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ABSTRACT
Local Torsion on Elliptic Curves
Colin Grabowski

Let E be an elliptic curve over Q. Let p be a prime of good reduction for E.

We say that p is a local torsion prime if E has p-torsion over Q,, aﬁd more

generally, we say that p is a local torsion prime of degree d if E has p—tdrsion

over an extension of degree d of Q,.

We study in this thesis local torsion primes by presenting numerical evidence,

and by computing estimates for the number of local torsién primes on aver-

age over all elliptic curves over Q.
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Chapter 1
Introduction

Let F be an elliptic curve over Q. In [4], the authors present the following

conjecture.

Conjecture 1 Assume that E does not have complex multiplication. Fiz
d > 1. Then there are finitely many primes p such that there erists an

extension K/Q, of degree at most d with E(K)[p] # 0.

In [4] the authors showed that Conjecture 1 holds on average. They also
gathered numerical data that was supportive of the conjecture in the case
where d = 1, with £ having conductor of at most 1000. A key result to do
this was a criterion for distinguishing when an elliptic curve has p-torsion
over an extension K/Q,. The criterion involves the p-rank of elliptic curves
over the ring of Witt vectors for Which K is the field of fractions. By counting
the number of lifts to this ring of Witt vectors, of an elliptic curve over an

extension of degree d over IF, with p-torsion, David and Weston were able to
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show that Conjecture 1 holds on average.

In this thesis, we extend the work of [4] by looking at computational and
theoretical aspects of the questions raised in their paper. We first extend
their numerical evidence by gathering numerical data for d = 2 where E has
conductor up to 5000. This is performed with the MAGMA Computational

Algebra System.

We also investigate the properties of the primes p such that FE has -
torsion over an extension of degree d of Q,, where d is at most p — 1. In this
case, the size of d is allowed to grow wifh p, unlike the case of Conjecture
1 where d is uniformly bounded. We remark that it is trivial that F has
a p-torsion point of degree at most p? for each prime p of good reduction

2

by adjoining a root of the division polynomial ¢,. Then letting Eop : y* =

z° + az + b such that a, b € Z we show that

Theorem 2 Let A, B > %% for some ¢ > 0. Then

1
1B Z g, ,(2) = loglogz +0(1).
T lalzA '
jbj<B

In view of Theorem 2, it is not clear what to expect for the asymptotic be-
haviour of 7%;(z) for a fixed elliptic curve E over Q, and this raises interesting

avenues for future research.



The structure of this thesis is as follows: in Chapters 2 and 3, we develop
the background material needed to state the criterion of [4] which allows to
recognize when E has torsion over some extension K/Q,. In Chapter 4, we
use this criterion (Lemma 56 of Chapter 4) to gather numerical data for the
cases d = 1 and d = 2. In Chapter 5, we investigate nz(x) on average over

all E/Q and present the proof of Theorem 2.



Chaptef 2

Backgound

2.1 p-adic Fields

As we will later be looking at velliptic curves over p-adic fields we first need

to look at the theory of p-adic fields. To do this we first look at valuations.

Definition 3 Fiz a prime p € Z. The p—adicv valuation on 7. is defined by

the function
vp:Z—4{0} >R

which for each z € Z — {0} is defined as follows, let v,(x) be the unique

non-negative integer satisfying

z=p" Dz withpta'



One extends 1, to Q in the following way. If z = a/b € Q*, witha,b € Z
such that ged (a, b) = 1, then v,(z) = v,(a) — v,(b). It is also convention to

set vp(0) = co. This valuation has the following property.

Lemma 4 Forallz,ye Q
i) vp(zy) = vp(x) + p(y)

i) vp(z +y) > min{vy(z), vp(y)}

Proof. i) Denote © = a/b,y = c/d where pt b,ptd. Then a = p*[[, p%*,b =
Hip{",c = p[L, P}, d = ]—[;pi" where p; are primes not equal to p, and

e,ei, fi, 9,9, h; € Z.. Then

vley) = vlr)

— uy(ac) = vy(bd)
but as p{b, and p{d, v,(bd) = 0. So consider v,(ac).

ac = ped [ peto
— pe+g l_i pfi+gi
= pp’ H pite
- p'/(a)p:(’C)AH pites

= OO ] it
%

5



So v(zy) = v(x) + v(y).

ii)Let z = p°§, and y = pf§ such that pta,b,c,d with a,b,c,d, e, f € Z.

‘Now if e = f then

C.a  c,
Tty = p(g+&)
. (ad + bc)
P

so vp(z +y) > e as p{bd. Now let e # f and let f > e. Then

= (% fef
vty = P +p7°7)
. (ad + p’~¢bc)
P
Then as f —e > 0 and p { ad, one has that v,(z+y) = e = min{y,(z), v,(y)}.
Note that by the convention for 1,(0) the case where are least one of = or y
is zero is trivial.

Definition 5 An absolute value on a field K is a function
[|: K =R

that satisfies the following properties:
i) |z =01if and only if x =0



i) lzyl = |zlly| for all z,y € K

i)z +y| <|z|+ |y| forallz,y € K

If an absolute value on K satisfies the following additional condition then we
say that it in non—archimedéan:

w) |z + y| < maz{|z|, |y|} for allz,y € K

otherwise we say that the absolute value is archimedean.

Note that the trivial absolute value is defined as |z| = 1 for all z # 0. We

now use the above valuation to define the p-adic absolute value.

Definition 6 For dny z € Q, define the p-adic absolute value of z by

lxlp = p—up(z)

if £ # 0, and set |0, = 0.

Definition 7 A metric on a set X is a function d : X x X = R. For all
z,y,z € X this function must satisfy the following conditions,

i) d(z,y) =0 if and only if z =y, d(z,y) > 0

i) d(z,y) = d(y,z)

iit) d(z, z) gd(m, y) + d(y, 2).

In addition a metric is called'ﬁon-archimedean if it satisfies

w) d(z, z) < maz(d(z,y), d(y, 2))-



One notes that by the Lemma above the function | |, is a non-archimedean

absolute value on Q

Definition 8 Let K be a field and | | and absolute value on K. We then

define the distance between two elements x,y € K by d(z,y) = |z — y|.

This distance function d(z, y) is called the metric induced by the absolute
value. Then as all metrics define a topology, we now have a topology on K.
But first we note that if | | is a non-archimedean absolute value, then for any

z,y,2 € K, d(z,y) < max {d(z, 2),d(z,)}.

Definition 9 Let K be a field with absolute value | |. Let a € K, r € RT.

Then define the open ball of radius r and center a to be the set

B(}a.7 r) = {z€K |‘d(x,d) <r}

Define the closed ball of radius r and center a to be the set

Bla,r) = {z€ K |d(z,a)<r}.
These sets define a topology on the field K. The topology defined has
the following property.

Proposition 10 If| | is a non-archimedean absolute value then the set B(a,r)

s both open and closed.



Proof. All that needs to be shown here is that B(a,r) is closed as it has
been defined to be an open set. So let z be in the boundary of B(a,r).
Choose a number s such that 0 < s < r, and consider B(z,s). As z is
in the boundary B(a,r)|J B(z,s) 75. 0. Solet y € B(a,7)|JB(z,s). This
implies that |y — a] < r and |y — 2| < s < r. But then as we are using a

non-archimedean absolute value, we get that

|z —al < max{lz -yl |y~ al}
< max{s,r}

< ro

So z € B(a,r), and all boundary points of B(a,r) are elements of B(a,r). m
Note that similarly if r # 0 then the set B(a,r) is also both open and
closed.

