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Abstract

System Analysis Using Simulation for Manufacturing Gauge R&R Study

César Rodriguez

Manufacturing environment relies on fulfillment of product specifications and customer sat-
isfaction. Quality characteristics of products are measured for assessing its accordance to
requirements, but measurement error might mask true process performance. Measurement
system variability must be small with respect to product specifications as well to process
variation. Total variation in a manufacturing process is a combination of part-to-part varia-
tion and measurement variation. Prior to endeavor in process analysis and enhancement it is
highly recommended to perform a measurement system capability study. The analysis of the
measurement system has to take into account three basic components, appraiser, equipment
and product. Measurement system analysis (MSA) relies on statistical tools, such as Gauge
R&R study, to ensure that the measurement system is in acceptable conditions to monitor
the manufacturing process. Main objective of the thesis is to analyze how sensitive are the
confidence intervals of variability components and capability criteria to the design of a Gauge
R&R study. We conducted extensive numerical experiments using simulation. Findings will

be of help as guidance to practitioners when dealing with parameter allocation decisions in

a Gauge R&R study.
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Chapter 1

Introduction

1.1 Motivation

Manufacturing environment relies on fulfillment of product specifications and customer sat-
isfaction. Quality characteristics of products are measured for assessing its accordance to
requirements, but measurement error might mask true process performance (Harry and Law-
son, 1992). Measurement system variability must be small with respect to product speci-
fications as well to process variation. Hence, product evaluation and process improvement
require reliable measurement techniques (Smith et al., 2007).

Total variation in a manufacturing process is a combination of part-to-part variation and
measurement variation (Lin et al., 1997). A measurement system is useful only if it can
detect changes in the process (Ingram and Taylor, 1998). Thus, prior to endeavor in pro-
cess analysis and enhancement it is highly recommended to perform a measurement system
capability study (Senvar and Firat, 2010) (Al-Refaie and Bata , 2010). It is carried out for
assessing adequacy of the measurement instrument, isolate sources of variability and esti-
mate total variability reliance on gauge variability (Burdick et al., 2003). The analysis of
the measurement system has to take into account at least three basic components, apprais-
er, equipment and part (Ramesh and Sarma, 2013). Depending on the allocation of these
parameters, conclusions with respect to the quality of the measurement system can highly

vary. Therefore, the importance of a correct measurement system capability study design.



1.2 Objectives of the thesis

Main objective of this thesis is to analyze how sensitive are the confidence intervals of vari-
ability components and capability criteria to the design of a Gauge R&R study. Findings
will be of help as guidance to practitioners when dealing with parameter allocation decisions
in a Gauge R&R study. By following suggestions of the present research, it is expected to

obtain more useful conclusions about the adequacy of a measurement system.

1.3 Research in the thesis

Measurement system analysis (MSA) relies on statistical tools, such as Gauge R&R study, to
ensure that the measurement system is in acceptable conditions to monitor the manufacturing
process (Sivaji, 2006). MSA considers metrics to estimate capability of the measurement
system. Woodall and Borror (2008) classified them as those that compare measurement
error to total or part error and those that compare measurement error to tolerance band.
In addition to point estimates, confidence intervals (CI) of measurement variance components
can be also determined. In fact, these confidence intervals give more statistical information
than point estimates (Montgomery and Runger, 1993a). Due to uncertainty of estimates,
intervals enable to detect how small and how large variance components may really be (Wang
and Li, 2003).

In this thesis, numerical simulation is considered for performing an sensitivity analysis of
how the design of an Gauge R&R study affects the confidence interval width of variability
components and capability criteria commonly used in industry to evaluate the measurement

system.



1.4 Thesis structure

Literature review summarizing the basic principles of measurement system analysis is pre-
sented in Chapter 2. Based on previous research publications, point estimators and confi-
dence interval calculations for variability components and capability criteria are introduced
in Chapter 3. At the end of the chapter is presented the algorithm used for estimating the
width of CIs. Chapter 4 includes the simulation results obtained from the algorithm and
a discussion concerning the sensitivity analysis performed. An example problem is given in
Chapter 5 to illustrate findings from previous chapters. Conclusions and future research are

presented in Chapter 6.



Chapter 2

Literature review

2.1 Gauge repeatability and reproducibility study

2.1.1 Introduction

Raffaldi and Kappele (2004, pp. 1) stated that "if measurement variation can be reduced
and GRESR ratios improved, it is easier to differentiate between parts that are in or out of
specifications, allowing parts to be accepted or rejected with greater confidence”. Automotive
Industry Action Group (ATAG, 2002) separated causes of measurement variation into location
variation and width variation. Location variation includes accuracy or bias defined as the
difference of the observed measurement with respect to a reference value, stability as a change
in bias over time and linearity as a change in bias over the range of measurements. Width
variation is divided into precision understood as proximity of observed measurements between
each other, repeatability as the variation in consecutive measurements under same conditions
and reproducibility as the variation in successive measurements under different conditions.

Gauge repeatability and reproducibility (Gauge R&R) study is among the statistical ap-
proaches proposed to calculate measurement variability components (Al-Refaie and Bata ,
2010). It is a powerful tool used to audit and improve measurement systems (Dasgupta
and Murthy, 2001). Commonly Gauge R&R study considers repeatability as the variation
observed when a part is measured several times using a measurement instrument under
constant conditions, and reproducibility as the variation observed when a part is measured
several times by different operators using the same gauge (Morris and Watson, 1998)(ATAG,

2002) (Burdick et al., 2003)(Smith et al., 2007)(Senvar and Oktay , 2010)(Senvar and Firat,



2010)(Antony et al., 1999)(Ramesh and Sarma, 2013)(Borror et al. , 1997). Repeatability is
also known as equipment variation or within operator error, and reproducibility as appraiser
variation or between operator error.

Depending on the results of gauge R&R study different authors have signaled corrective
actions to improve the measurement system (Li and Al-Refaie, 2008). Senvar and Firat
(2010) indicated that when repeatability is larger than reproducibility, it is a signal that
the measurement instrument needs proper maintenance or to be redesigned for the intended
use. Conversely, if reproducibility is larger, measurers need better training in how to use the
measurement instrument. Morris and Watson (1998) demonstrated that re-training activities
of personnel contributes to set in control variability in the R-chart and improves average
results in the T — chart. He et al. (2000) commented different strategies for improving
measurement system capability depending on the source of measurement system variation

affecting the process.
2.1.2 Gauge R&R study and its applications

Gauge R&R study has been conducted to assess measurement system adequacy in industry
sectors. In automobile industry, Tsai (1988) presented an example of how to evaluate a
measurement tool utilized to inspect an inject moldeding part during production. Measurers
and parts were randomly selected from the process to perform a gauge R&R study and
results showed that the instrument had the necessary capability and no corrective actions
were required. Osma (2011) compared two common methodologies for performing a gauge
R&R study. It was considered real cases from 4 vehicle components: a stabilizer clamp

bracket, a coated steel sheet, a steel sheet body panel, and a brake disc. The author set out



a procedure on how to select the proper methodology for different conditions of the study.
In pharmaceutical industry, Dejaegher et al. (2006) used Gauge R&R study to compare gauge
capability of two laboratory tests employed to confirm presence of active pharmaceutical in-
gredients in drug substances. Authors established the factors that had the most significant
effects on the capability of the high performance liquid chromatographic (HPLC) measure-
ment method and suggested corrective actions. With the improved system, they achieved a
performance similar to that by using the volumetric titration measurement method. Gao et
al. (2007) set up a gauge R&R study for analyzing variability of a dissolution testing pro-
cedure. Authors examined contribution of instrument, operators and tablets variabilities to
total measurement error. Based on the results a change in the gauge was made to enhance
its performance.

For wood industry, Li and Al-Refaie (2008) performed an assay of the measurement system
utilized for testing quality of wooden parts. By way of a Gauge R&R study it was established
that the gauge system was unreliable for the intended application and corrective actions like
re-training of workers, proper selection of tools and changes in the measurement procedure
were proposed. A second Gauge R&R study was conducted after improving the process
and results showed an increment on measurement system capability. Ile and Lazea (2014)
presented a Gauge R&R study for establishing adequacy of a gauge. It was conducted in
two phases. In the first phase 3 testers measured 10 wood items 3 times in a random order.
Results indicated that the gauge was not appropriate. In a second phase the experiment was
done using a more precise measurement tool and it was found a considerable amelioration of
the measurement system.

In electronic industry, Houf and Berman (1988) investigated the adequacy of a power mod-



ule thermal test equipment. From Gauge R&R study it was inferred that the measurement
system variability was unacceptable for the application and three alternatives were suggested
to reduce its error. Wang (2008)) investigated the adequacy of a measurement system em-
ployed to test a semiconductor manufacturing process. Gauge R&R study results were not
satisfactory and affected process yield estimation. The author pointed out that it was needed
to reduce gauge variability in order to overcome this issue. Kaija et al. (2010) conducted a
Gauge R&R study prior to process analysis. Conformance assessment of two measurement
systems used for testing an inkjetting dielectric layer was carried into effect. Both studies
established that the total gauge system variance was low in comparison to part-to-part error
and no changes were required in the measurement systems.

For food industry, Srikaeo et al. (2005) conducted a research in a commercial wheat-based
biscuit cooking process. Measurement system was evaluated through a Gauge R&R study.
The study revealed a high contribution of gauge system variation to total error. Corrective
actions such as re-training of appraisers and equipment recalibration were proposed to achieve

adequacy of the measurement system.
2.1.3 Gauge R&R study design

With respect to planning a Gauge R&R study, several authors have suggested different ar-
rangements for obtaining reliable conclusions. Having more personnel, parts and replications
in the study improves confidence in the results but increases the experimental cost and time
required. Whereby, it is needed to carefully design the Gauge R&R study (Tsai, 1988)(Pan,
2004). Antony et al. (1999) recommended 2 to 3 appraisers, 5 to 20 samples and at least 2

replications. He et al. (2000) advised the need of at least 2 measurers, 10 to 15 parts and



no less than 2 trials. (Pan, 2004) proposed a method using the shortest CI to decide the
optimal allocation of number of personnel, parts and trials for a Gauge R&R study. Through
simulation it was observed the impact of the different combinations of these parameters and
distinct values of sources of measurement system variation on the width of o3, confidence in-
terval. Zappa and Deldossi (2009) presented a procedure to select the combination of number
of workers, parts and samples using misclassification rates.

Depending on measurement system conditions, different Gauge R&R study approaches have
been proposed, like crossed study in which all parts are measured by all operators, nested

study where each part is measured only by one appraiser without operator study (He et al.,

2000).
2.1.4 Gauge R&R study methods

Average & range (X — R) and analysis of variance (ANOVA) are the common methods
used to carry out a Gauge R&R study (He et al., 2000)(Peruchi et al., 2013)(Osma, 2011).
Wheeler and Lyday (1989) proposed techniques to evaluate the measurement process through
X — R control charts. Montgomery and Runger (1993b) presented a methodology to estimate
measurement variance components through ANOVA analysis.

X — R method utilizes range and bias correction factor ds for estimating variance components.
Interpretation of these charts used in a Gauge R&R study differs from charts employed in
monitoring the behavior of a manufacturing process. Under this context the average chart
indicates the ability of the measurement system to discern between parts while the range
chart shows the magnitude of the measurement error (Montgomery, 2012).

Morris and Watson (1998) compared results of X — R and individual & moving range (X-MR)



control charts and demonstrated that latter might yield to an inflated value of measurement
variability. Despite its relative easiness to estimate measurement error, X — R method has
some drawbacks. It can be applied only to two-factor studies and does not allow confidence
intervals estimation (Senvar and Oktay , 2010). This approach only considers gauge and
appraiser contribution to variability but omits operator-by-part interaction effect (Antony et
al., 1999)(He et al., 2000). Montgomery and Runger (1993b) showed that X — R method can
substantially underestimate measurement error specially when operator-by-part interaction
effect is large. Modifications on formulas for calculating variance components have arisen over
the years, especially on reproducibility component (ATAG, 2002)(Wheeler, 2009)(Ramesh and
Sarma, 2013).

Using ANOVA approach, Gauge R&R study can be performed resembling a two-factor design
of experiments (DOE) model that includes factors, levels and replicates (Antony et al., 1999).
The effect of appraiser, sample, appraiser-sample interaction and replication over the observed
measurement response is analyzed in this model (Montgomery and Runger, 1993b).
ANOVA method allows point and interval estimation of variance components, enables cal-
culation of operator-by-part interaction effect and can be applied to complex measurement
system analysis (Burdick et al., 2003)(Pan, 2006). Although ANOVA method offers signif-
icant advantages, it might produce negative estimation of variance components that would
seriously underestimate total measurement variability. Montgomery and Runger (1993b) pro-
posed a modified analysis of variance method to avoid calculation of negative components.
In addition to ANOVA method, there are other useful approaches. Maximum likelihood pro-
cedure and MINQUE procedure are among them. Montgomery and Runger (1993a) signaled

that latter two approaches guarantee calculation of non-negative variance components and



produce shorter confidence intervals than ANOVA method.
2.1.5 Confidence intervals for measurement variance components

Borror et al. (1997) proposed calculations of Cls for repeatability, reproducibility and total
gauge variation components by using restricted maximum likelihood (RELM) and modified
large-sample (MLS) methods. It showed that RELM method estimates shorter intervals than
MLS method when few operators are considered in the study. By increasing the number of
appraisers it obtained similar interval widths from both methods. Burdick and Larsen (1997)
conducted a simulation study for comparing the confidence coefficient and estimated aver-
age CI widths based on Satterthwaite (SATT), Automotive Industry Action Group (ATAG),
REML and MLS methods. Among them, MLS method was recommended since it is more
reliable under different experimental conditions. Wang and Li (2003) estimated CIs using
Bootstrap method and variance components calculated with X — R approach. It was found
similar results when comparing ClIs obtained from maximum likelihood (MLE), restricted
maximum likelihood (RMLE) and MLS methods determined using ANOVA approach. Park
and Yoon (2009) evaluated through simulation suitability of confidence intervals for repeata-
bility, reproducibility and total measurement error based on MLS method and generalized
p-value (GEN) method. Results suggested that both methods maintain the expected confi-
dence coefficient and similar interval widths.

Montgomery and Runger (1993b) noticed that increasing the number of replications has a
higher impact on reducing the width of repeatability CI than on part or operator CI. They also
pointed out that using many parts in an experiment increases the likelihood for variationts

sources to occur when compared to repeated measurements on the same sample. Burdick
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and Larsen (1997) demonstrated that when performing a Gauge R&R capability study, the
configuration of the experiment affects the width of the CI. It was established that whether
the appraiser variance component is of interest, it is necessary to include sufficient number
of operators in the study to calculate a shorter CI. On the other hand, if part variance
component is the main purpose for the analysis, a design of experiment that maximizes
the number of samples provides CI that is short enough to be of use. Increasing number
of replicates showed a slightly reduction of CI width, thus it was recommended to reduce
the number of replications and to increase either the number of samples or the number of

operators.

2.2 Measurement system capability metrics

2.2.1 Description of measurement system capability metrics

Total gauge R&R %Study Variance (%R&R) evaluates the ratio 6y /0r. ATAG (2002) con-
sidered that a value of %R&R less than 0.1 is acceptable, between 0.1 and 0.3 might be
acceptable depending on measurement system conditions, and greater than 0.3 is deemed to
be unacceptable. Precision-to-tolerance ratio (P/T) estimates gauge capability with respect
to specification limits. Values less than or equal to 0.1 imply that the measurement system is
adequate. Mader et al. (1999) noticed that P/T can be a misleading criterion to assess gauge
capability because different levels of measurement system P/T can be tolerated depending
on process capability. Signal-to-noise ratio (SNR) is a function of 0% /0%,. AIAG (2002)
established that a value of SNR equal to or greater than 4.0 denotes that the measurement
system is appropriate for the corresponding application, and less than 2.0 means that the

measurement system is of no value for the intended use. Discrimination ratio (DR) is another
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function of 0% /03, that estimates how many categories are distinguished by the measurement
system. ATAG (2002) stated that a measurement system is capable if DR exceeds 4.0. In ad-
dition to these metrics, process capability indices (PCls), such as potential process capability
(C},) and actual process capability (C,r) have been employed to validate how measurement

system error affects estimation of process performance (Lin et al., 1997).
2.2.2 Research on measurement system capability metrics

Several authors have discussed how these metrics have improved after corrective actions were
implemented over the measurement system. Lin et al. (1997) used an algorithm based on
Taguchi robust design and Gauge R&R study to evaluate and reduce error of measurement
system. It was shown how these initiatives had a positive effect on measurement system
by reducing %R&R, likewise on process performance by increasing C, and Cpy. Bordignon
and Scagliarini (2002) analyzed the effect of measurement error on process capability in-
dices C, and Cp of a sample. They noticed that the sampling error has an overestimating
effect on PCls, conversely the measurement error has an underestimating effect on PClIs.
Majeske and Andrews (2002) utilized P/T, C, and correlation on repeated measurements
to propose a methodology for evaluating measurement and manufacturing processes between
supplier and customer. Larsen (2003) conducted a Gauge R&R study using ANOVA method.
P/T, SNR and C,;, were calculated for assessing adequacy of the measurement system and
manufacturing process. Confidence intervals of variance components and metrics were also
calculated for verifying the precision of these estimates. Pearn and Liao (2005) conducted an
analysis to evaluate impact of measurement error on Cy;, index. The analysis revealed that

this index severely underestimate true process capability when measurement error is present.
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Authors recommended the use of modified confidence bounds and critical values to deal with
data contaminated with measurement error. Hsu et al. (2007) performed an investigation
to analyze the performance of C,,; and its lower confidence bound when the sample data
is affected by measurement error. Results demonstrated that gauge variability reduces esti-
mation of true process capability. The authors proposed 3 methods for adjusting the lower
confidence bound of this PCI. Pearn and Liao (2007) studied the effect of measurement error
over process capability index C, and its CI. It was established that this error originates a
decrement on a-risk and power of test. Authors proposed adjusted CI bounds and critical
values of C,, to account for measurement variability. Li and Al-Refaie (2008) used Six Sigma
methodology and Gauge R&R study to investigate and reach suitability of the measurement
system. They reported improvement of %R&R, P/T and SNR after corrective actions were
implemented. Al-Refaie and Bata (2010) presented a methodology for assessing capability of
measurement system and manufacturing process through the analysis of P/T, SNR, DR, C,
and Cp;. Al-Refaie (2011) considered the use of metrics calculated through X — R method
for establishing two procedures for manufacturing and measurement capability assessment.
The first method considered the use of P/T, %R&R and C, for evaluating capability and the
second P /T, number of distinct categories (NDC) and C,,. Effectiveness of both procedures

was demonstrated through case studies.

2.3 Research gap

Previous research focused mainly on analysing how Gauge R&R study design affects the con-
fidence interval width of the principal variability components of measurement error. However,

in a real manufacturing environment, decisions about the quality of the measurement system
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are not taken with respect to the measurement system variability components, but with re-
spect to the measurement system capability metrics. Therefore the importance of analysing

parameter allocation impact on the reduction of the CI width of these metrics.
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Chapter 3
Modeling

Regardless of process characteristics, any measurement activity is affected by certain level of

variability. This phenomenon can be expressed as:

Y=X+e¢. (3.1)

where Y represents the observed measurement value by the appraiser on a randomly selected
sample, X is the real measurement value of the sample and ¢ the error due to the measurement
activity (Burdick et al., 2003). Y, X and ¢ are, in many manufacturing processes, independent
normal random variables. We denote the mean and variance of these 3 random variables by
UTotals KPart, HGrR and 02, 1 0%, .. Oépp, respectively. It is commonly assumed that pcrr
can be eliminated through a correct calibration of the measurement system. Measurement
system variability o, can be decomposed into two sources of variation, Repeatability and
reproducibility (ATAG, 2002), denoted as 0%, and 0%, ogucivitity TeSPectively. Repeatability
represents the variability observed when an operator measures a sample several times using
the same gauge, and reproducibility the variability originated by different operators when
measuring several times a part with the same gauge.

Conformity of a part to process requirements can be wrongly judged by cause of an error in
the measurement activity. Capability assessment of a measurement system requires a way to
interpret and minimize the sources of measurement error, due to operator or gauge, or both.
This can be achieved by analyzing different capability parameters. In industry, population

parameters for these criteria are not often at hand and it is common to approximate them
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through point estimations. Due to uncertainty, it may be necessary to complement these
sample statistics with their respective confidence intervals.

Width of the confidence interval is of interest when performing a measurement system anal-
ysis. Narrower Cls are desirable when concluding about the quality of the measurement
system. If the CI is too wide, the estimation might not be of practical use for assessing
capability of the measurement system. Depending on the composition of total variability
and the allocation of resources in the Gauge R&R study, i.e. number of operators, samples,
replications, etc., width of Cls can highly vary.

Along this chapter it is presented some of the capability criteria mentioned in literature and
their respective Modified-large-sample (MLS) confidence intervals. Final section introduces
the algorithm employed to calculate CI width of variability components and capability crite-
rion point estimations for different levels of variability and resources used in a typical Gauge

R&R study.

3.1 Capability criteria

In a Gauge R&R study several quality measures may be considered as capability of the
measurement system and the monitored process. These parameters are functions of the vari-
ability components. This section includes a description of point estimations of measurement

system capability metrics and process capability metrics.
3.1.1 Measurement system capability metrics

A Gauge R&R study aims to determine if measurement system variability is small compared

to manufacturing process variability. Hence, it is of use to analyze the ratio of part variability
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to gauge variability pp.

~2

pp = (3-2)

O&Rr
It is also of interest to compare repeatability and reproducibility contribution to total mea-
surement system variation. As a result of this analysis it is possible to decide the best
approach for improving the measurement system. Therefore, it is useful to calculate the pro-

portion of measurement system variability due to repeatability and reproducibility, denoted

aS P Repeatability and P Reproducibility respeCtiVGIY'

~2
g

~ Rep

PRepeatability = =5 (33)
9GRR

~2
URep’roduci bility

(3.4)

ﬁReproducibility = ~2
9GRR
Precision-to-tolerance ratio (P/T') is a quality measure often employed for evaluating the
measurement system. It determines the percentage of the tolerance band used by the mea-

surement system variation. It is calculated as:

(3.5)

where USL and LSL are the upper and lower specification limits respectively, and k repre-
sents the number of standard deviations between the natural tolerance limits of a normal
distributed process. Common values of k are 5.15 and 6 that accounts for 99% and 99.73%

of measurement system variation respectively. AIAG (2002) evaluates the quality of the

17



measurement system according to the criteria found on Table 3.1

Table 3.1: P/T criteria

] P/T \ Measurement system
< 10% Adequate
Between 10% and 30% Moderate
> 30% Inadequate

Signal-to-noise ratio (S/N\R) estimates the number of distinct categories of parts that a mea-

surement system can distinguish. It can be expressed as:

(3.6)

ATAG (2002) establishes the following criteria detailed on Table 3.2 for judging capability of

the measurement system according to this metric

Table 3.2: SNR criteria

SNR \ Measurement system

< 2% Inadequate
Between 2% and 4% Moderate

> 4% Adequate

3.1.2 Process capability metrics

Metrics discussed in the previous section are intended to study quality of the measurement
system, but it might also be convenient to estimate performance of the monitored process.
One common metric is the ratio C'p that determines the observed potential capability of the
process when its mean is centered in the tolerance band.

A L—-LSL
C:US S

p

(3.7)

60Total
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In general, criteria from Table 3.3 are used to evaluate quality of the monitored process.

Table 3.3: C), criteria

] Cp \ Process quality \
<1 Not acceptable
Between 1 and 1.33 Moderate
> 1.33 Acceptable

Previous metric considers measurement error when it is calculated. Another useful capability

metric that considers only part variability is the actual potential capability of the process

C«*

P

 USL - LSL

60,

Ak
Cp

(3.8)
3.2 MLS confidence intervals

Data collected in a Gauge R&R study can be used to estimate population parameters. Con-
fidence intervals help to deal with the sample uncertainty. In general, the 100(1 — a)%
confidence interval of a parameter w consists in a Lower and an Upper bound, denoted by L

and U respectively, such that

Pril <w<U]l=1-a (3.9)

Different methods have been proposed for constructing CIs for the variability components and
capability criteria for point estimations discussed above. Among them, modified large-sample
(MLS) method introduced by Graybill and Wang (1980) has been highly recommended in
literature. MLS method first approximates a large-sample confidence interval for the param-

eter in study, and depending on its particular conditions, the CI is recalculated to make it
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exact (Burdick et al., 2005a). Modifications of MLS confidence intervals have been proposed
to analyze parameters under different conditions. Notations above are used to calculate MLS

confidence intervals throughout following sections.

d
Gy=1- " (3.10)
X%’dfq
d,
Hy =3 ey (3.11)
Xi-2 df,
Iq,r = F%,dfq,dfT (3_12)
Jor = F1-g ap,.4f, (3.13)
2
Gyr = Py = 1) = ol gy, — 17 (3.14)
" F%vdfqufr ’
H,, = (= Fgaa)” = HFE g 0. = G (3.15)
" Fys df,.dr, '
2
o (1 Fatdfe\ (dfy+df)*  Godfy  Gldf, 510
" X5 afy v, dfgdf df, df,

where ng,dfq represents the chi-square value with df, degrees of freedom and a//2 area to the
right, and Fa g7, 4, is the ' — value with df, and df, degrees of freedom and a/2 area to the

right.
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3.3 Balanced two-factor crossed random model with interaction

A classical Gauge R&R study considers the effects of two main factors, operator and mea-
surement equipment, on total system variation. An experimental design approach can be of

use to describe the gauge capability study in which variance components are estimated.

3.3.1 The model

In the balanced two-factor crossed random model with interaction above, X;;, represents the
measurement value obtained by appraiser i on sample j at replication k. Montgomery and

Runger (1993b) presented the model

Xijk = p+ O + P + (OP)ij + Ryij) (3.17)

wherei=1,...,0;7=1,....,p;k=1,...,n

For this model, p is the overall mean of all observations, terms O; and P, represent the
main effects of operator and part factors on the measurement respectively, (OP);; is the
operator by part interaction effect on the measurement and Ry; denotes the replication
effect on Xj;. Independency, randomness and normality behavior are assumed for these
effects, where O; ~ N(0,07), P; ~ N(0,07), (OP);; ~ N(0,02,) and Ryijy ~ N(0,0%,,).
ANOVA table for this model is shown on Table 3.4.

Table 3.4: ANOVA with interaction term

‘ Source of variation ‘ Sum of Squares Degrees of Freedom ‘ Mean Square ‘ Expected mean square ‘ F, ‘ F-statistic
P - Part SS, df,=p—1 MS, = SS,/df, 0p = 0h, + 102, + ono MSp/MS,, Fodf,.df,
O - Operator SS, df,=0—1 MS, = S8S,/df, 0o = 0%,y + N0, + PO, MS,/MS,, Fo dfoifr
OP - Operator x Part SSop dfoy =P —1)(0—1) MS,, = SSop/dfop Oop = Ohep + 102, MSo/MSrep | Fudpopdine
R - Repeatability SSkep dfgep = po(n — 1) M Sgep = SSgep/df rep Opep = (rf{w
T - Total S STotal dfrotar = pon — 1

Montgomery and Runger (1993a) defined the point estimations of the variance components
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as:

Ohrep = M Shep (3.18)

o _ MS, - MS,

o p (3.19)
MS,, — MSg,
Gop=—""— fiep (3.20)
MS, —MS
52 _ 0p = M op
2= — (3.21)

Reproducibility is calculated as the sum of the variation due to operator effect and the
interaction between operator and part effect, denoted as:
MS,+ (p—1)MS,, — pM Sgep

2 A2 A2
JReproducibility =0, + Uop - n (322)

Measurement system variation is attributed to all variability components except part varia-

tion

MS,+ (p—1)MS,, — p(n — 1) MSge,

~2 a2 2 _
OGRR = JRep + UReproducibility - on (323)
and total variation is the sum of all sources of variation in the system:
MS MS, —1)—p|MS, — 1)M Sge
P = 53+ % = L H S O = 1)~ NS+ opn = DMy (.

pon
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3.3.2 MLS confidence intervals for variance components

Repeatability can be expressed as J%ep = Opep. Burdick and Larsen (1997) presented an

exact MLS confidence interval for o%,,,.

