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ABSTRACT

Asymptotic Bounds to Outputs of the Exact Weak Solution of the Three-Dimensional

Helmholtz Equation

Shahin Ghomeshi, Ph.D.

Concordia University, 2010

In engineering practice, the design is based on certain design quantities or “outputs of
interest” which are functionals of field variables such as displacement, velocity field, or
pressure. In order to gain confidence in the numerical approximation of “outputs,” a method
of obtaining sharp, rigorous upper and lower bounds to outputs of the exact solution have
been developed for symmetric and coercive problems (the Poisson equation and the elasticity
equation), for non-symmetric coercive problems (advection-diffusion-reaction equation), and
more recently for certain constrained problems (Stokes equation). In this thesis we develop
the method for the Helmholtz equation.

The common approach relies on decomposing the global problem into independent
local elemental sub-problems by relaxing the continuity along the edges of a partition-
ing of the entire domain, using approximate Lagrange multipliers. The method exploits
the Lagrangian saddle point property by recasting the output problem as a constrained
minimization problem. The upper and lower computed bounds then hold for all levels of
refinement and are shown to approach the exact solution at the same rate as its underlying
finite element approach. The certificate of precision can then determine the best as well as
the worst case scenario in an engineering design problem. This thesis addresses bounds to

outputs of interest for the complex Helmholtz equation. The Helmholtz equation is in gen-
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eral non-coercive for high wave numbers and therefore, the previous approaches that relied
on duality theory of convex minimization do not directly apply. Only in the asymptotic
regime does the Helmholtz equation become coercive, and reliable (guaranteed) bounds can
thus be obtained. Therefore, in order to achieve good bounds, several new ingredients have
been introduced. The bounds procedure is firstly formulated with appropriate extension to
complex-valued equations. Secondly, in the computation of the inter-subdomain continuity
multipliers we follow the FETI-H approach and regularize the system matrix with a complex
term to make the system non-singular. Finally, in order to obtain sharper output bounds
in the presence of pollution errors, higher order nodal spectral element method is employed
which has several computational advantages over the traditional finite element approach.
We performed verification of our results and demonstrate the bounding properties for the

Helmholtz problem.
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Chapter 1

Introduction

Acoustics refers to the transmission of sound through solid and fluid media. Sound can
be described by pressure oscillations in an elastic medium resulting from the vibrations
imparted to that medium. These oscillations are traveling waves, which act as disturbances
generated by space-time evolution of mechanical perturbations in a fluid (which produce
sound waves) or solid (which produce elastic waves such as in the plucking of a violin string).
As a result, the mathematical models describing acoustic phenomena are derived from the
linearization of the equations of continuum mechanics, where only the first order terms are
retained after making small perturbations to some ambient values for the velocity, density
and pressure. There are three phenomena encountered in acoustics, the most important
of which is the wave propagation, and is also the only one which occurs in an infinite
homogeneous medium. The second, is scattering, which can occur due to various obstacles
encountered by the wave. Finally, the third phenomenon deals with dissipation processes
that can cause the absorption and dispersion of waves.

Wave propagation, in general has been studied in numerous scientific fields. For exam-
ple, the simulation of vibro-acoustic problems for mufflers and silencers can be approximated
by linear time-harmonic wave propagation, which is governed by the Helmholtz’s equation.

The search for efficient computational approaches for solving such problems more accu-
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rately have been going on for decades. These efforts have contributed to the developments
of many advanced noise control technology. The work herein is focused on the development
of a numerical approach in solving the linear time-harmonic wave propagation problems,
where the acoustic phenomena occurs in enclosures. The numerical procedure used, enables
more accurate simulations of the phenomena. However, every numerical result contains
discretization errors and we often do not know quantitatively, how large is this error. Error
estimation procedures are therefore used in assessing the accuracy of the numerical simula-
tion result which can then quantify the accuracy of the solution. Ultimately, the aim of the
error estimation is to deliver certainty information, which will bolster trust in the numerical

simulation.
1.1 Acoustic Wave Propagation Problem

In this section we present the basic assumptions leading to the model equation for time
harmonic wave equation, in particular the Helmholtz equation. Moreover, we briefly discuss
some typical boundary value problems which frequently occur in practical applications. For
more details on the subject of acoustics, the reader can consult [30, 54]. We begin with the

following assumptions:

e The unperturbed values of pressure, density, temperature, and velocity are assumed

to be time independent and are given by (p, p, T, u);

¢ An acoustic signal passing through a fluid is small perturbation of the pressure, den-
sity, temperature, and velocity and are expressed as p+p, p+ p, T + T, and 4. The
unperturbed velocity u does not undergo macroscopic motion and is set to zero. The

assumption on these perturbed values are p < p, g < p, and T<T.

e Sound transmission through the fluid is sufficiently transient that there is no time
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for heat transfer to occur resulting in an adiabatic process. Furthermore, no energy
losses occur due to friction or dissipative effects which indicate that the flow through

the system is also reversible.

e No external forces act on the flow and that the fluid is inviscid and that the pressure

depends on the density, eg. p = g(p).

Under these assumptions, expanding the continuity and momentum equations in terms
of the perturbed values and applying the fact that we have an isentropic (adiabatic and

reversible) process with an ideal gas law (compressible flow) we arrive at the linear wave

equation
PP oo~
—= —c*Vp =10, 1.1
52 P (L.1)
where c is the speed of sound in an acoustic medium and is ¢ = —gﬂ evaluated at the
P iseniropic

background density. Equation (1.1) is a hyperbolic equation and thus it represents a non-
dispersive wave. For a thorough discussion of hyperbolic and dispersive waves, the reader is
referred to [63]. Much of real life acoustic phenomena have a periodic (or quasi periodic) time
dependency and are composed of a linear combination of harmonic components. Therefore,

for time harmonic (steady state) waves, we write
P(x,t) = d(x)e™,  i=+—1
in which the wave equation reduces to the Helmholtz equation:
V2% + k2@ = 0, (1.2)
where k = w/c is the wave number, and w is the angular frequency.
1.1.1 Model Problems in Acoustics

Here we present a review of certain kinds of applications which exist in acoustic wave

propagation problems in fluids. The applications can be either for interior problems or
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exterior problems where the model equation is the Helmholtz equation, however the different
situations lead to different boundary conditions. In the following, we let 2 be a bounded
open domain of R3, with boundary Q2. Moreover, the normal derivatives at the boundaries

are given by g—ﬁ =n-V® in the direction of the outward normal vector n to 9.
Interior problems

Interior problems deal with acoustic phenomena in enclosed regions of space, examples
may include a cavity, room acoustic, or mufflers and silencers. In vibro-acoustics, the
boundary value problems cousist of finding the spatial components of the acoustic pressure

field ® : Q — C such that:
V20 4+ k2 =0, in Q (a)

d = Py, on I'p (b)
(1.3)
g—ﬁ = ipckun, on 'y (c)

L g—ﬁ —ipckG® =g, on I'g  (d)
where Tp UTxy UT g = 09, and TpNI'y = TyNI'g = §. The boundary conditions (1.3(b))
is the part of the boundary I', € 902 which contains the Dirichlet boundary conditions and
consists of a simple pressure release condition ® = ®,. The part of the boundary I'y C 9Q is
the Neumann boundary condition (1.3(c)) where the wall is rigid and vibrates with normal
velocity v,. Finally, for vibro-acoustic problems, the vibrational parts of the wall introduce
a forcing term(see Figure 1.1), and so the complex-valued function g is prescribed in the
general Robin boundary condition (1.3(d)). Here G is the field admittance in the normal
direction and is related to the impedance Z = 1/G. In an acoustic medium, the force
is generated by a change in the pressure; and the ratio of this change in pressure by the

velocity in the normal direction is defined as the impedance Z. G depends on the nature

of the enclosure. For example, in the case of homogenous Robin boundary conditions (i.e.
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vibrating
walls

(-
Computational
domain

Figure 1 1 Computational domaimn £ for a vibro-acoustic problem (picture adapted from [46])

g = 0), having G = 0, will imply that the walls are rigid with only Neumann boundary

conditions g—ﬁ = 0 prescribed If G — oo, then the wall 18 considered to be acoustically soft
and one then obtains the homogenous Dirichlet boundary conditions ® = 0 For the case
0 < G < o, the wall acts as an absorbing surface and so we have an absorbing boundary

condition We note that the boundary value problem Equation (1 3) 1s very general
Exterior problems

Exterior problems may include radiation, scattering or transmission problems which involve
the characterization of the acoustic field surrounding a given structure For these type of
problems, the computational domain 1s unbounded 1n space As an example, we consider a
radiation problem to find the radiated acoustic pressure field ® € +— C such that

V20 + k29 =0, m Q (a)

o

Bn = tPCkun, on 0D (b) (L4)

g—i —pck® =q, on 0B (c)

It 1s assumed that the region D C R? occupied by the body 1s embedded 1n a homogeneous
1sotropic medium at rest Here D 1s a bounded simply connected domain with boundary
0D If the walls of the body vibrate with a normal velocity v, and that radiated waves

propagate mto free space then the physical requirement 1s that the radiated waves cannot
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vibrating
body

Computational
domain

Figure 1.2: Radiation problem for a vibrating body D and computational domain Q (picture adapted
from [46])
reflect at infinity. Such a requirement leads to the Sommerfield radiation condition given
by

od
lim r (8_ - zk@) =0. (1.5)

r—00 T
where r = |x| and 8/0r is the derivative in the radial direction. The Sommerfield radiation
condition requires that the Helmholtz equation be solved in an infinite domain. Since
computational techniques such as the finite element method require a bounded domain,
a sufficiently large ball B C R3 with boundary 0B is introduced that contains D (see
Figure 1.2). One can approximate the Sommerfield condition at infinity by Robin (non-
reflecting) boundary condition on 9B using the Dirichlet-to-Neumann map (DtN) technique

in Chapter 3 of [34] by Equation (1.4(c)), namely,

0o

— —1*k®P=q on JIB,
on

where n is the unit normal to 8B. With this boundary condition, the computational

domain is given by Q = B\D with boundary 6Q = 0B U dD. In addition to the given

boundary conditions, the pressure release condition & = ®,, and the absorbing condition

g—f —1pckG® = g may also be prescribed on parts of the boundary.
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1.1.2 Numerical Challenges

Solving the Helmholtz problem by the finite element method results in stability problems
associated with the Helmholtz operator, in particular the loss of ellipticity for high wave
numbers. Such stability issues are a consequence of the pollution effect for high wave
numbers which is associated with the phase error. Regardless of the stability properties of
the finite element method used in the discretization, a certain minimal number of elements
per wave length is always required to correctly represent the physical phenomena and to
obtain a fully resolved numerical solution. However, as discussed in [34], due to the pollution
effect, it is difficult to meet the appropriate resolution requirements for higher frequencies.
This is mainly because in order to obtain a solution with high precision, very fine meshes
are often necessary which will in turn lead to a significantly large-scale system of equations
that must be solved. Higher-order methods however, have been shown [36] to significantly
reduce the pollution error. A comparison between the traditional finite element method and
the higher-order nodal spectral element methods for applications to mufllers and silencers is
given in [41]. The approach that we will undertake is on employing the higher-order methods
with a domain decomposition procedure. Therefore in addition to higher-order accuracy,
the domain decomposition procedure is not only required in the bounds approach, but will

also make the method amenable to parallel computation.
1.2 Error Estimation

A major drawback of all computational results obtained from pde models of an event, is
the presence of numerical errors which leads to uncertainty. Since much of the present day
technology depends upon simulation based engineering design, modeling and simulation
predictions can have a significant impact. Consequently, for the engineering designers and

practitioners, the credibility of the computational result becomes of great concern. Knowl-
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edge of such errors, however, can provide a means for assessing the accuracy and reliability
of the computation.

The primary means by which to assess the accuracy and reliability in computational
simulations are through the process of verification and validation (V&V). An extensive
review of verification and validation in computational fluid dynamics is discussed in [42], but
here we briefly highlight the differences between the two. In verification studies, the accuracy
of a computational solution is measured relative to either an exact solution (if available or by
construction), or a very highly accurate solution of the mathematical model. The strategy
then becomes a purely mathematical and computer science issue where the objective is to
identify, quantify, and then reduce the error between the computed solution and the true
solution of the model. In the validation process, the goal is to assess how accurately the
computed results measure in relation to the experimental data (if available) or the real world,
which is both a mathematical and physical science issue. Therefore, verification provides
evidence that the continuum model is solved correctly by the discretized formulations, while
validation provides evidence of how the computed results simulate reality, and in particular,
it addresses the question of the fidelity of the model to the specified real world problem.
However, the terms “evidence” and “fidelity” in a computed solution, bring about the
important concept of error estimation, which can be based either on a prior: error estimates,
or a posteriory error estimates.

A priors information relies on the part of the numerical algorithm which is associ-
ated with the partial differential operators and its initial and boundary data; and does not
rely on direct knowledge of the solution of the PDE. A prior: estimates generally involve
normed estimates of the error which demonstrate stability and convergence of the approx-
imation, and that are also used in facilitating existence theorems. A prior: estimates for

the Helmholtz equation can be readily found in [60, 61]. Although such estimates reveal
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the correct asymptotic rate of convergence, they do involve norms of the unknown solution
and thus are of limited use if one requires numerical estimate of the accuracy. A posterior:
information on the other hand, does require knowledge of the solution of the relevant PDE.
Hence, a posterior: error estimates are expressed in terms of the computed solution, using
the output of the Finite element computation to assess the accuracy, which enables the
quantification of the error. Examples of a posterior: error estimators for the Helmholtz
equation are available in [5, 35] .

In order to predict the accuracy of the numerical solution using a prior: estimation in
the verification process, will generally require spatial convergence studies which can become
computationally very expensive especially for three dimensional problems. The application
of a posterior: estimators forms the basis for effective control of adaptive grid strategies
which can be used to reduce the computational expense. However, adaptive methods have
the shortcoming that a desired error reduction target is not guaranteed, and in order to
gain reliability in the numerical solution, efficient error estimators are necessary, but the
questions “what error is relevant” and “will an adaptive mesh refinement lead to a desired
solution accuracy” must be answered.

Much of the present interest in a posterior: error estimation began with the work of
Babuska and Rheinboldt [7] in 1978 on the development of rigorous global error bounds
for finite element approximations of the linear elliptic two-point boundary value problems.
Here, a posterior: error estimation techniques are then used in approximating the error in
energy or an energy norm on each finite element K. These estimates formed the basis for
adaptive mesh techniques used in the control and minimization of the error. Much of the re-
cent work on error estimation is based on the idea of using complementary energy techniques
to obtain bounds. Prior to the work of Babuska and Rheinboldt, de Veubeke [62] introduced

the idea of obtaining upper and lower bounds for the energy norm of the error minimizing
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the complementary energy of a global dual approximation. However, the method failed in
popularity because the error estimates were based on global calculations. Ladeveze and
Lequillon [38] advanced the idea of using complementary energy formulations by proposing
the construction of solving local dual problem in conjunction with the equilibrated fluxes as
boundary conditions, in order to avoid the global computation of the dual approximation.
This approach is widely referred to as the equilibrated residual method, but it has also been
given the name hybrid-fluz residual method. The notion of obtaining equilibrated fluxes
or tractions through a post-processing of the finite element approximation have also been
pursued by Bank and Weiser [9]. They obtained estimators for affine approximation on
linear triangular elements by solving a primal problem. From their numerical results they
then conjectured that the resulting estimators always lead to an upper bound on the error.
This conjecture, was then proved later by Ainsworth and Oden [2] for general hp-finite
element approximations. For a more detailed review of a posteriori estimates, the reader
is encouraged to consult [3] and [64] for more recent review. However, we briefly mention
that the works described above belong to a large family of methods within the general class
of a posteriori estimation called implicit residual methods, which are based on a series of
local problems with appropriate boundary conditions. Other methods within this class also
exists such as the constitutive relation error developed by Ladeveéze and co-workers [39];
and on recovery-based methods developed by Zienkiewicz and Zhu [65] for a certain types
of problems and finite element approximations.

These original implicit methods {2, 9, 38] were developed for linear self-adjoint oper-
ators, where the aim was to provide bounds for the energy norm of the error. In practice
however, one is seldom interested in the error in the energy norm. A latter study on the
investigation of possible extensions of error norms [6], lead to the idea of error estimators

associated with engineering outputs that are often referred to in the literature as “goal ori-
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ented” error estimation and which was further extended 1n the late 1990’s [44, 48, 50, 53]
These quantities of interest which may include the flux across a boundary, the normal force
on a surface, heat transfer, transmission loss etc are from a functional analysis context,
manifested as functionals of field variables such as the veloaity field or displacement, temper-
ature, and pressure While the earlier work was based on estimating the error € = up — ey
(where uy, 15 an approximate solution and u., 1s the exact solution) measured in the energy
norm, the work of Oden and Prudhomme [44, 53] exploited this 1dea to obtam quanti-
tative estimates for the error in quantities of interest The various work of Paraschivoiu
et al [48, 50, 49], employed a different technique towards goal-orented error estimation,
where they obtained computable upper and lower bounds consisting of solving the problem
of nterest using two discretization schemes of different accuracy and using the difference
in the approximations as an estimate for the error This 1s referred to as the two-level
residual based approach where the bounds are obtained on a fine mesh (or “truth mesh”)
based on coarse mesh global solves Initially bounds on quantities of interest was apphed to
symmetric elliptic problems (i e the Poisson equation) [50], non-symmetric coercive prob-
lems (1e convection-diffusion equation) [48], certamn constrained problems (1e the Stokes
problem) [49, 43, 45], and non-coercive problems (1 e 2D Helmholtz equation) [57] More
recently though, goal oriented estimation techniques have been advanced in the study of
transient parabolic problems [21], and also acoustic wave propagation problems [46]

It was not until the early to mud 2000’s that the focus on employing a posterior: error
estimation shifted from obtaining estimates using local computations for better adaptive
strategles to focusing more on employing the error estimation techniques in order to obtain
certainty nformation The work on guaranteed bounds on exact outputs called “ezact
bounds” were first proposed 1n [58, 59, 51] and for time dependent outputs [13] However

very recently, the work was developed for the Stokes problem [15], and through a different
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approach, strict error bounds have been obtained with improved effectivities for the Poisson
equation [52], and for applications to linear solid mechanics problems [19]. The upper and
lower computed bounds holds for all levels of refinement and are shown to approach the
exact quantity of interest at the same rate as its underlying finite element approach. This
certificate of precision can determine the best as well as the worst case scenario in an
engineering design problem. Moreover, the method can be termed “cost effective” as it can
be used to determine the size of the mesh required to achieve a desired level of accuracy.
This approach also answers the initially stated question where error in a design quantity is
important.

The strategy involved in the computing of bounds on exact outputs of interest is similar
to the former hierarchical method [48] in that it involves decomposing the global mesh into
several elemental subdomains and relaxing the continuity requirements along the edges of
each subdomain. A Lagrangian is first constructed so that the output problem is recasted as
a constrained minimization problem where the constraints are the continuity requirements
along the edges of the subdomains and the equilibrium equation. The gradient condition of
the Lagrangian will then lead to the primal-adjoint pair and the equilibration equation that
will determine the candidate inter-element continuity multipliers. The bounds are finally
obtained through local sub-problem calculations. At this stage, the method differs from
the former two-level residual method because by exploiting the Lagrangian saddle point
property, existence of such bounds on the exact solution output is guaranteed, however
the bounds are practically un-computable. The key ingredient relies on constructing a
complementary energy functional chosen from a suitable finite dimensional set that can
be used to bound the infinite dimensional problem [58, 59, 15]. Finally, we point out that
amongst the implicit residual methods, there exists two approaches that have been employed

in the computation of the exact bounds. One is the approach undertaken in [58, 59, 15] for
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obtaining exact bounds, which is based on hybrid-flux methods where the local problems
are element based (subdomains are non-intersecting) and the other approach used in {19, 52]
is based on flux-free methods where the subdomains are patches of elements. A comparison

between the two methods has been done in [17].
1.3 Objectives and Scope of Thesis

Our goal in the thesis is to develop the formulation of the exact bounds method for the
three-dimensional Helmholtz equation based on the work developed in [59] via the hybrid-
flux approach. The work here also includes several new ingredients as compared to previous
work in this field. Firstly, the exact bounds procedure is formulated with particular empha-
sis on appropriate extension to complex-valued equations. A key ingredient to the bounds
method is based on decomposing the global mesh into several elemental subdomains and
relaxing the continuity requirements along the edges of each subdomain. A Lagrangian is
first constructed in such a way that as the error in the approximation is minimized (goes
to zero in the limit), the output of interest is obtained. Such a Lagrangian contains the
continuity requirements at the edges of each subdomain and the equilibrium equation as
constraints. For the Helmholtz equation, the Lagrangian is modified by adding a complex
lumped interface mass matrix as the interface problem associated with solving the equili-
brated fluxes for the Helmholtz equation can become singular. Such an approach follows
the work done in [26] where the additional complex regularizing term will result in a non-
singular system of equations. The current approach in calculating the equilibrated flux
has an additional advantage that it avoids the need for global calculations as in previous
approaches, moreover, the computations are calculated locally and consequently, are intrin-
sically parallel. Lastly, in order to obtain more accurate solutions for higher wave numbers,

high-order finite element method (nodal spectral element method) has been incorporated
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with the exact bounds approach.

In Chapter 2 we will describe some of the technical aspects associated with the compu-
tational method for the Helmholtz equation where we again discuss the numerical challenges
involved. In chapter 3 we will present the domain decomposition procedure that we will
use in the bounds method. Chapter 4 will go over the theory of the exact bounds method
and its application to outputs of the Poisson equation. In Chapter 5 we will present the
formulation for the method as applied to the complex Helmholtz equation. Finally Chapter
6 will contain the discussion of the results, and Chapter 7 will conclude with possible ways

to improve the method and potential extensions to practical engineering applications.



Chapter 2

Numerical Methods for the
Helmholtz Equation

In pursuit of our objectives, we proceed with the mathematical model describing acoustic
wave propagation in fluids, in particular, vibro-acoustic problems in three-space dimensions.
It was previously mentioned that upon considering time-harmonic acoustics (steady state)
waves, then the model of interest is the Helmholtz equation. Although there exists an
abundant of numerical techniques to solve the Helmholtz equation, we will confine ourselves
to polynomial based methods such as the Galerkin Finite Element method (FEM) and
higher-order nodal spectral element method (SEM). Moreover, a review of certain technical
issues pertaining to the numerical simulation of acoustic phenomena will be discussed, as
this will also in part, give cause to our choice of a higher-order polynomial based numerical

method.

