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Abstract

Numerical Analysis and Experiments on the Acoustics of Conch Shells Modelled as
Spiral Cavities

Rasoul Morteza Pouraghdam

The wave propagation behavior in spiral cavity of a conch shell is studied. A conch shell
consists of a spiral inner cavity where if excited by lip-vibration, a highly resonating sound with
harmonic modes is produced. In order to understand how sound is generated in a conch shell, we
used X-ray tomography scans to model the shell's unwrapped inner cavity and measured how well
the model matches the experimental data.

Experiments were carried out in a semi-anechoic chamber where the conch shell was played using:
(). Lip-excitation (ii). Loudspeaker sine-sweep excitation and (iii). Excitation using an electro-
pneumatic transducer. The recorded sounds were analyzed in terms of their frequency components
and directivity of the emanating sound.

Moreover, we approximated a shell's inner spiral cavity to a straight tube based on the X-ray data
measurements, and to af rm its validity, we compare the resonance modes of the approximated
straight tube to the modes recorded from the lip-excited conch shell.

Finally, we study wave propagation in conical and exponential spiral strings and tubes in more
general cases, where numerical simulation is carried out whenever the theoretical solutions are hard
to nd. In the case of the strings, we also computed the resonance modes as well as the time-

dependent behaviour.
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Chapter 1

Introduction and Literature Review

The core motivation behind this thesis is understanding how sound is generated from the conch
shell. The conch shell is one of the earliest brass-like instruments used by mankind, played in dif-
ferent parts of the world for various purposes such as coded communication, signaling purposes and
also as a musical instrument. Conch shells are widely used in countries such as in India and Japan
during ceremonies and ritualsl][We rst commence by stating the existing acoustic theories on

wave propagation along a exible string and inside cylindrical, conical and exponential tubes/pipes.

1.1 Wave motion along a string

Vibrating strings have been a topic of study for a long time. Pythagoras claimed that if a string
is divided into two segments of a particular ratio like 2:1, 3:1 etc. the produced sound by the string
is more pleasing to the ear. We know that an excited string produces modes, sometimes referred to
as normal modes and they depend upon the string's mass, length, applied tension and also the end
conditions (like xed-open or xed- xed). B] In music a string is excited in different ways, such as
by bowing, plucking or striking and thus the string vibration will usually be a combination of several
vibration modes. For instance if a string is excited near its center, the resulting resonance spectrum
will show a fundamental and only odd integer multiples of that fundamental frequency. However
here we will attempt to derive the one-dimensional wave equation by considering an amount of

force applied to a string element ( gudel). Consider a uniform string with linear densitybeing
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Figure 1.1: String element of lengtls subject to a tensiom.

subject to a tensiof in newtons. There will be a net forad= which restores the string segment
dl back to its equilibrium, which is equal to the difference of the tensigrcemponent at the two

ends of the string segment:

dFy = (Tsin )y+ax (Tsin )y Q)

Applying a Taylor's series expansion to the rst term in the equation and after simpli cation we

obtain:

dF, = @Tg?()dx )

Since our problem is in a small element scale, we can consider that the displacemenyin the

direction is small and thus, we hasm tan = %ﬁ

@y
dFy = T@;(‘dx = Tg;dx 3)

We also haven = dl , the string segment mass, and therefore:

@y, _ , @y
Tor™= 9 (4)



q_
Finally by takingdl  dx and de ning the wave speed ass  T:

@ @3

@y _ T@y L@y
—= CZ@ (5)

This is known as the wave equation. The general solution to this equation is given by d'Alembert(1717-
1783):
y=f(ct x)+ g(ct+ x) (6)

where arbitrary function§ andg represent a wave quantity traveling to the right and left respec-
tively, with a velocityc.

When we refer to resonance modes, it is important to describe the notion of standing waves.
Assuming the wave solution to be harmonic, we hiafe x) = Ajsin(!t  kx)+ Bjsin('t  kx)

andg(ct+ x) = Azsin(!t + kx)+ Bacog!t + kx), thus:

y = f(ct x)+g(ct+x)= Aisin(lt kx)+ Bisin(!t kx)+ Agsin(!t + kx)+ Bycog!t + kx)
(7)

wherek = IE is the wave number.

Considering a string of length, xed at both of its endsX = 0;x = L) with the boundary

conditiony(x = 0;t) = 0 implicating thatA; = A, andB; = B, we have:
y = 2Ajsin(kx)coq!t ) 2Bjsin(kx)sin(!t ) = 2sin(kx)[Aicog!t ) Bsin(!t)] (8)

The second boundary conditigtix = L;t) = O requires the ternsin(kx) atx = L to be zero.

ThereforekL = % = n , and thereforé = % and sincd =2 f we have:

nc
fo= o ©

known as the "modes" of the string, which are also harmonic because all the modes are integer

multiples of the fundamental frequenty= 5 corresponding to = 1.



1.2 In nite cylindrical tube

In this section we take a look at wave propagation inside an in nite pipe of circular cross section.
The wavefronts in such an enclosure is planar and the direction of propagation is along the tube's
axis. We also assume the tube's walls to be rigid, perfectly smooth and insulating thus having no
effect on wave propagation. A pressure wave (taking the direction of propagatigniasf the
form: p(x;t) = poe (' ¥, An important quantity regarding wave propagation in tubes is the
acoustic volume owQ, which can be found from = % wherep is the acoustic pressurethe

air density,c the speed of sound in air ai®lthe tube's cross-section area. Therefore we have:
Qugt) = PRt ko (10)

We can now nd the acoustic impedance of the tube from:

p(x;t) _ ¢
Q(x;t) S (D

Z(x) =

We now attempt to solve the wave equation for our geometry. Naturally, we would choose to derive
the wave equation in cylindrical coordinates (; x) wherex is basically the height of the cylinder

if it is taken to be vertically positioned. Taking the tube's cross-section radiugagh the tube's
surface to be rigid, we hav%ﬁ: o = 0 as the boundary condition on the surface since there is no

ow normal to the tube's outer surface. The wave equation in cylindrical coordinates is given as:

@p, 1@p 1@p @p_ 1@p
i + F7r+ 52 + 9i- 2 an (12)
which has the solution3]

ro .
Pon (171X ) = pES(m )Jm(q%)e““ kmn X) (13)

whereJy, is the Bessel function angn, de ned by the boundary condition on the wall so that

J8(gmn) =0 with integersm andn starting from 0. Ther(i; n) index indicates the nodal circles



(n) and nodal diameters of the acoustic pressure. Thus the wave vektgy is de ned as:

2 _,'\ dmn
o= (7 (A (14

We can see that in the plane modae € n = 0) we obtain the well known de nition of the wave

numberk = koo = 'E For higher modes the angular frequericynust be larger than the critical
— gmnC
value of! ¢ = o=
However since tubes are always of nite length used in real applications, we must cover the case of

nite cylindrical tubes.

1.3 Finite cylindrical tubes

In the case of a nite cylindrical pipe, we will have wave re ection from the tube's end (re-
gardless of the end being open or closed). Since in musical applications tubes are mostly coupled
to a driver, we can start by nding the input impedance with a nite load impedahcat its end.
Consider the tube to be of lengthwith a terminating impedancés-,. = Z_. Since the wave
guantity is a superposition of two separate quantities travelling to the right and left with a certain

amplitude, the wave will be of the form (assuming plane waves only):
p(x;t) = Ael ('t k) 4 el (it +kx) (15)

Using Newton's second law, we know that the pressure and ow in a cylindrical tube are related by:

@p_ @Q
@x S @t (16)
From equation 15 we have:
jk(Bel™ Ae I )g"t = _eQ 17)

S @t



After integration, we obtain:
Sy Sl k) j (it +kx)
Q(x;t) = F[Ael Be/ ] (18)

The complex quantity% helps de ne the power re ected from the terminating impedaice We

know by de nition that:

7, = p(L;t)

©Q(L;t) (19)

And the characteristic wave impedance is de ned as:

C
Z.= 5 (20)

It can be found that:

B e 2kL ZL Zc
A Z + Z;

(21)
Thus taking the norm 2 of the complex ratio, we obtain the re ected power:

B2 2z Z
R= — = - = 22
A ZL + Ze¢ (22)

Depending on the value @ we have either nore ectioR =0 (Z_ = Z.) or complete re ection
R=1(Z_=0o0rZ_= 1). Wewill also have perfect re ection £ is imaginary but since often
Z has a non-zero real part, the wave propagation will be lossy.

