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Abstract

Similarity Search and Analysigechniques foldncertain Time Series Data

Mahsa OrangPh.D.

Concordia University, 2@

Emerging applications, such as wireless sensor networks and lelbatied services, require the
ability to analyze largequantitiesof uncertain time series, where the exact value at each
timestamp is unavailable or unknown. Traditional similarity search techniques used for standard
time series are not always effective for uncertain time series data analyisisnotivatesour

work in this dissertationWe investigatenew, efficient solution techniques for similarity search
and analysis of both uncertain time series neda., PDFbaseduncertain time series (having
probability density function and multisebbased uncertén time series (having multiset of
observed valuesh generalas well ascorrelation queriefn particular.In our researchwe first
formalize the notion of normalizatioihis notion is used totroducethe idea ofcorrelationfor
uncertain time series datd/e model uncertain correlation as a random varitiidéis abasis to
develop techniques faimilarity searctand analysis of uncertain time seriée consider a class

of probabilistic, thresholtbased correlation quesever such datdMoreover we propose few
guery optimizationand query quality improvementechniques. Finally, we demonstrate
experimentallyhow the proposed techniques can improve similarity search in uncertain time
series. We believe thatup resultsprovide a theoretical baseline for uncertain time series
management and analysis todhet will be required to support many existing and emerging

applications.
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Chapter 1: Introduction

Someexisting and emergingpplications such as locatidrased services and wireless sensor
networks generate and process uncertain time series, where the exact value at each timestamp is
unavailable or unknownThe sources of uncertainty in time seras variousand includethe

following:

l.Limitations of data collection equipmgnt andc
in sensor netwdekaysesadinnghat daet semymirs diuen t o
bandwi dt h or olwiemi toefdC éheatdtte@elsy TTRAL1OFor exampl e,
positions of moving otbhhktobal cPosbei omaSikesten
periodically. However, the exact posiandons of

arrepreaenadaedpatchl trmaegtamp. ea

22 Privacy: c@npraeasgrvi jAGCO®RIFads b dat a cihn aasppl i
| ocabtaisoend ser i aensd [m@HE 4Ll ADaBt Eoanakpampse|[ in
to protect the privacy of patpirestant ¢ cigakisoall

anonyinti z e

3.Forecasting Ftoac hrexiagnpds, in mobile applicati ol

but pr edsiocntee feAGROH |

4. Mul tiple readings :f drora i mesdsawmrced adtitfifielr etna S

temperatures [fASF@G9]specific area



Research iruncertain time seriedata analysis is relatively new aridcused mostly on
modeling and similarity search problen&gF09 DAL12, DALX14, LIA08, RAJ15, SAR1O0,
YEHO09. For the modeling problem, there are two approaches. In the first approach, each
timestamp of aruncertain time series represented as a random variable with a probability
density function (PDF)UIA08, SAR1Q YEHO09]. In the second approach, eatimestamp is
represented as a multiset of values with no assumption made or known about the underlying PDF
of the data ASF09,DALX14]. We refer to these two modeling approache®Bf-basedand

multisetbased respectively.

Fi glssheows e x ampvioe dgienbgf atphpdf iogiqdhe s hows -baa smeud t i s e
uncertain tiinmevhderhi ev# have a multiset of obser
no knowledge of the underlying PDF, dictating

the exlawe measured may or may not be among the

° T

4 R e
(o] | . H | H |

3 . | | . * . . | .
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s : A IR
. : . : : :
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a) Multiset-based uncertain time series
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N oW s
+——
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+——
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Timestamp
b) PDF-baseduncertain time series

Figure 1. M odeling approaches foruncertain time seriesdata.



Fi gl(b)e itlrlau = sb asse®RI®Er t ai nwhegeme esaeah etsi me § 5 am@mp,
random variable with known mean (shown by a ci
and PDF. For exampl e, at ti mestamp 2, the rand
is 1. Now suppose that otrhmad rddmdambwariiommh!| d nf a
about 99. 7% of the stahudas dade viwatwhon étthpkBR@8868 9
(unknexwactl ue i n this ti mds taatipe5cafn puwheembymesrest we e
dealing with uncertaingGitvyenre asDeafatedss @dsr tsaiimmi |tairm
and an uncerQaamiquetriymetéseriaeésm i s t o Xiebatrhcaht f or
i si mi |IQabrasteotd h @ n n ogii noinld aoiffii inge Wir e s e a rscthusdiymiel ar i t vy

search tekwdtnh-pRARBd I f ankla sreoddteil se t

1.1. Motivation

Existing gplications, such as wireless sensor networks and lodasised services, require
the ability to analyze largguantitiesof uncertain time serieslraditional techniquesare now
inadequate as they wedeveloped for standard time seriedicharesequence of real numbers
new concepts and techniques are to be devised and developed for management of uncertain time
series © deal with the uncertainty inherent in such ddtse researclon uncertain time seriés
newand there is no solution for somethé similarity searchopicsincluding correlationln this

work, we will addresgorrelation analysis for uncertain timeries.

Correlation analysis technigues have been de\
application areas such as fimM&GUO8, SHAIOaEl, ZLHIA
These techniques | ook for sreeglb@emictnayged maliwsit sve e

techniques aneer tguhdractdaméaopspe riicedsthieord sl 4 wavh nas

1. Feature : selloecdapmwliny mac hi nd oulneceaerrrtian gn ttd arten i

efficiently, feature sel ection i s aa Cruci @



signil fyiedaurcted | earning ti me. Correlation in
feature on other features. Usi ngntihfiised ndod

removed from HaleOWANDt5ur e set

2. Data anaCogrsriesl ati on camclretasaeatbyi moakiehgreé

rel ationshipanaemohgi di fFfome extampd £, suppose
applicatiaorne, usseendsotrs record the temperature
want to know which |l ocations have similar
during a month). For this, the daily temper
uncett menasred i ®sarched for | ocations for whi
highly ~correlated. This information can be
temperature ASRJD9 cAd manet Her exampl e in bi c

cor romlsataimong microarray time seri@$EDOBAvhi ch

are used to identify gaonoemgt [R&lBnEB3egul atory r

3. PrediictAsoncorrel ation <can be used to ident
uncertakeni gthme i nf or mat itohmahaaighelvead auels tol e ae

uncertai nmatyi nnea vsee roine svuanl cueerst acifn atnionieh esrer i es

4. Pattern: mgochiehagt i ohnelagn aildyesnitsi fcyo uslidntihlear pal
user bmaynterested in finding uncertain ti mi

e. gt hneeidn cal domain | ooking for abnormalitie

Traditional correlation analysi SHA®dheri qoeées,
adeqiuat euncert a@aian at amerlexaiuisees t hey were devel o
serieBhis is illustrated dn mimhtesipf ahtbowi ng e x
phpippip8tp be t wo standard ti me sedrhieeset Wimé o e wiee P e

an¥tshowhi gih(we upperl ectédtseea® dom waaldo aealbeagal ues



t hate r ea)l miugkdited st er v al at each timestamp ind
of the wuncertain vadbasedt moHdathaecaBeppomki BDF
uncertainimi géedad sirsvddisch ar e Ahitghwiytdoh ccoorrred laatte
coefficients more than 0. 9.xaS\wWnselt h&é Pehpson
the answer. However, t XanWYedrmrsan edo rarse Isa tainadm r
0.5, adohkedcaot beasdhngihdgnadoaes ehianhteli me se
The observations above mhaetvied atpane b hi 0 f r enseava r ccc

techniques to capture correlations for uncerta

1.2. Challenges

The followingare the challenges researchers facabenevelopment othe similarity search

techniques for uncertain time series

1.2.1. Modeling Approaches

The firstchallenge ighe representation model aincertain time seriedata, which could be
PDFbased or multisdbased. Each of which requirgs own particular solutionszor example,

consider the traditional range queyp dadrd Q) where we are looking for standard time

o ——X
E 0.5¢ —=—7

-05
0

1 2 3 4 5 6
Timestamp

Figure 2. Uncertain time series examples



seriesx the Euclidean distance of which to a given time seyiesssat mostd. However, in the
context of uncertain time series, this simple queay been addressed in different ways based on

differentmodding approachesSF09 YEHO09, WU12].

1.2.2. Probabilistic Similarity Search
In search problems over uncertain dad&F09 CHEO3 CHEO4 YEH12, DAL14], desired

analysis solutions would bgrobabilistic, i.e., a probability is calculated and assigned to each
guery resultSimilarity search in uncertain time series data can be very challenging due to its

probabilistic nature

1.2.3. Multiset -based Similarity Search

Similarity searchover multisetbaseduncertain time serieBas been challenging for excess
computational cost due the high dimensionality ofincertain time seriedata and multiplicity of
values at each timestantpne way to address thigoblemis to truncate the inputncertain time
seriesto a much shorterlength for instance6 timestampsas considered ifiDAL12], which

limits its applications

1.3. Thesis Contributions

This phessusittsabl e concepts and techniques f

anagayrsd adidhe salmev e hceh aldinetigeerss alre as foll ows:

9 Normalization and correlation for uncertain time seriéd/e first formalize the
notion of normalizationfor uncertain time serieand then introduce the notion of
correlationfor uncertain time seriesMoreover, b address thesecondchallenge
(Sectionl1.2.2, we introduce a family of probabilistic, threshebdsed correlation
gueries over such datand propos a probabilistic approach as @imilarity search

Probabilisticthresholdbasedcorrelationqueriesconsist ofa dataseD, an uncertain

(0]



time series quer®, a correlation thresholdl and a probability threshold Given an
uncertain time serie®, the goal is to search feveryuncertain time serieX in D

such thaits correlation withQ is not less thaie with probability at leasp.

Correlation analysis techniques for both model® address thdirst challenge
(Sectionl.2.1), we propose suitable concepts and techniquegrfoertain time series
correlation analysigor both PDF-basedand multisetbasedmodels For each case,

we formulatecorrelation foruncertain time seriegsa random variable and develop
techniquego determinethe underlying probability dengitfunction. We conducted
numerous experiments to evaluate the performance of the proposed techniques under
different @nfigurations using redife datasetsOur numerous experiments indicate

that, unlike in the case of standard time series, there is adfaletween false
alarms and hit ratios, which can be controlled by the probability threshold provided
by users. Ouresults also offer users a guideline for choosing proper threshold

values.

Query optimization for multisétased similarity searchTo make multisebased
similarity searchfeasible, i.e., the third challenge (Sectib2.3, we propose two
query optimization methodt speed up the search procefhe first oneis a
probabilistic pruningio cut down the number of candidate results. This includes a
Boolean representation technique forcertain time seriedn this representation,
each observed value is replaced with a single bit. In addition to saving memory, this
enjoys fast bit operationdJsing this method we introduce uncertain Boolean
correlation together with an effective probabilistic pruning strategy. Second, we

propose a sampliagased heuristic method that approximates the distribution of



uncertain correlation effectively and reésche computation time significanti@ur

experimentatesultsindicate effectiveness of the proposed techniques

1 Quality improvement of similarity searcte alsostudy the impact of preprocessing
techniques on performance and effectiveness of théasityimeasures for uncertain
time series. Some existing warkn uncertain time series use the same similarity
measures developed for standard time series, which we tefas traditional
similarity measures. More recently, a number of new similaritysones have been
proposed for uncertain time series, which we rdf@ras uncertain similarity
measures. Howevethese new measurésive been shown to besseffective than
the traditionalones In this work, we show that the performance of uncertain
similarity measures can be improved through preprocessing techniques. We establish
this through extensive experiments using the UCR benchmark data. Our results
indicate that the uncertain similarity measures together with preprocessing

outperform the tradional similarity measures.

We believethe proposeddeas and solutionsrovide a guideline for uncertain time series data

analysisandlend themselves tpowerfultools for uncertain time series analysis and search tasks.

1.4. Thesis Organization

The rest ofthis thesis is organized as followShapter 2 reviewswork related touncertain
time seriesimilarity searchln Chapter 3the notion ofuncertaimnormalizationand correlations
presentecnd probabilistic correlation queries are introducguhpter 4provides aroverviewof
the setup for our experiment€hapter 5discusseghe similarity searchfor PDFbased and
multisetbased uncertain time serie€hapter 6introduces query optimization techniques

including probabilistic pruning and samplidgased heustic methodsChapter 7discussesiow



preprocessing methods oimcertain time seriesnproves the performance of existing similarity

measured-inally, Chapter &onclude the dissertatiomnd presents the possible future work



Chapter 2: Background and Related Work

For similarity search on standard time series ,dafaich is a sequence of real numbers
efficient algorithms havéoeen developefAGG15, FRA15,GON15, SAK15,SHA04, KADO0S,
TAR14], in which, given a time serigsand a seD of such time series, the goal is to identify
time seriesirDt hat ar e g.ffFerithmialsimitarity measure is defingdt captureshe
notion of similarity. For standard time series, therevee#-known and weltdefined similarity
measure$WAN13], e.g., Euclidian distanddGG15], dynamic time warping (DTW)TAR14],
Pearson correlatiortoefficient [NGUO8]. The traditional similarity measures however are
inadajuate for uncertain time serigSAR10], andnew suitable similarity measures are required
to be developed. This has been the subject of recent reselarchresulted in solution proposals
thattake into account different modeand assumptions about the available information. In what
follows, first we provide a background and reviewtloé literature on modeling, and then we

introduce our classification aimilarity measures on uncertain time series.

2.1. Modeling

An uncertain time serie® @M D is a sequence of random variables with some
fistatmfadoi maspresenting the uncertainty level of some real nuntherexactvalue
of which is unknown or unavailable. In the current literatwe, identify two models for
representingincertain time serie®DFbased and multisdétased modelsyhich areexplained in

the following sections.

2.1.1. PDF-based Model

In this model, each element at each timestamp is represented as a random [\ a#iaBle
SAR10, YEH09, WU1Z. To be more precise, given ancertain time serieg OB

eachelemend p "Q & canbe consideredds w O , wherew is thefiexacd value of

10



the datahatis unknown, an® is a randonvariable represeintg the errorAlthoughin existing
proposals folPDFbaseduncertain time series, the random variables of different timestamps are
assumed to be independeSAR1Q YEH09, WU12], there are different assumptions about the
available informatioron randonmvariables at different timestamps. Examples of such information
include theprobability distribution function $AR1(, the unknown but identical probability
distribution functionwith known expected valuand variancd YEHO09], or an observed value

[WU12].

2.1.2. Multiset -based Model

In this model, at each timestamp, there is a muloetbserved valued-or uncertain time
seriesd® WM MY , each elemen is represented as the multisedy Foop B Foy,

whereeachw; p Q 0O isan observed valuat timestamg, and( denoteshe number

of observed values at this timestamp. Exactvalue may or may not be present in the multiset,
and thus the multiset can be thought of as a realization of the unknown random variblote

that we use double square brack&sxto represent multisets.

In the current literature, there are also other definitions for thesealsenthere are multiple
values at each timestamip [ASF09, it is assumed that there is a set (not multisegbskrved
values at each timestamp. IDALY14], the authors define uncertain time series at each
timestamp as set of observed valuesach associated with an existential probability. Moreover,
if the sum ofthe probabilities at each timestamp is 1, #heact value existdn [DALX14], an
uncertain time series is defined as a set of standard time series. This definition captures the
dependencies between observed vallreshe next sectionwe study the relationship between

PDFbased and multisdtased uoertain time series analytically
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2.1.3. Relationship between PDF -based and Multiset -based Models

As discussed in Sectidhl, in the PDRbased modelthere are different assumptions about
the available informatiolen random variables at different timestamidewever, in the multiset
based model, the only availabidormation is a multiset of observed values at each timestamp.
Now the question is: can we convert one model to another model? The answer depends on the

amount of information available at each timestamp, explasddllows.

When the number of observeda | ues at each timestarpsedi s Al a
uncertain time series can be converted to a-B&¥ed uncertain time seridés other words, using
alarge number of observed values, we can estimate the P whderlying random variable.
The higher the number of observed values, the lower the amount of information lost in this

conversion process.