(1 = GRrep)MSpep < 0oy < (1+ Hpep) M Spep (3.25)

2

op» Manufacturing

Variability of operator o2, interaction between operator and part variation o
process variability o and reproducibility can be expressed as o) = (6, — 6op)/(pn), 02, =
O — Orep) /1 02 = (B — )/ (0n) a0 Py otuity = 1o + (0 — 1)y — PBrepl/ (o)
respectively. Ting et al. (1990) proposed a MLS method for calculating the CI of linear

combinations of expected mean squares that contains difference. Applying this method, CI

of 02 is defined as

62 —\/VL,<02<62++/VU, (3.26)

where

_ GEMSE + H3,MS2, + ooy MS,MS,,

VL, (pn)Q (327)
21702 | (12 2
o HEMSE 4 G2 M2, + HooyMS,MS,y 99
’ (pn)? '
CI of 07, is represented as
&gp Y VLOP S O_gp S 6—2;0 + VUop (329)
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where

VI — GipMSgp -+ H%%epMSI%%ep + Gop,RepMSopMSRep
op = n2
VU - H2 MS2, + G yM St + Hop repM SopM Spep
op = n2
CI of 05 is defined as
57 — VL, <o <624 4/VU,

where

GZMS2 + H2MS2, + Gy M S, MS,,
VL, = o

U H2MS? + G2 ,MS2, + Hy, 0y MS,MS,,

' (on)?

2 .
and CI of 0%, oducivitity 15 €xpressed as

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

~92 2 ~2
UReproducibility - \/VLRSPTOdUCibility S UReproducibility S UReproducibility + \/VURGPTOdUCibilit?J (335)

where
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VLReproducibility = [G(Q)M‘S’g + G?;p (p - 1)2M‘S§p + HIQ%{epp2MS?%ep
+G07ReppMSOMSRep + Gop,R6p<p - l)pMSopMSRep

+G,,

0,0p

(p - 1)MSOMSOP]/(pn)2 (3'36)

VUReproducibility = HSMSg + ng(p - 1>2M502p + G%EPPZMSZ

Rep

+Ho,ReppMSoMSRep

+H0P7R€p(p - 1)pMSOpMSR6peatabiity]/(pn)2 (337)

Total measurement system variability 0%z, and total system variability ¢% ., can be ex-

pressed as 0% pp = [0, + (p — 1)0,p + p(n — 1)0ge,]/(pn) and o2, = [Py + 06, + (po — p —

0)0op + p(on — 0)0g.,]/(pon) respectively. Graybill and Wang (1980) discussed a variation

to the MLS method for calculating the addition of expected mean square values. Using this

method CI of o2y is defined as

where

62nr — VV6iarr < 0%pr < 6%nr + VVUcrR (3.38)

G(QJMSS + Ggp(p - 1)2Msgp + G?%epPQ(n - 1>2MS]2%ep
= (3.39)

VLGgrr =
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VUi — H2MS? + ng(p — 1)2MS§p + Hﬁepr(n —1)2M 5%

Rep
(pn)?

2 .
and CI of 07, is represented as

52 / 2 ~2 T
OTotal — VLTotal S OTotal S OTotal + VUTotal

where

Vigpga = [Gip®MS;+ G20*MS: + G2 (po—p —0)>MS2,

+G%%epp202<n - 1>2MSI2%ep]/<p0n>2

VUrotar = [HEPQMSZ? + H20°M S? + pr(po —p— 0)2M83p

+Hiepp*0” (n — 1) M Sk, |/ (pon)?

(3.40)

(3.41)

(3.42)

(3.43)

3.3.3 MLS confidence intervals for measurement system capability metrics

Leiva and Graybill (1986) proposed a modification of MLS method to calculate exact confi-

dence intervals of the ratio of part variability to total measurement system variability p,,.
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where

p(l — Gp)(MSp - Ip,OPMSOp)

L pu—
P po(n — 1)MSgep + 0(1 — Gp) I, oM S, + o(p — 1) M S,,

(3.45)

U — p(]‘ + Hp)(MSP — JpvopMSOP) (3 46)
7 po(n — 1)MSge, + o(1 + Hp)JpoMS, + o(p — 1) M S,, '

Confidence interval for prepeatavitity 1S presented by Burdick et al. (2005a). Authors expressed
PRepeatabitity = 1/ (1 + 1), where 171 = 03 oqucivitity/ Thep- The value of i can be presented as
O+ (p— 1) 1

- 4
i (3.47)

Considering a previous research done by Lu et al. (1987), CI for n can be obtained and

derived for calculating the CI of pgep.

1 1
< i <
[ +1 = PRepeatability > I+ +1

PRepeatability PRepeatability

(3.48)

where

2
L7 = —— (1 — ——— | (MS, —1)MS,,
PRepeatability pnMSRep |:< po(n _ 1) ) ( + (p ) D )

—\/E} _% (3.49)

2
U, = —— (1 - ——— | (MS, —1)MS,,
PRepeatability pnMSRep |:( po(n _ 1)) ( + (p ) D )

Vi _% (3.50)

27



Vige, = aMS2 +b(p— 1)2MS2, + c(p — 1) M S,MS,, (3.51)

Vige, = AMS2 +e(p —1)°MS2, + f(p — 1)MS,MS,, (3.52)

2 1 7°
a=|1- — 3.53
o ) (353

2 1 77
b=|1- - 3.54
D T (359

2 1 22
P a

c=|1- - — —(p—1)b 3.55
[ po(n —1) F‘;vpdfmdfmp] p—1 p—1 7Y (3.55)

1 2 2
d= -1+ —} 3.56
{Jo,Rep po(n — 1) (3.56)

1 2 2
¢= — 14— 3.57
[Jpo,Rep po(n — 1)] ( )

1 2 17 d
p
f= —1+ - —(p—1e 3.58
B9 pdfo dfney poln—1)| p—1 p—1 (=1 (3:58)
Ratio preproducivitity = 1 — PRepeatability- From previous result, the confidence interval for
PReproducibility Cal be defined as
1 ! < <1 ! (3.59)
L* I 1= pReproduczszzty ~ [ T 1 .

PRepeatability PRepeatability

28



Precision-to-tolerance P /T ratio is a function of total measurement system variability o2 p.

The MLS confidence interval for P/T is expressed as

6\/0%nn — VVEarr 6\/0%nn + v VUanr
< P/T <

USL—LSL - - USL — LSL (3.60)

Signal-to-noise SNR ratio is a function of p,. The MLS confidence interval for SNR is

represented as

/2L, < SNR < /20, (3.61)

3.3.4 MLS confidence intervals for process capability metrics

Observed potential capability of the process C, index is a function of o2, The MLS
confidence interval for C,, is defined as

USL — LSL USL — LSL
<C, <

6\/&%015(1! -V VLTotal 6\/&72“015(1[ + v VUTotal

Actual potential capability of the process C} is a function of az. The MLS confidence interval

(3.62)

for € can be represented as

USL - LSL USL — LSL

<C,
61/62 — \/VL, 61/62 + \/VT,

p
3.4 Balanced two-factor crossed random model without interaction

IA

(3.63)

Significance of operator by part interaction effect can be determined using the F-test. Con-
sidering the following hypothesis testing:
Hy : 07, = 0, implying that o7, is not significant
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H, : 0}, >0, implying that o7, is significant
If £, = MS,,/MSge, < F — statistic = Fodfop.dfr., the null hypothesis cannot be rejected.
In this case the original model is modified to pool interaction with replication effect to fit a

Two-factor crossed random model without interaction.
3.4.1 The model

In the balanced two-factor crossed random model with no interaction above, X;;, represents

the measurement done by appraiser i on sample j at replication k.

Xijk; =u+ Oz + Pj + Rk(ij) (364)

where i=1,...,0;j=1,...,p; k=1,... n.
In this model, i is the overall mean of all observations, terms O; and P; represent the main
effect of operator and part factors on the measurement respectively, and Ry ;) denotes the
replication effect on Xjj;. Independency, randomness and normality behavior is assumed for
these effects, where O; ~ N(0,02), P; ~ N(0,07) and Ryj) ~ N(0,0%,,). In this particular
model interaction effect is omitted, consequently mean square of repeatability is redefined as
M S, = (SSop + SSrep) /df ey Where dffy., = pon —p—o+1. ANOVA table for this model

is shown on Table 3.5.

Table 3.5: ANOVA without interaction term

‘ Source of variation ‘ Sum of Squares ‘ Degrees of Freedom ‘ Mean Square ‘ Expected mean square
P - Part 5SS, dfy=p—1 MS, = 5S,/df, 0, = 012?%) + ono;,
O - Operator SS, df,=0—1 MS, = SS,/df, 0o = OFep + PO,
R - Repeatability SSop + SSRep dffep =pon —p—o0+1 | MSp,, = (SSop + SSrep) [df fep ORep = Thep
T - Total SSTotal dfTotal = pon — 1
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Variance components are recalculated as follows

Ohep = MShe, (3.65)
MS, — MS;
52 = dic (3.66)
pn
o MS,— MSg, (367)
P on

As interaction effect between operator and part is not significant, reproducibility is equal to

the variation due to operator effect:

~92 oA 2
URep’roducibility =0, (368)

Measurement system variation is obtained as the sum of reproducibility and repeatability

components

MS, + (pn — 1)M S5,

X ) ~2 _
OGRR = O-Rep + URep'roducibility - pn (369)
and total variation is the sum of all sources of variability in the system:
X o pM S, + +oM S, + (pon —p — 0) M S5,
U%oml = 0-1% + UéRR = . (370)

pon

3.4.2 MLS confidence intervals for variance components

Burdick and Larsen (1997) redefined the confidence interval of ¢%,, when no interaction
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effect is considered

(1 - G}(%ep)MSEep < O-I%Zep < (1 + H}k%ep)MS}ﬁiep (371)

2
o

2

can be expressed as o2 = (6, —

and manufacturing process o> 2

Variability of operator o »

Orep)/(pn) and o2 = (6, — Opep)/(on). Ting et al. (1990) proposed a MLS method for
calculating the CI of the difference of two expected mean squares. Applying this method, CI

of 02 is expressed as

62— \/VL,<0><62+/VU, (3.72)

where

GZMS2 + (Hp,,))*(MSp,)? + Gy oy M S, M S,

el MM gz
H2MS? + (G, )2 (M S%, )2 + HY p. MS,MS
VUO _ ( Rep) ( Rep) o0,Rep fep (374)

2

(pn)
. . 2 _ 2 .

For the no interaction model 0%, oiucipitity = o, hence the confidence interval shown above

is the same for reproducibility. CI of o is

>

ESEN]

+/VU, (3.75)

S|
NN

where

_ GEMS? 4 (Hp,)*(MSp, ) + Gy ey MS,MSh,

VL, (on)?

(3.76)
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_ HEMSE + (G, (MS;

Rep
(on)?

)2 + H;,RepMSPMS;‘!ep (3.77)

VU,

Total measurement system variability 0245 and total variability o%,,,, can be calculated as
& = (0ot (P —1)0Repcatavitity]/ (P1) and 0711 = [Py +000+(pon—p—0)0repeatabitiry] / (pon)
respectively. Graybill and Wang (1980) discussed a variation to the MLS method for calcu-

lating the addition of expected mean square values. Using this method CI of 0y, is defined

as
62nr — VV6Larr < 04pr < 64nr + VVUgRR (3.78)
where
GMS? + (G (pn — VA(MS,,)?
VLGRR = L p(pn)g e (3.79)
H2MS? + (H% )% (pn — 1)?(MS% )2
VUGRR — o o ( Rep) (p2 ) ( Rep) (380)
(pn)
and CI of 02, is calculated as
a-%otal Y, VLTOtCLl S O-%‘otal S &%otal + V VUTOt(ll (381)
where

V Lo = [Gap* M S2 + G20° M S? + (Ghp)? (pon — p — 0)*(M Sk,,)?]/ (pon)? (3.82)

Rep
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VUTotal = [H§p2MS§ + HSOZMSS + (H;k%ep)2<p0n —-—P— 0)2(]\/[5};617)2]/(1)0”)2 (383)
3.4.3 MLS confidence intervals for measurement system capability metrics

Arteaga et al. (1982) proposed a modification of MLS method to calculate exact confidence
intervals of the ratio of part variability to total measurement system variability p, when

Part-Operator interaction effect is not significant.

<U, (3.84)

where
I - p<1 - GP>MS§ - pMSpMS}k%ep +p[ ;,Rep - (1 - GP)<];7Rep)2](MS}k%ep)2 (3 85)
Pr o(pn — 1)MS,M Sy, + o(1 — Gp) 1, o M S,MS, '
U — p<1 - HP)MSZ% - pMSPMS}k%ep +p[J;,Rep - (1 + Hp)(J;,Rep)ﬂ(MS}:fep)Q (3 86)
Pr o(pn — 1)MS,M S, + o(1 + Hy) Jp oM S,MS, '

Burdick et al. (2005a) discussed a modification to MLS method to obtain exact confidence
intervals of the ratio Repeatability to Total measurement system variability when interaction

effect is omitted. CI of prepeatabitity 15 presented as follows

* *
PRepeatability PRepeatability
I+ + 1 S P Repeatability S [+ + 1 (387)
PRepeatability PRepeatability
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where

1 MS
L = | —7 1 3.88
PRepeatability pn ( MS}%epI;iRep ) ( )
1 MS
U: = —2 1 3.89
PRepeatability pn ( MS;%ep J:;Rep ) ( )

Ratio preproducivitity = 1 — PRepeatabitity- Considering previous result, the confidence interval of

PReproducibility Call be defined as

* *
PRepeatability PRepeatability
1- [+ n 1 S pReproducibility S 1— I T 1 (390)
PRepeatability PRepeatability

Precision-to-tolerance P/T ratio is a function of total measurement system variability o2 pp,

hence the MLS confidence interval for P/T is expressed as

6¢%M—MW@M<PT<6¢%M+MWQM
vsL—1sr =P S T gsr—ist

(3.91)

Signal-to-noise SNR ratio is a function of p,. The MLS confidence interval for SNR is

calculated as

/2L, < SNR < /20, (3.92)
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3.4.4 MLS confidence intervals for process capability metrics

Observed potential capability of the process C, index is a function of ¢%,,. The MLS
confidence interval for C), can be expressed as

USL - LSL USL - LSL
<G, <

6\/&%otal I’ VLTOtG«l 6\/&%@@[ + v VUTotal

Actual potential capability of the process C} is a function of 0'12). The MLS confidence interval

(3.93)

for C; can be defined as

USL — LSL USL — LSL
<G, <

p
61/52 — /VL, 61/62 + /VT,

(3.94)

3.5 Algorithm

An algorithm based on the study performed by Pan (2004) was employed in order to calculate
the point estimations and confidence intervals for the variance components and capability
criteria. It is proposed to incorporate a test of significance for each of the sources of variation
before estimating the variability components. Main goal of the calculations was to determine
the effect of different levels of variability and allocation of resources in a classical Gauge R&R

study on the width of each of the Cls estimated.
3.5.1 Assumptions and limitations

Some aspects of measurement system analysis, such as calibration and linearity assessing, are
beyond the scope of the present research. Two scenarios are the base of this study: balanced
two-factor crossed random model with interaction and balanced two-factor crossed random

model with no interaction. Data for calculations are independently and randomly generated,
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and it is assumed no shift of up, and pgrr = 0.

3.5.2 Procedure

The following procedure is established to calculate the Width for the confidence intervals of
interest.

1. Set a level for Confidence interval calculations, mean and specification limits, i.e. a = 0.05,
pr = i, = 150, LSL= 100, USL= 200.

2. Establish the different combinations of sample size, number of operators and number
of replications for the Gauge R&R study, i.e. p € {5,10,15,20,25}, o € {2,3,4,5} and
n € {2,3,4,5}. As recommended by Antony et al. (1999) and He et al. (2000), these values
represent the most common scenarios in industry.

3. Consider different levels for the variability components, i.e. 0-}2?,61) € {1,2,3,4,5}, 0% €
{1,2,3,4,5}, 02, € {1,2,3,4,5} and o) € {1,2,3,4,5}. Following example from Pan (2004),
sources of variation have the same values.

4. Calculate the expected mean square (EMS) values using the different combinations of
factors established in step (2) and sources of variability in step (3). For example considering
the combination {p = 15,0 =4,n = 3, U%{ep =2,0% =3, agp =2, aﬁ = 5}, values of EMS are
ORep = Oy = 2

0o = Ohep + N0G, + pnos = 143

Oop = Oep + 102, =8

Op = Oy + N0OG, + 0o, = 68

5. Burdick and Larsen (1997) defined the ratio df,MS,/0, as an independent chi-square

random variable with q degrees of freedom. For the present study the following ratios
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are of interest: dfpepyM Spep/Orep ~ XZfRep, dfeMSe/00 ~ X7, AfopMSop/00p ~ X?lfop and
dfyMS,/0, ~ X3, Using data from step (2) the x* random variables are generated and
mean square values are calculated. For example, lets us assume that the following data is
randomly generated X7, _1,0= 118.64, X7 _3= 5.94, XF;, _1»= 40.34 and x;, _,,= 13.57. In
this case mean square values are M Sge,— 1.98, M S,— 283.28, M S,,— 7.68 and MS,— 65.92.
6. Mean square values from step (5) and degrees of freedom calculated with date from
step (2) are used to perform the Hypothesis testing in order to validate significance of the
sources of variation. Considering part-operator interaction effect, if F, = MS,,/MSge, <
F — statistic = F, 4,4z, the null hypothesis cannot be rejected and consequently the
balanced two-factor crossed random model with no interaction is considered for calculating
the following steps, otherwise the balanced two-factor crossed random model with inter-
action is established for calculating the variance and capability criteria point estimations
and their respective Confidence intervals. In the present example (M S,,/M Sgep) = 3.88 >
Fo=0.05,dfp=42,df rep=120 = 1.49, implying that part-operator interaction effect is indeed signif-
icant.

2 22 22

g

. . . . .7 A 2 A A 2
7. Calculate the point estimations of the variability components 6., 5, 05y Ops O Reproducivitity:

6% mmy 620 and capability criteria py, Preps Preproducisiity: P/T, SNR, Cy, €.

8. Determine the confidence intervals for the variability components and capability criteria
from step (7).

9. Repeat steps (5) to (8) 100.000 times. Use the lower and upper bound averages to calculate
the width of the confidence interval for each variability component and capability criterion.

For a given point estimation w, with an upper bound U and lower bound L, the width is
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determined with the following equation

— L
w

Width = v

(3.95)

A total of 50.000 different combinations of variability components and resources for a Gauge
R&R study were simulated using the algorithm described above. Analysis of results obtained

are presented in next chapter.
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Chapter 4
Sensitivity analysis of variability components and

capability criteria

The main purpose of this research is to study using numerical simulation the average con-
fidence interval width of variability components and capability metrics under different pa-
rameter allocations and various levels of variability. The simulation study considered a total
of 50,000 scenarios. In order to ensure reliability of the results, each average CI width was
calculated from a total of 100,000 independent replications. An example of the data obtained
from the simulation study is shown in AppendizA.

Present chapter offers a discussion about the most important findings from a selected group of
cases and provides guidance for designing a more advantageous Gauge R&R study depending
on the metrics of interest for practitioners. Findings are then compared with a real case of
study presented in the next chapter.

Table 4.1 shows the 80 different allocations of parameters, sample size, number of opera-
tors and number of replications included in the sensitivity analysis. The range of values for
each parameter is considered to be the most commonly used in industry, making conclusions
from the present research an useful guidance for practical environment. Total measure-
ment number differs from a minimum of 20 considering a parameter allocation combina-
tion of (p=5,0—2,n=2), to a maximum of 625 with the parameter allocation combination

(p=25,0=5,n=>5). In addition to this, each design was tested with respect to 625 different
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Table 4.1: Total measurement number for different parameter allocations

Replications ( n )
Sample Number of 2 3 4 5
size (p) operators (0)
) 2 20 30 40 50
5) 3 30 45 60 75
5 4 40 60 80 100
) 5) 50 75 100 125
10 2 40 60 80 100
10 3 60 90 120 150
10 4 80 120 160 200
10 ) 100 150 200 250
15 2 60 90 120 150
15 3 90 135 180 225
15 4 120 180 240 300
15 5) 150 225 300 375
20 2 80 120 160 200
20 3 120 180 240 300
20 4 160 240 320 400
20 ) 200 300 400 500
25 2 100 150 200 250
25 3 150 225 300 375
25 4 200 300 400 500
25 5) 250 375 500 625

variability component combinations.

4.1 Analysis of variance components

Gauge R&R study focuses on interpreting all variability components in the manufacturing
and measurement system. Point estimators and confidence intervals for all of these values can
be calculated using ANOVA method. Depending on the design of the Gauge R&R study, the
width of the confidence intervals can greatly change. Therefore, results from a poor design
might not be of use for concluding about reliability of the system.
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This section gives understanding of how the common parameters used in a Gauge R&R study,
such as sample size, number of operators and number of replications, can influence the width
of the confidence interval of each variability component and capability criteria. The research
will allow the practitioner to have better understanding for choosing a proper parameter

allocation design based on the metric of interest.
4.1.1 Analysis of repeatability J%ep

From Figure 4.1, it is clear that the width of the confidence interval of repeatability U%%ep, the
first component of the Gauge R&R study, presents a significant reduction when increasing
sample size in the design. To illustrate this, considering the design with sample size p=10,
number of operators 0=3 and replications n=3, the resulted average confidence interval width
is 2.03. By increasing the sample size to 15, the average confidence interval width of the
design (p=15,0=3,n=3) changes to 1.76. This new value represents a reduction of 13.2% in
comparison to the original average width.

Figure 4.2 presents the effect of number of operators on the average confidence interval
width. Twenty four out of twenty seven parameter allocation combinations show a moderate
downward trend when increasing the number of operators in the design. For example, the
design (p=15,0—=4,n=2) has a average CI width of 1.59. By adding 1 operator to previous
design,(p=15, 0=5,n1=2), the average CI width changes to 1.43, implying a reduction of 10.1%.
The combination of the lowest sample size and smallest number of operators, (p=>5,0=3,n=5),
(p=5,0=3,n=3) and (p=>5,0—=3,n=2), presents an atypical upward trend when increasing the
number of operators in the experiment.

Figure 4.3 also shows some atypical upward trend when increasing the number of replications
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in the design. This occurrence is noticed in all scenarios with the smallest sample size. Most
of the results indicate that there is a small change on the average confidence interval width
when changing the number of replications. As an example, the design (p=25,0—=5,n=3)
returns a average CI width of 0.99. And by increasing 1 replication in previous design,
(p=25,0=5,n=4), it is obtained an average width of 0.96, that is 3.1% narrower than the

original average width.
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Figure 4.3: Average CI width of aéep for different replication n
Table 4.2 shows the average confidence interval width calculated for different parameter
allocations and various levels of variability components. To illustrate this analysis, designs
were separated in three groups with 120, 200 and 300 total measurements. Conclusions drawn
from this analysis can be considered as a reference for deciding the best parameter allocation
combination when the total number of experiments is limited, most commonly because of
cost, or time restrictions.
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Table 4.2 indicates that when having a limited number of measurements in the Gauge R&R
study, it is recommended to select parameter allocation combinations with larger number
of replications. To illustrate, considering the case with 300 measurements and variability
components o, = 5, o) = 5, 0, = 3 and ¢, = 3, narrower confidence intervals are obtained
with the maximum number of replications, (p=15,0=4,n=5) and (p=20,0=3,n=5). For both
scenarios the average CI width is 0.36, that represents a reduction of 7.7% with respect to

the larger average confidence interval width.

Table 4.2: Average CI width of U%%ep for different total measurement numbers

Oep 1 1 1 3 3 3 5 5 5

o2 1 5 3 1 5 3 1 5 3

o? 1 1 3 3 5 5 1 3 5

02

Measurements p o N v 1 3 5 1 3 5 1 3 5
120 10 3 4 0.61 0.61 0.61 0.59 0.61 0.61 0.57 0.60 0.61
10 4 3 0.65 0.65 0.65 0.62 0.65 0.65 0.58 0.64 0.65
15 4 2 0.76 0.76 0.76 0.66 0.76 0.76 0.61 0.73 0.76
20 3 2 0.76 0.76 0.76 0.66 0.76 0.76 0.61 0.73 0.76
200 10 4 5 0.45 0.45 0.45 0.45 0.45 0.45 0.44 0.45 0.45
10 5 4 0.46 0.46 0.46 0.46 0.46 0.46 0.45 0.46 0.46
20 5 2 0.58 0.58 0.58 0.54 0.58 0.58 0.49 0.57 0.58
25 4 2 0.58 0.58 0.58 0.54 0.58 0.58 0.49 0.57 0.58
300 15 4 5 0.36 0.36 0.36 0.36 0.36 0.36 0.36 0.36 0.36
15 5 4 0.38 0.38 0.38 0.38 0.38 0.38 0.37 0.38 0.38
20 3 5 0.36 0.36 0.36 0.36 0.36 0.36 0.36 0.36 0.36
20 5 3 0.40 0.40 0.40 0.40 0.40 0.40 0.39 0.40 0.40
25 3 4 0.38 0.38 0.38 0.37 0.38 0.38 0.37 0.38 0.38
25 4 3 0.40 0.40 0.40 0.40 0.40 0.40 0.38 0.40 0.40

4.1.2 Analysis of part variability o,

Confidence interval of ag is highly affected by df,. Figure 4.4 shows that increasing the
number of samples in the Gauge R&R study reduces dramatically the width of the confidence
interval. For example, considering the scenario (p=5,0=5,n=>5), the resulting average CI

width obtained is 9.51. By adding 5 samples, the new design (p=10,0=5,n=>5) reduces the
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average CI width to 3.73. This signifies a reduction of 60.8% from the original design. It also
can be noticed that the reduction pattern of average CI width slows down when sample size

becomes larger, e.g., when p=20, 25.
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Figure 4.4: Average CI width of crf) for different sample size p

Figure 4.5 offers a clear perspective on the influence of the number of operators over the
reduction of the average CI width. It is shown that an increase in the number of operators
does not reduce significantly the average confidence interval width. Taking as an example the
parameter allocation combination (p=15,0=3,n=>5), the resulting average CI width is 2.80.
By including 1 more operator, the average width of the new design (p=15,0=4,n=5) changes
to 2.71, representing a reduction of only 3.2%. It can also be observed that for scenarios
with the same number of operators, increasing number of parts has to be prioritized instead
of number of replications for obtaining a better outcome.

Results in Figure 4.6 demonstrate that the number of replications has virtually no effect
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Figure 4.5: Average CI width of ‘71% for different number of operator o

on the reduction of the average CI width. As an example, design (p=25,0=5,n=4) returns
an average width of 1.83, while design (p=25,0=5,n=>5) returns an average width of 1.81.
Increasing 1 replication in the design reduces the width of the confidence interval in just
1.0%. It is also evident from the graphic that when considering designs with the same number
of replications, a change on the numbers of parts affects more the width of the confidence
interval than a change on the number of operators.

Table 4.3 shows the behavior of the average CI width for total measurement numbers equal to
120, 200 and 300. It is interesting to notice that, for a fixed number of total measurements, a
larger sample size is always of benefit for reducing the width of CI. As an example, considering
Opep = 1, 02 =5, 02 = 1 and 0, = 3, the narrower confidence interval for 200 measurements
is obtained with the parameter allocation combination (p=25,0=4,n=2) that has an average

width of 1.60, less than half the value from the worst design (p=10,0—=4,n=5) that presents
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an average width of 3.44. All combinations with smaller sample sizes present wider Cls.
These results confirm that when part variability is considered fundamental in the Gauge

R&R study, the experiment has to be designed in a way to include a considerable amount of

samples.