2.1 Model Problem

2.1.1 Strong Formulation

We are concerned with interior problems where the acoustic phenomena occurs in enclosed
regions of space, for potential applications to mufflers and silencers. Vibro-acoustic prob-

lems, deal with forced acoustic fields due to the vibrational parts of the enclosed walls.

15
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Therefore, with an external acoustic source term denoted by function f(z,y,z) we write
the strong statement for the general complex Helmholtz equation as: finding the spatial

component of the acoustic pressure ® : Q — C such that

~V2p —k*® = f in domain (2.1)

®

gp on boundary ' =Tp. (2.2)

where we have assumed for simplicity of presentation that we have only Dirichlet boundary
conditions and gp is the boundary data on I'. For notational simplicity, we will throughout

our presentation designate the acoustic pressure ® with wu.

2.1.2 Preliminaries from Functional Analysis

The discretization process associated with the finite element method, involves reformulating
the given differential equation as an equivalent variational problem. For elliptic problems

this is transformed into a minimization statement of the form
Find u € V such that F(u) < F(v) forallve V,

where V is a given set of admissible functions and £’ : V — R is a functional representing the
total energy associated with the functions v € V. The gradient condition of such functional
leads to the variational weak form of the model problem, which is discretized by the finite
element method. The functions v often are continuously varying quantities, however when
working with variational formulations of boundary value problems for partial differential
equations it is natural to work with spaces which are larger (contain more functions) then
the spaces of bounded continuous functions. Therefore, we introduce a special category of
Sobolev spaces namely, the Hilbert Spaces and allow V to be a Hilbert space, where the
most common of these are the spaces HO(Q) = L%(Q), H1(Q), H} (), H3(Q), and HZ(Q).

For the convenience of the reader we give a brief description of these spaces, however for
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details the reader is referred to the many references [1, 55]. Throughout we shall assume
that the problems are posed in a domain € of R3, with a sufficiently smooth boundary

90 =T. Now we define L?(f2) to be the space of square integrable functions on :
and in general, for integer m > 0 the spaces H™(Q) are:

H™Q) = {U D € LX(Q),Y]a| < m} ,

where

o a\a“}
D= o g Il = ot an

these derivatives being taken in the sense of distributions. On these spaces we shall use the

semi-norm

o = 3 /Q|Dau|2dm

la|=m

and the norm

ol = 3 [ (0Pl de = 3 o

lal<m s<m

Since we deal with boundary value problems, we are not only concerned with the value of
functions on open domains €2, but also with the value of the functions on the boundary
I'. According to the Trace theorem (see [1, 55]), for a sufficiently smooth boundary 99,
there exists a unique bounded linear operator v : H*(Q2) — L%(T") for every v smooth (say
for v € CY(Q)). v(v) is then called the trace of v on I' and written as v|r, even if v is a
general function in H!(€). A more involved analysis indicates that the range of - is not all
of L?(T'), only a portion of it (i.e. a subspace of L?(T")); moreover, such a subspace contains

HY(T) as a proper subset. Hence

H'(T) c y(H'(Q)) C L*(T) = H*(D),
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and so it can be seen that v(H(£)) belongs to the space H/2(T') for functions v € H().
More precisely we have

H'Y2(D) = ~(H' ()

and the norm for functions g, defined on part of the boundary is given as

lgoll grrrzqry = vegllf(ﬂ) ol e (q)-

YV = 9gb

More generally though, for m > 1 and v € H™(Q), the trace will have the mapping

v H™(Q) — H™ Y2(T). We now define the spaces
H(Q) = {vjv € H(Q),v|r =0},

and

HE(Q) = {UI’U € H*(Q),v|pr =0, g—::’r = 0}
We will see in the next subsection that the variational weak form of the model problem
is written as
b(u,v) = £(v)
where the form b: Vi x Vo — K, and £ : V5, +— K for K = R or C. Depending on whether
or not we are dealing with the complex Helmholtz equation , the mapping b(u,v) will be
bilinear, or sesquilinear. It is bilinear (occurs in the case K = R) if it is linear in both

arguments, but sesquilinear (occurs in the case K = C)if it is linear in the first argument

and antilinear in the second, namely if

b(ar(uy + u2),v) = al(bluy,v) + blug,v))

b(u, (v + v2)) = @(b(u,v1) + b(u, v2))



2: Numerical Methods for the Helmholtz Equation 19

for complex number «, and its complex conjugate @. Although our demonstration of the
bounds method has been applied to a more theoretical problem where the solution u is real,
our formulation and the C code used allow for general complex valued functions, for this
reason we often refer to the forms used as sesquilinear or antilinear.

The spaces V5 and V; for the weak formulation, are typically H*(Q2) and H$(Q2) respec-
tively, and the operator £(v) is a bounded antilinear operator on the vector space H{(Q)
belonging to the space of bounded antilinear functionals with the name dual space denoted

by a prime with the convention:
[Ho () = H™H(Q).

Remark 2.1 For bounded hnear functionals the action of a functional £ on an element v
18 more correctly denoted by (€,v) rather than £(v), however mn certawn areas where 1t 18

convenient the later notation may be used.

2.1.3 Notations and Weak Formulation

For any complex number z € C, let Z be the complex conjugate of z, and |2| its modulus.

Now introduce the space
Z(Q):{vzvR—i—wI:vReHl(Q),vIEHl(Q)}, (2.3)

Superscript R and I are the real and imaginary parts, respectively, that is, v = R(v) and

vl = &(v). We then introduce the sets

A

{v € Z(Q) :vlp,, = o} (2.4)
Zp = {v € Z(Q) tvlpp, = gD} (2.5)

which reflect the essential boundary conditions. We proceed by introducing the weak for-

mulation of problem (2.1)—(2.2). For a sufficiently smooth function v : & — C belonging
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to the space Z, we integrate the Helmholtz equation against a test function ¥ (where we
recall the over line designates the complex conjugate of v). Upon integrating by parts and
imposing the boundary conditions, we obtain the weak formulation of equation (2.1), as

follows:
find u € Zp, such that

Alu,v) =0, YveZ, (2.6)
where the form A : Z(2) x Z() — C is defined as
Alu,v) = alu,v) — m(u,v) — {f,v), (2.7)

and the sesquilinear forms are given by:

alw,v) = /VquﬁdQ, (2.8)
Q
m(w,v) = kz/wvdg, (2.9)
0
with the duality pairing
(f,v) =/fﬁd9- (2.10)
Q

Remark 2.2 We note that in order to be consistent with the definition of the inner product
on complex vector spaces (where we have sesquilinear forms), the complex congugate of v,

namely, U 1s used as the test function.

2.1.4 Linear Functional Outputs

Engineering design is based on the prediction of certain quantities of interest that are
generally expressed as functionals of the field variables. In the present work we are interested
in real outputs s, that measure the acoustic performance of mufflers and silencers, however
we will simplify the matter by expressing the outputs as linear functionals of the solution
u = uf 4+ 1!, More generally though, we set s = R{S(u)}, where S(u) : Z(Q) — C. We

will give details of the specific outputs used, in the following chapters.
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2.2 Discretization Methods

In this section we briefly describe the finite element method and the nodal spectral element
method which are used in the approximation to the Helmholtz equation. The first step
consists of making a partitioning of the domain ) into a finite number N of tetrahedrons

0Lz oM “ with the property that the elements are nonoverlapping and cover §2 so

that:
1.
Ne!
—_ _ U ﬁke
ke=1
2.

QF NQ~ =0 for k. # ky.

Instead of defining local basis functions for each element QFe with respect to its physical
coordinates x = (21, %2, z3), the problem is simplified by setting up a standard (reference)

tetrahedron ) given in terms of a barycentric coordinates system (€1, &9, £3,&4), and having

vertices
1 0 0 0
Vi=|0]|, Vpg=|1]|, Viyyu=10|, Viy =1 0
0 0 1 0

which is isolated from the actual finite element mesh. We note that actually as 0 < &, <1,
n = 1,2, 3,4, for the reference tetrahedron & + &>+ &3+ &4 = 1 and only three of these local
coordinates are independent. The reference element has the same system of nodal points as
the elements ¢ and can be used to generate a smooth and invertible map Wke : Q s Qke
as seen in Figure (2.1). This type of mapping is called an affine mapping and is a function
of some elemental local basis functions h;(€) for ¢ = 1--- AM*. For further explanation on

the mappings we refer the reader to [16]. The relation between the physical coordinates
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&3
(61,82 €3) = TFe(z,y,2) Vi
QFe Q
(z,y,2) = Tk "} (E1, 62, 63)
Vv Vi
x3
&2
Vi
X
? &

T1

Figure 2.1: Mapping between the tetrahedral element Q¥ in the partitioned mesh and the
reference element Q given in terms of barycentric coordinates.

and the local coordinates of the reference element are given by
Ne¢
X(61-€2,88) = > _ Ryehy(61, 62, 3) (2.11)
=1

where Ny is the number of local nodes in each element, and ﬁfe represents the coordinate
of the local node @ of element Q. The local basis functions h, defined on the reference
element are polynomials and are associated with a nodal set a in Q. Consequently, the
h,’s have the requisite property which allows one to approximate any given function w by

polynomial interpolation wy,

Ny
w(é-l) 52;&3) ~ wh(él)&?a 53) - szhz(€1v€27£3)' (212)
=1
with
~ 1. if1 =
ha(;) = { 0: :)t;erviise (2.13)

Under the approximation (2.12), the problem (2.6) is recast as: find u, € Z} such that

Alup,v) =0 Youe Zh (2.14)
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Having partitioned the domain into N elements and defined the suitable local basis func-
tions hz(fj) over each element k., the integrals over the domain 2 in Equation (2.6) can be
rewritten as a sum of integrals over the reference element Q where we have for the volume

integrations

NEZ
/vu-vadﬁ—k2/umﬂzz< w-vwﬂ~k2/
Q Q (ke

uv dQ> .

ke=1 ke

Doing a change of variables and using the approximation (2.12), we can transform the
integrations one over the reference element ﬁ, thus obtaining

YVu - va—k2/ uv dQ
Qe (ke

Ou agn ov (%n 1 9 _
-, {Z <Z 56, 95 ) <Z 9€, o >] 77990 4 [l
Ne N,

~ YD u, (/ Z KZ g?ﬂgf; ) (Z g?ﬂgf; )} |—J—|dﬂ kQ/AhzhjjjldQ)

1=1 j5=1

where J is the Jacobian of the transformation which for straight edged tetrahedrons, is
given by 6 x vol¥s where vol®e is the volume of each element. However more generally it is

a function of the reference coordinates £1, &2, &3, and is given by

J(&1,6,83) = % <8$2 Orz Oy 5’253) B oy <%8x3 Oxo Ox3

06 \ 062 063 063 02 ) 06x \ 0 065 BEs 061
% ((9372 0563 832‘2 5’:133)

0s \ 061 0, &3 061

) (2.15)

The element stiffness matrix in terms of the local coordinates (€1, &2, &3) is now given by

. Bh, 9n Oh, BEw
Kk = / Z [(Z e ) (Z S )] 749 (2.16)

and the elemental mass matrix is given by

Ml’;e:/ﬁhlhleIdQ. (2.17)
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The problem matrix is now written as
ke __ poke 2 rke ke
K,y =K —-kM, + 5, (2.18)

where the coefficients SZG represent the contributions from the surface integrals of each
element % needed in invoking boundary conditions. The analogous mass matrix needed

in two-dimensions is represented as
MLy = [ b sl ar 1 <67 Ny, (2.19)
2

where the subscript f implies that the terms are evaluated on the faces of the elements.
Moreover, the two-dimensional Jacobian J; is constant for the straight faced elements and

is equal to Jy = 2Areag, and can be evaluated from the three-dimensional Jacobian by

Jr(€1,8&) = J(£1,62,0).

These mappings depends on the basis functions A(&1, &2, €3) and must be defined appropri-
ately for the tetrahedral elements. The work here uses basis functions of varying orders

based on higher-order Jacobi polynomials, in which we will now briefly review.
2.2.1 Nodal Points

The subdivided tetrahedral domains contains nodes or nodal points which plays a key role
in the finite element method. These nodes are allocated at least at the vertices of the
elements as seen in Figure(2.1), but in order to improve the approximation, further nodes
are introduced. For example in the finite element method to go from a linear approximation
(nodes only on vertices) to a quadratic approximation, additional nodes at the midpoints
of the sides of the element are added. Basis functions of higher than quadratic are also
available, but typically when using higher-order spectral elements the nodal sets consist
of non-equispaced points. For nodal sets of varying polynomial orders we refer the reader

to [41].
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The focus of the numerical procedure used, is on the hAp-version of the finite element
method (referred to a spectral element method), where we simultaneously increase the num-
ber of elements and increase the interpolation order within the element in order to improve
the approximation. This is referred to as an A refinement and a p enrichment. The pa-
rameter h € (0, 1), and its magnitude gives some indication of how close the approximation
space V" is to the infinite dimensional space V; and the number N represents the number
of basis functions or nodes in the approximation. In the limits N — oo, (h — 0), the basis
functions are chosen in such a way such that V* approaches V. Increasing the polynomial
order p (corresponds to more nodes on each element) can provide fast convergence, small
diffusion and dispersion errors, and consequently, as will be discussed further, can be an

advantageous numerical approach for the Helmholtz equation.
2.2.2 Basis functions

The expansion basis associated with the nodal points for the finite element method are the
Lagrange polynomials h, associated with the nodal sets a For the nodal spectral element
methods, higher-order Lagrange polynomials over tetrahedrons are described in [33], and
are extended in the work [41] for the local coordinates (£1,&2,&3) covering [0, 1]3. Here we
briefly review the higher-order basis functions described in [41], as we incorporate these
into our Code and adapt it for the exact bounds method. Considering the complete three-

dimensional polynomial basis of order at most n, where p,(§) € P", any function can be

interpolated as

Ny
(&) => fp), ¥ (2.20)
1=1

where f = [f, - fn,] is the vector of expansion coefficients and f = [f(gl), e f(ENe)] is the
vector of nodal values at the grid points. Equation(2.20) can be re-expressed as the matrix

equation Vf = f where V, =p (é\l) is the Vandermonde matrix. Through the Lagrange
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basis functions h,(£1, &2, &3) satisfying (2.13), one can also write the relationship

2.13)
o~ Ne
) = Z f(&)hy (&)- (2.21)
7=1
Upon combining Equations (2.20) and (2.21), by invoking f = V~f in (2.20) we obtain

N,
ho(1,€2,83) = ZVJZ P (€1,82,&3) (2.22)

Therefore, the Lagrange polynomials h, are related to another set of polynomials (which can
be chosen to be any set) through the Vandermonde matrix. The inverse of the Vandermonde
matrix must exist in order for the interpolation to exist. Moreover, the polynomial basis p,
must be orthonormal with respect to some inner product in order to maximize the degree
of linear independence of the basis and consequently avoid severe problems in computing
V! where the condition number of the matrix V can grow exponentially with increasing
order n. Henceforth, the basis that has been applied in [41] is given in terms of the Jacobi

polynomials P8 to be:

Yok(61,€2,63) = (“—‘%ﬁ)lﬂ“’"’)(m (%f)j%(g’“"”(s) (2.23)

PR Gy k> 0045+ k<,

X

where the mappings (r, s,t) are the collapsed coordinate system described in [37] and are

given by
261 26
r=— 1 g 5= 1, t=265—1. 2.24
1-6—-& 1-¢&3 & (2.24)

The 1, , «’s satisfy the following orthogonality condition

/ﬁ Yoy k¥p g r A = V1,3, k00,5.k,p,q, (2.25)

where &, ; k.p,q,r is the three-dimensional Dirac delta function, and v, ; x is a normalization

coefficient given by

1 1 1
Tk = o Y1 2+ ) +2 20+ + k) +3
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The polynomial set v, ;i is now expressed in terms of modified Jacobi polynomials

Yok, 62,63) = [0, 6, 6) x [B)TTH (6, 83) x [TV (e5),  (2.26)

where these modified polynomials are defined to be

[BICD(61,60,65) = (1— & — &) PP < S 1)
1-& -8

PN &, &) = (1-&)"BP <.12__’52§;. - 1) : (2.27)

(R (g) = PP (2g; 1),

which can be expressed alternatively, as

1 n n+ o n+ ,8
P = = (261 + 262 + 26 — 2)"™ (261)™, (2.28)
m=0 m n—m
T n+ o n+ 0
[P = o (262 +265 - 2" ™(20)",  (229)
m=0 m n—m
1 & n+ o n+ 0
P = o (2 ~ 2)" "™ (20)™, (2:30)
m=0 m n—m
where
m
m!
n ~ nl(m —n)!
Now the polynomials w’—(&\/%&’) are orthonormal (i.e. satisfying Kronecker delta property)

and are modal (Hierarchical set of polynomials). For simplicity of notation, we designate
the combination of 4,7,k in 1, ,, with §, where 1 < § < N, and write 15. Moreover, the
normalized polynomials % are a suitable choice for the ps’s presented above. Therefore
from Equation (2.22) we can express the Lagrange polynomials which are a nodal (non-

hierarchical basis) set of basis in terms of the normalized modal basis functions as

ha(&1,&2,83) = Zv_l% 5\1/,%,63) Vi (2.31)
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where the components of the Vandermonde matrix are given by

szﬁﬁﬁ_ (2.32)
N7

In order to calculate the surface integrals for the boundary conditions, we require the
two-dimensional version of these basis functions. These can be retrieved from the three-

dimensional modal basis functions

(Wl (€1, €2) = ¥y0(é1,€2,0), for 4,7>0,14+7<n (2.33)

The corresponding orthogonality condition for the face reference element is now

/fwff]w 1o A = 7l 57 m (2.34)

where [0f],)pq is the two-dimensional Kronecker delta, and [y¢],, is the normalization factor

1 1
T+l 2049)+2

(¢l (2.35)

We again combine the indices ¢ and j and designate the combination by ¢', where 1 < §' <
Ny, and write [t0f],;, as [f]s. Analogous definitions for the two-dimensional higher-order

Lagrange polynomials in terms of these normalized modal basis functions is written as

Neg
[hfl(€1,62) = Z n \/_—_62). (2.36)
7=1

These higher-order basis functions h, are then used in the calculation of the elemental

matrices described earlier which include the stiffness and mass matrices, (2.16), (2.17), and

(2.19).
2.3 Some Key Concepts

Variational forms which arise from the Helmholtz equation are in general, not positive

definite and since we are concerned with solving the Helmholtz problem via FEM or SEM, we
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must address the issue of whether or not the boundary value problem is weakly solvable and
if the solutions are unique, as these generalizations to indefinite forms do not immediately
follow. Moreover, for a boundary value problem to be well-posed for a given set of data,
a solution must not only exist, and be unique but must depend continuously on the initial
data. Therefore, stability of the numerical solution also becomes of paramount importance,
especially when addressing convergence issues, as small errors in the data may cause a
large error in the solution. For the Helmholtz problem, existence and uniqueness results are
generalized from the Lax-Milgram theorem which holds only for positive definite variational
forms. There are two such generalizations, one where the variational form satisfies an inf-
sup condition, and another which satisfies a Garding inequality. As these concepts are
important for the understanding of the numerical difficulties associated with the Helmholtz
equation, and in the computation of the bounds, a brief discussion of them is warranted.
In order to explain some of the ideas related to solvability conditions for the Helmholtz
problem, let us first consider the variational (weak) formulation of a boundary value problem

of the form

{ Find v €V : (2.37)

b(u,v) = (f,v) Yv € Vp,
where V] and V5 are normed linear spaces for the trial and test spaces respectively. The form

b can be either biliear or sesquilinear, and f is a bounded linear (or antilinear) functional

defined on V5.

2.3.1 Positive definite forms

The Lax-Milgram theorem states that for sesquilinear forms a : V x V +— C defined on a

Hilbert space V satisfying
1. Continuity(boundedness):

M >0:  J|a(u,v)| < Mullv|vilv, Yu,veV, (2.38)
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2. V-Ellipticity(positive definiteness):

Sa>0:  |a(u,v)| > allulf, YueV, (2.39)

and for a bounded linear functional f defined on V', we can find a unique element u = u, € V'
such that a(u.,v) = (f,v). From the ellipticity condition, it can be shown that the solution

14 is bounded by the data f, requiring that
1
[uslly < =N Fllvr,
o4

thus showing stability and regularity. As an example, for the Poisson equation with homo-
geneous Dirichlet boundary conditions, the sesquilinear form a{u,u) is given by Equation
(2.8) defined on the Hilbert space V = HX(Q) C H() containing all H! functions that

vanish on I' can be shown to be V-elliptic, i.e.
a(,w) > T Vull
VT 14 1

where C is a positive constant and ||.|; denotes the H'-norm. This follows from an appli-

cation of the Powncare inequality:
[ullr2 < ClVul|Le.
2.3.2 inf —sup condition

For the Helmholtz problem, the sesquilinear form is
b(u,v) = / (V- V5 — K2u) d2 (2.40)
Q

which becomes indefinite for large k, thus the Lax-Milgram theorem cannot be applied as
the condition of V-ellipticity no longer holds. Under slightly weaker conditions (where V-
ellipticity is not assumed) however, a generalization of the theorem to indefinite forms was
shown by BabusSka and guarantees the existence of a unique solution u, € V; such that

b(u,v) = (f,v) for a sesquilinear form b : V; x Vo +— C on Hulbert spaces V1, V, satisfying
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1. Continuity

IM >0:  |blu,v)} < M|ullnllvilve, Yu € Vi,ve Va, (2.41)

2. inf — sup Condition:

|b(u, v)|

IB>0: B< sup ———— YOF#ueW, (2.42)
ovev, ||[ullvillvllvy
3. Transposed inf — sup Condition:
sup |b(u,v)] >0, VO0#wve s, (2.43)

O#UEV&

and an antilinear bounded functional f : Vo — C defined on V5. The solution u, then can

be shown to satisfy the stability estimate

1
Jullvi = ZM1£llvy-

- p
As already mentioned, in the FEM (SEM) we are concerned which approximations which
belong to finite dimensional subspaces VY C V. Therefore, the above conditions for exis-
tence of a unique solution must also extend to the approximation spaces. For definite forms
(Lax-Milgram theorem) this has an immediate extension, however for indefinite forms, the
theorem of Babuska does not extend to subspaces V'V because by restricting to a subspace
of V, the supremum can decrease, where as the infimum may not and so the inf — sup con-
dition will not be satisfied. This motivates the definition of the discrete inf — sup condition
which guarantees a unique solution to problem (2.37) with u € V1N, and v € Vo and gives
stability estimates for these approximation. The question of when the numerical solution
for the Helmholtz equation satisfies the discrete inf — sup condition, will rely on the notion

of V-coercive forms.
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2.3.3 V-Coercive forms

The Helmholtz equation 1s an elliptic partial differential equation, however we know that the
sesquilinear (bilinear) form corresponding to Helmholtz problem 1s not V-elliptic There-
fore, elhptic boundary value problems do not generally correspond to V-elliptic variational
forms, rather V-coercive forms ! will be associated with elliptic boundary value problems
Henceforth, a sesquilinear form & V' x V - C defined on a Hilbert space V = H'(Q) (Q 15

a bounded domain) 1s called V-coercive if for u € V' 1t satisfies a Garding mmequahty
b(u,u) + Cllullfz ()| 2 ellullip g (244)

with positive constants C, o We pomnt out that this definition holds for a Gelfand triple (see
[32], Section 6 5 13) which for the special case V = H1(2) 1s HY(Q) < L?(Q) ¢ H~YQ)

This definition can be iterpreted as the V-ellipticity property of

a(u, U) = b(ua U) + C(’LL, U)L2(Q)
It 15 seen that by setting C = k2, the Helmholtz variational form will satisfy the Garding
nequality

Remark 2.3 Although we are concerned here with the well-posedness of the Helmholtz prob-
lem, and that the theorem of BabuSka gwes conditions for existence and uniqueness of in-
definite varational forms, there are those frequencies where the interior Helmholtz problem
does not have a unique solution Let us consider the homogeneous Helmholtz equation in a

unst cube §2,

Vi +k% = 0 wm Q,

¢ = 0 on T,

'Often many textbooks on the subject, use the notion of coercive bilinear forms 1e a(u,u) > of|ul|? for
constant o > 0 and speak of the Helmholtz problem being noncoercive However, we follow the definition
used 1 Hackbusch [32], and speak of the Helmholtz variational form as bemg V-coercive and satisfying a
Garding mequality
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where the problem has nontrnal solutions (the ewgenmodes) for Apm1 = k? = n2(n?+m?2 +

12), I,m,n € N gwen by
Ynm (2, Yy, 2) = sin(nmrz) sin(mny) sin(lnz).