We now proceed to nding the resonance modes in our system. The impedaneelaalso known
as the input impedance is given by:

_ p(x=0;t) _ 7 A+B _ _ Z coskL+ jZ csinkL
N T Qx=0:;t)  “°A B~ “%zZ_sinkL + Z.coskL

(23)

The expression can be reduced based on the low-frequency approximation, where ¢f (open
end):
ZIN = jZ CtankL (24)



Andif Z, = 1 (closed end):
ZiNn = jZcotkL (25)

It must be noted that the case®df = 0 cannot be exactly produced physically. We may now nd
the resonance frequencies by applying the boundary condition that the input end is also open, more

speci cally Z;y = 0. Thus in the case of the terminated pige (= 1 ), cotkL = 0 and thus:

| open ended — M

2L (26)

which is equivalent to:

(2n  1)c
f open ended — i (27)

corresponding to odd integer multiples of quarter wavelengths, and for an open-open tube we have

tankL = 0 resulting in:

| open open _ nc

nc
f open open _ 5L (28)

corresponding to integer multiples of the fundamental frequépcy -

1.4 Finite conical horn

Horns are usually de ned as a closed conduit of larger length compared to its lateral dimensions.
[4] We attempt to nd the resonance modes inside a nite conical tube of lehgiBlson p] gave
the following expression for the inputimpedance of a conical horn of cross-sectioBsaba= x1

andS; atx = xowithL = xo  X1:

. ¢ JZ T2+ SsinkL
IN =

e sin 2
SlZ sink (L+ 1 2) jc sink(L+ 1)

sin 1sin 2 So sin 1

(29)




with ( 1; 2) = (tan 'kxq;tan lkx,). We now examine the input impedance based on the tube's

enclosure. For an open edg = 0 (either the wide or the narrow end of the tube) we obtain:

. C sinkLsin

2N =I5 Sk + )

(30)

Based on which end is considered to be open, the input impedance will be different since the sign
of L and the magnitude of; will vary. We clearly see that by taking the input impedance zero,
sinkL = 0 which gives us the set of resonance motles 5¢ which is the same as in the case of

an open cylindrical tube of length L.

HoweverifZ, = 1 , we havesink (L + 1) =0 which requires:
kk+ki=n , kk=n tan kxy (31)

For a cone measured from its narrow end (throty: 0 andtan 'kx; < 5 we see that the
resonance modes are higher than those of a cylinder of equal lengfor a nearly complete
tapering conex> < x 1), we havekx; 1, therefore approximatinan kx;  kxi and since
L = xo X3, from the previous equation we obtdir, = n , meaning that the resonance modes
are the same as those of an open cylinder of lergthNe will not cover the case of cones with a

termination at the mouth since they're not useful in musical acoustic applications.

1.5 Exponential Horn

Exponential horns make up portions of internal brass instrument bores. We take the radius to be
a function ofr = Ae™ wherem is the growth rate. To come up with the pressure pro le inside the

horn, we rstintroduce "Webster's Horn Equation”, which in its simplest form can be written as:

1@ @p_ 1@

S@>$S@x 2 @% (32)



whereS(x) is the horn's cross-sectional area at distanceéSubstitutingp = S > and assuming

simple harmonic motionp(x) = (x)&'! ), Webster's equation can be re-written as:

@
@3z

1@@r

F(2? Tap =0 (33)

Considering the exponential horn geometry, we hé% = m? and therefore equatioB3 be-

comes:

@

og (52 m) =0 (34)

With a sound pressure pro le of the form:
. Py
p(X) - e mXe|(!t k2 m2x2) (35)

with k = 'E the wave number. In exponential horns waves can propagate above a cut-off frequency
of fc = TF with a dispersive (frequency dependent) phase veloci@%. Below the cut-

off frequency the horn transmits nothing with the throat impedance bei'ng purely reactive (waves
are exponentially damped). Without getting into details, it must be said that exponential horns are
ef cient sound radiators above the cut-off frequency. Of course exponential horns are not directly
used in brass instruments due to lack of resonance modes, however the ared cross-sections in brass
instruments enhance sound radiation in the same manner. Exponential horns were widely used in
the past, such as in gramophones, amplifying the sound when electronic ampli cation methods were

absent. They are still being used in many public signaling devices as ef cient sound detectors with

a microphone placed at the horn's apex.

1.6 Conch shell inner cavity approximation by a straight duct

The earliest study on conch shell acoustics was done by BhatHere it was claimed that
the conch shell produces a resonating sound if a harmonic of the driver's frequency (lip-vibration)
matches the shell's cavity fundamental resonance. In this case the spectrum of the conch sound dis-

played clear harmonics of a fundamental frequency. Therefore the idea rose that, maybe the inner



spiral cavity can be approximated by a straight tube with increasing cross-sectional area.

Bhat incorporated a very simple measurement to approximate the inner spiral cavity length by mea-
suring the outer surface spiral with a string. The measurement validated the resonance modes,
however this study was very preliminary and sought deeper analysis.

Bhat, Taylor and Prasad][went further by geometrically modelling the conch shell inner cavity
with the help of X-ray tomography scans, in addition to spectrum analysis. They used X-ray scans
(Sagittal point of view) to measure the cavity spiral radius at eattwrn, as well as the radius-
height pro le of the spiral. Using the radius-angle data, they were able to t piecewise conical or
Archimedes spirals to the global cavity spiral, and nd the total spiral length by integrating piece-

wise spiral lengths using:

p
L= dL= dx2+ dy2+ dz? (36)

where(dx; dy) = (r cos@d );r sin(d )) with dz(r) being a function of the radius. They obtained a
length of 5m on their conch shell sample which was interestingly close to a rough length estima-
tion of a wrapped string around the outer surface of the shell. Then they used the following formula

to obtain the theoretical resonance modes of an equivalent conical horn:

nc
- 2(L +0:6(rthroat + 'mouth ))

37)

fn

However due to the presence of the player's lips the tefiiga: was neglected. Also since the
wave is re ected before the nal are of the horn, the acoustic length of the horn is shorter than the
physical length of the tube and thus the tetgun was safely ignored as well. Using the radii and
spiral length data at eachturn, they recreated the major (horizontal) radius-spiral length pro le

in which they found that the cavity are begins somewhere nean8and thus the fundamental
frequency of a 3@m duct isf = 440Hz (corresponding to the A4 note). This corresponded well
with the recorded resonance modes of the shell (approximateld Z24hd its harmonics). They
claimed that this supports the idea that standing waves re ect back before the nal are of a tube. In
chapter two, we provide more details on this procedure in addition to new measurements. Rath and
Naik [8] by using X-ray scans discovered that the conch shell geometry contains Fibonacci patterns.

The Fibonacci sequence is generatedipy = fn+ f,, withfg=0,f1 =1 andn=1;2;3;::.

10



It is worth nothing that the Fibonacci pattern is also present in many elements of nature such as in
plant growth, leaf patterns, oral petals and stems. They found the spiral curve of a nautilus shell to

have the formation of a Fibonacci rectangle. They also found that with the proper selection points
inside a conch shell cavity, the ratio of the consecutive measurements fall close to the golden ratio

p_
(%). We also veri ed this nding on our own sample which is explained in chapter 2.

1.7 Conch shell acoustic model - conical spiral cavity geometry

Rath and Naik 9] went further by coming up with a theoretical acoustic model for the conch
shell using the recorded resonance modes. They claimed that the conch shell cavity is essentially a
wrapped conical horn and thus, acoustic models pertinent to the conical horn may be applied to the
conch shell as well. We brie y present their derivations in nding the resonance modes.

For a conical horn it is natural to derive the wave equation in spherical coordinates:

f 2p= 1 @p

SR (38)

where the radial part of the equation (corresponding to the rst term in the Laplacian term) is given

by:
@P _ 1@P
@z 2ot (39)

whereP = p. By considering the time-independent version of the equation (a.k.a. the Helmholtz

Equation) we have:

gz +k?P =0 (40)

wherek = 'E is the wave number. The solutions to the equation are of the form:

P=e® , p= (41)
Applying the boundary conditiop( = ) =0 where ;, corresponds to the open end of the cone,
the solution will be of form:
sinkl
p( )= (42)

11



wherel = 2. Since the throat is usually driven by lip-excitation, it can be considered as a
closed end. We know that in a truncated cone with one closed end (throat) and the mouth being
open, the resonance modes fall into the odd harmonics of a closed-open cylinder. In fact, Ayers et
al. [10] found that as the ratio of the input to output diameters of a truncated cone increases, the
resonance modes deviate from the harmonics of an open-open cylinder, to hon-harmonic modes
during the transitional regime, and nally to the odd harmonics of a closed-end cylinder of the same
length. Therefore, Rath and Naik also argued that since the conch shell is played at the throat where
a closed end is considered, the resonance modes in the shell must also be odd harmonics i.e.:

_ (@n+1)c

fn 4

(43)

Based on some simple calculations, they found the shell's effective lengthite BeR whereR
is the open end (mouth) radius corresponding to a spiral having a to8al wirns. Therefore the
nal expression for the resonance modes is given by:

C
fn=(2n+l)167R (44)

However they also recorded the sample conch shell spectrum and found the presence of harmonics
of the fundamental mode (both odd and even multiples of the fundamental). However the equation
above only suggests the presence of odd multiples of the fundamental mode. The explanation for
this phenomenon which they provided is that lip-vibration acts like a sinusoidal vibration then the
whole reed plus shell system is simultaneously an open-open and closed-open system, in which case
all harmonic modes can be created. However we do want to note that Rath and Naik's explanation
may not be always true, considering that many other systems also have non-harmonic resonance
modes but can produce harmonic modes when driven by lip-vibration as lip-vibration or reed me-

chanics in general are highly non-linear.

