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Abstract
Affine Integral Quantization on a Coadjoint Orbit of the
Poincaré Group in (1 + 1)-space-time Dimensions and
Applications

Haridas Kumar Das

In this thesis we study an example of a recently proposed technique of integral quan-
tization by looking at the Poincaré group in (1 4 1)-space-time dimensions, denoted
731(1, 1), which contains the affine group of the line as a subgroup. The cotangent
bundle of the quotient of 771(1, 1) by the affine group has the natural structure of
a physical phase space. We do an integral quantization of functions on this phase
space, using coherent states coming from a certain representation of Pl(l, 1). The
representation in question corresponds to the “zero-mass” or “light-cone” situation,
which when restricted to the affine subgroup gives the unique unitary irreducible rep-
resentation of that group. This representation is also the one naturally associated to
the above mentioned coadjoint orbit. The coherent states are labelled by points of
the affine group and are obtained using the action of that group on a specially chosen
vector in the Hilbert space of the representation. They satisfy a resolution of the
identity, which can be computed using either the left or the right Haar measure of
the affine group. The integral quantization is done using both choices and we obtain
a relationship between the two quantized operators corresponding to the same phase

space function.
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Chapter 1

Introduction

In this thesis we study the method of integral quantization and apply the procedure
to quantize observables defined on a particular phase space, arising as a coadjoint
orbit of the Poincaré group, 731(1, 1), in (1 + 1)-space-time dimensions. In physics,
the full Poincaré group (in a four-dimensional space-time), is the the group of all
relativistic transformations and space-time translations. The group we study here is
much simpler, since it only holds on a two-dimensional model of space-time. We look
at a particular coadjoint orbit of this group, as phase space of our system and obtain
coherent states labelled by points of this space. These coherent states are constructed
using the unitary irreducible representation of 731(1, 1) which is associated to this
coadjoint orbit. It turns out that when this representation is restricted to the affine
subgroup of 731(1, 1), one obtains the unique unitary irreducible representation of
the affine group. An integral quantization of the classical observables on this phase
space is carried out using these coherent states, now considered as coherent states
of the affine group, or equivalently, as coherent states of 731(1, 1), modulo its affine
subgroup. In doing this we follow the general theory for constructing such coherent
states as outlined, for example, in [19]. The corresponding quantized operators live on
the Hilbert space of the representation. Since the coherent states satisfy two different

resolutions of the identity, depending on whether the left or the right Haar measure



of the affine group is used, two different though equivalent quantizations are therefore
obtainable. We also find a relationship between the operators corresponding to the
two quantizations.

The canonical technique of quantization was formalized, by physicists and mathe-
maticians, following the birth of quantum mechanics in the early part of the twentieth
century (between 1900 and 1925). Since then several different techniques of quan-
tization have been developed, the literature for which is vast. Reviews of some of
these techniques may be found, for example, in [21], [16] or [22]. Briefly, the problem
is as follows: classical mechanics lives on a phase space, I', and is defined by the
symplectic geometry of this space. This is an even dimensional differential manifold
and comes equipped with a two-form, 2. The classical observables are the functions
on the phase space I', which obey the Poisson bracket relation. In quantum mechan-
ics (QM), observables are self adjoint operators on a Hilbert space H, which obey
the corresponding commutations relations. Quantization is the process of making
this transition from the classical to the quantum observables. Briefly, the goal of a

general theory of quantization is two-fold:

1. To understand how a quantum system is related to its original classical coun-

terpart (the classical limit), and;

2. To understand how to pass from a classical system to its related quantum coun-

terpart (quantization).

The original concept of quantization, usually referred to as canonical quantization,
going back to Weyl [4], Von Neumann [8], and Dirac [15] consists in assigning to the
observables of classical mechanics, which are real-valued functions f(p,q) of (p,q) €
R™ x R™ :=TI', on the phase space, self-adjoint operators @)y on the Hilbert space
H = L*(R™) in a way that is discussed further in Chapter 2 Section 2.1 (following
16]).

Let g;,pi, @ = 1,2,...,n be the canonical position and momentum coordinates,
respectively, of a free classical system with n degrees of freedom. Then their quan-

tized counterparts, ¢;, p; are to be realized as operators on the Hilbert space H =



L*(R", dx) by
0
8%

on an appropriately chosen dense set of vectors ©» on H. This simple procedure is

() () = zip(x)  (piv)(x) = —ihm—1(x) (1.1)

known as canonical quantization. The Stone-von Neumann uniqueness theorem [§]
states that, up to unitary equivalence, this is the only representation which realizes

the canonical commutation relations (CCR):
[leaﬁl] :Zhal] Za] = 1,2,3,,71 (12)

irreducibly on a separable Hilbert space.

Recently, a general technique of quantization, termed integral quantization, has
been elaborated in [5], [9] and the book [19], Chapter 11. This method is not nec-
essarily based on a phase space and has the theory of quantum measurements as its
backdrop. In [6] the role that operator-valued measures (OVM) can play in the above
quantization technique has been described. One needs to start here with a mea-
sure space, which is the space consisting of the possible outcomes of a given physical
measurement. This space equipped with a measure, which could, for instance, be a
probability measure or a measure coming from a group or one of its cosets.

In this thesis we obtain some specific results using this technique of quantization.
Once a measure space has been fixed and an OVM on it, a classical observable (which
is now a random variable or real-valued function on this measure space) is quantized
by integrating the function with respect to the OVM. Of course, crucial to this pro-
cedure is the choice of the OVM so that a sufficiently large class of random variables
yield proper self adjoint operators after quantization. If the physical system has an
underlying symmetry group, it generally reflects itself in a covariance property of the
OVM. Thus, for example, using coherent states of the symmetry group, one could
build an OVM, which would then incorporate this covariance property. Coherent
state quantization based on the positive operator valued measure (POVM) where
the integral quantization based on the OVM so that the integral quantization has

constructed in a more general sense.



1.1 Main contributions

The main contribution of this thesis consists of two parts:

The first part is the explicit computation of some results, appearing in the liter-
ature and which we use here. Specifically, we compute the formula for the adjoint
and coadjoint actions of the Poincaré group 731(1, 1) (see Section 4.1.2 and 4.1.3).
We also make explicit the connection between the Poincaré group 791(1, 1) and the
affine group, which appears as a subgroup of 731(1, 1) (see Section 4.1.5 and 4.2). We
then construct the particular coadjoint orbit of 731(1, 1), which serves as our physical
phase space on which we then do a quantization (see Section 4.1.5). We also figure
out the generators of the affine group G; and their representations on the Hilbert
space L?(R>?, %) (see proposition 4.3.1).

The second part consists of some specific results. We quantize a number of real
valued functions (see Table (4.2) and (4.3)) and obtain a relationship between the two
quantized operators corresponding to the left and right Haar measures (see Lemma
4.4.2 ). Finally, we identify the observables for which the quantization is canonical
(see Proposition 4.4.1). We also explicitly compute a particular reproducing kernel

in the Hilbert space L*(R>, %) (see Proposition 4.4.2).

1.2 Organization of the thesis

The rest of this thesis is organized as follows:

In Chapter 2, we introduce to the integral quantization, a procedure based on
OVM’s and resolutions of the identity. We also revisit the general construction of the
covariant integral quantization procedure in detail.

In Chapter 3, we give three examples of covariant integral quantization, following
[5] and [9]. based on the Weyl-Heasienberg, affine and SU(2) groups.

Chapter 4 is devoted to applying the method of integral quantization on the
Poincaré group in (141)-dimensional space-time and looking at some of its applica-

tions to QM. For this purpose, we examine the properties of the Poincaré group in



(14 1)-dimensional space-time and the affine group. We then apply the technique of
integral quantization to the group 731(1, 1) and obtain the quantized operators and
identify those for which the quantization is canonical.

Finally, in Chapter 5 we conclude with a discussion on the merits of the method
of integral quantization and indicate some possibilities for future work.

In appendix A we include some general background material on group theory. The
mathematical structure of classical and quantum mechanics is discussed in appendix
B. Appendix C incorporates all the mathematical computations related to Chapter

4.



Chapter 2

Quantization

The material in this Chapter is adapted from the article entitled, “Integral quantiza-
tions with two basic examples” [5]. We study here integral quantization, a procedure
based on OVM’s and resolutions of the identity. We also revisit the general con-
struction of the covariant integral quantization procedure in some detail with the
help of group representation theory which can play an important role in encoding the

covariance property.

2.1 Quantization

In this section we look at the general definition of quantization as used in mathematics
and physics. Generally, quantization is viewed as a way to associate to a certain
algebra, A of classicical observables, an algebra, Ay, of quantum observables. The

definition of quantization that we adopt here follows that of Ref. [16], Section 1.1.

The original concept of quantization (nowadays usually referred to as canonical
quantization), going back to Weyl [4], von Neumann [8], and Dirac [15], consists in
assigning to the observables of classical mechanics, which are real-valued functions

f(p.q) of (p,q) € R* x R™ := T" the phase space, self-adjoint operators (J; on the



Hilbert space H = L*(R") in such a way that

(i) the correspondence f — )y is linear as a map
Q:C(T) — A(H) (2.1)

where, C'(I") is a vector space of appropriately chosen, in general complex val-
ued, functions f(z) on the phase space I' and A(H) is a vector space of linear

operators () = Ay on some Hilbert space H;

(ii) the function f =1 € C(I') (i.e., constant everywhere) is mapped to the identity
operator: Q; = I € A(H);

(ili) for any function ¢ : R — R for which Q4. and ¢(Q) are well defined, Qyor =
¢(Qy); and

(iv) the operators (), and @, corresponding to the coordinate functions p;, ¢; (j =

1,2,...,n) are given by

h 0
Q=00 Qb = 550 for v € LR, da) (22

The condition (iii) is usually known as the von Newmann rule. The domain of defini-
tion of the mapping @) : f — Q) is called the space of quantizable observables, which
one would of course like to make as large as possible. Ideally, it should include at
least the infinitely differentiable functions C°°(R*"), or some other convenient func-
tion space. The parameter h, on which the quantization map () also depends, is

usually a small positive number, identified with the Planck constant.

2.2 Integral quantization

In this section we look at the general mathematical construction of integral quanti-

zation and its covariance properties using group representation theory.



2.2.1 General setting of integral quantization

In the current section we present an original approch to quantization based on OVM'’s,
under the generic name of the integral quantization. The so-called Berezin-Klauder-
Toeplitz quantization, and more generally coherent state quantization, is one kind
of integral quantization. The method starts out with a space (not necessarily the
phase space), X and/or C'(X'), and depends on various mathematical properties of it,
such as a measure, a group structure, a topology, a manifold structure, etc. While the
method fulfills the conditions (i) and (ii), mentioned above, and real valued function in
X are mapped to self-adjoint operators, the commutation relations of these operators
are not necessarily canonical, in the sense that the conditions (iii) and (iv) are not a

priori required to be fulfilled.

We now consider a complex Hilbert space H and a classical measure space (X, v),
where the measure v will play a crucial role. Normally, we take the measure space X
to be a locally compact topological space and the map (2.1) is taken to be continuous
with respect to this topology. Let X > x — M(z) € L(H) ( ie., M(z) is an X-
labeled family of bounded operators on a Hilbert space H ), satisfying the resolution

of the identity I € H, i.e.,
/ M(z)dv(z) = T, (2.3)
X
The operators M (x) are of positive, unit trace. The convergence of the integral (2.3)

is in the weak sense, i.e., for any two vectors ¢, 1 in the Hilbert space H such that,
[ ev@larte) = @) (24)

A density matrix is a trace-class operator that, in general, describes a quantum
system in a mixed state (a quantum system in a pure state is given by a projection
operator for a single state vector). Explicitly, suppose that a quantum system is found
to be in the states |1;) with probabilities p;; then the density matrix for this system is
p=>_.pi|ti). We could take for the operator M (x) above a density matrix M (x) =
p(x) at each point z or possibly a more general operator. Then M (z)dv(x) defines

an OVM. For real or complex-valued functions ¢(z) € C(X) an integral quantization

8



is then formally defined by the linear map:

p—= Ay = /){M(x)¢(x)dy(x) (2.5)

We consider here all those functions ¢ such that the above operator A, € A(H) is
defined on a dense subspace of H. Now, if we take a positive unit trace operator
po then we can obtain a classical like formula. To do this we multiply both sides
of equation (2.5) by po and taking the trace in both sides we have the following

calculations:

dy = /X poM () (x)dv ()
= | mola)ota)iv(a). (2:6)

Therefore we have,

tr(pody) = /X tr(popla))é(x)du(x)
- /X w(@)é(x)dv(x) (2.7)

where, we have set tr(pop(x)) = w(z) which can be thought of as an averaging of the
original function f and is the probability distribution from x — tr(pop(x)) because
of the resolution of the identity in equation (2.3). Physically, (2.7) is the expected

value of the operator A, in the state py.

We now investigate the boundedness and positivity of M(x) or one can analyze
the operators A, equation (2.5) in terms of the sesquilinear form,
M3 ta s Bolnds) = [ < M@l > s, (28)
X
We now present how we can return to the classical limit form in C(X) from the

operators Ag. This leads to the lower or covariant (Berezin) symbol ¢(z) defined as,

Ay () = /X ooVt (3(x) pla))dw ('), (2.9)

where, X 3> z +— p(z) € LT(H) is another (or the same) X'- labelled family of positive

unit trace operators. Provided the above integral (2.9) is well defined.

9



Hence combing the equation (2.5) and equation (2.9) we have the following map:
¢ Ay > o). (2.10)

The map (2.10) is the generalization of the so called Segal-Bargmann transform.

2.2.2 Covariant integral quantizations using Lie groups

We want the integral quantization to be covariant under certain symmetry groups and
for this we need their representations on Hilbert spaces. A representation of a group
G on a vector space V', over a field K, is a group homomorphism from G to GL(V),
the general linear group on V. So that a representation is a map p : G — GL(V') such
that p(g192) = p(91)p(92),Y91, 92 € G. We now explain in the sense in which group
representation theory is important for building a group covariant integral quantization

proposed by [5].

Let G be a Lie group with left Haar measure du(g) and let g — U(g) be a unitary
irrereducible representation of GG in the Hilbert space H. One uses an operator valued
function U over the group G defined through the group representation. Consider now
a bounded operator M on H and using the group representation U(g), an operator

valued function is defined by
g M(g) :=U(g)MU'(g). (2.11)

The above operator valued function M(g) is then used to quantize the real or complex

valued functions on G. Consider now the formal operator R,

R:LM@W@, (2.12)

the integral being defined weakly. We must show that the above operator R must be
a multiple of the identity. Multiplying both sides of (2.12) by U(ge) and U*(go) and

from the left invariance of du(g) and using the role of the group representation we

10



have the following calculations on the operator R.
Ul RU (@) = [ Ula)M@)0 (a)ino)
- | var@MU @)U 0)dto)
= /G Ul(909) MU (g09)dp(9)

zgéM@mww
- R,

Hence , U(go) R Ut(go) = R. This implies that U(gy)R = RU(gy) and so that R
commutes with all unitary operators U(g), Vg € G.

At this point we invoke Schur’s Lemma ([1], page 144):

Lemma 2.2.1. A unitary representation U of G in H is irreducible if and only if the

only operators commuting with all the U, are scalar multiples of the identity.

Using Schur’s Lemma we have a new relation for the operator R, given by

R = ¢y I, where ¢y = /Gtr(poM(g))dv(g). (2.13)

The constant c);, where the unit trace positive operator is chosen in order to make
the integral converge, is a positive real number. If we take this constant cy; into the
measure then the family of operators, M (g) and equation (2.13) provide the resolution

of the identity,

/GM(g)d“(g> — ] (2.14)

Cm
du(g)
CMmr )

/GM(g)dV(g) = I, where, dv(g) = (2.15)

Thus, starting with (2.12), a general family of bounded operators, we can construct

the resolution of the identity,

/GM(g)du(g) =1, (2.16)

and thus an integral quantization rule

¢HA¢=meMwmmm (2.17)

11



We now look in more detail at the above procedure in the case of square-integrable
unitary irreducible representations (UIR) U. To do this let us pick an admissible unit

vector |n) i.e., one for which

() = / U (g)) Pdu(g) < oo. (2.18)

Consider the pure state M := |n)(n|; then we can also recover the resolution of the

identity using the family of generalized coherent state vectors,

ng) = U(g)In)- (2.19)

for the Lie group G. We again have the resolution of the identity,

1 /
1) (gl dpa(g) = 1 (2.20)
0(77) G‘ g < g
If we consider p(g) = |n,)(n,| and dv(g) = dc’é—ff)) then we have the resolution of the

identity
/G p(g)di(g) = 1. (2.21)

Similarly, the construction leading to (2.21) provides an integral quantization of com-

plex valued functions ¢(z) on the group G

o> Ay = /Gczﬁ(g) p(g) dv(g). (2.22)

Moreover, the quantized operators A4 obey a covariance property. Indeed,

U(g) AU (g) = Ulg) /G M(g)d(g)dv(g)U (¢')
- / U(¢)M(9)U'(¢')é(g)dw(g)

= M (9'9)0(g)dv(g)

dgo

2 = ¢' and after some trivial
9

Now, making the change of variable gy = ¢'¢g and

manupulation we have dv(g) = dv(go) and hence we have,

U(g)AUT(g) = /G M(go)é(g " go)dv(g0)

12



Therefore, the integral quantization (2.17) is covariant in the sense,
U(g") AU (9") = Augys, (2.23)

where the quantity (1(¢')¢)(go) := ¢(¢''go) is the regular representation if ¢ €
L3(G,du(g)). If we consider M(g) = p(g) and choose p = p we obtain the Berezin or
heat kernel transform on G by using the equation (2.9) in equation (2.17).

