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ABSTRACT

High-dimensional behavior of some multivariate two-sample tests

Shan Shi

It is a difficult problem to test the equality of distribution of two independent p-dimensional
(p > 1) samples (of sizes m and n, say) in a nonparametric framework. It is not only because
we need deal with issues such as tractability of the null distribution of test-statistics but also
the fact that the latter are rarely distribution-free. Several notable nonparametric tests for
comparing multivariate distributions are the multivariate runs test of Friedman and Rafsky
(1979), the nearest-neighbor test of Henze (1988) and the inter-point distance-based test of
Baringhaus and Franz (BF) (2004). Biswas and Ghosh (BG) (2014) recently have shown that
in a high dimension, low sample-size (HDLSS) scenario, i.e. where p goes to infinity but m,n
are small or fixed, all the tests mentioned do not perform well. However, the BG-test is shown
to be consistent in the case of HDLSS. In this work, we study the asymptotic behaviors of
BF and BG tests when m,n and p go to infinity and min(m,n) = o(p). Our results reveal
when these tests are expected to work well and when they are not. Results are illustrated by

simulated data.
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Introduction

Classical statistical data analyses can only be applied in the case where the dimension of
observations is fixed and the sample size grows. In many recent practical applications, such as
data mining and microarray studies, we face a new challenge that is the number of variables
exceeds the number of observations dramatically. Due to the growing dimension of data,

many classical statistical data analysis tool are not available any more.

0.1 High-Dimensional Data Problems

In order to show some challenges happening in high-dimensional settings, let’s consider two
random samples X1, Xy, ..., X,, and Y7, Y5,...,Y,, where X;,Y; € RP, for all 1 <4,57 <m,n.
Now, let py = E(X;), po = E(Y;) where p1 = (g1, flaz, - - -5 fap)’s o = (f21, oz, - - - Hap)’
and the covariance matrices £; = cov(X;), Yo = cov(Y;). Let’s assume we are interested in
testing

Hy : piy = pg vs. Hy : py # pia.

Traditionally, the Hotteling T2 test is a widely used mean test. The test statistic is defined

as follow

mn — — — —
T2 — —1
m-+n

where N = m +n, X,Y are sample mean vectors and Sy is the pooled sample covariance

matrix defined as

n

- m (X - X) (X - X)) + 3 (- V) (1 - V)

i=1 j=1

SN



Under the null hypothesis, N;V’; 172 has a central F-distribution with p and N — p + 1
degrees of freedom. However, Bai and Saranadasa (1996) show that the asymptotic power
of Hotelling’s test decrease as the ratio of the dimension to the sample size, p/N, increases
to 1. When p > N, that is, the dimension is larger than the sample size, the Hotelling’s
test is not well defined because the sample covariance matrix becomes singular. Thus, Bai
and Saranadasa (1996) proposed replacing (X —Y) Sy (X — Y) in the Hottelling’s test with
| X — Y|, where || - || denotes the Euclidean norm. The test statistic they established, under

some mild conditions, shows attractive power as p/n — ¢ < oco.

0.2 Hypothesis Testing For Distributions

The high-Dimensional challenges also arise in problems of two-sample hypothesis testing for
distributions. Before we proceed, let’s have a short review on two-sample hypothesis testing
for distributions. In such tests, we are interested in either Hy : F'= G or H; : F # G. In
other words, we would like to know if two sets of independent observations X; ~ F,1 <i<m
and Y; ~ G,1 < j < n share the same distribution function. The two-sample test problem
has been studied for a long time in fixed dimension settings. In the univariate case, some
distribution-free and consistent tests such as the Kolmogorov-Smirnov, Wald-Wolfowitz
runs and Wilcoxon rank sum tests are commonly applied. However, the multivariate case
seems not as straightforward as the univariate case. The easily noticed reason is the fact
that the multivariate tests often are not distribution-free under Hy. Notable among many
proposals for test-statistics are the multivariate runs test of Friedman and Rafsky (1979), the
nearest-neighbor test of Henze (1988) and the inter-point distance-based test of Baringhaus
and Franz (2004).