A PDFbased uncertain time seriegnnot always be convertéal a multisetbased uncertain
time series by generating observed values using thaen dNBF at each timestampFirst, as
discussed irSection2.1, the PDFs of random variables different timestamg are not always
available. Moreover, even if we know the PDF typgy., normal, exponentialve may not have
exact valus for the paranters of the PDFd.g.,the expected valye We study different cases for
a given PDFbased uncertain time seriés @M hd  in the following. Note thaeach

® p Q ¢ canbe written a® @ O hwhere® is the exact valughatis unkrown and

O is arandom variable denoting the error

Casel- | é;;; is known If we know the exact value for botb & andO 'O , we can simply
calculatew, which is the exact value diie data, and thugze would havehe underlying
certain standardime series. Thus, if we know the exact value@o® , to still havean
uncertain model® O should be unknown. In this case, if we knake PDFs of

random variables atifferenttimestamg, we can generate a multiset of obsshwalues

12



and obtain a multisdiased uncertain time serieshel higher the number of observed
values, the lower the amount of information lost in this conversion process.

Case 2 [ == is unknown In this case, an observed value is used as an estimati@ncor,
and PDFbased uncertain time series cannot be converted to miiéisetl uncertain
time series. The reason is that if we use the PDB tf generate observed values, the
average bthese observed values woutdnverge td @ , which itself is estimated by
an observed valuand therefore is not exadh this way, the produced multiseased

uncertain time series would not represent the underlyinglB3Ed uncertain time series

In this section, we studied the relationship between-B&ded and multisdtased models. In
general, these two models cannetdmnverted to each other, treech model requisdndividual
similarity search technique®/e next introduce a classificati@f existing similarity mesures on
uncertain time seriedVe will usethe uncertain similarity measurér similarity measures on

uncertain time series

2.2. Classification o f Uncertain Similarity Measures

We classify existing similarity measures for uncertain time series intwitwie basis of the

output they produces follows:

1. Deterministic Similarity MeasuresThis class of similarity measurésvery similar to
the traditional similarity measuresnd returs a real number athe similarity between
two uncertain time series.

2. Probabilistic Similarity MeasuresThis class returns a random variable associated with a
PDF agthesimilarity between two uncertain time series. That is, a probabilistitasityi
measure assigns a probability to each possible distance between the input pair of

uncertain time series

The following sections describe these two classesaredetail.

13



2.3. Deterministic Similarity Measures

DUST [SAR1(Q is the only deterministic sirfarity measure devised fancertain time series
that returnsa single real number as the distance between twolRBEduncertain time series
Although the similarity measure in DUST is deterministic, it uses probability theory at the core to
generalizethe Euclidean and DTW distance measures dacertain time seriesThe distance
betweenuncertain time seris® OB and® @MW Y in DUST is defined as

follows:

O TY"YND Q06 i 6hd (1)

wherefor eachi (p  "Q £&):

Q6 i G a €L s G éom 2

Heree 90 s is the probabilityf) Q Qirt&d &s 1, that is » L ©S is the
probability that theexactvaluesat timestampi are equal, giverihe observed values at that
timestamp. To calculatdistance irDUST, we need to have the information aboutgtabability
distribution of error,and of theunderlying certairtime seriesas well asan observed value at
each timestampThe Appendix presents our calculatiomf DUST distances for normal,
exponential, and uniform error distributionghe calculations provide better insight about the

DUST function and its use for different error distributions.

2.4. Probabilistic Similarity Me asures

The probabilistic similarity measures generalize titaglitional measurefor standard time
series,and model them as random variables. Thus, unliketithditional measuresusing which

we can find the exadimilarity between twostandardtime seies, thesimilarity between two

14



uncertain time series would lzerandom variable with a probability distribution function. This
means assigning a probability to each possible distance between tigévéwaincertain time
series Consequently, queries thaearch for similarities in uncertain tmseries are also
probabilistic {.e., a probability is assigned to each query risi¥e will revisit those

probabilistic queries isection2.5.

To be able to use these similarity measures in search tasks, we need to know their PDFs.
Finding PDIs in probabilisticsimilarity measures poses challenges for similarity search queries
over uncertain time series, in particulanem we are concerned with scalability, response time,
and precision. The existingrobabilisticsimilarity measures founcertain time seriegeneralize
the L,-norm, and DTW distanceor standardtime series Correspondingly, we classify the
probabilistic similarity measures into: (1) uncertain-norm distanceand (2) uncertain DTW
distance. Each class includes different approaches to model the corresponding uncertain similarity
measure, based on different modeling and assummiomstthe uncertain timeseriesdata dealt

with. These measas are discussed in more deéalfollows.

2.4.1. Uncertain Lp-norm Distance

This uncertain similarity measure has been studied for both miidtised and PDbBased
models.This measure extends-norm distancdor standard time series, in whighs a positive
integer. For multisetbased model Al¥alg et al. [ASFOP assumethat the only available
information is asetof independent observed values at each timestampeoverses at different
timestamps are dependent as well. gihg observed values, they fimdmultiset of all possible
L,-norm distances between the givercertain time series andY, denoted byQ i @y . This
multiset represents a realization of uncertaig-riorm distanced MY . To estimate the

underlying cumulative distribution function (CDF) of the elements in the mulfiseti & ,

ARfalg et al. use the empirical distribution function®@f ¢t defined as follows:
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wherep Q 'Q is the indicator functiorwhich is equal to 1 if2 'Q and 0 otherwise.

For the PDF-based model, there exist two approacteescalculatingthe uncertainL ,-norm
distance for ¢ with different assumptionaboutthe available information. Both assume that
therandom variables in thgivenuncertain time seriegre independent and identically distributed
(i.i.d.). Yeh et al. YEHO9 propose arapproach to processing similarity queyiwhich we
simply referto as PROUD.They assume thathe expected values and variancesrahdom
variablesat different timestamps of auncertain time serieare known, but theiPDFs are
unknown. They modelncertain Euclidean distance as a normal random variablag the
central limit theoremROS09. The cumulative distribution of this random variable is defined as:

. s Q 006 @I
bo6Giy Q 2 p Qi e——0o
q CWWIOO L

whereO @ &s the squared Euclidean distanaedO ‘0 6 @ty andw ) i0 6 cird are

definedas follows:

0006 0O® O WO OO (4)

OOIO6 @ T 0d 00 0O 0dw

Wu et al. WU12] also consideuncertain squared Euclidian distan@lSQ), which they
assume to havan observed valufor each radom variable in the giveancertain time series

Using this informationtheydeterminea lowerboundfor theexactsquared Euclidean distance.
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2.4.2. Uncertain DTW Distance

This measure has been formalized for muitisesed uncertain time serieB9F09. The
approach used to formalize this uncertain distaisceimilar to that used formultisetbased
uncertainL,-norm distance ASF09 as follows. Given uncertain time serieX and Y, this
approacHfirst finds the multiseof all possible DTW distancesd., Q i o &hd ). Using this,
the CDF of the uncertain DTWdistance isthen approximated usig the following emgrical

distribution function ofO "Y M :

B . FpPpQ Q
(ORI NA 1 )

0 O"Yod Q

Next, we study probabilistic similarity queriesvhich use these probabilistic similarity

measures.

2.5. Probabilistic Similarity Queries

Since the output of the probabilistic similarity measures is a random variable, these similarity
measures cannot be used directly for similarity search tasks. This is one of the challenges in
uncertain time seriesimilarity search Similarity queies over uncertain time series data are
probabilistic, that isa probability is assigned to the query result. In the related literature, so far,

the processing of the following probabilistic queries has been addressed.

1) Probabilistic Range Query: Given a setD of uncertain time seriegn uncertain time
series Q as a queryreference a distancethreshold QN a , and a probability
thresholdi ™ 1ip , we are looking for uncertain time serigs that satisfiesthe
following:

0QQIGd®H Q 1 (5)
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ARRfalg et al. ASF09 propose his type of quenfor multisetbased uncertain time series
whereQ "Qtao bethel -norm or DTW distance. For PBfased uncertain time series,
Lian et al. LIA08] and Yeh et al. YEHO09] proposethis query wheréQ "Qis ¢he squared
Euclidean distancdn this case, we refer @probabilistic range query asprobabilistic

thresholdbased Euclidean (PTE) query

2) Probabilistic Ranked Range Query:Affalg et al. ASF09 proposea ranking query for
multisetbased uncertain time series. GivaesetD of uncertain time seriesn uncertain
time seriesQ, and a distancethresholdQN s, we are looking for an ordeddist of
uncertain time seriego F8 hd  that satisfies:

0 Q@i Q 0QQ M Qh A®O Qa

whereQ "Qtan bethed -norm or DTW distance.

3) Threshold Similarity Query: Wu et al. WU12] propose another type of quetlyat

retrieves uncertain time series from set D of uncertain time seriesuch that
Q Qi ot ‘Qwith the confidence level @@ | , whereQ, -, and are given by the

user.Here* and‘' are the expected values@fandX, respectively.

4) Exact Match Query: This query is a speciahse of the threshold queiyWw[J12] where
‘Q 1L Givena setD of uncertain time seriesincertain time serie®, and confidence
levelp | , the query returns uncertain time seri¥ssuch thaiQ Qi ¢t Ttwith

confidence levep | .

The probabiliic queries above extend the range query for standard time series, and their

processingposes challenges in some caseglainedin Sectionl.2). Other important topics on
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uncertain time serieslso have been studieslich agop-k nearest neighborugries in multiset
baseduncertain time serigALX14], uncertain sliding windows @&r mutiset-baseduncertain
time serieglata streams [DALY 14 and reduction techniqued/e identify two types of reduction
techniques for uncertain time series: approximatid®F09] and dimensionality reduction
technique [YEHO09, QIAQ09, ZHA10, XUQ09], where the former is normally applied at each
timestamp and the latter is applied to the entire uncertain time seriesDilaensionality
reduction techniqueextendPLA (Piecewise Linear ApproximatiofQIA09] andHaar wavelet

[ZHA10Q] for uncertain time aries data.

2.6. Uncertain Vectors and Uncertain Trajectories

Uncertain time seriedata can also be viewed aslimensional uncertain vectors. Following
this view, several similarity search techniques have been proposed for uncertain BERD9,[
BOHO06, KRIO7, LJO07, TAOO5 in applications such as biometric databases to identify
individuals/objects according to features for which the exact values are unknown. As discussed
by ARfalg et al. ASF09, the effective solutions proposed for uncirtaectors are not suitable
for uncertain time seriegata. Other related research includes uncertain trajectories that may be
considered as multidimensionahcertain time seriedata. Uncertain trajectories record, at each
timestamp, the position of awvgn object CHEO4 EMR12, ZHA1]. Positions recorded at
different timestamps are naturally correlated; this is different from the independence assumption
often made fomuncertain time seriedata. However, none of the related researchurmcertain

time seresstudied correlation analysis on such data.

2.7. Summary

In this chapterye reviewed the works on similarity search on uncertain time s&vieslso
introduced a classification of existing uncertaimilarity measuresThis classification shows

that in the current literaturedifferent assumptions are imposed on uncertain time series resulting
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in different similarity search approaches. For example, consider the traditional range query,
06 i 'O where we are looking for standard time sexigbe Euclidean distance of which

to a given time seriegis at most. However, in the context of uncertain time series, this simple
query has been addressed in different ways based on different assungpitbmaodeling
techniquesincluding PROUD [YEHO9JandA Cf a | g 6 JASKO8]tDifferesht applications
consider different assumptions and have different similarity search queries. It is thus essential to
investigate other types of similarity queriggluding correlation queriesver uncertain time sese

under different assumptionSloreover,since the two models cannot be converted to each other,

each model requires individual similarity search techniques.

20



Chapter 3: Normalization and Correlation

Formulations

In this chapter, we formulate normalization @orcertain time serieseferedto asuncertain
normalization and study its propertietJsinguncertain normalizatiorwe will introduce the

notion of correlation between uncertain time series, iefiéo asuncertain correlation

3.1. Normalization

For gandard time series, it is wellnown that normalization makes similarity measures
invariant to scaling and shifting and hence it hddpgercapturethe similarity[SHAO4]. This is
desirablegfor uncertain time series, and indeed this is the case for the normalizatieifl \Wefine
in this section To establish this, we performed a probabilistic first nearest neighbor (1NN)
classification using the Elidean distance. For eaalncertain time seriesX'in the training

dataset, we find the probability thatis the nearest neighbor of thestuncertain time seriego
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Figure 3. 1NN classification error for normalized and nonnormalized data.
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be classified). Classes are determined based on the highest 1NN probability. We (8Bd 7 U
datasets{EQO] and perturbed them to obtain uncertain data for this experiffgpuire 3 shows

the resultsthe black bars indicate the classification error of-normalizeduncertain time series
and the gray bars indicate that of normalimadertain time serie®\s expectedye found thathe

error ratio of normalized data was lower than that of raw data.

Our normalization technique extends thehniquefor standard time serieShe rormal form
of a standardtime serieso @M o is defined aso @M o, in which for each

timestamg p "Q ¢ , we have:

o 2 ¢ ®)

Hereajandi are sample mean and standard deviation @fspectively, defined as follows:

Using this we define tk notion ofuncertainnormalizationfor both PDFbased and multiset

based modelm the following sections

3.1.1. PDFbased Normalization

In this section, we definéhe normal form of PDFoased uncertain time series. Firse
define a general case and thenraplified case We definethe normal form of uncertain time

series as follows.

Definition 3.1. Normal form of uncertain time series Given an uncertain time series
OB ,wedefindd OB asits normal form, wheror eachip Q ¢,

we have:
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"Y

in whandhdenote the sample mean and standard

di fferent Xriensepsetcatmpvse liyn That i s,

The following lemma highlights the properties of téfinition for uncertaimormalzation

Lemma 1. Given any uncertain time seriéds & B hd , its normalform has the following

properties.
a) @ T
b) 'Y p

Proof. The proof is very similar to the standard cESEA04]. However, note that in this case
we are working with random variablésatare functions frona set of possible outcomes
to aset of real numbers,. Here the assumption i¥ is not zeroThe prooffor part @) is

as follows:

To prove partlg), we have
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Fromthis equationwe have:
B &® ®L@ B ®
Y - p*

E p E p

The immediate consequence of this lemimhatthe normal form for uncertain time series is
idempotenceThat is, if we normalize the normal form @ given uncertain time serie§ we

would have the same result as fingt application. Because usih@mmal, we have:

In the following, we will propose artber definition forthe normal form of uncertain time
series and will show how this definition caimplify the computatiomnd preserve the properties

of uncertain time series

Definition 3.2. PDF-basednormal form- Given an uncertain time serié€s @ B K, we
define® & B as its normal form, wheréor each timestamp p Q ¢ , we

have:
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in which@®and"Y denote the sample mean and standard deviation of the expected values of

the random variables at different timestampsirespectively. That is,

In other wordsgis obtained fronX by shifing X by the average of thexpected valugand
then scaling by the standard deviation ofékpected values he following lemma highlights the

properties of this normal form.

Lemma 2. Let®d OMRY be an uncertain time series, add &M K  be its

normal form. Then the following statements hold:

a) @& mandY p.
b))l ®6s are independent ®Wdsa.ndom variables, so ai

c)l ®6s are identicawblsy distributed, so are

Proé&br p) arand”Y (are the average and standard deviation stndardtime series

0O ® O® MO , respecti vehley,r mahi &t aimd orhd
sero®s Ow MRO® . Moreover, for any standard
the average and standard deviation of its n

[ SHA®PA]IrD s afh)d af e i mmedi ataet ugamh mntaiti nsensgt alnhpate ar

transéomot i

The mmediate consequences of this lemma are as follows:

1. Preserving temporbkBxi sitn cegp emadreknsceassume t ha
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di fferent uranersttaimpstdofien JefrARdAEE, Nt YRHO 9]t hos e
wor k sb ecnaenf i t from our nor mali zation as a pr

similarity.

2. Preserving i dentkxiadt j digs hWwdraugYIiEHD vhi c h
asssmendom variables are identicallyddistri

nor mal i zati on.

3. Easy <calcul ation of |[|Pibagtsh esairc enrotr aniad X afioenenss e r
continuous random wacrannbbes,si mpkeQ® B®Ft acifned

Y'Q "Yo @ [ROS09.Moreovert ihol ds that:

o &, . .
0® ——PAT A ®

AYARTA)

©)

4. | dempoTtheencreesul t of appluypcegt aommail ing pé €0ihé et

is the same ddiaspplsytibrege die eohradvee

andbyL e mia wkbtai o.