65 Blg) = /X o(d)tr (3(9)p(g))dv (). (2.24)

Therefore, like (2.10) we also have the so called Segal-Bargmann transform for the

Lie group G.

2.2.3 Covariant integral quantizatins using coset manifolds

Under the same group theoretical framework, we now assume that the representation
U is not necessarily square-integrable in the sense of (4.61) over the whole Lie group
G. In this situation, there exists a definition of square-integrability and covariant
coherent states with respect to a left coset manifold X = G/H, where H is a closed
subgroup of G equipped with a quasi-invariant measure v [19] and A(g, .), the Radon-

Nikodym derivative of the transformed measure v, g € G with respect to v:

dv,(x)
A =9\ 2.2
(0.0) = o (225)
Then X : G x X — R is a cocycle with the properties,
Mgrg2, %) = Mg1, 2)A(g2, 97 ') and A(e, z) = 1. (2.26)

To do a covariant integral quantization on the above coset manifold, we define a

Borel section o : X +— G and let v, be the quasi-invariant measure on X defined by
dvy(z) = Mo (x), z)dv(zx); (2.27)

where ) is defined by
Mg, z)dv(z) = dv(g~'z), (Vg € Q). (2.28)

13



Let U be a unitary representation of GG in a Hilbert space H and consider n linearly
independent vectors 7' ;i = 1,2, ....,non H. Then, similar to the equation (2.19) we

again consider the following family of coherent state (CS) vectors:
QU = {lng(m)> = U(O-(:L‘)) T’i7 1= 17 2a37 ey NG T E X}: (229)

which we assume to be total in H. We call this a family of covariant CS for U. We

now consider the following bounded operator on the Hilbert space H,
F=3" ). (2.30)
i=1

Again, using (2.29) and (2.30) we have the family of operator F, () which is of course

again bounded operator i.e.,

Fo(r) = Z|U3(x)><772(m)’
= Z U(a(x)) ') (U (o(x)) 7|
= Z|77 ') Ut(o(x))

= o) FU (o(a)) (231)
Using the F,(z) in (2.31) we define the operator

R, ::/XFU(x) dv, (), (2.32)

and assume that R,, R;' € L(H). (The integral above is again assumed to hold in
a weak sense, as in (2.4)). Then the representation U is said to be square integrable
mod(H, o), the vectors n° ;i = 1,2,....,n, are called admissible mod(H, o) and the

operator F' a resolution generator for the representation.
Consider next the sections oy4(x) : X — G, g € G,
og(x) = golg~'x)

= o(g.97"'x) h(g, g ')
= o(x) h(g,g '2) (2.33)

14



where, h is the cocycle which is defined by

go(x) = o(gr) h(g, ) with h(g,7) = o(gr) 'go(z) € H. (2.34)

Here, h : G x X + H is again a cocycle, with h'(g,z) = [h(g~', z)]™! satisfying

conditions similar to (2.26):

R (9192, ) = B (g1, 2)N (g2, g, '2) and B/ (e, ) = e, (2.35)

for all g1, go € G and all z € X.

Like v, we now let v, be measure

dvo,(x) = A( 04(2), @) dv(z), (2.36)

again constructed using (2.27) and the bounded operator I, (v) = Ugg(x)FU;g (x).
Using (2.26) and (2.31) with F as in (2.30) we have the following calculations,

U(g)F,(x)U'(g) = Ulg) Z o)) (laay | U (9)
= Uly) Z U(o(2)) n') (U (e (2)) 7| U'(g)

= Zln n'|U (o (x)) UT(g)

= Ulg) Ulo(z ))FUT( () UT(9)
= Uloy(t))FU (o,(t))
= F, (t) where t= gz, (2.37)

with U(g)U(o(x)) = U(ga(z)) = Ulo(gz)h(g,x)) = U(a(t)h(g,g7't)) = Uloy(t))
and and U'(o(z)).U'(g) = U'(0,(t)), taking gz = t; © = g~ 't.
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Next we see that

U(g)R,U'(g) = /X U(g) Fy(x) UM(g) dvy(z)
[ U S i)y V) di ()
= [ U S I0@) ) ol o | U ) di ()

U(g) Uo(x)) Z ) (' U (o(2)) UT(g) dvo(x)

-

(9) Ulo(2))FU (o (x)) UT(g) dve(z)
Uog()FU(0y(t)) dva(g~'t)

F,, (1) dvs(g~'t)

I
— 5 —

Fy (t) dvg, () = Ry, (t). (2.38)

The coset space X carries quasi invariant measures not necessarily invariant measures.
In the case where X does not admit a left invariant measure R, need not commutes
with all the operators U(g), Yg € G. In this situation to construct a resolution of

the identity is not possible.

But, if U is square integrable mod(H, o), there is a general covariance property

enjoyed by the positive operators defined by the weak integrals,
4o, (A) = / F, (2) dvs,(2), g€G, AcB(X). (2.39)
A

Using the cocycle prescribed above (2.33), it is easily verified that the covariance
condition

U(g)ao,(A)U'(g) = as,(9A), U(9)R-U'(9) = Ry, (2.40)

holds. In the case where X admits a left invariant measure m and one takes v = m
and

Uh)FU'(h) = F , h € H, (2.41)
it is an immediate consequence of (2.33) that
U(g)R,U(g) = Ro. (2.42)
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Hence, R, commutes with all operaotors U(g), Vg € G.

Now, getting back to the Schur’s Lemma (2.2.1) we have again R, = CrI under
the condition that the representation U is irreducible. Then (2.20) allows us to have

the following form of the resolution of the identity

1
— | Fy(v)dv,(z) = 1. (2.43)
Cr Jx
Now, if we consider a unit trace positive operator, i.e., tr(F') = 1, then the constant

cr is similar to the construction in equation (2.13) and

or = /X 1r(F Fy(z))dvy (x). (2.44)

Like in the previous construction, the resolution of the identity (2.43) allows us to
write an integral quantization of complex-valued functions ¢(x) on the left coset
manifold X, i.e.,

6 Ay — é [ Fy@ote) dvs(a) (2.45)

The covariance property of Ay, with the assumption that U is square integrable mod

(H,0), can now be calculated. We have

U AU (g) = — [ Ulg)Fala)U' (9)é(x) dun (), (2.46)

CF X
and making the change of variables gx = t and using equation (2.37), (2.38) we get

the general covariance relation,

U() AU (g) = i [ Py @)6(7'0) (g™
- — [ e, 00ta™) v, 1)

= Ae

where, AT = - [\ F,, () ¢(t) dvo,(t) and (I(g))(t) = ¢(g™'¢).

(2.47)

So far, we have studied integral quantization on the Lie group G and the coset
manifold X = G/H and its covariance properties. Definitely, it is possible to establish
similar results by replacing the operator F', by a more general bounded operator M

provided integrability and weak convergence hold in the above expressions.
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To summarize, in this Chapter we started with the definition of quantization
and introduced the general construction of integral quantization with its covariance
properties. Introducing the integral quantization, we can strongly argue that integral
quantization scheme can analyze the quantization issue properly, it also analyzes
the spectral properties of the operators A, using the functional properties of the
lower symbol in equation (2.9). Integral quantization can also satisfy a covariance
property under the assumption of irreducibility of the group representation and the
boundedness property of the operator M on the Hilbert space H. Finally, based
on the machinery developed in this Chapter, we shall introduce three examples of
covariant integral quantizations in Chapter 3 and then discover a further interesting

application of covariant integral quantization in Chapter 4.
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Chapter 3

Three examples of integral

quantization

We illustrate the procedure of integral quantization with two examples based on the
Weyl-Heasienberg group and the affine group in this Chapter. We also briefly look
at the SU(2) in this connection. The discussion is based on [5] and [9].

3.1 Weyl-Heisenberg covariant integral quantiza-

tion

We now revisit the covariant integral quantization, based on the Weyl-Heisenberg
group, Gwpy. An arbitrary element g € Gypy is of the form g = (0,q,p), 0 €

R, (¢,p) € R%. We do a covariant integral quantization using a coset manifold of

the group as described in Section 2.2.3. To follow that procedure, let us pick H as
the phase subgroup © (the subgroup of elements g = (6,0,0) ,0 € R) and left coset
space X = Gwp/© as the measure space. This measure space is identidfied as the

euclidian plane or complex plane, R? and the general element in it is parametrized by
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(¢, p). The invariant measure on this measure space, Gy g /0O is dv(q,p) = % = %.

Consider now the section in the group Gy gy which is:

o0:Gwp/O v Gwu , o(¢,p) = (0,q,p). (3.1)

Let us choose a vector n € ‘H and then the family of Weyl-Heisenberg coherent state

is the set,
Totapy = Ulo(a,p))n" | (¢,p) € Gwr/©. (3.2)

Then the operator integral (2.43) give us the following resolution of the identity,

| Mol =1 33)
Gwn/©

The coherent state No(gp) 2T€ labeled by points in the homogeneous space X =
Gwp/© through the action of the unitary operators U(o(g,p)) of a UIR of Gy
on a fixed vector 1. On this homogeneous space X, the statement of square- inte-
grabilty of the UIR, U is satisfied with a resolution of the identity (3.3). Now, using

the complex number, z € C the above operator U(c(q,p)) can be written into the

following displacement operator,
C> 2z D(z) =% =U(o(q,p)), (3.4)

where, a,a' are the lowering and raising operators in the seperable (complex) Hilbert

space H with the orthonormal basis {|e,)} are defined by their action on this basis
alen) = Vlen-1), aleo) =0, a'len) = vVn + 1lensa). (3.5)

The Weyl-Heisenberg algebra is generated by the triple {a, a', I’} obeying the canon-
ical commutation relation [a,a'] = I. Let M be a bounded operator on the Hilbert
space H with the weight function w(z) on the complex plane with the normalization

condition w(0) = 1, defined by,

M::[Cw(z)D(z)%. (3.6)

Then, the family M(z) := D(2)M D(z)! of displaced operators under the unitary

action D(z) satisfies the resolution of the identity
d2
/ M2 =1 (3.7)
C ™
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We can easily see that the displacement operator D(z) has the property D(z)D(z')D(z)" =

e

2z —z2'

, leading to the useful formula

2
/ T (3.8)

™
C

Recall also the normalization condion w(0) = 1 and that D(0) = I. The resolution

of the identity (3.7) allows us now to quantize a function ¢(z) on the homogeneous

space Gy /9O,

d*z
¢ Ay = g o(2)M(2)— (3.9)
Using equation (3.8) we have the lower symbol
1 2E—Z d2§
o) = [ ot (3.10)
C
Using the equation (3.10) we have the alternative expression of (3.9)
_ - d%z
Ay, = [ w(z)D(2)p(z) — (3.11)

C

In the following table we list some functions quantized using this procedure in [[5],

[9]]-

Table 3.1: Quantized version on H for the homogeneous space Gy /O

Complex function

Operators in the Hilbert space ‘H

b=z A, = aw(0) — 0:w|,—0 = a
b=7z A; = d'w(0) — 0,1W|,—0 = al
¢=q==7 A, = =%
¢p=p="= Ay =
¢ = 22 A,z = a*w(0) — 2a0:10|,—o + 02W| -0

¢ = 22 Az = (a")?w(0) + 2aT0.0|.—¢ + 0?0|.—o
d=qp="ZF  Ayp=AA — 5+ 02|00 — O20|.0g — (9:0]20)* + (0510].0)”
¢ = ¢* Ap = (Ag)* + 50(0: — 02)*w].=0 — 5(0:0|.=0 — D0.=0)”

¢ = p? A = (A,)% = (0. + 0:)*w].—g + £(8.1|.—0 + D=1|.—0)?
b=z App = ala+ § — 0.0:0].20 + ad.wW|.=0 — al0z1|.=




where, A,A, = A,A, + 1, w(0) = 1 with the CCR, [A4,, 4,] = I, A4, — AA, =
ia,a'] and therefore the CR becomes the CCR. Moreover, |z|? is the energy for
the harmonic oscillator and Aj,» is the quantum energy operator. Also minimum
of the quantum potential energy E,, = [min(A,z) + min(A,2)]/2 = —0,0;w|,—¢ and
the ground state energy Fy = % — 0,05W|,—¢. Then the difference between them is

Ey—E, = 1.

3.2 Affine or wavelet covariant integral quantiza-

tion

We now look at the covariant integral quantization, based on the affine or wavelet
group. Following [[5], [9]] the measure space (X, v), where X is the upper half plane
{(¢;p)] p € R, ¢ > 0} with the left invariant measure dgdp and the multiplication

rule,

(¢:1)(g0, Po) = (g0, % +p), with ¢ e R”°, p € R, (3.12)

is viewed as as the affine group, Aff, (R), of the real line, acting as = — (g, p)r = p+qz.
This group has two non-equivalent UIR’s, UL and both are square integrable. The
UIR U, = U is realized in the Hilbert space H = L*(R>?, dx):

(Ulg, p)¥)(x) =

(=) (3.13)

Picking a unit norm vector n € L*(R>% dz)( L*(R>°, %) and using the equation

(2.19) we have the following family of coherent states:

l¢,p) = Ul(g, p)|¥). (3.14)

Then the square integrabilty of the UIR U, and the admissibility condition on the n
yield the resolution of the identity,

dqdp > dx
[ lantapl 2 here = [ )P (3.15)
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The corresponding quantization, based on the resolution of the identity (3.15) is:

dqdp
¢ /qu(q,p) lq,p){q, D pr— (3.16)

In [9] and [5] the following quantizations have been obtained:

0 c

=P =g Ap = 0" (Qf)(@) = 2f(2) (3.17)

This quantization is canonical for ¢, p with the commutation relation [A4,, A)] = il

and the quantization of the kinetic energy gives

+ KQ?, where K = K(¢) = /OW(¢/(u))2 u d_u (3.18)

C_1

d2
A =

P dx?

3.3 Covariant integral quantization on SU(2)

In this section we consider the group SU(2) and taking the UIR U corresponding
to spin one-half. Following the same procedure as a covariant integral quantization

based on the SU(2) may be worked out. Detailed discussions may be found in [9)].

So far, in Chapter 3, we have elaborated on the general construction of the method
of covariant integral quantization with two examples and one more example is men-
tioned briefly. Those examples showed that the integral quantization satisfies the
covariance property under the assumption of the irreducibility of the group represen-
tation used and the boundedness property of the operator M. In the next Chapter,
we shall explore an interesting example of covariant integral quantization and it’s

applications in signal analysis.
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Chapter 4

A Poincaré covariant integral
quantization in (141)-dimensional

space-time and the affine group

In this Chapter, we examine the properties of the Poincaré group in (1+1)-dimensional
space-time and its affine subgroup. We then show how to connect the Poincaré group
in (1 + 1)-dimensional space-time to the affine group G;. Ultimately our goal is to
quantize on a phase space. To do this we construct this phase space using 731(1, 1) so
that we work on a particular coadjoint orbit, which is then identified as a phase space.
Mathematically, this space looks like the cotangent bundle of a "light cone”, i.e., the
cotangent bundle of the open half line (giving the open half plane). On this phase
space, we construct the coherent states and then using these we find the resulting
quantization by using the fundamental tool of integral quantization, following the
construction outlined in Chapter 2. We then develop the integral quantization for
the Poincaré group and introduce a number of quantized operators, some of which
quantize canonically. Finally, we obtain a relation between the quantized versions of

observables, obtained using the left and right actions of the group on the phase space.
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4.1 The Poincaré group

In this section, we look at some mathematical properties of the full Poincaré group
P and then on PL(1,1), the Poincaré group in a (1 4 1)-dimensional space-time.
The Poincaré group is the group of inhomogeneous Lorentz transformations on the
4 dimensional space-time. Briefly, the general Poincaré group P is characterized
by ten parameters, six parameters of the homogeneous Lorentz group £ and four
parameters for the translations. The group contains two useful subgroups; one is the
homogeneous Lorentz group £ with elements denoted (A, 0) and the other subgroup
S of four dimensional translations (7, b), which is also an abelian invariant subgroup
of P. Therefore, any Poincaré transformation can be written as the product of a pure

translation and a homogeneous Lorentz transformation
(A,B) = (1,B)(A, 0). (4.1)

The set of 4 x 4 real or complex matrices that satisfy the equation

1 0 0 0

. 0 -1 0 0
A" gA =g, det(A) =1, where g = (4.2)

0 0 -1 0

0 0 0 -1

is called the real and complex, homogeneous Lorentz group L(R) and £(C) respec-

tively.
The multiplication in P of two transformations is
9,9 €P = gg=(Nb)ADb) =(NANAN+) (4.3)

and clearly the unit element of the general Poncaré group is (1,0) € P. The inverse

element of general Poncaré group is:
(A, b)t = (A1, —A'D). (4.4)

The above discussion shows that the Poincaré group, P is the semi-direct product of

the two subgroups:

P=SxL. (4.5)
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We next consider the Poincaré group in (1 + 1)-dimensional space-time which is also

a semi-direct product of two similar subgroups (see equation (4.5)):
G =PI(1,1) = R? x SOy(1,1). (4.6)

Here SOg(1,1) is connected part of SO(1,1). The group SOq(1,1) is the proper
Lorentz group in 1-time and 1-space dimensions. The subscript zero of SOg(1,1)
means that the forward direction of time is preserved under its action. We use
Mackey’s theory of induced representation to construct unitary irreducible represen-
tations (UTR) of P1(1,1). According to this theory [2, 3], the UIR’s of R? x SOq(1, 1)
are in one-to-one correspondence with the orbits of SOy(1,1) in the dual space R?
(which we identify here with R? itself). Each dual orbit contributes precisely one
irreducible representation (we drop the one-dimensional representation arising from

the trivial orbit {0}).