Baringhaus and Franz (2004) proposed the test for arbitrary dimensions setting, which is

based on the average sample Euclidean inter-point distances, where

Tom = p—— %ZZHXJ = Y3l - Tsz"Xj — Xl - 2—71222’\3? = Yill],
7=1 k=1 Jj=1 k=1 =1 k=1
m,n are sample sizes and || - || is the Euclidean norm. The BF-test is simply motivated by



the fact proven by Baringhaus and Franz (2004)
2E([|X = YI) = E(|X - X*[)) - E(Y =Y™[) > 0

where X, X* ol FY Y™ ‘&' G and the equality holds if and only if F' = G. The null

TBF

BF
m,n T

m,n

hypothesis will be rejected when is large. And, converges in distribution to an
integrated, squared Brownian bridge depending on an unknown distribution, where the

theorem is the following.

Theorem 0.2.1. Let X1, Xo,...,Y1,Ys5, ... be independent p-dimensional random vectors.
They have the same distribution function H. Then, as min(m,n) — oo, the random variables

T,.n converge in distribution to
T =", / B%(a,t)dp @ M a, t),
where (By(a,t); (a,t) € SP~1 x R) is a H-Brownian bridge having the covariance function
Cov(By(a,t), Bu(b,s)) =P(a’X; <t,0'X; <s) —P(a’X; < )PV X; < s)

with (a,t), (b,s) € SP~1 x R.

Since BF-test depends on an unknown distribution the authors suggested to simulate
critical values by using the bootstrap method.

Recently, Biswas and Ghosh (2014) have demonstrated that in a high dimension, low
sample-size (HDLSS) scenario, i.e., where p — oo but m, n are small, all the tests mentioned
above exhibit poor power. So, they proposed another test related to BF-test. The BG-test

BG
Tm

statistic is T2 = ||ipr — fipc||?, where

-1 m m m n
fipF = [ﬂFF = (T;) DN X=Xl frre = (mn) DY Y X =Yl
=1 j=i+1 =1 j=1

m n -1 n n
finG = [ﬂFG = (mn) " Y I IX =Yl fice = <Z) YN -y
i=1 j=1

i=1 j=i+1




Like BF-test, the null hypothesis will be rejected when T'2¢ is large. The BG-test works

m,n

because, if we let prp = E(||[X — X*[|), pee =E(|Y = Y™*|)), pre = E([|X = Y|), ppr =

(krr, pre), ppoe = (Hra, Hee)', then
lpr — ppcll? =0 & ppr = ppe & frr = loc = FG

& 2Uurg — prr — pac =0 F =G,

The motivation is they observed that in a high dimension, low sample-size (HDLSS) scenario,

the BF-test has bad performances only when v? < |0? — 2|, where 07 = lim "ac;#, o3 =
p—>00

lim froce2) g2 = iy lazeel® anq 5 = Con(X)), S = Cou(Y)), = B(X), pe = E(Y)),

P—00 P—00 p

1 <i,7 < m,n. The authors realized the fact v? < |01 — 02| implies, assuming o; < 0

V201 < \/02 + 02 + 02 < V20,.

And, according to their assumptions, M » (V02 + 02 + 0v2—\/20,) and Lrr_fice) “ ce)

02 + 02 + v2—+/20,). Even when (uFG —jipr) and (jipp — figg) may be s1gn1ﬁcantly differ-
ent from zero, both most likely have different signs. Thus, T2" = (jipe — firp) + (firr — ficc)
might be close to zero, so Hy may not be rejected. TBG does not have the same weakness

TES = (irc — firr)* + (firr — fica)?

TBG

since the cancellation is impossible to happen when
When sample size is large and the dimension of data remains fixed, (m + n) converge in
distribution to ﬁXu where A = 2 08 = V (E (|| X; — X,|||X7)). While the sample size is
fixed and the dimension of data increases, the power of the BG-test of level @ converges to 1

1 —p2 |
p

P t > t b
if lim,, , &(1) # lim, 0 %(2) is assumed.

# 0 or lim,_,«

It is easy to note that both BF—test and BG-test are linear combinations of U—Statistics,
which is a very powerful tool and has been widely employed since 1948 when Hoeffding first
introduced it to the world. Recently, people have attempted to use the asymptotic theory
of U— statistics especially in the degenerating case to tackle high-dimensional problems.
However, Ahmad et al. (2014), claimed that no mentionable bibliography indicated that the
asymptotic theory of degenerate U— statistics was successfully applied to high-dimensional

problems. But, Ahmad et al. (2014) proposed a way to apply degenerate U-statistics theory



on high-dimensional problems without explicit proof. In this work, following Jung, Sen and
Marron (2012), we are going to simplify Ahmad et al. (2014)’s method by using principal

components. We therefore review some basic definitions and theorems of U-statistics.