As an ezample we see that A1 79 = Ay 55, but this value corresponds to different ewgenfunc-
trons. At these frequencies, the imhomogeneous problem s also no longer uniquely solvable.
However, if the wbrations are damped, which occurs by wntroducing a nonzero wmaginary
boundary term, then the wnterior problem wnll generally have o unique solution.

We wnll see wn the next chapter that wn the discrete model, having no damping will
result an the system matriz becomang singular, whenever k* becomes numerically close to
an eigenvalue of the problem. Therefore a damping term s wntroduced wn order to make the

system matriz non-singular.

The above remark hints at the fact that having a nonvanishing imaginary boundary condi-
tion is essential for the proof of uniqueness. However, once a uniqueness is established, the
existence of a solution to the boundary value problem (2.37) is shown in (see [32], Theorem
6.5.15) to follow from the Fredholm alternative for a sufficiently regular domain €2, in which
the embedding H'(Q2) ¢ L?(9) is compact. The Fredholm alternative states: that either the
problem (2.37) has a solution u € H'(Q) for all f, or there exists a non-trivial solution to
the homogeneous problem (with f = 0). Thus, for the above remark, if for the homogeneous
case one obtains non-unique solutions, then it can be expected that the non-homogenous
problem, if a solution exists, will also yield non-unique solutions. Moreover, the number of

solutions will be sum of the solutions to the homogeneous and non-homogeneous problems.
2.3.4 Variational methods

The aim of this subsection is to demonstrate some properties of the convergence behavior

related to the numerical approximation of Helmholtz boundary value problem as compared
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to boundary value problems having V-elliptic variational forms, where in particular, we will
use the Poisson equation as an example. The variational weak form of the Poisson problem

is given by find u € V = H!(Q) such that
alu,v) =(f,v) YveV (2.45)
with a : V x V — R given by
alu,v) = /QVU - Vo dS. (2.46)

In the FEM(SEM), the solution to the variational weak form, is also the minimizer of an

energy functional J(u) given by

Thus, the same problem of solving Equation (2.45) can be expressed as a minimization
problem, which is the basis for the Ritz method. By considering approximation spaces
VN C V the Ritz method seeks an approximation u” € V¥ € V that minimizes an energy

functional in V. The consequence of such a minimization leads to the Galerkin weak form
a(wh,v) = (f,v) Yve V¥V : (2.47)

Subtracting Equation (2.47) from Equation (2.45) gives the finite element error equation
afu—uN,v) =0 YweVV, (2.48)

which indicates the error v — u® is orthogonal to VV with respect to the energy norm ||.||o

given by
lulle = (Jalu, w)))*/2. (2.49)
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Convergence properties
Using Equation (2.48), and applying the Cauchy-Schwartz inequality, it is apparent that

lu—u™)? = alu—u,u—u")=alu—uN,u—v—u" +v)
= a(u—u",u—v)~ale,u’’ —v)

= au—u™,u—v) <|lu—u|allu—v (2.50)

for e = v — v and all v € VV. Therefore, by canceling out the error norm on both sides,

we see that the error is asymptotic when we estimate the error of best approximation as
inf |ju—vllg =0 for N— oo, YueW
evn

For V-elliptic variational forms a(.,.), the solution u” € V' is the best approximation (in
the energy norm) of the exact solution u € V. V-ellipticity of a(.,.) implies that the energy
functional J(u) is convex, and thus has a unique minimizer. An important observation
for the Ritz method of minimizing an energy functional is that the solution u/¥ begins to
converge from N = 1 and asymptotically approaches the exact solution as the number
of degrees of freedom in the discrete model increases. Moreover, by letting v = u in the

continuity and ellipticity equation (2.38)-(2.39) respectively, one obtaing
ollull}y < la(u,w)] < Mlullf, Vuev,

which suggests that the energy norm is equivalent to the V-norm and thus from (2.50), one
can prove Cea’s Lemma which states that for a continuous,V-elliptic, bilinear form a(.,.)
and a bounded linear functional f on V, there exists a constant C independent of N (or
h), such that

u—wlly < C int fu = ly,
veVh



2: Numerical Methods for the Helmholtz Equation 36

where C is a stability constant and for positive definite forms it is % where M and «
come from Equations (2.38) and (2.39) respectively. Cea’s Lemma can be viewed as an
estimation of how far off u is from the subspace V¥, which can indicate the quality of the

approximation u. Since for some particular oV € VIV we have that

inf = o™ < lu— ),
yNeVyN

one can get a better understanding of the convergence of approximation, if 7% is chosen to
be some interpolate of u. This is a function &" € V¥ which has values corresponding to
that of u at the N points x1,xz2, - xN in © 2 such that u(x,) = @V (x,) for £=1---N.

N

This indicates that the problem of convergence can be understood as whether 4" — u as

N — o0.
In the case of indefinite variational forms, the convergence behavior is quite differ-
ent. Generally an indefinite variational form, satisfying Equation (2.37) is solvable if the

continuous form b(.,.) satisfies the discrete inf — sup condition

[b(u, v)|

Iy >0: By< sup —r—t— VOAue VY, (2.51)
ozvevy ullvilvllvy
and the discrete transposed condition
sup |b(u,v)] >0, Y0#ueV. (2.52)

ue VlN

However, a sufficient condition for the existence of a unique solution requires that the
sesquilinear form b(., ) be V-coercive on V = H!(Q), satisfying the Gérding inequality
(2.44). In this case there exists a number N, such that the variational form in (2.37) has a
unique solution u® € V¥ for all N > N, and |ju?y — ull g1y — 0 as N — oo. The proof of
this statement is given in [32], and it indicates that the convergence for indefinite but V-

coercive forms behaves erratically when N is small, but when N passes a critical number, we

2The mterpolate can also be viewed locally on ﬁ, but for preciseness we need to define those approximation
spaces corresponding to the mdividual elements appropriately.
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begin to observe a regular convergence pattern. Consequently, for the Helmholtz problem,
increasing the wave number will cause the variational form to become indefinite, however,
as it satisfies a Garding inequality, for subspaces approximating well enough, the problem
can be made to be V-elliptic. Thus the energy functional for the Helmholtz variational weak
form will become convex, and the method of convex minimization for obtaining bounds will
N

apply. Moreover, for N > N, when the discrete approximation has a unique solution u

the error u — u? will satisfy
lu—u|vy <Cp inf |lu—vly YN >N,
veVHN

for some constant C7 not depending on N. This is the same in form as Cea’s Lemma, but it
must be understood that the stability constant is different in this case, and typically larger

for the indefinite forms.
2.3.5 An observation

We let e := u — uy, where uy, is the finite element approximation to u and e is the error.

Letting v = u — uy € Vi, we recast the Helmholtz equation as the error equation
ble,e) =< f,e > VeecVh (2.53)
where we recall the sesquilinear operator b(e, e) to be
ble,e) = /QVe - VedQ - k? /Q e - eds. (2.54)

If we assume a particular polynomial approximation, that w, is approximated by piecewise
linear polynomials, then e = O(h?). Since the second term is quadratic in e, then the
integral of the second term will be O(h*). The first term is quadratic in the derivatives of
e and thus the integral in the first term will reduce as O(h?). Therefore, integral in the

second term goes to zero much faster than the first term, and although the second term is
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O(h*k?), one can expect that at some A, the first term will dominate and the sesquilinear

form will retain a positive definite structure.

2.4 Pollution Effect

2.4.1 Piecewise linear case

The above observations hints at a restriction which must be applied in the design of a mesh
for a given k. As a simple example, consider the three-dimensional Helmholtz equation as
in problem (2.1)-(2.2) with homogeneous Dirichlet boundaries (g9p = 0) and with a forcing
function: f = 3(7? — 1)k? sin(kwz) sin(kmy) sin(k7z). Then the exact solution is given by
u = sin(kwz) sin(knry) sin(kwz). Thus the solution is periodic and for the three-dimensional

wavelength A, with components A = )\, = A, = A, = i—’; will satisfy

Nyres = — =% constant,

h

where the number n,.s is the resolution of the mesh in each direction. Extensive study of
the one dimensional wave equation [34, 35] have referred to this as the “rule of thumb”,
where in the particular case when approximating an oscillatory function with piecewise lin-
ear interpolants, have recommended the choice n,e; = 10 in practice, which gives reliable
results. As was mentioned in the previous section, the problem of convergence of a Galerkin
approximation can be transformed into one of interpolants. Letting I (u) to be the projec-
tion operator which maps u to its interpolate 4y, we can write some typical estimates on the
interpolation error u — I (u). These estimates hold for finite elements that are not allowed
to be arbitrarily thin, where the finite element is said to be regular. We refer to [18] for

details. For piecewise polynomials on regular finite elements of degree p > 1 of dimension



2: Numerical Methods for the Helmholtz Equation 39

d < 3 which form a partitioning of the mesh, these interpolation estimates satisfy

AN

lu — Tn(u)i L2y CRP o1 () (2.55)

b — ]Ih(u)HHl(Q) < Chp|u|Hp+1(Q). (2.56)

For piecewise linear polynomials p = 1, it can be shown for the solution u given above that

Ul qope g Tl o
fulle =1 fulg = 7

for positive constants Cy, Cy. Consequently, bounds on the relative errors for interpolation

of an oscillatory solution u yield

||U—Hh(U)HL2 SCthkQ and

llull 2 |l L1

[o= 1@l _

Under the h-version of the finite element method, we see that since the resolution rule is
determined upon by the estimate on hk, it thus controls the interpolation error.

Despite imposing a “rule of thumb” strategy, we know from computations that the
finite element error still grows with the wave number. In fact from a proof in [4], which

generalizes Cea’s Lemma, we can estimate the error u — up as:

M
lellv < T = vllv +llun = vllv < Jlu = vllv + Z-llu = vlly

5

where v is an arbitrary function of V* M is the continuity constant from (2.38) and S,
is the constant in the discrete inf — sup condition. For smooth functions u, v is chosen to
be the interpolant I,u of u in V. The error thus is characterized by two terms, where the
first term is due to a discretization error u — Iru and the second, called a pollution error
which is related to the stability properties of the approximation of the discrete sesquilinear
form, where large values of % indicate a loss of stability. In the case of piecewise linear
approximations, estimates which hold under the assumption hk < 1 are referred to as

preasymptotic estimates. It has been shown in [34] that for the one dimensional Helmholtz



2: Numerical Methods for the Helmholtz Equation 40

equation, the interpolant Iu is the best approximation and that under the assumption

hk < 1, the finite element error can be shown to be
|u — up|gr < (14 CE?R) inf |u— v|g1. (2.57)
veVh

Assuming oscillatory behavior of the solution (i.e. ILZ% = O(k)), it is shown that the
H

. - ~ Uu—u . .
relative error (i.e. € = ‘—W"—‘f&) is estimated as
H

&1 < Crhk + Cok3h?, (2.58)

where C is a constant independent of k£ and h. The second term is the pollution term and
is O(k3h?).

Although the model equation representing time harmonic acoustic waves is non-dispersive
wave equation, it should be noted that the numerical solution to the Helmholtz equation
do not preserve the non-dispersive character. Just as in the mathematical model, the wave
number is given as k = w/c, where w is the frequency of the wave, and ¢ is the speed of
sound, the numerical wave will have a wave number k" = w/c* which differs from k. This
dispersive effect is a numerical artifact which is consequence of the discretization scheme.
Moreover, it has been shown in the one dimensional setting that in fact the pollution error

has the same order as the phase lag, namely

h kshQ 51,2
K=k — =5+ O(k°1?). (2.59)

Therefore, due to the pollution error, the optimal order of convergence is not achieved
through the estimate hk < 1, and numerical experiments demonstrate in the case of piece-
wise linear approximations, that the condition k?h < 1 is sufficient for guasi-optimality
of the finite element error. In this case, as seen in (2.57), the finite element error on fine

meshes is similar to that of the interpolation error. In practical computations, however, in
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order to keep the error below some tolerance, one considers a mesh design under the esti-
mate k2h < constant, but a mesh size h = O(k~2) is considered impractical for engineering

applications when k is large.

2.4.2 Higher Order Elements - hp FEM

It is seen from the interpolation estimates of order p given in Equations (2.56)-(2.56), that
addressing the effect of pollution error for higher order polynomials that where the error
approximation in the H' norm is bounded by AP|u|g»+1 then the derivatives of higher order
must exist and so higher regularity of the functions are required. A detailed study of this
is given in [34].

After establishing the regularity of the solution, just as in Equation (2.58), it is shown
in [34, 36] that the relative error for general polynomial orders of p > 2, assuming oscillatory

behavior where |u|ge+1/|ulgr = O(k?) is given by

hk\P hik\ %
g, < Cy <%> + Cok (%> (2.60)

where the first term is the approximation error and the second term represents the pollution
term. It is apparent that when p > 2, the pollution effect is reduced significantly when the
mesh size is restricted to satisfy % <1, since this expression is taken to the power of 2p in
the pollution term.

Although going to higher order significantly improves the approximation by reducing
the pollution error, it should not be considered a panacea as this type of error is inherent in
the polynomial based methods despite its improvement for high-orders. Moreover, according
to Babuska et. al. [8], only in one-dimensions can the pollution error be eliminated com-
pletely. Other approaches such as the discontinuous enrichment method of Farhat [24] have
been applied to improve approximations for the Helmholtz equation which involve using

analytical functions such as plane wave equation which satisfy the homogeneous Helmholtz
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equation as part of the elemental basis functions. However, this can be computationally
more expensive, especially in the local integrations. Regardless, we are restricted to using
polynomial based approximations as the bounds method as will be presented, is based upon
approximations from varying polynomial fields. To obtain sharper bounds we apply the
method with higher order polynomials in order to reduce the effect of pollution for higher
k.

We will see in the next chapter that the method is based on recasting the problem into a
constrained minimization problem where the constraints involved are relaxing the continuity
along elemental subdomains and then enforcing the continuity through the use of Lagrange
multipliers. The subdomains which we deal with are either individual elements that were
used in the partitioning of the domain in this case tetrahedrons, or a cube comprised of six
tetrahedrons. Therefore we will now review a domain decomposition method that will be

used herein in the approximation of the Lagrange multipliers.



Chapter 3

Domain Decomposition Methods

In this chapter we will present two domain decomposition (DD) procedures which are based
on a family of FETI (Finite Element Tearing and Interconnecting) methods developed for
the parallel finite element solution of equilibrium equations [23, 25, 26, 28]. The method
relies on partitioning the domain into totally disconnected subdomains, where the continuity
along the interfaces of the subdomains is relaxed (torn) by the introduction of Lagrange
multipliers called hybrid fluxes. The decomposed subdomains communicate through the
use of Lagrange multipliers which act as forces (traction) along the interfaces. The problem
is then reformulated as a hybrid variational principle, which can be thought of as the sum
of an interior functional which is subdomain localized, and an interface potential which
is the inter-partition connection. The minimization of such an energy functional leads
to a set of equations for the hybrid fluxes. These equations include an elliptic problem
for each subdomain with Neumann boundary conditions on the interfaces, and an inter-
subdomain field continuity enforced via Lagrange multipliers. The family of FETI methods
are exploited, in a fast, iterative, computationally efficient solver for the numerical solution
of the vector of Lagrange multipliers used to enforce continuity constraints (inter-connect)
along the interfaces of the subdomains.

The FETI method is well established in the literature [28, 23] and is based on an

43
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iterative procedure for solving systems of equations where the system matrix is symmetric
positive definite (SPD) such as those arising from the discretization of the Poisson or Stokes’
problems. This will then be the launching point in presenting the FETI-H method [25, 26]
which is an extension of the regularized FETI method suited for solving indefinite problems
arising from the Helmholtz equation.

One of the advantages of the family of FETI methods is their numerical scalability
with respect to both the mesh size h and the subdomain size. In the particular case of the
FETI-H method, for Helmholtz equation, it has also demonstrated scalability with respect
to the wave number. This means that for this class of DD-based iterative solver, increasing
the mesh size of the problem or the number of subdomains, only causes the convergence
rate to deteriorate weakly. However, for both FETI and FETI-H methods, numerical scal-
ability with respect to the number of subdomains requires a coarse space preconditioner
which augments the DD iterative solver with a coarse grid problem that is large enough
to propagate significant information globally, and thus accelerate convergence, while at the
same time keep the computations affordable. In the case of the original FETI method the
coarse space is naturally derived from the solvability conditions. However, it is not the
case for the FETI-H, where any suitable preconditioner, both local (subdomain localized)
and global (coarse grid) are determined based on the spectral analysis of the Laplace op-
erator(see [11]) which give a physical interpretation of the wave nature of the solution as
it oscillates on the interface and propagates in the subdomain. Such preconditioners then
filter out any low or high frequency waves for better convergence of the algorithm.

As our aim in this work is to demonstrate the effectiveness of the bounds method, and
not necessarily on computational efficiency, we have not implemented the coarse space global
preconditioner in the interface problem for the Helmholtz equation. The methods we have

tried, exploits the complex symmetry of the problem, demonstrates good convergence, and
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is scalable with respect to mesh size. However, the coarse space preconditioner is required to
make the regularized FETI method scalable with respect to the number of subdomains and
wave number, although without this preconditioner the number of iterations for convergence
is shown [23] to increase only sub-linearly with respect to the wave number. We will briefly
discuss some of the iterative methods we have applied and furthermore, for the sake of
completeness we give a brief overview of the coarse space preconditioner in the FETI-H

method.

3.1 The FETI Procedure - Poisson Example

Non-overlapping domain decomposition methods have been used extensively for solving
elliptic problems; and often are the method of choice. Here, one splits the global domain (2

into a finite set of subdomains Q) satisfying

0= ]2, o®na@ g vs#g

1

C =

w
If

where we recall that the overline denotes the closure; for example here ﬁ(s) = 906 U Qs
for subdomain s.

Domain decomposition methods usually involve solving for the restrictions to each
subdomain of the global problem where appropriate boundary conditions on the subdomain
interfaces are given. The original FETI method [28, 29], which is often referred to as the

dual Schur complement method, invokes the Neumann boundary conditions

du’

on®

f(sﬂ)

at each interface = 90° N OQY, where X's are the Lagrange multipliers which serve as

the inter-connectivity between the subdomains and n® is the normalized outward normal

,q)

vector to T Henceforth, for f € L?(), each subdomain problem is given as: Find
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u® € HY(Q®) satisfying

~V%®) = ) ip domain Q) (3.1)
ou? =(5,0)

= A I 2

e on (3.2)

boundary conditions on I' N 9Q) (3.3)

with the continuity restrictions

W = @ on TOD (3.4)
ou’ oud —(5,9)

— _— F ’ .
pe ot " (3.5)

where we recall that the superscripts s are the restrictions of the global quantity to the
subdomain, i.e. f( = f lq(sy, and that the continuity conditions ensure that u which is
equal to u®®) on each subdomain is the solution of the global problem, and belongs to
H(Q).