Definition 11 Two absolute values | |1 and | |2 on a field k are said to be

equivalent if they define the same topology on k.

Definition 12 Define the absolute value | |o on Q by |z} =z if z > 0 or

lz]= -2z if 2 <0. -

Theorem 13 (Ostrowski) Every non-trivial absolute value on Q is equiva-

lent to one of the absolute values | |,, where p is either a prime or p = co.



Proof. See [5] Gouvea 313 m

In order to define the p-adic numbers we will first need to define and look

at the properties of Cauchy Sequences.

Definition 14 A sequence (z,) in a field with | |, is as Cauchy Sequence if
for every positive real number e; there is a positive integer N, such that for

any m,n>N
|Zm — ZTn] < €.

Lemma 15 A sequence (z,,) of rational numbers is a Cauchy sequence with
respect to a non-arcimedean absolute value | | if and only if

Hmy, o0 [Tnog — Ln] =0.

Proof. Let m = n+r, for r > 0. Then

Ixm - mnl = lxm — Tngr—1+ Tngr—1 — Togr—2+ ... + Tny1 — xnl

< m&X{liL‘m - xn+r—1i, I-Tn+r—l - xn+r——2’, ceey lxn+1 - xnl}

So the result follows. m

Let | | be a non-archimedean absolute value on Q. Then we define CS to

be the set of all Cauchy sequences of Q with respect to | |, and NS to be the -
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set of all sequences (z,,) in Q such that lim,_|z,| = 0. Then we can note

that NS C CS. Also we can add and multiply elements of CS as follows,

(Zn) + (Wn) = (Zn+ya)

(a) X (yn) = (Znym)- 4

Proposition 16 Wiih addition and multiplication defined as above CS is a

commutative ring.

Proof. It is easy to see CS has zero element O¢s = (0), and identity element

lcs = (1). Now consider (z,y,). We have that

l$n+1yn+1 - $nyn| = |$n+1?/n+1 — Tnt1¥Yn T Tnt1Yn — xnynl
. < max{|93n+_lyn+l - xn+lynla '$n+1yn - -Tnynl}

= max{lxn+1”yn+l - ynl: lyn”xn+l - x'n!}

As well we have that

l(xn-{-l + yn+1) - (xn + y—n)l = !(x'rH—l - xn) + (y‘rH-l - yn)l

< max{|znt1 — a)l, {(Wne1 — va)l}-
So the sequences (z, + yn) and (z,y») are elements of CS. The rest of the -

commutative ring properties follow. m

Lemma 17 NS is a mazimal ideal of C'S.
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Proof. First we will show that NS is a ideal of CS. To see thislet (z,) € NS
and (y,) € CS, and consider (z,y,). As (y») is a Cauchy sequence its terms
are bounded, hence as (z,) — 0, then also (z,y,) = 0. So (z.yn) € NS,

and in the same way one sees that (y,z,) € NS, and thus NS is an ideal.

Now we need to show that NS is maximal. Let (z,) € CS be a sequence
such that lim|z,| = a # 0. Then there exist b > 0 and an integer N such
that |z,| > b > 0 for n > N. Now define a sequence (y,) by letting y, = 0 if

,n<N,andyn:;1;forn2N. As
[yn+1 — yn| = |m—nl+; — o] < =% 0. Now consider (z,yn), it is zero for
n < N, and 1 for n> N. So (1) — (znyn) tends to zero, and is thus in NS.

So (1) can be seen as a multiple of (a:n) plus an element of NS, and is thus an

element of the ideal generated by (z,) and NS. So NS is a maximal ideal. m

Now that we have considered Cauchy sequences and their properties we

are ready to define the p-adic numbers and to consider their properties.

Definition 18 We define the field of p-adic numbers to be the quotient of
the ring CS by the ideal NS, Q, = CS/NS.

We notice that two different constant sequences never differ by an element
of NS. Thus we have an inclusion Q — Q,, by sending z € Q to the

equivalence class of (z).
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Lemma 19 Let (z,) € CS, (z,) ¢ NS. Then the sequence |z,,| is eventually

stationary.

Proof. As (z,) ¢ NS then there exists a > 0 and N; such that for n > Nj,
|zn] > a. But as (z,) is a Cauchy sequence we know that there exists an
interger N, for which if n,m > N, then |zn —'xml < a. Then replacing
Ny, and Ny with max{N;, N2}, we have that for n,m > N, |z, — 2| <
max{|zy,|, |zm|}. But this implies that |z,,| = |zn + Tm — Tn] = |z} as our

absolute value is non-archimedean. =

Definition 20 If a € Q,, and (z,) s ¢ Cauchy sequence representing a,

then define la] = lim,yoolTnl.

Note that this is well-defined as if there are 2 Cauchy sequences, (z,,) and
(yn), representing a, then they differ by an element of NS, so lim, ;o T, =

limy, 500 Yn, which implies
nmn——-)oolxnl = hmn—molyn'

We will now look at extensions of the p-adic numbers, as later we will be

looking at elliptic curves over these extensions.

Claim 21 For each n > 1 there ezists an extension of Q, which has degree
n and is generated by the n Toots of the irreducible polynomial which generate

the -ﬁm’que extension of degree n of I,

13



Proof. The claim follows directly from the three claims and corollary that
follows.

Claim 22 Suppose f(zx) € Z,[z] factors in Q,, in a non-trivial way, such
that f(z) = g(z)h(z) with g(z), h(z) € Qy[z] and non-constant. Then there

exists non-constant go(z), ho(z) € Z,[x] such that f(z) = go(z)ho(z).

Proof. If k(z) = anz™ + ... + a1 + ap € Qpz] is any polynomial define
w(k(z)) = mings;>ntp(a;). Then for a € Q,,_ one has that w(ak(z)) = vp(a) +

w(k(z)). As well k(z) € Z,|z] if w(k(z)) >0. =
Claim 23 If Claim 22 is true forw(f(x)) = 0 then it is true forw(f(z)) > 0.

Proof. By the definition of w there exists a € Q such that w(f(z)) = —v,(a)
by letting a be the inverse of the coefficient with the smallest valuation. -
Then as f(z) € Z,lz], a=! € Z,, and from above w(a(f(z))) = 0. Set
f(@) = af(2), §(z) = ag(z). Then f(z) = §(z)h(z) with w(f(z)) = 0. Then
by the assumption of the Claim f(z) = Go(z)Ho(z) where Go(z), Ho(z) €
Z,|z). This implies that f(z) = a~!f(z) = a~'Go(z)Ho(z). As a~! € Z,,
go(z) = a 1Go(x) is in Z,[x] and f(z) factors into f(x) = go(x)Ho(z) as

desired. =
Claim 24 Claim 22 is true for w(f(z)) = 0.

Proof. Assume w(f(z)) = 0. Then as above there exists b, c € Q, such that

w(bg(z)) = 0 and w(ch(z)) = 0. Let ’j(x) = bg(z), h(z) = ch(z) and f(z) =

14



bef(z) = §(z)h(z). Let g(z), h(z) and f(z) be the reduction of g(z), h(z) and
f(z) modulo p respectively. Then g(z), h(x) € F,[z] are non-zero and hence
f(z) is non-zero. Thus w(f(z)) = 0 the above implies v,(bc) = 0, giving the
fact that be is a p-adic unit.And so let f(z) = (bc)=1f(z) = (bc)~'5(z)h(z).

Letting G (r) = (bc)~1g(x) gi\}es the desired result. m

Corollary 25 If f(z) € Zy|z] is a monic polynomial whose reduction modulo

p is irreducible in Fplx]. Then f(x) is irreducible over Q,

Proof. If f(z) factors over Q, then it factors over Z,. Then reducing the.
factorization modulo p gives a factorization over F,.