12



1.8 Conch shell acoustic model based on Webster's horn equation

In 2010, Rath and NaiKi[l] came up with a more rigorous conch shell acoustic model based on
Webster's horn equation, which we will review on the core points here. Webster's horn equation in

its general form is given bylp):
*=Cc(r? +(r )r(Ins)) (45)

As for describing the conch shell cavity geometry, it is wound around the collumella as a growing
spiral in the andz directions thus the cylindrical coordinate system is applied4 ). They
considered the spiral to have the general form ef k inthex vy plane anch = 1z being the
height of the spiral with growth factoksandl. The central spiral (passing by the center of origin

of the cross-section) de ned by = k , thus the inner and outer spirals being = (k )

and oyt = (k+ ), respectively. Thus the varying diameter of the cross-section is obtained by:
d= out in =2 . The spiral length element in the z-direction being de nedlas |z, the

cross section radius can be de ned as:
r2=( )+ (l2)? (46)
and consequently the cross-section area:
S= 0241% (47)

where %= 2and|%= |2
Furthermore, they assumed harmonic motion i.€.; ;z;t ) = (; ;z )e“t . Therefore® =

12 (::z)and Webster's equation can be reduced to:

1 2

r2 +(F ):Fr(nS)= ? (48)
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Then replacing the operators with the respective expressions in cylindrical coordinates yields:

1@ @,1@, K @

1o o, 2@2 @, @, @ @

]2 [ @ ,@ @J[i _= I@lln8+— =0 (49

However they tools to be independent of the variablethus all the derivatives in the expression

above are cancelled out. After further simpli cation, they obtained:

1@ @, 1@2° @2% 1?2 _
[7@( @]+7 ?+@Z?+? =0 (50)

e

Additionally by re-writing the tern® as:

1z2
S= 92+1%%= %1+ (51)

To further simplify the equations, they took the approximation that the spiral growth in the z-
direction is much smaller than in tie vy plane thus%zjZ converges to zero and can be neglected,

in which case, the following terms in equation 50 can be reduced as:

1@20 1 @ .2

2( )< 7(@)7 (52)
as well as:
@ 2%
@zS (53)

Therefore equation 50 is nally reduced down to:

1@ @ 1@ @ @ 1.@.2, %2 _
'@ 2@t et @) e 7° &9

Further simpli cation yields:

@ iz =0 (55)

@z *12(?&+122 CZS“Z

c2

@ Q.
@ @
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By using the method of separation of variables{ R( ) ( )Z(z)), the equation above is trans-

formed into:
1 @R 1@R 1 @ 1 2@ 1@z 172
R’ " Re@ ' ‘@' ? @ zet @ ° (56)
Taking:
1 @Z
Jo ™ &)

yields the Z-component solutich = e /™2 . By using the substitutiof@; m? = 2, equation 56

can be rewritten as:

R 1 12
t 2

R

|

1@R, 1 g,
@2 @2

®|®

@é+ ?=0 (58)

Multiplying the whole equation by? results in:

2@R @R 1@ 2 @ 52
ﬁ@+§@+7@+7@+ =0 (59)

Similar to the Z-component, it is assumed that:

1 2
f@;z 2@ _ (60)
@ @

Multiplying by  results in:

@ L 2@

—+ —— + =0 61
By reducing the equation above in general form to standard form, tbemponent solution can be
found as:

j
= ¢ (62)
Finally the radial equation can be simpli ed to:
*@R @R 22 2
—_— st = + =
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where if multiplied byR will result in:

2@4. QR+ 22 2YR=0 64
@' @ ( ) (64)
This is a Bessel differential equation, being free of the paramétensdl. Thus the complete

solution is given by:

(::z;t)=CJ ( )Le imz gt (65)

whereC is a constant of integration. Now further boundary conditions can be applied as the
impedance is zero at the open end correspondirg to z.. We know by de nition for an ir-

rotational and unsteady ow that:
@

ot (66)

p:

wherep is the acoustic pressure andhe medium density. This equation relates the pressure to the
velocity potential in acoustics. We derived before that % whereu is the velocity and therefore

one can nd:

(67)

The fact thaZz = 0 at the open end requires each one of the independent fun®ionsZ to be

zero as well. Starting from the Z-component solution, a general solution can be written as:

Z = ancodmz) + bysin(mz) (68)

Takingam =0,Z(z = z.) =0 requiressin(mz,) = 0 thus:

ni

m= —
VAR

(69)
with n; as an integer. Similarly for the function, () =0 whensin( ) =0 and therefore:

=f2 (70)
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wheren; is an integer.
From this point onwards, although we do not necessarily agree with the methodology applied in the
paper to evaluate the solution constants, we will mention them regardless. They considered their
conch shell sample to include a spiral cavity of four turns; corresponding$o8 revolution.
Therefore we also have:
= = (71)
Furthermore we have: s
P n? 2
L= 2+ m2= 2 4 172 (72)
c zf
where takingh = 0 cancels the frequency growth limiting iti—coz .Weknowthatl ( )=0 at
= | corresponding to the open end (mouth). Here the authors selectively choose the parameters
pand sothatthe zerosdf () give harmonic resonance modes. This is based on the conclusion
that since the recorded modes are harmonic, thus4 and = 3 based on which we will see
the derivation of harmonic modes. However we believe this logic to be arti cial as the resonance
modes of a system could be non-harmonic, but produce harmonic modes when excited by nonlinear
lip-vibration. Nevertheless we continue with their derivations. For the valugadl given above

we have:

1 ,
Ji( )= piil_sm( L) (73)
The zeroes occur when | = n3 with n3 being an integer. Thus taking = 1 yields in:

T (74)

Therefore the shell's resonance modes being givei,by %

1.9 Exponential spiral string acoustics

Finally in 2014, Chatterjee and Nayakd provided a straightforward study on 1-D wave prop-

agation in an exponential spiral geometry. They considered a spiral in polar coordinates having the

17



following radius pro le:

r=rie (75)

wherer; corresponds to the initial radius (throat radius if considering the conch shell spiral), and
being the spiral growth factor. can also be expressed as a function of the number of spiralriurns

(n could also be non-integer):

1 Mm
= ﬁIn(?) (76)

wherer , is the nal end radius (mouth radius in terms of conch shell spiral). The spiral length can
R N

also be computed from the relatian= " dl wheredl = r2+( 9")2d . For a logarithmic or

exponential spiral, the total length will be:

r
1
L= 1+ —(rm T 77)

Now the wave equation in 2-D polar coordinates is derived:

@ 1@ 1@ 1@ _
et reve’ et ’ 79

sincer and are directly related, the derivatives can be substituted by thderivatives using:

@ = 2#@ + 2 @ (79)
@2 @F @r
Using Helmholtz time-independent version of the wave equation and using the substitution above,

the radial part of the equation can be written as:

2 (0, 40

2.2 -
a2 ar + kerc (r)=0 (80)

wherek? = 62(1'%7) It can be noted that the partial derivatives are replaced by direct derivatives
as the radial component of the solution is considered.
Comparing the new expression for the wave nunband comparing it to the classic de nition of

k = 'E we can see that the extra teqﬁ7 scales the frequencies. The dispersion relation thus
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depends on the geometry of the spiral (i.e. the spiral's growth fagdtdt was previously noted that
andn have an inverse relation, thus the highes, the closer the new dispersion relation gets to

the quantity: .

Equation 80 is a Bessel differential equation and thus the solution is given in terms of the Bessel

and Neumann functions as:

(r) = AJo(kr)+ BNg(kr) (81)

whereJo andNg are the Bessel and Neumann functions of order 0, respectively. It is also worth
noting that this case is similar to the derivation of the wave equation in polar coordinates, where in
both cases a Bessel differential equation is to be solved.

To evaluate the constamsandB, the authors considered two different boundary conditions.

