratum H,,_3 ([2*9~*]) consisting of the pairs (X, w), where X
is a compact Riemann surface of genus 4g — 3 and w is a holomorphic 1-form on X with 4g — 4

zeroes {Di};_q .. 4 44 Of multiplicity 2. Denote the set {p:} . ag_4 Of zeros by Z. Let

i=1,-

{a]7a;7akabj7b;76k}7 j:17797k:1772g_3 (455)

be a canonical basis, i.e.

a

a*

a . 0 Iyy—s
°ola a* a b b* bl = ,

b —Iyg_3 0

b*

b

of Hy(X;C) which, in the case of the pairs (X,w) = (C, /77q) € S (Q, ([1*7])) in the image
of the local embedding (4.9), coincide with the basis (4.30). Consider the paths {%z}m:z,m g4

connecting p; to p,, , m = 2,--- ;4g — 4, and not intersecting the cycles (4.55). The paths

{aj, a5, @, by, 03, b, Yty j=1,-+,g5 k=1,---,2g—3; m=2,--- ,4g—4 (456

» Vg

form a basis of the relative homology group H; (X, Z; C).

To shorten the notations, we denote the basis (4.56) by {s,}, _, . 5 911> where

Sj = aj, S4g—3+5 = bj s
Sg+j = Q5 S59—3+j = bja ]_17 19 (4.57)
52g+k = &k s 36973+k = bk s = 1, ,2g — 3,

k
S58g—7+m ‘= Tm m:27 749_4

The set of local homological coordinates {(,},_; .. 15,_;; On the stratum H,, 3 ([2977]) is given
by
Cn::/w, n=1,---,12g — 11. (4.58)
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Now consider the pairs (6 ,+/T*q) in the image of the local embedding

§+Q, (1) = Hayoa ([2977]) 459)

(C.q) = (C,V7q)
where 7 : C' — C'is the canonical double covering defined by the quadratic differential ¢ € QD(C)).
The canonical basis of Hl(a; C) is given by (4.30). Let Z = {]52-}2.217“. g4 De the set of zeros of

the holomorphic 1-form /7*q. Consider 4g — 5 curves
Y [0,1] 5 C, m=2--,4g—4 (4.60)
such that v,,,(0) = p1, ¥m(1) = Py, and they do not intersect the loops (4.30). The curve

Pm(t) = il telol (4.61)

p(ym(2—1) tel,2]

represents a 1-cycle in the absolute homology group H 1(6 ;C) of C for each m = 2, ,4g — 4.
Indeed, each 1-cycle ¢, can be decomposed into a linear combination of {ay, Bk} k=1, 293"
Using (4.4), we get
j{ VTrq = / Vg — Vg (4.62)
Pm m

p(ym)

= \/W*q+/ e (Vrq)
p(ym)

Tm

:2/ V.
Tm

Thus, for pairs (C, v/7q) € S (Q, ([1%74])), the local homological coordinates {Csg—74m}ms... 4g—s
are linear combinations of {Cag+, Cog—3+k } ;... 5,5 With half-integer coefficients.

Furthermore, we have

IT (\/W*q, a;) =11 (\/7?* ,u*aj) =11 (,u*\/w*q, aj) = —H( T*q, aj) , (4.63)
II (\/ﬁ*q, b;‘) =1I (\/W*q, ,u*bj) =1I (u*\/ﬂ* ,bj) —1II ( T, bj) )
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So the homological coordinates {(;, g+ s Cag—3+5» Csg-3+}j—1.... , Of €ach pointin S (Q, ([1*977]))

satisfy the following relations :

Coti = —Cis  Cog—3+j = —Cag—3+j, J=1,-,9. (4.64)

According to (4.64), the period 1 (1/77¢, o) of \/7%q on any invariant 1-cycle o € H, C H,(C,C)
is equal to zero.

Let {oy , 5, } be the symplectic basis of the (6g — 6)-dimensional eigenspace H_ C H,; (C;C)
given by (4.32). Put for brevity

T =Qp T3g73+l:ﬁf: l=1,---,3g—-3. (4.65)
The set of complex parameters

n =11 (vV7*q,r;), i=1,---,69—6 (4.66)

provides a system of local coordinates on S (Q, ([1*97%])) [7]. Our next goal is to study the varia-
tion of the matrices of 3-periods B* and B~ under the variation of the coordinate 7).

Let 7, be a small loop with positive orientation around the point p,,, € Z for each
m =2,---,4g — 4. The following set {s}},_, 15, ;; gives a basis, dual to (4.57), of the ho-
mology group Hl(é’\ \ Z C):

si=—=bj,  Si,_3y;i=ay,
Sgtj 1= _[j;a 859315 = a;, J=1,-,9g, 4.67)
S§g+k = —by, 32973% =ag, k=1,---,29—3,
Stg—Tem = Ym, M =2, 4dg—4.
The intersection numbers of the bases (4.57) and (4.67) are given by
s, 08 =0, nd=1,---,12g—11. (4.68)

Furthermore, the following set {ﬂ}Z:1 6g—6 gives a basis, dual to (4.65), of the eigenspace
H_ C H(C;C):
rn=—0, Tsgsu=0o , l=1--,3g-3, (4.69)
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where

fiorj:(Sij, Z,]:L,6g—6 (470)
Lemma 4.2.1. The following variational formula holds:

o |BT ut(ut)’ 0

, 471
Mi |0 B- VT 0 u(u”)! @b

wherei=1,--- ,6g — 6.

