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Abstract

Teaching fractions through a Measurement Approach to prospective
elementary teachersA design experiment in a Math Methods course

Georgeana BoboKristof, Ph.D.
Concordia University, 2015

In this study we givan account of a teaching experiment on fractions to prospective

elementary teacherswhich took placeén winter 2014 in a Teaching Mathematics coumsen

Elementary Education undergraduate progratra NorthAmerican universityThe experiment

gra Fy TRFELGEFGAZY F2NJ S OKSNJ SRdzOF A2y 27F (K
developed by the psychologistW Davydov for the elementary mathematics curriculum

(Davydov & Tsvetkovich, 1991)

The research had the characteristics of a design experiment, vpttase of reflectioon the
sources of meaning of fractions apprage for the elementary school, as well g@®liminary

trials with one year before (winter 2IB) precedinghe implementation of the experimerin a

G Y G dzNBwehad N6 overarching goals in the design conception: fostering future

S+ OKS NAE G rdasiuting andl cuktiviatingZa positioning relative to the course institution
that is more conducive to accepting thempachc that of university students acquiring
theoretical knowledgeln the description and the retrospective analysis of the teaching
intervention we follow the realization of these goals at three levels: the overall organization of
the material and tasks ithe courseby the instructorthe classrooninteractions between the
instructor and the students in lectures, amlividualreasonng without mediation by the

instructor.

We found that the Measurement Approach encouraged a culture of systemic justification in the
classroom with some students adopting flexibly and creatively the proposed models of
reasoning within a given theoridlowe SNE (G KS NAa]l 2F a0dzRSydaQ Ay’



these modelg; such as words, sentence structures, or procedwrean high, with many

a0dzRSyia dzaAy3d GKS wkndd adBquaeyinderstandingrariRe3n&eNI G A 2 v
althoughspontaneous engagement with quantitative reasonifog establishing validity of

statements about fractions or for explaining realistic problems was rewaspresentin

several studentsin encouraging forms. Very few students adopted such reasoning, bug thos

who did, exhibited sophisticated and varied strategies for solving problems, which

demonstrated robust understanding of the fraction of quantity theory.
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1 INTRODUCTION AND RARLE

This thesis gives an account of a teaching experiment on fractions to prospective elementary
teachers. The experiment was an atktion for teacher educatinofthed a S & dzZNB Y Sy (i
I LILINR | OK¢ (2 eéveloped byiepsyghhlbgiStiv M 2D@vydéar the elementary
mathematics curriculuniDavydov & Tsvetkovich, 1991) Ly | & YlanedtdeekT 2 NJY €
series of lectres and labg the experiment was rumiwinter 2014 in a Teaching Mathematics
course¢ what is typically called math methodscourseg in an Elementary Education

undergraduate programt a NorthAmerican university.

Our researctnad the charactastics2 ¥ | G RS&A 3y SELISNRAYSyabkh, Ay (K
diSessa, Lehrer, & Schauble, 2008pringsomeresemblancevithd RA Rl OG A &éinSy 3 Ay S S
the French tradition of mathematics education reseatch diddttigue desmathématiques

(Artigue, 1989; Godino, et al., 2013)

The experiment was preceded by a phaseefiection on the sources of thmeaning of

fractions appropriate for elementary schamlathematicsand how itcould be taught to

prospective teachersThis reflectionled usté | & R2 @ 3 Gepis®aopi@adA OK Q&
analyses of the notion of fractiofibid.), and that iswhere ouridea of teaching fractions in the
context of measurement was borin shortthe argumentfor this ideagoes as follows.

Fractions originaten human activities of measuriras a way of quantifying certain aspects of
things: a fraction expressesralationship between two measured quantitieBy contrast, the
practice of breaking thingsorrespondsather to the modern notion of rational numbesisa

result ofdivision it may makesense to divide things to teach divisidoreover, ational

numberas divisiorindeedbeautifully matcheshe behavior of itgealistic counterpartfraction

relation betweenmeasuredjuantities taking together two quantities that are fractions of the

&
)¢

same quantityand asking what fractiothe sum is of that quantityggd A S & (G KS &l YS N
adding two rational numbersBut the conceptualization of rationaumberas divisiorof whole
numberswas spurred by internal theoretical concerns having to do with the foundations of

mathematics as domainof knowledgegrounded in axiomatic theorie&or all itsheoretical



power, this concept loses the connection @& S I & dzNB R; rathét, kafichal sumber as

division owes ityeryattractiveness for abstract algebra to this detachment from rgalit

Finally this stands to argue thattional number as divisiois perhapsnot the route to go for

teaching children rmthematics: wewould haveto teach a sophisticated concegqtational

number¢ with tools too rudimentary to capturés essence cutting cakesand pizzas into

pieces Cuttingcakes could wik, but only if we retaied an interest in the measurements of

the resulting pieces with respect to one or another quantifiable aspect that interests us:

cardinalily of sets, surface area, weight, etc. Otherwise wayrthinkck Y R OKAf RNBy Qa
this way produces systematic errarshat afraction isa piece of cke, whenA & @S NE Y dzOK A
(pun intended).

We tried a few teaching situationgith future teachersbased orthe idea of fraction as a
relationship between measured quantiti@sa pilotstudy inthe winter of 2013.Based on this
experience; marked by atsong resistance from future teachets some of the teaching
situations we proposed we revised the design of the situations, but did not give up the main
idea of the approach: fractions arising from measurement activities. d&¢aled to retry our
introduction to fractions with a new group of future teachers, in thiater of 2014 This time,
however,we developed a comprehensive program iisroducingfuture teacherdo the
aSlad2NBYSyd ! LIINRBIFOK (2 FNI OGA2ya alyBuisaé dzLILIX A S
of a textbook for the course containing the essential ideas of the approach and many
exercises to understand and practice thekVe also attended more carefully to the fact that
we were to teaclhthis approach to undergraduate students ereal in a math methods course

¢ this context turned out texplain some of thepposition to the ideas we had attempted to
put forward. Thus ourapproach gainednore solid mathematical and didactical foundations, or,

more generally, the features of a cleadefineddesign ready to be testedh the classroom

In implementinghe desigrwe focused on two overarchirgpals we had set fat: fostering

Fdzi dzNBE G S| OKSNA Q | daltiwitinda pdsiiiohing selaweRolthe Bovrdey 3 | Y R
institution that is more conducive to accepting the approadle @scription and analysis of

the teachingmtervention, in the presenstudy, follows the realizatiorof these goals at three

levels: the overall organization of the material and taskhécourseby theinstructor, the

2



classroomnteractionsbetween the instructor and the studentis lectures, andndividual

reasoning without mediation by the instructor

Ana-posteriori analysis serves as the basis for discussion about the validity of the design in
relation to the apriori analysig; this isthe internal validation processharacteristic othe
didactic engineering methodolodye., as opposed to comparison with a control group

performedin other types of instructional interventions).

1.1 GOALS OF THE DESI

Through the apriori analysig; rooted in available knowledge in the literature and our

preliminary trialsg we have setwo objectivedor the didacticengineemg:

- ToRS@St2L) FdzidzNE GSIFOKSNRQ ljdzt yGAGlI GABS NBI
- Toinfluence futurgi S I O K StiNds @ theJasttution of mathematics methods

courses

The firstis the one that capturethe spark that startedhis study. our viewthat elementary

instruction in mathematics shouldim atdevelopingO K A f RudiitAtRereasoningThe

secad objective is subsumed to the fitsn the sense of encouragingK S dzy A GSNRA G & &
attitudes thatmayfavorlearning of quantitative reasoning, but it is also, more generally,

relatedto how weenvision learning at university for prospective teachers, eslgavithin the

particular frameworkof mathematics methods courses

| will justify the emergence of thegpalsin detail inchapters 3 and 4, as | speak about the
reflection and conception phases of the instructional desagid examine their realizatiom

chaper 5, which details and analyzes the actual implementatlathis introductory chapter,
however,before castinghe workin the conceptual structur@menable to close stugygive a

generalcharacterization of our goals the form of a generatlision anda few examples.

1.1.1 Quantitative reasoningh elementary mathematics

In elementary school, children do not learn about the rational numbers of modern

mathematicslf they did then, for example, to justify that- is less than- , it would be

3



enough to say that  x is less thars v. Butchildren encounter fractions irproblems that
involve some readlife situation or objectsand theirteachersshould not geaway with such a
justification alone To talk about any piece of mathematioseaningfully at this level, there
mustbe some connection witthe contextsuggested in the problenThat those numbers have
to be somehow attached to concrete things is an idea that few stakeholders in elementary
mathematics educatioq be it parents, tachers, policy makers, or researchensould

disagree with. But how to effectively mediate this attachment of numlgarsparticular,
fractionsc to the concrete, how to maintain it when performing operations in problem
situations, or how to organize theke-off to abstraction are just some of the questions that we
have to confront if we want to even keep the topic of fractions in the elementary mathematics

curriculum.

Neitherthe interestin playing with real pizzas, manipulatives, abectronic applkations

o appg for fractions, nor the aesthetsof developing the theory of rational numbemdpne,

justifies the need to learn fractions. The former remains just that, an indulged interest if it is not
GNBIf AT SR GKNPRdJzZAK A 81900/2980 O 4Qxhe phitoZopharlo & W2 Ky 5
educationwhose view of learning was nothing if not of an experiebesed, chilecentered
LINEOS&dad ¢KS € F0dGSNI Ndzya (GKS NAalisigahdad RST2 NYA
itself the goal of teaching, says Henri Lebes@®32, p. 198)the mathematiciarwho initiated

the creaton ofthe modern theory of integratioased on the notion of measurd@he

progressive philsopher of education is concerned with keeping the mathematics in the

experience, the enlightened mathematicigiwith keeping the experience in mathematics.

Inspired by both, we believe that doing meaningful mathemadicslementary levetequires

thinking about quantities¢ modeling the reality in terms of those aspects of objects or of the

relations between them that can be measured (e.g., the surface area, the number of calories,

the weight of a pizza). Before tracing more precisely the inspiratiortf@donceptualization

of the notion of fraction of quantity, central to our development of the Measurement

Approachg we illustrate, in broad strokes, what we mean by quantitati@asoning through

three examples. The first is extracted from a resegraper about fractions and multiplicative

reasoning, the second is an episode from a workshop on fractions in realistic situations

4



conducted by a future teacher, and the third is a reflection on a personal experience of

modeling using mathematics with a tthiThey alfeature a proportionality problem: the first

example highlights the difference between a solution based on equations aalition based
onquantitativereasoning (G KS aS02y R (2dzOKSa 2y | RdzZ 4aQ LINE
expense oMmathematicalinsightin connection with real lifeandthe third acknowledges the

difficulty of revealing, for a child, such insight.

1.1.1.1 Example 1: Quantitative reasoning versus aradtiplying in a proportionality problem

Thompson and Saldanit2a003)have long advocated for attending with greater clarity to

guantities, as attributes of objects that can be measured with units, and to operations on

guantities, as acts of imagining what one does when performing them. They slis®upoor

level of fractions knowledge and teaching in NeAmerica, and propose to address it by

enhancing multiplicative reasoning. This is different, they show, from being able to perform a
multiplication. A problem that they quote, given by Post et(2993) to a group of elementary
teachersbrings home this important distinctiond @ St A aal 062dzaK4G nodnc 2F |

FE2dzNJ F2NJ 6 KAOK aKS LI AR bandycd | 24 TYHheye LI2dzy
problem could be solved by setting the equation % - FyR &YOdR{aAALI @ Ay e (2
solve forca The teachers from the sample, although able to do this, were far from having a

coherent understanding what it meahty R 2dzaGAF@Ay 3 K& GKAA& &Nz S
true answer Thompson and Sadehha(ibid.) proposehow suchunderstandingcouldlook if

guantitative reasoningvas used

If 0.46 Ib costs $0.83, then $0.01 (being 1988 $0.83) will purchase 1/83of
$0.46 Ib. Thus $1.00 will purchase 100/83 of 0.46 Ib. A more sophisticated
expres®n of the same reasoning would:l#41.00 is 100/83 as large as $0,88
you can buy 1083 of 0.46 Ib for $1(Thompson & Saldanha, 2003, pp-15).

The two authors reflect on the kind of teaching that would ameme such thinking:

What conceptual development might lead to such reasoning? A variety of sources
suggest it is through the development of a web of meanings that entails
conceptualizations of measurement, multiplication, division, and fractions. We
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emphasize conceptualizations of measurement, multiplication, division, and
fractions. This is not the same as measuring, multiplying and dividing. The latter

are activities. The former are images of what one makes through doing them.
(p.15)

1.1.1.2 Example 2Problensituations from realife do not naturally lead to explanations

involving quantities
We firstsaw thephenomenon of heavilfavoringthe algorithm in the first instantiation of our
teaching of fractions using measurement, in the Winter of 2013. As we twang to stimulate
FdziidzZNBE GSFOKSNBQ GFadGsS F2N) dzaAy3d FNIOGAz2ya (2
of preparing a group activity for their peers, where they would teach a lesson on fractions
inspired by a redlife experience. Somewhat nely, we had thought that this sort of authentic
experiences (theirs rather than ours) would engage them naturally in meaningful, quantitative
explanations. One of thieiture teachersvas passionate about baking, and proposed a
problem-solving situationnvolving a recipe she had actually tried. She prepared a lesson on
conversions between the metric and imperial systems of measurenge tried this lesson

with 8 classmates, acting as her students.

As a preamble, she outlined some features of the twaesys for her audience (playing the
roles of pupils) and circulated various objects in the group: measuring cups, spoons, a scale, etc.
¢CKSYZ KIFIYRAY3 2dzi 62N} aKSSiz aKS FalSR GKSY
conversion equations as givelithe second and the third contain redundant information):
[1] po6ACT A WQE & pj¢h 'QEAOQAp @ OF
TWi n
2] puwd& powi N

[B] ¢o®i pé &
The recipe called for quantities suchtagpdt o @ ¢ 1 dwgp Pdarde ™ gand v & Ato

be measured in cups, tablespoons, teaspoons, and ounces. The members of the group were
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givensome time to reflect and solve. After this, tteacherstudentasked some of her pupil

classmates, to present their solutions; she praised them for their work, without commenting on

the content of their proposals. She then introduced, as a recipe owtsright, what she called

GUGKS YSGK2R 2F ONR&a LINRPRdzOG$¢ Y @ 8nd SoligigFor itizLd | LJ
algebraically to find the desired imperial measures. She did this despite the fact that all of the
guantities in the recipe were multiples @f @ ot Y Qo @ QC T QP Yd Qe T qora

divisor of it 0 & & thussuitable for more intuitive strategies for conversion, and without

reflecting on the meaning of the proportion in light of the obvious multiplicative relations

Ay @2t OSR® a2NB2@SNE aKS A3Jy2NBR &a2YS LI NI AOA LI
relations (e.g.g @ dr disp- @ 6 rpécause it is made of af T drt dandp ¢ dt & which are

p 6 @nd- @ 0, fespectively). She also mentioned, in passing, that if decimals are obtained

when solving the equation, theshouldbe converted to fractiondlore surprising was,

K26 SOSNE (GKS LI NGAOALI yiaQ ONRUGAI dadndsprE KSNJ £ S
activity (she had passed measuring utensils aroytitgt would be, in their view, very

appealing to children. One person from the group wiadice that the method may be too

Gt 3SONI A0 F2NJ OKA foR B pfaportiorybR repladdd byzadieRiond K I G
mark. They seemed oblivious to the missing link between the proposed activity and the ensuing

calculation: a sensible explanation involving the quantities at hand.

1.1.1.3 Example 3: Reasoning quantitatively to madelalistic situation is difficult

| wasrecentlyreminded of the difficulty to explain things quantitatively when the same

proportionality problem came up in a real, rather than realistic, situation. Me& old

daughter came back from her gymnastiésicd a 2y S { I GdzZNRIFI & @A aAo6f & dzL
believe she had woken up at 8.30 a.m., yet managed to be in the downtown gym by 9 a.m. The

coach knew she lived on the South Shore and thought it was impossible to achieve such a feat.

Now, | domath with my children quite oftenwithout planning it but using spontaneously

arising opportunitiesmost of the time as playful discussions triggered by an actual quantifiable

event, somémesaspure number games we invent. But this was not the usuahad game o

challenge that we delight in at the dinner table or in the ddaya asked for my helpecause



she felt embarrassed in front of her team, and powerless in redeeming her credibility (even if

her coachhad apparentlyjust joked lightly about it). She hadsolid understanding of

multiplication, and in relation to it, some grasp of division; she had just learned the metric units

of length. | had never talked to her deliberately about speed. However, our Civic has a digital
speedometer showing numbers thagtthe children seem to undstand¢ are related to how

fast we are going (they can fedlat). So | decided to help her solve a mathematical proktiem

prove she was telling the truth; | had to do it on the spot, and rather &sgs not to los¢éhe

authenticity of the situationand work with her fired up motivatianAnd from setting up the

problem, to explaining, and finally writing it for communication, | found myself navigating a

web of decisions and obstacles that underlined the twviality of eventhe most basic

modeling for the purpose of teaching. First, | had to use numbers tlyadlamghter could work

with: 10.7km ¢ the actual distance from our home to the gyqrould not work because she

RARY QGO 1y26 RSOAYLIf &T 10, bé&c8use itAvauld fitbetted, thouyhy = NI G K
multiplicatively, with the 60 min measure of time needed to conceptualize the speed. Then, |

decided quickly that the speed must be 80 km/h, even if 60km/h would have worked to solve

her practical question of aning in time; this decision was rather didactical: 60 km/h would

have been too trivial, even for a novel situatisuch as this one was for he8o the problem for

Y& RIdzZAKGISNI G2 a2t @S glay alz2¢ t2y3 R2Sa Al 0
yn ({YKKZI AF (KS RAaGlIyOS 06SisSSy (KS (g2 Aad wm
does a reading of 80 on the speedometer mean (Maya seemeddityeaccept that 80 is a

good representativef the many readings of the speedometel chose not taise the word

average for now). | told her that it is the distance traveled in 1h, or 60 minutes, and she seemed

to get it but when | reformulated the problem again as a proportionality situation she was
a0dz01Y aLT AG GF1Sa czy IFARMAS aA (0 20 NG a6X  (yNi G €
improvise a few more problems with the same structure, but more relatable, involving steps

and seconds, which she actually played out by walking and counting before arriving at the

F2tf 26Ay 3 ONRditdfiod hbw nughiithedKknéeded dot-1 km, then multiply it by

MH (2 FTAYR 2dzi K2g¢g f2y3 GKS RNRAGS ¢gladé LG oI
dividing 6 by 8: at this point | wasn't sure if she had sheqastrather abandoned;, the



guantitative connection. Also, | was uncertain about whether she understood this relation
multiplicatively, or rather just thought of ignoring a zero (would she have thought, for example

that, 42 divided by 56 is the same as 6 divided by 87?), buttldetin order to maintain the

Ft29 Ay GKS NBI a2y A goavar tdsgcorbisdbch woulg Batednade 0K S R A R
a divisionin whole numbersbut drew six circles, which, she said, represent clocks, and broke

GKSY Ayid2 aldz b\ar8 N@iting thiree quatets as\aresudiziwBich she wrote in
g2NRaAY GENRAZ A|RIRNIGE 29 f2y3 Aa GKLBKahxXxyadBoR

G2 KIG Aa GKS dzyAlKEZ YR aKS FyasSNBR atp aSo
monSe@% |yR &FAR AdY Ga¢CKAA A& y2i0 Y22ySeés (2 6K,
YAYdzi SaXb23 gl AGH ¢KA& Aad | YAydziS Of 201 wLRA

Multiplying by 12 and getting the final result of 9 minutes was straightfodyand, in

hindsight, | thought that 11 kmgthe number closer to the real distancevould have worked

quite easily also. Finally, writing down the solution so that she could convincingly present it to
her coach was a lesson in and of itself: she haddtude her other assumptions (such as that
there are just two lights with a stop time of 30 seconds, or that there was no traffic on a
Saturday morning) and a timeline, with the walke time, and the time taken for breakfast and
getting dressed specifietlencouraged writing the solution schematically, but intelligibly, and
using mathematical symbols, in particular the equal sign, grammatically (e.g., she initially wrote
60 km = 80 minutes).

Maya was very satisfied with the result, and was happytob8abli 2> Ay KSNJ g2NRa&X
ighté L ¢l a €STh 62yRSNAY I | 02 dziof redliky8sindzy LINSRA Od |

mathematicss A § K OKAf RNBY X Fo2dzi (GKS O2yaiN}IAyida L3
present state of mathematical knowledgahout walking the thin line between letting her own

the explanation and telling too much, and about letting slide some learning opportunities for

the sake of the flow of the explanation. | also questioned whether | stayed true to the

guantitative approacho problem solving we were professing for future teachers.

The design presented in the thesis is an attempt at equipping prospective teachers with the
knowledge base for working with children in sugituationsinvolvingrealisticcontexts and
concreteobjects The main problemve see, ad ultimately hope to address, ke separation
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that inevitably tends to occut at the outset in elementary schoaj betweensuch contextual
problems anchumerical calculations, whialaisesthe question: why use word pblems with
realistic situations at alh schooP We think they should be used, but we should develop better

ways to reason about them.

1.1.2 The future teacher as a university student enrolleglirathematics methods course

In Canadathe organization of tedeer educations regulated athe provincial levelln the
province of Quebedgacher education is set up amdergraduate programs of Education at
universities These programsake, usually, four years @ndincludebetween two and four one
term coursesaimed at preparing the prospective elementary school teachertefaching
mathematicsg they are referred to, usually, as tmeath methods course# is hard toeven
discuss, outsidéhe scholarly domain ahathematics educatiomesearch, what these coses
are about what is thee to learn about the teaching ehathematics thais sosimple.
Eveybody supposedly knows mathematisthis level, and then there arie ubiquitous
calculators for the practical day to day neaxdsloing arithmetic Besidesprospective teachers
learn child psychology or other relevant domains for this level of education in separate
designated courseis their program However, ag tried to show in the above examplaapre
profound knowledgdor teaching children mathematiceannot be assumenh adults who have
been through formal schoolinga kddition,prospective teaches, and perhaps, most people,

R 2 yegei perceive a need to acquire such knowledganiversity.

Yet there isfor examplecutting edge research of chMlS Yy Q& Ay G dzZA G A @GS GKAY 1 AY
as they enter shools e.g.(Carpenter, Fennema, Franke, Levi, & Empson, 2999 NJ 2 ¥ OKAf R
learning of paricular elementary level topicsuch as fraction.g.(Brousseau, Brousseau, &

Warfield, 2014). There is also the metknowledge of mathematics resulting from

epistemological and cognitive analyses/afiousconcepts e.g.(Davydov & Tsvetkovich, 1991)

It is the latterthat A Yy & LA NBR 2dzNJ 321 f 2F RS@St 2LIAy 3 7Fdzi dzNF
in addition, we arge that prospective teachers should learn such knowledge as university

students. More specifically, we proposéady ofknowledge that is rdner theoretical,aimed

at fostering¥ dzii dzNB (0 S+ OK S Nyar@lytikallypwhthiinga thargFthatiiskbiily, in the/
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course,usingdefinitions and precise language, and justifications using inductive and deductive
reasoning. We argue that such appmoach not only contributes to the rather formidable task

of laying an appropriate intellectual foundatidor our studentshrough university education,

but, more practicallyit distances them from their own learning experiences in elementary
school, wiich has a substantial influence or their attitudes towards learning in math methods

courses.

1.2 QOUTLINE OF THE THESIS

Chapter 2 contains the methodologyd the conceptual frameworkn Chapte3, | presenta
preliminarystudyof the concept of fractionChater 4is dedicated to the ideas we derived

from the preliminary trialsn the winter of 2013andthe designconceptionfor the experiment

to be carried out irthe winter of 2014 Chapter Ss the description and theetrospective

analysis othe experimernt, organized according to a framework suggested byTtheory of

Didactical Buations (Brousseau, 1997 the first section we look at the long term

organization of the course; in the second, we turrttie analysis o€lassroom interactions; in

the third, weanaly S AYRAGARdzZ f &aidzZRSydaQ | LI AOFGAZ2Y 217
instructor. Chapter 6 contains a discussion of the redojt&xamining the realization of the two

outlined goals
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2 INSTRUCTIONAL DESMETHODOLOGY ANBRORTING CONCEPTUAL

FRAMEWORK

In this chapter explainin a systematievayhow | carried out my researckvhat one usually
includesundertheoretical frameworkand methodology What these twacategoriesefer to, in

researchaboutteaching according to design deserves some clarification.

| will start by discussingn ambiguity in thaneaning ofinstructional designon one handas a
productof practicing research in mathematieslucationas acdesign sciencg and, on the

other hand, as a researamethodologythat specifies how to conceive and evaluate educational
interventionsaimed at deeloping a particular product, such asurriculum, a sequence of
lessonspr a piece of softwareWith both meanings, as product and as methogsearchbased
design for improving the teaching of mathematics is knowingénierie Didactiquéwhich we
translate adidactic EngineerindpE) irthe French didactique, and as DesiBased Research
(DBR)n English languagemathematics educationesearch | discuss how the two paradigms

are different, especiallgsspecifications for carrying out research, and explain in what sense
my methodologyis closer to the Frencapproachto instructional designl give special

attention to the role of theorym the desigrand formulate, in this contextjow | choose to use,
instead of gourelytheoretical framework, a combination of theoretical perspectives and
practitioner knowledge to articulate eonceptual frameworb NI § KSNJ G KFy | aiKS?2

T NI Y S ca@niNJskelétal structure of justificatioras suggested hiEisenhart, 1991)

Havingclarified the categories afonceptual frameworland methodology linstantiate them
for the present studyn the second sectiar will present the phases of our instructional design
assupported by various components of the conceptual framewbrkhis section klsoinclude

the procedures for data collection and analysis.

2.1 INSTRUCTIONAL DESKSRRODUCIFANDMETHODOLOGY IN MAWKEICEDUCATION

A few authorshave been promoting the idea, recently, thate ofthe most fruitful ways of

carrying out research in mathematics educatiotoigracticeitl & | aRSaA3dy aO0ASy O
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(1995)articulates such a proposaih a corvincing manner by answering ttieundational
jdzSad A2y a2 KIsSRHzI WA & K SEEaduestiamkiehiat the time his
paper was published, had emerged in the research community more and more ofteriimes
were 1ipe, he arguedtio define an identity foour domainthat reflects its specific status and
relative autonomy withrespectto related or relevantisciplinessuch associology,
anthropology pedagogy, or mathematicBnguisticscomputer sceénce, andogic This identity
can be derived from orienting it towards improving practiKeepingan eyeon practical issues
delineates a set of specific tasks, which he labeletth@soreof MER distinguishing it from

other related areas of researcfihecomponentsof the core include, in particular:
- analysis of mathematical activity and of mathematical ways of thinking,

- development of local theories (for example, on mathematizing, problem

solving, proof angbractisingskills),

- exploration of possible contents thimicus on making them accessible to

learners

- critical examination and justification of contents in view of the general

goals of mathematics teaching,

- researchinto the prerequisites of leanimg and into the teaching/learning

processes,

- development and evaation of substantial teaching units, classes of

teaching units and curricula,

- development of methods for planning, teaching, observing and analysing

lessons, and

- inclusion of the history of mathematics educati@gWittman, 1995, p.
357)

Relations with other disclmes are cruciat warranting an interdisciplinary approacias they

bringabout an exchange of ideas and ways of investigating the core systematically, but theories
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and methods are only relevant insofasthey receive specific meaning by being linked to the
core. Onlyadvances in the core coyraccording to the author, as the measuring stick by which
progress in the whole domain should be assessed. In this, mathematics education research has

a kinshipwith other domains, such as music, engineering and medicine:

For example, the composition and performance of music must take precedence
over the history, critique and theory of music; in mechanical engineering the
construction and development of machingparamount to mechanics,
thermodynamics and research of new materials; and in medicine the cure of
patients is of central importance when compared to medical sociology, history of

medicine or cellularesearch(Wittman, 1995, p. 357)

Moreover, it is the creative process leading to innovations oriented to improving teaching, of
both theoretical and practical importance, that provides MER with a robustseltept, versus
appendance to neighboring disciplin&gork within the core,ultimately aimed at producing

G NI A F A Osuthtagearidirg 6nidsii ai seduences teaching unitsto be tested in
Bl NR 2dzda S RdzOl (ddfideyMERas & de€igh Scerdd S & € 3

Our research belongs to this kind of work comgralmost all the componentautlined by

Wittman. The products an approach for teaching fractions to elementary teachiers.

developing itepistemological aalysis othe mathematical topic, in particular, dfe origin of
fractionsin human activitieversustheir status in mathematics as a research domaias

crucial We also carefully examined and justifiedys of deliveringthe content toprospective
teachersand the possible reverberations for teaching it to children by taking into account
cognitve aspedt ¢ e.g., that teachersnustre-learnin a different waywhat they have seen

before, or that encapsulating fraction as a relationsbhigtween quantitieds a cognitively
demanding taskWe held under scrutiny the content and the ways of deliverimg regards to

the general goals of mathematics teaching by asking questions such as: What should children

learn in school? What should prospective teachers learn at university?

EssentiallyasWittman proposed we practiced mathematics education asreative endeavor

but also exposed the work t®ystematidesting
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Indeed the quality of these constructions depends on the tHeasgd
constructive fantasy, the "ingenium ", of the designers, and on systematic

evaluation, both typical for design scienc@¥ittman, 1995, p. 363)

The approach was far from being mechanisttbis would obviously raise concerns at the

least be naivein the domain of educationdittman quotes Malik (1986) who advances a new
Gaenicb @2t dzi A2y NBE¢ LI NYRAIY F2NJ RSairady a0ASyOS
selforganization of living systems. Thisw, in particular, allows, in the domain of

mathematics education, a shift from a transsionof-knowledge model of learng ¢ from the

teacher to the passive studentto knowledge arising from a system consisting of teacher,

students, resources, constraints, eBy &R 2 LJG A Y I-ANP @& KZYB KS2NE Ay YI (K
education¢ the theory of didactical situations by Broussga997)c wefollowed2 A G G Y I y Q&
recommendations of using achievements from the core already availddetheory, indeed,

served us well fomodeling teaching situations in a systemic fashion.

Cobb(2007) in his paper aboult LJdzii (G A y 3 LIK A folcar®ihgrogt resedrchg 2 NJ £
maintains that it is this feature @theory ¢ its usefulness for understanding learnipgcesses

¢ that should serve as one of the main criteria for selegtime or another theoretical
perspective, even more so when mathematics educatsopracticed as design science. He and
his collaborators are some of the pioneer practitioners of desigsed research in North
America, while Artigue and several other Fehnesearchers have been advancing the
mathematics educatiodomain in this wayeven before their American counterparia the

form of didactic engineeringBoth traditions of research have the overarching goal of providing
robust evidence for instructimal approaches, thus very much retaining the applied statubeof

domain.

In time, this led to the specification of a research methodology associated withigtienal
design, which, on one hand, resportdghe need to base the design @ome fundamerl
theoretical principles, and, on the other harqatpovides the setup foempirical testing and
systematic validation. One then talks about didactical engineering (DE) or desgd

research (DBR) also in the understandinghethodologies for theordriven educational
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interventions, usually involving some innovative teaching sequembesimilaritiesas well as
the substantialifferences between DBR and DE, as outlined by their proponents and active
users make aninteresting point of discussion forymresearchAs part of the more general
discussion about carrying out instructional design resedrobtline some featuresf myown
methodology by reference to this comparison, befoagticulatingit concretely, in the next
section.This discussion alshas important consequences for the role | attributeteoretical
framing in my researc| carry it hereas a matter of coping with multiple theoretical
perspectives, beforgpelling out, in the next section, the theoretical camsts used in the

present study.

In a recent paperGodino and his collaboratof2013) highlightanimportant difference

between DBR a term designating family of methodological approaches prevalent in Anglo
Saxon literatureg and CEC the Frenchborn methodology Namely, while DE is closely
connected to garticulartheory ¢ the theory of didactical situationdrousseau, 199 DBR

can besupported bya multitude of theoretical perspectiveBE relies o the theory of

didactical situations (TDS) both in the conception and the analy#i® oiesgn. | will not

present TDS hereut it is important to mentionat this point that one of its important
assumptionss that, to each piece of mathematical kn@abe there corresponds a

fundamental situatiorwhich captures its epistemological essence, in the sense that the target
mathematical knowledge will be the optimal solutitmthe question is raised his implies that

in the teachingearning situationghat we design, there should be an intrinsic, epistemological,
motivation to construct this particular piece of mathematical knowleddgopting TDS results

in the central role of ejgtemologichquestions in DEThis justifieshe inclusion, as the first
phase ofDE methodology, of a preliminary analysis of the mathematical knowledge to be

taught The phases of DE methodolo@yg., according t@Artigue, 1989)are:

1. Preliminary studies

2. A-priori analysis and design
3. Implementaton
4

. A posteriori analysis and validation
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By, contrast, Godb notes,DBR method#ocus on the planning, experimentation, and
evaluation of educational interventions in naturalistic contexts (corresponding to phases 2, 3,
and 4 of DE) whilthe study ofepistemolagical issuegs notably absent. We find the following
three phases for design experimeritsa paper written by active researchers in this domain in

the US, as they are examining their own meth{@ebb, diSessaghrer, & Schauble, 2003)

- Planning the experiment
- Conducting the experiment

- Conducting retrospective analysis

Our methodologys closer to the French tradition of Orethat we, too,cultivate an
epistemological emphasifor example we undertake gpreliminary study of the surces of
meaning for fractions. However, we do not consider this kinakipxcluding implementation in
naturalisticcontexts as Godino seems to frame the difference betweenfhench and Anglo
SaxorparadigmsMoreover,and relaed to this,we also use the Theory of Didactical Situations,
but not, as Godino characterizes D&orient the methodology towardgesting and developing
the theory itself.Of particular interest; the issue at stake hereseems to be pe of theaims

of teachingpostulated by TDSplaying an important role in its early applications toidas
instructional interventionsachievinga highdegree ofa-didacticity; i.e., creating situations

where students learn through feedback from their learning environmeithout direct
AYGSNI OGA2y 6A0K GKS GSIOKSNJ 6GKS GSIFOKSNRa
milieu).L Y 5 9 days, tid phelindnary analyses aimed at the construction of a fundamental
situation for the target mathematical knowledgon which the design @éaching situations

with such a potentiatould be basedWe, too, search for good problems, but acknowledge,
based partially on theoretical considerations, but also on initial trials that this is hardly
achievable, especially aniversity Yet ater developments in the French paradigm of research
do accommodatemore naturalistic observationfArtigue, 2009; 2014y here TD3$akes into
account also the importance of stent-teacher nteraction in learningWe use TDS primarily as
away of studying learning iasystemic mannec i.e., as an analytical framework rather than as
design program. We focum the relations among three systemgshe student, the teacher,

and the content rather than on one of tem alone, or just on the relation between two of
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them. Viewinghe process of learninkike this accommodates other theoretical perspectives

ddzOK a4 xe320a1@8Qa a20A20dzf GdzNI £ GKS2NEB 2F S
theoretical perspectives that account for the strong imprint of particular institutions. | combine
multiple theoretical perspectiveas well as practitioner knowledge (that is, our knowledge of
mathematics anaur experienceof teachingit) to produce whatisenhart calledin her often

jdz2 SR LI LISNJ I 62dzi GKS dza S 2FacdnbebtYaSradeNdrka Ay 2

oas a skeletal structure of justificatioXEisenhart, 1991, p. 209)

In terms of the evaluadn of the design, both DBR and DE methodologies differ from classical
design experiment in that they are mainly qualitative and do not measure pre and post
characteristics of experimental and control groups. Bettwo differ in the following notable
aspect: in DEone deals witthypothesescreatedbefore the experimentation phasahich are
sought to be validated explicitly, versoscro-adjustments throughout thexperimentationin
DBR [e.g(Artigue, 1989)(Cobb, McClain, & Gravemeijer, 20p3his stanceGodino argues,

alsorelates to the role of theory in the research

Although both approaches are mainly qualitative (or mixed), an important
difference is the establishment in DE of mpthypotheses (before the experience
design), while DBR tends to a qualitative posture, assuming that theories emerge
from the data. Although the methodology stages are very similar, there is a
greater influence of the theory in DE that seeks explizliglation (even if

internal) of the previous hypotheses, and the previous analyses of the design are

detailed and completdGodino, et al., 2013)

Our research isloser to DE in that we establish overarching goals at thenbégj and use

them as foci foobservation in the experimentation phaseut do not treat them as

hypotheses that are either confirmed or infirmed. In particul@e do notpredictexpected

behaviors of the students, but rath@dopt an interpretivist viewa 2 Y I 1S & SYLIJA NR O f f
INRPdzy RSR Of I AYa [o62dzi GKS O2yRAGAZED, F2NJ GKS
McClain, & Gravemeijer, 2003, p. 8pme components of our conceptual framework emerged,

as predicted b¥isenhart, while carrying out the intervention or its analysis.

18



2.2 PRESENT STUPWASES OF THE RESEHARIDWPPORTINGONCEPTUAL FRAMEWORK

| describe here th@nstructional design methodologyndertakenin this study (I use neither the
terms DE or DBR) loletailing thephases of the research, each supportadough an

argumentation structurevith elements of my conceptual framework.

Drawingon Eisenhar{1991) | build a structuring framework for the research by comtgnin
theoretical and practical elements insofar as | find them useful for my res@ansktructional

design. | quote from this author:

Crucially, aonceptual framework is an argument that the concepts chosen for
investigation, and any anticipated relatidnps among them, will be appropriate
and useful given the research problem under investigation. Like theoretical
frameworks, conceptual frameworks are based on previous resaarth

literature, but conceptual frameworks are built from an array of currerd a
possibly farranging sources. The framework used may be based on different
theoriesandvarious aspects of prétioner knowledgedepending on what the
researcher can argue will be relevant and important to address about a research
problem.(Eisenhart, 1991, p. 209)

Cobb(2007) 02 Y AARSNAR G(GKS adzaSTdzZ ySaaé ONARISNA2Y LI N
education is viewed as design sciejaed frames it in terms of thevork that different
theoretical positions can do to contribute to our understanding aralization of learning

processesThe second criterion, he pits, should be how the individual is conceptualized.

TheTheory of Didactical Situatioff$DS)s an essential coponent of my analytical framework,

perhaps the overarching onén particula, it inspired the epistemological analysis of the

concept of fraction that we carried out in the preliminary phase of the reseavtiere we

asked the questionwhat are the soures of meanings for fractionssecondly, through the

concept offundamental situatiorwe were able tdook atwhat kind of problem, or set of

problems are good problems to incite the desired knowledge of fractions. Bentost

attractive part for us in this theory,isits view of learning as a process that balances

acculturatiors A @S P> a0 dzRSYy (G Qa A yddépmdioiel duden® A G K GKS
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interaction with theproblems set up for herFrom here we @om in to conceptualize each of
the two processesthe Vygotskian perspectifer teachermediated learning of culturally
constructed concepts, and a cognitive model of a learner interacting with a mathematical
problem (Balacheff, 2013) also employed the distction between theoretical and practical
thinking, developedy Sierpinska and collaboratoiSierpinska, Nnadozie, & Oktacg, 2002;
Sierpinska, 2005; Sierpinska, Bobos, & Pruncut, 2bith)e conext of teaching linear algebra
to high-achieving students at universityhe categories proposed fnA S NLJmogdal véreQ &
useful,on one hand, in giving a finer description of the mental processes required or
encouraged by certain tasks, and, on the athand, in justifyig the content weproposedin
view ofthe goals of mathematics education at different levéis.essential component of my
conceptual frameworkesulted fromzooningout (i.e, beyond the didactical situatiotg
consider the mathematicsethods course as an institution whose speafharacteristics

imprint on the learning of mathematics that takes place.

TDS keeps in center stage the piece of mathematics onto which teaching and learning occurs
this sensitivity to contenalso called, etensively, on my own knowledgd mathematics
(sometimes logic aras well as my analytical stanceteaching mathematicat college or

university¢ these components represent the practical framework in my research.

In the following sections| describeall these theoretical and practical perspectives in

connection tothe different stages of our research.

2.2.1.1 Phase 1: Preliminaspudiesof the concept of fraction
Thefirst phase of the researdook place sometime before the first time the course was taugh

in the Wintersemesterof 2013 | reportonit in Chapter 3.

The course in questiowasa Teaching Mathematics courgeolloquiallyOl t £ SR I a Y| (K
YS i K2 Ra gin é@nFEtNatsry Education undergraduate progi@ra NorthAmerican
university. Two lage areas of content had to be covered in avil€ek long course: fractions

and geometry, with fractions taking up most of the time, 8 weeks. The research team consisted

of myself, the instructor of the course (hereinafter called the Instructor), and anafestuate

student, interested in the geometry part of the course.
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In this phase of the researete aligned with therheory of Didactical Situatiomsthe

preoccupation with issues of epistemology of the piece of mathematics concerned, in our case

¢ fractions. The preliminarystudythustook the form of a literature review, with the following

angle: how does the concepf fractionin school mathematicsompare to that ofational

numberin scholarly mathematics? This initial search wargly promptedby our background in

more advanced mathematics: | had a graduate degree in pure mathematics, with a

specialization imathematicalanalysiswhile the Instructohad beena research

mathematician for a few years in the domain of abstract algebra. We bothehayht

exclusively in mathematics departments, at college and university, and, as mathematics

education researchersur interests were in the teaching and learning of universitgallege

level mathematics, suchs linear algeta, calculus, or, more reatly, the algebra topic of

absolute value inequalitien the textbooks we had at our disposgior teaching fractions to

future teachers; the notion of rational number seemed to have emerged anewbegan to

think, as a result ohn enormous amountfaesearch on the learning and teaching of fractions

with somewhatconverging results that made their way into teacher training materials, reform
documents, and even textbooks for childréfraction seemed to inhabit a totallyfirent

world here one tha we needed to explore iy 2 NB RS LJI KY & &6 LOIFOWSNE 2L8F LIAT 1
ydzYo SNERE 6SNBE OSNIIFAyfe y2i 2dzadomplekit@gand 62 Sy RLJ
abstraction.