As the FEM(SEM) seeks out a weak solution, we proceed by recasting problem (3.1)-
(3.3) as a hybrid formulation. We first recall that the variational weak form for a Poisson

problem with Dirichlet boundary condition is written for u € H'(§2) and f € H~1(Q):
/ Vu - VodQ = / fvdQ Yve HY(Q).
Q Q

Under a domain decomposition procedure just described this can be equivalently expressed

as the argument minimum of the Lagrangian

Ny
LX) =) [1 Vol . vl do ~ /

Ns
(”v“)dﬂ}-+ [ oo ar®
2 Jaw ms)f ; oo

s=1

where for some arbitrary ordering of subdomains, Q) < Q@)

@ =1 ~1 2e@¥na®, a <aw
e +1  otherwise.
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The optimality conditions are expressed as

0

8 . -~
LW, N5, =0, ﬁﬁ(v(s)ﬂ\)lw:w =0 (3.6)

Ouls)

where the first of Equation (3.6) leads to the equilibration equation

/ Vul®) T 40 = f(s)v(s) d$) — / oas) M) qT (3.7)
Q(s)

Q) o0(s)
and the second of Equation (3.6) enforces the continuity of the decoupled solution between

subdomains,

Ns
> /8 o ooeul® dQ = 0. (3.8)
s=1 °

3.1.1 Discretization

In this thesis the FETT method is reviewed only as a means to give the necessary background
and preliminaries in understanding the domain decomposition approach we undertake for
the Helmholtz problem. The FETI method is an iterative method based on a preconditioned

conjugate projected gradient method which targets the system
Ku=f (3.9)

where K represents an n x n symmetric positive semi-definite sparse matrix, which is typi-
cally the stiffness matrix. u is the n-long vector representing the discrete field solution and
f is the n-long vector representing a generalized forcing term. Here we illustrate the FETI
method for the Poisson equation, not only because of its symmetric positive definite (SPD)
structure, but also because it closely resembles the Helmholtz equation, and demonstrating
the bounds method for the Poisson equation is a stepping stone towards developing the
method for the Helmholtz equation as will be seen in Chapter 5. We have seen that after a

partitioning of the computational domain €2 into a set of N, subdomains 7, the Equation
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(3.9) can be replaced by the equivalent system

K&u® = f6 _ B(S)T,\7 s=1,---,N, (3.10)
N,
> BOu) =y, (3.11)
s=1

where the restrictions of K, f and the solution u to each disconnected subdomain, Q) is
denoted by K, f(*) and ul®) respectively. Equation (3.10)-(3.11) is just the discrete form
of the gradient conditions (3.7)-(3.8). Here (.)” denotes the transpose of a matrix, and BT\
represent the array of nodal points on the faces of each elemental subdomain corresponding
to the discretization of the subdomain surface integral [ oA dQ. BT should
be thought of as an extraction process rather than a matrix vector multiplication, as B®
is a Boolean matrix corresponding to oqs) which extracts the signed (&) restriction of a
subdomain solution u(*) to the interface boundary. We note that A here designates the
nodal values corresponding to the product of a surface mass matrix and the hybrid fluxes.

The subdomains N, used in the partitioning are floating subdomains which means that
they are not attached to any boundaries and as a result do not have any essential boundary
conditions to prevent the matrices K from becoming singular. Therefore, the subdomain
problems in Equation (3.10) are ill-posed and do not yield a unique solution. To ensure that
Equation (3.10) is solvable, it is required that the right-hand side data be in the column
space of K() which is orthogonal to the left null space i.e. ker (K(S)T>. In the case of a

symmetric real matrix K this amounts to saying,
(£ —BOTA) L ker(K®). (3.12)

The general solution to (3.10) is written as

s)T

ul) = KOF (g6 _ BOT)) 4 ROl (3.13)
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where K7 is the generalized inverse of K and R(®) = ker (A(S))7 with the additional
set of unknowns a(®) representing a set of amplitudes that specify the contribution of the
null space R®) to the solution ul®). In order to solve for these unknowns, an additional set

of constraints is required which must come from the solvability condition (3.12), that is,
RrR&T (f<s> — B<s>T,\> =0 for s=1,---,N,. (3.14)

Upon substituting the expression for the general solution (3.13) into the Equation (3.11)

and using (3.12) the interface problem solving for A and « is the revealed as

Fr -G/ |[x] [ d
e el 19
where
Ns
F, = ZB<S>K<S>+B<S>T, GI:[Bu)R(l).‘.B(Ns)R(Ns)} (3.16)
s=1
Ns
d = ZB(s>K<s>+f<s>, a(s):[au)...a(ws)} (3.17)
s5=1
e = [f(l)R(l)-~-f(NS)R(NS)]T. (3.18)

Remark 3.1 We pownt out here that the FETI method solves Equation (3.10) for X whach
has non-umque solution. However after calculating the al®) s, the decoupled solutions u(®)
are uniquely obtained for each subdomain. In the wmplementation of our code, we take the

vector of all al®)’s as 1 which specifies ul®.

Now we see that the FETI iterative procedure is based on a preconditioned conjugate
projected gradient (PCPG) algorithm which augments the basic DD-based iterative method
(here the conjugate gradient method is used) with a coarse grid problem that is large enough
so that it can disseminate important information globally and accelerate convergence; yet

small enough to be computationally affordable.
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3.1.2 The FETI PCPG Iterative Procedure

The FETT iterative method consists of premultiplying the first of Equation (3.15) by an

operator P, and transform the DD interface problem into

PFA=Pd
(3.19)
GIa=e.
Here P is defined as
P=1-GyGliGap)'GT (3.20)

which is an orthogonal projector onto ker(GF). In the FETI procedure, given an initial
value AV that satisfies

GTA? =, (3.21)

one can obtain iteratively, a solution to (3.19) by solving the homogenous problem

PFA = Pd
(3.22)
GIx=o0.

The iterates A" are then generated by a preconditioned conjugate gradient (PCG) algorithm
applied to PF/A = Pd = GTA" = 0. Let {p1, P2, Pn} denote the set of search directions

generated by the first n iterations applied to the interface problem (3.15). It is well known

that the CG method is a Kryolov subspace method implied by
A" € span{p1,- - ,pn} = span{wg, PFrwy, - - - ,(PF])n_IWO}
where wy is the initial residual associated with A and is given by
wo = Pd - PF;A° = P(d — F;)9).

The initial vector A" is given as A’ = (GT)"'e = G;(GTG )~le. Therefore, the FETI
algorithm can be viewed as a two step preconditioned conjugate gradient method to solve
the interface problem and can be found in the literature [22, 23, 28]. The algorithm can be

summarized as in [27]:
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1. Initialize

A = GgrcTaple

w? = PT(d-F/\Y

2. Iterate n =1,2,---

-1
o= n_"z: y"Frp'
T )
—o P Frp’
T
pnTF[pn
)\n—i-l — )\n_i_unpn’
Wn+1 — W'n _ l/nPTFIpn,

where F~! denotes a chosen preconditioner. The FETI iteration residual satisfies the fol-

lowing stopping criterion
1E= w2

<e€ 3.23
ol = (3.23)

where ¢, is the global FETT tolerance.
3.2 Domain Decomposition for Helmholtz

If the dual Schur complement method described above, is applied to the Helmholtz problem,
then the local problems may become ill-posed whenever the wave number & of the global
problem corresponds to a resonant frequency. As was briefly mentioned in the previous
chapter, one can have a unique solution and make the problem well-posed by imposing
imaginary boundary conditions, which is due to the rationale that this moves the spectrum

of the operator associated with the Helmholtz problem in each subdomain into the complex



3: Domain Decomposition Methods 52

plane. However, as it will be shown, there must be special care taken to assure that the
problem retains its desired solution.

Although there can be several different ways of including an imaginary boundary term,
we follow Farhat [25, 26] and replace the Neumann boundary conditions described in the

previous section with Robin boundary conditions where

ou’
ons

+2kul® = A, where 1=+v-1

at each interface _I_‘(S‘q) = 00° N 99, Thus the local problems that are to be solved can be

stated as: Find v(®) € H'(Q(*)) that satisfies

V2 — k2 = ) in domain Q) (3.24)
e +oku® = A on TU9 (3.25)
u = g on rnan® (3.26)

where we recall gp to be the Dirichlet data from Chapter 2. Moreover, at interfaces the

following continuity constraints must be respected

u® = 4@ on T®Y (3.27)
ouls) (@) —(s
Buns +akul® = 'aaunq +aku® =\ on T®Y. (3.28)

The above reformulation (3.24)-(3.26) is valid only for a checkerboard like decomposition of
Q where the subdomains have a special + signing assigned to them which ensures well-posed
local problems while at the same time guarantee that the accumulation of the contributions
of the local decoupled solutions u(®) will yield the global solution u of the original Helmholtz
problem. Problem (3.24)-(3.26) then can be written equivalently as the minimization of
a modified Lagrangian with continuity constraints between subdomains assembled in a

checkerboard fashion satisfying (3.27)-(3.28). For Ns subdomains we write the modified
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Lagrangian

Ns
L) = S L[ 9u® . w3 ga — 2 / w056 g0 — [ 056 4o
2 Ja Q) Qe

s=1

Ns N,
- 1 B

E : =(s) (s) 2z 1\ns.q 4 1on (5)7(5) (s)

s=1 /BQ(S)O-Q(S) A,U dl—\ + Z Z 2 {\/T‘—(s)( 1) q Zk,U v dF

s=1 =) nnlDL{p}

/( )(_1)5nq,s ikv(q)ﬁ(Q)df(Q)}
f q

where dp,, is equal to 1 if n is the outgoing normal unit vector to Q) and is equal to 0
otherwise. The last term in the Lagrangian then is the modified term and is only nonzero
at an interface between two subdomains. As in the case for Poisson problem, the gradient

conditions of the Lagrangian are then sought, which leads to the equilibration of the hybrid

fluxes
Vu'® . ve® g0 — kz/ w5 g0 + ik Z (_1)5n5,q/ MOC) df(s)
Q) Q) () mgg(@) e
QY N U £{0}
_ FOBE) gg — / 0y NT) 1), (3.29)
Qfs) ans)

and the continuity enforcement of the decoupled solution between the subdomains, namely,

Ns
> / oo ul® dQ = 0. (3.30)
s=1 Q)

3.2.1 Discretization

The global Helmholtz problem in discrete form to be solved is
Ku=f where K=K —k’M

where we recall K and M are the stiffness and mass matrices respectively, arising from
the finite element discretization and k is the wave number which is positive. From Equa-

tions (3.29)-(3.30) we know that in the FETI-H method we replace this equation with the
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equivalent system of subdomain equations

(R +ikM;)u = (K~ KM + ikM3) o
= - BTA (3.31)
Ns
> Bu' = 0 (3.32)
s=1

where the K* and M?* are the local subdomain stiffness and mass matrices, and M7 the
matrix corresponding to the discretization of the modified part of the Lagrangian in Equa-
tion (3.29) which is nonzero only at the nodal values shared at the interfaces between two
subdomains. It regularizes the subdomain matrix, making it non-singular, which in turn
leads to (3.31)-(3.32) having a unique solution. Moreover, the solution of nodal values of
the subdomain is given by u® which includes interior values designated by u; and boundary

values given by uy,. These are explicitly, written as

0 0 w
1
s __ s _
Mi=1y Seamy |00 T
QN QI {0} up,

where My, is the interface mass matrix given by

M.}, = h,h,d
{M}), g /Qsmq 5 d€

where we recall that h, and h; are the finite element shape functions associated with nodes ¢
and j on the interface between the subdomains. €*9 is due to the checkerboard structure of
the subdomains shown in Figure 3.1, which allows for the well-posed structure of the local
subdomain problems and has the special signing: e%9 = —e?° = +1. We point out that
for computational efficiency, the matrix M3 is constructed as a lumped matrix where all
contributions of the matrix is on the diagonal. Our numerical experiments have shown that
when we increase the number of subdomains, and more iterations is required for convergence,

mass lumping improves our iterative method by reducing the number of iterations. We also
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Figure 3.1: Representation of the checkerboard partitioning of the mesh (depicted in 2D), with the special
= signing used in the regularization of the local subdomain matrices in three dimensions In this partitioning,
each subdomain is given arbitrary sign in such a way that at least one of its neighbors has an opposite sign.
Furthermore, the faces of each subdomain must also have the same signing as the subdomain.

note that £5 is the array of nodal values corresponding to the discretization of the duality
pairing (7)), namely,

Ny

fo =) Mipf*()

B=1
where here IV, indicates number of nodes in each subdomain, and £ are the the corre-
sponding coordinates.

Finally, substituting Equation (3.31) into (3.32) yields the desired interface problem

associated with the regularized subdomain equations in (3.31) given explicitly as

FA=d (3.33)
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for

Ns
F; = ) BY(K°+ikMj)"'B*T (3.34)

s=1

N, _

d = ) B (K®+ikMj) ' (3.35)

s=1
We make the observation that Fy is not Hermitian (Fr # Ff, where over line indicates
complex conjugate of the matrix), it is however, symmetric (F; = FT). This fact is impor-

tant in choosing the right iterative algorithm to solve the interface problem which exploit

the complex symmetry of Fy.

3.2.2 Iterative method used

Several iterative methods have been applied to system (3.33), but as F; is non-Hermitian,
the classical conjugate gradient method cannot be directly applied. The iterative methods
in which we have applied are best suited for solving Helmholtz problems and in particular
for complex symmetric linear systems. The iterative procedure we follow is that used in [26],
which is a modification to the conjugate residual (CR), and the generalized conjugate resid-
ual (GCR) methods which have been derived from the GMRES method for the special case
that the system matrix is Hermitian. We briefly summarize the CR, and GCR methods as
a means to adding clarity in the description of the algorithm used in [26], however, for a
detailed description, on the CR and GCR methods the reader should consult [56]. We have
also tried the symmetric quasi-minimal residual method (QMR), and the CSYM method
which are also good methods in solving large sparse systems with complex symmetric coeffi-
cient matrices. With the exception of the CSYM method, all of the other iterative schemes
are Krylov subspace methods. For the QMR method we refer the reader to [31, 56}, and
for the CSYM method the main source is [12]. We will not go into the description of of the

other methods as they are discussed fully in the references. However we will comment on
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the reasoning behind the choice of iterative method used and will briefly mention from our
experience which methods perform best in solving the interface problem (3.33).

The CR method very closely resembles the CG method which becomes eminent if we
make the observation, that the nth residual vector r := b — Ax™ (in the iterative solution
to Ax = b), where x" is the n approximate solution, and search directions p” are related

in both methods through the relations

¥ = b-Ar?, p’=1° (3.36)
r" = "o lAptT (3.37)
p" = "+ p"t for iterates n=1,2,--- (3.38)

where the only difference in the algorithms are in the formulas ™! and ¢"~!. The algo-
rithms are based on seeking out approximations in the affine space x° + W given an initial
guess z°, using a succession of orthogonal projections onto the subspace W which leads to

the conditions

LW and Ap" LW (3.39)

that determine the parameters n*~! and ("~!. When A is Hermitian positive definite,
e W =K"A,r% leads to the CG method
e W=AK"(A,r% leads to the CR method,

where K"(A, %) is the Krylov subspace. Thus, in the CR method residual vectors are A-
orthogonal, and the Ap™’s are orthogonal, or equivalently stated, p™’s are AT A-orthogonal,
i.e. the inner product (Ap™, Ap") = (Ap")T(Ap") = p"TATAp" = (ATAp",p") =
0. In the GCR method, rather than storing only the previous iteration of search direc-

tions, one considers a sequence of these search directions p°, pl,---,p™ !, where each set
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{p%, pt, - ,p’7!} for j < n forms a basis for the Krylov subspace K’ (A, r?%), where
(Ap', Ap¥) =0, for i#k. (3.40)

The associated residual and search direction vector analogues to (3.36)-(3.38) in addition

to the approximate solution vector are

X" = Xnvl + nnflApn’ = rn41 _ nn—lApn (3_41)
n—1

p" = "+ ("Ap (3.42)
1=0

where the parameters are then determined via orthogonality conditions
(r",Ap') =0 i=0,---,n—1 (3.43)

and (3.40). This will in turn yield the approximate solution x™, with the smallest residual
norm in the affine space x% + K.

As the interface problem F; here is complex symmetric and not Hermitian as was the
case for the CR and GCR methods, the main difference becomes in the complex conjugate.
Therefore, in order to determine the parameters 7! and ¢**, needed in the computation
of ™ and the sequence p°, pl,--- ,p"~! for a complex symmetric matrix A, one considers

the following choice of subspace
« W=EK"(&, 1),
and thus we have that for A = Fj, the search directions must satisfy the orthogonality
conditions
(Frp*, FrpF) = (F7Fp',pF) =0 for i £k, (3.44)

(", Fp*) = 0 for i=0,--- ,n—1 (3.45)
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Any approximate solution iterate, A", can be computed from A”~!, where by exploiting
orthogonality with the vectors Fyp? for ) =1,--- ,n — 1, gives

no1 ("L Fprl)
(Frpn=1,Frpn-1)’

n (3.46)

so that A™ = A"~ 4 ¢~ 1pn—~1 Multiplying this equation with F?F and taking the inner

product with any p” € AK™, and using (3.44) we have the orthogonality condition
=1 n n—1y =7
(F; F(A" — A", p™)) =0,

which implies that the algorithm used to solve (3.33), minimizes the F?F norm of the error,
i.e. minimizes ||A — /\"HFTFI. Below we summarize the algorithm we used in calculating the
I

interface problem, where here we designate the complex conjugate transpose with .
1. Initialize vectors

ANo=0, ®=d-F;\°

2. iterate until convergence n =1,2,---

nt = (Fp) "/ (Fp)v U (Frp)t
X = X
r" = - (Fp)" T,
y* = 17,
Compute ¢ = —(F/p)"" (Frp)"/(Frp)" (Fip) for v =0,1,--n—1

n—1
pn — yn_i_zc'mpz
1=1
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Some Comments on Preconditioning

The above algorithm is referred to as the unpreconditioned regularized FETI method for
complex problems. While the unpreconditioned method converges, and is numerically scal-
able with respect to the mesh size, it is however not scalable with respect to the number
of subdomains. Moreover, a study done in [25] also shows that in the absence of precondi-
tioners the convergence of the regularized FETT method increases sublinearly with the wave
number. The methodology for preconditioning the regularized FETI method is described
in [25, 26] where at each iteration, the interface residual generated by the GCR algorithm
is preconditioned by solving an auxiliary second-level problem obtained by projecting the
interface problem onto a suitable coarse space. Such a coarse space preconditioner numer-
ically scales with respect to the number of subdomains and the wave number and thus
accelerates the convergence.

The current work does not implement the coarse space preconditioner as the main
purpose of the work is to develop the exact bound method and to demonstrate the bounding
properties. However, as the method is applied to three-dimensional wave equation in simple
geometries using structured meshes, the computational cost in solving the interface problem

is still affordable even in the absence of preconditioner.



Chapter 4

Exact Bounds Method for the
Poisson Equation

The strategy involved in the computation of bounds to exact outputs of interest is similar
to the former hierarchical method [48, 50], in that it involves decomposing the global mesh
into several elemental subdomains and relaxing the continuity requirements along the edges
of each subdomain. A Lagrangian is first constructed so that the output problem is recast as
a constrained minimization problem where the constraints are the continuity requirements
along the edges of the subdomains and the equilibrium equation. The gradient condition of
the Lagrangian will then lead to the primal-adjoint pair and the equilibration equation that
will determine the candidate inter-element continuity multipliers. The bounds are finally
obtained through a local sub-problem calculation. At this stage, the method differs from
the former two-level residual method because by exploiting the Lagrangian saddle point
property, existence of such bounds to the exact solution is guaranteed, however the bounds
are practically un-computable. The key ingredient relies on constructing a complementary
energy functional chosen from a suitable finite dimensional set that can be used to bound
the infinite dimensional problem [58, 59].

In this chapter, we extend the exact bounds method proposed in [58] for the Poisson’s

equation to three space dimensions. While in [58], Ladevéze’s procedure [38] is used in the

61
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calculation of the hybrid fluxes, we invoke the FETI method which has been shown [47] in
the context of the two-level residual method of obtaining bounds to reduce computational

time and memory.
4.1 Bounds on Energy

Preceding our objective of obtaining bounds on selected quantities of interest for the
Helmholtz equation, we highlight some of the main theoretical aspects of the method, by
applying the ideas to obtain energy bounds for the Poisson equation. Considering a simple
boundary value problem with homogenous Dirichlet boundary conditions, we can define
both trial and test space as: U(§)) = {u € H! (Q)‘ ulrna = 0} and consider the problem of

finding v € U, such that

/Vu-VUsz/fde, YveU. (4.1)
Q Q

The total energy of the system which we would want to bound is

e(u):%/ﬂVu-VudQ—/qudQ:—-%/QVU~VudQ (4.2)

using Equation (4.1). The physical principle involved here is that the solution u minimizes
the energy with respect to all other candidates in U, which can be stated mathematically

as

U = arg infl/Vw-deQ—/fwdQ.
weld 2 fe) 0

This statement is a result owing to the convexity of the energy functional which guarantees
a unique minimizer. If we search for a discrete approximation of u from the finite set
of functions ) C U, then the convexity implies that any approximation of the energy
term, will approach the minimum from above as depicted in Figure 4.1. Therefore, in the

case of bounding the energy, the upper bound is just a consequence of the finite element
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e e(up) =mine{w)
wEUp,

w ¢&(u) = mine(w)
weld

Figure 4.1: Conforming nature of the upper bound. Here we see that any set of conforming functions will
approach the exact minimum from above; thus e(uxr) > e(u).

approximation, however the upper bound alone is not enough to certify the error in the
solution.

In order to obtain a lower bound, we commence with the domain decomposition strategy
discussed in the previous chapter, and relax the continuity between subdomains in the
partitioning of the domain €2, through the use of Lagrange multipliers. Such a strategy

leads to the introduction of the broken spaces (hat spaces)
U = {v|v € L*(Q),v|p € HY(T),VT € T»} (4.3)

where here we use the notation given in [58] and denote 7, as the mesh consisting of these
non-overlapping subdomains T := Q) e T, (as was earlier presented in the previous chapter
where 2(5) has been defined). As the global mesh is the accumulation of these subdomains
we identify the integral over the broken domains as sums of integrals over the subdomains,

ie.