4.1.1 Matrix representations of the Poincaré group 731(1, 1)

The elements of the Lorentz group SOq(1, 1) are generated by a single real number :

coshd sinhv
Rov— Ay = . (47)
sinh{ cosh v
In this parametrization, di is the invariant measure, under both left and right actions

and we choose this for the Haar measure on SOg(1,1). We write a generic element

b
of P1(1,1) as (A, b), with b = ] € R? and A a matrix of the form (4.7). Then a
b
group element of G can be written as
Ay b
Gog=|"" .07 =(0,0). (4.8)
o 1

Therefore the dimension of the Poincaré group 731(17 1) is 3 since it has three param-
eters v; by and b. Explicitly we have the matrix form,
cosh? sinhd b
g= | sinh?d coshd b |- (4.9)
0 0 1
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We can find the Lie algebra of the 731(1, 1) by differentiating with respect to the
parameters of its one-parameter subgroups. The Lie algebra p, has three elements

which are given by:

010 00 1 00 0
Yo=1|10 0|, Y'=]00 0], Y’=|0 0 1]. (4.10)
00 0 00 0 00 0

We shall use the above lie algebra p to find a lie subalgebra g.g of the affine subgroup
G in Subsection 4.1.5.

4.1.2 Adjoint action for the Poincaré group Pl(l, 1)

A general element of the Lie algebra X € p can be written as a linear combination

06 &
X=0Y"+6Y"'+6Y? =10 0 & (4.11)
000
o 0 &1
where X, := X,(0,0) = 5o = oy, and 01 = , 0 eR, o, = ‘
2

R%. Using the equation (A.18) the adjoint action of 77Jr (1,1) on p, given by X
X' = (A, b)X (A, b)~t. Therefore,

-1

Asg b X, x Ay b
A nx@Ant = | v ’
ol 1 o’ 0 or 1
Ay b X, z, Ayt =AM
0" 1 0" 0 or 1

Ay b X A0 =X A5+,
0" 1 07 0

AﬁXqA,;l —AquAglb + Ay Ty
07 0
00’1 —090'1(? + Aﬁ Tp

= 4.12
- . (4.12)
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The above leads to the transformation Xy = 016" and x,y = Ay =, — b'o.0

o' 0
- . (4.13)
Ty Ay z, — 7010
The adjoint action of the group element g = (Ay,b) on the algebra X = is
Lp
then written in the matricial form
0 1 o”
Ad(g)X = M(g)X = M(Ay,b) , M(Ay,b) = ;o (414)
T —bToy Ay

where, o7 is the 2 x 2 matrix defined by o; =
10

4.1.3 Coadjoint action for the Poincaré group 731(1, 1)

We now compute the coadjoint action in the three parameter space of &’ and +'. Let
p* denote the dual space of p and Y Y1* Y?* be the dual basis in p*. A general

element of the Lie algebra X € p can be written as a linear combination
X* = 4Y%™ 4 kY™ + kY, (4.15)

Using the equation (A.19) we now compute the coadjoint action in terms of the matrix

M*(Ay,b) acting on the variables ~, k. The coadjoint action is then:

k
U I D B (4.16)

Adi(g)X* = (7 k:) M(g™") = M(g™") By )

where M(g) = M(Ay,b) is defined in (4.14). So that the matrix M(g~!) is easily

obtained from M (g) using the inverse of a group element g=! = (A", —A;'b):

-1 -1 -1 1 0”
M(g™) = M(A;', —A;'0) = S (4.17)
oAyt Ay

Folowing the coadjoint action (4.16), we have

T
! 1 o’ +bTo Ak
Y _ Adﬁ(Aa, b) 7 _ Y _ 7 143y
K k BloAyt Ayl k Agik

(4.18)
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The above again leads to the following transformation

K = Ak, ¥ =5 +b oAy k =+ b o1k where, b = (bo b) . (4.19)

Using these adjoint and coadjoint actions of the Poincré group 731(1, 1), all the
adjoint and coadjoint orbits of 771(1, 1) can now be calculated in the following Sub-
sections which will be exploited to construct the phase space of the Poincaré group

PL(1,1).

4.1.4 Orbits and Induced representations of the Poincaré
group 771(1, 1)

We now look at the orbits of 731(17 1) which obtained from different initial vectors

or dual vectors. We consider those initial vectors to cover different cases. As Haar

measure on P (1,1) we may take dﬂpl (A, b) = dbdy, where, db being the Lebesgue

measure on R?, and note that this group is unimodular. The following two cases that

we may consider to find the orbits:

(i) Purely space like vector or purely time like vector ;

(ii) Mixed space-time like vector ; this also cover the trivial vector

Therefore, the dual orbits are conveniently labelled by elements of the set

1 0 +1 0
X=<mv|ve{ : }, me R U U , (4.20)
0 1 +1 0

by following [18], where R* = R\ {0}; case (i) is the first set and case (ii) is the
second set of vectors. The last five points represent Lebesgue-null sets in R2.
In mathematical sense, when a Lie group G acts on a set X (this process is called the

group action). The orbit of z € X under G is the set
Gr:={y=gr:9g€ G} CX. (4.21)

29



We now compute the orbits of SOy(1, 1) on which we can find the UIR group 731(1, 1),
following the inducing construction of Mackey [2, 3]. For each orbit we shall have
inequivalent representations. To find the orbits we cosider two different cases for the
two set of vectors, X in (4.20).

Case (i) : Using definition (4.21) and the first set of vectors listed in (4.20),

Oym = mSOy(1,1)v , v = , or v= , (4.22)

the Lorentz group operates freely. For the purposes of this research, it will be enough
to choose one orbit, with v = (1,0)T (T denoting matrix transpose) and a fixed

m > (0. Then we have the following calculations:

cosh?d sinhd 1 m cosh ¥
m = ) (4.23)
sinh?¥ cosh? 0 m sinh ¢

We denote this orbit by O,,

k
R399 k=] | =mAyve0,. (4.24)
k

Then using the equation (4.23) and (4.24), we have the following hyperbolic orbits in

the upper half plane by the above parametrization, i.e.,

ko m cosh
= ; (4.25)
k m sinh ¢

m? cosh® ¥ —m?sinh® ¥ = k2 —k? = ki=K*+m?, ky>0. (4.26)

If we consider the second dual vector then we will also have hyperbolic orbits. More-
over, the important point on this orbit is the invariant measure, dv = %, which is
the image of the Haar measure of SO¢(1,1), under this parametrization.

Case (ii) : Again using definition (4.21) and from the second set of vectors listed in
(4.20), it will again be enough to choose any particular one of the dual orbits. But we

are interested on the the photonic representation so that we take the orbit generated
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by the vector ,

1 coshd sinh?d 1 cosh 9 — sinh ¥
O(] - SOO(]_, 1) - -
-1 sinh?d coshd -1 —cosh ¥ + sinh ¢

(4.27)

for it we adopt the parametrization,

k 1
ROk —e k= | :=A, c O, (4.28)
k -1
Then using the equation (4.27) and (4.28), we have the following orbit in the upper

half plane by the above parametrization, i.e.,

ko cosh 1 — sinh ¥
= , ko=-k. (4.29)
k —(cosh ¥ — sinh ¥7)
This orbit is the half straight line through the origin in the upper half plane.
Similerly, for the other dual orbits we will also have kg = k. On those orbits of the
dk
SOp(1,1) invariant measure is again .
0
Following the appendix (A.8), the Mackey’s theory of induced representations [2, 3],
the orbit O,, contributes the UIR U, of 731(1, 1), which acts on the Hilbert space

L*(O,, k_) in the manner
0

dk

(Un(N0)f) (k) =D f(ATR) . f € LP(On, )

(4.30)

where, (,) denoting the dual pairing between R? and R2, which we take (following
the physicists’ convention) as (k , b) = koby — kb.
Again, the Mackey theory yields the unitary irreducible representation Uy, which acts
on L*(Oy, dk/ky) again in the manner (see (4.30))

(Uo(A, D) f) (k) = e P f(A k), f € L*(Oo, dk/ko) , (4.31)

which formally looks the same as the equation (4.30).

However, U,, and U, are inequivalent representations; physically U,, represents a
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mass-m particle and Uy a mass-null particle (analogue of the photon). It will be
useful to map them both unitarily to representations on the Hilbert space H =
L*(R>° dx/x). Making a change of variables in Lorentz group SOy(1,1) using a = €’

in equation (4.7) we have

1 1
) ¢ 4 e? ¥ o ? ) a+= a—=

Ay =3 =3 ‘f ib = A, , (4.32)
P N a—= a4+ =

1’ 1’
L fet+- a—- a+- d—--
AA, = - a a a a
4 1 1/ 1/
a—— a+-— a——- d+-
a a a
1
/ - I
B 1 [ + — -
2|, Co 1
ae — — aa + —
aa aa
= Ao (4.33)
: : . 1 1 1 1
In case (i), making the change of variables, k = 5 | —v 4+~ ) , kg =5 |2+~ |, and
x x
using
1 l
(k,b) = kgbo—kb—— x+—) by — —|b
x :c
= §(bo +b) + (bo —b) (4.34)
dk

in the Hilbert space L*(O,y,, k_) of the representation (4.30) unitarily maps to the
0

d
new Hilbert space L?(R>?, —:C) and the representation U,,(A,b) to
T
dx

(Un(Aa b)) () = 30mPIra0®)] flaz) - f e PR, —). (4.35)
x
Similarly in case (ii), making the change of variables using,
x
k — ko — 5 s

dk
the Hilbert space L?(Oy, k;_> of the representation (4.31) unitarily maps into the

0

d
Hilbert space L*(R>Y, %) and the representation Uy(A, b) to

(Ub(AarD))(x) = €50 flar) [ € L2, ). (4.36)
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We have the UIR representations (4.35) and (4.36) which can be identical under the
condition by = b. This fact will be exploited to construct the covariant integral

quantization using representation of the Poincaré group Pl(l, 1).

4.1.5 Coadjoint orbits of Poincaré group 731(1, 1)

We now study of the coadjoint orbits on 731(1, 1) and look at their relationship to
the orbits appearing in (4.20). We now reparametrize P (1,1) by using (4.32) and a

general element of P} (1,1) as a 3 x 3 matrix,

A, b T bo
(A, 0) = , 0" =(0,0) and b = (4.37)
o7 1 b
where A, is as defined earlier in Section 4.1.1. The Lie algebra p is generated by the
triplet {Y°, Y Y2}, given by (4.10) which satisfy the commutation relations,

YOyl =Y?, Yo v =Y Y1 Y% =0. (4.38)

The Lie subalgebra g.g of the affine subgroup G} is generated by the two elements
V% and T = (Y +Y?), which satisfy the commutation relation,

YT =T. (4.39)

The dual p* of the Lie algebra p can be identified with R3. Writing an element in the

dual as

’
T owith k=[] er?, veR, (4.40)
K K

following the Subsection 4.1.3, the coadjoint action it transforms as:

+ kob + kb
AdiAL ) [T = [T T (4.41)
k A1k
Using these relations, all the coadjoint orbits of 731(1, 1) in R® ~ p* can now be

calculated. Indeed, it is easy to verify that these orbits are precisely the cotangent

bundles, O, = T*Oym, of the orbits O,,, = mSOy(1,1)v defined in (4.20). In

33



particular, OF, = T*O,, ~ R? (the orbit under the coadjoint action of the vector
(v, k)T = (0,(1,0)T) and Of = T*Oy ~ R>? x R (the orbit of the vector (v, k) =

(0,(1,—1))T). Note that in both cases, the invariant measure on the coadjoint orbit,
dk dy

which in here is also the Kirillov 2-form, is dw = . Moreover the subgroup H,, =

0
(I, (b,0)) ,b € R, of PI(1,1), is the stability subgroup for the vector (0, (1,0))"
defining the coadjoint orbit Of,, while the subgroup H = (I, (b,—b)) ,b € R, is

the stability subgroup for the vector (0, (1, —1))T defining the coadjoint orbit Of. In
other words, O%, ~ P1(1,1)/H,, and Of ~ P1(1,1)/H.

4.2 The Affine group

In this section, we have presented the affine group by using the fact of affine trans-
formation of the line, consisting of a dilation (or scaling) by a # 0 and a (rigid)
translation by b € R. Then the actionon R : x = (b,a)y = ay+0b, y € R and inverse:
y=(.0) 0 = (~4 2o =

a’a

b z _ z=b 3 . _ —1,. _ z=b
——to=% and inverse: y = (b,a) 'z = z-b leads to

the composition rule

(bya)(,a") = (b+ al,ad). (4.42)
The above composition rule becomes the same as (3.12) if we make the identification
a= % and b = p.
The matrix representation

a#0,beR (4.43)
0

reproduces this composition rule. The inverse is given by the matrix
~1

(bya)™! = = = (—9, 1). (4.44)
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x
If we take a vector then the action of the matrix (4.42) on this vector is given

by

a b x ar +b

= , (4.45)

0 1 1 1
which exactly reproduces the action z — ax + b on R. It is clear that this class of
matrices constitute a group, called the full affine group which is denoted by G.g but
note that, it is not a connected group. So that, if we consider only those matrices
from the above class of matrices where a > 0, then the above class of matrices forms
a subgroup of Gng which is denoted by G. We will be working with G group
along with the dilations which emerges as a subgroup of Poincaré group in 1- space

and 1-time dimensions. This affine subgroup help us to the formalism of the integral

quantization technique.

4.3 Example: (1 + 1) Poincaré covariant integral

quantization (s) and Affine group

The formalism of the integral quantization procedure introduced in Chapter 2 are go-
ing to be used on the non-unimodular Lie group G = G; which is a upper half plane of
the two dimensional Euclidean plane which will be constructed in the current Section.
db da db da
>— and du, = and
a a

with the map g — U(g), the UIR of G in a Hilbert space H = L*(R>° dx/x) which

Fortunately, GG is a Lie group with Haar measure, du, =

allow us to introduce the covariant integral quantization in this stage by following

the Subsection 2.2.3.

4.3.1 Phase space analysis using the group background

We now look for the classical phase space which interestingly emerges from (4.35) and

(4.36), are that they coincide on a certain subgroup of 731(17 1) — the affine subgroup.
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Indeed, consider the subgroup of 731(1, 1), which consists of elements of the type
(Aa, (b,b)T) | b € R. This subgroup can be identified with the affine group Gy, of
the real line, which acts on an element y € R in the manner, y — ay+b, (b,a) € G,
and obeys the product rule (b,a)(b’,a’) = (b+ab’, aa’) which is identical with (??).
Restricted to this subgroup G = G5, both equations (4.35) and (4.36) yield the

common expression

(Uatt(b,0) )(2) = (Un(Aa, (b, b)") f)(2) = (Us(Aa, (b, b)") f)(2) = € f(az),

(4.46)
which is immediately recognized as a UIR of Gl;. Moreover, Group G/; has two
non-equivalent UIR, Uy [19]. From the equation (4.46), the representation U, =
(Uag(b,a) f)(z) = €™ f(ax) , is carried on the Hilbert space H = L?*(R>°, %) and
the second one being carried on L*(R<°, (i—““') It is worth to remark that both of these
representations Gz are square integrable, and in topologically, G; is homeomorphic
to R? x R™? and the lie subalgebra g,g of the affine subgroup G5 is generated by the
two elements Y? and T = £(Y! + Y?) prescribed in the Subsection 4.1.5.