Thatmathematics as a school subject is practiced quite differently than mathemas a

sciences quite visiblebut the appearance is that school mathematics evolves, as a body of
knowledge, somewhat by accumulatiqrof content and methods, into scholarly
YIOGKSYFGAOCaAad ¢KAA aAffdzAaA2y ¢ A atheOdiBdméatSsR> 2y 2
curriculum across the grades, culminating with the study of academic mathematics at university

in science programs, pure or applied. On the other hand, even foisnmmce academic paths,

we hold this idea of childreamulaingaspectsofi KS Y I 4§ KSY I (A O&iluafiégn® 62 NJ Y
problems, reasoimg and reflecing, and usingnathematical languagéQuebec Ministry of

Education, 2001)or even haing a productive disposition towards mathematigsilpatrick,

Sawfford, & Bradford, 2001)
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The purpose of the preliminary study was to exantime relations between knowledge of
fractions inscholarlymathematics andnowledgeof fractions inschool, as portrayed in

research papergextbools for future teachers, or textbooks for children.

Ourdistinction between kinds of knowledgm fractionscan be explained in terms of

/| KS @I f1085a)RtkréGpological theory of didactics (ATD). According to ATi®, it
impossible, or uninterestindgrom the point of view of the mathematics educatto, describe
how one knows a particular domain of mathematics if the institutional context in which the
knowledge is famed is not taken into accounin an elementary mditematics textbook, for
example, proper and improper fractions are treated separately, the latter perhaps even after
some arithmetic operationen fractionsare introduced. From the point of view ofeh

educator, this organization may lpestified bya pereived cognitive difficulty associated to
GadF1Ay3 Y2NB LI Nlgivend Kolv ¢an Vol t8ke paktot f¢ pardsy). @ &
the other hand, m academic mathematiassay, in an abstract algebra boqkractionsare

defined as equivalencelasses of pairs of integers or ratios of integarsyintegers (with some
restrictions), and, for the mathematician, the distinction proper/improper fracimirrelevant
Both pieces of knowledge may be labeled, generally, as mathematics, but iy iwloeh the
institutionsA Yy @ KA OK (KS& aftA@dS¢é NS O2yAARSNBRI GKI i
organizationof knowledge becomes comprehensibfear Chevallardnstitutionis a primitive
term (he does not define it); he provides a framework for singymathematics knowledge as a
human activity among others, as it is practiced in various institutions, such as theoretical or

applied mathematics, engirgeing mathematics school mathematics, etc.

Within ATD, school mathematics and scholarly mathematesldferent institutions because

GKSe SyililAf RAFTRENSY (2 NBILBAT GF Ly 26SIAGAYAT S
assumptionsLy (G KS LINBfAYAYIlI NB &addGdzRe LIKI & Scrodevel 2 dzNJ NI
approachperspectiveto viewinginstitutions, bydistinguishng between research mathematics

and school mathematicg¢We take a micrdevel perspectivenlyin the next phase the design

conception by looking athe institution of math methods courses at univergity/e look at
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mathemdics or history of mathematics books, for the first, and at mathematics education

research papers and teacher training materials, for the second.

The reasoning behind this has to do with the purpose of studying mathematics as
institutionalized practice, Zf t 2 Ay 3 [/ KS@I f £ F NRQA LINRPINI YY 3I2A\
designated as knowledg# fractionsin different contexts, getting at the rationale for
designating it as sucand K dza dzy' LJ- O1 Ay3 (GKS aad0ASyOSé¢ o0SKAY

Thisapproachallowed ugo identify two types of knowledgef fractionsin scholarly

mathematicsg abstract algebraic and analytiand two instructional approaches for fractions
promoted for school mathemati¢cshe partitioning and the measurement approach. To
understand the relatios between them, inspired by Chevalldi®85a) we isolatel the

theoretical justificationghat support each of these types of knowledge. This atidws to

relate scholarly mathematics to school mathematics knowledgeagtions, not only with

respect to the content, but also concerning more general epistemological aspects, such as ways

of knowing or goals of learning.

Thisdiscussion, based on scholarly materials corresponding to the standards of praitboe
mathematics and mathematics education researchenabledus to edge on answering the

following more fundamental questignwhich bears also on our sgiérceived identities as
practitioners of mathematics and as mathematics educatatsat kind of mathematicshould

there be in school mathematicgespeciallyasconcerns fraction® Ly / K&héatidalf | NRQa
terms: what kind oflidactic transpositionif any, is envisioned, fromesearchmathematics to

school mathematic®

We reporton this preliminarystudiesin Chapter 3.

2.2.1.2 Phase 2: feliminary trials and design conception

In the second phase of the researgie conducted preliminary trials of teaching fractions in
measurement contexts. This was in the Winter of 20h3he above mentioned mathematics
methodscourse.We reflected on this experience and developed the Measurement Approach in

a matureform with more solid mathematical and didactical foundations, or, more generally,
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the features of a clearly definedksign ready to be testedh the classrooml report on this
phase in Chapter 4, but clarify here ttieeoretical perspectives that guided the reflection and

ensuing design conception.

In the preliminarystudieswe looked at what research (and mathematics) tells us about

teaching fractions in elementg school. Our epistemological analysis inspired the idea of
teaching fractions to prospective teachers using measurement activities, more generally, of
forwarding aconcept of number as measuyras conceived in mathematical analy$ite
assumedhatfuturS G S OKS MBUR2 OSHZNY Ay 3l gl & LINBRAOGSR
learning byadaptation namely, the student, by being confronted with a good problem, acting

by her own motivation, produces the desired piece of mathematical knowledge as theabptim
solutiontothatproblemL & A & G KS pdSépOHetdithihavilBefpSeniiabto

result in the desired knowledge. The teacher, ideally, searches for this epistemological essence
to inform the teaching process and theonnstructscorrespondng problems to be solved by
students. The essence of fractions was measurement, and we had this idea of teaching fractions
through situations of problem posirap measurementywhere we would help students look at

their everyday life and environments tomme up with interesting problems on measurement.

The Instructor modeled this behavior in class: she describedifealituations where the

notion of fraction serves for purposes of measurement, and solved various mathematical
guestionsinvolving fractiongesulting from these situations. Alas, the students not only did not
engage in such behavior but even resisted the ideas promoted in the couggestrongly,

sometimesevendisplaying an emotional attachment tertainways of thinking

This led to theestructuration and enlargement of our conceptual framewdfke saw the

need, in particular, to zoom in at a more midevel institutional analysis, by considering the
Teaching Mathematics coursas an institutionn and of itself, the same way as we had
considered the institution of Prerequisite Mathematics Courses in our previous research
(Sierpinska, Bobos, & Knipping, 2008y students irthe Teaching Mathematiosoursewere

not behaving at all like the studexin our mathematics courselglost notably, discussions
Foz2dzi F YFGKSYFGAOFE AGSY 6SNB KA2l Ol SR oé@

a i

AK2dZd R R2 Ay Ofl a4y YN DEAVWGIS a3 2GS | 02 ddiK
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F2NJ SElAEIt I ¢aCO A2 NJ | 6 2 dziié We Werelableitdgidentiy sempirigallyd OK 2 2 f
several positions taken by prospective teachers in the course, seen as an institution, and the

tasks that we were giving them influenced these positions. We describe thigoesof Former

Pupil, Teacher, Popular Educator, and University Student resulting from the preliminary trials in
Chapter 4.

In the design, we focused on how we wanted toshshe University Student position in the

institution of Teaching Mathematics caes and this, in relation to the goal of teaching

fractions through measurement as a waydaiveloping quantitative reasoning. ish
multilayeredstructure of goals speaks of the complexity of training teachers: the goal of

developing a concept of numbaer the context of quantities is embedded in the larger goal of
shapingf dzii dzZNB GG S OKSNEQ Fa (GKS2NBOGAOFt (GKAY]SNEZ

andengage irreflection.

First, wehad toreconsider the conceptf fundamental situatiorfor teachers For children, who
have never seen fractions before, constructing fractions in context of measuresoénf an
epistemological neethay work: when one wants to measure a quantity and éResting units
of measurementlo not represent it precisgl enougha change of unit into finer onesay be

necessary

Butit is not clear what would make future teachexsnt to know fractions as measurement
CKAAa ONARyYy3Ia G2 tA3IKG | fFNAHSNI 0KS2NBGIAOFf RSo
the serse of Dewey1900/1990)a 2 & G2 06S Y20A QI GAy3 (KNRdJzAK

e

Z

the same timeto embody social and scientific values?
The answer is not obvious.

Alargescale study b¥rykholm(1999)shows thatbeginning teacherdo cravepractical advice
about classroom teachingheteachers in this studielt that, despite believing in the ideals of
the reform, they @ dzf Ry Qi A YL SYSy il GKSY Ay t@dnactttels o6 SOl d

in methods courseOnestudent, for example, remarked:
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We need more practical applications to go along with the theory. We always talk
about providingreaft A ¥S SELISNASYyO0S&a | yR 0O02yySOiAzya
the same thing be donefas in mathed classes@rykholm J. , 1999, p. 94)

But their view of what counts as practice magl i 2 RRA ¢ A (i K Theif@lowiy A y & (i NIz

excerpt from aconversation with an instructor of mathematics methods is®s illustrates this

point:

| I f Fgl & OGKNRdzZZK GKS O2dzZNESZ L X6 alARX
Fo2dziK wX6 ¢KS& gSNB aleAaydasr G2Stftx 6KSy
LI I yYAYy3IKE L (K2dAKG ¢S KIR 0SSy Grf{Ay3
2S5S0@S 06SSy GlrFrt1Ay3 loz2dzi K2g @2dzQR (Sl OK
A0GNHZOGdzNE G2 GKFGXE o0dzi Al KFEFRYyQG KIFEIR fSa
2 6S KI RsbaplanimgAnhnynioGs, 2009)

ax

Moreover, heir expectations maydembedded withirmwidespread view, in popular culture,
of the role of teacher education progranBaul Bennettan experienced educator artle lead

consultant at Schoolhouse Consulting Inc, spokéherCBC showhe Currentto decry

hydl NA2Q& aAyAadNBE 2F 9RdzOl G Aig 9013Na@Ndythe2 T G St

planto extend the teacher training prograswg previously oneyear longg to two years. He
argud that teacher training should emphasize practice, rathert theory, and insisd on
certain outcomes ofiniversityli S+ OK SNB& Q S R dudile th&o?yys adtually OAdiigé A |- €

to avoid We can glean at what he means by practice from the following excerpt:

[Future teachers] need to learn essentially howvtwk with parents, how to

build partnerships, they need to know more about classroom management, they
YSSR (2 1y2¢6 K2¢g (G2 Y2UAQILGS addRSyda | yR
experience, lesstheory.2 2 G KSNB Q& | RIY3ISNI KSNBE GKI G

two@ S NE (KSeQff 3ISO Y2NB GKS2NR:I y20 fSaa:z

(Bennett & Johnson, 2013)

CKAA L}RLMzZ I N GASGI Apyogrdssivaieve of whatlshiodda doeini K 5S4 S

methods coursesEvernovera hundredyears ago, when the idea of teacher education
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belonging in the research university was in its infancy, at a time when elementary teachers

were mostly trained in normal schools, with a curriculum focusing on the technical issues of
effectively managing lge groups of children, John Dewey maintained that the most

fundamental aspect of teacher education in colleges should be theory. In hisEssaglation

of theory to practice in educatioiewey(1907)inquired, in hischaracteristic dialectical

approach, if emphasis in teacher education in college, especially in the part he refers to as

GLINI OGAOS 42N] Ay GSIFOKSNJ SRdzOIF 1A2y ¢ ,0 LISNKI LJ&
should be put on practical, hoto-issues, oon theoretical aspects, that build on subject

matter knowledge as well as the fundamental disciplines that inform education, such as

psychology and philosophy. His answer was that both are important, but academic training of

teachers should be an ultimelly intellectual affair:

On one hand, we may carry on the practical work with the object of giving
teachers in training working command of the necessary tools of their profession;
control of the technique of class instruction and management; skill and
proficiency in the work of teaching. With this aim in view, practice work is, as far
as it goes, of the nature of apprenticeship. On the other hand, we may propose to
use practice work as an instrument in making real and vital theoretical

instruction: the knowedge of subjeemmatter and of principles of education. This

is the laboratory point of view. The contrast between the two points of view is
200A2dza wXB6 CNRY 2yS LRAYyUG 2F OGASgI GKS A
teacher; the aim is immediately as wad ultimately practical. From the other

point of view, the immediate aim, the way of getting at the ultimate aim, is to
supply the intellectual method and material of good workmanship, instead of
making on the spot, as it were, an efficient workman. Rcacivork thus

considered is administered primarily with reference to the intellectual reactions it
incites, giving the student a better hold upon the educational significance of the
subjectmatter he is acquiring, and of the science, philosophy, and fisfor

education. (Dewey, 1904, pp-19)
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In the design conception, we sided with Dewigyseeing the role of university education in
methods courses as that of training autonomeirgellectually fit individuals, who would be
able to justify their claimg the classroom,rad further grow with practiceThis view is also
promoted as one 02 dzNJ LINE @A y O S(Martinet RFytondy; & Sarvitfier,t2601ye

saw this as learning out ofaulturalneed

But we alsopreservedDewS @ @A OO dzLI G A2y aé¢ O2y OSLIi confextbdf 28 SR
OKAf RNBYQa fSINYyAy3aous | & ¢ SdpisteriolagicahdéR, 0z a S I dzQ &
imagininga fundamental situation for teachees the problem oéxplaininga piece of

mathemaics involving fractionto childrenby means ofealistic problemsWe define, in turn,

realistic problems, not as some rdie, complexa & A G dzZLIJNR & § BiFas groblems

usually encountered in elementary mathematics, for example:

There are 8 peoplin a lifeboat. They have only 5 litres of drinking
water and they must share it equally.

(a) To what fraction of the whole 0 will each person be entitled?
(b) To what fraction of 0 will each person be entitled?
The concept of fraction of quantityould be the optimabolution to theinstructionalproblem
of solving thilementary mathematicproblem with children.
LYy GKS ySEG aSOGAz2y ¢S GFt1 lFoz2dzi GKS

the design implementation.
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2.2.1.3 Phase 3mplementation and PhaseRktrospective analysis
L dzaS O2y OSLJia 27F . NP dzaa S(BroxQseautl89Fpdekbribezaid 5 A R O
analyze the implementation of the design through the Experiment. This phaspdded in

Chapter 5.

Several researchers, working in the French didactique paradigm, have recognized that it can be
very difficult to create alidacticalsituations, i.e.i 2 Odzf G A GF S | GoNBSRAy3
epistemological need to acquieepiece oimathematical knowledge, especially when it comes

to the more abstract nature of knowledge taught at univergRgrrinGlorian, 2008; Gonzalez
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Martin, Bloch, Duranduerrier, & Maschietto, 2014)Ve have experiencedis difficulty first

hand, in the PiloStudy, and discussed the issues that contributed to it, that one encounters in
the reality of teaching mathematics to future teachers at university. This fact does not make
TDS any less interesting: one need notiptet it as an ideal model of practice to pursue.

When itisunderstood as a framework that helps understand practice, in particular aspects of it
that are crucially linked to the mathematical knowledge at stéherbst & Kilpatak, 1999)it

can be very productive. TDS can be used for the analysis of a mathematical teaching practice,
even whe the researcher does not intervene in the design of the les¢blessant & Perrin

Glorian, 2008)

Artigue (2009) whose work with the methodology of didactical engineering (DE) has been

consistently based omDS, emphasidghe increasing importance of naturalistic observations

in the classroom (versus the previous, much meavilyscripted interventions) as one of the
featuresofthe TDS Y A LIANBR YS{iK2R2f 238 G2RlI&d wSIFOGAy3
TDS at university, in particulartheirOt I AY (GKI G aGKS YAt ASdz G GKS:
abstract mathemtcal signs, which are not yet seen by the students with their entire

YI 0§KSYIl GA O(Gonzate$aryini Bfodh Duranduerrier, & Maschietto, 2014, p.

120) Artigue(2014)stressecthe effectivenesof TDS in the presence of three invariaqil,

indeed, guiding my research. Shated:

However, as a researcher familiar with TDS, | consider it to be a theory that
combines threémportant ingredients for research in mathematieducation in

an original and powerful way:

i asystemic approach, and a vision of learning balancing adaptation and

acculturation processes;

1 an epistemological sensitivity whose value for research at university level

cannotbe denied; and,

1 through the ideaof didactical engineering, a powerful technique for

elucidatingdidactical phenomena and testing research hypotheses.
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What it offers to research at university level firigssource in these fundamental

characteristics(Artigue, 2014, p. 138)

More importantly for usthis understanding of TDS accommodates the Vygotskian perspective,
according to whiclscientific knowledge has to be mediated by a teaghgmotsky, 1986)The

theory of fraction of quantity which we developed in the measurement approach, in particular,
could not be learned adaptively, without teacher mediation. But this does not preclude a
certainautonomyof the learning individuaHere is howln ourapproach the concep of

fraction of quantitywasintroduced explicitly via a definition using precise languagelfurther
conceptualizations of operations and relations between fractions of quawtte achieved

within a theory, wich we calkd éthe fraction of quantity heorye (FoQ theory)Once tte

definition of fraction of a quantityhas beeracceptedby the student as an element of a

mathematical theoryhe or she couldrgue about the validity of statements in this theory
gAOGK2dzO NB3IIFNR G2 (&téteakhéranitieldpOraeoNadriathemetdidgn2 NA G &
but onlyby reasoningas being consistent or not consistent with the accepted definitibhe

truth of the logical and mathematical consequences of a definition does not depend upon the
authority of the utierer, but only on the soundness of the reasoning. The students had the

same tools at their disposal as the teacher and in this sense were equal to the teacher, and
therefore autonomous in their reasoning. This reasoning is, however, cognitively quite
demarding.In the specification of the Measurement Approach we describe the level of
O23aYyAGADS A2LKAAGAOFGA2Y NBIddZANBR (2 O2YLINBKS
of theoretical thinkingSierpinska, Nnadozie, & Oktag, 2002; Sierpinska, 2005; Sierpinska,

Bobos, & Pruncut, 2011)

TDS, as a systemic approach, also servas agyanizer for the retrospectivanalysiof the
teaching eperiment. | will use the following fotpole diagram prposed by Brousseaquoted
in (PerrinGlorian, 2008)to describe teaching as an activity balancing the processes of
acculturation and indepndent adaptation Figure2.1). Knowledge emerges as a resoitthree

didactic relations.
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Knowledgee

Teaching, \

Acculturation

Adaptation

Figure2.1. Asystem for describing and analyzing the Experiment, inspired®grrinGlorian, 2008)

| will separate the analysis three levelsgach corresponding to one of the arrows in the

diagram, i.e., to one of the processes of interaction:

1. OrganizatonNE F SNAR G KS (S| O KifeNXridlerstogdfiargehbag &l Svith2 y G K &
which the student interacts: tasks, instructional resources rpeklore precisely, | use
the termmiliey, in the way suggested Ilfilersant & PerrirGlorian, 2005as the
G202S0O00A0BS NBFTSNBWOS FT2NI AYGSNI OGA2yat

At level 1, | look at t overall organization of the teaching sequerdbe unit of analysis is

the whole course. In chapter, #describe thesavoir, or the target mathematical knowledge,

thus already touch on aspects in the organization of the milieu by the Instructor, efipeci

with regards to the underlying theoretical structufine Measurement Approachhn the

retrospective analysislookat other more concrete aspects of the organization of the

resources in the coursén particular with respect to the actions requirgdtasks.

2. Acculturationis the direct interaction between teacher and student. Btadent
Learning subjeddistinction isappropriatehere, in that it points to the influence of the
course institution on the learning that takes place in such interastiome may act out

of an interest to pass an upcoming test on a given topic, versus out of a need to

understand it.
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At level 2, | take the classroom communitytlas unit of analysis, and look at how the

participantsc Instructor and FTg interacted agaist a given mathematical backdrop.

3. Adaptationrefers to the interaction between student and milieu. In TDS this point of
interaction has been, traditionally, the most interesting to study. This is because the
& 0 dzR Goyinagafcesindividualknowledgedeveloped by action on the milieu,
O2yONBUAT SR Ay &ALISOAFTAO O0SKIFI@BA2NES KSt LA N
At level 3, | zoom in at an even finer grain level, on the cognizing individual, by looking in
IANBIFG RSO AL ltidhs td &Kgien probier Swhbul drecangediation from the
Instructor.l use a structuring framework for the analysis here inspire@alacheff2 @013)
Y2RSt 2F fSINYSNRQ G ygoondisdankesf yhéldarniaogksdbiedt LJ2 NI NJ

rather thanthe savoir targeted by the Instructo2 S SEI YAY S &dGdzRSyGaQ oS

problem solving by asking the following questions:

- Whatproblemis the learner, de facto, solving?
- Whatstrategiesis she using and how does statablishthe validity of her solution®
- Whatlanguagealoes she use to solve it?

CKA& FLILINRBIFOK A& YSIyld (2 O020SN) (KSotheK2f S & LK
mathematical problem proposed, and has the meritraideling therationality of studey” (i & Q
solutions (i.e., versus, for example, dismis@rgplution as incorrect frorthe point of viewof

savoil.

Theseparationalong the three didactical relations in the retrospective analigsisevitably
somewhat artificial: for example, the studentilieu interaction can be observed also at the
second level of analysis as we look at the interactions between participants in the course. But
this organization of the analysis serves our purposes well, not only because it preserves, at all
levels, inine with the TDS inspiratigrthe sensitivity to the mathematics involved, but also
because, more generally, it makes possible the ambitious goal of the overall evaluation of an
instructional design which is, in principtifferent from, say, a unilateral nasurement of
aGdzZRSydaQ fSFNYyAy3a 2F | LI NIOAOdzE I NI G2LIAO 2NJ |
Validation of the design should be interrg@between the apriori and aposteriori analyses, as
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emphasized by Artigu@009)¢ but, | maintain that it does not concern solely FTs learning in

the course. At all three levels of analysis | can examine in a systemic way the two foci of interest
for my research: the quantitative reasoning and the shaping of th&iposof University

Student. At the first level, for instance, even if the student is not featunedcould look at the
possibility to create tasks in the MA that destabilize the Former Pupil position we have seen the
students taking so often taking ingHPilotStudy. The second and the third levels, however,

IAGS ANBFGSNI AyaArdakKad Ayd2 GKS Y2NB LINY OGAO!I

| added an essential methodological tool in hindsighfter having analyzed most of the data

and realizing | hadsed it extensivelg which was not inspired by my thecdriven conceptual

framework but by my background as a mathematics instructor at college level. It is what the

literature on research methods calls the practical framewdisenhart, 1991) used

mathematicsandlogig for exampleto describe the structure of mathematical statements and

SEI YAY S & dzRSelied arfy éwd qudniitatizeyfelasbning in discussimgdeling

situations. Inmy analysis athe lecures| resorted to the samanalytical framework that |

employ extensively in my organization of lectures at university or college: according to it | think

2F SIOK LINRPotSY A& |y aSLAAaA2RSé AYSR SELX AOA

mathematicsat hand.

2.2.1.3.1 Data sources and methods of analysis

The research team consisted of myself and the Instructor for the design experiment on
fractions of the present studyVe conceived the design together in the first two phases of the
design experiment througthe Preliminary studies of the concept of fractieamd reflections

that ensued after théPreliminary trialsl did not actively participate in the Implementation of
the Experimenti sat in the classroom, as a field observer, throughout all the lecture shen

labs in both the Winter 2013 and Winter 2014 instantiations of the course (the $ilmty, and

the Experiment, respectively), but | did not teach or act as a teaching assistant in the course.
However, on occasion, | talked to the students informaltymetimes at their request to explain
something, other times at their initiative of sharing their experiences in the coursdlected

the data and performed the Retrospective Analysis.
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The following data was generated in the two runs of the course:

(1) Two sets ofcourse artefactgWinter 2013, Winter 2014rourse outlins, Power Point
lectures,L y & (i Niz®Ba2hhipd & A & dotesfron@raieetings or emails with
students;

(2) Two sets otopiesof thed i dzR &rifténaverk for the coure (Winter 2013Winter
2014);

(3) One set of detailed classroom field notes from lectures and labs along with pictures of
the board and easdbr the Winter of 2014;

(4) One set of notes of the research team meetings for the Winter of 2014

The data was extensive, and the prdje€ examining the design within the boundaries of a
doctoral dissertatiommather ambitious As mentioned, we used the TDS conceptual framework

to deal with this complexity in order to give an overall portrayal of what went on.

We followedthe interpretative research paradigm whegkey incidents are used to illustite
assertions about the desigithe inspiration comes from a papg®y (Knipping, StraehlePohl, &
Reid, 2012)whereone episode in a mathematics classromwsael to illustrate how the
0SFOKSNRA RA&O2 dané Boblanysolving sessianLid@ingorces he Drafificdtion
of the class into those who do and those who do not have accets® teertical discourse
(Bernstein, 1999 ¢ KS a1 Seé AYyOARSYy(G¢é¢ Aa GKdza aiSe¢
GKS 62NJAY3 F0A0GNI OG LINARYOALX Sa 27 (Knpophg,| f
StraehlerPohl, & Reid, 201R)The data analys, in our case, followsntirely the method of
G1Se Ay OA RSgmaintaiythat desigh éxperiments cannot be evaluated
guantitatively, using more thasimple descriptivestatistics, although studies of particular
variables amenable to such reseh can be generated from the study. As observed by the
researchers from Thed3ignBased Research Collect{#z903) however,generating

randomizedrials is not the end goal of design based research:

However, randomizitrials are not necessarily the appropriate end goal of our
research approach; we do not understand issues of context well enough yet to

guarantee that randomized trials are the best means to answer the questions we
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To give an examplékS & A y OrclRdBdA tddén & |j dzSa G A2y RdzNRA y 3

hours:How can | explain the equivalence of fractiéns ¢ KS Ly a 4 NHzOG 2 N &

care about. The use of randomized siatay hinder innovation studies by
prematurely judging the efficacy of an intervention. Additionally, randotnize
trials may systematically fail to account for phenomena that violate this
YSGK2RQa 0| & ihétis| phenanéralihat arg’ contextually

dependent or those that result from the interaction of dozens, if not hundreds, of
factors. Indeed, such phenomena are precisely what educational research most
needs to account for in order to have application to educational practice. We
would suggest, howeer, that desigrbased research can generate plausible
causal accounts because of its focus on linking processes to outcomes in
particular settings, and can productively be linked with controlled laboratory
experiments or randomized clinical trials (cown, 1992) by assisting in the
identification of relevant contextual factors, aiding in identification of
mechanisms (not just relationships), and enriching our understanding of the
nature of the intervention itsel{The Degn-Based Research Collective, 2003, p.
6)

student triggered a wy of thinking thatied to the creation of the definition of fraction of

guantity. Another example of a key incident was in a lecture, where the Instructor, in reaction

i 2

iKS

STT2N

aidzRSyGaQ NBaLlRyaSs: &ffreRsoningab@iguaitifiedalddS NI LI |y

classify howeverasad 1 S& A i O #dzR $rifténfproductionsin responsdo a question

givenat the end of the coursealespite the fact that | report iin asummary form of description

with percentages of students giving one or another intetgtion to a given problem. Based on

such simple, descriptive, statistics, | make no quantitative claim.

Any general statements made in the repontere however, not the results of analyzing single

episodes, but rather of systematic reading of the emtiata corpus and using Glaser and

{ N} dzaaQa YSOiK2R 2F LINPRdzOAYy3I OFGS3I2NRSa

conjecturing, refining, or refuting emergent rubrigSlaser & Strauss, 196Tsingdata

triangulation. In doing this, the goal is to describe and explain the classroom realizations in
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relation to the apriori analysis, but as Cobb, McClain and Gravem@f#3)contend, rather

than implying homogeneity of allst&dy 6 4 Q € SF Ny Ay 3T 6S YIF1S &aSYLAN
Fo2dzi GKS O2yRAGAZ2Y & T2 NJ G KC8bbNRGaNASOGrdvemeijer, 2 ¥ |
2003, p. 4)Bednarz and ProulProulx, 2005; Bednarz & Proulx, 20@&)ggest, in fact, that the

impact of teacher ducation is hardly controllablease studies of five prda S NIIA OS G S| OKSN& C
practices revealed that even from the same university methods course, teacherspaipped very

different elements. Wile three of them grasped the general principles and themes brought forth in

the program, one saw the course as a source of inspiration for teaching resources, such as specific
activities or problems to be used in his teachiagg one took what he learned for granted,

guaranteed to be optimal, and replicated it in his teaching without actually knowing why.

We maintain that it would be naive to claim that the goal of a teaching experiment is to establish
what works The goal oflesign experiments in educational research, follow(i@gbb, diSessa,
Lehrer, & Schauble, 20Q33 rather to develop theories that allow us to betterderstand a

Gf SENYyAy3a SO2ft 238 d¢

Both the data collection and the epirical analysis were deliberate and theatyiven in the

sense that | did not entdanto the collection or the analysif the datawith atabula rasamind.

As Ericksor§1986)pointed out in his seminal paper on intergtative research, such romantic

vision of the fieldworker is not warranted by contemporary philosophy of science or cognitive
psychology. On the contrary, my participation in the course setting and subsequent analysis

were guided by the assumptions abdbe sources of meaning of fractions appropriate for

elementary school and the conjectures about how they could be taught to prospective teachers
provisioned in the design agree with Ericksofi986)that such a concepn of fieldwork and

analysis, adeliberate inquiry into asettity a R2S&a y2aG LJX I OS aKIl O1fSa 2
ASNBYRALAGEES o6dzi NI GKSNJ KAIKEfAIKGaAa GKS YIAY
questions and data collection into a consiste§tfr I G A 2 Yy & KA LI | f(Briskson, |y S @2
1986, p. 14Q)

As already mentionednithe description and analysis of the Experiment,d tveo,
interrelated, foci of interestinspired by the griori analysis and deggn: the reasoning about

fractions quantitatively (of all participants), and the positiongubéire teachersn the Teaching
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Mathematicsinstitution, in particular the shaping of éhUniversity Student position. The
retrospective analysis takes the shapiean indepth discussion of theealization of the two

goals set for the design.
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3 PRELIMINARY STUDIESE CONCEPT OF FRACIN SCHOOL

MATHEMATICS ANCRESEARGHATHEMATICS

In this chapterl examine the relations between knowledge of fractionseisearch
mathematics and knowledge of fractions in elementary mathematics education, particular
such knowledge of fractions as research papers, textbooks for future teachers, or reform

documents claimeachersshould possess.

3.1 FRACTIONS IN MATHEM/ST

InNF OF RSYAO YIFGKSYFiA0as GKS GSNXY GFNI OGA2Yyas A
aSi 2F GNYGA2y Il f ydzyo SNIdgthehalicallanalsimoid référen@de¥ NB |- €

tol IASYSNITtATIGAZ2Y 2F NI (A 2 yeldiof frgciaNstoSaNiateghaly
R 2 Y | JAgtardingly, ere are two types of knowledgsf fractionsin mathematicsanalytic
andalgebraic. We will show that the two conceptualizations rely on different theories to

& LINE RdzO S ¢ theltiveorp ofiaigaserandthe principle of permanenagwhich result in
different epistemologies of the numerical domaiie start by presenting the algebraic

conceptualization of fraction.

3.1.1 Fractions in abstract algebra

In abstract algebra, etional number is definetbrmally as an element of théguotient set
¥ u'K ,where cfox diQ,ifandonlyito Q @ @¢(MacLane & Birkhoff, 1967)
More informally, this means that a rational number is a pair of integéf® , whered T,
andit isassumedhat two such pairs¢hid and dfiQ represent the same rational number if
® Q @ & The sebf allpairs equivalent to a particular paictto is then denoted by the

symbol - 1. So the rational number represented by the symbols, in facta whole sef namely

the set of all pairs of integers§iQ suchthatd @& @ 'Q Thetheory then defines

operations of addition, subtraction, multiplication and division on the rational numbers in this

11n formal abstract algebra, the symbalhd is also sometimes used.
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sense, and proves that these operations are well defined @@ not depend on the choice of

the representative pair of each rational numBgrnd that addition and multiplication have

GA22R LINRPLISNIOASaEY | NBE O Hefivtowis landpkodf§ and soRe I & 4 2 OA
other details, then allow to claim thhdhe systemof allrational numbers with the four

2LISNY (A 2y a fieldyaa algehiadz8tbdRureldefided axiomatically by a certain

number of properties (such as commutativity, associativity, and invertibility of addition and
multiplication. AFASt R I ftf2¢ga Y2NB 2LISNIGA2ya GKFYy | &N

field); it allows division of any element by any other element that is not zero.

This notion of rational number is based on a constructive approach to number systems whereby
new sets of numbers are constructed from old ones by pairing: the integers are constascted
pairs ofnatural numbersso thatadditionisinvertible, while the rational numbers are

constructed as pairs afitegersso as to make also multiplication to bevertible.

The role of theory for this development of numbers in general, and rational numbers in

LI NG AOdzE F NE Aa LXFE@SR 6@ aiKS LINAYOALX S 27F LIS
aK2dzf R 0SS SEGSYRSR FNRBY | 4 ytHe®bsérdzd reguléritied®@ o> v I

the arithmetic of the original elements should be preserved in the extended sysiériss.

principlecan be found in the first theoretical treatment of rational numbers in the works of

Bolzano and Ohm in the #&entury(Mainzer, 1991)In 1851, Bolzano developed a theory of

rational numbers, as sets of numbers that are closed with respect to the four elementary

arithmetic operations, while Ohm, in 1834, in a similar fashigasinterested in defiing

NI GA2y It ydzYoSNA aaz2fSfte GKNRddzZAK GKS ol aao iGN
Ydzf G A LJX A OF G Al@uytad inkMAiRzer RLRIA, % 523) 867, Hankel pimed down

explicitly the idea behind the algbld A O O2y a (i NUzOGA 2y 2F ydzYoSNI aeéa
2LISNF 0A2ya RSGSNX¥YAYS (GKS aeadsSy 2F O2yRAUGAZ2Y A
0KS 2 LISNI G lggoted if(iRdihrer, 19018 sb2D)

2This means that, for example, - - -.
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Thus, tle formal construction of rational numbers as pairs of integers presupposes an abstract
idea of numberas an element of a number system, detached from concrete meanings, an idea
of relatively recentlatein the history of mathematicg in fact, Hankel formlated the principle

in the context of his work on complex numbers, which was where giving up the intuitive

understanding of numbers was necessary.

The construction of real numbers does not follow naturally from this appraaelal numbers

are not sets oequivalent pairs ofational numbers; and, in fact, it is not even interesting from
an abstract algebraic perspective. Regularities, problems of abstraction, problems of
representation, and abstract differences come at the forefront in the algebraitespidogy of
rational numbersThe field of rational numbers the smallest field of characteristic z&rem

adzy 2F wmQa it afrindfeltl (naistbsdt & Wi afield itsefy prime field of
characteristic zero is isomorphic to tfield rationalnumbers(in other words, any field of
characteristic zero contains a copy of the ratiomaibers field. The construction of a quotient
structure bymeans of an equivalence relationarf underlying sets a fundamental technique

in the study of algebramore generally, with respect to a given relation, the same mathematical
object can have many instantiations. For example, with respect to congruence mmdusnd

X are instantiations of the same equivalence clgss The same constructioapplies to the ring

of polynomialsRational numbers share properties with algebraic numbers. In particufsld

of algebraic numbers has a ring of algebraic integers, which turn out to be the roots of monic
polynomials with integer coefficients. Thbghave like ordinary integers, in particular, they

form unique factorzation domains. Just as the ratiomaimberst N5 a4 KS y I { dzNJ €

integers, algebraic number fields are the natural habitat of algebraic integers.

3.1.2 Fractions in analysis

In anaysis, a rational number is defined as the ratio of two integers. The conceptualization of
number as measure serves as the theoretical support for this view of rational number. The real
number line provides a model for this organization of the numerical @lapwhere segment

length is measured. There is a bijective correspondence between the points on a straight line

and real numbers: any point of the line corresponds to a number, designating the length of the
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segment from a fixed origin, given a unit of ¢gin for the measurement of segments. In
particular, a point corresponds to a rational number, if the length of the segment from the
defined origin to that point is not a multiple of the chosen unit of measure, but it is a multiple
of subunit of it, obtaind by dividing it in equal parts. In other words, both the length of the

segment to be measured and length of original unit of measure are integer multiples of another

length. The number stands for the rational number that measures the subunit ofeal by

dividingthe original unit intowequal parts, anc- is the rational number that measures a

guantity that containgoof these subunits. The existence of incommensurable quantities, on
one hand, and the continuity of the straight linen the other handJ)eads to the construction of

real numbers.

It is probably the analytic conception of rational number, and in general, of number, that is the

closest to the actual one held by mathematicians for working purposes. As Lel{@8§ae

remarked in one of his pedagogical papers, the measure of quantities is primordial in

applications of mathematics, but it also furnishes the notion of number, the object of study in

analysis. The number line model provides bogometric intuition, and room for formalization

when it is endowed with arithmetic, order and completeness properties through axioms. In

particular, the completeness property requires Ralyebraic concepts (Dedekind cuts, Cauchy
sequences, or decimal expsions). Wheele(1974)calls it the geometric viewpoint of number

systems, and notes that, in this view, each set of numbers is seen as a subset of another set:

rational numbers represent a subset of the real numbers sg¢gers a subset of the rational

numbers set, and natural numbers a subset of the integers. Heres the same number as

The rational number represents the measure of the same quantity as the nuntbem the

algebraic construction, by canNJ 2G> GKS 2f R Yy dzFOOBRKALENBOIKSY &Y
newones.820 8Sia 2F G(KS SEGSYRSR aSia ao0SKIFI@S tA1S:
result from the subringY ihp 7i v u of the field of rational numbers is isomorphicdq

by an isomorphism that mapsto i Hp . In other wordsthe set of rational numbers of the

form -, with the operations of addition, subtraction and multiplication has theeastructure

FYR LINRPBLISNIASE | aSAXSA NAYHa 2W2 NIYK SAS NBXDE K oM DO «
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3.2 FRACTIONS IN MATHEM/STEDUCATION

Mathematics educators agree that the formal concept of fraction (analytic or algebraic) cannot
be taught as is, because it failsdonvey meaning tahildren But this is a truismandwe are

left with the questionhow exactly should we organize the ta&# to abstractionin school8

In this section we review research about the teactoh§ractions to children and distinguish

two approaches for deriving fractions knowledge from concrete contexts.

We start by preseting the partitioning approachas portrayed in research, textbooks for future
teachers, and some textbooks for children. Here fractions originate primarily in actioftie
partitioning either a discrete set of objects or a continuous quanWig. remark here the
G§SYyRSyOe (2 dzaS (GKS O2yONBiS 6SPadE RADGAAAZY
algebraiootion of fraction(Behr, Harel, Post, & Lesh, 1993)

We then present the measurement approach which inspired our design, along with the
hypothesis advanced by its authahat the partitioning approaclg or at least or more narrow
version of it that ends up being prevalein schoolg; is ultimately associated with the abstract
algebraic notion of rational numbeBy contrast, the measurement approaishmore akin to

the analytic concept of number, as argued by Lebesghbgs exposition is organized already in
the form ofan argument for our preference of the practice of measurementhe source of

fractions in our design.

3.2.1 Partitioning activities as the source of fractions

Fractions originate in partitioning activities: a discrete set of objects or a continuous quantity
divided into equal sizeipces and an expression calledfraction€ is introduced to quantify the
relation that can be established between a part of the original whole and the whbke.
expression is a pair of integers, on which one denotes the nummiigre equal size pieces in

the part, and the other the number of the pieces in the whole.

Instructional approaches where partitioning is the main element of teaching fractions feature
prominently in research on fractions. In their review of research the area of initial fraction

concepts, Pitkethly and Huntif@996) identify it as one of the basic mechanisms for the
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construction of rational number knowledge, quoting the work of Streeflgiri®1) and Behr,
Lesh, Post and Silvér983)to support this claim. For Streeflariii991)the equal sharingr
partitioningl LILINR | OK A a o NBfF&E A2yh AS0E dzRByOh & S2 Ayl A0 (i dzA |
well as their experiences with whole numbers. In his study, five clusters of activities were
designed to help students move gradually from the concrete contexts of equal sharing to the
formal rules for operions with fractions. The results were positive: for the fougitade

students participating in the experiment the equal sharing approach served, on one hand, as
the context for forming the initial idea of fraction, and on the other hand, as the source of
concrete models for solving various fraction problems. Behr, Lesh, Post and Bik@)found

that if children are given ample experiences in partitioning through various manipulative aids,
they understand better theompensatory relationship between the size and the number of

parts into which a whole is partitioned.