Due to all these properties, in this thesis, we will Deéinition 3.2 for the normal form of

uncertain time series.
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3.1.2. Multiset -based Normalization

Considera multisetbaseduncertain time serigd & B hd , wherethe only available
information abouteach & is a multiset of observed value¥, o oo B ooy,

considered a0 s r e a We msao8 @ forrmultisets, and) to denote thenumber of

observed valuedor & . Similar to the PDRbased modelDefinition 3.2), we normalize a
multisetbaseduncertain time seriex by shifting X by the average ofnears and then scaling the
result bythe standard deviation ahears. Here, at each timestamp, the mean is approximated by
the average of the observed values. We define the notion of normalization for ribalsisdt

uncertain time serigermally as follows.

Definition 3.3. Multiset-based normal formr The normal form of a multisdbased uncertain time
seriesy OB R  with'Y opfopM oy, p "Q ¢ is defined asincertain

time seriesd O M R  with 'Y o loop M8 fo, |, where

. wp @
Cox
h Y (10
Here®and"Y are defined as follows:
B «a . B a w
W we Y -
£ E p

in whichd is the average of observed values at timestamp i¢i.e., B ®p f0

The el eYhenrtes accft ual ly a reabidzdt i@nd Difn o ea nedaant

Wrpi s a | inear ,thaen sdfeofrimaetd omoronial i zati on preser

observed values, bet ween and -twadmharnmatl ii meag ti amp
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idempotent, because avertadaper mald fsaram-daftdddenul

uncertai nartei nPe asnedr ile,s r es pfeccltli ovveil yg laesmmah.o wn

Lemma 3. Let ® &M be a multisetbased uncertain time seriesand &

O MRy  beits normal form. Thethand"Y are equal to 0 and 1, respectively.

Proof. For the averagef all the observed values i we have:

w
£
)
©
£
€

To provYepthwet first Beé&d téo pshaw ftdlalt ows:

eV V. 1)

Using(11), we have the following:

v o P a6 _P
£ p

m
o

Now that we have a suitable definition for uncertain time series normalization, we cartliefine

correlation between uncertain time series in the following section.

3.2. Uncertain Correlation and Probabilistic Queries

In this sectionwe propose a formulatioof the notion ofcorrelation for uncertain time

series.This is done by extendintpe weltknown Pearson correlation coefficigl@HA04] used

28
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for standard time series datahich is the dot product of the normal forms of the giveo

standard time serigs OB o and® M O |, defined adollows:

B ww

0 ¢ ldw ﬁ (12)

wherew andw arethe normal forms of andw, definedin (6).

Unlike the correlationbetweenstandardtime seriesthat is denoted bya single valugethe
correlation betweenncertain time seriedefined as followss a random variablassessetly a

PDF.

Definition 3.4. Uncertain time series correlation Given a pair of uncertain time series

O OB  and® OB RY |, their correlation is defined as:

. B wO®
5 oy o (13
€ 0]

where® and® are normal forms ofd and®, respectively, defined (7).

For conveniuenncceer,t awen t wsoer etéheem tr it ®@h at iuonnc ely & tawene n
ti me .sddraivéesng a random variable as wuncertain c
based correlation queries, which extend the <co
of using the exaXandorwel wse onddbetwmedhai o vef u

(CDF) of their correlation.

Definition 3.5. Probabilistic threshold-based correlation (PTC) queries Given a set D of
uncertain time series, an uncertain time series Q as a query reference, a correlation

thresholdooy 7ip , and a probability thresholgf ¥ 1dp , PTC queries look for those
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uncertain time series X in D such that X and Q are positively corcklatéh probability

at least p, and correlation coefficient at least c. Formally,

D6EIAD @ N ax

The question that aritsheEFadifiti.Ehe@oamswers thel
on the amount of avail able information about

thesiwe investigate this in two cases:

1. PDaswendcertai nhavimegsBEbFesef eatheaahdbmmeat ace

2. Mul tthsseathcer t ai n:htaivinemgs ar imud ti set of i ndepen

each random variabl e.

We study the processing of the PTC queries f
random variables at diff ®e entbit dld n anite thReDalEEpsse dar e
model Seanmtdi.@2mw n s it dhmu Is t-hi asseetd The flwing section shows the

relationship between existing work on uncertain time series and uncertain correlation.

3.3. Relationship between Correlation and Euclidian Distance

Measures

If we definethe uncertain correlation as dot producttbe normal fom of uncertain time
series asn Definition 3.2, and the uncertain Euclidean distance between uncertain time series
d OB and & OB asOodhd B & & , the uncertain

correlation and Euclidean distaneeuld have the following relationship.

Lemma 4. Given two uncertain time seriégs O M Y and®d  OMB K |, we have:

DO @Y ¢& p p 6£i1dM
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where X and Y are normalizes inDefinition 3.2.

Proof. To prove this lemma, first we need to prove that for a given uncertain timeXeanes

haveB @ ¢ p, as follows:

Using this we would have:

06 oy O o W ® WO ¢& p ¢ O®
CE pp OGELEIGHD #
It is easy to see that this lemma holds even if one of the time series is standard. Using this

lemma, we can prove that PTE queri&sand PTC queries(Definition 3.5) can be converted to

each other.

Lemma 5. Given two uncertain time seriés @O M Y and®d OB Y |, we have

DOEIQND @ OVOOdW@hd ¢& pp @

Proof. Usingthe previous lemma, we have
0 06 c& pp @ OCE pp GLEIGAM c& pp @
Using which, we obtain:

0 O6cld c& pp ® O06&EIGD o
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This lemmaindicates that if we first normalize uncertain time series data, the restfteof
PTC queries would be the same that of the PTE queries. This shows th#te uncertain
correlationis a principal extension dhe uncertain Euclidean distanc&nother importantesult
of this lemma is that sindee correlation threshold;, is betweenl and 1 the Euclideamlistance
threshold¢ ¢ p p @, would be between 0 andé  p . So the user can choose a distance
threshold within this interval. On the other hand, when dsataot normalizd, the distance
threshold could be any positive number and defining a proper distance threshold would be
difficult, as itrequires having lot of information about the dataset in which we are searching.
Now the question is: is there any relationship betwgsnuncertain Euclidean distance and

uncertain correlation defined Definition 3.4? We will answer this question i@hapter 7

3.4.Summary

In summary, our definition fathenormal form of uncertain time series generalizes th#tef
standard time series inwaay thatthe uncertainnormalizationpreserves the properties tife
standard normalization Moreover, multisebased normalization generalizes Pbdsed
normalization. Both multisdtased and PDbased normalization preserve peojes of
underlying uncertain time seridbe., temporal independence and identical distribytidssing
uncertain normalizatignwe introduced the notion of uncertain correlatiblaving a random
variable as correlation between two uncertain time ser@s/ated our definition of probabilistic
thresholdbased correlation querigRrobabilisticthresholdbasedcorrelationqueriesconsist of an
uncertain time series quefy, a correlation threshold and a probability thresholal Given an
uncertain timeseriesQ, the goal is to search for uncertain time series with a high enough
probability that their correlation with the given uncertain time series is within a given threshold
We also studied the relationship between uncertain correlation and unéarthigean distance.
This relationship also held for standatithe series This shows thafprobabilistic similarity

measures build omaditionalsimilarity measure# a disciplined way.
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Chapter 4: Experiments Setup

This chapter explains the setup of cexperimets to presentexperimentalresults for
different problers studied in this researahore clearly The objectives of the experiments are to
study the overall performance of the proposed techniques and to compare their performance with
the existing techniguee The experiments data and setup parameters follow the ones used by
Dallachiesa et al[DAL12], Sarangi et al. $AR1d, Yeh et al. YEHO09], and Al¥falg et al.
[ASF09. For all the results, we report the average over different random runs. The
experimentsvere conducted on a typical desktop PC with a 2.66 GHz CPU and 4GB of RAM.

All algorithms are implemented and run in MATLAB (2013a).

4.1. Experiments Objectives

The objectives of the experiments are to answe.

T RQ1 Whatoviesr attHe perf or mance of the proposed
guery pared niEeteatis@n

T RQ2 Do the proposetdhe od it s toirSe oduydphram if @ u ens

T RQ3Dot hteechni dq lhmeg | thiasseetd ymoeledgood approxi mat

uncertain c2orrelation PDF

To answer these research questiams,consider the following two measures as the ground

truths:

1 Ground truth I: This is based on the result of tlieterministic query defined in
Section4.4 on the dataset without uncertainty, with the same correlation threshold as the
given probabilistic query.

9 Ground truth Il : This assumes the underlying PDF of the observed values is known at

33



each timestamp, using which, we can calculate the PDF of uncertain correlation.

We useground truth for evaluatingRQL andRQ2 and ground truthl for R(B.

4.2. Datasets
Similar to priorworks J[ASF09 DAL12, SAR1Q YEHO09], to generataincertain time series

data used in our experiments, we take stantiiare series and perturb them using different error
functions representing errors in the measurements. This data generation method aitouseus

the original certain time series(with exact valuesyas the ground truth when evaluating the
performance of the proposed solutions for uncertain data. The standard time series dat include
the 20 datasets in the UCR benchmark data frorrlifeadpplications KEQ], nhamely, 50words,

Adiac, Beef, CBF, Coffee, ECG200, Fiskacé\ll, FaceFour, GuiPoint, Lighting2, Lighting7,

OSULeaf, OliveQil, SwedishLeaf, Synthetontrol, Trace, TwdPatterns, Wafer, and Yoga.

4.3. Performance Measures and Parameters

We measure the performance using hit and false alarm rHiitosatio (or recall) is defined
as the number of correct results returned to the total number of correct results. The ground truth
(i.e., correct results) is based on the result of the comrlajuerie® ¢ iy @ on the
dataset without uncertainty EH09]. False alarm ratio(or false discovery rate) is defined as the
number of incorrect results to the total number of results retuAreather measure i€} score

defined as follows:
Q¢ NI QOQI @D B Q0 Qi "@EGED & &

Recall is the hit ratio and precisionlisninus the false alarm ratid/e repeat each experiment

10 times and report their average as the experiment result.
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In our experiments, wetigly the effect of different parameters on the performance of the
proposed solutions. These parameters belong to two categdaitas:parametersand query
parametersData parameters indicate characteristics of uncertain data while query parameters are

threshold values iprobabilistic or deterministiqueries.

4.3.1. Data Parameters

The wcertainty level iruncertain time seriegepends on two parametestandard deviatiomnd
probability distributionof the random variable at each timestamp. Standard deviatidarn is

based ostandard deviation ratianderror rate, defined as follows.

Standard Devi atStoann dRatdi od e(vS@mR)i:on of random v:
., I[YEHD9 whderaotes the standarcekerdeaineaatsiean eaf (tuh
the groundddamaittens ,t medndSDR, which reflurecéerst dihre
ti me .s élthieeshi gher the SDR, the farther the unce

truAsh.considered SAR1IYEH]D9 ewe wos&kstthe following
T8t prgt orp e hphp®h ot

Error:ERatoe rate all ows uWnddretreainrt ottiihmeey ed edmigefsei
unceaerttyail evel smulTahties efefl pst eof taperingn measur
uncertain thikbmefséhiees i messt aamp sSDR@yei duesile ®Bhe r e st

Foll owing SARAPgit hetoard iedeorfed in our work var.i

the ermpowascshasen as 10, 30A,S d&adn,eDADLONH 2[1 060 peéecsespt

mu | tbiasseetd model , the error rdtwoe wkhsedsisBodre!l i n
100 %.

Prability DI st roiubutvwomek so wenterested in stud
probability distribution type on the proposed
exponential distributions.
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4.3.2. Query Parameters
ThRTGuenided i Siedt3ijRmve two parameter s: 1) prob

correlation threshol d. I n our experainmeédretrss, owe
the performance of Rodre tphreo pmrselda btielcihtnyi qtuberse s h-
values 0.001, 0.01, 0.1, 0. 2, 0. 3, 0. 4, 0.5,

highly uooceet at edwiema egdaearticemm t hresholds from 0

4.4. Previous Techniques

As there is no previous work on correlation analysisuiazertain time seriedata, we can
only compare our work witthe deterministic solutions in whichncertain time seriegretreated
as if they are(certain) standard time seri¢gSAR1Q YEHO09]. In our experiments, we will

compare the PTC queries with the following deterministic queries.

Definition 4.1. Deterministic threshold-based correlation (DTC) queries- Given a set D of
standard time series, a standard time series q as a query referendeg correlation
threshold c, DTC queries look for those standard time series x in D such that the Pearson

correlation of x and q is at least Eormally, 6 ¢ ¢t}  ofor oy Tip .

The correlation threshold in the DTC queries is the same as the oneRm@hqueries. To
compare the DTC with the PTC queries fioe PDF-based modelthe standard time serigsand
g would be the sequence of expected values of random variables in the correspoditain
time seriesTo compare the DTC with the PTC queriesthe multisetbased modelthe value at
each timestamp of standard time sesemdq would be the average of the observed values at
that timestamp. lour experimentswe refer to the DTC queries as the deterministic query and to

the PTC queries asdtprobabilistic query.
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Chapter 5: Finding Correlation for PDF-based and
Multiset -based Models

In this chapterye study the processing of the PTC queried@ith PDFbased and multiset

based uncertain time seriesthe following sections

5.1. PDF~based Model

Given a PDFbased uncertain time seriés @M Ky , each® p "Q & can be
written astdy @ O hwherewi s exac® fal ue whi ¢ hOiisa randokin own,
variable denoting therror. Thus, the expected valuedfwould be O & w ‘OO0 .Since
theexactvaluew is unknown,0 & would be unknowras well even if the expected value of the
error is known We thus use an observed value as an estima@ dor. In our work, we assume
for each random variabte in X, we have its probability distribution type, its variance, and an

observed value.

Toanswer the,dRTC nSgadcet8iinBre r -bPaDskerdc er t ai n, tweme s e
need to find RDRFr edéaitiinocnre rideaicnfBhy and
OMRM be tweaB®@Bcertain, twhieracm@deaeese independe

continuous random vari Xdh@iss. dTehfei nceodr raesl aftoilol no wb:

¢ pOEéEid can be simply modeled as the sum of

andassess®@dwawi’® holr especti vel y. Sinced(®ihe aor ma

l inear tradsfoheal{iméndd ésfi IMy) ocfan be ®adbcul at ed
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"Y'Q Yo & [ROS0Q.We then find the ORDE,iofé.téhbef pr oduct
p Q g, noting tHaetmmc owb@andgarteo assumed to be i

s o Gabraenidd6,s and hence theRPBP906f théinepgraduct |

. Por wn O
Q w —Q 0Q <+ Qo
B 0
At this point, the pirrepéedens raddadmdyv s0i albime
¢ poéEiadd @ E O (19
which can be obtained ixedb adbbmdl gompufel | owsPD
Mw . Qo 0Q o00Qo

We then compute PDF ofdo & @, and so on. Finally, we can calculate the PDF of
¢ pOEIQD (e, & @ and use it to find thosencertain time serieghat

satisfy the PTC queries.

Let us consider again the examplerigure 2 showing two PDFbaseduncertain time series
®and®, but instead of using the deterministic approacttulised earlier, we now use our
probabilistic approach. Consider the PTC query £ i ¢ftd 180 1. By calculating the
PDF of correlation betweahandY, we find thatd 6 € 1 1@  T8. This showshat®

andware highly correlated, anidwould be among the results, as expected.

We should point out that even when one of the time series is staR@Fdf6 ¢ | D in
the PTC queries can still be fousmmilarly using our approach. This provides more flexibility to
the user to choosa query reference (e.dQ in the PTC queries), which could be uncertain or
standard time series. We next consider correlatiamogrtain time seriger a special case in which

random variables are i.i.d, and show how this simplifies the processhmg®TC queries.
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5.1.1. Correlation with i.i.d. Distribution

As a special case, suppose all random variabl#geigiven uncertain time serigdand 0 in
the PTC queries are i.i.d. As shown in péjtgnd €) of Lemma2, independence and identical
distribution would be preserved under our normalization technique. Thus, we consider correlation
between twancertain time serigdand 0 as sum of a sequence of i.i.d. random variables, i.e.,
6&1a B ®Oj & p . According to the central limit theoremrRQS09, as n
increasesp £ 1D approaches normal distribution. The expected value and variance of

O ¢ 1) aredefined as follows:

e s B O® OO0 . .
OO0 € 1 - M1 A
€ p
B 00 O®id 00 OO WO OO0
WO €10 -
€ p

Moreover, given an uncertain time serig§ O @ andw @ik at each timestamiare
defined as in(8) and(9). Knowing that® ¢ i G has approximately normal distribution, we
can easily answer the PTC querié¢e next study the case that one of the input time series is

standard.