The rst being a spiral string xed at both of its ends, we havgé = ry) = (r = ry) =0,

therefore the solution will take the form:

X
= Chlcos Jo(knr) + sin N g(knr)]codq! nt) (82)
n=1
where is taken such that the boundary conditiom & r, is satis ed, leading to:

Jo(knrm)

No(KnTm) (83)

To nd the values ok, which satisfy the equation above, the following equation must be solved:
cos Jo(knry) + sin N g(kary) =0 (84)

The authors numerically computed 5 valuekgffor n = 1;2; 3; 4; 5 with a xed value ofrp, =1
and few values of; = 0:1; 0:2; 0:3; 0:4; 0:5.

The next boundary condition is when there exists an oscillation at the input of the strng,§ but
rigidly xed attheend ¢ = rpy,). Itwas takenthat (r = r¢;t) = Fcog t)and (r = rp;t)=0.

As previously explained, the solution is a combination of Bessel and Neumann functions:

(r) = Cl[cos Jg(kr) + sin N g(kr)]coq t) (85)
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whereC and must be evaluated. From the B.Crat r, it is obtained:

Jo(krm)
tan — 86
No(Krm) (86)
And from the B.C. at = r; itis found that:
F
C= (87)

cos Jo(kr¢) + sin N g(kry)

where the authors claim th@t cannot be evaluated at resonance and the solution cannot be found

theoretically.

In this chapter we reviewed key acoustic theories on cylindrical, conical and exponential ducts.
We also reviewed four different acoustic models for the conch shell: i) Approximation by a straight
duct ii) The conch shell modelled as a conical spiral cavity iii) A model based on Webster's horn
equation and iv) The shell's cavity modelled as an exponential spiral string. In the next chapter we
will present our experiments on the conch shell where we geometrically modelled the shell's cavity

using X-ray scans and performed spectrum analysis in different excitation cases.
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Chapter 2

Experiments

We saw from the early studies by Bh&j [ 7] that by using X-ray tomography scans one can
geometrically model the inner spiral cavity of a conch shell. We attempted to re-verify using our
own sample, which is of the "Turbinella Pyrum” family of shells. Our shell had the throat cut in
order to facilitate playing the shell, and was of rigid material suitable for wave propagation inside.
In the rst section of this chapter, we will provide details on how the geometry of the spiral cavity
was deduced from the X-ray scans, as well as the presence of Fibonacci patterns within the cavity.
It is worth mentioning that there are a few advanced mathematical models for the conch shell ge-

ometry, such as the following parametrization by von Seggefh [
x =[a(l 2—)(1 + cosu) + clcogn ) (88)

y=[a(l 2—)(1+ cosu) + cJsin(n ) (89)

) (90)

b :
z= —+ asinu(l

2 2

where parameters; 2 [0;2 ], a;b;cas arbitrary constants and an integer. However as it

is clear, such geometrical models are not useful for acoustic applications as they overcomplicate

mathematical derivations with no workarounds.
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Figure 2.1: The Turbinella Pyrum conch shell sample used throughout the thesis.

2.1 Geometrical modelling of the inner spiral cavity of a conch shell

The X-ray scans are provided from 3 different points of view: Axial, Coronal and Sagittal views.
Figures 2 to 4 display an X-ray screenshot (211th shot) of the shell from all three views. The axial
scan is not suitable to deduce the spiral geometry of the shell and in essence, useless in terms of
modelling the inner cavity as it provides little to no information. However, the scan in sagittal view
has all the elements required to approximate the inner cavity as a wrapped version of a conical or
exponential straight tube.

In Figure 2.2, the spiral cavity takes a 7 turn at each step. Therefore the angular distance between
the consecutive cavities indicated in the scan is equal to 7. Thus we know that the spiral takes a
total of 67 turns. Now we need to measure the spiral radius at each turn, and thus approximate a
profile to it. It is natural to select the measurement points as in figure 2.5, and measure their orthog-
onal distance to the axis of revolution that passes through the shell (or cuts the shell in two equal
halves). The measurements were done in the image processing software "Fiji", and the scale was
deduced from the X-ray’s own pre-defined scale indicated at the bottom of the scans. However in
order to complete the 3-D profile of the spiral cavity, we also need the relative height of the spiral

at each turn. The measurements are presented in table 2.1. In order to arrive at a profile for the
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Reformat PERFORM 90000052

L:3.9 Ex:Feb 23 2015

DFOV 28.2cm
BONE/SS50

0.6mm 0.531:1/0.6sp

W= 2006 L = 2309

Figure 2.2: Sagittal view.

Angle Radius 1 Height Radius 2-R Radius 2-L Radius 3-T Radius 3-B

0 10.5/MmMm 58.22nm 2.69mm 4.46mm 8.09mm 8.0Imm
12.9Mmm 55.3Imm 3.6Imm 6.24mm 10.62nm 10.33nm
17.26nm 48.3tmm 3.84mm 6.70mm 15.3Imm 11.74nm
21.69mm 41.074mm 6.69mm 9.04mm 16.1Imm 16.68nm
27.6fmm 27.60mm 7.32nm 10.18nm  21.75mm  20.15mm
35.48nm 19.50mm 8.68mm 14.30mm 28mm 27.1Imm
6 43.20nm Omm 12.42nm 14.65mm 36.50mm 49.59mm

QB WN

Table 2.1: Radius 1 corresponds to the spiral's radius at eattiin. Height corresponds to the
relative spiral turn at each turn. Radius 2-R corresponds to the minor axis's right side radius of
the cross-section, where Radius 2-L corresponds to the axis's left side radius of the cross-section.
Radius 3-T and 3-B correspond to the major axis's top and bottom radius of the cross-section,

respectively.
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Figure 2.3: Axial view.
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Figure 2.4: Coronal view.
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spiral cavity, we approximated piecewise portions of the spiral using conical spirals of ferm
where the parametermay vary based on the portion of spiral in consideration. For our sample, we
came up with the following prole: For; =[0;4 ], 1 =0:1251+1:05andfor , =[4; 6 ],

2 =0:225 5. A tof these conical spirals to the measured data on a 2-D polar plane is shown in

the gure 2.6.

Figure 2.6: Piecewise spiral tto the measured radii on 2-D polar plane.

Furthermore, the radius-height pro le is also plotted, where a second order polynomial t is
applied. We approximatez{ )= p1 2+ po + ps where(py;p2;ps) = ( 0:079 1:331;7:342)
with a t goodness of R-square = 0.9922. Using equaBénwe found the total spiral length to be
approximately equal to £8n. In addition, the major and minor axes radii pro les are also plotted

which show the pro le of the unwrapped spiral cavity.
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Figure 2.7: Minor radius-cavity length pro le of the conch shell.

Figure 2.8: Major radius-cavity length pro le of the conch shell.
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Figure 2.9: Height-radius pro le of the conch shell. The negative radii values only indicate the
shell's actual geometry. The second order polynomial height-radius t is obtained using the radii

absolute values.

As we see from guref.7and2.8, there is no sudden appearance of a are in the cross-section
pro le and thus it is safe to assume that the standing wave is actually re ected at the end of the
cavity, and not before it. This also means that the acoustical length is taken to be approximately
equal to the physical length of 8. To support this assumption, we also did a spectrum analysis

of the resonance modes.

2.2 Spectrum Analysis

We excited the conch shell in 3 different ways: (i). Loudspeaker sine sweep (ii). Electro-
Pneumatic Transducer and (iii). Lip-vibration. We also attempted a square wave sweep measure-
ment which contains harmonics, however due to the fact that the shell's response gave no useful
information, the results on that are not included. The MATLAB codes corresponding to the full

geometrical modelling of the shell are provided in Appendix A.
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Figure 2.10: The Turbinella Pyrum resonance modes at 372, 716, 1080, 1450 and 1830 Hz

2.2.1 Loudspeaker Sine Sweep Measurement

The sine sweep tests were done by attaching a small loudspeaker to the throat of the conch shell.
The settings for the sine sweep were a frequency spd9®f 200Hz and a time duration of 1
second. As it can be seen from gugelQ the resonance modes are approximately harmonics of
the fundamental frequency of 3M2, however, shifted and with margins of error due to the fact
that the spiral cavity geometry is not perfect. But the spectrum does indicate that the spiral cavity

may be a wrapped conical tube around a central st&m. [

2.2.2 Electro-Pneumatic Transducer (EPT)

In this setup the conch shell was excited by an Electro-pneumatic transducer, operatidg at 52
The motivation behind this measurement was to see how the shell would respond to a different
type of excitation and how closely the EPT can simulate the reed mechanics of lip-vibration. The
output spectrum displayegk + 4 multiples of the driver frequency (5#2) and provided a clear
pattern. However not much more information can be deduced due to the non-linear nature of the

EPT excitation.
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Figure 2.11: Frequency spectrum for lip-vibration, resonance modes at 372, 716, 1080, 1450 and
183Hz.