Proof. According to (3.14), the derivative of the matrix of b-periods B with respect to , is given
by

0 =
— B= uu’, 4.72
ICn fi; VT ( )

u

where U = |y E(Hl(a;((:)>4g3.

u

Using (4.48), (4.72) and (4.46), we get

12g—11

Lo s | =T(@8) o (ac?)
=T B)T!=T " —=—B T! 4.73)
on; 0 B~ om; nz on; \9¢,

=1

12g— 11(%” t
:T< 0771%\/_ )T

n=1

Gy
o \/_

ut(ut) 0
W NTC 0w

129 11

n= 1

where

¢,
v = Z afh- st (4.74)

is a 1-cycle in H; (5 \ Z:; C) :
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. u*(u*)t u*<u*)t . .. . .
Each entry of the matrices NG and == is an anti-invariant 1-form under the action of

11, whereas the small loop 7,, can be chosen invariant under p. Therefore, we have

1 u™t (u+)t 0 [0} (4.75)

Y VTG 0 u(u”)'
foreachm =2,--- 49 — 4.

Furthermore, the coordinates {Cn}n:17.., 86 depend to {n:} . 64_¢ in the following way:

i=1,-

G = —Cotj =1 5 4.76)
Cag—3+j = —C5g-3+j = %7739—3+j ) J=1-,9;
<29+k = Ng+k » (477)
Cog—3+k = Nag—3+k » k=1,---,29 3.
Thus, the 1-cycles {I/i}izl’”_ 646 can be simplified to the following form:
v, =b%—b;,
T 1] . (4.78)
Vag—3+j = 5(a; — aj), j=1-,g;
vork = by
gtk (4.79)
V4gf3+k:dk7 ]{7:1,,29—3
The relations (4.73), (4.78) and (4.79) leads to (4.71) forv = 1,--- ,6g — 6. [

The dimensions of the space Q, ([1*~*]) and the moduli space M, of compact Riemann sur-
faces of genus g > 2 are equal to 6g — 6 and 3g — 3, respectively. Therefore, there must exist

3g — 3 local independent vector fields {Wl}l:L__ defined on a neighbourhood of the point

- 3g—3>
(C,q) € Qg ([1*974]), which preserve the complex structure of the Riemann surface C. We use the
same notation {WW;} I=1. 393 for their image under the local embedding (4.9).

According to Torelli’s theorem [11], the vector field W, preserve the complex structure of '
if and only if W;(B) = 0,x,, where B is the matrix of b-periods of C. Using (4.54), we get the

following condition for W, which is equivalent to W;(B) = 0y, :

W, (B),) =0, nk=1,---,g;1=1,---,3g—3. (4.80)
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According to [9], the stratum Q, ([1*97*]) may have a hyperelliptic connected component. In
what follows, we only consider the non-hyperelliptic connected component of Q, ([1*~*]). The
following theorem, as the main result of the thesis, provide an expressionfor W;, [ =1,--- ,3g — 3,
as a linear combination of the local vector fields {9/0n; } i=1. 69—6 » o the non-hyperelliptic con-
nected component of Q,, ([1%97]).

Theorem 4.2.2. Let (C, q) € Q, ([1*97%)]) be a point in the non-hyperelliptic connected component
of the stratum Q, ([1*9~%]), where C'is a non-hyperelliptic compact Riemann surface of genus
g > 2 and q is a holomorphic quadratic differential with simple zeroes on C'. Let {m}izl’m 69—6
be the local homological coordinates, given by (4.66), in a neighbourhood of the point (C, q). The

local vector fields

o = 9
W=—+> B, —, I=1,---,3g—3 (4.81)
l ony ; t OM3g—3-+k

preserve the complex structure of C, where B~ is the matrix of B~ -periods given by (4.44) .

Proof. Let W;, l =1,---,3g — 3 be the local vector fields on S (Q, ([1*~*])) which preserve

B*. Consider the following expression of W in terms of the local vector fields {9/0n;},_; . 4, 4"

69—6

ZFh ,  l=1,---,3g-3, (4.82)

where F = [F;] is a (3g — 3) x (69 — 6) matrix of rank 3¢ — 3. Using (4.71), we can rewrite the

condition (4.80) in the following way:

6g—6

OB
0=W,(B) = Z Fll ot

6g—6

ZFM / sy ijf , (4.83)

where n,k=1,--- ,gandl=1,--- 39 — 3.
Let {vj}j:1 g be the normalized basis of the space of holomorphic 1-forms on C'. Since

u;“ =7"v;, j=1,---,g, considering the isomorphism (4.28), we have

whuf o (v,p)

= €A CAS. (4.84)
T™q T
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Since the Riemann surface C' is non-hyperelliptic, the quadratic differentials
UV, nk=1,--- g (4.85)

span the whole space of holomorphic quadratic differentials on C' [2]. So we deduce from equali-

ties (4.83) and (4.84) that each holomorphic 1-form w € A_ satisfy the following relation:

6g—6 69—6
H<w,ZFliﬂ>:ZFli/w:0, l=1,---,3g—3. (4.86)
i=1 i=1 T

Therefore, we have
6g—6
H<u;,ZFm):o, Lm=1,---,3g—3, (4.87)
=1

where {u%}m:h- 34_3 18 the basis of A_ given by (4.41).