0.3 U— Statistics

Let Xy, X5, X3,... be ii.d random variables with common distribution function F'(x). let
m > 1 and h : R™ — R be a measurable function symmetric in its arguments. The U-statistic

with kernel h is defined by

U, (h) = (")_1 Y (X, X)) > m.

m
1< <ig < <tm<n

The kernel h is called degenerate with respect to F'(z) if for all 1 < j < m,
/ h(xq, 22, ..., 20)dF (z;) =0, where — o0 < X1,...,Tj_1,Tj11,. .., Tm < OO.
R

Let
0=Eh(Xy,...,Xn)

and for i =0...,m let

hi(x1,...,x;) =Eh(zy, ..., 2 Xig1, -, Xin)
o7 =V(hi(X1,..., X))

so that
oo =0

o2 =V(h(X1,..., Xn))

m

We say that a U-statistic is degenerate if o7 = 0.



Theorem 0.3.1. Let U, be a U-statistic based on a kernel function h of degree m, then

= () (7))

0.4 Thesis Organization

In this work, we will show how BF-test and BG-test behave in the high dimensional setting
where n,p — oo and n = o(p). In Chapter 1 and 2 the asymptotic distributions of the
test statistics of BF-test and BG-test under the null hypothesis and theirs power properties

respectively are given. In Chapter 3, a comparison between BF and BG tests would be made.



Chapter 1

Behavior of the BF-test as m,n,p — o

The goal of this chapter is to show how BF-test behaves in the case of the high-dimensional
setting. Instead of analyzing the original BF-test, we would like to work on the modified

BF-test. Its test statistic is

23 e 2= I1XG = Yol 2000 D0 15 = Xl 225 D0k (1Y) — Vil

TBF* —
ma = (A1) mn m(m — 1) n(n —1)

To do the investigation, we need first find out the main contributors of Tﬁfb* by analyzing its

Taylor approximation. Then, we would derive its limiting distribution under H.

1.1 Assumptions

In order to carry out the investigation on these two tests, we need first to make the following

assumptions, following Hall and Neeman (2005) and Biswas and Ghosh (2014).

(A1) The fourth moments of the components of X and Y are uniformly bounded, where

X,Y e R

(A2) (i) o) o2 (i) o) — o2 (ig) Lol g2 () DB e as p - 0o

where 7,7 =1, 2.

(A3) X = (XMW x@ X®)y =YD y® . YP)are p mixing for functions domi-

nated by quadratics if whenever functions f and g of two variables satisfy | f(u,v) +

7



g(u,v)| < Cu*v?, for some C' > 0, and all u, v, we have

sup  [eorr [f(U®, V), g, V)| < p(r),

1<l,k<o0,|k—1|>r
for (U, V) =(X,X),Y,Y),(X,Y)
As a consequence of the assumptions, we will have the following

Xi

: - X LYY
(7) IITJII —p V201, (i1) | :

XY
5 | =5 V20, (i) | p =y fot + 03+ 0

since the variances of them go to zero as p goes to infinity. For more details, please refer to

Hall and Neeman (2005).

1.2 Taylor Approximation of Tnlff ¥

The way to show how BF-test behaves is to find the main contributors of the test statistic.
So, let’s begin with the Taylor expansion of T,25*.

By simple calculation, we know

e E(IX - X2 2trace (5)

~ 207
p p p
by _E(Yi- YD) 2race(Sy) _,
p p p ’
x E (]| X; — Y;|? t Y1+ X — 2
oy _ E(] ill?) _ trace(¥, + 2)+HM1 pz | ~ 0% = 02 + 02 + 0
p p p p

where y11 = E(X;) and po = E(Y}), for all ¢,j > 0. And, it is easy to check that by Taylor



expansions of the function z — /x centering at 0%, 03, o3

~

forre _ 2 i 3 ||ﬁ||
VP m(m—1) i=1 j=i+1 p

_ /oy LN (XK= ) (X — ) _ 2
_\/5 1+m\/501;< » 1)

X—1
_mnzz )R,

( i=1 j=i+1

e Y- Y

o ;J;I I ol
1 (Vi — ) (Yi—pa)
fmnf@;( . _02>

n

(Y; — Y
n—l\/_O'QZZ qu M2>+RHGG

=1 j=i+1

m n Xl Y;

pre 1
——%ZZ”

i=1 j=1

1 - (Xi—Ml)/ (Xi_/fd) _PU%
= 2mos ; P
L= (Y= o) (Y; = i) — po3 S (V) — p2)
+ i
2nos ZZ:; P mnos ; =