2.2.3 Lip-vibration

When we played the shell with lip excitation, clear harmonic resonance modes were present
with the rst 5 modes being: 315, 626, 944, 1R6GNnd 1.5K H z. We previously approximated
the conch shell's acoustics to those of aBbconical tube. If the conical tube's output to input
diameter ratio is small enough (which is the case as seen from the radii pro les), the resonance
modes of a 56m conical tube will derive fronf,, = % whereL = 55cm. Therefore the rst ve
estimated frequencies will be: 312, 624, 936, 1.25K and 1.H&K It can be seen from tab?2
that there is strong correspondance between the estimated frequencies and the resonance modes of
the lip-excited shell. This further supports the assumption that a conch shell's spiral cavity acoustics

may be approximated by an equivalent conical tube with the appropriate dimensions.

2.2.4 Input Impedance

An important characteristic of musical instruments are their input impedances. In chapter 1, we

saw how the derivation of input impedances of frusta of various geometries could lead to important
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Loudspeaker EPT Lip-vibration Estimation

372 52 315 312
716 208 626 624
1.08K 364 944 936
1.45K 520 1.26K 1.25K
1.83K 676 1.57K 1.56K

Table 2.2: Resonance modes of the Turbinella Pyrum conch shell in different excitation cases (in
Hertz). The estimated resonance frequencies correspond to the theoretical resonance modes of an
equivalent conical tube to the shell's spiral cavity.

results such as the resonance modes and the impulse response of the system. Due to the irregular
geometry of the conch shell, a theoretical derivation of its input impedance is dif cult. However it

can be experimentally measured using an input impedance measuring device. The one used in our
case applied a basic sine sweep up to 400@nd the result is displayed in gu?el2 The rst ve
resonance peaks aBd3 623 972 1339 1665Hz which compared with the estimated resonance
modes and those recorded from lip-vibration (tabl®. There is good enough correspondence,

although the resonance harmonicity starts getting weaker after the rst two modes.

Figure 2.12: Input impedance of the conch shell - resonance mo8&8 &23 972 1339 1669Hz
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It is also worth mentioning that since we measured the input impedance, knowing the maximum
frequency 400Hz), the frequency-stepl = 0:2Hz) and consequently the number of frequency
evaluation points, we can also compute the impulse response of the shell based on the inverse fast
Fourier transform (IFFT) of the input impedance. The impulse response shows how the shell out-
put reacts to a very short input signal (impulse), in other words the shell's time-dependent reaction
characterizing the shell's dynamic behavior.

We also want to note that we tried approximating the input impedance of the shell by computing
the input impedance of several concatenated conical/cylindrical tubes via digital waveguide mod-
elling. However the computed input impedance did not match the measured impedance which is
attributable to the irregularity of the shell's geometry. In order to maintain the scope of the study

focused, we will omit getting into the details of digital waveguide modelling of musical bores.

Figure 2.13: Impulse response of the conch shell.

2.3 Directivity-Pattern

Directivity measurements of the loudspeaker and EPT-driven conch shell in both horizontal and

vertical alignments inside a semi-anechoic chamber were carried out. The chamber dimensions
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were 164" x 120" x 96" (Length x Width x Height) with 3 panels wide and 4 panels long, where
standard acoustic foam wedges of approximatelgmhickness was used. The wall and ceiling
panels were 40" x 96" and 40" x 116" large, respectively. The shell was positioned at the center of
the room, mounted on a tripod with the loudspeaker attached to the shell's throat. The recording
microphone was placed 1.35% in front of the shell's mouth to capture the output. The loudspeaker
was driven at a frequency near the shell's cavity resonance (approximatdtz3@hd the shell

was rotated at 60angular increments about both its longitudinal and transverse axes in order to
obtain the 2-D 360 directivity pattern (in both Horizontal and Vertical alignments of the shell).

A similar setup was used for the EPT driver. Based on the recorded magnitudes, the conch shell
sample proved to be an omni-directional (direction-independent) sound radiator at frequencies near

its cavity resonance. The horizontal or vertical alignments made no considerable difference.

Degree LS-H LS-V EPT-H EPT-V

0 73.7 73.9 55.1 55.1

60 73.1 728 53.4 53.5

120 73.1 722 53.0 52.5

180 736 728 53.9 53.0

240 746 73.6 55.2 54.3

300 745 73.6 53.9 53.2

Table 2.3: The captured output magnitudedB) for the loudspeaker (LS) and EPT excitations at
310Hz in both horizontal (H) and vertical (V) alignments.
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Chapter 3

Theory and Numerical Analysis

3.1 Wave propagation analysis in spiral geometries

In this section we take a look at wave propagation in spiral geometries from a more numerical
point of view which seems to be lacking in the studies done so far. We start from a simple case
of 3-D time-independent wave propagation inside an exponential spiral string. The core difference
between this case and the one covered by Nag8ki§ that here we consider the presence of an
extra variable heigtt, where Nayak derived the equations in 2-D polar coordinates, not considering
the effect of height in wave propagation.

We still have a spiral of proler = rie wherery is the initial radius and the spiral growth
factor. Additionally, we consider the spiral height pro le to be of forrs r where is basically

a tapering parameter. The spiral length is determined from:

z zt dr dz
L= dl-= r2 +(OI—)2 +(d—)2d (91)

We haved” = re  and$2 = r (e . Therefore it can be easily found that:
L = 1 2 ! 2
= + 2+ —(rm 1Y) (92)

wherer, is the nal radius. We see that the spiral length and the taper parametes directly

proportionate.
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We now attempt to derive the time-independent wave equation in 3-D cylindrical coordinates for

our given geometry:
@+}Q+£@+@+k2 =0 (93)
@f r@r r2@?2 @2

Since andz are both directly related to the radius we have@, = ZrZ% + 2r2 and

@? @r
%g = 7172%{ 712%. After substituting the two terms into equation 90 and upon simplifying,

we obtain (radial part of equation):

d? d
a2 rar 7O (04
where 2 = H"% with k = 'E and = 1+1+T21 Equation 91 can be solved based on the
2 2

transformed version of the Bessel differential equation given by Bowman (1958), where for an

equation of the type:

d?y dy
2 2,2 2yy =
xdx2+(2p+1)xdx+(axr+ )y=0 (95)
The solution is given by:

y =X 'L’[Cng(?Xr)+ Cng(?Xr)] (96)

whereq = P p?2 2. Therefore the solution for equation 91 is:
1
=12 [Cqp( )+ CaYp(r )] (97)

In order to evaluate the constai@s andC, we can use the boundary conditionsdf = r;) =1

a constant input to the string, andr = r,) = 0, the string being xed at the end. In that case we

have:
1
- (98)
re P[Yp(kry) W]
- Yp(krm)
C1= CZJp(krm) (09)

In gure 3.1we have plotted the solution over 100 space-steps.

37



Figure 3.1: Solution to equatid for =0:4, =1:3andf =100Hz

We also plot the pro le of the terr(ni)2 as a function of the number of spiral tumg andn

being related by equation 76):

Figure 3.2: Pro le of the ratic(i)2 in terms of spiral turns, for different initial radii values.
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Figure 3.3: Pro le of the ratio{E)2 in terms of spiral turns, with the varying parameter.

The MATLAB codes used in this section are provided in Appendix A.

3.2 Time-dependent behavior of wave propagation in a spiral geome-

try

Until now, most of the theoretical derivations were based on the fact that a lip-excited shell
produces harmonic resonance modes. The theories were either adjusted or derived in a way to satisfy
that condition. However due to the non-linearity of the lips reed mechanics, such approach may
not be optimal although correlates well with experiments and existing acoustic theories. Another
de ciency is the fact that the time-dependent behavior of the wave propagation inside the shell was
mostly neglected since the wave equation was derived in its time-independent form (Helmholtz
equation). We attempted to numerically simulate the time-domain behavior of wave propagation in

a conch shell using nite difference techniques. We also extended the study case to 3-D pro ling of

a spiral geometry.
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3.2.1 Exponential spiral string

We de ne an exponential spiral geometry of= (e with a height prolez = which

we have dealt with earlier. We will derive the wave equation in cylindrical coordinates, in adding a
damping term &

@ , @
@t ot

czf}@+ @

6" o (100)

1@ , @
+—2@2+ @%g:

Replacing the andz derivatives in terms of derivatives simplifying the equation results in:

¢ , @ @ @ _, (101)

@ @ @ @Ot

where;:
= 71+ ’ 102
- 1+ 2+ i_f ( )
1
= 2+ 2% %) (103)
= (104)

2+ 2+ L)
In order to display the wave propagation in both time and space domains, we attempt to solve the
equation numerically. Since the equation is hyperbolic, naturally an explicit nite difference scheme
centered in time and space is applied, also known as the three-point central difference déheme [
De ning the space the time meshes as= n  andty = k t, respectively witm andk integers

andd anddt the space and time steps, respectively. Therefore the numerical scheme is de ned as:

@ K 1 @ Ko 2K+ K 105
@ 2 @2 2 ( )
@ Kkt k' @ kT 2k+ k! (106)
@t 2t @ t2
Substituting these terms into equation 98 and after simpli cation, we obtain:
C C
Fr= (@ D) Rat2a ) f+(C0 a) fat(es ) § Y (107)
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C1

1l
—~

2 1 _
(7"‘ Tt)) C2 = 2 2t ) (108)

C3 = Cy4 (109)

(= * 77 2 g+ 77

The solution at time stek = 0 requires the value of , * which physically does not exist (since

time cannot be negative) however mathematically, we can approximate the quantity by using the

initial velocity conditiong( ) as:
nt 8 2 t9( n) (110)

Therefore the value of } can be expressed independent of the teg as:

L+ 2 1 © 2 ¢ Cz Ca
e Qa2 R T 81 2 tm——"g(s) (111)
1 g+ 1 g+ 1 g+ 1 g+

Sk

We took ,, = [0;1;2;::;;L]d andt, = [0;1;2;:::; T]dt whereL = 102, T = 104, d =1 and
dt = 10 3. The wave velocity was taken as the standard velocity at room tempera@4&asand
an initial velocity condition oy = 0.