4.1.3 Analysis of operator variability o2

With respect to operator variability o2, the width of its confidence interval presents a small
reduction with respect to an increment in the sample size. As an illustration, from Figure 4.7
design (p=20,0=3,n=>5) has a average CI width of 43.38. By adding 5 samples, , the average
width of the new design (p=25,0=3,n=>5) changes to 43.02. This is a reduction of just 0.8%.
From the graphic it can be also concluded that for a fix number of samples, it is preferable to

increase the number of operators rather than the number of replications to reduce the width
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Table 4.3: Average CI width of ai for different total measurement numbers

e 1 1 1 3 3 3 5 5 5
o; 1 5 3 1 5 3 1 5 3
o2 1 1 3 3 5 5 1 3 5
0.2
Measurements P o i 1 3 5 1 3 5 1 3 5
n
120 10 3 4 3.88 3.56 4.01 3.92 3.66 4.05 3.90 3.70 4.07
10 4 3 3.86 3.46 4.01 3.98 3.58 4.07 4.01 3.65 4.11
15 4 2 2.80 2.38 2.91 2.98 2.51 3.01 3.07 2.60 3.08
20 3 2 2.42 2.01 2.53 2.53 2.14 2.61 2.62 2.23 2.66
200 10 4 5 3.81 3.44 3.99 3.95 3.53 4.04 3.97 3.58 4.06
10 5 4 3.73 3.35 3.92 3.92 3.44 3.98 3.98 3.50 4.02
20 5 2 2.13 1.81 2.26 2.42 1.90 2.36 2.55 1.98 2.45
25 4 2 1.94 1.60 2.06 2.22 1.69 2.17 2.33 1.77 2.26
300 15 4 5 2.67 2.34 2.88 2.84 2.40 2.93 2.94 2.45 2.97
15 5 4 2.57 2.27 2.77 2.77 2.32 2.83 2.90 2.37 2.88
20 3 5 2.30 1.96 2.50 2.46 2.03 2.54 2.53 2.08 2.57
20 5 3 2.07 1.80 2.23 2.31 1.85 2.31 2.46 1.91 2.38
25 3 4 2.01 1.67 2.20 2.21 1.74 2.26 2.29 1.80 2.30
25 4 3 1.87 1.58 2.04 2.12 1.64 2.12 2.25 1.70 2.19
of the confidence interval.
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Figure 4.7: Average CI width of o2 for different sample size p

From Figure 4.8 it can be noticed that the average CI width of 02 is mainly affected by df,.
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Regardless the sample size or number of replications in the design, augmenting the number of
operators highly reduces the average width. Considering parameter allocation combination
(p=15,0=4,n=2), the average width obtained is 15.61. Modifying the number of operators in
the design to (p=15,0=5,n=2) returns a new average width of 9.18, that results in a reduction

of 41.2% with respect to the original average CI width.
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Figure 4.8: Average CI width of o2 for different number of operator o

It is observed in Figure 4.9 that increasing the number of replications does not significant-
ly alter the width of the confidence interval. Considering the design (p=5,0=3,n=4), the
resulting average CI width is 43.74. And for the design (p=>5,0=3,n=>5) the average width
changes to 43.73. By augmenting 1 replication to the design, that implies passing from 60 to
75 measurements in the Gauge R&R study, the reduction on the average width is 0.0%. It
is evident in this graphic that when the number of replications are fixed, the best decision is
to increase the number of operators instead of the sample size.
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Figure 4.9: Average CI width of o2 for different replication n

Table 4.4 presents the average CI width for fixed number of total measurements and var-
ious levels of variability components. Results show that designs that maximize number of
operators despite other parameters tend to have the narrowest confidence intervals width.
Considering as an example a total number of 300 measurements and variability components
Opep = 3,0, = 1,07 =3 and 0, = 1, designs (p=15,0=5,n=4) with average CI width of 8.46
and design (p=20,0=5,n=3) with average CI width of 8.39 are the best options. Last design
represents a reduction of 79.9% with respect to the average width of the worst parameter
allocation combination.

It is important to emphasize that in the present research, a total of 12,500 different scenarios
with number of operators 0—=2 were simulated. The average CI widths obtained were exces-
sively large in all cases, and variability components and capability metrics that are functions

of operator variability presented similar results. This indicates that when using MLS method
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Table 4.4: Average CI width of o2 for different total measurement numbers

o2, 1 1 1 3 3 3 5 5 5

o? 1 5 3 1 5 3 1 5 3

o? 1 1 3 3 5 5 1 3 5

0.2

Measurements P o N i 1 3 5 1 3 5 1 3 5
120 10 3 4 44.23 46.5 44.92 42.37 43.31 43.95 44.79 44.56 44.08
10 4 3 15.76 16.84 16.07 14.92 15.24 15.59 16.22 15.94 15.70
15 4 2 15.53 16.60 15.76 14.81 15.01 15.35 16.31 15.73 15.49
20 3 2 43.63 45.82 44.07 42.10 42.60 43.24 45.12 44.05 43.50
200 10 4 5 15.65 16.79 16.04 14.80 15.13 15.54 16.02 15.79 15.61
10 5 4 9.24 10.09 9.53 8.66 8.85 9.16 9.61 9.36 9.22
20 5 2 8.87 9.62 9.03 8.48 8.55 8.77 9.50 9.04 8.87
25 4 2 15.03 16.03 15.24 14.48 14.58 14.89 15.83 15.24 15.02
300 15 4 5 15.29 16.47 15.68 14.54 14.80 15.20 15.82 15.43 15.28
15 5 4 8.95 9.80 9.22 8.46 8.60 8.88 9.41 9.05 8.94
20 3 5 43.17 45.56 43.96 41.65 42.22 42.97 44.13 43.43 43.13
20 5 3 8.79 9.58 9.01 8.39 8.48 8.72 9.31 8.91 8.79
25 3 4 42.85 45.15 43.53 41.50 41.90 42.65 43.96 43.14 42.81
25 4 3 14.92 15.96 15.20 14.36 14.50 14.82 15.59 15.08 14.91

for calculating confidence intervals, the design of the Gauge R&R study must consider a min-
imum of 3 operators for obtaining meaningful results. When in practice it is not possible to
consider more than 2 operators in the design, practitioner must refer to other methods such

as Satterthwaite approximation.
4.1.4 Analysis of operator by part variability UZP

The width of the confidence interval of operator by part variability is influenced especially by
df, and df, in the Gauge R&R study. From Figure 4.10, it can be interpreted that increasing
the sample size has a remarkable impact on the reduction of the confidence interval width.
Previous conclusion can be demonstrated considering the parameter allocation combination
(p=10,0=3,n=>5) that gives an average width of 2.19. Changing the number of samples
in previous design to (p=15,0=3,n=>5) modifies the average width to 1.60. With five more

samples in the Gauge R&R study, a reduction of 26.9% in the confidence interval is obtained.
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Figure 4.10: Average CI width of agp for different sample size p

Figure 4.11 corroborates that there exist a significant influence of number of operators on the
width of the confidence interval. To illustrate this finding, it can be shown that parameter
allocation combination (p=15,0=3,n=2) produces an average CI width of 2.01. By increasing
1 operator the average width of the new design (p—15,0—4,n=2) is reduced to 1.61, implying
a decrement of 19.8%. It is also important to indicate that when having the same number
of operators, scenarios with the smallest sample size, i.e. p=>5, have considerably larger
confidence intervals than the other scenarios.

Number of replications seems to moderately affect the confidence interval width as seen in
Figure 4.12. As an example, parameter allocation combination (p=25,0—4,n=2) presents an
average CI width of 1.22. By augmenting 1 replication, the average width of the new design
(p=25,0=4,n=3) reduces to 1.05. This represents a reduction of 14.3% with respect to the

previous confidence interval. The graphic also shows that scenarios with sample size p=5 are
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the ones with the wider confidence intervals.
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Considering a fixed number of total measurements, narrower confidence intervals are obtained
when the design of the Gauge R&R study reduces the number of replications to increase sam-
ple size or number of operators. From Table 4.5, for the scenario with 200 total measurement

2
o =

number and 0%, = 3, o) = 3, 0 5 and 07, = 5, combination (p=20,0=5,n=2) re-
turns an average width of 0.90 and combination (p=25,0=4,n=2) an average width of 0.93.
For designs with larger number of replication the confidence intervals get wider. Scenario

(p=10,0=4,n=>5) gives an average width of 1.41 and combination (p=10,0=5,n=4) one of

1.20.
Table 4.5: Average CI width of agp for different total measurement numbers
o2, 1 1 1 3 3 3 5 5 5
2 1 5 3 1 5 3 1 5 3
o? 1 1 3 3 5 5 1 3 5
0.2
Measurements P o i 1 3 5 1 3 5 1 3 5
n
120 10 3 4 2.21 1.79 1.73 2.97 2.16 1.98 3.25 2.52 2.26
10 4 3 177 1.39 1.33 2.47 175 1.55 2.7 2.09 18
15 4 2 1.56 1.12 1.04 2.16 1.55 1.3 2.31 1.87 1.59
20 3 2 1.67 1.19 1.11 2.27 1.64 1.4 2.41 1.97 1.71
200 10 4 5 1.53 1.32 1.29 2.16 1.52 141 2.55 1.74 1.54
10 5 4 1.33 1.12 1.08 1.96 1.32 1.2 2.32 1.55 1.34
20 5 2 1.09 0.79 0.74 1.79 1.09 0.9 1.99 14 1.09
2 4 2 112 0.82 0.76 1.82 112 0.93 2.03 144 113
300 15 4 5 1.15 1 0.98 1.62 1.14 1.06 2.04 1.29 1.15
15 5 4 1.01 0.86 0.83 1.51 1.01 0.92 1.91 1.17 1.01
20 3 5 1.22 1.07 1.04 1.74 121 113 2.16 1.38 1.23
20 5 3 0.92 0.75 0.71 1.49 0.92 0.81 1.86 1.1 0.92
25 3 4 1.11 0.94 091 1.67 1.11 1.01 2.08 1.28 1.12
25 4 3 0.94 0.77 0.74 1.53 0.94 0.84 1.91 1.14 0.95

These results indicate that when designing a Gauge R&R study, priority to the sample size
and number of operators has to be given instead to number of replications when operator by

part variability is considered to be significant for the experiment.
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4.1.5 Analysis of reproducibility O%eproducibility

Reproducibility 0., oqueiiitys Second component of Gauge R&R study, is composed of o}
and 02,. Tt can be verified in the following graphics that the CI of 0%, oquciitiry depends
on df, and df,. Figure 4.13 demonstrates that increasing the sample size helps to a small
reduction on the average CI width, but it is more evident when having the lowest number of
operators. Considering the parameter allocation combination (p=20,0—=4,n=3) it is obtained
an average width of 7.21, and for design (p=25,0=4,n=3) a value of 6.92. This represents a
reduction of 4.1%. Tt is clearly evidenced that all scenarios with just 3 operators have average

CI widths more than twice the width of CI with larger number of operators.
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Figure 4.13: Average CI width of U%eproducibﬂity for different sample size p

Regardless the combination of number of replications and sample size, having more operators

in the design highly reduces the width of the confidence interval. From Figure 4.14, it is shown
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that combination (p=25,0=3,n1=2) presents an average of 22.16, and by increasing 1 operator,
the new design (p=25,0=4,n1=2) obtains an average width of 7.30. This signifies a reduction

of 67.0%.

Cl width
4500

40.00
35.00
30.00
25,00
20.00
15.00
10.00

Lid
=
L

Mumber of cperators o
—k— p=25; =2
p=16-N=2

_— pe=5: m=1

- —— p=2
——p=15; p=5 —— =t
= 5 b=5

i

1] 1]
[T ET]

=.
=.-

¥
¥
=

(&)

# Avemga velpes Fom 613 difrent combinstions of varizhilitr componeni:

Figure 4.14: Average CI width of 03,,,oquciitiry for different number of operator o

An increase in the number of replications causes a slight reduction on width of the CI. It can
be illustrated with Figure 4.15. Parameter allocation combination (p=15,0—3,n—3) has an
average CI width of 23.70. In the new design (p=15,0=3,n1=4) it changes to 22.71, obtaining
a reduction of just 4.2%. When the number of operators in the design is small, i.e. 0=3, the
average Cl width presents a larger increase.

When reproducibility is fundamental for the analysis of the Gauge R&R study, number of
operators has to be prioritized when designing the experiment. In Table 4.6, scenario where

2

the total number of measurements is 200 and the components of variability are 0%, = 07 =

2 2

o, = 0,, = 1, best designs are the ones with the maximum number of operators. Combination
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Figure 4.15: Average CI width of 0%,,.oquciiir, for different replication n

(p=10,0=5,n=4) and (p=20,0=5,n=2) have an average width of 4.53 and 4.13 respectively.
Last combination decreases the width of the confidence interval 47.7% with respect to the
worst, design. It is also noticed that when number of operators cannot be modified, then
increase of sample size has to be considered instead of number of replications as it also

influences the CI width reduction.
4.1.6 Analysis of total measurement system variability o2 p

Total measurement system variability o2 results from the summation of repeatability and
reproducibility. It is considered the principal error estimation to analyze in a Gauge R&R
study. Results from Figure 4.16 show that sample size has a moderate effect on the reduction
of the CI width. For example, considering design (p=15,0=4,n=2) with average width equal

to 5.12. Augmenting 5 parts, the average width of the combination (p=20,0=4n=2) is
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Table 4.6: Average CI width of 0%, ogucipiir, for different total measurement numbers

o2, 1 1 1 3 3 3 5 5 5

o2 1 5 3 1 5 3 1 5 3

o2 1 1 3 3 5 5 1 3 5

0.2

Measurements P o N i 1 3 5 1 3 5 1 3 5
120 10 3 4 24.82 19.01 21.20 34.00 26.41 24.33 39.25 26.23 25.35
10 4 3 8.21 6.07 6.81 11.69 8.98 8.01 13.84 8.84 8.36
15 4 2 7.68 5.16 6.02 12.06 8.59 7.38 14.35 8.73 7.82
20 3 2 21.66 14.38 17.01 35.07 24.10 20.85 40.85 24.73 22.25
200 10 4 5 7.90 5.94 6.74 10.54 8.75 7.80 10.93 8.12 7.99
10 5 4 4.53 3.32 3.78 6.17 5.10 4.46 6.49 4.70 4.58
20 5 2 4.13 2.61 3.21 6.31 4.82 4.02 7.24 4.38 4.15
25 4 2 6.83 4.29 5.33 10.66 8.02 6.68 12.22 7.27 6.90
300 15 4 5 7.14 4.97 5.93 9.86 8.22 7.08 8.89 7.28 7.19
15 5 4 4.15 2.79 3.37 5.84 4.84 4.10 5.31 4.27 4.17
20 3 H 20.10 13.86 16.70 27.60 22.92 19.94 25.61 20.46 20.27
20 5 3 4.02 2.56 3.18 5.80 4.76 3.96 5.47 4.14 4.04
25 3 4 19.36 12.86 15.87 27.22 22.46 19.20 25.82 19.79 19.58
25 4 3 6.68 4.22 5.30 9.69 7.89 6.59 9.24 6.86 6.72

modified to 4.81. This is a reduction of 6.1% from the original value.
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Figure 4.16: Average CI width of o2y for different sample size p

Most important parameter to analyze is the number of operators. Figure 4.17 clearly demon-
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strates that increasing this parameter has a high effect on reducing the width of the confidence
interval. This is evident for the design (p=25,0=4,n=3) that results on an average width of
4.53. Adding 1 operator, the new design (p=25,0=5,n=3) reduces its average width to 2.64,
which is an improvement of 41.7% compared to the original CI width. The graphic also shows

that for the same number of operators, designs with smaller sample size have wider CI.
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Figure 4.18 shows that when the number of replications is the same, wider CI is obtained in
a design with a small sample size and number of operators. Increasing only the sample size
will cause a little reduction on the average width. But by increasing the number of operators,
the width of the CI is substantially reduced. Only in the case when sample size and number
operators are small, an increase on the number of replications reduces the simulated average
CI width. For all the other scenarios number of replications seems to have a small effect on
the reduction of the confidence interval width. As an example, combination (p=25,0=5,n=2)
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with an average width of 2.69, presents a reduction of just 1.6% when 1 replication is increased

in the design.
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Figure 4.18: Average CI width of o2y for different replication n
Table 4.7 shows all the 25 total measurement scenarios analyzed in the present research.
Parameter allocation and average CI width for the worst design and best design are shown.
Last column of the table indicates the percentage of improvement passing from the worst
to the best design. It can be seen that when possible, number of replications in the worst
scenario is reduced at most and increased number of operators and sample size for obtaining
the best scenario. For example, in the first row, for a total measurement number of 30
there is one possible design (p=>5,0=3,n=2), so there is not improvement. A design of 150
total measurements presents as a worst design (p—=10,0—3,n=>5), which has an average width
of 16.36. The best design for 150 total measurements is (p=15,0=5n=2) that gives an
average width of 2.92. This corresponds to a reduction of 82.14% in the average width of the

61



confidence interval.

Table 4.7: % reduction C'T width o2 for different designs with same measurement number

Total Worst Design Best Design Percentage of
measurement P o n CT width P o n CT width reduction
Trn TErR
30 5 3 2 23.43 5 3 2 23.43 0.00%
40 5 4 2 7.49 5 4 2 7.49 0.00%
45 5 3 3 22.04 5 3 3 22.04 0.00%
50 5 5 2 4.15 5 5 2 4.15 0.00%
60 5 3 4 21.33 5 4 3 7.07 66.85%
75 5 3 5 20.91 5 5 3 3.93 81.21%
80 5 4 4 6.86 10 4 2 5.74 16.31%
90 10 3 3 17.01 15 3 2 15.62 8.18%
100 5 4 5 6.73 10 5 2 3.23 52.03%
120 10 3 4 16.60 15 4 2 5.12 69.17%
125 5 5 5 3.75 5 5 5 3.75 0.00%
135 15 3 3 15.04 15 3 3 15.04 0.00%
150 10 3 5 16.36 15 5 2 2.92 82.14%
160 10 4 4 5.40 20 4 2 4.81 11.00%
180 15 3 4 14.76 15 4 3 4.96 66.37%
200 10 4 5 5.33 20 5 2 2.77 48.01%
225 15 3 5 14.59 15 5 3 2.85 80.49%
240 20 3 4 13.80 20 4 3 4.69 66.00%
250 10 5 5 3.03 25 5 2 2.69 11.23%
300 20 3 5 13.68 20 5 3 2.72 80.12%
320 20 4 4 4.64 20 4 4 4.64 0.00%
375 25 3 5 13.12 25 5 3 2.64 79.85%
400 20 4 5 4.61 20 5 4 2.69 41.57%
500 25 4 5 447 25 5 4 2.62 41.28%
625 25 5 5 2.61 25 5 5 2.61 0.00%

4.1.7 Analysis of total variability o2,

Total variability of the system is the summation of measurement system variability and
process variability. For same parameter allocation it can be noticed that the average CI
width of 02, is smaller than the CT average width of 04 z. Similar to the average CI width
of 0% g, the average CI width of o2, is especially influenced by the number of operators
in the design. Following graphics present the individual effect of each parameter on the CI
average width.

Figure 4.19 shows that when having a reduced number of operators in the design, no matter
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the increment on the sample size, the average Cl width remains large. But it also can be
noticed that when having the lowest number of operators in the design, increasing the sample
size considerable reduces the CI width. This is evident considering design (p=10,0=3,n=5)
which has an average width of 11.98. Increasing the sample size to 15, the new design
(p=15,0=3,n=>5) presents an average width of 10.95. Adding more samples reduced the

average width 8.6%.
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Figure 4.19: Average CI width of o2, , for different sample size p
On Figure 4.20 it is clearly evidenced that for any allocation of sample size and number of
replications, an increment on the number of operators importantly reduces the size of the
average CI width. To illustrate, combination (p=>5,0=3,n=>5) returns a CI average width of
14.61. And by increasing the number of operators, the average CI width of the new design
(p=5,0=4,n=>5) changes to 5.77. This implies a reduction of 60.5% with respect to the original
average width.
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Figure 4.20: Average CI width of 07, for different number of operator o

Figure 4.21 shows the impact of number of replications on the average CI width. Increasing
only the number of replications is not significant for reducing the average CI width. This can
be noticed with the design (p=25,0—=4,n=4) that has an average CI width of 3.49. Increasing
1 replication to the design changes the average width to 3.47, that is a reduction of only
0.5%.

Table 4.8 presents a comparison of the worst design and best design for different fixed number
of total measurements. The designs with the worst and the best average widths are the same
obtained in previous section for o2 , ;. Depending on the parameter to change, reduction
can or cannot be significant. In the case of having 90 total measurements, passing from
the worst parameter allocation (p=10,0=3,n=3) that gives an average CI width of 12.3,
to the best design (p=15,0—=3,n=2) that gives an average width of 11.48, it is obtained a

reduction of just 6.67%. But considering a scenario with 300 total measurements, passing
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of 02,,,, for different replication n

from the worst design (p=20,0—=3,n=5) that gives an average width of 10.37 to the best design

(p=20,0=5,n=3) that gives an average width of 2.17, then the reduction represents 79.06%

of the original value.

4.2 Analysis of measurement system capability metrics

This section presents results of the simulation analysis performed on the most common mea-

surement system capability metrics.

components analyzed in last section, so it is

All of these metrics are functions of the variability

expected a similar behavior on the findings. It

is given an objective criterion about the best Gauge R&R study designs for each capability

metric. Parameter allocation should be selected depending on the metric used on industry.
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Table 4.8: % reduction CT width o2, for different designs with same measurement number

Total Worst Design Best Design Percentage of
measurement P o n CT width p o n CT width reduction
TFotal TFotal
30 5 3 2 15.66 5 3 2 15.66 0.00%
40 5 4 2 6.18 5 4 2 6.18 0.00%
45 5 3 3 15.08 5 3 3 15.08 0.00%
50 5 5 2 4.28 5 5 2 4.28 0.00%
60 5 3 4 14.79 5 4 3 5.96 59.70%
75 5 3 5 14.61 5 5 3 4.13 71.76%
80 5 4 4 5.84 10 4 2 4.39 24.80%
90 10 3 3 12.30 15 3 2 11.48 6.67%
100 5 4 5 5.77 10 5 2 2.67 53.82%
120 10 3 4 12.10 15 4 2 3.94 67.47%
125 5 5 5 4.00 5 5 5 4.00 0.00%
135 15 3 3 11.19 15 3 3 11.19 0.00%
150 10 3 5 11.98 15 5 2 2.35 80.38%
160 10 4 4 4.21 20 4 2 3.71 11.85%
180 15 3 4 11.04 15 4 3 3.85 65.15%
200 10 4 5 4.17 20 5 2 2.21 47.02%
225 15 3 5 10.95 15 5 3 2.30 78.96%
240 20 3 4 10.45 20 4 3 3.64 65.17%
250 10 5 5 2.54 25 5 2 2.13 16.32%
300 20 3 5 10.37 20 5 3 2.17 79.06%
320 20 4 4 3.61 20 4 4 3.61 0.00%
375 25 3 5 10.00 25 5 3 2.10 79.04%
400 20 4 5 3.58 20 5 4 2.15 39.90%
500 25 4 5 3.47 25 5 4 2.08 40.00%
625 25 5 5 2.07 25 5 5 2.07 0.00%

4.2.1 Analysis of part variability to gauge variability ratio p,

Graphics below show the effect of different parameter allocations on the average confidence
interval width of p,. It can be observed in Figure 4.22 that independently the number of
operators or number of replications in the design of the Gauge R&R study, increasing the
number of samples in the experiment results in an important reduction of the CI width, es-
pecially when having a small sample size. For example, parameter allocation (p=5,0=3,n=5)
has an average CI width of 10.73. By increasing 5 samples, the new design (p=10,0=3,n=>5)
presents an average width of 4.97, that means a reduction of 53.7%. Now, if considering a

design with a larger number of samples, like (p=20,0=3,n=>5), the width of the CI obtained
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is 3.28. And by adding 5 samples to previous design, the average width decreased to 2.96,

which is a reduction of only 9.6%.
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Figure 4.22: Average CI width of p, for different sample size p

Figure 4.23 points out that the three scenarios with a reduced number of parts in the design,
(p=>5,n=5), (p=5,n=3) and (p=5,n=2), give a CI more than three times wider than the other
six scenarios. For example, considering the maximum number of operators and number of
replications, a Gauge R&R study with parameter allocation (p=5,0=5n=>5) has a average CI
width of 10.32, that is 3.2 times wider than the average width of the design (p=15,0=5,n=5).
This indicates that no matter the number of operators neither number of replications, having
a small sample size seriously increase the width of the confidence interval. For all the scenarios
it is noticed that increasing the number of operators have a moderate effect on the reduction
of the average confidence interval width. As an example, with a design (p=15,0=3,n=2) the
average CI width obtained is 3.93. Assigning an extra operator to the design changes the
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average width to 3.63. This represents a reduction of 7.6%.
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Figure 4.23: Average CI width of p, for different number of operator o

Similar to previous graphic, Figure 4.24 shows how designs with low level of sample size have
a wider CI than other scenarios. It is also noticed that increasing number of replications has
practically no effect on the average width of the confidence interval. For example, considering
a design with parameter allocation (p=25,0=4,n=2) produces an average CI width of 2.78.
By increasing 1 replication, the new design (p=25,0=4,n=3) returns an average width of
2.72. This is a decrement of only 2.2%.

Table 4.9 presents all possible parameter allocations for three fixed total measurements in
a Gauge R&R study. It can be observed that designs with a large number of parts tend
to hold narrower confidence intervals. Looking at the designs with 300 measurements and
variability components 0%, = 1, 02 = 3, 02 = 3 and 0, = 5, design (p=25,0=4,n=3) has an
average CI width of 2.83, the smallest from all possible parameter allocation combinations.
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Figure 4.24: Average CI width of p, for different replication n

It is important to remark that although increasing sample size in the design is a priority for
reducing the average width, a consequent serious reduction on the number of operators may
have an adverse effect. Considering the same variability components, design (p=20,0=5,n1=3)
with an average width of 2.91 presents an improvement compared to design (p=25,0=3,n=4)

with an average width of 3.18.

4.2.2 Analysis of proportion of measurement system variability due to repeata-
bility pgep

Average confidence interval width of proportion of measurement system variability due to

repeatability pgrep exhibits a similar behavior when modifying any of the three parameters.

From Figure 4.25 it can be seen that, independently of sample size, designs with largest

number of operators, i.e. (0=5n=5),(0=5n1=3) and (0=5,n=2), have the smallest average

CI width. It is noticed that regardless the number of operators and number of replications
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Table 4.9: Average CI width of p, for different total measurement numbers

Then 1 1 1 3 3 3 5 5 5

o? 1 5 3 1 5 3 1 5 3

o? 1 1 3 3 5 5 1 3 5

o2

Measurements p o N v 1 3 5 1 3 5 1 3 5
120 10 3 4 5.02 4.62 5.29 5.12 4.98 5.32 4.59 4.70 5.21
10 4 3 4.73 4.24 4.96 4.93 4.60 5.04 4.53 4.41 4.98
15 4 2 3.62 3.08 3.77 3.90 3.50 3.91 3.57 3.33 3.89
20 3 2 3.41 2.87 3.55 3.65 3.34 3.69 3.24 3.12 3.63
200 10 4 5 4.65 4.21 4.94 4.87 4.53 4.99 4.45 4.31 4.91
10 5 4 4.41 3.95 4.67 4.69 4.26 4.76 4.36 4.09 4.71
20 5 2 2.80 2.33 2.93 3.19 2.72 3.09 2.92 2.55 3.11
25 4 2 2.72 2.24 2.85 3.11 2.66 3.02 2.76 2.47 3.02
300 15 4 5 3.46 3.02 3.73 3.73 3.37 3.80 3.37 3.14 3.74
15 5 4 3.22 2.80 3.46 3.53 3.13 3.56 3.26 2.94 3.53
20 3 5 3.26 2.82 3.51 3.52 3.20 3.59 3.08 2.94 3.50
20 5 3 2.72 2.31 2.91 3.08 2.67 3.04 2.81 2.48 3.03
25 3 4 2.95 2.50 3.18 3.25 2.90 3.28 2.83 2.65 3.21
25 4 3 2.65 2.22 2.83 3.01 2.60 2.97 2.68 2.39 2.94

in the design, increasing sample size has a moderate effect on the reduction of the average CI
width. Regarding the case with parameter allocation (p=10,0=5,n=2), the resulting average
width is 1.39. By increasing 5 samples, the average width of the new design (p=15,0=5,n=2)
changes to 1.26. It signifies a decrease of 9.4%.

For Figure 4.26, it is evident that when having the same number of operators in the design,
increasing sample size instead of number of replications results on a larger reduction of
the average CI width. As an example, parameter allocation (p=15,0=4,n=3) with average
width 1.34 results in a better option than design (p=>5,0=4,n=>5) with average width 1.60.
Modifying the number of operators in the study has a moderate effect on the width of the
confidence interval. To illustrate this, design (p=5,0=4,n=2) presents an average width of
1.90, while design (p=5,0=5,n1=2) returns an average width of 1.68. This implies a decrease
of 11.3%.

Figure 4.27 shows that when having the same number of replications, increasing any of both,
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number of operators or number of replications, is significant for reducing the average CI width.
For parameter allocation combination (p=5,0=4,n1=3), where sample size is small, the average
width is 1.72. By increasing the number of parts and reducing number of operators, a new
design (p=15,0=3,n=3) results on an average CI width of 1.59. Similar to previous graphics, it
is noticed that no matter the number of operators and sample size in the design of the Gauge
R&R study, increasing the number of replications has a moderate effect on the reduction
of the average CI width. As an example, passing from a design with a reduced number
of replications (p=25,0=5,n=2) to one with larger number of replications (p=25,0=5,n=3),

changes the average width from 1.14 to 1.07. Meaning a reduction of 6.5%.
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Figure 4.27: Average CI width of pge, for different replication n
It is important to select the proper parameter allocation combination when having a limited
total number of measurements in order to guarantee a narrower confidence interval. From
Table 4.10, it is shown that designs with largest number of operators result on the smallest
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average CI widths. Also it is noticed that when having the maximum number of operators in
the design, it is preferable to increase sample size instead of number of replications. Following

example illustrates previous observations. Having the scenario with 0%, = 1, 07 = 5, 02 = 1,

02p = 3 and 200 total measurements, design (p=10,0=5,n=4) presents an average width of

O,

1.19, and design (p=20,0=5,n=2) an average width of 1.11. This are the smallest values from

the four possible different parameter allocation combinations.