= = Y 2 1 — M2
mnagzz —( g M)) (1 —

=1 j=1

L — >
(e pell” R
+ 20,3 < P v + HFG



Thus, the modified BF-test can be expressed as the following

Ton' 1 — po?
" _ (1 4 1) (205 — 01 — 02) + (m + 1) - (w - ) (1)

v DI - 2

1=1 j=i+1

+(m+n)(—

n

2 (Y; — pia) (Y; — i)
* n(n — 1)v20, <= Z Z P 1-8)

a meUg Z Z e Ml)pw. ! (1.4)
1 1 — (Xi — ) (Xi = ) — pos

+(m0_3 oo ; ) (1.5)
1 1 - (Vi — M2) (Yi — p2) — pos

* Gogn ™ wm ; p (1.6)

B migg i z": ((X; — m) (Yyp— p2)) (11 — pia) 1)

+ 2RNFG - R#FF - R,UGG) (1'8)

The term (1.1), (1.5),(1.6), (1.7) from above equal zero under the null hypothesis. And, term
(1.8) would be proven negligible in Theorem 1.3.4. Thus, the main contributors of the BF-test
statistic, under null hypothesis are (1.2), (1.3) and (1.4).

1.3 Asymptotic normality of T2/ Under H,

We are going to derive the limiting distribution of T.2/* in the way of Ahmad et al. (2014).
First, we need to present the following important lemma. A similar proof has been given
by Chen and Qin (2010) by using Martingale Central Limit Theorem. Here, we are going
to present a different proof based on properties of degenerate U-statistics and the principal

components inspired by Jung, Sen and Marron (2012).

Lemma 1.3.1. Let X; € R? and E(X;) = 0, for all 0 < i < m, which satisfy (A1)-(AS3).
Then T, = =" 1 D jmit XX, —a Y = hm ZZ o A (W2 —1), where W2, W2, ... being

P 3

independent x3 random variables, as p,m — oo.

10



Proof. we shall prove this result by the method of characteristic function, that is, by showing
E (eme) —E (eia’y) , M, p — 00

Let w; = A™Y2P71X;, where PAP™! = %) and diag (A) = (A1, Mg, ..., ), 50

X, X; = (AV2P7LX) AAV2P7IX,) = wiAw,; = Z ArriWj
Thus,
1 & &= wiAw;
T =_ et}
Toom Z Z p
i=1 j=i+1

It is noted that each value of (A1, Aa,...,\,) depends on p(m), but for convenience we drop
p(m). And,

IE (eime)_E (eixY) | < |E (e”T’")—E (eimek) +|E (eimek)_E (eia:Yk) +|E (eixYk)_E (eirY) |

where

SISy,

i=1 j=i+1 s=1

and
k)\‘ )
Y. = 2 (wW2—1).
k ;p(s )

Using the inquelity |e”* — 1| < |z| we have
|]E (ei:me) -k (eimek) | S E'eme o eimek|

< ‘EeimekHEeix(Tm_ka) _ 1|

< B (2(Tm — Tor)) |

< |2||E(Tp — Tot)?|2

11



s=k+1 s=k+1 p
Since ") 51 p — 00, and S7_, % = tmc;@l), trace(®1) s Cauchy. So, there is a P
such that 7 | % <eforall k> PSo, |E(¢Tm) — E (¢"Tm+) | < e when k > P.

Next, let’s show that [E (¢*%m+) — E (&%) | < e. We may rewrite T, as

LI
kaz—Zf(Wik—an),

where

m
_1
ka:m 2 E Wi

i=1

and

m

-1 2

Lk =M E Wi, -
s=1

Since EWy,; = 0, Var(Wy,) = 1, Cov (Wi, W) = 0 for all k # 1. And, wy; depends on m
for all k, but for convenience we drop the m. Thus, by Lindeberge-Feller CLT, we have

(Wmh ng, ey ka) —d N (OaIkxk) , M — O0.

And,

(Zml,Zm27....ka) %p (l,l,...,l),m — Q.

Consequently, we have |E (¢’7mr) — E (¢"¥+) | < € for some M such that when all m > M.
Last, we need to show that |E (e”**) — E (e'V) | < e. If we assume Yj, —4 Y then we can
find a K such that |E (¢”**) — E (¢™) | < e for all k > K.

Thus, we can find a L > Maz(m(P), M,m(K)), so |E (e™) — E (") | < 3e for all

m > L.