2.2 Witt Vectors

As well as looking at elliptic curves over p-adic fields we will also be con-
cerned with elliptic curves over Witt vectors. Thus we will now define and

consider the properties of Witt vectors.

Let p be a prime and (Xg, X1, ...Xn, ...) a sequence of indeterminates, and

define the following to be Witt polynomials,

15



Wo(X) = Xo
Wi(X) = Xg+pXa

Wa(X) = X +pXP+p°X,

Wa(X) = > pixF

Now consider the ring Z[p~], then the X; can be expressed as polynomials
in the W; where the coefficients are elements.of Z[p™Y]. For example, Xy =
Wo, X1 = p W) —p W, Now let (Yo, ..., Ya, ...) be another sequence of

indeterminates.

Theorem 26 For every ® € Z[X,Y], there exists a unique sequence
(©0, .-s Pn, ...) of elements of Z[Xy, ..., Xn,...; Yo, .., Yn, ...] such that;
Wl o, -y s ) = B(Wa(Xo, o), Walla, ),
forn=01,...
Proof. See [9] Serre m
We now use the above theorem to define “addition>polynomials” So, ---Sn,y -
which are the polynomials ¢y, ..., ¢n, ... &8ssociated with the polynomial

®(X,Y)=X+Y We can also define a product by Py, ... P,, ... which are the

polynomials o, ..., ¢n, ... associated with the polynomial ®(X,Y) = X xY

16



Now let A be a commutative ring, and let a = (ay, ..., ay, ...),

b= (by, ..., by, ...) be elements of AN. Set

a+b=(So(a,b),..., Snla,b),...),
a x b= (Po(a,b),..., Pula,b),...)

Theorem 27 The laws of composition above make AN into a commutative
unitary ring (called the ring of Witt vectors with coefficients in A and denoted

W(A)).
Proof. Define a map

W, W(A4) — AV

by assigning to a Witt vector a = (aq, ..., @n, ...) the element of the product
~ring AN having W,(a) as the n™ coordinate. Then from the definitions
of the polynomials S and P we see that W, is a homomorphism. W, is
an isomorphism if p is invertible in A, and hence in this case W(A) is a
commutative ring with unit 1 = (1,0, ..., 0, ...). Then if the theorem is proved
for a ring A, it is also true for every subring and quotient ring. As it is true
for every polynomial ring Z[p~!][T,], where T, is a family of indeterminates

, it is true for Z[T,] and thus for all rings. m

Example 28 So first 3 addition polynomials are as follows.
So(a, b)'= ag + by

Si(a.b) = ay + by + (B0t

17



2 2 2 aB+b8—(ag+by)P
N (paf +pbi+ap +bf —aotbo)?” +play+by +(-0—L————
52(0’7 b) - (a'2 + b2 + i )

)P
)

Now let W,,(A) be the set of vectors (ay, ..., an—1) with n elements. As the
polynomials_ap only deal with variables of index < i we see that W, (A) forms
a ring, which is a quotient of W (A), and is called the ring of Witt vectors of
length n. Then W(A) is the projective limit of the rings W,,(A) as n tends

towards infinity.

Definition 29 Let A be a commutative ring with identily equipped with a

topology defined by a decreasing sequence
..az D az D ay.

of ideals such that anGm = Gnem. Then we say that A is a p-ring if the
following conditions hold

i) The residué ring k = A/ay is a perfect ring of characteristic p

1t) The ring A is Hausdorff and complete with respect to its topology

If in addition the topology on A is defined by the p-adic filtration a, = p"A

and p is not a zero divisor of A we say that A is a strict p-ring.

. Theorem 30 Ifk is a perfect ring of characteristicp, W (k) is a strict p-ring

with residue ring k.

Proof. See [9] Serre m

18



Note that Z, is a strict p-ring with residue ring I, so as a direct corollary

of the above theorem we have that W (F,) = Z, and that W, (F,) = Z/p"Z.

19



Chapter 3

Elliptic Curves

In order to get the results we desire, we will need to consider elliptic curves
over various fields and rings. In order to do this we will now look at the

theory of elliptic curves in various situations.

3.1 Elliptic Curves

We begin our exploration of elliptic curves by defining and considering the

basic properties of elliptic curves.

Definition 31 An elliptic curve is an abelian variety of dimension 1. Any

20



such curve E, defined over a field K, has a plane cubic model of the form
Y +ary+ay = 224 a2’ + agx + as, (3.1)

where £ and y are coordinates in the affine plane and the coefficients a; are

w the ground field K.

Note that we call the above equation a Weierstrass equation as in char-
acteristic # 2, 3 then we can replace z, and y by

2 |
p=z+0HE =2+ aic+as,

and so (3.1) becomes a curve of the form

(P')? =4p® — gap — 93

The curve (3.1) has a unique point at infinity in the projective plane, that
we call 0 = (0 : 1:0). Given a curve defined by an equation in the form
(3.1) we make the following definitions
by = a? + day
by = ajas + 2aq4
be = a§ + 4ag
bs = bag — ajazas + a.2a§ — a?
cs = b3 — 24by(= 12¢g,)

A = —b3bg — 8b3 — 2762 + Ibsbabe(= g3 — 2743)

3 .
Ca

j=z

21



Definition 32 The quantity A from above is called the discriminant of the

Weierstrass equation, j is called the j-invariant of the elliptic curve E.

Definition 33 We say that an elliptic is singular if A =0, it has a node if
A=0andcy #0, it has a cusp if A = ¢4 =0.

One might wonder if the Weierstass equation is unique given an elliptic
curve. If we assume that the line at infinity intersects F at only (0:1:0),
then the only change of variables that fixes infinity and keeps the Weierstrass

form of the equation is

z = u?z +r,

y=udy +ulsz +1,

with u, 7, s,t, € 'I—(-,- u # 0. If the elliptic curve is in the form (p')? = 4p° —

g2p — g3 then the only change of variables is even simpler, it is

for some u € K .

Definition 34 (Group Law) Let E be an elliptic curve given by a Weier-

strass equation

E:y® 4+ aizy + asy = 2% + axz® + as7 + as.

22



i) Let Py = (z0,y0) € E. Then — Py = (o, —yo — a170 — a3)-
Now let P + P, = P; with P; = (x,-,yi) E E.
i) If x1 = z9 and y1>+ y2 +a1xa +a3 =0, then Py + P, = 0.

Otherwise let

A — ¥2—y v = Yizx2—ya23 Zf 1 7& To;

T2—x1’ T2—T1
_ 3z}+2acmitas—e1yn | _ —ziteszi+2e6—azy _
A= Zyptmaites VT 2y1+a1z1+a3 i 21 = 25

ii’i) P3 = P1 + P2 8 gi'ven by

a:3=/\2+a1)\—a2——x1—.7:2,_

Y3 = —()\-l—a]):):;; —V — as.

Definition 35 Let Ey, E» be elliptic curves over a field K. A morphism

from Ey to Ey is a rational map which is regular at every point of E;.

Theorem 36 Let E/K be an elliptic curve. Then the above equations giving

the group law on E define morphisms.

+:ExFE—-E, and —:E—F

(PI,Pg)—)P1+P2 . P— —-P

Proof. Let us first consider the subtraction map,
(I) y) - (l', —y—-—azr - 0,3).

23



We see that it as a rational map, and as E' is smooth, it follows that it is a
- morphism.

Now we fix a ) # 0 and look at the ”translation by 7 map,

. T:E—> F
T(P)=P+ Q.