For the time domain representation, we chose boundary conditiong of 0;t) = sin(2 ft )
wheref = 50Hz the input sine frequency, andr = L;t) = 0 as the string is xed at the end. We

saw a re ecting wave from =0 and = L travelling back and forth.
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Figure 3.4: Time-domain representation of wave propagation in the exponential spiral string at

several time instances.

Since we have access to the time-domain data at all spatial positions on the string, we easily
calculated the frequency spectrum of the output wave=atL. 1 = 99, where we considered the
set of boundary conditions of( = 0;t) = 1 at constant inputand( = L;t) = 0 atthe xed
end. Figure3.5displays the resonance modes in an exponential spiral string of lergth00.
The spectrum provides the important fact that the resonance modes are not harmonics of integer
multiples of a fundamental frequency. However each two consecutive modes have approximately a
constant frequency difference of 19. More important than the ratio of the modes to each other,

the fact that the system introduces inharmonicity is signi cant in terms of Musical acoustics.
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Figure 3.5: Exponential spiral string output resonance mode49). The rst six mode frequen-

cies are2:61;5:51; 8:4; 11:28; 14:15; 17:.02Hz

3.2.2 Conical spiral string

We proceed with a similar method used for the exponential spiral. We de ne the spiral and
height prolesas = andz = . Therefore% = 2% and% = %%. Equation 97

can be re-written as:

@ 1@ 1@ @

4+ —— - - =
f( )@2 @ @ 2ot 0 (112)
wheref ( )= 3 + é + 1. Applying the same central difference scheme will result in:
_ C(n) c3(n) Ca(Nn) Cs
= Mt Rt Tt oo (113)
1 1 f(n)
= + = +
@ (c )2 2 tc2 c2(n) 2n 2 2 (114)
_ Lf(n) 2 _ 1 f(n)
C3(n) - 2 2 + (C t)z C4(n) - on 2 + 2 (115)
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1

= + 116
ST Cn2’ 2w (116)

However we need the value of, ! to evaluate }, which by using the initial velocity condition

approximation, we obtain:

Q
N
—~

>
~
o

O

. 2o, + 3c(1n) r? 2csc(ln) tg(rn)
L= (117)
1 5(N)

C1

o

We used the same space and time mesh parameters as for the exponential spiral case.

Figure 3.6: Time-domain representation of wave propagation in the conical spiral string at several

time instances.

It can be seen from the output spectrum that the resonance modes of the conical spiral string are
neither harmonic, where each two consecutive mode have a frequency differeh2el of Thus

this system also produces inharmonicity and not immediately suitable for musical applications.
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Figure 3.7: Conical spiral string output resonance mode @9). The rst six mode frequencies

are:2:99:6:19; 9:39; 12:58; 15:78; 18:98Hz

The numerical simulation MATLAB codes for both the conical and exponential spiral strings

are provided in Appendix A.

3.3 Exponential spiral tube - Webster's horn equation

We previously saw that Rath and Naikl] derived Webster's horn equation for a conical spiral
geometry since the conch shell cavity is more accurately modelled as a tube with a cross-section
rather than a wrapped string. Here we attempt to follow the same method for an exponential spiral
tube (assuming harmonic motion). We will assume the cross-section of the tube to have a circular
pro le.

We assume the spiral passing through the center of the cross-section of the tube de ned by
e . Therefore the outer and inner spirals may bede nedias ( + )e and , = ( )e
Therefore the cross-section radius can be obtained flep# = e . We also de ne the height

proleas = z thus de ning a small height difference ds = dz , the total cross-section area
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will be equal to:

S= (2% + 279 (118)
Substituting S into Webster's horn equation gives us:

@ 16 ,6 1@ 2% @ 2% .,

@2 @+7 2t @21’ 7@ 2@ + o2 @iz@ + ezt =0 (19

In order to further simplify the equation, we assume that the spiral growth i theplane is much

larger than in the direction, i.e. %e? 272. Therefore we obtain:
@ 1@ 1@ 2@ @ 2 _
@+7@+7@+7@+@+k =0 (120)

Assuming that the solution is separable ard, ;z;t ) = R( ) ( )Z(2)€" , equation 117 be-

comes:
IGR, 1@R 16 , 2 @, 7@; K2=0 (121)
R @2 R@ 2 @2 2 @ Z o?
TheZ component solution can be derived from:
1@Z 12 (122)

Z @2
where if we assume the equation to have a solution of férm €%, it can be easily found that

Z = e 12 Inserting theZ solution back into equation 118 and multiplying the whole Byives:

‘@R, OR 16 ,2 @

_= < 20,2 12y =
R@ RO @ @ =0 (123)
The component of the solution can be found from:
1@ 2 @ )
= + 2= = 124
@2 @ P (124)
Multiplying by  gives:
@ @ 2
+2 -+ =0 125
@2 @ P (125)
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Assuming that > |, the solution for equation 122 becomes:

p
()= ¢ Y (126)

Finally the radial solution can be derived as we substitute tiselution into equation 120:

2 @R @R 2/1.2 2 2\
7R72+7R7+( (k ) p)=0 (227)
Multiplying by R gives:
@R @R
2=+ —+( %% 1) pIR=0 (128)

Based on Bowman's formulation of the Bessel differential equation, we nally can nd the radial

and thus the complete solution:

R( )= AJp(p k2 12 )+ va(p k2 12) (129)

whereA andB are constants. The complete solution is given as the product of the independent

functionsR, ,Z andé't :

p P p o
=(AJp( k2 12 )+ BYp( k2 12 )l P g gt (130)

The evaluation of the constamdsandB heavily depend on the applied boundary conditions.
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Chapter 4

Conclusions and Future Work

4.1 Summary of the Work

In this thesis we rst provided an overview of how resonance modes are created in cylindri-
cal, conical and exponential bores as they nearly make up the majority of tubes used in crafting
musical instruments. Then we conducted a geometrical modelling of a sample conch shell inner
cavity with X-ray tomography scans, based on early studies by Bhat & §F][Furthermore, we
conducted spectrum analysis and directivity measurements on the conch shell where the shell was
excited in three different ways (Lip-vibration, Loudspeaker and Electro-pneumatic transducer). We
also reviewed two different theoretical acoustic models of the conch shell by Rath an®N4iK][
where the time independent Helmholtz equation was derived for the given spiral geometry, as well
as the derivation of Webster's horn equation for a conical spiral tube. A similar study was also done
by Chatterjee and Nayal 8] where we extended their work to the general case of a 3-D spiral of
conical and exponential pro les. We numerically simulated the wave propagation in such geome-
tries with nite difference techniques and computed the output spectra of such systems. We nally
applied Rath and Naik's study on modelling using the Webster's horn equation to an exponential

spiral tube.
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4.2 Conclusions

Based on the analytical and experimental investigations described in the previous chapters, we

draw the following conclusions:

(1) The inner cavity of a conch shell can be acoustically modelled as a wrapped conical bore
due to similar acoustic properties, as well as the conical tube pro le once the inner cavity is

mathematically unwrapped.
(2) The inner cavity growth of the conch shell displays signs of the Fibonacci pattern.

(3) The shell produces clear harmonics when excited adaptively by player's lips, and we corre-
lated the recorded spectrum resonance modes to the theoretical mode estimations with ac-

ceptable correspondence. However the shell input impedance was found to be non-harmonic.

(4) The directivity measurements suggest that the shell is an omni-directional sound radiator
(transmitting signals uniformly in all directions) near its cavity resonance, explaining why it

was often used in the past for signalling purposes.