12



]

Remark. The way of deriving the limiting distribution suggested by Ahmad et al. (201/)
is same as shown in Serfling (1980). That is, find a L* convergent sequence of the kernel.

Principal component method clearly gives what we want in our case.

According to the previous analysis, we present the following theorem about the limiting

distribution of the BF-test statistic.

Theorem 1.3.2. Under Hy : F = G, and the assumptions A(1)-A(3),

o &
W N, + G+ 23)
2 tr(3)

m+n m+4n

n—1 ’CS = lim Vmn'

as min(m,n),p — oo, n = o(p), where ¢ = lim * (5 = lim

Proof. Under Hy, without the loss of generality, we can assume that yy = o = 0,01 =09 =0
and 21 22 . SO

1 * A~ A~ ~
—TB = — (2upq — firr — flac)

N
VBT b
XX YY

- qﬂzz B SOt

=1 j=i+1 leZ+1

3

“ XY,
Z Z + 2‘]VRMFG - NRMFF - NRMGG
mn\/_a

=1 j5=1

/ !
o o 1 m m X, X; o 1 n n Y, Y;
where,N m —+ n. NOW let(I)l_WZle] iJrllT @2—mzl 12]- i+1ZT’

. It is easy to see that ®;, and ®5 are one-sample U- Statistics,
and ®3 is a two-sample U- Statistic. And, ®;, P, and P53 are degenerate U- statistics, since

E (X;|X;) = E(Y;|Y;) = 0. From Lemma 1, we know that

e}

—zz&sz (2 -

=1 j=i+1

Y)Y, di (72

7,1] i+1

13



m n /

=Yy

i=1 j=1

Z leZQZ

as p,m — 0o, where ); is a eigenvalue of X, Zy; and Zs; are two independent sequences of

independent standard normal variables. So,

/2t7’ace
\/_0' BF* N > )\z 2 N > )\7,
\/—U 2 Ton dm;;(zu—l)ﬂl_lz?(%

i=1 i=1

8
>

- leZQZ .

]

According to

Lemma 1.3.3. Let X; be i.i.d. random variables with mean 0 and variance 1. let b,;, 1 <

i <n be a sequence of constants such that max; b2, — 0 as n — oo then

as n — oQ.

And, ¢1, P2 and ¢3 are uncorrelated. Thus,

1 2trace () 1 . 2
— ) L pore N0, 4G+ D),
2trace(X?) p 2\/]_? 2

p2

In order to finish the proof of theorem 1.3.2, we need to show that the remainders converge

to 0 in probability. We will show NR

O

wer —p 0, the others can be shown in the same way.

Theorem 1.3.4. Follow the same assumptions as Theorem 1.3.2, as p, min(m,n) — oo and

min(m,n) = o(p), NR,,, —p 0, where

NRypp = m(mN— 1) i i 1§ ((Xl 2 ) X=X ) - 20%)

(Xi=X)) (Xi=X;)

where &;; falls between - 1

14



Proof. According to Hall et al.(2005), we know that HﬁH —p, V201 and IX=Xl —

Nz
\/_0—1+O( ) Thus, M_201+O( =)+ 0,(2). So,

I3
2
N N
NR,,, - Z 3 (mzal Vot + 0N 4o, <W>> |
=1 j=i+1 851] \/_ p
Smce = — 0 then, NR,,, —, 0 O

1.4 Ratio-Consistent Estimators

To make BF-test useful in high-dimensional settings, we need to find ratio-consistent estimators

of trace (X)), trace (X?) under ¥; = ¥y = 3. In other words, we need estimators such that

— —

trace(Z)_> . trace(EQ)_> |
trace (¥) 7 trace (¥2) P

race race( %2 . .
trace(¥) 4 pg ) are bounded for all p > 0, we only need find consistent estimators

Since

for them. We can use the following two estimators

trace (%) _ Xi — X; Y-y
p =1 j=i+1 =1 j=i+1
trace (X2) X — X, Y — Y,
L Snncan) D) D [, ISR o QY L e
p =1 j=i+1 =1 j=i+1

Theorem 1.4.1. Under the assumptions A(1)-A(3), and assume Hy is true, tmc;(z) and

trace(%2 . ‘ ,
trace(X?) re consistent unbiased estimators.

Proof. It is clear that each estimator is a sumation of two U —statistics. So we only need to
show that the E <||%||2> < oo and E (||%||4> < 00 because U— statistics converge to

its mean almost surely if E (|h|) < oo, where h is the kernel function of a U—statistic. Thus,

15



we only need show the follwing. Without the loss of generality, we can assume EX; = 0.