Table 4.10: Average CI width of pge, for different total measurement numbers

0y 1 1 1 3 3 3 5 5 5

o2 1 5 3 1 5 3 1 5 3

of 1 1 3 3 5 5 1 3 5

2

Measurements P o P 1 3 5 1 3 5 1 3 5
120 10 3 4 1.65 1.72 1.91 1.57 1.79 1.79 1.16 1.50 1.64
10 4 3 1.45 1.48 1.65 1.40 1.58 1.57 0.98 1.31 1.45
15 4 2 1.46 1.44 1.61 1.40 1.60 1.57 0.96 1.32 1.46
20 3 2 1.63 1.62 1.79 1.55 1.78 1.75 1.13 1.49 1.63
200 10 4 5 1.35 1.38 1.55 1.34 1.49 1.48 0.92 1.22 1.35
10 5 4 1.20 1.19 1.36 1.21 1.34 1.31 0.78 1.07 1.20
20 5 2 1.19 1.11 1.28 1.23 1.34 1.28 0.76 1.07 1.19
25 4 2 1.31 1.23 1.40 1.34 1.46 1.40 0.89 1.20 1.31
300 15 4 5 1.25 1.23 1.40 1.29 1.40 1.37 0.86 1.13 1.25
15 5 4 1.11 1.05 1.23 1.17 1.26 1.21 0.72 0.99 1.11
20 3 5 1.43 1.42 1.59 1.45 1.58 1.54 1.06 1.31 1.43
20 5 3 1.09 1.01 1.19 1.17 1.26 1.19 0.72 0.98 1.10
25 3 4 1.41 1.37 1.54 1.44 1.56 1.51 1.05 1.30 1.41
25 4 3 1.22 1.14 1.31 1.29 1.37 1.31 0.85 1.11 1.22

4.2.3 Analysis of proportion of measurement system variability due to repro-
ducibility preproducivitity

The average confidence interval width of preproducibitity tends to be affected by changes of any of

the three parameters under study. Figure 4.28 reveals that augmenting sample size produces

a moderate reduction on the width of the CI for all combinations of number of operators and

number of replications observed. Previous remark can be evidenced considering parameter

allocation combination (p=5,0=4,n=>5) which has an average width of 0.96. Rising sample
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size to 10 in the design modifies the average width to 0.80. This represents a reduction of

16.8%.
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Figure 4.28: Average CI width of preproducivitity for different sample size p

From Figure 4.29 it can be also concluded that regardless other parameter combinations, an
increase on number of operators has a moderate effect on the reduction of the average CI
width. For example, moving from a design (p=15,0—=4,n=5) with an average width of 0.74,
to a design (p=15,0=5,n=5) with an average width of 0.62, occasions a decrease of 16.2%.
Number of replications moderately affects the average CI width no matter the allocation of
number of operators and sample size. As an example from Figure 4.30, it can be consid-
ered the parameter allocation combination (p=5,0=3,n=3) with an average width of 1.36.
Increasing the number of replications to 4, reduces the average width of the new design
(p=5,0=3,n=4) to 1.28, that is a decrease of 5.8%.

From Table 4.11, it can be seen that when having a fixed number of measurements, it is
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recommended to increase as much as possible the number of operators in the design. Taking
as an example the scenario with variability components 0%, = 5, 02 = 3, 02 = 5, 0,, =5
and 120 total measurements, designs with 4 operators (p=10,0=4,n=3) and (p=15,0=4,n=2)

produce narrower confidence intervals, 0.79 and 0.83 respectively.

Table 4.11: Average CI width of preproducivitity for different total measurement numbers

e, 1 1 1 3 3 3 5 5 5

o? 1 5 3 1 5 3 1 5 3

03 1 1 3 3 5 5 1 3 5

0.2

Measurements P o n i 1 3 5 1 3 5 1 3 5
120 10 3 4 0.89 0.41 0.25 1.80 0.75 0.60 4.33 1.38 0.94
10 4 3 0.77 0.36 0.21 1.51 0.66 0.51 3.60 1.21 0.79
15 4 2 0.80 0.35 0.21 1.70 0.69 0.51 3.98 1.36 0.83
20 3 2 0.93 0.39 0.23 2.17 0.79 0.58 5.04 1.64 0.98
200 10 4 5 0.70 0.33 0.20 1.26 0.61 0.47 2.94 1.04 0.72
10 5 4 0.62 0.29 0.17 1.10 0.55 0.42 2.47 0.92 0.63
20 5 2 0.63 0.27 0.16 1.24 0.56 0.41 3.11 0.98 0.63
25 4 2 0.70 0.30 0.18 1.47 0.62 0.45 3.87 1.11 0.71
300 15 4 5 0.66 0.30 0.18 1.17 0.58 0.44 2.50 0.98 0.67
15 5 4 0.58 0.26 0.16 1.02 0.52 0.38 2.09 0.85 0.58
20 3 5 0.76 0.34 0.20 1.42 0.67 0.50 3.41 1.15 0.78
20 5 3 0.57 0.25 0.15 1.03 0.51 0.38 2.26 0.85 0.57
25 3 4 0.75 0.33 0.20 1.43 0.66 0.49 3.62 1.14 0.77
25 4 3 0.64 0.28 0.17 1.19 0.57 0.42 2.85 0.97 0.65

4.2.4 Analysis of precision-to-tolerance ratio P/T

Confidence interval of precision-to-tolerance ratio P/T is moderately affected by a change in
the sample size as shown on Figure 4.31. Going from a parameter allocation combination
(p=15,0=4,n=2) with an average width of 1.54, to a design (p=20,0=4,n=2) with an average
width of 1.46, results on a reduction of 5.1%. It is also noticed that for same sample size,
impact on the wide of the average width is due only to number of operators. It is clearly
shown in the graphic that scenarios with largest number of operators (0=5,n=5), (0=5,n=3)

and (0=5,n=2) results on the smallest average widths regardless the number of parts in the
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Figure 4.31: Average CI width of P/T for different sample size p
It is evidenced in Figure 4.32 that an increment on the number of operators has a high
effect on the reduction of the average CI width, especially when considering designs with
reduced number of operators, i.e. 3 operators. As an illustration, design (p=5,0=4,n=>5)
produces an average width of 1.90. By increasing number of operators to 5, the new design
(p=5,0=5,n=>5) changes its average width to 1.27, a decrease of 32.9% with respect to the
original value. From the graphic, it can be also pointed out that when having the same
number of operators, a design with more samples is better than one with more replications.
With respect to number of replications, a change on this parameter has virtually no ef-
fect on the average CI width. Considering Figure 4.33, for the case where the design is
(p=15,0=3,n=4), the resulting average confidence interval width is 3.01. And by increasing
to 5 the number of replications, the average width of the design (p=15,0=3,n=>5) changes

7



Clwidth
4,50

400
3.50
3,00
2.50
2.00
150
1.00
0.50

3 4 &5
MNumber of cperators o
—4—p=25; n=5 —l—p=25; n=3 —&— p=25: n=2
— =15 n=3 — ¥ —=15n=3 — p=15:-n=2

—t—p=3 n=5 - =5 n=3 —-—F.:E =z

* Averzee valuss Fom §13 diffr=nt corbinstions of varizbiline components
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only to 2.98 This is an insignificant reduction of just 0.9%.
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Table 4.12 helps to identify the best design when having a limited number of measurements
in a Gauge R&R study. It can be observed that designs with larger number of operators tend
to reduce the average width to its minimum values, and in second place sample size can also
be considered for its reduction. Number of replications has not a notorious effect and can be
minimized in order to increase any of the previous parameters. For example, scenario with
variability components 03, = 3, 07 = 5, 05 = 5, 02, = 3, and 200 total measurements reaches
the smallest average width 1.19 with the design (p=20,0=5,n=2). This design reduces to its
minimum the number of replications to increase to its highest value the number of operators

and also considers a large sample size.

Table 4.12: Average CI width of P/T for different total measurement numbers

Then 1 1 1 3 3 3 5 5 5

2 1 5 3 1 5 3 1 5 3

o? 1 1 3 3 5 5 1 3 5

o2

Measurements p o N °p 1 3 5 1 3 5 1 3 5
120 10 3 4 3.28 3.17 3.59 3.35 3.58 3.53 2.29 2.99 3.29
10 4 3 1.63 1.52 1.76 1.72 1.83 1.77 1.11 1.46 1.63
15 4 2 1.53 1.34 1.60 1.69 1.76 1.66 1.07 1.39 1.54
20 3 2 2.97 2.62 3.09 3.23 3.34 3.19 2.16 2.71 2.99
200 10 4 5 1.58 1.49 1.75 1.67 1.80 1.73 1.00 1.41 1.59
10 5 4 1.07 0.98 1.17 1.16 1.24 1.18 0.67 0.94 1.07
20 5 2 0.99 0.80 1.02 1.13 1.19 1.08 0.63 0.87 0.99
25 4 2 1.41 1.16 1.46 1.60 1.68 1.54 0.92 1.26 1.42
300 15 4 5 1.46 1.30 1.58 1.6 1.71 1.61 0.89 1.29 1.47
15 5 4 1.00 0.85 1.06 1.12 1.19 1.10 0.59 0.87 1.00
20 3 5 2.86 2.56 3.05 3.05 3.25 3.10 1.84 2.55 2.85
20 5 3 0.97 0.79 1.01 1.11 1.17 1.07 0.58 0.85 0.97
25 3 4 2.78 2.42 2.94 3.01 3.20 3.02 1.80 2.49 2.79
25 4 3 1.39 1.14 1.45 1.57 1.66 1.52 0.85 1.23 1.39

4.2.5 Analysis of signal-to-noise ratio SNR

Confidence interval of signal-to-noise ratio is highly affected by sample size. Figure 4.34 shows

that no matter the allocation of number of operators and number of replications, having more
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parts in the Gauge R&R study significantly reduces the width of the confidence interval,
especially for small sample sizes, i.e. n=>5,10. It is shown that when having a parameter
allocation combination (p=10,0—=3,n=2) the average CI width is 2.11. By increasing the
sample size to 15, the new design gets an average width of 1.83. This represents a reduction
of 13.6%. When sample size is the same, a change in any of the other two parameters does

not significantly affect the average width.
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Figure 4.34: Average CI width of SNR for different sample size p
According to Figure 4.35, it is demonstrated that when having the same number of operators
in the Gauge R&R study, increasing number of samples is a better option than increasing
number of replications in the design. It is evident that designs with largest number of
parts (p—25,n=>5), (p—=25,n—3) and (p—25,n=2) return narrower confidence intervals. The
graphic also shows that increasing number of operators in the design has a moderate effect
in the reduction of the average CI width. As an example, parameter allocation combination
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(p=15,0=3,n=2) gives an average width of 1.83. An increase to 4 operators, changes the

average width of the design (p=15,0=4,n=2) to 1.65. This signifies a reduction of 9.7%.
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Figure 4.35: Average CI width of SNR for different number of operator o

Figure 4.36 presents the effect of number of replications on the width of the confidence inter-
val. It is clearly evidenced that increasing number of replications in any design has a low effect
on the average CI width. For example, parameter allocation combination (p=>5,0—=3,n=2) re-
sults in an average width of 3.18. Increasing 1 replication to previous design modifies it to
3.16, implying a reduction of only 0.8%.

When having a limited number of experiments to perform, it is important to select the correct
level for each parameter. Table 4.13 presents all possible parameter allocation combinations
for the same total measurement numbers. It is noticed that narrower confidence intervals are
obtained when the design involves firstly a large sample size, and secondly a large number
of operators. Number of replications are not that significant to reduce the average CI width.
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To illustrate, scenario with 200 total measurements and variability components J%{Ep =5,
o7 =5, 0, = 3 and 07, = 3, produces the smallest confidence interval with the parameter
allocation combination (p=20,0=5,n=2). This design has an average width of 1.20, that

represents a reduction of 33.0% compared with the worst design.

4.3 Analysis of process capability metrics

Although main objective of the present research is to analyze the effect of Gauge R&R study
design on the average confidence intervals width of variability components and measurement
system capability metrics, it is also of interest to complement this analysis with some of the

criteria commonly used to check capability of the manufacturing process.
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Table 4.13: Average CI width of SNR for different total measurement numbers

Thep 1 1 1 3 3 3 5 5 5
2 1 5 3 1 5 3 1 5 3
02 1 1 3 3 5 5 1 3 5
0.2

Measurements P o i 1 3 5 1 3 5 1 3 5
120 10 3 4 2.11 1.98 2.19 2.12 2.08 2.20 1.94 2.00 2.17
10 4 3 1.94 1.76 2.03 2.01 1.89 2.06 1.85 1.83 2.04
15 4 2 1.64 1.42 1.71 1.75 1.59 1.76 1.62 1.53 1.76
20 3 2 1.68 1.47 1.74 1.75 1.64 1.79 1.61 1.57 1.78
200 10 4 5 1.92 1.75 2.02 1.99 1.86 2.04 1.84 1.79 2.02
10 5 4 1.79 1.61 1.89 1.89 1.73 1.92 1.78 1.67 1.91
20 5 2 1.31 1.11 1.37 1.48 1.28 1.44 1.37 1.20 1.46
25 4 2 1.34 1.12 1.41 1.51 1.32 1.48 1.37 1.23 1.49
300 15 4 5 1.58 1.40 1.69 1.68 1.54 1.72 1.55 1.44 1.70
15 5 4 1.44 1.26 1.55 1.57 1.41 1.58 1.46 1.32 1.58
20 3 B} 1.62 1.44 1.72 1.72 1.59 1.75 1.56 1.49 1.72
20 5 3 1.28 1.10 1.36 1.43 1.26 1.42 1.32 1.17 1.42
25 3 4 1.52 1.33 1.62 1.64 1.49 1.65 1.48 1.39 1.63
25 4 3 1.31 1.12 1.40 1.47 1.29 1.45 1.33 1.19 1.45

4.3.1 Analysis of observed potential capability of the process C),

Graphics below show the influence of the three parameters under study over the average
C, confidence interval width. Figure 4.37 clearly shows that augmenting sample size has
a moderate effect on the reduction of the average CI width. Considering the case with
parameter allocation combination (p=15,0=4,n=3) the confidence interval presents a width
of 0.68. By increasing 5 samples, the new design (p—20,0—4,n=3) results on an average CI
width of 0.65, meaning a reduction of 4.3% from the original value.

Similar to the previous graphic, Figure 4.38 shows that number of operators has a moderate
effect on the width of the confidence interval. As an example, a selected parameter allocation
combination (p=25,0=4,n=>5) returns an average CI width of 0.63. An increment of 1 oper-
ator in the design modifies the average width to 0.52. This change represents a reduction of
17.0%.

Figure 4.39 indicates that there is no significant effect of number of replications on the
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Figure 4.37: Average CI width of C, for different sample size p
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reduction of the average width of the confidence interval. No matter the number of operators
and samples, all scenarios analyzed in the graphic show a small decrement when increasing
the number of replications. For example, a Gauge R&R study with parameter allocation
combination (p=>5,0=3,n=4) produces an average CI width of 1.03. One more replication in

previous design gives an average width of 1.02, obtaining a reduction of just 0.7%.

Cl width
10
1.00 — ==
0.50
— "
{20 - —
—— My — _i_ _I_I
0.70 e ——
g 4
i —— 88— @ B
- :}&
0.50 ' = * .
0.40
2 3 2 5
Replication n
—§— =35 o=t —E— =25 0=4 —i— =25, 0=3
—— =15, 2=5 —#—p=15;0=4 p=13;0=3
——p=5; a=5 =5 o=d — —p=5c=t

® Averzos values Fomn 815 difSrent combinstions of venizbility componenis
Figure 4.39: Average CI width of C, for different replication n
Table 4.14 indicates that when having a fixed number of measurements in the Gauge R&R
study, it is important to assure a large number of samples and operators in the design for
obtaining good results, no matter if the number of replications is minimized. This is clearly
evident on the scenario with 300 total measurements and variability components 0'12_2617 =1,
012) =1,02=1and agp = 1, where the best scenario has the parameter allocation combination
(p=20,0=5,n=3) that results in an average width of 0.54. Obtaining a reduction of 36.5%
with respect to the worst scenario (p=20,0=3,n=>5) that has an average width of 0.85.
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Table 4.14: Average CI width of C,, for different total measurement numbers

Then 1 1 1 3 3 3 5 5 5

a2 1 5 3 1 5 3 1 5 3

o2 1 1 3 3 5 5 1 3 5

o2

Measurements P o N i 1 3 5 1 3 5 1 3 5
120 10 3 4 0.92 0.9 0.97 0.95 0.96 0.96 0.79 0.88 0.93
10 4 3 0.73 0.71 0.77 0.77 0.78 0.77 0.6 0.69 0.74
15 4 2 0.69 0.63 0.72 0.76 0.74 0.74 0.58 0.65 0.71
20 3 2 0.87 0.79 0.89 0.92 0.91 0.91 0.76 0.82 0.88
200 10 4 5 0.72 0.7 0.76 0.75 0.77 0.76 0.56 0.67 0.72
10 5 4 0.61 0.62 0.65 0.64 0.66 0.65 0.46 0.57 0.61
20 5 2 0.55 0.48 0.57 0.63 0.61 0.6 0.42 0.5 0.56
25 4 2 0.64 0.54 0.66 0.73 0.7 0.69 0.51 0.59 0.66
300 15 4 5 0.67 0.62 0.71 0.73 0.72 0.72 0.51 0.62 0.68
15 5 4 0.56 0.53 0.59 0.62 0.62 0.61 0.4 0.51 0.57
20 3 5 0.85 0.78 0.88 0.89 0.89 0.89 0.69 0.79 0.86
20 5 3 0.54 0.48 0.56 0.62 0.6 0.59 0.39 0.49 0.56
25 3 4 0.83 0.74 0.86 0.89 0.87 0.88 0.68 0.77 0.84
25 4 3 0.64 0.54 0.66 0.72 0.69 0.69 0.49 0.58 0.65

4.3.2 Analysis of actual potential capability of the process C;

Confidence interval of actual potential capability of the process C; has a behavior similar
to the confidence interval of C), although in general its average width is twice the size of
previous metric. It is shown in Figure 4.40 that the effect of increasing the sample size for
reducing the average width is moderate. Considering a design with (p=20,0=4,n=2) it is
obtained an average CI width of 1.37, and by increasing 5 samples the new average CI width
is 1.20. This represents a reduction of 12.2%.

Figure 4.41 indicates also that the effect of number of operators is moderate in the average
confidence interval widths. Similar to the graphic of the confidence interval of repeatability
O Repeatability, Scenarios with small sample size present an abnormal behavior. Rest of scenarios
show the expected normal tendency. Six out of nine cases indicates that the effect of increas-
ing the number of operators is moderate on the width of the confidence interval. In order

to expose this conclusion it can be considered the design (p=15,0—=4,n—=2) with an average
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Figure 4.40: Average CI width of C} for different sample size p

width of 1.59. By increasing 1 operator, the average width of the new design (p=15,0=5,n=2)
changes to 1.43. This represents a reduction of 10.1%.

Figure 4.42 also shows an atypical behavior for three of nine scenarios analyzed. Other
six scenarios show almost no reduction of average CI width when increasing the number
of replications, meaning that a change in this parameter is not significant. As example,
parameter allocation combination (p=25,0=5,n=3) has an average width of 0.99. Increasing
1 replication to the design modifies the average width to 0.96, that is a reduction of only
2.1%.

Table 4.15 is used to demonstrate which is the best parameter allocation combination when
the total measurements for a Gauge R&R study are limited. In concordance to previous
graphics, it can be observed that designs that prioritize sample size and number of operators

are better than the ones that include more replications. In the case with a total of 120
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measurements and variability components 0%, = 3, 0, = 1, 0, = 3 and 0,, = 1, the best

design is (p=20,0=3,n=2) which has an average CI width of 1.62. Latter reduces 20.2% the

average width compared to the worst scenario.

Table 4.15: Average CI width of C} for different total measurement numbers

Then 1 1 1 3 3 3 5 5 5

o? 1 5 3 1 5 3 1 5 3

o? 1 1 3 3 5 5 1 3 5

o2

Measurements p o N v 1 3 5 1 3 5 1 3 5
120 10 3 4 2.06 1.50 2.32 2.03 1.67 241 1.74 1.72 2.45
10 4 3 1.84 1.31 2.09 2.01 1.45 2.20 1.83 1.53 2.30
15 4 2 1.49 0.99 1.69 1.69 1.12 1.84 1.76 1.23 2.00
20 3 2 1.53 0.94 1.75 1.62 1.10 1.94 1.64 1.22 2.07
200 10 4 5 1.76 1.28 2.05 1.98 1.39 2.13 1.97 1.44 2.20
10 5 4 1.58 1.18 1.83 1.84 1.27 1.94 1.90 1.32 2.01
20 5 2 1.02 0.76 1.17 1.37 0.81 1.30 1.53 0.87 1.43
25 4 2 1.01 0.70 1.15 1.40 0.76 1.33 1.52 0.83 1.47
300 15 4 5 1.32 0.96 1.61 1.55 1.01 1.70 1.73 1.06 1.78
15 5 4 1.16 0.89 1.40 1.41 0.93 1.49 1.58 0.97 1.56
20 3 5 1.33 0.89 1.69 1.61 0.96 1.79 1.77 1.02 1.83
20 5 3 0.96 0.75 1.13 1.23 0.79 1.23 1.44 0.82 1.32
25 3 4 1.15 0.77 1.49 1.48 0.82 1.58 1.67 0.88 1.67
25 4 3 0.93 0.69 1.14 1.26 0.73 1.24 1.46 0.77 1.36

4.4 Comparison of results

Present research offers a sensitivity analysis of parameter allocation on Gauge R&R study
results. Figure 4.43 summarizes the effect of increasing the sample size on the confidence
interval average width of the main variability components and capability criteria. From
previous findings, it was evidenced that this parameter has a high influence on reducing the
average width of two criteria: p, and SNR. For the other seven criteria it was considered that
the effect of this parameter on the reduction of the confidence interval width is moderate.

Figure 4.44 presents the influence of the number of operators on the average CI width of the

principal criteria under study. It was observed that there exist a high effect of this parameter
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Figure 4.43: Effect of sample size on average confidence interval width

on the CI width of three parameters: o2 pzp, 0% and P/T. For the other six metrics, the

effect of this parameter on their respective confidence intervals seemed to be moderate.
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Figure 4.44: Effect of number of operators on average confidence interval width

Following Figure 4.45 indicates the effect of number of replications on the reduction of the
average confidence interval width. It was found that this parameter only has a moderate
effect on the confidence interval width of two metrics: prepeatabitity a0 PRreproducivitity- FOr
all the other metrics the effect of number of replications on the average confidence interval
width was considered to be not significant enough.

Considering the results, it is recommended to prioritize first the number of operators in the
Gauge R&R study design because it is of benefit for the reduction of the average CI width of a
larger number of metrics and variability components. Secondly, it is recommended to increase

as much as possible the sample size in the design. This parameter shows a similar benefit
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Figure 4.45: Effect of replications on average confidence interval width

in comparison to previous one, and for some metrics results were better by prioritizing an
increment on the number of parts. Finally, in general it is clear that there is not a substantial
benefit on increasing the number of replications. It is suggested that when possible the level

of this parameter should be reduced in order to increase level of previous parameters.
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Chapter 5
Case study

On previous chapter, numerical simulation was conducted to perform a sensitivity analysis to
establish the effect of parameter allocation combination on the confidence interval width of
variability components and various capability criteria used in a Gauge R&R study. A series
of recommendations were given to establish the best experimental design depending on the
metrics of interest. Previous findings are illustrated on the present chapter with a real case

of study.
5.1 General background

Aerospace, pharmaceutical and food industries are among the companies with higher quality
requirements. This makes it critical for them to have a reliable measurement system in
order to detect anomalies in production process. The following discussion concerns to a real
manufacturing process in aerospace industry. Samples were provided by company and the
measurement, process was replicated for the Gauge R&R study. All data and calculations
presented have been modified in order to protect confidentiality policies of the company where
the study was performed.

An aircraft is composed of thousands of different parts and subassemblies. One of these
parts are the metal plates used in the structure of the fuselage. Each of these plates is braced
in the airplane’s body employing rivets. Position where rivets are going to be inserted is
signaled with a spot in the plate by using a special machine. The operator makes the spot
in the surface of the plate with respect to four red marks as shown in Figure 5.1. Before

passing the metal plates to the assembly workstation, an off-centering revision of the spot
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with respect to the four red marks is performed. Depending on the results the metal piece

could be considered as a nonconformity and returned to be reworked.

\
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Figure 5.1: Manufactured metal piece

A practitioner is in charge of measuring six values in the metal plate: maximum in axis X
Mazx,, center in axis X Center,, minimum in axis X Min,, maximum in axis Y Maz,, center

in axis Y Center, and minimum in axis Y M1n,. Off-centering error is then calculated as

2

1 ? 1
Of f — center = \/{C’ent«erfC — §(Maxx + me)} + [Centery - é(Maxy + Min,)
(5.1)
A value of off-center between 0 and 300 is considered acceptable for the assembly process.

Any other value will make the metal plate to be rejected.

5.2 Gauge R&R study design

Three capability criteria, p,, P/T and C;;, were selected for analyzing reliability of the mea-
surement system and production process. Three different Gauge R&R study designs have
been considered in order to verify the effect of number of operators in the results obtained.
First experiment consists of 10 samples, 2 operators and 2 replications. Second experiment
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includes 10 samples, 3 operators and 2 replications. The last experiment considers 10 samples,
4 operators and 2 replications.

Measurements were performed in random order to assure independency of the observations.
Data obtained and the corresponding results of off-centering error calculated are presented

in the AppendizB.

5.3 Data validation

Before calculating the point estimators of interest and their respective confidence intervals,
it is of need to verify the normality assumption of the data collected. Figure 5.2 presents
the normal probability plot of the off-centering errors from experiment 1. It is noticed how
points fall in the straight line or near it, indicating that the data follows a normal distribution

behavior.

Probability Plot of Expl-Average

Marmal - 999 CI

Percent

tT T T T
-10 a 140 20
Expl-Average

Figure 5.2: Probability plot for normal distribution for experiment 1

Through visual examination of Figure 5.3, it is also verified that all points falls between the
confidence interval of the test. Meaning that it can be accepted the normality assumption of
data from experiment 2.

Figure 5.4 shows the normal probability plot from experiment 3. It is noticed some points
not close to the straight line, but that are still inside the confidence interval of the test. It is
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Figure 5.3: Probability plot for normal distribution for experiment 2

considered that for the third experiment normal distribution is an acceptable model for the

data.
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Figure 5.4: Probability plot for normal distribution for experiment 3

It is also of interest to analyze suitability of the measurement instrument to the intended
purpose and the capability of the operator to perform the expected work. This can be
achieved by interpreting the ¥ — R chart. Figure 5.5 presents the ¥ — R control chart
for experiment 1. As expected, having points out-of-control in the z chart is a sign that
the measurement instrument is able to differentiate between samples, implying that the
measurement instrument is adequate for the activity. On the other hand, R-chart shows an
in-control behavior. This indicates that measurements taken by the operators were consistent

in each replication. Therefore, it can be considered that the operators did not have difficulties
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using the measurement instrument.
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Figure 5.5: ¥ — R chart for experiment 1

Similar to previous graphic, it can be noticed on Figure 5.6, that & control chart for exper-
iment 2 exhibits several points out-of-control, suggesting that the measurement instrument
can distinguish one sample from another. R control chart shows an in-control state. This
suggests that there is not a significant difference between the repeated measurements done

by the operator on the same sample.
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Figure 5.6: ¥ — R chart for experiment 2

Figure 5.7 presents results from experiment 3. According to the Z chart, it is evident again
that the gauge is of use for this measurement process. The R chart indicates that the
four operators are able to correctly manipulate the measurement instruments and to obtain
reliable observations.
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Figure 5.7: ¥ — R chart for experiment 3

5.4 Contrast of scenarios

Point estimators and the respective MLS confidence intervals were calculated using analysis
of variance method. ANOVA tables for the three experiments are shown in the AppendizC.
Point estimator of part variability to gauge variability ratio p, for all experiments shows that
the variability of the process is more than 3 times the variability of the measurement system,
implying that the higher percentage of the error reflected in the measurements is due to the
manufacturing process. But due to sampling error, it is also necessary to consider results
obtained from the confidence intervals calculated with 5% significance level. For experiment
1, the CI of p, is between 0.31 and 12.96. Having a value of 0.31 implies that most of
the variability is due to the gauge, and on the other hand, a value of 12.96 indicates that
variability due to gauge is not significant. With this confidence interval it is not possible
to conclude about the relation between process and gauge variability. In experiment 2, the
width of the confidence interval reduces 9.13% with respect to the point estimator. As
expected from previous findings, increasing number of operators has just a moderate effect
on reducing the CI width of this metric. The new confidence interval obtained is [1.05,11.26].

