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Abstract

Reciprocity Law For Flat Conformal Metrics With Conical
Singularities
Lukasz Obara
We study an analogue of Weils reciprocity law for flat conical con-
formal metrics on compact Riemann surfaces. We give a survey of
Troyanov’s paper concerning flat conical metrics. The main result of
this thesis establishes a relation among three flat conformally equiva-

lent metric with conical singularities.
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1 Introduction

The main result of the present thesis is an elementary proof of an analogue
of the classical Weil reciprocity law for flat conical conformal metrics on a
compact Riemann surface. We establish a relationship between three confor-

mally equivalent flat conical metrics. In particular, we prove the following:

Theorem 1.1: Let X be a Riemann surface of arbitrary genus g, let ds,, ds,
and dsz be three conformal flat conical metrics on X. Suppose that the metric
dsy has conical points R}, ... RV with conical angles 2m(a + 1), ..., 27 (af +
1), the metric dsy have conical points RL, ... RY with conical angles 2m(ad +
1),...,2m(adf +1), the metric dss have conical points Ry, ... RY with conical

angles 2r (a3 + 1), ..., 2 (ol + 1), then one has the relation

I (%2 0m) TT (22 0m) T (22 0) " =
-1 \dss ! Pl dss -1 \ds !
This formula first appeared in [5] where it was proved using non elementary
approaches from spectral theory of the Laplacian operator. Here we present
a short elementary proof of this result. The structure of the thesis is as
follows. In section 2, following the approach from Griffiths and Harris [4],
we remind the reader of the classical Weil reciprocity law for meromorphic
functions. In section 3 we discuss flat conical conformal metrics, introduce

distinguished local parameters, and following the paper of Troyanov [9] we



prove the existence of flat conical metrics. The latter uses some elements of
Hodge theory that we briefly discuss. In section 4 we prove Theorem 1.1.

We conclude by stating some open questions.



2 Weils Reciprocity Law

Definition 2.1: Let f be a meromorphic functions on a compact Riemann
surface X'. Let P be a point on X we define ord(f, P) = k, where k = —n if
P is a pole of order n of the function f. kK = n if P is a zero of order n of

the function f. And k& = 0 if P is neither a zero or a pole of f

Definition 2.2: The divisor ¥ is a finite formal linear combination of

points

.@:ZO&@P%

P,eXx

where the coefficient a; are integers.

Remark: It will be convenient to denote the divisor as a product, instead

of a sum. That is 2 = [] P®. At the same time, we set P? = 1 for all
Pex

P eX.

Definition 2.3: The degree of the divisor is the sum of the order of a; that

is deg(2) = > «;

i=1
Theorem 2.1 (Weil Reciprocity law [4]): Let f and g be meromorphic
functions on the compact Riemann surface X, with the divisor (f) disjoint

from (g). Then
| e e 1)

PeXx PeX
Proof: Since the surface is compact the divisors (f) and (g) are discrete

sets, hence the expression will be finite. We begin by dissecting the surface



X along its a; and 3; cycles to the fundamental 4¢ polygon which we denote

as A and can be seen in figure 1 .

Figure 1: Genus 2 decomposition [1]

Let us denote {P;} the support of (f), and {Q;} the support of (g).
Picking a point Sy different from {P;} and {Q;}, we draw smooth arcs ¢;
from Sy to {P;} disjoint except for their common base point Sy and not

containing any of the points {Q;}. We repeat the same procedure for for the

arcs from Sy to {Q;}.

e}

Figure 2: [1]



Let A’ be the complement of the arcs ; in A. That is A’ can be considered
as the polygon with sides «;, 5; and d; as drawn in the above figure. A’
is simply connected, furthermore f is non-zero and holomorphic in A’; we
can choose a branch of the function log(f) € A’. Let us now consider the
meromorphic differential w = log(f)dlog(g) = log(f )% € A’. We notice that
% has a single pole with ord(g, ;) at each @, so by the residue theorem we

have

/ w=2mi Y Res(w) (2.2)
Qi

OA!