From the group law above we see again that it is a rational map, and thus
as £ is smooth, it is a morphism. We also see that as it has an inverse,

P — P — (@, it is an isomorphism.

Finally we deal with the general addition map + : Ex E — E. By
inspection we see that it is a morphism, except possibly for pbints of the
form (P, P), (P, —P), (P, 0), (0, P), since it is for these points that the rational

h

funtions

— Y¥2-W — nx2—-y271 .
A= PP V= To—1 if Ty §é ZT2;

are not well-defined. To see that we still have a morphism we let 7; and
T2 by translation maps defined above for the points 1 and Q. respectively.

Consider the composition of maps

+ 1 71

¢ ExEXExE E E E.

As the group law on F is both associative and commutative, the effect of

these maps is as follows:
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(PLP)— (PA+Q,Po+ Qo) —> P+ Q1+ P+ Q,

P+ P+ Qs

P 1 + P 2-
Now as the 7/s are isomorphisms, we see that ¢ is a morphism except possibly

at points of the form (P — Q1,P — Q2), (P—Q1,—P - Q2), (P~ Q1, —Q2),
(—@Q1, P — Q2). But as @1, and Q, were chosen arbitrarily, by varying Q,

and (J2 we get a set of rational maps
¢1>¢27"'1¢n ExXE—F

such that

(a) ¢1 is the addition map defined above.

(b) For each (P, P,) € F x E, some ¢; is defined at (P, P;). (c) If ¢; and
¢; are both defined at (P1, P,) then ¢;(P1, P) = ¢;(Py, Py).

It follows that addition is defined on all of F x E, and so is a morphism. m

We now consider the relationship between two elliptic curves.

Definition 37 Let Ey and F; be elliptic curves. An isogeny between E; and

E; isa mbmhism
¢ . El — E2

such that ¢(0) = 0. Then E; and E, are 1sogenous if there exists an isogeny

between them with ¢(E) # {0}.
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Now as elliptic curves are grbups the maps between them form groups.

Hence we can let
Hom(E}s, E;) = { isogenies ¢ : E; — E»}

Then the above addition law implies that Hom(F,, F») is a group under

the addition law,

(¢ +)(P) = ¢(P) + ¢(P).
Then if F; = F> we can compose isogenies. So for an elliptic curve E we let

End(F) = Hom(E, F)

be the ring with multiplicat.;lon defined by composition
(¢9)(P) = ¢(1/J(>P))
Then for m € Z we can define the multiplication by m isogeny,
[m]:E— E,
in the obvious way. For m > 0 then
[m](P) =P+ P+ ...+ P (m terms).

If m < 0 then we let [m](P) = [-m](—P), and for m = 0 we have [0}(P) = 0.

Definition 38 Let E(K) be an elliptic curve over a field K and m € Z,
m # 0. The m-torsion subgroup of E(K) , denoted by E[m], is the set of

points of order m in E(K).
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E[m] = {P € E(K) : [m]P = 0}

The torsion subgroup of E(K), is the set of points in E(K) which have finite

order, and is denoted E;, .

Definition 39 Suppose that char(K') = 0, then if End(E) is strictly larger

then Z we say that E has complex multiplication.

3.2 Elliptic Curves over Local Fields

We now start to look at elliptic curves in more specific situations that we
will need later. We start with looking at elliptic curves over local fields. To

start we must first consider local fields.

Definition 40 4 local freld is a field that is complete with respect to a dis-

crete valuation, and which has a finite residue class field.

Examples of local fields include finite extensions of the fields @,. When
working a local field K which is complete with respect to the valuation v one
uses the following notation.

i) R the ring of integers of K, R = {z € K|i(z) > 0}
ii) R* the unit group of R, R* = {z € K|v(z) = 0}

iii) M the maximal ideal of R, M = {z € K|v(z) > 0}
iv) 7 a uniformizer for R (M = 7R)

v) k the residue field of R, k = R/M
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Note: this notation will be used throughout this section.

In the case where K = Q,, the ring of integers is Z, = {z € Q,|v(z) > 0},
the unit group is Z} = {z € Q,|v(z) = 0}, the maximal ideal is pZ, = {z €
Qplv(z) > 0}, the uniformizer .is 7 = p , and the residue field of Z, is

k=1Z/pL.

Now that we have defined local fields and considered their properties we
may start to look at elliptic curves over them.

Let E/K be an elliptic curve with a Weierstrass equaﬁion
2 _ .3 2 -
Yy +aizytazy = z°+axr”+asx+ae

By replacing (z, y) by (1v=2°,u~%) , each a; becomes u'a;, so by choosing
a u that is divisible by a large power of 7, we can find a Weierstrass equation
with all @; € R. Then as the discriminant A has v(A) > 0, and as v is

discrete, we can find a equation with ¥(A) minimized.

Definition 41 Let E/K be an elliptic curve. A Weierstrass equation s
called a minimal Weierstrass equation for E at v if v(A) is minimized, with
all a; € R. Then the value v(A) is called the valuation of the minimal

discriminant of E at v.

If we have a Weierstrass equation we can find out if it is a minimal equa-

tion as we know the a;s have to be elements of R, thus A € R. So if our
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equation is not minimal then there is a change of coordinates which gives
a new equation with discriminant A’ = u™2A € R. So v(A) can only be
changed by multiples of 12. Thus an Weierstrass equation is minimal if all

a; € R and v(A) < 12.

As was said above v is discrete so one can always find a Weierstrass equa-
tion with all a; € R, such that v(A) < 12. So every elliptic curve over K has

a minimal Weierstrass equation.

We will now consider the relationship between an elliptié curve over a

local field, and it’s residue field.

Now let us coﬁsider reduction modulo 7, which we will denote by a tilde.
Given a minimal Weierstrass equation for the elliptic curve E/K, we can
reduce the coefficients modulo #. By doing this we get a curve over k,
E : y2+ dioy + Gay = 2 + @32° + daz + Gg. E is called the reduction
of E modulo 7. Then if P € E(K) we can find homogeneous coordinates
P = (zo : 5o : 20), where z¢, 90,20 € R and at least one of the coordinates is
in R*. Then the reduction of P, P = (g : Jo : Zo) is in E(k). So we havea

reduction map

E(K) — E(k)

P - P
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Definition 42 Let E be a curve given by a Weierstrass equation. A point
P = (xo,y0) satisfying the Weierstrass equation f(x,y) is a singular point
on E if %(P) = %(P) = 0. The non-singular part of E, denoted E,;, is the

set of non-singular points of E.

Proposition 43 Let E be a curve given by a Weierstrass equation with dis-
criminant A = 0 (E has a singular point). Then the group law on elliptic

curves makes E,; into an abelian group.

Proof. see [10] Silverman section I1I prop 2.5 m

Thus for all elliptic curves E,,; is a group, as if F is given by a Weierstrass

equation with discriminant A # 0, the E,; contains all points of E. So for

‘the curve E/k,we see that E,.(k), is a group, and we make the following

definition.

Definition 44 We define the set of points of non-singular reduction, Eo(K)
{P € E(K)|P € Ens(k)}. We also define the kernel of reduction, Ey(K) =
{P € E(K)|P =0}.

These sets of points are related in a quite nice way, as below shows.

Proposition 45 There is an exact sequence of abelian groups
0 — Ey(K) = Eo(K) — Ens(k) = 0,

where the right-hand map is reduction modulo =.
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Proof. First we will let us look at E(K) and Ens(k), the group laws for
these groups are defined by taking the intersection of the curve with line in
P? (where P? is projective 2-space). As the reduction map P?(K) — P2(k)
takes lines to lines, hence it follows that Eo(K) is a group, and that the map
Fo(K) — Ens(k) is a homomorphism. Then from the definition of E1(K) we

- have exactness at the left and center.