(H XX, H‘*) CE((XX)" + (X)) +4(XX) 2 (X0x) (X)X)) )
p2

2
E(X/iXi) :E< 1 flx?sx$t>< 1 | VEz; Eaj, < 00

P p? p2

The rest can be proven by a similar way. So,

B (IF2)) <o

According to the above analysis, we can also discuss the power properties of the BF-test.

It is clear that BF-test won’t work, if oy = 09 and v? = 0, but X,’s and Y;’s from different

distributions. That is because, in such case BF-test converge to the same distribution as it

does under the null hypothesis. Even when we assume that v* = 0 and oy # 05, the BF-test

will still perform poorly in the cases where v? < |02 — 03|, according to Biswas and Ghosh

(2014)’s simulation results.

16



Chapter 2

Behavior of the BG-test as m,n,p — o©

In this chapter, we are going first to find the main contributors of %Tme by using the Taylor
method, where N = m + n. Secondly, we present the asymptotic distribution of %Tflf in
high dimensional settings. Last, we can show its power properties by analyzing its Taylor

approximation.

2.1 Taylor Approximation of %T BG

ETBG

> Ly can be written as below,

2
N 1 VN R R — i fice
p m 2 ( \/ﬁ ( pre = Hrr MGG)) - ( ( \/ﬁ \/ﬁ)

According to the analysis from the last chapter, we know that, under the null hypothesis

VN TBF ( 1 )
=0, :

— (2firc — firr + flag) = —
VD pVN Vn

So, we only need deal with
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)

%\

Now, let’s find out the Taylor approximation of v/ N (“ N(EE

firr  flaa _ o /3o VN & (Xi_,ul)/(Xi_,ul)_az
mw_j ) VN (V2o \/52)+m\/§m;< - 1)
VN & (Yz‘_NI)I(Y;_,UQ)_ 2
77,\/_02;< p UQ)

- —1\/_01ZZ

i=1 j=i+1

X‘—,Lu)

n

& (Yi — u2) Y [12)
n—l\/_O'Q;];_H

We know that

i (X;—m), 2N tr(¥?)
V( ( 1 \/—0_1 ;];1 ) - m(m — 1)01 p2 — 0
SO 2V N O (X =) (X — )
m(m — 1)v20, Z,le;I D —r 0

— £€S) ig, under H

VN & Y; — p2) (Y; — pia 2
Z(( ) ( m_%).

VN N (Ki—m) (Xi—m)
Z( P Ul) nv20y p

my/20, i—1
2.2 Asymptotic distribution of X75¢

Theorem 2.2.1. Under the assumptions A(1)-A(3),

\/a\/v( . )

Zm ((Xi—ﬂl)/(xi—ul) _ tmceZl)
—d N(07 1)7

as m,p — Q.
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Proof. According to the theorem 1.4.1, we know that

v ((Xz‘ — ) (Xi — )

)<oof0rallp>0.
p

And,
2

)

( (X; — ul)/ (Xi — )  traceX,
p p

is uniformly integrable over p, since

’ 2
(X,L — /.1,1) (X,L — /.1,1) _ traceEl _>p 0
p p

and according to the property of p-mixing, as p — oo

’ 2
E ((XZ — 1) (X — ) B trace21> =0
p p

So, the Lindeberge Condition is met, because

’ 2 ’
l iE (X,L — /Jq) (Xz — /Jq) _ traceEl : |(Xz — /Ll> (Xl — /Ll> _ traceEl‘ > \/EE
m = p p p p

’ 2 ’
X, —m) (X; — traced) X, —m) (X; — traced)
_E <( /u)p( p) ra;e 1) ;|( /u)p( p)  trace L s e

/ 2 ’
X; — X; — t )y X; — X; — t )
< supE ( p) ( f11) _ lracesq ;(( ) ( f11) _ lrace 1)2 > mel =0
p>0 p p p p
Thus, the result follows. O

Let’s denote

W (X m) Ki—m) 5\ VYN K (Ve ) (Yi—m)
S_m\/§01i21< " 0) Z( O’).
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Lemma 2.2.2. Under A(1)- A(3), and assume Hy is true, as min(m,n),p — oo,

W —d N(O,l)

Proof. Under Hy, 0 = 01 = 09 and ¥ = ¥; = 3. It is easy to check that

S \/N i (Xz — /Jq)l (Xz — /Jq) _ traceX
m\/§a Py p p
B VN zn: (Y; — ) (Y; — o) _ traceX
n\/ﬁa P p p
So, according to the theorem 2.2.1, the result follows. O

Based on the above analysis, we can now present the following theorem.
Theorem 2.2.3. Under A(1)- A(3), and assume Hy is true,

ONTBG ,
- —
pV(S) 4 X1

where N = m +n, as min(m, n),p — 0o, and min(m,n) = o(p).