/vw.wdgz Z
Q

/ Volr - Vo|rdt, where recall @|p = W),
TeT;, ’ T
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4.1.1 Lagrangian Formulation

By enforcing continuity, we can re-formulate the above minimization statement where again
A is used to indicate the Lagrange multipliers which have (%) signing at the interfaces
between two subdomains tracked by or. Let v € 97, be a face of an elemental subdomain,
then we express the continuity constraint as the strong statement given by: &|r, —&|ry v =
0on . Sincew € HY(T), the trace of & on v, will satisfy &|, € HY/2(8T), and A|, will belong
to the dual of the trace space: A(AT) = H~Y/2(dT"). The weak form of such a statement
then can be expressed for all A, € A(7) as [ (@|r,y — d1y,y)Ay dT = 0. Therefore, such a

re-formulation is now written as

1
inf = / V& - Vo d — / fodQ (4.4)
well 2 Ja Q
s.t.Z/ orAbdl =0 YA €A. (4.5)

TETy or

with A = Ipez, H~Y/2(0T). We now express this as the Lagrangian

c(a,A)z%/Qw.vwdQ—/ﬂfwdQ— >

/ opAQ dl (4.6)
TeT), or

where optimality is arrived at by imposing the conditions V£ = 0 and V£ = 0 which
correspond to a saddle point. From the saddle point property and strong duality of convex

minimization leads to the inequality

e~ < inf L(®,A) <sup inf L(@, ) = inf sup L(&,\) =¢
oeU AEA el weU AEA

which is the basis for the bounds method and for the energy term, obtaining a lower bound.
Here  is some candidate Lagrange multiplier which cannot be chosen arbitrarily. The choice
for such candidates emerges from the finite element or spectral element approximation of
the equilibration equation (as explained in Chapter 2) which is an equation balancing the
contribution of the forces acting on the subdomains and consequently, guarantees that the
inf

weig L@, ) is bounded from below for any choice of A, as shown in [58].
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4.1.2 Spaces and Multiplier Approximation

The approximation spaces used for the finite dimensional problem are

Un

i

(ve u(mT € PP(T),VT € Tp} (4.7)

Ap,

e A‘Ah € PP,y € T3} (4.8)

for PP(T) being the space of polynomials on element 7' (in three-space dimensions) with
degree less than or equal to p, and PP(~y) being the space of polynomials on element faces -y
(in two dimensions) with degree less than or equal to p. Moreover, the global representation

of the broken space is given by
U, = {v e L?] vlz, € PP(Th), VT € :rh} . (4.9)

Thus an approximation to the equilibration equation resulting from the gradient condition

of the Lagrangian of the last section is given by

Z/ aT)\hﬁdI‘:/Vuh~V®dQ—/f®dQ, b e Uy (4.10)
TerT, /0T Q Q
h

which solves for Ap, and thus from the discussion of Chapter 2 is used to calculate u;f)

in which the accumulation of such contributions from every subdomain leads to the global
approximation wuy. As mentioned previously, the particular choice for such a candidate
Lagrange multiplier A is taken to be An. Thus it is apparent that we have a lower bound to

the exact energy, that is

inf £(&, M) <e. (4.11)
OEU,

However, as the infimum of the Lagrangian is taken over all © € U , it involves the exact
solution, and is thus un-computable. The strategy then, involves the use of a complementary
energy functional, in order to bound the infinite dimensional problem from below. We will
see that any approximation to this new functional will involve a computable lower bound

to the lower bound in (4.11).
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4.1.3 Subproblem Calculations

Computable lower bounds are obtained through local independent subproblem calculations

where from the lower bounding property given in (4.11) we write

inf L(@w;Ap) = inf Jr(w
D@ = 2, ()

where Jr(w) is the localized Lagrangian (subdomain localized) given by

1
JT(w):i/TVw-deQ—/wadQ—/aTUT/\hwdF.

Now by defining the complimentary functional by

1

Jr(q) = 5/ q-qdQ
T

for functions q € H(div; T") where

H(div;T) = {alq € (L*(T))*,V - q € L*(T)},

we consider the inequality

1
l/(q—Vu))QdQ:E/q-qdﬂ—i-—/\7w-deQ~/q-Vu)szO.
2J/r 2J)r 2Jr T

Thus from Green’s identity: — [,q- VwdQ = [V - qwdQ — [5q - nwdl we have

1/q-qd,’Q—Fl/\7cu-V(,udQ—f—/V-qcualQ—/ q-nwdl >0
2Jr 2 Jr T aT

Choosing q from a space @ defined over each subdomain T given by

Q(T) = {qu(div;T)‘ Vgq=f inT,

UT)\h on GT}

Il

q-n

where upon substitution of this choice of q in the above inequality leads to

2

1
—1—/q-qu+—/Vw~deQ+/fwdQ—/ oA, wdl > 0.
T 2 )7 T ar

(4.12)

(4.13)
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Using (4.12) and (4.13), we arrive at the lower bound, but in order to find the best possible

we consider the supremum over all q € Q, in order to obtain

sup —Ji(q) < inf Jp(w). (4.14)

qeQ(T) weld(T)
4.1.4 Bounds Procedure

Here we will not go into the detail of the discrete equation used to approximate the bound
components g as we discuss this in the next section. However, we point out that the global
lower bound consists of an aggregate of these local quantities, where

J@) =Y Jrwlr), J9@ =Y Jialr)

TeT, TET,

and the space Q = I7e7, Q(T). To elucidate the idea behind the method further, the
functional —J¢(q) is negative definite and is a lower bound to the infinite dimensional
problem, where we see from Figure 4.2 that any approximation —J¢(py,) for py, € Qp(T),
will approach the exact solution —J¢(g) from below, and thus will procure a computable
lower bound to the exact energy J(w). Therefore, in summary in order to achieve the

bounds g, <& < 5:[, the bounding procedure contains of the following steps:

1. Calculate the global equilibration using FETI: Find A, € A, such that
> / aT)\hﬁdF:/Vuh-VﬁdQ—/fﬁdQ Vo € Uy,
Ter, JoT Q Q

2. Use Aj, to calculate the decoupled solutions u,(f).

3. Calculate the upper bound, which is just a result of a finite element approximation

to Equation (4.2) given by

1 1
.s;:—g/QVuMVuth:—i E /TVuh|T-Vuh|TdQ.
TeT,
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4. Calculate the dual Approximations: Find €, such that
g, = sup —J(an).
GrEQn
where the approximations qp require knowledge of already computed values Ap,and

uls),

The last step consists of several sub-problem computations where we discuss in more detail
when we introduce the output bounds procedure in the next section. We would only point
out from the properties of the energy bounds [58] that the lower bound &, must hold for all
levels of refinement and converge asymptotically to the exact solution at the same rate as
the finite element approximation converges to the exact energy. In the case of the energy,

the finite element approximation of the energy term coincides with the upper bound.

J(up) = min J(w)
wEUy,

Jé(pp) = max J°(q)
qeQy

Figure 4.2: Lower bounding property. Here we see that any approximation of the complimentary energy
functional will bound the exact energy functional such that J°(qs) < J(w) for the choice of a qx chosen
appropriately, namely from the finite dimensional set Qp.
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4.2 Bounds on Quantitative Outputs

In this section we formulate the bounds for quantities of interest s to the Poisson equation

(4.1). Such quantities are expressed as linear functionals

s = fPudQ (4.15)
QO

for fo € H~1(0°), where Q° is the region which the output component is specified. The
objective here is to find rigorous upper and lower bounds s* to the exact output s such
that s~ < s < st holds for all levels of refinement of the mesh.

In the energy bound procedure, the minimization of the Lagrangian also corresponded
to the solution of the original problem. In contrast, for the case of output bounds, the
variational procedure must be set up such that a minimization of the Lagrangian, will yield
the exact output. However, in order to guarantee that the minimizer also corresponds to
the solution of the original problem, we must impose it as a constraint. Now we define the

following linear and bi-linear forms

a(w,v) = /QVw-VUdQ, E(v)z/ﬂfde,
W) = fevdQ, h(w,\) = Z/BTJTAde‘

Qe TeT,

and express the exact output with energy functional £(0%) : U — R as:

E(@F)
Fs = inf FO(&F) + g {a(@*,0%) — 0@F) + (@) — a(@®, 1)} (4.16)
stoa(@F,¥) = L) (4.17)
h(OE,A) =0 (4.18)

where by varying the sign of the original output we can obtain an upper and lower bound.

Here 7 is chosen to be an element from the set U, thus as @ € UandlU C LA{, thené =w—u €
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U can be thought of as the error in the energy functional E(0F) = a(wF, 0F — 1) — (0T ~ 1),
with the property that £(&) = 0 when & = v for an element % chosen appropriately from
the set /. Therefore, the objective functional: F£°(w*)+£&£(@*) will be minimized and the
minimum will be the desired output of interest. However to ensure that the original Poisson
equation is satisfied, we have included it as a constraint with the Lagrange multipliers v
in addition to enforcing continuity along the faces with the hybrid fluxes A. The use of a
parameter s is made, which is standard in the literature, and its purpose is made later in

optimizing the bounds.

4.2.1 Lagrangian Formulation

The Lagrangian L : UxUxA R, now having constraints where weak continuity is
imposed along the faces of the subdomains and the equilibrium equation is re-enforced is

expressed as
LE@E g 2D = 705 + _;”: {a(@F, o0F — @) — 2@0* — @)} (4.19)
+ L) — a(@F, ¥F) — h(@*, \F),

where in order to achieve the output bounds the saddle point property of Lagrange multipli-

ers and strong duality of convex minimization must be employed leading to the inequality:

inf L¥(@F, ¢, M) < sup  inf LHOE ¢FNF) = Fs (4.20)
oreld yreyoteud
AEea

for some candidate Lagrange multipliers (¢*,A¥) € U x A. The bound (4.20) is un-
computable in general since it requires knowledge of the exact solution. We follow the
work presented in [58] in order to procure computable upper and lower bounds to the

bound in (4.20). This task first requires the approximate solutions to the Lagrange multi-
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pliers )\Ef), and the decoupled solutions, ugf), }(Ls). These approximations are then used in

several subdomain calculations.

4.2.2 Lagrange Multiplier Approximation

The argument infimum of the Lagrangian for candidate Lagrange multipliers is derived at
through its first variational form. Making the decompositions \* = SN E )\}f, and ¢Y* =
+1p, the gradient condition of the Lagrangian leads to two equilibration equations, which
upon using the FETI method yields the hybrid flux approximations and the approximation
to the decoupled solutions u(®), and (). The resulting set of equilibrium equations are

independent of k and are written as:

1. Find A; € Ay, such that

h(D, A) — a(un, 0) = —€(5) Vi € Up, (4.21)

2. Find /\;/; € Ay, such that

h(0,\Y) + althn, 0) = —£°(0) Vo € U, (4.22)

where the approximation spaces used here have been defined in (4.7)-(4.9).
4.2.3 Local Dual Sub-problems

In order to apply the same ideas as in the energy bounds where a finite dimensional space
was used to bound the infinite dimensional problem, we need to first consider the local
contributions of the Lagrangian and bound the energy term with a complementary en-

ergy functional and treat all other terms as forcing terms. The local Lagrangian in the
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appropriate form necessary for obtaining bounds, has the disposition

E%(wi; +1), gS\“ + ¥ = g/ Vuw® - Vwt dQ
T

2 aT

q:{/(f°—Az;)widQ+ (aTX¢+v¢.n)widr+/fz;dQ},
T oT T

—E{/T(f—Aﬂ)widQ—i-/ (JTS\“+V&-n)widF+/TfﬂdQ}

where Green’s identity: — [ Vu - VwdQ = [ AuwdQ — [, Vu - nwdl is used to ensure

that no term other than the dissipative term % fT Vw - VwdQ) involves derivatives of w*.

Recall 7 is any element belonging to the space U, and X“,Sﬁ", and 1[) are candidate Lagrange

multipliers. The Lagrangian can now be written as

z:;(wi;iqz,gxuiv)=_g/TfadQ¢/Tf¢dQ+J$(wi),

where
JEw¥) = E/ Vwi-vwidﬂ—/fiwida—/ gtwtdr
2 Jr T oT
for
K - o ~
£ o= B - A= (- AJ)
gt = g{aT;\“ + Vi -n} £ {opA? + V¢ -n}.

For the positive definite functional
c 1
Jr(q) = 5 [ 4-qdQ
T
where q € H(div;T) it is shown [58] that
+ Lo, +

JT((“) )Z _—I;JT(q )7

provided that qF is chosen from the space of functions

Qi(T)E{qu(div;T) /V'quﬂ—/ q-nvdl
T ar

:—/fiudsz—/ gtvdr, \'/veHl(T)}.
T orT

(4.23)

(4.24)

(4.25)

(4.26)
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From (4.20) we can write

inf L(@7, %7, A7) <sp < — inf_ LHGOF, 9T, AT,
w-eld wteld

where st are the local contributions to the output and the upper and lower bounds to this
output occur as a consequence of (4.23) and (4.25) which procure bounds to these bounds.
With the choice & = up, €Uy C U, 1/7 = Y, AU = A¥, and AV = /\Z’, we obtain the non-trivial

upper and lower bounds

K 1
Fsk = 5/ fup dQl + / fondQ+  sup —=J%(qT). (4.27)
T T
Global output bounds result then from the aggregate of these local contribution.
Sub-problem Approximation

We recall that the data wp,¥p, and A, in the right hand side of the constraint (4.26) are
polynomial approximations of order p, based on the local basis functions used. Therefore a

suitable approximation space for the dual feasibility constraint is chosen to be
Q™1 = Q* n (PU(T))?,

however, the polynomial order ¢ must chosen so that the right hand side of Equation (4.26)
belong to the range of operators on the left. The decomposition q = kVuy, + 5qj + q}f, in

the minimization (4.25) leads to the two x independent subproblem calculations:

¥ = ar inf J° , 4.28
@ ® qnenbin) (an) (4.28)
qf = arg inf J% qun), (4.29)

QhEQf(T)

for the dual feasibility approximation sets:

Q(T)= {q € (PU(T))°

/V-quﬂ —/ q-nvd)= (4.30)
T or

- /(f+AUh)UdQ—/ (UTAz—Vuh-n)vdI‘}
T ar
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Q}f(T)E{q € (PU(T))°

/V-quQ—/ q-nvdQ= (4.31)
T oT

—/(f"—Awh)de—/ (oTA}f+th-n)vdr}.
T oT

In order to determine the degrees of freedom of the dual variables q, let us as an example

consider re-expressing the restrictions given by (4.30) in its equivalent form

V-qp = —f—Auw, (inside the subdomain) (4.32)

qp-n = opA}y —Vuy-n (on the contour of the subdomain). (4.33)

It is clear that each component of the dual variables q are to be chosen to be polynomial
of degree q. For uy|r € PP(T), implies Auylr € PP~2(T). In order for this equation
to be solvable the forcing function f|r must be approximated with polynomial of degree
P"(T) for ¢ > r. A similar analysis follows with the constraint in (4.31). In this work,
we approximate the forcing and output vectors with the same order as the variables ugf),
w}(Ls), and the hybrid fluxes, and so we take r = p with ¢ > p sufficing. On a further note,
the two sets of equations (4.32)-(4.33) do not uniquely determine, and moreover there is
one equation that is linearly dependent of the others. In order to find g minimizing the
complementary energy, Lagrange multipliers are used where the restrictions are the two
sets of the equations previously described. These equations can be imposed as constraints
either in their weak form or strong form. Here we impose them weakly.

It can be verified from the equilibration equations (4.21) and (4.22) that by choosing
the test function v € Uy will result in the vanishing of the right hand side of (4.30) and
(4.31), and thus impose the orthogonality condition

> /q- Vu dQ = 0. (4.34)
T

TeTy,

The right hand side of (4.30) and (4.31) are localized residuals forms, and are non-zero
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only for the appropriate choice of polynomial approximations of both the primal and dual

variables. These set of polynomial fields then allows for the certification of the bounds.

Remark 4.1 To clarify this last statement, we mention here that by wmposing the con-
strawnts weakly, we must consider the appropriate space to choose the test function v. If we
consider v € Uy, then v € PP, and since all of uh,q/}h.)\}f,)\}f are of polynomaal order p as

well, then from the equilibration equation,

/ UT)\’,;vdI‘—/Vuh-Vde—}-/fde = 0
orT T T

/ aTA’,fvdr+/vwh-vde+/f°udQ = 0
8T T T

as the FETI method appled to this equation, salisfies this over each subdomamn exactly.
Thus as mentioned previously, the orthogonality condition emerges, and will vmply that the
dual component for this chowce of test function wnll be the trinal solution q = 0 and thus
will not produce bounds. Hence, we choose test functions v € P4(T) so that the right hand
sude of the subdomawn equations (4.30) and (4.81) wnll have a non-zero residual. However,
this implies that as the hybrmd fluzes and the primatwe variables are of a lower order of
approximation, these quantities must be interpolated so that discretely they are defined on

the nodal pownts corresponding to PU(T) space.

Now we consider the last step of the procedure, and that is the formulation of the bounds

themselves after obtaining the dual variables qj and qf

4.2.4 QOutput bounds

With the splitting described above, we expand J&(q¥) = J&(kVup, + Sqp =+ q}’f) in (4.27)

and summing the local contributions gives

1 AUy A K C(A L -~
sfz—/f¢h+§/%'qhdﬂizj CHEEACTY
Q ) "
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where we have invoked the orthogonality condition (4.34). Letting

1 AU A u 1 Cf Al c/a
§h=§/qh~QZdQ—/fwth, 2 =77 @), 2 = Jo&a)
9 Q

Fe

z

and optimizing with respect to «, where the optimum x = , the bounds emerge as

z

T

s = 3, £24/ 202 (4.35)

where 3}, is the bound average.
It is shown in [58] that the theoretical convergence rate of both the upper and lower
bounds is that of the finite element solution, and that they both approach the exact solution

at the same rate, that is

Clu — up| g [¥ — Y| m (4.36)

»
I
»
Call
AN

st—s < Clu—uplgr |¥ — ¥nlgr- (4.37)

Thus, only when the finite element approximations are in the asymptotic regime, will the

bounds converge at the optimal rate.
4.3 Implementation

We have described the FETI procedure in the previous chapter, therefore we will not cover
this here. In this section we briefly comment on the interpolation of the hybrid fluxes which

is needed as right hand data in the computation of the sub-problems.

4.3.1 Interpolation of the Hybrid Fluxes

In discrete form, the approximation to the inter-partition connections A} and )\}f are given

by the solution to the system
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1. find (dip, A%) € U x A, such that

BTOALD _ AOGE = [ @ (4.38)
Ns
> BYaP =0 (4.39)
k=1

2. find (¢n, Al) € U x A, such that

BT(s))\g(s) n A(S)QL/(:) — _M(s)fo(s) (4.40)
N
ZB(s)a;Ls) -0 (4.41)
k=1

where in three-dimensions, A is the stiffness matrix, M is the mass matrix, and B is the
signed Boolean matrix described in the previous chapter. For test functions v € P4(T'), the
hybrid fluxes in the right hand side of constraints (4.30) and (4.31) must be interpolated.
The FETI approach solves for the fluxes on each face, which in continuous is given by the
quantity

/_ op vdl T = face of subdomain.
T

In the discrete form, this corresponds to a product of a two-dimensional mass matrix and
the nodal values of the hybrid fluxes which we write as M)\ (where M) is the 2D mass
matrix for each face of the elemental subdomains) on each face. Before interpolation the A’s
must first be obtained on each face by multiplying by M "' The right-hand side of the
feasibility constraint now involves integrals where the test functions are approximated using
P4(T) polynomials and the hybrid fluxes are approximated using only PP(T) polynomials.
One way to do the interpolation is to introduces a 2D mixed mass matrix MHSZ)XP,,, then
the product Mﬂgff Z(PP-M]}E,{ L_Plp-/\ff), gives the interpolated hybrid fluxes over each face of the
elemental subdomains.

Figure (4.3), details the interpolation procedure, with both structured and unstructured

subdomains which we use in this study to illustrate our results. The tetrahedral subdomains
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are just elemental, while the cubic subdomains are comprised of six tetrahedrons. The
difference in subdomains is that while the tetrahedrons offer more flexibility in the geometry,
the constraint

q-n=orh

is simpler to implement when the normals are orthogonal to the faces of each subdomain.
Interpolating the subdomains include certain numerical errors which affect the accuracy
of the bounds. Therefore, our choice for a more structured mesh is to avoid interpolation
errors. For illustration purposes, Figure (4.3) depicts the case where we use tetrahedral
subdomains with ugf), zbf(f), An € P! and qy, q}f € P2. Our experience has shown that going
to higher order on the unstructured meshes will produce errors which we believe is due to
interpolation of the hybrid fluxes. While the finite element solution u,(f), ,(f), Ap, converges
at their theoretical rate, the bounds lose convergence for the tetrahedral mesh at higher
than p = 1, ¢ = 2. Therefore, in this work we mainly consider a fully structured mesh,
where for the case of cubic subdomains we demonstrate results when p = 2, ¢ = 3. We see

from the results section that for this order the bounds retain the theoretical convergence

rate of O(h?).
4.4 Discrete forms and Sub-problems Computation

As mentioned previously, the minimization statements in Equations (4.28) and (4.29) can

be solved using Lagrange multipliers. For the statement (4.28) we construct the Lagrangian,

1
Diato) =3 [at-atae + [ Veagivan- [ atonvar

+/(f—|—Auh)de+/ (or A} — Vuy -n)vdl
T aT

where at optimality V4L = 0, and VL7 = 0 gives the set of equations
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£
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Figure 43 (a) Ilustration of the hybrid flux interpolation on the faces of the elemental tetrahedral
subdomains This thick hines signify the hybrid fluxes at the vertices, calculated from the FETI, and the
thimner lines represent the mterpolated values given by the operation to the right of it (b) Illustration of
the hybrid flux interpolation on the faces of the cubic subdomains

/qz rth—/rh VuprdQ =0 Vrn, € Py
T T

~/q’,§ Vv'sz/Vuh Vv’dQ——/fv'dQ—/ opAiv’ dl Yo' e P9,
T T T aT

which has the matrix representation

MO o0 o0, 0
o MO 0 D | (g, 0
0 0 M& D) (@), oo

_DY9 _pi®  _pte g v RY,

Here, the superscript ¢ 1s used to designate the transpose of the matrix distinguishing 1t from

T which represents the subdomains The matrices Dy, Do, D3 arise from the discretization
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of each of the terms in

Ov oL Ov
-Vde:/ ——dQ~|—/ —dQ—l—/ —dQQ
/Tq . q1 D11 . q2 D7y T a3 Oz
respectively. Furthermore, R} is the residual defined to be

RY = — MO f& 4 AOyO — BTO N (4.42)

The minimization statement for (4.29) is similar and we will not repeat the process. There
are a number of these small size subdomain calculations which involve solving the block
system matrix given above, one for qj|r and one for q;f}T. This system is solved using
the Uzawa algorithm which is a two step conjugate gradient method for each subdomain.
Accumulation of these quantities over all subdomains lead to the bounds as described pre-

viously.
4.4.1 Numerical Examples

The remainder of this section, verifies the results in a cube geometry where two different
forcing functions are considered. The output vector f° = 1.0 for all cases. Results are
obtained on a tetrahedral mesh and are presented in Table 4.1 , where the effectivity index

- +
. — 8—S8 S§—S .
is defined as 0, = ‘F—S—le and 9: = ||s—s’; ||. Moreover, for the second case, a constant forcing

is applied, where we have for for cubic subdomains two different approximations in which

we consider linear approximation for the finite element solution ugf),w,(f),)\f) € P! and

q,v € P?, and a higher order approximation where u,(f), w,(ls), )\gf) € P? and q,v € P3.