In this case the CI is clearly indicating that at least variability of the gauge is equal or less
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to the variability of the process. In last experiment, having a CI equal to [1.21,10.51] allows
to conclude that gauge variability has a lower influence on total error compare to process
variability. Although increasing number of operators has not a high impact on reducing the

CI width, it is of use to accurately conclude. Table 5.1 summarizes these findings.

Table 5.1: p, results

Experiment Point L U Width % reduction
estimator width
1 3.57 0.31 12.96 3.55
2 3.17 1.05 11.26 3.22 9.13%
3 3.00 1.21 10.51 3.10 3.93%

According to ATAG, a measurement system can be considered to be adequate if the precision-
to-tolerance ratio is less than 0.1. With respect only to the point estimators of all experiments
shown in Table 5.2, the measurement system could be considered as adequate, but again
confidence intervals must be considered for a proper discussion. The CI with 5% significance
level for experiment 1 is [0.04, 0.15]. Having an upper limit greater than 0.1 prevents of
concluding about the adequacy of the measurement instrument. By increasing 1 operator in
the Gauge R&R study, it is noticed a reduction of 68.81% of the CI width. In experiment
2 all possible values inside the CI of P/T are less than 0.1. It can be concluded that the
measurement instrument is adequate for this activity. CI of final experiment is reduced even

more, and it is more evident the adequacy of the gauge.

Table 5.2: P/T results

Experiment Point L U Width % reduction
estimator width
1 0.06 0.04 0.15 1.87
2 0.06 0.05 0.08 0.58 68.81%
3 0.06 0.05 0.07 0.43 25.55%
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Table 5.3 presents actual process capability ratio C}j. A process with a value of this metric
greater than 1.3 is considered to be capable. For all experiments, point estimators and
confidence intervals are greater than 1.3. For this metric it was of no need to increase the
number of operator to conclude that the process is capable. It has to be noticed also that
increasing the number of operators has only a moderate effect on reducing the CISs width of

this metric.

Table 5.3: C; results

Experiment Point L U Width % reduction
estimator width
9.58 5.05 15.68 1.11
9.92 5.29 15.27 1.01 9.33%
9.91 5.31 15.02 0.98 2.55%

This example problem illustrates that depending on how the Gauge R&R study is designed,
conclusions from the capability metrics can be more or less significant. In this case, increasing

number of operators helped to conclude about p, and P/T.
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Chapter 6

Conclusions
6.1 Summary

In this thesis, effects of Gauge R&R study parameter allocation on the MLS confidence
intervals of variability components and capability criteria were studied through numerical
simulation. Based on the literature review of the research on measurement system analysis
in Chapter 2, it was introduced the point estimators and confidence intervals of interest in
Chapter 3. Findings of the simulation were summarized in Chapter 4. A numerical example

was given in Chapter 5 to illustrate the analysis performed.

6.2 Contributions of the thesis

A reliable measurement system is of need for inspecting and improving quality of the process.
Several indices are used in industry to evaluate adequacy of the measurement system. Gauge
R&R study is among the existing tools used to calculate capability indices point estimates in
measurement system analysis. But because of sampling uncertainty, it is required estimation
of confidence intervals for the analysis. This thesis focused on the effect of Gauge R&R study
design on the calculation of the confidence intervals of variability components and capability
indices using MLS method.

Simulation results on the present research lead to conclude that:

- Sample size has a high impact on the width of the confidence interval for SNR and p,, and
a moderate impact for 02 pg, O oiars PRepeatabilitys PReproducibility; P/ T, C, and Cr.

- Number of operators has major effect on the width of the confidence interval for o pp,
07 @0d P/T, and a moderate effect for p,, prepeatavititys PReproducivititys SNR, Cp and C,.
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- Number of replications has a moderate effect on the width of the confidence interval for
P Repeatability A0 P Reproducibitity, and a low effect for P/T, SNR, C, and C}, 0&pp, 0Foq and
Pp-

Based on these results, it is recommended to prioritize number of operators and sample size
in the design of a Gauge R&R study. This will be of benefit for the reduction of a larger
number of metrics and variability components. Number of replications has no a significant
effect on the reduction of CI width. Therefore, it is suggested that when possible the number

of replications have to be reduced in order to increase number of latter parameters.

6.3 Future research

Present research focused on modified-large-sample method to estimate Cls of variability
components and capability criteria. Further study on how Gauge R&R study design affects
estimations of others methods, like Satterthwaite (SATT) or maximum likelihood (RELM)
method, is of interest. Moreover, conclusions drawn are restricted to particular scenarios
considered as the most common in industry. The present research can be extended by con-
sidering the effect of distinct parameter allocations on Gauge R&R study. Capability of the
measurement system can also be studied by analyzing its ability to correctly differentiate
between conformities and nonconformities (Woodall and Borror, 2008). Therefore, it will be
also important to include misclassification rates on the sensitivity analysis. Gauge R&R ex-
perimental design not only influences reliability of the results. Depending on the personnel,
parts and replications selected for the study, the time and cost required can highly varied.

Including both variables in the analysis will complement the findings of this research.
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Appendices

A Numerical simulation data example

Table A.1: Simulation data example for average confidence interval width of o%,,

Thep 1 1 1 1 1 1 3 3 3 5 5 5 5

o2 1 1 1 3 5 5 1 3 5 1 5 5 5

a2 1 1 1 1 1 5 3 3 3 5 5 5 5

[72

p N 3 5 5 3 3 3 3 3 3 1 3 5
5 3 2 1.49 1.66 1.75 178 1.73 177 1.43 1.49 1.51 1.39 1.39 1.44 1.48
5 3 3 1.08 1.13 114 114 114 114 1.05 1.08 1.08 1.02 1.01 1.05 1.08
5 3 4 0.88 0.89 0.90 0.90 0.90 0.90 0.86 0.88 0.88 0.84 0.83 0.86 0.88
5 3 5 0.75 0.76 0.76 0.76 0.76 0.76 0.75 0.75 0.75 0.73 0.73 0.75 0.75
5 4 2 1.29 1.45 1.49 1.49 1.47 1.48 1.25 1.30 1.31 117 114 1.22 1.30
5 1 3 0.94 0.96 0.96 0.96 0.96 0.96 0.92 0.94 0.94 0.88 0.86 0.91 0.94
5 4 4 0.76 0.76 0.76 0.76 0.76 0.76 0.75 0.76 0.76 0.73 0.71 0.75 0.76
5 5 2 1.17 1.28 1.29 1.29 1.28 1.29 114 117 118 1.05 1.00 1.10 1.17
5 5 3 0.83 0.84 0.8 0.85 0.85 0.85 0.83 0.83 0.84 0.80 0.76 0.81 0.83
5 5 4 0.67 0.67 0.67 0.67 0.67 0.67 0.67 0.67 0.67 0.66 0.63 0.67 0.67
5 5 5 0.58 0.58 0.58 0.58 0.58 0.58 0.57 0.58 0.58 0.57 0.56 0.57 0.58
10 3 2 1.07 1.14 1.15 115 115 1.15 1.03 1.07 1.08 0.94 0.91 1.00 1.07
10 3 3 0.76 0.76 0.76 0.76 0.76 0.76 0.75 0.76 0.76 0.72 0.69 0.74 0.76
10 3 4 0.61 0.61 0.61 0.61 0.61 0.61 0.61 0.61 0.61 0.60 0.58 0.61 0.61
10 3 5 0.52 0.52 0.52 0.52 0.52 0.52 0.52 0.52 0.52 0.52 0.51 0.52 0.52
10 4 2 0.94 0.96 0.96 0.96 0.96 0.96 0.92 0.94 0.94 0.84 0.77 0.88 0.94
10 1 4 0.52 0.52 0.52 0.52 0.52 0.52 0.52 0.52 0.52 0.52 0.50 0.52 0.52
10 4 5 0.45 0.45 0.45 0.45 0.45 0.45 0.45 0.45 0.45 0.45 0.44 0.45 0.45
10 5 2 0.84 0.85 0.85 0.85 0.85 0.85 0.83 0.84 0.84 0.78 0.69 0.80 0.84
10 5 3 0.58 0.58 0.58 0.58 0.58 0.58 0.58 0.58 0.58 0.57 0.54 0.57 0.58
10 5 4 0.46 0.46 0.46 0.46 0.46 0.46 0.46 0.46 0.46 0.46 0.45 0.46 0.46
10 5 5 0.40 0.40 0.40 0.40 0.40 0.40 0.40 0.40 0.40 0.40 0.39 0.40 0.40
15 3 2 0.88 0.90 0.90 0.90 0.90 0.90 0.86 0.88 0.88 0.79 0.73 0.84 0.88
15 3 3 0.61 0.61 0.61 0.61 0.61 0.61 0.61 0.61 0.61 0.60 0.57 0.60 0.61
15 3 4 0.49 0.49 0.49 0.49 0.49 0.49 0.49 0.49 0.49 0.49 047 0.49 0.49
15 3 5 0.42 0.42 0.42 0.42 0.42 0.42 0.42 0.42 0.42 0.42 0.42 0.42 0.42
15 4 2 0.76 0.76 0.76 0.76 0.76 0.76 0.76 0.76 0.76 0.72 0.63 0.73 0.76
15 1 4 0.42 0.42 0.42 0.42 0.42 0.42 0.42 0.42 0.42 0.42 0.41 0.42 0.42
15 1 5 0.36 0.36 0.36 0.36 0.36 0.36 0.36 0.36 0.36 0.36 0.36 0.36 0.36
15 5 2 0.67 0.67 0.67 0.67 0.67 0.67 0.67 0.67 0.67 0.65 0.57 0.66 0.67
15 5 3 0.46 0.46 0.46 0.46 0.46 0.46 0.46 0.46 0.46 0.46 0.44 0.46 0.46
15 5 4 0.38 0.38 0.38 0.38 0.38 0.38 0.38 0.38 0.38 0.38 0.37 0.38 0.38
15 5 5 0.32 0.32 0.32 0.32 0.32 0.32 0.32 0.32 0.32 0.32 0.32 0.32 0.32
20 3 3 0.52 0.52 0.52 0.52 0.52 0.52 0.52 0.52 0.52 0.52 0.49 0.52 0.52
20 3 4 0.42 0.42 0.42 0.42 0.42 0.42 0.42 0.42 0.42 0.42 0.41 0.42 0.42
20 3 5 0.36 0.36 0.36 0.36 0.36 0.36 0.36 0.36 0.36 0.36 0.36 0.36 0.36
20 4 2 0.65 0.65 0.65 0.65 0.65 0.65 0.65 0.65 0.65 0.63 0.55 0.64 0.65
20 4 3 0.45 0.45 0.45 0.45 0.45 0.45 0.45 0.45 0.45 0.45 0.43 0.45 0.45
20 1 4 0.36 0.36 0.36 0.36 0.36 0.36 0.36 0.36 0.36 0.36 0.36 0.36 0.36
20 5 2 0.58 0.58 0.58 0.58 0.58 0.58 0.58 0.58 0.58 0.57 0.50 0.57 0.58
25 4 3 0.40 0.40 0.40 0.40 0.40 0.40 0.40 0.40 0.40 0.40 0.39 0.40 0.40
25 4 4 0.32 0.32 0.32 0.32 0.32 0.32 0.32 0.32 0.32 0.32 0.32 0.32 0.32
25 1 5 0.28 0.28 0.28 0.28 0.28 0.28 0.28 0.28 0.28 0.28 0.28 0.28 0.28
25 5 2 0.51 0.51 0.51 0.51 0.51 0.51 0.51 0.51 0.51 0.51 0.45 0.51 0.51
25 5 3 0.36 0.36 0.36 0.36 0.36 0.36 0.36 0.36 0.36 0.36 0.35 0.36 0.36
25 5 4 0.29 0.29 0.29 0.29 0.29 0.29 0.29 0.29 0.29 0.29 0.29 0.29 0.29
25 5 5 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25
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Table A.2: Simulation data example for average confidence interval width of ag

Then 1 1 1 1 1 1 3 3 3 5 5 5 5
o 1 1 1 3 5 5 1 3 5 1 5 5 5
o2 1 1 1 1 1 5 3 3 3 5 5 5 5
0.2
p o o 1 3 5 5 3 3 3 3 3 3 1 3 5
5 3 2 9.22 9.39 9.52 9.32 8.96 9.13 9.54 9.23 9.03 9.95 9.28 9.19 9.22
5 3 3 9.23 9.51 9.59 9.35 8.99 9.14 9.42 9.22 9.07 9.61 9.01 9.09 9.22
5 3 4 9.28 9.54 96 9.36 9.01 9.15 9.48 9.28 9.1 9.48 3.88 9.11 9.29
5 3 5 9.3 9.55 9.62 9.36 9 9.14 9.53 9.31 9.12 9.49 8.81 9.13 9.31
5 4 2 9.44 9.86 9.99 9.6 9.08 9.23 9.79 9.44 9.2 9.96 9.19 9.29 9.44
5 4 3 9.51 9.9 10.03 9.59 9.07 9.21 9.9 9.5 9.23 9.83 8.96 9.27 9.5
5 4 4 9.53 9.9 10 9.6 9.06 9.19 9.96 9.53 9.23 9.89 3.86 9.28 9.52
5 5 2 9.55 10.08 | 10.21 9.67 9.06 9.19 10.05 9.56 9.24 10.07 9.11 9.32 9.56
5 5 3 9.58 1007 | 10.22 9.67 9.04 9.15 10.15 9.58 9.23 10.08 3.89 9.31 9.58
5 5 4 9.57 10.06 10.2 9.65 9.03 9.14 10.18 9.56 9.2 10.16 8.8 9.29 9.56
5 5 5 9.54 10.05 | 10.22 9.64 9.02 9.13 10.18 9.55 9.18 10.21 8.75 9.27 9.54
10 3 2 3.89 4.18 1.25 3.8 3.58 3.63 4.09 3.89 3.69 4.07 3.54 3.72 3.88
10 3 3 3.91 417 1.25 3.98 3.57 3.61 4.19 3.9 3.68 411 3.42 373 3.91
10 3 4 3.88 417 4.23 3.97 3.56 36 4.21 3.89 3.65 4.19 3.37 371 3.89
10 3 5 3.87 4.16 1.24 3.97 3.55 3.59 4.21 3.87 3.64 4.21 3.34 3.69 3.88
10 4 2 3.9 4.26 1.37 3.08 3.48 3.51 1.3 3.9 3.62 425 3.44 3.7 3.9
10 4 4 3.83 4.24 4.36 3.96 3.44 3.47 4.31 3.83 3.54 4.34 3.27 3.61 3.83
10 4 5 3.81 4.24 4.37 3.96 3.44 3.46 43 38 3.52 4.33 3.24 3.58 3.8
10 5 2 3.83 4.27 141 3.91 3.38 3.4 4.36 3.83 3.52 435 3.36 3.62 3.83
10 5 3 3.76 4.24 141 3.89 3.36 3.38 4.34 3.77 3.47 4.38 3.25 3.55 3.76
10 5 4 3.73 4.23 44 3.89 3.35 3.37 4.31 3.72 3.43 4.36 3.2 35 3.72
10 5 5 3.7 4.22 44 3.88 3.34 3.36 43 3.7 3.41 4.34 3.17 3.47
15 3 2 2.9 3.2 3.28 2.98 2.51 2.53 3.22 2.9 2.65 3.13 2.46 2.72
15 3 3 2.86 3.19 3.28 2.96 2.49 251 3.24 2.86 2.6 3.23 2.36 2,67
15 3 4 283 3.19 3.28 2.96 2.48 2.49 3.24 2.83 256 3.25 2.31 263
15 3 5 2.81 3.18 3.28 2.96 2.47 2.49 3.22 2.81 2.54 3.25 2.28 2.6
15 4 2 2.8 3.21 3.35 2.89 2.38 2.39 3.3 2.8 251 3.3 2.35 2.61
15 4 4 2.69 3.19 3.33 2.87 2.35 2.36 3.25 2.69 2.42 3.3 2.22 2.48
15 4 5 2,67 3.18 3.33 2.86 2.34 2.35 3.24 2.67 2.4 3.28 2.19 245
15 5 2 2.67 3.16 3.35 2.78 2.29 2.3 3.28 2.68 2.4 3.33 2.27 2.49
15 5 3 2.61 3.14 3.34 2.76 2.28 2.28 3.24 2.61 2.35 3.3 2.2 2.42
15 5 4 2.57 3.13 3.33 2. 2.27 297 3.21 2.57 2.32 26 2.16 2.38
15 5 5 255 3.12 3.32 2. 2.26 297 3.19 2.55 231 24 2.14 2.35
20 3 3 2.36 2.76 2.86 25 1.98 2 2.81 2.36 2.08 1.88 2.16
20 3 4 2.33 2.75 2.86 2.49 1.97 1.98 2.8 2.33 2.05 1.83 211 .
20 3 5 23 2.75 2.86 248 1.96 1.98 2.79 23 2.03 2 1.8 2.08 23
20 1 2 2.27 2.74 2.9 2.38 1.88 1.89 2.84 2.27 1.99 88 1.87 2.09 2.27
20 1 3 2.2 2.71 2.89 2.36 1.87 1.87 2.8 2.2 1.94 2.86 1.79 2.01 2.2
20 4 4 2.16 2.7 2.88 2.35 1.86 1.86 2.78 2.16 1.92 2.83 1.76 1.97 2.16
20 5 2 213 2.65 287 2.25 1.81 1.82 2.79 2.14 1.89 2.87 18 1.98 213
20 5 3 2.07 2.62 2.85 2.23 1.8 1.8 2.73 2.07 1.8 2.81 1.74 1.91 2,07
20 5 4 2.04 2.61 2.85 2.22 1.79 1.8 2.7 2.04 1.83 2.7 1.72 1.88 2.04
20 5 5 2.02 2.6 2.85 2.21 1.79 1.79 2.68 2.02 1.82 2.73 1.7 1.86 2.02
25 3 2 212 251 2,63 2.22 1.7 171 2.59 2.12 1.82 258 1.68 1.93 212
25 3 3 2.05 2.5 2.63 2.2 1.68 1.69 2.56 2.05 177 2.6 1.6 1.8 2.05
25 3 4 2.01 2.49 2.62 2.19 1.67 1.68 2.54 2.01 1.74 2.58 1.56 1.8 2,01
25 3 5 1.99 2.48 262 2.19 1.67 1.67 2.53 1.99 1.72 2.57 1.53 177 1.99
25 1 3 1.87 2.42 2,62 2.03 1.58 1.59 251 1.87 1.64 258 1.52 1.7 1.87
25 1 4 1.84 24 2.62 2.03 1.58 1.58 2.48 1.84 1.62 2.54 L5 1.66 1.84
25 4 5 1.81 2.4 2,61 2.02 1.57 1.57 2.47 1.82 1.61 2.52 1.48 1.64 1.82
25 5 2 1.81 2.34 258 1.92 1.54 1.54 2.48 1.81 1.6 258 1.53 1.67 1.81
25 5 3 175 2.31 2.56 1.9 1.53 1.53 2.42 1.75 157 25 1.48 1.62 1.75
25 5 4 1.72 2.29 2.56 1.89 1.52 1.52 2.38 1.72 1.56 2.45 1.46 1.59 1.72
25 5 5 171 2.28 2.55 1.88 1.52 1.52 2.36 171 1.55 2.42 1.44 1.57 171
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Table A.3: Simulation data example for average confidence interval width of o2

Thep 1 1 1 1 1 1 3 3 3 5 5 5 5

o’ 1 1 1 3 5 5 1 3 5 1 5 5 5

a2 1 1 1 1 1 5 3 3 3 5 5 5 5

(72

p N 3 5 5 3 3 3 3 3 3 1 3 5
5 3 2 43.7 4433 | 4479 | 4529 | 45.05 43.2 43.57 43.7 4383 | 43.73 43.9 43.69
5 3 3 4362 | 4464 | 4513 | 4547 | 4532 | 4322 | 43.07 43.6 43.84 | 4347 | 43.09 43.6
5 3 4 1376 | 4475 | 45.05 45.5 45.35 | 43.22 43.2 4373 | 43.94 | 4257 | 4258 13.73
5 3 5 43.8 44.83 45.1 4552 | 4541 | 4324 | 4325 | 4381 | 4399 | 4253 | 4234 43.78
5 4 2 1579 | 1642 | 1663 | 1681 | 1665 | 1548 15.6 15.8 1586 | 1543 | 1545 15.79
5 1 3 1587 | 1648 | 1667 | 1684 | 1668 | 1546 | 1566 | 1588 | 1595 | 1525 | 15.13 15.87
5 4 4 1588 | 1646 | 1664 | 1681 | 16.66 | 1543 | 1569 | 1591 | 1595 | 1526 | 14.98 15.9
5 5 2 9.55 1007 | 1023 | 1031 | 1019 9.19 9.42 9.55 9.59 9.18 9.1 9.56
5 5 3 9.58 1007 | 1021 10.31 10.19 9.16 9.46 9.58 9.62 9.13 8.89 9.59
5 5 4 9.56 10.05 | 1022 | 1031 | 1017 9.14 9.47 9.56 9.59 9.14 8.81 9.56
5 5 5 9.55 1004 | 1021 | 1029 | 10.15 9.13 9.44 9.55 9.58 9.13 8.75 9.54
10 3 2 4431 | 46.02 | 46.75 47.2 46.62 | 4317 | 43.79 44.3 43.03 | 4291 44.33
10 3 3 4434 | 4594 | 4665 | 4711 1656 | 43.08 | 43.84 | 44.31 1287 | 42.38 44.33
10 3 4 1423 | 4592 | 4675 | 47.13 46.5 43.04 | 4384 | 4427 1293 | 42.11 14.27
10 3 5 4418 | 4593 | 46.62 | 47.14 | 4649 | 43.01 43.8 44.17 42.9 42.01 44.2
10 4 2 1584 | 1673 | 17.09 | 17.26 16.9 15.1 1569 | 15.85 1523 | 14.99 15.84
10 1 4 15.7 16.66 | 17.08 | 1722 | 1681 | 1504 | 1557 | 15.69 1514 | 1465 15.69
10 4 5 1565 | 1664 | 17.07 | 17.21 | 1679 | 1502 | 1553 | 1565 15.00 | 14.59 15.65
10 5 2 9.39 1008 | 1039 | 1047 | 1017 8.8 9.31 9.39 9 8.73 9.39

10 5 3 9.29 1003 | 1036 | 1046 | 10.11 8.77 9.23 9.29 8.93 8.58 9 9.3
10 5 4 9.24 10.03 | 1036 | 1045 | 10.09 8.76 9.18 9.25 8.87 8.51 8.94 9.24
10 5 5 9.21 10 10.35 | 1043 | 10.09 8.74 9.15 9.21 8.83 8.46 8.9 9.21
15 3 2 4408 | 4589 | 46.76 47.2 4629 | 4263 | 4368 | 44.08 4277 | 4237 | 4328 | 44.04
15 3 3 4389 | 4576 | 4672 | 4712 | 4622 | 4251 | 4354 | 4391 42,74 41.9 4311 | 43.89
15 3 4 1378 | 4571 | 46.66 47.1 4613 | 4247 | 4345 | 43.76 12.61 a7 42,95 | 4377
15 3 5 43.7 45.65 | 46.66 | 47.08 | 46.09 | 4244 | 4339 | 4367 4251 | 4155 | 42.87 | 43.68
15 4 2 1553 | 1649 | 16.96 17.1 16.6 1478 | 1541 | 1554 15.04 14.7 1517 | 1552
15 1 4 1534 | 1639 | 1693 | 17.04 | 1649 | 1471 | 1524 | 1533 1487 | 1441 | 1495 | 15.33
15 4 5 1529 | 16.38 16.9 17.05 | 1647 14.7 15.22 15.3 15.3 1481 | 1435 | 14.89 15.3
15 5 2 9.08 9.83 10.21 | 10.27 9.88 8.56 9.05 9.09 9.09 8.79 8.52 8.84 9.08

15 5 3 8.99 9.79 10.18 | 10.26 9.82 8.53 8.97 9 9 8.69 8.4 8.73 9
15 5 4 8.95 9.77 1018 | 10.23 9.8 8.52 8.92 8.95 8.95 8.65 8.34 8.68 8.94
15 5 5 8.92 9.74 10.17 | 10.23 9.79 8.51 8.88 8.91 8.92 8.61 8.3 8.64 8.91
20 3 3 4338 | 4539 | 4644 | 4678 | 4571 | 4207 | 4313 | 4343 | 4347 | 4239 | 4157 | 4260 | 4342
20 3 4 4326 | 4535 | 4638 | 46.77 | 4564 | 4202 | 43.04 | 4325 13.3 4226 | 4135 | 4251 | 4325
20 3 5 1317 | 4532 | 4634 | 4674 | 45.56 12 1296 | 4318 | 4322 | 4216 | 4124 12.4 13.18
20 4 2 1526 | 1622 | 1676 | 1685 | 1628 | 14.56 | 1519 | 1526 | 1525 | 1485 14.5 1492 | 15.25
20 4 3 1513 | 1617 | 1671 | 1682 | 1622 | 1452 | 1507 | 1512 | 1513 | 1472 | 1434 | 1479 | 1512
20 1 4 15.06 | 1613 | 1669 | 1681 | 16.19 14.5 1501 | 1507 | 1508 | 1466 | 1425 | 1471 | 15.07
20 5 2 8.87 9.6 10.01 | 10.06 9.62 8.42 8.85 8.88 8.88 8.63 8.39 8.66 8.87
20 5 3 8.79 9.56 9.99 10.03 9.58 8.39 8.76 8.79 8.79 8.55 8.29 8.57 8.79
20 5 4 8.75 9.54 9.97 10.03 9.56 8.38 8.73 8.74 8.75 8.49 8.2 8.51 8.75
20 5 5 8.72 9.52 9.97 10.01 9.54 8.38 8.7 8.72 8.72 8.47 8.21 8.48 8.72
25 3 2 13.27 45.1 46.13 | 4647 | 4537 | 41.82 | 43.02 | 4324 | 4326 | 4228 | 41.65 | 4258 | 43.24
25 3 3 43 44.98 | 4603 | 4641 | 4521 | 4172 42.8 43 43.03 | 4200 | 41.29 42.3 42.98
25 3 4 4285 | 44.96 | 4606 | 4637 | 45.15 1.7 4269 | 42.85 42.9 41.94 | 4114 | 4213 | 4289
25 3 5 1278 | 4493 | 46.09 | 4635 | 4512 | 4166 | 4261 | 4278 12.8 11.86 | 4099 | 4204 | 4277
25 4 3 1492 | 1592 | 1649 | 1658 | 1596 | 1437 | 1487 | 1491 | 1492 | 1457 | 1423 | 1461 | 14.92
25 4 4 1486 | 1591 | 1645 | 1656 | 1594 | 1435 | 1482 | 1486 | 14.86 145 14.14 | 1454 | 1486
25 1 5 14.82 | 1587 | 1647 | 1655 | 1592 | 1435 | 1479 | 14.83 | 14.82 | 14.46 14.1 14.5 14.82
25 5 2 8.72 9.41 9.82 9.86 9.42 8.32 8.71 8.73 8.72 8.51 8.31 8.53 8.72
25 5 3 8.64 9.36 9.81 9.84 9.38 8.3 8.63 8.64 8.65 8.44 8.22 8.45 8.65
25 5 4 8.61 9.34 9.79 9.83 9.35 8.3 8.59 8.61 8.61 8.4 8.18 8.41 8.61
25 5 5 8.58 9.33 9.78 9.81 9.34 8.29 8.57 8.58 8.58 8.37 8.15 8.38 8.58
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Table A.4: Simulation data example for average confidence interval width of agp