Thus, @rtitioningis set up as theognitive precursor to knowlagk of fractionsn mainstream

research about fractions in No#America the RationaNumber Project, e.dBehr, Harel, Post,

& Lesh, Rational number, ratio, and proportion, 1988yt also in the significant work of

Streefland within the Dutch tradition of Realistic Mathematics Educgtstreefland, 1991;

1993) Within the Rational Number Project, howevere see a conscious preoccupation with
SYLKIF&aAT Ay3a 2GKSNJ YSI YAy BIK24d BET RIYGH NBwaZ (o SaA
partitioning. The: dz{i KvdbikIsifspired by the seminal work défieren, which provides one of

the most largely accepted models @bod understanding of fractioris mathematics education

research. Kiere(i1993)considerst NI (0 A 2 y I £ Y dzYkooSahksudh &novidediné iny f &
GSNX¥a 2F Kdpr3ly | OOIRPAaAaBBE GKS |jdzSadAichy a2 KI
abletodocA T KS 2NJ aKS (1ySg T NXpOoidhyddgntiffing vl NI G A 2y |
subconstructdof the rational number construct: pashole relation, quotient, measure,

operator, and ratio. Yet, Kieren assgghe part-whole subconstruct the most important role in

understanding all the othenterpretations and in generating language about fractions, and in

3 Kieren initially identified four subconstructs, all having the penble relation as the basis.
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relation to this, the ability to partition a continuous quantity or a discrete set of objects into

equalsized parts is considered to be the cognitive precursor to knowledffaaifons

Other gudies inspired by such seminal research take on mogepth analyses that focus on

one, or another aspect of these theories, and in various contexts. For example, a considerable
number of studies within the Rational Number Project examine thegakdifferentiation, as

well as the synthesis of the various subconstrBshr, Lesh, Post, & Silver, 1983}hers look

at how children perform on tasks involving one particular subconstiactexample, Noelting

(1980)2 6 A SNIWSR GKS aidl3Sa Ay OKAfRNByQa NBalLkRyasS:
of orange juice mixtures, ranging from a basic comparison of the terms in the proportion, to a

final stage where ordered pairs were ceptualized as members of an equivalence class.

l y2UKSNI fAYS 2F AYIdzZANE YlIé& 32 (261 NRa SEIl YAY
example Charalambous and Pi®antazi{2005)found that preda S NJOA OS G SIHTdDKSNRE Q LJ
knowledge of fractions (e.g., algorithms for addition, multiplication, etc.) may obstruct their

conceptual understanding of fractions, defined as the mastery of the five subconstructs.

In NorthhAmerican textbooks for future teachers, the treatmentfiEctions is inspired by some
of the mainstream ideas from researchwo such ideasboth inspired from the mainstream
research quoted above stand outand appear to have important consequences for the

treatment of the material.

One of them is partitining as the unifying theme for learning fractions among a web of other

meanings of fractions.

Another idea is thathe main problem affecting the teaching and learning of fractions is that

symbolic manipulations are taught at the expense of conceptuaétstdnding

First, tie introduction of factions, for example, in bot{Reys, Lindquist, Lambdin, & Smith,
2006)and (Sowder, Sowder, & Nickerson, 20e@)phasizes the multiple meanings of fractions
in applicationswith partitioning as a unifying theme for learning fractiokge do find here
traces of the subconstrustheory: in (Reys, Lindquist, Lambdin, & Smith, 20®&)ctions are
presented with three meanings: pavthole, quotient, and ratipthe measure and the operator
view are absentIn (Sowder, Sowder, & Nickerson, 201@)ctions are conceivedf as part
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whole and division (this encompasses both the quotient interpretation andrthasure)in
(Reys, Lindquist, Lambdin, & Smith, 200@)part-whole meaning of fraction refers to the

partitioning of a whole into equal parts, of which a certain number is considered. For example,

under this meaning, the é&ction-refers to a whole that has been partitioned into five parts of

which three are considered. ThypiotientY S YAy 3 A& ol aSR -Biowl GaKIF NR
much each of 5 persons gets if 3 cookies are equally shared. Lastly, the frant@yalso refer

to aratio: for example, in a class with 6 boys and 10 girls, there is a ratio of 3 boys for every 5
girls(so the number of boys is the fractierof the number of girls)This treatment of fractions

is certainly inspired by the wo Behr, Cramer, Harel, Lesh and PoSthe Rational Number
Project These researchers talk about five meanings of rational number: the three we have

already mentioned (parivhole, quotient, and ratio), as well as the interpretation of rational
number asmeasure(e.g, - from the beginning o& segmento the end), and asperator(e.g.:-

of 15). They argue that, from a pedagogical perspective, the main task is to provide a
adzFFAOASYyGte RSOGFAf SR RSaON Ldalhunier. IHFs asslesS, & Y dzt
GKSe OfIAYX Yy FLLINBLNARIFIGS GKS2NBGAOFE F2dzyRI
experiences in this domaifBehr, Harel, Post, & Lesh, Rational number, ratio, and proportion,

1983) The auhors of textbooks for future teachers seems to follow these recommendations.
Furthermore, mn the textbooks for future teachers the preoccupation with partitioning gains a
practicallayercompared to researcfrom which it is inspiredWe learn, for examig, in (Reys,

Lindquist, Lambdin, & Smith, 200@)at regions, lengths, or sets can all serve as models for the
part-whole meaning of fractions, and advantages and disadvantages of each are discussed: for
example a circle isasy to see as a whole, but hard to partition, while a rectangle is considered

easy to partition, but difficult to notice as a whole.

Secondly, as an answer to the gap between symbolic manipulationscenogptual

understanding, the textbooks for prospeati teachers encourage multiple representations:

Reys et al(2006)quote research byCramer, Post, & DelMas, 20Q)justify pictorial, physical,

verbal, realworld, and symbolic represeations. Therefore, a significant part of the chapter is
RSRAOFGSR (2 O2yONBIS YR LAOGZ2NAIE Y2RSta (K
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conceptual understanding of fractions and operations with fractjdieyond mere algorithms
Theuseofwordsfaz y 3 ¢AGK O2dzyiAy3 I a OKAfRNBYyQa &aiAff
teaching of fractions (e.g., counting thirds, fourths, etc.), especially as a way to introduce

addition and subtraction of fractions with like denominators, is also emphasized.r@génds

to symbolic representationsnuchemphasis is put on the necessity to gain insight into the

meaning of fractions before moving to symbols for fractions. For example, before introducing

the symbol-, the authors suggest that children first kethe connection between a pictorial

Y2RSE 2F GKS FTNIOGA2Y¢ NiyR2IKESSH2Z2NRaa HIGRY T KIA WL
findingthe value ofwin- —, the children should first be familiar with pictorial models for

equivalent fractionsvhich would naturally lead to the generalization that multiplying/dividing

the numerator and the denominatdry the same number results in an equivalent fraction.

The preoccupation with finding words or pictures to provide such conceptual understanding
results indeed,in somemeaningful representations. But there was antamt and ingenious
guality to them that | found intimidating even as a practitioner of much more advanced
mathematicsThere is one idea that seems to guide the exposition: childrerderive the

NHz Sa ylFadzNFfte AF IAGSY (KS 2 LI Nofdegake) € @ C2 N,

7 A 7 A A

and Careyate 2 T (K OF1S® I 29 YdzOK 27F (K OF1S RAR

the expectation:

Children may come up witrarious ways to approach the problem. If they have

drawn pictures to compare fractions, they may draw pictures like these:

Math sentence: - - e Math computation

Cyrila - Carrey-
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Show both portions on each cake:

- 0 __

Cyrilla— Carrey— —

(Reys, Lindquist,ambdin, & Smith, 2006, p. 301)

Moving on to textbooks for children, we also find the intention to foster the various meanings

of fractions, and partitioning as the main source of fractighis.analysis by Lemoyne and
Barallobreg2006)of Quebecois school textbooks illustrates, however, that the choice for one

or another meaning is primarily based on two factors: maintaining the continuity of operations

with natural numbers, and introducing the algorithm as fast asgible. In one of the textbooks

they describe, the former leads to introducing, as an intermediate, the multiplication of whole
numbers by fractions as repeated addition using the arble meaning of fractions; when

two fractions are multipliegdthe area model of multiplicatior{Sowder, Sowder, & Nickerson,

2010)is used in which fractions feature as operators. Furthermore, the algorithms are

introduced right after the observation of various pictorial and geometrical modeishich

fractions feature as panivhole relation or measure. The models and activities that accompany
GKSY R2y Qi LI & G(GKS NBftS 2F AffdaAadNIGAYy3d (GKS
matches the actions involved; instead, children atelsLJ2 8 SR (12 AG@OSNAFe&¢ GKS
that the results in each particular case coincide with the result given by the algorithm. The
Ff32NRAGKY FLIJSFNR (GKdza & +y 20aSNWSR aNB3IdzZ |

partitioning actions involved:

Il nous faut un algorithme de multiplication de fractions qui respecte les résultats
LNBOSRSyi(ia o0fSa n SESYLX S& LINBaSydasSaoo [ Ql
SEAISYyO0Sa wX8 t2dzNJ Ydzf GALX ASNJ RSdzE FNJ Ol A2

ensemble etds dénominateurs ensembl&reton, 1993, p. 228)
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In their analysis of the presentation of fractions in textbooks belonging to different didactical
traditions, (Freiman & Volkov, 2004pticethat Canadian textbooks appear to follow the trend
dictated byresearchwher©O KA f RNBY | NB (2 06S 3IAOKHe I YLX S SEL
aAlbdz- GA2yaé YR Ydzf GALIX S LISNRALSOGAGH& Ay 2NRS
authorsnotice, however, thainrealistic expectation from children, but also the burden that is

placed on the teacher:

We can see that in many aspects the textbook closely follows recommendations
of Bezuk and Cramer. Each piece of knowledge is introduced exclusively by the
means of dreal life" situation. The situation leads to a mathematical problem
that, in turn, requires a construction of concept of objects or of operations. Being
placed in this learning situation, the student is asked to explore the problem, to
create appropriatanodels (often using pictorial form or real manipulatives), to

try to understand the data and to build relationships. The students are formally
no more obliged to follow one model, one calculation rule; they are encouraged
to make a sensible choice of appaopriate strategy. But how will they know

which choice is sensible? The textbook does not help to understand it. It seems

that a lot depends on the teachdFreiman & Volkov, 2004, p. 3)

The list of strategies that theektbook forchildrenproposes for adding fractions, for example,

is as followgibid., p.3)
91 Draw pictures (stripes);
1 Use real objects (eggs);
1 Find a common denominator;
1 Use a calculator.

It is indeed startling to see that the teacher is left to their ov@A OSa Ay Ay 1Ay 3
AONRLISae (G2 GKSE€adzaS 2F GKS OFf Odzf | G2 NJ
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3.2.2 Measurement activities as the source of fractions

Davydov proposes that fractions originate in measurement activities. But he asks the question

about the appropriate context purpe$ully: where do fractions originate in reality, or, more

precisely, in human practice$Phiswords: W G I NS GKS G202S00G &2 dzNDS2
fraction?(Davydov & Tsvetkovich, 1991)

Historically fractionsappeared as devices for measurement long before the formal
construction of the system of rational numbers in theoretical mathemdtsurant & Robbins,
1953) However, to emphasize measurement as the source of fractiooglar to simply
replicate their original development would be naive; in factCasirant & Robbingl953)argue,
it is precisely clinging to the reality of measurement that acted aspastemological obstacle
(Bachelard, 1938/83; Brousseau, 1997; Sierpinska, X604pnceivingf an arithmetic for
fractions;neither the Greeks, nor the Egyptians achieved it, despite having a sophisticated
understanding of rab and proportionc the Egyptianeven had a symbol for fractiorf€aveing,
1992; Fowler, 1992)

As we have seen, this extension of the number concept was made possible by the

creation of new numbers in the form of atat symbols like, 02, and ¥Today,

when we deal with such numbers as a matter of course, it is hard to believe that

as late as the seventeenth century yheere not generally credited with the

same legitimacy as the positive integers, and that theyenused, when

necessary, with a certain amount of doubt, and trepidation. The inherent human
G§SyRSyOe (2 OftAy3a (2 GKS aO02yONBiS¢z Ia SE
responsibldor this slowness in taking an inevitable st€mly in the realm ohe

abstract can a satisfactory system of arithmetic be creat€durant & Robbins,

1953, p. 56)

But the operationalization of fractions into an arithmetic which fulfilled a theoretical need
within mathematics came withstown set of epistemological obstacles particular the

20a0Gl 0tS 2F SEOSaaigdsS TFaWdok & Tedetkavich510gmdich2z 3 Q& Odz
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inspired the MA, derives fractions from measurement but also consitiersxherent

abstraction in the concept of fraction, thus overcoming both epistemological obstacles.

On the one hand, fractiorfsinction as a measuyfid & if e2wiarit 86 measure some

guantity, the existing units of measurement may not represent itcpgely enough, and we

have to change those units into some finer ones. For example, consider the problem of

measuring a given distance, say between the desk and the board in a classroom, using
a2YSo02ReQa F220 Fa dzy Al o pRQQ a@nflabit. Amdose Rrecis& | G A G
measurement then requires a smaller unit of measqgée @ G(KS &l YS LISNARA2Yy Q&
instead of measuring the whole distance using the thumb, it is more economical to first find the
relationship between the foot and #hthumb, andconvertto thumbs using multiplication

rather than measure¢he whole distancavith thumbs. Thus, if, for exampleQ¢ € 0

wd® & ) and the remaining bit measuresS® & ¢ then, altogether, the distance between

the desk and thdoard measurep T WD & Qi 6D & Wi WD & GBA fraction then
arises to express the sought out measuréeiet: it will be — of a foot, where the numerator is

the measure of the given distance, and the denominator is the measuteedbot, both

expressed in thumbs.

Let us note here that this operation of change of unit shows how closely fractions are

connected to the operation of multiplication. The practice of change of unit is the object source

of both conceptgDavydov V. V., 1991Reducing the concept of multiplication to repeated

addition, common in elementary school education, is misleading even if one of the factors is a

whole number. It ignores the basic precondition of the operation: repdatddition requires

GKS O2yaidNHzOGA2Y 2F GK2a$S SljdzZ £ 3INRdzZLJA 2 NJ |j dzlf
ANBdzL) Aax Ay FLOOZ | ySg dzyAld Ay 6KAOK (KS 4K
LINEOf SYae Ay St SY Ssérnitha\sgual@yroupLoz quantiidsdes drdady LINS
formed; so what remains to be done is only the repeateldition. A typical example, quoted

by Davydov is: A factory producesars each day; what is its weekly output if the factory

operates@ days a week?Davydov V. V., 1991, p. IB)e problem of the weekly output of the

plant is already half solved by deciding to use the daily production as a unit and finding out
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information about it. Just as the reduction of muligation to repeated addition conceals the
underlying operation of change of unit, reduction of fractions to breaking an object in equal
parts and taking some of them hides the fact that these parts function, in fact, as units of

measureg in measuring thevhole object and the set of its chosen parts.

On the other hand, the resulting fraction is explicitly conceived of as a relationship between the
given amount and the given unit— is a relationship between two quantities, rather than a

guantityin and of itself. This is a significant abstraction, and the measurement practice, by

actually consideringhe measures of two quantitieaffords such detachment from the objects

at hand. However, Davydov argues (following VygotsR$6), a leap to such higher order

thinking about quantities is not spontaneous: fraction, as an abstraction, is not born naturally
FNRY GKS O2yONBGS aArddza GAz2ya Ay 6KAOK OKAf RNB
begin wth and it is reconstructed by the children with the help of significant scaffolding on the

part of the teacher.

Ly 51 @geR20Qa (SFOKAYy3 SELISNARAYSyida 2y Ydzt (A LX A
situation requires children to measure tlaenount ofwater in a large container using a small
glasgDavydov V. V., 1991, p. 3Zhe teacher lets the children experience the difficulty of the

task, and in the second instructional situation, she suggests the use diantarger
measuringunicamugg F YR 32 Sa 2y setr@f NWASIS@H iKSIK2R 2F ¢
(Davydov & Tsvetkovich, 1991, p.37)

It is not useless for us to have measured the water with the qralthough it

g2y Qi KSEfL) dza& NRAIKOG Fglred 2SS Oy adatt FAyY
how. Watch and listen carefully. We used a mug instead of a little glass,

this made our work easier, but we did not find how many glassfuls there are in

one ofthis mugfuls. Can we find that out now? How? We have to pour water into

the mug and measure it with the glass.

The teacher then performs the measurement, and asks the children leading questions, guiding

them to the desired conclusion and synthesisof tht@ ma dzZNBSYSy i LINRP OS&aay a2 S
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3t | &&TFdzt @. 4@) which it uryiS @riiten dowg 2y G KS 021 NR FyR Ay Ol
notebooksclh & (G KS Ydzf GALX AOF GAZpy40)da FADS YdzZ GALX ASR &

Davydov and svetkovici{1991)criticize theprevailing method of acquainting students with
fractionsthat derivethe concept of fraction from the practice of diud) objectgwe will call

this approach the Division ApprodaGipA)

This whole process of acquainting students with the fractional number has the

following basic characteristics:

1. ¢KS addzRSyida NS akKz2gy GKIFIG a2ysS 202S00a
subddA RSR Ayid2 SldzZf LINGA 606aFNIOGAZ2Yyasduvs z
distinguish equal parts in these objects. Each, or all, or some aggregate of the
fractions can be the object of direct observation.

2. ¢KS aGdzRSy(ia RSaAIylI GSKEBES2NHaraSNASDG ¥ AY
with a whole numberput at the same timehey indicate the whole number
2F LI NIa FTNRY gKAOK (GKS FANRG | IINBIFAGS 0

was isolated.

3. Certain verbal expressions are commonly used for similar, simaliane
RSY2YAUGNY GA2Y 2F | LI AN 2F o6K2fS ydzYo SNEY
AaSOSY(GKTE aiGKNBSH WK 2EFE (SKEZS 2IND MNEK NBB Y
fractions. The children learn these expressions by observing the appropriate
situations or by beingreq®R o0& GKSANJ G§SIFOKSNJ (2 aidl 1S¢
parts from a group(Davydov & Tsvetkovich, 1991, p. 94)

Further on the same pagthe authorsa dzY Y NAT S a G KS 32+t 2F (GKS LIN
fractionsinthes A @A aA 2y ! LILINRF OK &2Y aiKS StSYSydalNE a

4We did not want encompass all the research where partitioningyitiets are the main sources of fractions

1y26f SRIS 01 &a LINBASY(iISR Ay aSO0A2Yy odHdMO dzy RSNJ G KS &l °
G2 GKS FLIINZIFOK F2NJ 0SFOKAY3I TN OlA2ya Rlehedtdtrf R 068 51 O
schools (although this is a claim to be confirmed empirically).
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GKS FTNIOGA2Y a4 2yS 2NJ aSOSNIt Sljdzl tThis) NIia 27
dzy RSNRBRGIFYRAY 3 2F FTNI OGA2Y A A a((Davydbvi&STsvetkowcs, o OA &
1991, p. 94)

In this approach (featur@ in the last quote) ¥ NI Ol A 2 y ¢ NI FaPhikof andtherl y 206 2

object.

The authors maintain that this approach is based on the concepfidraction as a

consequence of the will to broaden the set of integers in order to allow unconstrained division.
The instructional objective of this approach is thus the abstract notion of rational number.
Having children experience the partitioningasincrete objects, then drawings of geometric
figures, and finally abstract numbergflects an attempt to teach fractions as solutions to
equations of the type: given number times what number is equal to a given number(e.g.,
®00 WTYD 6 O"Y). Fractions as the result of division is thus basically an abstract algebraic
idea, where fraction is a pair of whole numbetse preliminary activities of physical division of

things are only meant to alleviate the difficulties inherent in grasping taa.i

3.2.3 Relationships to mathematics and real life

We will compare the two approaches for teaching fractions by looking at the relations of school
knowledge of fractions, first, with mathematical knowledge, and then, with real life. This
separation is somehat artificial as it underscores a dichotomy between mathematics and real
life; however, we found that these two kinds of relations tend to recur as the major themes in

both theoretical and ideological discussions of school epistemology.

3.2.3.1 Relationshigo mathematics

Kieren(1993)discusses the relations of the subconstruct theory to the larger domain of
mathematical ideas, arguing that, as a basis for a fractions curriculum, it provides opportunities
to experience may important mathematical ideas, covering the diverse domains of number,
space and geometry, logic and algebra, and infifityr. example, the partitioning of quantities

as a basis for the quotient subconstruct can be related to the idea of infinitesimalEuiusa

but also to algebraic ideas of equivalence, when the same quantity is considered, partitioned in
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different ways. The measure construct brings forth geometrical aspects of fractional numbers:
they can be thought of as a set of linear measures pingiéxperience with order and the
infinitely large. The operator understanding provides a concrete model for the composition of
functions, but it also emphasizes the algebraic notions of multiplicative inverse and identity
elements.Thenotion of operatoris alsoclose to the modern understanding of number as a
scalar, in vector space theory, for example, making a quantity larger or smaller, keeping its
direction, or changing it. Finally, one of the interesting domains for the application of fractions

is probability, when the ratio understanding is promoted.

YASNBYyQa I NRBdzySyd Aa GKIFIG GKS &adzmO2yadNHzOGa
with a natural windowon the entire domain of mathematics. The fundamental assumption in

his theory refécts a constructivist conception: such mathematical understandings build on

OKAf RNBY Q& LISNE2Y Il f SE LIS NIh&e/ateSiporthnyd@nseqyeiic8sNE & (i
in terms of the mathematical knowledge for teachifi®all, Tlmes, & Phelps, Content

Knowledge for Teaching: What Makes It Special?, 20@8Yeachers should have of fractions,

assuming this theory justifies their practice. Teachers should have knowledge of the concrete
situations, as well as an arsenal of praabmodels or manipulatives, that cover the full range of
fractions subconstructs, and understand how they are linked to various mathematical domains.
Moreover, notions of equivalence of fractions as well as algorithms for operations must be

derived as geeralizations of partitioning activities. The latter, in particular, require some very
imaginative ideas that cannot be picked uplaat, without special training. Teachers should

also be able to evaluate the textbook problems critically, interpretantiofgh T S OKA f RNBY Q
intuitive strategies and their errors in light of the subconstructs framework, in particular with

respect to the opportunities for conveying important mathematical ideas. This is especially true

since the textbooks that teachers have aethdisposal may hinder proper understanding, as

shown by the analysis of textbooks performed by Lemoyne and Barall@®e6)or (Freiman

& Volkov, 2004)Failureto acquire and articulat¢hese elements of knowledge can lead to the

situation, deplored by many diagnostic studies in the field, where fractions are taught with a

focus on symbolic manipulations, mimicking only superficial aspects of the subconstruct theory

(such as the use ofgiures or manipulatives), or, more generally, of constructivist ideas.
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Teacher training materials such @eys, Lindquist, Lambdin, & Smith, 20@6)Sowder,

Sowder, & Nickerson, 201pjovide soneexample2 ¥ G322 R FTNI Ol A2y a (St OK
explicit articulation of the theory with the practice of teachitigpecomes tle task of

elementary mathematics methods cours® provide futureteachers with the missing link in

the form ofanalyticaltools to perform the tasks of teachir{@sana, Sierpinska, Bobos, &

Rayner, 2010)

5 @& RRadyod & Tsvetkovich, 199mjroduction of fractions using the measurement of

guantities materalizes certain general psychological and pedagogical premises, but also relies
heavily on mathematical analyses of the concept of fractionth@rone hand, he argues,

measurement of quantities retains a historical significance as the origin of fracimotig same

line as Courant and Robbir{$953) On the other hand, Davydov finds inspiration in the work

of mathematicians such as Klein, Lebesgue, or Kolmogoroff, to show that introducing rational
numbers in the contexof measurement of quantities is preferable to introducing them as pairs

of whole numbers. He quotes Klein to argue that, while the modern construction of fractions as

a pair of integers is more rigorous and purer, the new entities have no applicatitmefor
FOUAGAGE 2F aGaYSIFadaNSYSy(d 27F [pdiblyNMokedvarSey s A 1 K &
confine the learner to the realm of whole numbers, without providing him or her with the

intuitions thatare unique to fractions. Lebesg(®332)went further, to contend that the

measurement of quantities is no less scientific, proposing an approach that breaks the whole

number limitation in an even more radical way. ptastulatesthat all numbers in school be

based on measurement, proceeding immediately from natural numbers to real numbers. In his
original exposition, he employs decimal notation, by subdividing units successively in tenths. He
enthusiastically advocates ¢huse of the decimal numeration system, as one of the most

important inventions in the history of sciencgl K & G KS ! yOASy i DNXS1a RA
disposak2yS G KI GX Y2NB2@SNI G& 2 dzy(Beledghey1R32, pNIBI) a2y Y2
In elementary school, children could be acquainted with the operation of measurement that

produces finite decimal expansions, with the problem of precision in measurement making
necessaryd constructageneral conceptofrealnio SNX» ! & ¢S (1y263> SOSy [ !

integration theory has its germ in this basic geometric intuition: his abstract measure is a
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ISYSNIfATIGA2y 2F tSy3adkK 2y (GKS olara 2F 02dzy
integralof a functionanalytically by partitioning the rangs the functionprovides its power,

but this approach is possible because of a very intuitive, geometric characterization of the

integral in terms of measures of sets. The integral on intedfab of a function'Gis the

difference between the-dimensional measures of the planar sets bounded by the graph of

"Cand lying above and below thigaxis, respectively. Then the procedure of integration by

partitioning the range works for highly discontinuous functionkére partitioning the domain
R2SayQi R2 GKS 2200 06SOFdzasS AU adidl NdferimgA 0 K (K
by very small amounts. Thus, measuring, as concrete as it mayttesdurce, is a thread that

runs through the fabric odll mathematical analysis.

51 @eR2@ YR KAA O®dvydova T Netko\achAoigriedphdtisRa tie K

measure theoretic conception of number, characteristic of mathematical analysis. Ki€@38)

maintains that an approach based on applicational meanings of fractions provides

opportunities for experiencing the whole domain of mathematics. However, fractions

treatments that bear similarities with the subconstructs theamhéther explicitly inspired by it

or not), in particular with respect to the focus on partitioning activities and on using various

models to introduce operations, are closer to the abstract algebraic conception of number,
notwithstanding their apparent enfpasis on concreteness. Two important features of these
treatments are essentially algebragoingd S8 2y R 51 e R20Qa KeLRUKS&aAa
numbers is modeled as division of thingfse consistent bias towards whole numbers and the

focus on operationsvith fractions.

It can be argued thathe principle of permanena®uld providea powerful heuristic for
G§SI OKAYy3 ydzZYoSNBE Ay &0K22fY SEd§tBehdray 3 ydzYo SNJ
numbersc based on observed regularities in their arithmatistifiesthe arithmetic operations
in a coherent fashion for different kinds of numbetfie extensiorirom natural numbers to
AYyiGS3ISNBE Aad LI2aarofsS o0& NBY2OQAYy3 aintds SYol NH2
would be the collection wheranrestricteddivision becomes possible. The foeusuld beon
maintaining the properties of the fundamental operations observed in the natural numbers.
Y A f LI tiedNdiett pf@dmbersn Adding it up(2001)is quite convincing: diuses concrete
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and pictorialrepresentations for numbers tprovide an intuitive basis for fractions, and derives
commutativity, associativity, and distribut@ A G @ LINE LIS NI A. Sdali  GOSKYSLIAYNANTS: £ LON
work of connecting the fractiontd KS I-ANBE a A G dzl G A 2y & éby IGoKir@atdzy G S NB

guantities is missing.

3.2.3.2 Relationship to real life and ways of knowing

From an ideological standpoint, the relationship of mathematics with real life is often at the
center of both defining the goals afathematics education and prescribing ways of learning
YFEGKSYFiAOa Ay aoOKz22faz GKIG Aax 02y OSNyAy3
YFIGKSYFGAOad C2NJ SEFIYLX ST 2yS 2F (KS aO02NB S
the Quebec Ministry of EdDIF G A2y Ay AG& NBTF2NY R20dzySyida Aa

(@]

knowledge as a tool that can be used in reak %, p. 138)At the same time, mathematics
should be anchored in reality because children learn beftdray can relate it to their concrete
experiences, and perceive it as authentic. In the Quebec Education Program, for example, the

tool to achieve this is the situational problem.

In approaches where fractions originate in partitioning activities, the/cBnO 0 A 2y A G K OK A
everyday experiences is cruciBehr, Lesh, Post and Sil@B83)found that if children are

given ample experiences in partitioning through various manipulative aids, they understand

better the compensatory relationship between the size and the number of parts into which a

whole is partitionedForStreefland [[1991)(1993], the activities of equal sharing and splitting

dzLJ ANR dzLJA 2F &KINBNER Ayd2 adzm3INRdzLJA | NBE GNBI f
intuitions of fair sharing from real life as well as their experiences with whole numbers.

Students move gradually from the concrete contexts of equal shéwitige formal rules for

operations with fractions. Streefland and his collaborators write extensively about the need to

build resistance to the tendency to associate what one is learning about fractions with the

natural numbers. Nlistractors resistance as they call it is also built by means of concrete

situations: for example, a child performs a distribution to arrive at- p, which contradicts
his initial calculatior - -® ¢ KS OKAf RNBY A(IQ93)moveBdnTf | Y RQa NI

accepting both results as correct, thus not experiencing the envisaged cognitive conflict, to
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more or less spontaneous refutations of errors associated withsiactors. However, for

virtually the entire group in Stre¢fly RQ& NI & S N K-distractsrS praviBds y OS 2 F
quite stubborn, and even after a period when the children showed some stability in overcoming

them, relapses occurred especially in the context of calculating with fractions, when children

seemed b have lost contact with the insights acquired from concrete contexts.

KAfT RNBY Ay { ((SkeSiErd199R)d 58 2NEFRARYNIIK R2 OSNE 4SSt f
them to place a fraction on a number line: for exampley would establish order on it, but be

rather careless in determining precise differences. They wprééer to calculate using prices

rather than the straight line model. However, this way of thinking about fractions, which echoes

the analytic conceptin of numbercg & y 23 GKS YIAYy 2062S00GA0S Ay
line with Freudenthal, he aimed rather at teaching the children the mathematics of

practitioners. The following excerpt illustrates the kind of activities found in realistic

mathematicseducation:

hyS RIFe ¢gKSY FFIIKSNI RARYQH O2YS K2YS F2NJ f
for herself and the three children. There was plenty going on here. (In the first

LI I OSs (GKS NBOALIS RNBg lGdSyurzys gKAOK ¢S
is focused on how the omelet is divided. Els and the children each took two slices

of bread and covered them with a share of the omelet. The assignment was how

to distribute the omelet over the ght slices of bread Streefland1991)

LY YIFIOGKSYlFGAOa SRdzOIF GA2y NBaSI NOKZI CNBdzZRSY (i KI
educationé | A& @OASgE 2F (GKS NBf I dife das gukehshphigidatedr I G KS Y |
GKS GNBIFfAAYEST T2NJ CNBdzR 2yF( KilYEF 31 KASAY | (G2A Ta S0 ATR2ydgy>
FOGAGAGE 2F &A0GNHzOGdzZNAyYy3I NBIfAGEP ¢KAA YSIyas
in the activity of solving problems, tools and strategies that reflect characteristics of

mathematics such as generality, certaingxactness, or brevitfGravemeijer & Terwel, 2000)

Importantly, the subject matter of the problems refers to both rid and mathematical

content, depending on the problem at hand.the recent conceptualization of restiic

mathematics education the tenet that mathematics should be anchored in reality means that
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the starting point of a teaching sequenceeigerientially reafor students, i.e., not necessarily
involving realistic situationgor young children, howevethe priority should be to
mathematize everyday reality, since mathematical content cannot yet be experientially real.
. SaARSaz aAyO0OS YvYz2ad 2F GKSY gAaftft y23 06S02YS Y
mathematics that they should be acquainted with. §fesud(1994)shares this point of view
YR 0StAS@®Sa (GKIG a0OK22f YIFGKSYFdAO0a | YR &a0K?2
life mathematical competencies and rddé learning:
This opposition is misleadingtime sense that no mathematical procedure
observable in redife situations cannot potentially be found in the classroom,
provided students are offered a variety of situations to deal with, rather than

stereotyped algorithmgVergnaud, 1994, p. 45)

Chevallard had a different point of view. In one of his pajy#£889/2007) he questions the

very purpose of teaching mathematics to children in school, disputing the view according to
whichschool mathematics should find inspiration in everyday life, which, in turn is permeated

by mathematics in all of its aspects. He makes a distinction between the explicit, or visibly used,
mathematics (in science, engineering, business, etc.) and théitmphthematics, which is
GSY0O2RASRéSE 2NJ ONRBaidlttAl SR Ay 2062S0Ga 27F | ff
2YYALNBaSyld Ay LIS2LX SQa tA0Sa Aa 2F GKS AYLI A
layman. Mathematicians work, paradoaily, to demathematize social practices, while, at the

same time, mathematizing (implicitly) the objects and the techniques available. The teaching of
mathematics has become a way to make mathematics culturally visible, and embraced a

somewhat apologetidadiscourse, by attempting to justify mathematics in terms of its utility,
GKAOKY AYy U(dz2NYy3> ¢l a ogNRy3IAte dzyRSNEG22R Ay SN
& 2 O A Bebhesgndilg@82)has a similar view when tsays that one may have to try hard to find

practical uses of fractions: the mechanic who has to employ fractions when tapping a screw is

more likely to understand fractions on the spot,the contextrather than to see the

connection between his job arttie school knowledge. EducatosgysChevallard1989/2007)

need not worry about theeedi 2 £ S+ N G KS y A OS(p. B)Siace anyobody NI Ol A
can use a pocket taulator to perform arithmetic. The attempt, by some educators, to find
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aspects of the real world that can be modeled through mathematics, is futile, as the visible
YFGKSYFGAOA Ay Y2al LIS2LX SQa fA0Sa Aa bekylfo

studied, like other subjects (such as history, or literature), as cultural initiation:

Such an initiation should result in an awareness of society as a complex whole

made up of many deepinterrelated components, most of them hardly visible

and undergandable from the outside. It should avoid some major pitfalls,

address elemental, not necessarily elementary, questions, and beware of

unrealistic realism. If it could cast off the sanctified fallacies that | earlier

ONRGAOAT SRE ( KS mdvémetknBh In this @spect-skiow as2 NJ ¢

the way.(Chevallard Y. , 1989/2007, p. 8)
| KSOFtftFNRQAE ONAGAOAAYI K26SOSNE A& YIAyfe RA
which is the weak link, he says, among primafyfa. G SNI A NB YIF G KSYIF GA0azx
realism. Although fractions are usually part of elementary level mathematics, they are always
somewhat on the cusp of higher level mathematics, one foot into the learning of algebra.
Moreover, the choice of oner another approach for teaching fractions supports different
epistemologies of mathematics, in particular of the numerical domain, which, as we have seen,
YIe KIFI@S t2y3 flradAay3a STFFSOia 2y OKAft RNByQa f
curficulum(Davydov & Tsvetkovich, 199 & G KS 321+ f 2F (S OKAy3 Yl
AYAGALFGA2YyE 0S0GSN ¢KS YSIAaAda2NBYSyd | LILNEI OK
number as measure or relation betwegunantities, and proceeds to ascend from the formal to
0KS O2yONBi(iS® 51 geR20Qa | LILINRPI OKYX AYALIANBR o8
acquired through instruction within conceptual systems, rather than spontaneously, abstracted
from reality.In one of his columns for the Mathematical Association of AmericinenKeith
Devlin(2008)observeghat this is the way professional mathematicians primarily know: by
learning the rules of a systeqwhich may have o relation to reality, nor any meaning to begin
with ¢, following them through conscious effort, and after enough experience, moving
AYyGdAGAGSt e a AT aLXFeéAy3dE gAUGKAY (GKS aeéaids
enthusiastically about how mathematidalrmalism not only does not exclude intuitive

thinking, but is also the source of new understandings and intuitions. In his book on the history
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of numbers, Dantzi¢l954)offers such a perspective even with regardshe highly abstract

algebraic construction of rational numbers: he argues that the extension of the number

systems according to the principle of permanence is not at all an artificial and arbitrary affair if
natural numbers are understood as symbolsthéard dzo 2SS O0i4 G2 | &aeaasSy 27
AYSOAGEOES LINE OS {BantAgF1954,lp0BYNI f S @2 dzi A 2y ¢

We saw that the relations afchool knowledge dfactioy’ & ¢ A G K Y I krfodledgeidfh OA | v &
fractionsc invisible at firstg are quite explicit in the theoretical justifications that support the

G2 | LIINRBI OKSad {dzOK NBflFGA2ya O2yOSNYy yz2i4 2y
algebraic and the analytic conception of fractions, but also the diftecenceptualizations of

the numerical, or, more generally, the ways of knowing in mathematics. When fractions

originate in partitioning activities, it is possible to accede to the whole domain of mathematics

when under the subconstructs theory: the opergtoneasure, quotient, ratio subconstructs, all

supported by the partvhole relation, can foster both algebraic and analytical understandings.

The partitioning approach, however, as we have shawmfextbooks for future teachers and

children¢ ends uptaking an algebraic path with its focus on operatigrasnstakingly and

inconsistently modeled with pictures and diagraras well agonfinement within the whole

numbers domain. The measurement approach, by contradtois the beginningset squarely

on an analytic conception of fraction as measure, which is consistent throughout the

organization of the instruction on numbers. Thigmsfact, the main feature that distinguishes it

from the preferred approach in NortAmerican curricula: a definite condejalization of the

notion of number as a relation between quantities. The cognitive price may be bigger for the
measurement, compared to the equal sharing approach, but it provides an important gain:
O0Saa (2 GKS y20A2y 2 FearthR998)sheheziitdakesduchl & { G NB S
effort to overcome the whole number obstacle, and its presence may prove stubborn as far

gl & dzLJ A 02ttt S3S3: $KSY aiddzRSy i a poopekyofithe Kl Sy Q
rationalnumbers system The obstacle is particularly powerful in the context of operations,

where performing arithmetic on fractions requires that two numbdrsd Sy O LJa dzf | G SREé |

entity that can be operated an

61



The two instructional approaches alseflect different conceptionsf ways of knowing in

mathematics. FreudenthglLl983)and his followers make a solid point for learning based on

real experiences, and the equal sharing approach is based on such a viethematics

knowing in school. Given that the notion of fraction is, in a way, more connected to algebra

than to arithmetic, and that it is very demanding in terms of theoretical thinking, it is perhaps

worth exploring, if at this point in elementary mainatics education, different ways of

knowing, that nurture theoretical thinking, should not be fostered. This would correspond more

Of 2asSte (2 GKS GSIFIOKAY3I 2F YIFIGKSYIFGA0a a aOdz
(1989/2007% LYy 5 @e&dRansWas achiediedNian essentially Vygotskian view of

learning, through anore direct teaching method, which included guidance, hints, suggesting

answers, staging mistakes or pointing to conflicts.
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4 PRELIMINARY TRFAND [ESIGNCONCEPTION

In the first part of this chapter | present two categories of issues identified in the first run of the
experiment of teaching fractions to future teachers in the context of measurement: future
GSFOKSNRQ I O1 2Zebase forDationss Ml yhéir attitWd2séas iSfReAced by

the institutional setting of the course.

In the second part | present the design for the second instantiation of the course as a two

pronged response to thesesues. Firstly, | describe our adafpbn of theMeasurement

Approachfor math methods courseandfurther justify, onepistemologicahnd cognitive

grounds, our decision to introduce it as the fractions knowledge base for future teachers.

Secondly, | turn more directly to triedacticaldimension of the design, and discuss how we

LI FYYSR (G2 AyFidzsSyOS GKS aiGdzRSydiaQ LRaAAGAZ2YAY
specific institutional setting considerega mathematic methods course for undergraduate

students studying at university teecome elementary school teachers.

4.1 ISSUES IDENTIFIEDHE PILGSTUDY

In the first run of the experiment (Winter 2018) call it the PilotStudyq we had the
RSEAOGSNIGS 321t 2F RSOSE 2 ndatheAatichldnipmeNPosidigs | OK S NA
G§KS O2yGSEG 27F ljdzk yiAGASEa SyO2dzyiSNBR Ay NBI €
taskssuchas | a1 Ay 3 ljdzSadAaz2ya 0GKFd SyKFyOS addzRRSyida
writing original problems to reach given instructional objectivedgjag the difficulty of a

problem and modifying it to make it more or less challenging for stusldittisgoal

corresponds tat least one of the core competencies for the teaching profession outlined in

GKS 2FFAOAI T a9v 3dzi Réop leaNdg/leddingHuGatichsithddare y A y 3 Y
appropriate to the students concerned and the subject content with a view to developing the
O2YLISiSyOASa GFNBSGSR Ay (KS (MaNiReH Rdynoad&2 ¥ a ( dzR
Gauthier, 2001, p. 69)

The content was going to Heactionsandgeometryz 6 dzii ¢ S RokcRofiteitwod S G 2 dzi

topics according to a defined sequencing or separation. Rather, we had assuméatuhat
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teacherso T8 bBad common content knowlagk (Ball, Thames, & Phelps, Content Knowledge

for Teaching: What Makes It Special?, 208f8)oth, and we focused on engaging them in

creating problems by using such knowledge to model realistic situations (i.e., situations

involMng some physical reality). Given an origami construction, or a measurement activity, for
example, we would encourage FTs to ask questions about the concrete aspects of the situation,

and then help them see the mathematical nature of questions and forraulam in a more

precise and decontextualized form. Ideally, we thought, FTs would be stimulated to look for

such situations in their surroundings and everyday life, and come up with problems themselves,
designed so as to satisfy certain instructional chjees. We did envision meaningful learning of

topics such fractions, decimals, percentages, or geometric relationships, but we thought it

would occur in the process of mathematizing real life situations. In particular, the concept of

fraction, inspirecby5 @ R2@Qa&a | LILINB I OK G2 0S|I O®avya &F NI Ol A
Tsvetkovich, 1991Wwas derived in class during such a realistic activity, in the context of

measurement: a fractiowas defined as the ratio of eaamount to the unit in which the amount
ismeasured(this is a conception of number, in general; the number is a fraction only if the

amount and the unit are commensurabl@his concept of fraction, as relation between

measured amounts or guantities wagnsistently used by the Instructor thereafter, yet

continuously ignored by thETs, some of whom even exhibited an emotional resistéamade

FTs appeared strongly attachemthe idea of fraction derived from division of things into equal

parts, wheretls TN} OUA2Y A& y20 Fty FtoaildNI O NBfFGAZ2Yya

parts taken together.