5.1.2. Correlation bet ween Uncertain and Standard Time Series

In this section, we study the notion of corr
series, and show how t o fqgiunedWeseodd.aunt g8 iothesr farst are

ser e s as an uncertadn OMRKMe wistmdi e s
AT Bdod mf op Q tan® ph & o
d o &1 0 Qi Q

Suppose that one of tyeiuwmndedrCt agiurerti ieme,i Serai es
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gTo find thuencReRDR adfn correl &lti ®dp 1Qne WAL djuleea i e
def i nejdamds hence the PDF of their product [ ROSH

06 -0
9s

[
)
The rest would be sFomi Itahre wig utshde. ngeeangedrt aol rceapsl
and®d®b byyandr &spectively. Xan@arde t spbandarfd btoit rhe
expected value and variance of their correlati
coefficient and zero, respectively. This shows

nor mal di szerbutwviaonawceh the cumul ative distri

fundtitomat i s:

Toow o mw ] pF] !Oé‘ldfﬁ (::)
VOSTAD @ i o ai @
Based on thisr,esveftcsalme fRMMEA mguiHeadte,s suppappr oc

botmdatra and uncertain time series

5.2. Multiset -based Model

Considera multisetbaseduncertain time serigs ® M R , wheretheonly available
information aboutachd is a multiset of observed valuds o foop I8 oy, , considered

as® O mealization. We usé8 afor multisets, and to denote the number of observed values

for @ . Unlike correlation between standard time series which is amaabers correlation
between multisebaseduncertain time seriess a multiset of reahumbers defined by all the

possible correlation coefficients between tiw® given uncertain time seriesThis multiset of

! http://en.wikipedia.org/wiki/Normal_distribution#Zes@riance_limit
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values can then be used to determine an approximation of the probability distributicedain

correlation.

Definition 5.1. Correlation multiset (CM) - For uncertain time seriego OB M  with
Y of foop B o, let”Y be the multiset of all possible time series obtained by

taking one value from each timestamp, that is:

Y wpforMB oy MBh ofF By (26)
The correlation multiset between two multisaseduncertan time seriego and®is

defined as follows:

6 0o e Taftd gon Y o Y & (17)

— B . , L . .
wher e atvoo r+———, amadnddar e nor malDeifzieflB.taiso ni n

Correlation mul tiset ( CM) provides an appr o:
distribution. In thoésicdWay@mi wethan PICpgaxi matse
true under | yi ngoiODFo f dtfhi® Ge | velireergetd s § we use

the empirical 8SHOPYGHIGi:on function [

wherep @ @ is the indicator function, which is equal to Xif & and equal to O otherwise.
So the probability in the PTC queries is calculated as the fraction of correlation coefficients in

6 0 QR , greater than or equal to More precisely:
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By the strong | &®SPP thrgeestmmatsoh converg
HOWD sapproaches i rgflicis . ONoBe Otdarad i s huge wh
dealing with high di mensional data and high nu
al | the corr eléatdo n wcha ecfhf iicsi einn fse alsm btl ki untl ks s
we weixlpl ain our solution to overcome this <co
techni gneedftoai ntogmehesreriwesh a pruni-bgsedol | c

heuristitntéebbnnenéeépsesenont heerwmsmtid tesv.aolfuatuiro

5.3. Performance Evaluation Results

In this section, we present our experimental results for bothli&B&d and multisdtased

models.

5.3.1. PDFbased Model

In this section, we study the performance of thmbabilistic query foPDFbasedmodel
using the setup described Ghapter 4 For RQJ, defined in Sectiort.1, the hit ratio and false
alarm of theprobabilistic queryshownin Figure 4 and Figure 5, respectivelyare for different
error rates, SDRs and probability thresholds. We observe that for the SDRs higher than 0.1, the
higher the error rate and the SDR, the lower the hit raBaliscussed earlier, the expected value
at each timestamp is estimated using an ekskevalue. Moreover, recall th8DR and error rate
specify uncertainty level in datan that,the higher the uncertainty levéhe farther the observed

values from the exact values, and ttheslower the performance of tpeobabilistic query

It shauld also be noted thats the probability threshold deases, the hit ratid={gure 4)

increases and the false alarm rai@(re5) decreasesn particularfor high SDRvalues. This is
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due to the fact that as we decrease the probability threshold, the probabilistic query returns more
candidateresults, which makes it more probable to contain the correct results. While this also
increases the number of false alarifiseratio of false alarms we found for all the error ratés

low (less than 0.06).

ForRQ2 defined in Sectiod.1, amilar to earlier studiesYEH09, SAR1({, we comparedhe
performance ofthe probabilistic query with the deterministicquery (Section4.4). Figure 6
illustrates the hit ratio of thdeterministicquery for different error rates and 3. Since the
false alarm ratio othe deterministicquerywas close to 0, we did not include the corresponding
figure. As expected, the higher the SDR and the error rate, the lower the hitlniics due to
the fact that as uncertainty level increases, the uncertain observedivahah timestamwould
be farther from the exact valuBy comparig the deterministicand probabilistic queries we
observe that thprobabilisticqueryhas higheiit ratio than thaleterministicquery; in particular

for high SDRs.

Figure 7 showsthe performance of thdeterministicand probabilisticqueriesfor the i.i.d.
case. Since the error rate is 100¥4his case (i.e., the highest uncertainty leviefith queries
have lower hit ratio thaanyother cases. Moreover, for high SDRejther ongeturrs any result.
However,compared to the deterministic quettye probabilisticqueryhas higher hit ratiofor the

SDRvalues0.5, 1 and 1.5
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Figure 4. Hit ratio of the probabilistic query using different error rates for Gun-Point dataset.
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In all these experiments, we observed that in presence of high uncertainty level, the
probabilistic query can find more correlated uncertain time seriesthi@deterministic query.
Another advantage of the probabilistiguery (over the deterministic ohes that it allows
exploring and analyzing the data by controlling the traffldoetween false alarm and hit ratio. In
some applications, this tra@éf is important for some applications false alarms are unacceptable

or costly, while for others, it is required to have high hit ratiBH09].

We repored our findings forthe Gun-Point dataset, whethe error distributionwas normal
and correlation threskdbwas0.5. We also studied the other five correlation thresholds @:@m
to 0.9,and considereeé@xponential and uniform error distributiongloreover, we studied the
effect of query and data parameters on the other 19 dataselisthese casesve made a similar
observation as reported in this section. The commeteof experiments anesuls are made

available to reviewerfCORX].

5.3.1.1. Experimental Results Analysis

For the i.i.d. case, we noted tltterministicandprobabilistic queriefave he same ih and
false alarm ratios for probabilitytesholdequal to 0.5 In this section, we will discuss its reason.
Consider PDRbased uncertain time seriesd @MY and0 0 B . As

discussed earlier, we will use an observed valsi@nestimate forthe expectedvalue at each

timestamp Thus,we would have
‘06 € 16 OEI0MOROD

Where'O & is the expected value time seri@si oW MHOG , andd € 1is

defined as irf{12). When probaility threshold is set to 0,5ve would have?

% For normal random variabd we have:d @ ® - p Qi Q@——
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SoXwould be the candidatesult of PTC queries if and onlyXfis the candidate result of

DTC queries

5.3.2. Multiset -based Model

The first objective of the experiments is to study thdgoerance of the proposed method
with regard to various data parameters and query parameters (Se8figks explained earlier,
the exhaustive technique, which calculates fa torrelation cefficients in(18), is infeasible
since itstime complexity ig) 0, whereN is the number of observed values at each timestamp
andn is the dimension (length) ohe uncertain time serieShus, to make thsimilarity search
feasible in different settings, similar tbAL12], we reduced and used the input data, obtained by
truncating the dataset to 50 time series of dimension 6 with 3 observed values at each timestamp.
For example, given a correlation thresholgrobability thresholg, and SDRr, we need to do
over 26.5 milion calculations (with 50 time series) in the exhaustive technigue, and in total over
15.7 billion calculations (with 9 SDR, 6 correlation thresholds, and 11 probability thresholds
(Section4.3)). This shows that even for smalhcertain time seriedataset the exhaustive

technique requires an excessive amount of processing time.

Figure 8 illustrates the answer fdRQL using the ground truth This figure shows the hit
ratio and false alarm ratio of the exhaustive technique for different SDRs and probability
threshold for the GunPoint dataset, normal distrition and correlation threshold 0.5. Generally,
the hit ratio decreases and the false alarm ratio increasebe SDR increases. Besides, the
lower the probability threshold, the higher the hit ratio and false alarm ratio. This illushates

role of theprobability threshold in the trad#f between those measures.
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Figure 9. Hit ratio and false alarm ratio of deterministic query using ground truth | for Gun-

Point dataset

Moreover, for RQ2 we compare the probabilistic query witthe deterministic query
(Section4.4). Figure9 shows thdalse alarm and hit ratio of the determiniggigery. The higher
the SDR, the lower the hit ratio, and the higher the false alarm ratio. Unlike the deterministic
guery, the hit ratio of the probabilistiquerycan be 1 or close to 1 even for high SDRs, by
choosing a proper probability threshold. For example, consigeSBDR 4. For this SDRye
foundthe false alarm ratiokr both queries areto bevery close to each other. However, the hit

ratio of the deterministiqueryis about 0.4, which is low, and in the probabilisjigery, if we
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Figure 10. F, score ofexhaustiveapproach using ground truth Il for Gun-Point dataset.

choose a low probability thresldo e.g., 0.3, the hit ratio would be close to 1. That is, with the

same uncertainty level, the probabiligjiceryoutperforms the deterministguery.

Figure 10 illustrates the answer t®Q3 for GunPoint dataset, normal distribution and
correlation threshold 0.9t shows that for the SDRs less than 1, our approximation for the
probability distribution of uncertain correlation approaches the exact probability distribution. For

higher SDRs, the lower the probability threshold, the higheiQtseore. For the casavhere the

"@ score is 0, the ground truth did not return any result.

This section repoPbenbudafasadi hgewhéworeGuar di
correlation threshold is 0.5. We @l 4®.t%,0nfsarde
exponenti al and uniform error distributions. \Y
parameters on the other 19 datasets in the be
similar observation asomppetéeéedetandet hivas d atbs ie

revi eweRY¥Y .in [ CO
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5.4. Discussion

This dissertation has propossditable concepts and techniques @micertain time series
correlation analysisDifferent applications consider different assumptions and have different
similarity search queries. It is thus essential to investigate other types of similarity queries over
uncertain time series under different assumptiem$?TC queries the user is irerested in the
uncertain time series, in a database, which are positively correlate@watind their correlation
is no less than the given threshald/Ne also refer to this query 8 G1 query. Depending on

the applicationpt her possi bekatypeaesqaenqiems: i ncludes (fo

PTC2. 06¢icfD @ nhov  phr

PTC3. D Héid s & n o mip

In PTG-2, the user is looking for uncertain time series which are negatively correlate@,with
and their correlation is no more than the threstwlth the last one, the user is interested in
uncertain time series that are highly correlated Wittpositively or negatively and the absolute
correlation is no less tham In addition, the user may be interested in finding uncertain time
series which are not highly correlated @ e.g., in medical domain looking for some
abnormalities in a test result. We could thus have the following forms of threshsdd

correlationqueries:

PTC4. O0m 6€i6D @ nhov mip
PTC5 0@ 6£1ia 1 nhov  ph
PTC6. 0 DEid s & 0o Tip
Our sol uti on hReRde & 9 & d vaenedd ¢ lbly asseeedc htiaguanswer al

the above queries, because they can either fi:1

the i .i.dbasademodelPDFsi nce the correlation r a
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by:

Forw T whereA O 4B the error function, and and, are the expected value and standard

deviations oy ¢ 1 &R . Hence in this case, we can also answePfi&-3 and PT@5 queries.

5.5. Summary

In thischapter we presented our approach to process probabilistic threlsaséti queries for
both PDFbased and multisdétased models. For the former model we considéned cases;
having different PDFs and identical PDFs at different timestaifips.results of our é&nsive
experiments indicated th#te probabilistic queryunlike the deterministic one, provides a trade
off between false alarm and hit ratio of the results which can be controlled by the probability
threshold given by userglowever,the similarity seach techniqueproposed for multisdbased
modelis infeasiblefor real size uncertain time seriaaless improvedin the next chaptemwe
will explain our solution to overcome this complexity by providing a prurdnd,a sampling

based heuristic technigu

% http://en.wikipedia.org/wiki/Folded_normal_distribution

50

b


http://en.wikipedia.org/wiki/Folded_normal_distribution

Chapter 6: Query Optimization Techniques for
Multiset -based Model

This chapterexplains our solution to overcontiee complexity of multisetbasedsimilarity
searchby providing an approximation technique foncertain time seriewhich considers a
Boolean representation together with a pruning, following by a sardApdisgd heuristic

technique.

6.1. Probabilistic Pru ning

In this section we propose a probabilistic pruning technique which aims to cut down the
number of candidates in athset oinultisetbaseduncertain time serie$-or this, wegeneralize
the Boolean correlation proposead [ZHAO7] for standard time series. Given a standard time
seriesy @M fw , its Boolean representation is a Boolean sesies « B o, in
which

[
3

T B
Pae (:;;_p Q ¢ i EAGA

Let x andy be standard time series andandw be their Boolean representations. Then

their Boolean correlatiorzHAQ7] is defined as:

v ox. BB AW
well ®ho (29

whered andwe are the XOR andegation operations, respectively
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Timestamp Timestamp

Figure 11. Uncertain time seriesX and Y with 3 timestamps

We extend the standard Boolean correlatioartcertain time seriesvhich basically replaces
each observed value in ancertain time seriesith a single bit. This yields a compression ratio
of 32:1 (considering 32 bits for each observed value), and also allows taking advantage of fast bit

operations by CPU.

Definition 6.1. Uncertain Boolean representation Given anuncertain time series)

OB  with'Y o, foop B oy, , we define its Boolean representationtas

® MR | with'Y op o B ooy, in which

In this representation, each observed value would be represented as 1 if it is above the
average of all the observed values, and as 0 otherwise. For ex&igple, 11 showsuncertain

time seriesX'and Ywith€ o. For instance, consideX, its uncertainBoolean representation

would bed & Fd Fd  ,with'Y  dpfpd’Y  arfifidmaandY  Gphphpd

Using uncertain Boolean representation, we next present optimization techniques to speed up
similarity search The following example illustrates the idea behind this optimization. Again

consider uncertain time seriesX and Y in Figure 11. To find the multisetd 0 &
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(Definition 5.1), we should find all the correlaticcoefficients between time series™ and "Y

defined in(16). Since the Pearson correlation detects linear dependencies between two time
series, all the values i 0 hd would be a negative real number, thiish € 1 Ghd @ T

N Tip , and henceX'would not be returned as a similancertain time serie® @ Now the

question iscan we pruneXwithout having to calculate all the elementsi ¢hd ?

We show that the answer is positive and develop such a pruning techniqgue which uses
uncertain Boolean representation. For this, we next define the notiamceftain Boolean

correlation in which the XOR and negation operations are extended for random variables.

Definition 6.2. Uncertain Boolean correlation Let @ and @ be uncertain Boolean
representations afincertain time serie® andd Then their uncertain Boolean correlation is

defined as:

B w i

6 £li & hd

In the standard case, the Boolean correlabigni o fo  (19) is a real number indicating
the Boolean correlation between the Boolean seviesndw . For uncertain time series
however, Boolean correlation is a random variable. @aheve definition is used to define

probabilistic threshokbased Boolean correlation queries.

Definition 6.3. Probabilistic threshold-based Boolean correlation (PTB) queriesGiven an
uncertain timeseries Q as a query reference, a Boolean thresholdand a probability
thresholdr) , PTB queries return evemyncertain time serieg(in D, such thatXand Qare

Boolean correlated with probability dastf) ™ 1dp , and Boolean coefficient no less ha

I N T1ip . Formally,
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To find the answers to the PTB queries, we define Boolean correlation multiset.