Constructed Exact Solution

In this case we consider as a test for validation the exact solution

u(z,y, z) = sin(rz) sin(7y) sin(7z)
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satisfying the homogeneous Dirichlet boundary conditions. This leads to the forcing function
f(z,y,2z) = 3n%sin(nz) sin(mry) sin(mz)

where the exact output of interest which we use as a reference solution is calculated to be
s = 8/m3. Figure (4.4(b)) shows the convergence rate of the bounds and the finite element
solution for the linear approximation where p = 1, ¢ = 2. The bounds asymptotically
approach the optimal rate of O(h?) which is also the asymptotic rate of convergence of
the finite element approximation. Figure (4.4(a)) shows the bounding property, that is,
it shows that the bounds hold for all levels of refinement and approach the exact solution
(dashed line). In addition, it shows the predicted output s}, namely, the bound average
s = 540 = (s} + s;,)/2. If we consider the normalized error of the bounds: Asf/s =
|s—53|/5 and Asgy/s = |$~ S4v]/8, from Table (4.1) we see that for the mesh size h = 1/16,
the relative error of the upper and lower bounds are 13% and 4.1% respectively. On the
other hand, the bound average is 0.269482, and has a relative error of 4% which compares
well with the error in the finite element solution of about 3%. Table (4.1) also gives the
effectivity of the bounds which compares how well the bounds converge with respect to the
finite element solution. As is observed for this case, the convergence of the lower bound has
a much better effectivity than the upper bound. Typically, the bound average will yield
sharper results than both the upper and lower bounds, however the good effectivity of the
lower bound causes it to have a slightly lower percentage relative error. As for the effectivity

of the upper bounds, we point out that for engineering practice, these higher effectivities

are acceptable.
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Uniformly Forced Domain

Here we take f = —2.0 and compare our results with the exact solution
_ _ 8 i i - ()P - )™
§= 7 n2m(n2 + m2)3/2
n=1m=1

46—7r\/m 2(1 _+_e~27'r\/n2+—m_2)
x 1 — e—27Vn24m? - 1 — e—27Vn24m?

+ Nm} ~ —0.0403405

We note that for the optimal parameter k, choosing a constant forcing will cause the finite
element solution to be equal to either the upper bound or the lower bound depending on
the sign of the forcing term. In this case, the upper bound is equal to the finite element
approximation. For p = 1, ¢ = 2, Figure(4.5) again shows plots of the bounds and an
asymptotic convergence rate O(h?). When comparing the effictivities for this case in Table
(4.1) we see that as the finite element solution is equal to the upper bound, the effectivity
for the upper bound is 1.0 at all the refinements. This is referred to as compliance. The
upper bound has a relative error of almost 16% and the lower bound has a relative error of
2.8%. The sharpness of the bounds can be increased with higher-order approximations. A
comparison of this with that of Figure(4.6) where higher-order polynomial approximation,
p = 2, ¢ = 3 are used, demonstrates that by using the higher-order polynomials results
in significantly sharper bounds. The asymptotic rate of convergence for both the output
bounds and the finite element approximations approaches the theoretical rate of O(h*) for

a structured mesh.
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f = 3n? sin(rz) sin(my) sin(mz)
s = 8/7% =~ 0.2580122
h sy s Sh 0, 0;
1/2 | 0.038018 | 0.380210 | 0.055517 | 1.0864 | 0.6035
1/4 | 0.148498 | 0.495173 | 0.163741 | 1.1617 | 2.5157
1/6 | 0.197912 | 0.416287 | 0.209552 | 1.2402 | 3.2661
1/8 | 0.220851 | 0.363288 | 0.229237 | 1.2914 | 3.6585
1/10 | 0232964 | 0.331964 | 0.239116 | 1.3256 | 3.9136
1/12 | 0.240049 | 0.312650 | 0.244702 | 1.3496 | 4.1049
1/14 | 0.244523 | 0.300063 | 0.248149 | 1.3676 | 4.2633
1/16 | 0.247519 | 0.291445 | 0.250418 | 1.3817 | 4.4024

7= —20
s == —0.0403405

h Sy s}'f Sh 0, 0
1/2 —0.121818 | —0.009375 | —0.009375 | 2.6312 | 1.0
1/4 | —0.092205 | —0 026951 | —0.026951 | 3.8735 | 1.0
1/6 —0.071412 | —0.033440 | —0.033440 | 4.5028 | 1.0
1/8 —0.060518 | —0.036211 | —0.036211 | 4.8862 | 1.0
1/10 | —0.054446 | —0.037610 | —0.037610 | 5.1659 | 1.0
1/12 | —0.050774 | —0.038408 | —0.038408 | 5.3990 | 1.0
1/14 | —0.048397 | —0.038902 | —0.038902 | 5.6006 | 1.0
1/16 | —0.046772 | —0.039229 | —0.039229 | 5.7863 | 1.0

Table 4.1: Tabulated bounds results and their effectivities obtained for the Poisson problem using tetra-
hedral elemental subdomains with p =1, = 2.
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Figure 4.4: Output bounds obtained for the constructed solution using a tetrahedral subdomains. (a)

upper and lower bounds. (b) convergence of the bounds.
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Figure 4.5: Output bounds obtained for a constant forcing (f=-2 0) with p = 1, ¢ = 2. (a) upper and lower

bounds (b) convergence of the bounds.
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Figure 4.6: Output bounds obtained for a constant forcing (f=-2.0) with p = 2,q = 3. (a) upper and lower

bounds. (b) convergence of the bounds
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4.5 Some Results on Stokes Problem

4.5.1 Model Problem

Here we only present the main results for the Stokes problem in order to demonstrate
the effectiveness of the bounds method for coercive bilinear forms where in particular the
energy term has an intrinsic minimization principle as in the Poisson case. For details of
the bounds calculation and the type of polynomial approximations used, we refer the reader
to [15]. The problem considered is a steady, incompressible (density p is constant), creeping
flow driven by a forcing term in an endless square channel with an array of rectangular
obstacles in the center. The flow has a constant dynamic viscosity p and is assumed to be
Newtonian. We let  represent the geometry of the domain where the coordinate system
is given by (1, z2,x3), with corresponding unit vectors x;,x2,x3. The pressure gradient
in the x3 direction is the driving force and is expressed as QLE, where L is a scaling length
of the channel section, and AP is the pressure difference between two reference points
with the distance L in the x3 direction. The fluid velocity and pressure perturbations are
periodic in the x3 direction. We let the fluid velocity be u = (u1, ug, u3) with u, being
the corresponding component int the x; direction and p be the pressure fluctuation field

divided by the viscosity u. The governing equation for the incompressible Stokes flow can

be written in indicial notation as x3 direction.

-aij;;] + ggi - f, inQ i=1,23 (4.43)
g: = 0 inQ (4.44)

with boundary conditions:
Us|Ty = Ua|r, (4.45)

1, = 0 on the other boundaries. (4.46)
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Here f, = ﬁ—f is the prescribed forcing term in the x, direction. For our numerical

—

(0,0,1) o

e
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0,1,0) [T

(1,0,0)

——

Figure 4.7: Geometry for the Stokes problem. Periodic boundary conditions are imposed on I'; and T,

and homogenous boundary conditions are enforced on 9Q\(I'; U ')

experiments we choosed p = 1 for simplicity and as a benchmark problems we select fi =
fo =0 and f3 = 1. The geometry then, is the cube Q (Figure 4.7) is the bounded cubic
domain 0, 1[x]0, 1[x]0, 1] with rectangular obstacle ]0, 1[x]3, 2(x]%, %[ inside. Thus Q =
{10,1[x]0,1[x]0,1[} — {]0,1[x %, 2[x], 2[ }. The periodic boundaries are I'y =]0, 1[x]0, 1]
at z3 = 0 and I'y =]0,1[x]0,1[ at z3 = 1.
In order to ensure a unique solution for the pressure, we further impose the additional
requirement that
/ pd=0. (4.47)
Q
The weak formulation of the Stokes problem in terms of its bilinear forms for a given

(f1, f2, f3) € (H71(2))3 is then written as: Find (u,p) € Y, such that:

a®(u,w) + b°(w,p) = 5(w) YweX (4.48)
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¥ (u,r) =0 VreqQ (4.49)

where these forms are defined explicitly as

ov, Ow,

§ = X .
a®(v,w) \ 93, oz, dQ, V(v,w)e X x (4.50)
piv,r) =— [ rPaq, V(v,r) €Y (4.51)
Q 8%
Glw) = / Faw, dY, ¥w € X, (4.52)
Q

and the function spaces X, @, and Y are defined as

X = H}Q) x HYQ) x H}(Q) (4.53)
= LQ) (4.54)
Y = XxQ. (4.55)

4.5.2 Output functional

The quantity of interest in this problem is a normalized flow rate where the How rate is the
output values divided by the volume of the computational domain which is g. The output
functional is given as

s(u) = /Q(a -u) d (4.56)
where « is a unit vector that indicates the direction in which the displacement is evaluated;
and is a user defined coefficient where we take this to be & = (0,0, 1). Therefore, the output

can be expressed as

°(u) = / us dSQ. (4.57)
Q
4.5.3 Numerical Example of Bound Calculation for Stokes

Table (4.2) shows the lower bound (s} ), upper bound (s;}), the average of the bounds (say),

and the discrete output to the solution (sj) obtained on the mesh size & using the exact
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fi=f2=0, f3=10
s =~ 0.007283
h S; S;)j Sav Sh
1/3 0.002616 | 0.020594 | 0.011605 | 0.002616
1/6 0.005199 | 0.012781 | 0.008990 | 0.005199
1/12 | 0.006425 | 0.009708 | 0.008067 | 0.006425
1/18 | 0.006770 | 0.008828 | 0.007799 | 0.006770
1/24 | 0.006921 | 0.008437 | 0.007679 | 0.006921
1/30 | 0.007004 | 0.008221 | 0.007613 | 0.007004
1/36 | 0.007056 | 0.008087 | 0.007572 | 0.007056

Table 4.2: Tabulated upper bound 5?:7 lower bound s; , finite element output soution s, and the bound
average Sq» obtained for the Stokes problem using cubic elemental subdomains.

Stokes bounds method. For the finest mesh, a half bound gap 7.1% is reached. The half

bound gap is the bound gap divided by 2 i.e. (s —s;)/2 and normalized with the most

accurate output value.
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Figure 4.8: Bounds for Stokes output: (a) output bounds, where the dashed line represents the exact

solution. (b) Convergence of the bounds.

the finest mesh and the most accurate output value is 3.1%, which shows that the bounds

are sharp. The most accurate output value is s

~
~

§ = 0.007283, and is obtained on a

Crouzeix-Raviart finite element space [20] with mesh size h = 0.02. We further note that
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h < @Z T T T}j—
1/3 10 | 28 | —093 0 -1 35
1/6 10 264 | —082 0 —1 38
1/12 | 10 | 283 | =091 0 —-135
1/18 | 10 | 301 | —101 0 —-133
1/24 | 10 | 319 | —109 0 —-131
1/30 { 10 | 336 | —118 0 -1 30
1/36 10 354 1 —127 0 —128

Table 4.3: Tabulated results of the effectivities obtamned for the Stokes problem using cubic elemental
subdomains

for a relatively coarse mesh h = 1/12 say, the bounds are quite large, with a half bound
gap of 22.5%, but so is the finite element solution for this mesh with a half bound gap of
11.8%.

Figure (4.8) (a) shows the upper and lower bounds sf, and the finite element solution
sn. We note that the lower bounds output value is the same as the finite element out-
put value because the forcing term in the Stokes equations and the output functional are
constants.

Figure (4.8) (b) shows the convergence rate for each bound. Here we assume the most
accurate numerical solution § has a negligent difference from the exact solution s, and is
used for the convergence rate estimations: e, = |s;, — 3|, e = |sp — 5|, and e = |s} — 3.
The corresponding convergence rates are 1.22, 1.22, and 1.13, respectively. The convergence
rates are consistent with the predictions of the Stokes bounds method.

Again we define the effectivity of the bounds consistent with [58], where the lower and
upper effectivities are given by: ©; = |(§ — 5 )/(|5 — sa]) and ©F = (5 — s;|)/ (5 — sp|)
respectively. These indicate the sharpness of the bounds by comparing the error in the
bounds with the error in the finite element approximation. The effectivity of the bounds on
different mesh sizes are given in Table (4.3) and range from 2.85-3.54. These values indicate
that the bounds are sharp, being that they are only about three times the error of finite

element solution This is reflected in Figure (4.8) (b), where the convergence of the exact
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bounds, performs well compared to the convergence of the finite element output solution.
We further point out that for the Stokes output, the effectivities show that the exact bounds
perform even better than for the Poisson output. We also consider the predicted finite
element output solution denoted by s}, which is defined as the average of the lower and
upper bounds, i.e. s§'® = sq, = (sf + s;)/2, and define the error effectivity 7, = (§ —
sh'¢)/(5 — sp). This index indicates that the performance of the bound average is almost
the same as the finite element approximation of the output. Moreover, by defining yet
another effectivity index as: Thi = (sff — sp)/(8 — sp) we can measure the quality of the
error estimator 8,3:‘ — 55, as compared with the error § — sp. It is seen that the effectivity of
the lower bound is 0 which verifies that the finite element output value is equal to the lower
bound. However the magnitude of effectivity of the upper bound 7, is close to 1.3 which

indicates that the finite element output solution on each mesh is about half way between

the upper bound and the exact output solution.



Chapter 5

Bounds for the Helmholtz
Equation

In this chapter we present the formulation for obtaining rigorous upper and lower bounds for
exact outputs of interest to the Helmholtz equation. The method resembles the approach
undertaken for the Poisson equation in the sense that the bounds are obtained solely on
computations done on local spaces where the aggregate of several independent sub-problems
lead to the upper and lower bounds. However, the approach here differs from the Poisson
case, in that there does not exist an intrinsic minimization principle for the Helmholtz prob-
lem where the exact energy term can be bounded by a complementary energy functional.
Nevertheless, the problem can be transformed into an equivalent constrained maximization
principle that can be shown to guarantee computable bounds which preserve the bounding
property. That is to say, it guarantees the bounds to hold for all levels of refinement on any
polygonal domain with piecewise polynomial forcing.

For the particular case of the Helmholtz equation, we know from the discussion of
Chapter 2, that the Helmholtz sesquilinear form loses ellipticity for higher wave numbers,
and thus the principle of convex minimization generally cannot be applied. However, as the
Helmholtz operator is H'-coercive satisfying a Garding inequality, then in the asymptotic

regime where the number of degrees of freedom in the discrete model surpasses a critical

91
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number, will the problem begin to have a positive definite structure and the bounding
property of the method applies. We present our findings using high order nodal spectral
element approximations in an attempt to reduce the pollution error and in obtaining more

accurate bounds for higher wave numbers.

5.1 Problem Statement and Approximation Spaces

5.1.1 Governing Equation

In this section we continue with the exposition of the method as is applied to the Helmholtz
equation. We are interested in bounding outputs which are functionals of the weak solution
to the Helmholtz equation, and so we work with the Equation (2.6) in which we re-express

the problem in the convenient form: find u € Zp so that
blu,v) = M) WweZ (5.1)

where the test space Z and the functions space Zp have already been defined in (2.4)-(2.5).
Consistent with our notation from Chapter 2, b designates indefinite forms, where here it

is defined as

blu,v) = /Vu-VidQ—kQ/uﬁdQ, and
Q

Q
Nwy = [ fodQ.
Q

5.1.2 Approximation Spaces

We use the structured cubic subdomains comprised of six tetrahedrons described in the
previous chapter. As before, we have elemental subdomains 7" of a partioning 7, of £.

Associated to this mesh we define a regular piecewise continuous finite element subspaces,
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namely, the approximation subspaces,

Zn(T) = {v=vR+i vfp e PP(T), 0 |7 € PP(T),VT € T} N Z, (5.2)

ZP(T)

{v=1 40! vFp € PP(T), v |7 € BP(T),VT € T} N Zp, (5.3)

where PP(T) denotes the space of polynomials of order p over T, and v®, v’ representing
the real and imaginary parts of v respectively. In order to apply the method of bounds,
additional spaces and sesquilinear forms must be defined. First, the global representation of
Zy(T) are defined, which are the broken spaces with respect to the domain decomposition

given as
7 = {U|T e Z(T),NT € T, : v|p € PP(T), 0! | € BP(T),¥T € Th} . (5.4)

where Z is defined in (2.3). Secondly, we designate E(7}) to be the edge space which consists
of the set of open faces and edges v between different subdomains of the partitioning 7y,

and we introduce the space defined over v € E(7;,) by
Ap = { A= E+ X AR, e PP(v), M|, € BP(y),Vy € E(Th)} - (5.5)
Finally, we define the continuity sesquilinear form h : 2}1 x Ay, — C formally as

hw, \)= > [P\, dL, (5.6)
VEE(Tn)
where [v], is the jump in v across ¥ when ~ is in the interior face, and the trace of v on v

when « is on the boundary I". The relation between the spaces Z, and ZL become eminent

when we exploit the form h(.,.) in order to enforce continuity of the hat functions as
Zp = {ve?h:h(v,/\)zo,V)\EAh}. (5.7)

Conversely, for a continuous test function v satisfying the homogeneous essential boundary

conditions, and any function A € Ay, h(v, 5\) =0.
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5.2 Error Bound Formulation

5.2.1 Output Functional

The goal here is to provide upper and lower estimators that provide upper and lower bounds
to some exact output S(u). As previously mentioned, we do this based solely on decoupled
calculations on the broken spaces Zh. As we are interested in real outputs s, that are
functionals of the solution u = uf + iul, we set s = R(S(u)), where S(u) : Z() — C. In
our numerical examples we present the bounds on outputs which are expressed as linear
functionals of the exact solution u, although one can formulate the problem with non-linear

outputs. For example, we can express our output as in [57] in the form
S(up +v) = S(un) + £°(v) + M(v,v)

where we have expanded a non-linear functional in a form which considers both linear and
quadratic outputs. Here £° : Z(R) — C and M(w,w) : Z(Q) x Z(Q) — C are the linear an
bilinear contributions to the output respectively. M is required to be L?-continuous, with

the requirement that |[M(v,v)| < C|jv||2,. In this work we take M = 0 and consider
S(u) = S(up +v) = Sup) + £°(v).
More preciesely, one can express the linear output functional as
S(u) = £°(u) = /Q fuda= [ o+ /Q fevas (5.8)

where f° is some prescribed forcing data mentioned in the previous chapter. As we will see,
here v represents the error e = u — uy,.

5.2.2 Error Formulation

We begin by writing the Helmholtz equation as a minimization statement where the func-

tional that is to be minimized is in terms of the error defined above as e = u — uy, where
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we recall that up is the spectral element approximation. Since u — u; € Z then
blu,u —up) — N (u —up) =0 (5.9)
which implies through the sesquilinearity of b(.,.), that
blu — up,u —up) — EN(u —up) + b(up,u — up) = 0.
Now defining the residual
(B (v) = 1N (v) — blup,v) Vv e Z
and the energy equality can be rewritten as
ble,e) — £F(e) = 0. (5.10)
5.2.3 Lagrange Multiplier Approximation
Now we introduce the set of functions S C Z given by
s={ve Zlb(uh +0,0) = £V (), Y € Z; h(v,q) = 0, ¥t € A} (5.11)

where the first constraint enforces v = e, and the second enforces continuity and the ho-
mogeneous essential conditions. This suggest the formulation of the quadratic Lagrangian

functional £:Z x Z x A — C given by
LE(v, p,t) = F0(up +v) + g- (b(v,v) = €5 (v)) + €% () — blun + v, p) + h(v,t)  (5.12)

for some pu € Zp, and ¢ € A, where the constraints given by the equilibrium equation, and

continuity enforcement between subdomains are included in the Lagrangian.

Modified Lagrangian

We know from the discussion of Chapter 3, that a subdomain boundary value problem may

become ill-posed if it is equipped with the same boundary conditions as in the Poisson
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case, namely Equations (34)-(35) Instead, we replace these boundary conditions with
the Robin boundary conditions at the interface between two subdomams given by (3 27)-
(3 28), keeping i mind that we must utilize the special checkerboard like signing of the
mesh as explained in Chapter3 Therefore, under the broken spaces, where these boundary
conditions are satisfied at the interfaces, the sesquilinear form in Equation (5 1) 1s replaced

and the equation 1s re-expressed as find u € Z p such that
b (1, v) = b(u, v) 4+ 1p(u,v) = N (W), YweZ (5 13)

where between the two subdomains v 9 = Q% N Q9. p(u,v) 15 defined as

p(u,v) =k Z Z /(b ; ((—1)5“8 a7y — (—1)%na Sﬁu) dr (5 14)

VEE(Th) (s 0”7

Moreover, this expressed 1n terms of an error equation gives like before,
bm(e,e) = £E (e) (5 15)
where
02 (v) = N () = by (up,v), YveZ
Now defining the set S, C Z given by
Sy = {v e Z‘bm(uh Fo,w) = VW), Vw € Z, h(v,t) =0,Vt € A} (5 16)

where again, the first constraint enforces v = e, the error, and the second enforces continuity

of the subdomains at the interfaces Thus, the modified Lagrangian 1s now expressed as
o K
Lot (v, pst) = T (up +v) + 5 (bm(v,v) — () + €7 (1) = b (up + v, ) + h(v,t) (517)

where the gradient condition of this Lagrangian solves for wf, /\f for the bounds Thus we

have at optimality

o .4 0 .4 g
— t = — t = 0, L Sy T =0,
6’(} ;Cm(U, Hy ) (#_wz: t:)\f) 0, 8/1, ‘Cm ('U7 ,LL, ) U:ef 8t m(v H ) v:ef 0
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which lead to finding ef € 2;,, 1/1,? € ZhD and /\,:*L € Ay, respectively, such that the following

set of equations are satisfied:

h(w, AE) = — {w(w) ¥ g (2 (e, w) — L2 (w)) — bm(w,wff)} . Yw € Zp (5.18)
b (g, + €5, w0) = £V (W), Yw € Z, (5.19)

h(ei,t) =0, Yt € Ap,. (5.20)

Equation (5.20) forces ef € Zp, which combined with the original primal problem i.e

b(up,v) = M), Yv € Zj, and Equation (5.19), implies e,jl: = 0. Moreover, Equation
(5.18) must be satisfied for all w € Zh and thus for all w € Z;, C Zh. For the restriction
w € Zp, LE(w) = £F(w) = 0 (i.e. the residual £V (w) — b(up,w) = 0 in the global mesh).
Therefore, by exploiting the fact that in the continuous (global) mesh ¢£(w) = 0, and

h(, ) =0, yields the adjoint equation

b(w,¥n) = —£°(w), or equivalently b(w,v¥n) = —0°(w) Yw € Z (5.21)

with ¢35 = by

Remark 5.1 We note that i the continuous global mesh, the modified term used wn order
to make each local problem well-posed becomes zero since the mesh 158 no longer broken

between subdomains, and the £ contributions of the Robin boundary conditions cancel out.