More generally, we found, firstly, that FTs knowledge of the mathematics they will be expected
to teach was insufficient. With respect to fractigms particular, FTs lacked a coherent
knowledge base as the necessary condition for posiathematicallyinteresting questions as

teachers.

Secondly, we discovered that our vision of the university student as an individual who is there

to learn specificontent in their discipline and develop, in the process, certain habits of

rationality, was continuously underminegy 2 & o6& (KS &aGdzRSyGaQ dzygAf .
opportunity, but by the dynamics encouraged by the Teaching Mathematics (TM) course
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institution as it was organized at the time. The tasks typical for this institutigmarticular

prompted FTs to act like teaclserfor example, theyequired desiging a teaching activity or
reflecing2 Yy OKAf RNBYy Qa SNNE NHE P C gwiftly lbutiwésebdtis R G2 G |
unprepared from a disciplinary perspective (i.e., did not know the math), and acted based on

their own, strongly ingrained, ideas of what constitutes good teaching. The theoretical tools

that the Instructor introduced were irrelevarfior such teache®ctions, insofar as FTs

consistently relied, and with relative confidence, on their previous experience in schooling and
unexamined popular wisdom as bases for their teaching decisions. Furthermore, we observed

that the setup of the corse as a school institution where students need to obtain a certain

grade in order to reach their career goals, inevitalligedthe issue of assessment, which

affected> Ay GdzNyzZ GKS C¢a FyR GKS LyadNHzOGd2NDa as

Thus FTs learimg of fractions turned out to be greatly influenced not only by their previous
knowledge of fractions (ahe poor qualitythereof), but also by their rapport with the Teaching
Mathematics course institution. | review these issues below using the instiaittheoretical
perspective inspired b€hevallarq1985a) and Ostron(2005)

4.1.1 Issue 1: FTknowledge of fractions was insufficient for the Teacher position

In the first instantiatbn of the course it became clear to us the FTs common content knowledge

of fractions had serious gaps. This meant more than what we had expected gleaning from
NBE&aSIFNOK Ay YIFIUGKSYFGAOa GSIHOKSN) SRdzOF A2y 0S¥
pedagogcal content knowledge of fractions that had to be attended to, but also, simply, their
knowledge of fractions as a topic in mathematics. A crucial component in theSRildy, in the

Winter of 2013, had been engaging FTprioblem posingctivities, thus assigning them to the

Teacher position: they were asked to write original problems to serve certain instructional
objectives, to ask questions that foster understanding, to judge the difficulty of a problem and
modify it to make it more or less diffiduor the hypothetical child, to address certain

misconceptions, etc. Despite appreciating the relevanadhisttype of task for their future

professionA Y RSSR S@FtdzZ §Ay3 FyR ONBIGAY3I LINRBOf SYa

professional liveg FTs struggled with the mathematics at hand@veraways.
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First, many the problems posed by FTs were too easy, imprecise, or nonsensical, from a
mathematical point of view, despite the possibilities offered by the situations they were

supposed to be deved from. For example, when given the following pictufgre4.1) and

Fa1SR G2 6NAGS I FTSo NBEFGSR ljdzSadAaz2ya | o2dz
G¢KNBS Y2Y&a 02dzaAKG ipeditdin GBtcodarsiiake. Howm mamezbBxdswill2 T 4
SIOK Y2Y 3SGKeésx adaAl ySSRa pnn gALISatit LT (KSN
oveK &> 2NJ A¢KSNB FNB oy 6ALISa odzi pn o06F06ASaQ
YySSR (G2 6ALIS SIOK ol oeKé

Hgure4.1. A realistic picture given to FTs in a problem posing task

The Instructor also included less opended tasks where FTs had to create problems of a given

structure; for example:

Considerthe followr 3 LINRP o6 f SYY GaCAO@®S aSg@SyiuKa 27F |
FLILJX Sad |26 Ylye |LILXS&E NB Ay GKS ol 3KE
good problem. Reformulate the problem to remove the flaw. There are

several possibilities; offer two.

Many students did not grasghé structure of the problem, thus did not solve it correctly. We
NBLINERRdzOS 0St2¢ 2yS addzRSyidQa I yakdgamd20muy 1 Ay A
also pointing to other habits we consistently obseay which throw any significant

mathematics out the window in posing problems: the unnecessary conversion to decimals (e.g.,
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converting-tot® = G KS dzaS 2 F & 6fS yt@AavkloNdarityinNdrndiath@ vy &8 € 6

GKS ljdzSatiARyobda 2F wmu LI Sad 126 YIlye | LI Sa

Figured.2. An FT's solution to a problem along with similar problems she invented

{ SO2yRfé&s IflK2daAK Ad 61 a NI NB vinfposéd piotiedis, C¢ & R
there were many mistakes in their solutions, mostly related to terminology and notation, but

also, more generally, to the grammar of sentences involving mathematics. It was not

uncommon to sesentencesucha¥ & ¢ KS ¥ NJ Otioag yh umerdtd andINE LJ2 NJ
RSY2YAYy-I202 NE DB IGEA 2F mu LI Sad 126 YIlye | LI S5
areaisc o® @& ® / f SINIe&sx 6S 6SNB y2i 02y OSNYySR loz2d
grammar rules, but ratheaboutthe sense and clarity that such phrases or sentences lacked.

Finally, when slightly more difficult problems were posed in class by the Instrcte

encountered great difficulties. In a questionnaire she gave at the beginning of theSRildy,
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only 4 of the 35 students answered the following question by calculating the areas of the pizzas

and finding the fractions of these areas.

Mary ate- of anyrinch pizza. Jane ateof ap Anch pizza with the

same filling. Which one had less pizza? Justify your answer.

Most of them, instead, divided 8 by 4 and multiplied the result by 3 to find the amount of pizza
that Mary had, and divided 10 [&and multiplied the result by 1 to find the amount of pizza

that Jane had, while others compared the abstract fractienand -0 & d-ONER & & LI A OF (A 2

erroneously concluding that Jane had less pizza.

The problem was certainly more diffilt because of the nofinear dependence of the arean

the diameter, but the massive failure to observe this detail was just one example among many

other instances where FTS struggled with problems that were either more complex or had a

twist requiring mae than obvious numerical computations. Others such instances include

proposing teaching activities for certain mathematical topics that entirely missed the essence of
aFAR (G2LIAOY So3dx RSaAaIyAy3d Iy | OGAQA@e F2NJ 4GS

assumption of having @ mtahgle is not even mentioned.

We thought that to even begin thinking about an easier question that would guide a child to

dzy RSNE Gl yRAY3I | RAGAAAZ2Y LINRO6fSYSZ T2NJ SEF YLX S
problem,or by analogy with whole numbers, the FTs must first be able to solve correctly
problems that require divisiog2 Y S Ydzad NBO23ay Al S GKS aK2é YIlye
FY20KSNI ljdzt yaGAGeéd AGNUHzOGdzZNBE (G KI G Edllettddd F2 NJ RA
v- & of honey and wantsto storeitin aOlF ya® 1 2¢g Ylyeée Olya Attt KS
interesting comparison ad sequence ofraction problems, by modifying the quantities that the

fractions are taken of, one must interpret correctly swchiece of information in solving the

problem. In other words, to see such quantities as values of a didactic variable, one must be

able to first recognize them as relevant variables in solving. Overall, our experience throughout

the PilotStudy led us tdelieve that FTs needed to learn more mathematics in order to be able

to teach anything meaningful.
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The Measurement Approach was designed to fulfil this ¢cadé the fractions knowledge base

for future teachers. As | will show, we develop its specialidre ¢ as knowledge baser

teacherscAy AGa GKS2NBGAOIT LINBYAASAS NFYGKSNI Ay (K
posed to studentsWe hypothesized that this approach would help them reason about

fractions in the context of quantities.

412 Iss1zS HY C¢& I OGSR F& C2NXSNI tdzLJAf & FyR t 2L

and as University Students interestedhieir grades

We identified four positions that FTs adopted in theaching Mathematics (TNfstitution

during the PilotStudy:Teacher, Former Pupil, Popular Educator and University Student. Like in
(Sierpinska, Bobos, & Knipping, 200®se labels resulted and will be described asa result

2 T | LILI groundédl thedkgS GLILINER base& on empirical observation rather than

on postulating some ideal versions of these positions. DeBlois and $808f)also observed
these categories (with the exception of Popular Educator) as epistemologicabpsshat
prospective teachers adopt in relation to the knowledge acquired during thesieiivice

training.

¢CKS LyadNHzG2NDa FadSYLW @guchs ddfditioasiodpRe@sé i & dza S
methods in problem posing tasksvhich we wouldclassify as belonging to the Teacher
position¢ was met with considerable resistance. Clearly the genuine epistemological and
cognitive obstacles related to the notion of fraction may explain why FTs would not
spontaneously use, for example, the measuremechnique demonstrated ithe classroom to
design an activity for chilen involving norstandard unitsBut what we found most striking
andfelt unprepared forwas the difficulty teenlistthe candidate teacher® learnanything

new.TK A & 0 I NNirbshheRdrtRfyagathy, or just general lack of interesthe part of

the studentssuch asve sometimes encountered in students from the same demographic

taking mathematics in college or university.

It was rather specific to the TM institutioRTs adopted the positions of Former Pupil or of
t 2 LJdzt I NJ 9 RdzOF 2NJ 6 KSy Fa{1{SR> Ay GlFailaz d2 LISN

it would be a challenge to present any new way of looking at elementary level mathematics to
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someone who has edady been through formal schooling, but the attachment to certain

algorithms or methods in teaching contexts was also accompanied by a strong(belief

always justifiedji K I i & (0 RENADENR) FNRBY 2y S0Qa LISNB2YIt SEL
topicatK Y R® CdzZNIKSNX2NB>X C¢a | LIISFNBR (2 KI @S |

a form of progressive education rhetoric that they used to support their views: FTs spoke like

t 2 LJdzt I NJ 9 RdzOl & 2 N& dzaaAy 3t SIKNIF K \S A camingDKRS [ aA KT dzfR
SELISNA Sy afSSayeisS NERK AfSRi a2y ¢ alKS @Aaadzft £ SHNYSN
solving them as part of a proposed activity for children. But these words were empty categories

¢ of no consequence or relation to the mathematics invadlve an activity.

From the position of Former Pupils, FTs often complained that the Instructor was making

something that theybelieved to bestraightforwardr Y R S| &8 3 adzyySOSaal NAf &
only would FTs fail to produce activities that would asgiven definition or method, but they

g2dzZ R a2 | OGAG@GSte RAALWzS GKS NBf{(Sehlass OS 2 7F
G ONE drfa i A LIt ok dinlgranis 2ayi belused in such activities. In one of the homework
assignmentswe included the flowing two tasks; one of solving a problem, the other of

inventing a similar one and writing a plan of a classroom activity around it:

Solve the following problem

1. Inclass, you have seen a measurement technique that consisted in
counting how many times given unit fits into the line measured
and finding the remainder, then counting how many times that
remainder fits into the unit and finding perhaps yet another
remainder, then counting how many times the new remainder fits
into the old and perhaps findga third remainder, and so on until
no remainder is left or is so small that we decide to ignore it. Then,
you find how many times the smallest remainder you found fits
into both the unit and the line you want to measure with it. This
way, the smallestré A Y RSNJ 62 NJ] & KA A EODY KW @ & dzo

inches are a subunit of a foot) that fits a whole number of times
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into both the line measured and the unit we started with. The ratio
of these whole numbers gives you the measure of the line
measured in terms of he initial unit.

Use this technique to measure the longer side of the rectangle
below using the shorter side as your unit. Be patient and find at

least two remainders.

Invent a problem

2. Invent a measurement problem similar to Problem 1 above, and
write the plan of a classroom activity in which this problem would
be incorporated. Your plan should contain at least the following

elements:
w The target age group of students

w The main mathematical ideas or techniques necessary to solve the

problem

w Materials

w Expected solutions and their validity

w Implementation: how the problem would be posed to children

w Questions to ask children in the context of the problem, to extend
GKS LINRPo6fSY>S (Said OKAf RNBYQa dzy RSNB Ol YRA\
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The responses took on what wedight were irrelevant aspectsf the givenproblemsuch as

the use of rectangles or of one object to measure another object. In most cases FTs missed the
essential features dhe measurement technique (which was, in fact, the Euclidean algorithm

of finding a common unit to measure two lengths), suchresasuring with a noistandard unit,

or presenting the result of the measurement in the form of a fraction. For example, one of the
proposed activities would require children to measure the large side ofasee using the

small side, but the measures of both lengths would be given beforehamdiin @ dando o &

Furthermore theExpected solutions and their validggrt read as follows:

There arep halves @) in o and there arep thalves (®) inu. @

halves go int@ thalves, likeo overu:

°c @
VU pT

Proof:crossmultiply

Thecrossrdzf AL @8Ay3a Oly 0SS R2yS Ay aGig2 aSO2yRaé
O2y @AYy OS KSNJ G2 dzaS (GKS fSINYSR GSOKyAljdzSs: |y
dza S GKS 20KSNJ YSGUK2RKET FdzNI K SiNactitys iBtroduéeS y G 2 €
fractions¢ hence neither fractions nor decimal numbers should be assumed as kosha
FYA6SNBR Godzi RSQA YL Y &2  NENIYADOKR ST ahiSSI RSOA & A
problems, were rooted in FTs previous experienicelearning the topic at hand. They would

adopt the position of Former Pupil to support decisions and resist change with surprisingly

fierce conviction.

When teaching mathematics, by contraste find less emotion andlways a few students that
simply fourish after adpting a certain method, or idea, even it if appears more cumbersome:

students appear more comfortable ihé University Student positioeyen in remedial courses
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where they are not there to learn mathematics by choice, but rather tollfalforerequisite. For

example, in one of the remedial courses | teach at college | propose that an equation of the

type -@ - be solved using the more general method of dividing both sides by the number

that cis multiplied with, thatis> NJ G KSNJ 0 KIy a3SGdAy3a NAR 2F (K
both sides with their lest common multiple, in order to work with integers only. There are

always students who take the Former Pupil position and bring up the latter method, and argue
AGQOBNBDb&aRKI 01Q4 K2¢g L RAR AGX YR AU @2N]JaAHEOX
the equation in a structural way as® @ and thus treating - and - the samewayas the

whole numbers in the equatiomw p pthis view, in turn, gives them much better control in

Y2NBE O2YLX AOFGSR Sljdzr tA2yas 6KSNBE GKS YSGK2R
likely to lead tomistakes. But in the TM courdenas as if tiere was really nothing to learn: it

is true that the mathematical knowledge for teaching is of considerable depth, but FTs would

not even engage in scratching the surface when prompted to perforsi OK SN A& I Ol A 2 y &

CdzidzZNBE (Sl OKSNEQ o0StAST GKIFG GOUKSNB Aa y2UKAY
courses, may, in fact, be a common belief among the general public, and even among
YFGKSYFGAOALIyad 5S802NF K . | fafy®d KS2rNJd AiD2 £ S g 12w d
G§SIHOKAy 3¢ asSSya G2 @gall Thank® & PA2lysaCenteintKnowl&dyeifor 6 St A
Teaching: What Makes It Special?, 2008)L y KTPhal NiP2d26]f>S ag A 1 K 9 R aO0OK2 2
(2004)carries an irdepth discussion of the public perceptions about the failure of education

schools in the US, and he provides some explanations for such a poor reputation. There is a gap,

he amply arguedyetween the difficilty of the teaching job and the perception of learning to

teach as very easy; this contrast, he argues, is the core problem in the way of the

professionalization of teaching. He looks at the roots of this gggxamining why teaching is

such a demandinfprm of professional practice on one hand, and why it appears so easy to

become a teacher, on the other hand.

@The problem of client cooperii A i& ghé of the characteristics that make teaching
enormouslydifficult. He observes how medical schools arecessful at preparing physicians to

treat many diseases by direct intervention without the patient making an effort to cooperate;
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they are much less successful at treating disorders such as obesity, for example, and, ds a resul
they tend to relegate thgd S & A SilieRgies to counselors, naturopaths, and other human
improvement practitionersBut the teacher cannot even attempt to be effective without the
a0dzRSyiQa O2YLX SGS Ay@2t dSYSyldo ¢KS NIXrdS 27 a
education schools do not have the luxury to opt out of preparing professionals for whom

GOKI yaAy 3T LIS2 LI(SbakaD. (i2808, p#KedisSiss@szaévéral other

problems, peculiar to the teachinmgofessiotY ThéLINR 6 t SY 2 F O2 Y LJTtef a 2 N  Of
LINROESY 2F SyY2iAmeyrobem@ |l A8 XBaD G €281 éThelprdenlofi A 2 y € =

chronic uncertainty abatthe effectiveness of teaching

The work of the teacher thus Sisyphean, yet iboks so easyit seems that teacher educators

and their FT students sit on the two sides of this disconrn@oeof the explanationss to be

F2dzyR Ay 6KFG [F0oFNBS (SNXa a¢KS ! LIINBYiAOSak
school before takingniversity level courses in education, future teachers think that they know

enough already to succeed as teachers. By comparison to other professions, for which one

needs to possess a very specific set of skills, mostly concealed from the public egacthiad

profession seems to hold no mystery for future teachers by the time they enter university.

[ I 0 WisIgsEawssharp differences betweethe teaching profession anather

professions, painting, in the processyery distinctivetype of profesional practice, which

explains both the perceptions of the public about the failure of educationmodpective

teachers' epistemological positiomsrelation to knowledge needed for teaching.

5So6f2Aa |y R (200p)perorni afigeagrain dradisss of FTs reticence to learn in

mathematics methods course, especially when it comes to resorting to theoretical knowledge

in mathematics methods courses. They assert, inspirg@htzman, 991) that the

conceptions one has regarding teaching and learning act like filters to give priority to certain

facts versus others. Moreover, these conceptions are particularly powerful at the moment of

planning a learning situatiofRaymond, 1997)hat iswhen¢ S| OKSNDa | Ot A2y a | NE

(Sierpinska & Osana, 201B)y contrast, during classroom interventions, it is what happens at

that moment that influences the most the decisiomakingprocess. Furthermore, Deblois and

{ljdzr £ €A | LILINRPFOK GKS A&dadzS 2F AyTFtdzSyOAy3a C¢a
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describing three epistemological positions that they take with respect to using the knowledge
acquired during their irservice traning:the formerpupil, the university studengndthe

teache®d ¢ KS | dziK2NB 6SNB AYyiSNBadSRI Ay LI NI A Odz
former pupil the future teacher has certain conceptions with regards to teaching and learning,

which ae strongly influenced by the way he or she has been taught. As it is often the case, such
previous experiences include working on problems for which the solutions are predictable and

the answers held by the teacher. Such experiences create the expectatibms, to learn

Fo2dzi aYSGK2Ra 2F GSIFOKAYy3IE O2 NeHasWSBqURIA Y3 (2
2002, p. 215)Asuniversity studentshowever they are supposed to function in a different

setup, where aspcts such as the nature of mathematical concepts, the development of

OKAf RNBYQa UGKAY1lAy3azZ 2NJ ARSIFA Fo2dzi GSIFOKAy?3
made answers, formulas or recipes for solving math problems or designing classroom activities.

Ly LI NGAOdzZ I NE ¢gKSYy GKA& aidlyoOoS Aa |R2LIGSRx O
their learning, which elucidates, for the teacher, ways in which the child may be guided. More
importantly, as observed b{Borasi,1987) it is only when the emphasis is put on the level of
FOoAGNr OGA2Y AY HKAOK GKS SNNEBNJ 200dzNE> GKIFG 0
learning process and the nature of the mathematical concept at hand. Finally, from the position

of the teacherg and here the authors, unlike us, refer only to tstlagecomponent of the

program¢ FTs are expected to propose learning situations but also to intervene, on the spot, to
FRFELII GKSANI AYUSNIBSYy(GA2ya (29cen&rivarlieBof @& S NNE N.
problem situation, they may even seek to provoke errors, thus bringing on discussions that

would allow the child to understand better.

The most interesting result of Deblois and Squai02) for our purpose, was that teachers
predominantly took the position dbrmerpupilg KSy FyIFf&@T Ay3 OKAf RNBy Q&
led them to punctual interventions to rectify them, which although having made reference to

specific conceptual elements,ilied to connect such concepts in a more global fashion. The
NBE&SIHNOKSNAQ asdzaybéladiioihald/more @omplék lcaincergions about

teaching and learning only by destabilizing the central role ofdhmer pupil stance that they

undertake Wiy Iyt @71 Ay3 GSFOKAY Ikt SHNYAYI aAridzd GA2y

75



errors. The main friction, the authors suggest, is present betweentiversity studenand the
former pupilposition, while the latter may exist in relative congruenaghvihe teacherposition
(and, 1 would add, thus perpetuating certain conceptions about teaching and learning in
schools). This is exactly what we saw in the course: FTs embrace problem posiqghasks
willingly assuming the role of the Teacher (we ersland the position more broadly to include
not only actual teaching but also teaching preparation activities) from the perspective of a

Former Pupil, resisting the use of analytical tools entailed by the University Student position.

{ 2YS 7T dzii dzNSistainc® ko @ribEabiiy the theory in mathematics methods courses can
also be explained, more generally, by the fact that thesiwhat the right way to teach is

based on their previous schooling experiences or their personal interactions with childrien.
NBfAIFIYOS 2y |y aGaAYYSN @2A0S¢ 2NJ adzo2SO0APS (K
for the epistemological position ai & dzo 2 SOG A @S | Yy 2 4(Bdehk® Qlhchy,a RSa ON
Golberger, & J.M., 1997and § accompanied by the view that analysis almost ruins knowledge,
as well as by the need to be listenwdwithout being criticized. The feedback received from

peers when FTs carried out an actual lesson in the-Bllady seemed to respect this need: it
wasalways praise with only modest suggestions made in relation to superficial aspects such as
the kind of manipulatives useth a whole class discussiarilbwing a teaching activitywhere

some FTs acted as teachers and the othasstheir pupils, when # Instructor started to point

out some shortcomings of the simulated lessons, from the point of view of the mathematical
concepts used in themone FT gotupand 0 O0dza SR GKS Ly adNHzOG2NJ 2°F

(@]
(0p))

whose lessons suffered of these shortcomirg&n if she did not mention any names. This FT

then left the roomand two other FTs followed.

FT<use of jargon in designing teaching activitieshat | termed as the positioaf Popular
Educatorg was more puzzling and appeared less investigated ingheher education
literature. It is likely that future teachers have had ample exposure to constructivist ideas, or
more generally, to progressive education principles, as promoted in reform documents,
through educational theory courses at university egen by school administrators or media.
That is wherghey might have picked up expressions suchiak, I yrRaéd collaborative
f S+ Ny Ay 3dente2eNlessciE K A { CREtem diierSdescribing the implementation of
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teaching activities, when discussiagvorkshop, but also in interactions among them or with
the Instructor. But, aalreadymentioned, these were empty categories, of no consequence for
the unraveling of the planned mathematics lesson. Moreover suether technicak terms

would accompan fairly trivial problems. One FT, for example, proposed the following problem

for a classroom activity aimed at grade$:3
¢CKSNE 6SNB wmHnann LI O1F3Sa 2F ¢SRReé&Qa Tt dz
Willow elementary school, yesterday. Each classroom receieéshe

total. How many packages of wipes does one classroom receive?

The implementation was then conceived as follows:

| would loveto find a similar type of product to count and use for the

problem. | would adapt the equation's total, to the total theogp
would count but still ask what of that would be. | suppose asking the

whole class to participate would be too much, so | would likely split
them in two and give two activities simultaneously. | would try to give
them a realistic situation and handson meaningful learning
experiencesRelating the question to them or real situations and
asking them to solve the problem helpsgagethem. It often has a lot

to do with how you pose the questions; tone of voice, etc.

FTs were, however, very concethwith assessmerng this was one point of interest that would
revert them to thestudentrole. In the PilotStudy, as soon as they started solving Homework
Assignments, FTs were very preoccupied with their grades. They would constantly ask the
Instructorand the teaching assistant about the grading scheme applied to their work. We
thought that their inquiries were legitimate this is a course they needed to pass to reach a
desired career god] but the conversations were difficult because of the naturehaf tasks
given in the PiloStudy. Most of the tasksand of the grade weight required FTs to invent
problems and plan activities for childréwe give more details about these tasks in a

subsequent section)'he Instructor had grading schemes thabkanto account the
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mathematical correctness, the use of certain required ideas or techniques, the matching to a

given structure, but there were many other aspects of the activity that were open or just

difficult to grade. For example, when grading an\att that FTs planned based on an invented
LINEOESYS GKS LyadNHzZOG2N RARY QUG AyOfwdeRdd | NXzo N.
AYLINI OGAOKE (2 KFE@S I &a0ltS 2F O2YLX SEAGes a2
easy a problem. Or, wen the Instructor asked FTs to pose a series of related questions, she had

in mind that in answering a question one should use the answer to the previous question; some

2T UKS addzRSyida AYUGSNIINBISR aNBf | (Seabouti 2 YSIy
wipes, or about the same daycare. The Instructor wanted to have suchepded questions

and grading schemes as a way to preserve the richness of experiences that FTs bring to class,

and to encourage independent thinkirgtd G A £ f £ G &by eferghceltdii o 2

concepts learned in class. Yet, rather than modeling real situations with mathematics, judging

the difficulty of problems and modifying them to make them more or less difficult, or to

address certain misconceptions, FTs discusapdréicial aspects of the situatiog how to

2NHFYATS (GKS aSlraAy3das K2g (2 dzaS 2DsB@sionsg2 A OS 3
about how children think or act would also inevitably come up when students proposed ideas

forthe implementator2 ¥ |y FF QUA@AGed ! ff (G(KS&asS |aLlsSoia o¢
scheme, which resulted in a sense of loss of agency for both the Instructor and the students as

participants in the TM institution, despite the legitimacy of the concerns on both sides.

Asa response to the issues related to FTs positioning in the course, the design entailed shaping
a position of University Student for FTs in the TM course institution, and a detachment from the
more naturally adopted ones of Teacher, Former Pupil or Pojidacator We hypothesized

that the course organization may reinforce or destabilize one or another of these positions,

and, in turn, shape the more desired one of University Student preparing to become an

elementary school teacher.
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4.2 DeSIGN OF TIHRPERIMET

421 ¢KS aSkadaNBYSyd ! LIWNEBFOKY + 1y2¢fSR3IS o6F4as

In this sectionl present he Measurement Approach (MA) we developed as a knowledge base

for future teachers, as it was planned before tBeperiment Firstly, | inlide an analytic

narrative vignette of an encounter and subsequent exchange between the Instructor and a

future teacher, Editi{not the real name)in the PilotStudy. These events were crucial in the

Ly aidNHz00i2NRa RS@St 2 LIY Sof quandityic thé éeStral RBCEpt i M A 2y 2 F
while also pointing to what could be identified as a fundamental situation for future teachers
(Brousseau, 1997Becondly, KA I Kf A IK{i (GKS | dadzyLAPa1py > dzy RSNJI &
curriculumthat the origin of fractions is in measurement practiesl propose the need to

adapt itfor the mathematics education dtiture teacherdan the light of thevignette. In the

third section | present the decision to practice an explicit distinction between quantities and

pure numbers as an important part of this adaptation. In tberth section | justifythe

decision to teach fractions to future teachers in the form of a thepwhichwe call thetheory

of fractions of quantities (abbreviated FoQ theory) and present two examples of how the

theory has beerconstructed in the course notes that accompanied the course. Finally, in the

fifth sectionl illustratethe difference between the standard approachteaching fractions

through division (the Division Approach, or DA) and the Measurement approach on an example

of solving an elementary level problem of fractions multiplication.

4.2.1.1 A fundamental situation for teachers and the concept of fraction of iuasta solution
| start with the reconstruction of events thaispire the Instructoto formulatethe definition
of a fraction of quantity, central in the Measurement Approattte way it eventually appeared

Ay GKS a/tlaa b2ddSaé¢ F2NI 0KS ¢a O2dzNES

ANALYIC NARRATIVE VIGNETTHE BIRTH OF THE DEAON OF FRACTIOR QUANTITY

1 Episode 1: Edith consults the instructor before designingdesrhing simulation

workshop

79



9RAGK gl yda (2 R2 KSNIJI g2N]akKz2Ll 2y TFTNWVE&IA2Ya

during office hours, posing the questiddow can | explain equivalence of fractions to children?

The Instructor says that equivalence of fractions is related to change obfumiéasurement
measurement. She draws some pictures to represent howstrae amount can be
represented as two differenlboking fractions of another amount: a round pizza (circle) divided

into 6 slices (6 equal circular sectors), two of which are shaded to mean that they have been

eaten. She says: if | take one slice as aafmteasurementthen | can say that of the pizza
was eaten; if | take 2 slices as a unit, then | can say-haitthe pizza was eaten; so of the

pizza and- of the pizza are two equivalent fractions of the pizza because thgesent the

same amount.
1 Episode 2: The instructor organizes her explanation in a short text and sends it to Edith

The explanation in the fae®-face meeting with Edith was not as smooth as presented here;

the Instructor hesitated in choosing the shapikthe pizza and then in choosing the right words.
She was generalizing the idea at the same time as she was giving the example and responding
02 9RAGKQ& ljdzSadAazya F2NI Ot FNAFAOFGAZ2Y ® {KS
fractions calldor identifying the notion of fraction of a quantity as a notion in its own right,
deserving its own special definition. She also came to realize that the notion of abstract
fraction as a special type of abstract number, defined, at the beginning afahese as a ratio

of an amount to a unit used to measure it, is too complex and too abstract to explain to

children or teachers like Edith. Its understanding requires an understanding of more basic
concepts, such as what it means that an amount is measuredme units and when we can

say that this amount is such and such fraction of another amount. So, after the student left, the
Instructor organized her explanations in a neat text with precise diagrams (using rectangles
rather than circles, because th@sliagrams were easier to generate with the geometry

software¢ Cabri(Cabrilog, 2009) and sent it to the student by email. The text is reproduced

below. In this text, the Instructor tried (not very successfully) to makekabletween the
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concept of equivalent fractions and the abstract concept of number introduced in the course,

as ratio between an amount and the unit used to measure it.

Text sent in an email to Edith as an attachment right after the meeting

A number is aatio of an amount (call i) to some other amount (call
it ) used to measuré. The number tells us how many timeédits

into 0.

A fraction (in abstraction) is a number that can be represented as a

ratio of two whole numbers:
)
®
So an abstract fraction is, in factratio of ratios.

In elementary school, we speak mainly of fractions of some given

amounts.

But what do we mean when we speak draction of an amoun®
What do the numbersgdand wrepresent in the context of amounts?
LQtt SELX LAY AG 2y |y SEIYLX So
Quppose | say that | ate of a rectangular pizza.

Suppose the picture below represents this rectangular pizza:
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This means that if | use the amount of pizza represented below as a

measuring unit:

then the rectangular pizza measures 6 such units

and the amount | ate measures 3 such units:

So | can say that | ate of the pizza.
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If | now use a bigger unit to measure the amounts of pizza, say, the

amount represented below:

then this new unit measures 3 old units.

One whole rectangular pia measures 2 new units

and the amount | ate measures 1 new unit.

So | can say that | ate of the rectangular pizza.

But the amount | ate is the same, whatever the units | measure it with.

So saying that | ate of the rectangular pizzand saying that | ate-

of that same amount of pizza mean the same thing.

1 Episode 3. Presenting this idea of fraction of a quantity and of equivalent fraction in a

lecture

In one of the labs after the encounter (towards the end of the course, ifPilea-Study) the

ideas developed above were communicated to students in the form of an instructional
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objective for a teaching activity, along with means for its realization. This presentation was
meant to serve as a model for FTs Problem Book that stsdesd to write as their final
assignment for the course. The definition of fraction of quantity as a relationship between two

measured quantities became more crystalized. Here are the relevant slides from this Lab:

Slide 1

INSTRUCTIONAL OBJECTIVE:
STUDENTS WILL UNDERSTAND THE CONCEPT OF
FRACTION IN THE CONTEXT OF QUANTITIES

The means to achieve this objective are many and
varied:
Brief and concise definition of the word “fraction”
Explanation of the meaning of the expression
“This quantity is % of that other quantity”
in general terms
and on examples of use covering a range of
possibilities (fractions less than one, and greater
than one; fractions of the same quantity and fractions
of different quantities, etc.)
Graphical representations

Physical representations

INSTRUCTIONAL OBJECTIVE:
STUDENTS WILL UNDERSTAND THE CONCEPT OF
FRACTION IN THE CONTEXT OF QUANTITIES

Explanation of the meaning of the expression
“This quantity is % of that other quantity”

a and b are whole numbers.

So they are numbers.

And numbers tell us how many times a certain

unit fits into another amount which 1s measured
with this unit.
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INSTRUCTIONAL OBJECTIVE:
STUDENTS WILL UNDERSTAND THE CONCEPT OF
FRACTION IN THE CONTEXT OF QUANTITIES

When I say, “I ate % of the pizza”,

I mean that if I use this amount below as a unit
to measure both the whole pizza and what I ate:

then this unit fits 6 times into the whole pizza
and 3 times into the amount I ate.

Slide 4

INSTRUCTIONAL OBJECTIVE:
STUDENTS WILL UNDERSTAND THE CONCEPT OF
FRACTION IN THE CONTEXT OF QUANTITIES

I still say that “T ate % of a pizza”.

If I now use a bigger amount as a unit to measure both the whole

pizza and what I ate:

then this unit fits 2 times into the whole pizza and 1 times into the
amount I ate.

« 1 : »
So I can say that “T ate 3 of the pizza”.

But I still ate the same amount. T just measured it with a bigger unit.

In themeeting between the Instructor antthe future teacher we calle&dithwe can identify a
fundamental situatiorfor future teacherqBrousseau, 1997MHow to explairequivalence of

fractions?The FT would not be coneed with solving a particular problem on fractions
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equivalence, for example, the equivalence efand - in a problem about comparing how
much pizza two children had or with teaching fractions equivalence to a particular audience
(e.g., to chdren), but rather with finding a meaningful explanation in a realistic context, i.e.,

problems that one encounters in elementary mathematics. To say thas equivalent (or

equal to) - becausep @ ¢ O is a legitimate justification ithe context of the structural

theory of rational numbergsection 3.1.1)In this theory, rational numbers are defined as a
system of ordered pairs of integers subject to exactly this relation of equivalence: two ordered
pairs, ¢fid and dfiQ , wherecand'Qare notm, refer to the same rational number if and only
ifdd Q & & This explanation would not make sense in elementary school, where

meanings of mathematical concepts must be drawn from their sources in hymmzectices

FIEYAEALFN G2 addzRSydao .dzi Al 62dzZ R y20 6S NBI

realistic explanation of equivalence of fractions that would have no bearing on or would be
unrelated with realistic explanations of other importardrcepts related to fractionehich

also have to be introduced in elementary school, particularly the arithmetic operations. To
make sense, mathematical concepts must be related, connected within a conceptual system.
Thus, an optimal solution to the probleafiexplainingequivalence ofractionsseems to be a

concept that one can use consistently to explain not only the equivalence relation of fractions

odzi Ff&a2 20KSNJ 2LISNI dA2ya 2y FNIXrOlA2ya & aAy

(Thompson & Saldanha, 2003, p.®5) LYy a! = (KAa OSYGNrf O2yOSLI
jdzZ yGAGReEeESE 6KSNBE FNIOGAZ2Y +Fa | ydzYoSNI Aa yz2i
guantities. We propose a definition of the comtef fraction of quantity (we elaborate on it

below), and consistently build a whole theory of fractions of quantities on it, as a system of
conceptualizations of various relations and operations on fractions of quantities, all the while
maintaining the ommitment to anchor the explanations in realistic situations of measuring and
comparing quantities. In this theory, equivalence of fractions corresponds to measuring

guantities in different units. Addition of two fractions of a given common referencetifyan
corresponds to taking the two fractions together and comparing this new quantity to the

reference quantity; this comparison may require measuring one or both of the quantities in
different units. The operation of multiplication appears in severalipalar operations on
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fractions of quantities: taking a fraction of a quantity is, in fact, multiplication of an abstract
fraction by this quantity; taking a fraction of a fraction of a quantity is an iteration of this form
of multiplication, etc. Divisiors involved in two types of problems. One typeTike given

guantity is the given fraction afhat quantity?The solution is obtained by means of the
operation ofdivision of a quantity by an abstract fractiomhich consists in finding the unit in
whichthe given quantity was measuregby dividing the quantity by the numeratgrand then
multiplying this unit by the denominator, which gives the unknown reference quantity. Another
type is: The given quantitg what fraction of another given quantity? Herthe operation is
division of a quantity by a quantityt requires finding, if possible,c@mmon unito measure

both quantities so that each measures a whole number of such units. This last idea is

fundamental in our definition of fraction of a quatyti We explain it in the next paragraph.

We define fraction of quantity as a relationship betweequantityand anothermeasured with
a common unititself a quantity: a quantity= is a fraction - of another quantity|F , if there

is @ common uni¢, such thatff measuregbsuch units>, and |- measuresbsuch units
(wherecandoare whole numbers, anéd T). We can then explain fractions equivalence

easly as a change in unit: by either breaking down units of measurement into smaller ones, or
reversely, grouping them into larger units, and producing different measurements of the two
considered quantities, different representations of the same multipi@atelationship

0SG6SSY GUKS (g2 lijdad yiAdASa INB 2001 AYySRO2NELKS
example, we can say that 1t s both - and - of p v '@ because, if we use v 1iQas a

unit of measure, themp 1T ®@measures; such units> andp v ‘@measureso such units®, while

if we use a unit twice as small, ¢ UQthenp 1 measureq such unis:: andp v R

measuresp such units: .

MA, as a desigmas a few essential features that | will present in detail below. The crucial role

2F YSIAdz2NAYy3 ljdzZ yGAGASaEa A& AYALIANBR o0& 51 geR2
school. As an adaptian for future teachers we propose that an explicit distinction be

introduced between quantities and abstract numbers. Another such adaptation is the

organization into a theonythe fraction of quantitytheory, or FoQ, theory. Essentially, these
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ideas wee subsumed to the goal of giving future teachers the tools to explain a piece of

mathematics involving fractions. Issues of how to deliver fractions in elementary school to

children were beyond the purpose of the stugff 2 NJ SEI YLI S 4 QueRibrRy Qi I R
of how to construct a lesson plan for the topic of fractions equivalence; we were concerned

dljdz2 NSfe gAGK 0dzAift RAY3 Fdzidz2NE GSIFOKSNBEQ | YI
across various curricular and institutional constraints. Howeweconceiving the MA, we did

examine critically assumptions about the goals of elementary mathematics education and the

role of universitybased teacher educatiomnd weconsideedOKA f RNBy Qa NBI RAYy Sa:
G§SFOKSNARQ ol Ol 3 Ndvdgytdyditivehdgmahds.t | G A2y (2 QI

4.2.1.2 MA: an approach faeachingfuture teachers

NoYI G§GSNI K2g | GGNI OGAGS [S06Sa3qdzSQa ARSIE 27F dzaa
construct all numbers, as we have shown in Chaptehe idea of fraction in the contextfo
RAGAEAAZ2Y 2F GKAYy3Ia A& NFAGKSNI GKS aidlyRIFENR AY
for future teachers. We find the abstraatgebraic justification for fractions constructiewen

AY b/ ¢a YFOGSNAIFIEa F2N) GSIIOKSIY IAMENY OlA2ya oAy

Big Idea 1Extending from whole numbers to rational numbers creates

a more powerful and complicated number system.
Haveyou ever wondereds K& ¢S S@Sy KIF@S FTNIXQOGA2yaK oX

Reflect 1.1 Six times a number is 42. What is the number? Suppose
thatd 2dz OKIy3IS GKS FANBRG adl dSySyd Ay GKS
YydzYo SN A4 oHQ® b2g gKIFIG A& GKS ydzyo SNK

Reflect 1.1 suggests one need for fractions.
(The National Council of Teachers of Mathematics, 2010, p. 10)
The standardivision Approach is a reality that we cannot ignore if we want to take into

F O02dzy il -t (AREFS G@&MEBIldI A2y aé 27F 2 dzNAndeficdrRséhgolsa > T dzi d
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teachers into account iseveralways.

First, from the onset, we practice a clear distinction between quantities and pure numbers; we
discuss this choice in the next section. While not introducing fractions as a necessary

consequence of a practice of msuringinhand®2 y I OGAGAGAS&aE 6S NBUGIFAYyS
approach, the crucial role of measurement by making quantities the focus of study. When we
consider situations of equal sharing and partitioning, typical in the DA (e.g., sharing cookies,

cutting pizas, etc.), we make the point of specifying the quantities that are to be compared

(weight, top surface area, calories, amount of fat, etc.). It is typical of the DA to leave the

guantities unspecified and refer to them as if they were physical objettdA, we aim at

making students aware that fractions refer to abstract relations between measurable aspects of

objects, not between objects as such.

Our definition of fraction of quantity reflects this less radical stance: a fraction is a relationship
between a quantitylk and a quantity|- , rather than betweerd & £ 6 @&ndo ¢ @bere

Gdzy A G ¢ N&EahdamBr narsandardgdzy AG 2F YSIF adzNBX a4 Ay 51 @
teaching fractions to childre(Davydov & Tsvetkash, 1991) The reference quantitﬂ: in our

definition does not have to represent a unit of measure. Our definition applies not only to

LIKNI 8Sa &adzOK | a aiKSh foSyraSiNgG 20FK i K Adpy aldiffN A2y T  GAKES
is the sandard unit p "Qoof length), but to any pair of quantities. For exampl® statements

ddzOK |a aUKS 6SAIKR T2 T KISK AgaS ALFAKIIO @ T2 T KBl 16K 2Af &S
the specification of the quantity (weighf)elongs tathe kind of statements common in the DA.