Let E have a minimal Weierstrass equation

3

flz,y) = ¥ + a1zy + asy — 2° — ap2® — asz — ag = 0,

with f(fcy) the corresponding polynomial with coeﬁcients reduced modulo
7, and P = (a, B) € Ens(k) any point. As P is non-singular, it follows that
either g_gﬁ(,;) # 0 or %(13) # 0. Wlog we will assume 2—5(13) # 0. Then let
Yo € R such that yo = B, and consider the equation f(z,yo) = 0. When it
~ is reduced modulo 7 is has « as a simple root, as %;(a-, 90) # 0.. Thus by
Hensel’s lemma, the root & can be lifted to an zo € R such that £5 = o and
f(xo,y0) = 0 Thus the point P = (xo,y0) € Eo(K) reduces to P, and we

have exactness of our sequence. m

3.3 Elliptic Curve Over Finite Fields

We will now consider what happens when we have an elliptic curve over a

finite field. We want to know the number of points that the elliptic curve
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could have over a finite field, to do this we must first look at isogenies be-

tween elliptic curves.

Definition 46 Let F, E5 be elliptic curve defined over a field K, let K(F)
be the function field of E/K, and let ¢ : E1 — E» be a map of curves. A

non-constant ¢ induces an injection of function fields firing K,
(f)* Z K(EQ) — K(El)

If ¢ in not constant, then ¢ is said to be finite, and we define its degree

by
degp = [K(Ey) : ¢* K (Ez)]

We say that ¢ is separable if the extension K(Eh)/¢* K(Es) is separable, and

denote the separable degree of the extension deg,¢

Lemma 47 Let Fy, Es be elliptic curves, and let ¢ : E; — FEs be a non-
constant isogeny. Then for every Q € Ez, #¢™! = deg,¢. As well assuming
¢ ts separable, then #kerg = deggp.

Proof. Let Q, Q' € F5>. Then let us choose a S € E; such that ¢(S) = Q'—Q.

Now as ¢ is a homomorphism, there is a one-to-one correspondence

$71(Q) = o~UQ)
PP+ S
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Thus #¢~(Q) = deg,g.
Now consider if ¢ is seperable, as we just saw #¢~1(Q) = deg ¢, so by setting
@ = 0 we have #ker¢p = degp m

For the following let ¢ = p™ for a prime p, K be a finite ficld with ¢

elements and let £/K be an elliptic curve.

Proposition 48 Let E be defined over Fy, let ¢ : E — E be the ¢'"-power

Frobenious éndomorphism, and let m.n € Z. Then the map
m+ neo E—F
is separable if and only if p 4 m. In particular the map 1 — ¢ is separable.

Proof. Let w be an invariant differential on E. A map ¢ : E — FE is
inseparable if and only if ¢¥*w = 0. Then we compute that (m + n¢)*w =
mw + n¢*w, and as ¢*dr = d(z?) = 0 we have that ¢*w = 0. So

(m+ nd)w = mw.

As mw = 0 if and only if plm, which gives the result. m

Definition 49 Letp be a prime. Let a,(E) be the integer such that # E(F,) =

p+1—a,(E).
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We now have enough background to estimate the number of points an

elliptic curve can have over a finite field.

Theorem 50 Let E/K be an elliptic curve defined over the field with q

elements. Then
[#E(K)—q—1] <2\/q.
Proof. Fix a Weierstrass equation for E with coeffiencients in K, and con-
sider the qth-poWer Frobenius morphismn, defined by
¢:E—=F
(z.y) = (2%, y9).

Now the Galois group G /K 1S topologically generated by the gt"-power map
on K, so we see that for a point P € E(K), P € E(K) if and only if
o(P) = P. Thus

E(K) = ker(1 — 9),

which implies that #E(K) = #ker(1 — ¢) = deg(1 — ¢) as 1 — ¢ is separable.
The degree map on End(F) is a positive definite form, and degd = ¢. So

consider the following version of the Cauchy-Schwarz inequality.

Lemma 51 Let A be an abelian group and d : A — Z a positive definite

quadratic form. Then for all o, 3 € A,

d(c = B) — d(a) — d(3)] < 2y/d(a)d(B).
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By applying this inequality to deg(1 — ¢) we get the desired result. m
Now if we let Fy, E; be elliptic curves, let ¢ : £y — E; be an isogeny

with dual (Z and let m = degp. Then by the definition of the dual isogeny

amj): [m] on E;.

Proposition 52 Let E/K be and elliptic curve. Then either
E[p®] = {0} for alle=1,23,...; or

E[p®| =2 Z/p°Z for alle =1,2,3, ....

Proof. Let ¢ the the p**-power Frobenious morphism. Then

#E[P] = deg,[p°]
= (deg,(¢ o 9))°

= (deg,$)°

where the last equality coming from the fact that ¢ is purely inseparable.
Then as dega = deg¢ = p, there are two cases.. If $ is inseparable, then
deg,4 = 1, thus #F[p] = 1 for all e. The other case is if ¢ is separable, then
deg,® = p, thus #E[p°] = p* for all e. Which implies that Elp¢] = Z/p°Z. =

3.4 Elliptic Curves over Rings

Not only will we need to consider elliptic curves over fields, but we will also

need to look at elliptic curves over rings. We will follow Lenstra’s paper (6]
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for our definitions in this case. As rings have less structure then fields, there

are more requirements for defining elliptic curves over rings.

Let n > 0 be a positive integer. Consider the set of all triples (z,y, 2) €
(Z/nZ)? for which z,y, z generate the unit ideal of Z/nZ; Then the group
of units (Z/nZ)* acts on this set by u(z,y,2) = (uz,uy,uz). Denote by
(z :y : z) the orbit of (z,y, z). and denote by P*(Z/nZ) the set of all orbits.

For a,b € Z/nZ consider the curve F = E,; defined over Z/nZ by the
equation y* = 2% + az +b. The set of points E(Z/nZ) of a curve over Z/nZ
is defined by |

E(Z/nZ) = {(z :y: z) € PX(Z/nZ) : y*2 = 2® + azx2® + b2°}.

If 6(4a® + 27%) € (Z/nZ)* then E is called an elliptic curve over Z/nZ.
Note that if 2|n or 3|n then 6(4a® + 27b?) ¢ (Z/nZ)*, and thus the following
does not apply‘ in these céses. Note that this was not the case when we were
dealing with fields.

Now before we define an addition algorithm we need to define the ”point
at infinity”. Denote by 0 the point (0 : 1 : 0) € P%(Z/nZ). Then let the

subset V,, of P?(Z/nZ) be the set of "finite” points together with 0.

Va={(z:y:1): 2,y € (Z/nZ)} | {0}

For P € V,, and a prime p such that p|n denote by P, the point of P?(F,)
obtained by reducing the coordinates of P modulo p. Note that P, = 0,, if
and only if P = 0. |
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We now define an algorithm which we will use to add points on our curves.
Given n > 0, an integer, a € Z/nZ and P,Q € V,, the following algorithm
will either calculate a non-trivial divisor d of n, or determines‘a point R eV,
with the following property, if p is any prime dividing n for which ‘there exists

b € F, such that

6(4a> 4 27b%) # 0 for @ = (a mod p),

Pp G Eﬁ,’b(]Fp), Qp E E.'a",b(Fp)7

Then R, = P, + @, in the group F5(F,).