Under the broken spaces, the residual RY (w) = —£°(w) — by, (w, %) # 0, in fact from (5.18)

it is evident that the equilibration equation can be expressed as

h(w, AE) = geﬁ(w) T W) — bn(w, ¥n)  Vw € Zh. (5.22)
Now as before, we make the decompositions

K
Ny =gt AV and recall ¢ =+,
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which transforms the equilibration equation into two x independent equations. Therefore,
the solution to up, ¢n, and A, which are necessary data for obtaining bounds, can be arrived

at through the following set of equations

Step 1: (The original primal problem) Find uj, € ZP such that

blup,v) = N (v) Yve Zy

Step 2: (The adjoint problem) Find vy, € Z such that

blv,¢p) = —€°(v) Vv e Z,

Step 3: (Equilibration equation) Find A} € Ay such that

h(v, \¢) = £V (v) — b (up,v) Yo € 2, (5.23)

Step 4: (Equilibration equation) Find )\;f € Ap, such that

h(v, \¥) = —0°(0) — b (v, %) Yo € Zp,. (5.24)

In the current work we do not solve the two global problems in Step 1 and Step 2.
The approach in obtaining the hybrid fluxes and the decoupled solutions is the same as
in the FETT iterative procedure used for the Poisson problem in Chapter 4. The GCR
method used in solving equations (5.23)-(5.24) in Step 3 and Step 4 gives the hybrid flux
approximations, and ultimately, the approximation to the decoupled solutions «(%), and ()
which then in turn leads to the corresponding global solutions by the aggregate of these
quantities. We recall that the discrete forms of these equations is given in (3.31)-(3.32),
which is consistent with the way the FETI-H procedure solves the interface problem with

the inclusion of the regularizing term.
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5.2.4 Local Problems

The Lagrange multiplier approximations, are achieved through the first variation of the
modified Lagrangian, which is used to replace (5.12) in order to avoid singular solution in the
system matrix. However, after obtaining these quantities, we pursue with the presentation
of the bounds using the original Lagrangian (5.12), as the extra term does not affect the
global solution nor the bounding property. It is premature to discuss minimization principle
for the Lagrangian just described, as we are dealing with complex spaces, and minimum
(or maximum) have no meaning here. We point out that although are numerical tests and
validation are only in the real space, we have implemented our code as complex not only due
to the additional regularizing term, but also to allow any future potential applications which
may involve imaginary boundary conditions and complex forcing. Therefore, we present the
method in the complex space setting. Here we only point out that as the problem involves
bounding exact outputs, it is necessary that the Lagrangian so constructed will be such that
the energy terms which are expressed in terms of the error will vanish in some limiting case
as the exact error goes to zero. Consequently, in such a limit we approach the exact output
from above or below which are the upper and lower bounds. In the previous subsection,
the stationarity conditions of the Lagrangian L,,, are restricted to the subspaces ZL cz ,
2/? C ZPand A, C A, in which Equation (5.19) and (5.20) indicate that the continuity
between the subdomains resulted in e, = 0 and hence bm(ef,w) = (. Now we consider the
Lagrangian £* (v, w}?, )\f), where the error é = é® + ¢! will satisfy the gradient condition

(see Equation (5.18))

Kb(et,w) = £0°(w) + g-zE(w) + b(w, ¥E) — h(w, AE), (5.25)
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which corresponds to a number of local symmetric Neumann (or Robin) subdomain prob-

lems. By taking w =€ € Z we have
rb(e*, 6%) = geN(éi) - gb(uh, 65) & £°(e%) + b(eE, ¥F) — h(6%, \%),

and substituting this expression into the Lagrangian and invoking the primal problem with

v =1y, € Zn C ZP (= blup, ¥f) = V¥ (¢)) we have
LEet pE M) = Zpetet) — gzN(éi) + gb(uh,éi) F 0 (up) £ £°(6%)
+ V() — blun, ¥5) — D(EF, U) + (65, X7)

K ~ N I}
= —Eb(ei,ei) F % (up).
Now it is apparent that one simply obtains from the above that

st = —c+(e+,¢;;,A;):m{e°(uh)}+gb(é+,é+) (5.26)

ST o= LT ) = R{C @)} - S, &), (5.27)

which can be shown to be asymptotic upper and lower bounds respectively for the exact

output s = R{¢°(u)}. For example, consider the gradient condition
kb(6™,v) — geN(v) + gb(uh,v) +200) + b(v, ¥F) + h(v,A]) =0 Vv e Z,

and impose the restriction that v € Z C A , in particular v = e. Then since in this case

h(e, A, ) = 0, we have

+
=
o
=
=i
It
o

Kb(E, €) — gEN(e) + gb(uh, e) + £°(e

or by the fact that u;, = u — e, gives

Kkb(é,e) — géN(e) + gb(U,e) - gb(e,e) + £°(e) + ble, ;) =0
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which then simplifies to

Kb(E™,€) — gb(e, e)+0(e) =0
after invoking a(u, e) = £V (e). This is the same as

kb(é—,e) — gb(e7 e)+£°(e) =0,

and in particular

R{xb(é—,e) — gb(e, e) +£°(e) = 0},

or

KR{b(e—,e)} — gb(e, e) + £°(e) = 0.

Adding this to (5.27), noting that v = up + e and that

R{b(é™,e)} =b(é—,e) +b(é",e) =b(e,é") +b(é",e),

we have

K

s o= R{PW) - b, e - gb(e,e) + KR{b(E™, e)}

K

= R{C()} -5, E) - gb(e, e) + gb(e,é_) + gb(é_,e)

K K

= R{°(u)} - Eb(é_ —e,é )+ §b(é_, e) — Eb(e,e)

2
= R{r()} - gb(é‘ —e,6” —e).

The same approach will also lead to a similar expression for the upper bound. Finally,

sT = R{CW)}+ —gb(é+ —e,ét —e)

s = R{C(u)} - gb(é“ —e,é —e)

(5.28)

(5.29)

and asymptotically approach the exact solution when the error ¢ — 0. Therefore, we

see that while the bounds (5.26) and (5.27) are asymptotic bounds to the exact solution,
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they are un-computable as it requires the exact error. We will now formulate the exact
bounds method for the Helmholtz problem based on the work presented in [59] for the 2D
advection-diffusion-reaction equation; however, we generalize the approach to the complex
space setting in the same spirit as in [67]. In real spaces, duality theory of convex minimiza-
tion is the standard proof for the bounds method. As in the case of obtaining exact bounds
for equations where the energy terms does not have an intrinsic minimization principle, the
ideas of duality theory are applied to transform an unconstrained minimization statement to
a constrained maximization problem (dual problem) where any approximation of the dual
variables satisfying the optimality conditions can be used to provide non-trivial bounds on

the Helmholtz energy term.
5.3 Localized Lagrangian

Now we write the local contributions of the unconstrained Lagrangian on an arbitrary

element T of the partitioning 7 as

LE(w, vE, AE) = ng(w,w) +OE(w) + CF (5.30)
where
) = g {6 @) + br(up,v) + hr(v, Ap)}
£ {0 - br(,0n) — h(o, D) }
and

CF = 0 (un) + A (WiF) — br(un, v).
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Here, the definitions of the sesquilinear form br(w,v), the ant: linear functional £¥ (v), and

the boundary flux term hy (v, A) over each elemental subdomain are defined as

bp(w,v) = /(Vw VT — k*wp) dQ (5 31)
T

N = / fodQ (5 32)
T

hp(w, ) = /aTader (5 33)

with the special signing between neighboring faces or as defined in Chapter 3
5.4 An Equivalent Lagrangian Formulation

The local unconstrained problem 1s un-computable 1n general since 1t must be performed
over an 1nfinite-dimensional space 1 order to guarantee the bounding property However, we
can transform the problem to an equivalent constrained problem which effectively dualizes
the mimmuization of the local energy term br(v,v) to an equivalent maximization problem
with equality constraints We do this by first mtroducing two auxihary variables IT+ €

(LY(T))3, and p* € L?(T) satisfymg !

m/(wi—ni) PdQ = 0, Vpe (IA(T))>? (5 34)
T

m&’/(p:t —wHTdY = 0, WYveL¥T) (5 35)
T

Define Z to be the set of triples (w*, ITT, p*) in HY(T') x (L?(T))® x L?(T) that satisfy the

constramnts (5 34)-(5 35) Then we can write the unconstramned Lagrangian (5 30) to the

+ +
i,H + :1:77. )

equivalent constrammed problem by introducing the functional []’Ti (w , P, q given

'Here L?(T) 1s defined as the space of square integrable complex-valued functions v T — C with the
usual inner product for complex spaces The general H™ (T') spaces are also defined analogously in complex
spaces
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by
gren ) = f () @aa - [t a)
T T

+ n(/Vw~aidQ—/Hi‘qidQ>
T T

rk? ( /T W dQ — /T pETE dQ) + L5 (wE) + CF

which reduces to the expression

TEwE 0%, p* g, rF) =5 {/ (%Hi - qi) - (%pi — ri) ot dﬂ} (5.36)
T

+ H{/ Vot g - KPwtrt dQ} + 45 (w) + CE.
T

The gradient condition with respect to the variables (w*, IIT, p%) are:

% ) % =0 ?‘7_% =0
Aw* T oIIE ’ Op*
and are
K /T (Vo - g — E*ort")dQ = —4z(v) Wve HY(T) (5.37)
KJ/T(H:H -t -pd2 =  Vpe (L}T)?® (5.38)
Iik‘2/T(p:t* —rEFYTdQ = 0 Vwe LA(T) (5.39)

respectively. Here, the superscript (*) indicates the value corresponding to the vanishing
of the gradient. Substituting (5.38) and (5.39) into the functional 7 (w*, IT*, p*, g*,r%)

above, we have

Jr¥(a®,rF) = —g{/qiﬁid@—k?/
T

rErE dQ} +CF
T

Subject to the constraint in Equation (5.37)
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As the objective function is a real quantity, this will lead to a maximization problem where

in fact it can be shown that

K

Fs7 = sup_ —af((a*, ), (@, %) + R{CF)
a*€(L(T))3
vt e L1 (540)

st ke ((q,r¥),v) = —LE(v) Vv e HYT),
where the form a2 : (L2(T))% x HY(T) x (L3(T))3 x HY(T) + C is defined as
(@), () = [ a-pd2—#* [ roa
T T
and the form ¢ : (L2(T))3 x HY(T) x HY(T) — C is defined as
(g, r),v) = / q-VudQ — kz/ 77 df).
T T

5.5 Elemental Sub-problems

The gradient conditions corresponding to the maximization problem (5.40) can now be
obtained in the usual way of constructing the Lagrangian L& : (L*(T))3 x (L3(T)) x HY(T)

as
LF(qt,rF;¢) = —g{/qi-‘qidQ—kg/riFidQ}
T
—K {/Tqi-vzdg—k?/TriEdQ} — 656 + CE.

The gradient conditions

LT _ oL LT
Sqt Srt ’ 6¢ ’
now reveals the set of equations
—n/ qt -ﬁdQ—n/ VE-PdQY = 0 vp € (L3(T))3 (5.41)
T T
Kk? / rE5dQ + Kk? / 5dY = 0 vv e HY(T) (5.42)
T T

—/i{/Tqi -VTdQ — k2/TriMQ} = (E(v) Vv € HY(T) (5.43)
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in which upon adding (5.41) and (5.42) we express these equations in the compact form,

kaf ((q*, 1), (p,v)) + ke (P,v),6) = 0 ¥(p,v) € (LXT))* x HY(T) (5.44)

—ke (g, rF),v) = LE(v) Vv € HY(T). (5.45)
We make the decomposition
1 1 1 1 1 1
+ ot ey u P u 14 u 4
=(—oq¥+ —q¥, -t ¥ —Zgu g =
(a®,r=,£5) ( 59" £ —q¥, —ortE =¥, 5 E ¢ )

which we then substitute into (5.44) and (5.45) to obtain two k- independent problems:

1. Find (g%, r*, &%) € (L3(T))® x HY(T) x HY(T) such that

af*((a*,m), (p,v)) + ¢F((p,v), &) 0 Y(p,v) e (LXT))® x HY(T)

(g% ™), v) = RE(w)  Yve HY(T)
2. Find (q¥,r¥, &%) € (L3(T))® x HY(T) x H'(T) such that

af((q”,r), (P, ) + F*((p,v),€¥) = 0 V(p,v) € (L*(T]))* x HY(T)
(@) = Rp() Ve HY(T),
where we have defined the residuals R*(v) and RY(v) as:

R (v) — 5 () + br(up,v) + br(v, \¥) (5.46)

RY(w) = —€(0) —br(v,¥n) — hr(v, AD). (5.47)

We notice that for v € Zj,, the residuals will be zero from the equilibration equations given
in Equations (5.23) and (5.24), and consequently,
o ((q*, ), (Vo,0)) = f((q",r"),v) =0 Vv € Zp(T),

a%“((qw’f,ﬂ/)’ (VU,'U)) = %d‘u((qwarw)vv) =0 Vv € Zh(T)
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Invoking the decomposition into (5.40) now leads to the local output bounds

Tt = R{CF) (5.48)

~Ea((a, ), (@) — 5-adé (@, ), (@) = gad((a, ), (a, 7).

5.6 Bounding Property

To show that the constrained maximization problem possesses the bounding property, we

first consider the constraint equation in the form (5.40) and write

seft(@® r ) 0) + S {0 (@) + br(un,v) + hr(v, A1)}

+ {—02(v) = br(v,¥n) — hr(v, \V)} =

Accumulating the local contributions and designating a?* = reT, ad and ctu ZTeTh cde,
and once again use the diacritical hat to indicate that the function is broken across the el-

ement, we write the constraint equation on the broken domain as

k™ ((GF,75),0) + —{ —€N (@) + blup, D) + h(T, A})}
+ {~F°[@) ~ b, ¥n) = h(v,A)} = 0.
Recall € Z, and Z C Z. Restricting ¥ = e € Z, and employing the relations
hie, A\l) = h(e,\}) =
b(up,e) = blu,e) —ble,e) usingu=up+e
b(u,e) = £N(e) for e € Z (primal problem)

ble,yp) = 0 for e € Z (from orthogonality of the error)

reduces the constraint to

re™ ((@F,7),¢) = 3b(e,e) F {P(e)} = 0
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or

R (@, 75),€) = 5ble, ) F£(e) = 0
which will also satisfy,
R{kcT (@, 75, €) — 5blese) F £(e)} = 0.
Again invoking the relationship

R{ (G, 7%), )} = o [ (@,75) ) + (@, 7),0)]

2

and employing the gradient conditions (5.44) and (5.45) where the values at this point are

given by (q%’*, 7“%*) = (Vqﬁ%, gi)%), we have that c®((V¢, ¢),e) = br(¢,e) and hence,

H%{Cdu((aiy*’ ?:t,*)7 e)} = g[b(e, a)\) + b(¢7 e)]

Here we have in addition used the fact that b(¢7, e) = b(e, 5) Thus, the constraint equation

reduces to

b, %) + 5b(6% ) — Sble.e) F R (e)}

= gb(e,ai —e) + gb(aﬂf,e) FR{C()} =0 (5.49)

from the sesquilinearity of the operator b(.,.). Accumulating the contributions of (5.40)
over all subdomains, where we have s* = > TeT, s% we can now write
Ko 4 5 o
Fs* = —ob(6%, 6%) FR{C(un)}, (5.50)

where it is to be noted that ad“((V(/ﬁ\, @), (V(Z, @) = b((Z, ¢). Summing Equation (5.49) with

(5.50) we obtain

T = 5Hedt - o)+ pUFEe) - S, F RIEW)
- gb@,aﬂ: —e)+ gb@i,e — &%) FR{C(w)}
= gb(e,;ﬁ:t —e)— gb($i,$i —e) F R{(u)}

= EFE e, 3t - o) F R
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Therefore, it now follows, that
st = R{C°(w)} + gb(q?i —e, 0t —¢) (5.51)

We will show later that indeed in the approximations, the second term above asymptotically
decreases to zero as the mesh is refined and thus the bounds preserve the bounding property
where the bounds converge from above and below to the upper and lower bounds respectively

at the theoretical rate.
5.7 Sub-problem Computations

In order to understand the computation of the subdomain computations, we re-write the

constraint equations using Green’s identity:

/q'Vﬂsz—/V-qﬁdeL/ q-nvdl
T T ar

and choose an appropriate finite dimensional space which is rich enough such that the
traces of the functions q on each elemental subdomain will at least contain the continuity
multipliers. Therefore, by writing q“ - n = oA} + Vuy - n on 07, the constraint equation

specifying the solution pair (q%,r*) is now expressed equivalently as

/T (-V-q* —k*r") 7dQ = /T (=f — Aup + k?up) T7dQ (5.52)
for all v € P9(T). In addition, we recall that the spectral element approximation for the
field variables and hybrid fluxes are polynomials of order p over the subdomain, namely,
un, Yn, A € PP(T). We see that for solvability, the data on the right must be in the range of
the operator on the left, and therefore there is no problem for the variables (g%, ") € P4,
and the constraint equation is solvable for ¢ > p where we have also taken the forcing

data to be polynomial of order PP(T"). An analogous reasoning applies to the solution pair

q¥,r%). We now formulate the pair of computable sup-problems as follows:
p
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1. Find qf, 7. & € Q(T) x PUT) x P4(T) such that

af ((ak, 1), (p,v) + (P, v), %) = 0 V¥(q,v) € (PUT))* x PI(T), (5.53)

((ak, k), v) = Ri(v) Vv ePUT); (5.54)
2. Find qf,Tf,ﬁ}f € Q;f(T) x PY(T') x P4(T") such that

af((ay, ), (p,v) + S ((Pv),€Y) = 0 W(a,v) € (B(T))° x PUT), (5.55)

E (gl ), 0) = RE() Vo e PYT); (5.56)

where we have defined the finite dimensional spaces Q¥, Q;f as:

Qr = {ae (PYT))*|la-n=or\+ Vu,-n on 9T} (5.57)

of = {ae®(T)’la-n=—orA = Vi -n on 9T} (5.58)

We note that since the polynomial approximations to ugf), 1/)23), A are less than the approx-
imations for (qf,7}) and (qf,r;’f), these right hand side data must be interpolated in the

same manner as is described in Chapter 4.

5.7.1 Discrete Forms and Approximations

As mentioned, in our implementation, we use real forcing with real boundary conditions,
therefore the discrete forms corresponding to the above set of computable constraints are
given for qj = q}}f“ + iq{L“ = qﬁ“ and r}f =r® 4 ir,{w = r}? ¥ where the imaginary parts
are equal to zero, and just express the discrete forms corresponding to the real part of the

systems. Therefore, we have
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1. For the system

2. For the system

where

(5.53)-(5.54) the block matrix

M0 00 D ] T, ]
0 M® 0 -D (gk)2
0 0 M® DI (gh)5
|-y —pp by —eme || o]
(5.55)-(5.56) the block matrix
[ M© 0 0  -Di® (@), ]
0 M® 0  -Di¥ (a}),
0 0 M® -D¥ (@),
-DP -DY DY -RM© | | ¥
gy = —MEf+ APy, + BEX;
gb = —MO o Ay, — BIAY.

(5.59)

(5.60)

The Lagrange multipliers £%,and ¢¥ are just an artifact of solving the quadratic programing

problem with constraints, and are not required in the bounds calculations. Therefore, we

have eliminated them from the system matrix, by noting that Equations (5.53) and (5.55)

impose the conditions that r} = —£ and rﬁ = —{;f, Here again, M) A() are the mass

and stiffness matrices respectively, and the Dfs) for i = 1,2,3 are the same as that used in

Chapter 4.

Remark 5.2 The square system matrices above, can be written in the general form

b
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where M 1s the 3 x 3 block matrix with the subdomain mass matriz on the diagonals, and
thus a1t 18 mn general symmetric positwe definite. The mairiz D s a block matrz composed
of the matrices DZ(S) and has full rank. The matriz C = k2M®) and s positwe definite.
A theorem on saddle pownt matrices(see [10]) guarantees that such a matrix s nmvertible
promded ker(M) Nker(D) = {0}. Since the null space of the mass matriz 15 zero, and
the null spaces of the D matrx are the space of constants (as it 15 the discrete form of
fTV - qudQY which wmvolves the dwergence operator) thewr intersection s the zero vector.
P

Therefore, wnvertibility s not a problem, and we solve the system for (g}, r}) and (q;f,rh)

whach wnll be used wn the computation of the bounds.
5.8 Computation of the Output Bounds

After the computation of the bounds variables, namely, (q%,7%) and (q¥,r¥), we may
compute the bounds based on the formulation in (5.48) by summing these elemental con-
tributions. We note that the elemental sub-problems are computed independently and in
parallel, so by summing the contributions, one will arrive at the global bounds procedure.
It is important to point out that the formulation in (5.48) required knowledge of the exact
solution solution. However we adhere to the fact that the variables (q%,r*) and (q¥,r¥)
result from a maximization procedure, so that any approximation to these from a suitably
chosen finite dimensional set satisfying (5.53)-(5.54) will be bounded above by the exact
solution, i.e. a®™((qQy™,7)""), (@, 7p")) < a®™((@“*,7*), (@, 7*)). Hence the approxi-

mations (q}, 7)) and (q}f, r}f), through bounded projection will provide the bounds to the
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exact output. If we now define

1 1
Z;f = g Z a"::[l“u((qqftﬂﬂz)a (qq}tar’ﬂ#))’ ZZ) = 5 Z a‘%u((ql}/:arf)a (q},‘bar}%))a
TeT), TeT,
(5.61)
- 1 ”
=g ek (9. ry),
TeT,
then we can write the total output bound expression as
1
st = R{C"} — R{z} £ {f@z}f + ;z;f} (5.62)

where

C™ = 0°(un) + alun, ¥n) — € ()} = (),

since a(up, 1Y) = £ (¢3,) from the primal problem. Optimizing with respect to x we have

»
K =1/ ;’—;—, and the upper and lower bounds become:
h

st = R{5} + 24/ 2427, (5.63)
where we have the defined the bound average R{s,} = R{—z, + C*}.
5.9 Convergence Properties

In this section we would like to verify that the bounds converge asymptotically at the re-
quired optimal rate. We have seen that calculation of the bounds which depends on several
smaller sub-problem computations, require knowledge of the decoupled solutions in which
their aggregate leads to the global finite element solutions wug, and ¥,. These approxima-
tions have already been achieved using higher order nodal spectral element method, where
the GCR method is used to converge the solution to |u(*) — uELS) | <1076, likewise for wgs)‘
Therefore at this stage concerns about the loss of ellipticity of the Helmholtz operator have

already been addressed as u, and 1y have been obtained under sufficient Ap refinement.
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However, the approximations (qj,7}) and (G}f,?ﬁ) also suffer from the lack of stability of
the forms a®™((qY,7}), (G}, 7¢)) and a®™((q},7%), (qF, 7)) for higher wave numbers and so
conditions for which these forms retain their ellipticity must be considered in the conver-
gence proofs. In order to proceed with the proof, we use the result of a proof by Maday
and Patera [40] which shows that the Lagrange multipliers A}, and )\}f satisfy the following

estimates,

1
> h[X = Mlor < Clu—unlm, (5.64)
TeT,

L ¥
SN =Nlor < Cl —nlm (5.65)
TeTh

where A and A\¥ are the exact Lagrange multipliers. Now we prove a proposition which
gurantees the convergence of the bounds for the Helmholtz operator. The proof is similar

to [59] but we modify it for the case of indefinte forms.