ETBG>

2.3 A ratio consistent estimator for V(p s

During our carefully studying, we found that it is hard to find a ratio-consistent estimator of
Y (X; Xl) ,
which is the main part of V (S). Thus, we will find an ratio-consistent estimator of

(ol )

under Hj in the following way.
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Since

m(ﬂ%_ﬂ%) (2)1§: 3 11X = X5 XH N(n)li 3 i =5l Y”

i=1 j=i+1 =1 j=i+1

it is clearly a sum of two U-statistics. Let

Ug;:( )_12771: 3 11X — X5 X||

=1 j=i+1

and

0-(; )Z s -y %l

=1 j=i+1
We only need to find the limiting distribution of U,. The limiting distribution of U, can be
derived in the same way.

The Hdjek projection of U, can be expressed as

A 2 ~
Ux —0= E §hl(Xl>7
where
X — X
81 _ E(H 1 2“)
VP
. X, — X,

VP
Theorem 2.3.1. Follow the assumptions A(1)-A(3),

(Uz - 01)

VST

—d N<Oa 4)7

82 7 ‘
where <L = V(hq(X;)).
Proof. Tt is easy to check

52 . X, — X, X — X2 2tr(2
1 . ]E || ? ]|||X1)2)_92§E(|| ? ]H ): r( 1).
D /P P P
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According to Theorem 1.4.1, we know that

14X = X5l
VP

4
| X — XG5
p2

<IE( ||Xi\;ﬁXjH |Xi)s>

is uniformly integrable over p for all 0 < s < 4 since

X, — X; X, — X;
p>0 VP VP

Xi—Xj
sup]E {E(M|

E(E( X)) < E(

) < o0, forall p > 0.

Thus,

R b .
VP VP

It is clear that <i~L%(X )> is also uniform integrable over p. Since for all € > 0

Sm‘*/*l )>m}—>0,asm—>oo.

1 & h(X,) s
5%/]9;1@( - ,\hl(Xi)|>\/Ee>

— 5B (ROX (0] > vie)

< 5 supE (ﬁ (X:): B2(X;) > me) —0asn— o0
5 1/p p>0

by the Lindeberg - Feller theorem,

(Us — 61)
m-———-= N(0,4
VIS = N0
In order to show
U 6,
— N(0,4
51/\/— (0,4),
we need to show that
e=U, — Ux
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is negligible. In other words, we need to show that

VNe

L 5,0

YN

It is clear that E(e) = 0. So, we need show that

V(@) 0.
01//P
It can be shown in the following.
V/Ne N R
\% = E(U, — 6, — U,)?
N . .
= 2/ [E(U, — 6,)* + EU? — 2E((U, — 6,)U,)]
i
N R m
= 577, B(Us - 61)° + EU; —2) EE(U,h(X;)|X;)]
! i=1
=55 [E(U, — 61)* + EU? — 2EU?]
1
N .
= %[E(Uz —6,)* — EUY]
_ N 4 -1 4
= 527, i/ o) = 82 )
=o(1)

Now, we can present the following theorem.

Theorem 2.3.2. Follow the assumptions A(1)-A(3), under Hy, let %2 = V(i (X;) =
V(hy(Y;)), for all0 <i,j <m,n

NTpp
262 (N/m + N/n)

2
—d X1s

as min(n, m),p — oo and min(m,n) = o(p).

Proof. First, let’s denote A = lim . Since under Hy, let’s assume ¢ = E(U,) = E(U,). From
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the analysis above, we know that

VN firr  fica W(fo—9>_W(ny—e)

B/ b v v \Y"2s5) T \Y e

So, we have the following

Thus,

203 (N/m + N/n

—d X%
)
O

According to the analysis above, we know that Biswas and Ghosh(2014) suggested to
estimate 02 = pV(hy(X;)) and 62 = pV(h1(Y;)) by using the following two estimators.