Proposition 4.3.1. The affine subgroup Gl; of 731(1, 1) has two one parameter uni-
tary subgroups (X)) (x) = w(az) ; (®YY)(z) = e p(x), ¥ € H may be realized
on the same Hilbert space H = L*(R>° dx/x) and produce two self adjoint opera-
tors {X,Y'}, appear now as the infinitesimal generators of this representation and are
realized as follows:

(X)) = =i 222, (Vo)) = au(e), (4.47)

The unitary representation of Gz which also integrates the CR, [V, X| = ix.
Proof. The proof is given in the Appendix C. O]

It is indeed our duty to look the corresponding real valued function in our phase
space G/ for both of the generators {X, Y}, which will be exploited in Subsection
4.4.1. We shall also investigate other self adjoint operators and their real valued

fuctions with thier CR in Section 4.4 by using the fundamental tool of the integral
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quantization. We are now ready to provide some more interesting informations of the
affine subgroup G;; which will be exploited again in significantly to construct the

covariant integral quantization in 1- space, 1- time P_T_(l, 1).

Lemma 4.3.1. To construct a quotient space or coset space, picking H as a phase
subgroup of 731(1, 1) consisting of elements of the type (Iy, (b, —b)T), where Iy is the
2 x 2 identity matriz and b € R. Then, H is a normal subgroup of 771(1, 1) which
allowed us to say 731(1, 1)/H ~ G5 is quotient group.

Proof. The proof is given in the Appendix C. O

Lemma 4.3.2. Once we have the coset space or quotient group 731(1, 1)/H ~ Gl

then we have the corresponding left coset decomposition,

by +b bp—b

(Aa, (b0, b)) = (Aq, ——( D7) (I, AL(1,-1)7). (4.48)

and the right coset decomposition,
(Aes G0, B)T) = (B, 221 =1)7) (A, 20 0)7) (449
Proof. The proof is given in the Appendix C. O

Lemma 4.3.3. Once we have the left and right coset decomposition on the coset space

731(1, 1)/H ~ G5 then we will have the following left and right section:
o PL(1L,1)/H ~ Gl — PL(1,1),  ou(b,a) = (A4, (b,b)T). (4.50)

ort H\PL(1,1) ~ G5 — PL(L1),  ou(b,a) = (A, (b,b)7) (4.51)

respectively and the projection for the left action:

b+b
m: PL(1,1) — PL(1,1)/H ~ G mi(Ag, (b a)T) = (Aa,( ; >(1,1)T). (4.52)
Correspondingly, we define the projection for the right action:
b+b
m o PL(1,1) — H\PL(1,1) ~ G , m(Aq, (b,a)T) = (Aq, ( er )(1, D7) . (4.53)

where, (Ag, (b,b)T) ~ (b, A).

37



Remark 4.3.1. The left coset decomposition (4.48) is easily seen to lead to the fol-

lowing left action of the Poincaré group on the homogeneous space 731(1, 1)/H

by + b’

(Aw, (b, b)) (b, a) = ( +a'b,d'a) (4.54)

and the right action on the homogeneous space H\Pl(l, 1) due to the fact of the right

coset decomposition (4.49) is
(b, a) (A, (0, D)) = (b + 5 (b + '), da) (4.55)

Moreover, Lemma (4.3.1) and Lemma (4.5.2) produce a new restriction of the repre-
sentations U, and Uy in (4.35) and (4.36), respectively, to this subgroup which act

as folows:
(Un (I, (b, =b)") f)(w) = €% f () and (Uy(Iz, (b, =b)") f)(x) = If(x) .  (4.56)

where, I being the identity operator on L*(R>Y, %),

L

The above facts will later be exploited for constructing the coherent states for
731(1, 1) in the following Subsection. It is worth remarking here that the represen-
tation Up turns out to be just the representation of the affine subgroup G, triv-
ially extended to all of 731(1, 1). Also, note that unlike Pl(l, 1), the group G5 is
non-unimodular so that the left invariant Haar measure under the action (4.54) be-

b d
ing du, = 5 ? and the right invariant measure under the action (4.55) is clearly

_dbda
N a

dp, which will be used to figure out the standard coherent states.

4.3.2 Standard coherent states (CS) for left action and right

action

We now proceed to build coherent states for the Poincaré group 731(1, 1) using the two
representations U, and Uy in (4.35) and (4.36). These will turn out to be basically the
coherent states of the affine group G5, familiar from the theory of wavelets, in view

of the fact that the affine group is a subgroup of 731(1, 1). Now, let f be an element

38



on the Hilbert space H = L?(R>°, dz/x), the Hilbert space of the two representations
U,, and Uy, in (4.35) and (4.36). Suppose that f satisfies the admissibility condition
(implies that if f(x) is smooth then f(0) = 0) for being a mother wavelet (see, for
example, [19]), which is the first condition:

> d
I(f) = 27r/ f ()] x—f <. (4.57)
0
Moreover, second condition (scalar product or inner product) [J[f(z)[* £ < oo

implies finite energy of the complex valued functions f(x). But this condition is
automatically satisfied in the Hilbert space H. Then the function f is called the
mother wavelet.

To construct the family of coherent states set picking a vector f € H and the section
or the function prescribed in equation (4.50) in Lemma (4.3.3) defined on the group

P1(1,1) insist us to write in the following way,

ba) = ()] 2Uaa(b,a) f (4.58)

and then, as is well-known from the theory of the continuous wavelet transform, the

db d
operator integral using the left Haar measure duy = — ¢ becomes:
a
db da
/ Mb.a) (Mool —5— = T (4.59)
RxR>0 a

with U,z (b, a) as defined in (4.46). Note that, by (4.50) Uag(b, a)(x) = Uy(o(b,a))(x)
(Up(Ag, (b, D)) f)(z) = (Up(Ag, (b, b)) f)(z) = P f(ax). Finally, the coherent
states 7p,, are labelled by the points (b, a) in the homogeneous space P1(1,1)/H ~
G of the Poincaré group 731(1, 1), and they are obtained by the action of the unitary
operators Up(ay(b, a)) of a UIR of P (1,1), on a fixed vector f € H. These standard

CS vectors for the left actions are

N

b0) () = [[()] 72 (Uase(b, a) f) () = [[()] % € f(az), (4.60)

which satisfy the resolution of the identity equation (4.59) and the square integrability,

CW=LIWWWWW@<w (4.61)

+
aff
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of the UIR, with respect to the homogeneous space 731(17 1)/H ~ G};. We now
present a lemma that will prove the resolution of identity which is the fundamental

requirement of the integral quantization using left action, provided that, the Hilbert

space H = L*(R>°, dx/x).

Lemma 4.3.4. For all compactly supported smooth functions ¢, ¥ and smooth func-
tionm and the coherent state vector n, o satisfy the square integrability condition (4.61)

then it also satisfy the following integral relation:

db da _1
/R R>O<¢Inb,a><77b,a|¢> = (Y, where, o) = [I(n)]"2Vas(b, a)y (4.62)
Proof. The proof is given in Appendix C. O]

Let us now again define the family of CS vectors like (4.60) but the current
standard CS vectors are constructed for the right action on the homogeneous space

H\PL(1,1) ~ G%; of the Poincaré group P (1,1). Then the standard CS vectors are

[66.0) = [I(N) 2 Uar(b,a)" f = [I(/)] 2 Vo(os(b, 0))"f . (4.63)
with f as in (4.57). Then one again has a resolution of the identity like (4.59), but
db d
for this time using the right Haar measure dy, (b, a) = - a’
db da
/ [€b,a) (€b.al = Iy . (4.64)
RxR>0 a
Note that,
. b 1
Uur(b,0)"1)(&) = Ua(—2, 2))(x)

= e a f(a). (4.65)

Finally, the CS |£,,) are labelled by the points (b,a) in the homogeneous space
H\PL(1,1) ~ G of the Poincaré group PL(1,1), and they are obtained by the
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action of the unitary operators Up(o.(b,a)) of a UIR. of P1(1,1), on a fixed vector
f € H. These standard CS vectors are

600 (&) = (D)5 (Uaa(b, @) F)(a) = LN 2e ™8 1), (466)

which satisfy the resolution of the identity (4.64) in the Hilbert space H = L*(R>°, dz/x)
and the square integrability (4.61) of the UIR, with respect to the homogeneous space
H\PL(1,1) ~ G&;. Proof of the resolution of the identity (4.64) is almost similar to
Lemma (4.3.4).

4.3.3 Covariant integral quantization using U, and the left

action

We now follow the procedure of the covariant integral quantization described in Chap-
ter 2, Subsection 2.2.3 and the resolution of the identity (4.59) to introduce a Poincaré
covariant integral quantization of the real-valued functions on R x R>?. Indeed, let

¢ be a real-valued function on R x R>? such that the operator

~ db da
Be= / H(b, @)1 oa) (e (4.67)
RxR>0 a

-~

is well-defined (in the weak sense (see equation 2.4)). In that case, ¢, is just the
Berezin-Toeplitz operator representing the quantized version of the “classical ob-
servable” ¢. This quantization is easily seen to be covariant with respect to the

representation Uy of P1(1,1) (see (4.36), in the sense that

—

UO(Aa’a b/) g/b\ﬁ UO(Aa’7 b/)* = [(Aa/,b/)qbg] ) (468)

where (5, 1)@ is the transformed function

(Aa/,b’)¢(b7 &) = ¢((Aa” b/)_l(b> a))

= ¢((A,', =AL)(b,a))
b/

-1 a
b-¥Vt a
= & = ,;) ¢ (4.69)
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which easily follows by the equation (2.23), Chapter 2 and from (4.48), (4.56), (4.54)
db da

a?

with the invariance of the measure

4.3.4 Covariant integral quantization and coadjoint invariant

quantization using U, and the right action

It is useful to carry out the above procedure using the right coset decomposition (4.49)
in place of the left coset decomposition (4.48). This will lead to a right action on the
homogeneous space H\PL(1,1) ~ G, which in fact will turn out to be the coadjoint
action (see (4.41)). Moreover, the resulting quantization will in fact be the coadjoint
invariant. We have the right coset decomposition (4.49) and correspondingly we
defined the section (4.51) and in analogy with (4.54) we get, using (4.49) and (4.51),
the right action on the homogencous space H\P1(1,1), (4.55), provided the Lemma
(4.3.3) and Remark (4.3.1).

From the equation (4.41) it is immediately clear that the above action coincides
with the coadjoint action on the orbit OfF. Indeed, if k = denotes a point on

this orbit, then by (4.27) and (4.28),

k 1 1
k="]=A. =3 a1 1“ _ (4.70)
k —1 —a+—- a+ - -1 -1
a
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So that by the equation (4.41) we have the following calculations,

’7 / /
Ad (At | 1o | = v+ a(by + b)
Ay—1k
k
v+ a(by +b’)
/ 1 / 1
— ) a +; —a +E a
2 1
—a+—= d+= —a

v+ a(by +b)
= aa ; (4.71)

—da

which should be compared to (4.55). As in (4.67), using the resolution of the identity

(4.64) we can introduce the covariant integral quantization which follows as:

- db d
b= (b, )|Eb ) (Eba] .

RxR>0 a

(4.72)

This quantization is also covariant with respect to the representation Uy of 731(1, 1),

but now in the sense that

—

UO(Aa’y b,) r?b UO(Aa’a b/)* - [r¢(Aa/,b’)] s (473)

where (5 , »)[¢] is the transformed function

o, m(b,a) = ¢((b,a)(Ay, b))
= ¢((b,a)(A,', —A))

ab a
= ¢(b_77a>
ab—ab a

which again follows by the equation (2.23), Chapter 2 and from (4.48), (4.56), (4.56),

db d
(4.49), (4.55) with the invariance of the measure ¢
a

view of (4.55) and (4.71) we see that this quantization is coad-covariant.

under the right action. In
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4.3.5 Phase space analysis of the representation U

It is useful to transfer the representation Uy to Hilbert spaces H built on phase space
functions. Recall that the phase space in this case is Of = T*0y ~ R x R>Y, with

invariant 2-form

_dbAda
- =2

Q

(4.75)

This invariant 2-form will be exploited to construct the Hamiltonian vector fields Xy
in the next Section.
With &, as in (4.59), we define the map Wy : L*(R*Y, dx/x) — L*(RxR>°,db da/a)

which computing the wavelet transform of a signal ¢ € L*(R”", dz/x) as,

dx

. (4.76)

(Weg)(b,a) = Fe(b,a) = (€pa | @) :/

[ e ol)
It follows from the resolution of the identity in (4.59). It easily follows that W¢ is a
linear isometry.
Let He € L*(R x R>%, db da/a) be the range of this isometry, which is a closed
subspace of L*(R x R db da/a), and P¢ the corresponding projection operator :
P L?(R x R>° db da/a) = H¢. Then, for all F' € L?*(R x R>° db da/a)

(PeF) (b, a) = / Ke(b,a: b,a)F(b,a) 2% (4.77)

RxR>0 a

where, K¢(b,a; b',a') = (§ba | Ebrar) 18 @ Teproducing kernel, with the properties

K¢(b,a; b,a) > 0, V(b,a) eR xR,

K¢(b,a; b',d) = K¢(b,d; b,a),
db// da//

a//

K¢(b,a; b d') = / Ke(b,a; b d")Ke(b", d"; b’ d) , (4.78)
RxR>0
which easily follow from (4.59). Moreover, the quantization rule (4.72) now becomes
r(g = Pﬁ(gmultpﬁ ) (479>
where, &Emult is the operator of multiplication by the function ¢ on L*(RxR>?, db da/a):

(bt F)(b,a) = ¢(b,a)F(b,a), F e L*R xR dbda/a) . (4.80)
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We compute next the image of the representation Uy under the map W,. Writing
US (Mg, b) = WeUS(Ay, b)W¢, its action on functions F¢ € H, is computed to be (see
(4.55))

a/<bo —|— b)

(U (Aas YFE) (B, ) = Fe(b+ 2

,d'a) = Fe((b',d')(Ag, (bo, b)T) . (4.81)

This representation can naturally be extended as a unitary though highly represen-

tation, which we denote by Uy on the whole of L*(R x R™Y db da/a) simply as

CLl(bo + b) a,a)

= F((,d)(A,,b) , FeL*RxR>° dbda/a),(4.82)

(Up(Ag, D)F)(W,a)) = F(b+

and then
Us (Mo, b) = PeUp(Aq, b) - (4.83)

A complete decomposition of this representation into irreducibles can be carried out

along the lines of Section 6.1.2 in [10]. In particular, if we take for £ the vector

21/
l(v+ 1)

() = [ } e (4.84)

is smooth since £(0); satisfies the admissibilty condition,

1(¢) = 2n / le)

2 1 [ d
— o . / 22 67296_3”
(v + 5)_ 0 2
- o e
= 2T | —— 1% / z” e ¥dxy
(v + 5) 0
- . S
= 271 |——— t/2) e tdt/2
o DR

—1 (4.85)
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and so that it is mother wavelet. We now see from (4.76) that

(Weg)(b,a) = Fe(b,a)
- / ) %ag) n e

¢(
- _L / v% ¢(z) do

N

T (v +2)]  Jreo
- el A>o FrOwk o) d
- #1%): ’ a(1+3) /R>0 e rs ¢(x) dr | 7 = g + 2
= #V_i_%) ' a " f(z), (4.86)
where, f(z1) = />0 e rs (x) du (4.87)
R

is a function which is holomorphic in the upper half plane.

4.3.6 Poisson brackets

From the invariant two form (4.75), we calculate the Hamiltonian vector fields Xy,
corresponding to real-valued phase space functions f, using the usual relation df =
Q<Xf ) )
We get,

6 f o 8 f o

and for the Poisson bracket of two functions f, g,

9f9dg 9g9f

{f.g} = —QXp, Xy) = {%% - %%} : (4.89)

We now investigate the Poisson brackets of some real valued function in the phase
space.

In particular, we have the following table for the Poisson brackets:
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Table 4.1: Necessary Poisson brackets

Poisson brackets Results
{ab,a"'} = {loga,b} = {a,a 'b} 1
{a,b} =loga,ab} a
{b,1} — {loga, b} :
b an} —na™!

o pial
{ab,b} ab

{a", b} na”
{a™", b} o

{ab, 2 2b

{a"™, ab} na™tt
{ab,a™"} =

4.4 Quantization using the representation U,, and U

In the current section, we work out on the quantization scheme, based on the coadjoint
orbit OF, = T*O,, using the irreducible representation U,,(A,b) in (4.35) and the
irreducible representation Uy(A, b) in (4.36) which are form equivalent when restricted
to G/; by (4.46). We use the coherent state vectors described in Section (4.3.2) and
the integral quantization prescribed in equation (4.67) and (4.72) to find the self

adjoint operators in Hilbert space H.

Lemma 4.4.1. If V a, b€ R ¢(b,a) is real valued function then the corresponding
operator in the Hilbert space H = L*(R>° dx/z) is essentially self adjoint under
the sufficient conditions compactly supported functions ¢ and infinitely differentiable

function 7.