This allows a more natural adaptation to the context of partitioning objects, where a quantity

OKFG O2NNBalLlRyRa (2 aaz2yYS LINIéE Aa I FNYOlGAzZ2Y
gK2t S¢ 2NJ G2 | vyidiioK@IMemphasizddiagpécts def iBiplidit $1The DA: the

need to measure both quantities with a common unit and the operations of change of unit and
unitconversion! 3 adzYLJiA2y 2F GKS a02YY2y dzyAlGé NBLX | O
Ay G 2F & SIIANI & € In fadt, Brie of Ahy firss plagned activities accompanying the
AYOUONRRAzOGA2Y 2F GKS RSTAYAGAZY 6l a G2 Odzi Iy
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after cutting the apple in two parts, each and both are first weighed on a kitchen scale, and

then their volumes are found, and the results recorded in a table. If, in the case of weight, the

whole apple is found to weigh 198 g, attié parts 98 g and 100 g, then the teacher declares
that the part weighingo s the fraction — of the weight of the whole apple, when a
common unitdt  p Qs used; a larger common unft, ¢ "Q produces the equivalent

fraction —.

X«

' Yy20KSNJ FSFGdzNE 2F GKS RSaA3ay: YSIyd +ta +y |
organize the material for the course into a theory, the FoQ theory, which was to be taught as
such, to the future teachers. The idea was to build a salictept of fraction of quantity, which

can produce quantitative explanations for relations and operations on fractions. We did this by
assigning stable meanings to concepts and techniques, based on definitionsadimeimatical
reasoningapplied to quantities, using informal deductionTo formulate solutions and results

we used precise language and paid attention to the technical meamadiad assigned to

various terms. In solving or posing problems we analyzed their structure and classified them
intotypes (1 Kdza NBFE SOGAY3I GKS yIGdzZNE 2F GSIFOKSNRaA
guantities is clearly consistent with thibeory of rational numbers, but the two are distinct as

theories; they are developed to answer different concerns and fulfikfit epistemological

functions. The concept of rational number should eventually be abstracted from that of

fraction of quantity, but we did not consider explanations rooted in abstract algebra as

satisfactory at the level of elementary mathematics edigra

4.2.1.3 MA: distinguishing between quantities and abstract numbers

In MA, we study fractions of quantity first, and then, separately, rational numbers. More
generally, MA distinguishes between denominate numbers (eg.ci & & ¢,i0 RWici & QYo 'Qi
and abstract numbers (e.gy T, X ,@). Denominate numbers are represented by numerals
accompanied by names of units or names of things, while abstract numltmreiumerals only.
Denominate numbers designatgiantities, defined as measurable aspects of objects. Some

object¢ say the pizza that Jack ateean be quantified in terms of energy value as
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WT @A €, of @B ght aw X ' or of cardinality asi & "Q@e&s$ay how much afhat we
refer to. By contrast, abstract numbers can say how many times one quantity is bigger than
another quantity: in the phras@ "Q¢ &s@ ¢imes larger tharp ‘QEQP "Qé &ridp "Q&Qare
guantities, whilep gs an abstract number. But abstract nbars can also be considered only in

reference to other abstract numbers, without any reference to quantities. For exampk

be defined ag ¢, and - can be defined as the number which, multipliedpgiveso.

In DA, representations and theadescription suggest that fractions refer to parts of things (

Figure4.3).

G2 KSy FyedKAYy3I Aa dUnedemiLl2 YY S d¢

parts, one of the parts is called one half o (Guimond, 2014)
0KS ((gabyrd 1884, p. 99)

Figure4.3. Representations of fractions common in the Division Approd8erpinska & Bobos, 2014, p. 8)

We avoid using such mental shortcuts in the MA. Fraction symbols explicitly represent
relationships between quantities that are identified and named. For examplefersnot to
the pizza that Jack ate, but to the agilonship between the energy value of the pizza he ate
(wTa®a ¢)iaf@ e energy value of the whole pizzatn oo & €)j okI@tiveen the
weight of the pizza he ates(x @) and the weight of the whole pizza @t €y or between the
number of pieces he ates() "Q'Q)aiddi the total number of piecegif "QQ)oT®é common
units used to measure each pair of quantities are, respectigelyg ¢ & £ ,ip ‘Q®@iand

pn "QQmifterent units would give different, equileat fractions. For example when the unit of

weight is changed fromp ¢ @0 ¢ UQ we obtain the equivalent fractior-. When we pay
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attention to quantities in this way, we not only reveal an assumption left implicit in modeling
the real situationof cutting a large pizza into 8 piecethat the cut distributes the weight and

the caloric value evenly among the pieeebut, most importantly, we distinguish betweehe
thing andthe number- is not the pizza that Jack ate; it is the relasbip between two

guantities, be it energy value, weight, or number of pieces.

Tracing a sharp, explicit distinction between abstract numbers and quantities is worth
considering in the educational domain, especially in the preparation of future teacbes, f

few reasons. Othe one hand, the teaching of mathematics to children in elementary school
does rely greatly on interactions with the real world where numerals, or names of numbers,
designate quantities. This connection to the real world is not oakjirdble, but also, from a
cognitive developmental point of view, likely impossible to bypass. On the other hand, the
crystalized notion of pure number, detached from concrete meanings so painfully in the history
of mathematics, already inhabits school rhamatics, and becomes unavoidable as soon as
operations with fractions are involved. But the domain of abstract numbers in elementary
mathematics, even considering all variability across different curricula, does not map
isomorphically to this familiar rdigy. In other words, abstract numbers and quantities are all
mixed up in elementary mathematics: teachers must explain to children the mathematics of
practitioners, where fractions come up in quantitative contexts, while dealing with abstract
fractions¢ a handy, albeit sophisticated, mathematical tool produced by mathematicians not so

long ago, in the 1 century.

In theoretical mathematics, abstract fractions are constructed as equivalence classes of a
relation among ordered pairs of integeréfto , with @ 1t(as described in section 3.1.This
construction, which has a certain aesthetic appeal, is, today, sometimes introduced to
mathematics students in an Abstract Algebra class at the university. BOheasllar@ a
(1985b)historical analysis of the passage from arithmetic to algebra in French textbooks shows,
in the 1970s, this construction was taught in secondary schools in Friaigeed4.4). This

approach to fractios was characteristic of the focus on algebraic structures undetlyeng

bS¢ al K NBET2NYEGHPHEE 8§ RR 8§ Adfhd B0s ang 70THel y OS 0
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reforms were later abandoned dzi / KS @I f f | NR Gades & thelfdal appteacha G K |

to the exposition of fractions stubbornly pervade mathematics textbooks @vesdesigned
curriculad ¢ KS &l YS (N} OSa ¢SNB REsendmgirdnRvholey b/ ¢aQa

numbers to rational numbers creates a more powerful and complicated number gyatem

rationale for the existence of fractions.

Mombres
rationneals

Ensemble ©

RAPPELONS :

Dans l'ensamblé F des fractions, nous avons défini la relabon R Swreanbe -
Qualles qua sclont les fractions .'.1: ol E- ana: (;-3 E} o [ad = bo).

Nous svons #abii (p. 48) qua A ast una relation d'éguivakence dans F.

Powr traduire gue deux fra:h.un:%m Emntlitﬂ onr K, nouws avons gorit : E:%-

&t mous avons dit gue les ractions E ol % sant sguivilénies.

DEFINITION :
Nous donnoas a définition subvante ;

| Chequs clzsss d'équivelencs salon = sst appabis un nombre rationns .

Nous désignons par © Fensemble des nombres rationnals.

REPRESENTANT DUN RATIOMMEL.

Soient ¥ un elément do I'.:l- ot g— une fraction, alémant do F,

Mouws disons gua r est wn i domt un repré HE-IIII

seulement sl x ast ia classe d'équivalence seion & de Itfrldhnir-

Le nombre raticnnal x est donc Mensamble das fractions E tquivalonies i.i; nous

L . 20
avons : z={d|dEZ.d¢Z.d=b}.

Remamuons que bubs irsction dquivalents & Ed!l un feprésantint du nombne

ratiannal x.

CHAPITRE & ErsemeLE @ 67

Figure4.4. A page from a 1978 French textbook for grade 9 (Mathématiques 4e, Monge),

as reproduced in (Chevallard, 1985b, p. 67).

One can ask: What could beet rationale for continuing to teach fractions at school, especially
St SYSyidlINE aOKz22tK 11 @SyQi (kSe 230G GKSANI dzi

decimals, and even more since the ubiquitous use of calculators? The famous mathematician
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HenriLebesgug€1932) one of the forefathers of the modern theory of integration, was asking
himself this question because he doubted not only the pragmatic but also the mathematical
value of fractions: he was able tortstruct real numbers based entirely on the notion of

measure and decimal representations of numbers. He speculated on the reasons behind the
apparentS RdzO 1 2 NB Q T I a OA ¥flfractiogsyand@ pasdible iesistancBR® Y I A Y
eliminate them altogethefrom the elementary curriculum: could it be by the fact that fractions
providean endless source of exercises for young chil@dtent becausehe structuraltheory of
fractions(outlined abovepffersa construction that captures the beauty rather thtre utility

of mathematic®

In France, the criticism of the excessively theoretical origmeof the reform, led to the design
of a new curriculum, in 19789, where fractions acquired a new status, as the central topic in
the study of numbers. The fas on fractioncameat the expense ofthorough treatment of
real numbers, but the taste for rigor and purism still accompaiine redesigned curriculum
with regardto fractions. Whether the purely algebraic approagtvhere rational numbers are
constricted as pairs of integers, under an equivalence relation a more realistic conception
is adopted, where the real numbers are given and fractiong@aenumbers that can be
represented agjuotients of integers, the preoccupation with the abstractidrrational
numbers as equivalence classes peeslstnore or less explicitly. For example, in one of the
textbooks presented by Chevallattie notation- stands, according to the authors, for two
different things: thepair ¢fto, and the exact quotient abby c This leads to an odd usage of
GKS Sljdzl £ &A3yyY—isedgdbto i réatianal yidmber, Yialirdaidh-Ns not
equal to the fraction- (because the couplep tt and xt I NB R A(@hévaliiro¥i. ¢ £

1985b, p. 68)Chevallard comments on the teack&tudent interaction with respect to

fractions inthiscase:thé S OKSNJ | Oda |a GKS al NOKAGSOGE 27
construction that is hardly accessible to the student, while the studiéit N®sbl&E A &
computationalexercises of increasing complexity. Just as it is the case with the use of algebraic

languagecommunicationis poor as long as the teacher demonstrategeaeralequalityusing

94



variables while the studer®d NRB f S Aad NBRAzZOSR (G2 FLILX eAy3d Ad

concrete numbers for the letters.

Ma (2013)makes a similar observation about the organization of elementary mathematics in

GKS 1 { +a SYy@rAarz2ySR Ay GKS b/ ¢a {0dF@yRINRa® {
proposed in the NCTM Standards is the result of an early 60s refoeferaentary

mathematics education, when, in the wake of the Sputnik launch, it was decided that more

advanced mathematics could and should be taught at elementary level. The New Math

movement was full of interesting ideas such as pursuing advanced cenokeget theory and

functions, or higher order cognitive abilities such as probe2 f Ay 3 | YR GO KAY 1 AY
YFEGKSYFOGAOALFIYEeéT GKS&AS ARSIFa 6SNB 2NHIFYyATI SR | a
Strand 1- Number and Operations; StrandcZseomaery; Strand 3 Measurement; Strand 4

Applicatiors of Mathematics; Strané - Sets; Strand 6Functions and Graphs; Strand The

Mathematical Sentence; and StrandB2 3IAO0® Ly al Qa @ASs> RSaLIAGS
AyOf dzZRAYy 3 (KS évotk dppted B thé 805 dtilOséveral Bedddes after, the
GaidN)ryRaégd aldNUHzOGdzNBE O2yGAydzSa (2 dzy RSNXYAYS A
OdzNNA Odzft dzY® ¢ KNR dzZaIK2dzi GKS &SIFNRI @é&§es dad NI
the differeni y I YS 2 F ¢withautjugtiRdatidRcénicerning their role as unifying

structure.2 S OFy | RR GKIFGO (GKS NBadzZ & 2F LINSASNIAyY3
greatly refined mathematical ideatma context that does not justify its emgence. Tisis the

case for the rational number concept envisioned by NCTM material8itheleaExtending

from whole numbers to rational numbers creates a more powerful and complicated number

systemis supposed to emerge in the context of pizza cigftin

Ma (ibid.) contrasts this approach to that in the Chinese curricula which focus on arithmetic in
the context of quantities as the core that unifies all of school mathematics. The resulting theory
of school arithmetic has its inspiration in two sourcé& commercial tradition where

operations on fractions and whole numbers are demonstrated in worked out examples of
practical situations, and the Euclidean tradition of Greek mathematics where a definition
system is used to organize such operatidhg precisely this power of arithmetic of quantities

to develop abstract thinking step by step that is overlooked in elementary mathematics
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SRAzOI 6A2y T FFOO0O2NRAY3 G2 al > GKA&a AaMa aof AYR
2013, p. 23)

One reason that U.S. elementary mathematics pursues advanced ideas is that the

potential of school arithmetic to unify elementary mathematics is not sufficiently

known. This is a blind spot for current U.S. elementary mathematics. One

popular, but oversimplified, version of this trend is to consider arithmetic to be

a2t Ste aolaAirod O2YLlzil GAz2ytrf alAfttaed FyR O2
as equivalent to an inferior cognitive activity such as rote learning. Thus, for

many peoplerithmetic has become an ugly duckling, although in the eyes of

mathematicians it is often a swan.

The juxtaposition of the advanced idea of rational number with concrete contexts involving

division of physical objects is fraught with obstacles, manylo€hvare well documented in the

research on the teaching and learning of fractions by children. Such mixing up explains,

LISNKI LJas y2id 2yfée OKAfRNByQasx odzi | f a2 7¥FdzidzNB

FNI OGA2Y | & AkKerslalie,NIB6RAdFWhY a meds@d oSsbmething is confused

GAOK GKS GKAY3 A0aStFTFd CAdZNIKSNY¥2NB>X (y26y aidz
informal understanding derived from experienicerelation to fractionscompared to whole

numbers as well as éocus on syntax rather than semantig¢&lpatrick, Sawfford, & Bradford,

2001)are not at all surprising when the rational number is taught. After all, that is exactly what

one delibeately does in abstract algebagnoring the concrete and focusing on form. Finally,

I O2yadlyd NBYAYRSNI 2 GYAYR (GKS dzyAida¢g Ay &z

educators in textbooks for future teachers is, paradoxically, a symptom of nogtakiits

ASNA2dzaf @d hyS Aa adaJil2aSR (2 RSOARS gKIFG aidK

abstract numbepo dzi A G 3ISG&a aa20A1F0SR (G2 6KFGSOSNI K¢
the example below, extracted from such a textbook, a ditaripco 6 "Ofs equated to a pure

number (- ).
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WHEHHEEEE -

or:
H6 Qi
v v
(Lamon, 2012, p. 102)

Besides thenappropriateusage of the equal sign, which itself is the source of many a difficulty

in doing mathematicsaker in algebraic contexté&nuth, Stephens, McNeil, & Alibali, 200B)e

NBIFI RSN Aa STl (2 GKSANI 26y RSOAOSA (2is TAIdNS
equal top 10 6 "Qivhile the number- is equalto Y 6 "QiVho is to say that the numbet is

not actuallyequal top @ & 6 QéotadQn éKo i2 S 6 St ASGS GKI G Fdzi dzZNB
knowledge derived from both their own schooling and their immersion in such materials for

teadhing fractions warrants the explicit separation we propose between abstract numbers and

guantities.

4.2.1.4 MA: developing a theory of fractions of quantities

Through this design, we set out to develop an approach where the quantities at hand are
essential in anproblem situation and serve as the very fabric of explanation. Moreover, we did
this in a systematic manner: in conceptualizing all relations and operations on fractions we

started from a definition of fraction of quantity and built all the other meaniogst.

Thus we developed the course with the deliberate intention to teach a concept of fraction of
quantity, rather than that of rational number. We gave it a strong theoretical flavor as a way to
provide robust tools for explaining mathematics, partaiy fractions, as they arise in

elementary mathematics in quantitative, rather than abstract, contexts. Davydov advocates the
GKS2NRTFGA2Y 2F g2NJAy3 6AGK ljdzr yGAGASE | & |

on in their education:
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Although pmary school students work a great deal with concrete numbers, they

aidAff R2 y20 20GFAYy | Oldat O2yOSLIi 2F GKSY
empiricism and pragmatism of the teaching manual interpretation of the essence

of the concept of quantity and tha@peration of measurement. Only by

overcoming these deficiencies and increasing the emphasis given in teaching to

the theoreticalexplanation of the meaning of this concept and operation we will

be able to give students an understanding of their real maudwcal content as

early as the primary gradef@avydov V. V., 1991, p. 4)

On another level, with regards to the kind of knowledge acquired by future teachers
undergraduate students in education, the decision todedractions of quantities in the form

of a theory could be well justified by a view of universities as institutions where one acquires
intellectual fitness, manifested in habits of thinking systemically, reasoning analytically and
practicing deep refleatin, i.e., developing theoretical thinkin@ierpinska, Nnadozie, & Oktac,
2002; Sierpinska, 2005; Sierpinska, Bobos, & Pruncut, 2011)

Asmentioned before (in section 2.22), Dewey(1907)settled the theory vs. practice in

teacher education debate in favor of theory even at a time where teacher education had only
just started residing in research universities. Yet there were educators after him that still
pursuedthe avenue of designing courses for teachers based on lists of skills and techniques put
together by observing what teachers actually do in c(@aspher, 1986)More recently,
a0dzRSyGa | NB | y-Bfeapplidiza 2(y2E3 (K2 NI SNEBrgkRotm INB T 2 NI
1999)but we have seen also more experienced educators vehemently decrying a focus on
theory as a danger to be avoidedhis was, for example, an experienced educational

consultai Q& @A S¢g 2 y-show dslBe e disdudsiNg the Ade&a of lengthening teacher
education programs in Ontari@ennett & Johnson, 2013Jhis view however,sno longer the

norm encouraged today by researchers in matlaics education, or by reform documents
(Martinet, Raymond, & Gauthier, 2001; Proulx, 2005 the contrary, teachers are envisioned

as autonomous individuals, who are able to justify their actions in the classreoms,

understand their roles within larger systems of knowledge and culture, and to modify their

practices upon thoughtful reflection. Modern psychology recognizes that such habits of
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conscious instructional effort.

The Measurement Approach makes such an effort primarily by developing a theory of fractions
of quantitiescthe FoQ theoryThe definition of fraction of a quantity (FoQ)tige foundation of
this theory.

Let|- and|F be quantities of the same kind. Lééand dbe two whole

+

numbers, withd Tt We say that the quantitj{: is the fraction + of the

1

quantity |- if there exists a common uriitsuch that|- measuregbunits¢

and |- measuregbunits¢.

The numbenris called thenumeratorand the numbemis called the

denominatorof the fraction-. (Sierpinska, 2013, p. 13)

We say, for example, thgdp wxis - of ¢ g because there is a common urit ¢ asuch that

the first quantity measures ¢ and the second quantity measures ¢

Systemic thinkingone of the features of theoretical thinking, is targeted in MA by a focus on
definitions, on the hypothetical chacter of statements, and on pro@®ierpinska, Nnadozie, &
Oktac, 2002; Sierpinska, 2005; Sierpinska, Bobos, & Pruncut, 204hple arithmetic of

fractions is proposed through precise definitiosfswhat it means to perform various

guantitative operations. Statements about quantities are deemed hypothetical, and awareness
2F 2y SQa | &adzyLliA 2 yidparkicalaravheNa yed €odcepbof aperatidhlisa S R
introduced in the theory, one 8l not use concepts or operations that have not yet been
introduced Decisions about truth are to be made by means of proofs, by reference to accepted
definitions, and logical relations within a system and not (or not only) on images evoked by
terms, comma beliefs or feelingsAnalytic thinking another feature of theoretical thinking, is
fostered by encouraging attention to the technical meaning of terms (e.g., the gelamtity is
defined precisely as the measurable aspect of an object), and by shagpssnsitivity to

formal symbolic notations and to the structure and logic of language. Finally, MA cultivates

reflective thinkindoy constant upkeep of an inquisitive attitude: one is expected not only to
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solve a problem on fractions of quantities, for exale, but also to reflect on it in order to

identify its structure and synthetize a class of problems of the same type.

We illustrate, by means of two examples extracted from the latest edition of the textbook for
the course(Sierpinska & Bobos, 2014w relations and operations on fractions of quantities
are studied in the MA in ways that foster theoretical thinking. The commitment is to explain
relations and operations in terms of quantitative practices. In aglasgnse, we approach the
very intuitive practice of measurement with disciplinary insighe., mathematical

sophisticationg to develop a powerful concept of fraction of quantity.

ADDITION OF FRACTIONS

Justasi KS ljdzSadAz2y 27 aredpazdsdoltte fractice ghésbuingA 2y a¢ O2
quantities with differentunits G KS LINRof SY 2F dalF RRAYy 3 FTNI OlAzy
taking quantities togetherWhen such quantities are fractions of the same quantity, one may

look for an expression #i represents the sum of two fractions of a quantity by a single fraction

of this quantity The problenof addition of fractions of a quantitig formulated as follows:

If 0 is a fraction — of some quantity Q, and is a fraction — of the same

quantity |-, what fraction of the quantityf are the quantitie®) and 6 taken
together?

(Sierpinska, 2013, p. 38)

To arrie at the answer we use carefully chosen examples which we solve using the definition of

FoQ and then generalize.

Exampled.1

Jack and Jill were sharing a “@box of chocolate fudge. Jack took of the fudge and Jill took

- of the fudge. What fraction of the fudge did they take together?

Example4.2
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Jack and Jill were sharing a certain quantity of chocolate fudge. Jack-tadkhe fudge ad
Jill took- of the fudge. What fraction of the fudge did they take together?

| include the solution t&exampled.2 to illustrate the reasoning:

If the whole fudge measuregunits ¢, then Jack took? .

If the whole fudge measurasunits::, then Jill tooko:: .

Thus together, they took unit ¢ ando units:: : to express these quantities taken together as a
fraction of the total quantity of fudg#, both the sum quantity ancﬂ= must be measured with
the same unit. The new unit must fit a whole number of times inte, < and [F; in other

words, we must find whole numberg 1], andb , such that:

¢ no
no

L 3

|r Lo

But |- is at oncep¢ andt<, which means that:
Do @ no 1™ no
The problem is reduced to finding whole numbgrs) ando , such that:
O ¢ n TN
Any common multiple op andt is a solution fol , whilerj andr are factors that multiply by

andT, respectively, to give . The smallest solutiois when0 is theleastcommon multiple, in

this case ¢withf) ¢ andry 0. The following conversion equations ensue:

¢ o
(e)6]
E po
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Thus Jack toog® p c¢oandJilltooko:: o oo. Altogether, they toolp P, and since
the total quantity of fudg wasp ¢~ A G YSIya GKIFG GKS adzy 2F Wk O]

fudge is— of the total quantity of fudge. We represent this operation as follows:

C 0 O

C
C T 0 pC PG

©

Y

1o
—1Q

S
o
Vs

which suggests the generalization: thevsof the two fractions of the same quantitfis the

fraction of the quantity |-, whered is a common multiple of the denominatots

and’Q andr andrj are whole numbers, suchthat @& R Q A8

MULTIPLICATION OFARIONS

One2 ¥ GKS LINRPOfSYa Ay@2ft @Ay3I aYdz (A Likaghay 3 F NI O
fraction of a fraction of a quantitfabbreviated as FoFoQ)he problem of finding a fraction of

a fraction of a quantity can be formulated as follows:

If a quantity |- is a fraction - of a quantity|F , which itself is a fraction- of

a fraction |k , what fraction il of [F ?

(Sierpinska, 2013, p. 38)

Using the definition of fraction of quantity, treolution is:|f "Qi— ¢ "¢ 8The expression

— is thus arrived at as a technique proven to work for solving the practical probléskiog

a fraction of a fraction of a quantity.

In the case of FOF0Q, the generalizati®organized in steps, modeled by concrete examples:

Example4.3

If a quantity|- is - of a quantity|- , which itself is- of some other quantity- , then |- is
- of [t , which @neralizes as of - of |Fis— of |-

Exampled.4
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If a quantity |k is T of a quantity |- , which itself is of some other quantityft , then |k is -
of |k , which geeralizes agbof - of |Fis-of |-
| include the solution to th lastexample to illustrate the solution process using the definition:
If |- ist of |k, then for some unit, [ measurep ¢ and | measures¢.
If |F is - of |F , then for some unit:, |- measuress> and [ measures .
This implies thalf measures, simultaneously,® andp .
Sop ¢ p < : the units are the same.
Therefore,|- measuressc 9.
Since|- measures¢ and | measuesc?, then |- is-of |F .
Example4.5
If a quantity |k isthe fraction- of a quantity [k , which itself is- of some other quantitylf |
then |- is — of [ , which generaties as- of - of |Fis— of |-
Finally, the generalization, based on an example of general type:
Example4.6
If a quantity |k isthe fraction- of a quantity |t , which itselfis- of some other quantitylF |
then |F is — of | , which generalizes asof - of |Fis— of |k

The work is done here within the confines of a system built from scratch, i.e. assuming only the
definition of fraction of quantity and knowledge of whole numbers in the context of quantities.

In Exampled.1 we avoid the need to represent quantities by numbers with 1zeno decimal

parts (e.g., if instead af T @we had usd¢ p @n the first example) or even decimal
approximations (e.g., if instead Qf 1 ‘@we had used; ¢ '@: this is because the introduction

to addition of fractions does not assume previous knowledge of decimals. These choices are

made explicit in the&Course Note¢Sierpinska, 2013; Sierpinska & Bobos, 2G-ld)hermore,
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reflection on the first two examples of additiggxamplet.1 and Examplet.2), leads to the

insight that the measure of the whole quantity of which the fractions are to be added is not
relevant to findingwhat fractionof that quantity do the fractions constitute together. In
particular, the quantity|} can be either given as a concrete number of units, allowing thus to
find 0 and® and reduce the problem to that of adding whole numbers of some unit, or it may
not be given, thus requiring a different approach to finding the sum, as shown in the abov
solution. Finally, analytic thinking is in high demand for mastering both the logic and structure
of the argument and the mathematical notation at hand, in particular the algebra needed to
formulate successive generalizations based on observed pattghis is the case for finding

the fraction of a fraction of a quantitfekample4.3 to Examples.6).

As it can be gleaned from these examples, the MA requires quite #te far abstraction and

rigorous reasoning. There is more behind this deliberate choice than the lofty ideal of teaching

such a disposition at university. An important reag®that the concept of fraction is

intrinsically heavy from a cognitive pointwaew; it is a transitional domain betweearithmetic

andalgebra MA recognizes the need for higher order abstractions when it comes to fractions
compared to whole numbers and tackles it explicitly, rather than giving the illusion of a

seamless transitiofrom whole numbers to fractions, af treating them as disconnected

topics. Another reason why we propose that future teachers undertake such a dramatic

departure from the usual ways of dealing with elementary mathematics is because it may avoid

the confwsion with what they already know about fractions. In our first attempt to teach

fractions arising from measurement, we were struck by the stubbornness of the obstacles

created by their own knowledge of fractions coming in the course. Building on sucbysevi

knowledge and personal experiences was not satisfactory. Mc@d8)avoids exactly this
NBfAIFIYyOS 2F LINBGA2dza (y26f SR3IS G2 RS@GSt 2L LINB
arithmetic and the conceptof p@S @I f dzSX 06& Y2RATFTE@AYy3 GKS &/ F yF
sequence, designed initially for elementary studef@®bb, Yackel, & Wood, 1992; Bowers,

1996) s KAE S Ay (KS OKAf{ RNBdcnie pasielE drallyanoRrdllsinKS G & °
abox, inthe grownlzLJa Q GBS NBA2Y NP fysublnjsRFinallg, BrSetabotatd 5 Y I RS

development of a theory of fractions of quantities was aimed at developing future teachers
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G{ LISOAL f AT SR [/ BallTBayhés, &PYietps, CSRrA Knbwledge for Teaching:

What Makes It Special?, 2008} the teaching of fractions at elementary level. In other words,

AGQa GSIFOKSNRQ 1y2¢f SRISIT | yR y®»dhidiey. mdattSRIS
most likely, as teachers, they will operate within heavy institutional constraints, and with very
different developments of the topic of fractions, limited by the curricula and textbooks at hand.

The flexibility afforded by a profouhunderstanding of fractions within such constraints is one

of the desirable outcomes of the MA.

4.2.1.5 MAvs. DA, an example: calculating a fraction of a fraction of a quantity

| will illustrate the difference between MA and DA by reasoning, from the perspeaitiave
teacher, on a realistic probleithis is the term | use for problems typically encountered in
elementary mathematics, involving some elements of a physical reality. | will use a problem

which involvedinding a fraction of andher fraction of some gantity.

This example is included in the latest edition of the textbook for the co{Bmpinska &
Bobos, 2014)

4.2.1.5.1 A fraction of a fraction problem in the Division Approach

Consider the following problem

Aileen went to a party and took- of a cake back home with her. The

next day, she noticed that her roommate had eaten half of what she
brought back. How mucbf the whole cake was eaten? [Adapted from

(Osana & Royea, 20)

To beginwith, thdjf dzZS&a A2y GK2¢ YdzOK 2F (KSsoméwpdt S OF 1S ¢
confusingf some concrete quantity of the cake was specified (e.g., the cake weighp

would it require to find a quantity in grams or the fraction it represents of the whole cake? But

since a quantity e.g., weight or surfaceis not given in relation to imagined cake, one gets

accustomed to understandgthat it requires findingg & FN> Ol A2y 2F (KS gK2f ¢

Secondly, speakirgpout a fraction of an object (a cake) and not a fraction of a quantity (e.g.,
the weight of the cake, or its volume, or bottom surfacea or number of pieces, etc.) is
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characteristic of DATrom the wint of view of the goal of this approach (to teach rational
numbers and operations on them), what is meant, really, is that no matter what kind of
guantity is considered, if the whole cake measuresnits ¢ of that quantity, Aileen took back
home an amount measuring such units¢, and her roommate ate an amount measuring half
of the 0 6, then the measure of the amount eaten is always the same fraction of theno

matter what the value of thatnit ¢ is assumed to beThe teacher may have in mind the

rational number- as the relationship between some 3 unitsand 4 units®>, no matter what
kind of quantity is considered, but the children are justified to interpreliterally asa material

piece of cakeThe problem has a wetlefined solution: the measure of the amount eaten-s

(or some equivalent fraction) of the measure of the whole cake.

So, in fact, children are expected to solve not one problemabwhole classf problemsat the

same time.

Younger children are expected to give a general solution to this class of problems by
representing the problem situation using drawings: dividing a schematic picture of the cake into
4 equal parts; shading one of the partsrepresent the part of the cake eaten at the party;
dividing the rest into two equal parts; shading one of them as the part eaten by the roommate
(Figured.5).

{2 FINE (GKS az2fdziA2y tRepiitagorists h etuatipg BatnavK S | Ol
comes the decisive and most difficult step: to divide the whole cake and the part eaten into

parts of the same size, so that the numerator and the denominator of the fraction that

represents the relationship betsen them can be found.

Amount eaten at the The amount eaten
party

The leftover is divided
into two parts

Figure4.5. The first steps of solving the "cake problem."
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| KAt RNBY | NB SELISOGSR (2 aas8s¢ GKIG GKS tfAyS
0KS &l dzI Nak&ingtwosmallededu&pads. If all the quarters are divided in two,

then the amount eaten is made of 5 such small parts while the whole cake is made of 8 such

parts Figured.6). So the amount eaten is of the whole cake.

Figure4.6. Dividing the cake and the amount eaten into smaller pieces.

This way the problem is solved, although, for the children, it may remain mysterious what the
cutting ofthe quarters of the cake in two represents, in terms of the measures of the quantities
of the cake. The key to seeing this solution as a solution to a whole class of problems is to
understand that aconversion of unitshas taken place: in order to prode@ fraction as the
guantitative relationship between the measures of the amount eaten and the whole cake, the
two quantities have to be measured withe same unitlf children fail to see that, they can

only see it as a smart graphical solution to a paifar problem about a round cake.

Older students would solve the problem using formal numerical operations only, ignoring the
jdzZ yGAGASE Ay GKSANI OFfOdzZA FGA2ya fG23SGKSNI 2

answer. For example,

So - of the cake was eaten.

In this solution, the quantitative operation of unit conversion is completely abaedthe
YVdzZYSNA Ot 2LISNI GA2Y 27F-)hd Bdelt syibsthutegforzhd | F NI O A

guantitative operation of change of unit.
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In the two solutions, the meaning of the fractions operations, in particular of multiplication,
remains covert: it is, at best, an empirical observation in the first case, anccagure, in the
second, often a succession of the two, where the operations are supposed to be abstracted

from the physical model. The difficidtep of unit conversion remains implicit.

4.2.1.5.2 A fraction of a fraction of a quantity problem in the Measuremeiptrégch

In MA, before presenting a problem such as quoted above, students would be asked to solve a
sequence of problems where the quantity of the whole cake would be specified. By making
explicit the quantity of the cake in concrete units, this approactnleduces the cognitive cost

of the solution and encourages students to see the essential structure underlying different

problems. For example,

Aileen brought an 800 grams cake to a party. After the partyf,the

cake was left over and she toakbiack home with her. The next day,
she noticed that her roommate had eaten half of what she brought

home.

a. What fraction of the weighdf the whole cake was eaten

altogether?

b. What would be the answer if the whole cake weighed 1 kg instead

of 800grams?
c. What if the cake weighed 1500 grams?

Students can answer those questions by sequentially calculating fractions of concrete

guantities. Question (a) can be solved by first calculatingf Y 1T & finding that it isp 1T
and concluding that the amount eaten at the party wast T The amount eaten at home is

of @ m™® o @ The total amount eaten is therefore 1" @which is- of the weight of the

cake (ifp 1t s wsed as the common unit of measure).
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Solving problems (b) and (c) would lead to the same or equivalent fractions, an observation that
students would be expected to reflect upon and offer explanations. If a general solution
independent of the concrete welig of the cake is not spontaneously proposed by some

students, the teacher would encourage them to solve a more general problem, like the one
usually given children without preliminaries in the Division Approach, and guide them in solving

it.
Aileen brou@pt a cake to a party. After the party,of the cake was

left over so she took it back home with her. The next day, she noticed
that her roommate had eaten half of what she brought back. What

fraction of the whole cake was eaten?

In helping studats to solve this problem the teacher would stress the moment of change of
unit and unit conversion in the reasoning, and would repeatedly ask them to be explicit about
the quantities: Threejuarters of what quantity? Onbalf of what quantity? What is yownit

of measurement here?

4.2.2 Shaping the University Student position in Teaching Mathematics courses: fostering

learning by acculturation in addition to adaptation

The design entailed, in particular, shaping a position of University Student for FTsIM the
course institution, and a detachment from the more naturally adopted ones of Teacher, Former

Pupil or Popular Educator.

In the PilotStudy the students seemed to have learned little by independent adaptation to the
milieualone, i.e., by solving thevgn tasks, interacting with peers, or using available
instructional resources. The problems at hand, in particular, did not make knowledge about
fractionsepistemologically necessaiye, they did not function as-didactical situationsvhere

the use ofa certain piece of knowledge is justified entirely by the inner logic of the situations,
and not by the instructions from the teacher or by the didactical contract. A high degree of a

didacticity, where the Instructor merely provides the necessary tootssets up good

109



problems, without explicitly telling students how to use them, is naturally more difficult to
achieve at university level, especially for mathematics courses, because of the level of
abstraction already reached at this poif@onzaleaMartin, Bloch, Duranduerrier, &

Maschietto, 2014)

In TM courses the difficulty is compoundedkribwledge of fractionss targeted, situations

such as the measurement of the thicknesses of shekmperproposed by Brousseand his
collaborators(Brousseau, Brousseau, & Warfield, 2Quld not work to create

epistemological necessity for FTs, because they already know fractions and decimals. If, on the
other hand knowledge of fractions faeachingis aimed at, we did imagine a fundamental
situation where FTs would have to design a lesson or explain a problem on frgatisestion
4.2.1.1)but, with no feedback from the milieg i.e., no children to give it tq FTs could not be
expectedto construct such knowledge spontaneously. Even if an audience did extig-on

spot certainty about the effectiveness of teaching is hard to impossible to acfiiabaree D. ,
2004)

In the reality of teaching futureeachers methods course, we decided to settle for less in terms
of FTs autonomgs a prerequisite for learning K1 § A a4 Y2NB Ay GSN¥ya
explicit guidanceWhen usedo analyzeclassroom situations a systemic manndPerrin

Glorian, 2008}he theory of didactic situations (TDE)stulates teaching as an activity that
balancesacculturation where learning occurs through direct interaction between shadent

and theteacherand adaptationwhere learningesults from the interaction of th&earning

subjectwith the milieu (which is, however, cafully designed by the teacher).

In the Experiment one of the substantial changes was to foster learning by acculturation rather
than by adaptation. This decisi®@longed to the Instructor, and-priori, consisted of planning

to teach in a way consistent with her identity of a professor in a mathematics department. The
most visible consequence reflecting this conscious decision would be to have more direct
instruction, ortelling. This is not the opposite of constructivist teaching, although there is
AYRSSR | 3SydzAyS GSyaAzy o6S06SSy SYOoONI OAay3

students, for example, to use a certain method to solve a problem.
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Cobb ad otherresearchers he quotg€obb, 2007point to the dangers of embracing
constructivist ideas in a simplistic manner, in particular with respect to downplaying the

practice of telling, and the passive role that is attributedhe teacher in this context:

The most prominent case in which attempts have been made to derive
instructional implications directly from a background theory is that of the
development of the general pedagogical approach knowcoastructivist
teaching This pedagogy claims to translate the theoretical contention that
learning is a constructive activity directly into instructional recommendations. As
Noddings (1990) and Ball and Chazan (1994) observe, it is closely associated with
the dubious assertiontlia ¢ G St f Ay3a A& o6l Ré o0SOlFdzasS AG RS
opportunity to construct knowledge for themselves. For his part, J.P. Smith (1996)
Of FNAFTASaAE G(GKIFG IRKSNBydGa 2F GKS LISRIF3I23e i
G2 adzLIL2 NI (KSAHE) AydBRSFSARYABSBENIFKYAGdzZRSYy (0 a
construct meaning for themselves. As Smith demonstrates, in emphasizing what
the teacher does not do compared to traditional instructional practices, the
S OKSNRa NRBfS Aa OF ad resyitingliBd densdoP St & LI &aaAa
loss of efficacy(Cobb, 2007, p. 5)
Labato, Clarke, & Burns E{2005)not only tackle directly the telling/notelling tension but
alsopropose areformblG A2y 2F GStfAy3I Fa GAYAGAFGAYy3IES OF
three areas: (a) from the form to the functiari the acts of communication; (b) from the
procedural to the conceptual content of the new information; (c) from the isolatecadt
the relationships to other actiond.abato, Clarke, & Burns Ellis, 2005, p. 10B8gir theoretical
considerations and empirical data go a long way towards restoring the credibility of initiating
andelicitingstudg 6 4 Q | OGA2yas IyR OSNIIFIAyf& RSY2yaidNIi
alignment with the progressive education ideas as advocated by DEW&P/1990) We find a
similar type of direct instruction in the teaching epissddocumented ifDavydov &
Tsvetkovich, 1991)he children are guided, for example, towards a very particular
understanding of the notion of multiplication through a series of carefully sequenced eliciting
actions from he part of the teacher. In both the above mentioned studies a striking feature
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was the admirable skill of the instructor, who clearly satisfied the three conditions on telling

proposed by Labato et gR005)

The instuctors of nathematics methods courses typically fit this profile of highly
knowledgeable teachers, so this type of more structured interaction with their future teachers
students appears be an interesting option. For the Instructor in the present stueynitiation

was going to be in doing mathematics as a cultural practiceeflected her background as a
mathematician and her affiliatiom a mathematics department. But such structured initiation
can also take place with regard to mathematics edwratheory. In one of the TM courses
profiled in Sierpinska & Osaf2012) the instructor required of her students, quite precise
application of theoretical concepts, asthre followingexampleby asking them to apply

DAY ao@dasdpuida e OK2 A FOA Ot 64 LIRFappboadiesflactegige T G KA &

background as a cognitive psychologist.

{(GFOSYSYGY &/ KAf RSB priviciple beforekkya LI G KS 2y §
can effectively applyt S &Gl 6t S 2NRSNJ LINAY OALX S¢é o

True or false? Justify.
(Sierpinska & Osana, 2012, p. 122)

In the Experiment the class was going to look like a typical mathematics classroom at

university, where the body of knowledge laandc in this case the Measurement Approagh

would be taught systemically, with meanings established by definitions and techniques justified

by reasoning. Importantly, FTs would have a textbook at their disposal with theory, examples,

solved and unsolvepdroblems. This organization watsoexpected toafford a more objective

discussion with respect to assessment. The challenge, for the Instructor, reflecting the need to
reconcile acculturation and independent adaptation, would be to do just enough $sdiaffoso

Fa 2 y2a Ftft2g GKS LINRPRAzOGAZ2Y 2F a3I22R a2t dz

knowledge.
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5 IMPLEMENTATION OF BXPERIMENDESCRIPTION ARBALYSIS

In this chapter| presentthe Experimentas it unfolded in the Winter 2014 semestkorganize

this presentation in three sections. In the first, | present the kergn organization of the

course¢ especially with regards to the content and tasks. In the second, | describe the teacher
student interactions, taking the classroom commurasyunit of analysidn the third, lbring

the analysis at a finer grain lewgthe individualg to look atFTs responses tocuestion they

solved after the end of the course

5.1 ORGANIZATIONEACHERNILIEU

| analyze here how the Instructor influenced tiasks and other features of the content of
Measurement Approach for teaching fractions to the particular group | considetieel

students of the Teaching Mathematics course offered as part of a univastyd education
program. Agliscussed in the degption of our conceptual frameworéin institutional
perspectivgChevallard Y. , 1999; Barbé, Bosch, Espinoza, & Gascén, 2005; Ostrons, 2005)
particularly useful for presenting the perspective of somepfanning or evaluating an entire
course. h this section, in particular, it gives me the tools to discuss characteristics of the tasks
and content that influence the positions taken by the students in the course. In particular | will
first show that the mstructor emphasized the University Student position in the content by
teaching topics systematically and comprehensively, without assuming that FTs already knew
some topics usually learned in elementary school. Secondly, she replaced the problem posing
tasks, typical for the Teacher position, with tasks that were closely embedded in the taught
material: to give a fuller grasp of this feature of the le¢egn organization tontrast it with the

organization othe PilotStudy.