Thep 1 1 1 1 1 1 3 3 3 5 5 5 5

o? 1 1 1 3 5 5 1 3 5 1 5 5 5

o2 1 1 1 1 1 5 3 3 3 5 5 5 5

0.2

p o o 1 3 5 5 3 3 3 3 3 3 1 3 5
5 3 2 1.6 4.34 114 4.05 4.18 1,06 4.66 4.59 157 4.79 4.76 1,67
5 3 3 17 4.21 3.96 3.83 4.01 3.87 4.85 4.69 1,63 5.03 5.09 1.86
5 3 4 4.57 4.02 3.78 3.68 3.83 371 4.78 4.58 4.5 5.06 5.16 4.81
5 3 5 4.43 3.87 3.65 3.58 3.71 3.61 4.65 4.43 1.34 4.99 5.13 4.7
5 4 2 3.36 2.99 2.77 27 2.87 2.77 3.43 3.36 3.55 3.6 3.47
5 4 3 3.29 2.75 2.56 251 2.66 2.58 3.41 3.29 3.68 3.8 3.51
5 4 4 3.11 2.61 247 2.43 2.54 2.48 3.25 3.1 3.06 3.59 3.83 3.39
5 5 2 2.79 2.33 2.13 2.09 2.26 2.18 2.86 2.79 2.77 3.02 3.1 2,93
5 5 3 2.62 2.11 1.99 1.96 2.07 2.02 2.71 2.62 2.59 3.02 3.25 2.88 2,61
5 5 4 2.42 2.01 1.92 1.91 1.98 1.95 251 2.42 2.4 2.87 3.24 272 242
5 5 5 2.28 1.96 1.89 1.88 1.93 1.91 2.36 2.28 2.26 2.71 3.18 2.56 2.28
10 3 2 2.62 2.13 1.93 1.88 2.02 1.99 2.75 2.62 2.58 2.92 2.97 2.8 2.63
10 3 3 24 1.92 1.81 1.78 1.86 1.84 2.56 241 2.36 2.91 3.00 2.69 2.41
10 3 4 221 1.84 1.76 174 179 178 2.34 221 217 2.74 3.06 2.5 2.21
10 3 5 2.08 1.79 1.73 1.71 1.76 1.75 2.18 2.07 2.05 2.56 2.99 2.35 2.08
10 4 2 2.05 1.54 1.42 1.39 1.5 1.48 2.15 2.05 2.02 24 2.54 2.28 2.05
10 4 4 1.62 1.36 1.31 1.3 1.35 1.34 1.67 1.61 1.61 2 2.54 1.88 1.62
10 4 5 1.53 1.33 1.3 1.29 1.32 1.32 1.57 1.53 1.52 1.84 2.44 1.73 1.53
10 5 2 1.72 1.26 117 115 1.24 1.23 1.79 1.72 1.71 2.1 2.32 2 1.72
10 5 3 1.45 1.17 111 111 1.16 115 1.49 1.45 1.44 1.84 2.34 1.74 1.45
10 5 4 1.33 113 1.09 1.09 112 112 1.35 1.33 1.32 1.61 2.25 1.54 1.33
10 5 5 1.26 1.11 1.08 1.07 1.1 11 1.28 1.26 1.26 1.47 2.12 1.43 1.26
15 3 2 2.01 15 1.38 1.36 1.46 1.44 2.14 2.01 1.98 2.41 2.54 2.26 2.01
15 3 3 1.73 1.38 1.31 1.3 1.36 1.35 1.83 173 171 2.24 2.58 2.03 1.73
15 3 4 1.58 1.33 1.28 1.27 1.32 1.31 1.64 1.57 1.56 1.99 25 1.83 1.57
15 3 5 1.49 1.3 1.27 1.26 1.29 1.29 1.54 1.49 1.48 1.81 2.4 1.69 1.49
15 4 2 1.56 1.14 1.06 1.05 112 1.12 1.64 1.57 1.55 1.98 2.24 1.87 1.56
15 4 4 1.2 1.03 0.99 0.99 1.02 1.02 1.23 1.2 1.2 1.46 2.11 1.4 1.2
15 4 5 115 1.01 0.98 0.98 1 1 1.16 114 114 1.34 1.97 1.29 115
15 5 2 1.31 0.95 0.89 0.88 0.94 0.94 1.35 1.31 1.31 1.71 2.09 1.63 1.31
15 5 3 1.1 0.89 0.85 0.85 0.89 0.89 111 1.1 1.09 1.37 2.03 1.32 1.1
15 5 4 1.01 0.87 0.84 0.84 0.86 0.86 1.02 1.01 1.01 1.2 1.87 117 1.01
15 5 5 0.96 0.85 0.83 0.83 0.85 0.85 0.97 0.96 0.96 1.1 1.71 1.08 0.96
20 3 3 14 1.13 1.08 1.07 112 111 1.46 1.4 1.39 1.83 2.31 1.68 1.4
20 3 4 1.28 1.09 1.06 1.05 1.08 1.08 1.32 1.28 1.28 1.59 2.2 1.49 1.28
20 3 5 1.22 1.07 1.04 1.04 1.07 1.06 1.25 1.22 1.22 1.45 2.07 1.38 1.22
20 1 2 1.29 0.94 0.88 0.87 0.93 0.93 1.34 1.3 1.29 1.72 2.09 1.62 1.3
20 1 3 1.08 0.88 0.85 0.84 0.88 0.88 111 1.08 1.08 1.37 2.02 1.31 1.08
20 4 4 1 0.86 0.83 0.83 0.85 0.85 1.01 1 1 1.19 1.86 1.16 1
20 5 2 1.09 0.8 0.74 0.74 0.79 0.79 L1l 1.09 1.09 1.46 1.96 1.4 1.09
20 5 3 0.92 0.75 0.72 0.72 0.75 0.75 0.93 0.92 0.92 113 1.84 1.1 0.92
20 5 4 0.85 0.73 0.7 0.7 0.73 0.73 0.85 0.85 0.85 0.99 1.63 0.98 0.85
20 5 5 0.81 0.72 0.7 0.7 0.71 0.71 0.81 0.81 0.81 0.92 1.45 0.91 0.81
25 3 2 1.43 1.05 0.98 0.97 1.03 1.03 1.52 1.44 1.43 1.91 2.19 1.76 1.43
25 3 3 1.2 0.98 0.94 0.93 0.97 0.97 1.25 1.2 1.2 1.56 2.14 1.45 1.2
25 3 4 111 0.95 0.92 0.91 0.94 0.94 113 L1l 111 1.35 2 1.28 111
25 3 5 1.06 0.93 0.91 0.9 0.93 0.93 1.07 1.06 1.05 1.23 1.85 1.19 1.06
25 A 3 0.94 0.77 0.74 0.74 0.77 0.77 0.96 0.94 0.94 117 1.87 1.14 0.95
25 1 4 0.87 0.75 0.73 0.72 0.75 0.75 0.88 0.87 0.87 1.03 1.67 1.01 0.87
25 4 5 0.83 0.74 0.72 0.72 0.74 0.74 0.84 0.83 0.83 0.95 1.49 0.94 0.83
25 5 2 0.95 0.7 0.65 0.65 0.7 0.7 0.96 0.95 0.95 1.27 1.86 1.23 0.95
25 5 3 0.8 0.66 0.63 0.63 0.66 0.66 0.81 0.8 0.8 0.98 1.69 0.96 0.8
25 5 4 0.74 0.64 0.62 0.62 0.64 0.64 0.75 0.74 0.74 0.86 1.45 0.86 0.74
25 5 5 0.71 0.63 0.61 0.61 0.63 0.63 0.71 0.71 0.71 0.8 1.27 0.8 0.71
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Table A.5: Simulation data example for average confidence interval width of o%,,,cquciitity

Thep 1 1 1 1 1 1 3 3 3 5 5 5 5

72 1 1 1 3 5 5 1 3 5 1 5 5 5

2 1 1 1 1 1 5 3 3 3 5 5 5 5

02

p o 7l 3 5 5 3 3 3 3 3 3 1 3 5
5 3 2 3085 | 344 | 3155 | 2007 | 3171 | 3246 | 4142 | 3079 | 3003 | 4206 | 4314 | 4148 | 399
5 3 3 3601 | 3080 | 2003 | 2812 | 201 | 3129 | 3813 | 3605 | 3516 | 416 | 4165 | 3852 | 36.12
5 3 1 3377 | 2062 | 2830 | 2754 | 282 | 3087 | 3582 | 3376 | 33.06 | 3012 | 4028 | 3625 | 33.79
5 3 5 3251 | 2806 | 2797 | 2721 | 2774 | 3064 | 3432 | 3248 | 319 | 3750 | 3921 | 3473 | 3251
5 1 2 127 | 1004 | 9.26 8.93 9.52 10.4 134 127 | 1245 | 145 | 1489 | 1376 | 127
5 4 3 111 9.28 8.81 8.59 895 | 1005 | 1171 [ 1108 | 1089 | 1322 | 1412 [ 1227 | 11.09
5 4 4 1046 | 9.08 8.69 8.8 878 | 1009 | 1094 [ 1043 | 1031 | 1231 | 1354 [ 1147 | 10.46
5 5 2 6.88 5.20 191 181 5.11 5.84 7.24 6.86 6.76 8.15 8.63 7 6.87

5 5 3 6.01 5.02 177 1.68 4.88 5.74 6.25 6.01 5.95 7.19 8.08 6.74 6
5 5 1 5.73 4.92 1.69 4.61 1.8 5.71 5.91 5.74 5.60 6.68 .71 6.33 5.74
5 5 5 5.61 4.87 4.66 4.58 4.76 5.68 5.78 5.6 5.57 6.41 744 6.13 5.61
10 3 2 2065 | 2143 | 1934 | 1847 | 2002 | 2595 | 3275 | 2074 | 2868 | 3839 | 4027 | 3447 | 20.76
10 3 3 258 | 2051 | 1886 | 18.06 | 1929 | 2561 | 2779 | 2586 | 2526 | 3348 | 37.83 | 20.75 | 25.83
10 3 1 2482 | 2008 | 185 178 | 1001 | 2543 [ 2616 | 2473 | 2435 | 3051 | 3507 | 2785 | 2472
10 3 5 2429 | 1982 | 1844 | 1766 | 1883 | 2536 | 2553 | 2431 | 239 | 2017 | 3451 | 2711 | 2427

10 1 2 9 6.5 5.87 5.66 6.24 8.71 9.6 8.99 885 | 1201 10.87 9
10 1 1 8 6.18 5.63 5.48 5.99 8.58 8.3 8 7.93 9.63 9.13 8.01

10 4 5 7.9 6.12 5.59 5.44 5.94 8.56 8.15 7.89 7.83 9.39 8.97 7.9
10 5 2 1.92 3.51 3.17 3.00 3.45 5.05 5.14 4.2 1.89 6.13 5.98 492
10 5 3 163 3.44 3.1 3.02 3.37 5 177 4.63 16 5.62 5.39 163
10 5 1 4.53 3.38 3.06 2.99 3.32 1.98 4.65 4.53 1.52 5.41 5.23 4.53
10 5 5 4.48 3.36 3.04 2.8 3.28 1.98 4.59 4.48 447 5.32 5.16 4.48
15 3 2 2017 | 1719 | 152 | 1444 | 1620 | 23.83 | 2652 | 2417 | 237 | 33.86 2065 | 24.28
15 3 3 2224 | 1669 | 1479 | 1417 | 1582 | 2366 | 2358 | 2222 | 2198 | 284 2593 | 22.26
15 3 1 2.7 | 1644 | 1465 | 14.03 | 1566 | 2354 | 228 | 2072 | 2151 | 26.69 2499 | 21.68
15 3 5 2141 | 1633 | 1454 | 1395 | 1555 | 2347 | 2241 | 2146 | 2120 | 26.02 2451 | 2148
15 1 2 7.68 5.33 1.63 447 5.16 8.18 8.07 7.68 7.62 | 1025 9.43 7.69
15 1 1 7.21 5.13 147 1.36 4.99 8.12 745 7.22 7.18 8.76 8.45 7.21
15 1 5 7.14 5.00 1.46 4.32 4.97 8.1 7.33 7.13 7.13 8.65 8.37 7.14
15 5 2 437 2.95 2.53 2.47 2.8 481 4.49 4.36 435 5.58 5.31 4.37
15 5 3 122 2.87 2.48 2.42 2.83 179 43 421 1.21 5.15 8 5.01 121
15 5 1 4.15 2.83 2.4 2.41 2.79 177 1.23 4.15 115 5.04 6.57 1.93 1.16
15 5 5 412 2.82 2.44 2.39 2.78 4.76 42 413 412 4.98 6.44 4.89 412
20 3 3 2064 | 1466 | 1268 | 1214 | 1406 | 2267 | 2167 | 2055 | 204 | 2586 | 3398 | 2411 | 20.56
20 3 1 2024 | 1447 | 1258 | 1202 | 1393 | 2262 | 2113 | 2026 | 201 | 2488 | 3205 | 2357 | 20.27
20 3 5 201 | 1434 | 1251 | 1196 | 1386 | 2255 | 2083 | 2003 | 1980 | 2445 | 3094 | 2331 | 20.05
20 4 2 7.12 472 3.98 3.88 4.62 7.95 7.38 7.13 7.11 925 | 1257 | 871 7.14
20 1 3 6.92 4.61 3.01 3.8 4.53 7.01 71 6.94 6.91 855 | 1147 | 824 6.93
20 1 1 6.83 4.57 3.88 3.76 4.49 7.89 6.99 6.82 6.79 836 | 1097 | 814 6.83
20 5 2 4.13 2.64 2.19 2.16 2.61 1.7 4.22 4.12 112 5.18 7.2 5.02 1413
20 5 3 4.02 2.58 2.16 2.12 2.56 4.68 4.09 4.02 4.02 4.93 6.63 1.84 4.02
20 5 4 3.98 2.55 2.14 2.1 2.53 167 4.02 3.98 3.98 4.87 6.41 178 3.97
20 5 5 3.9 2.54 2.12 2.09 2.53 1.66 4.01 3.95 3.96 1.82 6.33 175 3.9
25 3 2 2025 | 1374 | 1163 | 111 | 1319 | 222 | 2142 | 2031 | 2017 | 2761 | 3608 | 2491 | 2028
25 3 3 1962 | 1344 | 1146 | 1088 | 1290 | 2211 | 2044 | 196 195 | 2449 | 3282 | 2321 | 19.64
25 3 4 1036 | 1327 | 1127 | 1083 | 1286 [ 2197 | 20.02 | 1936 [ 1925 | 2387 | 3101 | 2281 | 19.29
25 3 5 1048 | 1316 | 1114 | 1076 | 128 [ 2199 | 1981 | 192 [ 1916 | 235 | 3048 | 2261 | 19.21
25 4 3 6.68 4.28 3.54 3.45 4.22 .77 6.82 6.69 6.67 825 | 1115 | 804 6.68
25 1 4 6.62 4.23 3.53 3.42 418 7.76 6.73 6.61 6.61 813 | 1074 | 704 6.61
25 1 5 6.57 4.22 3.49 3.41 4.15 7.75 6.69 6.57 6.58 806 | 1058 | 7.89 6.57
25 5 2 3.99 2.46 2 1.97 2.44 1.63 1.04 3.8 3.99 1.98 7.01 1.87 3.99
25 5 3 3.02 2.42 1.96 1.94 2.4 1.62 3.95 3.01 3.9 482 6.18 475 3.01
25 5 4 3.88 2.4 1.95 1.92 2.3 1.61 3.91 3.88 3.87 474 6.32 47 3.88
25 5 5 3.85 2.38 1.94 1.92 2.37 1.61 3.8 3.85 3.86 4.72 6.27 167 3.86
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Table A.6: Simulation data example for average confidence interval width of 02,5

Thep 1 1 1 1 1 1 3 3 3 5 5 5 5

2 1 1 1 3 5 5 1 3 5 1 5 5 5

2 1 1 1 1 1 5 3 3 3 5 5 5 5

02

N 3 5 5 3 3 3 3 3 3 1 3 5
5 3 2 2352 | 24.07 2372 | 27.85 | 2349 | 235 | 2346 [ 2326 | 2292 | 2326 | 23.48
5 3 3 2200 | 23.03 228 | 2737 | 2222 | 2200 | 2207 | 21.63 | 2108 | 217 | 22.05
5 3 4 2129 | 2249 224 | 2711 | 2123 [ 2132 | 2135 | 2083 | 2024 | 2096 | 21.34
5 3 5 2089 | 2212 2208 | 2692 | 2081 | 2089 | 2097 | 2028 | 1067 | 2043 | 2094
5 1 2 7.48 7.5 7.39 9.06 7.55 7.46 7.44 7.55 7.48 7.48 747
5 1 3 7.04 7.21 7.13 8.91 7.08 7.03 7.01 7.09 6.96 6.99 7.04
5 4 4 6.84 7.08 7.03 8.86 6.86 6.81 6.82 6.81 6.69 6.77 6.82
5 5 2 411 4.08 4.03 5.1 115 412 41 121 122 115 411
5 5 3 3.89 3.93 3.89 5.03 3.93 3.9 3.88 3.95 3.95 3.9 3.8
5 5 4 3.78 3.87 3.83 5 3.79 3.78 3.78 3.81 3.81 3.77 3.78
5 5 5 3.71 3.83 3.81 198 3.74 3.71 3.71 3.73 3.73 3.7 3.72
3 2 17.79 | 16.65 161 | 2283 | 1821 | 1777 | 17.59 | 1889 | 1896 | 1827 | 17.74
3 3 1691 [ 16.17 1562 | 2258 | 1732 | 1693 | 1678 | 178 179 | 17.21 | 16.93
3 4 1655 | 15.86 1542 | 2244 | 168 165 | 1643 | 1715 | 174 | 1684 | 1648
3 5 1628 | 15.66 1527 | 2239 | 1653 | 1634 | 1618 | 1684 | 17.02 | 1661 | 16.28
1 2 5.68 5.13 5 7.65 5.78 5.67 5.64 6.12 6.33 5.93 5.68
1 1 5.33 1.9 4.83 7.5 5.42 5.34 5.32 5.66 5.2 5.5 5.35
4 5 5.29 486 479 7.53 5.34 5.27 5.26 5.57 5.83 5.49 5.28
5 2 3.7 2.79 2.75 1.43 3.23 3.17 3.17 3.43 3.65 3.36 3.18
5 3 3.07 2.73 2.69 4.4 311 3.07 3.06 3.3 3.53 3.24 3.07
5 4 3.01 2.68 2.65 4.37 3.05 3.01 3.01 3.23 3.46 3.18 3.01
5 5 2.98 2.66 2.63 4.37 3.02 2.98 2.98 3.18 3.41 3.14 2.08
3 2 1548 | 13.62 1321 | 2103 [ 1593 | 1549 | 1542 | 1694 | 1749 | 1635 | 1555
3 3 1493 | 1328 1284 | 209 [ 1532 | 1480 | 1487 | 1606 | 1676 | 1569 | 1493
3 4 14.65 | 13.11 1273 | 208 15 1460 | 146 | 1575 | 1639 | 1542 | 1464
3 5 15 | 130 1264 | 2074 | 1477 | 1452 | 1449 | 1553 | 1623 | 1515 | 1454
1 2 5.05 1.23 4.15 7.2 5.18 5.04 5.03 5.55 5.95 5.42 5.06
1 1 4.83 11 4.02 7.15 1.92 4.84 1.82 5.25 5.69 5.18 1.83
4 5 479 407 4 .14 485 479 479 5.21 5.64 5.14 479
5 5 2 2.88 2.34 2.14 211 2.3 123 2.92 2.87 2.87 3.18 3.8 3.12 2.88

15 5 3 2.81 2.28 2.1 2.06 2.26 1.21 2.83 2.8 2.81 3.09 3.4 3.05 2.8
15 5 1 2.77 2.25 2.08 2.06 2.23 4.2 2.8 2.77 2.76 3.04 3.3 3.01 2.78
15 5 5 275 2.25 2.07 2.04 2.22 419 2.78 2.75 2.75 3.01 3.33 2.99 2.75
20 3 3 1398 | 1175 [ 1078 | 1046 | 1142 | 2005 | 1432 | 139 | 1384 | 1517 | 1617 | 1482 | 139
20 3 1 1374 | 116 | 1071 | 1035 | 11.32 20 1403 | 1374 | 1368 | 149 | 1592 [ 1459 | 1376
20 3 5 13.67 | 1151 | 1065 | 1031 | 1127 [ 1094 | 1388 | 136 [ 1353 | 1476 | 1573 | 1447 | 13.62
20 1 2 475 3.77 3.38 3.32 3.72 7.01 484 474 174 5.28 5.76 5.17 4.76
20 1 3 164 3.69 3.33 3.26 3.65 6.98 4.71 4.66 1.64 5.15 5.6 5.05 1.65
20 1 1 4.59 3.67 33 3.23 3.62 6.96 1.66 4.58 157 5.06 5.6 5 4.59
20 5 2 2.74 2.1 1.86 1.84 2.00 414 2.78 2.73 2.73 3.05 3.41 3.01 2.74
20 5 3 2.69 2.06 1.83 181 2.05 112 2.72 2.68 2.68 2.98 3.34 2.95 2.68
20 5 1 2.66 2.04 1.82 L.79 2.03 112 2.68 2.66 2.66 2.96 3.32 2.93 2.66
20 5 5 2.64 2.03 181 L.79 2.03 111 2.67 2.64 2.65 2.93 33 2.91 2.64
25 3 2 136 | 1103 | 991 9.57 1.7 | 1963 | 1395 | 1365 | 1358 | 152 | 1626 | 1471 | 1361
25 3 3 1331 | 1081 | 9.9 939 | 1056 | 1956 | 1359 | 133 | 1327 | 1468 | 1585 | 1436 | 1333
25 3 1 1317 | 1060 | 9.63 935 | 1045 | 1943 [ 1336 | 1317 | 131 | 1447 | 1555 | 1416 | 1311
25 3 5 13.05 | 106 9.52 920 | 1041 | 1946 | 1327 | 13.07 | 1307 | 1420 | 1553 | 14.08 | 13.09
25 4 3 149 3.43 3.02 2.96 3.4 6.86 451 15 1.48 4.99 5.57 1.94 4.49
25 1 4 146 3.39 3.01 2.94 3.36 6.86 45 445 145 4.96 5.52 1.89 445
25 1 5 1.43 3.38 2.98 2.92 3.34 6.84 1.48 443 1.44 1.93 5.5 1.86 4.43
25 5 2 2.66 1.96 L7 1.68 1.95 4.08 2.67 2.65 2.66 2.98 3.3 2.95 2.65
25 5 3 2.62 1.94 167 1.6 1.93 1.07 2.63 2.62 2.61 2.03 3.32 2.91 2.62

25 5 1 2.6 1.92 1.66 1.64 191 1.06 2.61 2.6 2.6 2.89 3.29 2.88 2.6
25 5 5 2.58 1.91 1.65 1.64 1.9 1.07 2.59 2.58 2.59 2.88 3.29 2.87 2.59
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Table A.7: Simulation data example for average confidence interval width of o7,

Ohep 1 1 1 1 1 1 3 3 3 5 5 5 5
o? 1 1 1 3 5 5 1 3 5 1 5 5 5
o? 1 1 1 1 1 5 3 3 3 5 5 5 5
(72
P o N 1t 3 5 5 3 3 3 3 3 3 1 3 5
5 3 2 1567 | 1566 | 1569 | 1427 | 1285 | 17.56 | 17.03 | 1568 | 14.64 | 1776 | 1564 | 1562 | 1564
5 3 3 1512 | 1535 | 1523 | 1406 | 12.59 | 1743 | 1654 | 151 | 1415 17 148 | 1495 | 15.07
5 3 4 1478 | 151 | 1523 | 1394 | 1252 | 17.36 | 1605 | 1479 | 1391 | 1657 | 1444 | 1471 | 1483
5 3 5 1462 | 1491 | 1522 | 1386 | 1236 | 17.27 | 1589 | 1462 | 138 | 1633 | 1417 | 1448 | 1469
5 4 2 6.13 6.14 6.15 6.04 6.02 6.99 6.32 6.12 6.05 6.45 6.17 6.13
5 4 3 5.91 5.98 6.04 5.93 5.93 6.92 6.06 5.9 5.8 6.16 5.88 5.88
5 1 1 5.8 5.92 5.98 5.89 5.89 6.89 5.93 5.78 5.76 5.99 5.74 5.77
5 5 2 121 417 118 141 481 4.9 4.05 1.21 14 4.04 4.31 1.24
5 5 3 4.06 4.07 41 435 476 4.86 387 4.06 427 3.83 413 408
5 5 4 3.98 4.02 1.06 4.32 472 184 3.77 3.98 121 372 4.03 3.99
5 5 5 3.94 3.99 1.03 1.3 471 1.83 3.73 3.93 117 3.65 3.98 3.94
10 3 2 1271 | 1180 | 1141 | 1042 | 892 | 1511 | 1416 | 127 | 1157 | 1528 | 13.36 | 1298
10 3 3 1235 | 1167 | 1127 | 1001 | 873 | 1496 | 13.86 | 1236 | 1125 | 1481 128 | 1254
10 3 4 1218 | 1151 | 1107 9.9 865 | 1491 | 1357 | 1214 | 1107 | 1448 | 12.55 | 12.36
10 3 5 1204 | 1138 | 1111 | 987 855 | 1493 | 1345 | 12.00 | 1096 | 1433 | 1232 | 1226
10 4 2 4.36 4.02 3.89 3.53 3.26 5.32 4.81 4.36 1.03 5.23 4.67 1,49
10 4 4 3.89 377 3.45 3.18 5.2 4.61 418 3.86 4.98 444 4.29
10 4 5 3.87 3.76 3.43 3.16 5.26 457 414 3.83 193 4.39 1.25
10 5 2 2.38 2.29 2.19 2.21 3.27 2.82 2.62 2.5 3.05 2.87 2.72
10 5 3 2.34 2.26 2.16 2.19 3.25 2.75 2.56 244 2.97 2.79 2.65
10 5 4 2.51 23 2.24 2.14 217 3.24 2.71 2.52 2.41 2.92 2.75 2.61
10 5 5 2.5 2.29 2.23 214 2.16 3.24 2.69 2.49 2.4 2.89 2.72 2.58
15 3 2 1151 | 1022 | 958 8.41 741 | 1409 | 1297 | 1153 | 1044 | 1421 | 1248 | 1199
15 3 3 1126 | 1006 | 9.41 8.3 721 | 1404 | 1273 | 1122 | 1013 | 1382 | 1204 | 1167
15 3 4 111 9.99 9.36 8.24 717 | 1397 | 1256 | 1114 | 9.97 13.71 | 1182 | 1154
15 3 5 11.03 | 9.98 9.32 8.22 712 | 1393 | 1242 | 1105 | 992 136 | 1173 | 1134
15 4 2 3.92 34 3.17 2.83 2.59 1.93 4.43 3.92 3.55 4.86 4.33 111
15 4 4 3.79 3.33 3.09 278 2.53 49 4.28 3.8 3.42 471 418 3.97
15 1 5 3.76 3.3 3.09 2.76 2.52 4.9 1.23 3.76 3.41 4.69 414 3.94 .
15 5 2 2.32 1.98 1.84 L71 17 2.98 2.57 2.31 2.15 2.86 2.62 2.45 2.33
15 5 3 2.27 1.94 1.81 1.68 1.68 2.98 2.52 2.27 211 2.81 2.57 2.4 2.27
15 5 4 2.25 1.92 1.8 1.67 1.66 2.97 2.49 2.25 2.08 2.77 2.54 2.38 2.26
15 5 5 2.23 1.92 179 1.66 1.66 2.97 2.49 2.24 2.08 2.76 2.52 2.36 2.24
20 3 3 10.7 9.17 8.38 7.33 639 | 1348 | 1216 | 1064 | 947 | 1332 | 116 | 1111 [ 10.63
20 3 4 1055 | 9.09 8.36 7.27 634 | 1343 12 1055 | 937 | 1319 | 1145 | 1095 | 1057
20 3 5 1053 | 9.04 8.33 7.24 6.31 13.4 11.91 | 1047 | 927 13.14 | 1133 | 10.88 | 10.48
20 1 2 3.7 3.08 2.79 2.47 2.27 1.76 1.2 3.69 3.32 L7 4.16 3.92 3.7
20 [ 3 3.63 3.03 2.76 2.43 2.23 174 113 3.64 3.25 4.64 41 3.84 3.64
20 4 4 3.6 3.02 2.74 241 2.22 473 41 3.59 3.2 4.59 4.07 38 3.59
20 5 2 219 179 1.61 147 146 2.87 247 2.18 1.99 2.77 2.51 2.34 219
20 5 3 215 L.76 1.59 Ld5 145 2.86 243 2.15 1.96 2.73 2.47 2.29 214
20 5 4 213 174 1.58 144 144 2.85 24 2.13 1.95 2.72 2.46 2.27 213
20 5 5 2.12 1.74 1.57 144 144 2.85 2.4 2.12 1.94 2.7 2.45 2.26 212
2 3 2 1042 | 872 7.85 6.79 5.904 | 1315 | 119 | 1047 | 925 | 1328 | 116 | 1099 | 1043
25 3 3 10.26 8.6 7.79 6.68 5.8 | 1311 | 117 | 1024 | 907 | 1306 | 1135 | 1078 | 1028
2 3 4 1017 | 854 7.69 6.65 582 | 13.01 | 1158 | 1018 | 895 | 1297 | 1116 | 1064 | 1013
2 3 5 10.09 | 848 7.6 6.62 5.79 13.04 | 1155 | 1011 | 894 | 128 | 1118 | 1059 | 10.12
2 1 3 3.51 2.8 2.54 2.21 2.0 1.62 4.02 3.51 3.11 4.54 4.02 3.74 3.51
25 4 1 3.48 2.82 2.54 2.2 2.03 163 1 3.48 3.00 4.53 3.99 3.7 3.48
2 4 5 3.6 2.82 2,51 2.19 2.02 462 3.99 3.47 3.09 452 3.98 3.68 347
2 5 2 2.11 1.67 1.48 1.33 1.33 2.8 2.39 2.1 1.9 2.72 2.46 2.26 2.1
25 5 3 2.08 1.66 146 131 1.31 2.79 2.37 2.08 1.87 2.7 2.43 2.23 2.08
2 5 4 2.06 1.64 145 L31 1.31 2.78 2.35 2.06 1.87 2.67 2.41 2.21 2.06
2 5 5 2.05 1.63 145 13 13 2.79 234 2.05 1.86 2.67 2.41 2.2 2.06
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Table A.8: Simulation data example for average confidence interval width of p,