The classical and quantum connection is defined by the following lemma.
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Lemma 4.4.2. The two families of coherent state vectors (4.60) and (4.66) are related
by Nb,a = § b 1, so that the two quantizations ¢ — Q/ﬁ\g and ¢ — r?b are also seen to be

related in the following manner:

o~

D=, where, d(b,a) = ¢(—2, 2) . (4.90)

One can see that proof of the above Lemma is trivial but it is very interesting
result and the operators in Table (4.2) and (4.3) using left and right Haar measures

respectively have followed the above relation.

4.4.1 Operators in H = L*(R”Y, dz/x) using left and right Haar

measures

We now present the operators in the Hilbert space H = L*(R>?, dx/z) by using the
left and right Haar measures corresponding to the real valued function ¢(b, a), or the

classical phase space G prescribed in Sections 4.3.1 and 4.3.6.

Table 4.2: Operators in H = L?(R>°, dz/x) using left Haar measure

Real valued function Operattor
o(b,a) — a (brat) () = L2 22)

é(b,a) =b (but))(z) = —i % 4 12

é(b,a) =1 (Ge1 ) () = [ ]ayp(x)

¢(b,a) =t (G2 9)) (@) = —[H8)iz s

6(b, a) = ab (prart)(z) = [W5) (S92 + Sop(a)

d(b,a) =loga  (Pnogatt)(®) = [“£P]y(x) — log(2)i)(x)
¢(b,a) = a" (Granth)(x) = [F20] Lop()

6(b,a) = L (601, 9)() = [F]am ()

where,
> d 0 d
M=o [0 G fwm=2e [ la@hP @



L =2 [ lnF (4.92)

Note that in the following Table we also have used the same notations.

Table 4.3: Operators in H = L?*(R>Y  dx/x) using right Haar measure

Real valued function Operators
¢(b,a) =a (:0a¥)(z) = 122y (x)
é(b,a) = (o)) = (7R
#(b,a) = é (:630)(x) = []1%7
ob,a) = (Ore)() = ige — 547

$(b,a) = ab (:Part)) (@) = [22](i229L + Lo (x)
d(b,a) =loga  (:Gugat))(x) = log(x)ih(x) — 1254(x
$(b,a) = a” (+0ar ) () = [2 D)0 (o
6(b,a) = % (:629) (@) = G Ly(a

Details of calculations are given in Appendix C. It might be possible to change
the constant coefficients of the above opertors by a suitable state vector . The inter-
esting fact about the above operators is that we can analyze the Self-adjointness and
canonical quantization which is discussed in Lemma (4.4.1) and Proposition (4.4.1)
respectively. We are now ready to provide the real valued functions ¢(b,a) corre-

sponding to the generators of the representation of affine subgroup G

Lemma 4.4.3. The one parameter unitary groups e*X and e that generate two
self adjoint operators are given by Proposition (4.3.1) in the Hilbert spcae H =
L*(R>° dx/x) for the left Haar measure. There exist two real valued functions corre-
sponding to these operators on the classsical phase space. The real valued functions
¢(b, a) corresponding to the operators X andY for the left haar measure are follow-
mg:

¢1X(b> a) =

: (4.93)



¢y (b, a) =

=c —. (4.94)

Li(n)a a

Lemma 4.4.4. The one parameter unitary groups ¢“X and e®Y that generate two

~—

self adjoint operators are given by Proposition (4.3.1) in the Hilbert spcae H =
L*(R>° dx/x) for the right Haar measure. There exists two real valued functions
corresponding to this operators on the classsical phase space. The real valued func-

tions ¢(b,a) corresponding to the operators X andY for the right haar measure are

following:
Ox(b,a) = []l(gzl))b =¢;'b, (4.95)
¢y (b, a) = [Il((:];)a = ¢ 'a. (4.96)

It is easily seen that two unitary operators eX and e®' are not commutative

and the commutation relation of the two unitary operators are [e!®X e®Y]y(x) =

eiabxw(ax) o eibzw(ax) — (eiabx o €ib$>1/1((l$).

Definition 1. Starting with a classical system (I',v), find a Hilbert space H and a
linear mapping QQ from the smooth functions on H which for some appropriate subset
of functions f,q, ...... , maps the Poisson bracket to the commutator bracket. If this

relation
[Qf, Qq] = iQy,} (4.97)

holds then the quantization is called the canonical quantization, where [A, B is the
commutator bracket of the operators A; B on H and {f, g} is the Poisson bracket of
the functions f,g on T.

4.4.2 Poisson brackets versus commutator relation

We now compare in Table (4.4), below, the Poisson bracket relations of real valued
functions ¢(b, a), as given in Section 4.3.6, Table (4.1) and the commutation relations
between the corresponding quantized operators given in Section 4.4.1, Tables (4.2)

and (4.3). Moreover, the interesting fact about the operators in the Hilbert space
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H = L*(R>Y dz/z) is that we can analyze the CR and self-adjointness which play

important roles in QM.

Table 4.4: Poisson brackets versus Commutation Relations (CR)

Poisson brackets

CR for left Haar measure

{ab,a™'} = {a,a'b} =1 [Gran, dra1] = [Bra, bra-1p) = —i2
{loga,b} =1 [Bttog as dew) = o
{a,b} = {loga,ab}=a  [$sa; Suv] = [Grioga: Prar] = —i5
{b. ;=4 [¢Zba¢é%] = —ic

{& == [Gen, 6n1] = —ic}

{a®, 2}=2a [Graz, Gen] = —21252
{b,2}=b [Debs (beg] =—ci+4
{&,%}=3 [@Aﬁeg@%] = —2icy ¢y @

{a" DY—pan! [(ZML, @%] = —nicy ¢, =

a’ an}_an+1 [aeg, (}5\@&%} = —nicy cx"
{ab, b}=ab (Brab, bov) = — 5 + 5
{a™, b}=na [(Egan, @b] = —Ni C_pmirr
{b,a™"}= [Den, Qzeain] = —ni ¢, 2"
{a,ab}=a? [@a, aeab] =13

{ab, 2}=2b [brab, (/gg%] =—cei2d + e %

{a", ab} =na"! [btan, Deab) = —ni ¢ Cnmrs
{ab,a™"}==1 [@ab, (Zg%n] = —inccya”

{loga, 2}=1

[¢£1oga> ¢€%] = —1 1
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Poisson brackets CR for right Haar measure

—_—

{ab,a"'} =1 [:@ab, +Pa1] =i c2 €
{loga,b} = {a.a7'b} =1 [uoga,iPb) = [Gus Gumv] = icy
{a,b}=1a [¢a7r¢b] ic x
{b.;}=s [+Pe01] = icy ¢ 2
ik e (0p.:01] = ic &
{a2,§ =2a & gzﬁaz,r(b | = 2icy x
{b, % :g [rﬁbb,rﬁbg] = 01% - %
s 32 a iy =2 S
{a", 3 =na™ ! [@L,r/é\] =inc, 2" !
PRl (fr00 2] =i n conple
{ab,b}=ab [+ Pabos 1) = crop(? L + %)
{a", b}=na" [charcOp] = i1 Cocy 2"
{b,a™"}=21 [r;;ba r@] =ni c_pcy xln
{a,ab}=a’ [r/ﬁga, rg;)] = icicy o
{ab, 2}=2b [rg;,,;b\%] =2z L
{log a,ab}=a [ﬂog\a, :45;,] =icx
{a", ab} =na™*! [:;5;, r?zﬁ;} =inc,cyax"!
{ab,a ™"} =1 [;b;,,rg\] =1incy c_ z"%
{loga, 2}=7 [(Grogar in] =i L

The following notations has been used in the above Table (4.4).

Table 4.5: Necessary terms and notations

Term Notation

lIml
I(n)
In(n
I(n)
I_n(n)
I(n)

=

D2



Proposition 4.4.1. If f(b,a) is a real valued function which only depends on a and
g(b,a) is again a real valued function depends on a and linearly on b on the classical
phase space ijf. Then the Poisson brackets {f(b,a),g(b,a)} = h(a) implies the

canonical quantization.

Proof. Let f(b,a) =), d,a™ and g(b,a) = ), e,a™b be two real valued functions

on the classical phase space G+f - Then the Poisson brackets for the two real valued

functions is {d>_,, dn,a™, Y, ena™b} =3 > dne, na™™ = h(a). From Table (4.3)
r%wr\m = [”}r%n)(")]x’”m We want to find the operator @ for the real valued func-

tion ¢(b,a) = a™b by letting two compactly supported functions ¢, ¢ and infinitely

differentiable function . We then have the following calculations

(¢|¢4¢r|¢>
= Jy o) (Agv)(z) %
= Jo @) Jgrro 9, a)|€b.a) (Ebal ¥) M] dz
= i o O oo O(B, @) (6 alt)e % n(2) o] do
= ﬁ Jo" (@) fammo a™b { [ g€ s ﬁ(%)@b(m’)dm—a’;'}eizzn(%) dbda) do

Since ¢ = 0 at the boundaries of the integral so we are allowed to write the integral

—iba’

like {77 e e~ M(Z)p(2") 4} = 0 and this implies: bf e @ (% )w(a:’) dt

x

—iba’ _ dx’ —iba’ —ibx

i [ TV i [T a e TR R(E ) () B[ a T (2 ()

Using the above fact we have the following calculations:

(i (z) L ]

s o7 ) o a7 [ [ ) a ds (2 ) () & da] £ +

i I3 B o @ [ S € @ ds k()b () (2) B da] %
7ty S By ™ [ 8 — 2 (2 e yn(E) 4 da] 2

= 15 Iy O oo ™ L €T E (2 )0(a) & }e“?f (2) dode] e 4
%fooo f]RxR>0 a™ {fz —p @ 6_151 n(% )w’(x)— (%) dbda] Ui_m
#ﬁ)foOO foR>0 a" { [, ae == 77(—) (x )m,2 }e“zz (2) dbda] dr

i Iy S o 0™ [ o™ b (il n(z) )
i e O o 0™ [ ol e b} (@)n(2) & da] & +
i o @) o ™ [l T dBYI(E ()0 (E) L da] ]

s I 0@ fmo a™ [0 {5 [ €@ a dshy (2 :

7'
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1(2;7) fO )27 fR>0|77 dia x ™ (x) de +
) fO 27T fR>0|7] m+3

]
]
t)n(t) gssla™ () 4 —
]
]

- Zﬁf) fo )27 fR>o n(

o Jo o@)2m fR>oln [? stse ety (z) 4 4
%) fooo b(x)[2m fR>o|ﬁ(t)| s |r Y (x) &

0 fo z)[2m fﬂw n(n(t) wsla™p(x) do/z —
1(7;) Jo~ ola)[2m fR>o‘77 di |z 2™y (z ) dx/a:

- Im“ D fw)am () g2 — el [ G)gm () de
= <¢|r¢bam¢>'
Making the change of variables, v/a = t, = a = { and da = —tﬂgdt‘ We also
use fR>0 7' On(t) & &= 3]R>0‘77 )2 tdff and I, y1(n) = 27 fR>o In(t) |2 4t Finally,
we have (; ¢amb¢)< ) = [%] (Za™p(x) + ™ M). Then the commutator
relation [qbfab ¢gab] Yon Do An€m @ CpCmyr 1™ _r¢h 0

We now look for the reproducing kernel in the Hilbert space H = L?(R>0, %"’”) by

the following proposition.

Proposition 4.4.2. Let n be the state vector

2¥ 7oy -
X)= |— = 5 et >0 4.98
n(x) |:7TF(I/ %)] T e v > ( )

which satisfies the admissibility condition (4.57) and where, I(n) = [%] . Then
2

the reproducing kernel (see properties in the equation 4.78) K, is

2V (aad)'*z(v+1)
R AN _
Kn(b7 a7 b Y a ) - <7]b,a | nb',a'> - Z2+I, ﬂ_(z o Z/)2+V

(4.99)
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with the properties given in Section (4.3.5) and the equation (4.78), where the coherent

states under the left action are:

(Uasr(b, a)y)(x) = [I(1)] "2 (za). (4.100)

N

Mb,a) () = [I(n)]”

Proof. Using (4.100), we have the reproducing kernel:

K,(b,a; b',d") = (Mba| N a)
_ <n|€fsz i’ Q 77)
_ <m€fsz+zb’ 77>
= (nle+Qy)
1 e - dx
_ — (b —b)x
i [ e
B id T o v Sy v . dx
_ (+35) —az it/ =b)x( 1 \N(1+5) —a’zZ"
(v + 1)) /o (az) © (@)™ e x
_7TF<7/ + 1)_ 0 e
N (aa’)+5) /OO e (ataFib=ibt)z (2= o
| mT(v+1) | 0
_ 2Y (aa’)0+2) Ooeft 21 gy
it +1)] A2,
2] (ad)0F2)
= r 2
_7TF<I/—|—1>_ Au+2 (V+ )
[ o2v ] (aa’)(+3)
= nr 1
| TT(v+1)] (a+a +ib— z'b’)”“@jL )T +1)
v N1+% 1
_ (aa’) T2 (v + 1) (4.101)

Z’Q—l—u 7T(2 _ Z/>2+V

where, z = b+ia ;2 =V +iad’ and making the change of variables, (a+a’+ib—il’)x =
Az = t, = dr = % and Re[(a + « +ib — ib/)] > 0. This is a reproducing
kernel K, (b,a; b’,a’) which produce another Hilbert space (or a closed subspace)

L*(R x R*,db da/a?), in the Hilbert space L?(R>0, £). O

So far, in chapters 2 - 4, we described the general construction for integral quanti-
zation with an interesting application of covariant integral quantization. Application

in the sense of the action on signals, since we observe that G, and G:ﬂ consists
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precisely of the transformations we apply to a signal: translation (time-shift) by an
amount b and zooming in or out by the factor a. Hence, the group Gz and G5 relate
to the geometry of the signals. In the next Chapter we present the conclusion of this

thesis.
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Chapter 5

Conclusion and Future Directions

The main results of this thesis are related to the integral quantization scheme and its

covariance properties that we have been elaborated upon in the following way.

In Chapter 2, we introduced the integral quantization technique and revisited the

general construction of the covariant integral quantization procedure in some detail.

In Chapter 3, we looked at three examples of covariant integral quantization, using

the Weyl-Heasienberg group, the affine group and the group SU(2) .

Chapter 4 was devoted to appling integral quantization on the Poincaré group
in (14+1)-dimensional space-time and working out some of its applications to QM.
We developed the integral quantization for the group 731(17 1) and introduced the
quantized operators and identified the ones which quantized canonically. We also
introduced a relationship between the quantized versions of the classical observables
obtained using the left and right Haar measures. In future, we would concentrate
on applying the method of affine quantization to other physical systems and try to
find other kinds of covariant integral quantizations by considering suitable operator

valued measures.

Finally, in Appendix A we included some general background material on group
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theory. The mathematical structure of classical and quantum mechanics has been dis-
cussed in Appendix B. Appendix C incorporates all the mathematical computations

related to the results developed in the thesis.
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Appendix A

Some elements of group theory

This appendix has been put mainly for some background knowledge regarding group
theory and the induced representation method for semidirect product. Moreover, an
elegant account of group theoretical preliminaries has been carried out in the appendix

of the reference [10].

A.1 Group

A group is a set G on which there is defined a binary operation, usually called the
group multiplication or group product mapping G X G to G, (g,¢') — g¢' , and

obeying the following three axioms.

(G1) Associativity: for any g1, g2, g3 € G, one has to be satisfies (9192)g3 = 91(9293)-

(G2) Existence of identity: there exists a (necessarily unique) element e € G such

that ge = eg =¢e,Vg € G.

(G2) Existence of inverse: every element g € G possesses a unique inverse ¢g~' € G

such that gg~! =g g =e.
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Moreover, the group G is said to be abelian or commutative if g1 go = g2 g1, Vg1, 92 €

G.

A.2 Topological Group

A topological group is a group G which is topological space and has the property
that the group’s binary operation and the group’s inverse function are continuous
functions with respect to the topology. In mathematically, the map (g,¢’) — gg'~*

from G x G to (G is continuous or equivalently obeying the following two axioms.

(G1) Group operations of product: the map (g,q’) — g¢' from G x G to G is con-
tinuous. Here, G x GG is viewed as a topological space by using the product

topology.

(G2) Imverse: the map g +— ¢~ ! from G to G is continuous.

A.3 Locally Compact Group

A locally compact group is a topological group G for which the underlying topology
is locally compact and Hausdorff. Many examples of groups that arise throughout
mathematics are locally compact so that Locally compact groups are important. Now,
every locally compact group G carries a left and a right invariant Haar measure, both

unique up to equivalence.