The algorithm is as follows, if P : 0 put R‘ =  and stop. If P #£ 0,
 Q=0put R= P and stop. Lastly if P = (1,91,1) # 0, Q = (a2, 3,1) # 0,
then we use the Euclidean algorithm to calculate gcd(z; — z2,n). If the
ged(z; — z2,n) = d and d is neither 1 or n then stop. If ged(z; — z2,n) = 1

then the Euclidean algorithm also gives (z; — 22)~*. Then we set

A= (g — y2)(a1 — 22) 7,
T3 = A% — 11 — z9,
y3 = Mz1 — z3) — y1,
R=(z3:y3:1),
and stop. If the ged(zy — 22, 1) = n, we then calculate ged(yy +y2,n). If this
: equals a d not equal to 1 or n then stop. If d = n then we have that 1 = T,
and 3 = y» and so we put R = 0 and stop. F_ixially if ged(yy + yo,m) = 1

then we set
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A= (323 +a)(y1 +y2) 7Y,
T3 = A2 — 1 — 2,
y3 = AMz1 — x3) — 1,
R=(z3:y3:1),

and stop. If the algorithm computes a point R, then we say that the operation
defined on V;, in this way is called addition and denote it P + Q. If there

exists b € Z/nZ such that
6(4a® + 27b%) € (Z/nZ)*, P € Eop(Z/nZ), Q € Eop(Z/n7),

then P+ Q is defined. So we have addition and as the only multiplicai:ion

we do is kP for k € Z and a point P, addition is all we need.
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Chapter 4

Local torsion primés of a fixed
degree d (including numerical

data)

We now start using the background that we have developed to gather some

numerical data with regards to Conjecture 1.

4.1 Local torsion primes of a fixed degree

Conjecture 53 Assume that E does not have complex multiplication. Fix
d > 1. Then there are finitely many primes p such that there ezists an

extension K /Q, of degree at most d with E(K )[p] # 0.
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We remark that the conjecture is false for d large enough when F has

complex multiplication as showed in [4].

Definition 54 We will call a prime p a local torsion prime for ‘E if E pos-
sesses a point of order p over Q,. We will say that p is a local torsion prime

of degree d if there is a finite extension of degree d, K /Q, with E(K)[p} # 0.

Thus a local torsion prime is a local torsion prime of degree 1. So in
looking at the conjecture one is looking local torsion primes of finite degree,

which leaves the problem of finding these primes.

Lemma 55 Let E be an elliptic curve over Q. Then E has a point of order

p over Qp if and only if E has a point of order p over Z/p"Z for alln € N

Proof. = |

In order to reduce a point P € E(Q,)[p] mod p"Z we find homogeneous
coordinates P = (x0 : yo : 20), with at least one of z¢,yo,z0 € Zy,. Then
the reduced point P = (%o : o : Zo) is in E(Z/p"Z). As at least one of
To, Yo, 20 € Zp, P # 0. Now as zg,yo, 20 € Z, they can be written z; =
S o bmP™, Yo = D oo CmP™, 20 = > e o dmp™, for bm.Cm, dm € Z/pZ. So
To= Y meobmp™: Yo = D o bmP™, Zo = Y om0 bmp™. So p(To : Yo : 20) =0
‘in E(Z/p™Z) because of how addition is defined. Note that the point at in-

finity reduces to itself.
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=3 |
Conversely if for every n € N, E has a point of order p in in E(Z/p™Z)
then it can be written in the form (z, : y, : 2zn) where z, = Y7 _;bmp™,
Yn = ,Z;;O bnP™, 20 = S _obmp™. Then as there exists a set of these points
so that they are consistent with respect to reduction. That isif P, = (2, : yn :
,,) is a point of order p in E(Z/p"Z) then P, mod p"~! = P,_;, where P,_
is a point of order pin E(Z/p" *Z) in our set. So there exists Too, Yoo, Zoo € Zp
such that Zee = 2% bmP™ Yoo = Yoo bmP™s Zoo = 3 ooerobmp™, Where
P = (Zoo : Yoo © Zo0) such that pPo =0in E (Q,) and P, is consistent with

Tespect to reduction. m

More generally let [K : Q,] = d, with residue field k. We now state a
criterion to detect local torsion prime of degree d by looking at W5(k). This

is Lemma 3.1 of [4].

Lemma 56 Let k be a finite extension of ¥, of degree d. Let W be the
‘ring of Witt vectors over k, and K be the field of fractions of W. Then if -
E is an elliptic curve over W then rank, E(W2) = d if E(K)[p] = 0. else
rank, E(W3) = d +1 if E(K)[p] # 0. Also the following diagram commutes. -

]) (j E(T[plﬁ_éE(]lcl)[p]——é Z/“p)d
0 —>(Z/p)? — E(W, )[P]—>E — (Z/p)*
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Proof. See [4] David and Weston, Lemma 3.1 m
From this lemma we have a condition on the p-rank of E(W,;) which corre-
sponds to the elliptic curve having a local torsion prime at p. So we will use

the above diagram te find when this condition is satisfied.

In the case d = 1, the following exact row is obtained from the above

diagram:
0 —(Z/pZ) — E(Z/p*Z)[p™] — E(Fy)[p™] —0

Exactness in the third arrow is a consequence of the following two lemmas.

Lemma 57 Let p # 2,3 and let E be an elliptic curve over Q. If Q =
(zo,10) € E(F,) then there are exactly p lifts Q = (zo + px1,y0 + py1) €
E(Z/p*Z).

Proof. Let Q = (zo.v0) € E(F,), and xo + pz1, be a lift of the z-coodinate,

then we will see what are the possible lifts yo + py; for y,. We must have

v’ = z°+az+ b mod p?

(vo+py1)? = (zo+ pz1)® + ay + pz1) + b mod p?

v + 2pyoyr = 3+ 3pzaz; + ax + apzy + b mod p?
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Now as y2 = 23 + azo + b mod p, p divides y2 — x3 — axo — b, and so we

have,

Yo —x3—azo—b
P

= —2yoy1 + 3:1:(2):1:1 + ar; mod p

Then by our restrictions on p there is only one choice for y1 provided
yo # 0. So let us now consider the case when yp = 0. Suppose py; is a lift
of the y-coordinate, then we shall see what the possible lifts zo + pz1 for zo.

‘We must have

y* = 23+ az+ b mod p?

(Py1)2 (@0 + px1)3 + a(zo + px1) + b mod p2

0 = xg + 3pxgx1 + azg + apxy + b mod p2

Then as 0 = z3 + azg + b mod p, p divides —z3 — axo — b, and so we have,

3
—T5 —axg—b
0 = 322 +ar;modp

= z1(3z2 + a) mod p
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So there is only one choice for z; =

Lemma 58 Let p # 2,3 and let E be an elliptic curve over Q. If Q = (0 :
1:0) € E(F,) then there are ezactly p lifts Q = (pz1:1:0) € E(Z/p%Z).

Proof. As we are looking at the point at infinity it must satisfy the equation
y?z = 2%+ azz + b2®. So suppose that Q = (pz; : 1+ py; : pz1) is a lift of Q.

Then we have

v’z = 2%+ axz+ bz® mod p?
(I+py)’par = pPai+ a(pz1)(pz1) + bp’2;} mod p?

pz1+2py; = 0 mod p?

Thus 2z, = 0 and y; = 0, and there are p possible values for z;. Thus
there are p possible lifts Q = (pz;:1:0) of Q = (0:1:0).
]

Exactness in the 4th place comes because we are looking p™ torsion.