Definition 6.4. Boolean correlation multiset (BCM) For an uncertaintime series, let® be
its uncertain Boolean representation, and be the multiset of all possible Boolean series

obtained by taking a value from each timestam qfthat is,

Y wpforMB oy MBh oFp By
We regard each Boolean series"¥h as a trend of the corresponding time series'Yh

(16). We define the Boolean correlation multiset betw&and Y as:

66 00K  GET ofd do vUY o v Y

Here,0 éii  fo , defined in(19), is the percentage of the number of the timestamps with
the same Boolean values and indicates the degree of the similarity between the two Boolean
series. Using BCM, we can find the complettagy CDF of uncertain Boolean correlation

betweenXand Qin the PTB queries, as follows:

VOET oM N6 60D goéil wm fos (20
O 6 DA s

06 &Il O f

where® 6 0O s D O WD defined inDefinition 5.1.

For instance, founcertain time seriex’and Yin Figure11, Y includes 24(¢ 1 0)
Boolean series plifp and "Y includes 18(c ¢ o) Boolean series tiplt . The
Boolean correlation betweeBoolean series in'Y and the ones inY is 0. Thus, the

probability thatXand Yare Boolean correlated is 0, i.2.6 £l & hd i 18T herefore,

54



the corresponding actuahcertain time seriesre not positively correlated and henés pruned

and not considere@onsideringYas the query reference).

To process the PTB querigsd £ii & D I f , we calcuate all possible Boolean
correlation coefficient§20). We refer to this approach amiltisetbased Booleaapproach since
it uses the multiset of all possili®olean correlation coefficients to find the final probability. As
an alternative, to which we refer BOF-based Boolean approackto calculate this probability,

we find PDF of random variabl@ €¢ii & R  using the following lemma.

Lemma 6. Given twouncertain time seriesf and Y with n timestampst ¢ & i & hd has

Poisson Binomial distribution.

Proof. First, allé seénhd® ) p "Q & in uncertain Boolean representation Xtand Y are
Bernoulli random variables with success probabilities equal tandr) , respectively, where

N is defined as:

o QoRdor, op Q0 oS
R 0o p .

in which & is defined inDefinition 6.1. Random variablé " w & && is also a

Bernoulli random variable, since the resulof is either 1 or 0, and its success probability

would be:
A" 08" p 0o ple p b mie w2

Since all6 "6 sre Bernoulli random variables, and independent of each other, with

different success probabilities, we conclude that & 1 & hd B 6 " would have

Poisson Binomial distributiorHON13]. #
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The PDF of the Poisson binomial distribution (for probabilitymfsuccesses im trials,

where triali has success probability) is as follows:

where"Y is the set of all subsets giit8 & of size0, andd is the complement of the sét

Computing CDF of a Poisson binomial random variable could be prohibitively expensive, since

Y containgg A ¢ 0 A Aelements. HongHON13] proposed a simple method to derive an

exact formula for CDF of Poisson binomial distribution, using the Fourier transform of the

di stribution characteristic function. The ti me
for small number of timeamps, i.e.& v 1 fHONL13]. Using this PDFbased Boolean
approachwe can process the PTB quene$ £ii & M I  more efficiently. The

following lemma shows that the probabilities obtained by both muhliased(20) and PDF

based (lemma6) Booleanapproacks are equal.

Lemma 7. Givenuncertain time serieXand Ywith n timestamps, we have:

Q& whd go MY R Ny MHéT whd T
O 6 DO s

i p nh

where0 & ,"Y is the set of all subsets giftf8 & of size0, andn h oo

PO p OO TWMLQ® T.

Proof. Let 0 & and’Y O FBH be the set of all subsets @fiti8 (& of size w. By

h

Lemma 6, random variableé 6 & 1 & hd B 6" (hered B O aw ) has
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Poisson binomial distribution with the following PDF (for the probabilityy afuccesses in

trials):

" is defined in(21). For the proof, we need to

where0 is the complement of sétand
introduce some notations. Given a Boolean sevies @M o  hits complement with
respect to a given sétv Y is denoted byb® Hereb andb® have the samealues ab
timestamps chosen frodés el ements (and different
example, the Boolean seriespipfit and phrfit  are complement of each other with
respect to the sepfo 8Note that the Boolean correlation betwdeandb® is equal ta) 7&,
i.,e.,} . Given a Boolean seridsand anuncertain time serieX we also define aoncertain
time serie<d & in which at timestamp, it includes those observed values Xfwvhose

Boolean representation ds, that is’Y Wpdor, whp Q 0 . Moreover, for a
given b andd N Y, every element i 6 0O OO GO  is equal td . We used to

denote the set of all Boolean series of length-or exampled i h mip h
plt h pip . Using these notationse rewrite the numerator of theft hand side of the

equation inLemma? as follows:

OET oo o v Y o v Y e ofd T

HodOMO s

Since the size of the multisété 0O ORAd® isB I O s I ® §we have

that:
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On the other hand, we know that the &etontains all possible Boolean series with
lengthn. Besides, Boolean serigmnd & agree only o) timestamps chosen frothe

elements i 8Thus, for a given sed N "Y, we have:

WM WME WPS WPS 23

QT ®p ®p @ T
Moreover, according t(21), it holds that:

FEOW TS WIS PSS WPS

n

Finally, from equation§22) and(23), we obtain:

OET oo o v Y o v Y e ofd T
D 6 O $
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This lemma provides a basis for our pruning technigue. Givemtwertain time serie¥and
Q with Qasthe query reference, we can process the PTB queériéstii & I
N quickly usingtheHo n g 6 s IHQ@NL3. b tthis drobability is less than , we can prune
awayX, and avoid as many useless computatiorgd dascD s Note that) 6 i1 &
I is the probability that at least as manydsf ¥ 1p of ntimestamps oK andQ have the
same Boolean valuesincertain time seriethat do not have Boolean correlation are less likely to
be much positively correlated. Thus, by choosing a pr@maiean threshold, we can prune

uncorrelated or negatively correlatgdcertain time ségs.

For the standard case, it is shown when the given standard time series have standard normal
distribution, knowing the correlation threshotd we can find the correspondihg[ZHAOQ7].
However, in general, there is no direct relationship betweemithé¢htresholds. For the uncertain
case, the results of our experiments suggest a way to find a range for a proper Boolean threshold,
using which the PTB queries can have high recall and precision which can be controlled by the

probability thresholds picked.

Another advantage of this solution is that for eaokertain time serieX'in the dataset, it
replaces multiset of observed values at timestawith a single valu® &  p . This yields a
compression ratio ob dp for timestampi. However, if he number of observed values at each
timestamp is less than 32 (considering 32 bits for each observed value), we can improve space
utilization even more by storing thencertain Boolean representatiddefinition 6.1) of each
uncertain time serieXin the dataset and its averagéto be able to calculafe &  p ). This

yields a compression ratio of ¢p.
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We remark that when the input time seriesistandard one, we can still benefit from the
proposed pruning technique. When both inpine seriesare standard, the proposed uncertain

Boolean correlation reduces to standard Boolean correlatidfQq7].

6.2. Sampling-based Heuristic

Given a uncertain ime seriesQ a setD of uncertain time series probability thresholg,
and a correlation threshold c, we want to speed uphe processing of the PTC queries
06&ia @ nforall Xin D. For example, suppose that there drancertain time
seriesn D, eachuncertain time serieXin D is n-dimensional, and there af¢observed values at
each timestampThento proces® 6 ¢ i) @ 1), the number of pairwise correlation
calculations would bé& (G . Now consider just onancertain ime seriesn D, and suppose
0 ¢ (a very small number of observed values) andu 1ta shortuncertain time seri¢sThe
number of required calculations to find the corresponding probability woutd bewhich is
infeasible to do. Since time complexibty multisetbasedsimilarity searchis exponential irthe
dimension (length) of uncertain time seriegsand usuallyuncertain time seriesare high
dimensional, reducinthe number of observed values at each timestamp will not help much to

reducethe processingme.

Wepropose 0 use ASamplingd which selects a subse
to estimate the characteristics of the whole population. In our case, the population would be all
the elements i O D (Definition 5.1). However, we do not want to find all the elements in
this multiset. As a matter of fact, we need a method to create a subset of independent samples
fromd 0 D . Having a multiset athe correlation between two multisbhseduncertain time

seriesmeans that the correlation random variablé i G0 is a discrete random variable equal

B

t0: 0 € 16D B ®. To find the PF of this discrete random variable, we first
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obtain the PDF ofd p "Q €& , which can be done using the multiset of all possible values for

@ expressed as:

¢
E(

3

¢

Yoo@TE e Y RYY

where0 0 0 .We then find the multiset of all possible valuesdof i G B o,

done recursively as:

G & oY @ agovYy mNY KOQ ¢

where®@ @ ®andB & ®.

As mentioned earlier, we do not want to constructhalcorrelation coefficients. To select a
subset of sizesfromd 0 D , for eacHdp "Q &), wetakea sample from the multiséf
randomlyand sum then samples togetheThis process isepeatd Stimes. Note that this is a

sampling with replagaent.Formally,

We remark thain our sampling techniqueeach samplén'Y is the average oh samples
taken randomly at each timestampnh the multiset obtained by multiplication of observed
values atthat timestamp.To determine the sampling siz& we use the Dvoretzkifiefer-
Wolfowitz inequality PVO56, MAS9(], which helps predict how close an empirical distribution
function will be to he distribution function from which the samples are chosen. The empirical
distribution function™O for S number of observed values) 8 ho is defined asO ®
B pw whwherewN s andp & @ is the indicator function. The Dvoretzkyiefer-

Wolfowitz inequality is defined as:
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wherei 0 § is the supremum of the séof distances. To determine the minimum sampling

size § we can rewrite this inequality as:

Yo oa &l T (24

where- is halfwidth of the confidence interval and determines how close the empirical
distribution function would be to the corresponding distribution function, @and is the
confidence level. For example, to estimaao within - 18t pwith 95% confidence, the

inequality yields a minimum sample sizesf p @1 1.0

If there are/V observed values at each timestamp, the complexitiheocdamplingtechnique
would bel £€6  Fwhich shows significant improvement comparethwii 0 in the exhaustive
technique The practical advantage of the sampltaghniqueis also shown by the experiments,
while providing a good approximation for the distribution function of uncertain correlation. This
techniquecan also be used for fimd) correlation between a standard time series and an uncertain

time series.

Similar to PTC queriegrocessingPTE queries (defined in Secti@b) for multisetbased
uncertain time serieBas been challenging for excess computational cost. One way to address
this, reported in[DAL12], is to truncate the inputncertain time serie® much smaller length,

e.g., 6 timestamps, which seems short and limits its applicafibesproposedheuristic can also

be adapted for processing PTE queries as follows.

CA
s

06 @) @)
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To find the PDF of this discrete random variable, we first obtain the POF pf Q ¢ |,

which can be done using the multiset of all possible valuad fexpressed as:

Yoo Y MNY g8 Rxg

where( O 0 . The rest is similar to the sampling based heuristic deffoedincertain

correlation We next presersimilarity searchiechniques for multisddased uncertain time series.

6.3. Similarity Search Techniques for Multiset -based Model

In this section, we present the multistep algorithm for processing the PTC queries for the
multisetbased modelNote that the proposed optimization technigaes independent of each
other and can be used separat@lyen a seD of uncertain time serieend an uncertain time series
Q@ we are looking forevery time seriesd in D which is positively correlated withQ with a
probability at leasp and their correlation is no less thanThat is0 ¢ £ 1 G ® 1. For
this, we use the probabilistic prunimgroduced earlier irfSection6.1 to cut down the number of
candidate uncertain time seriesn D. Using Lemma 6, we determine the probability
06 &l O T . If this probability is less than the given probability threshipld we
prune X otherwise, we usehe samplingbased heurik (Section 6.2) to estimate the
probabilityd 6 ¢ 1  &. If this probabilityis at least, we returnXas a resulThese stps

are formally presented as an algorithnirigure12.
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Algorithm 1: Finding uncertain time series satisfying the PTC queries

Input: SetD of uncertain time series, uncertain time series q@mprobability thresholg, and
correlation threshold

Output: uncertain time serie¥XinDt hat are Ahi ghlyodo correl ated
Procedure:
Find uncertain Boolean representationdf
forall &~ O
Find uncertain Boolean representationXof
ifo 6 &l &M I n , then prunex
else
Use samplinghased heuristic to calculate ¢ £ i D &
ifO6&&iad @ 1, thenreturnX
end if

end else

end for

Figure 12. Similarity search for multiset-based model.

6.4. Experimental Results

In this section, we study the results of our performance evaluation using the setup described

in Chapter 4

6.4.1. Probabilistic Pruning

To measure the effectiveness of our probabilistic pruning, we calculate the hit ratio (recall)

and precision (false alarm ratio) of the PTB querid3g(finition 6.3) using ground truth. Since

the number of observed values did not have much effect on the results, we report the results for

uncertain time seriesith 6 observed values at each timestaRigure 13 shows the hit ratio and
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Figure 13. Hit ratio and precision of the probabilistic pruning using ground truth | for Trace dataset,

number of observed values 6 and correlation threshold 0.5

the precision of the PTB queries for correlation threshold 0.5 for different SDRs. In all the cases,
when the Boolean threshold is less than 0.5, the PTB queries returrueeertain time serieis

the dataset, of which about 20% are correct (sincergegon is around 0.2 and hit ratio is 1).

For the SDR 0.01Kigure 13 (a) and (b)), PTB queries start pruning for Boolean threshold
higher than 0.5. In this case, the optimum Boolean threshold would be 0.8, since the hit ratio is
close to 1 and the precision is around 0.9. This means fd8dbkean threshold 0.8, the PTB
gueries prune most of thacertain time serigbat are not correct results. In this case, probability
threshold does not have any effect on the performance of probabilistic pruning, since the
uncertainty level is very lowral the probability that the givaimcertain time seriesre Boolean

correlated is very close to either 1 or 0.

For the SDR equal to Figure13 (c) and (d)), the PTB queries start pruning for Boolean

threshold higher than 0.4. For the Boolean threshold 0.5, the hit ratio is 1, and the precision
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increases as the probability threshimidreases. But for the Boolean threshold 0.6, there is a trade
of between hit ratio and precision. For higher Boolean thresholds, the PTB queries do not return
any result. For the SDR &igure 13 (e) and (f)), the PTB queries prunecertain time series

properly only when the Boolean threshold is 0.5 and probability threshold is less than 0.6.

We also studied the effect of the correlation threshold on the probabilistic pruning
performance.Figure 14 shows the hit ratio and precision of the probabilistic pruning for
correlation thresholds 0.3 and 0.7. Similar to the case for correlation thresh{kigu® 13 (c)
and(d)), for Boolean threshold less than 0.5, the PTBigado not prune any data. For Boolean
threshold 0.5, the probabilistic pruning has hit ratioMbreover, its precision increases as the
probability threshold increases. For Boolean threshold 0.6, the higher the correlation threshold,

the higher the hit ratio. Thus, for the correlation threshold 0.7, we can use Boolean threshold 0.6

to prune moreincertan time series

Figure 13 and Figure 14 show that choosing proper Boolean and probability threshold

depends on the uncertainty level and correlation threshold. Moreover, the results from all UCR

Hit Ratio
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Hit Ratio

1
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Booleahau'sg 7 - 0799 " 03
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a) Hit ratio for correlation threshold 0.3 b) Hit ratio for correlation threshold 0.7
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c) Precision for correlation threshold 0.3 d) Precision for correlation threshold 0.7

Figure 14. Hit ratio and precision using ground truth I, for Trace dataset, number of observec

values equal to 6, and SDR.1
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datasets show that these thresholds are also ddegsedent. However, our observation on all

the UCR datasets show we can find the range for proper Boolean thresholds as follows. We can
choose a small portion of the dataset, e.g. 10%, and find the results of the PiER Gherrange

would be all the Boolean thresholds for which the result include® dne series in the dataset

but not all of them.In other words, the range would be Boolean thresholds which help
probabilistic pruning to prune some but notualkcertain time serieis the dataset-or example,

for the Trace dataset, when correlatitieshold is 0.{Figure 14 (b) and (d)) we found the

proper Boolean threshold to be between (€5 which probabilistic pruning starts pruninghd

0.6 (which is the largest threshold for which probabilistic pruning does not prune alh¢keain

time seriesn the dataset)

Figure 15 (a) shows wall clock time gfrocessinghe PTC queies using both probabilistic
pruning and samplingased heuristic for 6 observed values, and SDR 1 with different Boolean
and probability hresholds. The higher the probability and Boolean threshold, the lower the
execution time. We also processibe PTC queies using only samplingpased heuristiin 72
secondswall clock time. Using this information, we measurélie speed up factorfor
probabilistic pruning.The speed up factor is defined as the ratio between the execution time of

the samplingbased heuristic without and with probabilistic pruniRigure 15 (b) shows that the
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Figure 15. The execution time andspeed up factor of the PTC queries using both probabilistic

pruning and sampling-based heuristic for Trace dataset, number of observed values 6, and SDR
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Figure 16. The execution time for number of observed vales 6, and SDR 1 with differentengths.

speed up factor varies between 1 andFtd.example, ecording toFigure13 (c) and (d), wenow
know the bestthresholds for probabilistic pruning 0.6 for the Boolean and 0.4 for the

probabilty threshold. Using these thresholds, the speed up factor would be around 4.