(5) Based on the numerical analysis, the 3-D exponential and conical spiral strings exhibit inhar-

monicity and thus the output is not suitable for musical applications.

(6) A general solution to the exponential spiral tube model based on Webster's horn equation is

derived but with constants to be evaluated with appropriate boundary conditions.

4.3 Future Work

The investigations described in this thesis open the scope for new and further investigations:

(1) Finite element modelling (FEM) of wave propagation inside a conch shell with its cross-

section geometrical irregularities being taken into consideration.

(2) Further theoretical derivations to the solution to the exponential spiral tube case need to be

done, with numerical simulation being carried out.
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(3) It was explained how the shell recordings were carried out in a semi-anechoic chamber. An
interesting idea is to evaluate the conch shell sound when the shell is played in open space
where factors such as reverberation and background noise will play an important role in how

the sound is perceived.
(4) Use of conch shell drivers in reverberation chambers could be explored.

(5) Use of conch shell loudspeakers in public address applications could be explored in view of

its uniform directivity.

50



© 00 N oo o B~ W N PP

B
N )

12
13
14
15

Appendix A

MATLAB Codes

A.0.1 Geometrical Modelling

t _height_radius.m

% Rasoul M.P. Aghdam

% MIE Department Concordia University

% 2014 2016

%% Height Radius profile of the conch shell cavity %%

clear all

close all

clc

R = [10.577 12.970 17.269 21.692 27.678 35.483 43.206]/%0;
Radii

H = [58.225 55.316 48.373 41.079 27.604 19.506 0]/19;Height

Rtop = [12.970 21.692 35.483]/10;

Rbot = [10.577 17.269 27.678 43.206]/10;
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Htop

Hbot

figure

hold on

[55.316 41.079 19.506]/10;

[58.225 48.373 27.604 0]/10;

[xData, yData] = prepareCurveData( Rbot, Hbot );

ft = fittype( 'poly2' );

[fitresult ,

gof] = fit( xData, yData, ft

h = plot( fitresult, xData, yData

set(h, 'linewidth',1.5)

)

)

[xData2 , yData2] = prepareCurveData( Rtop, Htop );

ft2 = fittype( 'poly2' );

[fitresult2

, gof2] = fit( xData2,

yDataZ2 ,

h2 = plot( fitresult2 , xData2, yDataz2 );

set(h2,'linewidth',1.5)

xlabel('Radius_(cm)")

ylabel('Height_(cm)")

title ('Second,order_polynomial_ fit _ to_radi

grid on

t spiralt.m

% Rasoul M.P. Aghdam

% MIE Department

% 2014 2016

%Wdh Spiral

fit to the conch shell
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close all
clear all

clc

R = [10.577 12.970 17.269 21.692 27.678 35.483 43.206]/10;

thetaP = [Opi 2 pi 3 pi 4 pi 5 pi 6 pi];
thetal = 0:0.01:4pi 0.01;
theta2 = 4pi:0.01:6 pi;

rl = 0.125 thetal + 10.577/10;
r2 = 0.225 theta?2;

polar (thetaP ,R,'s")
hold on
polar (thetal, rl1 ,'0")

polar (theta2, r2 ,'0' )

title ('Conical_spiral_fit _,to_the_conch,shell 2 D_cavity")

t_spirallength.m

% Rasoul M.P. Aghdam
% MIE Department Concordia University

% 2014 2016

%4% Computation of the conch shell spiral length %%

clear all
close all

clc
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11 % Constants in the second order polynomial
height and
12 % radius z(r) =pl r"2 + p2 r + p3 = dz(r)

13 pl = 0.07913;
14 p2 = 1.331;
15 p3 = 7.342;
16

17 thetal = 0:4pi 0.01;

18 r1l = 0.125 thetal + 10.577/10;
19 theta2 = 4pi:6 pi;

20 r2

0.225 theta?2;
21
22 L1

+ ((0.125 thetal + 10.577/10).sin(thetal)
thetal + 10.577/10) + p2).72);

relating the salir

=2 plr + p2

@(thetal)sqrt(((0.125 thetal + 10.577/10).cos(thetal)).”2

).A2 + (2pl (0.125

23 L2 = @(theta2)sqrt(((0.225 theta2). cos(theta2)).72 + ((0.225

theta2). sin(theta2)).72 + (2pl (0.225 theta2) + p2).72);

24

25 % piecewise calculation of the spiral length

26

27 Lenl = integral(L1,0,4pi 0.01);
28 Len2 = integral (L2,4pi,6 pi);
29

30 L = Lenl+Len2;
31 disp(L);

t_vertical_radius.m

1 % Rasoul M.P. Aghdam

2 % MIE Department Concordia University
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% 2014 2016

%% Conch shell spiral cavity vertical radius profile as a

function of cavity length %%
clear all
close all

clc

TopR

[8.097 10.621 15.317 16.114 21.751 28 36.502]/10;
BotR

[8.016 10.335 11.744 16.683 20.158 27.112 49.596]/10;

Len = [0 6.19 13.39 21.63 30.98 42.52 56.18];

hold on

[xData, yData] = prepareCurveData( Len, TopR );
ft = fittype( 'poly2"' );

[fitresult , gof] = fit( xData, yData, ft );

h = plot( fitresult , xData, yData );

set(h, 'linewidth',1.5);

[xData2 , yData2] = prepareCurveData( Len, BotR );
ft2 = fittype ( 'poly2' );

[fitresult2 , gof2] = fit( xData2, yData2, ft2 );
h2 = plot( fitresult2 , xData2, yData2 );
set(h2,'linewidth',1.5);
xlabel('Cavity_Length_ (cm)")

ylabel('Radius_(cm)")
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grid on

title ('Cross section major_(vertical)_ axis_profile"')
t_horizontal_radius.m

% Rasoul M.P. Aghdam
% MIE Department Concordia University

% 2014 2016

%% Horizontal radius profile as a function of the cavity lgth

P40

close all
clear all

cle

RightR = [2.699 3.619 3.849 6.698 7.328 8.687 12.422]/10;
LeftR = [4.469 6.249 6.704 9.047 10.188 14.305 14.656]/10;

Len = [0 6.19 13.39 21.63 30.98 42.52 56.18% Spiral length at

each turn

hold on

[xData, yData] = prepareCurveData( Len, RightR );
ft = fittype( 'poly2"' );

[fitresult , gof] = fit( xData, yData, ft );

h = plot( fitresult , xData, yData );

set(h, 'linewidth',1.5)

[xData2 , yData2] = prepareCurveData( Len, LeftR );
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ft2 = fittype ( 'poly2' );

[fitresult2 , gof2] = fit( xData2, yData2, ft2 );
h2 = plot( fitresult2 , xData2, yData2 );
set(h2,'linewidth"',1.5)

xlabel('Cavity _Length_ (cm)")
ylabel('Radius_(cm)")

grid on

title ('Cross section minor_(horizontal)_ axis_profile")

A.0.2 Numerical Simulation

t bessel.m

% Rasoul M.P. Aghdam
% MIE Department Concordia University

% 2014 2016

%% Solution to the timeindependent wave equation derived for a

3 D exponential spiral string %%

close all
clear all

clc

f = 100; % frequency

omega = 2pi f;

mu = 0.4;
alpha = 1.3;
lambda = (1 + mu”2)/(1 + mu*2 + 1/alpha”2);
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p = (lambda 1)/2;

c = 347;% wave velocity

k = omega/(csqrt(l + mur2 + 1l/alpha”2));
ri = 0.5;

ro = 100;

r = ri:0.01:r0;

c2 = 1/((ri™( p)) (bessely(p,k ri)

ro)) besselj(p,kri)));

(bessely(p,k rO)/besselj(p,k

cl = c2 (bessely(p,k rO)/besselj(p,kr0));

y = (r.* p)). (cl besselj(p,kr) + c2 bessely(p,k r));

plot(r,y, 'linewidth"',1.5);
grid on

axis tight

xlabel('Radius"')
ylabel('Solution")

% savefig('fig');

title ("\mu_=_,0.4, \alphg =_,1.3

figure (2)
ri = 0.1;

hold on
for alpha = 1:0.1:2
n=20.1:0.01:5;

f j—

L ey W )
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r t.=.0.1")

L R N

in a3 conical

mu2 = (1./(2 pi n)) log(rO/ri);
out = 1./(1+mu2.72+1/alpha”"2);
grid on
xlabel('n")
ylabel (' (\kappa/k)~2")
plot(n,out,'linewidth',1.25)
title ("Variation_of_taper_ factor_\alpha,r m =1
end
t_conical.m
% Rasoul M.P. Aghdam
% MIE Department Concordia University
% 2014 2016
%% Numerical simulation of wave propagation

spiral string %%
close all; clear all; clc;
% space mesh %
Nx = 101;
dx = 1; % space step