The algorithm for the case d = 1 is as follows. Let E be an elliptic curve
over Q. If p =2, 3 then we use the divisio_n polynomials as shown below. Let
p be a prime > 5. A necessary condition for E to have p-torsion over Q, is

that E has p torsion over F,, which is equivalent to p|#E(F,) = p+1—a,(E)
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which is equivalent to a,(F) = 1 mod p. By the Hasse bound, this means
ay(E) = 1. Then we have that E(F,) = E(F,)[p| = E(F,)[p™] and we have

the exact sequence

0 — (Z/pZ) — E(Z/p*L)[p™) — (Z/pZ) — 0

This gives two possible cases
-E(Z/p"Z)p™) = Z/pZ x Z/pZ
In this case rank,E(Z/p*Z) = 2 by definition of rank, and thus p is a local
torsion prime for E |
-E(Z/p*Z)[p™] = Z/p"Z

In this case ranka(Z/ p*Z) = 1 and thus p is a not local torsion prime for E

So then after checking the condition on a, we must find a point of order
p in E(F,), say @, which is not the point at infinity. As all points in E(F,)
have order p this comes down to finding a point that is not infinity. Now
thét we have our point Q we must lift it to Q € E(Z/p*Z). We will use
Hensel’s lemma to do the lifting in the case d = 1. To do this we let either
x, or y stay the same and lift the other. To decide which of the variables to
lift we denote our elliptic curve by f(z,y) and consider the partial deriva-
tives. If g—g evaluated at the point Q = (z¢,y0) is not divisible by p then
|/ (20, %0)] < |2 (20, 90)?]- So we lift z, with the lift of zo, &’ = z0 — f{zo.0)

. a_x(my) )
Else we lift y, with the lift of yo, v’ = yo— 3’;(10—3’0)—) Then all that is left to see

By (zo.y0
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is if our new point @ has order p, which is done by checking if (p— 1)@ = —é.
If Q has order p then p is a local torsion prime and if é has order not equal

to p then p is not a local torsion prime.

This works in the cases where p > 5, but in the other cases as the ad-
dition formulas don’t work as we are dealing with elliptic curves over rings.
For these cases we need to know about division polynomials. Division poly-
nomials ¥, € Z[z,y, A, B] are inductively defined as follows with z,y, A, and

B free variables -

Yo = 0
P = 1
Yo = 2y

P = dy(z® +5Ax* + 20Bx® — 5A%2? — 4ABz — 8B% — A®)
Voms1 = 1/1m+2111,?;, - wm_1¢fn+1for m > 2

Yom = 1/2)_:(¢m+2¢72n_1 e ¢m—2¢72n+1)f0r m >3

These division polynomials 1/, vanish precisely on the m-tdrsion points.
"Thus by finding the roots of these polynomials one can see if E(Z/p?Z) has

m torsion simply by seeing if any of the roots lie on E(Z/p*Z).
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| Definition 66 Let ¥ be an order, and let K be the field of fractions of 4.
Then a fractional ideal of K is a finitely generated 9-submodule a # 0 of K.

Then let I(9) denote the group of proper fractional 9-ideals.

Definition 67 The fractional principal ideals (a) = ad, a € K*, form a
subgroup of the group of ideals I(1¥), which we will denote P(J). The quotient
group Cl(¥) = J(9)/P(9) is called the ideal class group of order 9.

When 9 = 9 the maximal order, then I (9k) and P(Jk) will be denoted

Iy and Pg respectively.

Definition 68 Let Yk be the mazimal order, then h(9x) = (Ix : Pk) is the

class number of Ik

Theorem 69 Let di be the discriminant of the mazimal order 9. Let ¥ be

the order of conductor fin an imaginary quadratic field K. Then

wo) = ol H(1—<dK 51)

where (%K) is the Legrendre symbol for primes not equal to two, end the

Kronecker symbol for p = 2. Also h(9) is always a integer multiple of h(9k)

Proof. See [1] Cox Thm 7.24 =

Definition 70 Now by letting 9 be an order in an imaginary quadratic field
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K, the Hurwitz class number is the weighted sum of class numbers

HE) = 3 |—192,—*|h(19’). (5.2)
ICY Iy

We also write H(9) as H(A), where A is the discriminant of 9.
Lemma 71 With the definitions above |H(a? — 4p)| < /plog’(p).
Proof. See [2] Davenport =

ATheorem 72 (Deuring’s Theorem) Let p > 3 be prime, and let N = p+1—r
be an integer, where ~2/p <1 < 2/p. Then the number of elliptic curves

E over F,, which have |E(Fp)l=N=p+1—r11s

1
EH(? - 4p),

where H is the weighted Hurwitz class number.

Proof. See [1] Cox, Thm 14.18 m

In [3], the authors showed that the Lang-Trotter conjecture was true on
average by using the fbact‘ that the value of a,(E) depends only on E over
F, and using Deuring’s Theorem. We saw in Chapter 4 that local torsion
primes of degree d can be detected by looking at F over Wy(k), where k is an

extension of degree d of F, (Lemma 56). We now want to count the number
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of E over Z/p?Z such that E has a local torsion prime of degree d. This is

achieved by the next proposition from [4].

Proposition 73 Let E,p be an ordinary elliptic curve over Fp, such that
J(Eap) # 0, 1728. Let k be an eztension of F, of degree d such that E (k)[pl #
0; set Wy = W/p? with W the ring of Wiit vectors of k. Then there are ez-
actly p distinct pairs (A;, B;) € Z/p® x Z/p? such that (A;, B;) = (a, b) mod p
and rank,E4, g,(Ws) = d + 1

We first show how to use Proposition 73 to show that on average, there

are only finitely many local torsion primes.
Definition 74 Let ng, ,(z) = #{p < z : p is a local torsion prime of Eq4}.

Definition 75 Let v,(d) be the number of pairs (a,b) € Z/p* x Z/p* such
that E.y is an elliptic curve with rank,E,y(Ws) = d + 1. Let vi(d) (resp.
V3(p), resp. vi™®(p) be the number of pairs (a,b) € Z/p* x Z/p* such that
rank, Eqp(W2) = d+1 and E,p does not have j-invariant 0 or 1728 (resp.

has j-invariant 0, resp. has j-invariant 1728).

Definition 76 Let Sap be the set of elliptic curves E,p with a,b € Z and

la] < A, o] < B.

Note that #S4 5 = 4AB(1+0(1)) as A, B — oo.

We now can look at what happens as an average for local torsion primes

in the case d = 1. This is a special case of the results of [4].
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Theorem 77 Let A, B > z7/**¢ for some ¢ > 0. Then

1
m Z WEa,b(IL') < 00.
lal<A

lbl<B

Proof. We will begin by considering the sum

D olaj<A TE, (%),
bI<B

Z g, ,(x) = Z #{la] < A, |b] < B : pis alocal torsion prime of E,;} -

lal<A p<z
jpj<B

then by Lemma 56 (considering the O(1)’s as A, B — o0)

_ Z(% + 0(1))(1—}23 + O(V)#{E/Z/p*L : rank,Eoy(Z/p?E) = 2)
- Z(i—f 4 omx%? + O E/Z/7L - vank,Euy(Z/p°T) = 2 ,

j(Eqp) #0,1728}
+ Z(i—f + O(l))(i—f + O #{E/Z/p*L : vank,E,4(Z/p°Z) = 2,

p<z

J(Eap) = 0,1728}
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Let us now separate our sum, and work from there. Let

S =Yg +OMCE +OMAE/ZIEL s tonky Eop(2/5°2) =2

p<zT

(Eap) # 0,1728} S

and let

Sz = Zéé + ou»(fo—f + O E/Z/p’L : ranky Eay(Z/p°Z) = 2.,

j(Eap) = 0,1728).