Figure 16 showsthe wall clock time to processhe PTC queies between twauncertain time
seriesusing samplingpbased heuristic and to proces® PTB queies between the same two
uncertain time seriedere, we variedincertain time serieength from 200 to 1@0. Figure 16
shows that as thencertain time seriefength grows, the execution timacreases fomboth
samplingbased heurigti and probabilistic pruningHowever, the difference between the
exection time of these two techniques is hygmdincreases as thancertain time seridgngth
increasesThis difference also shows how much probabilistic pruning can save exéuoaition
time. An additional remark is that varyiribe number ofobserved valuekad noeffect oneither

techniques.

In this section, we reported our findings for Trace dataset, when error distribution is normal.
We alsoconsidereaxponential and uniforrarror distributionsForthe other 19 datasetse also
studied the effect of all the query and data parametersotxalgitistic queryIn all of the studied
cases, we made a similar observation as reported in this section. The caaplEtesuls is

availableonlinein [CORX] for review.
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6.4.2. Sampling-based Heuristic
Following inequality(24), in order todetermine the minimum sampling sizee consider

R 18t pwith 99% confidence level in different settings. For the samyaged heuristic, we
also study the effect of the number of observed vaMgat different timestampwaried from 2
to 10 as done ifASF09. Figure 17 andFigure 18 show the answer tBQL, and illustratethe
effect of SDR, the number of observed valuebl), and the probability threshold on the hit ratio
and false alarm ratio of the samplibgsed heuristic. Only whe\F2, we found théhit ratioto be
less than otheraluesof N in particularfor high SDRs. The results indicate that in genétalpes

not have much effect on the performance of the samplasgd heuristic for SDRess than 2.

HitRatio

Probability Threshold

Figure 17. Hit ratio of sampling-based heuristic using ground truthl for Gun-Point dataset.
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Figure 18. False alarm ratio of samplingbased heuristic using ground truthl for Gun-Point

dataset.
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Figure 19. Hit ratio of the deterministic query using ground truth | for Gun-Point dataset

For higher SDRsa higherN resulted in digher hit ratio.

We also compare the probabilisind déerministic querieslescribed aRQ2in Section4.1
Figure 19 showsthe effect of the SDR and number of observed valNesn thehit ratio of the
deterministicquery Since the false alarm of this approach was close to 0, we did not include the
corresponding figureAs can be seen, thgerformance of the deterministigierydepends om,
especially for SDRs larger than 0.1. The higher thenberN, the higher the hit ratio. This
confirms the law of large numberRQS09, which assertsthe higher the number of observed

values, the closerould become their average to the expe¢ied exactyalue

Comparing the results dfigure 17 with Figure 19, we notethat the probabilisticqueryis
more resilient to the uncertainty level, in particular when the SDR is greater than 1. The hit ratio
of the deterministiqquery decreases signifantly for the SDRs larger than 2. However, in the
probabilistic query, even for high SDRs, we can have high hit ratios by choosing a proper

probability threshold.

We alsostudyRQ3for this set of evaluations, for varying number of observed values at each
timestamp Figure 20 illustratesthe @ score in the samplingased heuristic for the ground truth
Il. For SDRs less than 1, ti@ score is 1 or close to This means thatur approximation for the

probability distribution of uoertain correlation approaches the exact probability distribution.
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However, for higher SDRs, the lower the probability threshold and the higher the number of

observed values, the higher tiiscore.

In this section, we repatl our results for the GuRoint dataset,for when theerror
distribution is mrmal and correlation threshold 0s5. We also studied the other five correlation
thresholds fron®.4 to 0.9, forexponential and uniform error distributioris addition, we studied
the effect of all these query and data parameters on the other 19 datasets. As the results and
observations wersimilar to those reported here for the GRmint dataset, we do not report them

in this paper, however, they are available online for review [CORX].

Another important issue is the effect of random selection on the saralgsgl heuristic.
Given an uncertin dataseD and an uncertain time seriésto find the result of the PTC ques,
we usethe samplingbased heuristic technique 30 times. Thus, we would have 30 sets of results.
We compare and measure the similarity between these sets usintpdberd similarity

coefficienffLEV71], defined as:

VO B o7r 0 (25

Number of Observed Values

Figure 20. F; Score of samplingbased heuristic using ground truthll for Gun-Point dataset.
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Figure 21. F, score of the multisetbased approach for the Gurpoint dataset using ground truth

wheremt 006 B p. Absolute value signs are used to indicate number of elemergs. T
higher the Jaccardoefficient, the more similar are the given sets. In our experiments, with 9
SDRs, 6 probability and correlation thresholds, we have 324 different setups. For each setup, we
measure the similarity between the 30 result sets using Jaccard similaritgieneffn 90% of

324 setups, the Jaccard coefficient is 1, i.e., all 30 result sets are identical. The rest has an average
value of 0.97, and standard deviation of 0.03. This shows the random sampling selection in the
samplingbased heuristic has no or tigiple effect on the result of the PTC qigexy Thisshows

that the random sampling selection does not interfere with the outobrtiee samplingbased

heuristic, while it makesimilarity searcton multisetbasedincertain time series feasible

6.4.2.1. Multiset -based Euclidean Distance

In this section, we present our performance evaluation results for mbhised Euclidean
distance folPTE querieslefinedin Section2.5. Evaluations ofincertain Euclidean distance for
PDFbased model, i.e., PROUNIEHO09] and uncertain correlation revealed existence of a{rade
off between hit ratio and false alarm ratio which could be controlled by a user defined probability
threshold. However, for mulétbased Euclidean distance, there is no experimental evaluation on
large uncertain time series, due to huge amount of required calculdfisvill use the
proposed samplingased heuristic method to overcome this problem.
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Figure21lillustratesthe impact of probability threshold, SDR, and number of observations on
the"O score of the multisdbased approach. Generally, tescore increases as tpeobability
threshold decreases. For SDR higher than 1, the higher the number of observed values the higher
the O score. Therefore, when the uncertainty level is high, we require more information on
unknown values at each timestamp (i.e., more obserates) to have higher accuracy. On the
other hand, for smaller SDR values, the number of observed values does not have much effect on
the O score. Besides, thH® score increases when SDR decreases, since the lower the SDR, the

closer the observed vas would be to the unknown true values.

We also measured the hit ratio and false alarm for the milaseid approactrigure 22
shows the effect ahe probability threshold, the number of observed values, and SDR on the hit
ratio and false alarm for the multidedsed approach. The lower the probability threshold, the
higher the hit ratio and false alarm ratio. Thus, similar to probabilistic sitpilaeasures, in the
multisetbased approach, there is always a t@ffldetween hit ratio and false alarm ratio which
a user may wish to control.

Moreover, we observed that number of observed values does not have a significant effect on
the hit ratio ofthe multisetbased approach for high probability thresholds. For small probability
thresholds, the higher the number of observed values, the lower the hit ratio. Besides, as expected,

the higher the SDR, the lower the hit ratio.
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Figure 22. Hit ratio and false alarm ratio of the multiset-based approach for the Gurpoint

dataset using ground truthl.

6.5. Summary
In this chapterto speeelp processing queries over multibetsed model, w@roposed a

probabilistic prumg which cuts down the numbef candidates in the datasédtis includes a
Boolean representation technique forcertain time seriesn which, each observed value is
replaced with a single bit. In addition to saving memory, this enjoys fast bit operatio
Moreover, we introduced anothexpresentationvhich replacesa multiset of observed values at
eachtimestampwith a single valuethat is the probability the Boolean representation at that
timestamp is equal to on®sing this, we introduakuncertain Boolean correlation together with
an effective probabilistic pruning strategiyhe proposed solutions are also applicable in finding

correlations between uncertain asindardtime seriesWe conducted numerous experiments
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using the UCR benchma dataset KEQ]. The results show the effectiveness of the proposed

pruning.

We alsointroduced a samplinpased heuristithat approximates the distribution of uncertain
correlation effectively and reduces the computation time significahitlg techrmjue can also be
adapted for processing PTE queries (defined in Se@ti§nover multisetbased uncertain time
series Note that the onlgolution suggested fohis case in[DAL12] was totruncate the lengths
of theuncertain time serie® a small value, e.g., 6 timestamg$us our technique solves the
problem ofprohibitive similarity searchor reatlife size multisetbased dataOur experimental
results alsallustrate that while our samplidgased heuristic reduces the time complexity, it finds

a good approximation for distributiamf uncertain correlation.
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Chapter 7: Performance Improvement of Similarity

Search

As discussed i€hapter 2anumber of similarity measures have been proposed and used for
uncertain time series to quantify similarities requiiredifferent analysis tasH#ASF09 DAL11,
ORA12 ORA14, SAR1Q YEHO09, WU12]. Two approaches have been employed to develop
similarity measure for uncertain time serie®ne approach <consi dered
measureoriginally proposed forstandard time serie®AL12, ORA14, which we referto as
traditional similarity measuresAs for a second approach, a number of similarity measures have
beenproposedspecifically for uncertain time serieA$F09 ORA12 SAR1Q YEH09, WU12],
andareo bt ai ned by tratidodah ntilarity meéasutd¥eaeferto thee asuncertain
similarity measuresThe difference betweethe traditionaland uncertain similarity measures is
in the information used to quantify the similarifiraditional similarity measures use only a
single uncertain valuat each timstamp to repr&ent the unknow exact value at that timestamp
whereasuncertain similarity measures exploit more information includgmmne statistical

informationthat representhie uncertainty level at each timestamp.

It has been shown that traditional similarity me&as outperfan uncertain similarity
measuresn general PAL12, ORA14. The reason we noted fohe superiorityof traditional
similarity measures ighat they usea preprocessing step. In fact, we found missihg
corresponding preprocessing step forcenmin similarity measures rather surprising, which
explains our motiation here to study the impaot preprocessing@n performance of uncertain

similarity measures.
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Figure 23. The impact of different preprocessing techniquesn uncertain time series.

Preprocessing uncertain values leads to improved estimates of the exact unknown values and
similarity search [DAL12]. Hence, the result of traditional measures on preprocessed uncertain
time series data is more accurate thanpreprocessed datkigure23 illustrates this point. The
black dashed line demonstrates a normalized standard time series for tioiGudataset
[KEQ] with the exact values. Suppose that this data is observed ascaraimtime series
(shown by the gray line marked with sjarBy applyingthe uncertain moving average filter
[DAL12], the uncertain time series would become smoother (shown in red dotted line). However,
this filter changes the scale of the dasulting in values that aréarther from the exact values
when compared to the uncertain values the gray data. To solve this problem, we apply
normalization, yielding the uncertain time series shawrheblue dotted linewhich providesa

better approximatin of the exact values.

Since uncertain similarity measures also wseertain values, e.g. the gray lineFigure 23,

we expecthe preprocessing oflatato improve thequality of uncertain measuseln this paper
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we study the impact of preprocessimn uncertain similarity measurefor two classes of
problems (defined in Section 2.2): probabilistic measures including PROUIYHH09] and
uncertain correlation (defined in Sectibrl.l), anddeterministic measuréscludingthe DUST
proposal [SAR1(J. We also compare uncertain similarity measuredraditional similarity

measures with and without data preprocessing.

In our study, we considdiiltering and normalizationas preprocessing techniquédsor
filtering, we consider the three methods discussediliL[L2], which include simple moving
average, uncertain moving average, and uncertain exponential moving averageTHilteses.
filters help smooth out fluctuations imcertain time series dataor normalization, we consider
two normalization methods for standard time serigblA04 and for uncertain time series
defined in Sectio3.1.1 The aim of normalization methods is to transform all data in a dataset to

the same baseline and scale.

In our experimental evaluation of the proposed methodsissthe UCR benchmarkEQ].

Our findingsare as follows:

1 We observe that the untain similarity measures can outperform the traditional similarity
measures with and without data preprocessing. This indicates the effectiveness of uncertain

similarity measures in practice.

9 Our results show that preprocessing is necessasjrfiliarity search in uncertain time series.
Moreover, our results indicate that simple and uncertain moving average filters improve the
performance of the probabilistic measures more than uncertain exponential moving average

filter.
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1 We propose an enhamoent for the PROUD similarity measupéEHO9], which improves

its performance with and without data preprocessing.

These findings provide a better understanding of the proposed similarity meadiobsin
turn yield more effective techniques for analgsiand mining uncertain time serifaGG13
BER13 JIA13, LIA09, MA11]. The rest of thischapteris organized as followsSectiors 7.1
and 7.2 reviews work on similarity measures and preprocessing techniques for uncertain time
series. Section 7.3 studies the effect of preprocessing techniques on probabilistic and

deterministic similarity measures. The results of our experiments are presehsiam?7.4.

7.1. Uncertain Similarity Measures

In this section, we review similarity measur®s uncertain time seriedAs discussed in
Section 2.2, existing similarity searchmethods for uncertain time series generalize the
corresponding methods proposed for standard time series.ifi¢lagle the Euclidean distance
[YEHO09, SAR1(Q andthe Pearson correlation coefficietitat was introduced in this thesigve
classified similatly measures in Sectior.2 as probabilistic similarity measures and
deterministic similarity measures For the deterministic similarity measure, we study DUST
[SAR10], and 6r the probabilistic similarity measures, we consider uncertain correlation
(Section5.1.7), which extends the Pearson correlation, and PROYEHD9] which extends the

Euclidean distance for uncertain time series.

7.2. Preprocessing Techniques

Data preprocessing is an important stepsimilarity search As shown in[DAL12] and
[ORA14], the preprocessing techniques can improve the performantraditional similarity
measures. In this paper, we stress the use of these techniques for uncertain similarity measures as
well. Let us begin with an overview of the preprocessing techniques including moving average

filters and normalization.
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7.2.1. Moving Aver age Filters

In time series data, usually the values of adjacent timestamps are correlated. Using this as a
basis, moving average filters smooth time series data by averaging adjacent values. There are
different variations of moving average filters, inchgli simple, uncertainand uncertain

exponentiaimoving average filtes[ DAL12].

For a given uncertain time seri@s @ B fw in the form of a sequence of observed
values, different variations of moving average are defined as follows. In thesdiatesji
determines the window length (which is equat®o p). For thesimple moving averagglter

[DAL12], defined below, each value is substituted by averagé afdjacent values.

Definition 7.1. Simple moving average (MA) Simple moving average returns times series

@ ®» B in which

G p

The wcertain moving averagdter [DAL12], on the other hands defined as a weighted
average of adjacent valueshel' weight at each timestangpdefined using standard deviatipn
at that timestamp. The lower the standard deviation, the higher the weight of the value of that

timestamp.

Definition 7.2. Uncertain moving average (UMA} Uncertain moving average returns times

seriesw ® B for which

gL p
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Finally, as defined belowfpr the uncertain exponential moving averad@AL12], weights

decrease exponentially.

Definition 7.3. Uncertain exponential moving average (UEMA) Uncertain exponential

moving average returns times series () M ho where

B d) 'Q s ST”
B Q ¢ 3

where_ controls the exponential decreasing weight factor.