A.4 Haar Measure

The Haar measure is a way to assign an “invariant volume” to subsets of locally
compact topological groups and subsequently an integral of those groups. Consider a
lie group G which carries a left and right invariant Haar measure. We will be denoted

the left Harr measure by du or du, and the right Haar measure by du, through out
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this thesis. If du, = du,, the group is called unimodular. In general, they are different
but equivalent measures; that is they have the same null sets. Thus, there exists a
measurable function A : G — R such that du,(g) = A(g)du.(g), where the function

A is called the modular function of the groups.

A.5 Unitary Irreducible Representations

A linear representation is a map U from a locally compact group G to the set of

bounded linear functions on a separable Hilbert space H which satisfies

Ulg192) = U(g1)U(92), Vg1,92 € G (A1)
and the identity is given by

U(e) =1, wheree € G and I € H. (A.2)

A unitary representation is such that U is unitary operator that is U* = U~!. An
irreducible representation has no nontrivial invariant subspaces. A unitary irreducible

representation is denoted UIR and it has to be satisfied both of those properties.

A.6 Direct Product

Let G be a group with identity element e and H and K subgroups satisfying the
conditions: H and K are normal in G, H N K = {e} and then we obtain the direct
product G = HK. One can easily see that G is isomorphic / “essentially the same”

to the direct product H x K which is the set of pairs (h, k) with the group law
(ha, k1) (ha, ko) = (hihg, kiks) (A.3)

Then both H, identified with {(h,e) ,h € H}, and K (similerly identified) are invari-
ant subgroup of H x K.
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A.7 Semiderct Product

We now relax the first condition, so that H is still normal in G but K need not be.
Again, Let G be a group with identity element e and H and K subgroups satisfying
the conditions: H is normal in G, H N K = {e} and then we obtain the semidirect

product H x K = G. We now introduce outer semidirect products.

Let G be a group with a normal subgroup H and the subgroup K. Let Aut(H)
denote the group of all automorphisms of H. Then the map ¢ : K — AutH defined
by ¢(k) = ¢p = khk™' Yk € K and h € H is a group homomorphism. Then we
obtain the semidirect product group G = H x4, K of H and K with respect to ¢ is
the set of pairs (h,k) with h € H and k € K. Multiplication of elements in H x4 K

is determined by the homomorphism ¢. The operation is
x: (Hx K)x (HxK)— Hxy K. (A.4)
The multiplication on this set is given by the rule
(h1,k1)(ha, ko) = (h1dk1(he), k1ks), for hy,he € H (K1, ks € K, (A.5)
the identity element is (1, 1), and inverse is given by
(b K™Y = (s (), K1) (A6)

One also says that G is a semidirect product of K acting on H. Note that the symbol
X is a combination of the normal subgroup symbol <1 and the product symbol x
and the notation tells one which of H and K is the normal subgroup. Given any
two groups H and K (not necessarily subgroups of a given group ) and a group
homomorphism ¢ defined above then we can construct a new group H x, K, called

the (outer) semidirect product of H and K with respect to ¢.

A.8 Induced Representation of semidirect product

In this section, we generalize this setting and consider semidirect products of the type

G =V xS, where V is an n-dimensional real vector space (n is assumed to be finite)
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and S is usually a subgroup of GL(V'). The induced representations of semidirect
products that is introduced here follows [19], Section 9.2.4. For semidirect product
groups of the type we are considering here, all irreducible representations arise as
induced representations and correspond to orbits, O* in dual space, V* [3]. The exis-
tence of square integrable coherent states allow us to work out these representations

in some detail. Let X denote the resulting left coset space,
X = G/H,, where, Hy =V x S, is a subgroup of G. (A7)

We then have the invariant measure dv on the orbit X and the Hilbert space K =
L3(X, dv).It also turn out that the CS will be labeled by points in X or equivalently,
by points in V4 x O*, where Vj = T},0*. These CS will be square integrable and
the associated induced representations square integrable mod(Hy, o) for appropriate
sections o.

Consider again the element ky € V* is an initial vector, of which O* is the orbit under

S. The associated unitary character y of the abelian subgroup V/,
x(v) = expl—ilke;v)], wveEV =R" (A.8)

defines a one-dimensional representation of V. In particular, on the 731(1, 1) group

V =R? and ko = (1,0) for the hyperboloid and ko = (1, —1) for the half line.
Let S — L(s) be a UIR of Sy, the stability subgroup of kg, and carried by some
Hilbert space K. The UIR, xL, of V' x Sy carried by K is then:

(xL)(v,s) = exp[—i{ko;v)|L(s). (A.9)

We want to induce a representation of G =V x S, which is induced from yL and it
clearly G/(V % Sy) ~ O*.

Now, we shall need the section,
A O = @G, Ak) = (0,A(k)), ke O (A.10)

From the coset decomposition: (v, s) = (0, A(k))(A(k)" v, sq), (v,s) € G. For the
731(1, 1), Ag is the action on the hyperboloid or the half line. Since an arbitrary
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elemrnt (v, s) € G act on the left part which represents O* or the hyperboloid or the
half line and for p € O*

(v,5)(0, A(p)) = (0, A(sp)) (A" (sp)v, A~ (sp)sA(p)), (A.11)

that is the action of G on O* is also given by k — (v, s)k = sk. Recall that we are
assuming the measure dv on O* to be invariant under this action. We then obtain

the following two cocycles:
h:GxO"—V xS, h((v,s),p) = (A (sp)v, A~ (sp)sA(p)); (A.12)
ho : S x O — S, ho(s,p) = A (sp)sA(p). (A.13)
We now need to compute the cocycles for the inverse group element, we get
h((v,5)"",p) = (=AM (s7'p)s v, A7 (s p)s T A(p)); (A.14)

where, ho(s™!,p) = A7(s7'p)s~'A(p). Following the equation (A.9), UIR is then

wriiten in the following way:

(XL)(h((v,8)7"p)) = (XD)(=A"'(s7'p)s o, A (s p)s ™ Ap))
= exp[—i(k; —A"' (s 'p)sT )| LA™ (s 'p)s T A(p))
= eap[—i(k;v)|L(ho(s™", D). (A.15)

Finally, we write the representation of G induced from y L and carried by the Hilbert

space x Ly, we obtain the unitary irreducible representation

(XL (v, 5)¢)(k) = expli(k; v)|L(ho(s™", k)~ o(s™'k). (A.16)

It should be noted that if the group G is abelian then ¢(s~'k) will be replaced by

¢(k) i.e. no translation and no shift.

A.9 Adjoint and coadjoint action

The adjoint map is the map of G into its group of automorphisms (i.e. isomorphisms

from G to G) defined by:
Ady — G h Adyh = ghg™". (A.17)
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The adjoint action is the action of a lie group G on its algebra g, it is defined by:
Ad(g)X =gXg',9€CG; X €y (A.18)

The coadjoint action is the action of the group on the dual of its algebra. The

coadjoint action is denoted by Ad* and is defined by by the following way:

< Ad ()X, Xy >=< X, Ad(g7 ) X5 > . (A.19)

A.10 Adjoint, Self-adjoint and Symmetric Opera-

tors (general case)

A bounded linear operator 1" in Hilbert space H has a bounded linear adjoint A* on

‘H connected with T" by the equation
(T'f,g)=(f,T"g) forall feHandallgeH (A.20)

The proof of the existence of such an adjoint operator provided by Riesz representation
theorem for bounded linear functionals on H. Therefore, a bounded linear operator
T : H — H is said to be self adjoint or Hermitian if T* = T and we see that the

formula (A.20) becomes
(T'f,g) = (f,Tg) forall f € H andall g € H. (A.21)

But if the operators is unbounded or not defined on all of Hilbert space H then the

proof breaks down. Let us see the adjoints in this case.

Suppose T is a linear operator in ‘H where domain of T is denoted by Dy which
is assumed a linear manifold. If for some fixed vector g, there is only one vector g*

satisfying the condition

(Tf,g) =(f,g") forall f € D, (A.22)

then it is legitimate to write this unique vector g* as g* = T*¢ and to consider T* as

a mapping which is, at least, well defined for g. Then Dr- is again a linear manifold
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and the operator T with domain Dr«, defined by
T*g = g* for all g € Dp- (A.23)

is linear and adjoint of T if Dy is everywhere dense in H i.e., Dy = H. Hence a linear
unbounded operator T in H such that Dy = H is called selfadjoint if T* = T i.e.,

Dy« =Dr. In addition, the operator T is called symmetric if T* D T
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Appendix B

Mathematical Structure of

Classical and Quantum Mechanics

This appendix introduce the mathematical structure of classical and quantum me-
chanics which provides a framework for the study on the field of quantization. As we
have seen, quantum mechanics was formulated in order to overcome the inadequacy
of classical mechanics in explaining a whole range of physical phenomena. Moreover,
there are fundamental geometric similarities between quantum and classical mechan-

ics. The contents of this appendix are taken from the notes [14] and [20].

B.1 Classical Mechanics

Consider a particle with configuration space M, with n-dimensional manifold. Then
the configuration space of a physical system, consisting of N particles, and subject to
k holonomic constraints is n = (3N — k)-dimensional diferential manifold. Its phase
space is the cotangent bundle 7% M, which if one has M = R", is isomorphic to R?".
The phase space of the physical system is defined to be the manifold described by the
local coordinates ¢/, p; and hence has the structure of a cotangent bundle. We shall

use for it the notation, I' = T* M = phase space.

67



The collection of classical observables of the real vector space C*°(I',R) which is
denoted by T%. Pointwise multiplication defines a bilinear map on Y%, which is both
commutative and associative. In addition, the Poisson bracket {.,.} : I'xI" +— T gives
Y9 the structure of a real Lie algebra, with the Poisson bracket playing the role of
the Lie bracket. The bracket is related to pointwise multiplication o by the Leibniz

rule:

{frgohy={fg}oh+go{g h}, (B.1)

where, Poisson bracket, {,}, of two functions f, g of the phase space variables ¢, p.

We define it as:

" 0f 0g ~= Of Og " 0f 0g Of Og
95 = o T = ‘ - == B.2
U9} ; 9q' Op; ; Op; O¢' ;[(%Z Op;  Op; 8q1] (B2)

Therefore, our classical system comprises of a triplet (Y$,0,{,}).

B.2 Quantum Mechanics

A quantum system is typically of infinite dimension. For the sake of simplicity, we
restrict to N-level systems, with N < oo. Indeed, the point of departure for a
derivation of quantum mechanics was the replacement of classical Poisson brackets
by quantum commutator brackets. The set of observables Ty is the real vector space
M, (C) of Hermitian complex N x N matrices. A symmetric bilinear product o on
T is given by

AoB = %(AB + BA). (B.3)

Note that o is no longer associative. We also define a Poisson bracket on Tg:

{A, B}, = +(AB — BA), where, h € R\{0} is Planck’s constant.

1
h
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Appendix C

Proofs related to Chapter 3

In this Appendix, we collect together the proofs of some of the results quoted in

chapter 4.

Proof of Lemma 4.3.1 Stone’s theorem [13] guarantees us to write the unitary
operators in the form like (C.1) and (C.2). We now look for the two generators X
and Y using the UIR,

(e ) () = ¥(az); (C.1)

(™) (z) = e™(x). (C.2)

Without loss of generality (C.1) and (C.2), we can assume that A = €% and so
(AY)(z) = ¥(azx), a € R”?, B = ™Y then (Bv)(x) = e®*¢)(x), b € R. The action of
A on the vector 9 is defined in (C.1) which “scales or dilates” the original vectors in

the hilbert space. The operator X can be obtained by the folowing calculations:

d

aX _ a
) (@) = o (an)

Using Z4(az) = z4e(azr) in the previous equation, we have iX((e"*y)(z) =

zZy(az)). This implies iXt)(ax) = zity(az) and taking @ = 1 then we have

69



iX(x) =), ZL‘ldixll/J(l’)) and finally,

d
- —1 - . .
X i (C.3)

So that, the self adjoint operator X which is a sort of the composition of the multi-
plication operator and derivative operator.

Similerly, the action of B on the vector 1 is defined in (C.2) which “translate or time
shift” the original vectors in the hilbert space. The operator Y can be obtained by

the folowing calculations:

d d

T (€)(@) = (") (@) = V() (x) = iw(e")(x). (C4)

Now, taking b = 0 on the above equation then we get Y9 (x) = izy)(x)) which is a

multiplication operator,

Y(r) =z (x). (C.5)

So, we have the Hilbert space h = L?*(R”°, C;—x) which constructed by the induced
representations and orbits in Section 4.1.4 and the affine subgroup G/; in Section
4.3.1. Finally, the self adjoint operators X and Y are defined by their action on the

state vectors ¥ (x) € H,

Xo(a) = ~i 250 | Yi(r) = w(o) (C.6)

It is very easy to check that [V, X] = iz and therefore the self adjoint operators
{X,Y} generate the Affine subalgebra. O

Proof of Lemma 4.3.1 If G is a group and H is a subgroup of GG, then H is a
normal subgroup of G if ghg™! € H for every ¢ € G, h € H. Following definition
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g € PL(1,1) and h € H then we have,

ghg_l = (Aﬁa (bOa b)T) (H27 (b7 _b)T)(Aﬁ’ (b07 b)T)_l
= (Ai% <b07 b)T) (]I27 (b7 _b)T>(A517 —A;l(bo, b)T)
= (A, (bo,b)") (IAG", (b, =b)") — LA (b, b)")

(A bo ) (Afl b cosh?  —sinh bo
= s ) -
b v -b —sinh¥ coshd b
bo b bo cosh ¥ — b sinh ¥
-1
— (Ai% ) (A'ﬁ ) - . )
b —-b —bg sinh ¥ 4+ b cosh ¥
bo b — by cosh? + bsinh ¢
= (Ay, ) (At )

b —b + by sinh ¥ — b cosh v
_ (AﬂAgl, (b0> A, ( b — by cosh ¥ + b sinh ¥ ))
b —b + by sinh ¥ — b cosh ¢
. (bo) N ( coshd) sinh ) (bbocosh19+bsinhz9 ))
b sinh? cosh —b + by sinh ¢ — b cosh ¢
b cosh ¥ — bsinh ¥

b sinh ¥ — b cosh ¢
= (]127 <b17 _bl)T)7 (C7)

= (]I27

where, b; = bcoshd — bsinhv and ghg™! € H for every g € G, h € H. Then, H is
a normal subgroup of P (1,1) which allowed us to say P1(1,1)/H ~ G} is quotient
group. O

Proof of Lemma 4.3.2 Considering the multiplication rule (4.3) of the Poncaré
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group we have the following calculations for left coset decomposition,

_ _ 1 bot+b
(AQ,M(LUT)(HQ,[)O bA;(l,—l)T) - (Aa,AabO bAl +1 2D
2 a a 1 boérb
. bo+b
SOV V- L.y (i B e
2 —a bo+b
2
i 1 bo+b
SRIRLU LY b
1 0+b
2
_ alby—b) [ 3 =h
= (Ag, 5 o + hotb )
a 2
o b) both
= (Aav _ (bo-b) + bo+b )
2 2
bo
= (Am )
- (A(M (b07 b)T)) (C8>

Similarly, for the right coset decomposition we have

(1, 20, =1)7) (A, 23

by—b r - bo+b
2

(L") = (H2AaaT(17_1) + 1 (L,1)T)

bp—b 1 b b (1
0 +0+

= Bem ) e )
bo
= (Am )
b
= (A (0, B)"). (©9)

This completes the proof of the left and right coset decomposition of the coset space

or quotient group of the Poincaré group 731(1, 1). ]

Proof of Lemma 4.3.3 We know both of the projection and section map so that
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the proof is trivial. So that we have the following calculations,

(roay)(b,a) = moy(b,a))
= 7(Ag, (b, b))
= (1 2Py

= (A, (b,b)")

= (b,a). (C.10)

Hence (mo0;) = Idg,, € P1(1,1)/H has proved that the left and right section and

the left and right projection of the G; group. m

Proof of Lemma 4.3.4 We start out by taking two compactly supported functions
¢, v and infinitely differentiable function 1 in the Hilbert space H = L?(R>°, dxz/x).

Then we have the follwing proof:

fRXR>0 ¢|7lb a><7lba|@/}> db da

= st Jexpoollo Jo. S@)e™® T n(za)i(a'a)p () & dr’) dbfa
d.