= 27i Zord(g7 Qi) log (f(Qs))
Qi

We will evaluate the points P € oy, P’ € a; ' on OA’ identified on X

log (7(P")) = log ((P)) + [ dlog(1) (2.3)
Bi
Therefore,
[ o=(] idlog(g))(— /idlogu*)) (2.4
Similarly, o
[ o= ([ st ([ aein) (25)
Bi+B ' "



For P € 6;, P' € 6; ' on OA' identified on X

log (f(P")) —log (f(P)) = —2mi ord(f, P,) (2.6)
So that n
/ w = 2mi ord(f, P;) /dlog(g) (2.7)
Si+o; So
Hence,

Z/5+5 1w—2m<2:ord f, P) (log 9(P;)) —log (g (SO)))> (2.8)

= 271 Zord [, P)log (9(P))

Now since Y ord(f, P;) = 0 we arrive at.
P;

2 ( S ord(g, @) log (£(Q1) = > ord(f, P;) log (gua-))) (2.9)

_Z ((/ dlog(f (/ﬁidlog(g)) - </mdlog(g))(/ﬁidlog(f)>>

fai dlog(f) is always an integer multiple of 27i, hence the term on the right

hand side is an integral multiple of (27i)?, thus:

> ord(g, Q) log (f(Qs)) — Y ord(f, P)log (9(P,)) € 2miZ  (2.10)



Finally after taking exponents we arrive at

[T sy = T g(p)en (211)

Pex pPex



3 Flat surfaces with conical singularities

3.1 Isothermal coordinate

The material in this section can be found in [2]. Suppose that we have a real

two-dimensional analytic manifold with Riemannian metric
ds®> = E(z,y)dz* + 2F (z,y)dvdy + G(z,y)dy* (3.1)

where the functions E, F, G are such that EG — F? > (0. Through a change

of coordinates the metric may be rewritten as ds* = f(u, v)(du® + dv?).

Theorem 3.1: Let E, F,G - be real analytic functions of the real variables
x and y. Then there exists new (real) local coordinates u and v, for the

surface of which the induces metric 3.1 ds? takes the following form
ds® = f(u,v)(du® + dv?) (3.2)

The coordinates (u,v) are referred to as isothermal coordinates.

Theorem 3.2: Suppose we are given a metrized surface on which conformal
co-ordinates are defined. Then the co-ordinate changes which preserve the
conformal form of the metric (i.e. change it to another conformal form), are
precisely those corresponding to complex analytic co-ordinate changes, and

the composites of these with complex conjugation.



If the coordinates (z,y) and (u, v) in a neighbourhood of P are conformal,
then the transition between their complex forms z = x + iy and w = u + v
is carried out by the function f(z, z), such that either f or f is holomorphic.

The metric may be then be written in the form ds* = g(z, z)|dz|?.

Lemma 3.1:  Given a surface in R3 equipped with the metric ds* = f(u,v)(du®+

dv?), then the Gaussian curvature can be expressed as

1
K = —WAIH (f(u,v)) (3.3)

where A = ;—52 + 8‘% is the Laplacian operator in the coordinates (u,v)

If the metric can be written locally as ds? = dz? + dy? then we refer
to that metric as flat. If we have a predetermined flat metric compatible
with the structure of a holomorphic manifold, then in any local coordinate
system our metric can be written in the form |f(w)|?|dw|?, where f(w) is a

holomorphic function.

3.2 Metrics with conical singularities

The results in this subsection are derived from the paper by Troyanov [9]

and describe the local structure of a conic singularity.

Definition 3.1: The standard cone with total angle 6 is defined to be
Vy:=A{(r;t):r > 0;t € R/OZ} /(O;t) ~ (0;t') with metric

ds* = dr? + r*dt’



Definition 3.2: The weight (residue) of Vj is given by 5 = % -1

Proposition 3.1: C equipped with the metric ds* = |z|**|dz|* is isometric

to Vj

Proof: For z = x + iy the isometry is given by

Definition 3.3: We call a function h : U — R (where U is an open subset

of C) harmonic with logarithmic singularity of weight 8 at a point P € U if

2+ h(z) — Blog|z — P|

in harmonic in U.

Theorem 3.3: Let U be an open subset of C, if h : U — C is harmonic
with logarithmic singularity of weight 5 > —1 at P € U. Furthermore, if U
is equipped with the metric ds* = e*"|dz|?, then in a neighbourhood of P € U

the metric is isometric to a neighbourhood of conical vertex Vj

We refer to the point P as a conic singularity of angle 6 for the given metric
ds?