We next review normalization as another important preprocessihgique.

7.2.2. Normalization

As discussedn Chapter 3normalization transforms all timgeries in a dataset to the same
baseline and scale. This helps similarity measures better capture the sinfitegitpprmal form
of a given standard time seri@s @M hb is defined ago @M hd  [SHA04, in
which for each timestampp "Q €& , ® is defined as i{6). We introduced armalization for
uncertain time series data, ref@réo as uncertain normalization, @hapter 3 Given an
uncertain time serieg® O M KDY, its normal form is defined a8 O M K , where

for each timestamp p "Q € , @ is definedas inDefinition 3.2.

Normalization makes similarity measures invariant to scaling and shifting and hence helps
better capture the similarityORA12 SHAO04. One of the situations in which we need
normalization for uncertain time series is when applying weighted filtering techniques sheh as
uncertain moving averag@efinition 7.2) or the uncertain exponential moving averafiker
(Definition 7.3) (as shownn Figure23). For example, suppose we want to find the Euclidean

distance between uncertain time seres wMBhy and ©OM RO , in which
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standard deviations in all timestamps are equal t8y applying the uncertain moving average

to x andy, with 0 equal to O for simplicitywe obtain uncertain time series -wand

() — ) respectively Calculating the Euclidean distance between these two filtered uncertain

time serieswe get:

06 &n v 06

This means that the lower the standard deviation, the higher the Euclidean distance. This

affects the performance of seaqiocess To address this problem, we apply normalization. For

exampleby apdying normalizationtow , for each timestamp, wabtain

@
i W EQB W L «E—B — ‘
(o 1) - 3 w
P B o P & P g W pg @
8 p 8 8 p ” 8 ”

This shows that when we normalige , the result does not depend on the standard
deviation anymore and thtise Euclidean distance betweeandy would be invariant to scaling

and shifting In this examplewe used) 1, however, in practicé would be larger than zero.

In this example if we considet 1, @ would become equal tw  which is still
independent of standard deviatidrhus, afterapplyingsome filtering techniquesliata hado be
normalizel. However, normalization is independent of filtering and can be usechpmve
similarity search qualityeven when the data is not filterdd the next section, we study the

effect of preprocessing technigues on uncertain similarity measures.
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7.3. Applying Preprocessing Techniques to Uncertain Similarity

Measures

In this section, we describe how to apply preprocessing techniquescertain similarity
measure and why preprocessing techniques can be effective. These topics are discussed

separately for the probabilistic and deterministinilarity measures in thiollowing sections.

7.3.1. Probabilistic Similarity Measures

In this section, we discuss how the preprocessing techniques can help probabilistic similarity
measures to better capture similarity. Specifically, we study uncertain corrgldéfined in
Section5.1.1]) and PROUD YEHO09]. In both measures, an observed value at each timestamp is
used as an estimate for the expected value of the random variable at thantjpn€ten an
uncertain time seriesy @M M , each® can be written a& @ 'O hwhere® is
the fAexact o val ue Owsha rantiomivasiabla dekating the errSizcetie
exact valuew is unknown,the expected value @b, i.e.,O® ®w OO0 , would be
unknownas well even if the expected value of the error were knd\wos, an observed value is
used as an estimate for® . The aim of applying preprocessing technigteea given unceain
time series® OM R is to smooth the expected value time sef@sHd

O® BHO® and makeeac® ® p "Q & closertothe unknown exact value.

7.3.1.1. Uncertain Correlation

We llustrate how preprocessing techniques can improve the performance of uncertain
correlation using the following example. Suppose that for two standard timesaridy from
the Gun-Point datasetdEO], we haved ¢ iafo  1@. Now, suppose andy are observed as
uncertain time serieX andY. Since the Pearson correlation between their underlying standard
time series is more than 0.6, we expect taind Y satisfy the PTC query, ¢ £ i G

® 1@ The gray linen Figure24 shows the complementacymulative distribution function
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Figure 24. The impact of filtering on uncertain correlation.

of & € 16 , which indicates thad ¢ ¢ 1D 1@ is around zero. If we copute this
distribution functionafter applyinga moving average filteto X andY, we obtain the blue line in
Figure 24. As can be seen, the probakilit 6 £ i ¢Gftd 1@ is around 0.9, whiclindicates

with high probability that the correlation betweX¥randY is more than 0.6, as expected. In this
example, without filtering techniques, we could not determine the existing correlation between

uncertaintime seriesX and Y. However, using filtering, we were able to successfully quantify

their actual correlation.

7.3.1.2. PROUD

In this section, we discuss the potengifiects and challenges of the preprocessing techniques
on the performance of PROULYEHO09] using the following example. Suppose that for two
standard time seriesandy from the GurPoint dataset{EQ], we haveO 6 daftdy  p T.Mow,
we perturbx andy to get uncertain time serieéand Y. Since the squared Euclidean distance
between their underlying standard time series is less than 100, we expécatiBf satisfy the
PTE queryd O6 aobd p 1t 1@. The gray line inFigure 25 illustratesthe cumulative
distribution functionof O déuld which shows) ‘06 dbd p 1 T Now we apply a

moving average filter and normalization technigoX andY and again compute thmimulative
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distribution functionof O 6 céatd , which is shown by the yellow line. Surprisingly, we again
observel) ‘06 ity p 1T T that is, the preprocessing techniques could not help PROUD

to quantify the actual Euclidean distance betwé¢andy.

We foundthatthe underlying reason is the way PROUD calculates the expected value of the
Euclidean distance between uncertain timdesei.e.,’'0 ‘06 > (4). To highlight the

existing challenge in PROUD, we rewrite the equaf®ras follows:

000 Gld 00 dOX® MO G AYAR AR AYAYA)

In which'O & is the expected value time seri@s O® MHOG . In other
words, the expected value of tieguaredEuclidean distance between two uncertain time series
would be the sum of thequaredEuclidean distance of expected value time series and all the
variances of althe timestamps. Thus, the higher the variance, the farther the expected value of
PROUD from he Euclidean distance between the expected value time series. For instance, in the
example inFigure25, the variance at each timestamp is equal r béthX andY and the length

of XandY is 150. Thus, we have:
0006 i OVOBOHOG omnm
To solve this problem, we propose an enhanced version of PROUD in the following section.

7.3.1.3. PROUDS
In this section, we introduce PROPan enhanced version of PROUD. PRCBJXixfines

the squared Euclidean distance between uncertain time &eries® 8 id ~ and®

OB Ky |, as follows:
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006 GGty 0 & (o)A O (26)

Using this, if the random variables are i.i.cc¢@rding to the central limit theorelRQS09, as

n increases, 00 By approaches normal distributionMoreover, © 06 @y  and

®OI06 G are calculated as follows:

006 G o®d O I A

QOO 1T 00 OdId 00 OO OO0 OOIO

As can be seen, the expected value of the Euclidean distatbe Buclidean distance
between the expected value time series, and the variances at different timestamps do not have any
effect on it. Let us consider again the exampleFigure 25. We use PROUB on filtered and
normalized uncertain time serie§ and Y to find the cumulative distribution functiorof

‘06 ¢ty , which is shown by the bé line in the figure. We can see théaandY satisfy the

——PROUD

F)ROUDFiltEred and Mormalized Data
—— PROUDS

Mon-filtered Data

Filtered and Normalized Data

G{Eucl(X,¥))

i i i i . i
0 100 200 300 400 500 600 700
Eucl(X,Y)

Figure 25. The impact of filtering on PROUD and PROUDS .
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PTE quenyd ‘00 iftd p 11 1@, as expected. Another advantage of PRGlitaptured

in the following lemma.

Lemma 8. Given uncertain time series X and Y with normal foémasd, the following holds.

DO @Y c& p p O£ Iidm

where0 6 @iy is defined as if26) andd & 1 G is defined as iMefinition 3.4.

Prodb. shofwi wwehtirseed tB Pwove pdAa@)we have:

Usi @@andefi ndi4dti wa obtain the r elSatnido nusnhciepr tlaea t

correhatans foll ows:

00 i (o XN (o XN COM CcC& p € OO

CE pp O6EIGD &

This showsSehtaend®PROWUIDe Eucl i dean distance for
there is a Ilinear relationship between the E
uncertain correlation,SHADMIiol & oiviehoeot mal sf andanmn
uncertain time series i nSetcht@&. dMmddh ceu 4 raii ens Eius | d
di stance in the PTE q,uesi mlisd rmfeaf i RoiTeCd agnsde 1 AnleEEP R O
can be convoetrhdegwede ostelaccyh how preprocessing af

det er msiinmishtaiecs uy e s .
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7.3.2. Deterministic Similarity Measures

As dscussed in Section.2.2 weighted filters changthe scale of data, which decreases the
performance of similarity measures. However, as shaviAigure 23 andSection7.2.2 when we
normalize the filteed data, the weightare distributed among the timestampg® that the
timestamps with lower error standard deviation (uncertainty) become more important than the
ones with higher error standard dsion in the similarity searchub this weight distributn will
not affect the scaland baselineof the data anymore. Thusimilarity measures such as the
Euclidean distance and Pearson correlation coefficient will be invariant to saalihghifting
On the other hand, weighted similarity measures like DYSAR1Q define weights for the
similarity between uncertain time series at each timestamp. For example, suppose that using
DUST, we want to find the similarity between uncertain time sévsiasdwhaving the same
standard deviationp and, at all timestamps, respectivelguppose that the observed value at
timestamp of X (andY) is represented as (andw), and the error at each timestamp has normal
distribution. DUST distance betweahand®is defined as follows (see the Appendor more

detaib):

O Y YD —_— W

This can be rewritten as:

0 7Y YD ‘00 ol
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Figure 26. 10 nearest neighbor search using the Euclidean distance and DUST for normal errol

distribution.

The weightpj] ¢ , i changes the similarity between uncertain time series based on
the standard deviations and, . For example, we perturbed half tife GunPoint testing
dataset KEQ] with the standard deviation 0.1 and the other half with the standard deviation 1.
We then peprocessed the data and seaddioethe 10 nearest neighbors of a given query chosen
from training set of the dataset, perturbed with the standard deviatioRi§ute 26 shows the
precision at 10MAANO8] for this similarity search. This ecision is defined as the percentage of
correct answers in 10 returned answers. As can be séeguire 26, DUST could not find more
than 3 correct awers even when using preprocessing techniques. This shows that due to the
weight given to the similarity between uncertain time series at each timestamp, preprocessing
techniques could not help DUST imet similarity search. Howeverrgprocessing is efttive for
DUST when the standard deviations of uncertain time series are equal at each timestamp. For
example, if in the example iRigure 26, all thetime series in the dataseadthe same standard
deviation, DUST with normal error distribution would have the same Precision at 10 as the

Euclidean distancésee the Appendix for more details)
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7.4. Experiment s
In this sectionf werrepody Tthieed seatupp iofdionugs e
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In the following we report and analyze the result of our study on the performance of both
deterministic and probabilisteimilarity measures with and without preprocessing. Preprocessing

always includes filtering and normalization.

7.4.1. Deterministic Similarity Measures

We evaluatd and comparéthe accuracy of the deterministic similarity meastines include
DUST and the Euclidean distance on +pvaprocessed and preprocessed data. Weanbegr
evaluation using the 1NWlassificationwith K-fold crossvalidation, identified as the most

suitable approach for evaluating the efficiency of similarity measupeéNOB]. Similar to
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Figure 27. Effect of filtering on classification error of the Euclidean distance and DUST for equal to 2 and

normal distribution.

[ORA14 and [SAR1(, for the first 80% of the timestamps, we dse SDR of 0.4, for the next

10%, we usdan PR of 0.5, and for the remaining 10%e usel r.

Figure 27 showsthe classification error for different UCR datasetsifor ¢ and error with
normal distribution. When we applieithe Euclidean distance and DUST on fpwaprocessd
data, in mostases, DUST hadlawer classification error than the Euclidean distance. We made
the same observation when the simple moving avenagappliedto the data. However, when
uncertain time series are filtered usiting uncertain moving average and uncertakponential
moving average, the difference between DUST tnalEuclideandistanceclassification error
wasvery small. This shows that the weighted filters helps the Euclidean distance achieve similar

performanceo a weighted similarity measure such as DUST.
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We also studied the othewalues and errsiwith exponential distributiorin all these cases,
we made a similar observation as reported in this seddowever, for uniform distribution, in
some cases, DUSTannot be evaluated since it approaches the logarithm of zero (see the
Appendix for details). This problem has also been reporte®AL12]. As in [DAL12], we
added two tails to the uniform distribution to solve the problem, howavenost caseshe
DUST classification error was close to The complete set of experiments and results are made
available to reviewergCORY]. In these experiments, we observed that in general DUST is either
better (with no preprocessing or simple moving average filters)inafas to the Euclidean

distance (with uncertain filters).

7.4.2. Probabilistic Similarity Measures

In this section, we evaluate the performanceP®C and PTE queriewith and without
preprocessing. We will also compare these probabilistic queries with destitnigueries
6&iadm ®andO6 cefy 'Q The threshold values in the deterministic queries are the
same as the ones in the corresponding probabilistic queries. Moreover, the standard time series
and g would be the sequence of expected valuesaodom variables in the corresponding
uncertain time seriedn all the probabilisticsimilarity measures, it is assumed that all random
variables in the given time series are i,i.that is, all random variables have equal standard
deviation. Note that in the experiments reportefSiAR1(, it is observed that for the i.i.d. case,
DUST shows similar performandte the Euclidean distance, so in this section, we only report the

resuts for the Euclidean distance.

Similar to [DAL12] and [ORA14, we measured the performance usi@ymeasure
[MANOS], defined asn Section4.3. The ground trutlfi.e., correct results) is based on the result
of the range query £ iaim o for correlation, andO 6 GaiT ‘Q for the Euclidean
distance on the dataset without uncertai®RA12, YEH09. In the following section, we
present our results, begiing with uncertain correlation.
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Figure 28. F score for probabilistic correlation queries for correlation threshold 0.5, normal distribution, and

Gun-Point dataset.

7.4.2.1. Uncertain Correlation

Figure 28 shows théO score for probabilistic correlation queries applied on filtered and non
filtered dataFigure28 (a) shows thé0 score of probabilistic queries without using any filtering
method. In this case, probabilistic queries did not find any answer for the SDR values more than
2. Recall thatSDR specifies uncertainty level in dathe thigher the uncertainty level, the farther
the observed values (expected values) fronexaetvalues, and thus the lower the performance of
probabilistic queries.Figure 28 (b) shows théO score for probabilistic queries when the data is

filtered usingthe simple moving average. Comparifigure 28 (a) and (b)we clearly note the
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positive effect of the moving average filter on the performance of probabilistic qtleatesan

now find correlated uncertain time series for high SDRs.

Figure 28 (c) and (d) show th&0 score of the probabilistic queries usitige uncertain
moving average and uncertain exponential moving average, tiespedn both cases, for low
probability thresholds th#® score is higher thafigure 28 (b). However, for high probability
thresholds,Figure 28 (b) hasa higher™O score. For all the cases, the lower the prdinab
threshold, the higher tH® score. This is due to the fact that as we deerdhe probability
threshold, the probabilistic query returns more candidate results, which makes itkelgréo

contain the correct results.

Tablel shows the average @ scores for probabilistic queries for all 16 datasets used in our
experiments, with and without filtering techniques including simple moving average (MA),
uncertain meging average (UMA), and uncertain exponential moving average (UEMA). As can
be seen from the table, for all but the Synthetintrol dataset, filtering technigues increase the
"O score. For each filtering technique and each dataset, the table als@ thedrdprovement in
percentage (in the parenthesis) defined a8Qlseore of probabilistic queries using that filtering
technique minus that of the probabilistic queries with no filtering over"@hecore of
probabilistic queries with no filtering.df all the datasets, except the Synthetatrol, the
improvement observed was in the range of 18% to 48%. Our results also indicate that simple and
uncertain moving average filters improve the performance of the probalsiistlarity measures

more tha theuncertain exponential moving averddter does
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Figure 29 shows théO score of deterministic queries with and without using filtering. As
expected, for the nefiltered case# 1 @dhe figure), théO score is lower than the other cases,
and as SDR increases fl@score decreases. Moreover, i@escores of deterministic queries
with uncertain moving averagé# ( @D ) and simple moving averagé {GD are the same.