=107 Jusolly Jy 0z —2') (ZU)( a)i(z'a)p(a’) T ] o

=77 Jroollo fo (x = a")g(x)n(za)i(z'a)p(a’) % &) &

=755 Jr>o fo x)|n(za)P(x) %] %

= % fo fR>0 In(za)l? Za} d_gzﬁ

= 1 fo"" b(@)0(@) oo In() ] &

- ﬁg ; fo d;

= (¢|0). Makmg the change of variables, za = t, = a = £ and da = % and
& =2t and I(n) :=2m [ [n(t)]* %. O

C.1 Quantization using the left Haar measure

In this Appendix we present the proofs of the operators which has quoted in Table
(4.2), Chapter 4. In briefly, the integral quantization of the real valued function
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¢(b,a) € G, for the left haar measure is formally defined by the following linear
aff
map:
~ db da
ob.0) > Ay =ri= [ o(b,a) ) mal T (©1)

RxR>0

where, the operator A, is in the Hilbert space H = L*(R”% dx/x). It should be
noted that the initial business of the Integral Quintization scheme has been depicted
in Chapter (2) and three examples in the Chapter (3). We shall have to change the
order of integration to construct the operators by integral quantization technique so
that we consider the compact supports and smoothness property of the functions ¢

and 1. We shall also have to use the following identity.
1 [~

21 Jo

e qb = §(z — 2'). (C.12)

—00

Quantization of ¢(b,a) = a

Proof. We start out by taking two compactly supported functions ¢, ¢/ and infinitely
differentiable function 1 in the hilbert space H = L?*(R>°,dz/x). Then we have
the operator ¢y, for the real valued function ¢(b,a) = a by doing the following
calculations: (¢|Ag|1)

= Jy o(@)(Agle)(x) &

=f ¢ foR>0 O(b, a)|1p.a) (1p,a] 1)) ] &

= T fo (@) farrso 0(D, @) (mb.alt) e n(za) ] 42

- 27rI 2nl(n) fo foR>0 a {fofo oeiibwli (Z'a)y(a’) 5 o - e (za) a]

gt Jo 0@) Uaso @ 7268 2o €07 dbin(aa)(a)n(x >df Z‘z‘] n

= 1t Jo~ 0@ o 0 [2od 5 2o P dblilala)u(a)n(ea) & 8]

:%f O(x) [fomo a [or, 0(z — 2') §(2'a)y(2')n(za) L 4] 4
=1ty Jo ¢

- % I 0(@)[ Joso a f(za)y(z)n(za) % 94]4

=1ty Jo @

(
)
)
(@) [fgoo ali(za)(x)n(wa) 5] %
)
)
)

()] fyoo M(za)b(@)n(xa) 2] %
= 20 [ (@) fmo n(1)0(1) Lo(2) &
'"2f 3(x)(z) &
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dz
CC2

= (¢|$gaw). Making the change of variables, za = ¢, = a = % and da = % and
. - 2 T
% = % and |n|? = 27 fR>0 n(t)n(t) %. Finally, we have (¢p,0)(z) = |1|f(77‘l) wi ). O

Quantization of ¢(b,a) =10

Proof. We start out by taking two compactly supported functions ¢, ¢/ and infinitely
differentiable function 1 in the hilbert space H = L?*(R>° dz/x). Then we have
the operator ¢y for the real valued function ¢(b,a) = b by doing the following

calculations:

<¢|«4¢|¢>
= Jy" o@)(Aslv) (@) F
=Jy o fRXupo ¢(b, a)lmb.a) (b, ) 2]
= T fo (@) [farpoo S(b, @) (mb,alth)e™n(wa) Bfe] 4
= ety Jo. O@) fpemso bL LIy e ™" (2’ a)ip(2') 45 Y n(wa) 5] &

Since 1) = 0 at the boundaries of the integral so we are allowed to write the integral
like 2 { [ e " ij(x a) (x’) 4’} = 0 and this implies :b [ e7®*'f(2'a)y(z/) L =
—i fo —b2' (2 a)! ( —ida [° ey (2 a)(a) 4 i [ e (2l a) () By

Using the above fact we have the following calculations:

I(n fo )[fnpo fx 0{ o fb—foo h(x X/)db}n@ a)y'(z")n(za) (im/ Zg] djw""

TG fo D) o S7ol 2 Sy PO b (2 ) (o n(wa) & 22 4
i fo°° plo fﬂw [al 3 I e““"*x”db}ﬁ(x’aw(x')n(m) i %) )
ol fo ) oo 250 0(x — ') f(a'a)y! (o' (wa) 42" da] de
Wfo fR>0f:poo(] o(x — ') ' (2'a)ip(x )(xa)dx—"i'%]df-k
Ln) fooo fR>0f (z — ') (2 ay (¢ )n(za) L %] 2]
1(77) I 0(2)] gm0 H(za)d (x)n(za) %] % +
) fo fR>o 7 (za)(z)n(va) 2] % +
75 Jo &(x)[fR>o n(wa)d(z)n(za) %] % ]
= 7o Iy B 27 fooa (D) B0 (2) 4585 J57 0(0)[27 Joo 7 (00(1) 1) 25
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o Jo~ o)[2m fw n( ) #l0(@) &

= o fo E+50) fo (2)(x) & O) oo M(E)(1) E]ib () %
=1 fo W £+ %Z Jo o)y v(x) &+ fo ) yu(@) ¢

= —ify @ (@) T35 fy 45(90 ) s¥(x) ¢

= <¢|¢eb¢>-

Making the change of variables, za =t, = a = % and da = % and Z—S = “;;—62“. Also
I(n) =27 [oo0 [n(t)]* % and finally, we have (Guth)(z) = —i B L oap(). O

Quantization of ¢(b,a) =

SH L

Proof. We start out by taking two compactly supported functions ¢, 1) and infinitely
differentiable function 1 in the hilbert space H = L?*(R>°,dz/x). Then we have

the operator ¢y for the real valued function ¢(b,a) = L by doing the following

calculations:
<¢|«4¢|¢>
=[5 o(@)(Aylv)(z) %
= fo foRm #(b a)|17b a><77baW> db da] d;c
- W Jo @) Jp o S(b a)(ﬁbahm by (za) Pgo] &

= [(27?% fo ( [Jrxg>o i{fz =0€ e~ ™ i(z'a)y (') %}eibxn(xa) ‘“;3“] d?r

= uzi}l 7o @) o 2T P 0dbY (et a)y (e )y (wa) 2 2] 4
= i ST o@) faso & [0l 55 ;2 €OV dbY(a a)y (e )(xa) L %] &
= I(mfo >flR>0 L8z — ) ii(ala)y(al)n(wa) B d5) &

Jiso TH(wa)y(x)n(wa) %] %

o fR>on yn(t) L) () da

2
2 and % = =4t and
T a t

Li(n) =21 [0 7(t)n(t) %. Finally, we have (@1 )(@) = (28] 2 (). O

Maklng the change of variables, xa =t, = a = % and da
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Quantization of ¢(b,a) =

Q|

Proof. We start out by taking two compactly supported functions ¢, 1) and infinitely
differentiable function 1 in the hilbert space H = L*(R>°,dz/x). Then we have
the operator &5@ » for the real valued function ¢(b,a) = % by doing the following

calculations:

(¢l Ag|v)
=Jy ( ) (Agl) () 2
= f foR>o ¢ )|77b a> <77b a’w> & da] df

I( 1/2 fo fRX]R>O ¢ b a)(nb a|¢>elbw (xa) %] i_x
= 1L fo foR>0 a{fx’ —€ e (' a)y (o) %}eibxn($a) dt;#] d?gc
_ m fo [foR>O b{fxfzo e—sz 77(37 a)w(aj/)dx_x,’}eibx (:m) db da]dxx

Since 1) = 0 at the boundaries of the integral so we are allowed to write the integral
like - 2{ [o° e~ (' a)(2’) d—m/} = 0 and this implies :b [ e_ibf”,ﬁ(x’a)qﬂ(x’) dx—””,/ =
— f() fzb:v ),¢/ / z_aj —ia f() fzbz ZL’(I) / di +Zf0 71bz )w(x/) (i_a,c;
Using the above fact we have the following calculations:
= 27| %7;) Jo 0@ ez [ololsr j;;—foo CVdbyi(ala)y (2')n(wa) & 5] % +
o S @) o [ la S e dbYp (o) (2! )n(xa) 2 da] de
o I ) oo [0 eib("_"/)db}ﬁ(fﬂ’a) Y(a)n(a) L ) &

w5 S 8 oo [0 8l — o) Aaa)y (e )n(ra) 2 ] = 4

z a3l Tz

(
T 05 9 oo 720 0 =) )0 ) 2] % +
n(@'a)y(

%) fo fR>of 5 — a') la'a)d(a’)n(va) Ly %] & |
I(n fo z)[ [0 T(za)y (x)n(za) 5] i_g +

o o~ ¢ fﬂw i m> o) 2 ] S5 0() oo M)z (a) %] %

- __i fOOO )27 [as0 n(t)N(2) %W (x) do +

un) fo ) fw <t (0) %1 (2) 5 + f(n) fo DT [eo e () Fib() %

-] fo Se)ey'(e) & = PR 779 ; 1 Iy dlayila) %

”1)’7 fo o(x) e a:)d—”—i-(]

= (0l = 48).

Making the change of variables, xra =t, = a = % and da = % and % = &2
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Also, I1(n) := 21 [5.o 7(t)n(t) % and finally, we have (best))(z) = —[20] iz 2 O

Quantization of ¢(b,a) = ab

Proof. We start out by taking two compactly supported functions ¢, ¢/ and infinitely
differentiable function 7 in the hilbert space H = L*(R>°,dx/x). Then we have

the operator @ab for the real valued function ¢(b,a) = ab by doing the following

calculations:
(¢|A¢|¢>
= Jy (@) (Agl¥)(2)
= fg foRw P(b, a)|Nb.a) (Mb.a| V) db da} Cff
— fo Ol —( a><nba|w>e“” (va) ]
=15 Jo ¢ foR>0 ab{ [, e~ ij(a’a)p(a’) % }ePn(za) ft] 4
= 105 Jo© @) fpsrso DLSoTg e ™ N(@ ) (') B Yemy(wa) o] d

Since ¥ = 0 at the boundaries of the integral so we are allowed to write the integral
like 22 {[° e ®'f(z'a)y(z') “} = 0 and this implies :b [;° e*"bx'ﬁ(x’a)w(a:’) b =
—z‘fo e aw'(a:’) i [ e (ayb(al) i [ e ()b ()
Using the above fact we have the following calculations:

21 oy Jo” 0@) famo [oolam Jio oo €07 db}i(a’a)y! (@' )n(wa) & %] 4 +
o7 Jo 0@ famo [oolam fi= o €07 dbYiy (2'a)y(z)n(wa) %rda] 5 +
i Joo @) o [oolam fio o €7 dbYip(a’a)i (2 )i(za) 45 5] 5]
21[ o5 S0~ 0@) famo [og 0(x — 2') (2 a)¢! (2 )(wa) % 4] 4 +
1o Joo 0@ gmo oy 0(x — ') if (¢ a)y(a’)n(za) % da] % +
7 Jo. 0@) [ famo o2y 0(x — ') fi(a’a)p(a)n(za) G5 ] % ]
=27[ 15 Jo© O(@) | Jgso T(@a)d ()n(za) ] 5 +
’—i) f0°° 5(2)[ faso 1 (za)¥o(2)n(za)da] 55 +
o S0 @) gm0 T(wa)d(a)n(za) ]
=105 Jo 0@)2m fe-o(t)n(t) T () % +
fo ()27 [oo /' (O0(t)dt](x) 55 +

=
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Ln)fooo_x%Twan Hn(t

= - Iy 9 %+%&Kﬁmww%

= [T @3 @)% + *
HMLﬁﬁ(@H%¢

= (Pl deart)).

Making the change of variables, za = ¢, = a = | and da = %. The second

:?
3 =
S
o~
|
[\
<
=

term on the above integral become zero since [p.o7/(t)n(t)dt = 0. Also, ||n|*=

21 [os0 I0(2) th - and finally, we have (¢gab¢)( )= [H’ZE)] (‘f% + x%w(x)) m

Quantization of ¢(b,a) =loga

Proof. We start out by taking two compactly supported functions ¢, ¢/ and infinitely
differentiable function 7 in the Hilbert space H = L*(R>? dx/x). Then we have the

operator (Zgb o for ¢(b,a) = loga by doing the following calculations:
g

=105 Jo @) Jpso (t)n(t) log(L) Fl(x) &

27 [aso N(t)n(t){logt —logx} Hle(x) &
= 107 Jo 0@)21 [rmo M(t)0(t) logt Fli(x) &~

)| faso ﬁ(t)n() ]10g( >w< )Cﬁf
Ly Jo da) &

d?x

- f0°° cb(w)@b(w) df

(ol Ag|v)
=Jy ( )(Agl) (x) 2
=Jy ¢ fowo O(b, @) |1 ) (M.alt) P21] &
=(1mg ) famso B, @) al0)een(za) o] &
=105 Jo o foRw loga{ [, e ™ i(a'a)y(z') Ly (va) o]
= gt fo ) fzsologa [07 {2 €D dbYij(aa)y(a')n(za) L 9] 4
=15 Jo ol UR>0 loga  [7 {5 [ o eCTdbli(ala)y(a)n(a) B %] 4
= 75 Jo" 0(@) [ fpso loga [ 6(x — a')ij(a'a) (2 )n(wa) & 4] 42
=105 Jo_ (@) [0 logani(za)ip(x)n(za) %] %
=15 Jo 0(@)[[osologa  q(za)p(z)n(za) 53] %
[
[
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= (@] 52 1) — (9] log(w) )
= (8]Pogath)-

Making the change of variables, xra = t, = a = % and da = % and %a = %

and fiog(n) = 27 f]R>0 n(t)n(t) logt %. Finally, we have (@logaw)(x) = [h%g)] U(x) —
log(x)y(z). O

Quantization of ¢(b,a) = a”

Proof. We start out by taking two compactly supported functions ¢, 1) and infinitely
differentiable function 1 in the hilbert space H = L*(R>°,dz/x). Then we have
the operator gyen for the real valued function ¢(b,a) = a™ by doing the following

calculations:

(0] Agle))
=l ( ) (Ag|) (z) %
=Jy ¢ fowo ¢(b, a)[nb,a) (balt)) 28] %
= 1(77 )72 fo 2)[fpxr>o A(b @) (ool ) (wa) %] d?x
= ﬁ fo (x)[foRm a{ [y e (' a)p(a’) L Yet(va) g 4
7 0(@) [ oo 0" [iZo A SyS o €07 dbYig(a'a) (2 n(za) 5 8] %
F (@) oo 0 [olgs S €O dbYi(ata)y (2 )n(wa) L %) 4
(@) faso a” [ 8(x — 2 )@ a)p(a’)n(za) - %] 4
(@)[
()]
()]
()]

&
% %
‘@I

OO
o0

-

0
oo
0
oo
0
oo

Il Il
:|w :‘\|w
SEES
SIS
—

)| fgoo " H(wa)y(z)n(za) %] &
Jwo a” G(za)(x)n(va) % 2
7S O@)2m [ n(xa)(x)n(za) ] &
= 15 [T 0@)2m fpma N Fi)v(x) S
= 20 [ g(a)p(z)
= (¢ Q=)
= ($|drant).
t dt dt

Making the change of variables, ra = ¢, = a = > and da = < and % = ¢ and

L) = 27 oo () 7. Finally, we have () (r) = [522] Lyp(x). O

-1
)
3

-

8

)

I
=
Sg
S

dx
x

I
~
SB
S
-1
[\
3

8 -

80



Quantization of ¢(b,a) = ai"

Proof. We start out by taking two compactly supported functions ¢, 1) and infinitely
differentiable function 7 in the hilbert space # = L*(R>%, %). Then we have the

operator ag o for the real valued function ¢(b, a) = ain by doing the following calcu-

lations:
(¢|«4¢>|¢>
= ( ) (Aglt) (x) 2
= fRX]R>O ¢ b a)|’7ba><77ba’¢> dbda} C?
= T fo )| Jgygso #(b a)(nbalw Pr(za) B 5

~ 5 I
(

foR>0 an{fx 0 71ba: )w(x/) dz’ }esz (xa) db da] dx
- ﬁ foooqz5 )

woo ool PO dbYi(a )y (' n(xa) & G8] 4

(a) & ] &

[
[
Urso & Josolar S €™ 6= db}ig(a’a)y (')
eso & [ o 0 — 2)ii(aa)y(a')n(va) 2 2] 2
= 25 Iy @) o 2= M(wa)i(w)n(za) %] %

= 255 [ 0(@) oo 2 N(wa)d(x)n(va) & 4] &

= 17 Jo 0@)271 [poo T(wa)p(z)n(za) ;i)
= ILn) fooo _(:)3)[271' fR o M(t)n(t )tn+2] " (z )
- 45 o
(ol Q"W
= <¢|¢eain V).

. . n+1
Making the change of variables, xra =t, = a = = and da = 4t and g‘jz = %Hdt
T t

and I,(n) := 2w fR>0 77(25)77(15)tn+2 Finally, we have ( v 1)) (z) = [I(n) Jz"p(x). O

a™

C.2 Quantization using the right Haar measure

In this Appendix we present the proofs of the operators which has quoted in Table
(4.3), Chapter 4. In shortly, using the resolution of the identity we can introduce
the integral quantization of the real valued function ¢(b,a) € G:f s by the following
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linear map for the right haar measure:

—~ db
ob.a) s A= b= | 6(b,a)|€ba) (Eoa] 0T

RxR>0

(C.13)

where, the operator Ay, is in the hilbert space H = L*(R>°,dz/z). It should be
noted that the initial business of the Integral Quintization scheme has been depicted

in Chapter(2) with three examples.