Proof: For simplicity we assume that P = 0. h(z) — S log|z| is a harmonic

10



function, hence there exist a holomorphic function g(z) in a neighbourhood

of 0 such that
R(g(2)) = h(2) — Blog|2| (3.4)

since this function this harmonic, we may write it as

eI = ag + ayz 4 a2 + O(2%) (3.5)

Where ag # 0. Let b, = 5§Zi1ak then in a neighbourhood of 0 there exists

a series Y bp2" that converges to an analytic function f such that f(0) # 0.
k
Let us consider the function w = zf (z)ﬁ We pick a branch of log near a

neighbourhood of f(0). We have

1 /Z
B+l _ Bo9(t)
——w’ = | tPetVdt (3.6)
f+1 0
. Hence:
Wdw = 2Ped@) dy — 1o8(Z) a(2) g, — pa(2)+Blog(2) 1, (3.7)
So:
] |duw| = REH518E) | 12| = )| (3.8)
That is ds? = |w|*?|dw]|? |

We refer to w as the distinguished local parameter.
Definition 3.4: Let {z;}!, be points on X with angles {60} ,, We say

that a Riemann surface X possess a euclidean structure with conic singular-

11



ities if Xy = X — {x;}/, is euclidean and for which z; admits an isometric

neighbourhood to the vertex of the cone Vj

double torus

(g=2)

Figure 3: Examples

3.3 Elements of Hodge Theory

We give a brief overview of Hodge theory as found mainly in Springer [7] and

other resources, [9],[3],[10], and [6].

Definition 3.5: Let w = p(z,y)dz 4+ q(z,y)dy, we define the Hodge star
operator to be:

*w = —q(x,y)dz + p(z,y)dy

This is the only case that we will consider.

Proposition 3.2: The operator x is independent of the choice of local co-

ordinates

Proof: We verify that % is well defined by showing that it is invariant under
change of coordinates. Let z = z + iy and w = u + . Let z = {(w), then

p = p(x(u,v),y(u,v)), similarly ¢q := q(x(u,v),y(u,v)). Under the change

12



of coordinates we arrive at

) = plen, ), 0, 0) 9o+ g, 0) y(u ) o2 (39)

0,0) = p((u, ) (0, 0) o+ (e, ) (0, 0) O

substituting back into our differential we arrive at:

*w=—q du+pdv= —<p8—x + q@)du + <p8_x + q@)dv (3.10)

ov v ou ou
The change of coordinates is conformal, hence g—z = % and % = —%. As
such:
_ _ dy  Ox dy  Ox
- = —p=2L 1= e A1
*W q du+p dv ( paquqau)dqu(pav qav>dv (3.11)
B ox Ox dy Jy
=—q <%du + %dv> + p(%du + %dv> (3.12)
=—qdx+pdy

Proposition 3.3: If wy = pidx + q1dy and we = padx + qody locally, then

the Hodge star operator has the following properties:
(1) *(wl + WQ) = *Wji + Wy
(i) *(fw) = f w

(iil) **w = —w

13



(iv) w1 Axwy = wy A*xwy = (p1p2 + q1g2)dx A dy
(v) wA*w = (p* + ¢*)dz A dy
We can then express Laplacian as :

2 2
Af:d*df:(%jtg—y];)dxAdy (3.13)

This can then be rewritten using complex coordinates as
Af =d*df = —2i00f (3.14)

The Hilbert space . in will be working in is composed of measurable dif-
ferentials w on X which satisfy the conditions that w A xw be Lebesgue
integrable and ||w||* = [[w A @ be finite. If locally w = pdx + qdy, then
wAxw = (pp+ qG)dx/\dy.X The requirement that w be measurable implies that
locally p and ¢ are measurable. The requirement that w A xw be Lebesgue

integrable implies that locally |p|? and |q|* are integrable [7].

Definition 3.6: We define the inner product of two differentials w; and wy

(Wi, we) = //wl N *ty (3.15)

X

to be

Locally we have wy = pidx + q1dy, wy = padx + gody so that w; A xo; =
(P1D2 + 1 @)dx N dy

Theorem 3.4: Let L*(X) be the set of equivalence classes of measurable

14



differentials w on X with w A\ %W integrable and [[w A xw finite. With the
X
usual addition, multiplication by complex constants, and the inner product

giwen by (3.15), L*(X) is a Hilbert space.