Thep 1 1 1 1 1 1 3 3 3 5 5 5 5

o? 1 1 1 3 5 5 1 3 5 1 5 5 5

o2 1 1 1 1 1 5 3 3 3 5 5 5 5

0.2

p o NG 1 3 5 5 3 3 3 3 3 3 1 3 5
5 3 2 10.89 11.1 11.24 | 11.01 10.63 | 1111 11.24 10.9 11.67 | 1093 | 1086 | 10.89
5 3 3 1079 | 1113 | 1124 | 1099 | 1059 | 1108 | 1101 10.79 119 | 1052 | 1063 | 1078
5 3 4 10.78 11.12 11.23 | 1097 | 1058 | 1107 | 1098 10.78 10.98 10.32 10.59 10.79
5 3 5 1077 | 1111 | 11.23 | 1096 | 1055 | 1105 11 10.78 1094 | 1021 | 1058 | 10.79
5 4 2 10.6 11.03 | 1117 | 1075 | 1022 | 1064 | 1097 10.6 116 | 1035 | 1046 | 10.61
5 4 3 10.61 102 | 1117 | 1072 | 1017 | 1059 | 1101 10.6 10.95 | 1004 | 10.36 10.6
5 4 4 10.6 11.01 11.13 10.71 10.15 1057 | 11.03 10.59 10.96 9.89 10.34 10.59
5 5 2 1043 | 10.96 111 10.54 9.92 1028 | 1095 | 10.44 10.98 10 10.21 10.44
5 5 3 1042 | 1092 | 11.09 | 1052 9.86 1023 | 11.01 10.43 10.94 9.73 10.15 | 1042
5 5 4 10.39 10.9 11.05 | 10.48 9.85 10.21 11.01 10.38 10.99 9.61 10.11 10.38
5 5 5 10.35 10.89 | 11.06 10.48 9.83 10.2 11 10.35 11.03 9.55 10.07 10.35
10 3 2 5.1 5.3 5.33 5.04 4.69 5.22 5.34 5.1 5.38 4.85 1.98 5.09
10 3 3 5.06 5.26 5.3 5.01 4.64 5.17 5.38 5.06 5.34 4.66 1.92 5.06
10 3 4 5.02 5.23 5.27 5 4.62 5.16 5.35 5.02 5.36 4.58 4.87 5.02
10 3 5 4.99 5.21 5.27 4.99 16 5.15 5.34 4.99 5.36 4.53 1.84 4.99
10 4 2 1.8 5.06 5.14 4.74 4.28 172 5.21 18 5.22 4.44 1.64 18
10 4 4 4.68 5.01 5.1 4.7 4.22 4,67 5.17 4.68 5.25 4.22 45 4.68
10 4 5 1.65 5 5.1 4.69 4.21 1.66 5.15 4.65 5.22 417 1.46 4.64
10 5 2 4.54 4.89 5 4.49 1 1.39 5.09 4.55 5.13 417 1.38 4.54
10 5 3 4.46 4.85 1.99 447 3.96 1.36 5.05 4.46 5.14 4.04 1.29 4.46
10 5 4 441 483 197 445 3.95 434 5.01 441 5.11 3.98 123 441
10 5 5 4.38 1.82 1.97 4.44 3.4 1.34 4.99 4.38 5.08 3.4 118 4.38
15 3 2 3.95 1.1 112 3.81 3.45 3.98 4.28 3.95 4.28 3.67 3.84 3.95
15 3 3 3.88 4.07 4.1 3.79 3.4 3.95 4.27 3.88 4.32 3.53 3.76 3.88
15 3 4 3.84 4.05 4.09 3.78 3.39 3.93 4.24 3.84 4.32 3.46 3.7 3.84
15 3 5 3.81 4.05 1,08 3.77 3.37 3.92 4.21 3.81 4.3 3.42 3.66 3.81
15 4 2 3.62 3.88 3.96 3.51 3.08 3.55 4.12 3.61 4.18 3.31 3.49 3.62
15 4 4 3.49 3.84 3.93 3.48 3.03 3.51 4.04 3.49 4.14 3.15 3.33 3.49
15 4 5 3.46 3.83 3.93 3.47 3.02 35 4.01 3.46 .11 3.11 3.3 3.46
15 5 2 3.35 3.7 3.83 3.27 2.84 3.27 3.96 3.35 4.07 3.07 3.22 3.35
15 5 3 3.27 3.66 3.81 3.25 2.82 3.25 3.89 3.27 4.02 2.99 3.13 3.27
15 5 4 3.22 3.64 3.8 3.23 2.8 3.24 3.86 3.22 3.97 2.95 3.08 3.23
15 5 5 3.2 3.63 3.79 3.22 2.79 3.23 3.84 3.2 3.94 2.92 3.06 3.2
20 3 3 3.33 3.54 3.57 3.23 2.84 3.39 3.77 3.33 3.86 3.02 3.21 3.33
20 3 4 3.29 3.52 3.56 3.22 2.83 3.37 3.73 3.29 3.83 2.97 3.15 3.29
20 3 5 3.26 3.52 3.56 3.21 2.82 3.36 3.72 3.26 3.81 2.93 3.11 3.26
20 1 2 3.06 3.34 3.43 2.94 2.54 3.03 3.62 3.06 3.73 2.81 2.95 3.06
20 1 3 2.97 3.31 3.41 2.92 2.52 3.01 3.56 2.98 2.73 3.68 2.73 2.86 2.98
20 4 4 2.94 3.3 3.41 2.91 2.51 3 3.52 2.94 2.7 3.64 2.69 2.81 2.93
20 5 2 2.8 3.15 3.29 2.7 2.33 279 3.44 2.8 2.56 3.58 2.61 2.7 2.8
20 5 3 2.72 3.11 3.28 2.67 2.31 2.77 3.37 2.73 251 3.51 2.54 2.63 2.72
20 5 4 2.69 3.00 3.27 2.66 2.3 2.77 3.33 2.69 2.49 3.46 2.51 2.59 2.69
20 5 5 2.66 3.08 3.26 2.65 2.3 2.76 3.31 2.67 2.47 3.43 2.49 2.57 2.66
25 3 2 3.07 3.25 3.28 291 2.54 3.08 3.52 3.07 2.81 3.6 2.82 297 3.07
25 3 3 2.99 3.22 3.27 2.89 2.51 3.06 3.47 2.99 2.74 3.59 2.73 2.88 2.99
25 3 4 2.95 3.21 3.26 2.88 2.5 3.04 3.44 2.95 2.7 3.56 2.68 2.82 2.95
25 3 5 2.92 3.2 3.25 2.87 2. 3.04 3.42 2.92 2.69 3.53 2.66 279 2.92
25 1 3 2.65 2.99 3.11 257 272 3.25 2.65 243 3.39 247 255 264
25 1 4 2.61 2.97 3.1 2.56 271 3.22 2.61 2.4 3.34 2.43 251 2.61
25 4 5 2.58 2.96 3.09 2.55 271 3.2 2.59 2.39 3.32 2.41 2.48 2.58
25 5 2 247 2.81 2.98 2.35 2.05 252 3.12 247 297 3.29 2.35 2.4 247
25 5 3 2.41 2.78 2.96 2.32 2.03 251 3.05 2.41 2.23 3.21 2.3 2.34 2.41
25 5 4 2.38 2.76 2.95 2.32 2.02 2.5 3.01 2.38 221 3.15 2.27 2.31 2.38
25 5 5 2.36 2.75 2.94 2.31 2.02 2.5 2.98 2.36 2.2 3.12 2.25 2.29 2.36
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Table A.9: Simulation data example for average confidence interval width of pg.

Thep 1 1 1 1 1 1 3 3 3 5 5 5 5

o? 1 1 1 3 5 5 1 3 5 1 5 5 5

o2 1 1 1 1 1 5 3 3 3 5 5 5 5

0.2

p o NG 1 3 5 5 3 3 3 3 3 3 1 3 5
5 3 2 2.11 2.49 2.72 2.79 2.63 3.11 2.02 2.11 2.15 1.93 1.91 2 2.1
5 3 3 1.98 2.23 2.34 2.38 2.29 2,68 1.92 1.98 2 1.8 175 1.87 1.97
5 3 4 1.9 211 221 2.24 2.15 253 1.85 1.9 1.92 1.75 1.69 1.82 1.9
5 3 5 1.86 2.04 2.15 2.16 2.08 2.45 1.82 1.86 1.87 1.72 1.66 1.78 1.86
5 4 2 1.87 2.19 2.3 2.32 2.23 2.57 1.8 1.87 1.89 1.68 1.63 1.75 1.87
5 4 3 1.72 1.89 1.96 1.96 1.9 221 1.69 1.72 1.73 1.59 1.52 1.64 1.72
5 4 4 1.64 1.78 1.84 1.85 1.79 2.1 1.62 1.63 1.64 1.54 1.47 1.58 1.64
5 5 2 1.68 1.91 1.97 1.98 1.92 221 1.64 1.68 1.69 1.51 1.44 1.57 1.68
5 5 3 1.51 1.63 1.68 1.68 1.63 1.92 15 1.51 1.51 1.42 1.35 1.45 1.51
5 5 4 1.43 1.53 1.58 1.59 1.54 1.82 1.42 1.43 1.43 1.37 1.31 1.38 1.42
5 5 5 1.38 1.48 1.54 1.54 1.49 1.78 1.37 1.38 1.38 1.33 1.28 1.34 1.38
10 3 2 1.87 2.03 2.07 2.08 2.04 2.42 1.82 1.87 1.89 1.7 1.66 1.77 1.87
10 3 3 1.72 1.8 1.83 1.83 1.8 217 171 1.72 1.72 1.65 1.59 1.68 1.72
10 3 4 1.65 171 1.74 1.75 1.72 2.08 1.64 1.65 1.65 1.61 1.56 1.62 1.65
10 3 5 1.61 1.67 171 1.71 1.68 2.05 1.6 1.61 1.61 1.58 1.53 1.59 1.61
10 4 2 1.61 1.67 1.69 1.69 1.67 2.02 1.59 1.61 1.61 1.51 1.44 1.55 1.61
10 4 4 1.38 141 1.43 1.43 1.41 177 1.38 1.38 1.38 1.38 1.36 1.38 1.38
10 4 5 1.35 1.38 14 14 1.38 1.74 1.35 1.35 1.35 1.35 1.34 1.35 1.35
10 5 2 14 1.42 1.43 1.42 1.41 1.77 14 14 14 1.36 1.29 1.37 14
10 5 3 1.25 1.25 1.26 1.26 1.25 1.61 1.26 1.25 1.25 1.26 1.24 1.26 1.25
10 5 4 1.2 1.2 1.21 1.2 1.19 1.56 1.2 1.2 1.2 1.21 1.21 1.2 1.2
10 5 5 1.17 1.17 1.18 118 117 1.54 117 117 1.17 118 1.2 1.18 117
15 3 2 1.73 1.77 1.78 1.78 177 2.15 1.72 1.73 1.74 1.64 1.58 1.68 1.74
15 3 3 1.58 1.6 1.61 1.61 1.6 1.98 1.59 1.58 1.58 1.57 1.53 1.58 1.58
15 3 4 1.52 1.54 1.55 1.55 1.54 1.92 1.53 1.53 1.52 1.53 15 1.53 1.52
15 3 5 1.49 1.51 1.52 1.52 1.51 1.89 1.49 1.49 15 L5 1.49 1.49 L5
15 4 2 1.46 1.44 1.44 1.44 1.44 1.82 1.46 1.46 1.46 1.44 1.38 1.45 1.46
15 4 4 1.28 1.26 1.25 1.25 1.26 1.65 1.28 1.28 1.28 1.3 1.31 1.29 1.28
15 4 5 1.25 1.23 1.23 1.23 1.23 1.63 1.26 1.25 1.25 1.28 1.3 1.27 1.25
15 5 2 1.26 1.22 1.2 1.2 1.21 1.61 1.27 1.26 1.26 1.28 1.24 1.28
15 5 3 115 1.1 1.08 1.08 1.1 1.51 115 115 1.15 1.18 1.2 1.18
15 5 4 111 1.06 1.04 1.04 1.05 1.47 111 L1l 111 1.14 1.18 1.14 111
15 5 5 1.09 1.04 1.02 1.02 1.03 1.45 1.09 1.09 1.09 1.12 117 1.12 1.09
20 3 3 L5 1.49 1.49 1.48 1.49 1.88 1.51 1.5 1.5 1.51 1.49 1.51 15
20 3 4 1.46 1.44 1.44 1.44 1.44 1.83 1.46 1.46 1.45 147 1.47 1.46 1.46
20 3 5 1.43 1.42 1.42 141 1.42 1.81 1.43 1.43 1.43 1.44 1.45 1.44 1.43
20 1 2 1.37 1.32 1.3 1.3 1.31 1.72 1.37 1.37 1.37 1.38 1.34 1.38 1.37
20 1 3 1.26 1.21 1.19 1.18 1.2 1.62 1.26 1.26 1.26 1.29 1.31 1.29 1.26
20 4 4 1.22 1.17 1.15 1.15 117 1.59 1.23 1.22 1.22 1.25 1.29 1.25 1.22
20 5 2 1.19 L1 1.08 1.07 L1 1.53 1.19 1.19 1.19 1.22 1.21 1.22 1.19
20 5 3 1.09 1.01 0.98 0.98 1.01 1.45 1.1 1.09 1.09 1.14 1.18 113 1.09
20 5 4 1.06 0.97 0.95 0.94 0.97 1.42 1.06 1.06 1.06 111 1.16 1.1 1.06
20 5 5 1.04 0.96 0.93 0.93 0.96 1.41 1.05 1.05 1.05 1.09 1.15 1.09 1.05
25 3 2 1.56 1.53 1.52 151 1.52 1.92 1.57 1.56 1.56 1.56 1.51 1.57 1.56
25 3 3 145 1.42 1.41 14 1.41 1.81 145 1.45 1.45 147 1.47 1.47 1.45
25 3 4 1.41 1.38 1.37 1.36 1.37 1.77 1.41 1.41 1.41 1.43 1.45 1.43 1.41
25 3 5 1.39 1.36 1.34 1.34 1.35 1.76 1.39 1.39 1.39 141 1.44 1.41 1.39
25 1 3 1.22 1.14 111 111 1.14 1.58 1.22 1.22 1.22 1.26 1.29 1.25 1.22
25 1 4 1.19 1.11 1.08 1.08 1.1 1.55 1.19 1.18 1.18 1.23 1.27 1.22 1.18
25 4 5 117 1.09 1.06 1.06 1.09 1.53 117 117 117 1.21 1.26 1.2 117
25 5 2 1.14 1.04 1 0.99 1.03 1.49 1.14 1.14 1.14 118 1.2 1.18 1.14
25 5 3 1.06 0.96 0.91 0.91 0.95 1.42 1.06 1.06 1.06 111 117 111 1.06
25 5 4 1.03 0.93 0.88 0.88 0.92 1.39 1.04 1.03 1.03 1.08 115 1.08 1.03
25 5 5 1.02 0.91 0.87 0.87 0.91 1.38 1.02 1.02 1.02 1.07 1.14 1.07 1.02
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Table A.10: Simulation data example for average confidence interval width of preproducivitity

Thep 1 1 1 1 1 1 3 3 3 5 5 5 5

o? 1 1 1 3 5 5 1 3 5 1 5 5 5

o2 1 1 1 1 1 5 3 3 3 5 5 5 5

0.2

p o NG 1 3 5 5 3 3 3 3 3 3 1 3 5
5 3 2 14 0.95 0.71 0.61 0.78 0.47 1.53 1.4 1.35 1.7 1.75 1.56 1.41
5 3 3 1.25 0.74 0.56 0.47 0.61 0.38 14 1.25 1.18 1.89 1.86 1.49 1.26
5 3 4 1.14 0.67 0.5 0.44 0.55 0.35 1.33 114 1.08 1.67 1.87 1.39 1.14
5 3 5 1.08 0.63 0.47 0.42 0.53 0.34 1.25 1.07 1.01 1.62 1.87 1.33 1.07
5 4 2 1.23 0.68 0.49 0.43 0.59 0.36 1.35 1.23 1.19 1.57 1.68 1.44 1.23
5 4 3 0.99 0.53 0.39 0.35 047 0.3 111 0.99 0.95 1.44 1.68 1.26 0.99
5 4 4 0.88 0.49 0.36 0.33 0.44 0.29 0.99 0.88 0.85 1.32 1.64 113 0.89
5 5 2 1.06 0.53 0.37 0.35 0.48 0.31 1.16 1.06 1.03 1.42 1.57 1.31 1.06
5 5 3 0.82 0.43 0.31 0.29 0.4 0.26 0.89 0.82 0.8 1.2 15 1.07 0.82
5 5 4 0.74 0.4 0.29 0.27 0.37 0.25 0.8 0.74 0.73 1.07 1.44 0.96 0.74
5 5 5 0.71 0.39 0.28 0.26 0.36 0.24 0.76 0.71 0.7 1 1.38 0.9 0.71
10 3 2 1.26 0.59 0.41 0.36 0.5 0.34 1.49 1.27 1.2 1.92 2.1 1.64 1.28
10 3 3 0.97 0.5 0.36 0.31 0.43 0.3 112 0.97 0.93 1.64 2.1 1.33 0.97
10 3 4 0.89 047 0.34 0.3 0.41 0.29 1 0.89 0.86 1.43 2.02 118 0.89
10 3 5 0.86 0.46 0.33 0.29 0.4 0.28 0.96 0.85 0.83 1.32 1.94 1.12 0.86
10 4 2 0.96 0.44 0.31 0.28 0.41 0.28 1.08 0.96 0.93 1.54 1.87 1.33 0.95
10 4 4 0.73 0.37 0.26 0.24 0.34 0.25 0.78 0.72 0.71 1.05 1.61 0.96 0.72
10 4 5 07 0.36 0.25 0.23 0.33 0.24 0.75 0.7 0.69 1.01 1.52 0.92 0.7
10 5 2 0.78 0.37 0.25 0.24 0.35 0.25 0.84 0.78 0.77 1.22 1.62 1.09 0.78
10 5 3 0.66 0.32 0.22 0.21 0.3 0.22 0.69 0.65 0.65 0.94 1.44 0.87 0.66
10 5 4 0.62 0.31 0.21 0.2 0.29 0.22 0.65 0.62 0.62 0.87 1.33 0.82 0.62
10 5 5 0.61 0.3 0.2 0.19 0.28 0.21 0.63 0.61 0.6 0.84 1.26 08 0.61
15 3 2 1.05 0.48 0.34 0.3 0.43 0.31 1.24 1.05 1 1.87 2.28 1.51 1.05
15 3 3 0.86 0.43 0.3 0.27 0.38 0.28 0.96 0.86 0.83 1.41 2.14 1.18 0.86
15 3 4 0.81 0.41 0.29 0.26 0.37 0.27 0.89 0.81 0.8 1.24 2 1.08 0.81
15 3 5 0.79 0.4 0.28 0.25 0.36 0.27 0.87 0.79 0.78 117 1.88 1.05 0.79
15 4 2 0.8 0.38 0.25 0.24 0.35 0.26 0.87 0.81 0.79 1.33 1.89 115 0.8
15 4 4 0.67 0.32 0.22 0.2 0.3 0.23 0.71 0.67 0.67 0.95 1.52 0.89 0.67
15 4 5 0.66 0.31 0.21 0.2 0.3 0.23 0.69 0.66 0.65 0.93 1.44 0.87 0.66
15 5 2 0.67 0.31 0.21 02 0.3 0.22 0.71 0.67 0.67 1.02 1.57 0.94 0.67
15 5 3 0.6 0.28 0.19 0.18 0.27 0.21 0.62 0.6 0.6 0.84 1.35 0.8 0.6
15 5 4 0.58 0.27 0.18 0.17 0.26 0.2 0.59 0.58 0.58 0.8 1.24 0.77 0.58
15 5 5 0.56 0.26 0.17 0.17 0.25 0.2 0.58 0.56 0.56 0.78 1.19 0.75 0.56
20 3 3 0.8 0.39 0.27 0.24 0.36 0.27 0.88 0.8 0.8 1.26 2.15 1.1 0.81
20 3 4 0.77 0.38 0.26 0.24 0.35 0.26 0.84 0.77 0.76 1.16 1.94 1.04 0.77
20 3 5 0.76 0.37 0.25 0.23 0.34 0.26 0.81 0.76 0.75 111 1.81 1.02 0.76
20 1 2 0.73 0.34 0.23 0.21 0.32 0.24 0.78 0.74 0.73 1.16 1.87 1.04 0.74
20 1 3 0.66 0.31 0.21 0.19 0.3 0.23 0.69 0.66 0.66 0.95 1.59 0.9 0.66
20 4 4 0.64 0.3 0.2 0.19 0.29 0.22 0.66 0.64 0.64 0.9 1.45 0.86 0.64
20 5 2 0.63 0.28 0.18 0.18 0.27 0.21 0.65 0.63 0.63 0.91 L5 0.86 0.63
20 5 3 0.57 0.25 0.17 0.16 0.25 0.2 0.58 0.57 0.57 0.79 1.29 0.77 0.57
20 5 4 0.55 0.24 0.16 0.15 0.24 0.19 0.56 0.55 0.55 0.76 1.19 0.75 0.55
20 5 5 0.54 0.24 0.16 0.15 0.24 0.19 0.55 0.54 0.54 0.75 1.16 0.73 0.54
25 3 2 0.86 0.4 0.27 0.25 0.37 0.28 0.95 0.86 0.85 1.53 2.4 1.27 0.86
25 3 3 0.78 0.37 0.25 0.23 0.34 0.26 0.83 0.78 0.77 117 2.09 1.06 0.77
25 3 4 0.75 0.35 0.24 0.22 0.33 0.25 0.8 0.75 0.75 1.1 1.89 1.02 0.75
25 3 5 0.74 0.35 0.24 0.22 0.33 0.25 0.78 0.74 0.73 1.07 175 1 0.73
25 1 3 0.64 0.29 0.19 0.18 0.28 0.22 0.66 0.64 0.64 0.91 1.53 0.87 0.64
25 1 4 0.62 0.28 0.18 0.18 0.27 0.22 0.64 0.62 0.62 0.87 1.4 0.84 0.62
25 4 5 0.61 0.27 0.18 0.17 0.27 0.21 0.63 0.61 0.61 0.85 1.35 0.83 0.61
25 5 2 0.6 0.26 0.17 0.16 0.26 0.2 0.61 0.6 0.6 0.85 1.45 0.82 0.6
25 5 3 0.55 0.24 0.15 0.15 0.24 0.19 0.56 0.55 0.55 0.77 1.24 0.75 0.55
25 5 4 0.54 0.23 0.15 0.14 0.23 0.19 0.54 0.54 0.54 0.74 1.16 0.73 0.54
25 5 5 0.53 0.23 0.15 0.14 0.22 0.19 0.53 0.53 0.53 0.73 114 0.72 0.53
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Table A.11: Simulation data example for average confidence interval width of P/T

Thep 1 1 1 1 1 1 3 3 3 5 5 5 5

? 1 1 1 3 5 5 1 3 5 1 5 5 5

a2 1 1 1 1 1 5 3 3 3 5 5 5 5

(72

p N 3 5 5 3 3 3 3 3 3 1 3 5
5 3 2 4.15 4.22 4.25 4.22 4.19 4.62 4.14 4.15 4.15 4.11 4.07 4.12 4.15
5 3 3 3.98 1.1 114 1 4.08 157 3.99 3.98 3.98 3.92 3.85 3.93 3.98
5 3 4 3.89 4.04 112 1.1 4.03 154 3.87 3.89 3.89 3.82 3.74 3.84 3.89
5 3 5 3.84 3.99 1.09 4.07 3.99 4.52 3.82 3.84 3.85 3.75 3.67 3.77 3.84
5 4 2 2.06 2.07 2.08 2.06 2.05 2.36 2.07 2.06 2.06 2.07 2.06 2.06 2.06
5 1 3 1.97 2.01 2.03 2.02 2 2.33 1.98 1.97 1.97 1.97 1.94 1.96 1.97
5 4 4 1.93 1.98 2.02 2 1.98 2.32 1.93 1.92 1.92 1.91 1.89 1.91 1.92
5 5 2 1.38 1.37 1.38 1.37 1.36 1.62 1.39 1.38 1.37 1.4 1.4 1.39 1.38
5 5 3 1.32 1.33 1.35 1.34 1.32 1.6 1.33 1.32 1.31 1.33 1.33 1.32 1.32
5 5 4 1.29 1.32 1.33 1.33 1.31 1.6 1.29 1.29 1.29 1.29 1.29 1.28 1.29
5 5 5 1.27 1.3 1.33 1.32 1.3 1.59 1.27 1.27 1.27 1.27 1.26 1.26 1.27
10 3 2 345 3.33 3.28 3.22 3.27 4.05 3.5 3.45 3.43 3.57 3.58 3.51 3.45
10 3 3 3.33 3.26 3.23 3.18 3.2 1.02 3.38 3.34 3.32 3.43 3.43 3.37 3.34
10 3 4 3.28 3.22 3.19 3.15 3.17 4 3.31 3.28 3.27 3.34 3.36 3.31 3.27
10 3 5 3.24 3.19 3.18 3.14 3.15 3.99 3.27 3.25 3.23 3.29 3.3 3.27 3.24
10 4 2 1.68 1.57 1.54 151 1.55 2.08 1.7 1.68 1.67 1.77 1.81 1.73 1.68
10 1 4 1.6 1.52 1.49 1.48 15 2.06 1.61 1.6 1.59 1.66 171 1.64 1.6
10 4 5 1.58 1.51 1.48 147 1.49 2.06 1.59 1.58 1.58 1.64 1.69 1.62 1.58
10 5 2 112 1.02 0.99 0.98 1.01 1.45 113 112 1.12 1.19 1.24 117 112
10 5 3 1.09 1 0.97 0.96 0.99 1.44 1.1 1.09 1.08 115 1.21 1.13 1.09
10 5 4 1.07 0.99 0.96 0.95 0.98 1.43 1.08 1.07 1.07 112 118 111 1.07
10 5 5 1.06 0.98 0.96 0.95 0.97 1.43 1.07 1.06 1.06 111 117 11 1.06
15 3 2 3.14 2.91 2.81 2.75 2.86 3.82 3.19 3.14 3.13 331 3.37 3.24 3.15
15 3 3 3.05 2.86 277 2.72 2.8 3.81 3.1 3.05 3.05 3.18 3.26 3.14 3.05
15 3 4 3.01 2.83 2.75 2.7 2.78 3.79 3.05 3.02 3 3.14 3.21 3.1 3.01
15 3 5 2.99 2.82 2.73 2.69 2.77 3.78 3.02 2.99 2.99 3.1 3.18 3.06 2.99
15 4 2 1.53 1.36 1.29 1.27 1.34 1.99 1.56 1.53 1.53 1.64 1.72 1.61 1.53
15 1 4 1.48 1.32 1.26 1.24 1.31 1.97 L5 1.48 1.47 1.56 1.65 1.55 1.48
15 4 5 1.46 1.31 1.25 1.24 1.3 1.97 1.48 1.46 1.46 1.55 1.64 1.54 1.46
15 5 2 1.03 0.88 0.83 0.82 0.87 1.39 1.04 1.03 1.03 111 1.19 11 1.03
15 5 3 1.01 0.86 0.81 0.8 0.86 1.39 1.01 1.01 1.01 1.08 117 1.07 1.01