5.1.1 Comprehensive coverage of togj including prerequisites

The University Student isl@arnerof new material: in th€eExperimenthe instructor assume
FTs knewractions as children, but not as educated adulisus she covered all the usual topics
in the fractions domain not just asway to foster systemic thinking, but also to address

potential difficulties and misconceptions, to clarify terminology, and even teach anew certain
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concepts. | reproduce below the overall organization of¢batent, based on my field notes
from the 8week long Experiment. | formulate the organizatiorterms of eighty Gt 2 LJA O&a ¢ = (1 K
first sixof which wee devoted to the FoQ theoryhe seventhc to the abstract theory of

fractions and the eightlt to the connection between the two theory.

1. Number
a. Abstract and denominate numbers
b. Quantities and their kinds
2. The concept of fraction of quantity
a. Definition
b. Mixed numbers
c. Decimal fractions
d. Not all pairs of quantities of the same kind can be related by a fraction
3. The concept of fraction of fraction of quantity
4. Addition and subtraction of fractions of quantities
5. Multiplication and division of fractions in the context of fractions of quantities.
a. The context of buying and selling. Proportional quantities
b. Thecontext of areas
6. Comparison of fractions of quantities
7. Sysems of numbers. Theory of abstract fractions
8. Connecting the concept of fraction of quantiyth the concept of abstract
fractionin the contexts of:
a. Ratio

b. Percents

The level of detail isontent pursued by the Instructor in the lectures can be gleanedifthe
treatment of the sequence of topics written in bold typefdndhe list abovel zoom in on this
aSldzSyO0S (2 aK2g GKS LyadNdzOGd2NRa AyFfdsSyoS 2

discussion of the teacheastudent interactions against this bldrop.
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As already quoted in sectigh2.1,the definition of FoQ, introduced after the explicit

distinction between abstract numbers and quantitiegas formulated as follows:

Let|- and|F be quantities of the same kind. Lééand obe two whole
numbers, withd 1T We say that the quantity: is the fraction - of the

quantity |- if there exists a common uriitsuch that|- measuregbunits¢

and |- measues®unitso.

The numbentis called thenumeratorand the numbemis called the

denominatorof the fraction-. (Sierpinska & Bobos, 2014)

Mixed numbers are derived fairly esfrom the definition, ad with a quantitative

interpretation: when, in the fraction-, the numerator is greater than the denominatab (

o, the quantity|F  contains the quantityfk a whole number of times, and a remainder which

isitself a quantity that is a fractioof [F . More precisely,fid 1 @ i wherem 1 o,
then | measuresn ®¢ 10 & @ i0 Aé¢  -& ¢ . Thislast
expression is then traditionally written &s- of |- , and - is called @& Qo R Q & & Rar

example, supposaquantity is[ is — of a quantity|- . This means that for some unitff,

measure¢ and |If measurep Y. Sincep X ¢ UL ¢, thenp R o Vo ¢

0t '@ ¢ o0& ¢oO. This means thahe quantity |- contains the quantity-

three times and there is a remainder @linits ¢, which is a quantity that is of |- . Thus}-

is said to beo- of | , ando- is what we call aixed numberFTs coultearn, in a connected

manner, the notion of mixed numbef a quantityin relation to that ofa fraction ofa quantity.
However, as preparation for mixed numbers, before drawing such conceptual connections, the
Instructor treated certain praequisites in some depth: Factors/ors of whole numbers,

Prime numbers, Greatest Common Divisor (GCD), and Division with a remainder. The

explanations were supposed to be intuitive (i.e., with concrete examples and drawings):
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Figureb.1. Division with remainder- prelude to Mixed numbers

But there was also explicit attention paid to:

the representation that respects the distinction, practiced in the course, between

abstract numbers and quantities: the Instructor writes two separate secgdthe last

two lines inFigure5.1)

mathematical terminology: the Instructor says that 25 is the dividend, 7 is the divisor
OYSyiliAzyad KSNB GKS FYoAaddzade 2F GKS GSNXY:
distinguish), 3 is the quotient, and 4 is the remainder.

the assumption that the remainder is less than the divisor: the Instructor questions it by

proposing the alternate statement, v X3 p p

The next topic in the sequencaecimal fractionsthat is frations with denominators

p Tp mihE Tt fprt @B denefitted from the same detailed account, aimed at bridging gaps

in FTs understanding of the more general idea of decimal representation. We had witnessed, in

the PilotStudy, how FTs were quick toeusalculators to find decimal representations of

fractions, but fell short not onlgf making sense of the quantitative operations involved, but
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also in understanding the connection between two ways of representing numbers, in particular

with respect to paitional or placevalue notation.

The Instructor started the sequence on decimal fractions with fractions whose denominators
arepowersop @ G KAOK OlFy 0SS oNRGUGSY GK2NRT 2y Gl ffeé

Examples with metric unitwere used tamake the point:

Figureb5.2. Decimal fractions: fractions whose denominator is a power of 10

Next, she continued with fractions that are equivalent to decimal fractions:

Figure5.3. Fractions equivalent to decimal fractions: denominator is a factor of a power of 10

Finally, she discussed the case of fractions that cannot be represented as fractions with

denominators that are powers @f 1t
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Figure5.4. Fractions that cannot be represented as decimal fractions

Throughout the three cases, the instructor emphasized the meaning of the decimal expansion
whether finite or infiniteg of a given fraction. The followingcample served exactly this
purpose by stressing the difference betwes#® and @ ¢ & (infinitely manyg igein

guantitative terms:

Figure5.5. Difference between 0.6 and 0.666...: a quantitative explanation

The last topic in the sequencgPairs of quantities of the same kind which cannot be related by

a fraction¢ presents the idea of incommensurability of pairs of quantities, thus hinting at the

118



ax

FOoadNI OGA2Y GANNI GAZ2Y T vy dzY QI9IRENIparkicylar,ipieS &I &
can only say that the length dfi¢ circumference of a circle approximatelya certain fraction
of the length of its diameter, with a desired degree of precision (e-gx— h——, and so

on), but without ever giving a perfectly precise value (i.e., the vafte). It was not done in

class at the beginning of the course, but assigned as reading in the textbook and discussed later

in the context of ratios, as a generalization of the concept of fraction. This idea of irrational

number is within reach in theainain of elementary mathematics precisely through the

concept or ratio of quantities (as Lebesgue suggested). A general understanding of number

systems (including a concept of real number as a conveggtgsof rational numbersy,

covered in the last paof the Experiment; was considered a necessary part of an elementary
GSFOKSNRna O2ydSyd (1yz2eftSR3IST y2i 2yte FT2NJ YSN.

profound and connected understanding of number.
512 CF @2NAY3 | YASSNEAGRORENMRIYIKQGA2ZYIARY AGRDBA

Another measure aimed directly at improving 8fhathematical knowledge directly was to
consciously change the tasks that FTs had to solve in the course, in particular with regards to

the actionsrequired to complete then{Sierpinska & Osana, 2012)

In the PilotStudy, the homework always included tasks that requatetionssimulating those

of apracticing teacherranging fronminventing problemso preparing teaching activitiesnd

reflecting on tlem.

| include below a typical weekly homework assignment from the Silotly: it always

O2yFAYSR UGUKNBS LI NILay a{2f@S LINRPoOfSYaes aLy®?
YR GKS GKANR O2YLRySyda Of SI Ndisgplarnihgradeksoni SR ¢ S
or envisioning the unfolding of one; moreover, they also accounted for more than three

guarters of the grade weight (TH8an anActivitytaskwas usually assigned 12 marks, and the

Invented Problemsg between 1 and 3 marks, out oftatal of 16 marks for the homework).

Typical Homework Assignment in the Pit&tudy (Winter 2013)
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Solve the following problems

1. Find whole numberéand®such that— — — —
2.t FGGSNY o0f201aé¢ NBTFS Nghapésoftypikab T f
geometric figures:

trapezoids

2

small thombuses hexmgons

‘ rhombuzes

Sourcehttp://mathforum.org/sum95/suzanne/active.html

Answer the following questions referring to the pattern blocks:
a. How much of the hexagon is thaangle?
b. How much of the triangle is the hexagon?
¢. How much of the hexagon is the blue rhombus?
d. How much of the blue rhombus is the trapezoid?
e. Assuming that the full angleo(g tid the unit, what are the
measures of the angles in the vertices of
i. the hexagn
ii. the trapezoid
iii. the smaller rhombus
iv. the larger rhombus?
Invent some problems

3./ 2YAARSNI GKS F2ft26Ay3 LINRoOfSYY

a
FLILX S&a® 126 YIlye FLLESA NB Ay @K

good problem. Reformulate thergblem to remove the flaw. There are
several possibilities; offer two.

4 LX Fada:

CAOS
S ol 3

A Qx
™ ()

()
O

4. ¢KS LINBPOESY 6S RA&OdAWBRpiZyanddF | 335 al 26 R2

an8AyOK LIATTEF O2YLINB Ay G(SNya 27
the order relation betwea fractions as abstract numbers does not
always hold in the context of amounts of things. Invent another problem
that would illustrate the same point. Use different fractions and do not
use amounts of pizza.

Activity

5. Describe a classroom activity organizgdund one of the problems you
have invented above. Your plan should contain at least the following
elements:

1 The target age group of students
1 The main mathematical ideas or techniques necessary to solve the
problem
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http://mathforum.org/sum95/suzanne/active.html

Materials

Expected solutions and theralidity

Implementation: how the problem would be posed to children

Questions to ask children in the context of the problem, to extend

GKS LINRPoOofSYS (Said OKAftRNBYyQa dzy RSNEGF YRAY

= =4 =4 =4

Beside the weekltomeworkassignments such as above, by the middléhe course, each FT

had to organize a 40 minutes workshop where they would simu&sdehinga lesson with their

peers in the role of pupils. They could enact one of the activities produced in the weekly

homework assignments or invent something né\s. afinal assignment ithe course, FTs had

G2 GNRGS I Gt NRofSY .221¢ gAGK mMH LINRBoOfSYa |y
of fractions, ratio and proportion and geometrijhe book was to be addressed to teachers, not

directly to children. Intie Problem Book, FEsuldinclude revised versi@of the problems

and activities invented and described in theomeworkassignments or tried in the workshops,

but they could also invent new ones.

In the Experiment by contrast, most of the tasks reged actions that a university student

g2dzZ R LISNF2NY Ay GKS O2dzNBES 2F fSFENYyAy3a YIFGKS
(2012)taxonomy of tasks in prservice elementary education courses, these actions belong to

the Studen® NJ 0 KSNJ GKFy (GKS ¢S OKSNRA NBLISNI2ANBS®
SYLKI aAl SR Nakh&maficélatzi®rs ydbityanathematics) versus tBehavior

(mainly course participation) or thidacticTheoreticakctions (actios on theoretical

constructs from mathematics education theories).

In the followingexample of a weekliiomework assignment from thExperiment=Ts are

expected todeduce an answer from the definitieandto calculateand compare resultsThey

are requiredto explainthe results of the comparison: this action could also be thought as
belonging to the Teacher, but the formulation of the problerand the overall culture of the
course (which I will discuss in more detail in the next secti@rcourages, ma generally, the
kind of explanation that somebody doing mathematics would provide based on the data at

handc in this casenformation about quantitieg and, potentially, some theory.

Typical Homework Assignment in tHexperiment(Winter 2014)
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1. p ux 0 of olive oil is - of what volume of oil (in mL)?

Deduce the answer from the definition of a ¢t&on of a quantity, in
writing. Justify your reasoning.
2. A pie has been baked in a square tray, 5 inches by 5 inches. The pie's

weight was half a kilo.

The pie has been cut into 25 square pieces of equal size.

Mary ate 4 pieces and Joe ate 6 pieces.

a. The weight of the amount of pie Mary and Joe ate together is what
fraction of the weight of the whole pie?

b. The top surface area of the amount of pie yhate together is what
fraction of the top surface of the whole pie?

c. Compare the results of your calculations in parts a, and b. What do you
notice and how can you explain it?

The two homework assignments reproduced in this section are representdtalethe

assignments given in the two courses and reflect the significant change in terms of what the
Instructor required the FTs to do in the course. In the Winter of A@18t Study}he

assessment components and their respective weight in the firrelegwere: Participation and
professionalism (10%), Homework Assignments (24%), Workshop animation (15%), Report from
Workshop (11%) and ProbleBook (40%). In th&xperimentthe grading scheme was much

more similar to a typical university science coumsih the significant addition of two timed

tests: Quizzes (20%), Homework Assignments (30%)tevidtest (20%), and Final (30%).
¢Kdza>x 20SNIftf> GKS 3INIRS ¢SAIAKG 2F GdFraita GKIFQ
from 84% in PiloBtudy (ie., all the components except Participation and professionalism and
75% of the grade for Homework Assignmeqtorresponding to the Activity plan part) to only

10% in theExperiment corresponding to one of the Homework Assignments. This is much less
even compared to thewo TM coursesnalyzedn (Sierpinska & Osana, 20128% and 67%,

respectively.

In the singlehomework assignment that reqed¢ S| OKSNDa | OGA2yas Cc¢a KI

problem (part 2.)with a structure snilar to one that they had previously solved (part 1.):

Problem posing in thé&experiment(Winter 2014)

1. Consider the following three problems:
Problem 1. Ifx7@ of a box of paper clips contaisy aper clips, then how
many paper clips are there infp ocof the box?
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Problem 2. If XAy of a box of matches contairs X matches, then how
many matches are there infp oof the box?
Problem 3x7y of a bag of marbles contaigs X marbles, then how many
marbles are there irkAp vof the bag?
a. Which of theseoroblems are solvable?
b. Write solutions for those that are solvable.
c. Which of these problems are not solvable, and why?

a. Invent a problem of the type you have seen in PART 1. of the
assignment. That isa problem of the type:

If the given fractiord of a certain quantityd (kind of quantity mentioned
but exact measure in units not given) is the given nunibef[some objects
that cannot be cut into pieces], how many [of these objects] are there in
another given fraction¥Q of 0 ?

b. Solve theproblem.

3.

a. Ask a partner to solve the problem you invented in PART 2. In
return, your partner will ask you to solve the problem he or she
invented.

b. Explain to the partner how you solved his or her problem. The
partner will explain to you how he or she satvyour problem.
Keep the partner's solution and take notes of his or her
explanations.

c. Together with the partner, find out what must be the relations
between the numbersy &y )'Q, andd for the problem of the
type described in PART 2 to be solvable.

d. Write, individually, a report of your work in tasks-(a):

i. How did your partner solve the problem you gave him or
her?
ii. Was this solution as you expected or differemhat
was different? Was it correct?
iii. Describe and explain the solution you and your partner
have arrived at in task (c).

The first part of the assignment already puts the solver in a rpetation with regards to a
mathematical problem. The second calis & generalization of the observations, scaffolding
GKS a2t gSNRa 62N X K2gSOSNE o0& ARSYUGUAFeAy3
GLYDSYyG + LINRoftSYé Ay (KS aSO2yR LI NI (GKS
category, buttirather brings into focus the mental operations of identifying the structure of the
problem and its variables, operations thatrational individuatvould perform in ordeto solve

a problem, and not necessariigteachA G @ ¢ KS OF ( S 3 2 idlEerhapStbosaBSNI a
G2 3AAGS | LINBOAAS RSAONRARLIIAZ2Y 2F GKAa (1AYR

123



teachers of mathematics always soled share their own insight into the process of problem

solving.

5.2 ACCULTURATIONEACHERTUDENTS
As metiioned inChapter2, | analyzed the teachestudents interactionsvith the lenses | use
when doing my work as a teacher of mathematlggive an illustration below, before

undertaking the analysis of a lecture in tB&periment

When | teach, for exampldémits at infinity, | have a plan made of episodes | envision in my
lecture¢ each linked to a precise idea about the mathematics at hand that | plan to get

students to learn through that particular lesson. The coarse structure may look like this:

- Give anintuition of limitsat A Y FAYAU& | &4 a¢KI (i KacodiciStg¢ a | FG S
problem (e.g., boxffice sales of a movie in time)

- Givethe definition of limit at infinity and discuss the following ideas using the above
exampleiGe & dzF T A OA Sfie tY& RS NEBS 0t 2 4tBe diffétence 8f ¢ | y (i ¢

meaning irthe equal sign ifff e E versus i B E
- Give several examples of functions (constant, polynomial, rational, trigonometric) and
have students plug numbers on their calculatso that they knovhow to find limits
numericallydemandr YA 6 SNE 2F GKS FT2NXY Ga[AYAG Aa wa?z
can makel[as close as | want to it or as large as | want], by taking I NBS 6y 2 dzZaAK €
asking concrete questions, e.g.1 2dé | get [given function] within, say, 0.00001 of
oK €
- Give examples where plugging in large numbers allowed by calculatsvgiveg
answers so thataking e as large one wants is imagined rather than performed
- Give graphs and show concretélgw one lodks at graphs to find limitsoordinating
gesture with words

- Givetechniques for finding limitsorganized according to types of functions

Within this broad structure there are the problems or examples that | use: they, too, are
categories that hold crifcalF 2 NJ a 1 dzZRSy A Q FdzZf £ 3INIF adheg ¥ GKS O3
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evenbecome relatively stable over time. They are sequenced to give the students as

comprehensive a grasp of each of the goals | had set in the larger structure, but each makes a
particular pointthat contributesi 2 2y S FIF OS4G 2F GKS fFNHSNJ 32F¢fY
f SFRAY3 GSNY SgNARAGGSY f1adz y20 FANRIZI Ay (GKS
with algebraidi S OK y A |j dz8Svise gFaphanitba ®i3taniofor allwlarger than a given

valuet etc.

| analyze here a typical lecture in tBperiment which | present, as above, via a succession of
mathematicaldidactic episodesor chunks of lectures each distinctly aimed at teaching a

particular aspect of thenathematics at hand. There are a few reasons why | do this. First, it

puts the abstract ideas of the MA against a realistic backdrop: the reader can be brought closer

G2 aaSSAy3a¢é¢ gKIFIG KFLIWISYSR Ay GKS OflFaaNRB2Y® C
design, for an explicit distinction between abstract numbers and quantities, but | present here

how it was actually done, including relevant detgils KA OK (G dzN}y SR 2dzi G2 065 1
learningg such as the written representation on the boagdising colors, diagrams, etcas a

didactical aid. Secondly, | share with the Instructor, and with many of my colleagues, this

practice of structuring the lecture, in terms of the mathematics at hand and the points we want

to get through to students, be @n actual definition, a typology for problems, a common

mistake in writing, a way of looking at graphs, an instance where intuition is contradicted, or

the opposite, when it is more useful than a popular method, and so on. It is then worth

mentioning as gowerful analytical tool of the mathematician who approaches a piece of

mathematics for teaching. Finallgn this analytical structure | present the interactions during

the lecture between the Instructor and the students, FTs, in full detail, by ingudievant

guotes from field notes, and analyze them with regards to the areas of intdefsted a priori

reasoning about quantitieand institutional positionf participants in the course.

Furthermore, | will link the assertions | make based onahalysis to other instances in the

data that confirm, refine, or, even refute them, thus allowing a complex characterization of the

MA design.
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5.2.1 Mathematicaldidactic episodes in a typical lesson inExperiment

The lesson took place ione of the leturesat the beginning of the course: it contained the
introduction to the notion of fraction of quantity. The style of interaction, as | will describe it
below, was remarkably consisteint the lectureghroughout the course; compared to the first
runofthS SELISNAYSyiGsS 6KSNB GKSNB 61 a YdzOK KAIKSNI
even in the lecturege.g., teacheited whole class interactions, studeletd lesson simulations,
prolonged activities in small groups, etdhe class was rather typidak lecture-style

university mathematics classes, as we know them through our practice: the Instructor did most
of the talking, she wrote on the board (or easel) extensively while reasoning out loud. She
asked questions to the general audience, where @gibyceither one or a few students engaged

in the dialogue, or a detectable reaction by the majority was present (e.g., many students
answering at the same time, or looking puzzled at a question and nobody answering it). |
describe the mathematicalidactial episodes below, each in one sséction. The format of
presentation is as follows: the title, in bold typeface, captures the main idea of the episode, and
it reflects my abovementioned analytical stance as a mathematics college instructor; in the
bodyof the subsection, | include quotes from the field notes and descriptive details, followed

by an analysis guided by my conceptual framework, in particular, the focus on working with

guantities and institutional positions.

5.2.1.1 Prequel: An explicit distinctibetween abstract fractions and fractions of quantity, and
the appropriateness of the two notions for different levels of school mathematics
The Instructor started the lesson on fraction of quantity by following up on the definition of
guantity and the dishction in general between abstract and denominate numbers with a
distinction between abstract fractions and fractions of quantity. | include the relevant quote

from the field notes:

[01] Instructor: Just as we distinguish, in general, between denominate numtzeand
abstract numbers, we distinguish between abstract fractions, which are abstract
numbers, and fractions of quantities which are denominate numbers. For example

(writing on the easel while speaking):- ¢ "2 Qd; - ¢ "Qa a3i - ¢ "@ M@ 6 Q@re
fractions of quantities; the expressions refer to denominate numbers, and therefore to
quantities; -h -h - are abstract fractions.
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[02]

[03] Instructor: Abstract fractions are elements of a number system, rational numbers, with
operations of addition, multiplication, etc. Abstract fractions and fractions of a quantity
are defined differently, and operations on theng addition, multiplication, etc. z are
defined differently. But definitions of operations on abstract fractions have been
inspired by operations on fractions of quantities, which were invented first, in practical
situations of measurement. In practice we use mostly fractions of quantities and in
elementary school vwe teach mostly fractions of quantities. Abstract fractions belong
more to high school mathematics. | will teach fractions of quantities first; | will talk
about abstract fractions later in the course.

Quote from field notesl. Fraction of quantity lesson: Prequel

The distinction between fractions of quantities and abstract fractions is given formally and
emphasized in writing. The Instructor justifies it, putting FTs in the Teacher pasitien
position of the refective practitionenDewey, 1933)ather than of the teacher concerned with

the immediate task of teaching something to children.

5.2.1.2 Episode 1: Definition of FoQ by generalization from an example of the type
G2 KFEGd Kaz yadABEF FTNFOGA2YyS8 2F wIADSyYy ljdz yi
The second episode included three worked out examples of the same type that led up to the

definition of fraction of quantity:

04 )T OOOOAOT O , A0S0 ¢ci 11T E AO 1060 AgAi Pl A08 7
expressions in the example refer to? (pointing to space over the question mark)
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05

[06] Instructor: You probably know what is onehalf of p QQa ¢ Q0 Qi

[07] FTs:u mamrQo Qi i

[08] ) T OOOOAOI 0d8 EAOA )61 1 AgeokEbundeipQoand CAO
p6 under the question mark)

09

[10 Instructor: So what is this unitd? We can find it by convertingg Q'Qa ¢ Gt @3 Qit i
isp T TATIQ 0 Q@hdip T TATQ 0 ‘(i tvio timesu TTdt'Q 6 ‘Rdo the unitd isv TA'QOIQ |
So onehalf of p Q" Qa € GigvoTiCHieters (completes the solution on the board while
speaking)

[11]

Quote from field notes2. Fraction of quantity lesson: episode 1

This was followed by two more, identidgalstructure, exampledVhat quantity is- of ¢ & &

What quantity is- of o Tt @t 6 ®@The Instructor worked out one of them in the same way as

above, and asked the students to sotthe last one on their own in their notes, without
requestirg that somebody solves it at the board (but writing the solution herself with input

from some students in less than a minute after asking).

These examples were to lead to the generalization in the form of the definition of fraction of

guantity:

[12] Instructor: Now, generalization. The format of the statements we have been working on
in the example, was: some quantity is a fraction of another quantity. One quantity, call it
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RO A1 O RNOAT OEOUAE EG) ohanobdrdadityicallitl AThésé E O
NOAT OEOEAO i 000 AA 1T &£# OEA OAI A EET AN EO AT AO
example, is a fraction of a weight. The numbegsand & are whole numbers (says this

while writing on the board)

13
[14 FT: Whole numbers, you mean integers?
[15] Instructor: Are you askingNif‘a or & can be negative? A o o
[16] 3Ai A &49d OOCODPOEOAAN AEAT 60 NOEOA AgPpAAO OEE
AU OET OACAROGH OACAIDIO8 UAOh T ACAOEOAS
[17] Instructor: In abstract fractions,& and& can be any integers, but then we are talking
about rational numbers. In the context of fractions of quantities; and & are positive
integers, because they represent measures;can be zero, buth cannot be zero, because
EO AT AOGT 60 I AEA OAT OA O1 OAEA A AEOAAOQEIT 1T &£
Quote from field notes3. Fraction of quantity lesson: episode, tontinued
The instructor gives in anitial intuition for the idea of fraction of quantity, connecting it to
some common knowledge aboutrealityy @ 2 dz LINRP Ol of & (y2¢ oKIFIG Aa 2
1 At 2YSGS NBut shefwkitgs$he prabliem on the board in a sentence format that sets
up theexample for generalization to the definition of fraction of quantity (FoQ). This initial
intuition is the source of thdefiniendumpart of the FoQ, i.ethe term beingdefined, while
the definiensis the proposed correspondence in terms of measuremehtpantities. The

generalization is based on three examples with the same sentence structure, yet the subtle
hypothetical character of the definition statemeqt |- is the fraction- of |k if [condition is

satisfied remains somewhat concealednce itis uttered and produced as text (lines 12 and

13). We see a few didactical aids at play here: reinforcement through similar structures,
A0OKSYFGAO NBLINBaSYy (Gl (A2y2 daied A \SHET abedclistidhe®2 RA Y I 2
University Studentole, learning new material, which is acknowledged as cognitively

demanding.
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InanC¢ Q& ljdzSaidAz2zy o6fAySa mn FyR mc0O ¢S aSS GKI
numbers is not necessarily owned, the student did not know the difference between whole
numd SNE YR AYyUGS3ISNE® LYy GKS LyadNdzOd2NRa | yag:
SELX FylLdA2yT G2 | ljdzSadAz2y GKIdcambthez&d LI A OA (G f
0S0FdzaS AG R2SayQid YI1S asSyasS G2 aGr1S + FNI O
5.2.1.3 Epsode 2: Direct application of FoQ definition on exampleswitferentsurface

& 4 NHzO G daNB Y ODAQGSY ljdzrydiAaGee Aad woKIFIG FNIO
In this part, the Instructor followed upn the definition with exercises that were also
interrogatived G F G SYSy G asx o0dzi ¢ A (tka diffsrént pptidiRthug 6 K G & Y 2 ¢

requesting a different unknown:

[18] Instructor: Example: Supposgt measuresy units ¢, and [F measureswunits ¢. | is
what fraction of | ?

19

[20 FTs: (hesitation, nobody answers)

[21] Instructor: Supposel|F is X meters and |- is wmeters.

[22] FTs: sevenninths.

[23] Instructor: Another example.T meters is what fractionof p gmeters?
[24] FTs: (rather quickly) four-twelfths.

25 G -+ e A P
26] &4d 3ET OI AT6O0 xA Al xAUuUO OAAOAA OEA EOAAOQEII
[27] Instructor: We can simplify it if we take a different unit. With the— the unit we used

was p meter. But if we measure the quarties with a bigger unit, for exampleg meters,

OEA MEOAAOQEITT xEI1 AAS8e
[28] FTs:-
[29] Teacher: and if the unitisc i AOAOO8
[30] FTs:-
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31
32] Instructor: In the context of fractions of quantities, fraction reduction means change of

unit to measure the quantities.The bigger the unit, the simpler the fraction.

Quote from field notes4. Fraction of quantity lesson: episod2

The students have difficulty working with quantities when rstandard units are involved

the Instuuctor improvises, reverting to standard units, which quickly helps the students. We

KI &S GKS2daigé2 NQESIRYLIX S AL AyS NBAYTF2NOSR (KNP dzAF
sentence structure. This, along with didactical aids such as writing the reetianigle middle

or the writing the corresponding units for each fraction, makes for a highly structured

environment for reasoning about quantities. But this is countered by a spontaneous

quantitative explanation again, involving conversion of unit, whieghN & G2 | Yya6SNJ C¢
jdzZSadA2y FTNRY (KS {G&2NN RNIQUIdzZ@SE | fIPd REA NBRAOS

simplest form?

5.2.1.4 Episode 3: A fraction is a relationship between quantities of the same kind; it is not an
object that is a part of another objeCase 1: Objecti4 nota fractionin the everyday sense of the
word Of Object 2

In this part of the lesson the Instructor proposed a measuring activity, followed by writing

statements about the fraction relationships between the resulting measurements.

[33] Instructor: Okay, so this expression— is a relationship between two quantities of the

same kind. Quantitiesz not objects. Take this apple, for example (takesbig green

apple). An apple is a physical object, not a quantity in itself. But we can associate some
guantities with it: its weight, its volume, the quantities of sugar, fiber, or calories it
contains.

[34] Instructor: (Holds the apple and a tangerine up in the air) Is this mandarin orange a
fraction of this apple? In the sense of this definition, not in the everyday sense of the
woOA OAOAAOQET 1 68

[35] FTs (collectively): NOOOO!
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[36] Instructor: Why? Because it is not a part of it? What if | ask, is the weight of this
mandarin a fraction of the weight of this apple?

[37] FTs: (unsure, but some say) Yes

[38] ) 1 OOOOAOT Od , A0SO x dale.GRrod@esAnk scald, whidiEcAusds E OAE A1
general merriment among the students. Gives the apple, the tangerine and the scale to a
student. Then the volumes of the two fruits are measured (by another student) using
I OAEEI AAAOS DOET AE Blluphto vAn mililitehs withOvAtdy ATihe reSuk<O0 A£ET 1 A
of the measurement are written on the board)

[28] Instructor: So the weight of the apple is what fraction of the weight of the mandarin?
[41] FTs:—.

[42] FTs (a couple of students): Can we simplify?

[43] Instructor: Okay. This fraction— was obtained by measuring the two weights wittp

gram. What bigger unit can we use?
[44] FT: ¢grams.
The Instructor then writes on the board:

[45]

Quote from field notesb. Fracton of quantity lesson: episode 3
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The Instructor directly addresses the focus on quantities in mathematics with an activity aimed

at distinguishing between the meaning of the word in everyday language and its technical

meaning in mathematics. In this case fiivst object is not a fraction of the second object in the

everyday sense of the word, but if one considers quantagEsociated with the two objects

then one quantity regarding the first object is a fraction of one quarfofythe same type)

regarding the scond object Also, in the process she addresses the exclusivewtzote

conception of fractions by rerouting the reasoning to the FoQ defintiarich allows for

fractions relationships other than pavwhole. The students enjoy the active part of teeture;

two students applauded this aspect of the lecture in an informal conversation after the third

f SOGdZNBE 06 KSNB y2 adzOK FOUA@GAGe KIR 0SSy LINE3
handson activities like when we used the scale, ®4iow childrenlearné { dzOK Ay aidl yOS
NEFSNBYyOS G2 a2YS @I 3dz2S ARSI A Foz2dzi 3I22R GSIFO
positioning in the Popular Educator role, were, however, much sparser iBxperiment

compared to the PileStudy.

Again, one student askisshe can simplify, and the Instructor responds with the same

guantitative justification, and consistent written representation.

5.2.1.5 Episode 4: Types of problems about fractions of quantities with the same structure as the
definition
The Instructor next geeralized the solved exercisas types of problems that could be created

by letting one of the variables in the definition be unknown, while the other two are given:

[46] Instructor: This definition of fraction of a quantity already suggests three broad typesfo
problems about fractions of quantities, depending on which element of the proposition:

[47] Op is = of 0g
[48] is unknown: Type I:0pis unknown; Type I:0¢ is unknown; Type Ill: — is unknown
(writing on the easel)
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49

{50% Instructor: You can also be asked, givelp, ¢ ¥4 and 0¢, with what unit you have
measured the two quantities?

[51] FT: Soin fact you have 4 types of problems.

[52] Instructor: Yes, if | writeOpis — of 0¢ measured with unitd. Theno can alsobe an

unknown. So these are broad types of problems, and you will have all these types in
your homework.

Quote from field notes6. Fracton of quantity lesson: episode 4

Building on the two previously presentedtegories of exercises, with the sentence structure
similar to the definition, the Instructor generalizes to types of problems about fractions of
quantities.To ad (i dzR Sy i @ sensibBlelinguibtic observatigrthe Instructor responds

with addingand K SNJ Of | dza S & ¢ K &t edunkiolin, ds wellf tiu® ndaking ok S

4 types of problems associated to the definition of fraction of quantity.

5.2.1.6 Episode 5: A fraction is a relationship between quantities of the same kind; it is not an
object thatis a part of another object. Case 2: Objdst&lfractionin the everyday sense of the word
of Object 2

In this episode the teacher revisiEpisode 3reinforcing the meaning of the word fraction in

mathematics, versus its meaning in everyday life. filme an object (a piece of apple) is

indeed a fractiorg in the everyday meaning of the worgdof another object (an apple).

[53] Instructor: Cuts the apple in two pieces, one slightly bigger than the other. Is this piece
of the apple a fraction of the whole pple?

[54] FTs: (many say YES; a few, NO)

[55] Instructor: An object is not a fraction of another object. But if | ask, is the weight of this
piece of apple a fraction of the weight of the whole apple then the answer is Yes. (Pieces
of apple are weighed, fractionsre written)
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[56]
[57]

Instructor: (produces a pizza, cut into 4 very unequal slices.) In the traditional teaching
of fractions, a slice of a pizza cut into 4 pieces would be said to be angarter of the
whole pizza. But if we take the quantities seriously, thedifferent results may obtain.
(The whole pizza and the pieces are weighed by two FTs, but there is some problem
because the weight of the pieces does not add up to the weight of the whole pizza.
Specification of the fractions is abandoned) All right. Red&ji is messy.
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Quote from field notes?7. Fracton of quantity lesson: episode 5

The Instructor exemplifies again the way one must reason about two quantities if the word

fraction is to be understood in its technicanathematical sense. She emphasized working with
guantities by resorting to the definition, and is consistent in using the rectangle in the middle as

I OdzS G2 dzaS A0 ¢KS LyadNHzOG2N) Ldzia GKS addzR
reflective attitude by comparing approaches to thinking about objects when teaching in

St SYSyUl NBE aOKz22f 05! @a al! oo ¢KAA FEft20F0A2Y
LYyadNHzOd2NRa NBYIFAN] GKIFIG awSlFHfAde Aa Y

\

(0p))
ax
m/

a
5.2.1.7 Episode 6: Writing statements abdactions of quantities

In the episode the Instructor gave a problem for the whole class: it required writing statements

about quantities based on some given data. Two students were prompted to come to the board

to solve it.
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[58] The Instructor displays theproblem on a slide and reads the first question:

Practice exercise 1. For lunch at school, Jack ate 3 apples and Jill ate 2 muffins.
a. Can we say that the quantity that Jack ate-iof the quantity that Jill

ate? Why yes or why not?

b. Suppose you knovhat Jack ate 3 large apples weighing about 223 grams
each and that there are about 116 calories in each such apple. Suppose
you know that the 2 muffins Jill ate were both medium blueberry muffins
weighing about 113 grams each and that each such muffinesaabout
444 calories. Make four sensible fraction statements about the quantities
that Jack and Jill ate for lunch.

[59] FTs (answering to the first question, immediately): NO.
[60] Instructor lets students work on Question b. She then asks a student to writeh

Oi 1 66ETT 11 OEA Al AOA OAA AAT T xh OEA x1 OA ¢C

solution).

61 A A s e s A a4
[62] ) I OOOOAOI O 4EAO60O0 OEI OOEAIl Ah OECEOe 4EEO OI "
[63] FT1 (who produced the solution): The weight of what Jack ate is— of the total weight

they both ate.
[64] Instructor: Write the whole sentence in your solutions. Here, there is not enough space
on this paper (she writes the correction herself).

65

[66 Instructor (to another student): Do you want to present your statement?
[67] Teaching Assistant (&ting near that student): They wrote problems.

[68] Instructor: Ok, write your problem.
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[69] FT2 writes:

[70] e

[71] &4 0d 3EI Ol Al 0O
same units?

[72] Instructor: Yes, if he used letter symbols, but he just wretwords; he could have written
OAT 1 OEAO OTEOO6 ET x1 OAOh DPAOEADPOS

EA AA xOEOEIT ¢ Oh O DOEIi A AT A

Quote from field notes8. Fracton of quantity lesson: episode 6

The problem now contains more context, thus giving the impression of a realisbteprq

one that somebody would encounter in schools, as a teacher. But the Instructor puts the FTs in

GKS | YAGSNEAGE {GdzZRSYG NRES o6& NBIddZANARY3I GKSY
about quantities: first to answer a question related to two pieus episodes (3 and 5) which

focuses attentionnl KS G SOKY A Ol f YSFyAy3a 2F FTNIOGA2YAEAX |
aGraSySyidaes 3aFAYy ollaSR 2y GKS LINF OGAOSR aSy
FT2NJ 0KS | yagSN (2K8 KESF ANRIEK S OSHFK 12 K LKISS IGNR
collective correct answeg although this would have been an interesting pursuit for gauging
aGdzZRSyiaQ NBaA2NI (2 GKS C2v GKS2NER T2N) 2dza (AT

¢tKS (g2 aiGdzRSyidiaQ a2zt dzidasaglimpséiato hokitbe san®@O2 Yy R |j dzS

teachingc even highly structured LIN2 RdzOS& RAGSNARS 2dzi02YSa Ay (S8

The two students were exposed to both formal knowledge about quantities and spontaneous

SELX FYylFdA2yad hyS ARyl RASY iEWBYNBE2 AR & F NIAGEB NI
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aSyidSyO0S gAGK  FNIOGAZ2Y Ay AGX O2YLX SGS 4A0K
GNBLINSASYGAY 3 ljdzh yIAGASE SAGK dzyAlé 61t GK2dAK
before producingtd &Sy GdSyOS0®d ¢KAA aAYAOGFGA2Y 31 YSé &S
grammatical English sentenceshis is what the Instructor appeals to in order to help her

O2NNBOU (GUKS aSyiGdSyoOSYy a¢KAa azdzyRa | oAl | 619
InstrdzO G 2 NR& &Ly il yS2dza SELIX Iyl GA2Y | 62dzi dzyAd
rectangle in the middle as a placeholder and the corresponding units for each fraction, and

SPSy ¢Syt o0Seé2yR GKIFG FyR (221 0KSneh®s OKSNDA
about fractions, closely following the syntactic structure of the demonstrated exanfiese
aSyiSyO0Sa IINBF a2YSoKIG aadAFTE FNRY | yI GdzNT f

clear.

Also interesting is the instance of linguistnsitivity ¢ a student asks about the appropriate
y20FdA2y F2Nl dzyAdad 6KSYy KSNI LISSNI R2SayQid NBTf

turn, answered with a remark about algebraic notation versus natural English language.

5.2.1.8 Episode 7: Use dfe fraction word in everyday life (approximations)
In this episode the Instructor talks about the approximations made in fraction statements,
when the word fraction is used in its everyday meaning. Again she gives the problem to the

whole class, time to $ee it, then talks to a student who offered his solution:

[73] The Instructor displays the problem on a slide and reads it:

Practice exercise 2. The driving distance from Montreal to Toronto is 544 km.
On your way, you pass by Kingston. From Montreal to Kongste distance

is 293 km. As you pass by Kingston when traveling to Toronto, what fraction
of your journey will you have completed, approximatelg™ap of the road

is displayed]

[74] &4d )6A OAU OEAO-h&ifo86 0 ADPDOI GEI AGAT U T1A
[75] Instructor: If it were one-half, then¢ w®ashould fit twice into v T & Does it? How
much is two times¢ w®&?
[76] FTs:v ¢ @a
[77] Instructor: So that would be a rough approximation. In everyday usage, we make such
rough approximations. We say that one piece of the apple is@half of the whole apple,
AT A xA AiT1806 1 AT OEi1T xEAOEAO xA | AAT xAECEO
OAD®I A
Quote from field notes9. Fractbn of quantity lesson: episode 7
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The problem has the appearamof a realistic problem, but the question, and the interaction
that takes place about it, emphasizie® difference betweemeasoning about quantities via a
precise definition (within a theorygndreasoning about quantities in everyday usage. This

calls indirectly, upon the episods and 5.

5.2.1.9 Episode 8: Use of the fraction word in mathematics (precise specification)

In the third practice exercise the Instructor formulated the question to hint at the technical

meaning of the word fraction in mathematics.

[78] The Instructor displays the problem on a slide and reads it:
Practice exercise 3.
(a)The total area of the non-

triangular pieces is what fraction
of the area of the whole puzzle?

[79] FT1: We could measure the area with the yellow triangle.

[80] FT2: Can | measure the area with the baby blue triangle? Then the whole arep igand
the triangle fits twice inti OEA ONOAOA AT A OxEAA EFT O OEA DA
fourth.

[81] FT3: This way there is no math in it.