Theorem 3.5: Let 7 be a Hilbert space where F€ is a subspace of 7€ and

let % be its orthogonal complement. Then
H = D A (3.16)

that is, every element x € € may be written in the form x = x1 + x5 where

T, € 4 and xo € F, and this representation is unique.

Definition 3.7: Let X be a Riemann surface and L?(X) the Hilbert space

of measurable square integrable 1-forms, we define the following spaces as:

(i) E = E(X) as the closure in L?(X) of the vector space of exact differ-

entials df

(i) E* = E*(X) as the closure in L*(X) of the vector space of coexact

differentials xdf
(iii) H = Etn(E*)*

Theorem 3.6 (Hodge Decomposition): FE, E*, and H are pairwise or-
thogonal and L*(X) = H ® E @ E*
Proof: We begin by showing that £/ and E* are orthogonal subspaces. Let

w € F and v € E* then in the norm of L*(X),w = lim df, and v = lim %dg,
n—oo n—oo

15



where f,g, € CZ and (w,~) = lim (df,,, *dg,). Since f,, and g,, have compact
n—oo

support then

(w, ) = —//dfndmz —/ faddgy =0 (3.17)

X

for all n, hence (w,7) = 0 and £ L E*. Now L?*(X) can be decomposed
into orthogonal components, that is L?(X) = (E @ E*) ® (E ® E*)* We
now show that H = (E @ F*)t. If w € H and 7, € E,v, € E*, then
(W, 1+ 72) = (w, 1) + (w,72) = 0so that H C (E @ E*)*. On the other
hand if w € (E ® E*)*, then (w,71 +72) = 0 for all 74 € E and yinE*.
In particular (w,7;) = 0 and (w,72) = 0. Hence w € B+ N (E*)* = H and

(E @ E*)t C H. Combining these gives the desired result. |

Lemma 3.2: [fw € C* then
(i) dw =0 if and only if w € (E*)*
(i) dxw =0 if and only if w € B+

Lemma 3.3: w € C'N H if and only if w is harmonic

Proof: TForif w € C' and dw = d xw = 0 which by lemma 3.2 implies that
w € (E*)t N E+ = H. Conversely, if w € HNC*, then by lemma 3.2 dw = 0

and d xw = 0, so w is harmonic [ |

16



3.4 Quadratic differentials

We give a short survey of some basic facts related to quadratic differentials

as found mostly in Strebel [8], in addition to Farkas and Kra [3].

Definition 3.8: A quadratic differential on a Riemann surface X is a map
w:TX - C

satisfying the condition that w(\v) = Aw(v) for all v € TX and all X € C,

We denote the vector space of quadratic differentials on X by Q(X).
We note that if w € Q(X) then |w|z defines a conformal metric. If z :
U — C is a coordinate chart defined on some open set U C X, then w is
equal on U to wy(z)(dz)? for some function wy defined on z(U). We will
be mostly interested in holomorphic or meromorphic quadratic differentials,
for which the local functions wy is holomorphic or meromorphic. Suppose
that two charts z : U — C and w : V — C on X overlap, then let h :=
woz~! be the transition function. If w is represented both as wy(2)(dz)? and
wy (w)(dw)? on UNV | then wy(h(2)) (R (2))? = wy(z), since dw = h'(2)dz
which characterises the change of coordinates [8].

Theorem 3.7:  The vector space Q(X) of holomorphic quadratic differen-
tials for a Riemann surface X of genus g = 1 has dimension 1 and for g > 2

has dimension 3g — 3

Proposition 3.4: Let w be a non-zero quadratic differential on compact

17



Riemann surface X. Then w defines a euclidean structure with conic singu-
larities on X. If {x;}, are the zeros of w and have orders {m;}!_, respec-

tively then {x;}1, are the conic singularities with angles {(m; + 2)w}" ;.

Corollary 3.1: Given a Riemann surface X of genus g and w € Q(X) —

{0}, then the number of zeros counting multiplicity of w is equal to 4g — 4

3.5 Existence of flat conical metrics

Definition 3.9: Given a Riemann surface X', we say that two metrics are

conformally equivalent if there exists a scalar function h : X — R such that
ds? = e*ds?