5, - l(ﬁ)i >y ||Xi—Xjr|||Xi—XkH] - [(’Q)i > HXz-—XjHr

i=1 j=i+1k=j+1 i=1 j=i+1
-1 n n n 2
n
5 - [(3) >3 S Wyl -l .

i=1 j=i+1 k=j+1

- [(’;)2 S - vl

i=1 j=i+1

According to our simulation, these two estimators often give negative values. Thus, we
recommend the estimator proposed by Sen(1960),

Sro 1 i [ﬁl(xi) - Um]2

m — 14
=1

where

-~

1 m
hi(Xi) = —7 DO IIX = X5
=1

and

va=(3) 32 -l

i=1 j=i+1
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Later, in our simulation studies, we employ the pooled estimator

g_ mST + nS;

m-+n

where

Sy = ] ; [hQ(Y;) - Un]

~ 1 n

ha(Ye) = ——= > |[¥; Y|

n -
7=1

and

n=(3) X % v

i=1 j=i+1

Based on our previous analysis, it is clearly that

2 lim 2i=1,2
p T p

because

V(S—l) — 0,1 =1,2.
p

2.4 Power properties of the BG-test

Theorem 2.4.1. Under the assumptions A(1)-A(3), the power of BG-test of level a tend to

1 if either oy # o or v? > 0.

Proof. If o1 # 05 or v* > 0, most of terms of the Taylor approximation of

— (2fip¢ — firr + flcc)

VP

converges to zero in probability except

1 _ 2
(m+mn) (205 — 0y —02) + /(M +n)=— (M — 02)
20’3 P
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JE (mlg mﬁl);m; : — ) — po%]

and,

(- i)

=1

According to the previous analysis, we know that

VN
NG

2
A A A 1 — |? 2
—(2upg—upp+ugg)> :[ (m+n) (203 — o1 — 09) + (m+n)2g (HMITM”—UQ)]
3

+ 0y(1)
And,
firr _ ficeyy _ _ ?
N \/]3) - N (\/50—1 \/502) +0,(1)
Thus, %TBG —p 00. O

From above analysis, it is easy to see if 01 = 09 and v? = 0, BG-test does not work
because in such case the test would converge to the same distribution as it does under the

null hypothesis.
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Chapter 3

Simulation Results

In this chapter, we report results from simulation studies designed to evaluate the power of

the two test in high dimensional case.

3.1 Simulation of Power curves

First, we will estimate the power of BF-test. We set F distributed as N,((g,...,u),ol,)
where I, stands for identity matrix. And, G is distributed as (Exp(1),..., Ezp(1))" € RP. We
consider four cases, namely (u=1,0 =1),(p=1,0 =3),(p=0,0 =1) and(pu = 0,0 = 2).
In each case, we generate n observations from each distribution to test Hy : F' = G. We
choose n = 15 and 100. And, the experiment is repeated 200 times, and the proportion of

times a test rejected Hy was considered as an estimate of its power. Since

TBF*
t@) m+n\2 m+n\2 m4n \2
@ \/(m—l) +(n—1) +(\/2mn)

converges to N (0, 1), the null hypothesis would be rejected if test is larger than 1.96.
From the plots below, we see that BF-test does not work when iy = po, 01 = 05. In the

other cases, BF-test works fine when min(m,n),p — oo.
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Figure 3.1: Power curves of BF-test
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Next, we would like to estimate the power of BG-test. We would follow the same procedures.
Additionally, we would like to estimate the power of BG-test in the case of HDLSS. We
also consider the same four cases, namely (u = 1,0 = 1),(p = 1,0 = 3),(p = 0,0 = 1)

and(p = 0,0 = 2). Since BG-test

NTpr
262 (N/m + N/n)

converges to Chi-square distribution with degree freedom 1, the null hypothesis will be
rejected if it is larger than 3.841.

According to the following plots 3.2, it is easy to see that BG-test also does not work
when 17 = pg, 01 = 09. In other case, BG-test works very well even when sample size equals
4. Biswas and Ghosh (2014) suggested to use permutation test if sample size is small. It may
not be necessary. This problem is beyond the scope of this work but it could be one of my

future research topics.

3.2 Conclusions of Simulation

According to our analysis, we can say both tests are mean-variance tests. In other words,
they both test Hy : EX = EY and VX = VY rather than Hy : F' = G. It is because two
distributions sharing the same mean and variance may be different in many other ways. Thus,

further studies are needed to propose a more sophisticated test.
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Figure 3.2: Power curves of BG-test in the case of HDLSS
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