X = (0:Nx 1) dx;

% time mesh %

T = 100001;% total number of time

dt = 0.001;% time Step
t = (0:T 1) dt;
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steps



19 ¢ = 347.23;% wave velocity
20 nu = 0.01;% wave damping

21 alpha = 1.4;% spiral scale
22 beta = 0.65; % spiral z scale

23 f = 50; % sine input frequency

24 s = TIf;
25
26 u = zeros(T,Nx); % solution initialization

27 % u(:,1) = ones(T,1); % boundary condition at x=0

28 u(l:s,1) =sin(2 pi f t(1l:s)); % sine input boundary condition at
x=0

29 vO0 = 0;% initial velocity condition g(x)

30

31 % equation constants %

32 fn =1 + 1/(betan2) + (alpha”2)./(x."2);% vector

33 ¢l = 1/((cdt)”2) + nu/(2 dt c"2);

34 c2 = fn/(dx"2) + 1./(2x dx); % vector

35 ¢3 = 2 fn/(dx"2) + 2/((c dt)"2); % vector
36 c4 = fn/(dx"2) 1./(2 x dx); % vector

37 ¢c5 = 1/((c dt)”*2) + nu/(2 (c"2) dt);

38

39 % CTCS finite difference scheme %

40

41 for i = 2:Nx 1

42 u(2,i) = ((c2(i)/cl).u(1,i+1) + (c3(i)/c1).u(1,i) + (ca(i)/
cl). u(l,i 1) 2 dt (c5/cl). v0)/(1 c5/cl);

43 end

44
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45 for j = 2:T 1

46 for i = 2:Nx 1

47 u(j+1,i) = (c2(i)/cl). u(j,i+1) + (c3(i)/cl). u(j,i) + (
c4(i)/cl). u(j,i 1) + (c5/cl)u(j 1,i);

48 end

49 end

50 % %

51

52 plot_times = [51 151 1501 7501];

53

54 for i = 1:4

55

56 hold on;

57 subplot(2,2,i);

58 k = plot_times(i);

59 plot(x,u(k,:),'linewidth',2);
60 grid on;

61 axis([min(x) max(x) 1.5 1.5]);
62 xlabel('Radius_ \rho');

63 ylabel ('Wave_Amplitude ') ;

64 titlestring = ['Time_=_"',num2str(t(k)), '_second'];
65 title (titlestring);

66 %  h=gca;

67 % get(h,'FontSize ")

68 % set(h,'FontSize ',14);

69 % fh = figure(i);

70 % set(fh, 'color', 'white");
71
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end

%

% Movie for the travelling wave

% for j = 1:T

% plot(x,u(j,:),'linewidth',2);

% grid on;

% axis ([min(x) max(x) 2 2]);

% xlabel ('Radius \rho','fontSize ',14);

% ylabel ('Wave Amplitude ', 'fontSize ',14);

% titlestring = ['Time step = ',num2str(j),
t(j)), 'second'];

% title (titlestring ,'fontsize ',14);

%  h=gca;

% get(h,'FontSize ')

% set(h,'FontSize ',14);

% fh = figure (5);

% set(fh, 'color', 'white");

% F=getframe;

%

% end

%

% movie(F,T)

%

% E = surf(x,t,u)

% E.LineStyle = "'
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99
100
101
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103
104
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107
108
109
110
111
112
113
114
115
116
117
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122

%
%
%
%
%
%
%

%
%
%
%
%
%
%
%
%
%

[=)

%
%
%
%
%
%

%
%

%E . EdgeColor = 'none'

colormap hsv
lighting gouraud
material shiny
xlabel ('Distance

ylabel ('Time (s)

)
)

zlabel ("Amplitude ")

frequency domain plotting %

vec = u(:,100);

Y = fft(vec);

T = length (vec);
P2 = abs(Y/T);
P1 =

P2(1:floor (T/2)+1);

P1(2:end 1) = 2 P1(2:end 1);

Fs = 1/dt; % sampling frequency

fq = [ 0: Fs/(T 2) : Fs/2 ];

% plot(fq(1:250)

,P1(1:250));

plot(fg,abs(Y(1:T/2)),'LineWidth"',2);

xlim ([1 50]);

grid on

xlabel ('Frequency (Hz)');

ylabel ('Magnitude’);

title (['Conical

Spiral \alpha = ', num2str(alpha),

", num2str(beta),' \nu = ', num2str(nu)]);

t_exponential.m

Rasoul M.P. Aghdam

MIE Department

Concordia University
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% 2014 2016

%9 Numerical

spiral string Y%

close all; clear all; clc;

% space mesh %
Nx = 101;
dx = 1; % space step
X = (0:Nx 1) dx;

% time mesh %

T = 100001;% total number of time
dt = 0.001;% time Step

t = (0:T 1) dt;

c = 347.23;% wave velocity

mu = 0.4;% spiral growth factor
nu = 0.01;% wave damping

alpha = 0.8;% spiral z scale

f = 50; % sine input frequency
s = T/f;

u = zeros(T,Nx); % solution

% u(:,1) =

u(l:s,1l) =sin(2 pi
x=0

64
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f t(l:s)); % sine

in a3 exponential

steps

initialization

ones(T,1); % boundary condition at x=0

input boundary condition at
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48
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53

vO = 0; % initial velocity condition g(x)

% equation constants %

lambda = (1 + mu”2)/(1 + mu*2 + 1/alpha”2);
zeta = 1/(c”2(1 + mu*2 + 1/alpha”2));

eta = nuzeta;

c0 = zeta/dt"2 eta/(2 dt);

cl = 1/((dx"2) c0);

c2 = lambda/(2 (dx~2) c0);

c3 = zeta/((dt”2)c0);

c4 = etal/(2 dt c0);

% CTCS finite difference scheme %

for

end

for

end

%

2:Nx 1

u(2,i) = u(l,i+1)( cl/(1 c3+c4) c2/(i (1 c3+c4))) + u(l,i)

end

(2 ¢c1 2c3)/(1 c3+c4) + u(1l,i 1) ( cl/(1
(1 c3+c4))) + 2dt vO (c4 c3)/(1 c3+c4);

2:T 1

i = 2:Nx 1

u(j+1,i) = c1 (u(j,i+1) 2u(j,i)+u(j,i
,1+1) u(j,i 1)) 2 c3 u(j,i) + u(j

65
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plot_times = [51 151 1501 7501];
for i = 1:4
hold on
subplot(2,2,i);
k = plot_times(i);
plot(x,u(k,:),'linewidth',2);
grid on;
axis([min(x) max(x) 1.5 1.5]);
xlabel('Radius_\rho');
ylabel ('Wave_Amplitude ') ;
titlestring = ['Time_=_", num2str(t(k)),
title (titlestring);
% h=gca;
% get(h,'FontSize ')
% set(h,'FontSize ',14);
% fh = figure (i);
% set(fh, 'color', 'white");
%
end
%
% Movie for the travelling wave
% for j = 1:T
% plot(x,u(j,:),"linewidth',2);
% grid on;
% axis ([min(x) max(x) 0.2 0.2]);
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100

101
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%
%
%

%
%
%
%
%
%
%
%
%
%
%
%

%
%
%
%
%
%
%
%
%

%

xlabel (‘X axis','fontSize ',14);

ylabel ('Wave Amplitude ', 'fontSize ',14);

titlestring = ['Time step = ',num2str(j),

t(j)), 'second'];

title (titlestring ,'fontsize ',14);
h=gca;

get(h,'FontSize ")

set(h,'FontSize ',14);

fh = figure (5);

set(fh, ‘'color', 'white");

F=getframe;

end

movie (F)

E = surf(x,t,u)
E.LineStyle = "'

%E . EdgeColor = 'none’
colormap hsv
lighting gouraud
material shiny
xlabel ('Distance ')
ylabel ('Time (s)")

zlabel ("Amplitude ')

frequency domain plotting %
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" Time = ', num2gt(

%



109 % vec = u(:,100);

110 % Y = fft(vec);

111 % T = length(vec);

112 % P2 = abs(Y/T);

113 % P1 = P2(1:floor (T/2)+1);

114 % P1(2:end 1) = 2 P1(2:end 1);
115 % Fs

1/dt; % sampling frequency
116 % fg = [ 0: Fs/(T 2) : Fs/2 1];

117 % % plot(fq(1:250),P1(1:250));

[=)

118 % plot(fq,abs(Y(1:T/2)),'LineWidth',2);
119 %

o

xlim ([1 30]);

120 % grid on

121 % xlabel ('Frequency (Hz)'");
122 % ylabel ('Magnitude’);

123 % title (['Exponential Spiral \mu = ', num2str(mu),' \alpha =

", num2str(alpha),' \nu = ', num2str(nu)]);
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