Theorem 3.8 (Troyanov [9]): Let X be a compact Riemann surface of

genus g, where x1,...x, € X and 0y,...,0, € R such that:

n

D (27— 6;) = 2m(2 — 29) (3.18)

i=1

Then there ezists a flat conformal metric on X where the points {x;}1, are
conic singularities with angle of 0;. Furthermore, this metric is unique if we

impose a normalisation condition.

Proof: Uniqueness: If ds and ds’ are two such metric, then there is a
harmonic function h : X — R such that ds’ = e"ds. Since the conical features

between metrics match, the function h is non-singular, hence bounded on X

18



and constant.

Existence: We first assume that X is fo genus g > 0. In this case, there is a
non-zero quadratic differential w. Let v, ...y be the zeros of w with orders
my, ...my, respectively. The metric ds? = |w| is then conformal on X with

conic singularity at y; and weight —m;/2, hence:

k
DR o) (3.19)

where 3; = g—;’r — 1. Consequently

n k
S Bi+> —mi/2=0 (3.20)
j=i i=1

By proposition 3.5 there exists a harmonic A : X — R with logarithmic
singularities weight 3; at the points {x;}7_, and with weight of —5* at points
y; where ds? = e*'ds? is the desired metric.

The case when g = 0 is taken separately. If g = 0 then it is homeomorphic
to the sphere, according Riemann’s uniformization theorem there exists, up
to isomorphism a unique conformal structure on X = C U {o0}.

Let a; € CU {00}, a; # co. Furthermore, 3; = 2 — 1 hence

19



with
ds? = (H |z — ai|25i) |dz|? (3.22)
=1

As such ds, is a flat metric, where log |z — a;] is a harmonic function and

a; is a conical point with angle ; at the vertex. For a; = oo, we perform the

d 2
||:;U|4 and

change of coordinatez = <, where |dz|* =

n n

[T1s—a =Ll >

i=1 i=1

1 — wa)* = |w|* H 11— wa,|** (3.23)
i=1

Hence

ds? = <H |z — ai|26i) dz” = ] It — wa;|** |dw|” (3.24)

i=1 i=1
This shows that the metric is flat when w = 0, that is when z = oo [
Proposition 3.5 ([9]): Let X be a compact Riemann surface, 1, ...x, €
X and aq,...,qa, € R such that Z?:o o; = 0. Then there exists a harmonic
function with logarithmic singularities h : X — R with weight o; at points
{z;}"_,. Furthermore, if h and h are two such functions then they differ by

a constant.

Proof: Uniqueness If A and h are two harmonic functions with identical
logarithmic singularities, then h — I is a harmonic functions without singu-
larities, hence h — h is constant since X is compact.

Existence It will be shown that if P,() € X then there exists a function
h, such that h : X — R, where the function A is harmonic with logarithmic

singularity of weight —1 at P, and 1 at ¢q. For convenience we will assume

20



that both P and @ lie within the same coordinate domain U, with local coor-
dinate map z. Let D be a sub-domain containing both points P and @), such
that D C U. We will denote the bump function by y, that is y : X — R,

such that

Xlp=1 X|y_y =0 (3.25)

We now define f: U — C to be f(z) = x(z) log (i:;). We can now extend
f to all of X by setting

fly_y =0 (3.26)

Let us now consider the following 1-form

C = df —1 *df = (fxdx + fydy) - i(—fdeE + fmdy) (327>
= (fo +ify)dz —i(fo +if,)dy
= (fx +ify)(dz — idy)
_,of

z

We notice that ( =0 on DU (X — U). By Theorem 3.6 we can rewrite ( as:

= Wn, tdu+ xdy 2
¢ Wp ot ut + X Ut (3.28)
harmonic exac co-exac

let w = df —du = wy, + i *df +*dv, then dw = d(df — du) = 0 demonstrating

that w is a closed differential. Furthermore, dw = d*wy, —id*f —d*v = 0 so

21



that w is co-closed, implying that w is a harmonic differential. We can now

define h to be h: R(f —u) = m;f*“) Taking d * dh we arrive at:

dxdh = d*(d(f_“);d(?_ﬂ)) - d*(°“;+w) =0 (3.29)