[82] Instructor (presents a reasoning from the definition on the board):

[83]
140



Quote from field notesl0. Fracton of quantity lesson: episode 8

This problem, too, reads like a realistic problem, but subtle linguistic cues suggest solving it

using FoQ theory: the quantityareac is specified instead of asking abautobject asa

fraction of another object. The questianore typical for the division approachd ¢ KS- y 2 y

GNRF y3dz | NJ LIASOSA& I NB ¢ K toiild b BidbiQubasdtffervasg (e.g.K S 4 K
one could talk about number of pieces and compare cardinality of two sets) but likely not for

the students irthe audience; the possible confusion would have been interesting to make

explicit to stimulate their reflective attitude from the Teacher position.

One of the students proposes a sensible solution involving reasoning about quantities in which

she measurs one of the one quantities usiragother. With respect to the FoQ theory, the only
GraAo0fS SNNBNJ Aa (KFG GKS addzRSyd area adakKS |
aSS GKFd Fy20KSN) aGdzRSy i RAAYEAZEKS K& (NB204 2 W
appear to the students as writing a different solution, when, in fact, she is writing the suggested
solution using the elements of the theogfforher,A G Q& | gl & 2F NBLINBaASYy A
with the representational tools offed by a given theoryor the students, the algebra signals

the legitimacy of a solution different from their own. This is a difficult problem in mathematics
education at tertiary level in particular: sometimes good reasoning is sacrificed by the students
themselves only because it does not appear to satisfy certain perceived criteria about how

mathematics shouldbok

5.2.2 Discussion: quantitative reasoning in classroom interactions

| could identify two modes of reasoning about numbers, in particular fractignantitatively,
initiated by the Instructor in class interactiogs present them by reference to the
mathematicaldidactical episodes recounted above, and link them to other key events

throughout theExperiment

One of the two modes wgsanned quantitative reasoningthat is, reasoning about quantities
as a way of constructing the FoQ theory, as planned befor&#periment The second one
wasspontaneous quantitative reasoningvhere FoQ theory is applied to questions or

problems that are realistit the sense that theyesembé problems encountered in
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elementary school mathematics. Each of the two modes reveals different aspects about the
interaction between teacher and students, or about the process of acculturation. Observing the

first ¢ where prdolem solution scenarios are scripted beforehaqiorings into focus the

perennial dilemma of the educator: would it not create imitating behaviors without the desired
knowledge? Would FTeallyo S NBF a2y Ay 3 | 62dzi ljdzZ yiAisiASa 2NJ
steps? Looking at the secondvhen the teacher poses realistic problems or questions without
requiring a precise method or tool for solviggnay provide answers to whether it is at all

possible for students to reason in terms of quantities spontangoastl what may be the

obstacles for engaging them in this kind of reasoning. But there is another, very interesting

aspect of both the Instructor andthe &I NX I a2y Ay 3 | 62dzi ljdz- yiAGASa
GKFG R2y Qi NXBIj dzA NBheShE thif rdal2atidnfosuch fésBonidrpp®videsF C2 v
validation of FoQ theory as actually practical for teaching fractions in school. If one is able to

a2t @S LINRPofSYya GKIFG R2 c¢hahis casdeadtinaiurversith OK2 2t Y
courseg by producing sensible quantitative explanations rather than empty algorithms, then

GKS a! KlFa AYRSSR (UKS LROGSYGALFt (2 asSN®BS Fa |

5.2.2.1 Planned quantitative reasoning: theory building

| will first talk about planned cantitative reasoning in classroom interactions. | use this term to
encompass all reasoning about quantities that leads to building the FoQ theory. Entering the
O2dzNES: (GUKS LyadNHzG2N KIR Y2ad 2F GKS (0KS2NB
fractions with a focus on measurable quantities. In the delivery of the course, the organization
of the material where all the operations and relations on fractions of quantities were to be
derived from the central concept of fraction of quantity was indeed wesiplec thus making

for a rather faithful following of the -@riori design. Said operations on fractions of quantities
were stated (and written on the board) as titles or subtitles in the lectures (or labs) and they
also largely corresponded to the camits of the textbooKSierpinska, 2013 hus reasoning

about quantities was not to be abstracted by students from problem situatiedisiactically:

the Instructor taught such reasoning formally by initiating the studémtieory building.

In the above lesson the distinction between abstract fractions and fractions of quantity was
taught through a dedicated episodgthe Prequel¢ and so was the definition of fraction of
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guantity inEpisode 1We see that an abstract cosat, in this caséraction of quantity, is linked
to a physical reality: the symbel, i.e., two whole numbers placed on top of each other and

separated by a line, is supposed to capture something atatt exists in the real world

which is suggestl by the symbols 1t dr andp Q¢ i.e., whole numbers attached to units of
measurement. Observation of real world starts with focusing on quantities, as measurable

aspects of physical objects. The presence of physical reality in problems is a képrcdodi

teaching mathematical content at elementary level, in particular fractions: as we have shown,

the theory of abstract fractions developed just recently in mathematics is not cognitively

appropriate for children so young. But a connection with tgaliready exists in the Division

I LILINPF OK YR AtGa GeLAOFIfE RARIFOGAOLFE Gl ARa&aé¢ O6Y
etc.). In the Measurement Approach, however, the Instructor makes the connection of the

physical reality with an abstract cormqethe veryobject of theorizingrather than a device for

alleviating difficulties for an existing abstract concept.

In Episode 1 the theorizing to produce the definition of fraction of quantity takes place in three

steps

- an example from physical realiformatted to fit the structure of the definition, that the
students would intuitively know: it is assumed common knowledge that the symbsl
NBEFR dal KFEEFé FyR | KIFf F [0B]Tthe2QuSte fiok fielY S (i S NJ
notes?2).

- aprecise meaning for the fraction symbol proposed by associating the top number with
a multiple of a unit and the bottom number with another multiple of the same unit
using a schematic representation: 1 unit under the first quantity corresponding to the
top number of the fraction and 2 units under the second quantity corresponding to the
second quantity (ling09] in the Quote from field noteR)

- the formulation of the definition: thedefiniendum based on the sentence structure of
the given example, thdefiniensbased on the proposed correspondence between the

fraction symbol and thewio quantities.
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The concept of fraction of quantity thus captures what exists in reality but in a precise, stable,

gl 83 G6KAOK FLIWISHEa KSI@gAate (G2 CcecaQ GKS2NBGAOL
meaning after being used more loosely oimthe initial example (systemutefinitional

thinking). Attention is paid to the structure of the statements to produce generalization

(analyticafft A Yy I3dzA a0 A O G KA Y | Ay AKS yTéK Sa IRNSIEQ\OYdRNIBA 2(yK Kl &K
hypothetical characteof mathematical statements (systerdypothetical thinking).

Furthermore, one is called to reflect on the need to devedbeory of fractions of quantities

for the elemenary level of school mathematics, on the difference between the technical and

the everyday meaning of the word fraction, or on the possibility of creating different types of
problems based on the missing variafieflective thinking). The cognitive load remaqi is

the tradeoff for the efficiency of the developed theory in solvimgl @osing problemsihe

Instructor uses worked out examples, linguistic patterns, color coding, and schematic
representationnot only to alleviate the difficulties, but also to be consistent within a system of

notation.

Thus the Instructor created a cuteiwhere the University Student position is intended as that

of a scientist in the making wHmuilds models from which consequences that agree with
20aASNDFGA2ya OFy 06S RSNAGSR® £#SNIAOFE RA&O2 dzN.
principleR & (i NHzO G dzZNB = K A $Beindteld K290, Ip.f15@pefle2tédRhlsoyinitiie S R €

written representationg is practiced by the Instructor and encouraged, even demanded, via
institutional tools¢ such as irclass ohomework exercises from the students. This way, the

Instructor did not act as the sole architect of an elegant construction, who relegates to the

student the mastering of procedural matter, as Chevall@@B5b)viewsthe teacherstudent

interaction in conventional teaching of the abstract notion of rational number.

Students participate by working on theoretical exercises usually by writing, analyzing or
justifying statements similar to the ones demonstrated by thectesx as part of building the
theory. This was the case for the examples in Episode 1 gnd @ach case 2 examples were
demonstrated by the Instructor, the third was left to the students, and also for the exercise of
GNAGAY 3T aFNIF Ol ARg6. @né bf th&responsesite theNlafter, by dh BT who
created interrogative sentences that matched the structure of deéniendum along with the
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intervention of another FT who was interested in details about notation used (lin@2%6
provideexam@bad 2F &ad0dzRSydaQ Sy3al3IAy3a gAGK GKS |yl e
{2 R2S4a Iy20KSNJ C¢Qa NBYIN)] Fo2dzi GKS ¢J23aAodA

she had noticed that there are 4 variables in the sentence.

This type of agbns, from the students, where they successfully demonstrated solutions that

Ot 2asSfteée F2f{ft26SR GKS LyaidNdHzOid2NRa | LILINRBLFOK ¢S
resulted in pointed discussions in the classroom, always related to the content at hand
Compared to the PileStudy, the Instructor reported having regained a sense of agency from
being able to carry discussions in problem solving by reasoning about quantities within a

theory, and by focusing on the correctness and consistency of the @olatihand, rather than,

for example, on the simplicity of the method used according to personal experience, or on its
imagined reception by children accordingpgresumededucational principlesuch asgt A G Y dza
be visual for children to understandatSuchremarks were still present, although much less
frequently, but the risk of confusion between social and mathematical ageacsignificant

problem in mathematics educatigalacheff, 19919 appeared highly diminishecbmpared to

the PilotStudy.

The lecture also provides evidengevhich we could link to similar incidents in tEBxperiment

¢2F (KS A&dadzSa aaz20Al SR gAGK abtdzRSyGaQ NBI a:
exercisesolution scenarios.

One ofthem is the risk of imitation, by FTs, without adequate understanding. It was present, in

GKS £ SO0dzNBxX Ay GKS FANRO C¢Qa NBaLRyasd& Ay 9LJ
GKSNE GKS aiddzZRSyid 2yfte O2LIA Sree(aig2 Wiing$hé BisSy G a 2
grams, in the statement she produced), but failed to see the underlying structure of the
aGraSYSyid G2 06S LINPRAzOSR® ¢KS LyailNabGps2 NDa NB
we tend to overlook: the prompttocreate el Sy OSa (KI i GazdeyWnd@22R AY
2ySQa AYOGSNYFf 3INIYYIFIN G2 LINRBRdAzOS O2NNBOUG YI i
as the course advanced, pertaining more to mathematical grammamwas the assimilation,

by FTs, of words fromhea S a dzZNBSYSy i ! LILINR | OK & @2 Ol 6dzf | NB ¢ ¢
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GO02YY2y YSI adzNB Y Sy (denomigaioliaSjldi y20FA GGB26Y Yi2zy NB ¥ S NJ
GKS 20KSNJ gl & | NRPdzyRE 2NJ ddzyAdé¢ G2 NBFSNI G2 ¥
when contrasedwitht KS O2 NNB Ol NBLINRRdzOUGA2Yy X o6& &42YS C¢
@20l odzf | NB LRAY(G G2 GKS LISNBYYyALf LI NIR2E Ay

G ¢ 2 LI T S$(1987F o Z5)ahie deacher mst alleviate the cognitive load of a tasks through

didactic coding and hints but at the same time she must devolve to the students the

responsibility so solve a novel problem and learn in the process. The first student writing

fraction statements in Epis@d6 seemed to have rather imitated the given format, without

identifying the critical variables correcttyin particular the quantities and their measures; the

second student was able to use the knowledge much more flexibly.

Another issue wasTa Q tiesfwittia@ebra in the context of theory building. | saw it first in

the general confusion when the Instructor uses, in an example in Episode 2, an anliitary

rather than some standard unit, such as grams or mé&tersk y R YD ¥ \ad rathett &

surprising how, just changing from an arbitr@&ryo meters¢ a mereletter in the written

representation¢ quickly brought students to produce the desired result. Also, in Episode 8, one

C¢ O2yFSaasSa yz2i [HeysBlwohlyndthem@ti@alhe (@K wANAQSYSa | a
surprise, if we read research by Thompson demonstrating that quantitative and algebraic

reasoning are closely linkg@hompson, 1989his idea is that doing algebra, espegiatl

problem solving, involves reasoning about quantities and relationships between them without
knowing their values (understood as the numerical results of measuring them). As the
GKS2NATAYy3 6SOFYS Y2NB O2VYLX SEx2 éidzREYAN BN RAWF
particular performing operations on themwhich effectively amounted to doing algebza

became increasingly difficult for the students. This was the case in the lesson where fraction
multiplication was modeled as the quantitative operatioftaking a fraction of a fraction of a

quantity. | explain below.

The Instructor performed, in class, successive generalizations to find the solution to the

problem of fraction of fraction of quantity (as describedSaction 4.2.1.4, thus practicing
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vertical discourse in class. The example that led to the generalizgtiafng of |- s w0 [,

was schematized as follows:

MQ"’% aj}MM

i 5= a/(cﬂ,
bun 1wk 136 ﬂjl_-——

Figure5.6.t A Ol dzNB 2 F L y & i NHzO (ingimgla &actipiNdt aiftacfich of yuarititi SingSthe &&X d¥finition
step 1

There are two fraction statements, involving three quantitig®gp Qpandp w @ i. The
relation between the first and the second, and the second and the third, aresknthe
fractions:— and—, respectively. The second statement is written under the first, such that the
second quantity, which appears in bothnghe same column. This way of writing was
supposed to organize the conversion of units for thegose of relating the first quantityp(QE
with the third (0 w @ 1): the second quantity, after the definition is applied to both statements,
is bothp® andp Q: this gives the conversion equati® p € gwhich serves to express the
third quantity, initiallyo® ,asc p € gewhichgiveso ¢ aeFinally, that allows to relate the first
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guantity, which measureg? asvith the third, which measures now ¢ geto conclude, based on

the definition of fraction of quantity thap ‘Qés—of pw @i. Q

The conversion is not strditforward when the fractions are not unitary: the conversion
equation betweer® and¢ athat does not allow for expressing the first and the third quantity
directly with the same unit in order to relate them through a fraction; in this case it is negessar
to find a third unit to measure the second quantity, such that it fits a whole number of times

into ¢ and¢ &eThe Instructor explained it in class using the same schematic representation:

Figure5.7.PIO G dzNB 2 F L y & (i NHzO (i 2indiRgsa fractiah of & fyagtionf/a qiaktifising thet FH© definiion,
step 2

The unit® ato measure|'f is foundusingthe least common multiple abandp ¢Finally, this

allows expressing botft and |- with the same unit> sgezhich means thaf- is — of |

or, if a unity times as large asadseused |k is - of |- .

Most FTs appeared to have something to say about this development of the FoFoQ problem: it

was clearly somethig they perceived as one of the most difficult topics in the course. The main

obstaclec having to do with reasoning about quantities with algehreould be identified in the
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prequel to this lecture, where the step of unit conversion was isolated anddotred

separately:

Figure58.t A O dzZNB 2 F L y & (i NYzO i golErmainvadvivigy dbrivefsion & yhitslinkp&pafatios f8r th¥ finding
of a fraction of a fraction of quantity
The students, haug been acquainted with the technique of finding the least common multiple
answeredp, but when asked why, could not produce a quantitative explanation, and declared
0SAYy 3 02y FdaadkS\R/ Héed GCKKSS dL y a 4 NHzOG 2 NJ NB LIS 6 SR (K

diagram and wrote the solution on the easel.

N>

Figure59.t A OG0 dzNB 2 F L y & (i M@ &k Ndlke easebdlufion yo A prabiém involEing conversion of units
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But in the following, almostentical example; finding ¢ & given that|'f W pQax

problem persisted to some extent: some studentglsa @but, when asked,idy Qi {1y 26 6Ked
They hal difficultiesreadingthe expression of the quantitative idea of unit conversion in

algebraic terms!l solved it using badiagrams, but couldb'explan it mathematically”, said

one FT. When the Instructor wrote the following equation (first and second liRegure5.10)

I addzRSYy G | a1 SRneartieaK éXay Qi GKSNB |

() =36u' 94

G

Figure5.10.t A Ol dzNB 2 F L y a (i NHzO felatidl Betwadiluritsexyrassed glgeliraicdlly S1 a St v
¢KS LyaidNHzOG 2 NI NBbdeA SIR RAA@AO NEIR |10SAR2 @S NBE A 2y
diagram (third line irFigure5.10 above to express the conversion equation foand ¢ & and

another segment diagram on the board for the equality expressed in the equation

Figure5.11. Picture ofthe board: relations between units expressed in a segment diagram

These aidg color coding, line segments, repeated examplesemed to work: although
struggling with the FoFoQ problem, some students appeared to succeedrdaéiesivepractice

on simila exercises in class and in the lab; they declared that the line segments diagrams, in
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particular, help a lot in grasping the quantitative relations (i.e., conversions of units) and

expressing them algebraically. Others, when met with this genuine obst#isfmted the very

relevance of learning this in a methods class. One student, in particular, declared, during a lab
problema 2t GAYy 3 aSaaAirzy GKIG dadzaiy3da GKS GKS2NE G2
F£f 3SO6NI ¢ | yR (KI Ghodiée 2 dz yOo (yKOINJ RR2( daFRKS\yal  AljydzSa G A 2 y
aleAay3a GKIFG aL R2y Qa3 Sunitthnghed 1SankdivetBisini2 32 (K
secondsinmyheal ¢ KS&S O2y OSNY A& NI A &S erceRtdroof#8eNJ LINE 6 f
learned materiafrom a meta perspective. These students did not see themselves, as University
Students, in the position of experts-be, participating in the process of building the theory,

which explains why things work the way they do. In particular, as future teactméssneans

knowing why the problem of taking a fraction of a fraction of quantity is solved by multiplying

the numerators, and the denominators, respectively, of the two fractions. This perception is a

great obstacle in the way of the professionalizatadrelementary mathematics teaching, and

should be perhaps addressed explicitly. One way was, in the course, as trivial as simply
NEAYTFT2NOAY3I GKS aiddzRSyidQa NBaLRyaroAftAde F2NJ
almost every lecture FTs had quesis related to what is required of them and considered
FOOSLIilFotS 2y | GSady aLa o LIBRPONSIANGSK €25 K2END  caRa2K
do thed A y O S XiiKKASHREesvere legitimate questions, and appeared to be mostly tools

for students to learn the accepted practices, rather than solely preoccupation with grades. The

Instructor used them to establish RSy 1 8 Q NB ALYy aAroAf Ade F2NJ £ SF N

5.2.2.2 Spontaneous quantitative reasoning: solving realistic problems

The second mode wapontaneous quantitative reasoninghroughout the course the

Instructor also consistentleasoned quantitativelin relationto problems oradhocd G dzRSy i & Q
guestions that were not specifically linked to the taught theory. One such instance was in the
presented lecture, in Episode 1 when two different studentsedskthey should simplify a

fraction that was not irreducibleThe Instructor answered with a quantitative interpretation of
FNFOUA2Y &AYLI ATAOL& A2yl K 2dzHK AW yBK G S ARG Yoz
conversion of units was an important topic to be discussed, it got introduced spontaneously, in

class, ashe result of a question that was not specifically derived from within the FoQ theory.
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{AYAT I NI &I Ay 2yS 2F GKS fF0SNI fSOGdz2NBasx oKSy
G2 GNRGS 2y I GSadlé- of a1=S IRstaS®r podt&ed aaddz R g NRA G S
jdzt YGAGEHGAGBS SELX I yLFdA2Yy ap FATOGKE 2F 2y S OdzL
AYRANBOG FyagSNI (12 GKS C¢Qa jdzSatGAz2yd ! y2iKSN
spontaneously was through realistic problems: probg¢ethat looked like the ones one would

encounter in the elementary school. These cases would not qualify as spontamethespart

of the Instructor: many such problems were included in the course notes written before the

semester begai even with solutbns relying on FoQ theoryand those proposed in class were

also part of planned lessons. But their solutions were not scripted by the Instructor beforehand
through worked out examples: the students were usually not provided with models for solving

them, but rather were expected to use their understanding about fractions of quantities

solve them and provide sensible explanations. This was the case for the problems in Episodes 7

and 8, where only subtle cues would suggest the use of the learned knowledgé/e them.

Such problems were present throughout tB&periment in class, homework assignments, and

timed tests. The following is a realistic problem solved in one of the labs, which although rather

easy, can be quite confusing when one relies onRhasion Approach to solve it:

Realistic problem solved in lakhere are 8 people in a lifeboat. They have
only 5 litres of drinking water and they must share it equally.

(a) To what fraction of the whole 0 will each person be entitled?

(b) To what fraction op O will each person be entitled?

The expected solution involved reasoning about fractions of quantities in the context of

proportional quantities; the Instructor wrote the following solution tre board:

Solution to (a)

Number of people Number of 5L (5L =u)
8 people lu
1 person Xu

Since 1 person is 1/8 of 8 people, then X u is 1/8 of 1 u.
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So each person will be entitled to 1/8 of 5 litres.

Solution to b)

Number of people Numbe of LAL =u)
8 people 5L

1 person YL

Since 1 person is 1/8 of 8 people, then Y L is 1/8 of 5 L.
Since 1/8 of 5 L is 5/8 L, then each person will be entitled to 5/8 L.

This mode of reasoning brought students closer to praditeppeared asnore relevant in
terms of the application of the Measurement Approach for teaching. Meeeowhen such
problems arosegither asad hocquestions or as realistic problems, the Instructor observably
put the FTs in the Teacher position by discussing, efiextive practitioneron the pitfalls of
ignoring quantities (typical for the Division Approach), or the disadvantages of relying on
algorithms to solve problems (e.g., crassiltiplication, bringing to the same denominator
when unnecessary, etc.). Anothguch context when the Instructor expected FTs to engage

spontaneously with quantitative reasoning, was by framing such thinking in terms of quantities

Fa GKS az2fdziaAzy G2 | FdzyRIFIYSyGlt &aaddz dazy F2
Suchg y i SEG NBGSHt SR | RA&dEBoNSafidn, idpkattige, df How,nS E LI | A
0KS 1 6aSy0S 2F | NRo6dzad dzyRSNRGIFIYRAY3I 2F ljdzZ vy

0 KS GTi8 was e case when a student FT produced the follogahgion to the

problem of finding the volume of water in a beaker containingto which- 0 is added (he
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Figureb5.12. Picture d the board: A student's solution to a problem of addition of fractions of quantitties

-

The solution was correct, buthen the Instructormsked the studenttét SELJ | Ay G2 F OK

R2Say Qi 1y 2 éavhatihé 8id, the2studedrtidsaribed, in wordlse procedure of

adding the fractions by bringing to the same denominafiorjustify why he multiplied by 4,

and 5, respectigly, the studentrespondedit A G A& GKS fSFad O02YY2y RSy
LyadNUuzOG 2NIRIAdz8IB1ISq LER g2dzf B @KE GRKAURTYyZTF NB2X (K
AG O2yaAraidaSyidzr o0SOldzaS AT ¢S Ydzt GALX &Thed KS 0240

FTthus explains exclusively in terms of numerical calculations, showing how to perform a

procedure on pure numbergndthe conrection to the problem about total volume of water in

the beakeris absent

It was rare, in general, to see students engage in reasoning about quantities in realistic
LINPOofSYya 2NJ (G2 SELX LAY | LINRPOSRdANBE Ay GSNya 2
thS Y €Thompson & Saldanha, 2003, p. djen the problem was not préormatted to match

the format of a previously solved example. It was, however, not unseen. One instance is when a

student tried to solve the followingroblem about percentages using the definition of FoQ:

The regular price of a bookcase wag)@r 1A It is now being sold at a reduced

price,¢ v & What percent reduction was it?

She had tried to solve it on her own using in two ways: first, by settinlé u ¢ Y& Aand
[ ¢ v Aandthen reversely, lettinde ¢ v Aand | ¢ W& 1A and was puzzled by
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the inconsistency between theesults obtained. It was not only her spontaneous use of the
theory that was remarkable showing systemic thinkingput also her initiative to write an-e

mail to the whole class communityincluding the Instructor to ask for input. This signaled an
important shift when what is up for criticism and debate is not a person, but a mathematical
production¢ indeed a behawr signaling success in cultivating a reflective attitude. | reproduce

below the text of her anail and the attachment with her solution.

TextofeY Af aSyid o6& | &GdzZRSyid 2y CANRG/tl aa

Hello,

| am very confused as to how we cafffefientiate between|r and
|If when solving percentage problems. Also why is it that the
percentage aren't interchangeable as seen in the attached photo.

Any explanation would be greatly appreciated.

Attachment to email
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Figure5.13. A student's solution containing the spontaneous use of the definition of Fo@naled to the classroom

community for consultation

5.3 ADAPTATIQNSTUDENMILIEU

| described, in the previous section, the interactions betweenphsicipants when dealing

with fractions of quantities, by means of some key incidents that tended to recur throughout
the Experiment. The Instructor did mathematgquantitative reasoning, in front of the

students as initiation into the practice ofdbry building, and into solving realistic problems by
applying the theory. We saw, already in FTs reactions, some of the obstacles that could be
expected with this approach, but also some evidence of success with cultivating a University
Student position were one develops theoretical thinking and experience a shift from purely

numerical calculations to quantitative operations.
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CKS FT20dza ¢l asxs K26SOSNE Y2NEBE 2XyhatdfkeSchingyhad NHzO G 2
mathematics methods coursgeof the Measurement Approach designed before the
QELISNAYSyiGd L GdzNYy y2¢6 Y2NB LINBOAaSte (2 &ddzR
observation threads about it in the previous section and analyzing them in depth here. | look at
FTsreasoningintermsipfdzl Yy GAGASa Y gAGK2dzi (GKS LyadNHzOG 2 N
whether they imitate familiar solutions and how well they do it or engage more
spontaneously with quantitative concepts. For presentation in this thesis, | chose my analysis of
studey 1aQ O0SKIPA2NBE oKSYy Tl OSR gAGK GKS ljdzSadAizy
Use the definition of a fraction of a quantity to justify the statement:
p- & ds both - and — of ¢- & @
and had to respond to it without any teacher intervention or access tosmaterials. Such
guestions were dealt with in the course before, so students could be tempted to imitate
previously seen solutions. But, as | will show, it was impossible to respond correctly to the
guestion without a thorough understanding of its sttue and relevance of the definition to
justify it. The difference between this question and the similar ones tackled before in the course
was that the former were true, and the given one is false, although nothing in the formulation
of the question suggés this possibilitgA & A a y23G F2NXNdz I SR & | ad¢l
CKAAa aSYUNI LIYSyiGé LINRPRAzZOSR I NAOK NYy3IS 27F ai
d2dz2NOS 2F AYF2NXNIGA2Yy [ o62dzi aGdzZRSyidaQ dzyRSNAI
representation particularly in writing; which appeared important in the teachigvere also

revealed in their responses to the question.

This marks the shift from thgavoirtargeted by the Instructor to theonnaissanceactually

developed by the students.

5.3.1 The Quetion and initial discussion

Five weeks after the end of the part of the course on fractions, students were asked to respond,

in writing, to the question already mentioned above:
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Use the definition of a fraction of a quantity to justify the statement:
p- & ds both - and — of ¢c- & @

This question was given in the final exam (so they had prepared for it in advance), which
contained altogether nine questions, all to be solved withirteo8r timeframe. The students

were not allowedo consult their notegi.e.,this wasa closedbook exam).

Such questions to justify that or verify if a given quantity is the given fraction(s) of another
given quantityg were familiar to the students. They were discussed in class and given on

assigments and tests. They appeared in several forms. For example, students could be asked

two questions instead of one: (a) justify that [some quant}ty] is the fraction [e.g5] of

[another quantity|F ], and (b) show that|f ] is also the fraction [e.g=] of [|F 1.

In a handout given to students in one of the labs, as preparation for a class test, the Instructor
included a sectiolon Equivalent fractionscontaining a set of practice exercises along with

explanations. An exercise, similar to the one | considered, was given:

Use the definition of a fraction of a quantity to justify the statement:
o- "Qds both —and — of v™Q0

The notes, however, did not contain the particular solution to this exercise. Instead, a whole
class of problems was discussed, by not specifying the two quantities: it was demonstrated that
if one quantity is— of another quatity, then it must also be- of that quantity, and vice

versa.:
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In more general situations, where the quantities are not specified, the justification why a certain

quantity Q1 can be both, say % and % , of some quantity Q2, consists in showing that, if Q1 is % of

. . 5 .
Q2 then it must necessarily be also = of Q2, and vice versa. The argument goes as follows:

If Q1 is % of Q2 then, by definition, Q1 =30 u and Q2 = 36 u for some unit u. If we take a unit u’ that

is 6 times larger thanu (1u' =6u),then Q1 =5u’ and Q2 =6 u’. This implies that Q1 is % of Q2.

Conversely, if Qlis Z of Q2, then, for some unit w, Q1=5w and Q2 =6 w. If we take a unit w’ 6

times smaller than w (so that 1w =6 w’) then Q1 =30w’ and Q2 =36 w’. Thisimplies that Q1 is %
of Q2.

Therefore Q1 is both % and % of Q2.

The concept captured in the worked out example as well as in the question we chose for
analysis (hereinafter called the Question) is thafra€tion equivalence In the FoQ theory, th
equivalence of fractions is the equivalence of ways to express the multiplicative relationship

between two quantities, depending on the choice of the common unit used to measure the
quantities. For example, we can say tigab @s both - and — of p Q"Cbecause, if we use

¢ UL ‘fas a unit of measure, thep v Wso ¢ VAANdP QBT ¢ v W and if we use a unit
v times smallery T1iQ), thenx v @Wsp v v TIQaNdP QB¢ 1T L TC

In the Questionthe equivalence means that,pf-& cis - of ¢-& dising one unit, then it is

also — of ¢- & df we use a unit that igtimes smaller. But there is a trap in this question,

becausep-& cis not - of ¢-& @ There is no unit that would fit 3 times inge- & @nd 7

A

times into ¢ -6 & 22dzAd R 0KS adddzRSyida KI @S RS@OSt2LISR S
course to even verify if 1 1/8 |b is indeed 3/7 of 2 % Ibs without promptingA(¥sE (2 & OGS NR ¥
N} 6§KSN) 0KIy G2 aGe2dzadAfeéd GKS adl diSySyid O2dz R
addzRSyta (G2 a2dadGAFeesd GKS aldp-@®WBSyd ®vof LF GKS
¢- & @ did their reasaing still carry some features of quantitative reasoning, or were their

arguments restricted to the numerical operation of reduction of fractien by dividing the

numerator and the denominator of the fraction by? These were the questions were
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asking ourselves. The definition of a fraction of a quantity to which the question refers was the

following:

Let|- and|F be quantities of the same kind. Lééand obe two whole

numbers, withd 1T

+

We say that the quantityt is the fraction T of the quantity |- if there exists

t

a common unit® such thatlk measuresounits¢ and | measues®unitso.

The numbentis called thenumeratorand the numbemis called the

denominatorof the fraction-.

This definition was given in this form in the Course Notes and quoted several times during the

course in class.

Thus, to solvéhe problem correctly, according to this definition, means to exhibit a unitpsay
such thatp- & @measuress such units®, and¢ - & @measures( such units). Finding such a
unit and the respective measures of the two quantities in terrh® pamounts to findingone

way of representing the quantitative relationship between- & ¢and ¢-a @namely, as the
fraction -. In an identical fashion, one has to find another unit,&aguch that the first

quantity measwves¢ © 6and the second quantity measures$ g this would prove that— is

another way to represent the relationship between the two quantities, using a unit théit is

times smaller.

At first sight, the problem contains the easiest typeadk to be solved (twice) using the FoQ
theory: applying the definition directly to check if a given quantity is a givetidraof another
given quantity One does nohave to produce tH fraction; it is already givepas opposedfor
example, to the tak of finding what fraction one quantity is of another, which is tantamount to
dividing a quantity by a quantity, a notoriously difficult operation for students. But the problem

turned out to be difficult for several reasons, outlined below.

Difficulty 1. The two quantities are not given as whole numbers of units
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One reason is that the two given quantities are themselves fractions of quanfitiesf 1

pound, and ¢ - of 1 pound. We did not expect students to use the definition of a fraatioa
quantity to justify their conversions of the mixed numbers into improper fractions of pounds, or
into ounces and in explaining, e.g., why of p @ dis p § & But they could, in theory,

perceive the question as requiring such justifications, thus making the requirement of using the

definition much more demanding.

Moreover, the fact that the two given quantities are fractions of quantitrezkes the finding of
a common unit less than trivial. Compare, for example the two structurally identical sentences

below:
cuwais — of x a &
p-a s - of ¢-& @

In this first sentence, to find the unit, one opeeatwith whole numbers, and
divisions/multiplications can be easily done as mental calculations: the unit is obvjoiislyin
the second, one needs to do divisions/multiplications of fractions, which are not only
introduced much later than the definitig but also, are built upon it. In other words, one has to
use the most elementary piece of knowledge to prove the sentertbe definition of a

fraction of quantity, but has to operate with tools that are built upon the definitgathe
multiplication ard division of fractions of quantities, in this case, by a whole number. There is
also the additionat although not necessarny step of converting mixed numbers to common

fractions.

The students have the option of converting pounds to ounces, thus hawngiven quantities
measured in whole number of units; having denominators factors of 16 makes this option more

visible: the given statement could be modified as follows:

AR O ,
le(‘XQlic‘Z Q€ 8
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But changing from pounds to ounces is still atra step to take, which adds to the cognitive

load of the problem.
Difficulty 2. The statement is a conjunction of two statements

Although the statement could be broken into two structurally identical ones, both directly

verifiable by the definition, its not formulated as such. To break the given statement:
p- & ds both - and — of ¢-a ®
into a conjunction of two statements:

p-a ds - of ¢-a @

AND

p-a ds — of ¢-a

is a mental operation that is fraught with logical subtletigsis requiring a cognitive leap that

is not as direct as it may seem when AND is to be understood as a logical operator.

Difficulty 3. The statement is false and the student is not warned about this possibility

The first given quantity is neither the framh - nor — of the second oneThestatement

would betrue only i one of its three variables had a different value:

0 The first given quantity is rather— of the second given quantity;
o The first given quantity is the given fraction of-m -H—
0O —n -H—is the given fraction of the second given quantity.

On the other hand,- and — are equal as abstract numberdius thestatementcan be

disproved in various ways, while also being likely to give the illusion that it is true in more than
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one way. Moreover, even its formulation as affirmative rather than interrogative (e.p A%t &
both - and — of ¢- & %) could certainly make students less inclined to spot the
contradiction.

5.3.2 Acpriori analysis of the structure of the question

In this section, we analyze the logical structure of the Question, in particular with respect to its

correpondence to the definition, and we outline several possible paths for solving it.

5.3.2.1 Step 1: Matching the statement to ttefiniendunof the definition of a fraction of a
guantity

In the definition of a fraction of a quantity thexpression to be definegalso known as the

definiendunx is:

E Qix ¢ TE 'Y
w

It is thus a whole sentenég¢and not just a word or a phrase, as in many definitions). This

RSTAYAGAZ2Y R2S&a y20 ales a! FTNIOGA2Y AaxXeéT Al

fraction of another quatity, which is a complex structure in itself. Let us call this structure S.

To solve the problem correctly using the definition, in particular to discover the contradiction,
one has to reconstruct, from the given string of wordspajunction of two entenceswith the

same structure, sayp 0 0 ‘OK:

0Pt i 2 ¢ e db o opPa ol — ¢ woa b
W X T W (VN0 T

\ J \ J

5We use the worgtatementas declarative sentence that can be true or false, thus as a logical entity; we use the
word sentencen its usual sense, as a grammatical entity.
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definiendumin its ertirety, and thus refer to all the four variables that appear in the definition

of the fraction of a quantity |t hlF P&y when justifying it.

Thus, the first operation in order to prove the given statement is to crégieand X, which

are instantiations of the structure™Y with given valuep-& &¢-& &ohyx and

~

p-a & -a & hu @ substituted successively fdr hlF Aic

The word AND has the meaning of the tridtinctional operator(conjunction):both sentences
should be understood as statements with a truth valuéone of the statements is false, their
conjunctiong the given statement is false. At least one of the two statements has to be
validated using the definition straightforwardly (Step Zhe other one can be proved

independently in a similar fashion, or it can be deduced from the fissesent (Step 3).

5.3.2.2 Step 2: Using the definition to prove one of the two statements

Thedefinieng(that which defines) of the fraction of a quantity pesseveral conditions. All are
essential, but, for practical purposes, in particular in the context of the given statement, it
would be acceptable not to check all of them. We distinguish betweam definitional

conditions

(1) | measuresbunits¢, which can be written asfz ¥
(2) | measuresbunits¢, which can be writter|-  ¢¥
andsecondary definitional conditions

(3) [ and |- are quantities of the same kind

(4) and ware whole numbers

(5) Wis not zero

The first operatn in using thalefiniensto produce an acceptable proof of, say, is to

substitute all the given values in the main definitional conditions:
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o xo
This might remain a mere syntactic operation if one does not understand thenségits as

having a truth value to be verified: if both hold for some common Grthhien ™ is true.

Only such hypothetical stance can lead one to perform the next couple of operations:
producing the unit¢, say by division ofp-& @by o to verify condition (1), and then
multiplying ¢ by 7 to see if¢ -& apbtains, thus verifying condition (2). An equivalent

approach would be to divide the first quantity iy and the second by and see if the same

value for the unit obtains.

It is, of course, crucial that both conditions (1) and (2) hold for the same& unibrder to
prove the statement™p (or ™) using the definition. Using just one of them to produce a unit is

of no value for the validation of S1.

5.3.2.3 Step 3: Provinthe other statement

If Step 2 is performed correctly for, say, S1, and the meaning of AND as a logical operator is
correctly understood, then checking the validity ¥f by definition is not necessar{ would

be established false and the conjunctiop and™, is automatically false (it is true only when
both ™ and™, are true).

But if Step 2 is not correctly performed (i.e., it is not establishedtpas false) or, more
generally, ifp were to be true, then there are at least two possibleasigies to prove (or
disprove)X. One of them is to proceed exactly as g by checking if the main definitional
conditions are satisfied. Another approach is to notice, or deduce, a relationship between the

units corresponding t6Y and Y., say® and?¢ 6 In particular, assuming that S1 is true, i.e.,

p-0 @ o® and ¢-& @ X0, if one takes a unit that igtimes smaller (this is possible), i.e.,

pO YO aethe definitional conditions fof¥ follow easilyp-& ® o® o (O ct¢aand
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c-ax0 X ¢ v ¢aThe unit andodneed not be calculated concretely, as

guantities (numbers of pounds or ounces in this case).

533 !yl feara 2F aidzRSydiaQ NBaLRryaSa

Ly (GKA& aSOGA2y L lFyltel$S as8szRE o adlesll2y 4Sa
we considered produced solutions that were very different from one another. Only 5 students

actually disproved the statement as false. However, all the remaining students produced pieces

of argumentation corresponding to their ownterpretations of the given statement. There

was, of course, one correct mathematical interpretatipwhich we discussed above, and

which 5 of the students produceglo dziT ¢S gSNB f221Ay3 F2N GKS NI (
solution by reconstructingheir reasoning.

¢t2 R2 GKAA 6S dzaSR | adNUzOG dqMIyY 2 RBENI €55 2 8] Ny B
conceptions, which portraythe connaissancesf the learning subject rather thatme savoir
targeted by they & G NHzOG 2 N 2 S SEIFI YAYSR &40GdzRSyiaQ o0SKI @)

following questions:

- Whatproblemis the learner, de facto, solving?
- Whatstrategiesis she using and how does she establishuvalgity of her solution®
- Whatlanguagedoes she se to solve it?

CKAA [LIINRZFOK Aa YSIyd G2 O020SNJ KS ¢gK2fS aLXK
YFGKSYFGAOFE LINRPofSY LINRLRaSRX YR KIFa G4KS YS
solutions (i.e., versus, for example, dismissing a sol@simcorrect from the point of viewf

savoil).

We grouped the students in the following 5 clusters of interpretations of the given statement,
based orthe problemor the problemghey appeared to be tackling in their answers. We

labeled them as follows:

- Interpretation 1: Astatement about equivalence of fractions of quantities

- Interpretation 2: Arelation between pairs of abstract numbers
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- Interpretation 3: Two sentencesabout fractions
- Interpretation 4: A conjunction of statements abowquivalence of factions of
guantities

- Other interpretations
2S LINBaSyid GKS AYyUGSNIINBiGlIGA2ya 0St26x Ay RSao
students adopted Interpretation 1, 9 studergdnterpretation 2, 6 studentsg Interpretation 3,
and 5 studentg; Interpretation 4. The remaining 8 students each wrote solutions that were
almost unique among their peers. In particular, their interpretations of the given statement led

them to solve each a different problem, or even several different problems within the same

solution.

¢CKS YIFAY OKI NI OGO SN aGA Ofirst Quter was teR gy igdofed the2 £ dzd A 2
concrete values of the quantitigs and [k in establishing the truth value of eith&p or "X.

Essentially, however, they considerid and |k either as variables, or with their concrete

values in order to show a relationship between units and thus argue that the two fractiens a

equivalent as fractions of quantities. The problem was, for thenjustify that a quantity can
be both - and — of another quantity In logical terms, the solutions of this group contained

the proof of the conjunction ofYy and™, assuminghat ™ and™Y. are true¢ a condition they

failed to check.

The focal point for the students in trecondgroup consisted only of the numbessxh 1 and

v @for them the task wat show that - dis the same & —. There wee no quantities

involved; the other parts of the sentence were not essential in the justifications of this group.