Quantization of ¢(b,a) =a

Proof. We start out by taking two compactly supported functions ¢, 1) and infinitely
differentiable function 1 in the hilbert space H = L?*(R>°,dz/x). Then we have
the operator @ for the real valued function ¢(b,a) = a by doing the following

calculations:

<¢|A¢ry¢>
=I5 O0)(Ault) (@)%
= 57 0@ [ g0 (B @)| b0} Ebal ) 2250] 2
- W J5° 0(2)[ fg, gm0 2(b, a) (b alt)e —pr p(2)dbda)ds

— 15 Iy 3@ npepoo 0l [y €5 H(E ()2 pe ™0y (2) Bide] o

= T I ) o 0 [ U e €T b p(a i (2) & o) e
=1 Jo @)z oaf ola [ ads)i(Z ) (2) L e b
= 2 0@ feo 0 [0 60" — 2) ()2 )n(2) 2 da] L

=15 Jo (@) [z oan( ) (x)n(2) da] %

= 75 [o7 S@) 27 Jamo E0(O)N(E) F dt] ()%

= 75 Iy @) (27 oo (Ot ] () da

= itg o @) e v(@) 2

= (¢l:0av)-
Making the change of variables, £ = t,da = =5% and I1(n) = 27 [o.o 7(t)n(t)%.

Finally, we have (;¢,1)(z) = [22] 2 i(x). O
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Quantization of ¢(b,a) =10

Proof. We start out by taking two compactly supported functions ¢, ¢/ and infinitely
differentiable function 1 in the hilbert space H = L?*(R>°,dz/x). Then we have

the operator r/g;b for the real valued function ¢(b,a) = b by doing the following

calculations:
<¢‘A¢r’w>
= Jy~ O() (A |) ()%
= fo oes W argso @b, a)|éb.a) (€bal ¥) M] dz
= T fo°° ) oo O(D, 0) (€ a 1) =55 (%) L] de

ibx

OO ibz! _ T = T a] dz
Lmfo f]Rx]R>0 b{f/ o€ o (G )w@)i_/}e a (%) %] d?
Since 1) = 0 at the boundaries of the integral so we are allowed to write the integral
like am’{fm’ o€ @ (% )@b(x’)dr—f’} = 0 and this implies: bf;ozoeizflﬁ(%)@/)(x’) dm—”“,' =
ibx! _ . ibx’ _ LL‘/ - . M7 CC, I/
i foge (@) i [0, ae e () () B —i [, aetE (h)e(a) B

Using the above fact we have the following calculations:

iba’

/

=27 5 fo D) oo LSy € T (20 (a!) 2 e~y (2) o) de

#@fo foR>0{f' 0 aes () (') & }efibmn(f) dbda) dz _

ﬁ@fooo foR>0{f/ -0 a e 0% WJ( ) Yoo n(L) dbda] dz ]
Tl J 6@ o [0l e dbY(Z)p(a)n(L) L de] de

T 0@ o [l [ ™ dbY(E ) (2 (2) % da] & —

1 o~ 0@ famo [20t0r [ e dbYn(E)u(a)n(E) 4 da] & ]
Tty S 0@ o [ [0 O adsy (2)ula)n(2) % %) % +

i om0 oo S 0lae JZ 0 T adsy(5)w! (e )n(%) G da)

7t Jo 0@ aso [iolar f:f_ooem ) ads}hi(£)p(a)n(2) L da) 2 |
T [y S @) oo [ 62 — ) (2@ (2) % da] £ +

5 Jo7 0@ fgmoa [22, 6@ —ac) () (2)n(E) % da) %2 —

it J e femoa [22 w—as) (= )n(2) % da] & ]

=27 155 [ O) famo W (2)(2) dalib(w) % +

I(in) Jo~ (@) fmo @ ii( ;)77( ) ] () 5 -

T S 0 fymo @ T(EIN(Z) dalui(z) 4

zb(x —x)

z
a
z
a

g



Ln) fooo 5 fR>0 ' (tn(t) f—;]zﬁ(x) d?x + ﬁ fo fR>0|7] )|? dt]w( ) dx —
5 fo fR>o|77 )1? Eip(z) 2]

e fo 27 [onaln(®)? $10(2) 2 4+ 7 [ G(@)2n [onoln(®)]? L0 (2) do —
;) [ o) 2 fR>o|77 EOF
“uih oo
= Z?(n) Jo o V() Ci:_x
= <¢|r¢bw>-
Making the change of variables, z/a = t, = a = % and da = _t‘édt. Also
Jeso 7' (t)0(t) % = Jasoln(t)? ‘ny and I1(n) = [po |n(t)? f—;. Finally, we have
(o) (z) = i[ 1] & Lo (w). O

Quantization of ¢(b,a) = %

Proof. We start out by taking two compactly supported functions ¢, 1) and infinitely
differentiable function 7 in the hilbert space H = L*(R>° dz/z). Then we have
the operator ES\; for the real valued function ¢(b,a) = é by doing the following

calculations:

(¢\«4¢r!"¢>
= Jo o(x)(Age|t0) (z) %
= [ 0(@)[Joygmo 2(D, @)|€b.0) (bl ©) 1] %
= +/zfo°o b(@) fumoo ¢(b>a)<fb,a\w>e"“ (2)doda)de
= 75 15 @) fyeano Mg € W (2 )0 (a) 5 pe
- fo &( JJ lf O{fb——oo bl
= 2” L @) oo [0 {E [ €@ a dshi(L)p(at)n(2) L de] de
=75 b o)
¢(x)
()
¢(z)

dbda] d
S

. db}n( (' )n(L) b da] de

[
[
oo Jor—o 6(2" = )i0( ,;>w<x'>n<§> bl
=T Jo 0@ gm0 NEN(E) F(2) 5
[

= g Jo A@)2T Jeoo 0N F) ()5
— |77\2 fo T w(x) 3&_2
- % Jo* 8(a) § v
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Making the change of variables, ¥ =, = a = % and da = %2‘“

(010) (@) = [15] Lop(x). O

. Finally, we have

Quantization of ¢(b,a) =

Q>

Proof. We start out by taking two compactly supported functions ¢, ¢/ and infinitely
differentiable function 1 in the hilbert space H = L?*(R>°,dz/x). Then we have
the operator ;ﬁ\g for the real valued function ¢(b,a) = £ by doing the following

calculations:

<¢\A¢r!w>
=[5 o(x)(Age|t)) ()%
— [ (1) [g om0 (D, a)[Epa) (Ebal ) P22

—ibx

= W fooo Q§<m)U‘RxR>0 P(b, a)(Ep.alt)e e 77( )db da] d
oo o o0 iba! _ x’ T —ibz o a1l dx
- ﬁ fo ¢($)[foR>0§ {fxfzoe o () (e )dx_’}e « (%) %] d?
Since 1) = 0 at the boundaries of the integral so we are allowed to write the integral
like {fm, 06“311 7% )¢(m')@} = 0 and this implies: bf?ooeizflﬁ(x—’)@/)(x’) dm—””,, =
ibx

”wﬁW(M Vi [y a e R () B i [ a e ()

Using the above fact we have the following calculations:

ibx

=iy Jo 9l () oo & LS00 €% 7 (E)h(a!) 22 oo p(2) o] de
ST L (@) fiemoo 2 {20y @ e R(E) (af) 22 e () doda] do
7;) fo ]R><R>0£ {f' 0 a et ne W( )ditz te szn(ﬁ) dbada d;x
—%h& ) oo [ [ 5 by (£)h(a (L) e da) do 4

zb(x —x) /

( a
oo Jomolas Jooooe™ 7 db}(Z )0/ (' )n(2) L o] & —
e Z) :

271'2 fo ZL’

[
é()
)
12(777) fo 5”)
()
()
()

zb(x —x)

vo Jomotar Jooosoe @ dbR(E)Y(a)n(%)
= 7 fo ) fpoo Soeolzr [ €™ w)adS}n’(%)w(:ﬂ’)n(
o) fo aso Jomolar JZ €™ ( (£)
2’” 5 Jo (@) famo [oolar JZ €@ ads}hi(

= fo O() [ Jgso [ 6(x — )0 (L) (" )n(%)
o) fo (@) faso oo 8(a — ) (Z)¢ (2" )n(2) L da] & —
27” o (@) faso [ 0 — ) (5 )e( (%)

&

H




- m fo
0 fo (@) a0 7(E(Z) dal(x)
't

O(@)Jamo M (E)0(2) % Jo(2) BH7T5 J3™ 0@ faso T(EI0(E) daly)'(x) 55—
)

=T ) Jo o(@)[2m [oo
)

(1) $1(e) E+ 5y o7 G2 femon(®) #(x) &
i S0 w2ﬂfR>o|n [ #v() &
= ity Jy 9(@) Izg)fa‘s Wesoln®)F #10/(@) E—ith Jo~ o@)(a) &
2f0 ()0 +zf0 ) w’mdf
=iy o)y () %—%fo (#):9(@) &

- <¢|@w>.

Making the change of variables, z/a = t,da = _”Cdt

We also use [0 77/ (t)n(t) %
Jesol () & and 1) = fio (B . Finaly, we have (:620)(r) = i% — ()

]

Quantization of ¢(b,a) = ab

Proof. We start out by taking two compactly supported functions ¢, ¢/ and infinitely
differentiable function 1 in the hilbert space H = L*(R>°,dz/x). Then we have
the operator r/@, for the real valued function ¢(b,a) = ab by doing the following

calculations:

(¢|«4¢r|1/)>
= Jo o(@)(Ault) ()%
= Jo O@) fauroo 6(b,0)[6b.0) (S0l ¥) ]
= 17 Jo” ) oo 0D a><5baw>e‘2‘“n< ) dbge) e
= 7t Jo~ ) fiewso @b ULy €7 A 0() B e (%) B02]
Since ¢ = 0 at the boundaries of the integral so we are allowed to write the integral
like {fx “oe e N(E)(2") 2} = 0 and this implies: b [ ﬁ(%)w(q:’) b =
e i >¢< L [T a () ) B °° a e R(E)(a) 2

Using the above fact we have the following calculations:

) 00 i 0o ibx/ — x/ ! —ibz .. ol do
‘mfo () oo @ LSS €5 (2 )b(a!) 2 e (2) dode) do
7 OO iba’ z —ibax x " "
o Iy 3@ om0 {22y @ €5 ()0 (@) &)™ (2) o] 2
7 OO ibz! _ z! - —ibx x o ”
1 Jo” 0@ e a {02y a e @ n($)v(a) ke = n(5) k) &
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7l'i b(x —x) (' z\ dz’ dal dz
=105 Jo 0@ e=oa [oiolar Sz e db}n(L)y(a)n(2) 4 4] < +
d

b(x —x)

2m fo (@) fasoa [ololsr fom e db}ij (% 2 x_’/ £
B o @) e [2o{h [ ™ db}n(E)(an(Z) % da]
= 2’” 5 o @ so @ [ola [Z € adshy (D)un(E) & B8+
fo d@) oo [ololze JE €™ a ds}a(D) ()n(5) 57 da] & —
27” i Jo @) fasea [P{ar [Z e ads}i($)(a)n(g) § da]
= 27” 5 0@ esoa [oly 02" — @) (5)p(a)n(E) & da] & +
fo D) fpon 0 [olg (e’ — 2) A2 ()n(5) % da] & —
o} fo b(x) [ Jgmo @® [l O’ — ) W(E)0(a")n(E) % da)

T Joo o@)2m fpo a (2)n(2) dalyo(x) %5 +
1(77) fo 5(@)[27 fomo ® 7(E)(E) dalt' () 5 —

o fo 5(@)[27 fomo a® (2)0(5) dalib(z) 5

T Jo @) 2m foo W (O)n(t) Flib(2) do +

1(77) fo p(x)[27m fR>o|77 )|? %]x V' (x) dv —
fo (@) 27 foooIn()* §E]eb(2) da
O(@)[2m [0 n()n(t) Flu(e) do +
fo (@)[27 [zooln()* o ¢ (2) do —

Vol fo )27T Jaso N &l (x) do

fo (@)[27 Jgso n(t)n(t) E)ib(2) do +
T( )fo 27 famo (8 * ]z ¥/ (2) dw
= St fo (e)e w(x) 58 [77 o@)a? /(@) &
= (Bl dbat).
Making the change of variables, z/a = t, da = %th, Jaso ' (t)n(t) f—gf =32 3 [esoln(®)? dt
and I(n) = 27 [po0|n(t)]* %. Finally, we have (:hpath)(z) = [(IIQ((:)] (5U(z) +
2 7). O

Quantization of ¢(b,a) = loga

Proof. We start out by taking two compactly supported functions ¢, 1) and infinitely
differentiable function 7 in the hilbert space H = L?(R>° dz/z). Then we have the
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operator ﬂog\a for the real valued function ¢(b,a) = loga by doing the following

calculations:
(¢|A¢r|¢>
= [y o(@)(Asl)) ()%
= [y (@) fruzzo 20, @)[€ba) (Ebal ¥) d“] &
= 17 Jo” @) fezoo Db, a){Ebalth)e e n(2) s &

/ / —ibx

=17 Jo 2@ Jzpmologa {2 el ﬁ(%)w(x)dxi}e n(z) dode) do
= s 2 (@) o Toga [S L e dbY(E ) (2) L de)
= 2 [ 0@) femologa [ {a [T e ) adsy(Z)(ay(2) 2 de) b
= 25 [ 0(2) fpoo loga [2700(2" — 2)( L) (a)n(2) & da] &
= 105 Jo" 0(@)[[zoo loga f(2)n(%) dajy(x) &
= 25 Jo" 0(@) [ fgoo log w —logt] n(t)n(t) %] v(x)%
- ﬁfo“’ ‘(w) log & [27 [0 ()] #] (2)% —
ﬁ fooo 27 [go0 log t \77( ) & wm%
fo z) logx 1 (x) % — el fo r)de
= fo 1og.r lo)% - “;fg fo ¢<x>d§
= <¢|r¢1oga¢>-

T

Making the change of variables, £ = t, = a =

and da = =5 and Lg(n) :=

$2

27 [no0logt |n(t)|* %. Finally, we have (r¢10ga1p)(x) = log(z)y(z) — [[1%5;7)] Y(x). O

8

Quantization of ¢(b,a) = a”

Proof. We start out by taking two compactly supported functions ¢, ¢/ and infinitely
differentiable function 1 in the hilbert space H = L*(R>°,dz/x). Then we have
the operator TES; for the real valued function ¢(b,a) = a™ by doing the following

calculations:

<¢|A¢r|w>
= I (@) (At} (@) &
= I (@) oo 05, ) G 0) (Gl 1) 282] 42
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= 77 Jo” 0(@) oo #(B, ) {Ebalt)e (L) e ds

= 15 Jo7 @) farmo ™ {0 g €™ 77( vl i e () dode) dr

= 1 B o [ e dBY(Z) (e (2) L de] e

= 25 Jo” O(@)[ fgs0 @ zﬁﬁﬂimw“xa%mg>u%§ﬂ#%%z
= 25 [ 0@ o a™ [0 0(2" — 2)7(L )b (2 )n(2) & da) 4
=%chwamw>mwg

= 5 [ 0@)[27 [ (2)" A(N() & di] (2)%

= 7 Jy d(x)a" %&wmwn> () 2

= 70 [ 6(x) 2" p(x) %

= (@] Pun).

Making the change of variables, £ = t, = a = % and da = =5 and I,(n) :=

we have (;b;?,b)(a:) = [II"(E?))] ™) (x). O

Jaso I(N(E) 55

Quantization of ¢(b,a) = ain

Proof. We start out by taking two compactly supported functions ¢, ¢/ and infinitely
differentiable function 1 in the hilbert space H = L?*(R>° dz/x). Then we have

the operator r@ for the real valued function ¢(b,a) = ain by doing the following

calculations:
(¢|«4¢r|@/}>
= [y o(@)(Asl)) ()%
= [y (@) fruzzo 20, @)[€ba) (Ebal ¥) d“] &
= 17 Jo” @) fezoo Db, a){Ebalth)e e n(2) s &

iba’ ibx

Zﬁ%”W®waww*%Mﬂ%1mWW%

— o 7 B o 2 [T € dbh(E ) (2) & ]
= 25 o7 0@ femo e [2205 [Z @ adsyn(E)ua)n(E) % ] &
= 2 [ 0() oo & [0 000 — 2)(Z) (' )(2) L da] L

= 75 Jy7 0@ feno o (D) (@)n(%) da) %

=17 Jo @27 oo (D) 0(E)(t) & di] U(2)53

= i J O() e 127 foo TN ez ]t () %
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d
- 1(7777 fO z" l‘)f

Making the change of variables, £ = t, = a = % and da = 5% and I_,(n) :=
1 oo (E(E) s, Fimally, we have (y 0)(z) = [522] Lup(a). 0
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