By lemma 3.3 h is harmonic and has the desired logarithmic singularities. W

The desired function will then be a linear combination of functions. That
is there exist a function f such that (f) = P — Q. To see this we begin by
connecting P and () by a path and cover it with coordinate charts. Since the
surface is compact we have a finite subcover. We are assuming that both P,

and (); lie within the same coordinate domain U;

Figure 4: Path on genus 2 surface

22



p1 € Uy N Uy so that there exits a function fy such that (fo) =p — py

p2 € Up NUj so that there exits a function f; such that (fi) = p1 — p2

pn € Up NU, so that there exits a function f,, such that (f,) = p, — ¢

Taking the sum over all the functions we have

(Zfi)Ip—p{+p{—pj+...+p{—q:p—q (3.30)
1=0

23



4 Main Results

We will now prove the theorem found in the introduction. In order to do

so we need a few preliminary results. Let ds3 and ds? be two conformally
2

equivalent metrics. Then, their ratio Z% is a well defined scalar function on
1

X. To get the value at the point P € & one has to choose a local coordinate z

near P for which is isothermal for both metrics where ds2 = go(2, z)|dz|* and

ds? = gi(z,2)|dz|* and define f := ifgjg . This definition is independent
2) | p

of the choice of isothermal coordinate: if z = ((w) is a holomorphic change

of variables then

90(2,2)|d=l* = go(¢(w), ((w))[¢ (w)[*|dw]* = fo(w,@)|dw|”

g1(2,2)|dz[* = go(C(w), C(w))I¢ (w) Pldw]* = fi(w,w)|dw]*

where fo = go(C(w), ((w))|¢"(w)?> and fi = g1 (¢(w),{(w))|¢'(w)|* analo-

gously. Where the quotient %

prescribes the same numerical value is
assigned to a given point regardless of which coordinate system is used. If
both metrics are flat then f is harmonic with logarithmic singularities at the

conical point of ds3 and ds?.

Lemma 4.1: Let F' and G be harmonic functions on a compact Riemann

surface X such that F and G have logarithmic singularities ( U Ap> U ( U C’T)
p T

24



and <U Bq> U <U C’T> respectively, and A, # B,. Then

q

ZF( Jord(G, By) ZG Jord(F, Ap) (4.1)

+ lim (G(x) ord(F,C,) — F(z)ord(G, C?"))

z—C)

Proof: We begin by cutting out circles on the surface with centres at A,, B,
and C, with a small enough radii such that the circles will not overlap. Let
Q) denote the surface X'— {holes} and consider the differential form w =
F%dz + G dz.

Applying Stokes’ theorem to the two-dimensional manifold with boundary

(), we arrive at:

GG 8F B
(‘9F8G 0G OF
_/Q<_8z 0z 0z 6z>d2/\dz_0

It follows that the sum of the integrals w with positively oriented bound-
ary circle carved out is equal to 0. We now calculate these integrals separately
and consider the radius of the circle corresponding to p as it tends to 0.

For the integral around the point B, let us denote ord(G, B,) = m,. We

write G(z, 2) = m,log |z — B,| + g(z, Z) where g(z, Z) is a bounded harmonic

25



functions in a neighbourhood of B,. Then:

_ @G _ . - mg @ L i
/Sp(Bq) F<Z, 2)5(27 Z)dz B /SP(Bq) F( ’ )<2(75 - Bq) N 82( ’ )>d (4‘3>

Since % is continuous, it is bounded in the neighbourhood of B, and so

limit the amount of F(z, 2)%(2, zZ), therefore the contribution of this term
in the result of integration will tend to 0 as p tends to 0. Writing out the

remaining integral we have:

%/ F(Z,Z)dz_@/ F(Bq)Jr(F(z,Z)—F(Bq))dZ (4.4)
S Sp(Ba)

2 p(Bq)Z_Bq a 2 Z—Bq

The value of %BF;B‘I) is bounded in a vicinity of the point B,, and therefore

tends to 0 as p \, 0 .