The reasn is that the standard deviations of all timestamps are equal, and after normalization the
standard deviations would be canceled aage no effect on the final resuéis discussed in
Section 7.2.2 Furthermore,Figure 29 shows thatthese filters improve the performance of

deterministic queries more thancertain exponential moving average filtéri(@ ) does

Table 1. Average of 5 scores and improvement percentage for different UCR datasets for

normal distribution.

Dat as e Filter
Non € MA UMA UEMA
50word 0.38 0.53 (+39%) 0.5(+32%) 0.48 (+26%)
Adi ac 0.51 0.72 (+41%) 0.74 (+45%) 0.71 (+39%)
Beef 0.49 0.69 (+41%) 0.69 (+41%) 0.62 (+27%)
CBF 0.38 0.48 (+26%) 0.45 (+18%) 0.45 (+18%)
Coff ecg 0.51 0.73 (+43%) 0.69 (+35%) 0.68 (+33%)
ECG200 0.46 0.62 (+35%) 0.62 (+35%) 0.61(+33%)
FI SH 0.5 0.71 (+42%) 0.74 (+48%) 0.69 (+38%)
FaceFo 0.39 0.53 (+36%) 0.53 (+36%) 0.5 (+28%)
Gu-Roi n 0.48 0.68 (+42%) 0.69 (+44%) 0.66 (+38%)
Lighti 0.31 0.42 (+35%) 0.43 (+39%) 0.41 (+32%)
Lighti 0.35 0.47 (+34%) 0.47 (34%) 0.45(+29%)
OSULea 0.34 0.47 (+38%) 0.46 (+35%) 0.43 (+26%)
Olived 0.51 0.73 (+43%) 0.73 (+43%) 0.66 (+29%)
Swedi s 0.46 0.62 (+35%) 0.63 (+37%) 0.60 (+30%)
Synt he 0.33 0.33 (0%) 0.32 ¢3%) 0.33 (0%)
Tr ace 0.47 0.66 (+40%) 0.66 (+40%) 0.62 (+32%)
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Figure 29. F, score of deterministic correlation queries.

Now, let us compare probabilistic queries with deterministic ones. For thélteoed case
(Figure28 (a) andFigure29), we can see théioth have théO score equal to zero for high SDRs.
However, probabilistic queries can have higl@scores than deterministic onesf a proper
probability thresholds chosenFor example, for SDR=1, tl@® score of deterministic queries is
around 0.2. However, tH® score of probabilistic queries is near Owhena small probability
thresholdis chosen However, we note that using filtering methods, we can better differentiate
between these two queried/e observe that probabilistic queries have higlescore than
deterministic ones, in particular for high SDRs. In this sectign reported our results for the
Gun-point dataset, normal distribution and correlation threshold 0.5. We made the same
obsenations using the other 15 datasets, error distribution functaots correlation thresholds.

The complete set of experiments and results are made available to reyie@Rg].

7.4.2.2. PROUD and PROUDS
In this section, we evaluate the performance of PTE quesiag PROUD and PROUBD

with and withoutfiltering. Moreover, we will compare the performance of deterministic and

probabilistic queriesFigure 30 illustrates théO score of PROUD for different settings. In all
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these experiments, PROUD does not return any result for SDRs higher than 1. Théorethson
is the way PROUD calculates the expected value of the distance, as discussed in7&ettibn
However,Figure 30 shows that uncertain and uncertain exponential moving avéitsgys can

increase the performance of PROUD.

The results of our experiments indicate that the performance of PR@LiBentical to that
of uncertain correlation showim Figure 28, explainedin the following section Comparing
Figure 30 and Figure 28 shows that PROUS performs bettethan PROUD for the Gupoint
dataset. For all the dataset& observed tha?ROUDS achieved on average 64% improvement

compaedto PROUD, and in all the cas PROULS outperforms PROUD.

4 1]
DR 0B abability Threshold

a) Nonfiltered

o 0.5

3,0 00 d 2.3
SOR 401 0.1 )
Probability Threshold Probability Threshold
¢) Uncertain moving average d) Uncertain exponential movingaverage

Figure 30. F, score for probabilistic queries using PROUD for normal distribution and the GurPoint dataset
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Similarly, the performance of deterministic quei@$ codn) Qis exactly the same as
that of6 £ iam o(Figure29). By comparingFigure 30 and Figure 29, we can observe that
deterministic queries have better performance BRRRUD does However, by comparingigure
28 and Figure 29, it can be seen that our proposed enhancement, i.e., PRGililperforms
deterministic queries. In this section, we reported our results for thgp@unihdataset and normal
distribution function. Fotthe other 15 datasets and distributiamé€tions, we observed similar

results. The complete set of experiments and results are made available to reyie@ens).

Experimental Results Analysis

Here, wediscusswvhy the performance of PROW s similarto that of uncertain correlation.
Since inPROULS, the squared Euclidean distance between two uncertain time series is a normal

random variable, we would have:

B o B 0. CE pp ® 006 wHd ..
0 OOGhd Cc& pp © E”p A O£ oy
& & CLOWI0O wiim 0O

UsingLemmas8, we obtain:

0 06 ity CE pp OB6fidm MAT A

O ®OI06 W@ihd TE p OOBE D

Using the above information, we can compute the following probability:

0 O6ld C& pp
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Since error function is an odd functfome have:

C

& OB & 1D

0 O6GId C& pp ©

o o[0)

DOEIGDd @

Thus PTE and PTC queries find the same results.

7.5. Summary

Previous studiesdJAL12, ORA14 compare theraditional similaritymeasures applietb
filtered and normalized data to the uncertsimilarity measures applietb nonpreprocessed
data. It is reported that theaditionalmeasures outperform th@aertainsimilarity measures. In
this chapter, we studiedhe effect of the preprocessing techniques on uncertain similarity
measures and compdrthe measures in the same setting. We corsitero settings: when data
is not preprocessed and when it ikefied and normalizedin particulay we showed how
preprocessing techniques improve the performance of uncertain similarity measuwsimdy
more informationWe performed numerowexperiments to evaluate the performance of measures
with differentparameéers We also improved the performancetb& PROUD similarity measure
and found a linear relationship between probabilistic similarity measures. We showed that
probabilistic similarity measures outperfotmoth traditional similarity measures and uncertain
deterministic similarity measures with and without preprocessing. This shows the effectiveness

and usefulness of probabilisticrslarity measures in practice.

“ Suppose thaQ is a realvalued function’Qa is an odd function if and only ifQ 6 Q.
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Chapter 8: Conclusions and Future Work

Due to the inherent nature afncertain time seriesa probabilistic approach has been
considered key to process and analyze such datthe probabilistic approackprobabilistic
similarity measures are used to capture the similarity between uncertain time Yatiks.
traditional similarity measureghat consider onlythe expected value at each timestamp to
guantify the similarig between uncertain time series, probabilistic similarity measures tilize
the available informatignsuch as variance and probability distribution function of effbis
information helps probabilistic measures to capture the similarity better than the traditional

measuredn particularwhen there existslaigh level of uncertainty.

Moreover, probabilistic similarity measures provide the sisgth more information about
the reliability of the result. Depending on the application, this alldiaes uses to define a
confidence level, i.e., probability threshold in probabilistic queiiesyrder tocontrol and/or
influence the performance of similarity searctasks In other wods, he advantage of
probabilistic over deterministic approach is providing a flexible taffidetween hit ratio and
false alarm ratio. Besides, it provides probabilistic informatiosiomlarity, which is important

in some applicationdJAL12].

In this work, we considered two models foncertain time serieslata, PDFbased and
multisetbased models, and studied the problem of correlatiatysis techniquesver such data.
Although these two models are different and cannot be converted to eachttehgroposed

techniques for multisdtased model generaliZeom the ones for PDBased modelMoreover,
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the proposed technigues for both modetn be reduca to the corresponding techniques

developed for standard time seri€he major contributions dhis dissertation are as follows:

1

We fordmaled zeowineme rtodinma | iwhatciho nc an be appli
preprocessi ngwes tfeopr.mulsaitfegdrntcheirst al adtathosmea s er i

random [V@GRARD] e

For bobhs ®dFlatnidsaataid model sdorwéd a bsie vnE $loaprci t y
seat ebhnti geuveusl ido d r r eolra tuendc ournrceelrattaeidnt @ i mhe ser
user Theoutesults of our numer ous experi men
illustrateithati ouapproaab is more resilien
determinThei propesed solutions are also ap

bet ween sstbhaddaddandc ¢ ORAILR ,t IORAY4 &L es

To spugedpr ocessi ng hmwlethiiassestd owmed el d t wee pr oj
optimizati on techniques: sprrpbaddg| hSuird s tpir aw
experiment i $powurhatptwmi zat ibars etde anrordied u @ £ ©
the compiumat aond sptaaheyaffgbddadappnoxi mati on
correlation even when there are just a few
i mportant noting that, as discussed in [ WU
obserkbieds vat each timestamp. The results o

i mprovement achieved by t hjeORAYVYPD|sed opti mi

We stulleecffect of preprocessing technique
met hods a ® ntwelxli staisngOuanee x per isnmeonvt ead hr cews u
preprocessing techniques <can result i n i mg
measur eMo®r eover, t he experi ments show t hat

outperform tr amediasiuoma!l ws$i mi/ wart htow[t ORAled{,r oc e
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ORAX15]

Our results shed more light on the nature and challeofssnilarity search for uncertain
time series. More work is required for such results find their way ihe development of
effective tools and software packages for high performance uncertain time series analysis and
mining, similar to the tools for the standard cadee next section discusses the possible future

work.

8.1. Future Work

We believe that the outcomd this dissertation provides the first step towatdsls for
similarity searchand analysis ofincertain time seriedata.The following summarizes some of

the problems that should be addressed as part of future work:

1 Extendng Boolean representation toptimize probabilistic similarity search queries
whenthe Euclidean distance is used as the similarity measure

1 Predictionin uncertain time series

91 Developng probabilistic pruning techniques to support other probabilistic correlation
gueriesintroduced in Sectio®.4. The proposed probabilistic pruning is only applicable
for the PTG1 queries, since the pruning is based on Boolean correldiidican only
find positively correlated time series.

91 Developngefficient correlation analysis techniques for streaming uncertain time series.
1 Reinvestigatinguncertain representation of dimensionality reduction techniques for
standard time serie$or dimensionality reduction dPDFbaseduncertain time series
data, uncertain representationtiog Haar wavelet transforfzHA10] hasbeen proposed

but other dimensionality reduction techniques have not been studied yet
1 Indexing uncertain time seriesvhich is a very challenging problem, because the

uncertainty can decrease the usefulness of index structures. To the best of our knowledge,
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there is no index structure designed especially for variable length g(tkédength of the
qguery reference cahe different from the time series in the dataget)uncertain time

series data.
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Appendix

To have a better understanding of DUST, this seqti@sents our calculation of DUST
distances fordifferent error distributions.Given uncertain time serigd OBy  and
@ WM Iy , we need thalistribution of the underlyingcertain)standard time series and
distributions of the error functions at different timestamps order to
calculateO "YYW id [SAR10]. Here, we consider uniform distribution for theunderlying
standard time serieand calculatethe DUST function for different error functions including

normal, exponentiabnd uniformDUST is defined as follows:

O Y YD Q06 {6

whereforeachip ™Q ¢ :

Q0 Gy aEQL bs G éon

The constandt ¢ *Qm  is added to ensure GO YYD 1 Now, we want to calculate
 at each timstamp.Let wdenote thebservedralue at each tinmampand suppose Q®
i w werei w is theactualexactvalue andQ w denotes the erroifhen,» < g would be

calculated as follows:

e 8 NQQM& ¢ T Niw i O

I IR
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Usi ng Bay eR@OIhm o dsewnuld be equal to:

. e NGl @ ani @ & N o f.Xﬁ‘ld)(J,Qd
LN ® oniw 0QL NHwd ® ONiw LvQUL °

LN @ Nl ® gna @ ani o ¢Qaq

nNad @ UONi @ VQU NWd w LNi w LQU

Note that) a8 w U is thePDF of theerror functiondeterminedatc 0, andwe would

have

LNQw o aniw anQuw o ani w  aQa

.NQw w vntw VAU NQw w uvnlt w LVAQU

Considering uniform distribution for thenderlyingstandard time seriewe wauld have:

NQw ® aNi o aNQw o ani o aQd

NQw ® Riw® VOB NQw W aniw 0QL

§W A0 @ aRem © aQa

£ hoe @ 008 406 © aQb

NQw ® anNQw w aQd

Usinge S 68, Q0 il can be computedn the following, we will calculate
Q6 iafro for different error functions including normal, exponential and uniform. Using

which, we can obtai® Y Yt .
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Normal Distribution

When the error distributiorsinormale 0 % is calculated as follows:

c @ G A00 & dN06 6 a0l
f_Q p_‘Q Qa
C ” c“"
_P Q Q Qa —> Q
Cwo» Cwn

Al p - ’ 3 p
. 0 QG Q
3*) (AE C“ ” ” ' q“ ” ”

P 5 Q Q&

c ” ”
P _q 0 Qd

c ” ”
L Q Qa

c ” ”

Ford T we know that

—

Q Q Qa =0 hd m
W

By substitutingpby — —— andbby ——, we would have:

® http://en.wikipedia.org/wiki/List_of_integrals_of_exponential_functions
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® gb d§ c“ Q 'Q 'QQ
_ p .Q - 4 CH ” .Q
c ” ” ” ”
w“ CH ”
_ Q Q
C ” ”
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Nowlet 6 s cdastfunationat e
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aevg P & gemgP Q &
6, C ” ” 6, c ” ”
qevg— P & gerg P & 4¢0
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S OIS W 6B
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Thus DUST function for error with normal distribution is calculated as follows:
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Exponential Distribution

If the error follows an exponential distribution S0 % is calculated as follows:

* W OB nNQA® o anQw o aQa Qo gL Qw dL Qa
where
o—~ o— Q Q ® o
Qw Quw A = = : :
L o R - 5 &DL 6 Oi O

Using thise, o 8 would be calculated as follows:

o . Qw oL Qa _Q _Q Qa
h

-_-Q Q Qd
—= . a Q&

— Q Q "
== 0 Q h
== 0 h P s 9 P

= = ne  nG

Note that inexponential distribution we have -. To find' Q¢ icfw , first we should

calculated € *QI B :
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Since we havél € Q. & ¢ "@— , we would have:
w w
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" h
Finally, DUSTwould be equal to:
- . VW)
OYYY Gty el
” h
Uniform Distribution
We want to find v s defined as follows:
<@ d8 N0 @ 4RO & ¢0d

If we suppose that errors have uniform distribution then we would have:

p " < > p . v .o
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. 2 b oa 0 £ 60 b a w0
now w « Q w ‘ Q i
Tt VL W Tt L W

Note that S cBisnotzeroif® ofw @, ®@ o @ %o
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If we have® o & @ o & % the following cases can happen:

1- fwehave® o OP @ Qw &

o p o O N O O o O p
Sl w 0wQ w O W 0 w W 0w w Q w
2- Ifwehave® Qo OP ® o &
o p 0y @ o O Q 0 o p
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Finally, we have:
AL v O ddwed do Q. e AV
s = h o dw ©, o Qw w %
W 00 w
T 0w

We know thaiQ 6 i afro d€Qmn &€ sQIw s . Thus we wouldhave:
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w 0wQ w

Using this,DUST can be calculatedlo simplify, we suppose thatd dw 'Q and we

would have:
O O L % o =
. W 0B o h T W B W W
1t h 0w
dustwould be calculated as follows:
Q06 i a € QT o€ Qx 0B
I P W OB .
o a€ g—w QT hm g g © &
'y 0
IF 4 ¢ — a¢imh 0w
r W w

GE & Qi O I 0B CAE® A T % 68 O ©
AE® & o & oh
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Note that inuniform distribution, we have, - so® @ cWo, . Thus,dustwould be

calculated as follows:

v g ¢dio, aéo, w wh T ¥ d clo,
Q06 oo

Ly N e
u,zouac;lllo,, a € h O

Using this, we can calculateUSTas follows:

O Y YD Q06 {6
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