2S RARY QU —@#NRA©DE 0S4 6SOldzaSs Ay az2yYS 2F GKS&asS a
showing a relation among four whole mibers, rather than two numbers which are fractions: it

is not clear that they conceive of (or —) asone number

The students in théhird group did parse the given statement as two separate sentences. We

dza S GKS g2NR GKISYW (Y OISESY NF LK SN NS> G2 SYLKI &7
this group did not question the truth of these sentences. The problem, for them,towvasow
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that p- & WQi- € "Q@- & cand that p- & ASQi— ¢ "@- & dy using the definition as a

LINE OSRdzNE gAGK OSNIIFAY adSLlazX NI OGKSN GKFy | &
did not act as a logical operator and when contradictions arose at various points in this

procedure, the students didot reflect, or act upon them. Furthermore, the students in this

group appeared to view the fractions in the Question as abstract numbers, rather than as

fractions of quantities.

Finally, the students in thiourth group, like the previous group, separatdg: given

statement into the same two sentences, but regarded them as hypothetical statements, whose
truth value is to be establishets p- & @ - £ "@- & Fandls p- & O — € Q-0 @
They used the definition to establish the truth and reflected in various ways about the ensuing

contradictions: by proposing a change of one of the given quastibr the given fractions, or

simply stating that the statement is false.

| present all the interpretations below by detailing not only the problems each student was
solving, but also the strategies they used to establish validity, in particular whigtbeused

elements of the FoQ theory meaningfully in their solutions to produce quantitative arguments
versus purely numerical calculations. | also comment on the way in which they employed
language to express ideas, not only in terms of correctness dienadtical terminology and
grammar, but also in terms of the overall coherence of the written representation. The 38
a0dzRSy(iaQ ylFYySa NS O2RSR FTNRBY C¢m (2 Ctoyod

5.3.3.1 Interpretation 1A statement about equivalence of fractions of quantities
Ten of the 38 studas who responded to the question interpreted the given statement this

way: they more or less ignored the concrete values of the quantities and focused on the
equivalence of fractions- and — of a quantity. They explained this equivalegyea

relationship between the units of measure corresponding to the fractions. Some expressed this
relationship qualitatively (unit corresponding to the latter fraction is smaller than the unit
corresponding to the former); others expressed it quantitaty (unit corresponding to the

latter fraction isptimes smaller than the unit corresponding to the former). In writing about
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algebraically, as a variable. In théédacase, algebraic expressions of the relationships

0SU6SSY GUKS dzyAGa O2NNBaLRYyRAYy3a (G2 FN& OQlAzya
Pod 9AITKEG 2F GKSAS Sy aiddzRRSydaQ | NBHBdzySyida o

mathematical mtation and deductive discourse.

Two of the students, FT29 and FT38, ignored the values of the quantities explicitly, by calling
GKSY vm YR VHO® C¢tHd dza SR & &n abBevidtionNET2dz | Y R

expressed the relationship betwa the units algebraically. We quote:
a! | dzi y=(of aighiantityaQ2 when measured with a common unit u.
2 KSy 620K ljdzt yiAGASA | NB 06SpadeBR 6AGK | dz
which was¢ 10 becomes66and Q2 which was @ becomes( 66 Q1 is-

2T VH®PE OCCHCGL

aLT -vomQ2, X4 measuresd and Q2 measureg 0. If we take a
unit 8 times smaller then Q1 wdumeasure¢ 1 and Q2 would measure

U @. This meansthat Q1 isboth and — 2 ¥ VH®E O0CC¢oyd0

Other students referred to the quantities by their numerical values but these values were not
logically essential in their argumenis;K S&4S @I f dzSa | OGSR fA1S daRdzyyvye
essential logically, but some students may have believed that mentioning the values was

SaaSydAalrt G2 206GFAY F 3F22R 3INIYRSY GKIFIG AG g1

QX

This is thecase, in particular, of FT17. This student first converted the mixed numbers to
common fractions- & ¢and —& ¢and then replaced—& ¢cby —a @ dza A FeéAy3 A G 6
' dzyAd GKIFIG Aa G6AO0S a avyrfttQo .dzi GKS addzR

essential part of his response:
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6Now - &0 is both - and — of ¢- & dhecause- is the same amount as
— if you utilize a unit of measure that is 8 times smalter. ¢ ¢ 1 X
Y v @PETLI)
FT27 also started by taking into account the concketieles of the quantities: she calculated

the [candidates for] the units corresponding te and — by dividing p —& cby o (getting

— & Jpand then by, t(getting— & Yo But she did not verify if— & amultiplied by x or

7 A

— & dultipliedbyy @A 834 (KS a8502yR ljdd yirtieod {KS ad2y
correspondingto- A& GAAYLX & 3INBIF G§SNE {KloytheifftaGionslzy A G O2 1
GYFAYGEAY K 8refplanatdn vk dualithtive: she did not state how many times

greater the unit correspondingto- g 2 dzf R KIF @S G2 06So® {KS dzaSR (K

abbreviation, not as a variable.

We quote her response in full below. Note that her responsdldtaS R @tghindlthed Y
statement to thedefiniendum2 ¥ G KS RSTFAYAGAZ2Y 2F || FNIOGAzZyYy 2
5.3.2) and verifying the secondary definitional conditiahg:and0 ¢ are quantities are of the

same kind: they are poundsfxhc tandu ¢are whole numbers ang andu qre not zero.

Many students started their solutions this way. In the second and third paragraphs of her

solution, FT27 appears to start veriig the primary definitional conditions: she finds

candidates for the value of the units from the first quantity but she does not verify if their

multiples corresponding to the denominators equal the second quantity. We surmise,

therefore, that shetreatsl KS&S G g2 LI NI} ANI LIKa&a Fa | O2ydAydz i
exhibits the units corresponding to the two fractions. She starts her third paragy#ph

essential element of herargumegtd @ GO KSNBF2NBé> | f K2dzZa3K GKA A
independenty of the concrete values of the units she has calculated. She claims that her main

F NBdzYSyid F2fft26a GFNRY GKS RSTAYAGAZ2YES | A& NB
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numbers (3 & 7 or 24 & 8)d w Tt Q2 is a/b of Q2 if such a unit, u,

exists sothat Q2 is axu and Q2 is bxu.
11/8Ibis 3/7 of 2% Ib where u is equalto 9/241b,or 3/8Ib.
11/81b is 24/56 of 2% Ib where u is equal to 9/19% Ib3/64 Ib.

Therefore the unit size where Q1 is 3/7 of Q2 is simply greater than the unit
aAl S GKSNEB V M Aa HNOKpC 2 7F VHI 0dz
(FT27)

In their solutions, students in this group did capture the esis¢@aspect of the problem, i.e.,

they understood that the equivalence of fractions of quantities consists in a change of the unit
in which the quantities are measured. The key understanding, held by all 10 students in this
group, was that the relationshipetween two quantities could be expressed by means of

different pairs of whole numbers, corresponding to different units. They all showed that a
guantity could be both- and — of another quantity, essentially by exhibiting the

relationstip between two different units, either as a qualitative relatién ( 0§, or as a

quantified one (¢ 0 §. But no one in this group of students attempted to show that the
given quantity,p- & gwas indeed- or — of the other given quantityc - & & he given
values of the variablef and |k were not seen as influencing the trutralue of the given

statement.

In logical terms, the flaw of all the arguments in this group was that they thought that it
sufficed to prove only thaty implies™ (or that ™Y, implies™p) without validding any of the
statements S1 or S2. If the students proved, e.g., thamplies™; and also that} is true,
then the law ofmodus ponensvould allow them to claim thaty, is true as well. Without

proving that™ is true, the validity of¥, cannot be claimed.
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5.3.3.1.1 Problem: To justify that a quantity can be bothand — of another quantity

The problem that students in this group were solving was to justify one or both of the following

statements:

- If aquantity is- of another quantity then it is also— of that quantity (P1.9)

- If aquantity is — of another quantity then it is also- of that quantity (P1.2)

Each of the above statements is the converse of the other. Some students beheydiave
to show both, imitating the argument the teacher demonstrated in the preparation for the

midterm, in the context of abstract quantitieg: and | , and abstract units} and¢ &

This was a problem about fractions of quantities, not abstract fractions. Students were not
proving the equivalence of the fractionss and — in abstraction from the quantities of

whichthey were fractions. They all interpreted the relation between the pairs of numbers

ohx and¢ tu @n terms of a relationship between the units used to measure two quantities.

But only two of the students in the group (FT29 and FT38, quoted above)itxalbstracted
from the given values of the quantities pt & ¢and ¢ - & @ using the symbol®p and 0¢

in reference to them. They were literally proviegactlyone or the other of the above two

implications: FT29 correctly proved P1.1 and FT38 correctly proved P1.2.

The rest of this group,dwever, did not show such awareness. The definitional conditions

' dwandf &, were typically instantiated with the particular values of the variables
given in the statement, in sentences such@s: @ 00 (or p- & measuressd), - & G X0,
p-a @ ¢ Bdorc- & w v @ The solutions ifFigure5.14 (FT35) and in the transcribed

solution below (FT32) are examples of such behavior, and they include also the proof of the

conwerse.

8 Prablem 1 corresponding to Intepretation 1.
" Problem 2 corresponding to Interpretation 1.
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the meaning of the discourse she is producing than F32.

aL¥ M MKy f0 Ada OKT 27T H ¢ 0O
equeé (02 Tdz F2NI aA2YS dzyaAl dzo LT S GF1S |
MKY [ HndzQ 8 Thi§Rpliestat I 1/8lc isd2@/56 of 2 % Ib.

Conversely, if 11/81b is 24/56 of 2% lb then 1 1/8 Ibis equaht@ariti

H ¢ Aa Sldaft (2 pcogx F2N) a2YS dzyAd g o L¥
than (sic!) 1 1/8 =3uand 2 3% =7 u. Thisimpliesthat 11/8lbis 3/7 of 2%

fode OCCOHU

N S 3 - AR o} P
9[{* | Blb s /i Of ot b, “Tlen Lo Some (thill
w, Y8l weasurs 3 of such units and 3_.3_4[}:
Imeasutes. 7 of such unids ‘f'_w:’.. take a und

.M,L*H‘.QJF is 8 himes amaller Yhan ¢ (lu=8yu")
”ﬂﬁeﬁ [/ b meam;w\]—%(su -(5>< ‘aw = 4%,/ )ard
2415 wrasiees - Sty (7u ('7)( 2y -Slou)

_,_80 Llb s o ef 2]
,,7,,Cunv~er8?lui £ | '&lb \a Alen of 3|k
’H\(’J’\ ’ﬁ)r SoMe unit w ]/‘& b measures QY uy
and 23 b measures  Slw I'P we take
uat w' Hhet is R hmes  larger than
W then I'Rlb measures 3w and Yl
nNeasues ! 'W)c»—cﬁ)rc ' Jxlb s heth
2/2 ard Y5l of " 2 |k

Figure5.14. FT35 proved that a quantity is 3/7 of another quantity
if and only if it is 24/56 of that quantity.

8p203S (GKS AyO2yaraiSyode Ay G(GKSasS SELINXBaarzyay Ly FoaidN
is a number of pounds.

9 There is a notationahpsus here which may indicate that the student is not quite in control of the meaning of the

learned discourse she is producing.
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5.3.3.1.2 Strategies and validity

The ten students in this group had two ideas on how to solve the problem. Seven students used
an essentiallyalgebraicapproach: the conversion equatigrd |0 dwas either deduced from

the two sets of definitional conditions fo¥ and ™, or assumed true and used to deduage

from ™Y or " from "X. The three other student®dund two concrete unitdractions of pound

or ounces, in order to explain that one unit is larger than the other. In both cases, the

equivalence of fractions of quantities was validated using FoQ theory.

28 IAPS SEFYLX Sa 2F aidRSydaQ adNriGaS3aIasSa oSt 2
One of the algebraic approaches was tousss that the main definitional conditions hold for

" (i.e., that p- & @ 00 and ¢- & @ X¢ ) andclaimthatdpd  (oda LINE @S, &

that p-10 Qi — € "x-& o This was the case for the solutions of FT32 and FT35. The

essential flaw of these solians was precisely this assumption that exgualities p- & @ o0

andc-a @ x0 in"p,andp-a ¢ and ¢- & @ v @ in "X are true, or, rather, do

not need justification. These equalitia®re not understood aseedng justification: as

couples of conditions to be fulfilled in order to justifjny p-i0 Qi - — £ "X -& wThe

studentsperformed the syntactic operation of matching the given statement to the definition,
in particular b the twomain definitionalconditions, but did not see these conditions as
hypothetical They did nbgrasp themeaning otthe definition, focusing instead on the form of

the equations

Another approach, exemplified Figure5.15, wasto deducepd Y0 6from both™p and ™Y,
based on theransitivity of equality: if p- & ® o0 and p-& @ ¢ ©aghen @ ¢ 06
whence p¢® (00 In a similar fashion, the same conversion equafmh (X § results

from ¢- & @ x¢ and ¢- & & v §awhich confirms its validity. Again, the particular values
of the variables,p- & cand ¢-& ¢had no bearing on the truth of the eith&p and™Y; they

L I @SR (KS NRftS 2F aRdzyyYeée @I NAIFoO6f Saodé
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Figure5.15. FT25 deduced the conversion equation 1u = 8u'

from the main definitional conditions using transitivity of equality.

The other strategy wat® calculate the two units concretesnd compare them; two students

did this.One of them was FT27, already quoted at the beginning of section 5.3.3.1. In her

solution, the student appeared to be using only two of the conditiprsft @ o® and
p- & O ¢ Paeto calculate two concrete units by divisianfc ™ @ndo¥p wa are the

results ofp- & divided by 3, and 24, respectively. With these two units, the student then made

the observation that one unit is lagg than the other (a qualitative observation about

jdzZt yGAGASAO P ¢KS O2yOfdzaArzy adlidSR Ay (GSNyxya 2
Hnkpec 2F vHéEZ KAyda Fd GKS addzRSydaQa Gl dzizf 23
thatareaw € & G NHzSZ NB3IF NRf Saa 2F GKS @I fdSa a L dz3.
the asymmetry of the argument, compared to the previously quoted solution of FT25: only the

given values ofr , ¢y anddare relevant those of [t , & andQare left out. According to the

definition, to justify that two quantities are in ag relationship, for example, one has to exhibit

a unit ¢ suchthatp- & ® o® and ¢- & ® x¢ . In the theory, verifying the definitional

conditions thus amounts to an existence praaxhibiting a unit that verifies the two main

conditions. Formally, the two conditions have equal status, while in practice, there is, indeed,
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an apparent asymntey: the solver would typically assume one condition to hold in order to
produce the unit, for example by dividing- & aby o, and then checking the other condition

by multiplication.

Yet, even in this group, where we found some sound argusiem equivalence of fractions of
guantities, this asymmetry of treatment cﬂf and |If appeared more than once. In the
solution of FT37, presented kigure5.16, the student first writes the main definitioha
conditions for'ys & Y I (p QBKWityi &units, andt @ ¢{a conversion mistake: it should be
T T $iwith x units. But even with the added convenience of whole numbers of units, the
student uses the given values jpf only,p @ ¢to calcuhte a unit ofpé dp ¥ ¢ o

@& § The other unit is produced by dividing the first unitogp € & (j), based on the

observation that the unit corresponding téu—:p istimes smaller. Like in the previous solution,

of FT27, the given Ve of [t is of no consequence. Unlike in the previous solution, however,
the values ofoand Qare featured to link the numerical relationship between two abstract
fractions with the quantitative relationship between units. The student shifts between
numerical and quantitative operations, but appears to hold a stable link between the two: in
the last paragraph of the solution she writes the equality of two fractions and explains it by a

change in unit.
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Figure5.16. FT37's solution: finding a candidate for the unit from Q1

but not checking if it measures Q2 the required number of times.

5.3.3.1.3 Language

All students in the group used algebra correctly when describing quantitative relations such as

Gl dzyGA (A ad K G Apy S §08M Y I¢EKISS NEElYMZR Sy 1a Q dzaS 2F GKS f
G2 YFGKSYFGdAOlIt RSRdzOGAQBS RA&AO0O2dzNES o4l a | faz2
GO2YyOSNBSf@¢ R2 ONBFGS YSIFYyAy3ITdzd ush@ar@wWBy OS N
framing results, and other features of page organization reveal generally sound trains of

thought. The remarkable common feature of these solutions was this coherence in language.

But it is precisely this purely formal manipulation of stures that accounts for the

AK2NI O2YAy3da 2F GKS azfdziazya Ay (GKAA 3INERdAzLIP
grasp its meaning as a condition introducer. An even more flagrant instance of semantic error

appeared in the solution of FT2Eigure5.17).
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Figure5.17. FT21 explained what it means to justify a statement using the definition,

mimicking the teacher's explanation.

CtHumMQa NBaLR yiaishedsdButidR.aShé says Wwhat skieys expected to do but does

y2G R2 AlGY 6a¢2 2dgRiyASt &S B30 (iAaa GiKeS SHESKEAKOAADUA (GiXReyEs
expectation is to see concrete units satisfying the relagam at least an attempt to produce

them, but this meaning eludes the student: perhaps, for her, the ar#exhibited, they are

and 6o

There were a few minor inconsistencies in notation, but they appeared to be related to

fAYy3IdzA aGA 0 aSyaAridAaAgdAaride NIseée heldquak sigh tosignifyd 6 dz3 a ¢
what is being done, the use of the same letbefor two different units, awkward formulations

ddzOK & adKS dzyAld aAl S 6KSNB vm A& okT 2F VHE
was also mostly satisfied, witmly some instances where the standard units (Ib, 0z) have been

omitted.

The only exception was a student, FTEiQ(re5.18), already quoted partially at the beginning

2T aSO0GA2Y p do Do diatle sank 8mohf asAEYSS R GaKU GG SYASyYy G 6 K A

ungrammatical in the context of FoQ theory because the quantities of whicand — are

fractions are not mentioned. Perhaps for FT17 the fractemeghe quantities, rather thara

NBfIFGA2YyaKALI 60Si6SSy (GKSY® I Aa 20KSNJ fFy3dz 3

F2ft 26 FTNRBY (KS LINBYA&ASASY dzAAy3d RSRdAzOGA DS 21 N

(GCD instead of LCM), as well as failing to capture algebraicaliglétionship expressed in

g2NRa& 04l pidkyASia GaKYld GEPEASIMEY wa v@é 0 LI2AY G Ffaz 42
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reasoning trajectory with the help of the definition, despite his understanding of the essential

fact that equivalent fractions arise with the change of units.

g lbic bl = a3 T asril

i g\\o Com bt_ M\‘?M%_m\Gé Cg—?f_\\—) L‘Iilj
| can LQL ey MQ—&L»\'&'(& Bl —== u( E ¢ u\aT A
HLL (‘)DCD o&fT L Gl =h T lJ u<>, rcm g
Show “rlb <o A \3;\ —Kak‘wﬂf o Mk

By e e R (.

Now, b ic T el G |
becani = i¢ M e «_,L:}iw
-LQLH& you uill ».,JU'-— 6. UW\b |
wsalue— At ¢ 7 e sw-ulh‘r
34 =2y FrE=Shuw.

Figure5.18d C (soiutidd &ontains several inconsistencies in language with respect to both general mathematical

terminology and FoQ theory

5.3.3.2 Interpretation 2A relation between pairs of abstract numbers
Nine students interpreted the given statement agttask of demonstrating a relation between

two pairs of abstract numbers. As we will show below, this interpretation does not necessarily

mean the equality of the fractions;r(I and S—:d as we would think of it in mathematics; it is not
clear hat whether students in this group conceived of these expressions as representgng

number. They were indeed preoccupied with numerical rather than quantitative operations and
relations, but sometimes their understanding of abstract numbers was not cpregen from

the perspective of common content knowled{all, Thames, & Phelps, Content Knowledge for
Teaching: What Makes It Special?, 2008% saw, for example, the common error, associated

with the whole numbersob G Of S aA 3yl f SR Ay GKS € AGSNI (dz2NB
fractions(Streefland, 1993)o think of g & aavlf %t{p $adduse igdch of the numbers

in the first pair is smaller than the numbarsthe second pair. Students did perform the typical

procedures for simplifying fractions, as if to demonstrate the equaﬁwf)—:p but some
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a2t dziA2yad RARY QG S@Sy AyOfdzRS GKAA SljdzZ tAde o
asc Y c¢tandx ¢ v

The theory of fractions of quantities was not used to solve the problem by any of the students

in this group. Although the definition appeared frequently in some form in their solutions, it

seemed to play the role of a ritual that hadlbe performed rather than a means of control of

validity. The language was less coherent, and ungrammaticajibeth with respect to natural

language and mathematical accepted usggeere much more frequent than in the previous

group.

5.3.3.2.1 Problem: 3/7 ishie same as 24/56

The problem, for this group, was to show th§t Ad aidKS f)—?;bl- Y&& KISE a1 YSé R2¢
GSlidzZ f a¢ KSNBZ y23 2yfte& 0SOlFdzaS a2YS addzRSyda
Ad SOARSYOS (K I tie twb Kations Rs\twoyhahiberdithiahaye equa, ut rather

as four numbers satisfying some relationships. In the example bé&lmure5.19), belonging to

FT3, the equality of the two fractions, as we understand it in mathemaaithough declared, is

clearly not graspea)% istimes smaller than E—:p

3 Gaic 24 == (.‘» e s &im‘nlg tkprr&&(d af B Hmed
Smalley.

Figure5.19. FT3 writes the equal sign between the two fractions, then writes that one is 8 times smaller than therot

In the next exampleRigureb.20), the student mentions the common factor ¢f as if
simplifying fractions, but again, it is not clear if she sees them as equal numbleesdoes not

write the equal sign between the two fcéons.

3 any M Wil M ond S6 o o commen Caclor of B
5 5¢

N Yis cose Ques US (Bx3=2Y ond Dx7:56)

Figure5.20. FT12 multiplies both numerator and denominator by 8 as if to justify the fractions equivalence numerically, but

does not write the equals sign between the two fractions.
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5.3.3.2.2 Strategies adh validity
To solve the problem most students (8) used variants of a fraction simplification procedure.
They noticed a common factor of numerator and denominator as in the examples above or they

performed successive simplifications, such as showigare5.21.

Figure5.21. FT13 justifies fractions equivalence numerically using successive simplifications

One student suggested a crassalltiplication Figure5.22)

\ ) S
Bk 7>{___g sl

Figure5.22. FT13 justifies fractions equivalencmumericallyd & & dz3 3 S &Yadety (HA LIIONERIAEA 2 Y © £

With one exception, however, these procedures were amply accompanied by bits and pieces of
the FoQtheory. This was an important characteristic of all the justifications in this group: a
numerical justification embellished with a piece of theory. In some cases, the disconnect
0SG6SSy GKS (g2 gra aGdNAIAYy3IZ f dllbebwfigurei KS OF
5.23). The student started by breaking the given statement id@and™Y;, and then

substituting the given values éfofthand' Qin the maindefiniensconditions. However, she did

not perform the complete substitution of the given values: she left the variabfeand0 ¢

when writing these conditions, instdaof replacing them with the given valugs- & ¢and

¢- & WThe passage to a numerical statement of equality of fractions undergoing successive

simplifications is abrupt (the quantitative justification in the upper frame , and the numerica

one in the bottom frame); there is no attempt to link the two.
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Figureb.23. FT13's solution contains elements of FoQ theory (in the part framed in blue) as "decoration” to the numerical

justification of fractions equivalence (in the part framed in red)

An interesting behavioF 2 NJ F aOSNI I Ay Ay 3 @It ARAGET LI2NINI &S
(Figureb.24) was to invoke the secondary definitional conditions, such as the ragemeto

have guantities of the same kind or to have whole numbers as numerator and denominator;

GKS IABSY FNIXrOGA2ya FINBE GKSNBTF2NB adFfARE F2N
numerical justification is then interposea;—.’ Ad ANdzZODSRANBT 2 N\NU%; TRIL if G NI NEB

turn, serves to ascertain another pair of equalities stemming from the definition.
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Figure5.24. FT8's solution: validation of secondary definitional conditions

While it is possible that FT8 saw the connection between the procedure of fraction reduction
and the measurements of the given quantities by means of two different units as expressed in

the last two lines of the solution, this insight is not captured miting.

Almost all the students in the group employed theory as a form of prose that had to embellish
the numerical justification of fractions equivalence: they either simply recited the definition,
pluggedin some of the given values, or even calculatéd dzy A Ga> o6dzi RARY QG R

conclusions from such purely syntactic operations.

One of the students in the group, however, merged the theory and the numerical justification

in a less obvious way, giving us some hints on how some students understardrttents of

the fraction of quantity definition. Her solution is reproduced below, in fillj(re5.25). She

FNBdzSR O0KFd adKS ¥F NI QaniiRayeiwe hawdseed iefore afF YS | Y 2 dzy
conceiving of the fraction as a quantirather than a relationship between quantities. The

explanation that follows sheds some light on her definitimsed conception of fraction of
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guantity: the numerator of the fraction is a quantity, and the denominator is the other

guantity. While the sident does make the important remark that the different units of

A

measurement are at stake, the lettedand ®R2y Qi &0l yR F2NJ G6KS ydzyo S|
actual quantities: the fraction- is )‘(’—2 Gl y‘alf%ﬂéé 0KS dzyAda LINRantofeé& aOly
C

algebraic operation)The equivalence is then explained in a rather euical way: both

numerator and denominator are multiplied by 8.

Figureb.25. FT24's solution

5.3.3.2.3 Language

There were many more language inconsistencies in this group compared the group that
produced Interpretaibn 1. The most salient one reflected the discontinuity in reasoning
between the recitation of some piece of theory and a numerical justification. A typical such
chain of reasoning was: matching some variables from the definition with the given values,
simplifying the fractions numerically, stating that eith&for " and ™Y, are true (sometimes this
conclusion was not explicitly stated). These distinct pieces of the argument are linked by
O2yySOiA@PSa &adzOK a4 GUKSNBTFYNBE A S aAMzPRASE 3

if they follow from one another, although that is never the case. We annotated the solution in

a
o8
A
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Figure5.26to symbolize this succession. We framed in blue the quantitative statements: the

first rectangé is matching the statement to the definition, the second is the reformulation of

“Yas™p and™X. The red frame contains the numerical justification. We framed in black

inconsistencies in language.

" E’) / et O and ﬂ)_&f_‘;mﬂzmuf” ol thi Camp dind. We cain ()

hat B4 s a4 hartion

_E el D2 i Shoiv ¢exists a mmmmﬂ

R _and -l:: are

A b wyhove (1= 2L _and @": bu.

whole abt and b 0. - O uS-— of (s

fn 1hie caoe. “the m;mlm’wr ars ﬁ:/‘”if Saome kum‘ uo:m(H /ﬂé)

vhh rﬂﬁfr(; hf dff weliprl. And Thare evicts a mmmn wnit :

D= Bl S RuNE=n Sty

D= PSSt & S0

ﬂ?m‘;} 4 Mﬁm mpmm#“ ﬁu LOnit quo m?l becauie gy are equimlig
4 i Jled ( 'fﬁ‘ftfc sy E BT

d byd

eSS A -limpd

Figure5.26. FT3's solution contains elements of FoQ theory (in the part framed in blue) as "decoration” to the numerical
justification of fractions equivalence (in the part framed in red); language inconsistencies are framed in black
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The student starts by mting the definition and then by validating a definitional condition that,

although not unessential, is not very relevant in the context of proving the given statement. She
replaces only the given values@ity andQin the main definitional conditions, leaving those
ofOpandlc2dzi @ G ¢ KSNB SEA&Gaé YSIyas FT2N KSNE GKS
production of two concrete unitsThe definition has been usesk per the requirement of the

Question! Now she moves to the numerical register, not without linguistic mistakes (framed in
ofFOlU0Y BAGK NBaLISOG G2 Cc2v (KS2NEB O0GFNI OQlAzy
(that g and g are equivalent fractions is symtiméd by —0 > | YR S @ S‘«é’yis y dzY SNI O@
&A YLK & SELINSaaS Rthe fraction is iot cor&divedia¥ oné dbSrakck number,

but as two numbers, indeed smaller). Finally gleduces; see the circled symbd} ¢ that the

given quantitative statement, rephrased ay and™Y;, is true.

AAAAA

{ dzZOK Ay O2KSNBYOS Ay ftly3dza 38 a SELSOGSRE NB
using the right kind of connective, a different arrangement of phrases, or more rigorous

mathematical notaibn. This is not clumsy writing, but rather the outward representation of the
aGdzRSyiQa O2yOSLlia FyR GKS t23A0lt NBflI A2y a
Figure5.27 and Figure5.28 present an example of a linguistiaccuracy that is not just careless
GNAGAYId 2KSY NBFTRAY3A || addzRSyGQa az2ftdziazy 05
F2NEBAQGAY I 2F KSN) dzaS 2F GKS g2NR al yRE Ayadast
guoted Figureb.27).

feL == _6u._a_m,c\_l (A IO |

Figure5.27.C¢ vn dzaSa &l ydR¢é AyaidSIFR 27F a

It is ungrammaticajwith respect to mathematical languagdjut readers in teaching and
learning contexts would probably not be too concerndxbat it. Yet, the equations that follow
(Figure5.28), signal that the misuse of the equal sign runs deeper than a mistake in

representation; they contradict the previous statements® ¢annot beequal tocd and ad

u):
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Figure5.28. FT24: next sentences in contradiction with the previous one

As we hypothesized in the previous quotation of this solutleigyre5.25), this way of writing,
NI §KSNJ GKIFIYy o0SAy3a 2dzad F &t ALl Ay gfiiﬁel- GA2y LRA
definition as an algebraic fractioé(’% > g KAOK -f)el%é @@ bt Auénerator and

P

denomhnator are multiplied by 8; the units andop are variables that cancel out. We get a hint

of this understanding of the unit as a common factor of the numerator and denominator in
CtnQa&a &iguieda®)Awhgh shie writes tat is the common unit (framed in black):

Figure5.29. FT4's solution

Just as in the previously analyzed solution the student starts by matching the given statement
to the definition¢ this time distinguiking, from the beginning, betweep and™Y, and

plugging in also the given values|pf and |- ¢ but swiftly moves to the numerical

justification: multiplies then divides the numerators and the denominatorgibihe latter is

what ultimately serves to justifyy

5.3.3.3 Interpretation 3 Two sentences about fractions
The six students to which we attributed this interpretation of the given statement approached

Y and™Y; separately in their solutions. The solutions read as if the students were checking the
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truth value of the two statementseparately. However, none of the students in this group
found a contradiction in eitheéPppor™¥x | YR G Kdza GKSe& Fff LINRPOSSRSR
sentence, in an identical fashion. It is thus not clear whether the students in this group even
doubted thetruth of these statements, and thus their checking amounted more to performing
some of the operations expected when applying the definition of FOQ. When a contradiction
arose, the students in this group did not appear to reflect anat least in writirg, and mostly
ignored it. Moreover, there is no indication that they saw the relationship between the two
statements, i.e., that the given quantities are the same in both and that their relationship can
be represented differently by two fractiorgsthroughthe two sentenceg by choosing a larger

or smaller unit. Thus, their interpretation is not of a conjunction of statements, but of two
completely distinct sentences (i.e., for them, the given valuels oénd |- may well have

been different betweeny and ™). Finally, despite resorting to the typical procedures for
verifying the statement according to the FoQ definitipa.g., dividing|% by to get?,
multiplying the® by cto get |If ¢ there is evidence to suggest that the operations they
performed belonged to the numerical rather than the quantitative domain. The statements

were about fractions as abstract numbers, rather than about fractions of quantities.

5.3.3.3.1 Problem:1 1/8 Ibis 3/7 of 2 % 1b. 1 1/8 Ib is 24/56 of 2.3 Ib

All six studats in this group parsed the given statement as two separate sentenwaescalled

them™p and™X ¢each of them having the structurge Qi- ¢ '¢ & ¢ KA & ¢2dzf R 08

I SNRPé¢ 6KSYy (GKS RSTAYAUGUAZ2Y 2F FNIOGA2Yy 27F ljdzty
FTNIOGAZ2Y 2F | y2iKSNI |j dz yidtentiod tdsoReSwoNiiO@aBlghsT SR
Ay GKFG GKS@ gNRBGS &ASLINIGS | NBdzYSyidas dzadz f f

share the given values ¢f and |- . Also, with one exception, all the students approached

both ™ and ™ with the typical procedure learned in class for solving a task of this type: finding

the unit by dividing one of the given quantities by the numerator of the fraction, then

multiplying the result by the denominator to get the other quantity. The exception was a

studey i ¢ K2 &aSi " boiwad dhsuccassfdl i@ &én finding a unit.
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5.3.3.3.2 Strategies and validity

In theory, proving and™Y, separately is a valid approach for establishing that their
conjunction is also true. Formally, one needs not find the relationship between the units
corresponding toY and™Y; in order to validate both of them, and consequently, their
conjunction. But the students in this group did not seek to determine whether these
statements are true or false (no question mark in #@blemheading above), but raer, in

their words,to solvethem in the sense of: to do with them actions perceived as the expected

response to sentences with this particular structufe: Qi - € "¢ .

FT28, whose solution we reproduce beldvigure5.30) even writes this sentence as a model at
the beginning of her work (framed in black). Then, the equals sign in the main definitional
conditions does not carry hypothetical meaning (circled in red). The student divides the given
value of | by that ofcto find the unit, and then multiplies the result by the valueiatb get

the expected|} . This would be a correct approach, as long as the second operation were
carried for verification. But it turns out that the interpretation of the egion [ ¢ as the
interrogative statements [ equal toc¥ ?is more subtle and elusive for students than we had

expected (especially since the other definitional condition is implicitly validated by the division).
The student writesOp 06 o — p-, butdoes not notice thatc — p-. The
procedure is carried identically fo¥, and with the same fundamental flaw: the equalityt

— p- is not questioned.
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Figure5.30. FT28's solution

Another student (FT11, iRigure5.31) had an almost identical strategy, with a slight variation:
she first converts the given quantities from pounds to kilograr@s Q" ¢ & UQQ
respectively), bt then, like FT28, she calculates the unit from one definitional equation by
division:p0 T PQQ o T XQ'Cand appears to multiply it in the form of the second
definitional equationy 6 p& UQ without actually questioning the truth of the katr.
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Figure5.31. FT11's solution.

Like FT28, whose solution we quotedrigure5.302dza it I 602 @3S3X C¢mm RARY QI

multiplication she has written; had she done thahe would have noticed that 1 X

p& uvltis somewhat troublesome that these solutions could pass as correct if the given
statement were true. They speak not only of the need to address such lack of hypothetical
thinking in students, with regard to mathematical statements, but alsthe immense

challenge, for educators, of producing tasks that reveal this kind of deep misunderstandings of

theoretical concepts.

The three remaining students had a similar strategy in that they calculated the unit by division
from one definitional eqation, but then actually did multiply &s ifto check the other

definiens equation. None of them, however, disproved the given statement, or eithigy and

> o0lFlaSR 2y &a4dzOK | OlFftOdzZ A2y 6KAOK RARYQI
task was to carry out the procedure associated with this type of statement, rather than to check
the truth of the statement. | quote below a solution wigethis approach is very visible, with
operations on abstract fractions being carried out almost blindly as procedures with no control

structure (FT26, ifrigure5.32). First the student calculates a ufit by dividing|} by i.e.,

- 0. Rather than directly noticing that the result is (nine eighths divided by three), she
does the more mechanical multiplication with the inverse, to getd6 —. When multiplying
thiso by the giveri® & KS R théSgivghdxiii.e. 3¢S, but ¢-. This inconsistency is of

no consequence in the solution. She moves to applying the same proceduéEto 6 dzi A G Qa
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exactly this empty manipulation of numbers that produces not only the same contradiction as

above, but also a series of other confusions (all framed in the excerpt below). She first
calculates the unittobe— or — 6& YSItya 2F GKS alyYS aAy@SNAS
But then she alsowritess — — and 6 -, so, in all, three different values éf(not

to count the unit for S1, where the same lettiis used, as a tag). She multiplies the first such

value 6 — by o, to get O p, as if forgetting that this is how she got it in the first plgog

dividing0 p). The last result, nowd -, is multiplied by, to get0 ¢, but the resulting

inconsistency goes unnoticed again. Throughout the solution, the standard unit, in this case
pounds, is absent, giving the impression of an entireinencal approach, with operations
performed on abstract numbers rather than on fractions of quantities. Yet, a closer look reveals
also a not so strong sense of number, in the way the operations are carried out as repetitious
procedures, with no intuitiorior shortcuts or memory of previous results (notice, for example,

K2g GKS aiddzRRSyid OlFyOSta GKS mMQa ¢KSy Ydzf GALX @

192



Figure5.32. FT26's solution

The other two students in this group also foundrat by division from one of the main

definitional conditions, but they neither wrote the second equation as if it was true without
multiplying (like the FT28 and FT11), nor completely ignored the result of the multiplication

(like FT26). Instead they gasults that were close to the expected quantities, and explicitly

I OOSLIWISR GKSY da a322R Sy2dzakeoé C2NJ SEI YLX S2
reproduced belowRigure5.33) is comfortable writing that the unit sbout @& £ ag the

guantity she obtained by dividing € dy ¥, in the case ofy. It makes sense that when

193



checking whetheo 6 p W ¢she is willing to accegt @€ cas an approximate result. The

same rough results are accepted in the casédof

Ho e .
_'JLI'.{'_!"L' _I'rJlr'“--'J-— - -.rﬂ i 2

Figure5.33. FT19's solutiorg first part.

To validate the statement within relatively small margins of error, especially while

acknowledging them as this student did, is more desirable than just wthimgequired

operations without reflecting on their results, or perhaps not performing them altogether. But

this student also seeks validation in her common knowledge of fractions in the second part of

the solution Figure5.34), and she does it by abruptly moving to a numerical justification that is

not connected to the quantitative work she had just done. The only remnant is the use of the
G2NR GdzyAlGéZ y2¢ FaaArAadySR I RAFTFSNBYyG YSFEyAy3

denominator.
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Figure5.34. FT19's solution second part.
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factorization trees would not be necessary for relatively small nemsisuch ag tTandv @the

factors can be directly derived from the multiplication table ugptaiexpected to be learned by

all children at school. Moreover, the numbersaindy are strong hints for the sought greatest

common divisor. However, it may algoS G KI 0 (GKS

a0 dzRSyY

dza S a

0 KAaA

because she needs it in orderfindthe greatest common factor, but because she thinks this is

the legitimate procedure to demonstrate in her proof of the statemeiat habit she may have

acquired in schal.

The other student in this group who also accepted approximate results, FigLsd5.35),

maintained a quantitative stance for the entire solution, although the use of decimals, like in

the above solution, is not warrantdaly the FoQ theory without further justification (i.e., one

GR2Sa y2i ¢f§ &atdhis pdint). dkfter changing the given quantities from mixed

numbers to improper fractions of a pound and bringing them to the same denominator, the

student eliminates the common denominator and rewrites the statement preserving only the

numerators of the given fractions of a pound. This is a procedure that many students are quite

familiar with from the practice of solving equatiogsisually linear, in one variabtgthat

contain fractions. They were taught to bring to the same denominat® ani K S y°

i 2

3Si

¢ operating with fractions is to be avoided. Few of them, however, understand this last step as

the operation of multiplying both sides by the common denominator. In this context, the
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by the same factorthen the multiplicativerelationshipbetween them expressed as a fraction,
is the same. The method is even quite effective: it is easier to deal with whole numbers of
pounds instead bfractions of pounds. But when the justification of the procedure is not given
¢ and likely not internalized eitheg it remains just that: a procedure with no anchoring in real

understanding of multiplicative relationships between quantities (or numdersthat matter).
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Figure5.35. FT15's solution.
Finally, an outlier in this group, FTRidure5.36), although processing the given statement the
same way as his peetgwo sepat S & Sy G Sy O S awas uhsuaéssfulia fihding S R £
GKS dzy Al F2NJ GKS aSyiSyoS KS FANRG (firsO1f SR 6K
fSGQa alexXuod ¢KS STF2NI G2 dzaS (KS RSTeryAlAz2y
he faces when it comes to make it operational.
The student first rewrites the given statement, replacing the particular quantipesd ¢and
¢ - & owith the lettersd p and0 ¢, as if to match it to the known model (he further writgs] S
Op be p-& wand02 be ¢-a €W @and0¢ are both measured i ¢ tiherefore, he
O2y Of dzRS&ax (KSe IINB ljdZd yiAdArSa 2F ddiSstead YS 1A
of weight) .
He then focuses on the stateent that Op "Qi - ¢ "O¢, and proceeds to writinggd under

0p and x6 under O¢ correctly aiming at findingdY pod E &8t is not clear whether he
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grasps the meaning of this schematic organization of the information commonlyinustass:

does he understand thai® written under |- means that|t is equal too times¢ ? We ask

this question because he appears to get stuck here, although the conversion to ounces should
have made the unit quite visible if he had correctly gesbhis representation. He does several
other things, but does not succeed in findidgOn the side, he changes the given quantities to
improper fractions and then to decimal numbdrg divisionof numerator with denominatar

he thinksthe results of thedivision are the soughkafter ¢, as evidenced by the fact that he
multiplies the results byo andy, respectively, which does not seem to validate anything for

him. Finally, he performsmultiplication and dvision of abstract fractiongQ a y 2viy: Ot S| NJ
— - —andpo- po -0 | Ad YdzYSNRAOFt OFfOdzZ FGAz2ya 2
alleviate the obstacle he encountered in operating with the definition, even in terms of

obtaining some numerical consistency to serve as vabidatias such calculations did for other

students. He left the problem unsolved.
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Figure5.36. FT9's solution.

5.3.3.3.3 Language

Students in this group generally wrote structured, somewhat coherent proofs (with ttedble
exception of the student who left the problem unfinished, FT9). A significant feature of their
style was the organization into two almost identical argumentation threads, corresponding to
Y and™X. As before, we can hypothesize about their reasgrabout the given statement

from such outward manifestation: they likely processed it as two sentences (i.e., not
statements whose truth value is to be established) of the type"Qi- ¢ "¢ hto be proved

separately. It is notimpossibleK I it G4 KS& RAR 3N} &aL) 6KS YSIyAay3
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