F(B
%/ F(B,) 2=y 2miF (By) = mimgF(By) (4.5)
2 Jsupy 2= Ba 2

For the second term in our differential w we have:

F F
/ G(z, 2)8—_(,2, z)dz = / (mglog|z — By| + g(z, 2))6—_(2, z)dz
Sp(Bq) 9z S,(By) 0z

Since%—g(z,é) and ¢(z,z) are bounded, the contribution of the product

tends to 0. The remaining integral fsp(Bq) mglog|2—By|%E (2, 2)dz is bounded

by O(plog(p)) and thus also tends to 0.
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Analogously, denoting ord(F, A,) = n, we find that:

/l)igr(l) o) F%dz =0, }}i% e Gg—zdz = —min,G(Ap) (4.6)
The common points are a special case and require further analysis. For
convenience, we choose coordinates in which C, = 0. Let ord(F,0) = n and
ord(G,0) = m. By definition, the logarithmic singularity F'(z, z2) —nlog|z| =
f(z,2) is a harmonic function that is bounded in a neighbourhood of 0,

similarly G(z,z) — mlog|z| = g(z, z). He we have:

oG OF
/S R (4.7)

:/Sp ((nlog 2| + f(2, 2)) (% + %(2,5))612 (4.8)

+ (mlog|z| + g(z,2)) (% + %(z, 2)) d2>

Since % and % are continuous the contribution of %(z, Z)f(z,z) and

%(z, Z)g(z, Z) tend to 0. Hence the integral becomes

/.

Since nmlog|z|[(£ + £) = nmlog|z|2&2%E = nm%ljd(zi) about 0

((n log |z + f(z, 2))%6& + (mlog|z| + g(z,z))%dz)

P
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integrated over the circumference of fixed radius, it remains to note that
m n o _ :
f(z,2)=dz+g(z, 2)==dz — wi(mf(0) —ng(0)) = lim (mF(z) —nG(z))
S, 2z 2z z—0

Summing up all the limits and dividing by 77 we obtain the desired ex-

pression [ |

We now prove a result found in [5] and in the introduction.

Theorem 4.1: Let X be a Riemann surface of arbitrary genus g and let
dsyi,dss and dss be three conformal flat conical metrics on X Suppose that
the metric ds, has conical points R},...RY with conical angles 2m(ai +
1),...,2m(akF + 1), the metric dsy have conical points R}, ... RY with con-
ical angles 2m(al + 1),...,27(ad! + 1), the metric dss have conical points

RL ... RY with conical angles 2m(ad + 1),...,2n(ad + 1), then one has the

relation

3
7

11 (:m)° (o) =

Proof: Denote F/(z) = j‘”( ) and G(z) = %(:c). Both quotients expressed

L a
d82
11 (ng )

1=

in F(z) and G(x) define harmonic functions. Furthermore, the function F'(x)
can be represented as e/, where f is harmonic. The same can be said for
the function G(z), where it may be represented as €9, where g is a harmonic
function. Wherein f has a logarithmic singularity of weight a; at the point

R} and another of weight —a? at the point R?. Similarly, g has a logarithmic
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singularity of weight a at the point R? and another of weight —a} at the
point R}.
Then, %2 (z) =

, 2 and rewriting (4.9) we arrive at:

1
G(z)F(z)

17 1 (grmra) -Loe am

i=1 i=1

Because of the assumption that all the points R} are distinct, the logarithmic

singularities of f and g at the points R} cancel, the expressions g(R})+ f(R})

and G(R;)F(R;) are correctly defined. Hence g(R;) + f(R;) = lim g(z) +
:c—)Ri

f(x), and G(R})F(R}) m g(z)f(z). Taking the logarithm of (4.10) we

=l
z—R
get the identity from lemma 4.1.
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5 Conclusion

The main research objective was to give an elementary proof of the reci-
procity law for three flat conformally equivalent conical metrics found in [5].

In order to do accomplish this we describe the flatness criteria for a metric
on a Riemann surface. We also introduce the distinguished local parameter
in a neighbourhood of the conical vertex. Using components from Hodge
theory we show that there exists flat metric with conical singularities on
a Riemann surface. With the desired properties established we state and
prove a reciprocity law for flat conformally equivalent metrics with conical
singularities.

A case that was not considered was that of surfaces with boundaries, one
might want to find an analogue of the reciprocity law for such occurrences.
Furthermore, to develop a further understanding of conical points, one might

wish study their behaviour through the machinery of #-functions.
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