15 5 4 1 0.86 0.81 0.8 0.85 1.38 1 1 0.99 1.07 115 1.06 1
15 5 5 0.99 0.85 0.8 0.8 0.85 1.38 1 0.99 0.99 1.06 1.15 1.05 0.99
20 3 3 291 2.62 2.5 245 2.58 3.69 2.95 2.9 2.89 3.05 3.17 3.01 2.9
20 3 4 2.87 2.6 2.48 2.43 2.56 3.68 2.91 2.87 2.86 3.01 3.13 2.97 2.87
20 3 5 2.86 2.59 247 2.43 2.56 3.67 2.88 2.85 2.84 2.99 3.1 2.95 2.85
20 4 2 1.46 1.24 1.15 114 1.23 1.94 1.48 1.45 1.46 1.57 1.67 1.55 1.46
20 4 3 1.43 1.22 1.13 112 1.21 1.93 144 1.43 1.43 1.54 1.64 151 1.43
20 1 4 141 1.21 113 111 1.2 1.93 1.43 1.41 1.41 1.51 1.63 1.5 141
20 5 2 0.9 0.81 0.74 0.73 0.8 1.37 1 0.99 0.99 1.07 117 1.06 0.99
20 5 3 0.97 0.79 0.73 0.72 0.79 1.36 0.98 0.97 0.97 1.05 115 1.04 0.97
20 5 4 0.96 0.78 0.72 0.71 0.78 1.36 0.96 0.96 0.96 1.04 1.14 1.03 0.96
20 5 5 0.95 0.78 0.72 0.71 0.78 1.36 0.96 0.95 0.96 1.03 114 1.03 0.95
25 3 2 2.85 2.51 2.35 2.3 2.46 3.63 2.9 2.86 2.85 3.06 3.19 2.99 2.85
25 3 3 2.8 2.47 2.33 2.27 2.44 3.62 2.84 2.8 2.8 2.98 3.12 2.94 2.81
25 3 4 2.78 2.45 2.3 2.26 2.42 3.6 2.8 2.78 2.94 3.07 2.9 2.77
25 3 5 2.76 2.44 2.29 2.25 241 3.6 2.79 2.76 2.76 291 3.07 2.89 2.76
25 4 3 1.39 1.15 1.05 1.03 114 1.9 1.4 1.39 1.39 15 1.62 1.49 1.39
25 4 4 1.38 114 1.05 1.03 113 19 1.39 1.38 1.38 1.49 1.61 1.47 1.38
25 1 5 1.37 1.13 1.04 1.02 112 1.9 1.38 1.37 1.37 1.48 1.6 1.46 1.37
25 5 2 0.96 0.76 0.68 0.68 0.76 1.35 0.96 0.96 0.96 1.05 1.16 1.04 0.96
25 5 3 0.95 0.75 0.67 0.67 0.75 1.35 0.95 0.95 0.94 1.03 114 1.03 0.95
25 5 4 0.94 0.74 0.67 0.66 0.74 1.34 0.94 0.94 0.94 1.02 1.13 1.02 0.94
25 5 5 0.93 0.74 0.66 0.66 0.74 1.35 0.94 0.93 0.94 1.02 113 1.01 0.94
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Table A.12: Simulation data example for average confidence interval width of SNR

Then 1 1 1 1 1 1 3 3 3 5 5 5 5

o’ 1 1 1 3 5 5 1 3 5 1 5 5 5

o2 1 1 1 1 1 5 3 3 3 5 5 5 5

02

P o K 3 5 5 3 3 3 3 3 3 1 3 5
5 3 2 3.16 3.23 3.26 3.21 3.13 3.22 3.22 3.16 3.12 3.28 3.15 3.14 3.16
5 3 3 3.16 3.25 3.27 3.22 3.12 3.22 3.19 3.16 3.12 3.2 3.07 3.11 3.16
5 3 4 3.17 3.25 3.27 3.21 3.12 3.22 3.2 3.17 3.13 3.18 3.04 3.11 3.17
5 3 5 3.17 3.25 3.27 3.21 3.12 3.21 3.22 3.17 3.13 3.18 3.02 3.12 3.17
5 1 2 3.05 3.18 3.21 3.11 2.98 3.07 3.13 3.05 2.99 3.15 2.97 3.01 3.05
5 4 3 3.07 3.18 3.22 3.1 2.96 3.06 3.16 3.07 3 3.12 2.9 3 3.07
5 4 4 3.07 3.18 3.21 3.1 2.96 3.05 3.18 3.07 2.99 3.15 2.88 3 3.07
5 5 2 2.98 3.13 3.17 3.02 2.86 2.95 3.11 2.98 2.9 3.09 2.86 2.92 2.98
5 5 3 2.99 3.12 3.17 3.02 2.85 2.94 3.14 2.99 2.9 3.11 2.8 291 2.99
5 5 4 2.98 3.12 3.16 3.01 2.84 2.93 3.15 2.98 2.89 3.14 2.77 291 2.98
5 5 5 2.97 3.12 3.16 3.01 2.84 2.93 2.97 2.88 3.15 2.76 2.9 2.97
10 3 2 213 2.21 223 212 2 214 2.13 2.06 2.19 2.02 2.08 2.12
10 3 3 2.12 2.2 222 2.12 1.98 213 2. 2.12 2.04 1.97 2.06 2.12
10 3 4 211 2.19 221 2.11 1.98 212 2. 2.11 2.03 2. 1.94 2.05 2.11
10 3 5 2.1 2.19 221 211 1.97 212 2. 2.1 2.02 2. 1.93 2.04 2.1
10 1 2 1.97 2.09 213 1.96 1.78 1.92 2.13 1.97 1.86 2.11 1.82 1.9 1.97
10 4 4 1.93 2.07 2.11 1.94 1.76 1.9 2.12 1.93 1.82 2.14 175 1.86 1.93
10 4 5 1.92 2.06 211 1.94 175 1.9 2.11 1.91 1.81 2.14 1.73 1.84 1.91
10 5 2 1.84 1.99 2.05 1.83 1.63 177 2.06 1.84 1.72 2.07 1.69 1.77 1.84
10 5 3 1.81 1.98 2.04 1.82 1.62 1.76 2.05 1.81 1.69 2.08 1.65 174 1.81
10 5 4 179 1.97 2.04 1.81 1.61 1.76 2.03 1.79 1.68 2.07 1.62 172 179
10 5 5 178 1.97 2.04 1.81 1.61 1.75 2.02 1.78 1.67 2.06 1.61 17 1.78
15 3 2 1.84 1.92 1.94 1.81 1.65 1.83 1.97 1.84 1.75 1.95 1.72 1.79 1.84
15 3 3 1.82 1.91 1.93 18 1.64 1.82 1.97 1.82 1.72 1.98 1.67 1.76 1.81
15 3 4 18 19 1.93 1.8 1.63 1.81 1.96 1.8 1.7 1.98 1.64 1.74 1.8
15 3 5 1.79 1.9 1.93 1.79 1.63 18 1.95 1.79 1.69 1.98 1.63 1.72 1.79
15 1 2 1.64 178 1.83 1.61 1.42 1.6 1.87 1.64 1.53 1.88 1.51 1.59 1.65
15 4 4 1.59 1.76 1.81 1.6 1.4 1.59 1.84 1.59 1.48 1.87 1.45 1.52 1.59
15 4 5 1.58 1.76 1.81 1.59 1.4 1.58 1.82 1.58 1.47 1.86 1.44 1.51 1.58
15 5 2 15 1.67 1.74 1.47 1.28 1.46 177 15 1.38 1.82 1.38 1.44 15
15 5 3 1.46 1.65 1.73 1.46 1.27 1.45 175 1.46 1.35 18 1.35 1.4 1.46
15 5 4 1.44 1.64 1.73 1.45 1.26 1.45 173 144 1.34 178 1.33 1.38 1.44
15 5 5 1.43 1.64 173 1.45 1.26 1.44 1.72 1.43 1.33 1.76 1.32 1.37 1.43
20 3 3 1.65 1.76 1.78 1.63 1.45 1.65 1.84 1.65 1.54 1.86 1.52 1.59 1.65
20 3 4 1.63 175 1.78 1.62 1.45 1.65 1.82 1.63 1.53 1.85 L5 1.57 1.63
20 3 5 1.62 1.75 1.78 1.62 1.44 1.64 1.81 1.62 1.52 1.85 1.48 1.56 1.62
20 4 2 1.46 1.62 1.67 1.42 1.24 1.44 1.73 1.46 1.35 177 1.35 1.41 1.46
20 1 3 1.43 1.6 1.67 1.41 1.23 144 L7 1.43 1.32 175 1.32 1.37 143
20 1 4 1.41 1.6 1.66 1.41 1.22 1.43 1.69 141 1.31 173 1.31 1.35 1.41
20 5 2 1.31 1.49 1.58 1.27 111 1.31 1.62 1.31 1.21 1.68 1.23 1.27 1.31
20 5 3 1.28 1.47 1.57 1.26 11 13 1.59 1.28 1.19 1.65 1.21 1.24 1.28
20 5 4 1.26 1.46 1.57 1.25 1.09 1.3 1.57 1.26 118 1.62 1.19 1.22 1.26
20 5 5 1.25 1.46 1.56 1.25 1.09 1.3 1.56 1.25 117 1.61 118 1.21 1.25
25 3 2 1.57 1.67 1.7 1.52 1.35 1.56 177 1.57 1.46 1.79 1.46 1.52 1.57
25 3 3 1.54 1.66 1.7 1.51 1.34 1.55 1.75 1.54 1.43 1.79 1.42 1.48 1.54
25 3 4 1.52 1.66 1.69 L5 1.33 1.54 173 1.52 1.42 178 1.4 1.46 1.52
25 3 5 1.51 1.65 1.69 L5 1.33 1.54 1.73 151 1.41 1.76 1.39 1.45 1.51
25 4 3 1.31 1.49 1.57 1.28 112 1.34 1.6 1.31 1.21 1.66 1.24 1.27 1.31
25 1 4 1.29 148 1.56 1.27 L11 1.34 1.58 1.29 1.2 1.64 1.22 1.25 1.29
25 1 5 1.28 1.48 1.56 1.27 L1 1.34 1.57 1.28 1.2 1.63 1.21 1.24 1.28
25 5 2 1.19 1.37 1.47 113 1 1.22 1.51 1.19 111 1.59 114 117 1.19
25 5 3 117 1.35 1.46 112 0.99 1.22 1.47 117 1.09 1.55 112 114 117
25 5 4 115 1.34 1.45 112 0.99 1.21 1.46 115 1.08 1.52 L1l 112 115
25 5 5 114 1.33 1.45 111 0.99 1.21 1.44 114 1.07 L5 L1 112 114
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Table A.13: Simulation data example for average confidence interval width of C,

Thep 1 1 1 1 1 1 3 3 3 5 5 5 5

o? 1 1 1 3 5 5 1 3 5 1 5 5 5

o2 1 1 1 1 1 5 3 3 3 5 5 5 5

0.2

p o NG 1 3 5 5 3 3 3 3 3 3 1 3 5
5 3 2 1.06 1.06 1.07 1.07 1.07 1.12 1.06 1.06 1.05 1.07 1.05 1.05 1.06
5 3 3 1.03 1.0 1.05 1.06 1.06 111 1.04 1.03 1.03 1.04 1.02 1.03 1.03
5 3 4 1.02 1.04 1.05 1.05 1.05 L1l 1.02 1.02 1.02 1.02 1.01 1.02 1.02
5 3 5 1.02 1.04 1.05 1.05 1.05 111 1.02 1.01 1.02 1.01 1 1.01 1.02
5 4 2 0.88 0.89 0.89 0.9 0.92 0.96 0.88 0.88 0.89 0.88 0.89 0.88 0.88
5 4 3 0.86 0.87 0.88 0.89 0.92 0.95 0.86 0.86 0.87 0.86 0.86 0.86 0.86
5 4 4 0.85 0.86 0.87 0.89 0.91 0.95 0.84 0.85 0.86 0.84 0.85 0.85 0.85
5 5 2 0.79 0.79 0.79 0.81 0.86 0.87 0.77 0.79 0.81 0.77 0.8 0.79 0.79
5 5 3 0.77 0.77 0.78 0.81 0.85 0.86 0.75 0.77 0.79 0.75 0.78 0.77 0.77
5 5 4 0.76 0.77 0.77 0.8 0.85 0.86 0.74 0.76 0.79 0.73 0.77 0.76 0.76
5 5 5 0.75 0.76 0.77 0.8 0.85 0.86 0.73 0.75 0.78 0.72 0.76 0.75 0.75
10 3 2 0.95 0.94 0.93 0.92 0.91 1.02 0.96 0.95 0.93 0.98 0.96 0.95 0.95
10 3 3 0.93 0.93 0.92 0.91 0.9 1.01 0.95 0.93 0.92 0.96 0.94 0.93 0.93
10 3 4 0.92 0.92 0.92 0.91 0.9 1.01 0.94 0.92 0.91 0.95 0.92 0.92 0.92
10 3 5 0.92 0.92 0.92 0.91 0.9 1.01 0.93 0.92 0.91 0.94 0.91 0.92 0.92
10 4 2 0.75 0.73 0.72 0.71 0.72 0.83 0.76 0.75 0.74 0.79 0.77 0.75 0.75
10 4 4 0.72 0.71 0.71 0.7 0.71 0.83 0.74 0.72 0.72 0.76 0.74 0.73 0.72
10 4 5 0.72 0.71 0.7 07 0.7 0.82 0.73 0.72 0.71 0.75 0.73 0.72 0.72
10 5 2 0.63 0.6 0.59 0.6 0.63 0.72 0.64 0.63 0.63 0.66 0.66 0.64 0.63
10 5 3 0.62 0.59 0.59 0.59 0.62 0.72 0.63 0.62 0.62 0.65 0.65 0.63 0.62
10 5 4 0.61 0.59 0.58 0.59 0.62 0.72 0.62 0.61 0.61 0.64 0.64 0.62 0.61
10 5 5 0.6 0.58 0.58 0.58 0.62 0.72 0.61 0.6 0.61 0.63 0.63 0.62 0.6
15 3 2 0.9 0.87 0.86 0.85 0.84 0.97 0.92 0.9 0.88 0.94 0.92 0.91 0.9
15 3 3 0.88 0.87 0.86 0.84 0.83 0.97 0.91 0.88 0.87 0.92 0.9 0.89 0.88
15 3 4 0.88 0.86 0.85 0.84 0.83 0.97 0.9 0.88 0.86 0.92 0.89 0.88 0.88
15 3 5 0.87 0.86 0.85 0.84 0.82 0.97 0.89 0.87 0.86 0.91 0.88 0.87 0.87
15 4 2 0.69 0.66 0.64 0.63 0.63 0.79 0.72 0.69 0.68 0.75 0.73 0.71 0.69
15 4 4 0.67 0.65 0.63 0.62 0.62 0.78 0.7 0.68 0.66 0.72 0.7 0.69 0.67
15 4 5 0.67 0.64 0.63 0.62 0.62 0.78 0.69 0.67 0.66 0.72 0.7 0.68 0.67
15 5 2 0.58 0.53 0.52 0.51 0.54 0.68 0.6 0.58 0.57 0.63 0.62 0.59 0.58
15 5 3 0.57 0.53 0.51 0.51 0.53 0.68 0.59 0.57 0.56 0.62 0.61 0.58 0.57
15 5 4 0.56 0.52 0.51 0.5 0.53 0.67 0.58 0.56 0.55 0.61 0.6 0.58 0.56
15 5 5 0.56 0.52 0.51 0.5 0.53 0.67 0.58 0.56 0.55 0.61 0.6 0.58 0.56
20 3 3 0.86 0.83 0.81 0.8 0.78 0.94 0.88 0.85 0.83 0.9 0.87 0.86 0.85
20 3 4 0.85 0.82 0.81 0.79 0.78 0.94 0.87 0.85 0.83 0.89 0.86 0.85 0.85
20 3 5 0.85 0.82 0.81 0.79 0.78 0.94 0.87 0.84 0.82 0.89 0.86 0.85 0.84
20 4 2 0.66 0.62 0.6 0.58 0.58 0.76 0.69 0.66 0.65 0.73 0.7 0.68 0.66
20 1 3 0.65 0.61 0.59 0.57 0.57 0.76 0.68 0.65 0.64 0.72 0.69 0.67 0.65
20 4 4 0.65 0.61 0.59 0.57 0.57 0.76 0.68 0.65 0.63 0.71 0.69 0.66 0.65
20 5 2 0.55 0.5 0.47 0.46 0.48 0.65 0.58 0.55 0.54 0.61 0.6 0.57 0.55
20 5 3 0.54 0.49 0.47 0.46 0.48 0.65 0.57 0.54 053 0.6 0.59 0.56 0.54
20 5 4 0.54 0.48 0.46 0.45 0.48 0.65 0.56 0.54 0.53 0.6 0.58 0.56 0.54
20 5 5 0.53 0.48 0.46 0.45 0.48 0.65 0.56 0.53 0.52 0.6 0.58 0.55 0.53
25 3 2 0.84 0.81 0.79 0.77 0.75 0.93 0.87 0.85 0.82 0.9 0.87 0.86 0.84
25 3 3 0.83 0.8 0.79 0.76 0.75 0.92 0.86 0.83 0.81 0.89 0.86 0.84 0.83
25 3 4 0.83 0.8 0.78 0.76 0.74 0.92 0.86 0.83 0.81 0.88 0.85 0.84 0.83
25 3 5 0.82 0.79 0.78 0.76 0.74 0.92 0.85 0.82 0.8 0.88 0.85 0.83 0.83
25 4 3 0.64 0.59 0.56 0.54 0.54 0.74 0.67 0.64 0.61 07 0.68 0.65 0.64
25 1 4 0.63 0.58 0.56 0.54 0.54 0.74 0.66 0.63 0.61 0.7 0.67 0.65 0.63
25 4 5 0.63 0.58 0.56 0.54 0.54 0.74 0.66 0.63 0.61 0.7 0.67 0.65 0.63
25 5 2 0.53 047 0.44 0.43 0.45 0.64 0.56 0.53 0.52 0.6 0.58 0.55 0.53
25 5 3 0.53 0.47 0.44 0.43 0.45 0.64 0.55 0.53 0.51 0.59 0.58 0.55 0.53
25 5 4 0.52 0.46 0.44 0.42 0.44 0.63 0.55 0.52 0.51 0.59 0.57 0.54 0.52
25 5 5 0.52 0.46 0.43 0.42 0.44 0.63 0.55 0.52 0.5 0.59 0.57 0.54 0.52
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Table A.14: Simulation data example for average confidence interval width of Cj

Then 1 1 1 1 1 1 3 3 3 5 5 5 5

o’ 1 1 1 3 5 5 1 3 5 1 5 5 5

o2 1 1 1 1 1 5 3 3 3 5 5 5 5

02

N 3 5 5 3 3 3 3 3 3 1 3 5
5 3 2 2 243 2.75 2.54 2.01 227 2.16 2.03 1.96 2.35 1.92 1.95 2.02
5 3 3 2.2 2.71 2.98 2.55 2.15 2.3 2.22 2.24 2.1 2.11 178 1.99 2.24
5 3 4 2.42 2.91 2.93 2.65 217 2.31 2.52 248 225 2.18 1.74 2.19 2.41
5 3 5 254 2.78 3.00 2.57 2.09 231 2.69 2.47 2.26 2.31 1.76 2.26 2.48
5 1 2 223 2.87 3.14 2.55 2.01 2.14 243 2.24 2.09 243 1.87 2.02 2.25
5 4 3 247 3.04 3.19 2.6 2.04 2.15 2.82 243 2.14 2.5 1.76 212 241
5 4 4 2.46 3.1 3.12 257 2 211 3.04 2.51 217 2.76 175 218 251
5 5 2 2.29 3.01 3.25 245 1.93 2.03 2.8 2.28 2.03 2.56 1.83 2.04 2.33
5 5 3 241 2.95 3.21 2.49 1.8 2 3.08 243 2.06 2.89 171 2.12 2.38
5 5 4 2.35 2.92 3.1 2.46 1.9 1.99 3.15 2.39 2.05 2.98 171 21 2.34
5 5 5 2.37 3.06 3.29 2.48 1.89 1.97 317 2.38 2.02 3.16 1.69 2.08 2.35

3 2 2.04 2.74 2.94 2.25 1.53 1.62 231 2.02 1.67 1.97 1.36 1.68 2
3 3 2.1 2.73 2.96 2.22 1.53 1.58 2.78 2.1 1.69 2.32 1.28 179 2.06
3 4 2.06 2.75 2.99 2.23 15 1.55 2.85 2.06 1.64 2.65 1.26 1.75 2.09
3 5 2.01 2.75 2.94 2.25 15 1.56 2.88 2.06 1.61 2.9 1.24 1.72 2.06
1 2 19 2.68 2.93 2.18 1.34 1.37 2.69 1.88 L5 2.37 1.25 1.59 1.92

4 4 177 2.61 2.87 1.98 1.29 1.32 2.73 178 1.39 2.82 114 1.49 18
4 5 1.76 2.59 2.88 1.97 1.28 1.31 2.68 1.74 1.37 2.79 L1 1.45 175
5 2 171 2.47 2.83 1.83 1.21 123 2.68 171 1.36 2.58 118 1.45 172
5 3 1.62 2.37 2.8 1.82 1.19 1.21 2.63 1.61 1.29 2.7 L1 1.4 1.63
5 4 1.58 2.33 278 18 118 1.2 2.52 1.57 1.26 2.68 1.07 1.33 1.57
5 5 1.53 241 271 1.78 118 1.19 251 1.54 1.24 2.67 1.05 13 1.55
3 2 18 2.56 2.82 1.94 117 1.2 2.6 1.82 1.37 2.11 1.07 144 1.79
3 3 172 2.48 2.84 1.92 114 117 2.68 1.74 1.28 2.64 0.99 1.4 171
3 4 1.66 2.5 2.8 1.89 113 1.15 2.67 1.66 1.23 2.71 0.95 1.34 1.66
3 5 1.62 2.47 277 1.95 111 1.13 2.64 1.63 1.21 27 0.92 1.28 1.64

1 2 1.49 2.31 2.71 1.65 0.99 1 2.56 L5 111 241 0.95 1.23 L5
4 4 1.34 2.21 2.64 1.57 0.96 0.98 241 1.33 1.02 251 0.87 1.09 1.34
4 5 1.32 2.27 2.67 16 0.96 0.97 241 1.31 1.01 2.52 0.85 1.06 1.31
5 5 2 1.28 2.08 2.49 1.41 0.91 0.91 2.37 1.28 0.99 2.45 0.89 1.08 1.29
15 5 3 1.2 2.05 2.46 1.39 0.9 0.9 2.25 1.19 0.95 24 0.85 1.01 1.2
15 5 4 1.16 1.98 2.48 1.38 0.89 0.9 2.15 115 0.93 2.3 0.83 0.97 115
15 5 5 114 1.96 2.45 1.36 0.89 0.89 2.15 113 0.92 2.23 0.82 0.95 114
20 3 3 1.42 2.31 2.7 1.69 0.91 0.92 2.49 1.43 1.02 2.61 0.83 112 1.43
20 3 4 1.37 2.32 2.72 1.67 0.9 0.91 2.42 1.36 0.98 2.58 0.78 1.07 1.37
20 3 5 1.33 2.36 2.7 1.67 0.89 0.91 2.45 1.33 0.97 2.53 0.76 1.02 1.33
20 4 2 121 2.02 2.49 1.36 0.81 0.81 2.31 12 0.89 243 0.79 0.99 12
20 1 3 111 1.98 247 1.35 0.8 0.8 2.25 L11 0.85 2.35 0.75 0.91 112
20 4 4 1.07 1.99 247 1.33 0.79 0.79 2.15 1.07 0.83 2.29 0.73 0.87 1.07
20 5 2 1.02 177 227 114 0.76 0.76 2.1 1.02 0.81 2.29 0.75 0.87 1.02
20 5 3 0.96 1.72 2.23 1.12 0.75 0.75 1.94 0.96 0.78 213 0.72 0.82 0.95
20 5 4 0.92 172 2.2 111 0.75 0.76 1.87 0.93 0.77 2.01 0.71 0.8 0.93
20 5 5 0.91 1.67 222 11 0.74 0.75 1.82 0.91 0.76 1.98 0.7 0.78 0.91
25 3 2 1.32 2.17 2.61 1.49 0.79 0.8 2.55 1.31 0.91 2.39 0.76 1.04 1.32
25 3 3 1.2 2.17 2.59 1.47 0.77 0.78 2.35 1.2 0.85 2.5 0.71 0.93 1.21
25 3 4 115 2.15 2.57 1.45 0.77 0.77 2.25 114 0.82 241 0.68 0.88 115
25 3 5 111 2.11 2.59 1.44 0.76 0.76 2.24 112 0.81 2.34 0.67 0.85 111
2 4 3 0.93 1.78 2.32 113 0.69 0.69 1.99 0.93 0.73 2.19 0.66 0.77 0.93
25 1 4 0.89 175 227 112 0.69 0.69 1.93 0.9 0.72 2.14 0.64 0.75 0.9
25 4 5 0.87 175 2.3 11 0.69 0.69 1.91 0.88 0.71 2.01 0.63 0.73 0.87
2 5 2 0.85 1.55 2,09 0.96 0.67 0.67 1.83 0.86 0.7 2.08 0.66 0.75 0.86
2 5 3 0.81 15 2.05 0.94 0.66 0.66 17 0.81 0.68 1.92 0.64 0.71 0.81
25 5 4 0.79 1.48 2.04 0.94 0.66 0.66 1.64 0.78 0.67 18 0.62 0.69 0.78
25 5 5 0.77 1.46 2.03 0.93 0.66 0.66 16 0.77 0.67 173 0.62 0.68 0.77
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B Off-centering error data

Table B.15: Off-center error for experiment 1

‘ Replication
Part Operator ‘ 1 2
A 1 25 20.62
B 1 15 15
C 1 11.18 15
D 1 5 5
E 1 7.07 7.07
F 1 11.18 11.18
G 1 11.18 11.18
H 1 10 5
I 1 5 7.07
J 1 11.18 11.18
A 2 20.62 20
B 2 18.03 15
C 2 20.62 15
D 2 0 5
E 2 7.07 7.07
F 2 5 10
G 2 5 5
H 2 10 10
I 2 5 5
J 2 15.81 15
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Table B.16: Off-center error for experiment 2

‘ Replication
Part Operator ‘ 1 2
A 1 25 20.62
B 1 15 15
C 1 11.18 15
D 1 5 5
E 1 7.07 7.07
F 1 11.18 11.18
G 1 11.18 11.18
H 1 10 5
I 1 5 7.07
J 1 11.18 11.18
A 2 20.62 20
B 2 18.03 15
C 2 20.62 15
D 2 0 5
E 2 7.07 7.07
F 2 5 10
G 2 5 5
H 2 10 10
I 2 5 5
J 2 15.81 15
A 3 25.5 20.62
B 3 10 15
C 3 15 10
D 3 5 7.07
E 3 7.07 7.07
F 3 5 5
G 3 11.18 11.18
H 3 14.14 10
I 3 5 7.07
J 3 10 7.07
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Table B.17: Off-center error for experiment 3

‘ Replication
Part ‘ Operator ‘ 1 2
A 1 25 20.62
B 1 15 15
C 1 11.18 15
D 1 5 5
E 1 7.07 7.07
F 1 11.18 11.18
G 1 11.18 11.18
H 1 10 5
I 1 5 7.07
J 1 11.18 11.18
A 2 20.62 20
B 2 18.03 15
C 2 20.62 15
D 2 0 5
E 2 7.07 7.07
F 2 5 10
G 2 5 5
H 2 10 10
I 2 5 5
J 2 15.81 15
A 3 25.5 20.62
B 3 10 15
C 3 15 10
D 3 5 7.07
E 3 7.07 7.07
F 3 5 5
G 3 11.18 11.18
H 3 14.14 10
I 3 5 7.07
J 3 10 7.07
A 4 20.62 20
B 4 15 15
C 4 10 15
D 4 5 5
E 4 7.07 7.07
F 4 5 11.18
G 4 5 11.18
H 4 5 5
I 4 5 7.07
J 4 18.03 20.62
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C ANOVA tables

Table C.18: ANOVA table for experiment 1

‘ Source of variation ‘ Degrees of Freedom Sum of Squares ‘ Mean Square ‘ F-statistic | P-value

Table C.19: ANOVA table for experiment 2

Part 9 1093.13 121.46 9.66 0.00
Operator 1 0.86 0.86 0.07 0.80
Part-Operator 9 113.10 12.57 3.25 0.01
Repeatability 20 77.42 3.87
Total 39 1284.51

| Source of variation | Degrees of Freedom Sum of Squares | Mean Square | F-statistic | P-value

Table C.20: ANOVA table for experiment 3

Part 9 1485.54 165.06 12.97 0.00
Operator 2 3.67 1.84 0.14 0.87
Part-Operator 18 229.07 12.73 2.90 0.00
Repeatability 30 131.48 4.38
Total 59 1849.77

‘ Source of variation ‘ Degrees of Freedom Sum of Squares ‘ Mean Square ‘ F-statistic | P-value

126

Part 9 1954.24 217.14 16.10 0.00
Operator 3 3.73 1.24 0.09 0.96
Part-Operator 27 364.11 13.48 2.87 0.00
Repeatability 40 187.86 4.70
Total 79 2509.94
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