Since F' is a full-row-rank matrix, we may assume, without loss of generality, that

F = [139_3 G] , (4.88)

where I3,_3 is the identity matrix and G € M(3g — 3, C). Thus, using (4.42) and (4.44), we can

rewrite (4.87) in the following form:

6g—6 39—3
I <u;w > Fu r) =1 (u,, —B;) +1I <u,;, > G a,;) (4.89)
=1 k=1
39—3

Z—Bﬁn+Zle5mk=0,

k=1

where [,m =1,--- ,3g — 3. So we have G = B~ and, by (4.88), we get (4.81). O
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Chapter 5
Summary and Outlook

The main results of this thesis are related to the variational formulas for the matrix of b-periods
on the moduli space of holomorphic quadratic differentials over compact Riemann surfaces.

We study the variational formulas of Ahlfors-Rauch type for the normalized Abelian differen-
tials and the matrix of b-periods on Hurwitz spaces and the moduli space of holomorphic Abelian
differentials.

We introduced the canonical 2-sheeted branched covering 7 : C—cC corresponding to a pair
(C, q) in the principal stratum Q, ([1*9~4]) of moduli space of holomorphic quadratic differentials.
The decomposition of the homology and cohomology groups of C into invariant and anti-invariant
subspaces under the action of the natural involution y : C — C was discussed.

We derived the variational formulas for matrix of b-periods of C' and C under variation of
the induced homological coordinates {7;},_; .. 5,_s on Qq ([1*'7*]). Also, we found a complete
on the non-

set of local vector fields {W;},_, . in terms of vector fields {0/0n;},_

'73973, 1’76976 ’

hyperelliptic connected component of Q, ([1*~*]) preserving the moduli of the base Riemann
surface C'.
The first open problem is to find the set of 3g — 3 vector fields on the hyperelliptic connected
component of Q, ([1*9~*]) which preserve the complex structure of the base Riemann surface C.
The second question is whether there exists a set of local functions {&;},_; . 5,_0on Qg ([1%77])

such that the vector fields {1/, } I=1. 393 have the following local expression:

0

I/Vl:a_&a

l=1,---,3g—3. (5.1)

In other words, the problem is whether the local coordinates on Q, ([1%97%]) can split into natural
3g — 3 coordinates on moduli space M, of Riemann surfaces and the coordinates {&;, - -+, &3,-3}

in the fiber of Q, ([1%971]) over [C] € M.

43



Bibliography

[1] W. Abikoff. The real analytic theory of Teichmuller space, volume 820 of Springer Lecture
Notes in Mathematics. Springer-Verlag, 1980.

[2] W. H. Barker. Noether’s theorem for plane domains with hyperelliptic double. Pacific Journal
of Mathematics, 70(1):1-9, 1977.

[3] W. Fulton. Hurwitz schemes and irreducibility of moduli of algebraic curves. Annals of
Mathematics, 90(3):542-575, 1969.

[4] A. Kokotov and D. Korotkin. Tau-functions on hurwitz spaces. Mathematical Physics, Anal-
ysis and Geometry, 7:47-96, 2004.

[5] A. Kokotov and D. Korotkin. Tau-functions on spaces of abelian differentials and higher
genus generalizations of ray-singer formula. J. Differential Geometry, 82:35-100, 2009.

[6] M. Kontsevich and A. Zorich. Connected components of the moduli spaces of abelian differ-
entials with prescribed singularities. Inventiones mathematicae, 153:631-678, 2003.

[7] D. Korotkin and P. Zograf. Tau function and the prym class. In Contemporary Mathematics,
Algebraic and geometric aspects of integrable systems and random matrices, volume 593,
pages 241-262. American Mathematical Society, 2013.

[8] L. Kra. Automorphic forms and Kleinian groups. W. A. Benjamin, Inc., 1972.

[9] E. Lanneau. Hyperelliptic components of the moduli spaces of quadratic differentials with
prescribed singularities. Comment. Math. Helv., 79:471-501, 2004.

[10] J. Lee. Introduction to smooth manifolds. Springer-Verlag, Inc., 2003.
[11] S. Nag. The complex analytic theory of Teichmuller spaces. John Wiley, Inc., 1988.

[12] B. Osserman. Branched covers of the Riemann sphere. Lecture notes.

44