Now let us consider Sj, from Proposition 73, we get

2B

P2 + O(l))p#{EﬂFp : Ea,b(IFP)[p] 7& 07

S - Z(i—f +o)(

p<z

§(Bap) #0,1728)

= Z(i—f + O(D)(i—? + O)p#{E/Fy : j(Eap) # 0,1728 mod p,
i a, =1}
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then by Deuring’s Theorem we have that,

< 4AB§}%H(1—4P)(‘D;1);)+O<2A§%H(1—4p)(p;1)p
+ 232512-11(1—41))(]);l)p+ZH(1—4p)(p;1)p). T

Note that we get H(1 — 4p) from the condition that a, = 1. Then by

Lemma 71

p<z

1 2
< 4ABZ%+O (2A2ﬁlog2p+232ﬁlog2p

p<z plz

+ Zpsﬂ log2p> .

psz

So now looking at averages we get that

S1 1 \/I_Jlogzp 2
5 < i B(4AB§: o0 A" plog’p

+ 2BZ\/ﬁlog2p+Zp5/2log2p))

p<z plz

p<z psz

Vplog’p 3?1og? z
< Z S

4 log’z  17?log’x
24 4AB
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The last three terms of the above equation converge because of our con-
dition on A and B. We can see this as A > z7/4t¢ > g3/2 B > g7/4%e 5 23/2,
and AB > z7/?*¢ > z7/2. Thus S; converges on average, so all we need
to consider now is S. In their paper [4] David and Weston showedrthat
Yoo Va(p) < dz™?, Y i (p) < dx™/? where vi(p) (resp. v3™*°) is the
number of pairs (a,b) € Z/p*Z x Z/p?Z such that E(W,) has p-rank d + 1
and E,p has j-invariant 0 (resp. 1728). So in our case with d = 1, as Sy is
bounded by A, B, and z, where as the sums that David and Weston were
looking at were only bounded by z we can see that S must also converge. So
TAB taj<A jbi<B TE. () converges and leads to the conjecture in the d = 1
case.

]

The proof for the: géneral d case is exactly the same, which led David and

Weston to their conjeéture. We will now look at a slightly different question,

what happens when we do not fix d.

Lemma 78 A necessary condition for an elliptic curve E over Q to have an

point of p-torsion over Fu is that a,(E)? = 1 mod p.

Proof. For F to have an 'point of p-torsion over Fa it is necessary for
p to divide #E(F,2). This is because of the properties of abelian groups

and by Lagrange’s Theorem: Now from the Weil conjectures one has that
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#E(Fpa)=p?+1-— (ag + Eg), where o, and @, come from the zeta function

(1 —0pT)(1 — 5T)
(1-T)1-pT)

Z2(E;T) =

The numerator of this zeta function is (1—- 0, T)(1-a,T) = 1—a,T+pT?
where a,(E) = o, + @, is the trace of the Frobenius. Then by the binomial

theorem we have
¢ (d
(op+ap)* = > ( k) ol *ayt
. d-1 '
d
—d d—k—
5 (D
k=1
-

Note that as ap X @ = P, e (z)ag‘ka_pk is divisible by p, so set it equal

[l
Fa
+
R
+
™

‘to pL. Also note that we know that L is an integer, as by the symmetry of
the binomial theorem ZZ;} (Z) a?=*a,* can be written so that each term is
either, mp®, or npt(a; +'07;';), for integers m, n, s, t, u with s, ¢, and u positive.
Then as (af +ay) € Z for u € Z*, we have that L must be an integer. So by
putting pL in our equation for the numbers of points on the elliptic curve we

get that #E(Fp4) =p? —pL+1— al. As p must divide this, a¢ = 1 mod p.

We now investigate the number of primes p such that E has p-torsion over
an extension of Q, of degree d at most p—1 on average over all elliptic curves

over Q. Again, this average result is based on the fact that the condition
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that E has a local torsion prime of degree d depends on the reduction of F

over Z/p?Z.

Definition 79 Let 7  (z) = #{p < z : p is a local torsion prime of E,

of degree d, for some d < p—1}.

Theorem 80 Let A, B > z?*¢ for some € > 0. Then

1
1AB ) s, ,(z) = loglogz + O(1).
lal<A
jol<B

Proof. Let us first look at

Z g, ,(T) = Z #{la| < A,|b| < B : E, has a local torsion prime

la]<4 p<w
[bl<B

of degree d,d <p— 1}
- Z(i—f + o<1)><§§ + O E/ZIPEL -

rank, E(W3) =d+1,d <p-1},
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by Lemma 56. Once again let us separate our sum into two terms S; and

SQ, let
24 2B
So= > 5+ 0(1))(;2~ +O())#{E/Z/p°Z -
: p<z P ‘
rank, E,o(Z/p°Z) = d +1,d <p— 1, j(Eqp) # 0,1728}
and let

S = Y G +0MNCE OB/

rank, B, 4(Z/p°Z) = d+ 1,d <p— 1, j(E.p) = 0,1728}.

By Proposition 73.we have that

S = Yo + O + O #rlEus/Fy:

E(k)[p] # 0 for some k,j # 0,1728}

where £ is an extension of IF, of degree less then p — 1. Then as E(k)[p] # 0

if and only if a,(E)% = 1 mod p, by Deuring’s Theorem we have that
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S = Z (—+O(1 )(p2 +O(1))pH(r2—4p)(p;1) +ET

4=1(p)
d<p—

Note that Deuring’s theorem does not mention elliptic curves with j-
invariant 0 or 1728, so the error term, above comes from subtracting the
curves with these j-invariants so that they do not get counted twice. Let us

look at the above sum without the error term.

si = X CRromCE v oG - 42 Y
p<z P p
r=1(p)
d<p-1



= 1B Y 10195 10 | 2 > L - ap @Y

ITI<2\/17 |T|<2\/_

+ 2B Y H(2 4p)(p ) 4 3 pH(r2—4p)(p;1)

<z . p<x

|'r|<2\/1_7 ' Iri<2/p

:4ABZ > H(? —4) 1)

p<z P Irl<2vp

+ QAZ ZHT—4p(p21)

p<:c Iri<2./p

+ QBZ > H(E - 4p)(p +Z M HT—4p(p_1)

p<1: Ir{<2/p psz ri<2yp

Now the inner sum in each of the above terms is the number of elliptic curves
over [, because of the condition on r. Since the number of elliptic curves

over I, is p? — p (see for example [6]), applying this to the above sum gives

= 4ABZP ( A+B)Zp—p—+2p(p —P))

p<z p<z <z

68



Let us now consider averages. We have that

4AB Z_:«( 1))(—+0(1))pH 4p)(_P%1_)
;3;@
P A+ B - p? i
p<z <2AB Z 4ABPX<;p(p )

By our condition on A and B the last two terms converge. To see this let us
look at each term individually, starting with the second term. We have that
% e +% and A, B > %%, so the second term converges. As

for the third term we have that ;35 >~ . p(p*—p) < 74%, and as AB > a**

so the third term converges. So let us consider the first term.

S - (3 vou

Pz p<x

= loglogz + O(1)

We now look back at the error term of 5.3. We have that

»ET:_Z#{E/‘Fp:j:(),l?ZB} _Zp4’

4

P

<z p<:c

which converges. Similarly looking at S,, we can see that it will also converge. a
Thus 55 S jej<a g, (T) = l»og log z + O(1) which proves the theorem.

b|<B
n
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