Proposition 5.3 Suppose that up and ¥ are the spectral element approximations to the
premal and adjownt pair u and v respectwely, and that A} and /\f are the solutions to the

equilibration equations, then

s—s, < Cl)llu—upllgllv —vnllm

+
IA

S, — S Ck)llu — upllg ¥ — Yullan

provided that A} and /\}f satisfy the prerequisites (5.64)-(5.65), and the constant C depends

on the wave number k.

proof:

First we re-write the gradient conditions solving for (q%,r%) € (L?(T))% x HY(T) as

/qu'ﬁdQ—kQ/r“EdQ+/§'V§"dQ—k2/5§udQ = 0 (5.66)
T T T T

/Tq“-VEdQ—kQ/Tr“ﬁdQ = RuLv), (5.67)
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where we observe that the first equation holding for all (p,v) will lead to the conditions
U _gu gt = Ve,
and substituting these conditions into the second equation we can write

/Tq“’* Vg d — k? /T rrgt dY = —RE($Y) Ve € HY(T). (5.68)

At the gradient conditions we have (qp",7+") = (Vor", ¢3") and where in addition to the

fact that a®((q,7), (Vv,v)) = ¢2((q,7),v), one obtains from Equation (5.68) that
a® (TG, G7), (V9" 647)) = £ (87) — bun, 6*) —h(@™", N, (5.69)

where we have again used the diacritical hats to designate functions on the broken domain.
Just as the approximate solution uy has the associated Lagrange multipliers A}, the exact
solution w also has the associated exact Lagrange mulitpliers A* that satisfy the equilibration
condition

0= 25() = b(u, ) —h(T,\*) Vi eZ (5.70)

Letting 9 = ¢“* in Equation (5.70) and subtracting it from (5.69) we have

a® (V™. 64), (Vo™~, ¢*"))

= b(u — up, ) + h(F“*, \* — A¥)

< Cllu —unll g[8 + 3 CIA* = At llor 16" lor
TET,

< Cllu—unfl g 6™ + > ChEN — A g |||
TeT,

< Cllu— unllml|6** | m + Clu = unl g |6 [l

where we have in addition, employed the continuity of bilinear forms, Equation (2.41) for
Vi = Vo = H!, Equation (5.64) and the inequality ||wl|lor < h%||wHH1(T). Now we point

out that the operator a2 is not coercive in the usual sense of Equation (2.39), but rather
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is H'-coercive satisfying a Garding inequality (2.44). However from the inf — sup stability

condition for indefinite forms mentioned in Chapter 2, we know that

la (., )l

IB>0: B< _ a VO £ ¢%* € Vi, (5.71)
0 p™* Evg ||¢u’*”V1||¢u’*||VQ
and thus for Vi = Vo = H! yields
181 < = {ate((TFe, o), (750, Gy} (572)
=B A ’ ' '

Here (3 is the stability constant, which as mentioned previously, is typically larger for in-

definite forms. For the Helmholtz sesquilinear forms in one dimension, § = con_sktani_

Therefore, = is at least directly proportional to k& for the three-dimensional problem. Em-

@l

2) and knowing that the H' semi-norm is equivalent to the H' norm, then we

-3

ploying (5.
have
adu((vau,*, $u,>k)7 (Vau,*, (Eu,*)) < Chllu— Uh“%(l, (5.73)

where C; = % and will be some function of wave number. We note that this will cause no

VB
difficulty in the convergence of the bounds. Similar estimates hold for the bound variables
(q‘/’v*,rd”*). Again, by bounded projection which is a consequence of the maximization
problem, the approximation will be bounded from above and converge to the maximum
U,k

values. More precisely, after substituting back the relationship (Vér*, ¢77) = (qp ", m2")

and recalling that a®™((qp", rp""), (q°", 7%*)) < a®((q™*,7%*), (q“*,7%*)), we may write
a®™((ap”, "), (ay " ) < Chllu —unl| 3, (5.74)
and analogously,
a™ (e, i) (@ ™)) < Cull =l (5.75)
It is clear from the bound computation (5.63), that

[s — spf < s;[ -5, < 4V ze2¥ < Cllu — upll g [|¥ — ¥l m

where sy, is the nodal spectral element approximation of s. O
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Chapter 6

Numerical Verification and Results

In this chapter we verify the results of the bounds to the exact outputs of the Helmholtz
equation for wave numbers k = 1, 3,5. We use a higher order nodal spectral element method
where the approximations Ap, }(Ls) , ués) € PP, and the bound components qy, 7, € P? with
q > p consistent with the method as presented in the previous chapter. We consider the
numerical examples in a cube geometry [0,1] x [0,1] x [0,1] with homogenous Dirichlet
boundary conditions, where u = 0. We then verify our results against a constructed

exact solution where we take the forcing function to be
f(z,y,2) = k*(37% — 1) sin(knz) sin(kry) sin(k72)

which would yield the exact solution « = sin(knz) sin(kny) sin(knz), satisfying the bound-
ary conditions. Also taking f° = 1.0 gives an exact output of s = -(k—i)g. For the different

wave numbers, we do a convergence study where we plot the logarithm of the errors |s— sf|

and |s — sp], versus the logarithm of the mesh size, where sf are the computed upper and

lower bounds and sp is the spectral element solution to the output. Moreover, we also

consider the effectivity of the bounds for some cases, where we recall from Chapter 4 that

{s—s} | + _ ls=sfl
= and ¢, = To=or] for both the lower and upper

the effectivity index is defined as 6, =

bounds respectively. This is an indication of how well the bounds perform compared to the

117
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spectral element solution.

6.1 Discussion of Results

6.1.1 For approximation polynomials of order p=2,¢=3

CaseI: k=1

The theoretical rate of convergence for the nodal spectral element solution is consistent with
u € P? for structured meshes, and is O(h*). By the discussion in Section (5.9), it is expected
that the upper and lower bounds converge at the same theoretical rate of O(h*) as we refine
the mesh. We see in Figure (6.1) that the spectral element solution converges faster, than
the output bounds, which is generally the case, however for this case the convergence rate
and results are very nearly the same as the Poisson problem of Chapter 4 because of the low
wave number. We see from Table (6.1) that the effectivity of the bounds for k¥ = 1 imply
that the bounds are sharp and compare well with the spectral element approximation as

they are very near equal to 1.0. Figure (6.2) depicts the bounds for this case.
Case II: £ =3

When we increase the wave number to k = 3 we see from the convergence study in Figure
(6.3) that the gap between the Spectral element approximation and the bounds is widened
which indicates loss in the sharpness of the bounds. The fact that the upper bound and the
lower bound overlap indicates that the bounds are symmetric about the exact solution as
seen in Figure (6.4). However from the figures and from Table (6.1) it is clear the a higher
wave number causes the effectivity of the bounds to deteriorate, although for practical
engineering applications, higher effectivities can also be acceptable. For improving the
effectivities, one can used adaptive strategies and polynomial approximation of higher than
|

ot
p = 2,9 = 3. We calculate the relative error defined by —ss—sh| for a mesh of h = 1/18 to

be approximately 11% error for both the upper bound and the lower bound. A mesh of
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1/18 is relatively coarse for three-dimensional problems and an 11% error is considered to
be within the acceptable range for engineering applications. However, we note that higher

order polynomials can drastically reduce this error.

f = k%372 — 1) sin(knz) sin(kmy) sin(kmz) f = k2372 — 1) sin(knz) sin(kmy) sin(kmz)
Fork=1,s= 8/7\'3 ~ 0 2580122 For k = 3, s = 0 00955601
h sy sy o 05 h 5y 5 0, 05
1/2 021209 | 033598 | 121 2 06 1/4 —0 08295 010359 | 2142 | 2177
1/4 025233 | 026810 | 178 316 1/6 —0027301 | 004764 | 26 20 | 27 07
1/8 025752 | 025895 | 230 435 1/8 —0 00620 002589 | 2976 | 30 86
1/16 | 025797 | 025811 | 288 6 83 1/16 000799 001118 | 4002 | 41 62

Table 6.1: Tabulated bounds results and therr effectivities obtamed with the cubic elemental subdomains
for both k =1 and k£ =3 In both case the results are reported usmg p =2, ¢ =3

Case III: £ =5

For this case we see from the widening between the convergence lines of the corresponding
to the errors |s — sp| and |s — sf| that the effectivities deteriorate for the higher wave
number in Figure (6.5). As mentioned before, the effectivity can be improved through
adaptive procedures and more accurate numerical methods such as higher order polynomial
basis. However, we further observe that as we refine the mesh for higher wave numbers, the
convergence of the bounds will reach a plateau. This is an anomaly that we believe can be
attributed to the interpolation of the hybrid-fluxes where we recall from Chapter 4 consists
of interpolating from a lower order polynomial to a higher-order polynomial (with more
discrete points on the tetrahedron) space. In this case, accurate interpolation at higher
frequencies is not achieved and has a deleterious effect on the convergence of the bounds.
Figure (6.6) depicts the bounds for this case which verifies that both the upper and lower
bounds approach the exact solution at the same rate and are symmetric about the exact

solution, although not as sharp as for the £k = 1 and k = 3 case.
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6.1.2 For approximation polynomials of order p=4,¢g=15

Case I: £t =3

Higher order polynomials are used in order to improve the bounds. We do this for p =
4,q = 5 and observe in Figure (6.7) that for the coarsest mesh of A = 1/4, the higher-
order has tightened the gap between the convergence lines where the relative error for the
upper bound is approximately 13 5% and the lower bound is approximately 12%. Figure
(6.8) demonstrates the bounding property for this case, where the value of the bounds is
tabulated in Table (6.2). We point out that the relative error at A = 1/16 for the upper
bound is 0.59% and the lower bound 0.57%. The bound average is comparable with the
spectral element solution. Although when an exact solution is unavailable, the bounds will
provide certainty information, where in this case, we see that the bound average gives a
relative error of 0.009%. We then compare this to the relative errors at h = 1/16 of 17%
and 16% for the upper and lower bounds respectively, when p = 2,4 = 3. Indeed the
higher-order has sharpened the bounds.

It is also observed that as we refine the mesh, we reach a plateau. We again believe this
is a result of interpolation of the hybrid-fluxes which is also affected by the interpolation of

the hybrid-fluxes at higher polynomial orders.

p=449=5
For k = 3, s = 0 00955601
h Sy s;*; Sav Sh
1/4 00084193 | 00108484 | 00096338 | 00096314
1/8 00094563 | 00096642 | 00095602 | 0 0095590
1/12 | 00094919 | 00096229 | 00095574 | 0 0095563
1/16 | 00095017 | 00096121 | 00095569 | O 0095561 |

Table 6.2: Tabulated bounds results obtained for the the cubic elemental subdomains for & = 3 using
p=4q=5
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CaseIl: k=5

Here we report the results for k£ = 5 using different polynomial orders in Table (6.3) where
we demonstrate that the higher order approximation gives very improved bounds. For a
mesh size of A = 1/20, using p = 4,9 = 5 we obtain a relative error of 19% for both the
upper and lower bounds. The bound average for this case is very near to the spectral
element solution and has a relative error of 0.014%. Therefore, when no exact solution is
available, one can use the bound average in order to provide very sharp estimates of the
output. The bounds for this case is depicted in Figure (6.10). Again, we can expect from
previous results that the convergence rate will be affected by an interpolation error of the
hybrid-fluxes. However, as seen in Figure (6.5) for p = 2,q = 3 when A = 1/20 the log of
the error is approximately —2.5 before it plateaus out, while for p = 4, ¢ = 5 the log of the
error is approximately —3.5. This implies that going to higher-order results in a significant
improvement in the sharpness of the bounds despite the loss of convergence. Finally, Figure

(6.11) depicts the solution u, when k = 5, propagating along the = direction.
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p=249=3
For k =5 s~ 0002064098
h S S+ Sav Sh

o h
1/8 —01497625 | 01542674 | 00022525 | 00014725
1/12 | —0 0496803 | 00539782 | 00021489 | 0 0018986
1/16 | —00193310 | 00235316 | 00021003 | 00020051
1/20 | —0 0084544 | 001261805 | 00020818 | 0 0020385

p=3qg=4
For k = 5, s =~ 0 002064098
h E; S:‘— Sav Sh

1/8 —0 0156826 | 00198758 | 00020966 | 0 0020493
1/12 | —00044378 | 00085799 | 00020711 | 0 00206798
1/16 | —0 0009765 | 00051102 | 00020669 | 0 0020663
1/20 0 0002274 00039038 | 00020656 | 0 0020652

=4q9q=5
For A =5 s~ 0002064098
h s sy Sav Sh

I
1/5 ~00121749 | 00164506 | 00021379 | 000210508
1/10 | 000091761 | 00032158 | 00020667 | 00020671
1/15 00015841 00025453 | 00020647 | 0 0020644
1/20 00016673 00024615 | 00020644 | 00020642

Table 6 3 Tabulated results for the bounds and the spectral element solution sp obtained with the cubic
elemental subdomains for k£ = 5 using dafferent polynomial orders
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Convergence study for k=1 (p=2,q=3)
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Figure 6.1: Convergence study for ¥ = 1 which shows the reduction of the error in the bounds and the
spectral element solution as we refine the mesh. The error in the spectral solution converges at a faster rate,
however this is typical and is reflected in the effectivity (Table 6.1). The theoretical convergence rate here
is O(h%).

Output Bounds for k=1 (p=2,4=3)
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Figure 6.2: Tigure demonstrating the bounding property of the bounds for & = 1. The dashed lines
represent the exact solution, and we see that for all levels of refinement, the bounds hold.
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Convergence study for k=3 (p=2,q=3)
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Figure 6.3: Convergence study for & = 3, where the theoretical convergence rate is O(h*).
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Figure 6.4: Upper and lower bounds for k = 3. The dashed lines indicate the exact solution.
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Convergence study for k=5 (p=2,q=3)
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Figure 6.5: Convergence study for k = 5, where the theoretical convergence rate is again O(h*). The
widening of the convergence lines indicates a loss of effectivity in the bounds.
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Figure 6.6: Upper and lower bounds for k = 5. The dashed lines indicate the exact solution. The bounds

are symmetric about the exact solution and approach the exact solution at the same rate.
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Convergence study for k=3 (p=4,q=5)
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Figure 6.7: Convergence study for k¥ = 3 using higher order elements, where the theoretical convergence

rate is of O(h®). The bounds overlap which again indicates symmetry about the exact solution.
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Figure 6.8: Figure demonstrating the bounding property of the bounds for k£ = 3 using higher order

elements.
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Figure 6 9 Convergence study for & = 5 using higher order elements Again we observe that the bounding

Lines overlap which implies symmetry in the bounds
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tighter than the p = 2, ¢ = 3 case despite the loss of convergence For a comparison see Table 6 3
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Computed solution for k=5 with h=1/15
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Figure 6.11: Propagation of acoustic wave in the z-direction with k = 5. A comparison of the numerical
and exact solution and the convergence rate of the numerical approximation s, in the above figure shows

the precision of the spectral element solution.



Chapter 7

Conclusions and Future Work

7.1 Conclusions

In this thesis, we have developed the method of exact bounds for the three-dimensional
Helmholtz equation, where we have formulated the proofs in a complex space setting. We
report that these bounds are rigorous and provide a certificate of precision for a predicted
output with full certainty.

In Chapter 2 we gave a review of many of the difficulties associated with the nu-
merical solution of the Helmholtz equation. As the bounds method adheres to a domain
decomposition procedure where the global bounds are obtained via several local subdomain
computations, we have invoked a FETI like procedure for the calculation of the hybrid
fluxes. The loss of ellipticity for the Helmholtz equation will render the problem as ill-
posed which will then cause the discrete system matrix to become indefinite. We have
followed Farhat et al. [23] and implemented an additional regularizing term to the system
matrix to prevent the problem from becoming singular. Such a procedure eliminates res-
onance between the subdomains while leaving the global nature of the numerical solution
unaffected by the additional term. Furthermore, we have mentioned that in order to achieve
a reliable result when approximating an oscillatory function u (solution of the Helmholtz

equation) by finite element interpolating polynomials, the resolution of the mesh should be

129
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adjusted to the wave number (the “rule of thumb”). However, while the “rule of thumb”
controls the discretization errors, it cannot control the pollution error which is inherent
in the Garlerkin FEM. Such an error is due to a loss of stability, and that in order to
obtain asymptotic convergence of the numerical solution, one must restrict the size of the
mesh to satisfy hk? < 1 which will render the standard h-version of the Galerkin FEM as
very expensive, especially for practical engineering problems. The hp-version, on the other
hand, uses higher order polynomials and is shown in [35] to always lead to a reduction of
the pollution error. Moreover, a study done in [41], has compared degrees of freedom per
wavelength for polynomial orders of p = 2, and p = 5 which indicates that going to higher
order can significantly reduce the number of degrees of freedom (DOF) of the problem, and
consequently, reduce the CPU time. For higher frequencies, a greater reduction in DOF
can be achieved by going to higher order.

In Chapter 6 we present our results of the method applied to the three-dimensional

Helmholtz problem, where we demonstrate the bounding properties. Equation 5.51, namely,
55 = R{O(W) £ 506" - e,6* —0)

indicates that the bounds preserve the bounding property as e — 0 provided that the
Helmholtz operator b(.,.) has a positive definite structure. As mentioned before, this is only
achieved under sufficient hp-refinement. Thus, when we mention strict guaranteed bounds,
we are referring to bounds on the exact solution which hold for all levels of refinement.
However in the case of the Helmholtz problem, the bounds are asymptotic in the sense that
in order for the bounds to satisfy the bounding property the operator b(.,.) must be in
the coercive regime. Our results indicate that by incorporating the nodal spectral element
method with the FETI approach leads to excellent convergence results for the primal and

adjoint pairs u,, and 1, respectively. The theoretical convergence rate of the upper and lower
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bounds is that of the spectral element solution. The results of k& = 1 clearly demonstrate this,
however we observe that for higher wave numbers the effectivity of the bounds will begin
to deteriorate. This implies that while the bounds approach their theoretical convergence
rate, compared to the convergence rate of the spectral element solution, they perform worse
for higher k.

All in all, the current work contains several new contribution which are proven useful
not only to certifying the precision of the approximation to specified outputs, but also
in a potentially highly accurate domain decomposition scheme for solving the Helmholtz

problem. These new ingredients include:
1. The development of the exact bounds method for the complex Helmholtz equation
2. The application of FETI-H to the exact bounds method

3. The use of FETI-H with high-order nodal spectral element method applied to the

exact bounds method.
7.2 Future Work

We have solved the problem using higher-order polynomials on both structured and unstruc-
tured meshes. It is observed that invoking higher-order polynomials significantly reduces

the bound gap A which is defined from Equation (5.63) to be

A=st—s = 4\/2}1‘2/’.

For example, from Table (6.3) it is observed that for k = 5 with a mesh size of h = 1/20 we

have

A(pg,gmg) 7 0.02107245,  Agog gmay = 0.0036764, Aoy qos) ~ 0.0007942,
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which shows a reduction in bound gap of more than six times when going from p =2,¢g =3
to p = 3,¢ = 4 and almost five times when increasing order from p = 3,¢g = 4 to p =
4,q = 5. However, convergence results have shown that when we increase the wave number
or go to higher order polynomials, the bounds begin to lose their convergence rate and
reach a plateau. Therefore, as we refine the mesh for the higher-order polynomials, after a
specific mesh refinement, we cannot expect any significant reduction in the bound gap. Our
numerical experiments have shown that in the case of tetrahedral subdomains, where p = 1,
q = 2 the bounds converge at the theoretical rate of O(h?) while polynomial orders higher
than this, i.e p > 1, ¢ > 2 have demonstrated a loss of convergence for the bounds. For the
structured mesh where we use cubic subdomains we don’t lose the convergence properties
until p > 2, ¢ > 3. For polynomial orders p > 2, ¢ > 3, then we get a similar behavior
in convergence rate as in the unstructured mesh. It is believed that the plateauing out of
the convergence rate, is a result of the interpolation of the hybrid-fluxes (see Chapter 4),
where in the interpolating process from a lower polynomial space to a higher we tend to
lose important information of the fluxes. As hinted earlier, using a flux-free approach may
be deemed necessary in order to improve the method.

Ultimately, we would like to apply the method to more practical engineering problems.
Moreover, the method as is presented can be readily extended to more complicated boundary
conditions. It can also be extended to more complicated geometries where we have piecewise
straight boundaries. Such restriction of the computational domain avoids accounting for the
geometrical error arising from the finite discretization of curved boundaries. A method could
be developed however, so that the error contribution to the output for curved geometries is
calculated and added to the existing bounds.

In summary, in order to improve the method and its effectiveness our current aim will

be directed as follows:
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1. Improvement of the method First step is to alleviate the convergence issues de-
scribed in the previous chapter. One potential remedy, can be to use the flux-free

approach instead of the FETI like procedure in calculating the Lagrange multipliers.

2. Application Apply the method to more complicated geometries (with piecewise
straight edge boundaries). In particular, investigate its potential application in cal-
culating sharp, quantitative and cost effective upper and lower bounds for the trans-
mission loss (T'L) in mufflers and silencers, i.e. TLY? < TL < TLYB, where TL for

a given frequency is the most important acoustic parameter.
3. Minor enhancements

(a) Possible use of adaptive methods can be invoked to improve the effectivity of the
bounds.

(b) Implementation of the coarse mesh preconditioner in the FETI-H method in

order to accelerate convergence of the spectral element solution.
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